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Abstract: We consider the Cauchy problem for the defocusing nonlinear Schrédinger
(NLS) equation for finite density type initial data. Using the d generalization of the non-
linear steepest descent method of Deift and Zhou, we derive the leading order approx-
imation to the solution of NLS for large times in the solitonic region of space-time,
|x| < 2t, and we provide bounds for the error which decay as t — oo for a general
class of initial data whose difference from the non vanishing background possesses a
fixed number of finite moments and derivatives. Using properties of the scattering map
of NLS we derive, as a corollary, an asymptotic stability result for initial data that are
sufficiently close to the N-dark soliton solutions of NLS.

1. Introduction and Statement of Main Results

We consider the Cauchy problem for the defocusing nonlinear Schrodinger (NLS) equa-
tion on the real line with finite density initial data:

igr +qxx —2(Ig1* —1)g =0 (1.1)
q(x,0) = go(x), xlirjl:looq()(x) =41. (1.2)

Remark. The usual form of the NLS equation is iu; +u,, +20u|u |2 =0, whereo = 11is
called the focusing and o = —1 the defocusing NLS equation. The change of variables
qg(x,t) = u(x, 1)e?! reduces the defocusing NLS equation to (1.1). This form has the
advantage that solutions of (1.1) which satisfy (1.2) are asymptotically time independent
as x — oQ.

Remark. Some authors have referred to (1.1) as the Gross—Pitaevskii (GP) equation [2—
5,25,27,28]. The general one dimension GP equation, which appears in the modeling
of Bose-Einstein condensates on a nonzero background, is iy, + ¥ — 2(|9|> — Dy +
V(x)¥ = 0 where ¢ is the wave function of a single particle and V is an external
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potential. Equation (1.1) is the integrable case of the 1D GP equation in which the
particle is free, i.e., V = 0.

It is an elementary fact that solutions of the linear Schrodinger equation ig; +¢y, = 0
disperse, i.e., q(x,t) = O (t_l/ 2) as t — o00. Once nonlinear effects are included,
soliton solutions appear. These special solutions do not disperse. Instead, the nonlinear
effects balance the dispersive to create solutions which persist for all time. For initial data
qo(x) which vanish sufficiently quickly as |x| — oo, only the focusing NLS equation
supports soliton solutions. For the finite density type of data considered in (1.1)—(1.2) the
defocusing equation also possesses soliton solutions. Let 3 D(0,1) = {z € C : |z] = 1}.
For zg € dD(0, 1) N C* define

sol(x, t; zg) :=—izo (izor +zo7 tanh (zo; (x —2zort))) Where zor =Re z¢ and zo; =Im zg.
(1.3)
Then g(x,t) = sol(x — xp,1; z0) is a traveling wave solution of (1.1) satisfying

limy_ o q(x,t) = 1 and limy_, o q(x, 1) = z%. We call these solutions 1-solitons,
or simply solitons. More generally, given a collection of distinct points {zk},iV:_O1 €

9D(0, 1) N C* one can construct more elaborate exact soliton solutions q(s oh),N (x,1),
called N-solitons which, instead of dispersing, resemble the sum of N individual 1-
solitons at sufficiently large times. Such solutions are constructed in Appendix A.

The soliton resolution conjecture is the vaguely stated, but widely believed, statement
that the evolution of generic initial data for many globally well posed nonlinear dispersive
equations will in the long time limit resolve into a finite train of solitons plus a dispersing
radiative component. For most dispersive evolution equations this is a wide open and
active area of research [11,34,35,40]. The situation is somewhat better understood in the
integrable setting where the inverse scattering transform (IST) gives one much stronger
control on the behavior of solutions than purely analytic techniques [12,14,16,20,29,41].
Even among the integrable evolutions, most results concern initial data with sufficient
decay at spatial infinity, but there have been some recent studies concerning non vanishing
initial data [7,23,30,42,43].

As we review below, problem (1.1)—(1.2) is integrable— as discovered by Zakharov—
Shabat— and its solution can be characterized in terms of an IST [45]. Briefly, the Lax-
pair representation of (1.1) (c.f. (3.1)) encodes the solution of NLS as a time evolving
potential in a certain spectral problem, (3.5), on the line. In analogy to the standard
Sturm-Liouville theory for Schrodinger operators on the line, see for example [20], the
scattering map associates to go a discrete spectrum, formed by a finite number of poles
{z; }I/VZ_O1 C 9D(0, 1)NC™ and for each pole an associated coupling constant cj € iz;R,.
In addition to the discrete data, the scattering map associates to g the so called reflection
coefficient, r, defined along the continuous spectrum of the scattering operator, i.e.,
r : R — C, which is a sort of Fourier transform of gq satisfying |r(z)| < 1 for any

7z # +1 with r(0) = 0. The collection {r(z), {z;, cj}ﬁ.";o‘} is called the scattering

data associated with go. In terms of scattering data, soliton solutions correspond to
reflectionless potentials g for which the scattering map gives r(z) = 0; the scattering
data of a 1—soliton is {0, {zg, co}} and for an N —soliton {0, {z, ck},ivz_ol}.

The essential fact is that the evolution of the scattering data is trivial, and an inverse
scattering map can be constructed in terms of a Riemann-Hilbert problem where the
spatio-temporal dependence appears only parametrically. This characterization of the
inverse map is ideally suited to rigorous asymptotic analysis via the Deift—Zhou steepest



descent method and has been key to deriving detailed asymptotic expansions of NLS
and other integrable evolutions in various asymptotic regimes [8,10,17,18,31,41].

The long time asymptotic behavior of the defocusing NLS equation with finite density
data has been studied previously. In a series of papers [42-44] Vartanian computed
both the leading and first correction terms in the asymptotic expansion of the solution
q(x,t) and ‘partial masses’ fioo(l —|q(x, t)|2)dx of (1.1)—(1.2) as x, t — Zoo with
|&] = |x/2t| > 1 (outside the soliton ‘light cone’) and || < 1 (inside the soliton ‘light
cone’). In particular, in [43], it is shown that when the initial data generates discrete data
{zk, ck},]g’:_o1 (in our notation), then in a frame of reference moving at one of the soliton
speeds, i.e., x +2Re(z;)t = O (1) forany j =0,1,..., N — 1, the solution g (x, t) of
(1.1)-(1.2) is asymptotically described to leading order by a 1-soliton. Our first result
below, Theorem 1.1, describes the leading order asymptotic behavior of the solution
q(x, t) uniformly in any closed sector within the ‘light cone’, that is with |§| < &y < 1.
Our formulation (1.6) is consistent with Vartanian’s description, but is formulated such
that we give a more holistic description of the solution as an N-soliton with a fixed
set of poles whose coupling constants slowly modulate due to the interaction of the
soliton components with the reflection coefficient. Expressing this N-soliton solution in
separated form for # > 1, (1.8) reduces to Vartanian’s leading order asymptotics in the
frames of reference x + 2Re(z;)t = O (1) defined by the individual solitons. From a
technical perspective our 9 methods greatly simplify the analytical arguments needed to
prove results. Moreover, our results hold for a much larger class of initial data than was
considered in [42-44] (c.f. Remark 1.5). Finally, we believe that our methods should be
more easily adapted to considering the so called collisionless shock region |x/2¢| &~ 1
where |r(z)| — 1, which we plan to consider in the near future.

1.1. Results. Our first result is a verification of the soliton resolution conjecture for (1.1)
for initial data of finite density type (1.2) that possess a certain number of derivatives
and moments. To state the theorem precisely we introduce the Japanese bracket (x) :=

/1 + |x|? and the normed spaces:

LP*(R) defined with [l Lrs®) := [1{x)*qllLr®)s
k
WEP(R) defined with g lwera) = D 19%g |l Lo ), Where du is the j'" weak derivative of u;
=0
H*(R) defined with gl grwy =1l (x>k§||Lz(R), where # is the Fourier transform of u;
> = L**(R) N HKR).

We also set CT = {z € C: £Imz > 0} and R, = (0, 00).

Theorem 1.1. Consider initial data qo € tanh (x) + X4 with associated scattering data
{r(2), {z;, cj}yz_ol}. Order the zj such that

Rezo > Rez; > --- > Rezy_1, (1.4)

let & = x/2t, and define

ds+22argzk. (1.5)

N
k:Rezx>§&

1 [*®log(l — 2
“(5)25/0 og(l —[r(s))



Fix & € (0, 1), then there exist ty = to(qo, &) and C = C(qo, &o) such that the solution
q(x,t) of (1.1)—(1.2) satisfies

g(x, 1) — e ¥E gob.N (. r)‘ <Ct™' forallt > tyand €| < &. (1.6)

Here q(ml)’N(x, t) is the N-soliton with associated scattering data {r = 0, {z;, ¢; }?/:_01}
where

~ 1 [ 1 1
c‘,:cjexp(_g/o 1°g(1"’“)'2)(s_z-‘Z)‘“)' (17)
J

Moreover, fort > tg and |&| < &, the N-soliton solution separates in the sense that

N-1
g, =D 14 3 (T2 ) fsoltx — x5 z0 =11 [ +0 (1), (18)
k= j<k

where sol(x, t; 7) is the one soliton defined by (1.3) and

o | lek]
=—|log
2Im(zy) 2IM(2k) ) peap>e
Uk

-z [P Im@zp) [ log(l — |r(s)[?)
Xk — - o ds

zxkze — 1 s — zx|?

(1.9)

Remark 1.2. The smoothness and decay properties of the reflection coefficient needed
in the proof of Theorem 1.1, which follow from our hypotheses on ¢, are proved in
Sect. 4. Specifically, for gg € tanh(x) + X, with m = 2 we will prove r € L*(R)
and || log(1 — |r|2)||Lp(R) for p > 1. m = 3 implies go € tanh(x) + L'2(R) which in
turn allows us to show that r(z) € H'(R); additionally for m = 3 we show (Lemma
4.8) that the scattering map has a finite discrete spectrum. This improves [13] where
finiteness of the spectrum was proved for go € tanh(x) + L'*(R). The condition that
qo € tanh(x)+2X), withm = 4is needed only to bound the d derivatives of our extensions
of the reflection coefficient in Lemma 6.5; specifically it allows us to use (4.19) with
n=2.

Remark 1.3. The restriction |x| < 2¢ in Theorem 1.1 is used only to limit the length of
this paper. This is the critical regime for studying the soliton resolution of the solution
as the soliton speeds v; in the scaling of (1.1)-(1.2) are bounded by |v;| < 2. The
steepest descent method of Deift and Zhou used in this paper can also be used to study
the behavior of g (x, ¢) as ¢t — o0 in the rest of space—time.

Remark 1.4. The two terms in (1.9) for the asymptotic phase shifts x; have clear inter-
pretations. The first term gives the phase shift due to interactions between the solitons.
The second term is a retarding factor due to the interaction of the soliton component
with the radiative component of the solution.

Remark 1.5. Long time asymptotic results for (1.1)—(1.2) were previously obtained by
Vartanian in [42—44] under the assumption that go(x) — tanh(x) is Schwartz class, and
that the reflection coefficient r(z) satisfies |r(£1)| < 1. This is a non-generic situation
in that for most data |r(&1)| = 1, as we review below. The hypothesis |7 | zo®) < 11is
used crucially in [42—44] in the context of some standard factorizations in the steepest



descent method; see for example formula (0.23) in [17], which we write in (6.1)—(6.3)
and which display factors (1 — |r(z)|*)~! that would be singular at £1 if |r(£1)| = 1.
Our methods remove the non-generic condition ||7| =) < 1 and can handle a wider
class of initial data while also requiring less technical estimates along the way.

Observe that if we take zgp = i in (1.3) then we have the stationary solution of
(1.D)—(1.2)

sol(x, t; 1) = tanh(x),

which is called the black soliton in analogy with the nonlinear optics application where
|g|*> represents the intensity of the light wave. When zo # i the solution is a non-
stationary dark soliton, becoming increasingly ‘whiter’ as zo — 1. There is a substan-
tial body of work treating the orbital stability of the black soliton, see [3,5,22,27,28]
and therein. The asymptotic stability of a dark soliton, the case zg # i, is discussed in
[2], while the case of the black soliton zg = i is discussed in [28]. Orbital stability of
multi—solitons is considered in [3].

A corollary of Theorem 1.1 is the following asymptotic stability type result for the
multi—solitons.

Theorem 1.6. Consider an M—-soliton "M (x, t) satisfying both boundary condi-
tions in (1.2) and let {0, {z;, ¢ j}l}/lz Bl} denote its reflectionless scattering data. There
exist &g > 0 and C > 0 such that for any initial datum qq of problem (1.1)—(1.2) with

€ :=llgo — ¢ M(x,0)ll 5, < &0 (1.10)

the initial data qo generates scattering data {r’, {z;., c} };V:_OI} for some finite N > M
(for both sets of discrete data we use the convention that j < k implies Rez; > Re zy
andRe z’j > Re z;c ). Of the discrete data of qq, exactly M poles are close to discrete data

of g$ODM Any additional poles (as N > M) are close to either —1 or 1. Specifically,
there existsan L € {0, ..., N — 1} satisfying L + M < N — 1 for which we have

I / ’ /
max zi — 25 +|c; — ¢ + max |1+zZ;|+max|l -2z <Ce. (1.11
o (I2 =yl +lej = €y max 145+ max |1 | (1.11)

Furthermore, qo has reflection coefficient r' € H'(R) N WZ’OO(R\(—&), 80)) for any
(3() > 0.

Set & 1= x /2t and fix & € (0, 1) such that {Re zj}?/:)l C (—&o, &0). Then there exist
t0(q0. £0) > 0, C = C(qo. &) > 0 and {xiL}j C R such that for t > to(qo. &),
|| < & and a (&) as defined by (1.5), the following inequality holds:

M—1 [k—1
qx, 1) — D <H Z/jz) |:1 + Z (H Z,j2+L> (SO1(X = Xpar 15 Zjpp) — 1):|
k=0 \j=0

J=L

<cr L.

(1.12)

Remark 1.7. Notice that in the region |§| < & the extra solitons for j < L and for
J = L + M approach constant values exponentially fast in time and their contribution
inside the Lh.s. of (1.12) would be exponentially small in ¢. Equation (1.12) is written
considering only discrete data close to those of ¢®?)-™ in order to emphasize that
the latter is asymptotically stable, up to some “phase shifts” and small changes of the
velocities of the solitons, in the region |&| < &.



Remark 1.8. Theorem 1.6 yields when M = 1 and ¢“°?!(x, t) = tanh(x) an asymp-
totic stability result for the black soliton. Minor modifications in our arguments yield
asymptotic stability results also for dark solitons and for N—solitons with boundary
conditions different from (1.2).

Our proofs of Theorems 1.1 and 1.6 take advantage of the integrability of (1.1)-
(1.2). Integrability allows one access to the inverse scattering transform (IST) machinery.
This was the approach of Gérard—Zhang [27] in their discussion of orbital stability of
solutions near the black soliton. We recall that the IST provides a representation of a
solution g (x, t) of an integrable equation in terms of its scattering data reminiscent of the

Fourier representation formula g (x, t) = fR eilkz“"kZ]\o (k)dk for the linear Schrodinger
equation. One can then envisage that solutions g (x, ) of an integrable equation might be
estimated by nonlinear analogues of the stationary phase method or other classical tools
used in asymptotic analysis. The steepest descent method of Deift—Zhou does exactly
this.

We would like to highlight some of the technical aspects of the manuscript. Our proof
uses the @ method for contour deformation introduced in McLaughlin—Miller [37,38]
and Dieng—McLaughlin [21], which allows us to consider initial data with only a small
amount of regularity while simultaneously simplifying many of the necessary estimates
of more standard steepest descent. The new ingredient in our problem compared to
those in the above mentioned @ papers is the presence of solitons. Our procedure for
accounting for the soliton contribution to the IST was in part inspired by [14] and
[29]. The main technical problem we face, mentioned in Remark 1.5, is the fact that
|r(£1)| = 1 generically. Indeed, we show in Appendix C that this happens generically
even when go — tanh (x) is compactly supported and small. We solve this problem by
an appropriate adaptation of the d method, at the cost of some loss of regularity with
respect to the standard 0 method of [21]. This is described in detail in Lemma 6.5.

Unfortunately, currently the IST is not well suited to explore cases when the metric
used in (1.10) is as weak as in [28], where, assuming that there is a way to associate to gg
scattering data, we should expect infinitely many poles concentrating near the points £1
(for somewhat related material see [33]). This is a situation we do not consider. Instead,
in the case when € in (1.10) is finite, we know by [13] that there is only a finite number
of poles. So we are very far from the very general set up considered in [2,3,28] and
in some obvious respect our asymptotic stability result in the special case of solitons is
much weaker than [28].

Nonetheless, in the case treated here of solutions of (1.1) with sufficient regularity
and finite higher momenta, the steepest descent method provides more information on
the asymptotic behavior of g (x, t) as t — oo than in [2,28]. Furthermore, we treat the
case of N—solitons for any N. It is also interesting to explore the same problem using
completely different theoretical frameworks (we recall that [2,28] follow the arguments
introduced by Martel and Merle, see [34,35] and therein). Obviously the approach in
[2,28], not based on a direct use of the integrability of (1.1)—(1.2), appears more amenable
to extension to non integrable NLS’s and so stronger than ours also in this respect.
On the other hand, apart from questions on the correct formulation of the problem
and some technical complications in Sect. 6.4, the arguments in the present paper are
technically rather elementary. Considering that, from the viewpoint of scattering data,
distinct integrable systems might not be very different from each other, perhaps similar
arguments apply to other systems. As for the integrability of (1.1)—(1.2) and the non
robustness of this condition in real life, we remark that we expect that it might be possible
to extend the analysis to non integrable systems, like in [19], although admittedly this



part of the theory seems at its infancy. For a recent paper on this topic we refer to [9]. Our
paper was written independently of [28], which we learned about only after finishing
the mathematical part of our paper.

2. Plan of the Proof

We prove Theorems 1.1 and 1.6 by applying the inverse scattering transform (IST) to
the NLS equation (1.1)—(1.2).

In Sect. 3 we review the integrable structure of (1.1). The Lax-pair (3.1) gives one
an eigenvalue problem (3.5) in which the solution g (x, ¢) of NLS appears as a potential.
We construct Jost solutions of (3.5), certain normalized solutions of (3.5): ¥ (z; x, 1)
and w; (z; x,1), k = 1, 2, holomorphic for Im z > 0 with derivatives in Re z and Im z
extending continuously to C*and t/ff(z; x,t)and ¥, (z; x, 1),k = 1, 2, holomorphic for
Im z < 0 with derivatives in Re z and Im z extending continuously to C~. We enumerate
several properties of these solutions under various assumptions on the smoothness and
decay rate of ¢g(x,t) — tanh(x). Implicit to this construction is that we have global
solutions of (1.1), g € tanh(x) + X4. This is shown in Appendix B.

In Sect. 4 we describe how one constructs the scattering data from these Jost functions.
The Wronskian det[v, (z; x, 1), W2+ (z; x, t)] is shown to be independent of both x and
t, and its zeros are precisely the discrete spectrum of (3.5) for z € C*. These numbers
each encode a single soliton component of the solution of (1.1). The total number of
solutions of det[vr, (z; x, 1), w;(z; x,1)] = O1is finite provided g¢ € tanh(x) +L1’2(R),
(c.f. Lemma 4.8 below). The totality of the scattering data generated by go(x) consist
of the zeros {z j}?/:_o1 of the Wronskian, where N > 1 is finite, of their corresponding

coupling constants {c; }?/:_01, and of the reflection coefficient r(z), which we will show

belongs in H!(R) and satisfies additional estimates proved in Sect. 4. In particular we
show that generically we have (c.f. (4.16)) lim,_, +1 r(z) = F1. The situation in which
(4.16) does not hold is simpler. Another issue that appears in Sect. 4 is that the map from
initial data gg to scattering data is not continuous at the soliton solutions. In appendix C
we show that even compactly supported perturbations of the single black soliton can be
multisolitonic in that the perturbed Wronskian det[vy, (z; x, 1), w; (z; x, t)] can have up
to two new zeros in C*. The new zeros however are very close to z = 1 corresponding
to nearly white solitons. In particular we have a perturbative result in Lemma 4.7.

In Sect. 5 we define a Riemann—Hilbert problem (RHP) for a sectionally meromorphic
function m(z; x, t) and describe how the solution of (1.1)—(1.2) can be recovered from
the solution m(z; x, t) of the RHP. We initiate the long time analysis of (1.1) in Sect.
6 by using the d generalization of the Deift—Zhou steepest descent procedure following
the ideas in [21]. This proceeds as a series of three explicit transformations m(z)
mM(z) — m® (2) — m® (z) such that the final unknown m(3)(z) is a continuous
function in the complex plane with an asymptotically small 3 derivative uniformly in the
complex plane. This allows one to prove the existence of m® using functional analytic
methods and the theory of the solid Cauchy transform.

In Sect. 6.1 we introduce the first transformation, a set of conjugations and interpo-
lations such that the new unknown m Y has no poles following the ideas in [1,14,29].
The second transformation is the heart of the steepest descent method, where appropri-
ate factorizations of the jump matrices of the RHP on the real line are introduced and
certain non-analytic extensions of these factorizations are used to deform the jumps onto
contours in the plane on which they are asymptotically small. The main issue here is that



|r(1)] = 1 introduces singular factors in the factors (6.3) which are part of the matrix
factorizations in (6.1)-(6.3), which play a central role in the theory. Nevertheless, in
Sect. 6.2 we construct extensions whose 3 derivatives satisfy particular bounds, analo-
gous to those proved in the case of vanishing initial data [21, Proposition 2.1]. These
bounds are later used to control certain solid Cauchy integral operators that appear later
in the inverse analysis.

Section 6.3 contains the third transformation which gives the leading order asymptotic
behavior of the solution. In Lemma 6.6 we show that if one ignores the 3-component
of m® what remains is a trivial conjugation of the RHP corresponding to an N-soliton
whose reflectionless scattering data {0, {zx, 'Ek},ivz_ol} is known exactly. The poles z; are
the same as those generated by the original initial data go givenin (1.2), but the connection
coefficients ¢ are modifications of the original ¢, by an amount that depends upon the
reflection coefficient (c.f. (1.7)). We solve this N-soliton problem exactly, so that we have
a single expression for the asymptotic behavior of the solution uniformly for |x| < 2¢
for large t. We then given a long time asymptotic expansion for the N-soliton solution
depending on the ratio £ = x/2¢ which gives the soliton component of the soliton
resolution conjecture.

Finally, in Sect. 6.4 we prove the existence of the function 7, and estimate its size
in a way similar to Sect. 2.4-2.5 in [21] using the bounds on the d derivatives of the
extensions constructed previously in Sect. 6.2. Summing up the estimates yields the
proof of Theorem 1.1 in Sect. 6.5.

3. Jost Functions

In this section we state without proof the details of the forward scattering transform for

defocusing NLS for step-like initial data. The results are well known and the interested

reader can find pedagogical and detailed treatments in the literature, see [6,20,24].
The integrability of (1.1) follows from its Lax pair representation

vy = L, (3.1a)
iv; = Bv. (3.1b)
The 2 x 2 matrices £ and B are given by
L= L(z;x,1) =i03(Q — A(2)) (3.2a)
B=B(zx, 1) = —2iM2)L — (Q> — o3 +10, (3.2b)

where,

— — 0 q(-xvt) _ 1 -1
Q_Q(-xvt)— (q(x,t) 0 ), )\(Z)—E(Z"‘Z )3

and o3 is the third Pauli matrix:

o1 = ((1) (1)) oy = (? Bi), o3 = (é _01). (3.3)

The commutativity of the mixed partials of v, which is the compatibility condition
for a simultaneous solution of (3.1), is equivalent to

QL — By +[L, Bl) = —i030; + Q. —2(Q* = 1)Q =0, (3.4)

which is just a matrix reformulation of (1.1).



Fix g (x) such thatlim,_, +o g (x) = =1 (appropriate reformulations of what follows
hold for different boundary values in d D(0, 1)). Writing (3.1a) as an eigenvalue equation
gives

io30; + QU — A(2)v = 0. (3.5)
Let
Bi=Bi(z)=1+01z"" (3.6)
and
X*(x,2) = B()e & 3.7)
where
{(2) = %(z —z7h. (3.8)

Then X* are the solutions of (3.1a) obtained by replacing Q(x) by £Q+ in (3.5) with
0+ = limy_ 400 O(x) = o1. We define Jost functions, I/Ij (z;x),j = 1,2, to be the

column vector solutions of (3.5) whose values approach those of the j th column of (3.7)
as x — Zo00. The existence of such solutions, and their analytic properties as functions
of z, is the subject of the following Lemma.

Lemma 3.1. Let q(x) be such that ¢ —tanh(x) € LY(R). Then for z € R\{0, 1, —1} the
system (3.5) admits solutions

l/fli(z; x) = mf(z; x)e 6@O% gpg wzi(z; X) = mzi(z; x)eld X 3.9
such that
. +,.. _ 1 . +, . _ :l:Z_l
xgrilooml (z;x) = (:l:z_l and xgrfoo my (z; X) = 1 . (3.10)

Both y{ (z; x) and Y5 (2; x) extend analytically into solutions of (3.5) for z € C~ and
V3 (z; x) and Yy (z; x) extend into solutions of (3.5) for z € C*.
Here m?(z; x) and mic(z; Xx) are the unique solution of the integral equations

i (@ x) = (izlfl) + /i X*(x, X5 (v, 27 i03(Q() F oymy (z; 1) T Day,
(3.11)

1 X .
mf(z; x) = (ﬂ:zl ) +/i XE(x, X% (y, ) o3 () F ol)mf(z; y)e W@ gy
(3.12)

Furthermore for any xo € R we have that 7 — mli(z; X) is a continuous
map from C_qc\{—l, 0, 1} (with analytic restriction in CF) into C'([xg, 00), C*) N
W12 ([xq, 00), C?) in the + case and C' ((—o0, xo], C2)N WL ((—o0, xo], C?) in the
— case. Similarly, we have that 7 — mit(z; X) is a continuous map from @\{—1, 0, 1}
(whose restriction in C* is analytic) into C'([xg, 00), C2) N W12 ([xg, 00), C?) in the
+ case and C'((—o0, xp], C2) N W12 (=00, x01, C2) in the — case.



Lemma 3.2. Given n € Ny and g — tanh(x) € L""(R), the map ¢ — %m}r(z; ),
with m7 as defined in Lemma 3.1, is locally Lipschitz continuous from

tanh(x)+L""(R) — LY. (C~\{—1,0, 1}, C!([x0, 00), CH)NW 1 ([xo, 00), C?)).
(3.13)

Additionally, the maps z — 33;,, mli(z; X) are continuous from ﬁ\{—l, 0, 1} (with
analytic restriction in CF) to C'([xg, 00), C*) N W1 ([xg, 00), C?)

Similar statements to (3.13) hold for g — m;(z; -) and for ¢ — m;(z; -) for
j=12
Specifically, there exists an increasing function F,(t), independent of q, such that

|02 m (2 01| < Fa((A+1xD"Mlg = Ulpingeoo)s 2 € C\{=1,0,1}.  (3.14)

Furthermore, given potentials q and q sufficiently close together we have for each
z€ C\{~1,0,1},

|02 [m (z; x) — m (2 01| < 1 — @l L1 e.00) Fa (L + XD lg = Ul p1n(x 00))-
(3.15)

Similar estimates hold for the other Jost functions.

The above lemmas suggests that the Jost functions exhibit singular behavior for z
near —1, 0, or 1. The singular behavior of these solutions at z = 0 plays a non-trivial
and unavoidable role in our analysis. However, as the following lemma makes clear, if
the initial data ¢ has an additional finite first moment, then the singularities of the Jost
functions at z = +1 are removable.

Lemma 3.3. Given n € Ny, let ¢ — tanh(x) € LY (R) and let K be a compact

neighborhood of {—1, 1} in (C_*\{O}. Set x* = max{+£x, 0}. Then there exists a C such
that for z € K we have

i - ()

i.e., the map z — m}(z; x) extends as a continuous map to the points 1 with values

in C'([xg, 00), C) N W2 ([xq, 00), C) for any preassigned xo € R. Furthermore, the
map q — m7(z; ) is locally Lipschitz continuous from

< C)eC RO g 1l o (316)

tanh(x) + L»1(R) — L®(C\{0}, C'([x0, 00), C) N W ([xg, 00), C)). (3.17)

Analogous statements hold for m3 (z; x) and for mlf(z; x)forj=1,2.
The maps z — 3]'m7(z; x) and ¢ — 3!'m7(z; x), also satisfy analogous statements
and we have, as in (3.24),

|07m? (2 )| < F, ((1 +x)™ g — 1||L],n+1(x,oo)) . zeKk. (3.18)

The final lemma in this section concerns the behavior of the Jost functions as |z| —
00. Set

—1
D) = 11g — Uy .00y (1 + 1 = Ul 000%™ et w00,

_ 2 llg+1l,1 (3.19)
D_(x) = llg + w21 —oony (1 +11g + L2t Coox))?e (o0,

10



Lemma 3.4. Suppose that g —tanh(x) € L' (R) and thatq' € W' (R). Thenas z — oo
with Im z < 0 we have

. 00 2
mi(z;x) = e + % ( lfx (1(1_(1131()))' )dy) +0 (D+(X)Z_2) , (3.20)

X =
my () = €2+ — ( L (1q£x|)q P dy) +O (D_(x)z_z) , 3.21)

and for Imz > 0 as z — oo we have

L (1= laO)P
my @) =t ( i (1q(x|)q(y)| )dy) +o(p-z?), G2

ooy 1 q(x) -2
M) = ert - (_i 0o dy) +0 (De0272), (3.23)

where the constant in each O (Di (x)zfz) is independent of z.

If ¢ — tanh(x) € LY (R) as well, then there exists an increasing function F,(t)
independent of q such that as 7 — 00

ot @ 01| = 27 a0+ 15D g = o0 (3.24)
Finally, given two potential g and q sufficiently close together we have

|97 [m} (2 x) — mf(z; 0]

< 1217Mg = @ll e o0 Fu (L + XD g = Ulpingeoe)) for0 < j <n. (3.25)
Similar estimates hold for the other Jost functions.

The previous lemma and the symmetry (4.4) imply the following corollary which
describes the singularities of the Jost solutions at the origin.
Corollary 3.5. Let g be as in Lemma 3.4. Then for z € C™, as z — 0 we have
+ 1 . 1
mi(z;x) = Zeg +0 () and m;(z;x) = _Zel +0 (1) (3.26)
where |O (1) | < F(llqg — 1ly21(y.00)), and for z € C*, as z — 0 we have

1 1
my(z;x) =—-e2+0O() and m; (z;x) = -e; + 0O (1) (3.27)
Z Z

where |O (1) | < F(|lqg + w21 (—oo.x)) fOr some growing functions F(r).

11



4. The Scattering Data

We start with the following elementary lemma.
Lemma 4.1. Let ¢ — tanh(x) € L'(R). Then
1. For z € R\{—1, 0, 1} both of the matrix-valued functions

Ezx) = (V@ x), ¥ (@n) = (my(@x), my(zx)e €@ @)
are nonsingular solutions of (3.5) and
detwy =detWi(z) =1—z7"2 4.2)

2. For z € CH\{—1, 0, 1} the Jost functions 1//1.i satisfy the symmetries

[ Uy (23 %) = o195 (Z; x) 43)
V3 (23 x) = o1y (T; x)
and
— (. _ =l — —1.
[wl (z;x) =~z 1%(zl,x) )
Uiz x) = 2z ¢ x).

Proof. The matrices ¥+ are solutions of (3.5), which follows from Lemma 3.1. To
establish (4.2) and thus that ¥ is nonsingular, observe that Tr(£) = 0, where £
is the matrix (3.2a) appearing in (3.1a), so that det UE(z: x) = det¥E(2). Finally,
lim, 100 det W =det By =1 — 772,

To prove the symmetries (4.3)—(4.4) start with z € R\{—1, 0, 1}. The symmetries of
the Lax matrix: £(z) = 01£@)o1 = L(z~!) and of the “free” solution: X*(x,z) =
o1 XE(x,2)01 = £z XF(x, z7")oy imply that for z € R\{—1, 0, 1} the Jost matrices
satisfy

Utz x) = o WET X))oy = 27wz x)o.

Analytically extending each column vector solution wji (z; x) off the real axis into the
half plane indicated by Lemma 3.1 gives (4.3)—(4.4).

Corollary 4.2. Let ¢ — tanh(x) € L'(R). Then each of the Jost functions w,f(z; X)
satisfy

YiEE T x) = 22019 (2 x) (4.5)

upon reflecting z through the unit circle in the half-plane in which each Jost function is
defined.

The columns of ¥*(z; x) and ¥ ~(z; x) each form a solution basis of (3.5) for z €
R\{—1, 0, 1}. It follows that the matrices must satisfy the linear relation

U (z;x) =¥ (z; x)S(2), S(z) = (Zg; %) , zeR\{-1,0,1} (4.6)

12



where the form of the scattering matrix S(z) follows from (4.3). The scattering coeffi-
cients a(z) and b(z) define the reflection coefficient

e
a2’

The following lemma records several important properties of a(z) and b(z).

r(z): 4.7

Lemma 4.3. Let z € R\{—1,0, 1} and a(z), b(z), and r(z) be the data in (4.6)—-(4.7)
generated by some q € tanh(x) + L'(R). Then

1. The scattering coefficients can be expressed in terms of the Jost functions as

det[y; (z; x), Y5 (z; X)]

— b = det[v (z; x), ¥y (z; x)]‘

1—z72

a(z) = (4.8)

11—z
It follows that a(z) extends analytically to z € C* while b(z) and r(z) are defined
only for z € R\{—1, 0, 1}.
2. For each z € R\{—1,0, 1}
la@1* = b@I* = 1. 4.9)
In particular, for z € R\{—1, 0, 1} we have
r@PP =1-la@z)|2 < 1. (4.10)
3. The scattering data satisfy the symmetries
—a@ ) =al), -bEH=>bk, rEhH=r@ (4.11)

wherever they are defined. e
4. If additionally g’ € W1 (R), then for z € C*,

lim (a(z) — 1)z :i/ (Iq(x)|2— 1) dx, (4.12)
77— R
ggg)<a<z>+1)z—l=1/R(|q<x>|2—1)dx, @.13)

and for z € R

b@)] =0 (Iz17?) as|zl - oo,
(4.14)
b)) =0 (Izlz) as |z| = O.

Proof. The first property follows from applying Cramer’s rule to (4.6) and using (4.2);
one then observes that Lemma 3.1 implies that the formula for a(z) is analytic for
z € C*. The second property is just the fact that det § = 1 which follows from taking
the determinant on each side of (4.6) using (4.2). The symmetry conditions follow
immediately from (4.8) after using (4.3)—(4.4); for instance

det [wf(?‘l;x), w;(?—l;x)] 1
a@ ) = 5 =12 det [o1.(=z¥ (25 x), 295 (2 X)) ]

1—z -

13



1
= — det [ (z: %), ¥3 (2 0)] = —a(2).

1 —z72

To prove (4.12) first observe that

g £ 17— 2£q90) £70) = lg(»)? - 1.

Inserting (3.22)—(3.23) from Lemma 3.4 into (4.8) gives

[z 2 (lgnP = 1) dy g ] )
-z )“(Z)‘de‘[ S lg) izt [ (gt - 1)ay] *O )

—1+i! [ (la0P=1) dy+0 (7).

To prove (4.13) write z = ¢~ and use (4.11) and (4.12); the formulae for b(z) in (4.14)
are proved similarly.

Though Lemma 3.3 gives conditions on g which guarantee that the Jost functions
lp]j.t(z; x) are continuous for z — =1, the scattering coefficients a(z) and b(z) will
generally have simple poles at these points due to the vanishing of the denominators
in (4.8). Moreover, their residues are proportional: the symmetry (4.4) implies that
¥ (£1; x) = &5 (£1; x), which in turn gives

a+

a(z) = I + O (1),
Z;‘i ax = det[yy (£1; x), ¥ (£1; ). (4.15)
b(z) = :FZqE I +0 (D),

In this generic situation the reflection coefficient remains bounded at z = +1 and we
have

li =Fl. 4.16
lim () = F (4.16)

The next lemma show that, given data go with sufficient smoothness and decay
properties, the reflection coefficient will also be smooth and decaying.

Lemma 4.4. For any given q € tanh(x) + LL2(R), q € WLL(R) we have r € H (R).

Proof. Because ||r|| () < 1and, by Lemma4.3,wehaver(z) = O (z7%) asz — Fo0
it’s clear that

g € tanh(x) + X5 = r € L*(R). (4.17)

It remains to show that the derivative r’ is also L2(RR).
For any 8o > O sufficiently small, the maps

g — det[y; (z;x), Y3 (z;x)] and g — det[y{ (z;x), ¥y (z;0)]  (4.18)

are locally Lipschitz maps from

{g:q € WH(R) and g € tanh(x) + L™ (R)} — W (R\ (=80, 89)) forn > 0.
(4.19)
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Indeed, g — wf(z, 0) is, by Lemmas 3.2 and 3.3 (c.f. in particular (3.13) and (3.18)), a
locally Lipschitz map with values in W">°(C \D(0, &), C2). For ¢ — ¥ (z,0) and
q — ¥y (z,0) the same is true but with C_ replaced by C,. This and (4.12)—(4.14)
implies that ¢ — r(z) is a locally Lipschitz map from the domain in (4.19) into

W™ (I5,)NH" (Is,) with Is, :=R\((—80, 80) U (1 — 89, 1 +80) U (—1 — 89, —1 +8).

Now fix 69 > 0 so small that the 3 intervals dist(z, {£1}) < §p and |z| < §p have empty
intersection. In the complement of their union

10/r(2)| < Csy(2)™" forj=0,1 (4.20)

by (3.25), its analogues for the other Jost functions, and the discussion above.
Let |z — 1] < &p. Then, using the a4 in (4.15) we have

b)) detlyf(zx), ¥y (1 0)]  —ar+ [{ F(s)ds

r(z) = a@@  detly; (%), ¥5 (0] as+ [ Gls)ds

4.21)

for F(z) = 8 det[y] (z: x). Y] (z: )] and G(2) = 8 det[Y] (23 x), ¥3 (2 1)) If @y #
0 then it is clear from the above formula that r'(z) is defined and bounded around 1.
If a, = 0 we have

_ flz F(s)ds

r(z) = W

4.22)

Now, a, = 0 is the same as [/ (z; x), ¥ (z; x)]j.=1 = 0. Differentiating (4.23) at
z=1we get

2a(1) = 9, det[yr; (z; x), V3 (x5 2)]jz=1 = G(1).

This implies that G(1) # 0, since otherwise |a(1)|2 — |b(1)|2 = 1, which holds by
continuity at z = 1, would not be true. It follows that the derivative r’(z) is bounded
near 1.

The same discussion holds at —1. At z = 0 we can use the symmetry (z~!) = 7(z)
to conclude that r vanishes at the origin. It follows that 7’ € L2(R).

We also have the following result, which is used later in the proof.

Lemma 4.5. For any initial data qo such that qo—tanh(x) € X the reflection coefficient
satisfies

Iog(1 — 7Pl Lr@ry < 00 forany p > 1.

Proof. Fix§ € (0,1).Let K ={z e R : 1— |r(z)|2 € [8, 1]} and let x denote the
indicator function of K. As r € L?(R) clearly (1 — x) has finite support containing
intervals surrounding z = =£1. Using the concavity of the logarithm, for z € K we have

|log(1 —|r(2)|?)| < Ms|r(z)|?, Ms = %. The previous inequality and the identity
L= 1r@* = la()| 7> give

[rog =1y = |xtog = 1r)| (1= ) log(1 = IrP)|

+
LP(R) LP(R) H LP(R)

15



5 . 2
< Msllx rllLrg) + H(l 1) log(lal )’LP(R)

< Mol + [0 = 01020l |,

where the last step follows from observing that ||7 || zec(r) < 1.
To estimate the second term we observe that by the identity

(2> — Da(z) = 7 det[vy] (z; x), Y5 (x5 2)] (4.23)

we have (zZ — Da(z) € L% (R) for initial data go € tanh(x) + L11(R). It follows that

loc

1
(1= x)lo ( )
LP(R) X g |<>2 | LP(R)

+ =0 10g (0% = 1al)|

[ =0 10g(1a)|

IA

LP(R)

1
1—x)1
=0 Og(|<>2 |) )

o (Je0* =

IA

1/p
11— .

Remark 4.6. In terms of the regularity needed, among other things, in the latter proofs
in this paper we use often the fact, proved in Lemma 4.4, that r € H 1(]R). Another
fact, used only to prove inequality (6.19), is that the Wronskians in (4.18) have bounded
derivatives up to order 2 in a small neighborhood of z = 1 in R. For both facts it is
sufficient to require that gg € tanh(x) + X4.

We conclude this subsection with a result on small perturbations of an N-soliton
solution.

Lemma 4.7. Given an M-soliton ¢“°""M (x,t) and initial data qo(x) satisfying the
hypotheses of Theorem 1.6 the number of solutions z € C, of det [1//{ (z; x,0),
lﬁ; (z; x, O)] = 0, where the Jost functions correspond to qo(x), is at least M and is

finite when qq satisfies the hypotheses of Theorem 1.6 for &y small enough. Furthermore
(1.11) holds.

Proof. In Lemma 4.8 it is proved that when g — tanh(x) € L'>(R) then the number of
zeros is finite. The other statements are elementary consequences of the theory which we
review in Sects. 3—4, and specifically of the Lipschitz dependence of the Jost functions
in terms of go and of the specific form of the determinants in the case of a multisoliton,
which follows immediately from (4.8) and the formula for a(z), see (4.27) below.

4.1. The discrete spectrum. At any zero z = zj € C+* of a(z) it follows from (4.8) that
the pair ¥, (zx; x) and 3 (zx; x) are linearly related; the symmetry (4.3) implies that
Y, (Z; x) and wf(Zk; x) are also linearly related. That is, there exists a constant y; € C
such that

Yy (ze, X) = vy (s X), ¥y (@ X) = ey (2 X). (4.24)

These yy are called the connection coefficients associated to the discrete spectral values
-
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If zx € C* then it follows that ¥, (z; x) and v/, (Zk; x) are L%(R) eigenfunctions of
(3.5) witheigenvalue A (zx) and A (zy) respectively. If zx € Rthen ¥ (zx; x) is bounded but
not L%(R) and we say that z; is an embedded eigenvalue. However, it follows from (4.9)
and (4.13) that |a(z)| = 1forz € R\{—1, 1}, so the only possible embedded eigenvalues
are £ 1. Then as (3.5) is self-adjoint, the non-real zeros of a(z) in C* are restricted to
the unit circle, i.e., |zx| = 1, so that A(zx) is real. The following lemma demonstrates
that, unlike the case of vanishing data for focusing NLS, the discrete spectral data takes
a very restricted form.

Lemma 4.8. Let ¢ — tanh(x) € LV2(R). Then

1. The zeros of a(z) in C* are simple and finite.
2. At each zi, a zero of a(z):

1 g—)‘f(.zk) and yy are pure imaginary;

ii. their arguments satisfy

i) = ;94 425
sgn(—iyx) = —sgn (—la(zk)) . (4.25)

Proof. Suppose zi is a zero of a(z)_,and ¥k the connection coefficient in (4.24). Then as
zx lies on the unit circle we have zk_l = zx. Applying (4.5) to (4.24) gives

Ui @) = Ry E
—zko1¥y (2x: X) = Vizko1¥s (2k: x)
Yy (2k X) = =V (2k; X).
Comparing this to (4.24) shows that y; = —yx, or y, € iR.
To prove the remaining facts, note that ¢ — tanh(x) € LY(R) implies g—f exists and
we have from (4.8)

da|  det[yy @ x), Y3@ 0] +det[Y (@0, By ()]
A =2k B l—z72

I=Zk

Using (3.2a) one finds that

B
adet [y, vi] =det[Loyy, w3 +det [Loy,, vi]+det [y, Ly7]
= —idet [o39;, V7]

and
% det [, s | =det [y, Loy | +det [y, 9| +det [y, Loys]
= —idet [y, o397 ]
where the cancellation in each equality follows from observing thatadj £ = —£.* Recall-

ing that at each z; the columns are linearly related by (4.24) and decay exponentially as
x| = oo,

* adj M denotes the adjugate of the matrix M, it satisfies M adj M = (det M)I.
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X

det [y, V3] = —in/ det[o3v/3 (zk; 8), Y3 (zk; $)1ds,

o
det[y, v5] = —in / detlo3y3 (zk; 8), ¥ (zk; 8)1ds.
X
Then using (4.5) to write ¥/ (zx; x) = zk_lol V3 (zx; x) in the first column of the deter-
minants, we have, after putting the terms together,

da
oA

_ ~in
= 26(zk)

/R [¥3 (zx; x)|2dx. (4.26)

Recalling that both y; and ¢ (zx) are imaginary, (4.26) is both nonzero and imaginary.
The simplicity of the zeros of a and the signature restriction on yy follow immediately.

To prove that the number of zeros is finite, observe that if the number were infinite
they would necessarily accumulate at one (or both) of z = +1. From (4.18)—(4.19) in
Lemma 4.4 for ¢ — tanh(x) € LI’Z(R) the functions

fi(0) = [k det[yr; (5 x), y3 (% )], k=01

are continuous for 6 € [0, w]. Now if z = 1 is an accumulation points there exist
sequences 9/(.]‘), k = 0,1, with lim;_, QJ(.k) = 0 and fk(éj(.k)) = 0 for each j. It
then follows from (4.8) and the continuity in (4.19) that a(z) = o (1) as z — 1. This
contradicts the fact that |a(z)|> > 1 for z € R\{—1,0, 1} by (4.9). The proof when
z = —1 is an accumulation point is identical.

Remark 4.9. The argument given above to prove that the number of zeros of a(z) is finite
is essentially the same as that given in [13]. Our contribution is a weaker condition on
the potential in order to obtain smooth derivatives, which allows us to prove the result
for gp — tanh(x) € Ll’z(R) instead of the L1*4(R) condition appearing in [13].

The zeros of a(z) are simple, finite and restricted to the circle. As a(z) is analytic
in C*, and approaches unity for large z, it admits an inner-outer factorization, see [24]
p-50, which using (4.9) takes the form

(- 1 [ log(l — |r(s)P?
a@ =[] (i _g:)exp (—%/Rog(sfz(”')ds), 4.27)

k=0

where {zk},i\]:_ol are the zeros of a(z) in C*. This trace formula implies a dependence
between the discrete spectrum z; and the reflection coefficient. Using (4.13), a(0) :=
lim;_9a(z) = —1, which gives

N—1 _ 2
H z;% = a(0) exp (%/ —IOg(l )l )ds)
o i Jp s

_ 2
~ exp (L / Md) 428)
R

2mi s
The more general case a(0) = ' is the “6-condition” in [24], formula (7.19) in Ch. 2.
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4.2. Time evolution of the scattering data. Thus far we have considered only fixed
potentials ¢ = g (x). The advantage of the inverse scattering transform is that if g (x, t)
evolves according to (1.1) then the evolution of the scattering data is linear and trivial
as we see now.
By Theorem B.1 we have g(x, ) — tanh (x) € C1([0, 00), X»). It can be shown
that this implies that the Jost functions m ; (z; x, t) in Sect. 3 are differentiable in ¢ with
x—+o0

Btmj-c(z; x,t) = — 0. This can be seen applying 9; to (3.11)—(3.12) and obtaining a
Volterra equation for é),mjj.E (z; x, t). By standard arguments, see for example [18,24,27],

which we sketch now, the evolution of the scattering coefficients and discrete data are
as follows:

a(z, 1) = a(z, 0),
b(z, 1) = b(z, 0)e~HE@D1
r(z, 1) = r(z, 0)e HE @A

zk (1) = zx(0),

Vi (t) =% (O)ef4i§(2))t(2)l , (429)

In particular here we sketch the first two equalities on the left. Due to (3.4) we can write
equalities (id; + B)¥ ¥ (z; x, 1) = ¥ (z; x, 1)C+(z, 1), with the ¥ T in (4.1). This yields

dm™(z: x, 1) +iB(z: x, Hm™* (z; x, 1) = m* (3 x, )e P Ce(z, )€,
Using
. + o1 . +
lim m—(z;x,t) =1+ —, lim Jm~(z;x,t) =0and
x— =00 Z Xx—*oo

lim B(z; x,t) =2 o3(Fo1 — L)
x—=+o00

we obtain that C+(z, t) is diagonal with

. ol -1 o1 2ilz ol 2
Ci(z,t)==2ir {1+ — aAFo)|(l+—)=— 1F—) (Axop)os
Z Z Z

2t
irz ) o1 2iA
Z—T 1+z :FZ? ()»:l:01)0'3Z—T()\ZFO'])(A:EU])O?,
2iA

—T(ﬂ — Doz = —2irl03.

Applying now id; + B to the first equality in (4.6), that is to ¥~ (z;x,1) =
Ut(z; x, 1)S(z, 1), after elementary computations we get 9,S = 2iA¢ [o3, S]. This yields
the left column in (4.29).

5. Inverse Scattering: Set Up of the Riemann Hilbert Problem

For z € C\R, for ¢g(x, t) the solution to (1.1), and for m]#(z; x,t), j = 1,2, the
(normalized) Jost functions we set

| (z5x,t
(mla(iz; )’ m;(z;x, l)) ze€Cy
m(z) =m(z; x,t) ;= o -
("ﬁ(z;x,t), '”23(8”)) zeC_.
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Lemma 5.1. We have
m(z) = oym(z)oy, (5.2a)
m(z™") = zm(2)oy. (5.2b)

Proof. Both are immediate consequences of the symmetries contained in Lemma 4.1
and Lemma 4.3.

Assume ¢ € tanh(x) + L' (R) and ¢’ (x) € WI(R).
Lemma 5.2. For +Imz > 0

') 2 -
li oy = (C laF = 1dy N q(x) ) 53
Zgloloz(m(z,x) ) ( 0) 100 — 1dy)” (5.3)
i -2 = q(x) —i [ |q(y>|2—1dy)
U (m(z, M=o ) B (i [ lg P = 1dy 400) SN

Proof. The behavior at infinity follows immediately from Lemma 3.4 and (4.12). The
behavior at the origin is then a consequence of Lemma 5.1.

It is an easy consequence of Lemmas 3.1, 3.4, 4.3, (4.24), and (4.29) that m(z; x, t)
satisfies the following Riemann Hilbert problem.

Riemann-Hilbert Problem 5.1. Find a 2 x 2 matrix valued function m(z; x, t) such
that

1. m is meromorphic for z € C\R.
2. m(z;x,t)=1+0 (zil) as z — oQ.
zm(z;x,t) =01 +0O((z)asz —> 0
3. The non-tangential limits m+(z; x,t) = lim m(c; x, t) exist for any z € R\{0}
Ci3¢c—z2
and satisfy the jump relation m4(z; x,t) = m_(z; x, 1)V (z) where

|~ e 2

r(Z)ed’(z;x,t) 1 (5.5)

V(@) :=Vix(2) = (

and

B(2) = P(z;x, 1) = 2ix¢(2) — @A = ix(z — 27 —ir(2 =272,
4. m(z; x, t) has simple poles at the points Z = Z* U Z+, Z+ = {zk},iV;OI Clz=¢":
0 < 0 < m}, with residues satisfying

. . ) 0 0
ReymGi) = Jim mi) (o 2y 0):

0 (5.6)
Resm(z; x, 1) = lim m(z; x, 1) (0 Ck()(g’ t)) ,
=2k -7k
where
cp(x,t) = y/k—(())e(p(zk;x”) — Cke(p(ZkQX,t)’
a’(zk)
0 4i
_ w@© izg _ izeleal. 57

S dz) Jg Y3 x, 0)2dx
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The potential g (x, t) is found by the reconstruction formula, see Lemma 5.2,

q(x,t) = lim zmoi(z; x,1). (5.8)
7—00

N-—solitons are potentials corresponding to the case when r(z) = 0.

Lemma 5.3. Ifa solutionm(z; x, t) of RHP 5.1 exists, it is unique if and only if it satisfies
the symmetries of Lemma 5.1, additionally for such a solution det m(z; x,t) = 1 —z 2.

Proof. Suppose a solution m(z) exists. It is trivial to verify using the symmetry r(z) =
r(z~1) and the condition Zzcx € iR on the norming constants that both o1m(z)o; and
zm(z~")oq are solutions as well. So uniqueness immediately implies symmetry.

Suppose the solution m possesses the symmetries. Taking the determinant of both
sides of the jump relation gives detm, = detm_ for z € R since detV = 1. It
follows from this, the normalization condition and the residue conditions that det m is
rational in z with poles at some subset of Z U {0}. However, the form of the residue
relation (5.6) implies that at each p € Z a single column has a pole whose residue is
proportional to the value of the other column. It follows then that detm is regular at
each point p € Z. As z — 0 the normalization condition gives z% detm(z) — —1. So
detm = 1+ az~' — z72 for some constant . However, the symmetry (5.2b) implies
that det m(z) = —z%detm(z~!) soa = 0.

Uniqueness then follows from applying Liouville’s theorem to the ratio m ()~ of
any two solutions m, m of RHP 5.1, noting that at the origin we have

lim m(z)(i(z) " = lim (> = D7 izmorzim () or = —(0102)* = 1,

where by elementary computation M~ = (det M)~'o, M o, for any invertible 2 x 2
matrix.

6. The Long Time Analysis

6.1. Step 1: interpolation and conjugation. In order to perform the long time analy-
sis using the Deift—Zhou steepest descent method we need to perform two essential
operations:

(1) interpolate the poles by trading them for jumps along small closed loops enclosing
each pole;

(i1) use factorizations of the jump matrix along the real axis to deform the contours
onto those on which the oscillatory jump on the real axis is traded for exponential
decay.

The second step is aided by two well known factorizations of the jump matrix V in
(5.5):

2 o, —D
Vi) = (1 — Ir@I" —r(2e ) = b2 Th@) = BQTo(2) B~ (6.1)

r(z)e® 1

4 _ l—me_d5 _ 1 0
b = (6 79T) b0 = (e V) 62)
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1 0 .
B = _r0 o) To@=0-Ir@P™,
|2

1-|r(z)

@ —@
B(z)—T:((l) _1—|r‘<i>|26 ) (6.3)

where A" denotes the Hermitian conjugate of A. Briefly, the leftmost term in the factor-
ization can be deformed into C~, the rightmost factor into C*, while any central terms
remain on the real axis. These deformations are useful when they deform the factors into
regions in which the corresponding off-diagonal exponentials e*® are decaying. We
will use a gently modified version of these factorizations to deform the jump contours,
but first we introduce the pole interpolate which help account for these small changes.

Our method for dealing with the poles in the Riemann—Hilbert problem follows the
ideas in [1, 14,29]. To motivate the method we observe that on the unit circle the phase
appearing in the residue conditions (5.6)—(5.7) satisfies

Re(@(e; x,1)) = (e x, 1) = —4rsinO(& — cos0), & := % (6.4)

It follows that the poles zx € Z are naturally split into three sets: those for which
Re(zx) < &, corresponding to a connection coefficient cx(x, 1) = cre® @50 which is
exponentially decaying as t — o0; those for which Re(z;) > &, which have growing
connection coefficients; and the singleton case Re(zx) = & in which the connection
coefficient is bounded in time. Given a finite set of discrete data Z = ZTUZH Zt =
{zx €CT : k=0,1,..., N — 1} and Z* formed by the complex conjugates of Z7, fix
p > 0 small enough that

the sets | Re(z — zx)| < p are pairwise disjoint and mg}l Im(zz) > p.. (6.5)
ZkE

We partition the set {0, ..., N — 1} into the pair of sets
={j:Rez;>&} and V={j : Rez; <§&}. (6.6)
These sets index all of the discrete spectra in the upper (and lower) half-plane. Those

j € A correspond to poles z; for which [e?©)| > 1 and j’ € V to poles z; for which
1e? | < 1. Additionally, we define

(6.7)

. . i if |Re(z;) —&| < pforsome j €{0,..., N —1
—1 otherwise

which is nonnegative only when some zj, is near the line Rez = &, so that e® i) =
O ().

The connection coefficients c;(x, t) for j € A are exponentially large for # > 1 and
for the purpose of steepest descent analysis we want our pole interpolate to “exchange”
the e?® in these residues for e~% in the new jump matrix.

Define the function

I (Z) =T(z.§)

_ 2T % e o (e L
H(zzk—l) p( Zni/o log(1 |r(s)|)(s—z 2s)ds)'

(6.8)
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Lemma 6.1. The function T (z, §) is meromorphic in C\[0, o) with simple poles at the
Zk and simple zeros at the zj such that Re(zx) > &, and satisfies the jump condition

To(z.&) =T_(x,§)(1 — [r@@)|»).  z€(0,00). (6.9)
Additionally, the following propositions hold:
LT@E =Tk & '=TE",¢);
il T(00,6) = lim T(z,6) = ka) exp (L /OOO Mds) and

4mi K
keA

T (00, &)1> = 1;
iii. |[T(z,&)| =1 forz <0;
iv. As 7z — 00 we have the asymptotic expansion

T(z,6)=T(0,&)(1—2" ZZiIm(zk)—i,/ log(1 — |r()Pds |+o™ " )
b 2mi Jo

(6.10)
v. The ratio Taézé) is holomorphic in Cy and there is a constant C(qo) s.1.
a(z)
< C(qq) forzeCistRez>0. (6.11)
T(z,8)
Additionally, the ratio extends as a continuous function on Ry with | a(z) | =1 for

T(z,¢)
z € (0, 00).

Proof. From (6.8) it’s obvious that T has simple zeros at each z; and poles at each 7,
k € A. The jump relation (6.9) follows from the Plemelj formula. The first symmetry
property follows immediately from the symmetry (4.11) of r(z). The second and third
properties are simple computations, as is the fourth property, using Lemma 4.5 with

p = 1. Finally, consider the ratio T“ézi_) . Using the representation (4.27) for a(z) we can
write
a(z) L e el 71— 1 /0 log(1 — |r(s)|?)
= 4 21 JO 2s P 7d .
T(z,&) (gzj)e Ig 7 — 7k N o s—2z s

(6.12)

In the r.h.s. all factors before the last one have absolute value < 1 for z € C, while the
real part of the exponential can be bounded as follows,

—m@) (72 O log(l —|r(s)]?)
+ ds
27 /_oo /_; (s — Re(2))? +Im(z)?

41Im(z)
= T3 aIm(g)2 1108

I @y + 27 og( = 1713l L (a-1.0)

where we bound the 1st term of the rh.s. using Lemma 4.5 and the 2nd using
I7l Lo(=2-1,0) < 1. Obviously the function in (6.12) extends in a continuous way to
R, where it has absolute value 1.
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o0

O O 270 :
O " O ©
oo ™ O o
Rez=¢ 3R(‘:z{

Fig. 1. The contours defining the interpolating transformation m +> m D (c.f. (6.13)). Around each of the
poles z; € Z% and its conjugate 7 € Z_ we insert a small disk, oriented counterclockwise in C* and
clockwise in C™, of fixed radius p sufficiently small such that the disks intersect neither each other nor the
real axis. The set A (resp. V) consist of those poles to the right (resp. left) of the line Rez = &. If a pair
Zjo» Zjo lies within p of the line Re z = § we leave that pair uninterpolated (left figure), otherwise all poles
are interpolated (right figure). In either case, the singularity at the origin remains

We are now ready to implement the interpolations and conjugations discussed at the
beginning of this section.

Let T(z) = T(z,&). We remove the poles by the following transformation which
trades the poles for jumps on small contours encircling each pole

1

_c,-e

T (00)~%m(z)

e T()%, lz—zjl<p, je€Vand|Re(z;)—§l>p,

2=z
7%
P(z;)

T (00)™%m(z) 0 Cfel T T@%, lz—zjl<p, j€ Aand|Re(zj) —&| > p,
mV(2) = | TGS
T (00)"%m(z) =z T(2)%, |z—7Z;l <p, j € Vand|Re(z;) —&| > p,
0 1
1 0
T(00) Pm@) | =7 | T(2)”, l|z—zjl<p, j € Aand|Re(z;)—&| > p,
e PG
J
T(00)"m(2)T ()% elsewhere.
(6.13)
Consider the following contour, depicted in Fig. 1:
sW=RU| (J zeC:lz—zl=porlz—7|=0p}|. (6.14)
jevua
J#ijo®)

Here, R is oriented left-to-right and the disk boundaries are oriented counterclockwise
in C* and clockwise in C™.

Lemma 6.2. The Riemann—Hilbert problem for mV () resulting from (6.13) is RHP 6.1
formulated below. Furthermore, m'V (z) satisfies the symmetries of Lemma 5.1.

Riemann-Hilbert Problem 6.1. Find a 2 x 2 matrix-valued function mW(z; x, t) such
that

1. mW(z: x, 1) is meromorphic in C\ X'V,
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2. mW(zx,)=1+0 (z’l) as z — 00,
mW(x,)=01+0 ) asz — O.

3. The non-tangential boundary values mi)(z x, 1) exist for z € XV, and satisfy the
Jjump relation m4(z; x,t) = m_(z; x, t)V(l)(z) where

1 —%T(z)—2 - 1 0
2 ® z € (—00,0)
1 r(2)T(z)%e” 1
0 1 —r(2) (@)~ 2 —
irP T+ € (0, 00)
r(z) 2,9 z )
(1 \r(Z)IZT (@) 1) (0 1
0 .
LJ T(Z)2 d’(Z/)l |Z—Zj|=p,]€V
vy —
(@) 1 3= z, T() —2,—P(z))
lz—zjl=p, jEA
0 j
1 T(z) “2e=*G)) _ ,
( lz—Zjl=p, jeV
0
0 . .
—-Zil=p, j€A.
ZcT-Z’T(z)zﬂ’r.f) 1 2=zjl=p.
4. If (x, t) are such that there exist (at most one) jo € {0, ..., N —1} such that | Re z j, —

£| < p, & = 5, then mW (z; x, t) has simple poles at the points Zjy» Zjo € Z satisfying
one of the following alternatives:

(@ 1Ifjo €V,
0 0
D, T 1, ..
i Enn = g (Z’x’”( T (2j)2e?Cio 0)’
o) (6.152)
Resm(])(z x,t) = lim m(l)(z X, t) (O C]OT(ZJO) e ’
ZJjo =7, 0
(®) If jo € A,
~1gr, =2 —P(zj,)
Resm™D(z;x, 1) = lim m™M(z;x,1) (O o T Rio) e )
2o =2zj, 0 0
(6.15b)

ResmV(z;x,1) = lim mW(z; x, 1) _ 0 0
AN s Ay - L1} s Ay EJ—OIT/(ZJ_O)7267¢7(ZJ'O)O .

Zjo Z‘)Zjo
Otherwise, m'V(z;x,t) is analytic in C\ XD,

Remark 6.3. The function T (z, &) and the transformation m m 1 defined by (6.13)
can be thought of in two parts. In the first step the Blaschke product in T swaps the
columns in which the poles z;, j € A, appear and gives new connection coefficient
proportional to ¢; (x, 1)~ ! as desired. The triangular factors in (6.13) then interpolate the
poles trading them for jumps on the disk boundaries |z —z ;| = p. In the second step, the
Cauchy integral term in T is responsible for removing the diagonal factor (6.3) from the
jump matrix factorization V = BTyB~" (cf. (6.1)) on the half-line (0, 00). Finally, we
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point out that factors (zzx — 1) in the Blaschke product—instead of simply (z —Zx)—
and the 2—1Y term in the Cauchy integral are introduced so that T satisfies property i. in
Lemma 6.1 which is needed to preserve the symmetries in Lemma 5.1.

Proof of Lemma 6.2. The proof consists of a lengthy but elementary series of computa-
tions which we sketch only partially. First of all we start with the symmetries of Lemma
5.1. For instance, the region outside the disks in (6.13) is invariant by the transformations
z—Zzandz — z~!. We have

m () = T(00) Mm@ T @) = T(00)®01m(2)o1T(2)"" = oym (2)oy
and

mP (™ = T(00) Pmz YTz = 2T (00) Pm(2)o1 T (z)"7 = zmV (7)o,

where we have used the symmetries of m(z) and of 7 (z). Using also the symmetries of
@ (z) these equalities can be similarly extended on the whole domain of m(2).

While Claim 1 and the 1st equality in Claim 2 in RHP 6.1 are obvious consequences
of the corresponding ones in RHP 5.1, the 2nd equality in Claim 2 follows from

zm'V(2) = T(00) Pzm(@)T ()7 = T(00) P (01 + O (NT(z) ™™
=T(00) (o1 + O (@)T(0) + 0 (2))"? =01+ 0 (2),
where we used the symmetry and the expansion 7'(z) = T (c0) + O (z_l) as z — o0oin
Claims i and iv of Lemma 6.1 respectively.
We skip the proof of Claim 3 which is an immediate consequence of (6.13) and of
Claim 3 in RHP 5.1. The proof of the 1st limit in (6.15a) follows immediately from

ResmV(z) = Res T (00) " m(2)T(2)*
Zjo

Zjo

0 0
= lim T(00) " m(@T @)™ (c.eanz.fo) o) e
Jo

= Zjy

0 0
= limmV ).
Amm N T (20)2e @) 0

We now turn to the 1st limit in (6.15b). We have

- + +0. .
1§¢sm<1>(z> = lim (z—2zj,)7(00)"" (ml (Z)T(Z), m3 @) )zT(oo>—f’3 (o ’"2(%))
JO JO

z a(z) T(z) T T(zj,)
_ lim Too)y- ml_(z)T(z)’mg(z) 0 ¢! T'(zjy) 2P0
=2j, a(z) T(2) 0 0

which yields the 1st limit in (6.15b). In the last equality we’ve used the fact that
mi@)T @)~ = v, O @) e Cdmy ()
-1 - 1 —d(z) -
Za/(Zjo) CjolT,(ZjO) le <D(z]0)m] ()

which follows from (4.24), (4.29) and (5.7). The limits in the 2nd lines of (6.15a)—(6.15b)
follow from the symmetry (5.2a), which is satisfied by mV(z). o
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. _
Zjo

O 0
Fig. 2. The unknown m® (z) defined by (6.26) has nonzero 9 derivatives in the regions £2;, and jump

discontinuities on the disk boundaries |z — z;j| = p. The dashed boundaries of §2; indicate that m® is
continuous at these boundaries

6.2. Step 2: opening 9 lenses. We now want to remove the jump from the real axis in
such a way that the new problem takes advantage of the decay/growth of exp (@ (z)) for
z ¢ R. Additionally we want to “open the lens” in such a way that the lenses are bounded
away from the disks introduced previously to remove the poles from the problem.

To that end, fix an angle 6y > 0 sufficiently small such that the set {z € C : )%’ >
cos By} does not intersect any of the disks |z — zx| < p. Forany & € (—1, 1), let

P (&) :min[@o, arccos( 21| )}
1+&|

and define 2 = |J{_; £, where
21 ={z : argz € (0, p(§))}, 2 ={z :argz € (r — ¢ (§), 1)},
23 ={z rargz € (-7, —w+¢&))}, 24a={z : argz € (—9(§),0)}.
Finally, denote by
5| = MOR,. 5y = TR,
Ty = e iTOER, 3, = WEOR,
the left-to-right oriented boundaries of £2, see Fig. 2.

Lemma 6.4. Ser & := % and let |&| < 1. Then for z = |z|€!? and F(s) = s +s~!, the
phase @ defined in (5.5) satisfies

Re[d(z: x, )] > (1 — [ENF(z))? |sin20] forz € 2, U 25,
4; (6.16)
Rel®(z: %, 0] = —2(1 — [EDF()? lsin20] forz e 25U 2.

Proof. We will consider only the case z € §21. By elementary computation we have
Re[®(z;x,1)] =t ¥ (z)sin20 with ¥ (z) = F(|z])> —EF(|z])secd —2. (6.17)

Then, observing that F(|z|) > 2, we have for z € £21,

1 1—
¥ = F(2) - +T'E'qun 2> %qubz

so that ;
Re®(z;x,1) = 2(1 = lED) F(|z])? sin 26.
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The estimates suggest that we should open lenses using (modified versions of) fac-
torization (6.2) for z < 0 and (6.3) for z > 0. To do so, we need to define extensions
of the off-diagonal entries of b(z) and B(z) off the real axis, which is the content of the
following lemma.

Lemma 6.5. Let gg € tanh(x) + LY3(R) and q(’) e WEL(R). Then it is possible to define
functions R : Q i — C j=1,2,3,4, continuous on .Q_j, with continuous first partials
on §2;, and boundary values

1-|r@)?

Ri(z) = EQ2 - ¢ (0, 00)
Ri1(z) =0 7€ X

Ry(z) = r(2)T(2)* z € (—00,0)
Ry(z) =0 7€ X

R3(2) =r()T ()% z € (—00,0)
R3(z) =0 7€ X3

1-r@@)?

Ry(z) = L@ 7 ¢ (0, o0)
R4(z) =0 7€ Xy

such that for j = 1 and 4; a fixed constant ci = c1(qo),; and a fixed cutoff function
¢ € Ci°(R, [0, 1]) with small support near 1; we have
[0R;(2)| < c1lzl™V* + 1l (2Dl + c19(z])  forall z € 2; and (6.18)
|0R;(2)| < cilz—1| forall z € 2; in a small fixed neighborhood of I~ (6.19)
while for j = 2,3 we have (6.18) with |z| replaced by —|z| in the argument of r’ and
without the term c1¢(|z]).

Setting R : 2 — Cby R (z)‘ o = R(2), the extension can preserve the symmetry
z€8lj

R(z) = R(z ).

Proof. We will give the details of the proof for Rj. The estimates for the 3-derivative
for j = 4 are nearly identical to the case j = 1; the definitions of R; and R3 and their
o estimates are similar and are a simpler version of [21, Proposition 2.1].

As observed in (4.15)—(4.16), a(z) and b(z) are singular at z = %1, and r(z) — F1 as
z — =1. This suggests that R (z) is singular at z = 1. However, the singular behavior
is exactly balanced by the factor T (z)~2. From (4.7)—(4.9) we have

2y 2 T N 2
r(2) TG o b(z) (a(z)) _h@® (a(z)) ’ 6.20)
I —1|r@)| " a) \T4(2) Ja(2) \T+(2)

where we have temporarily introduced the notation

Jp(z) =det [Yf (@ x, 1), ¥ (@ x, 0], Ja(@) =det[y; (z:x,0), ¥3 (2 x,1)].
(6.21)

Recall that though the columns of the right/left normalized Jost functions, 1// (z; x,1),
Jj = 1,2, depend on x, the determinants are independent of x as Tr £ = 0. Using
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Lemmas 3.1 and 6.1, the denominator of each factor in the r.h.s. of (6.20) is non-zero
and analytic in £21, with a well defined nonzero limit on 9£2;. Notice also that in £2;
away from the point z = 1 the factors in the Lh.s. of (6.20) are well behaved.

We introduce cutoff functions xo, x1 € C{°(R, [0, 1]) with small support near 0
and 1 respectively, such that for any sufficiently small real s, xo(s) = 1 = x1(1 +s).
Additionally, we impose the condition that x1(s) = xi (s~Hto preserve symmetry. We
then rewrite the function R;(z) in R; as R{(z) = R11(2) + R12(z) with

R11(2) := (1 = x1(2))

r(z) I [ a2) 2
—T+ Ria(z) = .
rQE @ Re@ =@ (mz))

(6.22)

The purpose of (6.22) is to neutralize the effect of the singularity at 1 due to |r(1)| = 1.
Fix a small §p > 0. Then extend the functions Rj; and R in §2| by

r(lz))
1—|r(z))?

ilz| argz
R12(2) = f(lz])g(z) cos(kargz) + — xo( )f(lzl)g(z)sm(karg(z)) (6.24)

Rii(z) = (1 — x1(lz])) T(z)"% cos (kargz), (6.23)

where f'(s) is the derivative of f(s) and

R _{a@ ) _ Tp(s)
k= 2—007 g(z) == (m) . () = xa(s) 7.6)

Both extensions are similar to Prop. 2.1 [21], but (6.24) is somewhat more elaborate.

Observe that the definition of Ry above preserves the symmetry Ry (s) = Ry (s—!). Aided

by the symmetry conditions (4.11), (4.5), Claim i of Lemma 6.1, and yx1(s) = x1(s~1)

one shows that Ry, f, and g satisfy the desired symmetry; the rest is a trivial exercise.
We now bound the 0 derivatives of (6.23)—(6.24). We have

IR (z) = —

x1(lz]) r(lz]) cos (k arg z) , L= x(zD 5 r(z]) cos (karg )
T()?  1—1|r(lzD? T(2)? 1—|r(lzDI?
(6.25)

Observe that 1 — |r(|z])|*> > ¢ > 0 in supp(l — x1(|z])) and |T'(z) %] < Ce™'°2¢ in
21 N supp(1 — x1(|z])) for some fixed constants ¢ and C. Then for some new fixed
constant C we have

—r(|z]) cos (k arg z)

Ir(lzDI
1—r(lzD[? '

< C|r'(Jz])| + C |sin (k arg 2)| H

As r(0) = 0 it follows that |r(|z])| < \/EHV/HLZ(Ry Notice also that the first term in
the r.h.s. of (6.25) can be bounded by c1¢(|z|) for an appropriate ¢ € C(‘)’O(R, [0, 1])
with a small support near 1 and with ¢ = 1 on suppy; . It follows that the r.h.s. of (6.25)
satisfies (6.18).
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We turn now to dRyp. For z = u +iv = pel® we have 3 = § (3, +id,) =
eT (Bp +4 8¢) . Then

_ oit k
IR12(2) = g(Z)[f (p)cos(k¢>( (;ﬁo)) ‘f ) Gin(kg)

L Vo ¢ i, e
+2(0f (0)) sin(k9) x0 (%) + 15 P sintha) (%) }

where the 1st term in the bracket is obtained by applying d, to f(p) in the 1st term in
(6.24) and ip’l 0y to sin(k¢) in the 2nd term of (6.24).

Then we claim [dR12(z)| < c1¢(|z]) fora ¢ € C5°(R, [0, 1]) supported near 1,
thus yielding (6.18). The prefactor including g(z) is bounded by (6.11). The first, third,
and fourth terms in the brackets are bounded by observing that, for ¢ satisfying the
hypotheses of the Lemma, we have J,(s)/J,(s) € W:2(R)—this follows from a small
modification of Lemma 4.4 where the extra moment is needed for second derivatives in
the term (of’(p))’ appearing in the expression for dR1> above (c.f. (4.19)). The second
term is bounded because supp x1 is bounded away from zero. Finally, forz ~ 1,3 R12| <
C[|sintkp)| + (1 — xo(¢p/80) 1 = O (¢), from which (6.19) follows immediately.

‘We use the extensions of Lemma 6.5 to define modified versions of the factorizations
(6.1) which extend into the lenses £2;. We have on the real axis

v(z) = b7 (2)b(z) = B(2)B~ 7 (2)

s 1 0y s (1 Rs@e
b2 = (Rz(z)e‘p 1)’ e = ( 1 )

= 1 0 =i+ (1R (z)e®
B(Z)_(R4(z)ed’l)’ B(Z)_(O 1 )

We use these to define a new unknown

where

mV()Bf(z)  ze

mO @b~ ze 2
mP @) = {mD@)bz) T2 7€ 2 (6.26)
mM (2)B(z) €2
m(z) ze C\R2.
Let
2(2):U{ZG(C tlz—zjl=porlz—7Z;| = p} (6.27)
jevua
J#jo(§)

be the union of the circular boundaries of each interpolation disk oriented as in XV It
is an immediate consequence of (6.26) and Lemmas 6.2 and 6.5 that m®@ satisfies the
following d—Riemann—Hilbert problem.

Riemann-Hilbert Problem 6.2 (3-. Find a 2 x 2 matrix-valued function m® (z; x, t)
such that
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1. m® is continuous in C\X® and takes continuous boundary values m )(z x,t)
(respectively m(f)(z, x, 1)) on 2P from the left (respectively right).

2. mPx,)y=1+0 (z_l) as z — 00,
imP(z;x, 1) =01+ O () asz — 0.

3. The boundary values are connected by the jump relation m; )(z x,t) = m? )(z x,t)

V@ (z) where
1 0 )
— T @) 1 2=zil=pJEV

1 - Z/ T( ) -2 —@(Z/)
0 lz—zjl=p, jEA
V() = (6.28)
1 T(Z) 2 ¢(ZJ) _ .
0 lz—=zjl=p, jEV
O — .
7= ZJT(Z)z ~d()) lz—Zjl=p, j €A
4. For z € C we have
am@ @z x,0)=m® @z x, HW(z2) (6.29)

where

a —@
(797 em
0 0
_ 2
(—aRz(z)ed’ 0) cefa

w = ) —@
(2) (8 8R3(()z)e )ZGQ3

0 0
_ 2
(aR4<z>e4’ 0) c et

0 z elsewhere.

5. m@ (z; x, t) is analytic in the region C\(2 U X @) if jo = —1. If (x, t) are such that
there exists jo € {0, ..., N —1} suchthat |Re zj, —&| < p, & = 5., then m® (z; x, 1)
is meromorphic in C\ (22U X @) with exactly two poles, which are simple, at the points
Zjo» Zjo € Z satisfying one of the following cases.

(@) If jo € V, letting Cj, = c;,T(zj,)*, we have

0 0
®) _ @)
Ijism (z3x,1) = Zgniom (z3x,1) (C, JIEPS) o)’

(6.30)

D (zjy)
Resm® (z;x,1) = lim m®(z; x, 1) (O Cje <o )

Zjo =7Zj 0

31



(b) If jo € A, letting Cj, := cj_olT’(ZjO)*z, we have

. ,—P(z,)
Resm®(z;x, 1) = lim m®(z: x, 1) (0 Cioe JO)
o =2zj, 0 0

0 0 (6.31)
Resm<2)(z x,t) = lim m(z)(z X, t)( . )
Cj

e~ P@jy)
J
Zjo =7, 0€ 0’0

6.3. Step 3: removing the poles; the asymptotic N -soliton solution. Our next step is to
remove the Riemann—Hilbert component of the solution, so that all that remains is a new
unknown with nonzero d-derivatives in £2, and is otherwise bounded and approaching
identity for |z| — oo. Once this is complete, the remaining problem is analyzed using
the “small-norm” theory for the solid Cauchy operator. This is done in the following
section, Sect. 6.4.

Lemma 6.6. Let m“D denote the solution of the Riemann—Hilbert problem which
results from simply ignoring the 0 component of RHP 6.2, that is, let

mS (z) solves -RHP 6.2 with W = 0.

For any admissible scattering data {r(z), {z;, cj}?/;()l} in RHP 6.2, the solution m®°)
of this modified problem exists, and is equivalent, by an explicit transformation, to
a reflectionless solution of the original Riemann Hilbert problem, RHP 5.1, with the
modified scattering data {0, {z;, ¢ ]} —0 } where, the modified connection coefficients ¢;
are given by

ci(x,1) =cj(x,1)exp (—_i/oo log(1 — |r(s)|2) ( : — L) ds) . (6.32)
i Jo s—zj 2s

where r(s) is the reflection coefficient, generated by the initial datum qo(x), given in
RHP 6.2.

Proof. With W = 0, the 9-RHP for m©°) reduces to a Riemann Hilbert problem for
a sectionally meromorphic function with jump discontinuities on the union of circles
¥ see (6.27). The following transformation contracts each of the circular jumps so

that the result /7 (z) has simple poles at each z; or Zx in Z, and reverses the triangularity
effected by (6.8) and (6.13):

~ N> 7= Zk e
m(z) =[] (—):| m () F(z) [I | ( ):| . (6.33)
|:keA k kea N2k 1

1 0 .
(LT(Z)%MQ) 1) lz—zjl=p, jJEV

1Z ZJ T() —2,=P(z))
lz—zjl=p, jeA

1 L; T(Z) -2 ¢(Z/) . .
(0 lz—2zjl=p, jeV

O _— .
/T(z)2 —(z)) l) lz=2zjl=p, j€A.

where

(e

F(2) =
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Clearly, the transformation to /m preserves the normalization conditions at the origin
and infinity. Comparing (6.33) to (6.28) it is clear that the new unknown /m has no
jumps. From (6.8), RHP 6.2, and (6.33) it follows that m(z) has simple poles at each
of the points in Z, the discrete spectrum of the original Riemann Hilbert problem,
RHP 5.1. A straightforward calculation shows that the residues satisfy (5.6), but with
(5.7) replaced by (6.32). Thus, m(z) is precisely the solution of RHP 5.1 with scattering
data {{zk,gk},ivz_()l, r = 0}. The symmetry r(s~!) = r(s), s € R, implies that the
argument of the exponential in (6.32) is purely real so that the perturbed connection
coefficients maintain the reality condition ¢; = iz;|c;|. Thus, m©° is the solution of
RHP 5.1 corresponding to an N-soliton, reflectionless, potential g (x, t) which generates
the same discrete spectrum Z as our initial data, but whose connection coefficients (6.32)
are perturbations of those for the original initial data by an amount related to the reflection
coefficient of the initial data. The solution of this discrete RHP is a rational function
of z, whose (unique) exact solution always exists and can be obtained as described in
Appendix A.

As claimed above and proven in Appendix A, the RHP for m©°" can be solved
exactly in closed form, but we will instead give the solution using the small norm theory
of Riemann—Hilbert problems, see Appendix B [32], as this more naturally leads to the
asymptotic form of the solution for r > 1.

The Riemann Hilbert problem for m“°" is ideally set up for asymptotic analysis.
The jump matrix V® (z) satisfies

— _ . _ 2
IV — Il psoy < Kp sup e CHImalEResil < g o=CP 1 < p < o0,
jevuAa

(6.34)

for some constant K, > 0 independent of (x, ¢). This implies that the jump matrices
do not meaningfully, contribute to the asymptotic behavior of the solution. Instead, the
dominant contribution to the solution comes from the simple poles of m°); those at
z = 0O and, if the critical line Re z = & is passing through the neighborhood of one of the
discrete spectra z; € Z of the original problem RHP 5.1, those at z j, and Z},. Indeed,

the following lemma describes this further simplification of m ¢! explicitly.

Lemma 6.7. Let § = 5 and let jo = jo(§) € {—1,0,1,..., N — 1}, be defined by
(6.7). Suppose

m$" (2) solves RHP 6.2 with W(z) = 0.and V® = 1. (6.35)
Then, for any (x, t) such that |x/t| < 2 and t > 1, uniformly for z € C we have
m©D () = m$ (2) [1 +0 (8_2[)21)] :

and, in particular, for large z we have

m©oD (z) = m,(/ZOI)(Z) [1 +2-10 (e—ZpZ,) +O (Z—z)] ) (6.36)

Moreover, the unique solution m&f}ol) (z) to the above Riemann Hilbert problem, (6.35),
is as follows:
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i. if jo(§) = —1, then all the z; are away from the critical line and
my?P () =1+7"oy; (6.37a)
ii. if jo(§) € V, then

ozjvo(x,t) ﬁX)(x,r)

mCD ) =1+ G| e =
7 BY (1) @ (x0)
=z 17z
v WV \v4 2i Im(ZjO)ZjOe72¢_fO
Oljo(x,f) = —ZjoﬂjO(X,t), ﬂjo(»x7t)= L+ 020 7 (6.37b)
iii. if jo(§) € A, then
otjAo(ic,t) %(x,l)
mEP @y =1+ 4| T T
° B0 af ()
=Zj,  Z—Zjy
A _ - A 2i Im(zj0)2j0e2¢jo
o (x, 1) = =zjof7 (x, 1), B(x, 1) = T 1% (6.37¢)

In cases ii. and iii. the real phase ¢, is given by
®jo = Im(zjy)(x —2Re(zy)t — xj;)

2
Zjo — Zk
Zjozk — 1

1 [¢jol

xiy = — | lo ds
0= mG |8 | 2Imez,)

Im(zj) /°° log(1 = |r(s)*)
s 0

IS - Zjol2

keA
k# jo

(6.37d)

Proof. We begin by proving that (6.37) solves (6.35). The assumption that V = [
and W = 0 implies that m(j;”[) (z) is meromorphic with simple poles at z = 0 and, if

Jo # —1, at both z, and ?jo- If jo = —1, then (6.37a) is an immediate consequence
of the condition 2 in RHP 6.2 and Liouville’s theorem. For j # —1, observe that
Co = c¢j,T(zj,)? satisfies Co = izj,|Co| since cj, = izjylcj,| and T(z) € R for

|z| = 1,which follows from claim i. in Lemma 6.1. For jj € V, this means that the RHP
for m(l.f)[’l) (z),1s equivalent to the reflectionless, i.e., = 0, version of RHP 5.1 with poles

at the origin and at the points z Jjo and Z; with associated connection coefficient Co. Then

(sol) : vV _ i By
i and (6.30) imply that o o = _ZJO'Bjo

the symmetries (5.2a)—(5.2b) inherited by m
and

— (7 — 7 )] =\l
R RN )] (s R

1= 2
(z—=2zjo)" —Zjo(z —Zjy)

The residue conditions (6.30) then yield four linearly dependant equations for the single
unknown 8, each equivalent to 8 = Co(1 -2, 8} (2o —Zjo) '), Which gives (6.37b)

upon setting 2I‘nc1(()z| 5 = e~ 2%y
J
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For j € A, the computation is similar, but the new pole conditions (6.31) exchanges

the columns in which the two poles occur; we have aj% =—Zj ,BjAO and
sol ol (74 —Zjoz = Zjp) ! (z—2jp)"
moN @y =1+2 4 (ﬂjAo ﬂjﬂo)( o= o).
z (z=Zj))"" —2jo(z = 2jy)

Then residue relation (6.31) leads to one linearly independent equation which can be
solved trivially yielding the second line of (6.37c¢).

Now we show that m%al) gives the leading order behavior to m®©°) for r >
1. The ratio m©"(z) = mG9(z) (m%ol)(z))71 has no poles (the computation
proving this is identical to (6.41)—(6.42) below) and its jump matrix V(") (z) =
(m&f)oz)(z)) v (z) (m;f)"[) (z))_l satisfies the same estimate as in (6.34) since

m$P (@) —1— 2 =0 (e2") forz e .

It then follows from the small norm theory for Riemann Hilbert problems, [32, Appen-
dix B] [15, Appendix A], that

(err) _
mml)(z):m%oz)(z)[H i / (L +p6) V() = 1) ds}
>@

2mi s —z

where u € LZ(Z’(Z)) is the unique solution of (1 — Cy err) it = Cyerr I, where Cyerr) :
L2(2®) — L*(X?®) is the Cauchy projection operator

(err) _
Cyemlf1@) = C_[F(VED — )] = lim FOHWVTS) =D

=z /)x® s—2z

where the limit is understood (possibly in the L? sense) to be taken non-tangentially
from the minus (right) side of the oriented contour X . Existence and uniqueness of 1
follows from the boundedness of the Cauchy projection operator C_, which immediately
implies

—2p2
||Cv(err) ||L2(Z(2))*>L2(2(2)) =0 (6 Y [) .

Remark 6.8. The different formulae for mi.wl)(z) for j e Vorj € AinLemma 6.7 is
an artifact of the conjugation by 7'(z) in (6.13) which transforms exponentially growing
pole residues into decaying residues. As is shown below, near the line x = 2t Re(z;)
the dominant contribution to m(z) the solution of the original Riemann Hilbert problem
is of the form

5" (. 1) = T(00,8)72 lim z(m)a1(z: x. 1)
Z—> 00

| e +8Y( 1) x <2Re(z)) (6.38)
|G+ B (x, 1) x> 21 Re(z)),

where ¥, is areal constant, and ﬂjv and g J.A are given by (6.37b) and (6.37c¢) respectively
and the extra factor of z? for x > 2t Re(z;) accounts for the additional factor in 7' (00, &)
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for j € A. However, since z7; = Z;l, it’s a simple algebraic exercise to show that the
two formulae are identical, so that either formula gives

1+ z?e‘z‘p-/'

"
1+e 2%

q](.wl)(x,t)Zel = i+ SOl(x—xj, [ Zj)

where sol(x, #; z) defined by (1.3) is the formula for the dark 1-soliton.

We now complete the original goal of this section by using m©o) to reduce m® to
a pure d-problem which will be analyzed in the following section.

Lemma 6.9. Define the function
3 ) soh )
m®@ =m®@ (m" ) . (6.39)

Then, m® satisfies the following d-problem.

9 Problem 6.1. Find a 2 x 2 matrix-valued function m(z) such that

1. m®)(2) is continuous in C, and analytic in C\$2.
2.mP)=1+0 (z_l) as 7z — oQ.
3. For z € C we have

amD () =mP W () (6.40)

where W& = m©oD ()W (z) (moD (z))_l—with W (z) defined after (6.29)—is
supported in §2.

Proof. Tt follows directly from (6.39) that m® has no jumps on the disk boundaries
|z —z;| = pnor |z —Z;| = p since m©°) has exactly the same jumps as m‘® on these
contours. The normalization condition and 3 derivative of m® follow immediately from
the properties of m® and m ). It remains to show that the ratio also has no isolated
singularities. At the origin we have (m©) (z))_1 = (1 —z7) 1oy (m©oD (z))T o9,
formula already used in Lemma 5.3, so that

(zm®(2)) 03 (zm D ()T) 02

o =—(o10)’ =1 (6.41)

lim m® (z) = lim
z—0 z—0

so m®(z) is regular at the origin. If m® has poles at z jo and 'z, on the unit circle then
from the form of the residue relation we have local expansions in a neighborhood of z j,
of the form

()
miy @) | -
m® () = ’ [—’0 1]+(*11 0)+O(z—zj~o)

=%y *71 0
2
m(zz)(zjo)
2 1
m(sol)( )—1_ Zj() [ (sol),_ (sol) ,_ ]+ 0 O +(9( _ )
9T z% 1 U e [ 122 i) T @) [ s, 800 S
0 I=Zjy

(6.42)
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where * j; and $ jx are constants. Taking the product gives

@)
12. *11 mip (ZjO)
@) = 52 [ }[mg’“(zm) D )+ [$21 $22] + O 1)

75— * 2
o 2 méz) @jo)

which shows that m®(z) is bounded locally and the pole is removable. A similar argu-
ment shows that the pole atZj, is removable. Finally, because det mYD () =1-z72)
we must check that the ratio is bounded at z = 1. This follows from observing that
the symmetries m(z) = om@)o; =z 'm(z" Yoy, given in Lemma 5.1, applied to the
local expansion of m® and m*°? imply that

@, [ ¢ *£c Goly,n—1 _  FEl (7 :FV)
m (Z)_(ig E)"'O(Z:Fl) m (2) _—Z(Z:FD 7 y +0 (1)

for some constants ¢ and y. Taking the product it’s immediately clear the singular part
of m®(z) vanishes at z = +1.

In Sect. 6.4 we will prove the following lemma.
Lemma 6.10. There exist constants t| and ¢ such that the z—independent coefficient

m?) (x, t) in the asymptotic expansion

m(13)(x, 1)

m3 () =1+ +o(zh)

satisfies
Im?)(x, 1| < ct_lfor |x/t] <2andt > t.

6.4. Step 4: solution of the 9 problem 6.1 and asymptotics as t — oo.
Lemma 6.11. Consider the following operator J:

1 H(c)W®
JH(2) :=;/C%df\(g). (6.43)

Then we have J : L®(C) — L®(C) N C°(C) and for any fixed & € (0, 1) there exists
a C = C(qo, &) s.1.

11l (C)o Loy < Ct™ % forallt > 1 and for ‘%) <&. (644
Proof. To prove (6.44) we follow the argument in Prop. 2.2 [21]. It is not restrictive to
consider only the proof of ||J H||fe ) < Ct’% |H Loy for H € L*(£21). Recall
the definition of W (z) := m©D ()W (z) (m°) (z))_l. From Lemma 5.3 we have

detm©)(z) = 1 — z72, and Lemma 6.7 implies that for z € £2] there exists a fixed
constant C; s.t. the matrix norm |m©°) (z)| < C1lz|~'/1 +|z)? = C|z|~'(z). Then

WS @) < mCPD @) -2 W@ < CLi)2 12 =117 W@ (645)
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Since (¢)|c +1|~1 = O (1) in £21, for a fixed constant ¢; we have

dA(). (6.46)

S)[aR(g)e”RePl)
[JH (2)] SclanLm@/ | |
o g —zlls =1

By Lemma 6.4 the hypothesis that there is a constant &y € (0, 1) s.t. || < & is crucial
in order to have | Re @ (¢)| > ct|uv| for a fixed ¢ = c¢(&y) > 0. Notice also that (6.46)
contains an extra singularity with respect to Proposition 2.2 in [21]. It is to offset this that
our extensions of R(z) in Lemma 6.5, in particular formula (6.24), are somewhat more
elaborate than in [21]. To simplify notation we will normalize the problem and suppose
0o = m/4 so that £21 is the sector defined by arg(z) € [0, 7 /4]. Into the integral in the
r.h.s. of (6.46), we insert the partition of unity: x[o,1)(Is]) + x[1,2)(IS]) + X[2,00) (IS |). We
prove first the following, where the 1st inequality is obvious since (¢)|¢ — 1|71 < & for
|¢| > 2, for a fixed «:

IR()e  ReP©)| x5 ) (5]
/ | 120000 e
o s —z2lls — 1|
ER —Re ®(¢c)
3 K/ |0R(c)e |X[1,oo)(|§|)dA(g) <cr 3, (6.47)
2 lc —z|

Set ¢ =u+iv,z = zg +iz7, 1/qg + 1/p = 1 with p > 2. To prove the 2nd inequality
in (6.47) we replace |d R| by the 3 terms in the r.h.s. of (6.18). For ¢ € £ with |¢| > 1
we use Lemma 6.4 to write Re @ (¢) > ctuv > c'tv.

When replacing |0 R(¢)|, the terms in (6.18) involving f(|¢|) = r'(Ig]) or f(|g]) =
e(ls]) give

o0 o0 o0
/ dve‘””/ Xu,oo)(lgl)lf(|§|)|du - C”||f||L2(R)/ a’ve‘“”|v—z,|‘%
0 v ls —zl 0

1
= Cr 2| fllew)- (6.48)

Here we have used

/ If(\/u2+v2)|2du=/f If(z )|2' Ly <f/ |f(DPdT. (6.49)

v

The term |¢|~2 in (6.18) gives

o _ % X[1,00) 5D o0 _ _1 _
/ dve ””/ [lLdug/ dv e 1¢I™ 2l Lr ool 1§ = 27 e v.00)
0 v g2l —z] 0

o0 / _1 o0 v 1
§c"/ dve Ctl/P=1/2 1y _ 2 /|77 §4c”t7]/2/ dse “Ss72 <Ct™ 3, (6.50)
0 0

In the penultimate step above we’ve made the elementary observation that for any
a,b,c >0,

o0
/ e Vv — vo| Pdv < /e‘clv_v(’wv — vo| "Dy +/e_“’v_(“+b)dv
0

v>|v—ug| O<v<|v—uvg]|

o0 o0
< 2/ e~ blg|m@b gg = 4/ e Sg—ath) g
- —0o0 0
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Thus we have proved (6.47). The next inequality is

= —Re ®(c)
/Q (s)[0R(g)e 3 |X[1’2)(|g|)dA(g)
1

ls —zl lg¢ — 1]

—Re®(s)
< ﬁcl/ ¢ x2UsD 4 oy < crb (6.51)
21 |§ _Z|

The first inequality is obtained from (6.19), that is |5R | (g)’ < c1]|¢ — 1], and noting that

(¢) < V5 for || < 2. The second inequality is (6.48) applied to f(|z]) = x1,2)(Iz]).
From (6.47) and (6.51) we conclude that for some C (gq, &)

dA(5) < Clqo. &)t 7. (6.52)

/ |0R(5)e™ ReP©| yp1 o) (s])
@ ls —zl ¢ — 1

Finally, consider the last inequality, namely

IR —Re ®(5)
/ |aR(c)e |X[0,1)(|§|)dA(§) <cr b, (6.53)
2

ls —zl l¢ — 1]

Introducing the change of variables w = 1/z and T = 1/¢, noting that dA(s) =
|t|_’4dA(r), @ (t=1x,1) = ®(1; x, 1) (c.f. (5.5)), and using the symmetry R(t~!) =
R(7) (c.f. Lemma 6.5), equation (6.53) becomes

dA(T)

/ |3: R(1)e™ RePO| x4 o) (IT]) |97
o It '—w et =1)z* |oc

[9R(2)e™ ReP@ ] 3y ooy (7))

2 It —wl |z —1]

= || dA(T). (6.54)

Now consider separately large and small values of |w|: if |w| < 3 we are back to (6.52);
if lw| > 3 we can bound the r.h.s. of (6.54) by

|R(r)e Re®™)| |0R(z)e~ Re®™)]
3/WXQI(T)dA(T)'Fz/WXQI(T)dA(T)

HELS 1<lr|<

Both terms are bounded by C t_% for a fixed C = C(qo, &o) since they can be treated
like the middle term in (6.47). So we have proved (6.44).

Lemma 6.11 implies m® = I + Jm®. Indeed, since + % % 0¢p = ¢ for any test

function ¢ € C;°(C, C), see [39, Proposition 4.8 p. 210 ], we can write

—w

/ m® @)W () (w)d A(w) = / m® )W (w) [1 / aﬂz)dA(z)} dAw)
C C T JC

__ [C Im® ()36 (2)dAz)
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mO WD w)ipe)
w—z

L'(C?), so that we can exchange order of integration. Since Lemma 6.11 implies that
Jm® (z) is acontinuous function in z uniformly bounded in C, we conclude that Am®—
Jm®) = 0 in the distributional sense. By elliptic regularity m® — Jm® is smooth, see
[39, Theorem 11.1 p.379], and so it is holomorphic in C. Finally, by point 2. in RHP 6.1
we getm® =1 +Jm®,

Proof of Lemma 6.10 The above discussion allows us to write

where we exploit the fact, proved in the course of Lemma 6.11, that

mY = _% / m® )W (2)dA(z). (6.55)
C

Since m® = I+ Jm®, Lemma 6.11 implies that for ¢ large we have [|m® || () < ¢
for a fixed constant ¢ and for all |§| < &j. The proof proceeds along the same lines as
the proof of Lemma 6.11. Again, we restrict to z € §2; for simplicity, the proof in the
rest of plane being similar. Using (6.45), like in (6.46), we have

1 / mP )W (2)dA(z)
b 21

SC/Q (@) [3R@) | e R P@ |z — 117 x1,00) (12Dd A(2).
1

Inserting the partition of unity xo,1)(|z]) + x[1,2) (Iz]) + X[2,00) (Iz]) into the above integral
we consider each term separately. For the term with x[2 ) (|z]) the factor (z)|z — 1 |-l =
O (1), and fixing a p > 2 (so that g € (1,2)) we get the upper bound

/9 e RePDIGR(@)| x12.00) (121)d A(2)
1

< c/g e Re?@ <|z% +> If(IZI)I) Xi1.00) (|2 d A(2)

et )
[eS) ) oo . 1
< [/0 v lle™ " | 2 (max(o,1/v2).00) +/0 AV e Nl L max (v, 1/v2).00) |||Z|_7”L"(Uf°°>]

<Cyt (6.56)

o [P LS B R B S T R
<C dve (tT2v 2+t Pv PTa 2)<Ca(tT 4+t 2 a)
0

Forz € [0,2], (z) < V/3, so it will be omitted from the remaining estimates. For the
term with x[1,21(|z|), using (6.19) for the first inequality and applying the inequalities in
(6.56) to f = x[1,2], we obtain

/91 e PR |z — U xn21(12)dA)
<c /Q e R y2(zDdAz) < 7. (6.57)
1
For the term x(o,1, the change of variables w = zjl gives, as in (6.54)
/Q e RPOFRE) 2 — 11 xi0.1 (12NdAG)
1

=/Q e RePWIGR W) Jw — 117 x11,.00) (Iw) [w| T dAQ),
1

which is bounded by the previous estimates (6.56)—(6.57). Summing the last three
inequalities yields the desired estimate.
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6.5. Proofs of Theorems 1.1 and 1.6.

Proof of Theorem 1.1. For z large and in C\ 2 we have m(V (z) = m®(z). So by (6.10)
and (6.39)

m(z) = T (00, £)m@ ()T (z, )% = T (00, £)m® (2)m ) ()T (00, £) ™

1 e e
X(I —z‘l(g\ 2iIm(z) — %/0 log(1 — |r(s>|2)ds) o (z_l)).

Since the first two terms of the factor in the last line are diagonal, by m® (z) = I +
2710 (t71) +0 (z71), by (6.36) and by (6.372)~(6.37c) we obtain for [x —2 Re(z j,)t| <
ptand jo € V

qglx,t) = le)rgo zmy1(z) = =T (00, é)_zizjo (iRe(Zjo) +Im(z,) tanh ‘/’jo) +0O (t_l) .

(6.58)
For |x —2Re(zy)t| < pt and jy € A we have instead

qlx,t) = Zl_i)n;ozmgl(z) = —T (o0, S)_Zifjo (iRe(zjo) +Im(z},) tanh <ij) +0 (t_l)

(6.59)
In (6.58), the main term can be written as

1 [ logl — 2
8! H 27 sol(x — Xjo, t; Zj,) Where 84 := exp (—/0 Og(—m)')ds)

2mi s
k<jo

(6.60)

using the formula for T (oo, &), the obvious fact that A = A\{jo} for jo € V and by

(1.4), which implies A\{jo} = {k : k < jo}. Equation (6.60) also represents the main

termin (6.59). By lim sol(x;,#;z;) =land lim sol(xj,t;z;) = z% itis elementary
X—>0Q

X—>—00
to see that (6.60) differs from the r.h.s. of (1.8) by O (t’l). We obtain similarly (1.8)
also when jy = —1, thatis when |x — 2Re(z,)t| > pt, where we have

- ) 1 1 P 1
q(x, 1) = lim zmy () = =T (00, §) +(’)(t )=8+ H zk+(')(t )
k<sup A
(6.61)

Clearly, (6.61) differs from the r.h.s. of (1.8) by O (t‘l). Finally notice that for
g DN (x, 1), the N—soliton potential related to the solution m*°? (z) in Lemma 6.6, our
analysis proves (1.6) since formulas (6.58), (6.59) and (6.61) hold also for ¢ “?)-N (x, r).

O

Proof of Theorem 1.6. Given ¢q close to the M—soliton ¢“°"M (x, 0) we obtain the
information on the poles and coupling constants in (1.11) by the Lipschitz continuity of
maps such (3.13) in Lemma 3.2 and (3.17) in Lemma 3.3. Furthermore, we can apply
Lemma 4.4 to go. Hence we can apply Theorem 1.1 to g obtaining (1.8). By elementary
computations (1.8) yields (1.12). O
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A. N-Solitons

Consider N points z; = 1%, labeled such that 0 < Op <--- <0Oy_1 < m and set

N—1
Z— Tk
a) =[] —= (A1)
=0 Z Tk
Notice that
N—1
[z =a0. (A2)
k=0

Consider also corresponding coupling constants ¢; with ¢; =izj|c;| and let cj(x, 1) =
c je‘p(zk”‘" ) like in (5.7). Then consider the unique (by the proof of Lemma 5.3) solution
of the corresponding RHP 5.1 (with r(z) = 0) satisfying the symmetries of Lemma 5.1.
It is a meromorphic function approaching identity as z — oo with 2N + 1 simple poles
m(z; x, t) with a partial fraction expansion of the form

N—1 N—1 -
) _ o1 1 ar(x,1) 0 1 0 Br(x,1)
mx =1+ 7 kZ: 7— (ﬂk(x, 1) 0) " kZ:O -7k (0 ay(x, t)) - @3

Assuming for a moment that m(z; x, t) exists we will consider the N-soliton

N—-1
g N (1) == lim zmoy(zix, 1) = 1+ D Bilx, ). (A4)
e k=0

Before discussing the boundary values of ¢~V (x, ) and proving Lemma B.2 we
study the existence of m(z; x, t). By (5.2a) we have

G, ) =@(x, 1), Pl 1) = Pr(x. 1) (A5)
and by (5.2b) the additional symmetry
a(x. 1) = =z By (x., 1). (A.6)
Inserting (A.3) into (5.6) and using (A.5)—(A.6) we arrive at the reduced linear system:
(I —CiZ) - B, =Cix - 1 (A7)
where §,,,1 € CV and C,,,Z € M(C, N) are given by
Bix ={Bo(x, 1), ..., By—1(x,}T,  1={l,.... 1}T

. _ Zj (A.8)
Cix = diag(co(x, 1) ..., ex—1(x, 1)) mmﬁ;=?’a.
=
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For general C;, the matrix I — C;,Z need not be invertible. However, under the reality
condition ¢ (x, ) = izj|c;(x, 1), the system can be expressed in the more symmetric
form

(I+Y) By = b (A.9)
where
Bie = {lcox. )7 2B1. . len—1 (e, )] 72 By )T
by = filco(x, D122y, ilea(x, Y220, .. ilen—1(x, )2 zn_1)T.

Letting y; = —iz; (Imz; > 0 = Rey; > 0) we have

1/2 172

|cj (e, D1 e (x, 1)

(Yeo) jk = —
Yj+ Yk

o0
— le; (e D1 ler e, )2 / o~ s g,
0

Invertibility of the system then follows from the observation that Y, is positive definite:

0 [ N-1
wiY, w =/ Z lej (x, Der(x, )] V2e O35 uy | ds
j.k=0
0o |N—1 2
:/ Z lex (e, D)1 2e™ S wy | ds > 0.
0 k=0

Using (A.4) and Cramer’s rule, the solution of the NLS corresponding to the given
discrete scattering data is given by

, det(/ — (CixZ)1)
(sob).N =1-— A.10
q (x,1) det(l — C,.7) (A.10)

where (C/xZ)1 is the (N + 1) x (N + 1) matrix
co(x, 1)
(CnZ) = | CnZ 5 : (A.11)

cen—1(x, 1)
1 i

B. Global Existence of Solution of the NLS Equation

Here we establish the global existence of solutions for (1.1) with initial data gy €
tanh (x )+ X4 and show that the N-soliton solutions ¢ *°>'VN (x, t) constructed in Appendix
A lie in this class of data.

Theorem B.1. Consider the initial value problem (1.1) with qo — tanh (x) € Xu.
Then (1.1) admits a unique global solution q such that q(x,t) — tanh(x) €
CO([0, 00), H*(R)) N C1([0, 00), H2(R)). Furthermore we have q(x, t) — tanh (x) €
C°(10, 00), Z4) N C1([0, 00), X2).
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Proof. By Gallo [25] there is a unique global solution g (x, #) of (1.1) s.t. the function
v(x,t) := q(x,t) — tanh (x) is in CY([0, 0o), H'(R)). Furthermore since v(x,0) €
X*@®) c X'(R), by [25,26] we also have v(x,?) € C°([0, 00), X'(R)), where
XKR) := L®°®R)N(Nf_; H'(R)). In [4] itis proven that v(x, 1) € C°([0, c0), X*(R)).
All these facts together imply v(x, 1) € C°([0, 00), H*(R)) N C'([0, o0), H*(R)).
The fact that v(x,t) € C O([O, 00), X4) can now be proved by standard arguments;
multiplying the equation for v by xhemex’ and, taking the limit ¢ — 0%, one shows that
x*u(x, 1) € L°°([0, T], L?>(R)) for any T'. Indeed, v(x, f) solves (for vg = Re v)

i + vyx — 2(Jv|% + 2vg tanh (x)) (v + tanh (x)) — sech?(x)v = 0. (B.1)

2j =263 for 1 < j < 4, taking the imaginary part and

. . . C_ex? o2 RN
integrating in x on R we obtain, for [02, x/e ™ Jv = (x/e™")"v + 2(x/ e~ ) vy,

Multiplying the equation by x

d . . .
Enx-’e—”zvnm <C( xle ™ Pl 2+ 1) e v 2).  (B.2)

. 2
We have ||(x/e™*")"v| 2 < |lvlls
tion.
So, for fixed constants we have

i1 where we assume the r.h.s. is bounded by induc-

: 2 . 2 : 2
17 e ) vell e <l e ugll 2 < elllx e w2 + 19701 2).  (B.3)

The 2nd inequality follows by the identity for f real, see [36] p.1069,
/x2j—2e—25x2(fx)2dx _ 2—1/f(x2j—2e—28x2)//f2dx +/x2j_2e_2”2ffxxdx.

Then, by Gronwall’s inequality, (B.2)—(B.3) imply that ||xje_“2v(-, Dewy < Cr
fort € [0,T] and all j = 1,...,4. By Fatou’s lemma we conclude v(x,?t) €
L>([0, T], X4) for all T > 0. But then by dominated convergence xie=e%y = xiy
in L>([0, T, L>(R)) and since xle=ey e ([0, T1, L%(R)), we have also x/v €
([0, T1, L2(R)) for all j < 4. So we conclude that v(x, r) € C°([0, T, X4). From
(B.1) we have also v(x, 1) € C!([0, T1, X,).

The global existence for (1.1)—(1.2) for the initial data in Theorem 1.6 is guaranteed by
Theorem B.1 and the following lemma.

Lemma B.2. ¢©¢°)-N (x, 1) — tanh(x) € X for all k € N for any N—soliton satisfying
the boundary conditions (1.2).

Proof. Formulas (A.10)—(A.11) imply immediately that g°)-V e C*(R2, C). Since
for |x| — oo we have @(z;;x,t) = —2xIm[z;](1 + o(1)) it is elementary that
q©oD-N (x, ) — 1 with all its derivatives approaches 0 exponentially fast as x — co. We
assume now

lim g%V (x,t) =a(0) forany fixeds > 0 (B.4)

X—>—00
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(where in the set up of Lemma B.2 we have a(0) = —1). Then for any fixed ¢ it is
elementary to conclude from (A.10)—(A.11) that for a fixed ¢ > 0 and for x <« —1

N-1
det(/ = CxZ) = (=N [ ¢jx. 1) det(Z) (1 + O (e™)),
j=0
N-1
det(I = (CZ)1) = (DM [T ¢j(x. 1) det
j=0

This implies that g “°Y-¥ (x, £)—a(0) and all of its derivatives approaches 0 exponentially
fast as x — —oo. To see (B.4) we associate to our m(z; x, ¢) the function m™ (z; x, 1)
in (6.13). Notice that mV () solves a Riemann—Hilbert problem in ¥ @ since the jump
matrix in R is the identity. In other words, here m(])(z) = m(“’l)(z). Now, since as
x — —oo we have & - —oo, in thiscase A = {0,..., N — 1} and jp(§) = —1, see
(6.6)—(6.7). It is also easy to see, following the proof of Lemma 6.7, that for fixed ¢ for
afixed ¢ > 0 and all x < —1 we have

m(wl)(z) =I+z7 'o+z71'0 (e_clxl) +o(z7h.
Finally, proceeding as in Sect. 6.5 as in (6.58) and using (A.2) we have
gON (x, ) = lim zmi(2) = T(00,6) > lim zmgy" (2)
=0 Z—>00

= a(0)(1+0 (e—C‘X')) — a(0) as x — —o0.

C. Singularity of a(z) in z = £ 1 for Generic g

We check here that for initial data goe = tanh (x)+ef with f = fr+if7, fa € C°(R, R)
for A = R, I generic, then the function a(z) blows up at z = £1. Let 1//?2 (z; x) denote
the Jost functions corresponding to initial data go. (c.f. (3.9)). In particular, by 1//ji0 (z; x)
we denote the Jost functions associated to the black soliton goo(x) = tanh (x) .

These functions extend to (z, x) € (C\{0, —i}) x R and they are smooth. Recalling (4.8)
we denote

Iv_(ezf; where W (¢, z) := det[y/}, (z; X), Y3, (z; X)]. (C.1)

a(e, z) =

Recall a(0, ) = 1. This yields W(0, z) = “52E =1 We have the following fact.
Lemma C.1. We have
Wie, 2) = F2i(z F 1) = 26C(%, f) + Fx(z, €)

_ [ @ =D frO) F2e f1() €2)
C(E, f) ._/R (7o) dy

where, for |z F 1| < ¢y and |e| < cy for a sufficiently small constant cy > 0, the
function F1(z, ¢) is analytic in z and for a fixed constant Cy

|Fi(z, )| < Cr(lz F 11> + ). (C3)
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For generic f € C°(R, C) we have C (£, f) # 0. Then replacing F4 (z, €) with 0 we
obtain a function with a zero in

zx(e) = (1 +ieC (%, /)

and by Rouché Theorem we have that W (¢, z) has for ¢ small a zero
20(e) = £(1 +i6C (%, £) + O (82) .

If eC (&, f) > O this yields a new zero in C; of a(e, z) near 1 and a corresponding
almost white soliton. If £eC (%, f) < O this is a new zero of the analytic continuation
of a(e, z) below R, does not yield a new soliton but nonetheless makes a (e, z) singular
at £1. All four cases can occur.

Proof of Lemma C.1. Recall the definitions of wjjz and w% for j = 1,2, from the

first paragraph of this appendix. For (wlio(z; x)); the j-th component of Ip]jf)(z; x) for
j=1,2,weset

0 f(x

AQ(x) = (f(x) 0

) UGy, 2) = o (@ ), W30 (@ )o@ ). v ]~

with [/, ¥3,] the matrix with first column v, and second column 13, and with the
last the inverse of one such matrix. U (x, y, z) is well defined for any z # 0, i in C. We
have (0, —L(z; x))U(x,y,z) =0and U (y, y, z) = l,i.e. U(x, y, z) is the fundamental
solution of equation (3.2a) with Q defined using tanh(x). Let f € C°((—M, M), C).
Notice then that for v, and wgg Jost functions associated to go., we have 1/;21j (z;x) =
V30(z; x) forx > M and ¥, (z; x) = ¥,,(z; x) for x < —M. Then for x > M we have
for any preassigned xo < —M

Ve (25 x) = ¥3p(2; x)

V(2 x) = U(x,xo,z)llffe(z;xo)ﬂe/ U(x,y,2)03A0 ()Y, (z; y)dy

X0

(C4)
= Yoz x) + 18/R U(x,y,2)03A0(0) ¥, (z: y)dy.
Picking x > M and substituting (C.4) we can write
W (e, z) = det[y, (z; x), ¥3.(z; X)] = det[y, (23 x), Y30 (z; X)]
= W(0, 2) +ie/RI’(y, 2)dy where I' (v, 2)
=det[U(x, y,2)03A0(0 V¥, (2 ¥), ¥z Y]
Notice that we have

I'(y,z) = det [ [Yo(z; X), ¥3p(z: ©)IF (v, 2), ¥39(2; X) ]
= det[F1(y, 2)¥o(z: X) + F2(y, 2)¥30(2: X), ¥39(z: )] = F1(y, 2) W (0, 2),
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for F(y, z) the 2 components column vector

Fi(y, - . ) )
(F;g’ 3) = [V10@ ) Vi (@ VI 03 A000¥, ()

1 ( (oot e = e y”l) ( FO)Wrp (25302 )

W(0,2) \—(Wo@y)2 W@y J\=fOMW, @)’

(¥3(z: y)); the j—th component of v3,(z; y) and similar notation for the other Jost
functions. So

I'(y,2) = FO)W30(25 Y2 (Wi (5 92 + F )Wz v (U, (25 Y1

Furthermore by the Lipschitz continuity in ¢ in Lemmas 3.2 and 3.3, in particular the
analogues for z — m (z; x) of the maps (3.13) and (3.17), for a fixed C and when z is
in a preassigned compact subset of C\{0, —i} we have

V1 (25 ) = ¥r10(2s Lo (—oo,my = 1W1, (23 )) = ¥y (2 )L (—m.m) < Ce.
This yields

W(e, z) = W(0, 2) +is/ I(y, £1)dy + F1(z, &)
R
1(y,2) = fO) W30 y2(Wio@s y)2 + FO) W3z y)1 (Wi (2 Y1
Fi(z,e) = ie/[l(y, 2) = I(y, £D)]dy + O (82)
R

where Fy (z, &) has the properties claimed in the statement for Fi(z, €).
We have

Voo (E 1L y) =i (£ y),
_ 1 ite 2y _ 1 —ite
U=l y) = Tio 2 (_i+e—2y) and ¥ (1; y) = T2 (—i )
(C.5)

(C.5) can be derived in an elementary fashion by first substituting z;, =iand ¢, = x in
formula (6.37b) for x > 0 and formula (6.37¢c) for x < 0. This yields the formula for the
matrix m(z; x) in (5.1). To obtain the Jost functions one then multiplies by a(z) = ZZ—:
the 1st (resp. 2nd) column of m(z; x) if Im(z) > O (resp. Im(z) < 0), uses formulas (3.9)
and exploits ¢ (£1) = O for the function in (3.8) getting (C.5) with simple computations.

After other elementary computations we get the formulas for C (£, f) in (C.2). O
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