1

A classical model in phase-transition modeling is given by the so-called Allen-Cahn energy
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Abstract

It is well known that for the Allen-Cahn equation, the minimizing transition in an
infinite cylinder R X w is one-dimensional and unique up to a translation in the first
variable. We analyze in this paper the existence and symmetry of optimal profiles for
transitions in a similar phase-separation model with a saturating flux. This amounts
to consider transitions in the space of BV functions as we consider the area integral
instead of the Dirichlet energy to penalize the creation of wild interfaces.
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where u is a scalar function taking values between —1 and +1. This energy functional is
used to describe the pattern and the separation of the (stable) phases £1 of a substance
or a material within the van der Waals-Cahn-Hilliard gradient theory of phase transitions
[16]. For instance, it has important physical applications in the study of interfaces in both
gasses and solids, e.g. for binary metallic alloys [3] or bi-phase separation in fluids [41].
In this model the function u describes the pointwise state of the material or the fluid.
The constant equilibria corresponding to the global minimum points +1 of the potential
1 (Jul* = 1)? are called the pure phases, whereas other configurations u represent mixed
states and, if asymptotic to 1, they describe phase transitions.

Let us mention that the Allen-Cahn energy functional is relevant too in the theory
of superconductors and superfluids where it appears as a Ginzburg-Landau free energy
functional, u being then a complex-valued function, see e.g. [11], as well as in cosmology
[28] where the motivation is the detection of the shape of the interfaces which “separate”
the different regions of the universe which possibly arose from the big-bang.

The classical van der Waals-Cahn-Hilliard theory postulates that interface formation is
driven by a variational principle, namely the pattern is the outcome of the minimization of
the potential energy. This is clearly not satisfactory since any pattern that takes the values
+1 only minimizes the potential energyﬁ Ik (Ju|> — 1)2dz so that the separation between
the two phases could be as complicated as we want and dramatically non-smooth patterns
occur. Since such wild patterns are not observed in experiments, one has to modify the
model and a classical way consists in penalizing the creation of unnecessary interfaces
by adding a gradient term such as § Ik |Vu|? dz. The parameter ¢ accounts somehow for
the thickness of the interface. A function w which minimizes the full energy functional
now tries to minimize the potential energy without creating too many interfaces since this
would increase the gradient term. So basically, the presence of the gradient term has a
smoothing effect on the phase separation. To recover the van der Waals-Cahn-Hilliard
theory, one then let € go to zero. It has been shown that the level sets of the minimizers
then approach (in a suitable way) hypersurfaces of least possible area [34, 35, 36, 14],
meaning that the optimal profiles tend to minimize the potential energy and the area of
the interfaces.

In a series of papers (see, e.g., [38, 12, 32]) it was pointed out that, in some realistic
diffusion processes, characterized for small gradients by linear gradient-flux relations, the
flux response to an increase of gradients is expected to slow down and ultimately to
approach saturation at large gradients. Accordingly, it was proposed in these contexts to
penalize interfaces by a gradient term which is still quadratic for small values of the norm
of the gradient but asymptotically linear. A simple model is given by the area integral

/\/1 + |Vu|? dz.

When the saturation of the diffusion flux is incorporated into these processes, it may
cause a fundamental change in the morphology of the ensuing response. It may happen
in particular that transitions connecting the equlibrium states may, when the potential
exceeds a critical threshold, exhibit one or more discontinuities. In [32] a detailed numerical
analysis of the morphology of the responses was performed for the Euler-Lagrange equation
of the one-dimensional model

(w/ V1 +u’2>l — F'(u), )



where F' is a potential with several states at the lower energy level. At this stage, it
is worth mentioning closely related models of flux limited diffusion equations studied in
[1, 15] and the references therein.

Apart from its physical relevance, the Allen-Cahn energy functional presents interesting
mathematical features. The stationary Allen-Cahn equation in RY, namely

Au = F'(u), (3)
where F'is the double-well potential

F(s) = 3(1 -7 (4)
has attracted much attention in the last thirty years and in particular regarding the qual-
itative properties of bounded entire solutions. The most challenging question is known
as De Giorgi’s Conjecture which has stimulated many developments in the area of the
calculus of variations, nonlinear analysis and semilinear elliptic PDEs.

De Giorgi’s Conjecture (1978). Assume N > 1. Let u € C*(R™) be a solution
of (3), with F given by (4), such that, for all x = (z1,...,zx5) € RY, |u(z)| < 1 and
Oz, u(z) > 0. Then, at least up to dimension N = 8, the level sets of u are all parallel
hyperplanes; or, equivalently, there exist v € C%(R) and a = (as,...,an) € RV such
that u(x) = v(x1 + asza + - + anyzN).

De Giorgi’s Conjecture has been proved in dimension N = 2 by N. Ghoussoub and
C. Gui [30] and in dimension N = 3 by L. Ambrosio and X. Cabré [4]. The proofs for
N = 2 and N = 3 use some techniques developed by H. Berestycki, L. Caffarelli and L.
Nirenberg in [9] for the study of symmetry properties of solutions of semilinear equations
in half spaces. The conjecture is still open when 4 < N < 8, though a positive answer was
given by O. Savin [37] under the additional assumption

lim w(zy,29,...,25)==%1 for every (z2,...,2y) € RV7L (5)
x1—+oo
while in dimension N > 9 a counterexample has been established by M. del Pino, M.
Kowalczyk and J. Wei in [19]. We refer to the surveys [27, 26] for more details.
Motivated by an application in cosmology, G.W. Gibbons (see [17, 28]) proposed a vari-
ant of De Giorgi’s Conjecture, where condition (5) is strengthened by assuming uniformity
in the limits.

Gibbons’ Conjecture. Assume N > 1. Let u € C*(RY) be a solution of (3), with F
given by (4), such that

lim wu(zy,2e,...,28) =1  uniformly in (xa,...,2y5) € RN 7L
x1—+too

Then the level sets of u are all parallel hyperplanes.

This conjecture was settled in any dimension, by using different approaches, by A.
Farina in [20, 21], by M.T. Barlow, R.F. Bass and C. Gui in [8] and by H. Berestycki, F.
Hamel and R. Monneau in [10]. It was also studied by A. Farina and E. Valdinoci [25] in



an abstract setting which covers non-uniformly elliptic operators and, in particular, the
case of smooth solutions of the bistable curvature equation

div(Vu/ 1+ |Vu|2) = F'(u), (6)
or of the bistable p-Laplace equation
Apu = diV(\Vu\p*2Vu) = F'(u). (7)

In the preceding paper [22], assuming p > 2, A. Farina also proved that if u € Wll’p (RM)N

ocC
L>(RY) solves (7) and there exists an open bounded set w C R¥~! such that « minimizes

the energy functional
1 1
L // IVl do + - // (ul? = 1) dz (8)
2 Rxw 4 RXxw

in the set of all functions v € WI})’C’)(R X w) satisfying

lim w(zy,®9,...,2xy) =+1 uniformly a.e. with respect to (za,...,2y) €w, (9)
r1—Foo
then u is one-dimensional. The rigidity result for minimizers in cylinders was previously
considered by G. Carbou in [17] for p = 2. The method was also extended by G. Alberti
in [2] for a phase-separation model with non-local interaction energy.

One-dimensional symmetry of solutions of non-uniformly elliptic operators has also
been dealt with in [13, 18, 23, 40, 26]. In particular, A. Farina, B. Sciunzi and E. Valdinoci
[24] studied several alternative conditions to the uniformity of the limits which lead to
rigidity results. Among these they proved that a solution w of equation (6), in dimension
N = 2, or respectively N = 3, is one-dimensional provided that u is of class C!, has
a uniformly bounded gradient and is stable (i.e. the second variation of the associated
functional is non-negative), or respectively 0, u > 0.

Our aim in this paper is to face similar questions for equation (6), giving in particular
partial positive answers to Gibbons’ conjecture and other related rigidity results, when it
is referred to this equation. As we already noticed, solutions of (6) may exhibit disconti-
nuities, even in dimension N = 1. Hence a natural setting where to settle this problem, as
usual when the prescribed mean curvature operator is involved, is the space of functions
having local bounded variation. Namely, in analogy with the above mentioned papers
[17, 22, 2], we prove the one-dimensional character of any minimizer of the relaxation Z,

of the functional
// (VIF [V — 1) dz +/ Fu) dz (10)
Rxw Rxw

to the set &, of all functions v : R X w — R having bounded variation in any cylinder
| = T, T[xw and satisfying (9) (with lim replaced by esslim ), where w is an open bounded

set in RV~1 and
(ho) F: R — [0,400[ is continuous and satisfies F(s) = 0 if and only if s = £1.
A typical example is given by (4).
As for (8), the first term of the functional (10) represents the interfacial energy and

it penalizes sharp transitions, while the second one is associated with the volume energy
density and penalizes the states far away from the equilibria. Our main result is as follows.



Theorem 1.1. Let w be a non-empty open bounded set in RN"1. Then the functional
Ty : Ew — [0, +00] defined by

Z,(v) = Ju(v) + //Rxw F(v) dtdx

achieves its minimum in &, and if u is a minimizer then u coincides with its increasing
one-dimensional rearrangement u*.

We refer to Section 2 for the precise definition of 7, and w*. Motivated by the above
conclusion, we study in detail the regularity properties of the one-dimensional minimizers.
In particular, we deduce the following consequence with respect to Gibbon’s conjecture in
RYN. Assuming (hg) and

max F(s) < 1,

(-1.1]
our result combined with [13, Theorem 5.1] leads to a counterpart to Farina’s result [22]
for smooth solutions of (6) which minimize Z,, for some bounded w € RN~!. On the other
hand, it is worth emphasizing that when

max F(s) > 1,
[7171]

any rigidity result for smooth phase transitions, say C*%, of (6) is in fact a nonexistence
result.

The structure of our paper is as follows. In Section 2, we prove some preliminary
results related to the study of the functional 7, as well as an approximation property
for functions in the set &,. Section 3 contains the analysis of one-dimensional minimizers
and a detailed study of their qualitative properties. Section 4 is devoted to the proof of
the rigidity result concerning the minimizers of Z,, in &,. We stress that performing all
this program requires to extend to the BV -setting some delicate results that have been
established in [2] within the frame of Sobolev spaces.

2 Preliminaries

We dedicate this section to the required preliminaries. After introducing our notation, we
work out the functional setting and we recall a notion of monotone rearrangement which
is the key in our analysis.

2.1 Notations

We start with a list of notation that we use throughout the paper.

We set RT = [0, +00[ and R} =]0, +oco[. Moreover, we write Ng = {n € N:n > 1}.
The convention oo + r = to00, for every r € R, and +oo - r = +o0, for every r € Rg,
are made. For any set F, the symbol yg is used to denote the characteristic function of
E. The k-dimensional Hausdorff measure is denoted by #¥. The Lebesgue measure is
denoted by meas or by L.

For functions u,v € E — R we write (u A v)(z) = min{u(z),v(z)} and (u V v)(z)
max{u(z),v(x)} for all x € E.

Throughout the paper, w is a non-empty bounded open set in RV~ and (t,z) =
(t,z1,...,2n—1) denotes a generic point of R X w.



If u € BWoc(R x w) and for each ¢t € R, we denote by u(t_,-) and u(ty,-), with
u(t_,),u(ty,) € L (w), the left and the right trace of u at ¢, as defined in [29, Section
2].

If N =1 and w = R? is a singleton, we identify R x w with R. In this case u(t_,-) =
u(t—) and u(ts, ) = u(t4) are the left and the right essential limits of w at t. We will
write uq (t) for u(ty) and u_(t) for u(t_).

For any v € BV (Jt1,t2] X w), with t1,t2 € R such that t; < t3, Dv = (Dv)%dtdz +
(Dv)?® is the Lebesgue decomposition of the measure Dv in its absolutely continuous part
(Dv)%dtdz, with density function (Dv)*, and its singular part (Dv)® with respect to the
Lebesgue measure in R ; |Dv| denotes the total variation of the measure Dv, |Dv| =

|Dv|*dtdx + |Dv|* is the Lebesgue decomposition of |Dv|, and ‘le is the density function

of Dv with respect to its total variation |Duv].

2.2 Functional framework

For each T > 0 and every v € BV (] — T, T| X w), we set
T (w) = // V14 |Dv|2 — 2T meas(w),
1-T,T[Xw

where meas(w) denotes the N — 1-dimensional Lebesgue measure of w and

// trioof = | CorPads+ [[ oo,y
=T, T[xw =TT [xw =T Tlxw

or, equivalently,

// \/1+|DU|2:SUP{// ('UdiVU)l-f—’U)Q) dtdm
|-T,T[Xw 1-T,T[xw
wi € CY(] = T, T[ x W), wy € CL(] = T, T[ x w), and ||Jw;|? + 2| g~ < 1}.
Let us denote by &, the set of all functions v : R X w — R such that
(i) uj—r,rixw € BV(] = T,T[ x w), for every T > 0,

(ii) esslimu(t,z) = £1, uniformly a.e. with respect to = € w.
t—too

From (11) it follows that, for any fixed v € &,, the function T + J7T (v) is increasing
with respect to T' > 0. This allows to define a functional 7, : &, — [0, +0o0] by setting

Jo() = lim JT(v) =sup JL (v). (12)

T—+oco T>0

It is suggestive to write

= [ (iemd-)

Remark 2.1 If N = 1, w = R? is meant to be a singleton and we identify R x w with R.
In this case we simply write £ instead of &,, J T instead of ij , and J instead of 7.



Remark 2.2 Let w be a non-empty bounded open set in RV !, with N > 2. By Fubini
Theorem and (11), we immediately see that, for each T > 0 and every v € BV (-T,T),

JT (v) = meas(w) I (v).
Hence, for every v € £, we have, by (12),
Joo(v) = meas(w) J (v).
The functional 7, enjoys the following semicontinuity property.

Proposition 2.1. Let w be a non-empty bounded open set in RN~' and let v € &, be
given. If (vp)n is a sequence in &, such that, for each T >0, the sequence (Vn||—7,7[xw)n
converges in LY(] — T, T[ x w) to V=T, T[xw, then
Ju () <liminf 7, (vy,).
n—-+oo
Proof. Take a function v € &, and a sequence (v,), in &, such that, for each T > 0,
the sequence (v |j—7,7[xw)n converges in LY -T,T] x w) to V-7, T[xw- Suppose, by

contradiction, that

Jo(v) > liminf J, (vy,).

n—-+oo

Then there exist € > 0, Ty > 0 and a subsequence of (v,,),, we still denote by (v,,),, such
that, for all n,
T (v) > sup TL (vn) + & > T2 (vy,) + €.
T>0
On the other hand, the lower semicontinuity of JZ° with respect to the L!-convergence in
BV (] — Ty, To[ x w) (see [29, Theorem 14.2]) implies that

JWTO (v) < liminf JWTO (vn),

n—+oo
thus yielding a contradiction. O
Let us denote by F,, the set of all functions u : R x w — R such that
(i) uj—r,rxw € W] =T, T[ x w) for every T > 0,

(ii) esslimu(t,x) = £1 uniformly a.e. with respect to = € w.
t—too

The following approximation property holds in &, .

Proposition 2.2. Let w be a non-empty bounded open set in RN=1 and let v € &, be
such that ||v||ee < 1. Then there exist a convex function g : [0,4o00[ — [0, +00], such that
g(s) =0 if and only if s =0, and a sequence (vy )y in Fy such that (v,), converges to v
a.e. in R x w,

lim //Rxw g(|vn, — v])dtdx =0 (13)

n—-+oo

and

lim J,(vn) = Ju(v). (14)

n—-+o0o



Proof. Take v € &, with ||v]|sc < 1. An elementary, but tedious, argument shows that we
can construct a strictly decreasing function h : [0, +oo[ — |0, +o0], with h(0) > 2,

lim h(t) =0

t—+o0
and
esssup |v(t, ) — sgn(t)| < h([t])

rew

for a.e. t € R, in such a way that the function g : [0, +oo[ — [0, +o0], defined by g(0) = 0,

g(s) = (h%(s))2 for s € ]0, 2] and linear otherwise, is convex. Accordingly, g is continuous,
increasing, and satisfies

//R g(Jv —sgn(+)])dtdz < +o0. (15)

Using the approximation property in BV (] — T, T[ x w) (see [29, Theorem 1.17]) and the
Lipschitz character of the sets {7} X w, we can prove, arguing as in [6, p. 498], that, for
every T > 0, there exists a sequence (w} )y in Wh(] — T, T[x w), with wf ((-T)*,:) = -1
and w} (T~,) = 1 in w, for all k, which converges in L'(] —7,T[ X w) and a.e. in
] =T, T[ X w to vj—1,7[xw, and satisfies

lim // \/1+|Vw£|2dtdx:// v 1+|Dvl|?
k—=+oo JJ|—1 T[xw -

1-T,T[Xw
+/ (lo((=T)*,z) + 1|+ [o(T~,z) — 1]) da.
For each n, take k, such that both

1
// lwip, — v|dtde < = (16)
J]—n.n{xw " n

and

‘ //]n i 1+ [Dof? +/w (Jo((=n)*,2) + 1| + [v(n~,2) — 1]) da

1
—// J1+ [V |2dtdac‘ <= (17)
]—n,n[xw " n

hold. Then define v,, € F,, by setting, for (¢,z) € R x w,

-1 if t < —n,
vp(t,x) = Qwi (t,x) ift € [-n,n],
1 if t > n.

The definition of g implies the existence of a constant ¢ > 0 such that

// g(|vn7v\)dtdx§c// |vn, — v|dtda
RXw ]—n,n[xw

+// 9(|U+1|)dtdx+// g(jv — 1|)dtdx.
]—00,—n]xXw [n,+oo[xXw



Hence, using (15) and (16), we deduce the validity of (13). Finally, we have
20~ L)l < | 0) - [ (/TR
+)//]_n,nw (Vi+[DoP —1) +/w (lo((=n)",2) + 1| + |o(n~,2) — 1]) dz
—//} y (VI+1V0al - 1) dida|
+\/ (Jo((—=n)*, @) + 1] + |o(n™, )-1\)@).

Thus we conclude, using (17) and the definitions of £, and 7, that (14) holds. O

Remark 2.3 If w has a Lipschitz boundary, then Remark 3.22 in [5] implies that each
w} can be chosen in H(] — T,T[ x w) and hence Vv, € L*(R x w).

The following lattice-type property is useful.

Proposition 2.3. Let w be a non-empty bounded open set in RN~ For every u € &,,
we have

Ju((uv =1)A1) < T,(u).

Proof. Let us take u € &,. We first observe that (uV —1) A1 € &,: this easily follows
from [5, Exercise 3.12, p. 209]. Next, we fix T > 0. Using [39, Theorem 1.56], we see that,
for every v,w,z € WH(] = T, T[ x w),

//]T,T[Xw(\/l V(v -1 - 1)dtdz < // (V1 +Vwl — 1) dtda,

1-T,T[xw

//}—TT[Xw(\/m_l)dtdx < // (VI+ V22 - 1) dtdz,

1-T,T[xw

and hence
// (VT V(v D) ADP - 1) dtda < // (V1T V0P — 1) dtda.
1-T,T[Xw 1-T,T[Xw

The approximation property in BV (] — T,T[ X w) (see [29, Theorem 1.17]) and the semi-
continuity property of 7 easily yield

To(uv =1) A1) < T (w).

Finally, letting T — +o00, we get the conclusion. O
We finally notice that the following additivity property holds.
Proposition 2.4. Let a,b € R be such that a < b. Then, for every v € BVjo.(R), we have

J(v) = lim / VIFIDOP — (T +a)) + o(a®) — v(a”)| + fo(b+) — o(b7)]

T— 400

b [VIEIDE - 0-a+ im ([VIEIDE - @),



10

b b—h b
hlir(r)1+/ \/1+|Du|2:hling+/ \/1+|DU|2:/ VIt Do,
- a+h - a a

and
a+

h
lim V1+|Dv]2 = |v(a™) —v(a™)|

h—0t Jo_n

Proof. The assertions follow easily from the fact that for every v € BVj,(R), the area

functional defines a Radon measure pu, through p,(]a,b]) = f: V14 |Dv|?, as follows
from (11).
O

2.3 A notion of monotone rearrangement

We are going to use a notion of monotone rearrangement that we recall here for the reader’s
convenience. This notion of rearrangement, which was first introduced in [17], see also [22]
and [2] for a deeper study, is a generalization of the classical monotone rearrangement for
functions of a single variable. For the one-dimensional setting, we refer to [31].

Let w be a non-empty open bounded set in RVY~!. Given a function v € &,, with
[lv]leo < 1, we denote, for s € | — 1, 1], the s-superlevel of v by

Es(v) ={(t,z) e Rx w:v(t,z) > s}.

The increasing rearrangement of v is the function v* € &, whose s-superlevel, for s €
] — 1,1], is the half-cylinder

E;(v*) = [ey(8), +00[ X w,

where
meas((RT X w) \ Es(v)) — meas(Fs(v) \ (RT x w))

c(s) = meas(w)

Of course, if N = 1, then ¢,(s) = meas(R* \ Fs(v)) — meas(Eq(v) \ RT) and Es(v*) =
[co(8), +00[. As v* is independent of z € w, the indication of this variable will be sometimes
omitted, keeping only the indication of the variable ¢ € R and thus identifying v* with a
single variable function.

The following Pélya-Szego type theorem proved by G. Alberti [2] makes this rearrange-
ment useful when looking for minimizers of the functional (10). We do not need it for BV
functions to get existence of the minimizer but later on we somehow extend it to prove
1D-symmetry of the optimal profile.

Theorem 2.5. [2, Theorem 2.10] Assume g : [0,400) — [0, +00) is convez, null at 0 and
strictly increasing. Then, for every u € Wllo’cl(R X w) we have

//Rm 9(IVul) > //Rm g(IVu*)).

Moreover, when the right-hand side is finite, equality holds if and only if u = u* a.e.
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3 Analysis of the one-dimensional problem

We will discuss in this section the existence and the regularity of optimal transitions for
(2). Assume (hg) and define a functional 7 : £ — [0, +00] by setting
+oo
Z(v)=J W)+ F(v) dt.

— 00

Proposition 3.1. Assume (hg). Suppose that u € £ is a minimizer of Z in €. Then u
satisfies the following properties:

(i1) the left-trace function u_ and the right-trace function uy are increasing on R and
strictly increasing on the sets {t € R : Ju_(¢)] < 1} and {t € R : Juy(t)| < 1}
respectively; moreover, for every to € R, u_(to) = u(ty) < u(td) = uy (to);

(i2) for every to € R, if either F(u(ty)) < 1 or F(u(ty)) <1, then u is continuous at to;

(i3) for every to € R, if there exists ¢ > 0 such that F(s) > 1 either for all s €
[u(ty),u(ty) + €] or for all s € [u(td) — e, u(td)], then u(ty) > u(ty) +¢;

(i4) for every to € R, if u(ty) < u(ta'), then F(s) > 1 for all s € [u(t&),u(t{f)}.

Proof. Let us prove (i1). We first show that the left-trace function u_ is strictly increasing
on the set U_ = {t € R : |u_(t)] < 1}. Suppose, by contradiction, that there exist
ti1,t2 € U_, with t; < ta, such that u(t]) > u(ty ). Set

ts =inf{t > to:u(t™) > u(t])}-
We have t3 > t1, u(t]) > u(ty) and u(t;) < u(t]). Define v € € by

) if t <ty,
o) { u(t + (ts —t1)) if t > ;.

We observe that

I(u) = Z(v) = |uty) — ulty)| + / 3(\/1 +[Dul? = 1) + Ju(t]) — u(ty)]

t1

+/3 F(u)dt — v(t]) —v(t;)| >0,

t1

as F(u(t)) > 0 on a subset of [t1, 3] of positive measure and
() — vty = [u(tf) — ulty)] < |u(t]) — ults)]-

This implies that Z(v) < mginI which is a contradiction.

Now we can prove that u_ is increasing on R. Assume, by contradiction, that there
exist to,t3, with t2 < t3, such that, e.g., u(ty) = 1 and u(t;) < 1. We can also suppose
that u(t;) > —1 because, otherwise, J(u) > 2, which is impossible as w is a minimizer.
If there exists t1 < t3 such that |u(t;)| < 1 and u(t]) > u(ts ), we get a contradiction.
Otherwise for all ¢ < t3 either u(¢t~) = 1 or u(¢t~) < u(t3 ). In this case there is t1 < ¢3 such
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that —1 < u(t]) < u(ty) and u(t]) = 1. Pick t4 € Jto,t3[ such that u(t;) < u(ty) < 1
and define a function v € £ by

() if t <t
o) _{ u(t+ (ty —t1)) ift > ty.

We have
T(u) — T(v) = |u(t}) — u(t])| + / (VITHIDUP 1) + Ju(t?) — u(ty)

ty
+ [ Py dt - () = o)l >0,
t1
as
o(t) —v(ty)] = lu(ty) — w(t)] < [1—uty)] = |u(t]) — u(ty)].
This implies that Z(v) < mginI which is again a contradiction. A similar argument allows

to get the corresponding conclusions for u.
Finally let us prove that u(ty) < u(tl) for every to € R. Suppose, by contradiction,
that there exists to € R such that u(ty) > u(ty). Set

ty = inf{t > to :u(t™) > u(ty)}
We have t; > to, u(t]) > u(ty) and u(t;) < u(ty). Define v € £ by
u(t) if t < tg,
v(t) = .
u(t + (tl — to)) if ¢ > to.
Therefore we observe again that
t1
I(u) = Z(v) = |ulty) — ulty)| + / (V1+|Dul? = 1) + [u(t]) — u(ty)]
to
t1

+ [ Fla)dt - () - o(ty)] > 0,

to

as
[o(ts) —vlto)l = u(t]) —ulty), ulty) —ulty) =0 and u(ty) — ulty) > 0.
This leads one more time to the contradiction that Z(v) < mgin 7.

Let us prove (iz). Assume that F(u(t,)) < 1 and suppose, still by contradiction, that
u(ty) < u(ty). Pick o €]0,1[ and € > 0 such that e < u(t]) —u(ty) and F(s) < 1—o for
all s € [u(ty ), u(ty) +¢€]. Take § > 0 so small that

VoZ+e2—do<e

and define v € £ by
u(t) if t < to,

’U(t): u(t5)+§(t—to) iftE]to,t0+5],
u(t — ) if £ > to 4+ 0.
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Then we have

t0+5
T(v) — T(u) = / (VITIDOE — 1) + [o((to +8)*) — vl(to + 6)7)|

to

to+0
+/ F(o(t))dt — |u(td) — u(ty)]

to

t0+5
- / (VIFIDOE — 1) + [ut]) — u(ty) — €]

to

to+0
+/ F(o(t)) dt — |u(td) — u(ty)]

to
<Vé&2+e2-do—e<0,

leading to the usual contradiction. The proof in case F(u(tg)) < 1 is similar.

Let us prove (i3). Assume that F'(s) > 1 for all s € [u(t, ), u(ty ) + €] and suppose, by
contradiction, that u(t]) < u(ty) + €. Take t; > to such that u(t]) < u(ty) +e. Define a

function v € £ by
u(t) if t < to,
v(t) = .
U(t+(t1 —to)) if t > tp.
We have

ty

I(v) —Z(u) = u(ty) —u(ty) — / 1 (V1+ [Dul?> —1) 7/ F(u(t))dt

to to
t1

<) —u(ty) — v 1+|Dul?2 <0,
to

leading again to the same contradiction. Assuming F(s) > 1 for all s € [u(td) — e, u(t])],
we argue in a similar way.

Finally, let us prove (is). Assume that u(ty) < u(t) and suppose, by contradiction,
that there exist o > 0 and s1, s9, with u(ty) < s1 < s3 < u(td), such that F(s) <1 -0
for all s € [s1,s2]. Arguing as when proving (iz), with & = so — s1, we easily contradict
the minimality of w. O

Remark 3.1 Assume (hg). Let u € £ be a minimizer of Z in £ and set O = {t € R :
F(u_(t)) < 1}. By Proposition 3.1, O = {t € R : F(u4+(t)) < 1}, O is open and u is
continuous in O. Note that, as u € £ and (hg) holds, there exist 79 € ] — 00, +00] and
71 € [—00,400[ such that F(u(t)) < 1 for all t € ] — 0o, 79[ U ]11, +00[. Therefore, either
O = R, or we can represent O as an at most countable union of connected components,
ie., O=;cnyKi, where N C N and, say, Ko =] — oo, 70[ and Ky = |71, +00].

Proposition 3.2. Assume (hg). Suppose that u € & is a minimizer of Z in E. Let I C O
be a bounded interval, O being defined in Remark 3.1. Then uj; € Wh(I).

Proof. Assume that to € R and either F(u(t;)) < 1 or F(u(ty)) < 1. Then, by Propo-
sition 3.1, u is continuous at 5. By the continuity of the function F'(u(-)), there is a
neighbourhood U of tg such that F(u(t)) < 1 for all ¢ € U. In particular v is continuous
in U. Pick 0 €]0,1[ and 7 > 0 such that

F(s) <1-o,
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for all s € [u(to) —n, u(to) + 1], and
|F'(s1) — F(s2)| < §,

for all s1, 892 € [u(to) —n,u(to) + n]. By the standard decomposition of BV functions (see
e.g. [5, Corollary 3.33]) we can write

Uy = UA +uc

where uy € WH(U) is the absolutely continuous part of ujy and uc is the Cantor part
of ujy. Take an interval I C U, neighbourhood of tg, such that, for all 1,22 € I,

lua(ti) — ua(to)| < &m,
luc(ty) — uc(to)| < 31,
luc(ta) — uc(t)| < 5.

Observe that u also satisfies

lua(t) +uc(t) —ulto)| <n
for all t,t; € I,
u(t) —u(to)| <n
for all ¢t € I, and

uc(tz) —uc(h)(

lua(t) + uc(ty) +
to — 1

t—t1) —u(to)| <2

for all t,t1,t9 € I, with ¢ <t < tq.

We aim to prove that uc(t) = 0 for all ¢ € I. If this is not true, then [; [Duc| > 0. We
set 0 = L(I) and V = [, |Duc|. Recall that the measure |Duc| is singular with respect
to the Lebesgue measure £, therefore there exists a set Ny C I such that £L(Ny) = 0 and

V:/|Duc\:/ Duc|.
I No

Claim. There exists a sequence of pairwise disjoint intervals (Ip,)pn, with I, C I for all n
and No C U, e In, such that, for some n € N,

V62 + V2 =266, <V,

where 6, = L(I,) and V,, = fln |Duc|. Arguing by contradiction, we suppose that, for all
€ > 0, we can take a sequence (I,), with £(I,,) <e2™™, Ny C U, oy In and, for alln € N,

VR FV2 =365, >V,

neN

Therefore we have

2
306,V <02 (1—22)
and, summing over N,
2
30V <2 (1= 55),

thus contradicting the assumption V' > 0. This concludes the proof of the claim.
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Let Iy = [t1,t2] C I be an interval, whose existence is proved in the claim, satisfying

\/58+%2—%050 <V07

where §y = L(Ip) and Vy = ffo |Duc|. We define v € € by

u(t) i<t
(t) ’U,C(tl) + ’U,A(t) ifte ]tl, tg],
v =
ua(tz) +uc(ty) + 2el2lveld (p —1y) if t € |t by + dol,
’U,(t—(S()) if t > to + dp.

We claim that Z(v) < Z(u). Indeed, we compute

Z(v) —Z(u) = /ttz v/ 1+ (uy)2dt — o + /ttz F(uc(t1) +ua(t)) dt

£ (V3R + (welte) — ue(t)” - &

uc(tz) —uc(t)
do

to ta to
1+ (Wy)?dt + 6o —/ |Duc| 7/ F(u(t)) dt.
1 t1 t1

Since uc(t2) — uc(t1) < Vo, we observe that

+/t2 F(ualts) + uc(ty) + (t—t1)) dt

t

T(v) — T(u) 3/2 (F(uc(tl)JruA(t)) —F(u(t)))dt

ty

+ /80 + Vo2 — 60 — Vo
(t2) —uc(t)

to
+/ Flua(ts) +uc(ty) + -
t do

<60(g—0) = Vo+1/do® + W <.

Since u was assumed to be a minimizer of Z, we reached a contradiction. We proved that,
for all ¢ € R, if either F(u(t7)) <1 or F(u(t*)) < 1, then there is a neighbourhood I of ¢
where uc = 0 and therefore u € W11(I). The statement of the proposition immediately
follows. N

(t—t1))dt

Proposition 3.3. Assume
(h1) F:R — [0, +00[ is of class C* and satisfies F(s) = 0 if and only if s = +1.
Let u € € be a minimizer of Z in €. Then the following conclusions hold:

(i1) u € C*(O) and satisfies in O the equation

(w/ V1 —|—u’2>/ — F'(u), (18)

O being defined in Remark 3.1;
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(i2) lim «/(t) = lim «'(t) = 0;

t——o0 t—+oo

(i3) for each i € N,

lim  /(t) = +o0,
t—inf K"

if K; is bounded from below, and

lim  u/(t) = +oo,
t—sup K

if K; is bounded from above, N and K; being defined in Remark 3.1;
(i4) u is uniquely determined up to translations.

Proof. Let ]a,b[ C O be any bounded interval. Since ujjq [ is @ minimizer in BV (a, b) for

b b
/ V14 |Dv]2+ v(a®) —ula™)| + [v(b7) —u(b7)] —|—/ F(v)dt,

by [6] u satisfies

DD [ DN
/a 0w, Sgn(|Du|)(D¢) +/a F'(u)gdt =0,

for every ¢ € BV (a,b) such that |D¢|® is absolutely continuous with respect to |Dul®,
$(a™) = u(a™) and ¢(b~) = u(b™). By Proposition 3.2 up, 1 € W (a,b), hence up, p is
a weak solution of the Dirichlet problem

(vVTF@P) = P, (19)

v(a) = u(a™), v(b) = u(b7).

Since u//y/1+ (v/)% € Wh1(a,b) and F(u(t)) < 1 for all t € ]a,b[, we easily obtain that
ujjqp) € C*(a,b) and w4y satisfies the equation in (19). Therefore (i1) holds.

Let us prove (i2). Let Ky =] — 00, 79[ as in Remark 3.1. For each ¢ € | — 0o, 79[ let us
consider the energy function

Et)=1-1//1+ (82— F(u(t)). (20)

It follows from the equation in (19) that E is constant on | — oo, 79[. Since , lim F(u(t)) =
——00
0 we deduce the the limit lim u(t) does exist. Since lim wu(t) = —1, we conclude that
t——o0 t——o0
lim «'(¢) = 0. Similarly we prove that lim «'(f) = 0. Observe that, in particular, we
t——o00 t—+4o0
have E =0 on | — 00, 19].

Let us prove (i3). Suppose K = K; = ]a,b[ C O, as defined in Remark 3.1, is bounded
from below. As in the previous paragraph we observe that the energy function E defined

in (20) is constant on K, hence the limit lim+ u'(t) does exist. We aim to show that
t—a
lim u/(t) = +oco. Arguing by contradiction, suppose that lim+ u'(t) < +o0o. By the
t—a

t—at
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continuity of the functions F(u(-)) and v/, we can take numbers 0 < k1 < k2, € > 0 and
0 > 0 such that a + 9§ < b,
e2 4 2ky < 1,

Flu(t)) >1—¢

for all ¢ € Ja,a + J],
k22 — ]{712 <1l-— 82 — 2¢ks,

and
0<k <u(t) <ko

for all ¢t € |a,a+ 4.
Let us define v € £ by setting

] u®) if t <a,
olt) = { u(t+9) ift > a.

We claim that Z(v) < Z(u). By the intermediate value theorem we have, for some o € 10, 1],
u(a +68) —u(a) = u'(a + 0d)d,

hence, observing that ky < /1 + k? — €, we compute
a+6 a+d
Z(v) = Z(u) = (u(a + &) — u(a)) —/ V14 (u)? dt—l—é—/ F(u(t))dt

< (k2 —y/1+k2+¢)d <O0.

Since u was assumed to be a minimizer of Z we have a contradiction. Therefore lim+ u'(t) =
t—a

~+o0. Similarly we prove that, if K; = |a,b] C O, as defined in Remark 3.1, is bounded
from above, we have liril u'(t) = +oo. Observe that, in particular, we have E =0 on O.
t—b—

Let us prove (ig). Let u; and ug be minimizers of Z on £. Following the notation
introduced in Remark 3.1, we denote the intervals K; associated to u;, for j = 1,2, by K7,
and write 07 = J,c s Kij, Kg =]- o0, Tg[. Possibly translating us we may assume that
Ko := K} = K2 and 19 := 7§ = 72. By energy considerations we deduce that u; = ug on
Ky. If Ky = R we are done. Otherwise we note that uq (7, ) = u2(7, ). By Proposition 3.1
we must have uy (757) = ua (7). Let iy € N* be such that K}, = |70, 7}\ [and K} =7, 72|
and set 7 = min{Till,Tf2 }. Again using the fact that the energy is zero for both w; and wug
on |7y, 7[ we conclude that K; := Kil1 = Kfz and u; = ug on K;. A recursive argument
finally shows that actually N := N' = N2 K; := K}! = K? and u; = uy on K; for all
1€ N. O

Taking advantage of the properties of the possible minimizers of Z in £, highlighted in
Proposition 3.1, we can easily prove the existence of such minimizers.

Theorem 3.4. Assume (hy). Then there exists u € € such that T(u) = mginI.
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Proof. Claim 1. There exists a minimizer of T in the set
E ={u €& :uis increasing a.e. in R}.
Let (uy)n be a sequence in € such that

lim Z(u,) =infZ.
n—+4oo é
For each n, we have
lun ()] <1

for a.e. t € R. Since 7 is invariant under translations, i.e., for any given 7 € R and every
ve&, I(v(-—71)) =ZI(v), we can also suppose that

un(t) <0 forae t<0 and wu,(t)>0 forae t>D0.
As supZ(un) < 2, we have
sup J (uy,) < 2.

Fix N € NT and denote by u)Y the restriction to | — N, N| of the function u,,. Since the
sequence (uY), is bounded in BV (—N, N), there exists a subsequence which converges
in L'(~N,N) and a.e. in | — N, N[ to a function v’V € BV(—~N,N). By a diagonal
argument, we can extract a subsequence of (uy,),, still denoted by (u,)n, which converges
to a function u € BVjec(R) a.e. in R and in L (R).

Since each u,, is increasing a.e. in R, the same holds true for u. Moreover, for every

e €]0,1[, there exist sp,t, € R, with s, < 0 < t,,, such that
un(t) < —1+e forae. t<s,,

up(t) >1—¢ forae. t>t,,

and, if s, < t,,
—14+e<u,(t)<1l—c forae. teE sy, tn

From the inequality

2> T(un) > / " Flun)dt > (| min F(s)) (0 = s0) (21)

n

we infer that the sequence (¢, — s, ), is bounded and therefore both (¢,), and (s,), are
bounded. Hence, we may suppose that (s,), converges to some § € R and (¢, ), converges
to some t € R, with 5 < 0 < ¢. Accordingly, we have

—1<ut)<—-1+¢ forae. t<5 and 1—ec<u(t)<1 forae. t>1.

Thus we conclude that u € €.
Combining the lower semicontinuity of J, proved in Proposition 2.1, and Fatou’s
lemma, we deduce that

+o0 +oo
Z(u) = J(u) —|—/_OO F(u)dt < lﬁgligj(un) +1nlr—I>1-sl—2<f>/_oo F(uy)dt

n—-+4oo

<liminfZ(u,) = inf Z,
&

i.e. T(u) = ming Z, thus concluding the proof of our first claim.
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Claim 2. We have ming Z = infg Z. If this is not true, there exists u € &£ such that
Z(u) < mingZ — ¢ for some ¢ > 0. Then, using the approximation property stated in
Proposition 2.2, we can assume u € F,, and Z(u) < mingZ — /2. It then follows from
Theorem 2.5 that the rearranged function u* satisfies

Z(u*) < Z(u) < minZ
é

which is obviously a contradiction.

Conclusion. Combining Claim 1 and Claim 2, we deduce that
infZ =minZ,
£ &

since this level is achieved by a function in E. O

4 Analysis of the N-dimensional problem

In this section we study the N-dimensional equation (6), in connection with the version
of the Gibbons’ conjecture for (6) mentioned in the introduction. Namely, we discuss the
one-dimensional character of the minimizers of the functional Z,, : £, — [0, +o0] defined
by

T.(v) = Ju(v) + / / F(v)duda,

having assumed condition (hg).

Theorem 4.1. Let w be a non-empty open bounded set in RN =Y. Assume (ho). Letu € &,
be a minimizer of Z,,. Then u coincides with its increasing rearrangement u*.

Proof. Let u € &, be a minimizer of Z,, and denote by u* € £ its increasing rearrangement.
Note that, by Proposition 2.3, both [Ju|lcc < 1 and ||u*]|e < 1 hold.

Claim 1. There is a sequence (Up)n N Fu, with |uplleo < 1 for all n, such that, for each
T >0, (Unj—7,T[xw)n CONVETgES in LY -T,T[ xw) to U||—7,T[xw and

lim J,(upn) = Jo(u).

n—-4oo

In addition this sequence can be chosen so that the sequence (u}), of the correspond-

ing increasing rearrangements is such that, for each T > 0, (U -7, T[xw)n CONVETgEs in
LY] =T, T[ x w) to u*_1.7[xw, and

. *\ *
ngrfoo Jo(uy) = Ju(u?),
with
oo (") = Ty (u). (22)
Let (v, )n be a sequence in F,,, whose existence is guaranteed by Proposition 2.2, satisfying
(13), (14), with v = u, and
lim Z,(v,) = Zo,(u).

n—4oo

Set, for each n,
Up = (vp V —=1) A L.
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By Proposition 2.3 we have

// (V14 |Vu,|? —1) dtdxg// (V14 |Vu,|?> — 1) dtda;
Rxw Rxw

moreover, it is easy to see that

g(|un — u|) dtdx < (v, — u|) dtdx (23)
Jl... Jl...
/RXW Fluy) dtdz < //Rw F(u,) dtdz.

limsupZ,(u,) < lim Z,(v,) = Zo(u),

n—+4o0o n—-+00

and

Therefore, from

we infer
lim T, (un) = Ju(u). (24)

n—-+oo

By Theorem 2.5, we have, for any v € £, N W1 'R x w),

//nm (VI+[Vor? ~1)dtda < //RW (VI+ Vo — 1)dtdz.

Hence, (24) implies
limsup J, (uy) < lim  J,(upn) = Jow(uw).

n—+o00 n—+

On the other hand, [2, Proposition 2.7] yields

// g(|uy — u* dtda:<// g(|un — u|)dtdz.
Rxw Rxw

Hence, combining (23) and (13), we obtain

li —u” =0. 2
Jim ] gl aaz =0 (29)

This implies, as g is increasing, that the sequence (u}), converges in measure to u* and

therefore a.e. in R xw, up to the extraction of a subsequence that we still denote by (u} )y
Since [lu}|loe < 1 for all n, (u}j—7,7[xw)n converges to u*_r rixe in L' (] = T, T x w) for

each T > 0. The semicontinuity property stated in Proposition 2.1 and the estimate (25)
imply
Ju(u*) < hmmfjw( n) < Jo(u).

Since, by [2, Theorem 2.6], we have

/ F(u*)dtde = / / u) dtdz,
Rxw RXxw

it follows that Z(u*) = Z(u) and thus v* is a minimizer of Z in £. Hence we also get
Tolw') = tim_To(u;) = Ju(u). (26)

This concludes the proof of Claim 1.
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Without restriction we can identify «* with the right-trace function u*} . Proposition 3.1
states that u* is increasing on R and strictly increasing on the set {t € R : [u*(¢)| < 1}.
Hence, by [2, Remark 2.3] we have, for a.e. s €] —1,1],

meas({(t,z) E R X w: u(t,z) = s}) = meas({(¢,z) € R x w: u*(¢t,z) = s}) = 0.
Let us set, for each s € ] —1,1[ and all n,

Ei(u)={({,z) e Rxw:u(t,x) >s }, E;(w*) ={(t,z) e Rxw:u*(t,x) > s },
Es(up) ={(t,z) ERXw:up(t,z) >s}, Esu)={(tz)ERxw:us(t,z)>s}.

n

It is clear that (cf. [2, Lemma 1.5])
Per(Es(u*)) = Per(Es(u))) = meas(w).
Claim 2. For a.e. s €| —1,1[, we have

nll)r_{loo XE, (un) (6 T) = XE, () (t,2)  a.e inRxw,
and hence the sequence (X g, (u,))n converges to X g, () in Ll (R x w). We know that, for
a.e. s€|—1,1],
meas{(t,z) € R x w: u(t,z) = s} =0.
Fix such a number s € ] — 1, 1[. Since the sequence (uy,),, converges to u a.e. in R X w, we
infer that, for a.e. (¢t,2) € R X w, if u(t,z) > s, then u,(¢,z) > s for all sufficiently large
n. Hence the conclusions immediately follow. This concludes the proof of Claim 2.

Claim 8. For a.e. s € | —1,1[ we have

lim Per(E;(uy)) = meas(w).

n—-+oo

Assume, by contradiction, that there are a constant § > 0 and a set D C | —1,1[, with
meas(D) > 0, such that
Per(E;(uy,)) > meas(w) + 6 (27)

for all n and every s € D. We borrow now some ideas from the proof of [2, Theorem 2.10]
for showing that there is a constant n > 0 such that, for infinitely many n,

T (up,) < T (un) —m; (28)

26). Without restriction we can also suppose that D is a

thus contradicting (24) and (
10, 1[ such that

Borel set and there is d €
D C]—d,d.

Let us prove (28). We identify each u} with a function depending only on the variable
t, e, ur : R — [-1,1]. Set

H, ={s € [-1,1]: (u)"*({s}) is not a singleton}
and

Jo=|J ()7 {sh).

seEH,
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Since u}, is non-decreasing and continuous, H,, is at most countable and J,, is the countable
union of closed intervals. Define I, = R\ J,,, v;; = uy,; and K, = uy(Ip) =] — 1, 1[\ Hy.
The function v} is strictly increasing, with inverse (v%)~! : K,, — I,,. Clearly we have, by
[39, Theorem 1.56], v’ = 0 a.e. in J,, and hence

Tty = //RX (VIF V] — 1) dtde
+oo
= meas(w)/_ (V14 w2 =1)dt = meas(w)/ (V1+ur|2=1)dt.  (29)

I,
Moreover we can write, for each s,
Vit s2—1= a(s)s — b(s),
where . , 1 1
a(s) = e and b(s) =s (m— 1+\/1+782).

Observe that, by convexity, we also have, for every o,
Vito2—1> a(s)o — b(s). (30)
Let us set, for s € K,
an(s) = a(luy(v7) M (s)) and  ba(s) = b(|uy; (vr) 7 (s))),

and, for s € H,,,
an(s) =0=b,(s).
Clearly a,, b, € L (—1,1). We have, by (29) and the definitions of a,, and b,

T (uy,) = //Rxw(\/w— 1) dtdz = meas(w) / (W —1)dt
— mess(w) / (atlu Dl — b)) dt

I"’L

“+o0

= meas(c) /I (07 )i dt — / b () dt)

n — 00

= meas(w)/ an (V) uk" dt — // by (u)) dtdz. (31)
(v3) = (Kn) Rxw

Using the coarea formula (see, e.g., [33, Theorem 1.13, Theorem 16.1] and [7, Theorem
10.3.3]), it follows that

+o0
/ (02 )it dt = / ( / an (02) (DI (1)) ds
(v3) =1 (Kn) —oo (v3) "L (EKn)N(v) " ({s})

/ an(s)ds. (32)

n
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Combining (31) and (32) and using (27) we obtain

T (uy) = /1 an(s) meas(w) ds — //Rxw by, (uy,) dtdx

-1

< /_11 an(s) Per(ES(un))ds—(S/D an(s) ds—//Rwan(un)dtdx
:/_11 an(s)(/Axw|DxEs(un)|) ds—6/Dan(s)ds—//Rwan(un)dtdx
/j: (//Rxwan(unﬂDxEs(un)Dds—é/Dan(s)ds—//Rwan(un)dtd:c.

(33)

Applying the coarea formula one more time, we obtain, from (33),
) < [ (ot @) ) 9 = bl 02) 7 ) dde = [ a(s)ds
Xw

and hence, using (30),

T (uk) g//ﬂ{xw(\/m—l)dtdx—d/Dan(s)ds
= J(un) 75/Dan(s) ds.

In order to achieve (28) it is sufficient to show that

n—-+o0o

1iminf/ an(s)ds > 0.
D

Suppose by contradiction that

lim an(s)ds =0.

n—-+oo D

At first, using a change of variable formula, we notice that

) )
fmea=[ VI () @

n

+o0 *1(¢
- / (/ O p0(1)) as
—oo M) DK@ (s VI (1 (1))
_ / (uy,'(t))?
(W)= DKL) V14 (0 (1)
As D C [—d, d], for some d € ]0, 1], there is a > 0 such that u*(—a) < —d, u*(a) > d, and

lim u}(£a) = u*(La).

n—-+4oo

Hence, by monotonicity, we get

()TN (DN Ky) € (uy)~H(D) € [~a,dl,

n
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for all n sufficiently large. For each ¢ > 0, set

Ap ={t € [~a,a] : X(vz)-1(DnK,) (1) up'(t) > e}.
We have

/ (up'(1))?
(v3)"1(DNK,) 1+ (u)/ (1))
/ (X(o2)-1 (DK, () us/ (2))?
)71 PK) 1+ (g o) (8) w3 ()
52
>
V14 e?

Hence the sequence (X(U;)_l(DnKn) u®'),, converges to 0 in measure in [—a,a] and then,
maybe by taking a subsequence if necessary,

dt

meas(A,).

lim wr'(t) dt = 0.
n—=+00 J(yx)=1(DNK,,)

/ ul'(t) dt = meas(D N K,,) = meas(D),
(vi)"H(DNKR)

we get a contradiction. This concludes the proof of Claim 3.

From Claim 2 and the lower semicontinuity of the variations with respect to the Llloc-
convergence, we infer, for a.e. s €] —1,1],

Per(E(u)) = Dxg, (| < liminf DX, (| = lim inf Per(E,(uy,)).
er(Es(u)) //Rxw\ XE. (w)] nlgféo//m“,' XE,(w| = lim inf Per(E; (u,))

Claim 3 and [1, Lemma 1.5] imply that, for a.e. s € | — 1,1, Per(F4(u)) = meas(w) =
Per(Es(u*)) and hence Es(u) coincides with Fs(u*) up to a set having zero measure. By
using the representation

v = [ e s,

where

p (v) _ XE,(v) if s > 0,
* —1+Xp,( ifs<O,

we finally conclude that u = u*. O

With Theorem 4.1 at hand, we obtain a complete description of the interface between
the two phases. Indeed, combining Theorem 4.1 and Proposition 3.3 immediately yields
the following statement.

Corollary 4.2. Let w be a non-empty open bounded set in RN~1 and assume (h1). Then
there exists, up to translations, a unique minimizer u of I, in &,. Furthermore, u coincides
with its increasing rearrangement u* and u € C1(w x R) if and only if

max F(s) < 1.
[71’1]

In this case u € C?*(w x R) and it satisfies equation (6) in the classical sense.
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Proof. Suppose u € &, is a minimizer of Z,. By Theorem 4.1, we have u = u*. Since u*
is a minimizer of Z in &£, Proposition 3.3 applies. In particular, u is uniquely determined
up to translations. If max_;; F(s) < 1, then u* € C?(R), hence u € C?(w x R) and
it satisfies equation (6) in the classical sense. If max[_; ) F((s) > 1, we can take {p € R
such that F(u*(t)) < 1 for all ¢t < to and F(u*(to)) = 1. Then (u*)'(ty) = +oo, thus
u g CH(w x R). O

Observe also that even when the condition

max F(s) <1
[_111]

is not satisfied, the profile of the optimal transition u is smooth in the sense that the
boundary of the set {(x,y) € wx R xR | y < u(x)} is a C% manifold. Indeed at the points
of discontinuity, both v’ and u” diverge.

We conclude with a final remark. As a consequence of the last statement, we can derive
a rigidity assertion similar to [22, Theorem 1.1]. Indeed, as a particular case of the results
of [13], we infer that if u € C?(R™) N L>®(RY) solves (6) and supg~ |Vu| < 0o, then for

every € RV, we have
1-1/y/1+ |Vu(z)]? < F(u(x)).

Moreover, if the equality holds for some point zy € RY, then there exists a function
h:R =R, acRand a vector 3 € RN such that, for every z € RY,

u(z) = hla+ 8- x).

Therefore, if u € C?(RY) N L (RY) solves (6), Vu is bounded and there exists an open
bounded set w C RY~! such that « minimizes the energy functional Z,, in &, in particular
u satisfies

lim wu(xy,29,...,2x) = %1 uniformly a.e. with respect to (zo,...,zx) € w,
x1—Fo0

then u coincides with its increasing rearrangement v* and the equality
1—-1//1+4|Vu(x)|? = F(u(z))

holds for every € R x w. Observe that this can happen if and only if max;_; 1 F'(s) < 1.
As a consequence of [13], u is a function of x; only.
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