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Abstract
We prove that the three-dimensional, periodic primitive equations with zero vertical diffusivity are globally well
posed if the Rossby and Froude number are sufficiently small. The initial data is considered to be of zero horizontal
average and the space domain may be resonant. No smallness assumption is assumed on the initial data.

1 Introduction

The primitive equations describe the hydro-dynamical flow in a large scale (of order of hundreds or thousands of kilo-
meters) on the Earth, typically the ocean or the atmosphere, under the assumption that the vertical motion is much
smaller than the horizontal one and that the fluid layer depth is small compared to the radius of the Earth. Concerning
the difference between horizontal and vertical scale, it is observed that for geophysical fluids the vertical component
of the diffusion term (viscosity or thermal diffusivity in the case of primitive equations) is much smaller than the hor-
izontal components. In the case of rotating fluids between two planes (see [27] for the first work in which the initial
data is well prepared, in the sense that it is a two-dimensional vector field and [34] and [17] for the generic case) the
viscosity assumes the form (—v,Aj, — eﬁ@%), with Ay, = 6% + 6%, whence such geophysical motivation justifies the study
of anisotropic (i.e. non-spherically symmetric) viscosities.

The primitive system consists in the following equations
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in the unknown v¢ = (v'¢, %€, v3€), T¢,®,. In the following we write V¢ = (v, T¢) = (V1€, V%€ V3¢ v4€) Al the
functions described depend on a couple (x, f) € T3 xR, where T3 represents the torus
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The only assumption which is made on the vertical viscosity is v, v}, > 0, while the horizontal viscosities vy, v’h
are strictly positive constants. The results obtained will be uniform with respect to the vertical viscosities (v,,v/,) and
hence from now on we can suppose them zero without loss of generality. We refer to [36] for a result of well-posedness
of the Navier-Stokes equation in critical spaces in the whole space with anisotropic viscosity and to [37] for the peri-
odic case.

Under the assumption v, = v/, = 0 we can rewrite the system (PE/) in the more compact form
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divv® =0 (PE¢)
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where

viAp 0 0 0 0 -1 0 0

_ 0 viAp 0 0 |1 0 0 0
D= 0 0 wvpAR, O A= 0 0 0 F! (1.1)
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with vh,v’h >0and V¢ = (v, T?%).

This system is obtained by combining the effects of the Coriolis force and the vertical stratification induced by the
Boussinesq approximation. We refer to [18], [38] or [20] for a discussion on the model and its derivations.

In the study of hydrodynamical flows on this scale two important phenomena have to be taken in consideration:
the Earth rotation and the vertical stratification induced by the gravity. The Coriolis force induces a vertical rigidity on
the fluid. Namely, in the asymptotic regime, the high rotation tends to stabilize the motion, which becomes constant
in the direction parallel to the rotation axis: the fluid moves along vertical columns (the so called Taylor-Proudman
columns), and the flow is purely horizontal.

Gravity forces the fluid masses to have a vertical structure: heavier layers lay under lighter ones. Internal move-
ments of the fluid tend to destroy this structure and gravity tries to restore it, which gives a horizontal rigidity (to be
opposed to the vertical rigidity induced by the rotation). In order to formally estimate the importance of this rigid-
ity we also compare the typical time scale of the system with the Brunt-Viisild frequency and introduce the Froude
number e F. We shall not give more details in here, we refer to [38], [18], [20].

The primitive equations are obtained with moment, energy and mass conservation (see [22]). The coefficient € > 0
denotes the Rossby number, which is defined as

displacement due to inertial forces
£=— T .
displacement due to Coriolis force

As the characteristic displacement of a particle in the ocean within a day is very small compared to the displacement
caused by the rotation of the Earth (generally ¢ is of order 1072 outside persistent currents such as the gulf stream),
the Rossby number is supposed to be very small hence it is reasonable to study the behavior of the solutions to
in the limit regime as € — 0.
We denote the Froude number as e F. Assuming that the Brunt-Viisala frequency is constant, in the whole space R,
when € — 0, the formal limit of the system (PE), when the viscosity is isotropic, is the quasi-geostrophic system
Vi
0iVoa+T D Voa=—| 0 |az (vhg-Vue),
~F0s (QG)
div vgg =0
Vao| _, = Vaco,
QG|,_, = YQGo

and I (D) is the pseudo-differential operator given by the formula
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The differential operator A is defined as Ar = 6% + 0% +F 26%, while its inverse A;l in 12 is the Fourier multiplier
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The quantities Vg and Q are respectively called the quasi-geostrophic flow and the potential vorticity. We focus on
the latter first, the potential vorticity is defined as

Q=-0;Vjg+01Vig ~ FOsVe,
and it is related to the quasi-geostrophic flow via the 2D-like Biot -Savart law
—0,
VoG = % AR Q
—Fo3



The vectors vé’G and vqg represent respectively the first two and three components of the vector field Vog. In the
present setting, i.e. with periodic data, the limit system is more involved than the one mentioned above. In this case,
as well as in many problems with singular perturbation, the idea is to decompose the unknown (in the case of the
system (PE) is V*) into two parts V¢ = V + V., where V  belongs to the kernel of the perturbation P.4, where P
is the Leray projector in the first three components which leaves untouched the fourth one, and V¢ to its orthogo-
nal complement. In the whole space it can be proved that the oscillating part, V&, tends to zero strongly as € — 0.
In the case of periodic data instead these perturbations interact constructively, as in [4], [6], [24] and [35], whence
the limit system is different from the quasi-geostrophic system mentioned above (see (§)). We aim to study the be-
havior of strong solutions of (PE;) in the regime € — 0 in the periodic setting for a large class of tori (see Definition
which may as well present resonant effects. In particular we prove that the equation (§) is globally well posed in
some suitable space of low-regularity, hence we prove the (global) convergence of solutions of to solutions of ().

We recall some results on primitive equations. We refer to J.-L. Lions, R. Temam and S. Wang ( [31] and [32]) for
the asymptotic expansion of the primitive equations with respect the Rossby number ¢ in a spherical and Cartesian
geometry.

]J.T. Beale and A. J. Bourgeois in [9] study the primitive equations (without viscosity, and with a simplified equation
for the density) in a domain which is periodic in the horizontal direction and bounded in the vertical one. By the use
of a change of variables they recover a purely periodic setting, on which they prove their result. They study as well
the quasi-geostrophic system (fist on short times, then globally) as well as the convergence of primitive equations for
regular (i.e. H%) and well prepared initial data.

In [22] P Embid and A. Majda present a general formulation for the evolution of geophysical fluids in the periodic
setting and derive the limit equation for the kernel part of the solution.

Let us now mention some known result of existence and convergence of solutions for the primitive equations
when the spatial domain is R3. In [14] J.-Y. Chemin proved that the solutions of the primitive equations converge to-
ward those of the quasi geostrophic system in the case F = 1 for regular, well prepared data and under the assumption
that |v -/ | (the difference between the diffusion and the thermal diffusivity) is small.

When F # 1, E Charve proved in [10] and [11], using dispersive Strichartz estimates, that the solutions of the primitive
equations (PE;) converge globally toward a linear correction of the global solutions of the quasi-geostrophic system
Q).

For the inviscid case in the whole space, when F = 1, we mention the work of D. Iftimie [29] which proves that the po-
tential vorticity Q propagates H* (R®), s > 5/2 data under the hypothesis Ulgeo = 0e (1) in L*(R3). If F # 1, A. Dutrifoy
proved in [21] the same result under much weaker assumptions, i.e. Qg is a vortex patch and || Ug || HS %) = O (5‘7) Y >
0 and small. For the viscid case in the periodic setting I. Gallagher proves in [24] the global convergence of to-
ward using a technique introduced by S. Schochet in [39]. Such technique consists in a smart change of variables
which cancels some nonlinear interactions which are otherwise impossible to control. We mention at last the work
of E Charve and V.-S. Ngo in [13] for the primitive equation in the whole space for F # 1 and anisotropic vanishing
(horizontal) viscosity.

We recall that the primitive equations and the rotating fluid system

Ay
o;v+v-Vv—vAv+ c =-Vp, (RF;)

are intimately connected. In such system the rotation has a stabilizing effect on the solutions of (RFZ), inducing the
fluid to have a strictly columnar dynamic. This was proved at first by E. Grenier in [26] and A. Babin et al. in [4]
for the periodic case and by J.-Y. Chemin, B. Desjardins, I. Gallagher and E. Grenier [16] in R3. We recall as well the
results in [25] in which 1. Gallagher and L. Saint-Raymond proved a weak convergence result for weak solutions for
fast rotating fluids in which the rotation is inhomogeneous and given by % v A b(xp)es.

1.1 Asurvey on the notation adopted

All the vector fields that we consider are real, i.e, we consider applications of the form V : T3 — R*. We will often
associate to a vector field V the vector field v : T3 — R3, which is simply the projection on the first three components
of V. Moreover all the vector fields considered are periodic in all their components x;,i = 1,2,3 and have zero global
average, i.e. [1s vdx = 0, which is equivalent to assume that the first Fourier coefficient Vy = 0. We remark that this
property is preserved for the Navier-Stokes equations as well as for the primitive equations (PE). All the vector fields
considered are divergence-free.



Since the system (PE.) presents a parabolic behavior in the horizontal directions and an hyperbolic one in the
vertical direction we introduce a functional setting which is adapted to describe such anisotropy of the problem. The
non-homogeneous Sobolev anisotropic spaces are defined as the closure of D (T3) with respect to the norm

2

feeny =Nl = X (L) (1 1E) (anl, (1.2)
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n=(np,n3)ez®

where we denoted #1; = n;/a;, ity = (i1, i12) and the Fourier coefficients ii,, are given by u = Y, i,,e*™**, In the whole
text F denotes the Fourier transform and " the Fourier transform in the vertical variable.

We are interested to study the regularity of the product of two distributions (which is a priori not well defined), in the
framework of Sobolev spaces the following product rule can be proved

Lemma 1.1. Let u, v be two distributions with zero average defined on H* (T%) and H' (T%) respectively, with s+t > 0,
and s, t<d/2, then

" u- U||Hs+t7d/2('|]'d) < Cs,t ” u”Hs('u'd) ” U”Ht(‘[(d) .

As in classical isotropic spaces (see [1]) if s > 1/2 the space H® (T},) is a Banach algebra. Combining this fact with
the above lemma we deduce the following result which we shall apply all along the paper

Lemma 1.2. Letue H, ve H®Y distributions with zero horizontal average with sy + s, >0, s1,82 <1 and s >1/2,
/ .
then u-ve H'*275S and the following bound holds true

llue- V||H31+52—1,s’ <Cl u"Hsl,x’ Il V”Hsz,s’ .

Let us recall as well the definition of the anisotropic Lebesgue spaces. We denote with L} L] the space LP (T2; L9 (T},)),

defined by the norm:
2 b
q
s ) )

In a similar way we define the space LﬂLZ. It is well-known that the order of integration is important as it is described
in the following lemma

1AL epas = | 1 Gon ) oy

Lemma 1.3. Let1 < p < q and f : X1 x X, — R a function belonging to LP (X1; L9 (X,)) where (X1; ), (X2; o) are
measurable spaces, then f € L9 (Xo; LP (X1)) and we have the inequality

”f“L‘l(Xz;LP(Xl)) S ”f”Ln(Xl;Lq(xz))
In the anisotropic setting the Holder inequality becomes
”fg“LZL,‘j <|sI ' ”guLz”Lg”’

where 1/p=1/p'+1/p",1/q=1/4"+1/4".

1.2 Results

We recall at first a result of local existence and uniqueness of solutions for Navier-Stokes equations without vertical
viscosity and periodic initial conditions.

Theorem 1.4. Lets>1/2 and Vy € H*® (T3) a divergence-free vector field. Then there exists a time T > 0 independent
of € and a unique solution V¢ for the system in the space

veecC ([0, T1; H>), Vi VEe L2([0, T1; HY).
Moreover (V¢)¢~ is uniformly bounded (in €) in the space
VEe L™ (Ry; L2 (T7)), ViVEe L (Ry; L7 (T%)).

The existence part of Theorem[1.4was proved in [16], while the uniqueness (in the same energy space) was proved
in [30].

Remark 1.5. We want to point out that, as it was proved by M. Paicu in [37] (see Proposition[2.7) the maximal lifespan
does not depend on the regularity of the initial data, as long as V; € H% s>1/2. ¢



Let £ (1) be the semigroup generated by P.4, where P is the Leray projector on the divergence-free vector fields on
the first three components, which leaves unchanged the fourth. In particular the Leray projector in three dimensions
is given by the formula P® =1 -R® @ R®, where R® is the three dimensional Riesz transform

while A is the matrix defined in (I.I). In the same way we define the operators A = vV—A, Ap=+/—-Ap, Ay =103].
Let £(#) Vp be the unique global solution of
{ atVL +PA =0,
VL|z:0 =Vo.

Let us further define U® = £ (—£) V¢, We will denote U* as the sequence of filtered solutions, we define
t t t t t
Qf (U, V)=L (——) P [E (—) U-vL (—) V] , DU =L (——) DL (—) U,
€ € € € €

where D is defined in (I.I), and we consider their limits Q, in D’ (we shall see that these limit exists). We can hence
formally introduce the limit system
0:U+Q(U,U)-DU =0,
divu=0, (S)
Ult=o0 = Vo,

Since the space domain is periodic resonant effect may play an important role.

Definition 1.6. The resonant set K* is the set of frequencies such that

K :{(k, m,n) € 29‘ 0 (k) + wP(m) = w(n) with k+ m=n, (a,b,c)e {—,+}},

={tkmez®| o'W +e’n-b=0'm), @boei-+},

where w/, j = + are the eigenvalues of a suitable operator (see Sectionfor further details). Relatively to the present

problem the explicit expression of the eigenvalues is
i /17l +F%i3
i) =+t —————.
F
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We may as well associate a resonant space to a determinate frequency n, in this case we define
K= {(k, m) € ZG| 0% (k) +wP(m) = w°(n) withk+m=n, (a,b,c)e {—,+}}.

Definition 1.7. We say that the torus T° is non-resonant if C* = @.

Tori which are non-resonant, are, generally, a better choice since the oscillating part of the solution satisfies a
linear equation (see [24]). Indeed though a generic torus may as well present resonant effects. For this reason we
introduce the following definition:

Definition 1.8. We say that a torus T° c R3 satisfies the condition (P) if either one or the other of the following condi-
tions is satisfied:

1. T3 is non-resonant.
2. If T3 is resonant, the Froude number F? is rational, and either

e a5/a? € Q and a3/ a3 is not algebraic of degree smaller or equal than four.

e a3/d5 € Q and a}/aj is not algebraic of degree smaller or equal than four.

Remark 1.9. The above definition (Definition is motivated in Section The point 2] ensures that even with
resonant effects we can propagate the horizontal average of the initial data, thing that, generally, is not true for three-
dimensional Navier-Stokes equations. ¢

Although (§) is an hyperbolic system in the vertical variable we are able to prove that there exist weak (in the sense
of distributions) global solutions. This was first remarked by M. Paicu in [35] and it due to the fact that the limit
bilinear form Q has in fact better product rules than the standard bilinear transport form (see as well Lemma [3.4).
The complete statement of the theorem is the following one.



Theorem 1.10. Let T® be a 3-dimensional torus inR® and let F # 1, for each divergence-free vector field Vy € L* (T3) and
Qo = -0,y + 0,V — Fo3 Ty € L* (T?) there exists a distributional solution of the system

0;U+QU,U)-DU =0,
divu=0,
U’t:():Vo,

@

in the space D' (R4 x T3) which moreover belongs to the space
U eL™ (Ry; L* (T7)), ViU el? (Ry; L*(T%)),

and satisfies the following energy estimate
2 ! 2 2
IIU(I)IILZ(Ts) +2cf0 ||vhU(5)||L2(-u—3) ds< ”U0”L2(1r3) )

where the constant ¢ = min {vy, v’h} >0.

We remark that Theorem holds for any three-dimensional torus. We do not require the condition|(P)]to hold.

A natural question we address to is whether the system (PE.) converges (even in a weak sense) to the limit system (5
as € — 0. This is the scope of the following theorem:

Theorem 1.11. Let the initial data V, be as in Theorem|[1.10, then defining the operator
,C(‘L’) — e—T[F"A’

and denoting as U the distributional solution of the limit system (S) identified in Theorem[1.10 the following convergence
holds in the sense of distributions

t -
VE—E(—)Ui—Q»O.
E

Moreover U weak solution of the limit system Q) can be described as the superposition of the evolution of U = Ugg +
Uosc = VG + Uosc where Vo solves

VJ_
h
0: VoG + aqg (D) VQG:—( 0 AEI(UGG'th)v
—Fo3
divy, VgG =div vgg =0,
VoG o VQG,0,
and Uy solves
0tUpsc + Q (VQG» Uosc) +Q (Uoso VQG) + Q (Uopsc, Uose) + Gosc (Dp) Ugse = 0,

div ugsc =0,

Uosc‘t=0 = Uosc,O = (W)osc-

The operators aqc and aosc are elliptic in the horizontal variables, in the sense that there exists a positive constant
¢ > o such that

(aqc (Dp) u| )2, (Gosc (Dp) ult) 2 = cIVull3,,

and @ is a bilinear form which shares many aspects with the more classical transport form, but has better properties
as far as the regularity of the product is concerned (see Section[8.2]for the product rules and (3.14) for the proper defi-
nition of Q).

Performing some a priori estimates on the limit system (S) we can improve of the above theorem, at the cost of
having well prepared initial data and tori which satisfy Condition[(P)] We say that a data V; is well prepared if it has
zero horizontal mean, i.e. [z Vo (xp, x3)dx, = 0. This property is conserved by the limit system (S) as long as the

condition|[(P)]is satisfied (see Lemmal5.6}[5.7). Moreover we ask as well that the potential vorticity, defined as
Q(t,x) =—0,U" (£,x) + 0, U* (£,x) - Fo3U* (¢, %), (1.3)

belongs to H%$, s >0 at time 7 = 0.



Theorem 1.12. Let T3 satisfy the condition and consider a divergence-free vector field Uy € H*® with zero horizontal
average. Let Qo € H*S, for s > 1 and F # 1, the global weak solution of () is in fact strong and it belongs to the space of
sub-critical regularity

U eL™ (Ry; H*), ViU el? (Ry; H).

Moreover it satisfies, for each t > 0, the energy bound
t
1T @130, +c¢ fo IVRU )30 <E (10115 0.).

where & is a suitable function which is bounded on compact sets. The solution U is unique in the space L (R,; H 0"7) N
L* (R4, HY9) foro € [-1/2,5).

Remark 1.13. Compared to the work of M. Paicu [35] the author requires only s > 1/2. This discrepancy is due to the
fact that in the present work the limit system is well-posed only for s > 1. Indeed we are able to propagate H**,s >0
norms for the potential vorticity Q, and, as explained in Lemma || Vo || gost1 SN gos.

The main idea in the propagation of regularity stated in Theorem|1.12]is that we can recover the missing viscosity
in the vertical direction using the fact that the vector field u is divergence-free. We can in fact observe that in the
nonlinear term the vertical derivative is always multiplied by the third component u3 of the vector field considered
(i.e. terms of the form u363). We hence remark the fact that the term 03 u® is more regular thanks to the relation
—03u® = divy, u", and due to the fact that the horizontal viscosity has a regularizing effect on the derivatives in the
horizontal variable xj,.

Theorem 1.14. Let T2 satisfy the condition Qo = -0, +01v5 —Fd3Ty € H** and Vy € H*S for s > 1 a divergence
free vector field. Let V¢ be a local solution of (PEZ) and U be the unique global solution of the limiti system (S). Then the
following convergences take place

1im(vf—a(f)u)=o in C(Ry; H*?),
e—0 £
1in%vh(vg—£(f)u)=o in L*(Ry; H*),
£— 2

foroell,s).
The paper is divided as follows
* In Section2lwe introduce some mathematical tools that will be useful in the development of the paper.

* Section[8|we provide a careful analysis of the spectral properties of the linear system whose evolution is deter-
mined by the operator P.A. In Subsection[3.1we state some results proved in [22], [23] and 5] which describe the
behavior of the limit bilinear interaction Q (U, U) in (§) along the eigendirections spanned by the eigenvectors
of PA.

* In Section [4| we prove Theorem Such result is not a straightforward application of Leray Theorem since,
due to the lack of the vertical diffusivity, the solutions are bounded in the space L,  (R,; H"°) only. Such space
is not compactly embedded in leoc (Ry; LZ), this prevents us to use standard compactness theorems in functional

spaces such as Aubin-Lions lemma (see [3]). Nonetheless using Fujiwara near-optimal bound (see [33]) we
can transform a vertical derivative 03 in a multi-index of the form C (611\]1,652), where N, N, may as well be
large. The system has a non-zero diffusive effects in the horizontal directions, hence we can prove that
bilinear interactions of weakly converging (in the sense that converge w.r.t. a Sobolev topology of negative index)

sequences converge in the sense of distributions to some limit element.
* In Section[5|we prove Theorem The approach is twofold:

— Thanks to a topological argument we prove that the sequence (V¢), is compact in some weak sense,

— A careful analysis of the bilinear interactions in the limit € — 0 gives us the explicit form of the bilinear
limit interactions.

Next in Subsection we prove that, under some suitable geometric conditions (see Definition|1.8) the limit
system (S) propagates globally-in-time the horizontal average of the initial data.

e In Section @we prove that the limit system propagates globally-in-time H** data, at the price of having well
prepared (in the sense of zero-horizontal average) initial data and domains which satisfy the condition
given in Definition[1.8] Hence we prove Theorem

* Lastly in Section[7]we prove Theorem i.e. that we can approximate globally the solutions of ase—0
with the (global) solutions of (S) in some suitable subcritical topology.



2 Preliminaries

This section is devoted to introduce the mathematical tools that will be used all along the paper and which are neces-
sary to understand the contents described in the following pages.

2.1 Elements of Littlewood-Paley theory

Let us define the (non-homogeneous) vertical dyadic blocks as follows:

7 -
Aju= > ﬁn(p(ﬁ) el for g >0,
nez3 29
AVyu= Y dpx(iish e,
nez3
A‘Zlu:O for g < -2,

where u € D' (T3) and i, are the Fourier coefficients of u. The functions ¢ and y are smooth functions with compact
support such that

S CB(O4) S (pCC(3 8)
u ,y— |, U - =1,
PP 3 pp 43

And for each ¢ € R the sequence (y (), (277")) ., is a partition of the unity. Let us define further the vertical cut-off

v —
operator as Squ =Y g<q-1 AY]’ u.

2.2 Anisotropic paradifferential calculus

We can, at least formally, write for two distributions u and v

u:ZZA);u; v= Z Ay v; uv = ZZA‘,;uA;,u. 2.1)
qge q'ezZ qe
q'ez

We are going to perform a Bony decomposition in the vertical variable (see [7], [8], [15] for the isotropic case
and [16], [28] for the anisotropic one).
Paradifferential calculus is a mathematical tool for splitting the above sum in three parts

uv=TJv+T u+R"(u,v),

where

ijz;SZ,IuA‘;v, Tﬁuzzsg,_lvA‘l;,u, R”(u,v):Xk:HZ A,’éuA,’éwv.
q' pl<t

In particular the following almost orthogonality properties hold

NSy _yanlb) =0 it |g—q'| =5,
A‘;(A‘L”,aAZ,Wb) =0 ifg'<qg-4, |y <1,

and hence we will often use the following relation

Njwr)= Y AY(shovatu)+ Y ay(shuarv)+ ¥ Y AY(atual,v),

q q
la—-q'|<4 lg-q'|<4 q'>q-41u<1

_ v v v v v v

- Z,|<4Aq(5q,_1qu,u)+q,>Zq 4Aq(8q,+2qu,v). 2.2)
q—q|x -

In the paper [19] J.-Y. Chemin and N. Lerner introduced the following asymmetric decomposition, which was first
used by J.-Y. Chemin et al. in [16] in its anisotropic version. This particular decomposition turns out to be very useful
in our context

Ay =Sy usior Y oy sy u] Al v+ (Shu=s, u)ayal vt ¥AY(SY,vab),  @3)

q
lg—q'1<4 q'>q-4

where the commutator

A‘Zy»“

b is defined as [AV , a] b= A‘L’I (ab) — aA‘L’ib.



We denote as (bq)q>71
Xq by < 1. In the same way we denote as [cq)q €2 any sequence such that Xq cg < 1. Aswell Cis a (large)
positive constant independent of any parameter and ¢ a small one, these two constants may differ implicitly from line
to line. We remark that the regularity of a function can be rephrased in the following way: we say that u € H** only if
there exists a sequence (c ) q depending on u such that

any sequence which is summable that may depend on different parameters such that

|agu < C g2 ull .. (2.4)

12(T3)

2.3 Dyadic blocks and commutators as convolution operators

The dyadic blocks and the low-frequencies truncation operators can be seen as convolution operators, in particular if
we denote as h = F !¢ and g = F 'y we have

A‘;uz(p(z_"D)u:quTh(Z"y)u(x—y)dy, (2.5)
Syu=x (2 D)u=2" [ g(27y)u(x-y)dy

This is due to the fact that Aj u (x) = (F vy~1 (¢ ()4 () (x). In particular we want to express a commutator as a convo-
lution operator, since a commutator is defined as

A‘c’l,a

b(x) = A‘; (ab) (x)—a(x) A‘c’,b (x),

and we apply to the right hand side of the above equation the relation in (2.5), we obtain that

[Av,a] b(x) = 2"[T h (xp, x3 = y3) (a(xn, y3) — a(xp, X3)) b(xp, y3) dys.
Thanks to Taylor expansion with reminder in Cauchy form we know that

a(xp, y3) — a(xp, x3) = 0za(xp, x3+7 (%3 — y3)) (x3 — y3),

for some 7 € (0, 1), hence we can write the commutator as

[AV, a] b(x) = quv (x3—y3) h(xp, x3 — y3) sa (xpn, x3 + 7 (x3— y3)) b (X1, y3) dys. (2.6)

2.4 Some basic estimates

The interest in the use of the dyadic decomposition is that the derivative in the vertical direction of a function localized
in vertical frequencies of size 29 acts like the multiplication of a factor 29 (up to a constant independent of g ). In our
setting (periodic case) a Bernstein type inequality holds. For a proof of the following lemma we refer to the work [28].

Lemma2.1. Let u be a function such thatsupp F'u c T%l x29C, where FV denotes the Fourier transform in the vertical
variable. For all integers k, p € [1,00], 1 < 1’ < r < oo, the following relations hold

k—k
29%C ”u”LZLZ <

k k ~k
ok ul ,,, <27CKIul,.,

Prr
LhLU

qk ~—k
275K Jull y p <

6’;3 u

k
<29%Ckull,, v
Ll = LyLy

Let nowoo > r > r' > 1 bereal numbers. Let supp F'u c TF%I x 29B, then

i

d
”u”LZLL <C2 r LZL{/’ ’

|~

~I=

)Ilull

q
”u”Lrsz <C2 (r L{//Lz'

The following are inequalities of Gagliardo-Niremberg type, we will avoid to give the proofs of such tools since they
are already present in [35].

Lemma 2.2. There exists a constant C such that for all periodic vector fields u on T® with zero horizontal average
(fvi u (xp,, x3) dxp, = 0) we have

il 28 < Cullul iz < Gl sy IVl s - (2.7)



From Lemma|[2.1and we can deduce the following result
Corollary 2.3. Let u be a periodic vector field such that Supp F'u c Ti x 29B, then

/2
el o2 < C27= lull g2 3y, (2.8)
moreover if u has zero horizontal average
qr2y,, 172 1/2
” u”LoVoL‘;l < e u“L2 (T3) IVy u”Lz (13)° 2.9)

Lemma 2.4. Let s be a real number and T3 a three dimensional torus. For all vector fields u with zero horizontal
average, the following inequality holds
Nl gpizs < Cllull o, 1V R ul e, - (2.10)

Corollary 2.5. Let s> 1/2. There exists a constant C such that the inequality
lull o p2 < Cllull gos,

holds. Moreover if u is of zero horizontal average we have

il gopa < Cllull g IV Ul -
Finally we state a lemma that shows that the commutator with the dyadic block in the vertical frequencies is a
regularizing operator. The proof of such lemma can be found in [37].

1
s

Lemma2.6. Let T3 be a three-dimensional torus and p, 1, s real positive numbers such thatoo > r',s', p,r,s > 1 % +
% and % = % + % There exists a constant C such that for all vector fields u and v on T3 we have the inequality

|25 ] v

<c27Nosull vy IVl g
210 Ly Ly, "Ly L,

2.5 Preliminary results on the Navier-Stokes equations with zero vertical diffusivity

A primary tool in the study of the convergence of the primitive equations to the limit system (S) will be a careful
study of the Navier-Stokes equation with only horizontal diffusion

0,v+v-Vo—vpApv+Vp=0 in Ry xT3
divv =0, (NSp)
Vl=0 = Vo.

This equation in the case of the periodic data on T3 has been carefully studied in [37], hence we will refer to this work
as we go along.

Given any vector field A we denote
1
A(x3) = _Zf A(yn, x3)dyn,
T3 2

and
A(xp, x3) = A(xp, x3) — A(X3).

Here we start giving the following energy estimate for three-dimensional anisotropic Navier-Stokes equations

Proposition 2.7. Lets > sy > % and v a solution of belonging to the spaceC (10, T1; HO'S) whose horizontal gradi-
ent Vv e L2 ([0, T1; H*Y). Let us suppose moreover that v = v + i where v is the horizontal average of v and ¥ has zero
horizontal mean. Suppose moreover that || v (1)|| ;5 < caz'vy, in [0, T1, then for t € [0, T

t t t
o105 + v, f ||vhv(r)||§{o,sdr<||vo||i,o,sexp(c f IVRv (@120 dT +C f 1o @1 0.0 1V R0 @10 |-
0 0 0

For a proof of Proposition[2.7]we refer to the works 35} Proposition 3.1] and [37].

Remark 2.8. Propositionwas proved by M. Paicu for s > sp > % in [35]. Indeed in [35] the limit system was a
coupling between a 2d Navier-Stokes system and the oscillating part. Indeed the 2d Navier-Stokes system is globally
well posed if the initial data depends on xj, only and it is in H*® for s > 0. The oscillating part instead is globally well
posed in H** for s > 1/2. In our case though the limit flow is the sum of Vo satisfying and the oscillating part
Uysc which are two three-dimensional vector fields. Now, Uy is globally well posed in H 0.5 for s> 1/2 (see Proposition
, but Vg is globally well posed in H% for s > 1 (see Propositionand Lemma. This is why in the following
as long as we are required to apply Proposition[2.7/we shall use the index sy > 1 instead that sp > 1/2. ¢
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Proposition 2.9. Let s > % and T3 an arbitrary torus and w € C ([0, T1; H*®),Vw € L2 ([0, T1; H*%) a solution of the
problem

divw =0,
wl;:o = Wy,

{ oiw+w-Vw+u-Vw+w-Vu-vyApbw+Vp=f,
(2.11)

where u € C ([0, T); H*®),V,u € L*([0, T]; H*) a divergence-free vector field such that its horizontal average satisfies
[|u(2) “Hi <caz'vy forallte [0, T and f = f + f is such that

1eL1([o,T1;Hﬁ),
fELZ([O, T];H‘L‘%].

Then there exists a constant C > 0 such that, forall t € [0, T,

t
lwnl®, +vhf IVaw(I%, | ds
H" " 2 0 H” 2
2 L F a2 '
<c(||wo||HOI,% + fo |70y ds+ fo “i(S)”HU;dS)
t t t
xexp{fo "i(S)HH’% ds+f0 (1+||w(s)||fHO,S)||Vhw(s)||§{0_sds+f0 (1+||u(s)||§{o,s)IIth(s)Ili,o,sds}.

Proof. |35, Proposition 3.2, p. 182] O

Remark 2.10. Let us remark the fact that we impose two different kind of regularities on the exterior force. In or-
der to obtain global results in time we shall apply this proposition for bulk forces which are f € L! (Ry, H -L-U 2) N
L2 (R_‘_,H*l,fl/Z). ’

3 The filtering operator P.A
Let us consider the following linear equation

{ a[VL+|p.A n.=0 3.1)

Vili=0=Vo ’

where P is the Leray projection onto the divergence free vector fields, without changing Vf. The Fourier multiplier
associated to P has the following form

ny mmny  mng

a2 amay;  aras

2

1 npm n; mng

— 2 9

Pp=lopn| o @ wa T, (3.2)

n ngny ngnp n 0

azay  azaz a3

0 0 0 0

2
ns

where |12 =Y j a—; and 1 is the identity matrix on C*. The operator A was defined in (I.I). The solution to the linear
j

equation is indeed Vi.(1) = e "PAV;. We denote the propagator operator e ™A as £ (7). One can compute the
matrix P, A
_ h_% _ng
we Tt 0 Flil?
_ i 0 _ ity
P,A 72l 1721 Fli)? 3.3)
. . »2
_Tighg 1y 73 1 3
|7 |7 O F (1 17>
0 0o -3 0
whose eigenvalues are
. . i \/17nl? + F2i2
w’'(n)=0, iw (n)=+— — , (3.4)
F [72]



where the eigenvalue »° has multiplicity 2, and we can write o* = . The associated normalized eigenvectors are

-y —Fri3 (np Finjw (n))
b 1 P
kT I (1+ P2 10 () [l | e iremine | 3.5
—Fiig |7y
where |7i|p = \/ 71 + 715 + F27i3, if |np|, ng # 0, otherwise, respectively
+i 0
ei(O,n3)=% (1) : ei(nh,0)=% J_?l. . (3.6)
0 1

The eigenvalue »° has algebraic multiplicity 2, but there is only one eigenvector related to it, namely ¢°. Indeed the
matrix P.4 has a nontrivial 2 x 2 Jordan block structure associated to the eigenvalue 0, hence there is a generalized
eigenvector &°. This though is not divergence-free, hence it plays no role in the evolution of the system (PEg), for this
reason it is omitted. For a more detailed discussion on the spectral properties of the linear system we refer the reader
to the papers [22] and [23].

Once we have introduced the eigenvectors in (3.5) we can consider a generic divergence-free vector field V as
direct sum of the elements belonging to Ce® and Ce™ ® Ce*. We denote the projection of V onto Ce as the quasi-
geostrophic part of the flow, while we denote the projection onto Ce™ @ Ce™ as the oscillating part. The projection can
be explicitly defined as follows

Vo =F ' (Vu| € (m) s € (), Vosc =Y F ! (( Ve’ (n))c1 e’ (n)) : 3.7)
i=+

The element V4 is called oscillating because is the only part of the initial vector field Vj which is affected in the evo-
lution of the system (3.I), Viyg stays still being in the kernel of P.A.

We would like to point out the following relevant fact, the non-oscillating eigenspace Ce® is orthogonal to the oscillat-
ing eigenspace Ce™ @ Ce*, whence in particular it is always true that Vog L Vosc.

In the following we shall denote as e“(n) the eigenvector of P, A associated with the eigenvalue i w%, i.e.

e A (ei”'xe“(n)) =exp{in-x+ r0*m)}e*(n).

Let us define U¢ = £ (—£) V¢, we want to reformulate (PE) in terms of the new unknown U*. A straightforward com-
putation shows that the vector field U* satisfies the following equation

0.U® + Q° (U5, U°) -D*U*® =0,
div v® =0, (FS¢)
U6|t:0 =V,
where
Q° (Ut U?) =£(—5)|P[(ﬁ(f)Uf-v)ﬁ(f)Uf], (3.8)
&€ &€ &
D*U* =E(—£)D£(£) U*. (3.9)
& &

We denote the system the filtered system.

Before using the above results to find the limit of (FS;) we introduce the potential vorticity
QF = —0,U" +0,U*¢ - Fo;U™*. (3.10)

The potential vorticity was introduced by J.-Y. Chemin in [14] and it is now a well-known tool in the study of primitive
equation (see [12], [13], [24], [29]). The diagonalization explained in can as well be obtained by writing U¢ =
Ugg + Ugser With

Uge = ( —0:A'QF,  01A'Qf, 0, —03FALIQF ), (3.11)

where A;l denotes the operator
) |
= SR o Un| |-
E nE+ s+ Feng )
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We remark the fact that since UéG belongs to the kernel of P.A we can write UéG = VéG.

One major problem is to understand which is the limit for ¢ — 0 of the forms Qf, D¢ and, if possible, how to give
a closed formulation for it. To do so we use the explicit formulation of Q¢, D¢ given in equation (3.8) and (3.9). Let us
decompose the divergence-free vector field U as:

FUm= ) U'm= ), (FUmWle"(m)ese ),

ae{-,0,+} ae{-,0,+}

and after some computations we obtain that;

_il(,a D(_1V_ € .
FEUW)m= Y e lilihrein-b-o ("U( (nj—k;) U () VP (n-k)
a,b,ce{—,0,+} j=123

ec(n)) e(n). (3.12)
c4

a,b,c

) k,n—k,n N
With U%/ we denote the j-th component of the vector U% = (U| e%) 4 e® for a=0, +.
Similar calculations give us that

In the following we write w =w%k) +w? (n—k)—w°®(n) for the sake of conciseness, as well as wZ’b =w%n) +wP (n).

IDEUz]-"_l( Z e‘ig’wﬁ'b (D(n)Ub(n) e“(n))(C4 e‘(n)|, (3.13)

a,be{—,0,+}

where D(n) is the Fourier symbol associated to the second-order differential operator D, see (1.1).
Letting € — 0 we only have to use the non stationary phase theorem ( see, for instance [2], [7], [40]) to obtain that, if
U,V are smooth functions;

3 .
QU V)=F'P, Y (nj— k) U (VP (n—k) e“(n)) e(n) |, (3.14)
w®bc o\ j=1 c4
k,n—k,n
[DU:]-"_I( (DU o] etm) e“(n)). (3.15)
wﬁ'b=0

Here we implicitly define as D (n) the Fourier symbol associated to the matrix D defined in (L.1).

3.1 The global splitting of the limit bilinear form O

This section is aimed to explain how the bilinear interaction Q defined in behaves along the non-oscillating
and oscillating subspaces Ce® and Ce™ @ Ce™. Such kind of result is well known in the theory of singular perturbation
problems in periodic domains. The results that we present are proved by several authors in [5], [22] and [23], for this
reason we do not prove them but instead we refer to the works mentioned and references therein.

In this section we consider smooth vector fields. Given a smooth vector field W we define
-0,
_ 2 2 4 _ 01 -1 _ 4 _
Qw = —0.W*+0,W*—-FosW", WQG— 0 AF Qw = LUQG,WQG , Wosc—W_WQG-
—Fods

Obviously W and W, are respectively the projections of W onto the non-oscillating and oscillating subspaces de-

fined in (3.7).

Lemma 3.1. The following identity holds true

FH(F ow, wW)linlge®)u) = wo - VQw,
where Q is defined in and €° is the non-oscillating eigenvector defined in (3.5).
Corollary 3.2. The following identity holds true

_62
01
0
—Fo3

FH(Fow,w)e)u ) = AR (woe - VQw).
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For a proof of Lemmawe refer the reader to [22] and [23]. What has to be retained is the fact that the projection of
Q (W, W) onto the potential non-oscillating subspace does not present interactions of the oscillating part of the vector
field.

Lemma 3.3. Let W be a smooth vector field, then the following identity holds true

(2 (WaG, WoG)) gse = O-

Proof. Considering the explicit formulation of the limit bilinear form Q we deduce

(Q(WoG: Wag))ose =F 1| X (n-(WO ()@ W (m))|e* (m)es e* (m) |. (3.16)

k+m=n

0,0,+ _
wk,m,n_0

0,0,

Let us consider hence the equation w,’ "~ =

equivalent to the equation

0, thanks to the explicit expression of the eigenvalues in (3.4) then it is

Inpl? + F*nj =0,
which is true only if 7 = 0, and in this case the contributions arising in (3.16) are null, concluding. O

Corollary 3.4. The projection of the limit bilinear form Q onto the oscillating subspace can be written as

(Q (w, W))osc = (Q (WQG» Wosc))osc + (Q (Wosc» WQG))osc + (Q (Woso Wosc))osc .

4 Proof of Theorem[L.10

Remark 4.1. As the reader may have noted Theorem [1.10|states the existence of a la Leray-type solutions. This can
seem to be unexpected since, generally, Leray solutions are constructed thanks to compactness methods. In system (S)
we cannot apply directly any compactness method since we do not have any second-order vertical derivative 6% and
H"? is not compactly embedded in L?. Nonetheless the bilinear form Q has better product rules than the standard
bilinear form in the Navier-Stokes equations, this allows us to make sense (distributionally) of the term Q (U, U).
Moreover we require the initial potential vorticity Qg to be L? (T3), which, roughly speaking, is almost as requiring the
initial velocity field to be H!. ¢

Proof of Theorem[1.1(]: Before starting the proof we point out the following fact, Navier-Stokes equations preserve
the global average of the unknown function. This is true as well for the system (PE.), whence we can consider data with
zero horizontal average. Thanks to this property homogeneous and non-homogeneous Sobolev spaces are equivalent;
we use this property constantly in the present proof. This fact concerns the isotropic spaces H* ([R%g) only.

The proof is standard application of Galerkin’s approximation scheme. We define the truncation operator

]nu: Z anelk.x)
{kezZ3|lkI<n}

and consequently the approximated system

0:Up+JpnQ Uy, Uy +DU, =0
divu,=0 (4.1)
Un|t:0 = ]I’LUO)

in the unknown U,,. We recall that for a fixed 7, J,, maps continuously any H* space to any H**"* space for h > 0
thanks to Bernstein inequality. Thus is a differential equation in the space

12(1) = {ueL?(1%)

g = 0if |k| > n}.

Since the support of the Fourier transform of U, € L2 (T?) is included in the ball of center 0 and radius n and the
support of F (Uy, ® Uy) is included in B,,(0) we obtain easily that J,Q € C (L% (T®) x L2 (T3); L% (T3)). Hence Cauchy-
Lipschitz theorem gives the existence of a unique solution to on a maximal interval of time [0, T},) taking values
in 12, (T3). Since

t

Q(4,B) :mﬁ(-é)w [(ﬁ(é)A-v)L(E)B],
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it is clear that (J,,Q (U, Uy)| Un)LZ('H'S) =(Q U, U)IUp) 2 T3) = 0 since div u; = 0. Hence by a standard energy esti-
mate on the parabolic-hyperbolic equation we deduce that

1 2 t 2 1 2
E I Un(t)an(-ﬂ—?,) + Cj(; IVrUn(s) ||L2('I]'3) ds < E ||U0”L2(1]'3) ,

from which for all ¢ € [0, T},) we infer that | U,, () IIi2 ) < |, Uo IIi2 () < Uy IIi2 ()" Hence T, = oo and for all ¢ > 0,
U, (1) satisfies

t
U172 70y +2¢ fo IVRUn ()72 52y ds < 1 Upll3

Considered the relation || Un||L2((0,t);L2(1I3)) < ViU, "Loo((oyt);LZ (T3)) <VEIU, ||L2(T3) we can say that the sequence U,
is bounded in L (Ry; L*(T%)) n LZ (R,; H'?). By the structure of we obtain easily that d,U, is bounded in
leoC (R H -N ) for N sufficiently big (the proof of such fact is identical as the proof of Proposition, hence (6:Uy),
is a sequence of uniformly bounded functions in leoc ([RQ; HN ) We can infer via Aubin-Lions lemma [3] obtaining

that U, — U in L2 _(Ry; H¢(T?)), £ € (0, N) up to (non-relabeled) subsequences.

loc

Since the sequence (Uy),, converges in L2 (R,; H™¢(T?)) only, and products of H™* distributions are, a priori, not

well defined we introduce a diagonalization method which allows us to split in two systems which we are able to
handle.
We rely on a diagonalization method introduced introduced by P. Embid and A. Majda in [22]. We define

Q, =-0.U} +0,U% - Fo3U3, (4.2)
1
s B
Voan=Uqen=| 0 |ApQp, 4.3)
—Fo3

Uosc,n :Un - UQG,n-

Applying Lemma3.1jon the smooth vector field U, we deduce that
(FIn QW Un)linlr € (m)cs = F (Ju (v V1) ).

Whence the projection of the element J,Q (U, Uy,) onto the potential space defined by the potential vorticity is the
quasi-geostrophic transport J, (”SG n' Vhﬂn).
Applying Corollary[3.4]we deduce:

(]nQ (Un) Un))osc = UnQ (VQG,n’ Uosc,n))osc + (]n Q (Uosc,n» VQG,n))OSC + (]nQ (Uosc,n» Uosc,n))osc .

Projecting hence onto the oscillating subspace and the potential nonoscillating subspace we obtain the following
global splitting for the first equation of (4.1):
0/ Qp+ (Vg(;yn : thn) +aqc (Dp) 2, =0,

atUosc,n + (]nQ (VQG,n; Uosc,n))osc + (]n Q (Uosc,n» VQG,n))OSC
+ (]nQ (Uosc,n» Uosc,n))osc + dosc (D) Uosc,n =0.

(4.4)

The operators aqg and dgsc are nothing but the projection of the operator — onto the potential space defined by
Q and the oscillating subspace. We avoid to give a detailed description of such operators now (see Section[5), what has
to be retained is that they are symbols such that there exists a positive constant ¢ such that aqg (71), dosc (1) = c| ﬁhlz.

I . . 2 S Tr— 3
On the splitting we can apply the same procedure as above to obtain that Q, — Qin L (Ry; H#(T?)), and
Vi
defining Vg = ( 0 ) AI‘DIQ where Q is the limit of the sequence (Q2,,),,, and since
—F0s

Vi
( 0 )A;l e L(HY H*'Y), aeR,
~Fo;

we obtain as well that
Van — Voc in L2 (Ry; H'F),

loc
and (Vqg,n) ,, uniformly (in n) bounded in L (R, HY).
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Combining the definitions and we can hence rewrite Vog,, as

-0
0 _

VaG,n = 01 AFI( -0, 01, 0,—F03 )-U,=IqgUp,
_Fos

with Tl Fourier multiplier of order zero, hence Igg € £(H® (T?)) for each a € R. This implies that, since Upsc =
U-"Vqyi

|Uose,n = Uose || - = [|(Un = Vag,n) = (U = Vo) |
=[|(1-ToG) Un— || -
<ClIUp~Ullge.

We deduce hence that Uysc,n — Uosc in L. _(Ry; H™¢(T%)). The same idea can be applied to show that (Ussc,n),, is

loc

bounded in L (Ry; L* (T?)) and (V,Uosc,x),, is bounded in L? (R,; L* (T3)).
At this point we can project Q (Uy, Uy,) on the spaces Ce®,Ce” @ Ce* (see (3.5)) obtaining, thanks to the results of

Corollary[3.2]Jand[3.4}
QUn,Up) = QUn, Un)gg + Q(Un, Un)osc
= (<02,01,0,~Fa3)T A7 (vl .- V)
+(Q(Vag,m Uose,n)) ose * (2 (Uose,ns Va6,n))ose + (2 (Uose,ns Uose,n))ose -

It is matter of standard energy bounds with classical product rules in Sobolev spaces to prove that

(~02,01,0,F0)T A7 (v, , Vi) = (=02,01,0,~Fa) T AL (v - Va2),

(Q (VQGJ!' UOSC,”))OSC - (Q (VQG’ UOSC))OSC ’
(Q (Uosc,n» VQG,n))osc - (Q (UOSC’ VQG))osc ’

in the sense of distributions as n — co. The limit of the product of terms of the form Uy, is, in general, not well
defined. Indeed system (S) lacks of vertical dissipation, hence the best we know is that Upsc,;, — Uosc in leoc Ry H™E,
but generally a product between H~¢ elements is not well-defined. Is in this context in fact that we shall use the

improved regularity in the product which is characteristic of the bilinear form Q. We claim that

D’ R4 ><'|]'3
(Q (UOSC,}'Z) UOSC,H))OSC ( )

(Q (UOSCr UOSC))()SC y (45)

The proof of is postponed. Whence we finally proved that Q (U, U,) — Q(U,U) in D’ ([RJr x T3 ), concluding. I

4.1 Proofof (4.5)

As we already stated M. Paicu in [35] proved a similar result. We prove using different techniques.
Defining Q (A, B) =div Q (A, B), i.e.

Q(A B)

Aa 214 c c
%(A (k) B (m)| e (m))_, € (m),

)3
K

A% (k) B> (m, n)

where A% (k) = (A (k)| e® (k) e® (k), B> (m, n) = (BY (m)| e® (n)) €° (n). It suffice in fact to prove that
@ (Uosc,j — Uosc Uosc,j + Uosc) -0,

in D' (R, x T®) as j — oo to conclude. To do so we consider a ¢ € D and, by Plancherel theorem

fl;& 3 ¢ (1, x) Q(Uosc,j = Uosc) Uosc,j + Uosc) (t,x)dxdz

~ — - b'
= Z Z(P(t, n) (Uosc,j - Uosc)a (t, k) (Uosc,j + Uosc) ‘ (t,m,n)dt

R+ nezs K
(4.6)
R _ a —— b,c
= f Z bn (1) Z (Uosc,j_Uosc) (t,k) (Uosc,j+Uosc) (t, mp, n3 — k3, n)dt.
R+ n,kp,mp, {ks:(k,(mp,n3—ks),n)ek*}
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We make a couple of remarks in order to simplify the notation. Since we considered the eigenvectors as normalized
the following relations are easy to deduce

|07 im, m| <|0F 0m)| <0 m).

—_— b,c
Hence from now on the terms (Uosc j UOSC) (t,k) and (Uosc,j + Uosc) (£, mp, n3 — ks, n) shall be substituted respec-

tively with (UOSC j = Uose) . and (Uosc,j + UOSC)(mh ny—ky)- HETE WeE chose to make implicit the dependence on the vari-
able r. We want to stress out the fact that this choice is made only to simplify the notation. Indeed we have that

(Uosc,j - Uosc)k(Uosc,j + Uosc) (mp,n3—ks) = |k| ( 0S¢, j Uosc) |k| ( oﬁosc) (mp,n3—ks)" 4.7)

The set {k3 :(n, k) e IC*} isindeed finite and, in particular, it is composed of the k3 which satisfy the following equation

(F? (k3)? + (ki) 2) Y2 ((mp) 2 + (n3 — k) ) 12
= (k) 2+ (e) ) V2 ((m) 2 + (13— Kk3) 2) V2 = (o) % + (Kk3) 2) Y2 (F2 (n3 — k3) 2 + (my) 2) V2.

Expanding the above equation and collecting term by term in the powers of k3, we deduce the following polynomial
equation

8 .
o (ks) =" A; (kp, mp,n) ki =0,
i=0

where the A; take the following form

Ag=(1-4F?)
A7 =4(-1+4F*)ny
Ag =—6(F°k; + F*m}, + (-1+4F%) nj)
As =4ng3 (6F*k; +3F*m?, + (-1 +4F?) nj)
Ag=—(F*(-4+F*)k} + F*(-4+ F*)m], 6F2mhn3 +(1-4F*) ng -2k ((3+2F* + F*) m} + 18F*nj))
As :4kfl n3 (—F? (-4 + F?) k} + (3+2F* + F*)m?, + 6F*nj)
Ap=-2K5 ((2+ F?) mﬁ +(3+2F* + FY)Ymind +3F%n3 + k5 ((2+ F?) m? - 3F* (-4 + F*) n}))
Ay =4k} ns ((2+ F?) m5 — F* (-4 + F*) n})
Ao =—Kk; (3m], +2(2+F2) myni — F* (-4 + F*) n3).
Although we give the explicit expression of the A;’s we underline the fact that the explicit expression is by itself
irrelevant. The only thing that matters is that the A;’s are polynomials in the variables kj, my,, n. We can hence apply

the following result which bounds the modulus of of a complex root of a polynomial in terms of its coefficients. The
following proposition is known as Fujiwara near-optimal bound.

Proposition 4.2. Let P(z) =}}_, a,z* a polynomial P € C|z], and let{ be one of the n complex roots of P, then

1/n}

1/2 a 1/(n-1)

an

ap-1| |Gn-2 ao

an

)
Qan

)

ICI<2maX{

n

We omit to prove Proposition[4.2]and refer the reader to the work [33] instead.
Proposition[4.2]applied on g (k3) tells us that

ksl < 1l [my|* ey,

where k3 is any root of . Hence
2 2 €l2
12 S enl ™2 + (110 [y 2 ey %),

by concavity on the function A, (x) = x/2, with a; + a» + a3 < N for some large and finite N. Coming back to and
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(4.7) this means that

. [H’3 ¢ (x) Q (Uosc,j = Uosc) Uosc,j + Uosc) (%) dth‘

< b 72 1K1 7/2 | (Uose, ) — Uosc) |
R n,kp,my, {ks: (k, (mp,n3—ks),n)eK*}

o Car N I
+f (i’n [k|™ 6/2‘( osc,j Uosc) ‘
R n,kp,my, {ks:(k,(mp,n3—ks),n)ek*}
/2 N
X (|n|a1 |mh|062 |kh|a3)€ ‘(UQSC']' + UOSC)(mh,n3fk3) dt
= f ([A’n |kh|£/2|k|_8/2‘(Uosc,j_Uosc)k’
R n,kp,my, {ks:(k,(mp,n3—ks),n)ek*}
X (Uosc,j +U°SC)(mh,n3—k3) dt
AT age —_—
+ Z |n|™2 |¢n| Z lknl 2" |kl 8/2‘(Uosc,j_Uosc)k’
R n,kp,my {ks:(k,(mp,n3—ks),n)e*}
age [
x |mp| 2 (Uosc,j"' UOSC)(mh,ng.—kg) dr
=N,j+ 1.

We prove that I j; — 0 as j — oo. In order to prove that I ; — 0 the procedure is very similar (and actually simpler) to
the one we are going to perform now, for this reason is omitted. We start remarking that

—_— 1/2
(Uosc,j _Uosc)k|) ’

aze —— 1/2
|kh|% |k|_g/2 )(Uosc,j - Uosc)k| = (|k|_€ (UOSC] Uosc) |) (|kh|wS6

hence

aje
Ljs > InlZ ¢y

Re nkep,my, {ks:(k,(mp,n3—ks),n)eK*}

x (|kh|a3£

—_— 1/2
(Uosc,j - Uosc)k|)

(1k17¢

age

_— 1/2
(Uosc,j_Uosc)kD Impyl| 2 +

(Uomosc) (mh,n3—k3) ‘ dt. (4.8)

Applying Lemmal[8.4)we obtain

1/2

” 5y (R s 38 0) " UOSC J UOSC“LOOC(R*';H%) .

i S|l . . H%%)||Uosc,j+Uosc||L12 (et

ll2€ )” UOSC] Uosc

Both Upsc, j, Uosc belong to L (Ry; L?) and L* (R; H'?), and henceto L7 (R,; L?) and by interpolation to L (Ry; H”?)
for o € (0,1). This means that is ¢ is sufficiently small the quantities ” Uopsc,j + Uosc || ) (R % )
2 2

|Uosc,] - Uosc ||i120C (R+;Ha3£,0)

are bounded, while since
j—oo

” Uosc,j — UOSC”ifgc(m;H-f) 0,

we proved that I ; — 0 distributionally. This implies hence that Q (Uosc, j» Uosc, j) — Q (Uysc, Upse) in a distributional
sense.

5 Weak convergence as ¢ — 0

In the present section we prove Theorem|1.11

It is natural to ask if, in the limit € — 0, the filtered system (FS;) converges to the limit system (5).

Proposition 5.1. Let Uy € H® and U* be a local strong solution identified by Theorem of (ESg), then the sequence
(U®)¢>0 has the following regularity uniformly in €

U® e L™ (Ry; L* (T7)), ViU* € L* (Ry; L7 (T7)), (5.1)
and is compact in the space

LZ

loc

(R H(T7)),
for somen > 0 (possibly small).
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Proof. The proof of is merely an L? (T®) energy estimate on the filtered system (FSg), hence is omitted.
We prove now that (9;U¢), is bounded, uniformly in €, in leD . (R+; HN ) where N is large.
The only thing to prove is to control the bilinear interaction Qf (U¢, U?) in the [2 (R+; HN ) space. Let ¢ be a test

. loc
function:
[I‘&r xT3

< ” U£||L°°(R+;L2) ” UE”LfOC(m;Hl'O) ||V(/’“L2(R+;L30Li)

f o (U5, U%)-¢ dxdt‘: ﬁ(f)Uf®£(f)U€] :V(bdxdt‘
R, xT3 € £

Indeed (5.1) assures us that U® € L2 (Ry; H"°(T?)) uniformly in &, whence, by density, we proved that (0,U*), is
bounded, uniformly in ¢, in leoc (R.; H™N) where N is large. It suffice hence to apply Aubin-Lions lemma (see [3]) to
deduce the claim. O

Proposition[5.1]asserts hence that (up to subsequences, not relabeled):
Ut=U+r"5,

where 7€ is an L7 (Ry; H™"(T?)) perturbation and U is a non-highly-oscillating state. In what follows we denote as
Vqc the projection onto the non-oscillating space defined in of the limit non-highly-oscillating state U, similarly
Upsc is the projection of U onto the oscillating subspace. The element Q is indeed defined as Q = -0, U'+0,U?% -
FosU*.

First of all we have to make sense of a convergence of the from
o (U5, U*) - QU,U),
where U is a weak solution of the limit system (S) of which we can say at best that it belongs to the space
Ue L™ (Ry; L2 (T7)), ViU e L (Ry; L2 (T%)), (5.2)

thanks to Theorem[1.10} (U®).>0 a (not relabeled) sequence of local strong solutions of (FSg) which satisfy uni-
formly in € and that converges to a limit element U in leoc (R4; H™™) for some 7 > 0. In fact, in order to define Q in
(3.14), we applied the nonstationary phase theorem for smooth function. This is obviously not the case, but mollifying
the data it is possible to deduce an analogous result;

Lemma 5.2. Let (U%).>q a (not relabeled) sequence of local strong solutions of which satisfy uniformly in €
and that converges to a limit element U in leoC (R4; H™™) for somen > 0. Then the following limit holds in the sense of
distributions

of (U5, U%) - QU,U).

Proof. Let us define the mollifications

U =F" (1 1y U Ua=F" (14n<1,0).
Indeed
Q°(U%,U)-QW,U) = QF (U, U°) - Q° (Ug, Ug)
+Q° (Ug, Ug) — QUq, Uy) (5.3)
+QUq, Uy) -2 (U, ),
and

Qf (UF,U*) - QF (Ug, UE) =0, 54
Q(Ua, Ua) - QU, U) 2=20, '

a—0

weakly since UE <=% U?, U, 2= U in L (Ry;L*(T?)). Being the space domain T° compact we do not require a

passage to subsequences on the parameter a but the convergence holds true for the entire sequence. Next we can say
that

QE (Uéy Ué) - Q (Ua; Ua) = (QE (Uéy U(‘;) - Q&' (Ua; Ua))
+(Q° (Ua, Ua) = Q(Uq, Ua)),

and again, for a > 0 fixed
QF (UE, US) - ©F (Ua, Ua) =0, (5.5)
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ioc R+; H™™) due to the topological argument performed in Proposition Finally we
can apply the nonstationary phase theorem on Qf (Uy, Uy) — Q (Uy, Uy) deducing that

. e—0 s
weakly since U —— Uy in L2

e—0

QE (Ua» Ua)_Q(Uar Ua) —0, (5.6)

in the sense of distributions for a > 0 fixed. Whence (5.3)-(5.6) imply that, fixed a (possibly small) positive a > 0,
considering a ¢ € D (R4 x T3), there exists a cq = cq (¢) > 0 such that ¢ — 0 as @ — 0 and such that

lim
e—0

f S(QE(US,UE)—Q(U, U))-¢dx dt‘ < cq. (5.7)
Ry xT
The left-hand side of is indeed independent from the parameter @, whence

lim
e—0

f (U, Uf)-Qw, b)) ~</>dxdt‘ < lim cq =0.
Ry xT a—0

O

We underline the fact that the following calculations are an adaptation of the ones present in the work [24] to the case
of anisotropic viscosity. For this reason many calculations shall not be carried out in detail, or we shall directly refer
to the work [24] and references therein.

Once the convergence for the bilinear interactions is formalized we focus to understand how the global splitting
introduced in Section3.1]can be applied on bilinear interactions of elements which are not smooth.

P Embid and A. Majda proved the following lemma in [22]:

Lemmas5.3. F! ((FQ (UE,Uf)|Inlge®(n)) i) <= voG - VQ. The limit holds in the sense of distributions.

Proof. Let us compute

FH(FQ8 (U5, U%) |Inlp () ) i) — voG - VQ
= FH((FQ (US, Uf) |Inlpe®(m)) o) = F 1 ((FQ° (UG, Ug) [Inlk () ) ca)
+ FH((FQ8 (UL, UE) Inlpe® () ca) — voG,a - VQa
+UQG,a - VQa —UQG- VQ.
The element

D’ X 3
F(FQE (U, U linlr 0 )es) - F~ ((FQE (U5, US) 1115 () ) T,

since U¢ 229 yein Ly, (R4; L?). Next applying the nonstationary phase theorem and Lemmal3.1{we can say that

FH(FQ® (UE UE)|Inlp e () es) — vQG,a - VQa — 0,
as € — 0 in the sense of distributions. Lastly again we can argue as above in order to state that

D' (R+xT3)
VQG,a - VQa — oG- VQ ————0

)
=0

since vqg,q — VoG and Qg — Qin L (R,;L?), concluding. O

We want to understand which are the projections of D* U onto the oscillatory and non oscillatory space as € — 0.
This is easily done if we consider the formulation of the limit form as it is given in (3.15). Let us consider the projection
of the limit linear form onto the potential space defined by Q = F ' ((FU |Inlpe° ) ),

(FOU|inlre)e = Y (DmULM

w®P=0

e“(n))C4 (e“m]Inlpe)e.

As it has been pointed out above e° L e*, hence a = 0. On the other hand if we consider the limit set (uf,’b = 0 with the
fact that a = 0 we easily obtain that w? (n) =0, whence b = 0 as well, hence we obtained that
2., 2 1522
t ¢ viny+n5)+v Fn ~
(—E(——)DE(—) U* Ly + ) 3 (2 +n2)Q,|.
€ €

F Y in Ieo) =, D= F!
(Inr )c4 QG- ng +ns +F?n3
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In the same way, defining U% = (F U] e%) e*

. t t .
—llir(l)ﬁ(—g)DE(E)Ugsc=aOSC(Dh)UgSC= FU Y (D(n)Uh(n) e“(n))ﬁ e (n)

wz'b=0

a,b=+

We want now to understand which form assumes the limit as € — 0 of the projection of QFf (U?, U?) onto the
oscillatory subspace Ce™ ® Ce™. In particular the following result holds true:

Lemma 5.4. For every three-dimensional torus T3 we have

e—0

Q° (Ue, UE)OSC - (Q (VQG; UOSC))OSC + (Q (Uosc, VQG))osc +(Q (Uosc, Uosc))osc - (5.8)

Proof. We avoid to give a detailed proof of such result since the proof is very similar to the one performed in Lemma
[5.3|but using Corollary[3.4)instead of Lemma|3.1 O

The above lemmas hence states that, in the limit € — 0, there is no bilinear interaction of kernel elements in the
equation describing the evolution of Ugysc.

The filtered system can be described, as € — 0, thanks to the following two systems:

0,Q+ ugG VpQ+ageDp)Q = 0
{ divy v =divvge =0 (5.9)
9, =%

0:Uosc +(Q(VaG, Uose)) osc + (Q (Uose: VQG) ) osc
+ (Q (Uosc) Uosc)) osc + Aosc (D) Upse =0

3 div tpsc = 0 (5.10)

UOSC

=0 = Uosc,O = (Vo) osc-

The system (5.9) represents the projection of the limit system onto the non-oscillatory potential subspace defined by
Q, and (5.10) represents the projection onto Ce™ & Ce™.

el
h
It is easy to deduce from that if Vg = 0 A?Q then
—Fo3
et
h
0:Voe + aqs (Dp) Vo = - 0 A (ng . VhQ) ,
—0sF (5.11)

divy, USG =divvgg =0
Voo|,_, = Vaco = (V;;,0,~Fds)T AL'Qy.

We remark that in the equation (5.10) the term Q (Uysc, Uosc) represents a bilinear interaction between highly os-
cillating modes, i.e. we are taking into account some potentially resonant effect such as in [35].

The following lemma gives a connection in terms of regularity between the solutions of and (5.11), and will
result to be extremely useful in the energy estimates for the global well posedness of the limit system.

Vi
Lemma5.5. Let A;AS,,’Q € L2 (T3), with Vog = 0 AQ. Let o €(0,1], then there exists a uniformly finite (in o)
—F03

constant C, depending only on o such that

/
HA;LHTAf/Hl_U) VoG

<Cy HA;ASUQ

12(T3) 12(T3)°

5.1 Propagation of the horizontal average

In the following lemmas we identify some conditions which suffice to guarantee that the horizontal average of U =
Uqc + Uosc solution of the limit system (5.10)-(5.11) is preserved for each time ¢ > 0. It is important to propagate the
horizontal average since, generally, we cannot use inequalities such as the one stated in or Corollary[2.5]unless
the horizontal mean of the function considered is nil. It is in this setting that the condition plays a fundamental
role.
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Lemma 5.6. Let Vg the solution of (6.11), if we define
1
Voa(t, x3) = —2f VoG (£ ym x3) dyn,
Thi T

then
(3);VQG(I, x3) =0.

Proof. Tt suffice to remark that

(=82,81,0,—F3)T A} (ng .th) = (=0,,0,,0,—Fd3)T A7 divy, (ugGQ).

Lemma5.7. Let U be the weak solution of the limit system (S), the if T® satisfies the condition
atf U(t, xy, x3)dxy = 0.
-[|—2
h
Proof. Taking in consideration the oscillatory part described by equation it suffices to prove that
f Q (VQG; Uosc) dxp, = f Q (Uosc; VQG) dxp, = f Q (Uopsc, Uose) dxp =0,
T T T
we consider at first the term fvi Q (VQg, Uosc) dxy,. To do so we consider

fﬁz Q (VQG» Uosc) dxp, = Z (nB ﬁ%G (k)) Uosc (m).
h w(lgl:r'lc,(oﬂs) =
b,c=+
k+m=(0,n3)

If we look what the term ﬁgG (k) is we can easily deduce that ﬁéG (k) = VQG (k) - €% (k) €92 (k), where €° is defined in

(3-4) and e%3 is the third component of °. Looking at we immediately notice that e = 0, and hence the above
value is null.

Next we consider the following term

Ffv , QUose Vaa)dxn= 3 (((nstigse (0) Vg (1)) €€ (1)) e €€ (). (5.12)
h “’Z:(r)rf(o,@) =0
a,c==%
k+m=(0,n3)

In order to prove that the above quantity is zero we have to study the summation set. Recall that the eigenvalues are
given in (3:4). The right hand side of (5.12) was evaluated explicitly thanks to the explicit formulation of the bilinear
form Q. The formulation of the summation set is quite simple thanks to the relation nj; = 0, writing down in fact
o e . a,0,c _nhl . : s .
explicitly the relation w ko (O13) K, O,n3) = Owe deduce that we are considering the following modes:
Ks={keZ’|w* (k) =1}.
The equation w* (k) = 1 characterizing K. reads as

v

ky

(szg +7€ 2)1/2 ==F,

which is equivalent to

(F?=1)kyl* = 0.
It is easy to deduce that this relation is satisfied only if k;, = 0, but let us consider now in detail what the element
a3 (6] k=(0,x;) APpearing in (5:12) is. By definition a3 (k) = (FU (k) e* (k) e*3 (k), where e*3 (k) is the third com-

ponent of the oscillating eigenvectors defined in (3.6), i.e. e*3 (k) =0. Whence ﬂgsc (0, k3) = 0 and this implies that the
contribution in (5.12) is zero.

1(0, n3) — k = m and we recover the same summation set as in (5.12).
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Next we deal with the more complex term, namely the term
f[l’z (Q (Uopsc, Uosc))osc dxp,
n

For this term the resonance set defined in Definition[1.6|plays a fundamental role, let us consider the explicit expres-
sion of the above term

e (0, ns)) e (0,n3) |.

Az (Q WUosc, Uosc))oscdxh = -7:_1 Z (] Z Ua’j (k) ijh (m)
h c4

* i=
’C(O.hs) 123

*
(0,723)

k+m = it we deduce that kj, + 77, = 0, i.e. |kh | = |my,| = A. Writing down the resonant equation we obtain the following
equality

We prove that the above quantity is zero by proving that = @. Since 7j, = 0 and the convolution constraint

(F2R2+22)'"% (P2 + 22)"?

(AZ + ]\e?z’)l/Z - (/12 + ﬁlg)l/Z

==l

Taking square (twice) and after some algebraic manipulation we obtain that the above equation is equivalent to
(A*+ F2PA2 3 + K5 (= (-2 + FA) A%+ m3)) 2 = 4 (A% + k3) 2 (A% + md) (A% + F*md).
We multiply the above equation for a3, obtaining the new equality in the unknown p* = 1%a3
+ ms + —(-2+ +m =4 + +m +F"mz), (5.13)
s P2+ (- (2 F) ) =4 ) 4 ) 4+ o
and
2_q2 2 (@) 2 (a)° 2 2 2
pe=Aag=|—| k{+|—| k3 =mki+upk;.
a az

Since the torus satisfies the Conditionwe know that F? = r; /1, € Q, hence we can transform the expression in (5.13)
in an equation of the form P (i) = 0, with P € Z [u]. Whence by the definition of Conditiongiven in Deﬁnition
we argue that

* If py = a}/a? € Q the (5.13) can be rewritten as P (i) = 0 where degP = 4. By hypothesis in Definition 18|,
is not algebraic of degree smaller or equal than four, this implies that the equation P (y) = 0 has no solution,
concluding.

o Ifup = a%/ ag € Q the procedure is the same as above, but symmetric (see Deﬁnition.
O

We have hence identified some conditions under such we can say that the horizontal mean of the limit function

t
U= lin(l) L|——| V¢ is preserved. Hence if we consider initial data with zero horizontal average we can use freely (2.7)
E— E

and the following Poincaré inequality [|U |l .p (r3) < ClIVL Ul p (13y, holds.

6 Propagation of H"" regularity

6.1 The quasi-geostrophic part
Subsection[4]ensures us that there exists a solution U for the limit system () which is
U eL™ (Ry; L* (T%)) ViU el? (Ry; L7 (T%)).
The scope of the present and following section is to prove if, under suitable initial conditions, the equations and
propagate H%®, s > 1 regularity.

Proposition 6.1. Let Qg € L? (T3) then Q € L™ (Ry; L (T3)), V,Q € L? (Ry; L (T3)), and in particular for each t > 0 the
following bound holds true

t
IQI7 3y +2¢ fo IVAQD 2 (73y AT < CIQ0 T2 73 -

This is a standard L? energy estimate on the parabolic equation which has been already proved in Theorem
LI
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Proposition 6.2. Let Q be the solution of and let Qg € H*® for some s > 0. Then forall t € R, Q € C (Ry; H**) and
VipQe L2 (Ry; H*Y). The following estimate holds:

C
1200120, +cf IVAQ@I%0. dT < ClIQollHOseXp{ (1192012, 1 ) 1920 12, TS)} 6.1)

Proof. Applying the vertical truncation Ay on both sides of equation (5.9), multiplying both sides for Ay Q and taking
the scalar product in L? (Ts) we obtain

+c“AVVhQ

12(T3) = ‘(A“; (USG ’ VhQ)| A;Q)LZ(FS) .

By use of Cauchy-Schwartz inequality and we obtain

2 dt “ L2(1I3)

+cHA"VhQ

2 dt H L12(T3) 12(T3)

<C27%% by (1) [uQnLQZW) IV gy IQU 6 IVAQIGE, + IVAQ 2(79) 1 05 IV Qo | (6.2)

We recall that in ( (bq) is a ¢! (Z) positive sequence which depends on Q and such that g bq (£) < 1. Multiplying
equation (6.2) on both SIdes for 2245, summing on ¢ € Z and using the convexity inequalities 2ab < a? + b? and ab <
%a‘l + %h‘“?’ we obtain
1d
2dr
whence, applying Gronwall inequality to in [0, t] we deduce the bound

10 0, + NV R0 < S IV, + C (141002 () ) IV QI (55| 192025, 6.3)

||Q(r)||H05+cf IVRQDIZ,0,dT < CIIQOIIHOseXp{ZCf (14 1212, (5) | IVR QU 2, (12 d }

Hence, considering that Q is bounded in L® (R,; L? (T®)) and V;Q is bounded in L? (R.; L? (T3)) we deduce the esti-
mate (6.1)). O

Remark 6.3. In Proposition[6.2lwe do not require the initial data to be of zero horizontal average in order to propagate
H%S norms. ¢

6.2 The oscillatory part

We can now turn our attention on the oscillatory part Uysc solution of the equation (5.10). Indeed the terms Q (VQG, UOSC)
and Q (Uosc, Vi) present in should not present a problem in the propagation of regularity, being linear in Ups.
The term Q (Uysc, Uosc) though is a bilinear interaction of oscillating modes. Fortunately as pointed out in Lemma
the bilinear form Q has better product rules than the standard Navier-Stokes bilinear form, this will allow us to
recover the global well posedness result for (5.10).

Lemma 6.4. Let U be the weak solution defined in Theorem then Uysc = U — Vg satisfies the energy bound

1Uosc (D35 53 + ¢ f 191 Uose (1)1 70y A < C VDN ).

Proof. The proof stems from the fact that Uysc = I1osc U where I1osc = 1 -Tlgg is a pseudo-differential operator of order
zero as it was explained in the proof of Theorem(1.10 O

Proposition 6.5. Let Uy be the solution of (5.10) and VqG,0, Uosc,o =0. Let T3 satisfy the condition|(P)|and Uysc,0, U €
H® for s >1/2, then Upsc € C (Ry; H*) and V,Uysc € L? (Ry; H*®) and the following bound holds

t
1Uose ()10, + f 1Uose @120, dr

<C”UOSCO||HOseXp{

2C
IIQollHOSEXp{ (1 192012, (1 ) 192012, T3)}+ (1 10012, (5 ) 1012 1y

L

Proof. As in the proof of Proposition apply the vertical truncation A‘L’, on both sides of (5.10) and taking scalar
product in L? (T3) we obtain

+c”A Vi Usee|

S |(A¥,Q (VQGr Uosc)

A Uosc)

2
2dr H qUosc 12(T3) 12(T3)

+ )(AZ]Q (Uosc; VQG)’ AZ Uosc)

+ ‘ (AZ]Q (Uoscs Uosc)

A Uosc) |-
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Taking moreover in account the estimates (8.8) and the above inequality turns into

2
I2(T3)
< qu (1) Z_qu ||VhQ||H0ys ”Vh Uosc ”HO.S || Uosc”HO.S

+Cby (1271 1QU S NVRQN o 1 Uoscll s 1VhUoscl 3y

+Chy ()27 2T |V Uoscll 2 (13) 1 Uosc l os 1V Uosell s

+ Cbq (12729 | Uoscll 1273y IV hUoscl s 1Uosc gt 1V Uosc I

2
AY
H qUosc 12(T3)

+e HA;vhUOSC

2dt

(6.4)

HOs

We recall that (bq) q isa ¢! (2) positive sequence which depends on Q and Ups and such that ¥ qbq () < 1. Multiplying

both sides of (6.4) for 2245, summing over g € Z, and using the inequalities 2ab < a?+b? and ab < ia‘* + %b‘“ 3 we
obtain

S ol + €1 Uosel2 g3y < 26 (14 190250.) 1932050 + (1 1WoselZa oy ) 9 Uosel gy Wil s~ (69

applying Gronwall inequality to we obtain

t
Worc 00 +¢ | NUose (11, dr

<c||Uosc,o||Ho,sexp{zc f (1+1Q@)15,05) IVAQ@ 550, + (1+||Uosc(r)||L2(T3))||vhUosc<r)||§2@3)dr},

concluding. O

6.3 Proof of Theorem|1.12

At this point it is very easy to prove Theorem Let us consider a data V € H”S,Qq € H>®,s > 1 and V; with zero
horizontal average. Thanks to Proposition [6.2|we know that Q € C (Ry; H*S™1) nC (Ry; H*S), V,Q € L2 (Ry; H*S 1) n
L* (R4; H*%). This implies, thanks to Lemma [5.5} that A$ Vg € C (R4;L? (T3)), ViASVoe € L? (Ry; L*(T3)). Since
Vg is defined as Vo = Mg U where Ig is a Fourier multiplier of order zero, which maps continuously any H® s
space onto itself, we deduce that Vog € L (R, L?), V; VoG € L? (R4, L2) since U is so thanks to Theorem|[1.10] Hence
VoG € C (Ry; H¥), V), Vo € L? (Ry; H*®). For the oscillating part it suffices to apply Proposmon and the proof is
complete.

We outline how to prove that solutions to the limit system are HO'S/—stable, for s' € [-1/2,5) globally with a contin-
uous dependence of the initial data. To do so consider the two solutions Uy, U> to the limit system

0:U1+Q(U),U))-DU, =0

divu; =0 (6.6)
Ul|t:0 =Uo
0:Uz+ Q Uz, Uz) -DU> =0
divu, =0 6.7)
Us| _ =Unp.

=0

Subtracting from and setting U = U; — U, we obtain the following system

0:;U+QWU;, 0N +Q(U,U,)—-DU =0
divu=0 (6.8)
U| _=Up=U0—Uszp.

t=0

The horizontal average of U is zero thanks to the propagation results proved in Section 5.1} hence we can now apply
the stability result stated in Proposition [2.9} proved by M. Paicu in [37], to the system (6.8). This gives the following
estimate

t
Wi, e[ Imumi, | dr
H> 2 0 H™ 2
t t
§C||U0||i[0ﬁ% exp{fo (1+||U(r)||H[,Y)||vhU(r)||Hmdr+f0 1+ 11U @) 13,05) IVRUL @) 15,0, dT

+f0 (14102 ()120,) 193Uz (01120, dT }
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The argument of the exponential is indeed uniformly bounded thanks to the estimates on the limit system performed
above, whence if || Uy II;O , is small the whole right hand side of the above equation if small. Since moreover

t
NUI2 0, + cf IVAU @120 d7 < C(I1UpI%0.)
0

uniformly in ¢ by interpolation we prove the assertion stated above. (]

7 Convergence of the system as ¢ — 0
Remark 7.1. We point out the fact that Proposition[2.9)can be applied as well to systems of the form
0w+ QF (w, w) + Q° (u,w) —ap (D) w =f, div w =0.

¢

Remark 7.2. In the present section our aim is to use Proposition [2.7] and to the systems and (). Let us
compare these two systems with (NSz): the only structural difference between these two is that in and (S the
Poincaré semigroup couples velocity field and temperature v¢, T¢ in a new variable U?, but the structure itself of the
equation is unchanged. For this reason Propositions[2.7jand[2.9|can be applied in the present case. ¢

We shall require as well the following result

Lemma7.3. Let f € H*| 5,5 € R such that the horizontal average f € H;ﬁ'. Than

I

e <

Proof. Since the element f is the horizontal average of the function f we can indeed argue that

fe=F((Fo.m),),

atleast in L?. Whence calculating explicitly the Sobolev norms

2 N 2

1]} = £ 0end) lFonsl, @

v nseZ

A 2

£ = X 1+ (1+03)" | f (3| (7.2)

nez3
Comparing the expressions in and we remark that is the restriction of onto the fiber {n; =0},
concluding. O

Remark 7.4. Letus recall that Theorem[1.4]implies that, for each £ > 0 fixed, there exists a maximal time T;* < oo such
that for each T* < T} and s > 1/2 the function U belongs to the space

U¢eL™([o, T*]; H*Y), VU e L2 ([0, T*]; H*Y).
1

We prove that, given V§ € H*®, s > 1, the solution of the filtered system converges to the solution of the limit
system (5.9), (5.10) in the sense that

t
lim(vE —E(—) U) =0 in C (Ry; H*?)
e—0 £
t
lim V (VE —£(—) U) =0 in L? (Ry; H*?)
£— €
Vi
for o € [1,5), where U = Uysc + Ugg and Ugg = VoG = ( 0 )AEIQ with Q solution of (5.9). To do so we use a
—Fo3

method introduced by S. Schochet in [39] in the framework of hyperbolic systems. A suitable change of variable has
to be performed so that the singular perturbations cancel among themselves. The same method has been studied
in a wide generality by I. Gallagher in [24] in the generic context of parabolic (nonlinear) equations with singular, lin-
ear, skew-symmetric perturbation. We mention as well the works [26] and [35] in which such technique has been used.

26



We want to underline a major difference between the application of Schochet method in the present work and in
the work [35]. In [35] in fact the convergence takes place for the values of o between 1/2 and s. In the present case
o € [1,s), this difference is motivated by the fact that the limit system () is globally well posed in H%¢, s > 1 only. This
is due to the fact that we proved the propagation of H**, s > 0 data for Q in Proposition hence we applied Lemma
mto state that H%%, s > 1 data is propagated for VQe-

Let us denote T} the maximal lifespan of U* solution of in the space H** (T3) with s > 1, which exists thanks
to the work [37]. Then there exists a time T} > T > 0 such that U* € C([0, T]; H**) and V,U* € L?([0, T]; H**) uni-
formly in € small enough. Let us define W¢ = U¢ — U defined on the interval [0, T*] taking values in H%®. The differ-
ence W¥ satisfies the following equation

0, W+ Q° (W*, W)+ Q° (U, W°) - D*W*
=-(D°-D)U-(Q° (U, U)-QU, ),

divw® =0,

Ws|t:0 =0,

(7.3)

where the form QF is symmetric, bilinear and defined via

Qf (A,B) = Q° (A, B)+ Q° (B, A).

e—0

D' (R, xT3)

Let us define R¢

0sC

(U) = Q% (U,U) - Q(U, U), where Q°F (A, B) Q (A, B). Itis it a strongly oscillating in

time function, given by the formula

Roe@=F7| ¥ o thtin (Um0 (n - k) U” (n-

ec(n))C4 e‘(n) |,

wz;z'—ck,n¢0
1</<3
where we used the notation wZ'Z'_Ck n= 0k + wP(n-k) —w'n), a,b,c € {+}, w*(n) defined as in B.4), Uk) =

(Uk)| e (k) e” (k) and U%/ is the j-th component of U“.

As well the function S5, = (D — D) U is a highly oscillating function defined as

SE (U =F! Ze@W@mWW
w®P20

e“(n))C4 e“(n) |,

and as well as R, S5, — 0 as ¢ — 0 in D’ only. For the rest of the section (+|-) denotes (+|-)¢s.

We decompose R: . and S%

osC ¢sc in high and low frequencies, i.e.

.t abc .
REN O =F Yueny 2 e%wmwmqwgm(Umﬂmbq—kﬂme—k)

osc,L.

e“(m)e‘m |,
i
Téﬁ@
_ -t .a,b
SSSZX,LF(U) =F gy Y €eon (D(n)Ub(n)

w®P20

e“(n)) e’(n) |,

and

REN () =RE..(U)-REN, ()

osc,HF 0sc osc,LF

N _ N
stc,HF(U) _Sgsc(U) - SESC,LF(U)'

Indeed the subscript fijr stands for high frequencies and the subscript fir stands for low frequencies.
Concerning the high frequencies terms the following lemma hold

Lemma?7.5. If N — oo the terms R©N (1), S5N . (U) tend uniformly to 0in e respectively in the space LP ([0, T}; H™71/2)

0SC, osc,HF

and LP ([0, T); H ) forall 1< p<2,s> 1.

The proof of Lemma([7.5]is postponed to the end of the section for the sake of clarity.
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The term RESIX r(U) tends only weakly to zero. In order to absorb it in the following computations we introduce

the following notation

N 1 eleZZLkn b
. .
Ryes @ =F N lyucny 2 Tl{w@v}( I,k (nj—kj)U

a,b,c w
Ok n?0 T kn—kn

1<j<3

e (n)) e‘(n)

a,b
len

oscLF(U) =F! 1{|n\<N} Z (D(n)Ub e (n))e (n)

b4 iw®?

We define as well the following auxiliary unknown
N N
wiN = we e (RGN, L+ SN ). (7.4)

&N
Considering the new unknown defined in into (7.3), after some algebraic manipulation, we obtain that W[}
satisfies the following equation

1~
e,N &N \y&,N _ e,N £, N N
0¥y + 59 (Wi, Wi —2e (RN, L+ 82N L)) +2u) -pewY = TN ), (7.5)
where
SN &N e,N
1"5 Rosc HF + SOsc,HF + Er?V’
and

N
r =D* (Rosc LF U)+ Sgsc,LF(U))

1~ N N N N Nt Nt
EQ ((R(isc LF(U) + Sgsc LF(U)) (Rgsc LF(U) + Si)sc LF(U)) ) (Rgsc LF(U) + Sgsc LF(U)) (7'6)
and respectively

-t ab.c
e € kn-kn

Rt =F " Lmeny ¥ Lm0 (U6 0 (n; = k) U” (1, n= B e e ()
wkz en?0 wkn k,n
1<j<3

.t ab
eleWn

Sewir =F 1{|n|<N} Z z[(
720 iw®t

e“(n)) e“(n)]
Lemma 7.6. The term IS, given by the relation (7.6) is bounded uniformly in € by a constant C(N), which depend on N

solely, in thespacesL’”([O THEH YY) fori< p<2.

Proof. Since the functions considered are localized in a ball of radius N in the frequency space, it is possible to gain
all the regularity that wanted at the price of a constant which behaves like a power of N. Hence, if wZ’b, wZ’Z’f en?0

1 L < C(N)
wu,b wa,b,c = '
n k,n—k,n

Whence we easily obtain that I', belongs to the space L (R,, H~"~!/?) and that is uniformly bounded by a constant

C(N). O

We remark that for ¢ sufficiently small the term U — ¢ (RO s, LF(U )+ Si’SJXLF(U )) = ‘PiFN has a small horizontal mean

in H;, whence we can apply Proposmonto equation (7.5) in order to obtain, for all 7 € [0, T} ], the following bound

HO-1/2 f thqj (T)‘

t
(]\P (O)HHO o fo TN @) | 102 dT + f ||rf'N(r)||§{71,71,gdr)

cep{ [Nl + [ (1]l oo

I‘E,N

| i (t))

0-1/2 dr < C(”UO”HOJ())

dr} . @D

Since we want to obtain global in time solutions it is important to have
L' (Ry; H™V7Y2) and L2 (Ry; H-71/2).

at the same time in both spaces

28



* We remark the fact that writing the estimate (7.7) we used implicitly the bound
t ) C -~
fo (L+ 1T @0 ) IVRU @30 dT < = C (10 p0),

for sp > 1, and we denoted C (II Uoll 0.5 ) =exp{< C(I1Uoll o0 ) }-
* We used Lemmal7.3|to deduce the inequality
I @ e < TN @ e
which has consequently be applied in order to deduce (7.7).
Considering Lemma[7.5we can say that for each ) > 0 there exits a large enough N such that, setting X = L! (R,; H™"7/2)n

L (R H—l 1/2)

and thanks to Lemma([7.6|for ¢ sufficiently small

&N &,N n
Risenr* Sosc HF ” S 9’

e|riylly <ecan <,

whence we obtain that
T 2 < -

Thanks to the definition (7.4) we can argue that for each n > 0 and ¢ < T time of local existence of the solutions,
there exists a £ = &1 (1, T) such that for each € € (0,£;):

H\y (t) - Wf(t)(

2
. 1/2+cf [ @-viw )|, . dr <ecan <2,

in the same way we can write

TI
o SECINY 1 Upl% 00 < 5.

&N
H \FLF (0) ’ HOs 2

»e,N e, N
=€ ’ Rosc,LF (UO) + Sosc,LF (UO)‘

HO-1/2

Whence for ¢ sufficiently small and 7 € [0, T}) we have

. )dr}). (7.8)

We use now the definition of ‘I’irfv given in This implies that ” \PE N H = [|[W¥] + Op(e) for N fixed. This means

|wey (t)HHO 1/2+cf |y (T)HH0 Ldr<cn 1+exp{f |onwsy (T)HHO (1+H\P5 (r)‘

that ‘PiFN and W* have the same norm up to an error which is comparable to £ which is, anyway, considered to be
small. Whence (7.8) allows us to deduce that

t t
||w*f(:r)||§jlﬂ,,l,2+cf0 HVhWE(T)H?{O,,I,ZdTgCn(l+exp{f0 IV WE@|| 05 (1+||Wf(r)||i0,so)dr}). (7.9)

For the real numbers s’ € [-1/2, s] we introduce the following continuous function
2 f 2 2
fos @ =[WED 200 + fo (1+ W@ o | [T WE @20 d.

The function || We(1)||2

0 , is defined on the interval [0, T} ), by use of we get

Je,~112(1) < Cn, (7.10)
foreach t € [0, T}).
We consider now an sg > 1 and the maximal time

T,° :sup{0< < Tr

feso (0 <1, foreach 0< £ < T§°}.
Interpolating between H~!/2 and H>% we get

foo ()= O(n""“o"”) <1, re o, T), 7.11)
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g—98)

where 0 < 9 (sg,0) Oand0<o€[-1/2,sp).

We consider at this point U? = W¢ + U, since U has zero horizontal mean we can easily point out that
Ut = We).

Whence using Lemma 7.3} the definition of the function f; ; given in (7), and the smallness property on f; ; given in
(7.11) we deduce:

[ WED g < WD o

< C\/ Je,o (D),

<cn?? «1.

Since the horizontal average of U* is small we can infer via Propositionobtaining, foro € (1, sp);

t t
||U£(t)||iﬂ's+cf0 ||VhUg(T)||io,sdT<C||V0||Ho.sexp(f0 (11U @ o0 | IRV @ 3o dr). (7.12)
If0 < £ < T;°, and since U? = W¢ + U we deduce

t t
fo (1+||Uf(r)||i,o,g)||vth(r)||i,o,adsgfm(t)+f0 (+IU@IE0,) IVRU@) 120, dT + Fo (0). (7.13)

Fy (1) in particular is defined as
t t
Fy ()= fo (1 1WE @00 ) IVU @1, dr + fo (11T @l p00) [VaWE @00 do
r
< fo (L4 15 @ 00 ) IVAT @120 dT + (141U o) oo
2
< (?(]ilgf;:’o-) IVn U”LZ([RQ;HOJT) + (1 + ||U”L°°(R+;H0"’)) Jeo (D),

which in turn implies that, considering the above estimate in (7.13),
t t
f (1 +|| Ut @ ||§{0,f,) VAU @) |00 ds < feo(0) + f L+ IU@30,0) IV U @50, dT
0 0

+ (supfw) 19RU 2,0y + (141U 0y ) Feor (-
[O,t] +
We have seen though that in [0, T,°) that f;  (£) < 1 for o € (-1/2,59). Since U € L™ (R, H*) and V,,U € L* (Ry, H*")
for o € (1, so] (this is simply Proposition[6.2|combined with Lemma|5.5), we obtain that

t
fo (1 ) ||§,o,(,) IVhUE @300 ds < C.
If we consider the above bound in we deduced that
€ 2 t £ 2
[U e +e [ IVaUF @ Lncds <c,

for all times 7 € [0, 7.°) and s > 1. We deduce that T;° = T} and since the constant C is independent of the time ¢, this
implies that U¢(¢) can be extended in H** beyond T;* and hence we obtain that T = co as long as ¢ is sufficiently
small. Recalling that || W¢]| = o(1) in [0, T ) we deduce that U® — U globally in time in HY for-1/2< o <s.

Proof of Lemma In the following the index s denoting the anisotropic Sobolev space H”® is always considered
to be s > 1. An interesting feature is that if s > 1/2 then H; is a Banach algebra. We use this property all along the

proof. We perform at first the estimates for the term RSSZX np- Since U (1) is of zero horizontal average for all 7 > 0 and

VU € L2 (Ry; H*®) we obtain that U € L? (Ry; H*¥). Consequently U € C (R+; H*¥) n L2 (Ry; H*®), and, interpolating
UeL” (Ry, H*) for each p' € [2,00].
Let us observe that the term Rg’sf yr €an be decomposed as

RE,N _ p&N

&,N
osc,HF ~ “‘osc,1 R

+ 0sc,2’
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where we denoted
&N _ -1 &,N
Risen =F (1{|fl\2N}Rosc,HF)’

and

-t abc .
RN, =F ey X €Tt yos g (U100 (ny = k) UP (0= )| () e ().
‘”Z:ka,n#o
1<j<38

The term Rg'slg L s localized on the hi-frequencies, hence in order to prove that its L” [R+, H LU 2) norm tends to

zero as N — oo it is sufficient to apply Lebesgue theorem. In fact

”Rgsc ) HH—l,—uz <

‘Fl( Y (Uﬂ(k)®l1bun)ec(nﬂZ4eCun)
k+m=n

0172
=|U® Ul yoar

2
SIU s

Now, since U has null horizontal average, we can apply Lemma|2.4]obtaining that
| Résc D) || =112 S U gos IVR U poss -

Since L ([0, T1) < L” ([0, T)) for p’ € [1,2) if we prove that | R (U) ”LZ([O,T];H*L*”Z) < oo we can apply Lebesgue theo-

Rs,N

osc 1 — 0 as N — oco. This is in fact true since

rem and conclude that ‘

‘U" ([0, T}; H-1.-1/2)

t
2 _ 2 2 2 2
[1U1 gos IV, U gos HL§ —fo 1U (@150, IVRU (D)l AT < ||U||L00(R+;H0,s) IVRUII; . (Ra;HOS) - (7.14)
For the second term we argue as follows
[R5l e fl( Y Lz ((U ke U m) e“(n))e%n))
k+m=n HO1/2
< .7:_1( > 1{|k|>N}(U(k)|€a(k))€a(k)) lull e,
k+m=n Hl/2s

and, using (2.10) we obtain the following bound

which evidently tends to zero thanks to Lebesgue theorem.

e,N oy s . .
For the term S ' ;. it is straightforward since

1/ 1/2 1/2

RN <IF Wik m U260 o |5 (Likis i (VR () | o IU Y219, U122,

0sC,2

’H—l,—l/z

. a,b
O B o (1{InI>N} Y el (Dmutm

e%nﬂe%nq < CIVRU I pos - (7.15)
w®P20

H-Ls

O

8 The energy estimates

In this Section we refer to Vog and Uos respectively as the solutions of equation and (5.10). Moreover VQG» Uosc
represent the projections of the first three components of Vg and Ups.

The aim of this section is essentially to give an energy bound for the bilinear term appearing in equation (6.10).
Given a generic vector field u we refer to u as the horizontal average of u. This gives the natural decomposition
u = u+ #i. Since i@ has zero horizontal average the results given in the Subsection can be applied.
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8.1 Estimates for the global well-posedness of the limit system

vJ_
h
Proposition 8.1. Let Vg = 0 A;lQ where Q) is the potential vorticity defined in (3.10), then
—F0s3

(2% (vhe- vao)| a%0) < c272b, )

1135759y 1 VRN sy 190 336 IVAQIGE + 1R 1279) 120 o IV pros |, (8.1)

where (by) q is a 0 (2) positive sequence which depends on Q and such that) 4 bq (1) <1

Proof. Thanks to Bony decomposition we can write
AY (ugG - th) = SV up ALY, Q
([a0:8% -y vl AT V40 + (S5 vl — Sy vla) AYALVRQ) + X AY(SY,,VaQa%vh), 62
lg- q|<4 q'>q-4
and hence we can decompose(A"( Vo VhQ)|AV ) i ¥ (a).

First of all, since div j, UQG =0, we deduce that I 1 — 0, We remark that we proved in Lemmathat v =0, whence

ho_
VoG =7

QG. Moreover V,Q = V;,Q, hence

2 _ h
12(q) = (2585 vhs| 2% vu0| 230)
la-q |<4

:z(

la—q'|<4

NSy 0e] 25 V0| A30) = 1 (a) + 17 (a).

. ~h A A
AY;SY vQG] A;,vh9| A;Q) + (

We consider first the term Ifl’l. By Holder inequality and Lemmawe can deduce

2,1 —q || v ~h \4 A VA
THOEEDWE: [ PN NAAZES) Ay s
lg-q'|<4 h L
we can hence apply to the term Hs;,_lag 1786 Loopd and to HA‘;Q e and then and Lemmain
v "h V=h
order to deduce
1/2 1/2
2,1 < q+q'12 ” ~h v A
Ih (q)N|q7§’|<42 03 UQG 12(T3) sViD 12(T3) q’th 12(13)’
Jesal bl
LZ(‘WS) q h L2(‘|I3)’
Shq (127127281 QU T IVRQI s 190, IVRQIGE, - (8.3)

For the following terms the tools used are the same as for the term I’ Py (q), hence, we do not explain the procedure
in details. For the term I;* (q)

2,2 - _h
I, (Q) S2 q”SZ]'—la?)VQG

v
A

AY )
L2 2(r3) 9=l
Sy (0272871 2(|V1,03 VG | 12 gy 12 g0 1V Qo
Sy (027297121, Ql 12 53y 191 gos IV, o, (8.4)
where in the first inequality we used and by Poincaré inequality in the horizontal variable to obtain

q'2
LooLZ N2

Sy V03 g

”Sq 1037 UQG 12(T3)

Next, we consider the term
I (q) = ;q((sv 1V — Sy vle) By AL VL  AY0)
a-q'I<

= ¥ ((Shoavhe-Sy1the) Ay via|aY0)
lg—q'1<4

+((syy 7 -S4 lyQG)Aqu,,th‘A;Q):1211(6,)”22(0,)‘
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With calculations similar and since Supp F (S" - S;_l Vgc) c |J 29C, and hence localized from above
lg—q'1<4
and below in the frequency space, using respectively in the first inequality (2.9), Bernstein inequality, 2.7), (2.4) and

Lemmal5.5]

h
_1YQG

v A
A0

A;A;,vhfz

I?l,l (q)< ”S ’ ll/QG SQ IVQG

g '|<4 YL,

12(T3) 2’

by (127727295 |05 Vg | 15759 V03 Voe |1 2s) 1201412, IVAQIEE,

Shq (0272720 1Q) 150y IVRQU sy 120 i IV RIS, (8.5)

The procedure for the term 1,31‘2 (q) is almost the same as the one for the term 12’1 (q), except that we do not use (2-7)
and we use Poincaré inequality in the horizontal variables

1% (q) < bg (02772729 |V, Q1 2 (73) 12 o 1V Qs (8.6)
The last term

na)= ¥ (ay(sy.,vn0al ) av)
q'>q-1

= Y (ay(sy..va0ay o) ava)+ X (ay(sh.,va0al vho)|ave) =1t (a)+ 17 (q).
q'>q-1 v q'>q-1 v !

Let us deal with the term I;ll’l (q). Applying Hélder inequality we deduce

4,1 v h v v
Ih (q)g Z ”Aq’yQG oo 4 Sq’+2vhQ 12(T3) a 24
'>g—1 vtp V™h
Using Bernstein inequality twice, 2.7), Lemmal.5|and lastly (2.4) we deduce
v h < oq'12 v h
”Aq,UQG L?Li’vz HAq,UQG 2
-q'I2 v h
P YN L2L4,
/ 1/2
<9—q'12 v h ‘
<2 ”03Aq/UQG PO R Y Vi sy
<22 av0l " Jv,aral
~ ” a sy 12 a ™ sy
Seq (@, 0271245 10| e IV,Ql e,
An application of and gives instead
|a38] ., Seq@ vz 1anE AN, 87

whence we deduce the bound

I4,1

() < C27295792 by (Q, DIV QU 2 12y 120 o 1Vl o5 -

To bound the term 12’2 (q) is a similar procedure and hence is omitted. Collecting the estimates (8.3)-(8.7) we deduce
the bound (8.1). O

Proposition 8.2. Let Vg and Uysc respectively be the solution of equation (5.11) and (6.10), then if the horizontal mean
of Vo and Uy is zero (see Lemmas(5.6 and[5.7) the following estimates hold

( AZ, Q (VQGr Uosc)

Ag U"“) + ( £5Q (Uose: Vo) | oY U°S°)L2 (13)

< C272B by (D) IV QU os 1V Uosell go.s 1Uosell po.s

L2(T3)

_ (8.8)
+C27 2 by () 1,55 IV R QU 55 1 Uoscll o 1V R Uosell 3o
(A‘;Q (Uosc» Uosc) A‘Z] Uosc)L2 (1]_3) ngq () 2—2qs ||Vh Uosc”LZ (TS) || Uosc "HOS ||Vh Uosc”HOJ
8.9)
+Cbq (1277 |Ussell 213 1V Uoscll 2 ysy 1 Uoscll s 1V Uose g -

The sequence (bq) q isatl(2) positive sequence which depends on Q, Uysc and such that Y, q by (<1
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Remark 8.3. From now on () = (-|-) z2(y3) ¢

Proof. We divide the proof of the above proposition in two parts, namely one part for each estimate.

In what follows we always consider s > 1/2, hence the embedding H; — L$° holds true. Moreover we underline the
fact that Vg (£) and Uosc () have zero horizontal average for each ¢ > 0 if the initial data has zero horizontal average
thanks to the results of Lemmal5.6/and Lemma[5.7) whence the estimates (2.7), (2.10) and Lemma(1.2]can be applied
in this context.

Proof of (8.8): in order to prove the estimate (8.8) we substitute the bilinear form Q with the transport bilinear
form. This choice is done only in order to simplify the notation.

Indeed we have

AyUosc |,

)(A (VQG vUosc

)| A% Uose) | =

5 50
)(dwh AV (ng«@UOSC)
{

leh AY ( Uose ® VQG)’ A‘L; Uosc)

Ay Uosc |,

‘(Aq (uosc vVQG )A Uosc)

+ | (agA; (uosc VQG)‘ AZ Uosc) ,

and indeed

A Uose) | +

<2|( &Y (Uose ® Voa) | 44 ViUose) |,

’(dlvh AY ( Uy ® VQG)‘ Ay Uosc)

’(divh A‘; (ng ® Uosc)

whence

Ay Uosc)

+ |(A‘,; (ttose - VVoG) (AV Uosc)

<2|( Uosc®VQG ’A VhUosc)

)(A; (VoG - VUesc)

=By () +Bu(4)-

+ |(63 AZ] (Ltgsc VQG)| A; Uosc)
Thanks to and LemmalT.2lwe deduce

Bh (67) 5 Z_qubq (t) ” Uosc ® VQG “ HOs ||Vh Uosc”HO,s »
S 272 by (1) || Vaa| guves | Uoscll gzs 1V pUoscll gos - (8.10)

An application of Poincaré inequality and and (2.10) allows us to deduce that

” VQG“H”Z'S < “Vh Vo ||Hl/2,s ,

A FANACE P

An application of Lemmal5.5|leads to

1/2

IV Vac | go.s i s

1/2
pos SIQIRIV,Q102,

2
VAR
whence with use of (2.10) we deduce the bound

B (q) S 272 bg (0 1215160 IV RQU L 1 Ul 1V 3 Ussc 1376

HOs HOs (8.11)

HOs *

The term B, can instead be written as

B, (q) = |( &% (divi ulie Voa)| 2% Uosc) = B! (q)+B2(q).

+‘(A2( Ugse 03VQG ‘A Uosc)

For the term B} (q), applying and Lemma

By (9) S272%bg (1) (Q, Uosc)

: h
leh uosc VQG H H-1/2s || UOSC”HI/ZvS y

S Z_Zquq (1) || VQG” /2.5 1 Uoscll grz.s 1V Uoscll po.s »

which is the same estimate as (8.10) and whence we can deduce the same bound as for By, (q) i.e. (8.11).
The term B2 (g) is indeed less regular due to the presence of the vertical derivative. Similarly as before we can apply
and Lemmal1.2]to deduce

B (q) S27%%by (1) ]| 05V | pos 1 Uosell 1/ -
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Poincaré inequality and Lemmal5.5|imply
05 Vac || go.s < 1103V V]| gos S N1VRQH o,
while using we can conclude with the following bound
B2(q) $27%by (1) IV Q o5 1 Uoscll yo.s 1V Uoscl s - 8.12)

Whence (8.11) and (8.12) prove (8.8).
Proof of (8.9): Lastly we consider the term

(A‘; Q (UOSC! UOSC) A; UOSC) = (A‘; Qh (UOSC! UOSC) A; UUSC) + (Az Q3 (UOSC7 UOSC) A; UOSC)
=C"(q)+C" (q),
where Q" and Q3 are respectively defined as
h . r . . h t
Q" (Uosc, Uosc) =£ET})£ _E L g Usse| - Y7 E Uosc | » (8.13)
3 . r ). . 3 t
Q” (Uose, Uosc) =£ET})£ _E L z Ussc 03L E Uosc (8.14)

By aid of Bony decomposition as in we can say that

C"(q)= | Z|<4 (249" (¥, Uoser A% Uose)
q-q'|<

A Uose)

+ 3 (850" (8] UoserSiUox
q'>q-4

AYJUOSC) = C{l (q)+ Czh (q)-
By use of Lemma(8.4

cA@s X |y Ve
la-a'|<4

A;l Vh Uosc

AZ] Uosc

/2,0 20’

12(T3)
moreover since Uy is a vector field with zero horizontal average we can apply (2.7)

1/2 1/2
SN UosellM52 o 1V Upsel Y

v
”Sq’—l Uosc H1/20 ~ 12(T3) L2(T3)’

1/2
12(T3)

1/2

v
||AqUOSC Lz(_[rs) )

s S 2% ose

VhAZ]Uosc

H1/2,
whence thanks to (2.4) and the fact that the sum is performed on a finite set of ¢’

CY' (@) S bg (02729 | Uoscll 73y IV aUoscl 573y 1oscll i 1V A Uosc I35 - (8.15)

Similar computations give us the result for C”, here we sketch the procedure. Respectively using (8.21), (Z.4) and
summing on the summation set

cha)= ¥ (242" (A% Uose, Sl ,Uos)
q'>q-4
b (027295 |V uUssel 2 (79) | Uosell o 11V Uosell o (8.16)

A Uosc)

On the term C” we apply instead Bony decomposition as in obtaining

c’ (CI) = (Q3 (Sz_onsc,AZUosc) A‘Z]Uosc)
+ 0 (Q3(Sh-1Uose =Sty Uoser AYAY Uose | A% Uose
lg-q'l<4
+ Y lim||A},SY c|ilw, 3A"6££U avc(ilo,
|q_q/|<45“0 q g -1 e 0sc q'"3 £ osc| 2qg € 0sc
4
+ X (A9 (A Uoser S pUosc )| A Uosc) = 3 CF (a),

q'>q-4 k=1
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where Q3 is defined in (8.14). Let us consider the term CY (g) first. Integration by parts and the fact that divergence-
free vector fields are considered gives

, t 3 t t
Clv (q) :{!:1_1’)1(1) s SZ_I ([: (g) Uosc) agﬁ (E) AZ Uosc£ (E) A‘ZIUOSCdX,

h 2

1. X t
=— EPE(I) - Squth (L (;) UOSC) dx.

t
£(2)A‘{;UOSC

Using the fact that £ (£) is an isometry on Sobolev spaces, and (8:2I) we deduce
t
£
Sby (0272 1V, Uosell 2 (13) | Uosc l o IV Uoscll oss - (8.17)

e—0

t h 2
cila)= [ 5 sav (2( )] [e[2) 3500 0

Let us consider the term C2" which is defined as

C; (q) = |q—%<4 (Q% (S5 Uose = 811, Uoses A4 AY, Upse)
— S N —
= Y Y (L0Yw-5 0" 0)meAyaru” mm 50" (),

|g—q'| <4 (k,m,n)eC*
a,b,c,d=+

A4 Uosc)

where U?¢ (m, n) = ( gb (m)| e’ (n)) e (n). Since the eigenvectors e are normalized to norm one we deduce | Ubc (m, n) | <
|U? (m)]. At this point we can use Lemmato obtain the bound

Gas Y X

lg-q'|<aa==%

v a,3 v a,3
Sq_lU - Sq’—l U

AZ A‘;r 63 Uosc

A; Uosc

12(T3) H1/2,0 H1/20°

We remark that the term U“ is in fact divergence-free.
Thanks to Lemma

Sy U™ - Sty U3

o e][51-5p oo

2(T3) 2(13)’

<274 H (SZ—I - SZ;_l) ViUosc

12(13)’

” A\‘;AZ]/GS Uosc

<od H AY A, Upse

120 ~

20’
Hence using first and then (2.10)
CZU (q) S bg (1) 27248 IVhUoscll 2 (T3) 1Uoscll gos 1V Uosc | goss - (8.18)

The term C} (¢) will be handled in a different way. First of all, writing f; = £(£) f and considering that commutators
can be expressed as convolutions (as it has been expressed in detail in the Section[2.3} see equation (2.5)) we can write
Cy(q) as

3

v _ 1 (04 v 3 _
)=t 5[ 2 (500U a1l )

X 63A\:7/ Uosc,e (xhr X3 — J/3) AZ; Uopsc,e (x)dysdrdxpdxs,

with /1(z) = zh(z) and h = F . Taking the limit as £ — 0, using the divergence free-property we obtain the following
bound

< > [ i (27y) (8, Vo) o+ 750 32) )
lg=q'1<4? Tv*(O1) (&, mekC*
x| (0938 Vose (%3 = y3) | (0 = ) A Uoselm) | dysdrr,
applying Lemma|3.4]
Gla) < |q—§]<4fﬂ,x[o,1] h(27ys) ”S‘,;r_1VhUosc (xp, x5+ 7 (x3—y3)) Ly
x OsA‘[’],Uosc(xh,x3—J/3))HM‘O AgUose Hl/z,ody3d7r
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by standard calculations, localization of the term 93 A‘{’i, Uysc and [2.7) we obtain

CY (q) S bg(D272T IV Uosell 2 (73) | Uosc l o IV Ussc ll oss - (8.19)

Lastly, for the reminder term C; (q), if we apply Lemma and Lemmaas for the term C} (q) we get

HOS q/)ZH LTS [N VAL N PIVES/ S
hence by localization and the interpolation we obtain
Ci (4) S bg(0272% 1Uoscl 53y 1V nUosell 2y 1 Uosell i 1V Uoscll - (8.20)
The estimates (8.15)—(8.20) prove hence (8.9). O

8.2 The bilinear form O

In this section we state some specific property of the quadratic limit form defined in (3.14). We prove a product rule

which can be applied thanks to the particular structure of the resonance set K* = | ] K};, which is a crucial feature
nez?
in the energy estimates for the limit system.

The following property has been remarked at first by A. Babin et al. in [6], and it was explicitly proved by M. Paicu
in [35]. The proof is based on the fact that, fixed (ky, n), the fiber 7 (kj, n) = {kg :(k,n) e IC*} is of finite cardinality.

Lemma8.4. Leta,be H'/?° (T3) ,ceL? (TB) vector fields of zero horizontal average on T%. Then there exists a constant
C which depends on ay/ ay only such that

Y akbm-kem
(k,m)ekC*

C
< —llallgpre, bl e, ¢ 8.21
p Il ||H”20(T3) Il ||H”2°(T3) el 2 (T3) ( )

The following proof can be found |18, Lemma 6.6, p. 150] or [35, Lemma 6.4, p. 222].

Proof. We prove Lemma.when T3 =[0,27m)3.

< Z Z iakl;n—kénL
(kp,n)ez2x 73 {k3:(k,m)elC*}

&l Y lawl|burk]- (8.22)
(kp,n)ez2xz3 {ks:(k,m)eC*}

Iicx =

(k,n)ekC*

N

By Cauchy-Schwarz inequality

1/2 1/2

P L2052

Z |ak||bnk|<( Z |ak|2|bn7k| ) ( 1) )

{ks:(k,m)eC*} {ks:(k,m)eC*} {ks:(k,m)ek*}

now, fixing (ky, n) € Z2 x Z3 there exists only a finite number (8) of resonant modes k3, i.e. #({ks : (k, n) € K*}) < 8. Let

us briefly explain why this is true. We write explicitly the resonant condition a);;’“’ = 0 (the same procedure holds
n—k,n

for the generic case ‘”Z be “n=0,a,b,c#0), this reads as

(|Fk3|2 * |kh|2)“2 +((F|n3 — ks + |y — khlz)”z ) (|an|2 ¥ (nh|2)

2 2 2 2 2 2
[ks|” + | kpl [n3 — ks|” + |ny, — kyl [n3l° + ny|

1/2

Taking squares several times on both sides of the above equation give us an expression which is free of square roots.

Moreover putting everything to common factor and recalling that n, k;, are fixed we transformed the above equation

in the form R (k3) =0, R € R[x], hence thanks to fundamental theorem of algebra it has a finite number of roots ks.
From this we deduce

1/2
y |ak||én_k|<\/§( Y |ak|2|ion_k|2),

{ks:(k,m)elC*} {ks:(k,m)elC*}
which considered into inequality (8.22) gives

I« <V8 Y Z|cn|(2|ak| | Byt )1/2.

kp,np 13
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Moreover

1/2 1/2 1/2
Yiea| Clael |boi)?|  <[T1enl?| | X 10kl |bui)?|
ng ks ng

n3, ks

and hence

1/2 1/2 1/2

USESCIIED SN D 3 ¥ I DU i B D T I (8.23)
p3 ks

(kh,n)EZZ xZ3\ 13

Let us denote at this point

1/2 1/2 1/2
ﬁnh = Zmn|2 ’ i)nh = Z|I;n|2 ’ Enh = Z|én|2 ’

ng ng ng

and the following distributions

a(xp) =F;," (n,) b(xp) =F;" (bn,) ¢(xp) =F;," (Eny)-

The inequality (8.23) can be read, applying Plancherel theorem and the product rules for Sobolev spaces, as

I g(dl~)| E)Lz(ﬁl)

N
=

ligue(z) 120 (2 180 o)

= || a||H1/2,0(-ﬂ—3) || b|| Hl/Z,()('[rS) || C||L2 (1]—3) .
To lift this argument to a generic torus ]'[ls.:1 [0,27a;) it suffice to use the transform

U (x1,X2,x3) = v (a1 X1, Az X2, azX3),

and the identity

~ _ -1/2
” U”LZ([O’ZH)«?‘) - (al ap a?)) ” V”LZ(H«?:I [0,27[&1,‘)) .
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