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34tht UIT Heat Transfer Conference
Ferrara, Italy, 4-6 July, 2016

The annual UIT Heat Transfer Conference of the ““Unione Italiana di Termofluidodinamica’ aims at
promoting cooperation in the field of heat transfer and thermal sciences, by bringing together scientists
and engineers working in related areas.

Several issues of interest are addressed, namely natural, forced and mixed convection, conduction,
radiation, multi-phase fluid dynamics and interface phenomena, computational fluid dynamics, micro-
and nano-scales, efficiency in energy systems, environmental technologies and buildings, heat transfer
in fire engineering.

The 34th UIT Conference was held in Ferrara (FE), Italy, 4-6 July, 2015 in the spaces of the Scientific
and Technological Center of The University of Ferrara.

The response has been enthusiastic: 61 abstracts, 36 oral and 18 poster presentations, 48 papers
published on the Proceedings

To encourage the debate, the Conference Program has scheduled ample poster sessions and invited
lectures from the best experts in the field along with a few of the most talented researchers.

Keynote Lectures were given by Professor Giovanni S. Barozzi (University of Modena), Professor
Paolo Di Marco (University of Pisa) and Professor Nicola Bianco (University of Napoli Federico II).
This special volume collects a selection of the scientific contributions discussed during this
conference; these works give a good overview of the state-of-the art Italian research in the field of
Heat Transfer related topics.

I would like to thank sincerely the authors for presenting their works at the conference and in this
special issue. I would also like to extend my thanks to the Scientific Committee and the authors for
their accurate review process of each paper for this special issue.

Special thanks go to the organizing committee.

Professor Stefano Piva (president of The Organizing Committee)

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
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About UIT (Unione Italiana Termofluidodinamica)

The Italian Union of Thermal-Fluid Dynamics (UIT) was founded in Bologna on December 19, 1984,
following a proposal by Professor Enrico Lorenzini.

Mission

The Italian Union of Thermal-Fluid Dynamics (UIT) has the fundamental aim to contribute to the
progress of the Italian research and application of thermal-fluid dynamics, by promoting and
enhancing the scientific, professional and social values among its members, as well as the formation of
new generations of young scientists towards the research work in the field of thermal sciences, heat
transfer and their applications.

In order to achieve these objectives UIT undertakes:

1<—the organization of a heat transfer conference, on yearly basis

1<—the organization of international Conferences, Seminars, Courses, etc.
1<—the organization of a summer school, on yearly basis, for PhD students and young researchers
1<—the institution of a prize, on yearly basis, for the best Italian Masters thesis dealing with thermal-

fluid dynamics
1<—the institution of a prize, on a two-year basis, for the best Italian PhD thesis dealing with thermal-

fluid dynamics.
Governance

The governing bodies of the Italian Union of Thermal-Fluid Dynamics (UIT) are:
1 <—the assembly (Assemblea)

1<—the steering committee (Comitato Direttivo)
1 <—the president (Presidente)

1<—the auditors (Revisori dei conti)

1 <—the arbiters (Probiviri)

1<«—the secretary (Segretario).

The assembly of the UIT is made up by all ordinary members (natural persons, institutions and
associations), honorary members, distinguished members and meets at least once a year. The assembly
establishes the activity of the association, votes its budget and balance, appoints the governing bodies.
At present more than 200 members from universities, national laboratories and industries take part in
the UIT.

The scientific management of the UIT, subject to the limitations of the constitution (Statuto), is
handled by a steering committee chosen from its membership. It is made up of seven officers
(president, vicepresident, secretary, and four members). The steering committee is renewed every
three years. President, vice-President and secretary cannot be appointed for the same chair more than
twice on end.
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Numerical analysis of heat conduction problems on
irregular domains by means of a collocation meshless
method

R Zamolo and E Nobile

Dipartimento di Ingegneria e Architettura, Universita degli Studi di Trieste, via A. Valerio 10,
34127 Trieste, Italy

E-mail: nobile@units.it

Abstract. A Least Squares Collocation Meshless Method based on Radial Basis Function
(RBF) interpolation is used to solve steady state heat conduction problems on 2D polygonal
domains using MATLAB® environment. The point distribution process required by the
numerical method can be fully automated, taking account of boundary conditions and geometry
of the problem to get higher point distribution density where needed. Several convergence tests
have been carried out comparing the numerical results to the corresponding analytical solutions
to outline the properties of this numerical approach, considering various combinations of
parameters. These tests showed favorable convergence properties in the simple cases considered:
along with the geometry flexibility, these features confirm that this peculiar numerical approach
can be an effective tool in the numerical simulation of heat conduction problems.

1. Introduction

The accuracy of standard numerical methods used in Computational Fluid Dynamics (CFD),
such as Finite Element, Finite Volume and Spectral Element Methods among others, rely on a
high quality discretization of the spatial domain. This discretization process, known as meshing,
heavily affects both the overall time consumption and the accuracy of the simulation, with
higher costs when dealing with problems that require continuous remeshing (moving/deformable
domains); finally, meshing can’t always be fully automated.

To circumvent the need of a mesh, several meshless approaches have been proposed [1-3]:
the general idea is to employ only one set of points, distributed over the domain, to approximate
the unknown field and its derivatives, without any geometrical discretization of the domain.

A wide class of meshless methods which has been the object of recent developments is the
one based on Radial Basis Function (RBF) interpolation [4-7]: this technique accepts only the
relative (Euclidean) distance between the points as interpolation parameters. An important
distinction exists between globally supported RBF and locally supported RBF, as the former
produces a fully populated interpolation matrix while the latter produces a sparse matrix. We’ll
focus our attention on locally supported RBF because, in general, the solution of a sparse linear
system can be much more efficient than the solution of a full matrix linear system; the gain
in computational efficiency is balanced by the loss of spectral convegence that is a property of
some globally supported RBF [8].

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution
BY of this work must maintain attribution to the author(s) and the title of the work, journal citation and DOI.
Published under licence by IOP Publishing Ltd 1
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The final set of equations is then obtained through a collocation method using a number of
collocation points larger than the number of the unknowns, i.e., the resulting coefficient matrix
is rectangular (and sparse); therefore the least squares solution can be efficiently computed
through a QR decomposition of the matrix using the standard MATLAB® built-in routines.

Several computations are carried out considering various combinations of parameters and
different types of polygonal 2D domains for a simple Poisson equation to outline the properties
of this numerical approach, comparing the computed solution to the corresponding analytical
solution. These tests showed that this method can be an effective and robust tool in the
numerical simulation of heat conduction problems even in complex shaped domains.

2. Governing equation and boundary conditions
Let us consider the following 2D Poisson equation in the unknown temperature field ¢:

V2 =gq (1)

defined on the domain ; equation (1) is representative of steady state heat conduction problems
with internal heat generation ¢, in the case of a constant k = 1 thermal conductivity.

For simplicity let us consider only Dirichlet boundary conditions (fixed temperature) along
the domain boundary T" = 9:

=0 (2)
Since the computed solution will be compared to the corresponding analytical solution ¢qn,
we’ll set @ = ¢gpn; the domain € and the terms ¢ and ¢, will be defined case by case.

3. Domain definition

Let us consider for simplicity a 2D simply-connected polygonal domain 2 defined by a set of
vertices v;, ¢ = 1,...,V. The sides I';, ¢ = 1,...,V connecting a vertex to the following
one (except for the last side which connects the last vertex to the first) compose the domain
boundary I' = UL;.

4. Point distribution

The point distribution process is here described; since two sets of points will be needed (field
and collocation points, see §5.1), in this section we’ll refer to a generic distribution of points
x? t, i =1,..., Ny, where pt stands for point type: for field points pt = f while for collocation
points pt = c.

4.1. Uniform distribution

First of all we create a uniform cartesian distribution of Ny, points covering the whole Q2 with
spacing h for each of the two dimensions; any spatial shift or rotation of this distribution has
negligible influence on the results. Points outside €2 or lying on I' are discarded (inside/outside
Q test is performed using a simple but efficient horizontal right hand boundary intersection).

4.2. Thickened distributions around vertices
For each vertex v; where a thickened point distribution is required, two parameters are defined:
a thickening parameter 7; > 1 and a de-thickening factor f; > 0; 7; defines the point thickening
around v;, while f; defines the thickening decreasing factor from v;.

More precisely, if ; > 1 we define a sequence of radii r;:

h

1+ (1 — 1) exp(—73 f7) (3)

Tj+1 =1+
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for j =0,...,J with 7o = 0 till a final radius 7 such that (rj4+1 —rs)/h > 0.75 .

For each radius r; starting from r; we create a uniform tangential distribution of points
centered in v; with angular spacing AY = r;41/r; — 1 such that the tangential spacing is
approximately equal to the radial spacing. Again, points outside {2 or lying on I" are discarded;
the total number of points for this distribution is Ny, ;.

4.8. Boundary distribution
For each side I'; with length L; and vertices v, v, we define a sequence of coordinates s;:

h
Sji+1 = 84 + (4)
’ T 14 (mp — 1) exp(—s7 f2) + (g — 1) exp(—57 f2)
for 5 = 0,...,J with so = 0 till a final coordinate sj;1 > L;; normalizing s; with respect to
Sj+1, the boundary distribution on side I'; is:
th = (1= s5)vp +s5vq (5)

The total number of points for this distribution is N, and we have N, = Ny pr + Ny pr +
NBpt.-

4.4. Refinement process
At this point the final distribution x? t may exhibit point clustering because of the superposition
of the uniform distribution and the thickened distributions around vertices; this phenomenon
has to be avoided because points close to each other will produce bad conditioned interpolation
matrices.

To overcome this problem we employed a simple point refinement process based on the
reciprocal repulsion of points: each point is subjected to the radial repulsion force of the closest
9 points (the neighbor search is done using a simple cartesian partitioning scheme).

The repulsion force magnitude is chosen to be the following:

F(d) = ah, [4 <ii>2 +1

where d is the distance between the points, h. = 1/,/p; is the local point spacing around Xft
(pi = #points/Aarea is the local point density) and o = 0.1 + 0.6 is an adjustable parameter.

This refinement process is iterated typically 4 +— 10 times over the whole point set except for
the boundary points which are fixed.

-2

(6)

5. Numerical method

5.1. Point sets

Since a least squares collocation method is employed [1,9], two point distributions are defined:
the field points xlf , ©=1,..., Ny, where the N; temperature field unknowns ¢; are defined, and
the collocation points x§, ¢ = 1,..., N., where the discretized version of equation (1) will be
written in a collocation fashion with N, > Ny.

5.2. RBF interpolation
RBF interpolation approximates the field ¢ around x through the following expansion [10]:

o(x) = aip(lx —x[|) +b - x+c (7)

i=1
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i.e., a linear combination of RBFs ¢ centered at the n field points x{ plus a linear polynomial in
x. If a locally supported interpolation is chosen, only the n closest points to x are considered.
There are many possible choices for the RBFs ¢ [11,12]; the generalized Multiquadrics
(MQ) have been chosen since they seem to offer the better results if appropriate parameters
are employed [8, 13-15]:
p(r) = [(er)? + 1] (8)

where ¢ is the shape factor and p is an odd integer.

The coefficients a;, b and ¢ are computed writing equation (7) for the n neighbor points x{ :

o(xf) = & (9)
The following additional relations are needed to get a symmetric and square local
interpolation coefficient matrix G [10]:

n n n
Z:L‘{aizo , ZZ/ZCM:O ) Zai:0 (10)
i=1 i=1 i=1

Collecting the n coefficients a; and the n unknown values ¢; in column vectors a and ¢,
respectively, the interpolation system, in compact form, is the following:

alb —{g} (11)

c
and finally, since G is symmetric, we have:
a” = ¢'G,! (12)

where G ! is the upper n x n submatrix of G~

5.3. Least squares collocation
Defining r;(x) := ||x — x{H and putting equation (7) into equation (1) we have:

n
> aiVie(ri(x)) = a(x) (13)
i=1
The Laplacian L of the MQ is therefore:

p/2-1
(er)2+1

Writing equation (13) in a generic collocation point x = x§ will give:

L(r) := Vp(r) = 2pe? [(er)2 + 1] (er)? +1 (14)

> aiL(ri(x5)) = q(x5) (15)
i=1

Collecting the n distances r; in the column vector r, equation (15) can be written as:

al L(r(x})) = q(x)) (16)

Finally, recalling a’ from equation (12) we have:
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¢' G L(r(x5)) = a(x5) (17)
Equation (17) is the final scalar equation for the generic collocation point x¢; the column

J
vector G;lL(r(x;?)) contains the n coefficients of this equation.
The final system is obtained writing equation (17) for all N, collocation points:

Adp=q (18)

where A is the N, x Ny coefficient matrix, q is the column vector of generation term ¢ evaluated
at all N, collocation points and ¢ refers to all Ny field unknowns ¢;.

The imposition of Dirichlet boundary conditions, equation (2), is straightforward; partitioning
A =[A; | Ag] and ¢ = {¢;;¢p} through Internal (Ny s + Ny y) and Boundary (Np ¢) field
point indexes, equation (18) becomes:

Ai¢r =q— Apdp (19)

Since N. > Ny s+ Ny, s, Ay is a tall rectangular matrix and the solution ¢; must be computed
using a least squares solver; we employed the standard MATLAB® backslash (\) operator which,
in this case, performs a QR decomposition of the matrix.

5.4. Remarks on RBF interpolation

It is known that the interpolation matrix G, equation (11), tends to be severely ill-conditioned
when small shape parameters € are employed, or when the interpolation points are close to each
other, or both [16].

To alleviate this problem we employed an improved LDL solver which takes advantage of the
form of the upper n x n entries of G (g;; = ¢(rij) = 14+ m(ri;), where m(-) is the non-costant
part of MacLaurin expansion of the RBF ¢) to gain some numerical precision with no additional
costs.

5.5. Error norm
The comparison between the computed solution ¢com; and the corresponding analytical solution
¢an Will be done computing the following RMS error norm e:

— 1 _ 2
6—\/A(Q)/Q(¢comp ¢an) ds) (20)

where A(Q) is the area of €. The 2D integral in equation (20) is computed by numerical
quadrature via a Delaunay triangulation of the field point set.

6. Numerical results and discussion

6.1. Test case A: uniform distribution, harmonic q

The problem is defined on a square domain = [0,1]* and solved using only uniform

distributions of points (Ny,f = Ny, = 0) and n = 9 as number of local interpolation points.
The chosen reference solution is harmonic:

GPan = sin(27z) sin(27y) (21)

and its Laplacian is therefore also harmonic:

q = V2¢an = —8m%sin(2mz) sin(27y) (22)
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Figure 1. Test case A. Total error e versus  Figure 2. Test case A. Total error e versus
shape parameter €; p =1 and N./Ny = 2. shape parameter ; p =3 and N./Ny = 2.
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Figure 3. Test case A. Total error e versus  Figure 4. Test case A. Total error e versus
shape parameter €; p =1 and N./Ny = 4. shape parameter ; p = 3 and N./Ny = 4.

First af all we investigated the influence of M(Q) shape parameter £ on the solution error e
considering two MQ exponent factors p = 1,3, two ratios N./Ny = 2,4 and various numbers of

field points Ny (Figures 1-4).

These figures show that for each MQ exponent factor p there exists a particular shape
parameter €* which minimizes the error e; for p = 1, £* lies around 2 and for p = 3, &*
lies around 3.5. However, £* depends upon the specific solution ¢, so the optimal choice for e

has to be made case by case.
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Figure 5. Test case A. Covergence curves  Figure 6. Test case A. Covergence curves
for p =3 and N./Ny = 2. for p =3 and N./Ny = 4.

On the other hand, from the same figures it is possible to see how the influence of MQ
exponent factor p is negligible on the error curves; for this reason from now on we’ll consider
only p = 3.

Finally, the influence of N./Ny ratio for both p = 1 and p = 3 seems to be positive on the
error e only for shape parameters around £* but, surprisingly, the smaller error e(¢*) is observed
with N./N; = 2 instead of N./Ny = 4, i.e., employing less collocation points; for € far from &*,
however, this behaviour disappears.

Convergence curves for different shape parameters € and for two ratios N./Ny = 2,4 are
reported in Figures 5 and 6. We first observe that each curve has an asymptotic slope of -1,
i.e., the order of the method is 2 (in 2D the average field point spacing is hs Nf_l/Q); again,
these curves clearly show that a right choice of the shape parameter ¢ heavily affects the error:
more than two orders of magnitude of difference are observed passing from € = 6.0 to € = 3.5 in
Figure 6.

As stated before, a comparison of previous convergence curves confirm that the influence of
N./Ny ratio is negligible for e far from €*, i.e., the upper curves (Figures 5 and 6) have similar
or identical magnitude; for this reason from now on we’ll consider only N./N; = 2, as it is the
cheaper choice in a computational sense.

6.2. Test case B: thickened corner, q with singularity

This problem is defined again on a square domain € = [0,1]2, but both field and collocation
point distributions are thickened in the corner around the x — y coordinates origin O =: vy
(11 > 1), as reported in Figure 7. We employed a thickened distribution around v; because the
following reference solution, defined in polar coordinates, is singular in that point:

¢an = \/; (23)
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Figure 7. Field point distribution for test case B: 71 = 3.0, f1 = 3.0, Ny = 17462.

(r = ||x]|); its Laplacian is therefore :

r—3/2

_ 2 _
q=V ¢an—74

The singularity of this solution is twofold: ¢,, has infinite first derivatives in v; and its
Laplacian, which is the RHS of the problem, goes to infinity with order 3/2 in the same point!;
thus, this is a very severe problem. The number of local iterpolation points was again n = 9.

No €* test has been conducted in this case, thus convergence curves of Figures 8-9 have been
computed only for two distinct shape factors e = 1.5,3.5, but various combinations of thickening
parameters 71, f1 have been considered.

In theses figure the convergence curves for a uniform point distribution are also shown; the
comparison of the thickened distribution curves with the uniform distribution ones clearly reveals
that in this case the employment of a thickened distribution around the singularity allows a much
better resolution of the singular problem, maintaining a second order accuracy.

The influence of point distribution thickening parameters 71, f1 around vy is also visible in
the same Figures (8-9); despite their little influence, it can be appreciated how an increase in 71

(24)

1 The ¢ term for the boundary collocation point x§ lying on the corner v;, where the Laplacian is infinite, should
be corrected as g = (h/271) /2.
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Figure 8. Test case B. Convergence curves  Figure 9. Test case B. Convergence curves
fore =1.5. fore =3.5.

and f1, i.e., a thicker and localized distribution around the corner, helps in the resolution of the
singularity.

Finally, the influence of shape factor £ (Figures 8-9) seems not to be of primary importance
in this case, but other computations should be performed to confirm this fact; however, greater
shape parameters ¢ reduce the ill-conditioning problems [16] when dealing with finest point
distributions (i.e. high Ny / large thickening parameters 7;).

6.3. Test case C: irreqular domain, q with singularities

This problem is defined on the polygonal domain reported in Figure 11 with thickened point
distributions around vertices va (12 = 3.0, fo = 6.0), vg (13 = 2.5,fs = 12.0) and vy
(t9 = 2.5, fg = 12.0). These vertices correspond to the points where the following reference
solution is singular:

1
Pan = [Ix = val| + 7 (llx = vs| + [lx = vol]) (25)

Its Laplacian is therefore :

q:v2¢an:1+i( ! + 1 ) (26)

% — val [x = vsll  [lx = ol

This reference solution is less severe than the one of test case B because ¢, has finite first
derivatives, but its Laplacian goes to infinity with order 1 in the three vertices vo, vg and vgZ.

2 The ¢ term for the three boundary collocation points corresponding to these three vertices vy, where the
Laplacian is infinite, should be corrected as g = 2ay,(h/27x) ", with aj the respective coefficient as in (26).
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Figure 10. Test case C. Convergence curves for complex shaped domain of Figure 11.
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Figure 11. Field point distribution for test case C: Ny = 13793.

Again, n = 9 neighbor interpolation points are employed. Convergence curves are shown in
Figure 10, where the convergence curve for a uniform distribution (¢ = 5.0) is also reported for
comparison; three shape factors e = 3.5,5.0 and 8.0 are considered.

From the previous Figure (10) it can be observed how, again, the lowering of shape factor
€ reduces the total error e, maintaining a second order accuracy; this is observed at least till
Ny = 10°, beyond which the use of small ¢ (3.5,5.0) with fine point distribution causes ill-
condition instabilities.

The advantage in the use of a thickened point distribution around singolarities is not so
evident in this case, although some improvement exists; this little difference is due to the less
severe singularities employed in this test case.
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6.4. CPU times

Typical CPU time for a single complete computation, including point distribution processes,
coefficients computation (requiring a space partitioning scheme with associated data structures)
and least square solution (MATLAB® built-in solver), was in the order of seconds even for the
cases where large number of points were employed (Ny &~ 10°, N, ~ 4 -10°) on a modern laptop
(quad-core Intel® i7 2.6GHz).

7. Conclusions and future work

In this work a Least Squares Collocation Meshless Method is used for the numerical simulation of
heat transfer problems, in the specific case of 2D steady state conduction. The peculiarity of this
approach is the flexibility against complex shaped domains because the traditional mesh/grid is
no longer required.

Three particular test cases have been considered and for each test case several convergence
curves have been computed to highlight the numerical properties of this approach. Fach test
showed good convergence properties (second order in space), even when dealing with singular
data and irregular domains; in these cases thickened point distributions around singularities
have been employed to improve the solution.

These numerical properties confirm that this method is an efficient and versatile tool for the
numerical simulation of practical heat conduction problems in complex shaped domains.

The reported activity will be carried on in order to outline advantages and disadvantages of
this specific approach for a wider range of cases. Further analyses will be conducted considering
other domain geometries (not necessarily polygonal, 3D), various boundary conditions and
transient (unsteady) problems; a significant step from a computational efficiency point of view
will be a parallel Graphics Processing Unit (GPU) implementation of the procedure, currently
under study.
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