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Abstract
The effect of the mass of a 2D elastically-mounted circular cylinder in cross-flow on its vortex-induced vibrations and on 
the related vortex shedding lift forces is analyzed via a single-degree-of-freedom multi-frequency model (sdof-mf). The 
mechanical system in question is characterized by low mass ratio, low structural damping and Reynolds number of order 
10

4 . The proposed sdof-mf model relies on the decomposition of the total hydrodynamic force in a inertia/drag force, con-
ventionally associated with the cylinder motion in still fluid, and an additional lift force associated to pure vortex shedding. 
The lift force is assumed to be composed by not-Fourier-dependent harmonics; this constitutes the key point of the proposed 
sdof-mf model. The parameters of this model are determined via a parameter identification method based, in this case, on 
VIV data obtained via CFD. The simulations are carried out changing systematically the values of the mass ratio, within 
the range of engineering practice, and covering a wide range of flow regimes including lock-in conditions. The results from 
the application of the sdof-mf model highlight the large influence of the mass ratio on the response of the cylinder and on 
the vortex shedding lift force. The effects are clearly visible on the maximum amplitude at lock-in, on the range of incident 
flow velocity over which synchronization occurs, on ultra/sub harmonic behavior and phase lag of the cylinder motion, and 
finally on the magnitude and harmonic content of the lift force induced by pure vortex shedding.

Keywords  VIV · sdof-mf model · Parameter Identification · Mass ratio

1  Introduction

Vortex-induced vibrations (VIV) occur when vortices shed 
by a blunt structure in steady (or unsteady) flow induce an 
oscillatory force on the structure, mostly in the direction 
perpendicular to the ambient flow. If the structure is free 
to move in this direction or is partially restrained by restor-
ing/damping forces (moorings, structural stiffness, etc.), the 

body starts oscillating. The quasi-synchronization (lock-in) 
between vortex shedding frequency and natural frequency 
f0 may occur; as a consequence, the structure undergoes 
near-resonance motions and large displacements are typi-
cally observed. Strong variations of the response amplitude 
with the speed of the incident flow U are found too, even if 
related to very small variations of the latter.

The typical behavior of the amplitude A of the motion 
of the body with increasing background flow speed U is 
characterized by: (1) an initial branch where A grows rapidly 
with U starting from very low values; (2) an upper branch 
where A reaches its max; (3) a lower branch where A is still 
large but with lower values, both upper and lower branches 
in quasi-synchronization conditions; (4) a desynchronization 
region where A tends towards low values.

The amplitude A of the motion of a smooth cylinder may 
be of the same order of the characteristic size of the body 
(commonly the cylinder diameter D), depending on several 
parameters, among others the Reynolds number Re, the non-
dimensional background fluid velocity (reduced velocity U∗ ), 
the mass ratio ( m∗ ), the stiffness of the restoring mechanism, 
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the non-dimensional mechanical damping (damping ratio � ) 
and combinations of the latter (for instance, the mass-damp-
ing parameter m∗� ). The subject has received huge consid-
eration and a large amount of literature is available, covering 
many aspects of the problem. Among others, Bearman [1, 
5], Govardhan and Williamson [2], Gabbai and Benaroya [3] 
and Williamson and Govardhan [4] have given very detailed 
reviews of VIV. For further insight on the topic, the reader 
is redirected to the above mentioned and to the following 
experimental and numerical works by Khalak and William-
son [6], Vikestad et al. [7], Norberg [8], Guilmineau and 
Queutey [9], Wanderley et al. [10], Wu et al. [11], Mittal 
and Mittal [12].

In their review, Williamson and Govardhan [4] have ana-
lyzed the effect of mass and damping ratios, according to a 
variety of existing data from the literature. They have shown 
how the mass ratio affects (1) the dominant frequency in 
synchronization conditions, (2) the maximum amplitude of 
motion in upper and lower branches of the response, and (3) 
the upper limit of U∗ of the synchronization region.

Bahmani and Akbari [13] have analyzed the effect of 
mass and damping ratios via 2D simulations based on a vor-
tex method. The Reynolds number used in that work is rela-
tively low, of order of 102 , the mass-damping parameter is 
quite high, always above 0.1, and the mass ratios are of order 
of 102 . They confirmed the results known from the literature, 
showing that, in the conditions and within the parameters 
used, the non-dimensional amplitude response A∗ = A∕D 
is always upwardly bounded by the conventional value of 
0.6 and that there is no clear evidence of distinct upper and 
lower branches. They ascribe this effect to the low Reynolds 
number and mostly to the high mass-damping parameter.

Modir et  al. [14] have given further experimen-
tal evidence of the effect of mass ratio on the cylinder 
response. The Reynolds number used in that work is of 
order of 104 , the mass-damping parameter is quite high 
(between 0.16 and 0.40) and the mass ratio is of order of 100 . 
The max amplitude response A∗ observed in the experiments 
is between 0.5 and 1.0, increasing with decreasing mass of 
the cylinder. In those conditions and with those parameters, 
again there is no clear evidence of distinct upper and lower 
branches. This effect is explained in that paper by the high 
mechanical damping of the system, that drives A∗ to less 
than 0.3 quite rapidly with increasing U∗.

Recently, Pigazzini et al. [19] have proposed a single-
degree-of-freedom multi-frequency sdof-mf model for the 
characterization of the vortex shedding lift force. The pro-
posed model splits the hydrodynamic force acting on the cyl-
inder in Morison-like inertia and drag terms [20, 21], con-
ventionally related to the cylinder motion in still water, and 
three harmonic terms that account for the lift force induced 
by pure vortex shedding. These harmonics are assumed to 
have no mutual (Fourier) relationship. Their amplitudes, 

frequencies and phase lags, which represent the unknown 
parameters of the model, can be found according to available 
VIV data in the time domain. The unknown parameters are 
identified by a parameter identification (PI) procedure that 
adopts the Levenberg–Marquardt algorithm [22, 23].

In the present work, the problem of a 2D 1-degree-of-
freedom (DoF) VIV in cross-flow direction is tackled. The 
sdof-mf model and the PI, originally proposed in [19], are 
exploited further, considering additional representative mass 
ratios. In particular, the mass ratio is varied systematically 
three times around a reference value whose VIV data are 
available from experiments [2, 6]. Mass and mechanical 
damping ratios are assumed small, still with values related 
to marine engineering applications. For every mass ratio 
m∗ considered, a large number of reduced velocities U∗ is 
taken into account and simulated via CFD to feed the sdof-
mf model. The simulations are carried out using an URANS 
solver available in OpenFOAM, a CFD toolbox [15–19].

From the overall results, it emerges that the proposed 
sdof-mf model performs very well in the reproduction of 
the reference data, even in complex cases ( m∗,U∗ ). Specifi-
cally for the present study, the model allowed to examine 
the effect induced on the hydrodynamic forces by different 
mechanical properties of the system, here the mass ratio m∗ . 
From the analysis conducted, ultra- or sub-harmonic behav-
ior was systematically found, with magnitude of these addi-
tional harmonic terms that depends on m∗ . In some cases, 
they became the dominant part of the vortex shedding lift 
force, in particular at low m∗.

In the following, the problem formulation is introduced in 
Sect. 2. The proposed sdof-mf model and the related param-
eter identification strategy are described in Sect. 3. A brief 
overview of the CFD simulations used to obtain VIV data 
is given in Sect. 4. The results obtained from the simula-
tions and from the sdof-mf model are discussed thoroughly 
in Sect. 5. In particular, selected results are presented first 
to justify/confirm the applicability of the current sdof-mf 
model. Then, the focus on the effect of the mass ratio, on 
the response of the cylinder and on the components of the 
vortex shedding lift force obtained by the force decomposi-
tion adopted in the sdof-mf model, is discussed. Eventually 
conclusions are given.

2 � Problem formulation

A 2D circular cylinder with 1-DoF in the direction per-
pendicular to a uniform and constant background flow is 
mounted on a linear spring and a weak linear damper. Fig-
ure 1 presents a sketch of the considered system. K and H are 
the spring and linear damper constants. The cylinder mass, 
diameter and span are M, D and S, respectively.
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The reduced velocity U∗ = U∕(f0D) and the non-dimen-
sional frequency f ∗ = f∕f0 are introduced as major param-
eters in VIV, where f is the dominant oscillation frequency 
of the cylinder, f0 is the natural frequency of the system in 
still water and U is the free-stream velocity.

The linear mechanical damping of the system H, used in 
this study, is such that the damping ratio � = H∕Hcritical is 
very low, here � ≈ 5 × 10−3 . Hcritical is the standard critical 
damping of a linear mass-spring-damper system.

The mass M of the cylinder used in the present simula-
tions is such that the problem is characterized by a low mass 
ratio m∗ = M∕(��D2 S∕4) . This parameter is varied system-
atically three times, still within a practical application range, 
here m∗ = 1.2, 2.4 and 3.6 , starting from a combination of 
mass, spring stiffness and mechanical damping related to 
experimental data available in the literature [6]. The value 
m∗ = 2.4 is here taken as main reference. It corresponds to 
the well-known experiments of Khalak and Williamson [6]. 
Still, further additional experimental data after Govardhan 
and Williamson [2] are here considered. The analysis is car-
ried out in a parametric way, focusing on the influence of m∗ 
on the fluid–body interaction (fluid forces as proposed by the 
sdof-mf model) and on the cylinder response.

Tables 1 and 2 give further details, definitions and the full 
set of parameters of interest.

3 � Analysis of the results via a proposed 
sdof‑mf model

The mathematical model and parameter identification strat-
egy behind the proposed sdof-mf model have already been 
presented in Pigazzini et al. [19], here summarized again for 
sake of completeness.

With reference to Fig. 1 and to Sect. 2, assuming that the 
cylinder motion is restricted to a single DoF, the rigid body 
motion equation in still fluid (SF) is:

The Morison-like inertia and quadratic drag terms in 
Eq.  1 constitute the hydrodynamic force in still fluid 
FSF(t) = −MA ÿ − Q ẏ|ẏ| (the subscript SF here stands for 
still fluid). In Eq. 1, MA = CA�(�D

2∕4)S is the added mass, 
where CA is the added mass coefficient and Q = 0.5CD�DS 
where CD is the drag coefficient [20, 21]. The values of 
added mass and drag coefficients can be estimated accord-
ing to the Keulegan–Carpenter number of the considered 
system [20, 21].

In the presence of a background flow with velocity U per-
pendicular to the DoF above, Eq. 1 is modified to include the 
additional force that arises from the vortex shedding process, 
here called FVS(t) (the subscript VS here stands for vortex 
shedding). Thus Eq. 1 is transformed into Eq. 2:

Assuming that the added mass and drag coefficients are 
known a priori or from specific tests (free decay or forced 
oscillations in still fluid), the separation of the total hydro-
dynamic force FTOT(t) = FSF(t) + FVS(t) in standard inertia/
drag and vortex shedding lift terms allows to examine the 
right-hand side (RHS) of Eq. 2 in details.

As a first approximation, at this stage it is important to 
point out that the force and/or the response of the cylinder 
could be assumed almost monochromatic [6]. This is true in 
most of the U∗ range with some exceptions. Nevertheless, a 
preliminary analysis [19] suggests that the approximation of 

(1)(M +MA) ÿ + H ẏ + Q ẏ|ẏ| + K y = 0.

(2)(M +MA) ÿ + H ẏ + Q ẏ|ẏ| + K y = FVS(t).

Fig. 1   Schematic representation of VIV problem and relevant sym-
bols

Table 1   Fixed parameters

Cylinder diameter D (m) 3.81 × 10−2

Cylinder length S (m) 2.50 × 10−2

Cylinder volume ∇ =
�D2

4
S

(
m3

)
2.85 × 10−5

Spring stiffness K
(

N

m

)
1.661

Structural damping H
(

N

m/s

)
4.344 × 10−3

Potential-added mass MA (kg) 2.847 × 10−2

Potential-added mass coefficient CA =
MA

�∇
(–) 1.0

Reynolds number range Re (–) ≈ 0.2∕2.7 × 104
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the vortex shedding lift force FVS(t) can be easily and effec-
tively improved considering the contribution of three (at 
least) harmonics, with the key point that these frequencies 
are totally independent from each other. In non-dimensional 
form, FVS(t) can thus be written as

where the non-dimensional vortex shedding lift force 
CL,VSmf

(t) is written as

In Eqs.  3 and 4, the subscript mf stands for the multi-
frequency model. F0 =

1

2
�DSU2 is a reference force and 

fSt = St ⋅ U∕D is the Strouhal frequency, where St is the 
Strouhal number.

CL,VSi
 , �i and �i (i = 1, 3) are nine unknown param-

eters. They are expected to be functions of U∗ , m∗ and Re. 
The key point of this sdof-mf model is that frequencies 
fSt ⋅ �i (i = 1, 3) in CL,VSmf

(t) are assumed not to be Fourier 
components, thus they are fully uncoupled and not mutually 
dependent from any Fourier’s rule. This assumption allows 
to build CL,VSmf

(t) arbitrarily, with well-identified distinct 
addends.

Thus, given Ns time-domain samples of the vortex shed-
ding lift force CL,VS(tj) ( j = 1,Ns ) and given the correspond-
ing samples of the sdof-mf model CL,VSmf

(tj) ( j = 1,Ns ), the 
best-fit sdof-mf model can be found setting the mean square 
error �2 to its minimum, where

The best-fit parameters CL,VSi
 , �i and �i, (i = 1, 3) in Eqs. 4 

and 5 are found by means of a parameter identification (PI) 
technique, based on the Levenberg–Marquardt algorithm 
[22, 23].

(3)
FVS(t)

F0

= CL,VS(t) ≈ CL,VSmf
(t),

(4)

CL,VSmf
(t) = CL,VS1

sin(2� ⋅ fSt ⋅ �1 ⋅ t + �1)

+ CL,VS2
sin(2� ⋅ fSt ⋅ �2 ⋅ t + �2)

+ CL,VS3
sin(2� ⋅ fSt ⋅ �3 ⋅ t + �3).

(5)�2 =
∑

j=1,Ns

[CL,VS(tj) − CL,VSmf
(tj)]

2.

As far as the cylinder motion is concerned, the phase lag 
� between the cylinder response and a generic component 
of the hydrodynamic force takes on some interest. Here, we 
compute � against both FSF(t) and FVS(t) separately. Since 
the time series of the response and of the forcing terms is in 
general not monochromatic, we define the phase lag accord-
ing to the zero-up crossing of the selected signals:

In Eq.  6, F(t) is either FSF(t) or FVS(t) , tzero-up(y(t)) and 
tzero-up(F(t)) are the zero-up crossings of the cylinder motion 
and force, respectively, and T is the main period of both 
signals.

4 � CFD simulations

As previously described, the current sdof-mf model relies 
on time-domain VIV data, obtained by simulations or 
experiments.

In this study, following Pigazzini et al. [19], the VIV data 
were obtained by CFD simulations using OpenFOAM (OF) 
(release 2.4), an open-source finite-volume-based CFD tool-
box. In particular, VIV were obtained with standard URANS 
simulations. For convenience, full details of the numerical 
set-up are provided in [19].

At this stage, it is important to clarify that in the former 
study [19], carried out for m∗ = 2.4 , the URANS simulations 
predicted an upper branch of A∗ whose range in U∗ was nar-
rower than the experimental one, i.e. the solution jumped to 
the lower branch earlier for increasing U∗ . In the rest of U∗ 
domain, the main features of the cylinder dynamics were 
well represented by the simulations, in line with the results 
reported by other authors using a similar computational 
URANS-based approach [9–11, 19, 24, 25].

As pointed out in [19], it is worth mentioning that the 
complexity of the phenomenon (3D nature, detached flow, 
turbulence, etc.) would probably require more sophisticated 
and computationally demanding numerical models, mostly 

(6)� =
tzero-up(y(t)) − tzero-up(F(t))

T
.

Table 2   Varying parameters Mass ratio m∗ =
M

�∇
– 1.2 2.4 3.6

Cylinder mass M (kg) 3.42 × 10−2 6.83 × 10−2 10.25 × 10−2

Damping Ratio � =
H

2
√
K(M+MA)

– 6.734 × 10−3 5.416 × 10−3 4.657 × 10−3

Mass-damping parameter m∗ � – 8.08 × 10−3 13.00 × 10−3 16.76 × 10−3

Modified mass-damp. parameter (m∗ + CA) � – 14.81 × 10−3 18.41 × 10−3 21.42 × 10−3

Undamped natural frequency in air
f0,a =

1

2�

√
K

M

(Hz) 1.1100 0.7846 0.6408

Undamped natural frequency in water f0 =
1

2�

√
K

M+MA

(Hz) 0.8198 0.6592 0.5669

4
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in a narrow range of U∗ around the peak of the response of 
the cylinder.

Aware of the limits of the current CFD approach, this 
follow-up study aimed to evaluate the effect of the mass 
ratio within the scope of the sdof-mf model was performed 
according to [19] for the sake of congruency.

In Figs. 2, 3 and 4, the main features of the cylinder 
dynamics, corresponding to the three different mass ratios 
considered in this study, i.e. m∗ = 1.2, 2.4, 3.6 , are compared 
with the available experimental data and semi-empirical 
solutions. It is possible to note that in general the numerical 
results compare well with reference data. Further comments 
are provided in the following section.

5 � Results and discussion

The results obtained using the proposed sdof-mf model are 
presented as follows. In Sect. 5.1 selected non-dimensional 
time traces of the vortex shedding force and cylinder dis-
placement are shown to justify the applicability of the cur-
rent sdof-mf model. Then, the effect of the mass ratio on the 
cylinder motion and vortex shedding lift force is discussed 
in Sects. 5.2 and 5.3, respectively.

5.1 � Time‑domain analysis

The non-dimensional time-domain traces of vortex shedding 
lift force FVS(t) and cylinder displacement y(t) are shown in 
Figs. 5 and 6, respectively. More precisely, the time series 
of CL,VS(t) and y(t) / D obtained via CFD simulations and 
the current sdof-mf model are compared. As for the time 
series of y(t) from the sdof-mf model, Eq. 2 has been solved, 
using Eqs. 3 and 4 for the RHS, adopting a time marching 

fourth-order Runge–Kutta scheme. The cases proposed in 
Figs. 5 and 6, in terms of pairs ( m∗ , U∗ ), have been selected 
as highly representative of the U∗ dependency of the har-
monic content of CL,VS(t) and y(t) / D to justify the appli-
cability of the sdof-mf model. In these figures, solid lines 
represent CFD time series, whereas dashed lines show sdof-
mf time series with best-fit parameters (PI, as described in 
Sect. 3).

Considering the harmonic content, from Fig.  5a 
( m∗ = 1.2 , U∗ = 20 ), it is possible to note that a pronounced 
low frequency oscillation is clearly observed. In this case, 
the dominant frequencies are fSt and fSt∕2.

In Fig. 5b ( m∗ = 1.2 , U∗ = 26 ), the dominant frequencies 
are again fSt and fSt∕2 , but now they are far enough from 

Fig. 2   After Williamson and Govardhan [4]. Maximum value of A∗ at 
the upper and lower branches separately Vs modified mass-damping 
parameter (see also Tables 1 and 2). ( ▴ ) = present numerical; other 
symbols/lines as in Fig. 6b in [4]

Fig. 3   After Govardhan and Williamson [2]. Range of U∗ that 
embraces the upper and lower branches Vs m∗ . ( ▴ ) = present numeri-
cal, other symbols/lines as in Fig. 5a in [4]

Fig. 4   f ∗ at lock-in (see Figs.  7b, 8 and 9b) Vs m∗ . ( ▴ ) = present 
numerical; solid line = after Williamson and Govardhan [4]

5
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Fig. 5   Comparison between time-domain non-dimensional vortex shedding lift force C
L,VS

 obtained via CFD and via sdof-mf model in Eq. 4. 
(——) = present CFD; (- - - -) = sdof-mf

6
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each other to lead to a completely different time-domain 
behavior of CL,VS(t).

In both cases (Fig. 5a, b), the strongest excitation of 
the cylinder motion comes from a frequency which is half 
the conventional Strouhal frequency. In Fig. 5c ( m∗ = 2.4 , 
U∗ = 5.35 ), the dominant frequencies are fSt and 2 ⋅ fSt 
approximately.

In Fig. 5d ( m∗ = 2.4 , U∗ = 12.50 ), the dominant frequen-
cies are fSt and the frequency at lock-in f ∗ ≈ 1.4 [6, 14].

In Fig. 5e ( m∗ = 3.6 , U∗ = 4.75 ), here used as representa-
tive of the worst fit of the sdof-mf model, the harmonic con-
tent is very complex and the sdof-mf model, here limited 
to three harmonics only, lacks additional terms that would 
probably make the fitting more accurate.

Finally, in Fig. 5f ( m∗ = 3.6 , U∗ = 5.95 ), the dominant 
frequencies are fSt and 3 ⋅ fst approximately, though in this 
case the amplitude of the latter is one order of magnitude 
smaller than the former.

Summarizing, the proposed sdof-mf model performs very 
well in the reproduction of the reference data. The fitting of 
the sdof-mf model is clearly visible, even in complex situa-
tions where a multiple harmonic content is dominating the 
vortex shedding process.

In the following, the effect of the mass ratio on the 
cylinder motion is presented first. The effect of m∗ on 
the non-dimensional amplitude of the motion, A∗ , on the 

non-dimensional frequency f ∗ of motion, and on the phase 
lag � (Eq. 6) of the response of the cylinder y(t) Vs FSF(t) 
and to FVS(t) , is discussed.

Then, the effect of the mass ratio on the vortex shed-
ding lift force is analyzed. In this case, the characteristic 
values of the current sdof-mf model, i.e.: CL,VSi

 ( i = 1, 3 ) 
and (f∕f0)i = �i ⋅ fSt∕f0 ( i = 1, 3 ) are considered.

For the sake of completeness, we remind that the current 
results were obtained assuming standard values of the added 
mass/drag coefficients and of the Strouhal number St for sub-
critical regime, i.e. CA = 1.0 , CD = 1.6 [20, 21] and St = 0.2.

5.2 � Effect of mass ratio on the cylinder motion

Starting from the motion amplitude, considering Figs. 7a, 
8a and 9a, it is possible to note that at the upper branch 
the maximum value of the non-dimensional amplitude of 
the cylinder motion, namely A∗

max
 , is achieved for U∗ ≈ 5 . 

Furthermore, A∗
max

 decreases approximately from 0.95 to 
0.75, as m∗ increases from 1.2 to 3.6. At the lower branch 
A∗
max

≈ 0.6 . With reference to the attitude of the max value 
of A∗ while varying m∗� , Williamson and Govardhan [4] 
presented the results of several research works from the liter-
ature. They show the maximum value of A∗ at the upper and 
lower branches separately Vs the modified mass-damping 
parameter (see also Tables 1 and 2). In Fig. 2, the results of 

Fig. 5   (continued)

7
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Fig. 6   Comparison between time-domain non-dimensional cylinder motion y(t) / D obtained via CFD and via sdof-mf model in Eq. 2. (——) = 
present CFD; (- - - -) = sdof-mf

8
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the present simulations are compared with the experimental 
data given by [4]. The upper limit of the lower branch of 
U∗ decreases from U∗ ≈ 16 to U∗ ≈ 8 as m∗ increases. From 
Fig. 3, it is worth noting that the U∗ values that embrace 
upper and lower limits of the lower branches of A∗ are in line 
with the experimental data available in [2]. At the largest 
values of U∗ considered in this study, the order of magnitude 
of A∗ is around 10−1.  

Regarding the non-dimensional dominant frequency of 
the cylinder motion for m∗ = 1.2 , from Fig. 7b it is possible 
to note that f ∗ ≈ fSt∕f0 for U∗ < 12 , it turns to f ∗ ≈ 1.8 for 
12 < U∗ < 16 (right-most part of the lower branch), and then 
to 0.5 ⋅ fSt∕f0 for U∗ > 16 (sub-harmonic). It is worth men-
tioning that both the constant value of f ∗ in the lower branch 
and the sub-harmonic behavior in desynchronization regime 
are strongly consistent with the experimental results shown 
in Fig. 18 of Govardhan and Williamson [2]. For m∗ = 2.4 , 
in Fig. 8b f ∗ ≈ fSt∕f0 for U∗ < 5 , it turns to f ∗ ≈ 1.4 for 
6 < U∗ < 13 (lower branch), and then back to f ∗ ≈ fSt∕f0 
for U∗ > 13 , as clearly shown in the experimental data from 
Khalak and Williamson [6]. For m∗ = 3.6 , Fig. 9b shows that 
f ∗ ≈ fSt∕f0 for U∗ < 5 , it turns to f ∗ ≈ 1.2 for 6 < U∗ < 8 
(lower branch), and then back to f ∗ ≈ fSt∕f0 for U∗ > 8 . 
Eventually, considering Figs. 7b, 8b and 9b it is worth noth-
ing that within the lower branch, the dominant frequency 
decreases from 1.8 to 1.2 with increasing m∗ . Finally, Fig. 4 

shows the attitude of f ∗ at lock-in Vs m∗ . The solid line is 
the function f ∗ =

√
(m∗ + 1)∕(m∗ − 0.54) proposed in [2]. 

Again, the agreement is rather good.
As far as the phase lag � between the cylinder response 

y(t) and FSF(t) is concerned, considering Figs. 7c, 8c and 9c, 
it is possible to observe an almost in-phase behavior over 
the entire range of the reduced velocity, as expected. This 
force is dominated by the inertia term that, for a monochro-
matic motion, is in anti-phase with the acceleration and thus 
in phase with the displacement y(t); within the upper and 
lower branches, the force FSF(t) lags the displacement by 
approx. 30◦ . Furthermore, the phase lag � between the cyl-
inder response y(t) and the vortex shedding lift force FVS(t) 
shows a step-like (resonance) behavior with a sharp jump 
of 165◦ approx. at U∗ ≈ 5 , for the different mass ratios, with 
� → 180◦ as U∗ increases further.

5.3 � Effect of mass ratio on the vortex shedding lift 
force

As far as the vortex shedding lift force is concerned 
Figs. 7d, 8d and 9d show that the maximum value of CL,VSi

 
lies between 2.4 and 2.6 for the considered mass ratios. 
The magnitude decreases slightly with increasing m∗ . The 
value of U∗,max at which CL,VSi

 is maximum, decreases 
considerably as m∗ increases, namely U∗,max ≈ 8, 6.5, 5 

Fig. 6   (continued)
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Fig. 7   Mass ratio m∗ = 1.2 . a Amplitude ratio A∗ = A∕D and b 
dominant frequency ratio f ∗ = f∕f

0
 of the cylinder motion Vs 

U∗ = U∕(f
0
⋅ D) . c Phase lag � (Eq.  6) of cylinder motion Vs 

U∗ . d Vortex shedding lift coefficients C
L,VSi

 and e frequencies 
(f∕f

0
)i = �i ⋅ fSt∕f0 , i = 1, 3 of the sdof-mf model Vs U∗ . In b and e 

oblique dashed lines correspond to 0.5 ⋅ fSt, 1 ⋅ fSt, 2 ⋅ fSt and 3 ⋅ fSt , 
where fSt is the nominal Strouhal frequency. In c, ( ◦ ) correspond to 

the phase lag between the cylinder response y(t) and the Morison-
like force F

SF
(t) , ( ∙ ) correspond to the phase lag between the cylinder 

response y(t) and the vortex shedding lift force F
VS
(t) . In d and e, ( ∙ ) 

are data related to the frequency f ∗ closest to the Strouhal frequency, 
∀U∗ ; for this, m∗ ( ◦ ) are related to data close to 0.5 ⋅ fSt or 2 ⋅ fSt , 
depending on U∗ ; ( ⊳ ) are related to data close to 3 ⋅ fSt
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Fig. 8   Mass ratio m∗ = 2.4 . a Amplitude ***ratio A∗ = A∕D 
and b dominant frequency ratio f ∗ = f∕f

0
 of the cylinder motion 

Vs U∗ = U∕(f
0
⋅ D) . c Phase lag � (Eq.  6) of cylinder motion Vs 

U∗ . d Vortex shedding lift coefficients C
L,VSi

 and e frequencies 
(f∕f

0
)i = �i ⋅ fSt∕f0,i = 1, 3 of the sdof-mf model Vs U∗ . In b and e, 

oblique dashed lines correspond to 0.5 ⋅ fSt, 1 ⋅ fSt, 2 ⋅ fSt and 3 ⋅ fSt , 
where fSt is the nominal Strouhal frequency. In c, ( ◦ ) corresponds to 

the phase lag between the cylinder response y(t) and the Morison-like 
force F

SF
(t) ; ( ∙ ) corresponds to the phase lag between the cylinder 

response y(t) and the vortex shedding lift force F
VS
(t) . In d and e, ( ∙ ) 

is data related to the frequency f ∗ closest to the Strouhal frequency, 
∀U∗ ; for this m∗ ( ◦ ) is related to data close to 2 ⋅ fSt or 1.4 ⋅ f

0
 , depend-

ing on U∗ ; ( ⊳ ) is related to data close to 3 ⋅ fSt and 4.2 ⋅ f
0
 , depending 

on U∗
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Fig. 9   Mass ratio m∗ = 3.6 . a Amplitude ratio A∗ = A∕D and b 
dominant frequency ratio f ∗ = f∕f

0
 of the cylinder motion Vs 

U∗ = U∕(f
0
⋅ D) . c Phase lag � (Eq.  6) of cylinder motion Vs 

U∗ . d Vortex shedding lift coefficients C
L,VSi

 and e frequencies 
(f∕f

0
)i = �i ⋅ fSt∕f0,i = 1, 3 of the sdof-mf model Vs U∗ . In b and e 

oblique dashed lines correspond to 0.5 ⋅ fSt, 1 ⋅ fSt, 2 ⋅ fSt and 3 ⋅ fSt , 
where fSt is the nominal Strouhal frequency. In c, ( ◦ ) corresponds to 

the phase lag between the cylinder response y(t) and the Morison-like 
force F

SF
(t) ; ( ∙ ) corresponds to the phase lag between the cylinder 

response y(t) and the vortex shedding lift force F
VS
(t) . In d and e, ( ∙ ) 

is data related to the frequency f ∗ closest to the Strouhal frequency, 
∀U∗ ; for this m∗ ( ◦ ) is related to data close to 2 ⋅ fSt ; ( ⊳ ) is related to 
data close to 3 ⋅ fSt
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for m∗ = 1.2, 2.4, 3.6 , respectively; this is also consistent 
with the shift, towards lower values, of the upper limit of 
the range of U∗ corresponding to the upper branch (see 
Fig. 2). Moreover, we point out that for all the investigated 
mass ratios, the maximum CL,VSi

 is related to the frequency 
closest to the Strouhal frequency, i.e. (f∕f0)i ≈ fSt∕f0 (typi-
cally for i = 1 ). The maximum magnitude of the second 
harmonic term (i.e. 2 ⋅ fSt ) in the initial branch is found 
to be CL,VSi

≈ 0.6 , of order of 50% of the magnitude at 
the dominant frequency fSt . The third harmonic of FVS(t) 
shows up at lock-in, mostly at 5 < U∗ < 8 , with amplitudes 
of CL,VSi

, i = 3 of order of 10% (or higher) of the dominant 
term.

Considering Figs. 7e, 8e and 9e, it is possible to note 
that the non-dimensional dominant frequency (f∕f0)i of 
FVS(t) at lock-in converges to 1 as m∗ increases, (f∕f0)i ≈ 
1.8, 1.4, 1.2 for m∗ = 1.2, 2.4, 3.6 , respectively; this is 
also consistent with the dominant frequency of the cylin-
der motion (see Fig. 4).

Next the influence of the mass ratio on the value of the 
dominant term of FVS(t) is discussed.

From Figs. 7d, e related to m∗ = 1.2 , it is possible to 
observe that the dominant term of FVS(t) is found for 
U∗ < 12 at (f∕f0)i ≈ fSt∕f0 ; for 12 < U∗ < 16 (lower branch) 
at (f∕f0)i ≈ 1.8 ; for U∗ > 16 , it shows a distinct frequency 
at exactly half the nominal Strouhal frequency (sub-har-
monic) (f∕f0)i ≈ 0.5 ⋅ fSt∕f0 , consistently with the dominant 
frequency of the cylinder motion at large U∗ values (see 
Fig. 7b and the experimental results presented in Fig. 8 of 
Govardhan and Williamson [2]).

In the case of m∗ = 2.4 , Figs. 8d, e show that the domi-
nant term of FVS(t) for U∗ < 7 is found at (f∕f0)i ≈ fSt∕f0 ; 
for 7 < U∗ < 12 at (f∕f0)i ≈ 1.4 , even though the Strouhal 
frequency is clearly present, in particular for 8 < U∗ < 9 ; 
for U∗ > 12 the nominal Strouhal frequency takes the con-
trol of the forcing term again.

For m∗ = 3.6 , Figs.  9d, e show that the dominant 
term of FVS(t) for U∗ < 5.5 is found at (f∕f0)i ≈ fSt∕f0 ; for 
5.5 < U∗ < 8.5 , at (f∕f0)i ≈ 1.2 ; for U∗ > 8.5 , the nominal 
Strouhal frequency takes the control of the forcing term 
again.

From the results, it emerges that ultra- or sub-harmonic 
behavior is systematically found, with magnitude of these 
additional harmonic terms that depend on the mass ratio 
m∗ . In some cases, they become the dominant part of the 
vortex shedding lift force. In particular at low m∗ , the 
typical sharp drop of A∗ between the lower branch and 
the desynchronization regime disappears, and a dominant 
sub-harmonic term in both motion and vortex shedding 
lift force is observed; for increasing U∗ , this sub-harmonic 
frequency keeps the control of the system, it grows almost 
linearly and correspondingly A∗ decreases slowly.

6 � Concluding remarks

Vortex-induced vibrations (VIV) of an elastically-mounted 
2D circular cylinder in cross-flow, with low mass and 
damping ratios, were studied varying systematically the 
mass ratio m∗ of the system, within a range of interest for 
practical engineering applications in water.

The study was carried out using a single-degree-of-
freedom-multi-frequency (sdof-mf) model, where the 
total hydrodynamic force acting on the cylinder is split in 
conventional Morison-like inertia/drag terms with stand-
ard added mass and drag coefficients, and three harmonics 
that account for the vortex-induced lift force. A parameter 
identification (PI) method, applied in the time domain to 
available VIV data, allows to obtain the unknown model 
parameters, i.e. amplitudes, frequencies and phases of the 
three harmonics.

In this study, the VIV data used in the coupled sdof-mf/
PI approach were obtained by URANS simulations, keep-
ing the same CFD framework already used in a previous 
work.

From the overall results, it emerges that the sdof-mf 
model reproduces the time-domain cylinder motion and 
vortex shedding lift force quite accurately. The parameters 
of the sdof-mf model show a fair and consistent variation 
over the entire range of U∗ and for all m∗.

The systematic application of the sdof-mf model provides 
a rather deep insight in the characterization of the vortex-
induced lift force. In particular, the main outcome of the 
analysis of this force is found in the presence of ultra- and 
sub-harmonic terms. For specific pairs ( U∗,m∗ ), these ultra- 
and sub-harmonic terms are observed to take the control of 
the VIV process, both at lock-in and in desynchronization 
regions.
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