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ABSTRACT. We study the structure of the set of the positive regular solutions of the one-
dimensional quasilinear Neumann problem involving the curvature operator

~ (W VTF @) = Aa@)f(w), W' (0)=0, W'(1) =0,

Here A € R is a parameter, a € L'(0,1) changes sign, and f € C(R). We focus on the case
where the slope of f at 0, f'(0), is finite and non-zero, and the potential of f is superlinear
at infinity, but also the two limiting cases where f’(0) = 0, or f'(0) = +o0, are discussed.
We investigate, in some special configurations, the possible development of singularities and
the corresponding appearance in this problem of bounded variation solutions.

1. INTRODUCTION

The main goal of this paper is analyzing the positive regular solutions of the quasilinear Neumann
problem

_ <1+(u/)2> = da(z)f(u), 0<z <1, (1.1)
u'(O) = u’(l) =0,

where A\ € R is a parameter, a € L*(0,1), and f € C(R). By a regular solution we mean a function
u € W21(0,1) which satisfies the equation a.e. in (0, 1) and the Neumann conditions v’ (0) = u/(1) = 0.
We also assume that the weight a changes sign, f vanishes at 0 and is strictly increasing, and the
potential of f,

F(u) := /Ou f(s)ds, (1.2)

is superlinear at infinity. As we shall see, under these assumptions on f, the existence of a positive
solution of (1.1) entails that the sign of @ must change. This research is also motivated by the large
amount of studies devoted to the existence of positive solutions for semilinear elliptic problems with
indefinite nonlinearities, that started nearly three decades ago with [6, 1, 2, 8, 7, 3] and since then
have had a tremendous development in several different directions.

Date: September 27, 2016.

2010 Mathematics Subject Classification. Primary: 35J93, 34B18; Secondary: 35B32, 34A47, 34B15,
35B36.

Key words and phrases. quasilinear equation, prescribed curvature equation, Neumann boundary condition,
indefinite weight, positive solution, regular or singular solution, bounded variation solution, local and global
bifurcation, topological degree, critical point theory.

The first and the second named authors have been supported by “The Spanish Ministry of Economy and
Competitiveness of Spain under Research Grants MTM2012-30669 and MTM2015-65899-P”, and by the IMI
of Complutense University. The second named author has been also supported by “Universita degli Studi di
Trieste — Finanziamento di Ateneo per Progetti di Ricerca Scientifica — FRA 2015”. This paper was written
under the auspices of INAAM-GNAMPA.

1



2 J. LOPEZ-GOMEZ, P. OMARI, AND S. RIVETTI

This problem is a special one-dimensional counterpart of the elliptic problem

Vu .
v <\/m> = h(x,u), m Q, (13>

__Vuv =0, on 0,
V14| Vul?
which plays a relevant role in the mathematical analysis of various physical or geometrical issues, such
as when describing capillarity phenomena for incompressible fluids, or modeling reaction-diffusion
processes where the flux response to an increase of gradients slows down and ultimately approaches
saturation at large gradients, or studying prescribed mean curvature problems for cartesian graphs in
the Euclidean space; significant references related to these topics include [34, 51, 9, 16, 25, 21, 29, 27,
24, 30, 31, 28, 33, 13].
It is a well established fact that introducing the mean curvature operator

_% div (Vu/ /T [Vul)

determines a deep impact on the morphology of the solution patterns of elliptic problems, the most
notable of which is the possibility of discontinuous equilibrium states [33, 10, 11, 45, 13, 47, 18,
17]. Accordingly, the space of bounded variation solutions is usually considered as an appropriate
framework where settling problem (1.3), and hence a suitable notion of solution, involving a variational
inequality, has been introduced and systematically used in, e.g., [44, 35, 45, 46, 47, 48, 49, 18, 41]. Tt
was also noticed in [46] that, by virtue of the results in [5], such definition, when referred to (1.1), can
be reformulated as follows: a function v € BV (0,1) is a bounded variation (BV, for short) solution

of (1.1) if
1 1 1
(Du)* (Dop)* (D“) Do s _
/0 D e [ (1) g 109 /Oaf(u)qbdar,

for all ¢ € BV(0,1) such that |D¢[® is absolutely continuous with respect to |Dul®. Here, for any
given v € BV(0,1),

Dv = (Dv)*dx + (Dv)®
is the Lebesgue-Nikodym decomposition of the measure Dwv, the distributional derivative of v, in its
absolutely continuous part (Dv)?*dz, with density function (Dv)?, and its singular part, (Dv)®, with
respect to the Lebesgue measure in R. If | Dv| denotes the absolute variation of Duv,

|Dv| = |Dv|*dz + | Dol

Dv
[Dv]
of Dv with respect to its absolute variation |Dv|. We refer to [4] for additional information about
bounded variation functions.

is the Lebesgue-Nikodym decomposition of |Dwvl|; in addition, stands for the density function

In strong contrast with the semilinear case, no result can be found in the available literature
concerning the existence of positive solutions of (1.3) in the presence of indefinite superlinear nonlin-
earities. Therefore, in our recent paper [41] we began this study, starting from the simplest prototype
problem (1.1), and providing several existence and multiplicity results in the frame of bounded vari-
ation solutions, under various configurations at 0 and at infinity of the potential F' of f. By using
variational methods, in [41] we proved among others the following theorem.

Theorem 1.1. Assume that
e a € LY0,1) is such that fol adx <0 and a(x) > 0 a.e. on an interval K C [0,1],

e the function a changes sign finitely many times in (0,1), in the sense that there is a decom-
position
k
[0, 1] = U[ai,ﬂi], with a; < ﬁz =41 < 61‘_‘_1, fOT‘i =1,.. .,k -1,

i=1
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such that

(—=)a(z) >0 ae. in (agfB), fori=1,... k,
or

(—1)a(z) <0 ae. in (o fB;), fori=1,... k.

e f € CY(R) is such that f(0) =0 and f'(u) > 0 for u >0,

e there exist ¢ > 1 and h > 0 such that

F
im 20
u—+oo u4

)

o there exists ¥ > 1 such that
IF(u) — flu)u

lim ———————— =0,
U—+00 U
e there exists
F
lim (u) =1,
u—0 u2

with F defined in (1.2).
Then, there is \* > 0 such that, for all A € (0, \*), there exists a bounded variation solution u of
(1.1), with essinfu > 0. This function w is such that
u € W2’1(a7ﬁ) NWhi(a,B)

loc

for each interval (o, ) C (0,1) where the function a has a constant sign. Moreover, u € VVI?)C1 [0, ),
with v'(0) = 0, if « = 0, while u € W/li’cl(a, 1], with v/(1) =0, if 8 = 1. In addition, for every pair
of adjacent intervals, (o, 8), (8,7) C (0,1) with a(z) > 0 a.e. in (o, ) and a(z) < 0 a.e. in (5,7)
(respectively, a(x) <0 a.e. in (a, B) and a(x) > 0 a.e. in (8,7)), either

u e Wit (a,7),

loc

w(B7) > w(BT) and W'(B7) = —oo=u'(7)
(respectively, uw(B7) <u(Bt) and ' (B7) = +oo =u'(BT)),

where u'(87),u'(8T) are, respectively, the left and the right Dini derivatives of u at 3. Finally, u
satisfies the equation in (1.1) a.e. in [0,1].

This kind of bounded variation solutions, which are piecewise regular, but possibly discontinuous,
will be in the sequel referred to as singular solutions of (1.1). However Theorem 1.1, yielding only the
existence of positive singular solutions, which in some cases are the only solutions one may expect,
leaves completely open the question of ascertaining the existence of positive regular solutions. In this
paper we mainly address this issue: in order to fill this gap, we provide several information about
the structure of the set of the positive regular solutions of (1.1) and we investigate the development
of singularities and the inherent formation of bounded variation solutions, so establishing a direct
connection between the existence results obtained in this work and those in [41], in particular with
Theorem 1.1.

Let us now introduce the precise assumptions that will be used throughout most of this paper. In
many circumstances, we will suppose that

(Ha) a € L>(0,1) changes sign in [0, 1],
and sometimes we will also assume that

(Hf) f e CYR) satisfies f(0) =0, f/(0) =1> 0, f'(u) > 0 for all u > 0.
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The condition (Hf) can be relaxed up to assume f/(0) > 0 by inter-exchanging A by p := Af/(0) in
(1.1). According to it, the associated potential F' satisfies
F'(u) fw) —f(0) 1

. = lim 2 2
u—0 U u—0 2u u—0 2u 2

Hence, F' is quadratic at 0. Most of the results of this paper under condition (Hf) will be obtained
when, in addition, there exist ¢ > 1 and h > 0 such that

lim f() = gh. (1.4)

u—4o00 ’u,qfl

This implies that F' is superlinear at infinity, i.e., there exists ¢ > 1 and h > 0 such that
F(u)

lim =h, (1.5)
u—+oo ud
as
lim F(u) = lim 7f(u) =
u—+oo ud u—+oo qui—1

The most paradigmatic example satisfying (Hf) and (1.4) is obviously f(u) = u.

Subsequently, we will describe some of the main findings of this paper concerning the existence of
positive regular solutions for problem (1.1). According to Lemma 2.1, when a and f satisfy (Ha) and
(Hf), necessarily fol adx < 0 if (1.1) possesses a positive regular solution for some A > 0. Actually,
by Theorem 3.1, under these conditions, there exist A\g > 0, to be characterized in Section 2, and an
unbounded component, €7, of the set of positive regular solutions of (1.1) in [0, +00) x C*[0,1] such
that (Xo,0) € @;0. If, in addition, f satisfies (1.4) and there exist 7, s € (0,1) such that essinfy, a =
w > 0, then, by Theorem 6.1, (1.1) cannot admit a positive regular solution for sufficiently large A > A.
Thus, under these circumstances, the A-projection of the component Qf;\ro is a bounded interval, J. An
extremely challenging problem that has been partially solved in this paper is to ascertain whether or
not 0 € J. So far, the main available result is Theorem 7.1 in Section 7, where it has been established
that \* = inf J > 0 under the additional hypothesis that a=1(0) N (0,1) = {z} and that there exist
q € (1,2] and h > 0 such that

L P
im

u—+oo ud—2
Note that (1.6) implies (1.4) with ¢ € (1,2]. Actually, according to Theorem 7.1, the problem (1.1)
cannot admit a positive regular solution under these conditions for sufficiently small A > 0. In
particular, this occurs for the special — but extremely important — case when f(u) = u. As a
byproduct, (1.1) possesses at least two components of positive regular solutions: (fjo and {(0,K) : kK >
0}. Finally, at least for the choice f(u) = u, where standard phase plane techniques can be applied,
our results in Section 8 establish that Q;FO must accumulate at some continuous singular solution of
(1.1) whenever the component becomes unbounded in (\,u) € R x C1[0,1]. As according to Theorem
1.1, the problem (1.1) admits a bounded variation solution for sufficiently small A > 0, we conjecture
the validity of the bifurcation diagram sketched in Figure 1 under the previous general assumptions.
Figure 1 represents positive solutions, (A, ), both regular and singular, plotting the norm [jul|¢[o 1
in ordinates versus the value of A\ in abscissas. The set of positive solutions consists, at least, of a
curve of positive regular solutions emanating from u = 0 at A = A\ globally defined for all value of the
parameter A in the interval (A*, \g), which have been plotted by using a continuous line; each point
of this line representing a solution of (1.1), (A, u). Actually, this curve represents the component C;\FO.
Much like in the case when f(u) = u, we conjecture that, under the previous general assumptions,
there is a value of A, \* > 0, where the regular solutions of @;ro loose their a priori bounds in
R x C1[0,1] accumulating to some positive continuous singular solution, (A\*,u*). For smaller values
of A, the problem (1.1) possesses a further component of singular bounded variation solutions, Cgv,
whose A-projection should contain the entire interval (0,\*), in complete agreement with Theorem
1.1, and such that (\*,u*) € QEV. This component of singular solutions has been represented with a
dashed line in Figure 1.

~ qlg— Dh. (1.6)
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FIGURE 1. Bifurcation diagram when F' is quadratic at zero and superlinear at infinity.

More generally, we conjecture that, as soon as the weight a satisfies (Ha), with fol adzr < 0, and the

function f satisfies (Hf) and (1.6), there is a component, €*, of the set of positive bounded variation
solutions of (1.1) such that (A\p,0) € € and (0, +oc) € €*. Moreover,

¢t =¢f uely.

Furthermore, (A, u) € €f if (A\,u) € €* with A sufficiently close to Ao, whereas (\,u) € Cf, for
sufficiently small A > 0.

Naturally, much like to semilinear elliptic problems of superlinear indefinite type, (1.1) might admit
more than two components within the appropriate ranges of values of the parameters involved in the
setting of this problem (see, e.g., [42], [43] and [39]). But this analysis remained outside the general
scope of this paper.

Lastly, this paper analyzes how changes the global bifurcation diagram sketched in Figure 1 when,
instead of being quadratic at zero, the associated potential, F', is assumed to be either subquadratic,

or superquadratic. Our analysis strongly suggests that, under condition (1.5), if there exists p € (1,2)
and L > 0 such that

F
lim 20 g (1.7)
u—0t+  uP
then the component €T of Figure 1 together with the bounded segment

{(A0) + A e (0,M]}
perturb, as p < 2 separates away from 2, into the component sketched in the first plot of Figure 2,
while if (1.7) holds with p > 2, then the component € together with the unbounded segment
{(\0) : A> Ao}

perturb, as p > 2 separates away from 2, into the component sketched in the second plot of Figure 2.
As an immediate consequence, when F' is subquadratic at zero (1.1) possesses two regular solutions
for A < A\* sufficiently large, while it admits a regular solution and a discontinuous singular solution
for sufficiently small A > 0. When, instead, F is assumed to be superquadratic at zero, then (1.1)
admits a positive solution for each A > 0, which is regular if A > A\, and discontinuous if A < A,.
The distribution of this paper is the following. Section 2 analyzes the linearized stability of u = 0 as
a steady state solution of the parabolic counterpart of (1.1) and shows that fol adx < 0 is necessary
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FIGURE 2. Bifurcation diagrams when F' is superlinear at infinity. The left picture
represents the diagram when the potential F' is subquadratic at zero, while the right
one plots an admissible global bifurcation diagram when F' is superquadratic at zero.

for the existence of a positive regular solution of (1.1) if A > 0. Although in [41] it was already
established that fol adx < 0 is necessary for the existence of a bounded variation solution, and regular
solutions are bounded variation solutions, the proof of this result for regular solutions is free of the
technical difficulties we had to overcome in [41]. So, we shall give it. The main result of Section 2
establishes that under condition fol adzr < 0 there exists A\g > 0 such that v = 0 is linearly stable if
A €10, Ag) and linearly unstable if A > A.

Section 3 shows the existence of a component, Cj{o, of the set of positive regular solutions of (1.1)
bifurcating from u = 0 at A = )\g, the value of the parameter where the stability of © = 0 is lost.
Moreover, it establishes that Qjo is unbounded in [0, +00) x C'[0,1]. As we are not imposing f to be
of class C? in this section, the local bifurcation theorem of M. G. Crandall and P. H. Rabinowitz [19]
cannot be applied to get the local result. As the global unilateral theorems of P. H. Rabinowitz [50]
are wrong as stated (see E. N. Dancer [20]), we must invoke to the unilateral theorem [36, Theorem
6.4.3] to get the main theorem given here. As we are imposing Neumann boundary conditions,
(1.1) possesses another component of (positive) regular solutions, €;; the one containing all constant
solutions, (A, u) = (0, k) with £ > 0. One of the main goals of this paper consists in establishing that
QZS' and Qj\'o are separated away from each other, as illustrated in Figure 1.

Section 4 uses the local bifurcation theorem of M. G. Crandall and P. H. Rabinowitz [19] to show
that in a neighborhood of (Ag,0) the component (’Iio is a smooth curve if f € C?(R). Moreover,
it ascertains the nature of the local bifurcation to positive regular solutions at Ay according to the
sign of f/(0) establishing that it is transcritical if f”(0) # 0, namely, supercritical if f(0) < 0 and
subcritical if f/(0) > 0, and a subcritical pitchfork bifurcation if f”/(0) = 0, as it occurs in the most
paradigmatic case when f(u) = u. This suggests the existence of at least two positive regular solutions
when f(0) > 0 and A > Xo.

Section 5 discusses very shortly the formation of singularities along the curves of positive regular
solutions of problem (1.1). Essentially, it shows how, as soon as the solutions remain bounded, the
singularities do arise through a blowing-up phenomenon of u’ at some of the nodes of the weight
function a.

Section 6 shows that, under condition (1.4) with ¢ € (1,2], i.e., for superlinear and subquadratic
potentials at infinity, (1.1) cannot admit a positive regular solution for sufficiently large A > 0 provided
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a(r) > 0 a.e. on an interval K C [0,1]. Assuming, in addition, that f € C*(R) satisfies (1.6) with
g € (1,2] and there exists z > 0 such that either a(z) > 0 for all z € (0,2) and a(z) < 0 for all
z € (2,1), or a(zx) < 0 for all z € (0,2) and a(x) > 0 for all z € (z,1), the main result of Section 7
establishes that (1.1) cannot admit a positive regular solution for sufficiently small A > 0. Therefore,
under the assumptions of Theorem 1.1, the existing bounded variation solution guaranteed by that
theorem must be singular for sufficiently small A > 0, which seems to be a very sharp result.

Section 8 focuses attention into the most paradigmatic case when f(u) = u for a special choice
of the function a, step-wise constant, satisfying the assumptions of the main theorem of Section 7.
By using some elementary phase plane techniques the existence of regular and continuous singular
solutions can be established showing in addition that there exists a A* > 0 where the regular solutions
must become singular at z, the point where the function a changes sign. When, A < A* the problem
possesses at least one bounded variation solution, (A, u), such that

u(z—) > u(z+), uw(z—) =/ (24) = —o0.

All these features suggest the validity of the global bifurcation diagram sketched in Figure 1, at least
for superlinear and either quadratic, or subquadratic, potentials at infinity.

Finally, Sections 9 and 10 analyze the case when, instead of being quadratic at zero, as in the
previous sections, the underlying potential, F', is subquadratic and superquadratic, respectively. The
main result of Section 9, Theorem 9.1, establishes that if F' is subquadratic at zero, then (1.1) possesses
at least one regular solution for sufficiently small positive A, as illustrated in the left picture of Figure
2. The proof here is variational and relies on the introduction of an auxiliary truncated problem
in which the degenerate part of the curvature operator is replaced by a uniformly elliptic operator.
Suitable estimates imply that the minimizers of the modified problem are in fact solutions of the
original one, provided that A > 0 is taken small enough. The main result of Section 10, Theorem 10.1,
shows instead that if F is superquadratic at zero, then (1.1) possesses at least one regular solution
for sufficiently large A, as illustrated in the right picture of Figure 2. Here the proof is topological:
by a natural change of variables, the given problem can be interpreted, for A large enough, as a
small perturbation of another, simpler, problem, where the curvature operator is again replaced by
a uniformly elliptic operator. Since the coincidence degree of the modified operator equation can be
computed explicitly and is non-zero, the Rouché property of the degree yields the solvability of the
original problem. Theorems 9.1 and 10.1, establishing the existence of regular solutions, complement
in various directions the results obtained in [41]. We finally notice that the solutions obtained here
should perturb from v = 0 as p — 2, however, we will establish this structural property elsewhere.

Throughout this paper it should be noted that, due to the notion of regular solution adopted here,
(1.1) can be equivalently expressed in the form

—u” = da(x) f(u)g(u'), 0<z<l,
{ W(0) = o' (1) = 0, (18)
(see, e.g., [14, 15]), where
g€ =(1+&)2, (eRr (1.9)
Obviously,
g(0)=1, ¢(0)=0, (&) >0 forall £€>0 and g(1) =2V2.

Moreover, for every r < s and V € L*(r, s), we denote by

o[-D*+V(x): N, (r,s)], where D?:= &

dz2°
the lowest eigenvalue of the linear Neumann eigenvalue problem
—u" +V(2)u = Tu, r<ax<s,
u'(r) =u/(s) =0.
Similarly, o[—D?+ V (z); D, (r, s)] stands for the lowest eigenvalue of the Dirichlet eigenvalue problem

—u" +V(x)u = Tu, r<z<s,
u(r) = u(s) = 0.
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If u is a regular positive solution of (1.1), i.e., (1.8) holds, then u must be the principal eigenfunction
associated with
o[-D? = xa(z) ™ g(u'); NV, (0,1)] = 0

and therefore,

u(x) >0 forall z € [0,1]. (1.10)
Lastly, note that

Qu) :== £ u >0,

admits a continuous extension to u = 0 by setting Q(0) := 1.

Lastly, given two arbitrary Banach spaces, U, V', and a linear continuous operator, T : U — V, we
denote by N[T] the null space or kernel of T', kerT, and by R[T] the range or image of T, imT".

2. LINEARIZED STABILITY OF u = 0. A SIMPLE NECESSARY CONDITION FOR THE EXISTENCE OF
POSITIVE SOLUTIONS
This section analyzes the linearized stability of © = 0 as a steady-state of the parabolic problem

ou u /
i <1+(u’)2> = Xa(z) f(u), 0<ax<l, t>0,

u'(t,0) =/ (t,1) =0, t>0,
u(,0) = ug in (0,1).

Since f’(0) =1, and u ~ 0 in C'[0,1] if and only if u ~ 0 and u’ ~ 0 in C[0, 1], it is evident that

(2.1)

/!

% W i C'[0,1] for u~0
1+ (uw)?
and therefore, the linearized stability of u = 0 is determined by the sign of the principal eigenvalue
Y(N\) := o[-D?* — Ma(x); N, (0,1)], AER, (2.2)

much like the linearized stability of u = 0 as a steady-state of the parabolic problem

Ut — Ugpy = Aa(z>f(u)g(u/)a 0<z<l1, t>0,
uw'(t,0) =/ (t,1) =0, t>0, (2.3)
u(-,0) = ug in (0,1),
because f(0) =0 and f/(0) = ¢g(0) = 1.
Precisely, (A\,u) = (A,0) is linearly stable if and only if 3(\) > 0, while it is linearly unstable if
¥(A) < 0. In any circumstances, £(0) = 0. The next result provides us with the structure of X (\)

according to the sign of fol adz. It is a refinement of a classical result of K. J. Brown and S. S. Lin
[12]. As the version given here sharpens the former ones, a short self-contained proof is given.

Theorem 2.1. For every a € L*(0,1), X(\) is a real analytic function of A € R which is concave,
in the sense that X" (X\) <0 for all A € R. Moreover, if a changes sign in (0,1), then

lim X(\) = —o0. (2.4)

A—too

Actually, in such case, there exists a unique A\, € R such that
sign X' (\) = sign (A, — \)  for all X € R. (2.5)

Furthermore, we have
1
sign A, = —sign / adx.
0

Therefore, whenever fol adx # 0, there exists a (unique) Ao € R\ {0} such that 3(Ag) =0 and

1
)\0/ adx < 0.
0
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Proof. The first part of the result is a direct consequence of Theorems 9.1 and 9.4 of [37]. The second
one is a direct consequence of the identity

»(0) = — /01 adx, (2.6)

where - stands for %. Indeed, according to a classical perturbation result of T. Kato [32] (see Lemma
2.1.1 of [36]), X(\) admits a principal eigenfunction ¢y > 0 such that g := ¢(0) = 1. Note that 1 is
a principal eigenfunction of 3(0). In particular, we have

—p\ — Aa(x)pr = L(A)pa for all A € R,
and differentiating with respect to A yields
—N —a(x)px — Aa(x)pr = D(N)pr +D(N\)ps  forall X €R.
Thus, particularizing at A = 0, we find that
—@0 — alz)eo = %(0)¢o
and hence )
%(0) = —¢( —a,
because o = 1. Therefore, integrating in (0, 1) yields

1 1 1
2(0):/ <,bgd:c—/ ad:c:f/ adr,
0 0 0

$0(0) = ¢p(1) = 0.
The remaining assertions of the statement are easy consequences of the identity (2.6). O

because

Figure 3 shows the three possibilities according to the sign of fol a dz. It helps to visualize the proof
of the last assertions of the theorem.

2(A) 2(A) =(A)

1 1 1
/a<0 /a>0 /a:O
Jo 0 Jo

FI1GURE 3. All admissible graphs of ¥(\) according to the sign of fol adx.

According to the linearized stability principle, in case fol adx < 0, (A 0) is linearly stable if and

only if A € (0, \g), while in case fol adx > 0 this occurs if and only if A € (A\g,0); at least when it is
regarded as a steady state solution of the semilinear parabolic problem (2.3).
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Throughout the rest of this paper, without lost of generality, we will assume that

1
/ adzr < 0. (2.7)
0

The next result provides us with a simple necessary condition for the existence of positive solutions
of (1.1) under condition (2.7). According to it, throughout the remaining we will assume that A > 0.

Lemma 2.1. Suppose f and a satisfy (Hf), (Ha) and (2.7). Then, A > 0 if (1.1) admits a positive
solution. Moreover, the solution must be constant in [0,1] if A = 0.

Proof. Suppose (), u) is a positive solution of (1.1), then u(z) > 0 for all € [0,1] and hence
, /
1
Aa(z) = — w(z)
1+ (W(2)2) flu(z))

_ 1 u'(z) l 1 ' u'(z)
- <f@dxn 1+(u%x”2> +(7am) T @)
Thus, since u/(0) = «/(1) = 0 and f satisfies (Hf), we get

! ! 1 ! u'(z) .
o oae= [ () yerere
S e T
o fPu@) 1+ W (@)~
Therefore, by (2.7), we necessarily have A > 0.

Suppose A = 0. Then, since u(z) > 0 for all = € [0,1] and hence f'(u(z)) > 0, we find from

IO
/ P Twp

that u'(x) = 0 for all = € [0, 1]. Therefore, we conclude u(z) = u(0) for all « € [0, 1], which ends the
proof. O

3. GLOBAL BIFURCATION OF POSITIVE SOLUTIONS FROM u = 0

Throughout this section, for any positive integer k, Cj’i/[(), 1] stands for the Banach space of the
functions u : [0,1] — R of class C* such that u/(0) = «/(1) = 0 equipped with the norm

llullerioq) == Z | D7 | o, DI = %M 0<j<k,

and P stands for the cone of non-negative functions of Cx/[0, 1], i.e., P is the positive cone of C/[0, 1]
regarded as an ordered Banach space with respect to the usual ordering. The interior of the cone P,
int P, consists of the functions u € CN[O 1] such that u(z) > 0 for all z € [0,1]. According to (1.8),
any positive regular solution, (A, u), of (1.1) satisfies u € int P.

The following result establishes the existence of a component of regular positive solutions of (1.8)
bifurcating from the line (A, u) = (A,0) at A = Ag. By a component it is meant a closed and connected
subset that it is maximal for the inclusion.

Theorem 3.1. Suppose f € CYH(R) satisfies f'(0) = 1, a € L*(0,1) changes sign in (0,1) and
fol a < 0. Let \g > 0 be the unique real number such that X(N\g) = 0, whose existence and uniqueness
was established by Theorem 2.1. Then, there exists an unbounded component

¢l C[0,400) x int P
of the set of positive reqular solutions of (1.1) such that (X\g,0) € é;\rg and
(X 0) e €l with A0 = X=X. (3.1)
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Proof. Note that (A, u) is a positive solution of (1.1), or (1.8), if and only if
u=(=D*+1)" u+ Aaf(u)g(u')]
where
(=D*+ 1)~ L°°(0,1) — Wx™(0,1)
stands for the resolvent operator of —D? + 1 in (0, 1) under Neumann boundary conditions and
W(0,1) == {u € W2°°(0,1) : /(0) = /(1) = 0}.
As the imbedding
W™(0,1) < CAr[0,1] := {u € C*[0,1] : v/ (0) = «/(1) = 0}.
is compact, introducing the compact operator K(,-) : CAr[0, 1] = C/[0, 1] defined by

K\ uw) := (=D? + 1) u + Xaf(u)g(u))], ANER, wu€Cy[0,1],
the problem (1.8) can be expressed as the fixed point equation
u =K\ u), ANER, wueCy[0,1]. (3.2)

Equivalently, setting
S u) i=u— KA\ u), (A, u) € R x Cx[0, 1],
the solutions of (1.8) can be regarded as the zeroes of the operator §, i.e., the solutions of the equation
S\ u) =0.

The operator F(A,u) is of class C! and it is a compact perturbation of the identity map. Thus, it is
Fredholm of index zero. Moreover, §(A,0) = 0 for all A € R and its linearization at (), 0) is given by

LNu:=D,FN0u=u— (=D?>+ 1)1+ Xa)u],  u€Crl0,1],
for all A € R, because f(0) = ¢’(0) = 0. Let ¢ > 0 denote any solution of
—¢" = Aoa(z)p in (0,1),
3.3
e (33)
By the maximum principle, ¢(x) > 0 for all z € [0,1]. Moreover, ¢ is unique up to a multiplicative
constant and

N[£(Xo)] = span[yp].
We claim that
' (No)p = —(=D* + 1) (ap) ¢ R[L(\o)]- (3.4)
On the contrary, suppose there is u € C;/[0, 1] such that
LAo)u = —(=D* +1)"(ap).
Then, u € W/%/’OO(O, 1), since a € L>°(0,1), and hence

—u" — Nau = —ap in (0,1), v (0) =4/ (1) = 0. (3.5)
Multiplying (3.5) by ¢ and integrating by parts in (0, 1), (3.3) implies
1
/ ap? = 0. (3.6)
0

On the other hand, multiplying (3.3) by ¢ and integrating in [0, 1] yields

1 1 1
/\o/ ap® = —/ 0" =/ (¢)? >0 (3.7)
0 0 0

and therefore, since \g > 0, we find that fol ap? > 0, which contradicts (3.6) and shows (3.4). Note
that ¢ cannot be constant because \g > 0 and a # 0. Therefore, the transversality condition of M.
G. Crandall and P. H. Rabinowitz [19] holds, i.e.,

() (N[£(X0)) ® R[E(No)] = Cxr[0, 1], (3.8)
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though the main bifurcation theorem of [19] cannot be applied unless f € C?(R). But this is far from
important here. Indeed, thanks to (3.8), the algebraic multiplicity of J. Esquinas and J. Lépez-Gémez
[22] satisfies
X[€(A); Ao] = 1
(see Chapter 4 of [40] if necessary). Thus, owing to [36, Theorem 5.6.2], or [40, Prop. 12.3.1], the
local index of w = 0 as a fixed point of IC(),-) changes as A crosses \g. Consequently, according to
the unilateral bifurcation theorem of J. Lépez-Gémez [36, Theorem 6.4.3], it becomes apparent that
either ij\'o is unbounded in [0, +00) x C;[0,1], or there is Ay € [0,4+00) \ {A\o} such that (A\;,0) € Q_:j\'o.
Note that the unilateral theorems of P. H. Rabinowitz [50] cannot be used to get this global result
because they were wrong as stated (see the counterexample constructed by E. N. Dancer [20]).
To establish (3.1), let (A, un), n > 1, be a sequence of positive solutions of (1.8) such that
lim A, =X and nll)r-&r-loo |unllcrjoa) =0 for some X # 0. (3.9)

n—-+oo

Then, setting
Up 1= on— n>1,

T Tualls? =

we have that

vy = (=D*4+1)7! [Un + Aa

”un| oo

\
for all n > 1. According to (3.9), we get

lim g(u,)=1, lim L%l — f(0)=1

n——+o00 n—-+oo llunlles

9] + = N(=D? + )7 [af L g(u,) (3.10)

and hence

Jim (O = N(=D? + ) afkgwl)]) = 0.
Moreover, ||vn|lcoc = 1 for all n > 1. Thus, since
(=D? +1)"1: L>(0,1) — CAr[0,1]

is compact and the sequence

Un + Aa L) g(u)), n>1,

Tun floo 7\ 12
is bounded, there exists a subsequence of vy, relabeled by n, such that lim,_, . v, = ¥ for some
P >0, |||lcc = 1. Thus, letting n — 400 in (3.10) yields
¥ = (=D* +1)[$ + Aay],
or, equivalently,
— =day in (0,1),  /(0) =/(1)=0.

Therefore, since A # 0, from Theorem 2.1 we may conclude that A = Ag.

It remains to prove that 6‘;0 is unbounded. This is a direct consequence from [36, Theorem 6.4.3]

and (3.1) if (0,0) ¢ € . If (0,0) € €} | then (A, u) = (0,x) € €} for all constant x > 0 and therefore,
0 0 0

Qlj\'o is unbounded. This ends the proof. O

Similarly, the next result establishes the existence of a component of positive solutions of (3.1),
¢, with (0,0) € €.
Theorem 3.2. Suppose f € CL(R) satisfies f'(0) = 1, a € L®(0,1) changes sign in (0,1) and
fol adx < 0. Then, there exists an unbounded component of the set of positive solutions of (1.8),

¢t C[0,4+00) x int P,
such that
{(\u)=(0,r) : k>0}Cef.
Moreover, B
\0)e&d with A£A0 = A=)\ (3.11)

and consequently, should this occur, (f{f = Q:}\"U. Otherwise, Q:(f N 63\: = 0.
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Proof. We will maintain the notations introduced in the proof of Theorem 3.1. Now,
N[£(0)] = span [1]

and

£(0)1 = —(-=D*+1)"'a ¢ R[£(0)]. (3.12)
On the contrary, suppose

£0)u=—(—D*+1)"ta

for some u € Cj,[0,1]. Then, u € W2P(0,1) for all p > 1, «/(0) = v/(1) = 0, and v” = a in (0,1).
Thus, integrating in (0, 1) yields fol a dx = 0, which contradicts fol adx < 0. Consequently, also in this
case the transversality condition of M. G. Crandall and P. H. Rabinowitz [19] holds. Thus, arguing as
in the proof of Theorem 3.1, the existence of a (global) component, €, of the set of positive solutions
of (1.1) in [0,+00) x int P with (0,0) € €/ holds. Since all positive constants x > 0 provide us
with solutions of (1.8) at A = 0, necessarily (\,u) = (0,x) € € for all x > 0. In particular, €7 is
unbounded. As the proof of (3.11) can be easily adapted from the proof of (3.1), we omit the technical
details here. Finally, if (Ag,0) € €, then ()\g,0) € €/ N Qf}L\O and therefore, ¢ = Q;O. This ends the
proof. O

Hereafter, we will denote by P, the A-projection operator defined by
Pr(A u) := A

Figure 4 shows three admissible bifurcation diagrams of positive solutions of (1.1) when fol adr < 0.
In the first one,

PA(€} ) =(0,X0) and €fnef =0.
Consequently, the solutions along Qﬁj\'o must become unbounded as A — 0. In the second one,

PA(ES,) = (A", Xo)

for some A* € (0,\). The third picture represents a case where €j\'0 = Qf(j'. Much of this paper is
devoted to ascertain whether or not each of these situations can occur. Actually, one of the main open
problems addressed in this paper is getting the intervals ’P,\(Qar) and 73,\((’2;(0). Based on the results
in the forthcoming sections, we conjecture that the second diagram occurs if the associated potential,
F, is superlinear at infinity.

4. LOCAL SOLUTION CURVES AT (0,0) AND ()\,0) WHEN f € C*(R)

When f € C?(R), thanks to the uniqueness obtained from the local bifurcation theorem of M. G.
Crandall and P. H. Rabinowitz [19], one can complement Theorems 3.1 and 3.2 with the next result
of a local nature, which will be extremely useful later.

Theorem 4.1. Suppose f € C"(R), r > 2, satisfies f/(0) = 1 and a € L*®(Q) changes sign and

fol a < 0. Then, in a neighborhood of (\,u) = (0,0), €& consists of the curve (0, k), & > 0.
Similarly, setting

1
V.= {1} € Cx[0,1] : / v(x)p(x)de = O} ,
0
where ¢ > 0 is any principal eigenfunction associated with (3.3), there exist € > 0 and two maps of
class C™1,
A:(—¢g,e) = R, v:(—ege) =V,
such that
(a) A(0) = Ao and v(0) = 0;
(b) (A(s), s(w+v(s))) solves (1.1) for all s € (—¢,¢);
(c) besides (A,0), (A(s),s(¢+v(s))) are the unique solutions of (1.1) in a neighborhood of (Ao, 0).
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o [

Ao A* Ao

FIGURE 4. Three possible bifurcation diagrams for regular solutions in case

foladx < 0. We are plotting the parameter ), in abscissas, versus |lul|¢1jo,1), in
ordinates.

Note that V satisfies
span [p] & V = Cx[0,1]

and that € > 0 can be shortened, if necessary, so that
(A(s),s(p+wv(s))) € Q)t) for all s e (0,¢).

The next result provides us with the bifurcation direction of the bifurcated curve (A(s), s(¢ + v(s)),
s ~ 0, in all possible cases. In the most classical case when f(u) = u it establishes that the local
bifurcation from v = 0 at A = )¢ is always subcritical, independently of the nature of the weight
function a. Subsequently, when these derivatives do make sense, we will set

)\// O " O
A= XN(0), vy :=0(0), Ay:= #, Vg 1= UT()
Then,
A(s) = Ao + s\ + 82 Xa + o(s?), v(s) = svy + 520 + 0(s?), as s — 0,
and
[1+s%(¢" + sv] +0(s)%]* =1+ g(ap')252 +o(s?)  as s —0.
Theorem 4.2. Under the general assumptions of Theorem 4.1, we have that

fol ap® dz
fol ap?dz
Thus, the bifurcation at Ao is transcritical if f(0) # 0. In particular, the bifurcation to positive

solutions is supercritical, Ay > 0, if f(0) < 0 and subcritical, \y < 0, if f(0) > 0.
Suppose, in addition, that r > 3 and f"(0) =0. Then, A\; =0 and

T 2/ 12
d
do = =Syt @z (4.2)
2 Jo ap? dx

N = —% F10)h (4.1)

Therefore, the bifurcation at Ao is a genuine subcritical pitchfork bifurcation if f”(0) = 0.
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Proof. Throughout this proof, the notations introduced in the proof of Theorem 4.1 are kept and we

set
u(s) = s(p +v(s)) for all s € (—¢,¢).

The component Qﬁ:\*'o is the maximal closed and connected subset of [0, +00) x int P containing the arc

of curve (A(s),u(s)), 0 <s<e.
Substituting (A, u) by (A(s),u(s)) in (1.8) and dividing by s, we find that

—(p 4 sv1+0(s))" = (Ao + sA1 + 0(s))a(z) (¢ + sv1 + 0(s))

f//2(0> s(p + svy +o(s)) + 0(3)} [1 + g(¢/)232 + 0(32)}

for sufficiently small s. Particularizing at s = 0, it becomes apparent that

-[1+

—¢" = Xoap,
which is true by the definition of Ay and . Identifying terms of order s yields

" o__ II(()) 2
—v] = Aopavy + )\OTago + Aap.

Multiplying this equation by ¢ and integrating by parts in (0, 1), we find from (4.3) that

1 1 1
§>\of”(0) / ap® dr + M\ / ap®dx = 0.
0 0

On the other hand, multiplying (4.3) by ¢ and integrating in (0, 1), we find that

1 1 1
/\0/ ap?de = —/ O pdr = / (¢")?dx >0
0 0 0

(4.3)

and hence, (4.1) holds by eliminating \; in (4.4). Note that multiplying (4.3) by ¢? and integrating

in (0,1) yields

1 1 1 1
)\0/ ap® dx = —/ O"'o* dr = / o' (p?) dx = 2/ (@) dx > 0.
0 0 0 0
Therefore, since Ag > 0, it follows from (4.1) that
sign \; = —sign f”(0).
Subsequently, we suppose r > 3 and f”/(0) = 0. Then, A\; = 0 and hence,

—vf = Agavy.

Thus, there exists a € R such that v;1 = aw. Therefore, since v; € V, we find that « = 0, which

implies v; = 0. Consequently, substituting (A(s), u(s)) in (1.8) and dividing by s yields
—(p + 502 +0(8))" = (Ao + 52 A2 + 0(s?))a(z) (¢ + s%v2 + o(s?))

f(0)
2

Consequently, identifying terms of order s?, we obtain that

. [1 n s(p + 5209 + 0(52)) + 0(5)] [1 n g(@/)zsz + 0(52)} .

3
—vh = Navy + 5)\oa<p(<p’)2 + Aoagp.
Thus, multiplying (4.5) by ¢ and integrating by parts in (0, 1) gives
3 1 1
5/\0/ ap*(p")? dx + )\2/ ap?dr =0
0 0

and hence, since fol ap? > 0, the identity (4.2) holds.
It remains to show that A < 0. Indeed, integrating in (0, 1) the identity

@) 1)) = [(©*)'(@)?] = (©*)"(¥)?

/

(4.5)
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it becomes apparent that

/0@)[(@)]613;:—/0(@) ()2 da

1
- /O ("o +20'¢" + 0" (¢)? da
1
= *2/0 ("o + (¢")?) (¢')? da

1 1
_ / o ()2 dz — 2 / () du
0 0

and hence, since —¢" = A\gap, we obtain that

1 1 1
[ @ de =2 [ ageae—2 [ ()t d. (4.6)
0 0 0
On the other hand,
(@) [()?] = 4o = —4Xoag®(¢)?
and so, substituting in (4.6), yields

1 1
6)\0/ a®(¢')? dr = 2/ (¢)* de.
0 0

As \g > 0 and a # 0, we already know that ¢ cannot be constant and hence,
1
)\0/ ap?(¢)*dx > 0.
0

Thus, fol ap?(¢’)*dx > 0. Moreover, due to (3.7), fol ap?dxr > 0. Consequently, Ay < 0. This ends
the proof. O

5. ON THE DEVELOPMENT OF SINGULARITIES

Throughout this section we will assume that
(HC) a €C[0,1], a=*(0) N (0,1) ={z; : 1 <j < N} for some integer N > 1 and

>0 if x€(0,21) UlUs<ojr1<n(2255 22j41),
a(x)
< 0 lf T € UOSQjSN,Q(Z2j+17 ZQ(jJrl))

Although these requirements can be relaxed substantially, they are sufficiently general for our purposes
in this section.

Suppose fol adr < 0 and let (A, u) be a positive regular solution of (1.1) with A > 0. In each
component, I, of a=1((0,+00)) we have that

u”(x) = Aa(@) f(u(@))g(u'(x)) <0

for all z € I, and hence, u is strictly concave. Similarly, in each component, I_, of a=!((—o0,0))
we have that v”(z) > 0 for all z € I_ and hence, u is strictly convex. In particular, the convexity
properties of the solutions change at the nodes, z;, 1 < j < N, of a. This entails that u possesses a
unique critical point in each nodal interval (z;, zj41); naturally, = 0 is the unique critical point in
[0,21) and & = 1 the unique one in (zy,1]. Consequently, the shape of u is strongly reminiscent of
the one of a.

Now, let 0 < a < 8 be such that (1.1) possesses a positive solution, (A, uy), for all A € («, 5], and
consider, for every A € («, (], the function

—uj (z)

ox(x) = W’ z €10,1]. (5.1)
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By construction,
©x(0) =pr(1)=0 and ¢x(z) € (-1,1) forall z € (0,1).
Moreover, according to (1.1),

A =@ { 20 el

Thus, the interior critical points of ¢ are the nodes, z;, 1 < j < N, of the weight function a. Precisely,
under assumption (HC), z; is a local maximum of ¢y, while z5 is a local minimum, and so on.
Suppose there exists € > 0 such that

loa(x)| <1—¢  forall (z,A)€[0,1] x (o, 8] (5.2)
Then, there exists a constant C' > 0 such that
[u\(x)| < C forall (z,\)€0,1] X (a, B]. (5.3)
Thus, by a standard compactness argument, it is easily seen that

o= 1 5.4
v =l (54

provides us with a non-negative regular solution of (1.1) for A = « if {ux } xe(a,s) is bounded. Moreover,
by Theorem 3.1, u, > 0 if a # Ag. On the contrary, when (5.2) fails, necessarily

limsup [l¢allco,1 =1
A—at

and hence,

limsup [|u (2)]|cfo,1] = +00. (5.5)
A—at
Since the critical points of ¢, are the nodes of a for all A € (a, f], it becomes apparent that there
exists j € {1,..., N} such that

limsup |pa(2;)| = 1.

A—at
Equivalently,
lim sup |u (2;)| = +oc.
A—at
Therefore, along any solution curve of (1.1), the singularities can only arise at the nodes of a, by a
blow-up of the derivative, v}, as A approximates «, provided such an « exists.

Although the example of Section 8 strongly suggests that the curves of regular solutions of (1.1)
can actually be continued by paths consisting of bounded variation solutions of (1.1), as discussed
by the authors in [41], it remains an open problem to ascertain whether or not this is a general
phenomenology for the class of problems dealt with in this paper.

6. NONEXISTENCE FOR F' SUPERLINEAR AT +00 AND A LARGE

The main result of this section can be stated as follows. Note that all the assumptions hold for the
most classical case when f(u) = .

Theorem 6.1. Suppose f and a satisfy (Hf), (Ha), fol adx <0, and there exist r,s € (0,1) such that

essinfa =w > 0. (6.1)

[r:s]

Assume, in addition, that (1.4) holds for some q € (1,2] and h > 0. Then, (1.1) cannot admit a
positive reqular solution for sufficiently large A > 0.
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Proof. We will argue by contradiction. Suppose there is a sequence, (An,u,), n > 1, of positive
solutions of (1.1) such that

lim A, = +oo.
n—-+oo

Then, integrating the differential equation in [r, s] yields

) ) (s
o [ ala)lanf@)) do = s - e s <

Thus,

for all n > 1 and hence, letting n — +oo yields

tim [ (wa) 1) = 0.

In particular, there exists a subsequence of {f(uy)}n>1, still denoted by {f(uy)}n>1, such that

ll)r_{loof(un(x)) =0 a.. in [r,s].

Therefore, since f~1(0) N [0, +o00] = {0}, we find that
lim u,(z)=0 ae. in [rs]. (6.2)

n—-+oo

Subsequently, we consider the auxiliary function @ defined by

G R X
Q@%{1u if u=0. (6:3)
Q € C(R) because f € C*(R). Moreover, by (1.4), there exist ug > 0 and a constant C' > 0 such that
f(w)
e <C for all u > wy. (6.4)

As we are assuming that 0 < ¢ — 1 < 1, for every u > ug we have that

Q=L _Jw L ¢

U ud—1 24 ug

Hence, @Q is globally bounded in [0, +o0c). Consequently, {Q(u,)}n>1 is dominated in L!(r, s) by large
constants.
By definition, for every n > 1 and a.e. x € [r, s],

—ul(z) = Anal(@) f(un ()1 + (u), (2))?)2
> Anal(@) f (un (2)) = Ana(@)Q(un () Jun (). (6.5)

Thus, since uy(r) > 0 and wuy,(s) > 0, u, provides us with a strict positive supersolution in [r, s] of
the second order operator

£, = =D = X,a(2)Q(un(2))

subject to homogeneous Dirichlet boundary conditions, ©. Consequently, thanks to [38, Theorem 2.1]
(see [37, Theorem 7.10]), it is apparent that it satisfies the strong maximum principle, or, equivalently,
its principal eigenvalue must be positive. Thus, we get

¥, = o[-D? = \pa(2)Q(uy()),D, (r,s)] >0  forall n> 1. (6.6)

By the variational characterization of ¥,,, we also have that

2, = inf {/S(¢')2 dr — X\, /S a(z)Q(up (2))(x) dx} >0 (6.7)
wEHé(T7S) T T
P>0, [ *=1
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for all n > 1. Actually, the infimum is reached at any principal eigenfunction, ¢, > 0, associated to
¥,. By (6.2) and (6.3), we obtain
ngrfooQ(un(x)) =1 ae. in [rs].

Therefore, since Q(u,,) is dominated in L*(r, s) by the large positive constants, the theorem of Lebesgue
establishes that

S

lim a(2)Q(un (2))¢(z) de = /S a(x)yp(r)dz >0 (6.8)

n—-4o00 r
for all ¢ € Hi(r,s) such that ¢ > 0 in (r,s) and fTS 2 dx = 1. Consequently, since lim,,_, o0 Ay =
—+00,

in_ ([ @ [Ca@u @) dr) = -,

n—-+oo

which contradicts (6.7), and ends the proof. O

Remark 6.1. The result stated in Theorem 6.1 is still valid for the singular (bounded variation)
solutions whose existence is guaranteed by Theorem 1.1, provided that condition (6.1) holds. This
follows from an inspection of the above proof, observing that, from (6.5) on, the interval [r, s] should
be replaced by a subinterval [r/,s'] with r < 7’ < s’ < s, in order to guarantee that u,, € W>1(r', s')
for all n > 1. Then the remainder of the proof, until the conclusion, should be modified accordingly,
replacing [r, s] with [r/, s’] everywhere.

Remark 6.2. When ¢ > 2 the argument of the previous proof fails, because 2 — ¢ < 0 and, in such
case, Q(u) is not bounded above. However, if we would be able to establish

ngrfoo tup(z) =0 uniformly in [r, g, (6.9)

then we would get the same result with a rather direct argument. Indeed, in such case,

lim 7f<uﬂ)

=1 uniformly in [r,s],
n—-+oo Up,

and hence, for sufficiently large n, say n > ng,

—up(2) > Apa() f(un(2)) > Apalz),  zelrs),
which implies
o[-D? - 2za(z),D, (r,5)] > 0, n > ng,
though,
i _D2_ A - _
ngrfooa[ D g-a(z), D, (r,s)] 00,

which concludes the proof.

7. NONEXISTENCE FOR F' SUPERLINEAR AT +00 AND A > (0 SMALL

The main theorem of this section establishes the non-existence of a regular positive solutions of (1.1)
for sufficiently small A > 0 under the assumptions of Theorem 6.1 for a special, but significant, class
of weight functions a. Note that, thanks to Theorem 1.1, the problem possesses a singular (bounded
variation) solution for such range of A’s.

Theorem 7.1. Suppose f € C*(R) satisfies (Hf), a € L*°(0,1), fol adz <0, and there exists z € (0,1)
such that a(x) > 0 for all x € (0,2) and a(z) < 0 for all x € (2,1). Assume, in addition, that there
exist ¢ € (1,2] and h > 0 such that (1.6) holds. Then, (1.1) cannot admit a positive regular solution
for sufficiently small A > 0.

Naturally, a result similar to Theorem 7.1 holds if a(z) < 0 in (0, z) and a(z) > 0 in (z,1).
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Theorem 7.1 measures how sharp are Theorems 1.1 and 3.1, establishing that the solution provided
by Theorem 1.1 must be singular for sufficiently small A > 0. Note that (1.6) implies
F
lim fw =qgh and lim (u) =h

u—+oo yd—1 u—+oo  ud
Hence f and F satisfy (1.4) and (1.5), respectively, with 1 < ¢ < 2. Moreover, since ¢ € (1,2], there
exists a constant C' > 0 such that
[f(w)] <C  forall uel0,+00). (7.1)

The proof of Theorem 7.1 follows after a series of lemmas of technical nature. Under the assumptions
imposed to a, we have that

u’(x) = =Xa(z) f(u(2))g (v (x)) { i 8 i ; E 837

Thus, v’ is decreasing in (0, z) and increasing in (z,1). In particular, since v/(0) = «/(1) = 0, we find
that u'(x) < 0 for all € (0,1). Therefore,

u is strictly decreasing in (0, 1). (7.2)
Actually, this is why we have chosen a with this so special nodal configuration. The proof of Theorem
7.1 will proceed by contradiction assuming that

(H) problem (1.1) possesses a sequence of positive regular solutions, {(An, un)}n>1, such that

lim A, =0.

n—-+oo
Lemma 7.1. Suppose (H). Then, under the same assumptions of Theorem 7.1,

hm un (0) = 4o0. (7.3)

n—+
Proof. On the contrary, suppose that there exists a constant C' > 0 such that, along some subse-
quence, relabeled by n,
0 < u,(0) <C, n>1. (7.4)
Then, integrating (1.1) in (0 z) we find from (Hf), (7.2) and (7.4) that
/ z
x))dx <\, f(C )/ a(x) dz.
0

—Uy

x/1+7

On the other hand, by (H), there exists an integer, no € N, such that

1
A < = n > ng.

2f(C) fo a(z)dx’

Hence,

!
1) R N . (7.5)
L+ (up(2)? 2

This estimate entails the existence of a constant C; > 0 such that
l[up, || Lo 0,1y < €1 for all n > ny. (7.6)

Therefore, {u, : n > no} is bounded and equicontinuous in C[0, 1] and hence, by the Ascoli-Arzeld
theorem, along some subsequence, again labeled by n, we find that

lim w, =u, in C[0,1] (7.7)

n——+oo

for some u,, € C[0,1].
On the other hand, it follows from the definition of (A, uy) that

—UZ = Anaf(“n)g(u;L)v n>1,

and, since

llaf (un)g(up)ll L (0,1) < llallL(0,1) F(C)g(Ch),



BIFURCATION OF POSITIVE SOLUTIONS FOR A QUASILINEAR PROBLEM 21

the function
V() = Ana(@) f(un(2))g(uy (),  n>1, z€[0,1],

satisfies
1

—up(x) = Vp(x) forall x €[0,1] and ngl}rloo Vil o< 0,1) = 0.
Consequently,
Un () = u,(0) — /x /S V(o) do ds, n>1. (7.8)
Since V;, — 0 uniformly in [0, 1], letting n —>0+ooo in (7.8) yields
lim un(z) = u,(0) forall ze€|0,1].

In particular, u,, must be constant.
On the other hand, integrating the differential equation of (1.1) in the interval (0, 1) provides us
with the identity

1
/ af(u,)dr =0, n>1. (7.9)
0
Thus, letting n — 400 in (7.9) yields
1 1
0= [ oftu)ds = fu0) [ ad.
0 0

which implies f(uy(0)) = 0. Therefore, by (Hf), u,, = 0. Consequently, (A, u) = (0,0) is a bifurcation
point to positive solutions of the form (A,,uy), n > 1, with A, > 0. This contradicts Theorem 4.1

and ends the proof. O
Lemma 7.2. Suppose (H). Then, under the same assumptions of Theorem 7.1,
nEIJIrloo un(2) = +o0. (7.10)
Consequently, thanks to (7.2),
lim wu, = +4oco0 uniformly in [0, z]. (7.11)

n—-+oo

Proof. On the contrary, suppose that there exists a constant C' > 0 such that, along some subsequence
relabeled by n,

0 <un(z) <C, n>1. (7.12)
Then, by (7.2) and (7.9),

/Oz a(x) f(un(z)) do = — /21 (@) f(un(x)) da
< —f(un(z))/:a(x) dz < —f(C)/: o) dz.

Thus, there exists a constant C' > 0 such that

| ey <e, nz,
0
and hence,
! -
(@) =X | alz)f(up(x))dr < Ch,, n>1.
V1t (u,(2))? 0
Therefore, we have

lup (2)] £ ———=
\/1=22C?
for sufficiently large n > 1, and, consequently,

. 12 _
nll)l}‘loo un(Z) - 07
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which entails
lim |y, ||z 0,1) = 0, (7.13)

n—+00
because the minimum of ], is reached at z (see Section 5, if necessary). Since

Un (0) = up(2) — / u, (z) dz,
0
(7.12) and (7.13) imply that {u,(0)},>1 is bounded, which is impossible by Lemma 7.1. The proof is

complete. O
Lemma 7.3. Suppose (H). Then, under the same assumptions of Theorem 7.1,
. / _
ngr}rloo uy, (2) = —oc. (7.14)

Proof. On the contrary, suppose that along some subsequence, relabeled by n,

|u, (2)] < C, n>1. (7.15)
Then, since the minimum of ), is reached at z, we have that
—up(2) = |lunllz=(0,1) < C, n > 1. (7.16)
In particular, the sequence
Uy 1= Ufn’ n>1,
[tn [l Lo (0,1)

satisfies ||v, | £ (0,1) = 1 for all n > 1 and, owing to (7.15) and (7.16),

lunlli=on _ —up(z) . _C
o || Lo =0 — = s <
[vnllze 0,1 [t | Lo 0,19 un(0) ~ uy(0)

for all n > 1. Thus, thanks to Lemma 7.1,

. /
nllﬂloo llvn |l o= 0,1y = 0.

Thus, thanks to the Ascoli-Arzeld theorem, we can assume, without lost of generality, that there
exists v,, € C[0,1] such that

ngrilm v, =, in C[0,1].

Letting n — 400 in the relation

vn (&) — v (0) = / o () dt, z€0,1],
0
we conclude that v, is constant and, as v,(0) = 1 for all n > 1,
ve =1 in[0,1].

Consequently, we find that
Un

lim v, = lim lim =1 uniformly in [0,1]. (7.17)

n—-+oo n—-+o0o HUTLHLOC(O,I) n—-+oo un(

Finally, from (7.9) it is easily seen that

z 1
AaWVWA@Mw:an@ﬁwm@M% n>1,

and hence,

@) N fm@)
/0 a(x)m dx = /Z ( )u?fl(O) dz, > 1. (7.18)

Consequently, letting n — 400 in (7.18), from (1.4) —which follows from (1.6)— and (7.17), it

becomes apparent that
z 1
qh/ adx = —qh/ adx,
0 z

which contradicts fol a < 0 and ends the proof. O
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Lemma 7.4. Suppose (H). Then, under the same assumptions of Theorem 7.1,

fun (1)) < i

Tt . (7.19)

n

VIF WL A fy ade

< f(un(z)) < fun(0))

foralln > 1.

Proof. Arguing as in the proof of Lemma 2.1, it becomes apparent that

/

za . 1 —ul (2) # 1 ! ul (x) .
A"/o ! fun(2)) 1+(ug(z))2+ 0 (f(un(:c))) 1+(ufn(x>)2d'

Moreover,

Uy () Uy, (2)

VIt @2 Vit )2

for all = € [0, z),

because

) N <0 i ae(0.2),
( 1+(u%($))2> = ~Ana(@) f (un )){>O if x € (z1).

Thus, since z — f(un(z)) is decreasing for all n > 1, we find that

: 1 ) e Y
A"Jé Y (@) VT () +-x/14—(ug(z»2tz; (f(un(x))> ‘
(

2) [ LR SR }
flun(2)) ~ flun(z))  f(un(0))

which provides us with the last estimate of (7.19). Moreover,

za T ! U (2)
/\"/o ! = Flun(2)) 1+ (up,(2))%

which provides us with the third one.
Similarly, integrating in the interval (2, 1) yields

MLuWZﬂJ@Mﬁfﬁkw+LKﬂJwﬂl1+MMW

Hence, we have
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which establishes the second estimate of (7.19). Finally, we get

o= o # 1((1@)))/ e

1 uL(Z) Uy )

~
—~
S
3
I
ST ~—
—
%
+
~—
<
s~
N
%
+
—~
£
i\N
N
\H
7N\
~
—
<
S | =
—~
8
S~—"
S~—"
N———
U
8

=

+
—

N
s~
<=
S~—
=

[
| —

-

—~

g

S | =

~—

N
=
=

+
=

—

S

3 —

—

—
~—
S~—

|
~

—

S

S |

—

N
-
=
—_

%(2) 1
VA 2 flua(1
which provides us with the first estimate of (7.19). The proof is complete. g

Corollary 7.1. Suppose (H). Then, under the same assumptions of Theorem 7.1,
-1

s (0, ()] < (= [ ade)
< liminf (A, f(un(2))] < limsup Ay f(un(2))] (7.20)

n—+00 n——+oo

< </Ozadx)1 < liminf Ao f(un(0))].

n—-+oo

Proof. It follows easily from Lemma 7.3 multiplying (7.19) by A,, and letting n — +o00 in the resulting
inequalities. O

As a direct consequence from (7.19), the following estimates hold
1 —ul (z) 1 1
f(un(0)) = fun(1)) > z -
n 1+ (u,(2) fo adx le(—a) dx
—u] (z) - fo adx
)\ V1+ (), (2))? )2 [y ada [, (—a)dx
and, letting n — +o00, Lemma 7.3 implies that

n—-+oo

Consequently, by (1.6), the maximal oscillation of w,, in the interval [0, 1] blows-up as n — +oc.

Proof of Theorem 7.1. Suppose (H) and consider the sequence
Un () = A f(un(x)), x €]0,1], n > 1. (7.21)

Then, according to Corollary 7.1,
-1

1 z -1
(—/ adx) <liminf v,(z) <limsup v,(z) < </ adx) . (7.22)
z n—+oo n—+00 0

In particular, the sequence {vy,},>1 is uniformly bounded in the interval [z, 1].
Moreover, differentiating with respect to =z,

vl (2) = Mo f (un (2))ul, (z) <0, z € 10,1], n>1,
and hence, for every = € [0,1] and n > 1,
v, (2)

B m = a(x)vn(x)

2
vl (@)
\/1 + (/\nf’(un(r)))
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Equivalently,

— U;L(l') / o -
<\/()\nf/<un(x)))2 + (U;l(.%‘))2> (z)vn () ( )

for all € [0,1] and n > 1.
Let y € [z, 1] be. Integrating in [y, 1] the identity (7.23) yields

v (Y) e (o) de
VO (un()))? + (v, (y))? _/y (0)vn(0) do. (7.24)

Therefore, thanks to (7.1), letting n — 400 in the identity (7.24) and taking into account that
limy, 4o Ap = 0 reveal that

1
lim / a(o)vy(0)do = -1 forall y € [z,1), (7.25)
y

n——+00

because v}, (y) < 0 for all y € [z,1) and n > 1.
As the sequence {vy, }n>1 is bounded in L>°(z, 1), there exists a subsequence, still labeled as {vy, }n>1,
which converges in the weak* topology to some © € L*(z,1). Hence, for any given y € [z,1),

lim a(o)v, (o) do :/ a(o)v(o) do.

N
n+ooy

This implies that
1
/ a(o)v(o)do =—1 forall y € [z,1). (7.26)
y

Therefore, differentiating (7.26), we get o = 0 a.e. in [z,1], which contradicts (7.22) and ends the
proof. O

8. A PARADIGMATIC EXAMPLE

Throughout this section we will assume that the function a is given by

A if 0<z <z,
a(x) = { -B if z<2<1, (8.1)
for some z € (0,1) and some constants, A > 0 and B > 0 such that
1
/ ader=2zA—-(1-2)B<0, (8.2)
0
and that f(u) = u for all u > 0. Thus, we are dealing with the problem
—u" = ha(x)ufl + (u)?]2, O<z<l, (8.3)
W/(0) = /(1) = 0, '
Multiplying the differential equation of (8.3) by u’ yields
—dW[1+ (W) = Aaudd,
which can be written down as
1 !/
——— | = dauwv, v=u'. 8.4
(\/ 1+ vz) ®4)

According to Theorem 3.1, the set of positive solutions of (8.3) possesses a component, 6:\:’ such that
(Xo,0) € @;ro and
(A\,0) € @;\“0 with A#0 = A=A\



26 J. LOPEZ-GOMEZ, P. OMARI, AND S. RIVETTI

Moreover, by Theorem 7.1, the problem (8.3) cannot admit a positive regular solution, (A, u), for
sufficiently small A > 0, and, thanks to Theorem 6.1, it cannot admit a positive solution for sufficiently
large A > Xg neither. Therefore,

PA(Qﬁj\rO) is a compact subinterval of (0, +00).

Our main goal in this section is describing analytically all the positive solutions of (8.3) with A > 0 to
show that the regular solutions of this problem do indeed develop singularities at z as the parameter
)\ reaches some critical value, \* > 0.

Suppose A > 0 and (A, u) is a positive solution of (8.3). As we are working under the general
assumptions of Theorem 7.1, u(x) is strictly decreasing in (0,1). In particular,

ug = u(0) > u, :=u(z) > uy = u(l).
Moreover, v(z) = 4/(z) € (—00,0). Thus, setting
1
w=w(z)=1- ——, (8.5)
1+ v2(2)

it is apparent that v(z) runs in (—oo,0) if and only if w(z) € (0,1). Moreover, v(z) = 0 if w(z) =0,
while v(z) = —oc0 if w(z) = 1. Throughout most of this section we will consider v(z), or equivalently
w(z), as a parameter ranging in (—oo,0). In such case, w(z) ranges in (0,1). Singular bounded
variation solutions, as discussed by the authors in [41] will arise when v(z) = —o0, i.e., w(z) = 1.

8.1. Analysis in the interval (0, z). In the interval (0, z), a = A and (8.4) becomes

1 A L\
—_— - U =0.
Vi4v2 2
Thus, since v(0) = «/(0) = 0,

! ,&qﬁ(m):lf&u?:;,ﬁzﬁ
1+02(z) 2 2 Y T+02(z) 2 °
for all x € [0, z]. Hence,
1 My 5
=1—-—(ug;—u(x for all x €0,z
— (13— (@) 0,
Moreover, using (8.5),
M o, M,
PR (8.6)

Consequently, since v = u’ < 0,

v(z) = \/{1 - %(u% - u2(m))] - -1, x €10, 2], (8.7)

and therefore, performing the changes of variables u = u(x) and u = ugf yields

/ / ug df (8.8)
\/ (ug —u?)] o — 2A02(1 — 92)]72 -1
Subsequently, we will set
AA
7= 7“(2) (8.9)
Owing to (8.6), we have that
2
u—g —1-Z>0
Uy gl

So, v > w and (8.8) can be expressed as
z = ugl (v, w), (8.10)
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where
I( w)'—/1 4 >w, 0<w<1 (8.11)
e ﬂ\/[l—vu—e?)]-?—l’ o TEEe |
Note that
C = li I =1I(1,1) =0.59907--- < 1
(1) (1,1) (rw) / \/9 - <

is the constant defined in [14, Eq. (1.7)]. By using the change of variable

—y1-0), J1-Z<o<u,
v
I(y,w) can be written as

1 1—t¢ 1 w 1—t¢
Tty w) = 2v/o 1/;\/\/1_77 RN S e NN (8.12)

Obviously, I(y,w) is a decreasing function of v such that

1 /M 1—t 1
i = -— p— PR 2
Jim (1) =5 | o= gV (8.13)

because

Wt 1/“’ N t=w
S @@t —1) = [\/2t—t2] = /2w — w2.
0 \/ f 2 0 t=0

8.2. Analysis in the interval (z,1). In the interval (z,1), a = —B and (8.4) becomes

1 AB L\’
() -0
Thus, since v(1) = u/(1) =0,
1 AB 1 AB AB

m+7u2(x):m+7uzzl+7ul (8.14)
for all = € [z,1]. Hence, we get
;:I—A—B(uz(x)—uﬁ for all = € [z,1]
14+ v%(x) 2
and using (8.5) yields
%uﬁ = %u? + w. (8.15)

Consequently, since v = u’ < 0,

v(z) = —\/{1 - ?(vﬂ(x) - u%)} - -1, x € [z,1], (8.16)

and therefore, performing the changes of variables u = u(z) and u = 4160 shows that

! du ul uy db
1—z2= —/ / : (8.17)
vy Vir-2Eae -7 -1

Subsequently, we set

B
ni= %ul > 0. (8.18)

Then, it follows from (8.15) that

n

»—ngm‘ Ngw



28 J. LOPEZ-GOMEZ, P. OMARI, AND S. RIVETTI

and hence, (8.17) can be expressed as

1—2=u1J(n,w), (8.19)
where
VI df
J(n,w) := /1 N e (8.20)

Note that, performing the change of variable

t=nO*-1), 1<0<, /1+—,
n
it becomes apparent that

1 1—t 1 v 1—t
J(n,w) = —/ dt = dt. (8.21)
2ndo 2=tV 1+ 1 2 Jo V2—tVtyn+i

Obviously, J(n,w) is decreasing in 7. Moreover, since

w
/0 %dt: too,  we (0,1],
we find that
lim (\/?]J(n,w)) =400, we (0,1 (8.22)
n—0t
Lastly,

1 [ 1-t 1
li J == —dt=-\2w—uw? 8.23
L (0 (n,w)) = 5 i 5 V2w —w (8.23)

8.3. Existence of regular and singular positive solutions in (0,1). As a by-product of the
previous analysis, by well known properties of the integral curves of (8.3), the next result holds.

Lemma 8.1. The problem (8.3) admits a positive regular solution (A,u) with X > 0 if, and only if,
there exists w € (0,1) such that
DV 1—2 _AB ,

z
170 - I(’va)a V= TUO» Uy - J(nvw)7 n= D) uy, (824)

where ug = u(0) and uy = u(1). Moreover, in such case,

v(z)=d'(z)=—v/(1—-w)2-1 (8.25)
and ) )
G Lo (8.26)
U v uy n

where u, = u(z). Equivalently, (8.3) admits a positive regular solution (A, u) with A > 0 and u'(z) =
v(z) € (—00,0) if, and only if, (8.24) holds for some ug > 0, u; > 0, and w given by
1
=1 ——, (8.27)
L+ (v(2))?

Should this be the case, then u(0) = ug, u(1) = uy and (8.26) holds with u, = u(z).

The previous analysis can be repeated almost mutatis mutandis up to characterize the existence
of continuous singular solutions of (8.3), i.e., solutions (A, u) such that u € C'[0,2) N C*(z,1]NC[0, 1]
and v(z) = v/(z) = —oo. Naturally, in such case w = 1 and hence, the next result holds.

Lemma 8.2. The problem (8.3) admits a positive continuous singular solution (A, u) with X > 0 if,
and only if,
A, 1—2z AB

z
U (77 )7 Y 2 U, uy J(777 )7 n 2 Uy, (8 8)
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where ug = u(0) and uy = u(1). Moreover, in such case,

u? 1 1 u?
w2 A 2
0 1

—142 (8.29)
Y u

Ui

where u, = u(z).

Suppose (8.3) possesses a positive regular solution, (A, u) with A > 0. Then, according to Lemma

8.1, it follows from (8.24) that
|2y 2n
Uo =\ U =\\g (8.30)

Thus, substituting (8.30) into the first and third identities of (8.24) yields
2VAA w (1-2)VAB

I(y,w), = J(n,w), (8.31
vy 1o Vi ) :
where
1
w=1- €(0,1)
1+ (u'(2))?
Moreover, (8.26) holds. So,
w w
B (1=5) = (+5)
and, thanks to (8.24),
2y w 2n w
TS =2 (1 2.
(=755 0+5)
Thus, simplifying and reordering this identity yields
A
1= St +u. (5:32)
Now, eliminating A in each of the identities (8.31), it becomes apparent that
V2 \/ ~I
(1- z)\/E zf
In particular, invoking to (8.32), we find that
Jidmw)  \R@E )+ w10+ w) 4w, w)
= . (8.34)
(1-2)VB VA
Therefore, setting
) Vi (n,w) An+w) +w-I(4n+w) + w,w) (5.35)
,W) = — .
! (1-2)VB A

for every n > 0 and w € (0, 1), the following consequence from Lemma 8.1 holds

Corollary 8.1. The problem (8.3) admits a positive reqular solution, (\,u) with X\ > 0, if, and only
if, there exist n > 0 and w € (0,1) such that G(n,w) = 0. Moreover, in such case, A satisfies (8.33),
ug and uy are given by (8.30), with v given by (8.32), u, = u(z) satisfies (8.29), and u'(z) is given
by (8.25).

Actually, the positive solutions of (8.33), with v(z) = u/(z) fixed, are in one-to-one correspondence
with the zeroes of the map G(-,w), where

1
wzl—me(o,l).

Similarly, as a direct consequence from Lemma 8.2 the next result holds:



30 J. LOPEZ-GOMEZ, P. OMARI, AND S. RIVETTI

Corollary 8.2. The problem (8.3) admits a positive continuous singular solution, (A, u), with A > 0,
if, and only if, there exists n > 0 such that G(n,1) = 0. Moreover, in such case,

- (25

up and uy are given by (8.30), with v = 4(n+ 1) + 1, and u. is given by (8.29).

The next result establishes the existence of (positive) regular and singular solutions of (8.3) within
the appropriate ranges of values of the parameters involved in its formulation.

Proposition 8.1. For every v € [—00,0), the problem (8.3) admits, at least, one positive solution,
(A, w), with A > 0 and such that v’ (2) = v. Moreover, these solutions are in one-to-one correspondence
with the zeroes of the map G(-,w), where

1
w=1-— € (0,1].
T (0,1]

ﬁ . Since

B e G w e G e (G e

n—0 Z\/Z Z\/Z
letting n — 0 in (8.35) it follows from (8.22) that

Proof. Let v € [-00,0) be and consider w =1 —

lim G(n,w) = +o0. (8.36)
n—0
Moreover, multiplying (8.35) by 2,/7 yields

p(nw) VY B0+ w) Hw TG0+ w) +w,w)

2y/nG(n,w) = 8.37
for all » > 0. Thus, thanks to (8.23), we have that
: — /9 — w2
ngr-ﬁr-loo (QnJ(n,w)) = 2w — w?.
Similarly, thanks to (8.23), it becomes apparent that
tim {23/ 500+ w) w0 I( 0 + w) + w,w)
P \ 2V gt e b dg )
A2
_ \/g(n o) +nqw A N
= R, A +w) +w i (2 (B(n+w) +w) G0+ w) +w’w)>
B
= Z V 2w — ’LUQ.
Consequently, letting 7 — 400 in (8.37) yields
1 VB
lim (273G, w) = [ ————— — Y2 ) 2w — w?
n%+oo( VnG(n,w)) ((12)\/§ zA) (8.38)
/ .
zA—B(1—2z) Jy adz
— f\/zw—wzzio \/2w—w2<0,
A\/Ez(l —2) A\/Ez(l —2)

because of (8.2). Thus, G(n,w) < 0 for sufficiently large n > 0 and therefore, by (8.36), there
exists > 0 such that G(n,w) = 0. The remaining assertions of the proposition are a by-product of
Corollaries 8.1 and 8.2. O
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Remark 8.1. For every w € (0,1], the map G(-,w) is real analytic in n > 0. Therefore, since
G(n,w) > 0 for sufficiently small n > 0 and G(n,w) < 0 for sufficiently large n > 0, the number of
zeros of G(-,w), counting them according to their orders, must be odd. Therefore, generically, for
every v € [—00,0), the problem (8.3) possesses an odd number of positive solutions. Actually, they
must arise, or shrink to disappear, by pairs.

According to Proposition 8.1, (8.3) possesses a positive continuous singular solution, (A, ), with
A > 0, i.e., a solution with u/(z) = —oco. The next result complements the analysis already done in
Section 5 by establishing that any unbounded sequence of positive regular solutions must approach
some positive singular solution.

Theorem 8.1. Let {(A,,un)}n>1 be a sequence of positive regular solutions of (8.3), with A, > 0,
such that
i [l o = +oc. (5.39)

Then, one can extract a subsequence, {(An,,, Un,, ) }m>1, and a positive continuous singular solution
of (8.3), (\*,u*), with \* > 0, such that

lim (A, ,un,, ) =A% u") in RxC[0,1]. (8.40)

m——+oo

Remark 8.2. As the component Q:;\*'O is unbounded in R x C*[0, 1] and, thanks to Theorems 6.1 and
7.1, there exists 0 < o < § such that PA(Cj\rO) = |o, f], according to Theorem 8.1, the problem (8.3)
possesses a positive singular solution, (A*,u*), with A* € [a, f], such that (A*,u*) is a limit point of
¢} in R xC[0,1].

Proof. For every n > 1, we have that
lunllero,) = llunllero,) + ||U%||C[o,1] = n(0) — Uy, (2).

Thanks to Theorem 7.1, there exists « > 0 such that A, > « for all n > 1. Suppose that, along some
subsequence, {un,, }m>1,

ml_lg_loo Un,, (0) = +o0. (8.41)
Then,
An, A A
Vg, = l; uz (0) > %uim (0) = 400 as m — +oo.
Note that, since
1
wy, =1 — —— € (0,1], n>1,
1+ (up,(2))?
setting
Mn :g(’Yn_wn)_wvu n2>1,

we also have that

lim #n,, = -+oo.
m——+oo

Moreover, by compactness, along some subsequence, relabeled by n,,,

lim w,, =w" €[0,1].
m——+oo

By Corollary 8.1, G(nn,,,wn,, ) = 0 for all n > 1 and hence, based on (8.12), (8.21) and (8.38), it
becomes apparent that

1
. Jy adz
0= lim (2vn, G ,wy, =—=0"" .\ ow — (w*)2.
D GV Gl ,) = ()
Thus, w* = 0 and consequently,
lim ), (2)=0.
m——+oo m

So, since
—up(2) = [lup ey, n>1,
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we find that
ol [t llefo,1) = 0. (8.42)
Hence, for every € > 0, there exists mg = mg(g) € N such that
||u;lmHC[071] <e forall m>mg.
Consequently, for every x € [0,1] and m > my,
[tn,,, (2) = tn,, (0)] < efz] <&
and therefore, (8.41) yields

lim w,,, =+oo uniformly in [0,1]. (8.43)

m——+o0

Actually, thanks to Theorem 6.1 and 7.1, without lost of generality, we may assume that

lim A, =A\* > 0. (8.44)
m——+oo
Setting
Unp,
Uy 1= ———, m>1,

[, llefo,1)
and dividing by [un,, |lcjo,1] the differential equation satisfied by (A, ,un,,), m > 1, it is apparent
that s

—up, = A, av [L4 (u), )?]?,  m>1 (8.45)

Combining (8.42) and (8.44) with a standard compactness argument and letting m — +oo in (8.45)
shows that there exist a subsequence of {v,,}m>1, labeled again by m, and a function ¢ € C*[0,1] N

C2%[0,2) N C%(z,1] such that
lim v, =¢ in C'[0,1] (8.46)

m——+oo

and
—¢" =Xap, ¢0)=¢(1)=0, ¢=0, [ollepy=1

By Theorem 2.1, A* = A¢ and ¢ must be a principal eigenfunction associated with X(X\g). Moreover,
according to (8.46),

Uy,

lim m =
m—+o0 [[up,, llefo,1)

Thus, (8.42) and (8.43) imply that ¢’ = 0 and hence, ¢ = 1 in [0, 1], which entails Aga = 0, a

contradiction. Therefore, there exists a constant C' > 0 such that

lunllco,) = un(0) < C for all n>1, (8.47)
whereas
. Vi _ . ! —
tim e = = lim_uf(2) = +oc. (8.48)

According to Theorems 6.1 and 7.1, we can extract a subsequence, relabeled by n, such that

lim A, =A" and lim u,(0) =uf (8.49)

n—-+o0o n—-+oo

for some A* > 0 and uf > 0. Should u* be equal zero, the sequence (A, u,), n > 1, would bifurcate
from zero and, according to Theorem 4.1, we should also have

Sl lefo. =0,
which contradicts (8.48). Thus, uy > 0. Moreover, by (8.48),

lim w, = lim 1—; =
n—-+oo n—+oo 1 + (u/ (Z))Z

n

Similarly,
. _ . )\n 2 AT *\ 2 : — F . B *
Jm g = lm —FA(ua(0)) = Z-Aug)” and - lim n, =7 = (" —1) - 1.
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Finally, letting n — 400 in G(,, w,) = 0, n > 1, yields G(n*,1) = 0 and therefore, Corollary 8.2
ends the proof. It should be noted that, along some subsequence, we also have that

ul = ngrfoo Un(2)

is well defined. O

8.4. Existence of singular discontinuous solutions. As a byproduct of the analysis already done
in the previous subsections, the following result holds.

Corollary 8.3. The pair (A, u), with A > 0, solves the singular boundary value problem

3

—u" = dau[l + (v')?]2 in (0,2),
u'(0) =0, u(0)=wug >0, (8.50)
uw(z) = —o0, u(z) =u,_ >0,
if, and only if,
DV

z=wupl(,1), v = —ug, Uy — =ugy/ 1 —~~L (8.51)

2 k)
Similarly, (\,u), with X > 0, solves the singular problem
—u” = au[l + (u/)?]2 in (z,1),
u'(2) = —00, u(z) =uy4+ >0, (8.52)

u(l) =u; >0, u/(1) =0,
if, and only if,

\B
L—z=uJ(n1), nZTu%, Upp = up/14+n71. (8.53)

According to the analysis already done in Section 8.1, we have that v +— I(~, 1) is decreasing and
that

C:=1I(1,1 =0.59907..., m (yI(v,1)) = 3. (8.54)

) /1 do y
— = i

0 \/m y——+00
Thus, the problem (8.50) possesses a solution if, and only if, ug > &. Note that if ug = &, then (8.51)
implies I(7,1) = C and hence,

2y 202

T Aud A%’ et
Thus, (8.50) admits a singular solution with u(z) = 0 if ug = Z. Moreover, by the monotonicity of
I(v,1), the singular solution is unique for every ug > & and

v =(u) = I"1(&,1). (8.55)
Hence,
_ _ 27(uo)
A= Mug) = Aug . (8.56)

In addition, by the properties of I(v,1), we have that
lm  ~(up) = +oo.

ug—r+00

Thus, it follows from (8.54) that
lim (v(uo)I(7(uo), 1)) = 5.

ug—>+00
Equivalently,
lm 202 1 (8.57)

up—+00  Ug
Therefore, from (8.56) and (8.57) it becomes apparent that
2y(uo) _ 1

1' = 1. = —.
w2 (woA(uo)) = lim =7 = =
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In other words,

1
Aug) ~ g as ug — +00. (8.58)
In particular,
lim A(ug) =0
ug—+00

and so, (8.50) possesses a positive solution for all
2
= (0, e A) .

If we allow u,_ = 0, then (8.50) also has a positive solution, with u(z) = 0, for A = %. As a
byproduct, thanks to Theorem 3.2,

202
Ao < Y
Naturally, according to Theorem 7.1, the problem (8.52) cannot admit a solution with u, = u, _
for sufficiently small A > 0.
Similarly, by the results of Section 8.2, the map 1 +— J(n, 1) is decreasing and, thanks to (8.22) and
(8.23), we have that

lim J(n,1) = +oo, lim (nJ(n,1)) = 3. (8.59)

n—0+ n——+oo

Thus, the singular problem (8.52) admits a unique solution for every u; > 0. Moreover,

n=n(ur) = J (52,1 (8.60)
and hence, by (8.53),
2n(u1)
e = . . 1
A= Au1) Bl (8.61)

By the properties of J(n, 1), it follows from (8.60) that

lim n(uy) = 4o0.

u]—+00
Consequently, by (8.59),
lim (n(u1)J(n(u1),1)) = 3.

u;—+o0
Equivalently,
lim w - % (8.62)
U] —+0o0 U1

Therefore, it follows from (8.61) and (8.62) that

. . 2n(ug) 1
1 = 1 - '
i (wAw)) = i = T=B
In other words,
1
. oo _ 8.63
(u1) (1 - 2)Buy 4 e ( )

As we are assuming that
1
/ adr=2A—-(1-2)B <0,
0

we have that

1 < 1
(1-2)B =~ 24"
On the other hand, by (8.58) and (8.63), we may infer that
1 1

~ AMug) = AMuy) ~

zAuyg (1 —2)Buy
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for sufficiently large ug and u;. Therefore, if (8.50) and (8.52) possesses a positive solution for
sufficiently small A > 0, then uy > u;. Moreover, since

uz_’,(’LLo) . ug +(u1)

-1 , _ -1
u(Q) _1_7 (Uo), U% _1_77 (ul)v
it becomes apparent that
2 2
us _(w u? o (u
lim 22— g 0) =1, lim 7Z’+§ ) =1.
upg—+00 uO U1 —+00 ul

Consequently, since ug > u1, any solution of (8.50) and (8.52) must satisfy

Uy —(ug) > uy 4 (u1) (8.64)
for sufficiently small A > 0. Actually, this analysis establishes the non-existence of a positive regular
solution of (8.3) for the choice (8.1) for sufficiently small A > 0, as well as the existence of a singular

discontinuous solution satisfying (8.64). Naturally, these positive singular solutions are bounded
variation solutions as discussed in Section 1: a proof of this simple fact is given below.

Lemma 8.3. Let u : [0,1] — R solve the singular problems (8.50) and (8.51). Then, u is a bounded
variation solution of (1.1).

Proof. Note that u € W11(0,2) N Wlicl [0,2), u € Whi(z,1) N Wf)’cl(z, 1], and, in particular, u €

BV(0,1). Pick a test function ¢ € BV(0,1) such that |[D¢|* < |Dul*. Clearly, $ € W11(0,2) and
¢ € Whi(z,1). Rewrite the equations in (8.50) and (8.51), respectively, in the form

o’ l o /
— | ——— | =M(zx)u, O<z<z | —=| =Mz)u, z<z<],
1+ (u)? 1+ (u)?

Multiply by ¢ both equations and integrate by parts on (0,z) and (z,1), respectively. Using the
conditions satisfied by u’ at the points 0, z, 1, namely v/(0) = «/(1) = 0 and v/ (27) = v/(2%) = — + o0,

we find
/1aU¢dx:/ w o Loy wo |7 [ we T
! VrwE T v T Vi, | Vi)
1
g
o e 0027) 61
1 (D) (D) do +sgn(u(z7) —u(z")) ((z7) — ¢(z1))
1—|—| (Du)2|?
(Du)* (Dg)* ' (DU> D¢ s
/ et ), oo (o) ma Por
according to the notations introduced in Section 1. O

We conjecture that this behavior of the bounded variation solutions of problem (1.1) is not specific

of the choice (8.1), but also holds for every a € L*°(0, 1) changing sign in (0, 1) such that fol adr <0
and any function f satisfying (Hf). This is suggested by the results in [41] too.

9. THE CASE WHERE F' IS SUBQUADRATIC AT ZERO

The next result establishes the existence of a positive regular solution of (1.1), for sufficiently small
A > 0, if F' is sub-quadratic at zero.

Theorem 9.1. Assume that
e a € LY(0,1) is such that fol adx <0 and a(x) > 0 a.e. on an interval K C [0,1],

o f€CY0,+00) is such that f(u) >0 for u >0,
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e there exist p € (1,2) and L > 0 such that

im 2 _ (9.1)

u—0t+  uP

with F(u) = [y f(s)ds. Then, there exists \* > 0 such that, for every A € (0,X*), (1.1) has a positive
solution u € W21(0,1). Moreover, these solutions, uy, can be chosen to satisfy
i Jlulorio.n = 0. (9.2)

Proof. Without loss of generality, we can suppose that there exists 6 € (0,1) such that f(s) > 0
for all s € (0,9), because otherwise (1.1) admits, for every A > 0, a sequence of constants positive
solutions {uy, },>1, with lim, 1o u, = 0. Hence, in this case, A\* = +co0. Choosing, for each A > 0,
a solution u,, such that 0 < u,, < A, we conclude that (9.2) holds as well. Note also that f(0) = 0,
because of (9.1). The rest of the proof is divided into three steps.

Step 1. A modified problem. Let us define two functions ¢, h : R — R, by setting

S

Vits?
P(8) = p(-1) + ¢/ (~1)(s+1) ifs<—1, h(s) == { £(5) I—s
e(1) + ¢ (1)(s — 1) ifs>1, fO);—5 ifo<s<1,

if |s] <1, 0 ifs<0ors>1,
if0<s<é,

and consider, for each A > 0, the modified problem

—(p()" = Aa(z)h(u) in (0,1),

W' (0) =0, u'(1) = 0. 03

Subsequently, we will find a positive solution « = wuy of (9.3) as a global minimizer of the functional
T, : H'(0,1) — R defined by

IA(U)Z/) @(v’)dx—)\/o a H(v)dz,
where
yg:é@@ﬁ, mg:éﬁ@ﬁ

Note that ® is even, convex and has quadratic growth at infinity, in the sense that

lim ®(s)

|s]—+o00 52

>0,

H is bounded, and both functions are increasing for s > 0.

Step 2. Solving the modified problem. Let A > 0 be given. The functional Z, is bounded from
below in H'(0,1). Indeed, by the properties of the functions ®, h, H, we have that

1 1
In(v) = / O (v') dx — )\/ aH(v)dz > —N|a| p10,1)H(1).
0 0

Moreover, for every u € H'(0, 1), the function

v = min{max{u, 0},1} € H'(0,1)
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reduces 7y, in the sense that Z)(v) < Zy(u). Indeed, using again the properties of ®, h, H, we find

() :/Olé(u’)dx— )\/OlaH(u) iz

:/ @(u')dw—l—/ O (u') dx —|—/ O (u') dx
{u<0} {0<u<1} {u>1}
—)\/ aH(u)dw—)\/ aH(u)d:E—)\/ a H(u) dz
{u<0} {0<u<1} {u>1}
> / ®(0) dx + / O(v') dx + / ®(0) dz
{u<0} {0<u<1} {u>1}

f)\/ aH(O)da:f/\/ aH(v)d:vf)\/ aH(1)dx
{u<0} {0<u<1} {u>1}

1 1
:/ O(v') dx — )\/ a H(v)dz = Iy(v).
0 0
Therefore, if {u,},>1 is a minimizing sequence of 7, and we set
v, = min{max{u,, 0}, 1}, n>1,
then the sequence {v,},>1 is a minimizing sequence that is bounded in L*°(0,1). Further, as
sup | Zx (vy )| < 400
n>1
and H is bounded, we infer that
1
sup/ P(v),) dr < +o0,
0

n>1
and, as ® is asymptotically quadratic,

sup ||U;L||L2(0,1) < +00.
n>1

Therefore, we conclude that
sup ||vn || g1 (0,1) < +00.
n>1

Accordingly, there exists a subsequence of {v, },>1, which converges, weakly in H'(0, 1) and strongly
in L>(0, 1), to some function u = uy € H'(0, 1), satisfying

0 <ux(z) <1l in(0,1).

Since Ty is weakly lower semicontinuous in H'(0,1), uy is a global minimizer of Zy in H'(0,1). As
T, is of class C', uy is a critical point of Z, and hence a solution of (9.3).

Finally, we prove that uy is non-trivial. It suffices to show that Zy(uy) < 0. As there is an interval
K C (0,1) such that a(z) > 0 a.e. in K, we can pick a function z € C*[0, 1], with supp z C K, such
that z(z) = 1 in an interval Ky C K. Since H(s) > 0 for all s € R and H(0) = 0, we infer from the
properties of ®, H and (9.1) that, for sufficiently small ¢ > 0,

I)\(tz):/01@(tz’)dac—/KOaF(t)dx—/K\KOaF(tz)das

! tz(zl)z 1 ! 2 2
< dx—|—f/t 2 daj—Ft/ adx
/0 L+ /1+12(2)2 2n Jo =) ) Ko

1
<t? <t2_p/ (/)2 dx — M/ adx) <0,
0 t? Jk,

because 2 — p > 0. This implies that

Ih(uy) = ueglli(l(l),l)IA(v) < 0.

Therefore, uy is a positive solution of (9.3).
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Step 3. Existence of classical positive solutions of (1.1) for small A\. For each A > 0, uy
satisfies the equation

h
—uy = )\M a.e. in (0,1).
@' (u))
Since h is bounded and ¢’ is bounded away from 0, there exists a constant C' > 0 such that
[uX[r <AC
and hence,
[urlloo <AC and  [lwalle < AC, (9.4)

where the splitting u) = wy + ), with r\ = fol uy dx € [0,1], is used.
Let us prove that
lim ry =0. (9.5)

A—=0t
To this end we argue by contradiction. Suppose there is a sequence, {A, },,>1, with lim, 1 A, =0
such that, setting
Tp I=Tx,, Uy 1= Uy,,, Wy, 1= Wy, , n>1,
we have that

lim 7, =7>0.
n——+oo

As limy, 400 A = 0, (9.4) implies that

lim ||Ju),]|e = O, lim ||wy]|eo = 0.
n—-+oo n—+oo

Thus,
lim h(r, +w,) = h(F) and lh—Ti-l H(rp, +wy) = H(F) uniformly in [0, 1].
n—-+0oQo

n—-+oo

Therefore, letting n — +oo in the relation
1
/ ah(uy,)dx =0, n>1,
0

yields fol ah(f)dz = 0 and, since fol adr < 0, we find that h(7) = 0, which entails # = 1. On the
other hand, we already know that

O>I,\n(un)E—An/laH(Tn—Fwn)dx, n>1,
and hence . i
/ a H(ry, +wy,)dx > 0, n>1.
Letting n — 400 finally shows tha(it
/01 o H(1)dz > 0,
which is impossible, because fol a dx < 0 and H(1) > 0. Therefore, (9.5) holds and consequently
Jim flusllero.y = 0.

Accordingly, there exists A* > 0 such that u) is a solution of (1.1) for all A € (0, A\*), because any
solution, u, of (9.3) satisfying 0 < u <1 solves (1.1). O

Theorem 9.1 complements Theorems 1.2 and 1.6 of [41] from two different perspectives. First, it
establishes the existence of a positive regular solution of (1.1), for sufficiently small A > 0, provided
the potential F' is sub-quadratic at zero, and this independently of its growth at infinity. Secondly,
when, in addition, F' is superlinear at infinity, in the sense that (1.5) holds, and there further exists

¥ > 1 such that
Flu) —
. P = S@u
u——4o00 u
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then it establishes that the second positive bounded variation solution, us, constructed in Theorem 1.6
of [41] can be taken to be regular. As in this case, rather naturally, the global bifurcation diagram of
positive bounded variation solutions of (1.1) should be a perturbation of the global bifurcation diagram
sketched in Figure 1, at least for p = 2 — ¢ with sufficiently small € > 0, we conjecture that the global
bifurcation diagram of the bounded variation solutions of (1.1) in the setting of Theorem 1.6 of [41]
looks like shows the first plot of Figure 2. The branch of minimal solutions, {us(A) : A € (0,\*)},
consisting of regular solutions, should perturb from u = 0 as € perturbs from 0. Consequently,

lim A*(e) = Ao.
si%h (6) 0

The upper branch of the bifurcation diagram, {u; () : A € (0, A*)}, should approximate the component
€T of bounded variation solutions of Figure 1 as ¢ — 07, so that there is a continuous transition
between both global bifurcation diagrams as ¢ — 0.

A simple condition on f guaranteeing (9.1) is

i 1 p

u—0+ uP™

. (9.6)

In such case, since p € (1,2), we have that

lim M = +00
u—0t U

Thus, the quotient function, Q(u), defined by (6.3) is unbounded at u = 0 and the proof of Theorem
6.1 cannot be adapted to treat subquadratic potentials at zero. Consequently, it remains an open
question to ascertain whether or not (1.1) admits a positive solution, either regular, or singular, for
sufficiently large A > 0.

10. THE CASE WHERE F' IS SUPERQUADRATIC AT ZERO

The next result basically establishes the existence of a positive regular solution of (1.1), for sufficiently
large A > 0, if I is superquadratic at zero.

Theorem 10.1. Assume that
e a € LY(0,1) satisfies fol adzr < 0 and it admits a decomposition

k
[0, 1] = U[ai,ﬂd, with a; < B = aip1 < Pig1, fori=1,...,k—1,

i=1
such that
(=1)'a(x) >0 ae. in (o, B), a0 in (o, Bi), fori=1,...,k,

or

(—Dfa(z) <0 a.e in (o, B), a Z0 in (o, Bs), fori=1,....k,

o f€CY0,+00) satisfies f(u) >0 for u >0,

e there exist p > 1 and L > 0 such that
lim M = L.

u—0t+ uP

(10.1)

Then, there exists A > 0 such that, for every A > A, the problem (1.1) admits at least one strictly
positive solution u € W21(0,1). Moreover, these solutions, uy, can be chosen to satisfy

li 1 =0. 10.2
JJm luxllcio, (10.2)
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Proof. The proof, which is divided into two steps, has a topological nature and combines a clever
result recently obtained in [23], with the invariance property of the coincidence degree under small
perturbations, that is, the Rouché theorem. For a thorough treatment of the coincidence degree theory
we refer to [26].

Step 1. An auxiliary problem. Let us consider the semilinear problem

—v" = La(z)v? in (0,1),
(10.3)
v'(0) =0, V(1) =0,

where p > 1 and L > 0 come from (10.1). By our assumptions on the weight a, all hypotheses of [23,
Theorem 3.1] are met. Let us set, for a.e. z € [0, 1] and every s > 0,
f(x,s) .= La(x)sP.

As in the proof of [23, Theorem 3.1], there are constants, r, R, with 0 < r < R, for which conditions
(H,) and (Hg) of [23, Theorem 2.1] hold. Subsequently, we consider the open bounded subset of
cto,1]

Q:={vel'0,1]:r <[] <R, [|V]|c < S},
where S > ||a||: RP. We also define the function
Flrs) — {f(m,s) it s >0,

—s if s <0,

for a.e. x € [0,1] and every s € R, and the operators

L:dom L := Wﬁ}l (0,1) — L'(0,1), Lv:=—v",
N :CY0,1] — L*(0,1), N@) = f(-,v),
II: L'(0,1) — R, Hw := [, w(z) da.

Clearly, £ is a Fredholm operator of index zero such that
N[£] = R[II] =R, R[L] = NIIJ.
Moreover, the operator K : L1(0,1) — C'[0, 1], which sends any function w € L'(0,1) onto the unique
solution v € dom £ N N[II] of the equation
Ly =w—Iw

is compact. Furthermore, according to the terminology in [26], the operator N is £-compact in Q.
Therefore, as in the proof of Theorem 2.1 in [23], we infer that

Lv# N(v) forall vedom £ N N (10.4)
and
De(L—N,Q) = -1, (10.5)
where Dz (L—N, ) denotes the coincidence degree of £ and N in Q. By (10.4), since K is continuous,
it follows from [26, Lemma II1.5] that

vedoglfﬁﬂaﬂ |[Lv — N (v)]| L > 0. (10.6)

Step 2. Existence of classical solutions of problem (1.1) for large A. Recall that a function
u € W21(0,1) is a solution of (1.1) if and only if u satisfies (1.8). Moreover, introducing the change

of variable v := AP=Twu, with A > 0, in (1.8) it turns out that (1.1) can be equivalently written as
—v" = La(z)v? + a(z)gx(v,v") in (0,1),

10.7
v'(0) =0, v'(1) =0, (10.7)
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where
ga(s,6) == {Ap%f(xplﬁs) _ Lsp} (1+A77e2)"% 4 Lsp[(1 +AmFTe) 1},
for every s > 0, £ € R and A > 0. Since

S 7s)
(Y
it follows from (10.1) that

9A(8,§)=8”[ ~-L (1+)\*%§2)3/Q+L57){(1+ *%52)3/2_1}’

lim g (s,€) =0

A——+oo
uniformly on all compact subsets of (s,£) € RT x R. Thus, introducing the function
La(z)s? + a(z)gr(s, &) if s >0,

EA(Ivsag) = .
—s if s <0,

for a.e. z € [0,1] and every s,£ € R, A > 0, the corresponding superposition operator
Na:CHO1) — LY(0,1),  Na(v) = ha(,0,0'),
is L-compact in . Hence, the properties of gy and the definition of E,\ imply that
Ahrf sup [Na(v) = N (v)|r = 0. (10.8)

Ooveﬁ

Since (10.6), (10.8) and (10.5) hold and the operator K is continuous, [26, Lemma IIL5] yields the
existence of A\, > 0 such that

De(L—=Nx,Q)=Dp(L—-N,Q)= -1
for all A > \,. Therefore, by [26, Theorem III.3], the problem

71}” = h)\(x, ’U,’U/) in (07 1)7

has at least one solution vy € dom LN Q. As vy # 0, the definition of E)\ and the strong maximum
principle, e.g., in the form of [23, Lemma 6.1], imply that minwvy > 0. Therefore vy satisfies (10.7).
Finally, setting uy = )\_Plﬁm, for every A > A, we conclude that uy is a solution of (1.1) such that
uy € W21(0,1), minuy > 0, and (10.2) hold. O

Since (10.1) implies that

F(u) L
- 10.
u—0+ uPtl  p41 (10.9)

with p 4+ 1 > 2, Theorem 10.1 complements Theorem 1.1 of [41] by providing some sufficient con-
ditions so that the bounded variation solutions constructed therein can indeed be regular solutions
for sufficiently large A > 0. When, in addition, (1.5) holds, i.e., F' is superlinear at infinity, then,
thanks to Theorem 7.1, one can give some general sufficient conditions so that (1.1) cannot admit a
regular solution for sufficiently small A > 0. From this perspective, Theorem 10.1 is optimal. Rather
naturally, at least for p + 1 = 2 + ¢ with sufficiently small ¢ > 0, the global bifurcation diagram of
the bounded variation solutions of (1.1) should be a perturbation of the global bifurcation diagram
sketched in Figure 1. Based on this, we conjecture that the global bifurcation diagram of the bounded
variation solutions of (1.1) in the setting of Theorem 1.1 of [41] looks like the second plot of Figure 2
shows.
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11. CONCLUSIONS, CONJECTURES AND OPEN QUESTIONS

In this paper we have studied regular and singular (bounded variation) solutions of the quasilinear
Neumann problem (1.1), where a € L°°(0,1) changes sign in (0,1) and f(u) is an increasing function
of class C! such that the associated potential, F/(u) := fou f ds, is superlinear at infinity, though many
of the results remain valid for a € L'(0,1). Most of the attention in this paper has been focused on
the special case where the potential F'(u) is quadratic at zero; however Sections 9 and 10 also cover
the cases where F'(u) is either subquadratic, or superquadratic, at zero, respectively.

According to one of our previous results in [41], reported here as Theorem 1.1, when a € L(0,1)
satisfies fol adr < 0 and F is quadratic at zero and superlinear at infinity, there exists a value of the
parameter A\, \* > 0, such that, for every A € (0, \*), the problem (1.1) possesses a bounded variation
solution, u, such that on each subinterval, (c, ), where the weight function a changes its sign exactly
once, at some 3 € (a,7), either u is regular in the entire interval (a,7), or it develops a singularity at
[, in the sense that, either

uw(B7) >u(BT) and u/(B7) = —oc0 = (BT) (11.1)
(if a(z) > 0 in (o, B) and a(x) < 0 in (B,7)), or
w(B7) <u(BT) and u/(B87)=+oco =/ (B") (11.2)

(if a(x) <0in (o, B) and a(z) > 0 in (B,~)). However, this result does not ascertain whether or not
this property should hold for any other bounded variation solution of (1.1), or whether u(87) > u(87)
should occur in (11.1), or u(87) < u(B™1) in (11.2), neither whether or not (1.1) should possess some
regular solution.

Being the resolution of these problems important challenges also from the point of view of their
applications in fluid dynamics and reaction diffusion processes, in this paper we have combined a
variety of technical tools from calculus of variations, global bifurcation theory, topological degree
and the theory of autonomous planar dynamical systems, in order to study the existence and the
hidden structure of the regular solutions of (1.1), as well as their relationships with the bounded
variation solutions provided by Theorem 1.1; very specially, in trying to realize the mechanisms for
the generation of jump singularities from the A-paths of regular solutions of (1.1).

According to Lemma 2.1, the condition fol a dz < 0 has been shown to be necessary for the existence
of a regular positive solution of (1.1) for some A > 0. Thus, throughout this paper we have always
assumed that fol adr < 0.

Thanks to Theorem 3.1, there are A\g > 0 and a non-trivial (connected) component, Qﬁj\'o, of the
set of regular positive solutions of (1.1) such that (A\g,0) € @jo. Since we are working under non-flux
boundary conditions, for every > 0, (A, u) = (0, k) is a (trivial) regular positive solution of (1.1); the
trivial solutions might belong, or not, to the component Q;\FO. By Theorem 4.2, (Ag, 0) is a subcritical
pitchfork bifurcation point if f”/(0) = 0, and a transcritical bifurcation point if f”/(0) # 0: supercritical
if f(0) < 0 and subcritical if f”(0) > 0.

If, in addition, F'(u) is quadratic or subquadratic at infinity and there are r,s € (0,1) such that
inff. g a > 0, then, by Theorem 6.1, problem (1.1) cannot admit a regular positive solution, nor
actually a bounded variation solution, for sufficiently large A > 0. More precisely, Theorem 6.1
establishes that if

o fw)
ul;rrgo R =qh (11.3)
for some ¢ € (1,2] and h > 0, then
A(q) =sup{X > 0:(1.1) has a bounded variation solution } < +oc. (11.4)

Although the assumption that inff, ; @ > 0 on some [r, s] holds for any continuous function a, and so it
does not look so much restrictive, it remains an open problem to ascertain whether or not A(q) < 400
when ¢ > 2. Nevertheless, under the assumptions of Theorem 6.1, the A-projection of the component
€5 must be a compact interval [o(q),w(q)], for some 0 < a(g) < X and Ay < w(g) < A(g). It is
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still open to know whether or not (1.1) can admit a singular bounded variation solution for some
A € [a(g),w(q)], or whether or not (1.1) can possess another non-trivial component of regular positive
solutions, besides (‘IIO.

If, in addition, f € C*(R) and

"(u

Jim iq(_g =q(q—1)h, (11.5)

for some ¢ € (1,2] and h > 0, and there exists z € (0,1) such that a(z) > 0 for all x € (0,2) and

a(z) < 0 for all € (z,1), then, by Theorem 7.1, problem (1.1) cannot admit a regular positive
solution for sufficiently small A > 0. As a by-product, we find that a(g) > 0 and

{(0,r) : k> 0}NES =0.
Therefore, one can extract the following important consequences.

e The problem (1.1) possesses at least two components of regular positive solutions. Namely,
Qﬁ;\*‘o and € = {(0,x) : k > 0}.

e Foreach A € (0, a(q)), every bounded variation solution of (1.1) must possess some singularity.
Moreover, owing to Theorem 1.1, there exists at least one bounded variation solution, u, such
that

w(z7) >u(z") and u/(27) = —oc0 =u/(z"). (11.6)
Note that (11.5) implies (11.3). Moreover, the nodal assumptions on the weight a in the statement
of Theorem 7.1 imply minf. ._,a > 0 for sufficiently small ¢ > 0. So, the hypotheses of Theorem
6.1 hold true under the assumptions of Theorem 7.1. We conjecture that, in such case, (11.6) holds
for every bounded variation solution, u. Actually, u(z~) > u(z") should occur if A < a(g), while for
A = X\*:= a(q) the problem (1.1) should admit a bounded variation solution, u* € C[0,1], such that

(u)(z2=) = =00 = (u*)'(z*) and (u*,\") € €,

as illustrated by Figure 1.

These conjectures are strongly supported by the analysis of Section 8, where the special, but
pivotal case, when f(u) = u (for which ¢ = 2) has been exhaustively studied for a particular choice
of the weight a that enabled us to use planar phase techniques. In this particular example the global
bifurcation diagram of bounded variation solutions looks like shows Figure 1. The component of
regular positive solutions Qﬁ;}, which bifurcates from (A,0) at A = Ay, looses the a priori bounds in
CH0,1] at A* = «(2) € (0, o), where it links a curve of singular bounded variation solutions, €,
bifurcating from infinity at A = 0. We conjecture that, actually, this is always the global bifurcation
diagram under, at least, the assumptions of Theorem 7.1. Naturally, if a would have a more intricate
nodal behavior, then the regular positive solutions will not be decreasing in (0, 1) and hence, the proof
of Theorem 7.1, based on such monotonicity, might be substantially harder. In spite of these technical
troubles, we still conjecture the validity of the theorem. However, it remains an open question to
ascertain whether or not the assumption that ¢ € (1, 2] is relevant for the validity of these results.

More generally, the analysis of this paper is suggesting the existence of a (rather abstract) unilateral
global bifurcation theorem in the context of bounded variation solutions, where regular solutions
developing singularities, but having a regular epigraph, should not be considered as singular anymore,
but actually should be regarded as regular as classical solutions are. Moreover, the solutions on the
component of bounded variation solutions should be regular when their L>-norms are sufficiently
small, while, according to the analysis of Section 5, they should develop jump singularities, on some
or several of the internal nodes of the weight a, if their L°°-norms are sufficiently large. The results
of this paper suggest this occurs at least if ¢ € (1,2] but it seems a real challenge to ascertain if this
phenomenology also occurs for g > 2.

As it happens with the simplest algebraic examples exhibiting some imperfect bifurcation phe-
nomenology, like

22—y =¢,
where the bifurcation from (z,y) = (0,0) is broken down as & perturbs away from & = 0, when, instead
of quadratic, the growth of F(u) at zero becomes subquadratic or superquadratic, the bifurcation of
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from (A, u) = (Xg,0) is lost and, according to the nature of the growth of F' at zero, either

(A u) = (A,0), 0 < A< Ag, or (A, u) = (A,0), A > Ay, perturbs into a curve of the global bifurcation
diagram of regular positive solutions of (1.1) (see Figure 2). As those solutions have small L>°-norm,
they should perturb into regular positive solutions. Although these imperfect bifurcations are indeed
confirmed by the (global) Theorems 9.1 and 10.1, the technical details of this perturbation analysis
will appear elsewhere, as it escapes from the general scope imposed to this paper.

1]

23]

[24]
(25]

REFERENCES

S. Alama and G. Tarantello, On semilinear elliptic equations with indefinite nonlinearities, Calc. Var.
Partial Differential Equations 1 (1993), 439-475.

S. Alama and G. Tarantello, Elliptic problems with nonlinearities indefinite in sign, J. Funct. Anal. 141
(1996), 159-215.

H. Amann and J. Lépez-Gdémez, A priori bounds and multiple solutions for superlinear indefinite elliptic
problems, J. Differential Equations 146 (1998), 336-374.

L. Ambrosio, N. Fusco and D. Pallara, Functions of Bounded Variation and Free Discontinuity Problems,
Clarendon Press, Oxford, 2000.

G. Anzellotti, The Euler equation for functionals with linear growth, Trans. Amer. Math. Soc. 290 (1985),
483-501.

C. Bandle, M.A. Pozio and A. Tesei, Existence and uniqueness of solutions of nonlinear Neumann prob-
lems, Math. Z. 199 (1988), 25-278.

H. Berestycki, [. Capuzzo-Dolcetta and L. Nirenberg, Superlinear indefinite elliptic problems and nonlinear
Liouville theorems, Topol. Methods Nonlinear Anal. 4 (1994) 59-78.

H. Berestycki, 1. Capuzzo-Dolcetta and L. Nirenberg, Variational methods for indefinite superlinear ho-
mogeneous elliptic problems, NoDEA Nonlinear Differential Equations Appl. 2 (1995), 553-572.

E. Bombieri, E. De Giorgi and M. Miranda, Una maggiorazione a priori relativa alle ipersuperfici minimali
non parametriche, Arch. Rational Mech. Anal. 32 (1969), 255-267.

D. Bonheure, P. Habets, F. Obersnel and P. Omari, Classical and non-classical solutions of a prescribed
curvature equation, J. Differential Equations 243 (2007), 208-237.

D. Bonheure, P. Habets, F. Obersnel and P. Omari, Classical and non-classical positive solutions of a
prescribed curvature equation with singularities, Rend. Istit. Mat. Univ. Trieste 39 (2007), 63-85.

K. J. Brown and S. S. Lin, On the existence of positive eigenfunctions for an eigenvalue problem with
indefinite weight function, J. Math. Anal. Appl. 75 (1980), 112-120.

M. Burns and M. Grinfeld, Steady state solutions of a bi-stable quasi-linear equation with saturating flux,
European J. Appl. Math. 22 (2011), 317-331.

S. Cano-Casanova, J. Lépez-Gémez and K. Takimoto, A quasilinear parabolic perturbation of the linear
heat equation, J. Differential Equations 252 (2012), 323-343.

S. Cano-Casanova, J. Léopez-Gémez and K. Takimoto, A weighted quasilinear equation related to the
mean curvature operator, Nonlinear Analysis 75 (2012), 5905-5923.

P. Concus and R. Finn, On a class of capillary surfaces, J. Analyse Math. 23 (1970), 65-70.

C. Corsato, C. De Coster and P. Omari, The Dirichlet problem for a prescribed anisotropic mean curvature
equation: existence, uniqueness and regularity of solutions, J. Differential Fquations 260 (2016), 4572—
4618.

C. Corsato, P. Omari and F. Zanolin, Subharmonic solutions of the prescribed curvature equation Com-
mun. Contemp. Math. 18 (2016), 1550042, 1-33.

M. G. Crandall and P. H. Rabinowitz, Bifurcation from simple eigenvalues, J. Funct. Anal. 8 (1971),
321-340.

E. N. Dancer, Bifurcation from simple eigenvalues and eigenvalues of geometric multiplicity one, Bull.
London Math. Soc. 34 (2002), 533-538.

M. Emmer, Esistenza, unicita e regolarita nelle superfici di equilibrio nei capillari, Ann. Univ. Ferrara
18 (1973), 79-94.

J. Esquinas and J. Lépez-Gémez Optimal multiplicity in local bifurcation theory, J. Differential Equations
71 (1988), 72-92.

G. Feltrin and F. Zanolin, Existence of positive solutions in the superlinear case via coincidence degree:
the Neumann and the periodic boundary value problems, Adv. Differential Equations 20 (2015), 937-982.
R. Finn, The sessile liquid drop. I. Symmetric case, Pacific J. Math. 88 (1980), 541-587.

R. Finn, Fquilibrium Capillary Surfaces, Springer-Verlag, New York, 1986.



126]
[27]
28]
2]
[30]
1
2]
3)

3
3
3
(34]
(35]
36]

37]
(38]

(39]

(40]

BIFURCATION OF POSITIVE SOLUTIONS FOR A QUASILINEAR PROBLEM 45

R. Gaines and J. Mawhin, Coincidence Degree, and Nonlinear Differential Equations, Lecture Notes in
Math. 568, Springer, Berlin, 1977.

C. Gerhardt, Boundary value problems for surfaces of prescribed mean curvature, J. Math. Pures Appl.
58 (1979), 75-109.

C. Gerhardt, Global C*'-regularity for solutions of quasilinear variational inequalities, Arch. Rational
Mech. Anal. 89 (1985), 83-92.

E. Giusti, Boundary value problems for non-parametric surfaces of prescribed mean curvature, Ann. Sc.
Norm. Super. Pisa Cl. Sci. 3 (1976), 501-548.

E. Gonzalez, U. Massari and I. Tamanini, Existence and regularity for the problem of a pendent liquid
drop, Pacific J. Math. 88 (1980), 399-420.

G. Huisken, Capillary surfaces over obstacles, Pacific J. Math. 117 (1985), 121-141.

T. Kato, Perturbation Theory for Linear Operators, Springer, Berlin, 1995.

A. Kurganov and P. Rosenau, On reaction processes with saturating diffusion, Nonlinearity 19 (2006),
171-193.

O.A. Ladyzhenskaya and N.N. Ural’tseva, Local estimates for gradients of solutions of non-uniformly
elliptic and parabolic equations, Comm. Pure Appl. Math. 23 (1970), 677-703.

V.K. Le, Some existence results on non-trivial solutions of the prescribed mean curvature equation, Aduv.
Nonlinear Stud. 5 (2005), 133-161.

J. Lépez-Gomez, Spectral Theory and Nonlinear Functional Analysis, Research Notes in Mathematics
426, Chapman and Hall/CRC Press, Boca Raton, 2001.

J. Lopez-Goémez, Linear Second Order Elliptic Operators, World Scientific, Singapore, 2013.

J. Lépez-Gémez and M. Molina-Meyer, The maximum principle for cooperative weakly elliptic systems
and some applications, Differential Integral Equations 7 (1994), 383-398.

J. Lépez-Gémez, M. Molina-Meyer and A. Tellini, Spiriling bifurcation diagrams in superlinear indefinite
problems, Discrete Contin. Dyn. Syst. A 35 (2015), 1561-1588.

J. Lépez-Goémez and C. Mora-Corral, Algebraic Multiplicity of Figenvalues of Linear Operators,
Birkhauser, Basel, 2007.

J. Lépez-Gémez, P. Omari and S. Rivetti, Positive solutions of one-dimensional indefinite capillarity-type
problems: a variational approach, J. Differential Equations 262 (2017), 2335-2392.

J. Lépez-Gémez and A. Tellini, Generating an arbitrarily large number of isolas in a superlinear indefinite
problem, Nonlinear Analysis 108 (2014) 223-248.

J. Lépez-Gémez, A. Tellini and F. Zanolin, High multiplicity and complexity of the bifurcation diagrams
of large solutions for a class of superlinear indefinite problems, Comm. Pure Applied Analysis 13 (2014),
1-73.

M. Marzocchi, Multiple solutions of quasilinear equations involving an area-type term, J. Math. Anal.
Appl. 196 (1995), 1093-1104.

F. Obersnel and P. Omari, Existence and multiplicity results for the prescribed mean curvature equation
via lower and upper solutions, Differential Integral Equations 22 (2009), 853-880.

F. Obersnel and P. Omari, Positive solutions of the Dirichlet problem for the prescribed mean curvature
equation. J. Differential Equations 249 (2010), 1674-1725.

F. Obersnel and P. Omari, Existence, regularity and boundary behaviour of bounded variation solutions
of a one-dimensional capillarity equation, Discrete Contin. Dyn. Syst. A 33 (2013), 305-320.

F. Obersnel, P. Omari and S. Rivetti, Existence, regularity and stability properties of periodic solutions
of a capillarity equation in the presence of lower and upper solutions, Nonlinear Analysis, Real World
Appl. 13 (2012), 2830-2852.

F. Obersnel, P. Omari and S. Rivetti, Asymmetric Poincaré inequalities and solvability of capillarity
problems, J. Funct. Anal. 267 (2014), 842-900.

P. H. Rabinowitz, Some global results for nonlinear eigenvalue problems, J. Funct. Anal., 7 (1971),
487-513.

J. Serrin, The problem of Dirichlet for quasilinear elliptic differential equations with many independent
variables, Philos. Trans. Roy. Soc. London 264 (1969) 413-496.



46 J. LOPEZ-GOMEZ, P. OMARI, AND S. RIVETTI

UNIVERSIDAD COMPLUTENSE DE MADRID, DEPARTAMENTO DE MATEMATICA APLICADA, PLAZA DE CIEN-
CIAS 3, 28040 MADRID, SPAIN
E-mail address: julian@mat.ucm.es

UNIVERSITA DEGLI STUDI DI TRIESTE, DIPARTIMENTO DI MATEMATICA E GEOSCIENZE, SEZIONE DI MATEM-
ATICA E INFORMATICA, VIA A. VALERIO 12/1, 34127 TRIESTE, ITALY

E-mail address: omari@units.it

E-mail address: sabrina.rivetti@gmail.com



