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problem associated with the gradient dependent prescribed mean curvature equation in the Lorentz—
Minkowski space

—div(v—u> = f(x,u,Vu) inQ,

V1 - |Vu|?

u=0 on 0Q).

The obtained results display various peculiarities, which are due to the special features of the involved differ-
ential operator and have no counterpart for elliptic problems driven by other quasilinear differential opera-
tors. This research is also motivated by some recent achievements in the study of prescribed mean curvature
graphs in certain Friedmann-Lemaitre—Robertson-Walker, as well as Schwarzschild—Reissner—Nordstrém,
spacetimes.
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1 Introduction
Let us consider the quasilinear elliptic problem
- div(L) = f(x,u, Vu) inQ,

V1 - |Vu|?

u=0 on 0Q,

(1.1)

where Q is a bounded domain in RN with regular boundary 0Q and f satisfies the L>°-Carathéodory con-
ditions. Graphs of solutions of (1.1) are surfaces of prescribed mean curvature in the Lorentz—Minkowski
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114 — C.Corsato, F. Obersnel and P. Omari, The Dirichlet problem DE GRUYTER

space LN*1 = {(x, t) : x € RV, t € R} with metric ¥V, dx? - dt*. We will be concerned with strictly spacelike
solutions of (1.1), that is, weak, or strong, solutions u of (1.1) satisfying ||Vu|ls, < 1; a non-exhaustive list of
references about this problem includes [2, 3, 10, 22, 26, 28, 30] and the bibliographies therein.

A motivation for considering equations in (1.1), where the right-hand side f depends explicitly on the
gradient of the solution, derives from the interest in various issues of differential geometry about the following
class of anisotropic mean curvature equations,

1 Vu ~
. d1v<—1 —— ) = 30, u, N(w)),

in which the prescribed mean curvature H depends on the unit upward normal to the graph of u,
(Vu, 1)
VI-[VuP?

These equations may also arise as Euler-Lagrange equations of some weighted area functionals (cf. [8, 9, 13,
26, 27, 29]), such as

N(u) =

IA(X, w1 - |Vul?2dx + I B(x, u)dx,

Q o)
as well as they occur in the study of prescribed mean curvature graphs in certain Friedmann-Lemaitre—
Robertson-Walker, or Schwarzschild—Reissner—Nordstrom, spacetimes (cf. [4, 19, 20, 26]).

The aim of this paper is to work out a general lower and upper solution method for (1.1). Rather than
the solvability of (1.1), which as we will see is always guaranteed without placing any additional qualitative
or quantitative assumption on the right-hand side f, the interest of using lower and upper solutions in this
context mainly relies on the localisation, the multiplicity and the stability information that they may provide.
In this respect, due to the special features of the mean curvature operator in the Lorentz—Minkowski space,
various peculiarities are displayed, which have no counterpart for elliptic problems driven by other quasilin-
ear differential operators, such as the p-Laplace operator, or the mean curvature operator in the Euclidean
space. In particular, the simple knowledge of just one lower solution «a, or just one upper solution f3, allows
to localise solutions in terms of a, or 3, whereas the existence of a couple of lower and upper solutions «, f3
with a ¢ f yields multiple solutions, whose stability or instability properties can be detected and specified.
Here we use the notion of order stability: for a discussion of the relationships between this concept and other
classical ones considered in the literature we refer to [18, 21, 24]. It is worthy to point out that our stability,
or instability, conclusions will follow, as in [16-18], without assuming any additional regularity hypotheses
on the function f besides the L*-Carathéodory conditions.

We finally recall that some preliminary results related to the topics of this paper, but confined to the
simpler problem

. Vu .
—d1v<m> =f(x,u) inQ,

u=0 on oQ,

(1.2)

were announced in [14]. We refer to that paper for some applications of the lower and upper solutions method
to the existence of multiple positive solutions of (1.2) (see also [5-7, 11, 12, 15] for further results). It should
be stressed that, if compared with (1.2), the study of (1.1) needs more care and requires the introduction of
some new technical devices.

Notations. We list some notations that are used throughout this paper. For s € R, we set s* = max{s, 0} and
s~ = —min{s, 0}. We denote by Br(y) = {x € RN : [x - y| < R} the open ball in RN centered at y and having
radius R; the subscript R indicating the radius, as well as the indication of the center y, may be omitted if
irrelevant in the context. Let O be a bounded domain in RN with boundary 00. For functions u,v: O - R,
wewriteu < vin Oifu(x) < v(x) fora.e.x € ©. Wheneveru, v : O — R are continuous, we also write: u < von
00 ifu(x) < v(x)forallx € 00;u < vin Oifu(x) < v(x) forallx € O; u < vin Oif u < vin O and u(xo) < v(xo)
for some xo € O; u < v in O if there is &€ > 0 such that u(x) + e dist(x, 00) < v(x) for all x € O. We finally set
CL(0) = {u e C(O) : u=00n00}.

Brought to you by | University of Sussex Library
Authenticated
Download Date | 3/2/17 1:13 AM



DE GRUYTER C. Corsato, F. Obersnel and P. Omari, The Dirichlet problem = 115

2 Preliminaries

Throughout this paper the following assumptions are considered:

(h1) Qisabounded domain in RN with boundary 0Q of class C2,

(h2) f: QxR xRN - Rsatisfies the L*-Carathéodory conditions, i.e.,
. forevery (s, &) e RxRYN, f(-, s, &) is measurable in Q,
. forae.xeQ,f(x,-,-)is continuous on R x RN,
o foreachp >0,

esssup  |f(x, s, )| < +oo.
Qx[-p,p]x[-p,pIV

The following notion of solution of problem (1.1) is adopted.

Definition 2.1. We say that a function u : Q — Ris a solution of (1.1) if u € €%1(Q) and satisfies
o |Vuleo <1,
o foreveryw e Wé’l(Q),

Vu-vw
—dx=J x, u, Vu)wdx, (2.1)
J e Qf( )

e« u=00n0Q.
Remark 2.1. A direct consequence of this definition is that any solution u of (1.1) satisfies |Ju]« < %diam(Q).
Next we state the following comparison result, which is a direct consequence of [3, Lemma 1.2].

Lemma 2.1. Assume that O is a bounded domain in RN with Lipschitz boundary 00, and suppose that
V1,V € L®(0) satisfy vi <v,in O. Let, fori =1, 2, u; € C%1(0) be such that |Vuille < 1 and

J _Vui-Vw dx = J viw dx

) VI-TVuil? 1

forallw e Wé’l((‘)). Then we have
min(u; — uq) = min(u, — uy). (2.2)
00 o

Proof. Fixv € L®(0). Let u € C%1(0) be such that [|Vule < 1 and

Vu-Vw
—dx = J vw dx (2.3)
J V1 - |Vu|?

forallw e Wé’l(O). Set
Cu=1{we C¥YO) : |[VW|le < 1 and w = u on 00}

and define the functional J, : ¢, — R by

Jv(w) = J \1—|Vw|2dx + J vw dx.

O o
We claim that u maximises J, in C,. Indeed, pick any w € €. Taking u — w as test function in (2.3), we get
J Vu-V(u-w)

V1 - |Vu|?
Let g : B1(0) — R be defined by g(y) = V1 — |y|2. By the concavity and the differentiability of g in B1(0),

we obtain Vi v( )
u-viu-w
\1 - |Vw|? d)(—I\ll—qul2 dx < J—dx. (2.5)
I o Vi-Ivul

o o
Combining (2.4) and (2.5) yields

dx = J v(u - w) dx. (2.4)
)

Jv(w) < Fv(u).
Accordingly, we have that u; and u, are global maximisers of §,, in €,, and of §,, in C,,, respectively. Hence
[3, Lemma 1.2] applies, implying that (2.2) holds. O
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Now we prove an existence and regularity result for the problem

Vu
—div| ——=)=v inQ,
(\/1 - IVuIZ) (2.6)

u=0 onoo,

where O is an open bounded set in RN with boundary of class C2 and v € L®(0). This result is based on the
gradient estimates obtained in [3, Corollary 3.4, Theorem 3.5].

Lemma 2.2. Assume that O is a bounded domain in RN with boundary 00 of class C?, and suppose that
v € L°(0). Then problem (2.6) has a unique solution u with u € W>7(0), for all finite r > 1. Moreover, for any
given A > 0 and r € |N, +oo|, there exist constants 9 = 9(0, A) € 10, 1[ and ¢ = c(O, A, r) > O such that, for
every v € L®(0) with |v|eo < A, the following estimates hold:

Vulloo <1 -9 (2.7)

and
lullwr < cllvilzr. (2.8)

Proof. Uniqueness. Uniqueness of solution of (2.6) follows immediately from Lemma 2.1.

Existence. Let A > 0 and r € |N, +oo[ be fixed. Take a function v € L®(0) with |v] s < A. We first assume
that v further satisfies v € C%1(0O). Combining [3, Corollary 3.4] and [3, Theorem 3.5] provides the existence
of a constant 9 = 9(9, A) € 10, 1[ such that any solution u € C2(9) n C*(0) of (2.6) satisfies (2.7); according
to Remark 2.1, u also satisfies |Julo, < %diam(Q).

Let us introduce a function A : RV — RV satisfying the structure conditions assumed in [25, Theorem 1]
and

A@®) = — 5 forall & e RN with |¢] < 9.
\1-1¢2
Then [25, Theorem 1] applies and yields the existence of constants a = a(O, A) € 10, 1]and ¢; = ¢1(O, A) >0
such that u € C1%(0) and
lullcra < c1.

We can also suppose that a has been taken so small that W2 (O) is compactly embedded into C%(0); as
a consequence, a and ¢; now depend on O, A and r too.
Let us define
D={weCH*0): [VWlleo < 1 -9, [Wlcre < c1};

D is an open bounded subset of C“‘(@) with 0 € D. Pickany w € D and set, for i,j=1,...,N,
aii(w) = 8;a(|Vw|?) + 2a’(IVW|*)dx,w Oy, W,

where §;; is the Kronecker delta and a(s) = (1 - s)’%. Consider the Dirichlet problem

N
- Y a;j(Wdxxz=v in0,
ij=1 (2.9)

z=0 onoO.

Note that the coefficients a;j(w) belong to C%%(9) and are uniformly bounded in C%%(9) with bound inde-
pendent of w € D and ultimately depending on O, A and r only; moreover, the ellipticity constant can be
taken equal to 1. According to the LP-regularity theory [23, Theorem 9.15, Theorem 9.13], problem (2.9) has
a unique solution z € W?7(0) (depending on v and w) and there exists a constant ¢, = c,(0, A, r) > 0 such
that

Izllw2r < ca(llzllLr + IvIlzr).

Since in particular r € | ¥, +oo[, W27(0) is embedded into L°(0), and z satisfies
Izlloo < €3
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DE GRUYTER C. Corsato, F. Obersnel and P. Omari, The Dirichlet problem = 117

for some c3 = ¢3(0, A, r) > 0. Combining these two estimates yields
Izllw2r < clvilLr (2.10)

for some constant ¢ = c(O, A, r) > 0 (depending on the indicated quantities only). Moreover, as z € C La(@),
v e CO1(0)and ajj(w) € C%2(0), for i,j=1,...,N,the Schauder regularity theory [23, Corollary 6.9] applies
locally and allows us to conclude that z € C2%(0); hence, in particular, z € W27(0) n C2(0).

Let us denote by £ : D — C1%(0) the operator which sends each w € D onto the unique solution
z € W27(0) of (2.9). Let us verify that £ is completely continuous. We first prove that £ has a relatively
compact range. Let (wy), be a sequence in D. By (2.10) the sequence (£(wpy))y, is bounded in W27(O). Hence
there exists a subsequence (£(wp,))x which converges weakly in W27 (0) and strongly in C12(0) to some
z € W27(0). The continuity of £ can be verified as follows. Let (w,,),, be a sequence in D converging in C:%(0)
to some w € D. We want to prove that (£(wp)), converges in C1#(0) to £(w). Let us consider any subsequence
(L(wp, )k of (L(wy))n and verify that it has a subsequence converging to £(w). Arguing as above, there exists
a subsequence (L(wy,_))s of (£(wy,))x which converges weakly in W?7(0) and strongly in C12(09) to some
z € W2T(0). As each Zny, = L(wy,,) satisfies the problem

N

- ) aij(Wn,)OxnZm, =V in0,
ij=1

Zn,, =0 onoo,

we can pass to the limit, concluding that z € W?7(0) is a solution of (2.9) and hence, by uniqueness,
z = L(w). We then deduce that the whole sequence (£(wp)), converges in C#(0) to £(w).

We further observe that, if u € D is a fixed point of £, then u is a solution of (2.6) with u € W27(0). In
order to prove the existence of a fixed point of £, we show that every solution u € D of

u=tL(u), (2.11)
for some t € [0, 1], belongs to D. Note that (2.11) implies that u € W27(0) is a solution of

—div( ) =tv inQ,

Vu
V1 - |Vu|?

u=0 onoO.

As [[tv]e < A and v € C%1(0), by the previous argument we deduce that u satisfies u € W27(0) n C2(0),
IVulloo < 1 -9, lullcre < c1, and hence u € D. Accordingly, the Leray—Schauder continuation theorem yields
the existence of a fixed point u € D of £ and therefore of a solution in W27 (0) of (2.6) which satisfies (2.7)
and (2.8).

The general case of a function v € L*°(0) with ||v|« < A, can be easily dealt with by approximation. Fix
r € IN, +oo[ and let (v,), be a sequence in C%1 ©) converging to vin L"(0O) and satisfying [|vy]lc < A for all n.
The corresponding solutions (uy), in W27(0) of (2.6) satisfy (2.7) and (2.8), where u is replaced by uy, for
all n. Arguing as above, we can extract a subsequence of (u,), which weakly converges in W2 (0) to a solu-
tion u of (2.6). Clearly, estimate (2.7) is valid, possibly reducing 9. By the weak lower semi-continuity of the
W?2T-norm, (2.8) holds true as well. O

Remark 2.2. Assume that O is a bounded domain in RN with boundary of class C>® and v € C%2(0) for some
a €10, 1[. Then the solution u of (2.6) belongs to C2Y(0) for some y €10, 1[. Indeed, let us fix r € ]N, +oo].
Lemma 2.2 implies that u € W?7(0) and hence u € C*#(O) with =1 - Y. Fori,j=1,...,N, let us define
the functions a;; € C%#(0) by

ajj = 6;a(|Vul?) + 2a’ (|Vul?)ox,u oy u,
where §j; is the Kronecker delta and, as before, a(s) = (1 - s)’%. Then u is a solution of the linear elliptic
problem
N
- z Qij0x;x;z =V in0,
ij=1
z=0 ono0.
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The Schauder regularity theory [23, Theorem 6.14] applies and allows us to conclude that u € C2¥(0) for
somey € |0, 1[.

Remark 2.3. Lemma 2.2 guarantees in particular that, if u € C%1(Q) is a solution of (1.1), then u € W2"(Q),
for all finite r > 1, and hence it is a strong solution of (1.1). Further, if, for some «a € 10, 1[, Q is a bounded
domain in RY with boundary 0Q of class 2% and f € C%%(Q x R x RN), then Remark 2.2 implies that any
solution u of (1.1) belongs to C2¥(Q), for some y € ]0, 1[, and thus it is a classical solution of (1.1).

Let us denote by
B={ueCQ): IVule < 1}
the unit open ball in C3(Q) and by J the identity operator in C3(Q).
Lemma 2.3. Assume (h1) and let N : C%1(Q) — L®(Q) be an operator satisfying
(h3) for any sequence (vy), in C%1(Q) converging in C>1(Q) to some v € C%1(Q), limp_ 100 N(vn) = N(v) a.e.
inQ,
(h4) for any bounded sequence (vy)y, in C>1(Q), there is a constant A > 0 such that [N(vp)|leo < A for all n.
Let P : C>1(Q) — C}(Q) be the operator which sends any function v € C%*(Q) onto the unique solution u of

the problem
-div(L) -NW) inQ,

V1-1|Vul? (2.12)
u=0 on 0Q.
Then P is completely continuous and
deg(J-P,B,0) = 1. (2.13)

Proof. We divide the proof into two steps.

Step 1. The operator P is completely continuous. We first prove the continuity of P. Fix r € ]N, +ool[. Let (vy)n
be a sequence in C%! (5) converging to some v € C%1 (5). By assumption the sequence (N(vy)), converges to
N(v) a.e. in Q. Set, for each n, u, = P(v,) and u = P(v). We aim to prove that lim,_+c0 Up = u in C1(Q). Let
(un, )k be a subsequence of (uy,)y,. From (h1), (h4) and Lemma 2.2 we infer that (up, )k is bounded in W27(Q).
Therefore, there exists a subsequence (u,,ki )j of (un,)x which converges weakly in W27 (Q) and strongly in
C1(Q) to some z € W2'(Q); moreover there exists 9 = 9(Q, A) € 0, 1[ such that

IVin oo <1 -9

for all j. In particular, we have z € C(l)(ﬁ) and |Vz|le < 1 — 9. Furthermore, as, for each j, Un,, solves (2.12),
it satisfies
J Vunk]_ -Vw

a A1 - IVunk]_I2

forallw e Wé ’1(0). Letting j — +oo in (2.14), we get by the dominated convergence theorem

dx = J N(vnkj Yw dx (2.14)
Q

Vz-Vw
———dx = JN(V)W dx
{!' V1 -|Vz|? 5

forallw e Wé ’1(Q). Thus we conclude that z € W?7(Q) is a solution of problem (2.12). By uniqueness of the
solution, we conclude that z = P(v) = u. Therefore it follows that lim,_,+c Un = u in C1(Q).

Next we show that P sends bounded subsets of C%1(Q) into relatively compact subsets of C(l)(ﬁ). Let
(Vn)n be a bounded sequence in C%1(Q). Then, by condition (h4), there exists a constant A > 0 such that
IN(vi)lloo < A for all n. Set u,, = P(v,,) for all n. Arguing as above, we deduce the existence of a subsequence
(un, )k of (un)n which strongly converges in C 1(Q). We conclude that the operator P is completely continuous.

Step 2. deg(J - P, B, 0) = 1. According to assumption (h4), there exists A; > 0 such that [N(v)|o < A7 for
all v € B. Using Lemma 2.2, we find a constant n €10, 1[ such that any solution u = P(v) of (2.12) satisfies
[Vulleo < 1. Hence P maps B into B and, a fortiori, for each ¢ € [0, 1], also tP maps B into B. The invariance
under homotopy of the topological degree yields deg(J — P, B, 0) = deg(J, B, 0) = 1. O
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Remark 2.4. Under the assumptions of Lemma 2.3, we see in particular that there exists a solution
u € W27(Q), for every finite r > 1, of the problem

—dw(—lﬂ——)=Nm)inQ

V1 - |Vu|?

u=0 on 0Q.

Remark 2.5. Assume (h1) and (h2). Then we can define the operator 7 : C%1(Q) — Cé(ﬁ), which sends any
function v € C%1(Q) onto the unique solution u of the problem

Vu

(T
V1 - |Vu|?

) =f(x,v,Vv) inQ,
(2.15)

u=0 on 0Q.

Clearly, u € C%1(Q) is a solution of (1.1) if and only if u is a fixed point of T. Let N : C%1(Q) — L°(Q) be the
superposition operator defined by N(v) = f( -, v, Vv). Observe that, by (h2), N satisfies (h3) and (h4). Applying
Lemma 2.3 to N we see that the operator T is completely continuous and deg(J - 7, B, 0) = 1.

3 Alower and upper solution method

The following notion of lower and upper solutions of problem (1.1) is adopted.

Definition 3.1. We say that a function a : Q — Ris a lower solution of (1.1) if & € C%1(Q) and satisfies
¢ |Valeo < 1,
o foreveryw e Wé’l(Q) withw > 01in Q,

Va - Vw
— _dx< Jf(x, a, Va)w dx, (3.1)
J V1 - |Val? 3

e« a<0onoQ.
We say that a lower solution a of (1.1) is proper if it is not a solution. Further, we say that a lower solution a
of (1.1) is strict if every solution u of (1.1) with u > a in Q satisfies u > a in Q.
Similarly, we say that a function 3 : Q - Risan upper solution of (1.1) if B € C%1(Q) and satisfies
+ |IVBlw <1,
o foreveryw e Wé’l(Q) withw > 0in Q,

J VB - Vw

o V1-IVBI?
e f>=00n0Q.

We say that an upper solution B of (1.1) is proper if it is not a solution. Further, we say that an upper solution
B of (1.1) is strict if every solution u of (1.1) with u < 8in Q satisfies u <« in Q.

dx > jf(x, B, VB)w dx,
Q

Remark 3.1. Note that u is a solution of (1.1) if and only if it is simultaneously a lower solution and an upper
solution of (1.1).

The following result holds in the presence of a couple of ordered lower and upper solutions.

Proposition 3.1. Assume (h1) and (h2). Suppose that there exist a lower solution a and an upper solution f8
of (1.1) with a < B in Q. Then problem (1.1) has solutions v, w with a < v < w < f in Q such that every solution
u of (1.1) with a < u < B in Q satisfies v < u < w in Q. Further, if « and B are strict, then

deg(I-T7,U,0)=1, (3.2)
where T is defined by (2.15) and
U={zeCiQ):a<z<BinQand|Vz|e < 1}. (3.3)
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Proof. The proof is divided into three parts.

Part 1. Existence of a solution u of (1.1) with @ < u < B in Q.

Step 1. Construction of a modified problem. We define a function y : Q x R — R by setting, forall x € Q,
a(x) ifs < a(x),

y(x,8) = 1s ifa(x) <s < Bx),

B(x) ifB(x) <s,
and an operator F : C%1(Q) — L*°(Q) by setting
F) = fC,y(,w), Vy(-, w).
Note that, for each u € C%*(Q), we have, for a.e. x € Q,
F)(x) = fx, ax), Va(x)) ifux) < a(x),

and

Fw)(x) = f(x, B(x), VB(x))  if u(x) = B(x).

Then we consider the modified problem

—div( ) ~Fw) inQ,

Vu
V1 - |Vul? (3.4)

u=0 on 0Q.

Step 2. Every solution u of (3.4) satisfies « < u < B in Q. Let u be a solution of (3.4). In order to prove that
u>ainQ,wesetw=u-a) € Wé’l(Q). Taking w as a test function both in

Vu-Vw
——dx = J?(u)w dx
J V1 - |Vu|? J

and in (3.1), we get

wdx=—Jde=—j&"(u)(u—a)‘dx= J F(u) (u - a)dx

V1 - |Vul? V1 —|Vu|?
{u<a} Q {u<a}
and
Va-V(u-a) JVa-V(u—a)‘ J _
- —Cdx=| ————dx< | f(x,a,Va) (u-a) dx = - J fix, a,Va) (u — a) dx,
(u<a} V1-|Val® V1-|Val? Q {u<a}

respectively. Summing up we obtain

J ( % —Vluwlz G —vamz ) (Vu - Va)dx < J (F@) - fx, a, V) (u-a)dx = 0. (3.5)

{u<a} {u<a}

Define 1 : B1(0) — RY by

y
Yy = ——.
Vi-lyl?
As a consequence of the strict monotonicity of 1, from (3.5) we deduce that
\%
J ( vu - a )-(Vu—Va)dx:O;
V1-|vul2  1-1|Val?

{u<a}

then either the N-dimensional measure of the set {u < a}isequalto0or V(u — a) = O0in {u < a}. In both cases
we get (u — a)~ = 0 and hence u > a, in Q. In a completely similar way we prove that u < 8 in Q.
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Step 3. Problem (1.1) has at least one solution u with & < u < B in Q. Observe that the operator N = J satisfies
(h3) and (h4). By Remark 2.4 there exists a solution u of problem (3.4) which, by the result of Step 2, satisfies
a<u<pfin Q and, in particular, is a solution of (1.1) as well.

Part 2. Existence of extremal solutions. We know that the solutions of (1.1) are precisely the fixed points of
the operator 7. By the complete continuity of T proved in Remark 2.5, the closed bounded subset of C(l) Q),

S={ueCi(Q):u=Twanda<u<pBinQ},
is compact. In Part 1 we have seen that S is not empty.
Step 1. There exists min 8. For each u € 8, define the closed subset of §
Ky={zeS8:z<uinQ}.

The family {X, : u € 8} has the finite intersection property. Indeed, if u, ..., ux € 8,letup = min{uy, ..., ux}:
it satisfies a < up < 8 in Q. We prove the existence of a solution u of (1.1) with @ < u < ug in Q. For all
i=0,1,...,k, define the function y; : @ x R - R by

a(x) ifs<alx),

vi(x,s) = 1s if a(x) <'s < u;(x),

ui(x) ifu;(x) <s,

for all x € Q, and the operator F; : C%1(Q) — L®(Q) by
Fiw) = f(-, yi(-, w), V(yi(-, w)).

Next,wesetF = Fo — fozl |Fo — Fi| and observe that the operator N = F satisfies (h3) and (h4). By Remark 2.4
there exists a solution u of the problem

Vu
—div(—) _Jw) inQ,
V1 - |vul? (3.6)
u=0 on 0Q.
We prove now that any solution z of (3.6) satisfies a < z < ug in Q. We first notice that, foralli =0, 1, ...,k
and for a.e. x € Q, we have
Ti(2)(0) = flx, a(x), Va(x)) if z(x) < a(x),
and, hence,
F(2)(x) = flx, a(x), Va(x)) if z(x) < a(x); (3.7)
on the other hand, foralli=0,1,...,k, u; > up in Q, then we get, fora.e. x € Q,
Fi(2)(x) = Fi(ui)(x) = flx, ui(0), Vui(x))  if z(x) > u;(x). (3.9
Similarly to Step 2 in Part 1, testing now (3.1) and
Vz.-Vw
———dx= J’ F(z)wdx 3.9)
J V1 -|Vz|? 3 -
againstw=(z—-a)” € Wé’l(Q) and taking advantage of (3.7), we get
0< J < vz - va )-(Vz—Va)dx
V1i-|vzl2  1-|Va]?
{z<a}

< J (F(2) - f(x, a, Va))(z — @) dx = 0.

{z<a}
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We then deduce that z > ain Q. Forany givenj = 1, .. ., k, we will prove that z < ujin Q. Testing (2.1), where
u is replaced by u;, and (3.9) against w = (z — u;)* € W(l)’l(Q), and using (3.8) yield
\Y Vu;
J ( z >~ Y )-(Vz—Vuj)dx
) V1-|vz] \/1 — V|2
- | @@ - w, Vup) - up dx
{z>u;}

k
Fo(2) - fx, uj, Vuy) = Y |Fo(2) - ’JW(Z)I)(Z - uj) dx

i=1

g

k

Fo(2) - fix, uj, Vuj) - [Fo(2) - Fj(2)| - Y 1Fo(2) - ‘JW(Z)I)(Z - uj) dx
i=1
i#f

}(
{z>u]-}(
< [ @@ - fx,w, Vup - 190(2) - F@N)z - ) dx
{z>u;}
= | o2 -512) - 190@) - T2z - ) dx
{z>u;}
<0.

We then obtain z < u; in Q. Hence we conclude that z < ug in Q.

The estimates above prove that the solution u of (3.6) satisfies a < u < up < B in Q, therefore u is also
a solution of (1.1). In particular, we have u ¢ ﬂf-‘:l Ky, which entails the validity of the finite intersection
property for the family {X, : u € 8}. By the compactness of 8, there exists v € [),.s Ky. Clearly, v = min$§,
that is v is the minimum solution of (1.1) lying between «a and 8.

Step 2. There exists max 8. The procedure is similar to the one developed in the previous step.

Part 3. Degree computation. Let P be the operator defined by (2.12), where N = F. Let us assume that a and 8
are, respectively, a strict lower and a strict upper solution of (1.1). Since there exists a solution u of (1.1) with
a < u < Bin Q, and such a solution satisfies @ <« u <« Bin Q, it follows that @ < fin Q. Hence the set U defined
in (3.3) is a non-empty open bounded subset of C(l) (Q) such that there is no fixed point either of T or of P on
its boundary oU. Moreover, as 7 and P coincide in U, we have

deg(I - T, U, 0) = deg(I - P, U, 0).
Since P is fixed point free in B \ U, the excision property of the degree and (2.13) imply that
deg(I - P, U, 0) = deg(I - P,B,0)=1.
Thus we conclude that (3.2) holds. O

The counterpart result to Proposition 3.1, in the presence of a couple of non-ordered strict lower and strict
upper solutions of (1.1), is formulated below.

Proposition 3.2. Assume (h1) and (h2). Suppose that there exist a strict lower solution a and a strict upper
solution f of (1.1) with a £ B in Q. Then problem (1.1) has at least three solutions u1, uy, us with

Up<ux<us, w<pf, wita, u P, uzs>a inQ. (3.10)
Proof. The proof is divided into three steps.
Step 1. Construction of a modified problem. Set
M = max{[|@lloo, |Bloo 3diam(Q)}, (3.11)
and define fj; : Q x Rx RY — R by
fu(x,s,8) =n(s, Hf(x, s, §),
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where i : R x RV — R is a continuous function such that suppn ¢ [-(M + 1), M + 1] x B(0) and n(s, &) = 1
in [-M, M] x B1(0). Note that fy satisfies the L°>°-Carathéodory conditions. We consider the modified problem

Vu
—div(—2 ) = fyou, Vu) inQ,
<\/1—|Vu|2> fu

u=0 on 0Q.

(3.12)

Due to the choice of M, Remark 2.1 implies that any solution of (3.12) is a solution of (1.1), @ and 8 are strict
lower and upper solutions of (3.12), and the constants @ = —(M + 1) and B = M + 1 are strict lower and upper
solutions of (3.12), respectively.

Step 2. Degree computation. Let us define the following open bounded subsets of C} Q):
W= ueCl@):a<u<BinQand |Vulle < 1},
UE ={ueCiQ:a<u<pBinQand |Vule < 1},
u§ ={ueCiQ):a<u<pBinQand |Vule < 1}.

Notice that u{; C u§, uﬁ C ul;, and, as a £ S in Q, u§ n UIZ = (. Moreover, since both a and a are strict lower
solutions of (3.12), and f and j are strict upper solutions of (3.12), we have

0¢ (- Tl vl uard), (3.13)

where Ty : C>1(Q) — C}(Q) is the operator which sends any function v € C%'(Q) onto the unique solution
u € C(Q) of
o(Q)o . vu '
- d1v<—> =fulx,v,Vv) inQ,

V1 - |Vu|?
u=0 on 0Q.
Define now the following open bounded subset of C} Q):
v =18\ Wl uid).
By (3.13), using the excision property of the degree, we get
deg(@ - Tar, UP, 0) = deg(d - Tur, U2\ (1P U 1P), 0)
’ a’ ’ 174 (24 a’?
and hence the additivity property of the degree implies
deg(d - Ty, 12, 0) = deg(d - Ty, UE, 0) + deg(d - Ty, UL, 0) + deg(s - Ty, V, 0).
Since, by Proposition 3.1, we have
deg(J - Tor, UP, 0) = deg(7 - Toy, U2, 0) = deg(7 - Ty, U2, 0) = 1,

we finally get
deg(J - Tn, V,0) = -1.

Step 3. Existence of solutions. Since u{;, uﬁ, V are pairwise disjoint, the previous degree calculations imply
that there are three distinct fixed points uy, u», us of the operator T3y with

Uy € u/;, Uy € V, Uus € ug.
This means that
up <fB, uxza, utf, uz>»a inQ.

Let v and w be, respectively, the minimum and the maximum solution of (3.12) lying between & and j8. Then,
possibly replacing u; with v and us with w, we immediately conclude that (3.12) and, hence, (1.1) have three
distinct solutions for which (3.10) holds. O
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Remark 3.2. By combining Step 1 of Part 2 in the proof of Proposition 3.1 with the truncation argument of the

proof of Proposition 3.2, we infer that if a4, . . ., a, are lower solutions of (1.1) (respectively, 1, ..., Bn are
upper solutions of (1.1)), then there exists a solution u of (1.1) with u > max{ay, ..., a,} in Q (respectively,
there exists a solution u of (1.1) with u < min{B1, ..., Bn}in Q).

4 Existence, multiplicity and localisation results

In this section we formulate some existence, multiplicity and localisation results for problem (1.1), which are
consequence of the conclusions achieved in the previous section.

Theorem 4.1. Assume (h1) and (h2).
(i) Suppose that there exists a lower solution a of (1.1). Then problem (1.1) has at least one solution
u € W>7(Q), for all finite r > 1, with
u>a inQ.

(ii) Suppose that there exists an upper solution B of (1.1). Then problem (1.1) has at least one solution
u € W2'(Q), for all finite r > 1, with
u<p inQ.
(iii) Suppose that there exist a lower solution a and an upper solution j of (1.1) with a < j in Q. Then prob-
lem (1.1) has at least one solution u € W2'(Q), for all finite r > 1, with

a<us<p inQ.

(iv) Suppose that there exist a lower solution a and an upper solution j of (1.1) with a £ f in Q. Then prob-
lem (1.1) has at least two solutions us, u, € W2'(Q), for all finite r > 1, with

Up <uz, ur<pf, w=a inQ. (4.1)

(v) Suppose that there exist a strict lower solution a and a strict upper solution f of (1.1) with a £ B in Q. Then
problem (1.1) has at least three solutions u1, u,, us € W»7(Q), for all finite r > 1, with

Up<ux<us, <P, ur a, utf, uz>a in Q. (4.2)

(vi) Suppose that there exist lower solutions a, & and upper solutions B, B of (1.1) such that a and B are
strict, @ < min{a, } < max{a, f} < B and a £ 8 in Q. Then problem (1.1) has at least three solutions
Ui, Uz, u3 € W27(Q), for all finite r > 1, with

d<up<ur<uzs<pP, ui<pB, wra, utP, uz>a inQ. (4.3)

Proof. In order to prove (i), we consider the modified problem (3.12) constructed in Step 1 of the proof of
Proposition 3.2, with the choice
M; = max{||afeo, 3diam(Q)}.

By Remark 2.1, we see that any solution of the modified problem (3.12) with M = M; is a solution of the
original one (1.1). Let us set B = M, + 1. We have that a is a lower solution and B is an upper solution of (3.12)
with a < B inQ. By Proposition 3.1 there exists at least one solution u of (3.12) witha < u < B in Q, and hence
of (1.1).

A similar argument implies the validity of (ii).

The statement in (iii) follows from Proposition 3.1.

Let us prove (iv). Let a be a lower solution and 8 an upper solution of (1.1) with a £ f in Q. Let M be the
positive constant defined in (3.11) and set& = —(M + 1) and B = M + 1. Consider the modified problem (3.12).
Observe that a, & are lower solutions and f, B are upper solutions of (3.12), which satisfya < fand a < Bin Q.
According to (iii) and to Remark 2.1 applied to the modified problem (3.12), there exist two solutions u1, u;
of (3.12) which satisfy

a<u; <P, a<u<p inQ
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and |u;ll < M. Therefore u; and u, are solutions of (1.1). Proposition 3.1 provides a minimum solution v
and a maximum solution w of (1.1) lying between @ and f. Possibly replacing u; with v and u, with w, from
the assumption a % f in Q, we have u; < u, in Q, thus (4.1) holds.

The statement in (v) is precisely the one of Proposition 3.2.

We finally prove (vi). We define the function y : Q x R — R by

alx) ifs < a(x),

y(x,s) = 1s if a(x) < s < B(x),

Bx) ifBx) <s,
for all x € Q and the operator F : C%1(Q) — L®(Q) by

F) =fC,y(,w), Vy (-, u). (4.4)

We consider problem (3.4), where the operator on the right-hand side of the equation is given by (4.4). From
the proof of Proposition 3.1 we infer that any solution u of (3.4) satisfies @ < u < in Q. We notice that a
and B are still a strict lower solution and a strict upper solution of (3.4), respectively. Then, applying state-
ment (v) to problem (3.4), we deduce the existence of three solutions u1, u,, us of (3.4) which satisfy (4.2).
As& < uj < uy < u3 < Bin Q, we conclude that u1, u, us are solutions of (1.1), satisfying (4.3). O

We conclude with a kind of “universal” existence result. We notice that the solvability of (1.1), where the
right-hand side explicitly depends on the gradient, has been raised in [28] as an open question.

Theorem 4.2. Assume (h1) and (h2). Then problem (1.1) has at least one solution u € W»'(Q), for all fi-
niter > 1.

Proof. Set M = %diam(Q) and consider the modified problem (3.12). Take the constant functions in Q given
by a =-(M + 1) and B = M + 1. Then a is a lower solution and j8 is an upper solution of (3.12), which sat-
isfies & < B in Q. According to Proposition 3.1 and to Remark 2.1 applied to the modified problem (3.12),
there exists a solution u of (3.12) which satisfies & < u < B in Q, and ||ulleo < M. Therefore u is a solution of
problem (1.1). O

5 Stability analysis

In this section we show how certain stability properties of the solutions of problem (1.1) can be detected by
the use of lower and upper solutions. We introduce a concept of order stability and order instability, adapted
to the present setting from [24, Chapter I]. Our analysis follows patterns developed in [16-18].

Definition 5.1. We say that a solution u of problem (1.1) is order stable (respectively, properly order stable)
from below if there exists a sequence (a,), of lower solutions (respectively, proper lower solutions) such that,
for each n, oy, < apyq in Q and limy, 1o @y = u in C*1(Q).

We say that a solution u of problem (1.1) is order stable (respectively, properly order stable) from above if
there exists a sequence (B,), of upper solutions (respectively, proper upper solutions) such that, for each n,
Bn > Bns1in Q and limy,_ o0 Bn = u in C%1(Q).

We say that a solution u of problem (1.1) is order stable (respectively, properly order stable) if u is order
stable (respectively, properly order stable) both from below and from above.

Definition 5.2. We say that a solution u of problem (1.1) is order unstable (respectively, properly order
unstable) from below if there exists a sequence (8,), of upper solutions (respectively, proper upper solu-
tions) such that, for each n, B < Bns1 in Q and limp_, o0 Bn = u in CO1(Q).

We say that a solution u of problem (1.1) is order unstable (respectively, properly order unstable) from
above if there exists a sequence (ay,), of lower solutions (respectively, proper lower solutions) such that, for
each n, a, > ap.1 in Q and limy,_, o0 &y = u in CO1(Q).
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We begin by stating some preliminary results.

Lemma 5.1. Assume (h1) and (h2). Let § be a non-empty set of solutions of (1.1). Then there exist a minimal
solution v of (1.1) and a maximal solution w of (1.1) in S, where S is the closure in C1(Q) of S.

Proof. We only prove the existence of a maximal solution w; the proof of the existence of a minimal solution v
being similar. Let us fix r € [N, +oo[. We first notice that, as any solution u € 8 satisfies [|u]lo < % diam(Q) and
IVuleo < 1, assumption (h2) and Lemma 2.2 imply that

sup |lullcr < +oo (5.1)
ues
and
sup |lullw2r < +0o. (5.2)
ues

Next we show that (8, <) is inductively ordered. Let € = {u; : i € I} be a totally ordered subset of $ and let
us prove that € has an upper bound in 8. Set, for each x € Q,
u(x) = sup ui(x).
iel
Let D = {x;; : m € IN} be a countable dense subset of Q and define a sequence in C as follows: for n = 1, take
u; € Csuch that ui(x1) > u(x1) - 1, for n = 2, take u, € € with u, > uy in Q such that u>(x2) > u(xz) - 1,
U (x1) > u(xy) - %, and so on. In this way, we construct a sequence (u,), in € with

ulguzg"'sunsun+1g"' inQ,

such that u,(xx) > u(xy) - % for k=1,...,n. Itis clear that (u,), converges to u pointwise on D. On the
other hand, as (uy), satisfies (5.1) and (5.2), we conclude that any subsequence of (uy), has a further sub-
sequence which converges weakly in W27(Q) and strongly in C 1(Q) to some function it € W27(Q). Actually,
by monotonicity, the whole sequence (u,), converges pointwise in Q to i1, which is therefore independent of
the chosen subsequence. Hence we infer that (uy), converges weakly in W2'(Q) and strongly in C1(Q) to i,
which is a solution of (1.1). Moreover, we have it = uon D and & < u in Q. Let us show that & = u in Q. Indeed,
otherwise, one can find a point xo € Q and a function ug € €such that &i(xg) < up(xo) < u(xo). The continuity
of both & and ug and the density of D in Q yield a contradiction. This proves that u € $ is an upper bound
of C.

Finally, since (8, <) is inductively ordered, Zorn lemma guarantees the existence of a maximal ele-
ment w € 8. O

The following elementary result is immediately deduced from [17, Lemma 2.1] and [18, Proposition 1.10]: it
will be crucial in the sequel in order to supply some monotonicity to problem (1.1) or to variations thereof.

Lemma 5.2. Assume that f: Q x R x RN — R satisfies the L*-Carathéodory conditions. Then, for each p > 0,
there exists a L*°-Carathéodory function h : Q x R x R x RN — R such that

(i) fora.e.x € Qandevery (r, &) € [-p, p] xRN, h(x, -, 1, §)|[_p,py is Strictly increasing,

(ii) fora.e.x € Q andevery (s, &) € [-p, p] xRN, h(x, s, -, &)l(-p,p) s strictly decreasing,

(iii) for a.e. x € Q and every (1, s, &) € [-p, p] x [-p, p] x RN, h(x, s, 1, &) = ~h(x, 1, 5, &),

(iv) for a.e. x € Q and every (r, s, &) € [-p, p] x [-p, p] x RN withr < s,

If(x, 5,8 = fx, 1, §)| < h(x, 5,1, §).
We first prove the following technical conclusion.

Lemma 5.3. Assume (h1) and (h2). Let z be a solution of (1.1).

(i) If a is a proper lower solution of (1.1) such that a < z in Q, then there exists a proper lower solution &
of (1.1), satisfying & € W2'(Q), for all finiter > 1, & =00n 0Q, and a < & < zin Q.

(i) If B is a proper upper solution of (1.1) such that B > z in Q, then there exists a proper upper solution B
of (1.1), satisfying B € W>"(Q), for all finiter > 1, B =0 0on 0Q, and z < B < Bin Q.
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Proof. We only prove the former statement; the proof of the latter being similar. Let h be the function associ-
ated with f by Lemma 5.2 and corresponding to p = max{||a|, [|z]lco}. Consider the problem

Vu

—div| ——
(e

) = f(x, a, Vu) — h(x, u,a,Vu) inQ,
(5.3)

u=0 on 0Q.

The right-hand side of the equation satisfies the L°°-Carathéodory conditions. Moreover, as a is a proper
lower solution and z is a proper upper solution of (5.3) with a < z in Q, Proposition 3.1 implies that (5.3) has
a solution &, satisfying a < & < z in Q. The properties of h imply that @& is a proper lower solution of
problem (1.1). O

Now we state an order stability result. We point out that our conclusions are obtained without assuming any
additional regularity condition on f, like, e.g., Lipschitz continuity, as it is generally required to associate an
order preserving operator with the considered problem (see, e.g., [1, 24]).

Proposition 5.4. Assume (h1) and (h2). Let z be a solution of (1.1).

(i) Suppose that there exists a proper lower solution & of (1.1) such that z > a in Q and there is no solution u
of (1.1) satisfying a < u < z in Q. Then z is properly order stable from below.

(ii) Suppose that there exists a proper upper solution f of (1.1) such that z < f in Q and there is no solution u
of (1.1) satisfying z < u < B in Q. Then z is properly order stable from above.

Proof. We only prove the former statement; the proof of the latter being similar. Repeating recursively the
argument in the proof of Lemma 5.3, we get a sequence of proper lower solutions (ay), such that ap = a and,
foreachn > 1, a, € W27(Q), for all finiter > 1, a < a,_1 < a, < zin Q, and ay, is a solution of

Vu

(T
V1 - |Vu|?

) = f(x, an-1, Vu) — h(x, u, ay_1, Vu), inQ,

u=0 on 0Q,

where h is defined as in Lemma 5.3. Arguing as in the proof of Lemma 5.1, we see that the sequence (ay)n
converges weakly in W2 (Q) and strongly in C! (Q) to a solution u of (1.1), which satisfies a < u < zin Q and
therefore must be z. O

Proposition 5.4 immediately yields the proper order stability from below of the minimum solution and the
proper order stability from above of the maximum solution of (1.1), lying between a couple of proper lower
and upper solutions a and  with a < f8.

Theorem 5.5. Assume (h1) and (h2). Suppose that a and B are, respectively, a proper lower solution and
a proper upper solution of (1.1) with a < B in Q. Then the minimum solution v and the maximum solution w
of (1.1), lying between a and B, are, respectively, properly order stable from below and properly order stable
from above.

We now provide the basic tool for carrying out our analysis further.

Lemma 5.6. Assume (h1) and (h2). Suppose that us, u, are solutions of (1.1) such that u; < u5 in Q and there

is no solution u of (1.1) with uy < u < us in Q. Then one of the following statements holds.

«  There exists a sequence (&), of proper lower solutions of (1.1) such that, for each n, a, € W»'(Q), for all
finiter > 1, an, = 00n 0Q, and u; < ay < u in Q, which converges weakly in W27 (Q) and strongly in C1(Q)
to uq.

«  There exists a sequence (Br), of proper upper solutions of (1.1) such that, for each n, B, € W>7(Q), for all
finiter > 1, 8, =00n0Q,and uy < fp < uzin Q, which converges weakly in W' (Q) and strongly in cl(Q)
to u,.

Proof. The proof is inspired by [17, Lemma 2.8] (see also [18, Lemma III-3.1], [16, Proposition 2.18]). As in
Proposition 3.1 we define a function
y: OxR—>R
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by setting, for all x € Q,
u(x) ifs < uy(x),
yY(X,8) = 1s ifup(x) <s <uz(x),
ur(x) ifur(x) <s.
Clearly, y is continuous and, for each x € Q, y(x,-) : R - Risincreasing. Fori = 1, 2, let us set, fora.e. x € Q

and every € > 0,

wi(x, &) = I|I§|3X If(x, ui(x), Vui(x) + &) — flx, ui(x), Vu;(x))l,

and, fora.e. x € Q and every s € R,

w1, ur(x) —s)  ifs <up(x),
w(x,8)=40 ifui(x) <s <uy(x),
—wy(x, s —uy(x)) ifuy(x) <s.

Let h be the function introduced in Lemma 5.2, associated with f and p = max{|[u1]lco, [U2]lc0}, and consider
the following problems:

Vu
—div( ————— ) = f(x, y(x, u), Vu) + w(x, u) inQ,
<v1—|Vu|2) (5.4)
u=0 on 0Q,
and, for y € [0, 1],
( div(%) = u(f(x, y(x, u), Vu) + w(x, u))
1 + (1 = W (fx, ug, Vu) + h(x, ug, y(x, u), Vu) + w(x, u)) inQ, (5.5)
u=0 on 0Q,
and
_div(%) = u(f(x, y(x, u), Vu) + w(x, u))
1 + (1 - W (f(x, uz, Vu) + h(x, uz, y(x, u), Vu) + w(x, u)) inQ, (5.6)
u=0 on 0Q.

Clearly, the right-hand sides of the equationsin (5.5) and (5.6) satisfy the L°>°-Carathéodory conditions. Notice
that, if u is a solution of (5.4) satisfying u; < u < u5 in Q, then u is a solution of (1.1). Moreover, the choice
u = 1 reduces both problems (5.5) and (5.6) to (5.4).

Claim 1. Foranyu € [0, 1], every solution u of (5.5), or (5.6), satisfies uy < u < u, in Q. Inparticular, u; and u,
are the only solutions of problem (5.4).

Let u be a solution of (5.5). We prove that u > u; in Q. Set v = u — u; and assume that ming v < 0. Let xo
be such that v(xp) = ming v < 0 and let Qg be the maximum open connected subset of Q such that xo € Qo
and v(x) < 0 for all x € Qo. Define K = {y € Qo : v(y) = ming v}. For each y € K pick an open ball B(y) cen-
tered at y with B(y) ¢ Qo and such that |Vv| < |v| in B(y). As K is compact, there exists a finite open covering
O = UL, B(y;) of K. Let Og be a connected component of O. Clearly, Oy is a bounded domain with Lipschitz
boundary 00y. Then we have

- diV(%) = u(fx, y(x, u), Vu) + w(x, u)) + (1 = p)(f(x, ug, Vu) + h(x, ug, y(x, u), vu) + w(x, u))

= f(x, u1, Vu) + wi(x, [v])

> f(x, u1, Vu) - f(x, u1, Vuq + Vv) + f(x, ug, Vuq)
. Vuy
- _div —)
( \/1 - |Vl.l1|2
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in Og. Lemma 2.1 applies and yields

minv < minv,
600 OO

which is a contradiction, as 99 does not contain any minimum point of v in Qq. To prove that u < u, in Q
we argue similarly: set v = u, — u, define K and Qg as above and observe that, by the properties of h, we have

= pf(x, uz, Vu) + (1 — p)(f(x, ur, Vu) + h(x, uy, uz, vu)) + w(x, u)

Vu
aw( L)
V1 = |Vul?
< pf(x, up, Vu) + (1 - pf(x, uz, Vu) + w(x, u)
< flx, uz, Vu) = wa (x, |v])
. Vu,
< —div| ———
< =)

in Og. The conclusions for (5.6) follow in a symmetric way.

Claim 2. For every u € [0, 1], any solution of (5.5) is a lower solution of (1.1) and any solution of (5.6) is an
upper solution of (1.1).

Fix u € [0, 1] and let u be a solution of (5.5). By Claim 1, we have u; < u < u; in Q and hence, in particular,
If(X’ u, Vu) —f(X, u, Vu)l < _h(X9 Uy, u, Vu)
in Q. Therefore we obtain

- div( = uf(x, u, Vu) + (1 - p)(f(x, u1, Vu) + h(x, uq, u, vu))

Vu )
V1 - |Vu|?

< pflx, u, Vu) + (1 - f(x, u, Vu) = f(x, u, Vu)
in Q. Similarly we prove the result for a solution u of (5.6).

Claim 3. For every § > 0, uy - 6 is a strict lower solution of (5.5) with u = 0, and u; + 6 is an upper solution
of (5.5) with u = 0. For every § > 0, u, — 6 is a lower solution of (5.6) with u = 0, and u; + 6 is a strict upper
solution of (5.6) with u = 0.

Observe that w(-, u; — 8) > 0in Q. Hence we compute
_dlv(v(ul—_&) = f(x’ uy, Vuq)
V1-1V(uy - 6)?

< fix, uq, V(ug = 6)) + h(x, u1, y(x, u1 = 6), V(uy - 9)) + w(x, us — 6)

in Q. This means that u; — § is a lower solution of (5.5) with u = 0. Note that u; — § is strict; indeed, if u is
a solution of (5.5) satisfying u > u; — 6in Q, then u > u; > u; - §in Q.

Consider now u; + 6. Observe that w(-, u; + 6) <0and h(-, uy, y(-,u1 +6), V(uy + 6)) <0in Q. Hence
we compute

—div( V(uq +6)

m) = f(x, uy, Vuq)

> f(x, uy, V(ug + 8)) + h(x, u1, y(x, uy + 6), V(uy + 6)) + w(x, us + 6)

in Q. This means that u; + 6 is an upper solution of (5.5) with u = 0.
The proof for u; — § and u, + 6 is symmetric.

Claim 4. Suppose that, for all 6, > 0, there exists § € 10, 81 such that uq + 8 is an upper solution of (5.5) with
u = 0 which is not strict. Then there is a sequence (a,)n of proper lower solutions of (1.1) such that, for each n,
an € W2T(Q), forall finiter > 1, a, = 0 on 0Q, and u; < an < Uy in Q, which converges weakly in W7 (Q) and
strongly in C1(Q) to u;.

By assumption we can find a decreasing sequence of numbers (6,),, satisfying lim,_,. 6, = 0, and, for
each n, a solution us, of (5.5) with p = 0 satisfying us, < min{u; + 6, uz} in Q, and some x5, € Q with
us, (xs,) = u1(xs,) + 6,; in particular, |u; — us, oo = 65. Observe that us, is a proper lower solution of (1.1).
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Moreover, by Lemma 2.2, there is a constant ¢ > 0 such that |lus, |lw2r < ¢ for all §,. Therefore we can easily
construct a sequence (ay), of proper lower solutions of (1.1) such that, for each n, a, € W>7(Q), for all finite
r>1,a, =00n0dQ,and u; < a < u, in Q, which converges weakly in W?'(Q) and strongly in C*(Q) to u;.

Claim 5. Suppose that, for all §1 > 0, there exists § € 10, 61[ such that u, — 6 is a lower solution of (5.6) with
u = 0 which is not strict. Then, there is a sequence (By)n of proper upper solutions of (1.1) such that, for each n,
Bn € W>T(Q), for all finiter > 1, B, =0 0on 0Q, and u, > B > uy in Q, which converges weakly in W7 (Q) and
strongly in C1(Q) to u>.

The proof is similar to that one of Claim 4.

Conclusion of the proof. By Claim 4 and Claim 5 we may suppose that there exists §; > 0 such that, for all
6 €10, 61[, uy + 6 is a strict upper solution of (5.5) with u = 0, and u, — § is a strict lower solution of (5.6)
with y = 0. Assume, for convenience, that §; < %Ilu1 — Uy |leo- Forall 6 € ]0, §1[ we set

U ={ueClQ):u; -6 <u<u+6inQand |[Vulle < 1}
and
ug ={ue C(l,(ﬁ) tUy -6 < u < Uy +6in Qand |[Vulle < 1}.

Moreover, for all u € [0, 1], we consider the solution operators Ty y, T2y : Cco1(Q) —» C(l)(ﬁ) associated with
problems (5.5) and (5.6), respectively. Since u; — 6§ and u; + 6 are strict, Proposition 3.1 yields

deg(J - T1,0,U%,0) = 1. (5.7)

Similarly we have
deg(J - T2,0, U3, 0) = 1. (5.8)

We also set
U={uce C(l)(Q) - l<u<uy+1inQand |Vulle < 1},

and we consider the solution operator 7 : c%1(Q) —» C}) (Q) associated with problem (5.4). Note that
J11=T21=17.

Observe that u; — 1 and u; + 1 are, respectively, a strict lower solution and a strict upper solution of (5.4).
Therefore Proposition 3.1 yields
deg(J-T,U,0) = 1.

Using the fact that u; and u, are the only fixed points of T, we conclude, by the additivity and the excision
properties of the degree, that

1=deg(J -7, U, 0) =deg(d - T, U UUS, 0) = deg(J - T, US, 0) + deg(J - T, US, 0). (5.9)

Now, let us assume that, for every §y > 0, there exists § € ]0, §o[ such that, for every u € [0, 1], problem (5.5)
has no solution on au‘f and problem (5.6) has no solution on aug. The homotopy property of the degree then
implies, by (5.7) and (5.8),

deg(d - T,US,0) = deg(J - T1,1, U, 0) = deg(J — Ty,0,US,0) = 1

and
deg(j - {I’ ug) 0) = deg(j - 72,11 ugy O) = deg(j - (IZ,O’ ugs 0) = 1’

thus contradicting (5.9).

Therefore, we conclude that there is 6o > 0 such that, for all § € ]0, §¢[, either there is a solution as of
problem (5.5), for some u € [0, 1], such that as € au‘j, or there is a solution s of problem (5.6), for some
u € [0, 1], such that s € aug‘. In the former case, the condition as € auf, together with Claim 1, implies that
U; < ag < min{u,, u; + 6} in Q and |u; - aslle = 6. By Claim 2, as is a lower solution of (1.1). Moreover, by
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Lemma 2.2, there is a constant C such that ||as| w2 < C for all §. Therefore we can easily construct a sequence
(an)n of proper lower solutions of (1.1) such that, for each n, a, € W27(Q), for all finiter > 1, a, = 0 on 9Q,
and u; < a, < Uy in Q, which converges weakly in W?'(Q) and strongly in C 1(Q) to u;. In the latter case,
arguing in the same way, we can construct a sequence (85,), of proper upper solutions of (1.1) such that,
for each n, B, € W>"(Q), for all finite r > 1, B, =0 on 0Q, and u; < B, < u in Q, which converges weakly
in W27 (Q) and strongly in C}(Q) to us. O

Lemma 5.6 yields in particular the existence of sequences of lower or upper solutions connecting a couple of
consecutive solutions of (1.1).

Corollary 5.7. Assume (h1) and (h2). Suppose that ui, u, are solutions of (1.1) such that u; < u, in Q and

there is no solution u of (1.1) withuy < u < up in Q. Then one of the following statements holds.

o There exists a double sequence (&) mez Of proper lower solutions of problem (1.1) such that, for each m,
am € W2T(Q), forall finiter > 1,y = 00n 0Q, and uq < &y < Us in Q, which converges weakly in W7 (Q)
and strongly in C* (Q) to u; as m — —oo and to u as m — +co.

o There exists a double sequence (Bm)mez of proper upper solutions of problem (1.1) such that, for each m,
Bm € W2T(Q), forall finiter = 1, By = 00n 0Q, and uy < B < uy in Q, which converges weakly in W7 (Q)
and strongly in CY(Q) to u, as m — —oo and to uy as m — +co.

Proof. The conclusion follows just combining Lemma 5.6 with Proposition 5.4. O

We now prove a result which provides the existence of order stable solutions of (1.1) in the presence of lower
and upper solutions a, § with a < B in Q. It also yields information about the topological structure of the set
of the order stable solutions lying between a, f3.

Theorem 5.8. Assume (h1) and (h2). Suppose that a is a proper lower solution and B is a proper upper solution
of (1.1) satisfying

a<p inQ.

Let v and w be, respectively, the minimum solution and the maximum solution of (1.1), lying between a and f.
Then there exists a non-empty totally ordered compact and connected set K in C1(Q) such that every u € X is
an order stable solution of (1.1) satisfying v < u < w in Q; moreover, u; = min X is properly order stable from
below and u, = max X is properly order stable from above.

Proof. Letusdenote by 8; the set of all solutions u of (1.1) witha < u < Bin Q which are properly order stable
from below. Since the minimum solution v is properly order stable from below, 81 is not empty. By Lemma 5.1
there exists a maximal solution u; € Sy, which, by a diagonal argument, is easily proved to be properly order
stable from below and, hence, u; € 8;.

Let us denote by 8, the set of all solutions u of (1.1) with u; < u < Bin Q which are properly order stable
from above. Since the maximum solution w is properly order stable from above, 8, is not empty. Arguing as
above, we prove that there exists at least one minimal element u, € 8, with u; < u in Q.

If u; = u,, the conclusion is achieved. Therefore, let us suppose that u; < u; in Q and let us denote by 83
the set of all solutions u of (1.1) with u; < u < u> in Q.

Let us observe that there is no proper lower solution and no proper upper solution of (1.1) between u;
and u,. Indeed, if we assume that there exists, for instance, a proper lower solution a* with u; < a* < u;
in Q, and we denote by z the minimum solution of (1.1) with a* < z < u, in Q, Proposition 5.4 implies that z
is properly order stable from below, thus contradicting the maximality of u;.

Next, we prove that if z1, z» € 83 with z; < z, in Q, then there exists a solution z3 of (1.1) such that
z1<z3<2zin Q. Indeed, if we assume that there is no solution z of (1.1) with z; < z < z; in Q, then
Lemma 5.6 guarantees either the existence of a proper lower solution a* with z; < a* < z, in Q, or the
existence of a proper upper solution f* with z; < 8* < z, in Q, thus contradicting our preceding conclusion.

Now, let us fix a solution ug € 83 and denote by 8(up) a maximal totally ordered subset of 85 with
Up € 8(up), which exists by Zorn lemma. Note that uq, u, € 8(up) and for every z1, z» € S8(up) with z; < z;
in Q, there is z3 € $(uo) such that z; < z3 < 2z, in Q.
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Since S(up) is bounded in C!(Q), arguing as in the proof of Lemma 5.1, we conclude that it is bounded
in W27(Q), for any fixed r € N, +co[, and therefore it is relatively compact in C(Q). In order to prove that
8(up) is compact, let us show that it is closed in C1(Q). Let (z,), be a sequence in 8(up) converging in C LQ)
to some function z € C1(Q). It is clear that u; < z < u, in Q. As in the proof of Lemma 5.1, we also see that
z € W27(Q) and it is a solution of (1.1). Let us show that z € S(ug), that is, for each u € S(up), either u < z or
u > zin Q. Assume by contradiction that there exists u € 8(ug) such that u £ zand u # zin Q,ie.,

min{||(u - 2)"lloo, I(u = 2)7lleo} > 0.

Take n such that
Izn = Zlloo < mMin{l(u - 2)lloo, (U — 2)"lloo}

and suppose, for instance, that z, > u in Q. We have (z, — 2)* > (u - 2)* in Q and hence
(U= 2)"lleo < 1(zn = 2)"lloo < 120 = Zlloo < (U = 2)" [0,

which is a contradiction. Thus we conclude that z € S(up) and hence 8(ug) is compact.

Now, take a continuous linear functional £ : C!(Q) — Rsuch that £(u) > 0ifu > 0in Q. Since £(S(ug)) ¢ R
is compact and €|gy,) is strictly increasing, £|s(y,) is @ homeomorphism between S(up) and €(8(up)). Since
£(8(up)) is also dense into itself, with respect to the ordering of R, €(S8(uo)) is an interval. Accordingly, $(uo)
is connected.

Finally, it is clear that every u € 8(ug) is order stable and u; = min 8(up) and u, = max 8(uo) are, respec-
tively, properly order stable from below and properly order stable from above. The conclusion then follows
setting K = S(uop). O

The following result is a counterpart, concerning instability, of Proposition 5.4.

Proposition 5.9. Assume (h1) and (h2). Let z be a solution of (1.1).

(i) Suppose that there exists a strict lower solution a of (1.1) such that a ¢ z in Q and there is no solution u
of (1.1) satisfying u > z and u # a in Q. Then z is properly order unstable from above.

(ii) Suppose that there exists a strict upper solution B of (1.1) such that B # z in Q and there is no solution u
of (1.1) satisfying u < z and u £ B in Q. Then z is properly order unstable from below.

Proof. We prove only the former statement; the proof of the latter being similar. Define
= {u : uis a solution of (1.1) with u > max{a, z} in Q}.

Remark 3.2 implies that 8 # @. Hence, by Lemma 5.1, there exists a minimal solution v € 8. Since a is a strict
lower solution, we have v > a and hence v > max{a, z} in Q. Let us observe that there is no solution u
of (1.1) such that z < u < v in Q. Indeed, if u were such a solution, by the minimality of v, it should satisfy
u ¥ max{a, z} in Q and hence u # a in Q. This contradicts the assumptions on z.

Then Lemma 5.6 implies that either there exists a sequence (a,), of proper lower solutions of (1.1) such
that, for each n, a, € W27(Q), for all finiter > 1, a, = 0on 9Q, and z < a, < vin Q, which converges weakly
in W27 (Q) and strongly in C! (Q) to z, or there exists a sequence (B,), of proper upper solutions of (1.1) such
that, for each n, 8, € W>'(Q), for all finiter > 1, B, =0on 0Q, and z < B, < vin Q, which converges weakly
in W27(Q) and strongly in C*(Q) to v.

Let us show that the latter alternative cannot occur. Indeed, otherwise, as v > a in Q, we could find
an upper solution ﬁ of (1.1) with max{a, z} < [3 < v in Q. Hence there should exist a solution u of (1.1)
with max{a, z} < u < ﬁ in Q and therefore z < u <vin Q, as z ¢ a in Q. This yields a contradiction with
a preceding conclusion. Therefore, the former alternative necessarily occurs, that is, z is properly order
unstable from above. O

An immediate consequence of these statements is the following instability result, in the presence of a lower
solution a and an upper solution f§ satisfying the condition a ¢ 8 in Q. Let us set

V={ueC(Q):uzaandu ¢ finQ}.
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Theorem 5.10. Assume (h1) and (h2). Suppose that a is a strict lower solution and S is a strict upper solution
of (1.1) satisfying

atpf inQ.
Then any minimal solution v of (1.1) in V is order unstable from below and any maximal solution w of (1.1)
in V is order unstable from above.

Remark 5.1. Proposition 3.2 and Lemma 5.1 guarantee the existence of minimal and maximal solutions
of (1.1) in V.

We conclude with a kind of “universal” result concerning the existence of order stable solutions.

Theorem 5.11. Assume (h1) and (h2). Then there exists a non-empty totally ordered compact and connected
set X in C1(Q) such that every u € X is an order stable solution of (1.1). Moreover, any minimal solution of (1.1)
is properly order stable from below and any maximal solution of (1.1) is properly order stable from above.

Proof. We argue as in Theorem 4.2 to construct a constant lower solution & and a constant upper solution j3.
The conclusions are then achieved by applying Theorem 5.8 and Proposition 5.4 to the modified problem
(3.12) and by observing that the solutions of (3.12) are precisely the solutions of (1.1). O
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