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Abstract. This paper analyzes the quasilinear elliptic boundary value problem driven by
the mean curvature operator

—div (Vu/\/l + |Vu\2) = Aa(x)f(u) in Q, u=0 on 9JQ,

with the aim of understanding the effects of a flux-saturated diffusion in logistic growth
models featuring spatial heterogeneities. Here, 2 is a bounded domain in RY with a regular
boundary 9€2, A > 0 represents a diffusivity parameter, a is a continuous weight which
may change sign in , and f: [0,L] — R, with L > 0 a given constant, is a continuous
function satisfying f(0) = f(L) = 0 and f(s) > 0 for every s € |0, L[. Depending on the
behavior of f at zero, three qualitatively different bifurcation diagrams appear by varying A.
Typically, the solutions we find are regular as long as A is small, while as a consequence of
the saturation of the flux they may develop singularities when \ becomes larger. A rather
unexpected multiplicity phenomenon is also detected, even for the simplest logistic model,
f(s) =s(L — s) and a = 1, having no similarity with the case of linear diffusion based on
the Fick-Fourier’s law.

Mathematics Subject Classifications: 35J62, 35J93, 35B09, 35J25.
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1 Introduction

This paper analyzes the quasilinear elliptic problem

Vu ;
(i) e o "

u=20 on 0},

where the diffusion is driven by the mean curvature operator. Here, A > 0 is viewed as a parameter
measuring diffusivity and
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(H{) © c RY is a bounded domain, with a C? boundary 9 in case N > 2;
(H3) a: © — Ris a continuous function such that maxg a > 0;

(H}) f: R — R is a continuous function satisfying, for some constant L > 0, f(0) = f(L) = 0, and
f(s) > 0 for every s € ]0, L.

Assumption (H3) on the weight a introduces spatial heterogeneities within the model and allows,
but does not impose, that a changes sign in Q. Assumption (H3}) basically requires that the reaction
term af is of logistic-type. As well-known, logistic maps play a pivotal role in the modeling theory of
various disciplines, with special prominence in biology, ecology, genetics; see, e.g., [7, 14, 15, 27, 28] and
the extensive bibliographies therein. Unlike the classical theory based on the Fick-Fourier’s law, where
the flux depends linearly on Vu, here the diffusion is governed by the bounded flux Vu/\/1 + |Vu|?,
which is approximately linear for small gradients but approaches saturation for large ones.

The aim of this work is, therefore, describing, understanding, and clarifying the effects of a flux-
saturated diffusion in logistic growth models featuring spatial heterogeneities. This study is motivated
by the investigations on reaction processes with saturating diffusion started in [33] and further carried
out in [8, 20, 22, 34], in order to correct the non-physical gradient-flux relations at high gradients. This
specific mechanism of diffusion, of which the mean curvature operator provides a paradigmatic example,
may determine spatial patterns exhibiting abrupt transitions at the boundary or between adjacent
profiles, up to the formation of discontinuities [4, 9, 10, 11, 12, 16, 18, 19, 23, 24, 25, 26, 35]. This makes
the mathematical analysis of the problem (1.1) more delicate and sophisticated than the study of the
corresponding semilinear model, the use of some tools of geometric measure theory being in particular
required. It is an established fact indeed that the space of bounded variation functions is the natural
setting for dealing with this problem. The precise notion of bounded variation solution of (1.1) used in
this paper has been basically introduced in [3] and is recalled below for completeness.

Notation. Throughout this work, for every v € BV (), Dv = D% dz + D*®v is the Lebesgue-Nikodym
decomposition of the Radon measure Dwv in its absolutely continuous part D%v dx and its singular part
D3y with respect to the N-dimensional Lebesgue measure dz in RY, |Dv| denotes the total variation of
the measure Dv, and @Z‘ stands for the density of Dv with respect to its total variation. Further, ||
is the Lebesgue measure of 2, while H y_1 represents the (N — 1)-dimensional Hausdorff measure, and
|092| is the Hpy_1-measure of 9. We refer to [2] for additional information. Moreover, for all functions
u,v: Q = R, we write: v > v if ess inf (u—v) > 0; u > v if u > v and ess sup (u —v) > 0; u > v if, for a.e.
x € O, u(z) —v(x) > dist(z, Q). We also define u A v and u Vv by setting (u A v)(x) = min{u(z),v(z)}
and (u V v)(z) = max{u(z),v(x)} for a.e. z € Q. Finally, we write u for vV 0 and u™ for —(u A 0).

Definition 1.1. By a bounded variation solution of (1.1) we mean a function v € BV (Q), with
f(u) € LN(Q), which satisfies

/ D'uD'$ [ Du Do

7Y Az = Y

o /14 [D*u? o [Dul |Dg|

for every ¢ € BV (Q) such that |D*¢| is absolutely continuous with respect to |D%u| and ¢(x) = 0
Hn—1-a.e. on the set {x € ON: u(x) = 0}. A bounded variation solution u is said positive if u > 0.

D?¢| + /aQ sgn(u) pdHn_1 = )\/Qaf(u)qbdx (1.2)

Remark 1.1. It follows from [3, Section 3] that a function u € BV (), with f(u) € LY (Q), is a bounded
variation solution of (1.1) if and only if it satisfies the variatonal inequality

JW) =T (u) > )\/Qaf(u)(v —u)dx for all v € BV(Q), (1.3)

where

j(v):/ (\/1+\D“v|2fl)dx+/ |st\+/ [v|dHn—1.
Q Q o9
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Remark 1.2. If a bounded variation solution u of (1.1) belongs to W27 (Q) N W, *(Q) for some p > N,
then it satisfies the differential equation in (1.1) for a.e. 2 € Q and the boundary condition for all z € 9.
Therefore, u is a strong solution of (1.1). The LP-regularity theory [17, Chapter 91 then entails that
u € W24(Q) for all ¢ > N. Conversely, it is evident that any weak solution u € Wol’ (), and hence in
particular any strong solution, is a bounded variation solution.

Remark 1.3. It is clear that, for any given A > 0, u = 0 is a solution of (1.1), while u = L is not. Indeed,
if L were a solution, taking ¢ = 1 as test function in (1.2) would yield [, 1dHy_1 = |09Q] = 0, which is
a contradiction.

We are now going to present the main results obtained in this paper. Here, for the sake of clarity, our
statements are set out in a simplified form, while referring to the subsequent sections for some variants or
extensions thereof that rely on slightly more general but less neat conditions: for each result, the minimal
needed assumptions will be specified in an appropriate remark placed just below the corresponding proof.

The first result only exploits the structural assumptions (H7), (H3), and (H3). It provides us with
the existence of a number A, > 0 such that, for all A > A., the problem (1.1) has a maximum solution
uy, with 0 < uy < L. The asymptotic behavior of uy, as A — +o0, is described too, and the bifurcation
of the solutions from the trivial line {(A,0): A > 0} at the point (0,0) is ascertained in the case A, = 0.
Figure 1 illustrates the admissible bifurcations diagrams.

Theorem 1.1. Assume (Hi), (H}), and (H3). Then there exists A\, > 0 such that for all X € |\, +o00|
the problem (1.1) admits a mazimum bounded variation solution uy, with 0 < uy < L, which satisfies

lim (esssupuy) = L. (1.4)
A—+oo
Moreover, if A, =0, then
lim ||u =0. 1.5
Jim Jluallsy (1.5)
llualloo llualloo
Lo Lo
//’ ///’
7 7
’ ’
/ ’
/
! /
/
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Figure 1: Admissible bifurcation diagrams for the problem (1.1) under the structural assumptions (H{),
(HY), and (H3), in case A\, > 0 (left) or A\, = 0 (right). Dashed curves indicate bounded variation
solutions.

The specific features displayed by the bifurcation diagrams of the problem (1.1) are determined by
the slope at 0 of the function f, as expressed by the following conditions:

(H}) there exists lim f(f) = +00 (sublinear growth at 0);
s—0 -

(H}) there exists lim f(ss) =K €]0,400[ (linear growth at 0);
s—0

(H}) there exists 1ir(r)1+ ) — (superlinear growth at 0).
Chd

When f has a sublinear growth at zero, a bifurcation from the trivial line occurs at the point (0, 0),
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and the existence of positive bounded variation solutions of the problem (1.1) is guaranteed for all A > 0.
In addition, positive strong solutions exist provided that A is small enough.

Theorem 1.2. Assume (H7i), (HY), (H3), and (H}). Then for all A\ > 0 the problem (1.1) admits at least
one bounded variation solution uy € BV (), with 0 < uy < L, which satisfies (1.4) and (1.5). Moreover,
there exists \* > 0 such that, for all X € |0, \*[, solutions uy can be selected so that uy € W2P(Q)NW, P ()
for any p > N, it is a strong solution and it satisfies

Jim, [uxllwz.e = 0.

When f grows linearly at zero the bifurcation occurs from the trivial line at the point (A1, 0), where A
is the principal eigenvalue of the linear weighted problem

—Ap = da(z)kp in Q,
u=20 on 0N2.

Here, ) satisfies (H{),  comes from (H3), and a satisfies (H3). It follows from [6] that \; is positive and
simple, with a positive eigenfunction ;. The LP-regularity theory and a standard bootstrap argument
entail that ¢; € W2P(Q) N Wol’p(Q) for all p > N, while the strong maximum principle and the Hopf
boundary point lemma yield @1 > 0. In this case the solvability of the problem (1.1) is guaranteed for all
A > A1. In addition, for A close to A; strong solutions do exist.

Theorem 1.3. Assume (H}), (H2), (H3), and (H}). Then for all A > A1 the problem (1.1) admits at
least one bounded variation solution uy, with 0 < uy < L, which satisfies (1.4). Moreover, suppose that

(HY) f is of class C?

and fix any p > N. Then there exists a neighborhood U of (A1,0) in R x W22(Q) N WyP(Q) such that
solutions uy can be selected so that (A, uy) € U, uy is a strong solution and it satisfies

UN

I » = d - lim —2 =) 1.
i e flwze =0 an o Juallor 7t (1.6)

Finally, there exists n > 0 such that the following assertions hold:

(i) if f(0) < 0, then for all X € A1, Ay +1n[ there is at least one strong solution uy € W2P(Q)NW ()
satisfying (1.6);

(i) if f”(0) > 0, then for all X € |\; —n, Ai[ there is at least one strong solution uy € W2P(Q)NW, ()
satisfying (1.6).

Remark 1.4. For the standard logistic model f(s) = s(L — s), the condition f”/(0) = —2 < 0 holds and
therefore the bifurcation is supercritical.

When f exhibits a superlinear growth at zero, the existence of multiple solutions can be detected if,
for instance, conditions (H3) and (H}) are strengthened as follows. Let us set

QO ={recQalx) >0}, Q ={zrecQalx)<0}, Q°={zecQ:alx)=0}
and replace (H3) with
(H}) a € C?(Q), Qt#0, Q= #0, Q®=0rNQ- CcQ, and Va(x) #0 forall z € Q°,

as well as (H}) with
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(H{) there exists ¢ > 1, with ¢ < %2 if N > 3, such that

f(s)

s—0+ 84

=1.

Then, for A sufficiently large, the problem (1.1) has at least two positive bounded variation solutions, the
smaller being strong.

Theorem 1.4. Assume (Hi), (H3), (H}), and (H&). Then there exists A\« > 0 such that for all
A € Ay, +o0[, the problem (1.1) admits at least one bounded variation solution uy and one strong solution
vy € W2P(Q) N Wol’p(Q), for any p > N, such that 0 < vy < uy < L. In addition, uy satisfies (1.4),
while vy satisfies
lim ||U)\HW2,p =0.
A—+oo

Figure 2 illustrates three qualitatively different bifurcation diagrams corresponding, respectively, to
Theorems 1.2, 1.3, and 1.4.

[lualfoo lJualoo lJunlloo
L IR L ................................. ’— L —___
//’— //’ //”—
/// // //
/7 /
0 A 0 / A 0 : A
A1 A

Figure 2: Admissible qualitative bifurcation diagrams for the problem (1.1), according to the growth of f
at 0: either sublinear (left), or linear (center), or superlinear (right). Dashed curves indicate bounded
variation solutions, solid curves represent strong solutions.

Unexpectedly enough, the existence of multiple solutions can always be detected in the standard
logistic model, whenever the carrying capacity L is sufficiently large, even in the case where the weight
function a is a positive constant (cf. Remark 1.5 below). We state such a multiplicity result for the
simplest one-dimensional prototype of the problem (1.1), that is,

_ (1:(1/)2) = Xaf(u) in]0,1], w7
w(0) =0, wu(l)=0.

Theorem 1.5. Assume (H3),

(Hiy) a € C9([0,1]) satisfies a >0,

and

(H{,) there exist r, R € )0, L[, with r < R, such that

2F(T)(1+\/l4—7r2)<$,

2

where F(s) = fos f(t)dt is the potential of f. Then there exist \y and N, with 0 < Ny < M, such that

for all X\ € I\, N¥[ the problem (1.7) admits at least two bounded variation solutions uyx,vy such that
0<uy<wy<L.
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It is worth stressing that the assumptions of Theorem 1.5 do not prevent f from being concave in
[0, L]: this fact witnesses the peculiarity of this multiplicity result, which is specific of the quasilinear
problem (1.1) and has no similarity at all with the semilinear case, where the concavity of f always
guarantees the uniqueness of the positive solution, as proven in [5] even for sign-changing weights a.

Remark 1.5. For the standard logistic model, where f(s) = s(L — s), condition (H1i,) is satisfied if, for
instance, L > 3—32 ~ 10.67.

Example 1.6. A numerical study of the problem (1.7), with a = 1, f(s) = s(L —s) and L =11 > 32,

reveals the existence of three positive solutions in a (small) right nelghborhood of the bifurcation pomt
A1 = ™ ~ 0.8972, in particular at A = 0.8975, and of two positive solutions in a left neighborhood of A;.

This i 1s in complete agreement with (i) the bifurcation result stated in Theorem 1.3 and Remark 1.4, which
predicts the bifurcation branch emanates from A\; pointing to the right; (ii) the multiplicity conclusions of
Theorem 1.5, which guarantee the existence of two solutions in an interval of the A-axis located on the left
of A\1. Hence a S-shaped bifurcation diagram is expected as shown by the picture on the left in Figure 3.

AMX 1

Figure 3: On the left, an admissible bifurcation diagram is depicted with reference to Example 1.6: the
dashed curve indicates bounded variation solutions, the solid curve represents strong solutions. On the
right, the profiles of the three detected solutions at A\ = \ are shown: in blue the regular ones, in red the
singular one.

The remainder of this paper is structured as follows. Section 2 is devoted to the proof of various
statements concerning the existence and the asymptotic behavior of the positive bounded variation
solutions of (1.1), under the sole structural conditions (H{), (H3), and (H3); in particular, Theorem 1.1
is proven. Section 3 focuses on the discussion of the features displayed by the bifurcation diagrams of
the problem (1.1) according to the slope at zero of the function f; here, some extensions, or variants,
of Theorems 1.2, 1.3, and 1.4 are derived. Section 4 closes the paper by providing the proof of a more
general version of the multiplicity result stated in Theorem 1.5.

2 Bounded variation solutions: existence and asymptotic be-
havior of the bifurcation branches
In this section we aim to prove Theorem 1.1, as well as some variants thereof, by using variational

techniques in the space BV (£2), in combination with the method of lower and upper solutions for mean
curvature problems as first developed in [21] and independently in [29]. Henceforth, we endow the space

BV () with the norm
lollay = [ 1Dol+ [ Jol i,
Q oQ
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which is equivalent to the usual one by [26, Proposition 2] and [2, Theorem 3.88]. Since we are looking for
solutions u of (1.1) satisfying the condition 0 < u < L, we can suppose, without loss of generality, that

f(s)=0 forall seR\]J0,L].

We also set s
Fls) = / F(#)dt for all s € R,
0

Next, we introduce the action functional associated with the problem (1.1). Namely, for each A\ > 0, we
define 7, : BV (2) — R by
I(v) =T (v) — )\/ aF(v)da, (2.1)
Q

where J: BV (§2) — R is given by

T = [ VIFIDE =10+ [ Jelddao,
Q oN

having set
/\/1+\Dv|2:/ s/l—l—\D%de—i—/ D%,
Q Q Q

We start by proving the existence of positive bounded variation solutions of (1.1) under the following
conditions that weaken (H{) and (HJ), respectively:

(H?) © C RY is a bounded domain, with a boundary 92 of class C! in case N > 2;
(H3) a € L>(Q) and there is a Caccioppoli set E of positive measure such that [}, a(x)dz > 0.

Proposition 2.1. Assume (H3), (H?), and (H2). Then there exists A\ > 0 such that for all X € ]\, +00]
the problem (1.1) admits a mazimum bounded variation solution wy satisfying 0 < uy < L.

Proof. For later reference, the proof is split into three parts.

Step 1: For every A > 0, there exists a global minimizer uy of Zy. Fix A > 0. From (H3) and (H3}) we
easily get, for all v € BV (),

Ty(v) > / Dv| — 19 + / o] dMy—1 — Aa* |l F(L)
Q oQ
= Jollsv — 120 - Ala* |2 F(D).

Therefore, Z) is bounded from below and coercive. Let (v,,), be a minimizing sequence. Since (vy,), is
bounded in BV (Q2), the compact embedding of BV (Q2) into L'(€) implies that there exist a subsequence
of (Vp)n, still denoted by (vp)n, and a function uy € BV(2) such that v, — wuy in L}(Q2) and a.e.
in Q. The lower semicontinuity of J with respect to the L!-convergence in BV () and the dominated
convergence theorem easily yield

T <liminfZx(v,) = inf Z)(v),
A(wn) <lmifTafvn) = B o) D)

that is, uy is a global minimizer of 7.

Step 2 : For every A > 0, uy is a bounded variation solution of (1.1) satisfying 0 < uy < L. From [30,
Remark 2.2.] we know that any local minimizer uy of Z) satisfies the variational inequality (1.3) and
therefore by Remark 1.1 it is a bounded variation solution of (1.1).

Next, we show that uy < L. Taking v = uy A L as test function in (1.3) and observing that
v—uy=—(uy — L)*, we get

0= )\/Qaf(u)\) (—(ux —L)*) dz < T(ux A L) — T (uy).
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Then, recalling that uy V L = L + (u) — L)T and using the lattice property proven in [21, Theorem 3.2]
or [29, Proposition 2.2], we infer

0<J(uxANL)—T(ux) <IJ(L)—T(uxVL)
:—(/ \/1+|D(U)\_L)+2—|Q|)—/ (U)\—L)—’_d/HNflSO.
Q o0

This yields (uy — L)™ = 0 and thus uy < L. Moreover, we have that uy < L, because, by Remark 1.3, L
is not a solution of (1.1).

At last, we prove that uy > 0. Taking v = uy V 0 as test function in (1.3), observing that v —uy = u)
and using again the lattice property, we obtain

OSJ(U,\\/O)—j(uA)SJ(O)—j(UA/\O)
:_</Q,/1+Du;|2—|sz|> —/aQu;dﬂN_l <o.

Hence we conclude that v, = 0 and thus uy > 0.

Step 3 : For every A > A, there exists a mazimum bounded variation solution wy of (1.1) such that
0 < wy < L. We first prove that the global minimizer uy of (1.1) satisfies uy > 0. To this end it is
sufficient to show that, when \ is large enough, 0 is not a global minimizer of Zx. Thanks to (H3), we
can take v = xg € BV(Q) in (2.1), where x g is the characteristic function of E. Denoting by Per(E, Q)
the perimeter of E in (), we obtain

Ix(xg) = Per(E,Q) — )\F(L)/Eadx.

Therefore, by setting
Per(E, Q)

F(L) [pada’

we infer that Zx(0) = 0 > Zx(xg), for every A > A,.

Fix now A > A.. Thanks to [21, Proposition 3.6] or to [29, Lemma 3.7] it is immediately checked
that L is an upper bounded variation solution of (1.1), according to the definition given in [21, Section 3]
or in [29, Section 2]. Hence, by [21, Theorem 3.4] or by [29, Theorem 2.4] there exists a maximum
solution wy € BV (Q) of (1.1) with uy < wy < L. Suppose by contradiction that there exists a solution
vy € BV(Q) satisfying 0 < vy < L and vy € wy. Since o = vy V w), is a lower bounded variation solution
with 0 < @ < L, by [21, Theorem 3.4] or by [29, Theorem 2.4] again, there should exist a solution
zx € BV(Q) with wy < a < z\ < L, which is a contradiction. Therefore w) is the maximum solution
of (1.1) with 0 < wy < L. This concludes the proof. O

Aw =

Remark 2.1. From the proof of Proposition 2.1 it follows that the problem (1.1) has, for a given A > 0,
a solution uy € BV (Q), with 0 < uy < L, if and only if there exists a function ¢ € BV (Q2) such that
0 <4 < L and Z) () < 0. This in turn holds, for all large A > 0, if and only if [, aF(¢)dz > 0.

To complement the previous result, we investigate the asymptotic behavior of the maximum solutions
uy € BV(Q) of (1.1) as A — 4o0. To this purpose, we assume the following condition

(H2) a € L*(Q) and there is an open set w C € such that essinf, a > 0.
Assumption (HZ) obviously implies (H3).

Proposition 2.2. Assume (H3), (H%), and (H3). Then the mazimum bounded variation solution
uy of (1.1) with 0 < uy < L, which exists for all A € |\, +00] according to Proposition 2.1, further
satisfies (1.4).
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Proof. We begin with the following simple consequence of assumption (H3).

Claim 1. There ezist a global mazimizer opr €10, L[ of f in [0, L] and a sequence (oy,)y in |oa, L[ such
that

lim o,=1L
n—-+oo

and
f(s) > flon) foralls € lop,on]. (2.2)

Indeed, the largest global maximizer oy € ]0,L[ of f in [0, L] exists by (H3). For each n > 1, let

on € ]O'M, L— Lﬂ%ﬂ”] be the largest global minimizer of f in ]ch, L— L;_f_’{”]. Assumption (Hj) implies
that f(L — Ln;flM) — 0 and hence that 0,, — L, as n — 4o00. Accordingly, (0y,), is the desired sequence.

Thanks to assumption (H3) we can find constants € > 0 and p > 0 such that a(x) > ¢ for a.e. = € w,,
where w, is the open ball of center xy and radius p. Without restriction we can suppose that @, C €.
Let (opr) be the largest global maximizer of f in [0, L] and (o), be the sequence given by Claim 1. Fix
n and, for simplifying notation, set ¢ = o,,. Define also

N

ef(o)min{p,0c —op}

Ay =

Fix A > A, and set 7 = %@ Denote by w;, the open ball of center xy and radius 7. As 7 € ]0, p[, we
have that @; C w,. First, we define a function v; € Wb (w,) N C%(w;) N C?(w,) by

vi(x) =0 —174+ /72— |x — 20]%

Clearly, v; is a classical solution of

\%
v (W) =Xef(o) inwr,

U =1 on Jw..
It is immediately checked that v; also satisfies
oy <o—7<minv; < maxv; = o. (2.3)
Second, we define vy € WHH(Q\ @;) NCY(Q\ w,) NC%(Q\ @5) by
va(x) = =1 — /]z — ]2 — 72.

The function vy is a classical solution of

. Vu . _
v <\/W> o) @

U = vy on 9(Q\ w;),
where g € L*°() is given by

2(N —1)|z — xo|*> — N72
o) =1 @z 2P
0 if x € ;.

if x € Q\ w7,

Clearly, we have that
max vy = —1. (2.4)
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Third, we define a function v by

o) = {vl(x) if x € wr,

vo(z) ifx e\ ;.
It follows from [2, Theorem 3.84] that v € BV (€2). Let also h € L*°(£2) be defined by
(

_JAef(o) ifz € ws,
h(m)_{g(x) if 2 € Q\ o

Claim 2. The function v is a bounded variation solution of

Vu .
¥ <\/1 + |Vu|2> =h@) i, (2.5)

U = Uy on 0.

We begin observing that, for all x € dw,, v1(z) > va(z) and

Yu@ w.@ Ve resE)
1+ [Vo ()2 ’ 1+ Vo ()2 7

where v, (x) and vo\g- () are, respectively, the unit outer normals to w; and to Q\ @; at x € OJw,.
By [2, Theorem 3.84] we can write

(2.6)

Dv = D%dz + D°v = Vudz + (va — v1)v,, dHN_1. (2.7)

Take now a test function ¢ € BV (Q) such that |D®¢| is absolutely continuous with respect to |D*v|
and ¢(x) = 0 Hy_1-a.e. on the set {z € IQ: v(x) = vo(x)}. If we set ¢ = ¢, € WhH(w,) and
P2 = QS‘Q\T € WH1(Q\ @;), then, by [2, Theorem 3.84] again, we have that

D¢ =D dx+ D¢ =Vodr + (p2 — ¢1)ve, dHN_1. (2.8)
Thanks to (2.6), (2.7), and (2.8), we get

. Vo
hoidx = —/ div | — dx
/w “ s <\/1 ¥ |Vv1|2> g

Vv1 Ve, ¢ dH +/ Vv1 . V¢1 de
= - T %1 N-1 T
w. /1 + V012 o /1 Vi ]2
Da’Ul Da¢1
= prdHN- 1+ | ———m—m——
dwr wr /14D [?

and

VUZ
h¢s dx = 7/ div | —— dzx
/Q\wT vz o\ar <\/1 + Vv2|2> v

Vs - v o .
:_/ V2 Vo\or b d'HN71+/ Vg - Vo
o(\&7)

——dx
1+ |Vug)? ey 1+ |Vuel|?

_ / Vs - voa; Vg - g
ow

S22 NS G Mg — _ vt
- V14 [Vug|? 2R Joa V14 |[Vus|?

Ve -V
G dHn_1 + / v2 - Vés

——dz
QN\or V 1+ ‘V”U2|2

D%y D®
__ ¢2deN_1+/ D D% 4
dwr @y 1+ [Dovyf?
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Since
_ D3v Vg — V1
Do) = |vy — vy [dHN ! —
[D%] = vz =il ’ D]~ Jog — ] 7
D¢ ¢a— o

D3 _ _ d N-1 _ o s
R R R A

and v = v9 on JN2, we can conclude that

D% - D%
hodr = ho dm+/ ho dm:/ 01— ¢2)dHN-1+ | —————=d=x
Q wr ' Q\wr ? aw,( ! 2) Nt Q «/1+\D‘1v|2

Vg — U — D% - D®
:/ 2 02 = 0 Vo, |2 — ¢1| dHN_1 + ¢
)

e ——dx
we V2 =1 T |d2 — ¢ o /1 + |Dw|?

D%y D¢ D% - D%
= 7= |D*¢| + / sgn(v —v) pdHn-_1 + | ————==du.
/Q [Dsv|  |D*¢| a0 1+ |D%v|?
Therefore v is a bounded variation solution of (2.5) according to [3, Section 3]|. This concludes the proof

of Claim 2.
Let us now define a function £: 2 x R — R by

Aemin{f(s), f(0)}Xw, (x) + Aa(z) f(s)xo\a (x) if s =0,
Uz, s) =4 —sg(x) if —1<s<0, (2.9)
g(x) if s < —1,

where x.,. and xo\g; are the characteristic functions of w, and of Q \ &7, respectively. The function ¢
satisfies the L>°-Carathéodory conditions and, due to (2.2), (2.3), and (2.4),

Uz,v(z)) = h(xz) fora.e. x €.

Consequently, v is a bounded variation solution of

—div __Vu =/{(xz,v) in Q,
V14 |Vul?

U = Vg on 0f).

Hence, by [3, Section 3] the function v also satisfies the variational inequality

/ 1+|Dw|2+/ \w—v2|dHN,1—/ «/1+|Dv|2—/ [0 — va| dHy 1 (2.10)
Q o0 Q o0
E/E(m,v)(u}—v)dx
Q

for all w € BV ().

Claim 3. The function vV 0 is a lower bounded variation solution of

Vu ;
v (\/W) ={(z,u) inQ, (2.11)

u=20 on 0f2.

Fix any z € BV(Q) such that 2 < 0. As v(x) = va(z) < 0 for all z € 99, we have that |z(z)| =
|v(x) + 2(x)| — |v(z)| for HN"l-a.e. 2 € Q. Since v is a solution of (2.11), taking v + z as test function
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in (2.10) yields
/E(m,v)zdzg/ 1+|D(U+Z)|2+/ v+ 2z —vo| dH -1
Q Q 00
—/ \/1+|Dv\27/ |[v —va| dHN-1
Q o0
:/ 1+|D(u+z)|2+/ |z\dHN_1—/ V14 |Dv|?
Q 00 Q
:/ 1+|D(v+z)|2+/ |v+z|d’HN_17/ «/1+|Dv|27/ o] My 1.
Q 00 Q 20

Further, as ¢(x,0) = 0 for all z € Q, we have that 0 is a solution of (2.11). Hence, according to [21] or
[29], v V 0 is a lower bounded variation solution of (2.11). This concludes the proof of Claim 3.

Claim 4. For any A > A, there exists a lower bounded variation solution o of (1.1) such that 0 < a < L
and ess sup « > 0. We know that v V 0 is a lower bounded variation solution of (2.11). Moreover, as
(z,L) =0 for all z € Q, L is an upper bounded variation solution, but not a solution, of (2.11). Then,
by [21] or by [29] there exists a solution « of (2.11) with 0 < v < a < L. From (2.9), we see that, for all
s>0and a.e. x €,

a(x) f(s) = emin{f(s), f(0) }xw, () + a(@) f(s)xo\&7 (2) = £(z, 5).
Therefore, we immediately infer from [21] or [29] that « is a lower bounded variation solution of (1.1) as
well, thus concluding the proof of Claim 4.

We are now in position of concluding the proof. Indeed, for each n € ]0, L[ we can find o € [L — 7, L]
and A, = A(n) > 0 such that, for all A > A,, there is a lower bounded variation solution «) of (1.1)
with ess sup @y > 0. Hence, the maximum bounded variation solution uy of (1.1), which exists according
to Proposition 2.1 for all A > \,, must satisfy uy > «a) and thus esssupuy > o > L — n for all
A > max{ A4, A« }. Consequently, condition (1.4) is proven. O

We finally describe the behavior of the solutions u) € BV (Q) of (1.1), if any, as A — 0T,
Proposition 2.3. Assume (H3), (H?), and
(H2) a € LN (Q).
Then any sequence ((An,un))n of solutions of the problem (1.1), with A, > 0, 0 < u,, < L, for all n, and

lim A, =0, satisfies
n—-+4oo

nll)Ifoo ||un||Bv =0. (2.12)
Proof. For any given n, taking ¢ = u,, as test function in (1.2), we get
Dowl” +/|Ds |+/ | AH A / F(tn )ty d
————dx Up, Up, N-1=An | af(up)u,dz.
o 1+ |D%,|? Q 89 Q

Letting n — +o00, we find, as A,, — 0,

An af(un)u, dz < A, ||CL+||L1 1f (un)unlo < An ||a+HL1 L Ien[?)i] f(s) =0
Q s s
and hence

D%, |?
/idwr |Dsun|+/ || dHy—1 — 0. (2.13)
o 1+ |D%,|? Q a0
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Since each of the three terms of this sum tends to 0 as n — +o0, in particular, we have that

|D“un|
v/ 1+ |Du |2

Possibly passing to a subsequence, still labeled by n, it follows from (2.14) that (D%u,,),, converges to 0
a.e. in €). Thus, the Severini-Egorov’s theorem implies that, for every € > 0, there exists a measurable
subset S. C Q, with |S.| < €, such that D%, — 0 uniformly on Q\ S.. Fix € > 0. Then, there exists
n such that, for each n > n, |D%,| < £ a.e. in Q\ S. and, possibly reducing the size of the set S¢,
|D%uy,| > € a.e. in S.. Hence, we obtain

0. (2.14)

a 2 a 2
/ | D%u,, | dp = | D%u,, | d |D U | Doy dz

T = —dz +
P s, Vi s VD

1
> — D%, |*dz + 7/ D%, | dz
V1+e? /Q\SE| | V1+4e? sg| |

1 €
= \/jHDaunH%z(Q\sa) + ﬁHDaunHLl(S

3

2 a
Uy + —|| D%y,
%1+ 2|| ”Ll(Q\SE) /71+52H lzres.)

where ¢, > 0 is the embedding constant of L?(Q2\ S.) into L(Q\ S.). This estimate allows to conclude,
thanks to (2.14), that (D%u,,), converges to 0 in both L'(Q\ S.) and L'(S.), and thus in L'(Q2). Since
by (2.13)

[ Dol [ ual it o
Q a9
as n — 400, we can therefore conclude that (2.12) holds. O

Proof of Theorem 1.1. As (H{) implies (H?) and (H3) implies (H2), combining Propositions 2.1, 2.2,
and 2.3 yields Theorem 1.1. O

Remark 2.2. From the above proof it follows that Theorem 1.1 still holds replacing (Hi) with (H?)
and (H3) with (H3).

3 Prescribing different growth conditions at zero

In this section we discuss the existence and the multiplicity of solutions of the problem (1.1) by imposing
one of the growth conditions on f at zero expressed by (H}), or (H}), or (H}).

3.1 Sublinear growth

In this subsection we establish two results from which Theorem 1.2 will eventually be inferred. The first
statement guarantees the existence of a solution for any A > 0 under a generalized form of condition (H}).

Proposition 3.1. Assume (H3), (H?), (H2), and

(H}) limsup Fls) = +00.

s—0F 52

Then for all X > 0 the problem (1.1) admits at least one bounded variation solution uy € BV (QQ), which
can be selected so as to satisfy 0 < uy < L, (1.4), and (1.5).
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Proof. Tt is convenient here to suppose that f(s) = 0 for all s € R\ [0, L]. For any given A > 0, the
existence of a global minimizer u) of Z,, satisfying 0 < u) < L, is guaranteed by the first two steps of the
proof of Theorem 2.1. Hence, according to Remark 2.1, in order to establish that uy > 0, it is sufficient to
find a function ¢ € BV (£2) such that Z)(¢)) < 0. We first notice that, by assumption (H3), there exists a
sequence (Sy )y in ]0, L] such that

lim s, =0 and lim 5 = +00.
n—+4oo n—-4o0o Sh

Next, we pick an open set w; such that @7 C w, with w defined in (H2), and a function w € H}(Q) such
that w(z) > 0in 2, w(z) =0 in O\ w and w(z) =1 in wy. Hence, we have that

Ih(spw) = %/ |5, Vw|* dz — )\/ aF(spw)dr — )\/ aF(s,w)dz
w w1 w

\w1

1 F(s,
<s? (/ Vw|*dz — A (2 )/ adx) <0,
2 w Sn w1

for all large n. This implies that Zy(uy) < 0 and thus uy > 0. Finally, we observe that Zy(uy) < 0 yields

T (uy) < )\/QaF(uA) dz < A||a||p2 F(L)

and then
1 D, |?
— Adl‘-ﬁ-/ |Dsu,\|—‘r/ |u>\|d/HN71
o 1+ |D%u,l|? Q a9

Duy|*
§/ |D*ui| dx—l—/ |Dsu>\|+/ luy|dHy—1 = T (ur) =0, asA—07.
o 14+ +/14 |D%uyl|? Q o0

Hence, arguing as in the proof of Proposition 2.3, we see that
lim ||u = 0.
Jim [lusllsy

The last conclusion,

li =L
A;rfm(ess sup uy) ,

follows from Proposition 2.2. O
The next result yields the existence of strong solutions for A sufficiently small.

Proposition 3.2. Assume (H}), (H3), (H3), and (H}). Then there exists \* € ]0, +00| such that for all
A €]0, \*[ the problem (1.1) admits at least one strong solution uy € W2P(Q2) N Wy P(Q), for allp > N,
satisfying 0 < uy < L and

lim |Juy||wze = 0.

A—=0F

Proof. From [30, Theorem 3.1] we infer the existence of \* € ]0, +o0] such that for every A € ]0, \*[ there
is uy € CY7(Q) N W, H(Q), for some v € ]0,1], such that uy > 0,
Vu-Vo d
Q1+ |Vul?

sz/af(u)d)dx, for all ¢ € C3°(Q),
Q

and

)\l_i)%ﬂr ||U>\Hcl(§) =0.



15 P. Omari and E. Sovrano

The LP-regularity theory implies that uy € W2P(Q) N Wol’p(Q)7 for all p > N, and
li » = 0.
Jim [Juallw=

This ends the prof. O

Proof of Theorem 1.2. As (H3) implies (HZ) and (H}) implies (H3), Propositions 3.1 and 3.2 yield
Theorem 1.2. O

Remark 3.1. From the above proof it follows that Theorem 1.2 still holds replacing (H3) with (H3)
and (H}) with (H?).
3.2 Linear growth

In this subsection we provide a proof of Theorem 1.3 as a consequence of two slightly more general results
stated below as Propositions 3.3 and 3.4. The basic assumption of Proposition 3.3 is

2F
(H3) there exists lim (s)

s—0+ 82

= €]0, 400,

generalizing condition (H3). Once the constant & is assigned by (Hj), we assume (H{) and
(H3) a € L*(Q) is such that ess sup g a > 0.

Then, we respectively denote by A; and ¢; the principal eigenvalue and the principal eigenfunction of the
linear weighted problem

—Ap = Xa(x)ke in
u=20 on ON).

It follows from [6] that A; > 0, A; is simple and ¢; > 0. As already observed, the LP-regularity theory
and a standard bootstrap argument then entail that ¢; € W2?(Q) N W, P (Q) for all p > N, while the
strong maximum principle and the Hopf boundary point lemma yield ¢; > 0.

Proposition 3.3. Assume (H}), (HY), (H3), and (H3). Then for all X\ > Ay the problem (1.1) admits
at least one bounded variation solution uy, satisfying 0 < uy < L.

Proof. Tt is convenient here to suppose that f(s) = 0 for all s € R\ [0, L]. Fix any A > A;. By Remark 2.1,
it is enough to find a function ¢ € BV () such that Z,(¢)) < 0. Assumption (H3) implies that there is a
sequence (Sy)p in ]0, L] such that

. . F(s
lim s, =0 and lim <2n)
n—-+4oo n——+oo Sn

=K

and hence 2F
m M =k uniformly in z € Q.
k=0t Sz (1’)2

This yields

2 F 1
lim Ve | —a (znﬁl)gp% do = 7/ (\ch1|2 — )\/iagof) dx
n—+00 Jo 1+ s2|Vp)? 55,91 2 Ja
1 A
= - 1—— 2d 0.
2/9 ( Al) Vil e <
We therefore conclude that
2 F "
I(snp1) = Si/ Vel - Aa (i il)gof dz <0,
o \1+ /14 82|Vpi|? SL97

for all large n. O
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Remark 3.2. It is evident from the above proof that in place of (H3) one can assume the existence of a
constant x € |0, 4+o0o[ and of a sequence (s, ), in ]0, L[ such that

2F
lim s, =0 and lim <28n)
n——+oo n—-+oo Sn

=k €10, 400[.

The next result guarantees the existence of small positive strong solutions u of (1.1). Fix p > N and
introduce the set

S={(\u) e Rx W*P(Q) N W, P(Q): A >0 and u > 0 is a strong solution of (1.1)} U {(A1,0)}.

Since (A, 0) solves (1.1) for all A € R, we look for positive solutions bifurcating from the line of the trivial
solutions by the Crandall-Rabinowitz theorem [13]. Namely, the following local bifurcation result holds.

Proposition 3.4. Assume (Hi), (H3), (HY), (HY), (H3), and fix p > N. Then there exists a neighbor-
hood U of (\1,0) in R x W2P(Q) N W, P(2) and functions

x: 1,1 = R, Y:]-1,1[ — {u € W2P(Q) N Wy P (Q): / upy do = O}
Q
of class C' such that

x(0) =X,  ¥(0)=0,

and
SN ={(\u): A= x(t), u=t(er +(t), t€0,1]}.

Supposing, in addition, that
(H?) f is of class C3,
the following assertions hold:

N . " [Ver|* do
() if either f”(0) > 0 or, otherwise, f”(0) =0 and ff,(%o)) > —ffzv%;w% -

, then the bifurcation of
positive solutions is subcritical,

LN ep s 7 . 1 N £ (0) B f Vi |*da
(1) if either f"(0) <0 or, otherwise, f"(0) =0 and 710y < fng\lvwl%f =

, then the bifurcation of

positive solutions is supercritical.

Proof. Fix p > N and define the operator F: R x W2P(Q) N W, *(Q) — LP(Q) by setting

Vu
— | + Aaf(u).
V1+ |Vu2> )
It is clear that (\,u) € W2P() N WyP(Q) satisfies F(\,u) = 0 if and only if u is a strong solution
of (1.1) for some A > 0. By combining the results in [36, Chapter II, Section 4] with the continuity, from
WLP(Q) to LP(£2), of the linear operators which map any function u onto its weak partial derivative d;u,
with i = 1,..., N, we infer that F is of class C? under (H2) and, respectively, of class C* under (H3).

The partial derivatives of F relevant to the present proof are produced below. For all (A, u) €
R x W2P(Q) N Wy P (Q) and v, w, z € W>P(Q) N W, P(Q), there hold:

F(Au) =div (

HhF (A u) = af(u),

Vo Vu - Vo

VIHIVE (T Vap)’

O F (A, u)[v] = div ( Vu) + Xaf!(u)v,
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OurnF (N u)[v] = af'(u)v,

. Vu - Vw Vuw - Vv Vu - Vv
ouF O] = (A e
(Vu - Vo) (Vu - Vw) " at” (' )ow
(VI+]Vu?)s v)+kf() ’
. Vz-Vuw Vw - Vv Vz-Vu
PaF Ol = = s ¥ s Ve~ L

(Vu - Vz) (Vu - Vw) Vo4 3 (Vw - Vv) (Vz - Vu)

(V14 |Vul?)® (V14 |Vu|?)®
(Vu - Vo) (Vu - Vz) 5 (Vz Vo) (Vu - Vw)

VItNvapr T (VI vapy

(Vu - Vo) (Vz - Vw) Vot 3 (Vu - Vo) (Vu - Vw)
(V1+|Vul|?)® (V14 |Vul?)d

(Vu - Vo) (Vu - Vw) (Vu - Vz) Vu) +Aaf" (wyows.

(V14 [Vu?)?

—15

Let us set
L=0,F(A1,0) = A+ A\jarZ and M = 9 F(A1,0) = arZ,

where k = f/(0) and Z is the identity operator. It is clear that £ is a Fredholm operator with index 0,
having kernel

N(L) = span{y1 },

and range
R(L) = {u € LP(Q): / upy de = 0}.
Q
Further, the transversality condition
M(ep1] = arp1 € R(L)

is satisfied, because
A= / Mp1]pr dz = / akp? da
Q Q
= )\fl/ —Apiprdr = )\fl/ |V<p1\2dx > 0.
Q Q

Hence, the Crandall-Rabinowitz theorem [13, Theorem 1.7] yields the existence of a neighborhood U of
(A1,0) in R x W2P(Q) N W, ?(Q) and of functions

x:]-1,1[ =R, ¥:]-1,1[— {u e W2P(Q) N WP (Q): /ucpldx :0}
Q

of class C' such that
X(O) = >‘17 1/’(0) = 07

and
SNuU = {()\,’LL) A= X(t)v U = t(ﬁal +w(t))v te }7171[}'
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We further infer from [13, Theorems 1.7 and 1.18] (see also [1, Chapter 5.4]) that

B
)\zx(t):)\l—zt—l—o(t)7

where
1 1
B:§/ Fuu(A1,0)[e1][e1]er da = 5/ Maf"(0)¢F do
Q Q
1 1" O " 0
:§f7()/ —Acplgp%dxz w/ |V<P1|2<P1 dz.
R 9] R Q

Thus, the bifurcation of positive solutions is subcritical if f”/(0) > 0, while it is supercritical if f”/(0) < 0.
In case f”(0) = 0 and f satisfying (H3), we define

¢ :é /Qfuw(Al»O)[%][%][%]wl da

1
:g/ (=3 div(|Ve1[*Vipr) + Aaf" (0)¢F) @1 dz
Q
1 . " O
:g/ (—3d1v(|V<p12V<p1)<p1 - ! K( )Agolgoi’) dz
Q

4 "(0) 2 2
= Vo] + [Ver|“er ) dz,
Q K
and we get, as B =0,
1C

_ _y 10 2
A=x((t) =X\ 2At + o(t%).

Thus, the bifurcation is subcritical if

"
| (vl + Zveat) aoso
Q

while it is supercritical if

4 J"(0) 2 2

[ (1wert+ EE2weipat) as <o
Q K

This ends the proof. O

Proof of Theorem 1.3. Since (H2) implies (H3), combining Propositions 2.2, 3.3, and 3.4 yields Theo-
rem 1.3. O

Remark 3.3. From the above proof it follows that Theorem 1.3 still holds replacing (H3) with (H3).

3.3 Superlinear growth

The aim of this subsection is providing a proof of Theorem 1.4, by combining Proposition 2.2 with
Proposition 3.5 below, that has been recently proven in [32]. The following assumptions are here
considered:

(H3) a € C*(Q);

(H3) QF ={x € Q:a(z) >0} #0,0 ={z€Q:alx) <0} #0, and Q° = {z € Q: a(z) = 0} is such
that 9Q° C Q; the boundaries 9(intQ2"), 9Q+ and 9Q~ are of class C?; Q° has a finite number of
connected components, that we denote by DZT" , D; and D,f.
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Hence, we can represent Q° in the form
0 __ + — +
Q= Jp;} v |Jb; U |JDF,
i j k
where the components DZT|r , Dy and D,f are supposed to satisfy:

(H2) for each i, 9D} € QF and there exist 71 ; > 0, a neighborhood U;" of D] and o : U;" — 0, +oc]
such that
a(z)

(H3) for each j, oD} C Q~ and there exist 72 ; > 0, a neighborhood U; of 0D} and o : U; — |00, 0]
such that

of (z) dist(z, 0D} )™ forallz € QT NUT;

a(r) = o (z) dist(z,0D; )"/ forallz € Q" NU;;
(H3) for each k, the following alternative holds
(H3,) if int(D) = 0, then
- (‘3le =T, are of class C?;

— there exist y3 ; > 0, a neighborhood U,j of T';, and ag: UTj — 10, +o0] such that

a(z) = aff (z) dist(x, )"+ forallz € QT NUT; (3.1)
— there exist 74, > 0, a neighborhood U, of Ty, and o : UTC_ — ]—00, 0] such that

a(z) = oy (z) dist(z,T'y)"** forallz € @~ NU, ; (3.2)

(H3,) if int(DE) # 0, then
~ ODf =T Uy, with T NI, =0, T} c QF, Iy € Q- of class C%;
— there exist v3, > 0, a neighborhood U,j of I‘Zf and a,j: UTj — 10, 00| satisfying
condition (3.1);
— there exist 74 > 0, a neighborhood U, of I'; and o : U, — ]—o00,0[ satisfying
condition (3.2).

Let us define
Dt = UDj, D~ =|Jb;, D*= UD,f.
i j k
The set D (respectively, D) is constituted by the connected components D} (respectively, D}) of 0o,
that are surrounded by regions of positivity (respectively, negativity) of a. Instead, D* is constituted by

the connected components D> of Q°, that are in between a region of positivity and one of negativity of a.

J
D# can be either a “thin” nodal set, like when assuming condition (HE), or a “thick” nodal set, that
is, of positive measure. An example of an admissible nodal configuration for the function a is provided

by Figure 4.

Remark 3.4. Let a € C%(Q) be a sign-changing function satisfying condition (H}). Then, as already
observed in [32], D¥, D™, and int(D¥) are all empty sets, and assumption (Hg ;) holds.

Proposition 3.5. [32, Theorem 2.2] Assume (Hi), (H3), (H3), (H3), (H3), (H3), and (H3). Then
there exists A\ > 0 such that for all X € 10, [ the problem (1.1) admits at least one strong solution
vy € W2P(Q) N Wol’p(Q), for any p > N, satisfying vy > 0 and

li » =0.
Jm loxllw2.p
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+ +
Df: D;,E Dy D;

+
D4

Figure 4: Examples of admissible nodal configurations for the weight a: the union of the green, the purple
and the blue regions are respectively the sets Q1, Q° and Q. On the left, Q0 = Ui:l D,ﬂf satisfies the
assumptions of both Theorem 1.4 and Proposition 3.5. On the right, Q° = D U D] U Ui:l D,f satisfies
the assumptions of Proposition 3.5.

Proof of Theorem 1.4. From Propositions 2.2 and 3.5, as well as Remark 3.4, we know that, for any given
p > N, there exists A, > 0 such that, for all A > A, the problem (1.1) admits a maximum bounded
variation solution uy and one strong solution vy € W2P(Q) N W, ?(Q) satisfying 0 < uy, vy < L,

li =1L d li =0.
A_l)r_{loo(ess sup uy) an A_l)riloo(ess Sup vy )
Hence we infer that vy < uy, provided A is large enough. Thus Theorem 1.4 is proven. O

Remark 3.5. From the above proof it follows that Theorem 1.4 still holds replacing (H}) with (H3),
(Hg), (H?), (HY), and (Hg).

4 A peculiar multiplicity result

We prove here a more general version of Theorem 1.5 where the positivity and the continuity assumptions
on the weight a are dropped.

Proposition 4.1. Assume

(H}) £:10,L] = R, with L > 0 a given constant, is a continuous function satisfying f(0) = f(L) =0
and f(s) > 0 for every s €10, L],

(H3) a € LY(0,1) and satisfies fol adz >0,
and

(H3) there exist r, R €]0, L[, with r < R, such that

1
ot 220 0 4 TE) < (/0 adx) %ﬁ“).

r2

Then there exist Ay, \* €]0, +00[, with Ay < ¥, such that for all X\ € [\s, ¥ the problem (1.7) admits at
least two bounded variation solutions uy,vy such that 0 < uy < vy < L.
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Proof. The proof relies on a counterpart for the problem (1.1) of a mountain pass lemma for non-smooth
functionals stated in [31, Lemma 3.7]. It is convenient here too to suppose that f(s) = 0 for all s € R\ [0, L].
For any given A > 0 we introduce the functionals J, j, Z: BV (0,1) — R defined by

1 1
j(v):/o (\/1+|D“v|2—1)dx+/0 D] + [0(0)] + [v(1)),

Dy||? !
ID*llE: / D]+ [0(0)] + |o(1)],

jv) =
1+ 4/14 || D3, 0

Ih(v) =T W) — /\/0 aF(v)da.

By the Jensen’s inequality we see that
J () > j(v) forall ve BV(0,1).

According to Remark 1.1, a function v € BV (0,1) is a bounded variation solution of (1.7) if and only if

1

J() — T (u) > )\/0 af(u)(v—wu)dz forall ve BV(0,1). (4.1)

We endow the space BV (0, 1) with the norm

1
[ollBv = [D*0|[ s +/0 [ D]+ [v(0)] + [o(1)],

which, as already observed in Section 2, is equivalent to the standard one.

Step 1 : Mountain pass geometry. Let r, R > 0 be the constants introduced in assumption (Hj). Define
B, ={veBV(0,1): ||v|py =7}

We first show that there exist constants Ay, A >0, with Ap < A such that, for each \ € 1, M

nf Zy(v) > 0= 7,(0). (4.2)

Elementary calculations show that the function ¢: [0, +oco[ — R
£2
() = —— -
1+/1+¢€

is decreasing and hence, for all £ € [0, 1],

£

2 2
€ e
1+ 1+ 14+ V1472
Hence, we infer that, for all v € B,
[Dv]|%, r?

jv) = +r =D > ——.
1+ /1+||Dav||%1 14+ V14172

On the other hand, we have that, for all v € B,,

[ollee < lollBv =7
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and hence, as F' is increasing,
[F)]lee < F(||v]loc) < F(r).

Thus, we can conclude that, for all v € B,

1
Ii(v) = I (v) = /\/O aF (v)dz > j(v) = Nla™ |2 [|F(v)]| o

r
> _Alat || F(r).
> s = Al F)

By using (Hj), we can take

¥ < (It 2P Vi)

r2
Hence, condition (4.2) holds for each X € ]0, A*[.
Next, using (H3) again, we can take Ay > 0 such that

PoVE@®RNT
A >< /adz ) ,
4 ( o ) 2R
and so we obtain, for each A > ]\, +00],

Tn(R) = 2R — A/Ol aF(R)dz = 2R — )\(/01 adx)F(R) <0 =17,(0). (4.3)

Note that assumption (H3) implies that

((/Olada;) F(R)>1 < (1 2D VT

2R

In particular, Ay, A can be chosen so as to satisfy

((/oladx)FQ(}};)>1<>\u<)\ﬁ<(“a+”LlF(r) (HW))”.

r2

Therefore, for each A €]\, [, conditions (4.2) and (4.3) hold, with | R|| sy = 2R > r, thus displaying
the desired mountain pass geometry of the functional 7.

Step 2 : Existence of almost critical points. Henceforth, we fix A € |\, M. Then, we set
I' = {y e C°0,1],BV(0,1)): 4(0) = 0, 7(1) = R}.
From Step 1, we infer that

cy = wlrelfr tren[gﬁ] Zr(v(t)) > max{Zx(0), Zx(R)} > 0.

Then, from a variant of [31, Lemma 3.7] valid for the functional Z, there exist sequences (v, ), in BV (0,1)
and (e,)n in R with

lim €,=0 (4.4)
n—-+oo
such that, for every n,
1 1
C S < Ta(vy) < Z 4.5
Cx n_’\(v)_c’\+n (4.5)
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and

1
J ) — T (v,) > )\/ af(vp)(v—vy,)dx + epllv — vpn|lgy  for all v € BV(0,1). (4.6)
0
Step 3 : Estimates on the almost critical points. By (4.5) the sequence (v,,),, satisfies, for every n,

1
lonllsy — 1< T(v,) < )\/ aF(vy)dz +ex + 1 < NlaT |1 F(L) + ey + 1
0

and thus
sup ||vp || By < +o0. (4.7

Step 4 : Ezistence of a positive bounded variation solution uy with T(uy) = ¢y > 0. By the compact
embedding of BV (0,1) into L'(0,1), there exist a subsequence of (v,),, still denoted by (v,)n, and
uy € BV(0,1) such that lim,, 4 v, = uy in L'(0,1) and a.e. in [0, 1]. By passing to the inferior limit
in (4.6) and using the lower semicontinuity of J with respect to the L!-convergence in BV (0, 1), as well
as the dominated convergence theorem, we obtain

1

j(v)—)\/o af(uy)vde = J(v) — A lim af(vy)vde

n—+o0 /g
1 1
> liminf J(v,) — A lim af(vp)v,de > J(uy) — )\/ af(uy)uy dz,
0

n—-+oo n—-+oo 0

for all v € BV(0,1). Hence, condition (4.1) holds and thus wuy is a solution of (1.7).
Next we prove that Ty (uy) = ¢, by showing that

lim I)\(Un) :I)\(’U,)\) (48)

n—-+oo

and using (4.5). The dominated convergence theorem implies that
1 1
lim aF(v,)da = / aF(uy)dx.
0

n—-+oo 0
Hence, to prove (4.8) it is enough to verify that

lim J(v,) = J(uy).

n—-+4oo

The lower semicontinuity of J with respect to the L'-convergence yields

liminf 7 (v,) > T (uy).

n—-+oo

On the other hand, taking the solution uy as test function in (4.6), we get, for all n,

1
T(on) < T(un) — A /0 af (0)(ur — vn) dz — enllur — vall By

Passing to the superior limit and using the dominated convergence theorem again, together with (4.4)
and (4.7), we infer that
limsup J (vy,) < J (uy).

n—-+oo

Step 5 : Existence of a positive bounded variation solution wy with Ty(wy) < 0. From the proof of
Proposition 2.1 it is apparent that we only need showing that the functional Zy attains negative values
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if A € |Ag, \*[. This is indeed guaranteed by (4.3). Then the global minimizer of Z, provides us with a
solution wy # uy.

The same argument developed in the proof of Proposition 2.1 shows that 0 < uy,w) < L. Further,
since uy # wy and L is an upper bounded variation solution, but not a solution, we have that 0 <
uy, wy < uy Vwy < L and uy Vwy is a lower bounded variation solution. Hence we infer from [21] or
[29] the existence of a solution vy > uy. This concludes the proof of Proposition 4.1. O

Proof of Theorem 1.5. Notice that (Hi), (Hi,), and (H{;) imply (H{), (H4), and (H3), respectively.
Thus, Theorem 1.5 is directly inferred from Proposition 4.1. [

Remark 4.1. The case where 2 is an arbitrary bounded interval e, d| can be easily handled via the

change of variables

Tr—c 1
"L w(e) = —ule+ (d—0)e),

&=

which transforms the problem

_ (M) = Xaf(u) inl]e,d],

into

where

a(§) =a(c+(d—0)), f(s)=(d—c)f(({d—c)s).

Remark 4.2. It is worth observing that if a vanishes on the boundary of its domain and it satisfies the
regularity condition specified in [23, 24] at its nodal points, then all solutions of (1.7) are strong solutions.
This topic will be discussed in detail elsewhere.
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