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In this work we present an improvement of Del Santo and Prizzi (2009), where the au-
thors proved a result concerning continuous dependence for backward-parabolic operators
whose coefficients are Log-Lipschitz in t and C? in x. In that paper, the C? regularity with
respect to x had to be assumed for technical reasons: here we remove this assumption,
replacing it with Lipschitz-continuity. The main tools in the proof are Littlewood-Paley
theory and Bony’s paraproduct.

1. Introduction

In this paper, we study the continuous dependence of solutions to the Cauchy problem for a backward-parabolic operator,

namely

n
Pu=du+ Y y(ap(t, \)dyu) =0 (1.1)

jk=1
on the strip [0, T] x R} with data

u(0,x) = up(x), xe€R;.

(1.2)

The coefficients are supposed to be real valued, measurable and bounded. The matrix (ajx);j k=1,... » is symmetric and positive
definite, i.e. there exists a k > 0 such that

D @t 0EE = klEP, V(6% §) €0, T] x R} x RY.

Jj.k=1
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It is well known that the Cauchy problem (1.1), (1.2) is not well-posed in the sense of Hadamard [ 10,11]. On the one side the
smoothing effect of parabolic operators prevents existence results backward in time in any reasonable function space, and
on the other side relatively elementary examples show that uniqueness is also not valid without additional assumptions
on the solutions and on the operator (see [17]; for a more precise discussion on uniqueness of the solutions to the Cauchy
problem for a backward-parabolic equation we quote the papers [5,6,8,14,16]).

In the celebrated paper [13], John introduced the notion of well-behaved problem in which also not well-posed problems
can be included: roughly speaking a problem is well-behaved if its solutions in a space # depend continuously on the data
belonging to a space K, provided the solutions satisfy a prescribed bound in possibly another space #'. This property goes
also under the name of conditional stability.

The well-behavedness for (1.1), (1.2) in the space

H = C°([0, T1, L*(RM) N C°([0, T), H'(RY)) N C'([0, T), L*(RY)) (1.3)

with continuous dependence with respect to the data in L? (R}), can be deduced with the so called logarithmic convexity
of the norm of the solutions to (1.1), as proved by Agmon and Nirenberg in [1]. A similar result was obtained by Glagoleva
in [9] and in a more precise and general form by Hurd in [12]. Hurd’s result can be summarized as follows:

suppose that the coefficients aj, are Lipschitz-continuous; for every T € (0, T) and D > 0, there exist p > 0,8 € (0, 1) and
M > Osuch thatif u € H (H defined in (1.3)) is a solution of Pu = 0 on [0, T] x R}, with [lu(0, -)|l;2 < p and |lu(t, )|l <D
forallt € [0, T], then

sup u(t, )2 < MJu(0, )2, (1.4)
t€[0,1]
where the constants p, M and § depend only on T’, D, the ellipticity constant of P and the Lipschitz constant of the coefficients
with respect to t.

Hurd’s proof relies on some rather complicated weighted energy estimates and it turns out that the Lipschitz-continuity
of the coefficients aj is an essential requirement.

In the present paper, we are interested in relaxing the regularity hypothesis on the coefficients aj. Our starting point
are the results contained in [7]. In that paper an example showed that if the coefficients a; are not Lipschitz-continuous
in time, then the estimate (1.4) does not hold in general, and if the coefficients are Log-Lipschitz-continuous in time, then
an estimate weaker than (1.4) is valid. However, in order to obtain this weaker estimate, a technical difficulty imposed to
assume C2-regularity for the aj with respect to the space variables.

Here we overcome this point and we remove this supplementary and unnatural requirement. Our result is the following:

suppose that the coefficients a;, are Lipschitz-continuous with respect to x and Log-Lipschitz-continuous with respect to t; for
everyT' € (0,T),D > 0ands € (0, 1), there exist p > 0,8 € (0, 1) and M, N > 0 such that if u € H is a solution of Pu = 0
on [0, T] x Ry, with ||u(0, )||p—s < p and |lu(t, -)|l;2 < Dforallt € [0, T], then

sup,u(t, )2 = M exp (=Nl log(llu(0, ) lu-)I°) ,
te[0,T’

where the constants p, M, N and & depend only on T, D, s, the ellipticity constant of P, the Lipschitz constant of the coefficients
with respect to x and the Log-Lipschitz constant of the coefficients with respect to t.
The main tool in proving this statement is Bony’s paraproduct (see [15]).

Outline of the content. In Section 2.2, we state our main theorems and make some remarks regarding the comparison with
the results of [7].

In Section 3.1, we present elements of the Littlewood-Paley theory and we develop the necessary machinery of Bony's
paraproduct for our proof. After that we prove auxiliary estimates that will be crucial for the proof of our weighted energy
estimate in Sections 3.3 and 3.4. Some proofs are shifted to Appendix in order to make the main results easier to read.

In Section 4, we prove the weighted energy estimate for solutions of (1.1) from which the conditional stability result
in Theorem 2.4 follows. The derivation of the conditional stability result from the weighted energy estimate is shown in
Section 5.

2. Results
2.1. Notation

We consider the backward-parabolic equation

n
Pu=du+ Y By (a(t, X)dgu) =0 2.1)
j.k=1

on the strip [0, T] x R}. We suppose that
e forall (t,x) € [0, T] x R} and forallj,k=1,...,n,

ap(t, x) = aii(t, x);



e there existsak € (0, 1) such that forall (¢, x, £) € [0, T] x R} x Rg,

n
1
KIEP < 3 ault, g8 < —IEl; (2.2)
J.k=1
o forallj, k=1,...,n,ay € LogLip([0, T], L°(R)) N L>°([0, T], Lip(R")).
We set
ay (t, x) — a(s, x .
AL ;:Sup{ | (€, %) (S, X)| tj,k=1,...,n,(ts,x) € [0, TT? xRy, 0 < |s—t| §T},
|t —sI(1+ |log|t — s )

A = sup{]| 95 aj(t, )l : le| < 1, t € [0, T]}.

Remark 2.1. If one would like to include lower order terms in (2.1), one has to suppose that those are L° with respect to t
and also Lip with respect to x. The constants will then additionally depend on constants B and C similarly defined to A.

Remark 2.2. We will often use a letter, say C, to denote a generic numerical constant; and different appearances of the letter
C will not necessarily denote the same numerical constant, even in the same line of text. When a constant actually depends
on one of the parameters of the problem, it shall be indicated by an index. Sometimes it might be necessary to differentiate
between constants so that we will count them with an index.

2.2. Main results—conditional stability and weighted energy estimates

We denote by
H = C°([0, T1, L*(RY)) N C°([0, T), H'(RY) N C'([0, T), L*(Ry))
the space of solutions of (2.1) for which we prove the conditional stability result.

First we restate the precise local result of [7]; we also want to compare the two estimates in the sequel. Keep in mind
that in this case the constant A also contains the L norms of the second spatial derivative of the principal part coefficients.
Theorem 2.3 (Th. 1 in [7]). There exists a positive constant «1 and, setting o := min{T, i}, G = g, there exist constants p, 3,
M and N, such that, whenever u € H is a solution of (2.1) with ||u(0, -)||;2 < p, the inequality

sup [lu(t, )z < M1+ Jlu(o, )ll2) exp(=N(| log([[u(0, )lI2)1*))

te[0,5]

holds true.
The constant o1 depends only on Ay, A, k and n, while the constants p, §, M and N depend on Ay, A, k, nand T.

Let us stress again that the constants «1, p, §, M, N depend also on constants B and C, similar to A, if one considers also
lower order terms. See Remark 2.1.
The next results improves Theorem 2.3: now the principal part coefficients are only Lipschitz continuous with respect to x.

Theorem 2.4 (Conditional Stability (Local)). Let s € (0, 1). There exists a positive constant «; and, setting o := min{T, L—‘ls},

o = g, thereexist constants p, 8, M and N, such that, whenever u € H is a solution of (2.1) with [|u(0, -)|y—s < p, the inequality
1
sup u(t, )z < M(T+— sup Ju(t, )ll2) exp(~N(| log(Ju(0, ) ls-)[")) (23)
tel0.0] 7 te[30.30]
holds true.

The constant oy depends only on Ay, A, «, s and n, while the constants p, §, M and N depend on Ay, A, «,s,nand T.
Iterating the local result of Theorem 2.4 a finite number of times, one obtains the following global result.
Theorem 2.5 (Conditional Stability (Global)). Let s € (0, 1). Then, for T' € (0, T) and D > 0 there exist positive constants p’,

8’, M’ and N’, depending only on Ay, A, k, n, s, T' and D such that if u € H is a solution of (2.1) satisfying ||u(0, -)||y-s < p’ and
Supeo,1) lut, )2 < D, the inequality

sup [u(t, )2 < M exp(—N’| log(|[u(0, ) [ly-)I")
te[0,T’]
holds true.
Remark 2.6. Theorems 2.4 and 2.5 also hold if one considers Eq. (2.1) with lower order terms. As already mentioned, one

has to assume Lipschitz-regularity in x and the additional dependence of the constants on the L°°-norm and the Lip-norm
of those coefficients.



Remark 2.7. Theorems 2.4 and 2.5 are stated in the case of principal part coefficients which are log-Lipschitz continuous
with respect to t and Lipschitz continuous with respect to x. It is not excluded that similar results are valid for operators
having regularity with respect to the x variables which go below the Lipschitz continuity. This should be the content of
further studies. In the different context of Carleman estimates similar results have been proved in [5]. In that paper the
uniqueness in backward parabolic operators is shown in particular in the case that the coefficients of the principal part are
log-Lipschitz in time and log'/?-Lipschitz in space.

2.2.1. Weighted energy estimates

The proof of Theorem 2.4 relies on an appropriate weighted energy estimate. The choice of the weight function is
connected with the modulus of continuity with respect to t as in [7]. A similar situation occurred in [6,8], where backward-
uniqueness for parabolic operators by means of suitable Carleman estimates was obtained. In both cases, the weight function
was deduced as a solution of a second order non-linear ordinary differential equation.

Let us now introduce the weight function that we are going to use here. For s > 0, let x(s) = s(1 + |log(s)|). Fort > 1,
we define

1
() = f Lcls = log(1 + | log(7)]).
1 pu(s)

The function 8 : [1, +00) — [0, +00) is bijective and strictly increasing. Fory € (0, 1] and A > 1, we set ¥, (y) =
0~ (=xlog(y)) = exp(y* — 1) and we define

1
D,.(y) = —f Y (2)dz.
y
The function @, : (0, 1] — (—o0, 0] is bijective and strictly increasing; moreover, it satisfies

1 1
= —\D! 1 | _— . 24
qmy)) *(y)< - °g<¢;@>)‘) 24

This is the second order non-linear differential equation we mentioned above. The reason for this choice is made clear in [7,
Sec. 2]. The computations in [6,8] lead to a different differential equation and consequently to a different weight. In the next
lemma, we collect some properties of the functions v, and &;. The proof is left to the reader.

Yo W) = =M@, 1)1 (

Lemma 2.8. Let ¢ > 1. Then, fory € (0, 1/¢],

YA (Ly) = exp(t ™ = DAL )
Define A, (y) := y®,(1/y). Then the function A, : [1, 400) — (—o00, 0] is bijective and

. 1 1
lim —— ( ) = +o00.

zZ—>—-00 Z A;] (Z)
With these preparations, we are ready to state the weighted energy estimate which will be needed to prove Theorem 2.4.

Proposition 2.9 (Weighted Energy Estimate). Let s € (0, 1). Then, there exist positive constants A > 1, 7, oy and M > 0 such

that, setting o := max{aq, T~ '}, 0 = % T = g, letting B > o + 7 be a free parameter, whenever u € H is a solution of
Eq.(2.1), one has
P _ thr
/ e2rte L) juge, I e
0
_ i T\ 280, (T
<M ((p + 1)e*"Pe 269 (25 )||u(p, M2 + TP (E) e 2f“”(fs)”u(o, ~)||,2,75> (2.5)

forallp € [0, %a], A > Aandy > y.The constant oy depends only on A, A, k, s and n, while the constants X, 7 and M depend
onAj, A k,s,nand T.

Remark 2.10. There are two aspects to be underlined in the estimate (2.5). On the one side we were able to perform our
estimate only in negative Sobolev spaces, instead of the usual L? framework. We notice that there was the same difficulty
also in [5,8]. On the other side the energy inequality (2.5) undergoes a loss of derivatives. This essentially means that the
index of the Sobolev norm of the solutions depends on time and becomes smaller and smaller while the time increases,
denoting a sort of degradation of the regularity of the solutions itself. This phenomenon also occurred in [3,4] in the context
of hyperbolic equations with Log-Lipschitz coefficients.



3. Littlewood-Paley theory and Bony’s paraproduct

In this section, we review some elements of the Littlewood-Paley decomposition which we shall use throughout this
paper to define Bony’s paraproduct. The proofs which are not contained in this section can be found in [7,8,15].

3.1. Littlewood-Paley decomposition

Let x € C§°(R) with 0 < x(s) < 1 be an even function and such that x(s) = 1for |s| < 11/10 and x(s) = 0 for
|s| > 19/10. We now define x;(£) = x (2 %|&|) fork € Zand & € ]Rg. Denoting by F the Fourier-transform x — & and by
F~lits inverse, we define the operators
Squ=0 and Su= xDJu=F"(u(O)Fw(), k=0,
Aou = Sou and Ayu = Sgu — Sp—qu, k> 1.

We define
spec(u) = supp(F(u))

and we will use the abbreviation Axu = uy. For u € S'(R}), we have

in the sense of S'(R}).
We shall make use of the classical:

Proposition 3.1 (Bernstein’s Inequalities). Let u € S'(R}). Then, for k > 1,

2Mullz < IVullz < 24 el 2. (3.1
The right inequality of (3.1) holds also for k = 0.
In the following two propositions, we recall the characterization of the classical Sobolev spaces and Lipschitz-continuous
functions via Littlewood-Paley decomposition.
Proposition 3.2. Let s € R. Then, a tempered distribution u € S'(R}) belongs to H*(IR}) iff the following two conditions hold:

(i) forallk > 0, Agu € [2(RD),
(ii) the sequence {8y }ken, Where 8y == 2’“||Aku||Lz, belongs to I*(IN).
Moreover, there exists C; > 1 such that, for allu € H*(R}), we have

1
ol = 1H3ihille = Collullae.
S

Proposition 3.3. Let s € R and R > 2. If a sequence {uy}ken < LZ(]R;‘) satisfies

(i) spec(uo) < {|&] < R} and spec(uy) C {R™'2% < |§| < R2*}, forall k > 1,
(ii) the sequence {8y }ken, Where & == 2k5||u,<||Lz, belongs to I>(N),

thenu =", ,ux € H(R}) and there exists C; > 1 such that

1
ol =< 1H3kdille = Cllullae-
S

In the previous statement, if s > 0 then, instead of (i), it is enough to assume that
(i") spec(u) C {I£] < R2Y}, forallk > 0.

Proposition 3.4. A function a € L*(R}) belongs to Lip(R}) iff
sup || V(Sk@) [lree < +00.
keN
Moreover, if a € Lip(R}), there exists a positive constant C such that

Il Awallie < €27 allup,  and  [[Vi(Si@) [l < Cllalluip.

3.2. Bony’s (modified) paraproduct

Leta € L*°(RR}). Bony’s paraproduct of a with u € H*(R}) is defined as
Tqu = Zsk,3aAku.

k>3



For the proof of our conditional stability result it is essential that T, is a positive operator. Unfortunately, this is not implied
by a(x) > k > 0. Therefore, we have to modify the paraproduct a little bit. We introduce the operator

T'u = Sp_1Smiall + | Si-3aAnl, (3.2)
k>m+3
where m € N; note T(? = T,. As it shall be shown, the operator T;" is a positive operator for positive a, provided that m is
sufficiently large. The proofs of the subsequent propositions can be found in [8].
Proposition 3.5. Let m € N, s € Rand a € L*°(R}). Then, T, maps H*(R}) continuously into H*(RY}), i.e. there exists a constant
Cn.s > Osuch that
T ullks < Cmsllallzoe llullps.

If m € N>z, s € (0, 1) and a € L*°(R}) N Lip(RY}), then a — T maps H*(R}) continuously into H‘*S(RL‘), i.e. there exists a
constant Gy s > 0 such that

llau — Tg'ully1—s < Cusllalluipllullg-s.
The constant Cp, s is independent of s, if s is chosen in a compact subset of (0, 1).
We state the previously recalled positivity result for T;".

Proposition 3.6. Let a € L*°(R}) N Lip(R}) and suppose that a(x) > « > 0 for all x € R}. Then, there exists an integer
moy = mo(«, |lallup) such that

K
Re (T7"ulu), = = llulz,

forallu e I? (Ry) and m > my. A similar result is true for vector-valued functions, if a is replaced by a positive symmetric matrix.

The next proposition is needed since T;" is not self-adjoint. However, the operator (T;" — (Tf)*)axj is of order 0 and maps,
if a is Lipschitz, L? continuously into L?.

Proposition 3.7. Let m € N, a € L*°(R}) N Lip(R}) and u € 1? (RY). Then, there exists a constant C,, > 0 such that

I(Tg" = (1)) dgullz < Crllalluipllul 2.

3.3. Auxiliary estimates fora — T}

Let m > 3. We set

@—THw =Y A@Se—sw+ Y ( > AkaAjw> = 2w + 2,w. (3.3)

k>m k>m \|j—k|<2

For our proof of the weighted energy estimate, from which we derive the conditional stability result, we need some esti-
mates for terms involving A, ((a — T;")w). To handle these terms, we introduce a second Littlewood-Paley decomposition
depending on a parameter u and we look at ) 1>0 Ay((a — TMw,). To derive estimates for those terms, we need appro-
priate estimates for A, 2w, and A, $2,w,,. Let us first analyze the spectra of A, 2w and A, £2,w. From the definition of
Sk and Ay in Section 3.1 we see that

spec(AxaSi_sw) € {272 < |&] < 2%}
and, therefore,
Aiw =) A(A@S 3w)

k>m
|k—v|<2

since A, (AgaSg—3w) = 0 for |v — k| > 3. Replacing now w by w,, we get
) k<u+1,
c =
W“MW—hwgmﬂw}:uuu,
and, from this,
@ Dok=p+1,

spec(AxaSy—sw,) C 1 {I€] < 2%} Dok=p+2,
2 <lgl =2 ¢ kzp+3.



With this we get
Aiw, = Y A(AS-3wy).

k>max{m, u+2}
[v—k|<2

Further, we also get A, 2;w, = 0forv < u — 1. Now we look at A, £2,w,,. We have

A, (Z( Z AkaAjwﬂ)>
k>m \|j—k|<2

AT DY Avasw,
k>m \ |p—jl=1
l—k|=<2

Avﬂzwu

since

spec(4;(A,w) < {{2“‘ <lgl=2"" ¢ j-uls1

From that we get

AV'QZwM = A, E E AkaAj(A,Lw) (34)
ln—jl=1 k=m
[k—jl=<2

with
spec(A, 2,w,) € {|€] < 2"}, v < u+5.
Forall v > p + 6 we have A, £2,w, = 0.
We prove now some technical lemmas which we will use later on.

Lemma 3.8. Let s’ € (0, 1), m € N, a € L*(R}) NLip(R}) and w € LZ(JRQ). Then, there exist a constant C > 0 and a sequence
{c"W},en € B(N), depending on A, w, with ||[{c%}, |lp < 1 forall u > 0, such that

14, 21wyl < Cllallp2 ¢ lwy - (3.5)

Proof. From our considerations above we have that

Aviw, = Y A(AES-3wy)
[k—v|=<2

and, therefore,

1A, @1w)llz < Y AaSeswylle
[k—v|<2

A

< Y Al liSe-swy
[k—v|=2
—k
<C >0 laluwp2™ )l Awle
[k—v|=<2 j<k
—I k! —kS/ i) —id
= Cllallyp Y 275 2527525 277 | Ajwy | 2
lk—vi=2  j=k —_—
Z:é‘j(“)
) —(1=s")k —(k—j)s’ (1)
< Claly Y 2 Y 2k
[k—v|=<2 j<k
::fk(u)
—(1=s")k
= Cllallup Y 277
[k—v|=<2
—(1-¢ ()
< Cllaflup2= " Y= ;™) (36)

lk—v|<2



where {81(“)}]-611\1 € P(N) with ||{8j(“)}||,2 ~ |lwy|ly-s; see Proposition 3.2. The sequence {1 }en is a convolution of the
sequences {ej(“ ) }jew and dy == 27k, Using Young's inequality, we obtain

I elle = 14(e™ Y gy didhelle < IHidillp e}l
From the formula of the geometric series and the integral criterion, we obtain
1 C
d <—=<-
Hdidelln = T—= =

and, hence,
w ¢
1f el < ;IIwMIIH_S/.

We define
()] (1) (1) (1)
I R S NI A A

Cs/”wu”H—s

Vo ’

where Cy can be chosen such that ), _,(c{*)* < 1. With this, we get from (3.6)

—(1—§
4, 21w,z < Cllallup2™ =" ¢ lw, | O

H -
The next lemma deals with the estimate of A, 2, w.

Lemma 3.9. Let m € N, a € L°(R") N Lip(R?) and w € L*>(RY). Then, there exist a constant C > 0 and a sequence {51(,“)}ueN
€ I>(N), depending on A, w, with |{¢%}, || < 1forall w > 1, such that

14, 22w,ll2 < Cllallupe 27wyl 2.
Proof. Straightforward computations on (3.4) show that 2,w e I? (RY) ifw € I? (R}). Hence, there exists a sequence

{c!™},en, depending on w,,, with [[{c(}, ]|z ~ ||£22w,, ;2. From (3.4), we obtain

14, 2,w,ll2 < € )12,w, 2

<& Y Y lAwaaaw)lle

<1 k=m
ln—=jl=< i

K
<& > 2 Mallupllwlle
li-ulst fem

IA

lallipy 2 1wyl 2,
where ¢/ = ¢ /||$2,w,, || ;2. By construction we have Y _,(€{*)? < 1forall u > 0. This concludes the proof. O
The next proposition is an essential tool in our proof and contains information about the behavior of the Littlewood-Paley

pieces of (a — Ty)w.

Proposition 3.10. Let s € (0, 1), m € N, a € L*(R}) NLip(R}), « > 0andt € [0, o] o= 1 =3 Then there exists a constant
C > 0 such that, for all w € H, we have

D270 (g vy (£, )] Ay ((a = T w(E, ) Z 19cv, (¢, ) I + CNllallZy Y 2% w112
v=0 v>0 v>0
for every N > 0 and with v, = 2-6+0vy,

The proof of this proposition can be found in the Appendix. Following the same ideas one can also prove

Proposition 3.11. Lets € (0, 1), m € N,a € L*°(R}) NLip(R}),« > Oand t € [0, %o], o= % Then there exists a constant
C > Osuch that, for all w € H, we have

3 27O (5,0, (6, )] Ay ((a — T3y w(t. ), < Cllallp Y 22 [vu(t, )1

v>0 v>0

with v, = 2-6tebvy,



3.4. Auxiliary estimates for [A,,, T

The next result about commutation will also be crucial in our proof of the weighted energy estimate (2.5). Results on
commutation play an essential role also in the proof of Carleman estimates for (1.1) with low-regular coefficients in [8] and
in the proof of well-posedness for hyperbolic equations with low-regular coefficients in [3].

Proposition 3.12. Let m € Nx3, a € L°(R}) N Lip(R}) and s € (0, 1). Then, for t € [0, a] o= 1 =5 there exists a constant
G > O such that, for all w € H,

D227 (B 1 T ) = 5 S 00l TN 32 )
=0 v=0 v>0
for every N > 0 and with v, = 2-6te0vy,

This follows from the following lemma whose proof can be found in the Appendix.

Lemma 3.13. Let m € N>3,a € L°(R}) N Lip(R”). Then there exists a constant C, > 0 such that, for all w € H,
2
Y 2Rty = llalli, Zzzvnvu(t N2
v>0
with v, = 276+e0vy,

Also the next proposition follows immediately from this lemma.

8xj-[Ava a ]axhw(t

Proposition 3.14. Let m € Nx3, a € L°(R}) N Lip(R}) and s € (0, 1). Then, for t € [0, %a], o= % there exists a constant
Cn > Osuch that, for all w € H'=S7%/(R),

227 By (6 ILA, T I w(e, D) < T lallup D 2% lue, )1,

v>0 v>0

with v, = 2-6tabvy,
4. Proof of Proposition 2.9

In order to simplify the presentation, we shall write the proof only for n = 1. As already mentioned, one may also include
lower-order terms with the appropriate regularity in x; see Section 2.2. The latter can be handled with the techniques of the
present work following the scheme of [7].

To make the proof more readable, we divide it into several steps. First the operator will be transformed by a change of
variables involving the weight function, and then we shall introduce the paraproduct and microlocalize the operator. After
that, we shall use the estimates of Section 3.2 and conclude the proof for v = 0 and v > 1 separately. After that, in Section 5,
we shall show how the stability estimate follows from the energy estimate.

4.1. Preliminaries—transformation, microlocalization, approximation

Let u € H be a solution of the equation
Pu = o,u + dy(a(t, x)oxu) =0

on the strip [0, T] x R,. In what follows, a; > 0, A > 1and
o = max{o;, T '}, takes € (0,1), and set o = =5, ¢ =

Tr
—po A(

> 0 are constants to be determined later. Set
Fory > y,A > Aand 8 > o + t, define

-b'\qﬁl

)u(t x). Then w satisfies the following equation:
+7

w(t,x) =e’le

—yw + <D (
Now we add and subtract o,T,d,w, with T]" as defined in (3.2), and obtain

t+t
B

We setu, = A,u, w, = A,w and v, = 2-6+*DVy  The function v, satisfies

t
vy = yv, — D) (%) vy — (T 3yv,) — a log(2)v,,

)w+8(a(t X)o,w) = 0.

—yw+ P ( ) w4 (T 3yw) + dx((a — T, dyw) = 0. (4.1)

— 2761 s ([A,, TMdaw) — 27TV A8, (@ — T™M)dw). (4.2)

vy 1g



Next, we form the scalar product of (4.2) with (t 4+ t)d,v, and obtain

(t+ D N0cvu (6, )7 = vt + ) (vuldevu(t, )z — (€ + r)<<1>i (%) vy (€, )13, (¢, -)> i
L
— (t + ) (0T 0wy (£, N[00y (£, ), — @ 10g2)(E + T)v (v, (¢, )|y (¢, )2

= (t+ D27 (B([A,, TIBw(E, )10,y (t, )
— (€ + D27 (A, 5,((a — TMdw(E, )90, (¢, ), - (4.3)
To proceed, we shall regularize the coefficient a(t, x) with respect to t. Therefore, we pick an even, non-negative p € C;°(R)

with supp(p) € [—3, 3]1and [, p(s)ds = 1.For e € (0, 1], we set

a.(t,x) = 2/ a(s,x)p (?) ds.
R

A straightforward computation shows that for all ¢ € (0, 1], we have

a.(t,x) = ap > 0, (44)
lag(t, x) —a(t, x)| < Aye(|log(e)| + 1), (4.5)
as well as

|8ea: (t, )| < Aullp’ll 1 (| log(e)| + 1),
forall (¢t, x) € [0, T] x R. From these properties of a. (t, x), the fact that T,y = T, + T}, and Proposition 3.5, we immediately
get:
Lemma4.1. Let m € N and u € [*(RY). Then
(T = Ta)ullz < CrAue(llog(e)] + 1) ull 2
and
1T ullz < CuAwll o'l (log(e)] + Dlull2
hold.
We introduce
a,(t,x) = a.(t,x), withe =272".
We replace T;" by T + T;" — T in the third term of the right hand side of (4.3) and we obtain

t
(t+ DlB3evu(t, )7 = y(E+ 1) (Wult, )Idevu(E, )2 — (€ + 1) <<Di <%) vy (t, )8 vy (t, ~)>

12
— (€4 1) (T vy (£, N9evu (£, ),
— (4 ) (% (T = T 3wy (£, N30y (£, ),
—alog(2)(t + v)v (v, (t, -)[0cvy (L, )2
— (t+ )27 (3[4, TMdw(E, )| vy (t, ),
— (t+ )27 (A, 0,((a — TP daw(t, ) |9ev, (L, )y, - (4.6)
Now we replace d;v, (¢, -) in
—alog(2)(t + T)v (v, (£, )]0 vu(t, )2
by the expression on the right hand side of (4.2) and we obtain
—alog2)(t + 1) (v, (t, )I3evy (¢, ) = —ay log)v(t + ) [vu(t, )l

+alog2)(t + 1)®; (%) v (t, )%

+alog(2)(t + T)v (v, (£, )|y 0w, (L, )

+a?(log(2)*(t + v vy (£, )1,

+alog(2)v2~CT (£ + 1) (0, (8, )10 ([Ay. T 0cw(t, ),

+ o log(2)v27 T (t + 1) (vy(t, )] A0 ((a — TP daw(t, ), - (A7)

10



Taking into account (4.6) and (4.7), it follows

(t + DNI3evu(t, 72 = 7€+ 7) (Wult, Idevu(t, )2 — (€ + )P (%) (v, (£, )[Brvy(t, )2

- (t + t) (ax(TamV axvu(t» '))|8[U\,(f, '))Lz - (t + 'E) (3x((T¢;n - Tamv)axvv(t» '))|8tvv(t7 '))Lz
+alog2)(t + )P (HTT) V[vy (£, )12, 4 alog)(t + T)v (v, (t, )| TY 0xvy(t, 1)) 5

+a?(log(2)*(t 4+ T)v2[|uy (¢, )12 — ay log)(t + vl (¢, )17

+ o log(2)(t + T)v2~ T (v, (¢, )10, ([Ay. T 0w (t, ),

+alog(2)(t 4 T)v27 0 (v, (¢, )| A0 ((a — T (e, ) 2

— (t+ D27V (3, ([ Ay, TMOw(E, )|, ),

— (t+ )27 (A, ((a — T (t, )]0y (t, ), -
Integration by parts with respect to t yields

y d
2= 5

y(t+ 1) (o, )9 (t, ) VT,

(€+olunE) = Siv el

and

,f(t+T
—(t+1)P; (/3) (v (€, )N3rvy (E, )2

1d t+t 5 1t++ t+t 5 1 t+t 5
=52 (t+09; (7) vt )Ie) + 5 5@ (7) lou Mz + 505 (=5 ) 100 gy
Next, we investigate the term —(t + ) (3x(T v, (t, ))[3;vy (¢, -)) .. From (3.2) it can be seen that 8, T;" = Tj, + T,"3;. A
straightforward computation shows that

1d
(4 ) (BT B0 (6, N 1B, )2 = 5

1
) (Té’: Oxvy (t, )05V (t, ')>L2

(e + 0 (B, e, ), )

1 m
— 5+ (T3, 0xvy (8, )10x0y (£, ) 5

1
= S T {30, (6 (T = T (e )

Therefore, we have the following equality:

d 1d t
(+ 03, = 5= (C+ Dl IE) = Slvels -5 <<t+r>a>;( “) NG ~>||§2>

d p
1 t+7 1t+t , (t+71
+5¢§<7> Ilvv(t,~)llfz+5 8 q%( 5 )IIvu(t,-)llfz

— (¢4 ) (% (T = T vy (£, ) 0vy (€, ),
1d m 1,

+ Sdt ((t +71) <Tav Oxvy (L, ) [0y v (L, ‘)),_2) 3 <Tauaxvv(ts )] 9xvy(t, '))Lz
1

— 5+ (i, v (£, )10xvy (£, ) 5
1

—5(t+D) {805y (£, HIATT)* — T v, (t, ),

2 fE+T 2
—ay log2)(t + D)v|lvy (L, ), + o log2)(t + 7)P), <T> Vv (t, )2

— alog(2)(t + T)v (B, (¢, )T wu(t, )2 + a?(log(2)*(t + TV vy (t, )%
+ alog(2)u2~ ST (¢ + ) (v, (t, )| X, (t, )2
— (t+ )27V (1, ) [Bevy (8, D)2 (4.8)
where we have set
X, (t, ) = % ([Ay, T 10w(t, ) + A, (3:((a — THdw(t, -))).



4.2. Estimates forv =0

Setting v = 0, we get from (4.8)
y d y 1d ,ft+T
(E+ Dot I = 5 2 (C+ Dl IE) = Sl )R = 5o ((t +1)®, (7> llvo(t, -)Iliz)
1 ,(t+7 ) 1t+7 ,(t+7 2
+ E@A (T) lvo(t, I + ET@A B ) lvo(t, I

— (¢ + ) (T = Ty0)dxvo(t, )IBevo(t, ),

1d m
+55 <(t + ) {Tgg dxvo (t, -)|xvo (¢, ~))L2)

1 m 1 m
= 5 (T ot akvo(e, ), = 5 (€ + 1) (akvo(t, )T o, ),

1
-5+ (e devo (e, I((Tg)* — Tgo)dxvo(t, ), — (€ +7) (Xo(E, )Bewo(t, )2 -

Using Propositions 3.1, 3.5 and Lemma 4.1, for Ny, N, > 0, we get

2

1
< CMllvoll%.

{Bevo(t, )IThy Bxvo(t, ) 5

1
< CONillwo(t, )12 + Ellatvo(t, Iz,

(o g B0 (t, )|8xdevo (L, )

1
}(((TJQ)* — Tag)dxvo (£, )13c3vo(t, ) 2| = ComMNallvo(t, )72 + 1= 13cvo(E, 17z
2

Now, we choose N; and N, so large that

]+] 1 0
—+——=-<
N N, 2

and y so large that

L+ €O+ CON) (50 +7) <0
for y > y. Hence, the term

CO @+ D) llvo(t, 1% + CON(E + D) l[vo(t, )17 4+ CON2(t 4+ T)[lvo(t, |2
is absorbed by —% v, (¢, -) ||f2 and the term

1 1
N (Dot Iz + N, (T Dl (e, NI

is absorbed by —%(t + 1) ||0rvo(t, -)||fz. Hence, we get

1 y d y 1 ,(t+7
E(t + D)lldevo(t, 17 < @ ((t +Dllvo(t, HII%) — levo(t, I + 5% <7> oo (t, )12,
1d ,ft+T 3 1t+7 _,(t+T )
YT ((f +1)9; (719 ) lvo(t, ')||Lz) T3 5 2, ( 8 ) oo (t, )i
1d m
e ((t + 7) (Ton dxvo (¢, ) [xvo(t, '))L2> — (t 4+ 7) (X0l devo(t, ))p2 -
Further, we recall that @ fulfills Eq. (2.4), i.e.

Yo W) = —h(@;1))*u ( ) = -1 P (¥) <l +

1
/ o (5755 )
¢A (.y) <pk (y)
for A > 1. From this, we see that

1 t+1t 1t+1 t+t
3% (T) ||vo(t,-)||fz+5 5 ¢;’<7> lvo(t, )72 <0

12



holds, and thus, we get

1
g”vo(f, I = =5+ D 0evo(t )G + SE (€ + D llvoe, III%) — gnvo(t, I

1
oo ((t + 1) (T 3o (¢, -)|8Xvo>L2) — (t+ 1) (X|Bevo(t, )2

1d + T
Todr ((t +1)P; (T) llvo(t, )||fz) .

Using Propositions 3.6 and 3.5 as well as integrating in t over [0, p] C [0, a] we obtain
T
f lvo(t, 1% dt < ( + c(‘”) @+ Dllve(p. % + Ercb; (E) lv0(0, )17,
2 1 P 2
-3 Ilvo(t, INdt — = | €+ D)lIevo(t, )l >dt
8 0 2 Jo

= [+ 0t o na
where we have used
v (p. HITE B0, )2
and, applying Proposition 3.6,

K
(Bevo(t, )Ty dxvo(t, ), > > 19w e, N2

< Gallvo(, )11,

choosing m large enough.

4.3. Estimates forv > 1

Now, we consider (4.8) for v > 1. From Lemma 4.1, for N3 and N, > 0, we obtain

1
[T = Ty (¢, )10xdevy (8, ) 5| < CORNsV2 vy (8, )% + - e e, N2
3
1
< CONNsv22 vy (8, )% + - 190 e I (4.9)
3
and
(Bvu (£, )ITH, Oxvu ()5 ] < CEW2% 0o (t, IE2, (4.10)
as well as
my* m 7) 2v 2 1 2
(@M — T (t, )18 dvy (¢, )5 | < COANG2>[luy (8, )17 + ~ 190 e, I (4.11)
4
which follows from Proposition 3.7. Using again the positivity estimate in Proposition 3.6, we obtain
— alog2)(t + T)v (0w, (6, T By (t, ), < —aCE) (t+ )27 vy (t, I (4.12)
Now, we choose N5 and N, so large that
1 1 1
—+ ——=-<0,
N; N; 2

and « large enough such that

o
= Catn o+ NaC3p + €5+ ClNa < 0,

and we set o0 := max{T*] o1}. With this choice, we get

—||vv(t >||L2+ L+ ol INE < = - (E+Dlu e, -)||§2)—£||vu(t, I

d L f(t+T 2)
—(t+oo, [ —— ) v (e, )%
i <( 7) ,\< B )||U( i i3

N\.—LQ.



1
+- ¢A<tﬁ >||vu(r Iz + f+rq>g’<t+77) llou (£, IIZ

p
L1d n
+ 5 5 (CF DT @ 13 @, ) )
1
—ay log2)(t + T)v|lvy (£, )II?, — f(T’"a vy (8, )[Bu(t, ),

+alog2)(t + 1)P; <HTT) vl (t, )%

+ &’ (log(2)*v*(t + D) llvy (¢, )l ;2 — 56“‘) (t + V2% o, (t, )%

+a log()u27 T (1 4 1) (v, (€, )| Xy (t, )2
— (£ + )27V (X, (8, )]0 v, (L, )2 - (4.13)
Since y@} (y) = —A®;, (y)(1 + | log(®} ())]), if we take A > A > 2, we have
1t+1

1 @,/<t+r>< 1(1j (t—l—r
a4 p *\p /)7 2\ p )

and hence, the term 1 & (”’) llv, (t, )||22 in (4.13) is absorbed by the term t” @) (—) lv, (¢, -)||fz. Now we need to
absorb

/ t+ T 2
alog(2)(t + 1), T vl (t, 2. (4.14)

There are two terms in (4.13) that will help to achieve this. One is

-3 Ze® @ + w2 o (@, 1% (4.15)

and the other one is

1t+7 ,(t+T
15 25 (T) ou(t, 1% (4.16)

Let C{% = min{41og(2), Ch). 1f v > 5:L- log (4"’(%;()2)@ ( ; ))’then

Cﬂ m

c® t+t
——Tav2?” < —alog(2)®; <+) V.
4 B

i 4log(2) t+r
On the contrary, if v < 210g2 log( o) <D

1t+t¢1<t+r> :-h( (
4 B B 4

> then <D’ —‘) > 2" and, hence, by (2.4), we obtain
)) 1
@ (%)
1
410g(2)(p (fj)

&® B

1 ~,§§)n ,ft+T 4log(2) , (t+T1
f‘mlog(z)%( 8 )(” l°g< &, "’*( 8 )

.
< ——=A - D 1 log(2
= 4 410g(2) A ,3 ( +v Og( ))

t+71
e (S5 ) v

where we have used the fact that the function ¢ — &(| loge| + 1) is increasing. Consequently, if we choose A > A with

- alog2)(}0 + 1)
A. #7

am

IA
|
=
>
A
A
-
_|_
ﬁ

IA

14



we have
1t+7 ,/<t+r) ,(t+T
- S| — ) < —alog2)(t +1)D v
4 8\ B "\ B

and hence, the term (4.14) is compensated by (4.15) and (4.16). Now we consider the term

(t + D)’ log? ) v*[lvy (¢, )l 2. (4.17)

If v > (log(2))~" log <%> =: 7, then

Ca,m

(3)

—%asz" +o?log?(2)? < 0.

If v < vy, then we eventually choose a possibly larger ¢ such that

7
% > a? log?(2)v? (go + r)

forall y > y. We obtain
—% +a?log?(2)v < 0,
and, consequently, (4.17) is absorbed by

14
ZCES,L(t + 2% v, (8, I — fllvu(t, 2.
The term —ay log(2)(t + T)v|v,(t, )||22 can be neglected since it is negative. However, we stress here that it is a crucial
term in order to achieve our energy estlmate for an equation including also lower order terms. Eventually, recalling also
Propositions 3.1 and 3.6, we obtain

1 d 1d +

S E+ D0, ) + %nvv(r, M < %; (€ +Dlvu (€. 917) = 5 2 <<f+ 0P, (%) llou (¢, ->llfz)
l d
57 (€ + 0 Tk, (6, (e, ))) = 522 e, I

log(Z)c<8> (t + T)v2* vy (¢, )15
+a log<2)v2 GOV (e 4 7) (v (L, )| Xt ))
— (£ + )27V (X, (8, )9 vy (L, )2 ||vv(r NIz

Integrating over [0, p] C [0, Zo], we get
K p )/ p
ff 2% vy (e, ->||§2dt+—f v, (£, ) II% dt
8 Jo 8 Jo
<70 (=) 10,0, 1% + (£ +¢c1922) (0 + o) v (o, )12
= A ,3 Y, 2 2 a,m p v\ 12
o ®) P 20 2 N 2
= 5 108G, | (€02 (e e = ¢ | e lde
‘l p p
-3 / (€ + D|3w, (€, )II%de — / (t +7)27CHO (2, (¢, |3y (¢, )2 dt
0 0

+ o log(2) fp v27 STV () (v, (t, )X (L, )2 dt.
0

Now we sum over v and we obtain

Kk [P v y [f
g/ > 2, -)||§2dt+§/ D llvue, lIRde

0 v=>0 0 v=>0

fr@i( )vau(o >||Lz——/ P NG )||L2dt—f/ (t+1) Y 3w, (t, ) dt

v>0 v=>0 v=>0

15



)4
+ 5@+ Y @)l + R e+ 1) Y2 I, )

v>0 v>0

o 8) b 2v 2 b —(s+at)v
—Eloga)q;m/o (t+71) Y v2% v, (t, ~)||det—/o (t+7) Y 276D (X, (2, )|dw, (¢, )2 dt

v>0 v>0
p
+o log(Z)/ (t+7) Y w2760 (o, (£, )|, (¢, )2 dE.
0 v=>0
Using the results from Sections 3.3 and 3.4, we have the estimates

p
—/ (t+1) Zz—“ﬁm“ (&, (t, )|0cv,(t, )2 dt
0

v=>0

p C(ll) p
5n/ (t+71) ) 18wy (t, ) %de + '“/ (t+7) ) 2% ||v(t, ) |%dt
0 0

v>0 n v>0
and

p p
alog(2) / (t+7) Y w2760 (o, (£, )], (¢, )2 dE < arlog(2)CL 2, [ (t+1) ) 2% vyt )%t
0 0

v>0 v>0

4.4. End of the proof

So far we have obtained

K p p
5/ Zzzvnvv(t,onizdwg/ 3l e, )% de
0 0

v>0 v>0

p
<19] (%) > w0113 ~ %fo 3 vt l1%de

v>0 v>0

+ 20+ Y @ I + 00+ Y 2 . )1

2 v>0 v>0

o p
-3 log(2)C %), fo (t+7) Y w2 vy (t, ) 7dt

v=>0

1 [P p
—5/0 (t+1) ) vt -)||fzdr+nfo (t+7) ) vy (t, )17t

v>0 v>0

C(H) p
+ <a log()Cy ) + = / (t+7) Y2 oy (t, )t
0

n v=>0

(n
Now we take n < 1 and choose b, := ’7<a log(2)C1?, + @) 2@)—‘ With this, we have
e n alog(2)Cq m

o 4 ;
—Elog(z)qﬁf‘% /0 (t+7) Y 02 vy (t, )Idt

V>1p

C(ll) p
+ (alog(2>Céfn%?s+”;;“ f (t+1) Y 2 u (¢, )%de < 0.
0

V>1p

To absorb the remaining parts of the sum, we choose y larger (if necessary) such that
7 Cahms \ 2
—% + <§o + z> (a log(2)C(12, 4 —ams ) 920 _ g
o n

for all y > yp. This leads to

p cn »
—%/ D (e, )Ide + (a log(2)C{12), + % / (t+17) Y 2% ||uy(t, )%t < 0.
0 0

V<iyp V<

16



All in all, we finally obtain

p
/Zzzvma I de + 2 /vav(t,-)u;dt
0

v>0 v=>0
<19, (ﬂ) D @)% + 5 <p+r>2||vu<p, NZ+ @+ Y 2% v, )2
v>0 v=>0 v=>0
From this, going back to u,,, we have, for p € [0, o] o= % T = %and,B >0+ T,
K [P 3 4t P
7\/ eZyte 2[34&( B )222(1—s—a[)v”uu(t! )”iZdt_*'K/ 2y fo 2,3451 22 2(s+ozt)u||u (t, )”det
8 0 v=>0 8 0 v=>0
_ ptr
< C19(p + 1)e?Pe 26 (2 )222(1—5—0117)11”””@’ P,
v>0
ptr T\ _280 (2
4+ L (p 4 _L_)eZ}/P zﬁ‘pk( B ) Zz*(-‘H»otp)VHuv(p’ ,)”f2 + 7"@; (E) e 25¢A(ﬁ> 227251)”11‘)(0’ ')”52
v=>0 v=>0

Using Proposition 3.2, the weighted energy estimate (2.5) follows. O

5. Proof of Theorem 2.4

In this section, we show how the conditional stability estimate in Theorem 2.4 follows from the weighted energy estimate
in Proposition 2.9. To this end, we need two lemmas whose proof is left to the reader.

Lemma 5.1. There exists y, > 0 such that if y > y,, whenever u € M is a solution of (2.1), then the function E(t) = e*"*
[lu(t, ')||f2 is not decreasing in [0, T].

The next lemma contains an estimate of the H'-norm of a solution of (2.1) by its [>-norm. This estimate is crucial in
gaining (2.3) from (2.5).

Lemma 5.2. There exists a positive constant C such that, whenever u € ‘H is a solution of (2.1)in [0, T], then

: 2 ¢ 2
inf flu(@, )l = = sup (e, ).
te[%a.%a re[%a.%a]

The constant C depends only on « in (2.2).
We start from the inequality (2.5), that is

p t+1
72 pam N
/ e71e P (T ) jue, )2, et
0

SM[(erf)ez”’e 0 (°5) u(p, I sap + 70} <ﬁ> e (5) juco, 2. ]

which is valid for p € [0, ;o]0 := =2 Forevery o* € (30, o), we have
/G* eree (T )uu(t I madt
0
<M [(o* + 0970 e P (T ) juo®, Y2 e + 7 (%) 205 juo, 12 ] ,
where 8 > o + . Now we take p € [0, 5] withé = 1 (£ —7) = %,502p+71 <26 + 17 =9 < 20 < o" Hence,

2p+t

-2
/ erie (7 )nu(t Mg dt
p

*

* — o+
§M|:(O'*+T)€2y0 e Zﬁd’x( B

Vo, W + 7 (%) e (%) juco, -)||,2,_5} .

Since (1 —s) <1—s—at <1—s,wehave

luct, ) llgr-s—oc = Jluct, )|l

17



Hence, applying Lemma 5.1, we have

_28® 2p+2t
P+ Dllup, ke +(25)

Do, M + 7 (%) e (1) juco, )13 }

<M |:((7* + t)EZyU Zﬁ‘pA(

Since @; > 1, we have

T, T 280, (924 250
o, % < M7 ) (E) [ 52 o,

2
)”Hl—s—o{a*

+ezﬁ¢x( /ﬂ ) Zﬁtpk( )”u(o )”H ]

< Mcb;( ﬁ> (5 )z’wi("ﬂ”)[||u(o*,->||i,jm* e () ju, -)u,i_s]

20

* +1 . . .
Now we use ”’% > 43 , which implies

* El
o, (o ;—r) Z@\(SU;—T)

and, hence,

lu. )IIf, < M@, ( ﬂ) o (”/éﬂ)‘z"‘“’“(%”)[nu(a M2 e + ¢ B o, ~)||,2,s].

By the concavity of @;, we have

250, (0/2'3—1— r) 280, (50/;4— ‘L')

< 280! (50/}83—!— r) (0/2/;—1 3 50/2—!— r) . <50/8—|—r> o

This implies

1 (50 /8+1T

lup, I < M, (%)a%%( ; )(nu(o*, M + 2B Jugo, ->||H—s).

By Lemma 2.8, we have

@/ (50/24— r) — (50/i+r%>

(5a /r8+r )**

I
S
N

wu
)
~
|
+
Q
N———"
L
|
—
S~—
<
>
N
™|

~ —Xi
Setting § := (5"/#) , we have

5 \3 .
Iute. )1l 5’“(‘“(%)) e (7 <Ilu(0*,-)|lil T+ () juco, -)||§,75>.

Now we choose 8 such that
e (5) = jJuc. 1.

that is

1
B=rtA"" (; log ||u(o, ')||H‘5> :

Then there exists p > 0 such that, if |u(0, -)||;2 < p, then 8 > ¢ + 7. With this choice and thanks to Lemma 2.8, we get

2 = =1 ’ £\ 2
lu(p, Hll; <Mexp|—N ;| log (|lu(0, )|lg-s) | (||U(U s + ])
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forallo* € [20, o] and forall p € [0, £]. By Lemma 5.2, we finally get

2 [ o (1.0, 2
[u(p, Iz < Ce max _lu(t, )z + 1

5
te g0, 8‘7

This completes the proof of Theorem 2.4. O
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Appendix

Proof of Proposition 3.10. To estimate

32760 (3, 9 (2, )AL (@ — TNy wit, ),

v>0

we introduce a second Littlewood-Paley decomposition: setting w(t, -) = Zuzo w,(t, ) and w, (t, ) = 26 Dry, (t, )
(see Section 4.1) we obtain, using Proposition 3.1, that

32760 (3, 30, (2, )| A (@ — T3y wit, ),

v>0

=YD 2703 a8, ) Au((@ = T dgw, (t, ),

v>0 u=>0

=YY 27O (G vy (t, ) Au((@ — T v, ),

v>0 pu>0

< )Y 2RO B, (¢, Izl Av (@ = Ty vt )l 2

v>0 u>0

< YO 27 SHOETRY g, (¢, ) 2 1 Au 218 v, (8, ) 112

v>0 u=<v

+ D 27T G, (6, ) 2| 4w 250 v, (2

v>0 u>v-5

Since w(t, -) € Hl(]RQ), we have dxv, (t, -) € H*(R}) and, taking ans’ € (0, s), also d,v,(t, -) € H™ (RY). By Lemma 3.8, it
follows

14082180, (¢, )2 < Cllallupe” 27" 25 v, (¢, ) [y
and therefore,

DO 2SO0V gy (¢, ) 2| Ay 8218, (8, 2

v>0 u<v
< Cllallip Y Y 276002 g, (¢, ) [l 2c0 272427 (8, ) 2
v>0 u=<v
< Cllallup Y 0 2752 (25909 g, (e, 2 ) (02" vy (e, )l2)
v>0 u=<v
< — ZZZ 2(s—s")(v— B 8pvy (¢, )||L2 + C”a”L'PNZZ(c(M)) 22M||vp_(t )”L2
v>0 u=<v v>0 u=<v
1 o\ o265’
< N Z 222(5 SHin | 926 s)v||3tvv(t, )||f2 +C||a||fipNZ Z(C]glt))Z 22/L||1)M(lf7 )”fZ
v>0 \u=<v n=0 \v>0

1 22(375’)(u+1) -1

_ £ Ty 2(s=s A2 2 2u N
= 20: T v, )||Lz+cna||upN§02 I (€, 1%
V> n=

2 D I0cou (e, I + CllalifpN D 22 v (e, )i

v>0 n=0

1 22(5 s
< —
— N 226~ 92(s—5) _ 1
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By the summation formula of the geometric sum and the integral criterion, we obtain

22(s—5) 22(s—s") C
< <
22(575’) -1~ 22(575/)(1 _ 272(575’)) —s—g
and, hence,
DN ST gyt )2 )| A 218w (8, ) 2
v>0 u>0

(t, )% + CllalfpN Y 27 lvu (¢, ) I

v=>0 ©n>0
On the other hand, we have from Lemma 3.9 that
140822040, (¢, )2 < Cllalluipei v (t, 2,

and therefore, we get

D03 27T g, (8, ) 2| Ay RaBv, (. )2

v>0 u>v-5
< Cllallup Y Y 270002 g, (¢, ) 28827 2" v, (. )2
v>0 u>v—>5
1—s— —(1—s— ~
< Cllallup y_ Y 20757002 aOng 00 g, (¢, ) 122" v (€, )2
v>0 u=>v->5
2(1 2(1— 2 2492 2
S—Z D 22ty 20me 0 g, (6, ) |17 4+ CllalpN Y Y (9227 v, (e, )%
v>0 u>v->5 v>0 u>v->5
1 2]0(1 —s—at) (2 ) ,
- y73 W .
e M)Znatvu(t INZ A+ Cllalf,N Y [ Y € ) 22 (e, I
n=>0 \v<p+5

Since t € [0, o], where 0 := =%, we have (1 —s) < 1—s—at < 1—sand hence

210(1—S—at) C C
< <—.
1—2720=s=at) = | —g—qt ~ 1—35

From that, we get

Doy 2SO g (8, Iz | Ay 208w (8, ) g2

v>0 u>v-5

1

SNTZHf’rvv(t )||Lz+C||a||upN,;22“”vu(t Mz

This concludes the proof of the proposition. O

Proof of Lemma 3.13. The proof is very similar to that of [8, Prop. 3.7]. We detail it for the reader’s convenience. We have

(A0, T/ Tw = [Ay, Sno1@lSmerw + Y [Ay, Seosal Aw
k>m+2

and get

an[Avv T:’l]axhw = 8Xj([Avv Sm71a]sm+1 (axhw)) + an < Z [Avv Sk3a]Ak(8th)) .

k>m+2
Since A, and A, commute, we have

[Ay, Sm—1a]Smpiw = Ay(Sm—10Smi1w) — Sp—1aSmy1(A,w)
Ay (Sm—10Smp1w) — Sp—1aA, (Sppw).

This holds analogously for [A,, S;_3a]A,w. Let us consider

an ([Av, Sm—1a1Sm41 (axh w)) = axj ([a,, Smfla]axh Smp1w)).
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Looking at the spectrum of this term, we see that the term equals 0 if v > m + 4. Moreover, the spectrum is contained in
{|&€] < 2™*+3}. From Bernstein’s inequality, we have that

18 ([ Ay, Sm—101Sm 1By, w) 2 < 2™ ([Ay, Sm-101Sm1 (3, w) 2.
From the well known result of Coifman and Meyer [2, Th. 35], which essentially says that

1[4y, bldxwll 2 = ClIVibllie [[wll2, (A1)
where b € Lip(R?) and w € H!(R?), we get

LAy, Sm—1a10x, Smraw)ll 2 = CllalluipISmrawll 2.
Further, we have

—(1—s—
ISmewlz < Y ldwle <C Y 270770g,
k<m+1 k<m+1

where {g;}ren € B(N) with |[{ei}i]lz & ||w]|g1-s—at. Using now Hélder’s inequality, we obtain

1

2
—2(1—s— C
ISmirwlz < C (Zz 201~ “”) lwlser < —— wllg1-s-ar,

k>0
where we used the summation formula for the geometric sum as well as the assumption that t € [0, %o], o = %
Consequently,
C
0% ([Av, Sm—1a1Sm+1 (3, w2 < 1_S|Ia||up|Iw||H1—s—ar,
and
_ 2
D 27260 g (A, Seo3al Ay w) | 1
v=>0
_ 2 C
= Y 272 0A,, S sa] Ak w) 2 < r e Ll L] ey (A2)
0<v<m+3 (1-9)

It is worthy to remark that (A.2) can be obtained without using (A.1), since we can allow the constant C to depend on m.
Now, we consider

Oy ( > [Av,sk_gamk(axm) = dy ( > [Av,sk_za]axh(Akw)).
k>m+2 k>m+2

Looking at the spectrum of ([A,, Sy—3a] Ak (dx, w)), we see that [A,, Sy_3a] Ay (dy, w) is identically 0 if |k—v| > 4. This means
that the sum runs over at most seven terms: from 8Xj[Av, Sy—6a]0x, (Ay,_3w) up to axj[Av, S,a]dx, (Ay43w), where each of
them has a spectrum contained in a ball {|§] < C2"}. We consider only one of these terms, e.g. 8Xj[A,,, Sy—6a]dx, (Ay_3w)
since the estimates for the others follow analogously. From Bernstein’s inequality we get

[0 [Av, Sv—saldy, (Av—sw)ll2 < C2"|I[ Ay, Sy—6aldx, (Av—3w) 2

and, using again (A.1), we obtain
I[Ay, Sv—6aldy, (Av—sw)l;2 < Cllallpll Avwll2,

where C does not depend on v and in order to obtain this the use of Coifman and Meyer's result is essential. Hence, we have
95 [Av, Sv—6aldy, (Av—sw)ll2 < C2"[lalluipll Ay w2

Thus, squaring, multiplying by 2726%D" and summing over v, we get

D 279 [ Ay, Sy610k, (Avsw) |12 < Cllallfy, Y 220" [ A, w2,

v>0 v>0

With w € HI=~%(R") and Proposition 3.3, we finally get

D 27205 [ Ay, 61k, (Avs)[Z < CllalfpllwlZ—ar-

v>0
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As already mentioned, the other terms can be treated in the same way. We finally get

2

D 272t g (Y (A Siesldy, (M) )| < CllalifpllwlZ—e- (A3)
v=>0 k>m-+2 12

Putting (A.2) and (A.3) together, and using the notation v, = 2~6t*0Vy, concludes the proof of the proposition. O
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