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Abstract: We consider the approximation of the inverse square root of regularly accretive operators in Hilbert
spaces. The approximation is of rational type and comes from the use of the Gauss—Legendre rule applied to
a special integral formulation of the fractional power. We derive sharp error estimates, based on the use of the
numerical range, and provide some numerical experiments. For practical purposes, the finite-dimensional
case is also considered. In this setting, the convergence is shown to be of exponential type. The method is
also tested for the computation of a generic fractional power.
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1 Introduction

Let H be a generic Hilbert space with scalar product denoted by (-, - ) and corresponding norm |lu| = (u, u) 3 s
u € H. Given a linear operator £ acting in 7, in this work, we are interested in the numerical approximation
of £~%, where £ is assumed to be regularly accretive, that is, associated with a regular sesquilinear form (see
[17] for a background). It is known that such operators are unbounded and satisfy

[I(Lu, u)| < nR{Lu, u)y, (1.1)
for some 1 > 0, where the symbols J and R indicate the imaginary and the real part respectively. For a > 0
and B < 1, let
Ipq={z € C:larg(z - a)| < pr} (1.2)
be the sector symmetric with respect to the real axis with vertex in a and semiangle 7. Denoting by F(£) the
numerical range of £, that is,
_ (u, Lu)
- (u,uw)

referring to (1.1), it is also known that (see [17, Theorem 2.2])

F(L):{zec:z ,ue%,uqﬁo},

F(L) € Zaxctantn 4,

In this setting, for a € (0, 1), the fractional power is defined by (see [5])

. o
Lty = Sme“") j eI+ L) tvde, Ve, (1.3)
0

where J is the identity operator in K.
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Starting from this representation, in this work, we consider some changes of variable that, in the scalar
case, lead to the formula
1 1

. 1-a a
sin(art 27a 1 271 1
179 = in( )Tl—a< J . —_dt + ! J . - dt), (1.4)
m a J 22T+ A(t+ 1)z 1 -t T(t+1)Ta + 273

where 1 > 0 is a parameter that allows to handle the case in which A is replaced by an operator £ such that
F(L) c 2,4 (Section 4). For the approximation of (1.4), we employ the Gauss-Legendre rule. Working with
the n-point formula for both integrals, we implicitly construct a rational form of type

Pan-1 (A)
QZn(A) ’
such that Ryp_1,2n(A) = A7%. Here and below, we use the symbol = to indicate a generic approximation.

Similar approaches, based on quadrature rules arising from the Dunford-Taylor integral representation
of A%, have been considered for instance in [1-4, 7, 8, 21]. Other methods that rely on the best uniform
rational approximations of functions closely related to A~* have been treated in [11-14]. Methods based on
the parabolic reformulation of fractional diffusion equations have been analyzed in [19, 20]. As pointed out
in [15], they can still be interpreted as rational approximations of A=*. We also quote here [10] for a very
recent survey. We remark that, except for [7], in all these papers, the basic assumption has been to work with
a self-adjoint operator.

As for the method considered in this paper, in order to properly define the parameter T appearing in
(1.4), we need to derive accurate error estimates. Unfortunately, this is only possible whenever the integrand
functions are both analytic; indeed, for non-analytic functions, the existing error formulas only describe the
qualitative behavior of the error decay (see e.g. [6], [18, Section 4]). For this reason, in this paper, we study
the error and the proper definition of T only for a = %, which ensures that both the integrand functions in
(1.4) are analytic. The analysis developed for the derivation of 7 allows to show that, in the operator norm,
the convergence rate is of type (“;—2')2, where n is the number of quadrature points. We do not claim that the
proposed method is the fastest since, by using an exponential transform in (1.3) and then the trapezoidal
rule, it is possible to achieve an exponential decay for the error, as shown in [7]. Nevertheless, the method has
some potentials. Indeed, the rate of convergence is independent of the angle of the sector containingF(£) (it
only affects the error constant), the initial convergence is very fast because of the factor ,,—14, and, in addition,
we have been able to derive a sharp error estimate that allows to select a priori the number of quadrature
points necessary to achieve a certain accuracy.

For practical purposes, still for a = %, we have also analyzed the behavior of the method in finite dimen-
sion, that is, in the case of bounded sectorial operators £y, showing that the decay of the error is of type

U exp(-c2 ")
1alt N el

where c¢; and ¢, are constants depending on the angle of the sector containing F(£y), and || - || is the spectral

norm. It is interesting to observe that, in the case of £y symmetric and positive definite, the above formula

can be rewritten replacing || £ || with the spectral condition number k(L y), resulting in a clear improvement

with respect for instance to the Gauss—Jacobi approach [2], where the above formula still holds, but with || £ ||

replaced by || Ly|2.

Without a rigorous error analysis, we have also considered the use of the Gauss—Legendre method for the
computation of £~%, with a # % The method appears to work rather fine even if, in this case, the choice of
the parameter 7 (see (1.4)), which plays a crucial role for the convergence behavior, is empirical.

The paper is organized as follows. In Section 2, we derive the integral representation (1.4) and approx-
imate it by using the Gauss—Legendre rule. In Section 3, we develop the error analysis in the scalar case by
studying the poles of the integrand functions in the complex plane. In Section 4, we generalize the analysis
for regularly accretive operators, by considering the error behavior on the boundaries of the sector contain-
ing the numerical range of the operator. In Section 5, working with bounded operators, we improve the
error estimates previously obtained. Finally, in Section 6, we present some experiments for the general case
ofa € (0,1).

Ron-1,2n(A) = Pan-1 € on-1, qon € oy,



DE GRUYTER E. Denich and P. Novati, A Gaussian Method for the Square Root of Accretive Operators =— 129

2 The Gauss-Legendre Approach

Starting from the integral representation (1.3), we consider the change of variable ¢ = x~2 (see [8]) that leads
to

2 sin(asm) T x2e1

A% =
b4 1+ x2A

dx, AeC)\ (-o00,0].

Then we split the above integral as follows:

1
e Zsm(arr) ]’9 201 JE x20-1
+x2/\ )

where T > 1 is a certain parameter whose meaning will be explained later. By using the changes of variable

1

x—l’ﬁ andx—1 2
N N

for the first and the second integral respectively, we have that

1 1
oo sin(am) - a(lj 1 dy + 1 J 11 dy). (2.1)
i OT+Aya 1—a0‘ry*+/1

Finally, for both integrals in (2.1), we apply the change of variable

t+1
2
and obtain the integral representation (1.4), that is,
A = —Sin(“")rH( =00 4 1(2 (A)) 2.2)
18
where
‘ 1 ‘ 1
IOQ) = J L a4 90 = J L 2.3)
o 2aT+A(t+ 1)z 4 T(t+1)Ta + 27

We remark that representation (2.1) has also been used in [21] as starting point for the construction of other
methods. Using the n-point Gauss-Legendre rule, formula (2.2) is approximated as

1-a

pro = SO a2 0 | 2T o0y, (2.4)
where . .
IPW) =Y w;2ir+ A6+ 1D)5) ", TP = Y wj(t(t + DT +2732) 7 (2.5)
j=1 j=1
in which ¢;, wj, j = 1, ..., n, are respectively the nodes and the weights of the Gaussian rule. As mentioned
in the introduction, we observe that (2.4) is in fact a rational approximation Ryp_1,2n(A) of A~%, where
1A
Ron-1,2n(A) = pZn—l()’ Pan-1 € an-1, q2n € oy,
QZn(A)

3 General Error Analysis

As mentioned in the introduction, the error analysis is only given for the case a = % Let us consider the
transform 1
P(w) = (W+W), wec, |w >1,
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that conformally maps the exterior of the unit circle onto the exterior of the interval [-1, 1]. This map is
usually called Joukowsky transform. The image of the circle |w| = s, that is,

Vs ={zeC:z=(se"), 6¢0,2n]}

is an ellipse of the complex plane with fociin +1. We denote by £ = {¥s : s > 1} the family of all these ellipses.
Let f be a generic function analytic in an open set containing [-1, 1]. Let moreover

1
1) = jf(t) dt,
]

and let I,(f) be its n-point Gauss-Legendre approximation. Following the analysis given in [6], assume that
Y, ¢ € is such that f is analytic in the interior of ¥, except for a pair of simple poles to and its conjugate f.
Then

I(f) - In(f) = —4m R{r(to + \£2 - 1)72"}, (3.1)
where ris the residue of f at f, and the root has to be chosen such that S := |ty + V t(z) — 1] > 1.Itisimportant to
observe that S is just the radius of the circle centered at O that, through the Joukowsky transform, is mapped
onto the ellipse Ws € & passing through to and f,. Clearly, by (3.1), the rate of convergence grows with S
that, roughly speaking, handles the distance of the poles from the interval [-1, 1]. Having at disposal the
above general result, we can estimate the error of approximation (2.4) by studying separately the poles of
our integrand functions (cf. (2.3))

FD () = m and FO(p) = m (3.2)
As for the function f(1, it is easy to see that the poles are given by
(9, =12(%)%i—1 (3.3)
so that tél) = @ Similarly, for the function f(?), we have
(2, =i2(%)%i—l, (3.4)

and therefore tEJZ) - t(12). By using (3.1), and defining eg)()l) =IO - Iﬁ,i)()l), i=1,2(cf. (2.2) and (2.4)), we
obtain
eP ) = —4nR{rO(tY + \(t)2 - 1)"}.

Since .
0 = lim (- )00, i=1,2,
t—ty

by (3.2), (3.3), (3.4), we find

r = —4\1/_}l‘%i and r® = ——43/_A"%i,
T T
and therefore . , .
et (V)] = 4n|r®|s®™" = ﬁmr%sm*z” = o(r, 1), (3.5)
where
SO =t 2 -1, i=1,2. (3.6)
As for the total error
En(A) = “—f(e;”m) +el ) 3.7)
(cf. (2.2) and (2.4)), we then have the estimate
|En(D)] = 412172 (SD 7" 4 s@71), (3.8)

In Figure 1, we show the accuracy of the above formula for some values of A and 7 = 2.



DE GRUYTER E. Denich and P. Novati, A Gaussian Method for the Square Root of Accretive Operators =— 131

10° : : : 10° : : : 10°
—error
—estimate
107 1 107 1 10"
10710 1 10710 1 10710
10-15 10-15 L L L 10-15
0 20 0 5 10 15 20 0

Figure 1: Error and error estimate (3.8) for A = 10, A = 5 + 5/, A = =5 + 10/, from left to right, and 7 = 2.

4 Estimates for Operators

Let 3 be a generic Hilbert space, and let £: H — J{ be a regularly accretive operator such that F(£) € Zg 1
(see (1.2)). It is known that, for any function f analytic in F(£), it holds

IF (O ge—ae < K/\Iel}v%)lf(/\)l, (4.1)

where 2 < K < 1 + V2 is the absolute constant studied in [9]. We remark that if £ is self-adjoint, then B=0
and K = 1. As a consequence, since the poles of the approximation R,-1,2n(A) are all in R~ (cf. (2.4) and
(2.5)), we can consider the bound

IEn(L)l3c—ac = 1£7% = Ron—1,2n(L)ll3c—a¢ < K/{TEIZHXM_“ - Ron-1,2n(M)1.
B,1
When studying the behavior of the method applied to -2 for A € Zp,1, thatis, A = 1 + pel® . p>0,0 < B, it
is rather evident (and will be confirmed by the following analysis) that, for a fixed p, moving 6 from 0 to 8
causes a progressive slow down. Further, since A™* — Ry,_1,2,(A) is analytic in X3 1, by the maximum modulus

principle, it is sufficient to consider the scalar error on I'g = FE U I‘/}, where

FE={Z€C:Z=1+peiﬁ”,p20} and 1"/}={ze((3:z=1+pe‘i/3”,p20}.
Therefore, by using (3.7), we have that
VT

max A - Ryp_1.2n(A)] = max|A™® = Ryp_1.20(A)] < —— (max|el” (A)] + max|e$ (A)]).
/\Erﬁ Vs AErp Ael"ﬁ

/16213‘1

At this point, for A € T'g, we consider (cf. (3.3) and (3.4)) the maps

YO0 :=z<%)7i—1 and Y@ ::2<%>ii—1,

which define the boundaries of the regions of the poles (with positive imaginary part) of the functions f™V)(t)
and f)(t) respectively. These regions are plotted in Figure 2. The symmetry of I's with respect to the real
axis leads to the symmetry of x'(I'g) with respect to the line R(z) = —1. Indeed, for each fixed p > 0, the two
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-3
v,
X (1 425 |
W,
X1+ petim) ) )
///
xD(1 + pe=h) YO (1 + pein) 15
-1
-10.5
! !
-1.5 -1 -0.5
-0.5

Figure 2: The regions of the poles (with positive imaginary part) of the functions f)(t) (red) and f(¢) (yellow) for B = 1
and 7 = 2, and the ellipses W5, and Ws,.

points V(1 + pe*f7), i = 1, 2, are symmetric with respect to the line R(z) = —1. The ellipse passing through
the one with the real part greater than —1 is the smallest so that, as already observed, it leads to the worst case
in terms of rate of convergence (cf. (3.1)). Just for clarity, in Figure 2, we also plot the two ellipses ¥, , ¥s, € €
passing through y@ (1 + pe*7), where

s1= Y21 +pePT) + \/()((2)(1 + peibm))? — 1],
s = Y@ (1 +pe ) + \/(X(z)(l + pe-ibm)? —1].

As a consequence, since R(y((1)) = -1 for A € T}, and R(yP(A)) = -1 for e Iz, we have that

max|el’ ()] = maxe’ (1)) and max|e? ()] = max|elP (A).
Ael'g el AeTy Ael'y

B B
Therefore, we can finally write

max|A™® - Ron_1.2n(A)] < 4T max(lel (1 + pe™)| + e (1 + pe i)
Aezy T p=0

A max(
T p=0

OV (1,1 + pel) + (1, 1 + pe M), (4.2)

where we have used relation (3.5).

4.1 Error Behavior on Mg

Experimentally, working with operators with large spectrum, one observes that, in general, the parameter
T must be chosen quite large to achieve a good rate of convergence. For this reason, from now, we assume
7 > 1. By considering the functions

OV(1,1+pe™y and ©P(r,1+ pe FT)

for p > 0 (cf. (4.2), (3.5)), it can be observed that, with respect to p, ®(r, 1 + pe’f™) initially grows, reaches
a maximum at a certain p* > 7, and then goes to 0 as p — +o0. On the other side, ®@(r, 1 + pe~#") may
show two kinds of behavior, depending on the angle 7. In particular, for g < g* (8* = %), OA(1,1+ pe‘iﬁ” )
is monotone decreasing, whereas for f > f*, it initially grows, reaches a maximum at a certain p < 7, and
then is monotone decreasing. We refer to Appendix A for the details concerning §*. Similar to the analysis
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given in [2], the idea is then to define 7 so that

oW(1,1 +p*eT) = (1, 1 + pePT), (4.3)
where we should set p = 0 for § < §*.
Remark 1. The reason why we impose (4.3) is that, numerically, one observes that (cf. (4.2))

OV (1,1 + peP™y + (1,1 + pe Ty = mag((CD(l)(T, 1+ pe™), (1,1 + pe 7).
p=

4.1.1 Approximation of p*

In what follows, we use the symbol ~ to relate functions asymptotically equal in the usual sense. Since p* > 1,
in order to study the function ®®¥)(r, 1 + pef™), we first consider the approximation

1 1
1 _ T Z. T\ ,iz(1-p)
t _2( : )z—1~z<—>ez 1, co. 4t
0 1+ peibn p p— (4.4)

As a consequence, for the term S™) (see (3.5) and (3.6)), we have the following result.
Proposition 1. It holds
1
s ~1+\/§Cﬁ<£)4, p — 00, (4.5)

where

Cp = ﬁcos(%(ﬁ+ D). (4.6)
Proof. Assuming that p > 1, by (3.6), (4.4) and using the first order approximation
\/1+x=1+§+(9(x2) forx — 0, (4.7)

we can write

s ’2(5)%61";(13) 1+ \j4<l§>ein(1—ﬁ) _ 4<£)§ei’2’(1—ﬁ)‘
~ ’—1+2i(%>ie"f“‘ﬁ)|
[+ ) () (B () o) ()
1 2v2(2) cos( ) -sin( ).

which leads to (4.5) because

cos(én) - sin(én) = ﬁcos(%(ﬂ + 1)). O

Note that 0.54 = /1 — g <Cg<lforO<f< % (Cg = 1 for B = 0). At this point, we look for the local maxi-
mum of the approximation (see (3.5))

oW(1,1 + pelfm) ﬂ pi [1 +V2C (T)%]izn =: gW(1,p) (4.8)
’ ﬁ ﬁ p . I’ b .

where we have also used |(1 + pe’f™)~z| ~ p~2. By solving

d 1 T\ % -2n
%p Z|:1+\/§Cﬁ<l—)) ] —0,
after some computations, we obtain

p=4Chr(n-1)" = p*. (4.9)
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4.1.2 Approximation of p

For B > B*, the maximum of ®@)(t, 1 + pe~*f7) can be approximated by considering the ellipse ¥, € € tan-
gent to the curve X(Z)(Fl‘g). This is because the corresponding st represents the slowest convergence rate
by (3.5). Let pr be such that X(Z)(l + pTe‘iﬁ” ) is the tangent point (Figure 3). Since the computation of pr
involves the solution of a fourth-degree equation, we consider an approximation arising from geometrical
evidences. We first look for the ellipse ¥, € € (so > s7) passing through the point y?(1) = %i - 1. Hence,
we need to solve, with respect to s and ¢,

1(se""’+ ! )— 21’ 1
2 seiv) 7
or equivalently,

1 1

—( scos ~cosgp)=-1,

(scos g+ S cosg)

1<ssin —1sin )— 2
2 pogsme VT

After some computations, we find that the solution (sg, ¢¢) is such that

sin g = \/g\/\/1+r—1, (4.10)

COS o = —\/1 - %(V1+T— 1),

with £ < ¢¢ < 71, and

o2, (4.11)
VVI+t-1

The idea is to approximate p by looking for the other intersection between ¥, and )((2)(1“/‘3) (see again Fig-
ure 3). In particular, we need to solve, with respect to p, the equation

1 , 1 1+ pe ifmy\3
—<soe“p+ _ ):2( P )21'—1.
2 spe'? T

Setting for simplicity a = so + & and b = s - -, the above equation leads to the system
1 2 1., ., 4
<1 + za COS(p) - Zb sin” ¢ = —;(1 +pcos([3n)),
. 1 4
b sin (p(l + Ea cos (p) = ?p sin(fm).

Substituting
1 2 16 p*sin’
<1+—ac05(p) :_ZIL(ZI”T)
2 ¢ bZsin® ¢

in the first equation, we obtain

16 p?sin’(Br) 1., ., 4
Fm—zb sin (p+?(1 +pCOS(ﬂ7T)):O,

from which, after some computations, we find the solution

2 qin2 2
- Tb. szln q’[—cos(ﬁn)i 1 16sm. (fn) .
8 sin“(Bm) Th?sin” ¢

By using (4.10) and (4.11), we have that

B2 (s 1)2 8 8 .
= -— ) =~ —, — 0.
°" 5o Vitrt-1 T
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Figure 3: Geometrical interpretation of the local maximum of ®?(z, 1 + pe~#™) and its approximation by po for B =
and 7 = 1000.

Using again (4.7), we find
T7sin? @ sin?(Bm)
O ~ T[—Cos(ﬁﬂ) + (1 - ﬁ)]'
sin“(Bm) T2 sin” @
Since the angle ¢ is still unknown and its computation requires again the solution of a fourth-degree equa-
tion, by taking the positive solution, we assume that (cf. (4.10))

i2 i2 2
sin” ¢ = sin” po ~ —
T2

to finally obtain the rough approximation

n

1-cos(fm) tan2<ﬁ—n).

= T+ cosBn) > (4.12)

p=po:

Experimentally, we observe that 0 < po < g and that x®)(1 + po e A7) for large 7 is close to the tangent point
independently of 8. Therefore, we use po as an approximation of p. As for the term S@ in (3.6), we have the
following result.

Proposition 2. Forp = po and 8 > *, we have

S@ 1+ \/EG/;T_%, T — 00,

where
Gp = \\Dp - VAg, (4.13)
with

Dg = (1 + 2po cos(Bn) +p(2>)%, (4.14)

~ =1-pgcos(Bn) + \/1 +2po cos(Bn) + pd
B~ > :
Proof. First of all, for p = po, we have that

A (4.15)

téz) = %(1 + po cos(Bm) — ipo sin(ﬁﬂ))% -1= %(i\/A_E+ \/A_/}) -1,

where

1+ po cos(Bm) + \/1 +2po cos(Bn) + p

+
Aﬁ 5
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and Al_f asin (4.15). Now, defining Dg := (1 + 2po cos(fm) + p(z))% and using (4.7) for large T,

B B

s - %(NE+ VAD) -1+ \jé(Aﬁ - A3+ 2iVALAL) - %(VA_p iVa;)

4 — =
~ _1+\j_ﬁ(\/A_ﬁ+l\/A_ﬁ)
1 VA 0y 22Ny ey

\/1+T%(_\/A_l_3+Dﬁ)+%5\,_\/’4_/_3+Dﬁ+£(\/’4_l_3+]')ﬁ)

2vV?2
~\/1+l1_ Dg - VA;.
T4

B

Finally, using again (4.7) and defining
Gpg = \\Dg - VA&,
we obtain the result. O

We notice that Aﬁ =0, Dg = 1 and therefore Gg = 1 for = 0. By using the above proposition and

11+ poe 7| = \/1 +2po cos(Bn) + p§ = Dlzi
(cf. (4.14)), we obtain (see (3.5))

D (1,1 + poe Ty ~ (A4 V2Grh)y = g T,00). 4.16
( Po )ﬁuﬁ( BT %) 87(t, po) (4.16)

4.2 The Optimal Value for t

Working with approximations (4.8)—(4.9) and (4.16), in order to find a nearly optimal value for 7, we impose
the condition
gW(z, p) = g9 (1, po). (4.17)

Remark 2. For 0 < 8 < B*, we should replace g (t, po) by g?(t, 0) in (4.17). Anyway, since po < 0.17 for
O0<B<pr= %, we still work with (4.17) because this choice does not influence the results. Observe moreover
that (4.12) luckily gives the correct value pg = 0 for = 0.

Equation (4.17) leads to

<1+ ! >—2n_ ! (1+ V2GgT 7)™
n-1 _Dﬁ B )

Since

1 -2n
<1+n_1> ~e2, (4.18)

after some computation, we rewrite the above equation as

D?
B ) =-nln(1 + \/EG;;T‘Z).

In(t7%) + ln(—\/icl;e(n Y

X

e = €”* holds. By using

Let us denote by W(x) the Lambert-W function, for which

In(1 + \/EG,;T‘%) ~ \/EGBT_%, T>1,
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we have that an approximated optimal value for 7 is given by

DZ
- B
T=————exp(4W(Hgn(n -1))), 4.19
4C§‘,e4(n—1)4 p(4W(Hgn(n - 1))) (4.19)
where
B 2eCpGp
T
Dy

Note that, by (4.6), (4.13), (4.14), (4.15), we have Hg = 2e for = 0.
In Algorithm 1, we summarize the steps necessary to implement the method.

Algorithm 1. For any given n,

(1) sett =T by using (4.19) if a =  and empirically for a # 3;

(2) compute nodes and weights of the Gauss—Legendre rule;

(3) calculate the approximated value of £~% by using (2.4) and (2.5).

4.3 Asymptotic Expression of the Global Error

By substituting expression (4.19) in (4.9), we obtain
DZ
p= e—f exp(4W(Hgn(n - 1))). (4.20)

Since, for large x, W(x) ~ In x — In(In x) (see [16]), we have that
(4W(Hgn(n - 1)) [ Hyn” ]4
exp pn(n - ~ () )

and thus

D% - Ha.n? 14
5~ 2 [ﬁ—n] 4.21
P ea In(Hgn?) 1 * (4.21)
Now, since p rapidly grows with n, as pointed out in Remark 1, we can estimate the global error as

IEn(£)] = 4Kp~2 SV, (4.22)

where K is the absolute constant introduced in (4.1). Finally, substituting (4.21) in the above expression and
using again approximation (4.18), after some computation, we find

2y 42
m(H’m)] -4, (4.23)

En(0)] = K[ —F
IEn(L)ll = 4 2eC4Gp
We remark that, in the above formula, the angle of the sector 71 asymptotically only affects the error constant

so that the rate of convergence is independent of f3.

Example 1. In order to test the behavior of the method, we consider a diagonal test matrix with a very large
spectrum. In particular, we define

£ =diag(1,1+p1e?", 1 +pre”®7, ... 1 +pNeiﬁ”, 1 +pNe’iﬁ”),

where
pi =104, x=(0,0.1,0.2,...,16)".

The square matrix £ is of dimension (2N + 1) x (2N + 1), with N = 161, and it is clearly normal so that F(£)
is the convex hull of the spectrum, that is, the triangle with vertex at 1, 1 + 1017, 1 + 101%¢~#7 In Fig-
ure 4, we plot the error together with estimate (4.23) and the error of the sinc quadrature approximation
implemented as in [7, formula (2) and Remark 3.1, with s* = 0] for some values of 8. Here and below, we
always consider the spectral norm of the error. In Table 1, we also show the corresponding values assumed
by 7 and p relative to the rightmost plot of Figure 4 (8 = %).
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—error
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—sinc quadrature

g=1/3

B =512
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number of inversions

Figure 4: Example 1 - error, error estimate (4.23) and error of the sinc quadrature for the computation of L3,
Different values of 8 are considered.

n 10 25 40 55 70 85 100

T 1.0E02 1.1E03 4.2E03 1.1E04 2.3E04 4.1E04 6.8E04
p 4.1E05 2.2E08 6.0E09 5.7E10 3.1E11 1.3E12 4.0E12

Table 1: Example 1 — values of and p for g = .

5 The Case of Bounded Operators

Consider the case of a bounded sectorial operator £y with numerical range contained in
. 1
Spipx ={2€Ciz=1+pe, 0] <B, 0<p<pn}, <5

Before starting, we need to remember that the local maximum p* of dD(1,1+ peiﬂ”) grows approxima-
tively like ("—8 (see (4.20)). Therefore, there exists 71 such that p* > py for n > fi. As a consequence, for

7
p* < pn, estl?rﬁ)ate (4.23) is still valid because @V (1, 1 + p*ef™) > dM (1, 1 + pyetP™), and hence we have to
solve (4.17) to approximate the solution of (4.3). On the other side, for p* > py, the bound can be improved
because p* falls outside [0, py]. Similar to the analysis given in [2], for p* > py, the optimal value for T can
be approximated by solving

gY(r, pn) = g9(1, po). (5.1)

Proposition 3. For 1 < T < py, the solution of (5.1) is approximated by

i 3 2 4

. Py (pr) ( Py (szv)) Gg ;)
T=-—=———In|— )+ ———— In{ — + = . 5.2
(8\/§C/;n Dy 8v2Cgn  \ Dp Cs 2

Proof. Using relations (4.8) and (4.16), equation (5.1) becomes

-1 T i12n 1 1
pNZ[1+cﬁx/§(p—N) |- D-ﬁ(uﬁ(;;;ﬁ)*z". (5.3)
Using the approximations ) )
1+Cl;\/§<pLN)Z zexp(C/;\/i<pLN>z> (5.4)
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and
1+ V2GpT % = exp(V2GgT #),

we rewrite equation (5.3) as

—

1 4 1
[ exp(Cp\/E<pi>4> = Dg" exp(Gﬁ\/fT‘%).
N

Therefore,
1
4 — G 1
T + p—Nln<ﬂ>T% - —ﬁp“ =0.
4CpN2n Dg Cp
By solving this equation and taking the positive solution, we obtain the result. O

We observe that, by (5.2), for n — +00, we have

7 \# 1 PN 1 pN\\2 Gp -1
L) e ) ) 2
<PN> 4v2Cgn \ Dg \j 4v2Cpn  \ Dg CpPN

1 vovy  [Gp -1 1
- ——1n(—)+ 2By +o<—).
4N2Cgn  \ Dp \/CﬁpN n?

Using (4.22), (4.5), (5.4) in order and the above result, for n > 71, we obtain

_1 7 \#\"2n
IEn(ewl = 4py" (1+V2Cs(--)")
PN
2 V2c¢ Ty
=4 ex (—2 2 n(—) )
Py ExP A PN
1 1 _1
z4pN“Dﬁ2exp(—2\/§ GpCpnpy® ). (5.5)

Note that VGgCp = 1 for f = 0.
In order to derive an estimate of 71, we impose p = py, where § is as in (4.20). We obtain the equation

exp(W(2eCg(n - 1)n)) = epl%,,

and therefore )
W(2eCg(n - 1)n) = In(epy).

Since W(z1) = z; if and only if z; = z,e%2, it follows that

1 1 1
Py 1.1 py(npy)2
n= In(e 1= A (5.6)
x/zcﬁ( (ep) 2V2Cg

In Algorithm 2, we summarize the steps necessary to implement the method in the case of a bounded
operator.

Algorithm 2. For any given n,

(1) compute 11 as in (5.6);

2) e a= %: ifn < n, set T = T (see (4.19)); otherwise, set T = 7 (see (5.2));
« a# 3:settempirically;

(3) compute nodes and weights of the Gauss—Legendre rule;

(4) calculate the approximated value of £ by using (2.4) and (2.5).

Example 2. In order to test the method for sectorial bounded operators, we first consider the same operator
of Example 1 but with
x=(0,0.1,0.2,...,4)7

so that py = 10* and N = 41. In Figure 5, the error and estimate (5.5) are plotted for different values of S.
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Figure 5: Example 2 — error and error estimate (5.5) for the computation of L%
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Figure 6: Example 3 - error for the computation of £,,*.

60

70

80

90

DE GRUYTER

. Different values of § are considered.

Example 3. As a more realistic example, we also consider the discretization using central differences of the

operator

Lu=-u"+cu,

c=>0,

on [0, 1] with Dirichlet boundary conditions. We have taken N = 200 equally spaced interior points. By mov-
ing the constant ¢, we change the angle 7 of the sector containing F(Ly), where Ly is the discretization
matrix. In Figure 6, we plot the errors for ¢ = 0 (8 = 0), ¢ = 30 (8 = 0.44) and ¢ = 200 (B8 = 0.49). It is inter-
esting to observe that the method is a bit faster for ¢ > 0. This is due to the position of the eigenvalues of
smallest modulus that move away from O for growing c. With large c, we also notice an improvement of the

attainable accuracy, and the reason lies in the conditioning of £y that reduces by increasing c.
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Figure 7: Error for the computation of £7%, £ as in Example 1 with 8 = é, for different values of a.
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Figure 8: Error for the computation ofL&“, Ly as in Example 3 with ¢ = 30, for different values of a.

6 Experiments for a # 3

While all the analysis is restricted to the case of a = %, we remark that the method works rather fine also more
generally for £7%, 0 < a < 1. Working with the operator defined in Example 1, in Figure 7, we compare the
behavior of the method for @ = 0.75 and a = 0.9 with respect to the case @ = 0.5, using the value of T given
by expression (4.19). Unfortunately, this choice does not work well for a < 0.5.

Moreover, in Figure 8, we consider the operator of Example 3, with ¢ = 30, and apply the method also
for a = 0.25 and a = 0.75. By Algorithm 2, we have empirically set 7 = % (r= g) fora=0.25and 7 = %
(r= 3{) fora = 0.75, where T is defined in (4.19) and 7 in (5.2). We observe that, for a # 0.5, the error initially
decreases with a rate of convergence similar to the case a = 0.5 and then shows a progressively slow down.
This is due to the fact that, since for a # 0.5, we do not have accurate error estimates, we are not able to
suitable define 7. Anyway, as a general indication, one should take 7 = ¢7 (1 = ¢7), with ¢ < 1 for a < 0.5
and ¢ > 1 for a > 0.5. We point out, however, that, even without an optimal choice, the method appears to
be initially quite fast (Figure 8) so that it can be fruitfully used in applications requiring moderate accuracy.
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7 Conclusions

We have studied an unexplored Gaussian approach for the computation of the inverse square root of regularly
accretive operators. The method exhibits a very fast initial convergence, and its rate is independent of the
angle of the sector containing the numerical range. We have derived sharp error estimates that can be used
for an a priori selection of the number of quadrature points necessary to achieve a prescribed accuracy. We
have shown that the method can also be used for a generic fractional power, but in this general situation, the
parameter 7 needs to be defined empirically.

A Approximation of 8*

Let ¥y, € € be the ellipse passing through the point \/i?i — 1 (cf. (4.11)). The value B*, such that the function
®@(1 + pe~h7) possesses a local maximum for g > *, is the one for which ¥, is also tangent to the curve
X(z)(F/}*) at %i — 1 (Figure 3). In order to compute *, we consider the tangents at %i -1 to the ellipse and
to the curve, and impose them to have the same slope. Before starting, we need to derive the semi-width y

and the semi-height § of the ellipse. By geometrical evidence, we have that

1 a1 _.a 1 1
6:1[{_( B so _17>}:_< __> A.l
2soe2+50e2 5(s0 5 (A.1)
and y2 = 6% + 1. At this point, we remind that the slope of the tangent at \/i?i — 1 to the ellipse is

TP AZi-1) 8+l

52 R(%i—l) 52 (\/;) N

)~ —~1, T +00, A.2
24+ 4T e (A-2)

2

where we have used (A.1) and
4

0— — ~ —

So \/i ’

which comes from (4.11). Now, it is not difficult to show that the angle between the tangent to the curve

X(z)(l"é) at %i -1 and the line J(z) = % is given by 1 (7 - 2Bm). Hence, in order to find an approximation

of B*, by (A.2), we impose the condition

ST

tan[g(l - Zﬁ)] =1
that leads to 8* ~ 1 as T — +co.
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