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1. Introduction

Throughout the following manuscript we introduce further results on the continuous
representability of interval orders, independent as well as alternative and comple-
mentary to the ones introduced in a seminal paper by Bosi et al., published in the
International Journal of Uncertainty, Fuzziness and Knowledge-Based Systems in
2007.

The classical problem of the numerical representability of ordered structures
consists in translating a given qualitative scale into a numerical or quantitative
one, in order to compare numbers instead of elements of a given abstract set.?

In this approach, initiated by Cantor in 1895, the mathematical underlying
problem is simple: we are given a nonempty set X endowed with a binary relation
(also known as qualitative scale or preference ordering) R, and we search for real-
valued functions F' : X — R satisfying that 2Ry < F(x) < F(y) for all z,y € X.
The aim is to reflect all the properties of R in terms of numbers.?4:5:2

Nevertheless, at this point, we should notice that the mere existence of a map
F such that 2Ry < F(z) < F(y) for every z,y € X, immediately forces the binary
relation R to accomplish strong restrictive conditions, namely, in this situation R
must be a total preorder (i.e., transitive and complete).

As a matter of fact, there are many contexts in which those conditions cannot
be accomplished. For instance this happens when dealing with models in which the
binary relations involved fail to be transitive.57:8:9:10

Therefore, the existence of a representation by means of a map F' with xRy <
F(z) < F(y) for all ,y € X must be discarded when the given binary relation fails
to be a total preorder. Other different kinds of numerical representations should be
used instead.

Thus, if X is a nonempty set endowed with an interval order <, the classical nu-
merical representation (provided that it exists) consists of two real-valued functions
u,v : X — R such that z < y < v(z) < u(y) holds for all z,y € X.

In the special case of a semiorder the classical representations, known as Scott-
Suppes representations in this literature consist of a real-valued map v : X — R
such that © < y < u(z) + 1 < u(y) holds true for every x,y € X. Notice that this
is actually a special kind of interval order representation through a pair (u,v) in
which v(t) = u(t) + 1 for every ¢t € X 11:12:13

Both the concepts of an interval order and a semiorder had already been
introduced, at least implicitly, in the work of Wiener, but under a different
nomenclature,14:1%:16

Then, the notion of a semiorder is usually attributed to Luce, who reintroduced
this framework of research looking for applications into Economics and Psychology.
He was who coined the term in 1956. Also, the notion of an interval order is usually
attributed to Fishburn, in his pioneer works on Decision Making issued in the
1970’8.7’8’17718719

The main aim of both Luce and Fishburn was to develop mathematical models
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of measurements able to capture situations of intransitive indifference.

In addition, when the set X is also endowed with a topology 7, one may wonder
about the semicontinuity or continuity of the numerical representations (if any) of
a qualitative scale or binary relation R defined on X .20,21,22:23

The existence of a pair of upper semicontinuous real-valued functions represent-
ing an interval order on a topological space has recently been characterized by Bosi
and Zuanon. In that direction, such a characterization, which generalizes previous
interesting results presented by Bridges, is the most general one, since the authors
do not impose any conditions neither on the topology nor on the two functions that
make up the representation.?4-2?

The problem of finding a characterization of the continuous representability of
an interval order < defined on a topological space (X, 7) remains still open.

However, important results have ben obtained whenever the topology 7 is natural
as regards the interval order (see the Section 3 below) through an ordinal condition
called interval order separability (see Section 2).!

The continuity here is understood with respect to the topology 7 on X and the
usual (Euclidean) topology 7, on the real line R.

Other (partial) results about continuous representability of interval orders may
be seen in this literature.?6:27:28,:29,30,31

The problem of characterizing the continuous Scott-Suppes representability of
a semiorder also remains open. Furthermore, unlike interval orders, in this case
of semiorders the concept of a natural topology does not furnish good results, in
general.!-32

Some (partial) results about continuous representability of semiorders have also
been introduced?33:34:32

But even with this negative output, there is an important and hopefully, quite
positive fact: the analysis of the properties related to semiorders defined on a topo-
logical space have lead to a key concept, namely that of the topological compatibility
with respect to the indifference of the main trace. Moreover, this new concept can
be introduced not only for semiorders, but, actually, for the more general case of
interval orders, that constitutes the nucleus of our studies throughout the present
manuscript. As we analyze in Section 3, by means of this notion we obtain new
results on continuous representability of interval orders, valid for topologies that
may even fail to be natural.

The structure of the paper goes as follows:

After the Introduction and Preliminaries, in Section 3 we introduce new re-
sults on continuous representability of interval orders, that are valid for topologies
compatible with the indifference of the main trace of the given interval ordered
structure. In Section 4 we analyze the continuous representability of interval orders
defined on topological spaces (X, 7) in which the set X is finite. A section of final
remarks closes the paper.
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2. Preliminaries
2.1. Basic definitions and notation

From now on X will denote a nonempty set.

Definition 1. A binary relation R on X is a subset of the Cartesian product X x X.
Given two elements x,y € X, we will use the standard notation Ry to express that
the pair (z,y) belongs to R.

Associated to a binary relation R on a set X, we consider its negation (respec-
tively, its transpose) as the binary relation R¢ (respectively, R?) on X given by
(z,y) € R¢ & (x,y) ¢ R for every z,y € X (respectively, given by (z,y) € Rt <
(y,z) € R, for every x,y € X). We also define the adjoint R* of the given relation
R, as R* = (RY)e.

A binary relation R defined on a set X is said to be:

(i) reflexive if xRz holds for every z € X,

(ii) irreflexive if ~(2Rx) holds for every z € X,
) symmetric if R and R coincide,

(iv) antisymmetric if RNAR' CA ={(z,z): 2 € X},

(v) asymmetric if RNRt = &,
)
)

(iii

(vi) total if RUR! = X x X,
(vil) transitive if ¥Ry A yRz = xRz for every z,y,z € X.

In the particular case of a nonempty set where some kind of ordering has been
defined, the standard notation is different. We include it here for the sake of com-
pleteness, since we will use it throughout the present manuscript.

Definition 2. A preorder = on X is a binary relation on X which is reflexive and
transitive. An antisymmetric preorder is said to be an order. A total preorder =X on
a set X is a preorder such that if z,y € X then (z 3 y) V (y 3 x) holds. If 3 is
a preorder on X, then as usual we denote the associated asymmetric relation by
=< and the associated equivalence relation by ~ and these are defined by =z < y <
(zZ3yYA-(yZz)andz ~y & (z Zy)A(y 3 o).

Definition 3. An interval order < is an asymmetric binary relation on X such
that (z < y)A(z <t) = (z <t)V(z < y) (z,y, 2t € X). Its corresponding adjoint
will be denoted 3, so that a 3 b < —(b < a). This relation 3 is called the weak
preference associated to <. By the way, < is also called a strict preference defined
on X. In addition, the binary relation ~ defined by a ~ b < (a Zb) A (b 2 a) is
said to be the indifference associated to <.

Remark 1. It is well known that given an interval order < on a set X, the asso-
ciated relations < and ~ may fail to be transitive.'!-12.7.8,19

Definition 4. An interval order < is said to be a semiorder if (x < y) A (y <
z)= (z<w)V(w=<2) (z,y,z,w € X). A semiorder < is said to be typical if its
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associated weak preference 3 defined by © Sy & —(y < ), (z,y € X) is not a
total preorder on X.

2.2. The traces and the numerical representability of interval
orders and semiorders

Through the next definition, we introduce the notion of representability for different
kinds of orderings. The underlying idea corresponds to the possibility of converting
qualitative scales into quantitative ones.

Definition 5. A total preorder = on X is called representable if there is a real-
valued function u: X — R that is order-preserving, so that, for every z,y € X, it
holds that z 3 y < u(x) < u(y). The map u is said to be a utility function for =3.

An interval order < defined on X is said to be representable (as an interval
order) if there exist two real valued maps u,v: X — R such that z < y & v(z) <
u(y) (x,y € X). The pair (u,v) is called a wtility pair representing <.

A semiorder < defined on X is said to be representable in the sense of Scott and
Suppes if there exists a real-valued map u: X — R (again called a utility function)
such that z < y & u(z) + 1 < u(y) (z,y € X).12

In this case, the pair (u, 1) is said to be a Scott-Suppes representation of <.

Remark 2. If (u,v) is utility pair representing an interval order < defined on
a set X, it is straightforward to see that u(x) < v(x) for every € X. The real
interval [u(z), v(x)], that could degenerate to a point if u(x) = v(z), is said to be the
interval of discrimination or perception corresponding to the element x € X. And
the non-negative real number v(z) — u(z) is said to be the discrimination threshold
for the element x € X. Notice that these thresholds depend on the elements of X. If
x # y € X it may happen that v(x) —u(z) # v(y) —u(y). In the case of a semiorder
that is representable in the sense of Scott and Suppes, the discrimination thresholds
are all equal to 1.

There exist interval orders that fail to be representable (as interval orders).
Also, there exist semiorders that are not representable in the sense of Scott and
Suppes. 3236

Definition 6. Associated to an interval order < defined on a nonempty set X, we
shall consider three new binary relations.'”"37

These binary relations are said to be the traces of <. They are respectively
denoted by <* (left trace), <** (right trace) and <° (main trace), and defined as
follows: z <*y < x <z 3y for some z € X, and similarly z <* y < x Sz <y

for some z € X (z,y € X). In addition, z < y & (z <* y)V(z <* y) (z,y € X).

Remark 3. We denote z 3*y & -(y <*z), z~*yecr3ye, 23"ye
S(y <**2) and =~y 3y 2 o, and finally * 20y & (2 3F y) A (v 3
y)and x ~0 y & (2 20 y) A (y 2% 2) (z,y € X). Both the binary relations 3* and
=<** are total preorders on X. Moreover, the indifference relation ~ associated to
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the interval order < is transitive if and only if X*, 2** and = coincide. In this case
= is actually a total preorder on X 177383539

In addition, the binary relation =<° allows us to characterize semiorders among
interval orders.7:7-38

Indeed, if < an interval order on X, then it is a semiorder if and only if < is a
total preorder on X. A semiorder < is not typical if and only if <*, 2**, <0 and 2

coincide.

Let us recall now some characterizations of the numerical representability of total
preorders, interval orders and semiorders.

Definition 7. Let X be a nonempty set. A total preorder = defined on X is said to
be perfectly separable if there exists a countable subset D C X such that for every
x,y € X with x < y there exists d € D such that x 3 d 2 y.

An interval order < defined on X is said to be interval order separable if there
exists a countable subset D C X such that for every x,y € X with x < y there
exists d € D such that x Z* d < y.

A semiorder < defined on X is said to be regular with respect to sequences if
for any z,y € X, and sequences (Zp)nen, (Yn)nen © X, none of the situations
T=< .. =Tyl =Ty <...<xpand y; < ... < Yn < Ynt1 < ... < Y May occur.

The following facts are well-known in this literature.?:3%:3°

Theorem 1. On a nonempty set X the following statements hold true:

(a) A total preorder = is representable if and only if it is perfectly separable.
(b) An interval order < is representable if and only if it is interval order separable.

And the following result has recently been proved.40:13

Theorem 2. Let X be a nonempty set. Let < be a typical semiorder defined on X.
Then, < is representable in the sense of Scott and Suppes if and only if it is both
interval order separable and regular with respect to sequences.

Remark 4. When X is countable, the condition of interval order separability triv-
ially holds. Therefore, a semiorder < on a countable set X is representable in the

sense of Scott and Suppes if and only if it is regular with respect to sequences. This

fact was already known.*1:42

3. New trends on the continuous representability of interval orders

Let (X, 7) stand for a topological space (a set X with a topology 7).

3.1. Background on continuous representability

Definition 8. Let < denote an asymmetric binary relation on X. Given a € X the
sets L(a) ={t€ X : t<a} and U(a) ={t € X : a <t} are called, respectively,
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the lower and upper contours of a relative to <. We say that < is 7-continuous if
for each a € X the sets L(a) and U(a) are T-open.

Definition 9. Let < be an interval order on X. Then the topology 7 is said to be
natural for < if its associated asymmetric binary relation <, as well as both the
traces <* and <**, are all T7-continuous.'

Remark 5. In particular, if X is a total preorder on X, so that =, =* and 3**
coincide, the topology 7 is said to be natural for = if its associated asymmetric
binary relation < is 7-continuous. (in this case, we also say that the total preorder
2 is T-continuous). For this particular case of total preorders, the notion of a natural
topology was already introduced by Debreu.*3:44

The following results on continuous representability are well-known in this

literature. 434421

Theorem 3.

(a) A total preorder X on a topological space is representable through a continuous
utility function if and only if it 3 is perfectly separable and the topology T is
natural for <.

(b) Let (X, 7) be a topological space endowed with an interval order < such that
the topology T is natural for <. Then < is representable by means of a pair of
continuous real-valued functions (u,v) such that, in addition, u (respectively,
v) is a utility function for the total preorder Z** (respectively, 3*), if and only
if < is interval order separable.

From Theorem 3 and Theorem 1, next Corollary 1 is easily achieved.

Corollary 1. Let (X,7) be a topological space. Suppose that X is endowed with
a representable total preorder < (respectively, with a representable interval order
< ). Assume also that the topology T is natural for 3 (respectively, for <). Then 3
(respectively, <) is continuously representable.

Example 1.

(a) It may still happen that an interval order < on a topological space (X, 7) has
a representation through a pair of continuous real-valued functions, but the
topology 7 fails to be natural with respect to <. Thus, let X = [2,3] U [9, 10].
Let 7 denote the restriction to X of the usual Euclidean topology of the real
line R. Endow X with the interval order < defined by z < y < x2? < y, for all
xz,y € X. It is plain that the pair w,v: X — R where u(z) = = and v(z) =
z? (z € X) is a representation of the interval order <. Moreover, both u and
v are continuous functions. But 7 is not natural for <. To see this, notice that
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{z€X:2=<*95}={9}U|[2,3],as well as {y € X : 2.5 <* y} = {3} U9, 10]
are not 7-open. (See Ref. 1 and Remark 11 in Ref. 32).

(b) Let (X,7) be a topological space endowed with a semiorder <. Suppose that,
considering < as an interval order, the topology 7 is natural for <. Even in
this situation, we cannot adapt part (b) of Theorem 3 to the semiorder case, in
general. To see this, let (u, 1) be a continuous Scott-Suppes representation of the
semiorder <. Let v: X — R be the function defined as v(z) = u(z)+1 (z € X).
Observe that if we want u to represent =** and v to represent =*  then =*
and Z** must coincide, a fortiori. But, in general, <* and <** do not agree:
consider, for instance, X = [0,3] C R endowed with the semiorder < given by
z<y&er+1<y(x,ye X). Notice that 2 X 1 < 3 so that 2 <** 3, but
2 <* 3 does not hold because there is no z € X such that 2 < z. (See Remark
12 in Ref. 32).

(¢) It may also happen that an interval order < is representable through a pair of
continuous functions (u,v) but u does not represent Z** or v does not represent
<*. Actually, a glance at part (b) of this Example 1 shows that the pair (u,v)
with u(z) = = and v(z) = z + 1 for every z € X represents < but v does not
represent <* since v(2) = 3 < v(3) = 4 while 2 <* 3 does not hold.

3.2. Topological compatibility with respect to the indifference of
the main trace of an interval order

The following facts are straightworward consequences of the definition of the traces
of an interval order < on a set X.

Lemma 1. Let < be an interval order on a set X. The following statements hold
true for every x,y € X:

(a) © Z* y holds if and only if for all z € X we have that y < z = x < z. In terms
of upper contours: x 3* y < U(y) C U(x).

(b) x Z** y holds if and only if for all z € X we have that z < x = z < y. In terms
of lower contours: x Z** y < L(xz) C L(y).

Lemma 1 gives rise to the following key result.

Theorem 4. Let < be an interval order defined on a set X. Then the indifference

~0 associated to the main trace is an equivalence relation.

Proof. Just notice that, by Lemma 1 we have x ~? y < (U(z) = U(y)) A (L(z) =
L(y)), for all z,y € X. O

Remark 6. Observe that this equivalence is not only valid when < is a semiorder,
but actually in the more general case of an interval order. That is, given an interval
order <, it may happen that =<° is not transitive, so that < fails to be a semiorder.
Nevertheless, ~° is always transitive, because it is an equivalence.
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This Remark 6 induces the following key definition, on which the main results in
this Section 3 lean.

Definition 10. Let (X, 7) be a topological space. Let < be an interval order on X.
The topology 7 is said to be compatible with respect to the indifference of the main
trace of < if x ~0 y = (x € O <= y € O) holds true for every z,y € X and every
T-open subset O € 7.

Remark 7. The main fact involved in this last definition is that elements that are
indistinguishable with respect to < (because all their corresponding contours agree)
should also be indistinguishable from a topological point of view since, with respect
to the topology 7, they should (a fortiori) belong to the same 7-open subsets.

Theorem 3 does not give information about continuous representability of
semiorders in the sense of Scott and Suppes. In this direction, we introduce now
some (partial) result, stated in terms of the topological compatibility just defined.

To start with, we recall some necessary conditions for the continuous Scott-
Suppes representability of a semiorder, already stated in Ref. 32.

Lemma 2. Let (X, 1) be a topological space endowed with a semiorder <. Assume
that < is representable in the sense of Scott and Suppes by means of a pair (u,1)
with u continuous. Then the following properties hold true:

(a) The semiorder < is T-continuous.

(b) If a net (xj);e5 € X converges to two points a,b € X, then a ~° b.

(c) If a net (x;)jes € X converges toa € X, and b,c € X are such that x; <b 3 a
and also xj < ¢ 3 a for every j € J, then b ~° c.

(d) If a net (z;);e5 € X convergestoa € X, and b,c € X are such thata b < z;
and also a 3 ¢ < x; for every j € J, then b ~° c.

Definition 11. Let (X, 7) be a topological space endowed with a semiorder <. We
say that the semiorder < is suitable (as regards 7) if it satisfies all the necessary
conditions introduced in Lemma 2.

And, as announced before, a new necessary condition appears now, and it is
stated in terms of topological compatibility with respect to the main trace of a
semiorder.

Proposition 1. Let (X,7) be a topological space endowed with a semiorder <.
Assume that T is compatible with respect to the indifference of the main trace of <.
Suppose also that < is representable in the sense of Scott and Suppes by means of
a pair (u, 1) with u continuous. Then the total preorder 30 is T-continuous.

Proof. For any x,y € X such that  <° y, there is some z € X such that z < z 3y
or x 3 z <y holds. Hence u(z) < u(z) +1 < u(y) or u(z) < u(z)+1 < u(y) holds,
so we get u(x) < u(y) in any case.



April 23, 2014 13:22 WSPC/INSTRUCTION FILE  "IJUFKS Bosi et al.
(APRIL 2014)”

10 G@. Bosi, A. Estevan, J Gutiérrez Garcia, E. Indurdin

Assume now that  3° y. In this situation, two cases my occur: If y <° = we
already know that u(y) < u(z). If x ~° y, by the compatibility of 7 with respect

O z and y belong to the same T-open subsets. In particular, any constant

to ~
net (z)aca converges both to x and y. Thus, by continuity of u, we have that the
constant net (u(x))aeca converges in the usual Euclidean topology of the real line
R both to u(x) and u(y). Hence u(x) = u(y), because the usual topology of R is
Hausdorff, so that limits are unique. (Here A stands for a directed set of indices).
Thus v is actually a continuous representation for the total preorder <°. There-
fore, by part (a) of Theorem 3, the topology 7 is natural for <°. In other words:

the total preorder < is 7-continuous. D

Remark 8.

(1) Let < be a semiorder defined on a topological space (X, 7). Assume thus, view-
ing < as an interval order, the topology 7 is natural with respect to <. Then
the total preorder < is 7-continuous, by definition of the main trace <°. The
converse implication is not true in general (see Example 4 later on).

(2) In general, for any semiorder defined on a topological space (X,7), the 7-
continuity of the total preorder <° is not a necessary conditon for the continuity
of the representation (see Example 2).

Example 2. Let X = [0, 1) | J{1'5} endowed with the usual topology inherited from
the Euclidean topology on R. Let < be the semiorder on X defined by x <y < =+
1 < y. Notice that the quotient space X/ ~° is finite. Indeed X/ ~%= {0, 05,1’5},
with 0 = [0,0'5),0’5 = [0’5,1),1’5 = {1’5}. The quotient topology fails to be
discrete, since 0’5 is not open. Therefore <% cannot be 7-continuous: the reason is
that in case of T-continuity it would induce a continuous linear order on the quotient
X/ ~9 that is finite. But, at this point, is is well-known the only topology on a
finite set for which a linear order is continuous is the discrete one. As a matter
of fact, in this example we have that any Scott-Suppes representation (u, 1) of the
semiorder < such that, in addition, u represents the total preorder <°, would fail
to be continuous: the reason is that the preimage of a small enough neighborhood
of 0’5 is [0'5, 1), which is not 7-open. However, we may notice that < is actually
continuous representable in the sense of Scott and Suppes, through the pair (,1)
where i : X — R is the inclusion map (i(z) = z for every z € X).

Looking for a sort of converse of Proposition 1, we will consider a semiorder that
is already representable in the sense of Scott and Suppes. We wonder when that
semiorder has a continuous representation. In this direction, we have got a partial
result (namely Theorem 5 below), that guarantees the continuous representability
of a semiorder but as an interval order (that is, through a pair (u,v) of continuous
real-valued functions) provided that the condition of compatibility between the

topology 7 and the indifference ~° is met.
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To prove the announced result, first we need to introduce a preparatory lemma.

Lemma 3. Let X be a nonempty set. Let < be a semiorder on X. Assume that <
is representable in the sense of Scott and Suppes. Then there exists a pair (u,1) that

represents < and, in addition, the utility function u represents the total preorder
40'

Proof. See Lemma 3.2 and Remark 3.3 in Ref. 13. O

By the way, Lemma 3 can not be extended to the continuous case, as next
Example 3 shows.

Example 3. Considering again the semiorder < introduced in Example 1 (a), we
may observe that the equivalence classes in X/ ~0 are 2 = [2,3);3 = {3};9 = {9}
and 10 = (9,10]. Moreover x < y for every x € 2 and y € 9U 10; z ~ y for every
r€2andyc€3;z<yforeveryx € 3andyc 10; z ~y for every x € 3 and y € 9
and, finally, z ~ y for every z € 9 and y € 10. Hence < is actually a semiorder
on X. But this semiorder does not admit a continuous Scott-Suppes representation
that in addition, also represents the main trace <°: again, the reason is that the
quotient topology in X/ ~Y is not the discrete one. However, it actually admits a
continuous Scott-Suppes representation, namely the pair (u,1) with u(z) = « for
all z € [2,3] and u(x) = z — 5 for every x € [9, 10].

Remark 9. Notice that in Lemma 3 we are not saying that if the pair (u,1)
constitutes a Scott-Suppes representation of < then u represents <°. What Lemma
3 states is that we can find another Scott-Suppes representation (u’,1) where o’
could perhaps be different from u, such that now v’ is a utility function for the
total preorder =<°.

However, in the particular case in which the pair (u, 1) is a Scott-Suppes repre-
sentation of <, with u continuous and the topology 7 being compatible as regards
~0 then it is indeed true that the given function u also represents <°. This fact
has been proved in Proposition 1.

Theorem 5. Let (X, 7) be a topological space. Let < be a representable semiorder
on X. Assume that < is suitable as regards T and, in addition, the topology T
is compatible with respect to the indifference of the main trace of <. If 39 is 7-
continuous, then < admits a representation as an interval order, through a pair
(u,v) of continuous real-valued functions.

Proof. Taking into account the result stated in Lemma 3, first we consider a real-
valued function f : X — R such that the pair (f, 1) is a Scott-Suppes representation
of <, with the additional condition of the map f being a utility function for the
total preorder 2. Define g : X — R as g(z) = f(z) +1 (z € X). Obviously, g is
also a utility function for <°. These functions f and g define on R the subsets f(X)
and g(X). Since 2 is 7-continuous, f is continuous at every point of X, with the
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only possible exception of some points x € X such that (f(z), ] or [b, f(z)) is a gap
of f(X) for some b € R. (See e.g. the discussion on pp. 38 and 39, Section 3.1 in
Ref. 2, for further details). The analogous fact is also valid for g, mutatis mutandis.
Let Dy (respectively, D,) denote the subset of X in which f (respectively, g) fails
to be continuous. A gap of f(X) of the type (a,b] or [b,a) (a,b € R) is said to be
badif there exists some x € X such that f(z) = a and f is discontinuous at x.

Let By = {t € I : Iis a bad gap of f(X)}. Endow R\ By with the order
topology 7< corresponding to the usual ordering < on R\ By, as a subset of the real
line. The inclusion function that goes from (R\ By, 7<) to (R, 7,) is then continuous
at every point, excluding those in f(Dy). Notice that R\ By has neither a left bound
nor a right bound. In addition, f(X) C R\ By and both subsets f(X) and R\ By
share the bad gaps. Moreover the final topology Tfin(s) on f(X) corresponding to
the function f : (X,7) — f(X) is finer than the restriction to f(X) of the order
topology 7< of R\ By. Accordingly, any continuous map defined on (R \ By, 7<)
will also be be continuous when considered as a map defined on (f(X), Tfin(s))-

By the so-called Debreu’ s Gap Lemma (see e.g., Lemma 3.1.4 on pp. 42-43 of
the key Ref. 2 or, alternatively, see Theorem 1 in Ref. 45), there exists a strictly
increasing real valued function h : R\ By — R such that the gaps of h(R\ By) are
all open and, in addition, the function h : (f(X), Tfin(s)) — (R, 7,) is continuous.
Hence the composition ho f: (X,7) — (R, 7,) is also continuous.

Let us see now that we can extend h to the bigger domain ¢g(X)J(R \ By) in
a way that the extended function h satisfies that the composition ho f = ho f :
(X,7) — (R, 7,) is continuous', and the pair (ho f, hog) is actually an interval order
representation of <. To prove this, fix a point ¢t € g(X). The following situations
may occur:

Case 1: If t € g(X) N(R\ By), we declare that h(t) = h(t). In particular, h will
become an extension of h.

Case 2: If t € g(X) () By belongs to a bad gap of f(X) of the kind [b, a) for some
real numbers a,b, with f(z) = a for some x € X such that f is discontinuous
at z, then g(y) =t < a = f(x) holds for some y € X. Thus y < z. Since
the semiorder < is, by hypothesis, suitable, it is in particular 7-continuous
(see part (a) of Lemma 2). Thus, the set Ux(y) = {z € X : g(y) < f(2)} =
f(a,+0)) = f1([f(x),+00)) is T-open. Moreover, for any ¢ € R such that
a = f(x) < cit holds that f~!([a,c)) = f~H([f(x), +00)) N f~ ([~00,¢)). As a
matter of fact, f~1([—o0,¢)) = J{L<o(2) : f(2) < ¢} since f is a utility function
that represents <°. Thus f~!([—o0o,c) is T-open because, by hypothesis, the
main trace 3 had been assumed to be 7-continuous. Therefore f~1([a,c)) is
7-open for every ¢ € R such that a = f(z) < c¢. This implies that f is continuous

INotice that in general h # h, but ho f = ho f. In addition, h o f = h o f is continuous by the
Debreu’ s gap Lemma.
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at x, which contradicts the assumption of [b,a) being a bad gap of f(X). In
other words, case 2 is impossible.

Case 3: If t € g(X) () By belongs to a bad gap of f(X) of the kind (a, b] for some
real numbers a, b, with f(x) = a for some x € X such that f is discontinuous
at x, then it is straightforward to see that there exists a net (z4)aca? in X
such that a < b < f(z,) holds for every a € A, and (x,)aca converges to
x. Since < is a suitable semiorder, it follows by part (d) of Lemma 2 that
{t} = g(X)N[a,b]. In this situation, we define h(t) = h(a).

Once the extension h has been defined, we check that g(x) < f(y) < h(g(z)) <
h(f(y)) = h((f(y)) holds true for every x,y € X. To see this, we may observe
that if g(z) € f(X) then the claim is obvious because h is strictly increasing in
f(X). Furthermore, if g(x) ¢ f(X) then g(z) belongs to a gap (f(z) = a,b] for
some z € X and a,b € R. Therefore, for any y € X with f(y) > g(x) it holds that
F() > £(2) = a, and then h(f(y)) > h(a) = h{g(x).

Notice also that h is strictly increasing, not only in R\ By but also in g(X), so
that each of the functions ho f (= ho f) and hog is a utility representation for the
total preorder <° associated to the main trace of the given semiorder <.

At this stage, we have got a function h defined on g(X)|J(R\ By) such that the
pair (f, ), where f = ho f and g = ho g, is an interval order representation of <,
with the additional condition of f: (X,7) — (R, 7,) being continuous.

Now we proceed in an analogous way starting from the pair (f,g). Let B; ={te
(UI :1isabad gap of g(X)}. Endow R\ By with the topology 7< corresponding
to the usual ordering < on R\ By, as a subset of the real line. The inclusion
function that goes from (R \ By, 7<) to (R, 7,) is then continuous at every point,
excluding those in g(D,). We may observe that R \ Bz has neither a left bound
nor a right bound. In addition, g(X) C R\ B and both subsets §(X) and R\ B;
have actually the same collection of bad gaps. Moreover the final topology 7y, (g) on
g(X) corresponding to the function g : (X, 7) — g(X) is finer than the restriction to
G(X) of the order topology 7< of R\ Bj. Accordingly, any continuous map defined
on (R\ Bj, 7<) will also be be continuous when considered as a map defined on
(300, Trinia)-

Again by the Debreu’ s Gap Lemma, there exists now a strictly increasing real-
valued function H : R\ Bz — R such that the gaps of H(R\ Bj) are all open
and, in addition, the function H : (g(X), Tfin(5) — (R,7,) is continuous. Hence
the composition H o g : (X,7) — (R, 7,) is also continuous.

At this point, let us see how we can extend H to the bigger domain f(X)[J(R\
By) in order to get a new function H such that the pair (H o f, H o g) is again a
representation of < as an interval order, with the additional key property that now
both Ho f and H o g (= H o g) are continuous.

2 A denotes here a directed set of indices.
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To prove this, fix a point ¢ € f(X). The following situations may occur:

Case 1: If t € f(X) (R \ By), we declare that H(t) = H(t). In particular, H
will become an extension of H.

Case 2: If t € f(X) [ By belongs to a bad gap of g(X) of the kind [b, a) for some
real numbers a, b, with g(z) = a for some x € X such that g is discontinuous
at x, then there exists a net (r4)aca in X such that g(z,) < b < a holds for
every @ € A, and (x4)aca converges to x. Since < is a suitable semiorder, it
follows by part (c) of Lemma 2 that {t} = f(X)[[b,a]. In this situation, we
define H(t) = H(a).

Case 3: If t € f(X) [ B, belongs to a bad gap of §(X) of the kind (a, b] for some
real numbers a, b, with g(z) = a for some & € X such that g is discontinuous
at x, then g(z) = a < t = f(y) holds for some y € X. Thus z < y. Since
the semiorder < is, by hypothesis, suitable, it is in particular 7-continuous
(see part (a) of Lemma 2). Thus, the set L.(y) = {z € X : g(2) < f(y)} =
G Y((—o00,a]) = g~ ([~00, g(z))) is T-open. Moreover, for any ¢ € R such that
¢ < a = g(z) it holds that g7 !((c,a]) = g7 ((—o0, g(2)]) N g *((c, +00)). As a
matter of fact, 71 ((c, +00) = [J{U<0(2) : ¢ < g(2)} since g is a utility function
that represents <°. Thus g~ !((¢, +oc) is 7-open because, by hypothesis, the
main trace <° had been assumed to be T-continuous. Therefore g=!((c, a]) is
7-open for every ¢ € R such that ¢ < a = g(z). This implies that g is continuous
at x, which contradicts the assumption of (a,b] being a bad gap of g(X). In
other words, case 3 is impossible.

Once the extension H has been defined, we check that g(z) < f(y) < H(g(z)) =
H(g(z)) < H(f(y)) holds true for every z,y € X. To see this, we may observe that
if f(y) € g(X) then the claim is obvious because H is strictly increasing in g(X).
Furthermore, if f(y) ¢ g(X) then f(y) belongs to a gap [b,g(z) = a) for some
z € X and a,b € R. Therefore, for any x € X with f(y) > g(z) it holds that
3(x) < 9(2) = a, and then H(g(x)) < H(a) = H(f(y)). )

Notice also that H is strictly increasing, not only in R\ B but also in f(X), so
that both functions H o f and H o g (= H o g) are utility representations for =<°.

At this stage, we have got a function H defined on f(X)|J(R \ By) such that
the pair (u,v), where u = Ho f and v = Ho g (= H o g), is an interval order
representation of <, with the additional condition of v being continuous.

To finish the proof, let us show that u is also continuous. Notice that u = Ho f,
and f = ho f (= ho f) is indeed continuous. Moreover H is an extension of H, and
H is already continuous at any point that lies in R\ Bz. Thus, it remains to check
the continuity of u at any point € X such that f(z) € Bjy. To see this, notice that
for some z € X and a,b € R, it holds that f(x) belongs to a bad gap [b,a = g(z))
of g(X). We distinguish two cases:
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Case 1: Either it holds that f(x) = b, and b is an isolated point of f(X) with
respect to the restriction to f(X) of the usual Euclidean topology on R, or else
it holds that f(x) € (b,a). In this case, because of the continuity of f, we have
that the set {y € X : y ~° 2} is 7-open. Therefore, if a net (7,)aca converges
to x, there exists an index ag € A such that for every index § with ag <4 (3,
it holds that zg ~° x. (Here <4 stands for the linear order with which the
directed set of indices A is endowed). Since u is a utility representation of =<°
we have that the net (u(x4))aca is quasi-constant. Indeed, for every index g
with ag <4 (3, it holds that u(zg) = u(x). Obviously, this implies that the net
(u(zq))aca converges to u(z), so that u is continuous at x.

Case 2: It holds that f(z) = b, and b is not an isolated point of f(X) with
respect to the restriction to f(X) of the usual Euclidean topology on R, so that
for every € > 0 we have that f(X)[(b—e¢,b) # 0. Since f is already continuous,
it is enough to check the continuity of H at b = f(x). Since we are now working
directly on the real line R, there is no loss of generality in considering a strictly
increasing sequence (Y, )nen such that H(y,) is defined for every n € N and the
limit of 3, is b. Since f(X)((b —¢€,b) # 0 for every € > 0, given ¥, we may
find an element z, € R\ By such that y,, < z, < b Also, given z,, there exists
k € N such that z, < yp+xr < b. Thus, the sequence (z,)nen also converges to
b. Notice now that H is continuous and strictly increasing in R\ Bj, and for
any strictly increasing sequence (z,)nen in R\ Bj that converges to b it holds
that (H(zn))nen converges to H(a) = H(b) = H(f(z)). Hence the sequence
H(yn)nen also converges to H(a) = H(b) = H(f(z)), so that H is indeed
continuous at b.

This concludes the proof. O

The hypotheses of the statement of Theorem 5 do not force the topology 7 to
be natural, as next Example 4 shows. Therefore, Theorem 5 has a different scope

that the main results issued for natural topologies (see Theorem 3 (b) above).!

Example 4. Let X = (—1.5, -0.8)U(—0.5,0.2)U[0.5, 0.85]U{1.3} endowed with the
semiorder < given by z < y < x4+ 1 < y, for every z,y € X. It can be seen that <°
coincides here with the usual Euclidean order (<). Let us consider on X the order
topology 7<o induced by =<9, That topology T<o is compatible as regards the ~0,
Moreover, the semiorder < is suitable as regards 7<0. Furthermore, the strict upper
contour U+ (0) is [0.5,0.85]U{1.3}, which fails to be T<0-open, so that, considering
< as an interval order, the topology 7<o is not natural. In addition, in this case there
exists a continuous Scott-Suppes representation (u, 1) of the semiorder < such that
u also represents the main trace <°. Indeed, to that extent we may use the function
u: X — Rgiven by u(z) = 122+ 2 if . < —0.8; u(z) =12+ 3 if 0.5 <z < 0.2;

u(z) =12 — 2 if 0.5 < x < 0.85 and u(1.3) = 1.5.
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Remark 10.

(1) By adding some more hypotheses to the statement of Theorem 5 we could
finally prove that the semiorder < on the topological space (X, 7) actually
has a continuous Scott-Suppes representation. If (u,v) is a pair of continuous
functions that represents the semiorder < as an interval order, a possible idea
is searching for a continuous increasing function i : R — R such that h(v(z)) =
h(u(z))+ 1 for every x € X, so that the pair (howu, 1) constitutes a continuous
Scott-Suppes representation of <. Indeed, it has already been proved that this
idea works, at least, when (X, 7) is connected, the traces <* and <** agree,
and there is no singular element® as regards <.3446

(2) With the hypotheses that appear in the statement of Theorem 5, the result
achieved cannot be improved. This can be shown by means of Example 5 in
Ref. 32, namely, let X = (—o0,—1)U(—0.5,0)U[0.5,1)U(1.5,400) C R. Endow
X with the semiorder < given by ¢ < y < z+1 < y (z,y € X). Observe that <
is representable in the sense of Scott-Suppes, by means of the pair (¢, 1), where
t: X — R is the inclusion. Consider on X the topology 7 defined by means of
the subbasis {0} U{X}U {z € X : 2z <z}ex U{y € X : 2 < y}rex, where <
stands for the usual strict order of R. It has been proved that the semiorder
< does not admit a continuous Scott-Suppes representation if we endow X
with the topology 7 and the real line R with the usual topology. In addition,
< is suitable as regards 7, and the topology 7 is compatible with respect to
the indifference of the main trace of < because, as an striaghtforward checking
shows, the main trace <° coincides here with the usual strict order < of the
real line R.3?

4. Continuous representability of interval orders: the finite case

Some characterizations of the continuous Scott-Suppes representability of
semiorders on a topological space (X,7) in which the set X is finite were already
obtained.3?

In this section we achieve some results in a parallel direction. Namely, we charac-
terize the representability, through a pair (u,v) of continuous real-valued functions,
of interval orders defined on a topological space (X, 7) with X finite.

4.1. Necessary conditions for the continuous representability of
interval orders

Lemma 2 above was introduced in Ref. 32 to deal with the continuous Scott-Suppes
representability of semiorders. In an analogous way, we furnish now several necessary
conditions for the representability of an interval order through a pair of continuous

3An element = € X is called singular with respect to a semiorder < if for every y, z € X it holds
that [(z ~y) A (z ~ 2)] = (y ~ 2).
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real-valued functions, in the general case. To do so, we start with the following
preparatory lemma.

Lemma 4. Let < denote an interval order defined on a nonempty set X. Assume
that < is representable by means of a pair (u,v) of real-valued functions. Then, the
following statements hold true for any x,y € X:

(a) z <*y = v(z) <v(y),
(b) = <y = u(z) < u(y),
(c) v(x) =v(y) =z ~"y,
(d) u(x) =uly) =z ~""y.

Proof. Indeed, for any z,y € X with x <* y it follows, by definition, that there
exists z € X such that ¢ < z 3 y. Hence we have that v(z) < u(z) < v(y).
Therefore, v(z) < v(y).
In the same way, for any =,y € X with z <** y it follows, by definition, that
there exists z € X such that z = 2z < y. Hence u(x) < v(z) < u(y), and consequently
Finally, part ¢ (respectively, d) follows from part a (respectively, from b). O

We are now ready to introduce some necessary conditions for the continuous
representability of an interval order (in the general case).

Proposition 2. Let (X,7) a topological space endowed with an interval order <.
If the order interval is representable through a pair (u,v) of continuous real-valued
functions, then the following properties hold true:

(a) The interval order is T-continuous.

(b) If a net (x;)jeq C X converges to two points a,b € X, then a ~°b.

(¢) If a net (x)jes C X converges toa € X, and b,c € X are such that z; <b Za
and z; < ¢ Za for any j € J, then b ~** c.

(d) If a net (z;)je; C X converges toa € X, and b,c € X are such that a 3 b < x;
and a 3¢ <z for any j € J, then b ~* c.

Proof. Assume that < is representable through a pair (u,v) of continuous maps.
(a) (We prove this property by using the characterization of 7-continuity by means
of nets, see e.g. Lemma 2 in Ref. 32).

Let (z;);es be a net that converges to a € X. Suppose that there exits b € X
such that «; < b for any j € J. It follows now that u(z;) < v(b) for any j € J.
Thus, u(a) = lim;e s u(z;) < v(b), which implies that a 3 b. (A similar argument is
used to handle the case in which b 3 x; for any j € J).

Consequently, the interval order is T-continuous.

(b) Let (z;)jes € X be a net that converges to two points a,b € X. Then, since u
is continuous, the image of the net (u(z;)) cs converges to u(a) and also to u(b) as
regards the usual topology of R. By the same reason, the net (v(x;));es converges to
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v(a) and to v(b). Endowed with the usual topology the real line is a Hausdorff space,
so that a convergent net has a unique limit. Hence u(a) = u(b) and v(a) = v(b).
Therefore, by Lemma 4, we conclude that a ~* b and a ~** b. This implies that
a~0b.

(c) Let (z5)jes € X be a net that converges to a € X. Let b,c € X be such that
z; <bZ aand x; < ¢ 3 ahold for any j € J. Then we have that v(z;) < u(b) <
v(a) and v(z;) < u(c) < v(a) hold for any j € J. By continuity of u and v, it follows
that v(a) < u(b) < v(a) and v(a) < u(c) < v(a). Therefore, v(a) = u(b) = u(c). By
Lemma 4 again, we conclude that b ~** c.

(d) This can be proved in a similar way to (c). O

4.2. Characterization of the continuous representability of interval
orders on a finite topological space

Let us prove now that when (X, 7) is a topological space with X finite, the necessary
conditions introduced in Proposition 2 are, actually, sufficient.

Theorem 6. Let (X,7) be a topological space in which the set X is finite. Let <
be an interval order defined on X. The following statements hold true:

(a) The interval order < has a representation by means of a pair (u,v) of continuous
real-valued functions.

(b) The interval order < satisfies the necessary conditions (a)-(d) introduced in
Proposition 2.

(¢) The interval order < satisfies the condition (b) introduced in Proposition 2,
namely, if a net (zj);e; C X converges to two points a,b € X, then a ~° b.

(d) The topology T is natural with respect to the interval order <.

Proof. We will follow this scheme: (a) = (b) = (¢) = (a); (d) = (a) and
(¢) = (d).

The implication (a) = (b) has already been stated for the general case, in
Proposition 2. The implication (b) = (c) is trivial.

To prove that (c¢) = (a), we consider a representation of < through a pair (u,v)
such that, in addition, u represents the total preorder =** whereas v represents <*.
(Such a pair (u,v) exists by Theorem 3 in Ref. 39).

Let us see now that the functions v and v are indeed continuous with respect the
given topology 7 on X and the usual topology on the real line R. To do so, consider
a net (z;);cs that converges to a point a € X. Since the set X is, by hypothesis,
finite, there exists a constant subnet (¢ = zj)rek,KxcJ, that also converges to a
because it is a subnet of the net (z;);es which, by assumption, converges to a € X.

Since the constant subnet (¢)rcx also converges to ¢, by the hypothesis (c) it
follows that a ~* ¢ and a ~** c.

Furthermore, there exists jo € J such that, for every index ¢ € J with jo < @
(where < stands for the order on the directed set J) there exists a constant subnet,
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of the given net (x;),cs, whose constant term is ;. Again, this is a consequence of
X being finite. Therefore, by (c) there exists an index jo € J such that z; ~* a and
a ~** x; hold for every jy < 1.

Since u represents 3** and v represents 3* it follows that u(a) = u(c) = u(z;),
and also v(a) = v(c) = v(a;), for every jo < i. Consequently, the nets (u(x;)) e
and (v(x;))jes are respectively convergent to u(a) and v(a) as regards the usual
topology on the real line R. Thus we conclude that both the functions v and v are
continuous with respect to the given topology 7 on X and the usual topology on R.

The fact (d) = (a) follows from Theorem 3, using that X is finite.

To conclude, let us prove now that (¢) = (d). By the equivalence (c) <= (b),
we already now that < is 7-continuous. Let us prove now that the traves <* and
<** are also T-continuous. To do so, assume by contradiction that <* fails to be 7-
continuous, so that there exists € X such that Lo~(x) = {z € X : z <* z}, or else
Uz (z) ={y € X : ¢ <* y} is not 7-open. Assuming that L~ (z) is not open, there
exists a net (z;);es C {t € X : © Z* t} that converges to an element a € L.-(x).
That is, we have that a <* « 3* z; for every j € J, and, in addition, the net
(xj)jes converges to a. Since X is finite, there is a constant subnet (¢)recx;rxcs
that, because it is a subnet of (z;);cs, it converges to a, too. And, obviously, this
constant subnet converges to c. Thus we get a <* x Z* ¢ and (¢)kex converges
both to a and c. But, since a <* ¢, this contradicts the hypothesis (¢). The case in
which U+ (z) fails to be 7-open is handled in an entirely analogous way. Finally,
the 7-continuity of the other trace, namely <** is also proved by means of similar
arguments. O

5. Concluding remarks

Alternatively to the techniques based on the concept of a natural topology with
respect to an interval order, introduced in the seminal reference Ref. 1, new results
on the representability of interval orders through a pair of continuous real-valued
functions have been obtained. A key to this achievement is the concept of a topology
7 compatible with the indifference ~° of the main trace of an interval order <
defined on a given nonempty set X. In the particular case in which X is finite, a
full characterization of the continuous representability of interval orders has been
obtained. The independence (in the general case) of the techniques introduced here
and the ones that lean on the notion of a natural topology, launched in Ref. 1, has
also been shown (see Example 4 above). However, when X is finite both techniques
could indeed be considered as equivalent, as Theorem 6 shows.

The characterization of the continuous representability of interval orders and
semiorders still remain open for the general case, but, at least, we have already got
characterizations (in Ref. 32 for semiorders and in Theorem 6 above for interval
orders) for the case in which the supporting set is finite.
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