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WATER WAVE MODELS

RAFAEL GRANERO-BELINCHON AND STEFANO SCROBOGNA

AbsTracTt. The motion of the free surface of an incompressible fluidis
a very active research area. Most of these works examine the caseof
an inviscid fluid. However, in several practical applications, there are
instances where the viscous damping needs to be considered. In this
paper we derive and study a new asymptotic model for the motionof
unidirectional viscous water waves. In particular, we establish the global
well-posedness in Sobolev spaces. Furthermore, we also establishthe
global well-posedness and decay of a fourth order PDE modelling
bidirectional water waves with viscosity moving in deep water with or
without surface tension effects.
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The motion of waves in fluids has been a hot research topic since the
XVIlith century with the works of Laplace and Lagrange. On the one hand
there is a large number of papers dealing with the free boundary Euler and
Navier-Stokes equations [6, 30]. These are free boundary problems and as
a consequence the domain of definition Q(t) of the functions (the bulk ofthe
fluid) is an unknown of the system that has to be determined from the
dynamics (see Figure 1).

Key words and phrases. Water waves, damping, moving interfaces, free-boundary

problems.
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r(t)

Q(t)

FIGUrE 1. Scheme of the problem

On the other hand the literature on asymptotic models of such free bound-
ary problems is even larger (cf. [31]). These asymptotic models allow to have
very good approximate description of the actual dynamics while simplify-
ing the equations under study. In this direction there are many papers dealing
with the case of inviscid fluids and, in particular dealing with as- ymptotic
models for shallow water waves (see for instance [31] and the ref- erences
therein) and models of water waves with small steepness (we refer to [1, 3,

—35] for example). Similar small steepness asymptotics models can be
derived for other free boundary problems, such as the Muskat prob- lem [8,

], see [18, 20, 38]. Many of such asymptotic models are used in different
applications in Coastal Engineering and Physics.

Although it is a classical topic, the works studying the case of a viscous
fluid are more scarce. The first works studying the case of a viscous water
wave date back to Boussinesq [7], Basset [5] and Lamb [29]. Since then there
are many other papers studying damped water waves. For instance, we refer
to the manuscripts of Kakutani & Matsuuchi [26], Ruvinsky &Freidman [37],
Longuet-Higgins [32], Jiang, Ting, Perlin & Schultz [23], Joseph & Wang [24],
Wang & Joseph [39] and Wu, Liu & Yue [40].

According to the work by Dias, Dyachenko & Zakharov [10], the vis- cous
damping of gravity water waves can be described by the following free
boundary problem:

Ap=0 in Q(t), (1a)
1
p @ +=IVel?+Gh =—-2ud% on I(t), (1b)

t 2 2

u
h=Ve-(—01h 1)+ zpafh on [(t), (1c)

where h denotes the height of the wave, ¢ is the velocity potential and G, p
and u are the gravity acceleration, density and viscosity of the fluid.

Since its appearance, this system was considered by several other authors
(see [11—14]). The need for simplified asymptotic models for damped water-
waves systems was highlighted at first by Longuet-Higgins, which in [32]
stated that

For certain applications, however, viscous damping of the
waves is important, and it would be highly convenient to have
equations and boundary conditions of comparable simplicity
as for undamped waves.
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In this spirit, Kakleas & Nicholls [25] derived a quadratic asymtotic model
while Bae, Lin & Shin [4] derived a cubic asymptotic model of (1). The well-
posedness of this quadratic model was studied by Ambrose, Bona & Nicholls
[2] while the well-posedness of the full Dias-Dyachenko-Zakharov was
proved by Ngom & Nicholls in [36] in the case of a nonzero surface tension

and by Granero-Belinchén & Scrobogna [21] in the case in which the
surface tension can be zero.
In a series of works [19,22], the authors, starting with the Dias-Dyachenko-

Zakharov (1) free boundary problem, derived and studied the following bidi-
rectional models of viscous water waves

0 fee + 26N’ fe + Nf + BN3f + 82N\f = - N (Hf)?
0 +0xtH, F)NF + B0xtH, FINS + 60x¢H, Hf:)HO?f

+6N HfHOf 59, 0% f Hf.+6 0, 9% f NOf 2)

O 2 a_ 2qd Yy
- < T o WP oF

D f(X/ 0) = fO(X)/
%, 0) = fi(x),

and

0 fu+ 26N fe + N+ BN + 8N f = - N (Hf:)?
7 4 0xtH, F)NF + B0xfH, F)NF + 60x¢H, qut)Hyd%f

0 + 6N HfHOYf — 60« 0% f Hf: , (3)

I f(x, 0) = fo(x),
ft(x,0) = fi(x),

where € is the steepness parameters that measures the ratio between the
anplitude and the wavelength, § > 0 is a dimensionless parameter reflecting
the viscous effects, 60 is the Bond number measuring the ratio between
capillary and gravity forces. The operators and /H{lenote the Hilbert transform
and the square root of the Laplacian

Hf(k) = -isgn(k)F(k), AF(k) = [KIF(k), (4)

and

¢A, B)f = A(Bf) — B(Af),
is the commutator between two operators acting on the function f . In what
follows we consider (x, t) & [Q, T]where S denotes the interval [ m, iz} with
periodic boundary conditions. Furthermore, we will consider zero-meaninitial
data fo and fi.
The purpose of this work is twofold. First we prove that the system (3)
is globally well posed for initial data which are sufficiently small.

Second we derive a new asymptotic model of unidirectional viscous wa-
ter waves. In particular, we obtain the following nonlocal and nonlinear
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equation
2eu; = N ux + 26N uxe + NHu — 8N Hd)z(u + 6°N d"’)y

—eN 2uux+ AqH, A—luyu + 6AqH, A-luy/\zu

— O6A¢H, u)ux + 80« (uuy) + 6/\qd§, A-luyu . (5)

where the operator
N =(1-6°02)7"(1— 60,

is defined in Fourier variables as
N 1 — ik

C1+82|k|2

1.1. Main results. We start this section introducing some notation that
we will use along the paper. We denote with C any positive constant inde-
pendent of any physical parameter of the problem. The explicit value of C
may vary from line to line.

We recall the definition of the homogeneous Sobolev spaces of fractional
order

HS=HS St = fELl '/\SfELZ},

for any s ¢ R. It is well known that for zero mean function we have that
H* = H?*. As both equations preserve the zero mean property from now
on we will always use the non-homogeneous notation in order to indicate a

Sobolev space of regularity s. Similarly, we define the homogeneous Wiener
spaces

. . > - >
A*=A° St = fell Nfe ,
where fA denotes the Fourier series of f.

The first main result of this work is the following theorem:

Theorem 1. Let 6 >0 and 8 = 0. There exists a co > 0 such that for any
(fo, f1) € H® X H* such that

”fo"H6+ ”f1”H4 =< Co,

then, there exist a unique global solution (f, f:) of (3) stemming from the
initial data (fo, f1) which belongs to the energy space

f CRyuH®
ft € C Ry HY N L3Ry H).

Furthermore,
-t6
fllao + Ifellao < Ce

Wy + Nflly < ce O, Y (r,s) €[0,6) X [0,4).

A



GLOBAL WELL-POSEDNESS AND DECAY FOR VISCOUS WATER WAVE MODELSS5

Once the local existence and uniqueness was obtained in [22], we only
need to provide with appropriate energy estimates. In order to do that we
will consider a space of low regularity X and a space of high regularity Y,
which will be explicitly defined below. Next we are going to define an energy
having the form

[I(F, fe) fit = e e"‘tII(f(-,t),ft(-,t))||X}+||(f,ft)||y for a > 0.

Equipped with this definition of energy, the rest of the proof is focused on
obtaining an inequality of the form

I, £l < Co (fo, £2) + P I £IT),

for certain polynomial P and constant Co, (fo, f1) that depends on the initial
data. The previous inequality implies that for small enoughCo (fo, f1), the
solution satisfies

Il (fo, fe)ll+ < 2Co (o, f1),
forall T >0, then a standard continuation argument allow us to extend the
solution to arbitrary long time intervals.

Next, we derive a new asymptotic model of unidirectional viscous water
waves. This new model takes the form (5). Our second main result is

Theorem 2. Let 6§ > 0 and 8 = 0. Then given and arbitrary zero mean
Uo € H?, there exists a unique local strong solution to (5)
uedoTLHINL0TT;H],

for asmall enough T+ depending only on o J- and the physical parameters of
the problem. Furthermore, there exists a co > 0 such that for any @ H?
satisfying

”Uo”/—/z < Co,
then, there exist a unique global solution u of (5) stemming from the initial
data uo which belongs to the energy space

u € C Ry H?> N L3Ry H3).
Moreover,
_5t
lullao < Ce =,

-C(6,
lullr < ce &7 Y relo).

In order to prove the local existence part of this theorem we use Picard’s
theorem together with energy estimates in H? and the commutator structure
of part of the nonlinearity. Once the local existence and uniqueness has been
obtained, to ensure the global existence and decay we only need to provide
with appropriate energy estimates. To do that we are going to define a
modified energy |||f||r that has two different contributions. On the one
hand we consider the low regularity space X where the solution will decay
while on the other hand we will also regard a high regularity space Y where
the solution will only remain bounded. The particular choice of X and Ywill
be clear below. Then the energy will take the form

Il = SUP_ carlif (-, o)l + lIFll,  for a>o.
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Equipped with this definition of energy, the rest of the proof will be devoted
to obtain an inequality of the form
[Hulllr < Co(fo) + P (Il lulllr),

for certain polynomial P of degree larger than 1, constant o (uof that de- pends
on the initial data. The previous inequality implies that for small enough

Co (uo), the solution satisfies
Hulllr < 2Co (uo),

forall T >0, then a standard continuation argument allow us to extend the
solution to arbitrary long time intervals.

2. PrOooF OF THEOrem 1

Without loss of generality, we consider € = 1in (3). According to the result
in [22], there is a local in time solution (f, f:) for the problem (3). Let us define
the modified energy

3

A©O

oT

I £l = € max " fE Lft

+ max f; t + ft
t'elo,T] H4 HO

The estimates of [22] assures us moreover that the solution exists at least in
a time interval [0, Tmax] where Tmax = Tmax (fo, f1) is the maximal lifespan
of the solution.

2.1. The linear semigroup. We consider the linear nonhomogeneous prob- lem

fir + 26N\*fe + Nf + BN3f + 62N\*f = F, (6)
where F is a zero mean forcing. Let us denote with
upety= X0 u (x) = o)
fix, t) 7 filx) 7
so that (6) becomes
0 0 -1
uerlu="p A+ BN + 8N 26N
L =
Applying Duhamel principle we write u = u. + un. Where
t
_ -(t-t)L 0 !
uL (t) —e tLuo, UNL(t) = e F(t’) dt.

0

The eigenvalues of L are the Fourier multipliers
r

A«(n)=6ln*>+i |n| 1+86|n?,

so we see that the linear operator L induces both parabolic smoothing effects
and oscillating behavior of the solution. Since the solution has zero mean,
we have that A.(n) 0. The two ortonormal eigenvectors associated to
A: (n) are
e: (n) = €|1: '
1+[As ()2 A=)

Vi
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so that, if we denote

D= A- O ,
0 A
1 1
ST AL A, v
5-1 — 1 _A+ _1

7

A — As Ao 1
we have that

etk = s7le7tDg,

With the above considerations we write u. and un. in terms of fo, fi and
F as

. 1 Ae?+ - Aot -
ac(t) = A - A A et _ pths fo
- -+
. 1 A, eth+ — gA- Af
A=A+ petA _ )y, etA+ v
. t , . ' P g
O (t) = —L A+ et _ pe(t-t)A— ©tdt
_ + F
0 Ao — A — A e (ttHAx

A e—(t—t')/\,
We want to obtain now the decay rates of the linear semigroup. Let us
at first check the time-decay of u.. We canscomput'e that

A 1 n
<7 1496 , (7)
Al — A 2 1+ 8
since |n| > 1 due to conservation of average. We deduce that, for j = 0,1
S !
As (n) i ~ e_5t n N
etA=(n) fi(n) ‘< — 1+6 “f (n):
= Filn) =< = 17 o,
*A-(n) — A
which in turn implies that
e max ut) .. < Ve - 8
te[0,7] L( ) A0 = Cc ”(_fo,fl)”A/ ( )
Equivalently, we have that
"e_tL ”A1/2>—>A0 = Ce_ét. (9)

2.2. Decay in the low regularity space. If we write the equation inits
mild formulation using Duhamel’s principle, we have that the nonlinear
forcing is given by

where
Fi=—NA (Hf)* ,
F> = oxtH, f)NS,
F3 = B80xtH, f)NS,
Fa = 60xtH, Hf:)HOSf,
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F=6AH

Wf =’56<3qu?, fyH f..

The goal of the present computations is to provide a control of the form
IF (t)llare < CO D I FIZ teo,T], g>0.
We are going to use the Sobolev embedding

"a"AS < C5||a||H5+1/2+6 < C||a||H5+1,
together with interpolation between Sobolev spaces and the fractional prod-
uct rule
labllas < Cs(llallao llbllas + llallasllbllzo) < Csllallaslibll s,
to estimate F;. We compute

”F1”A1/2 < C”ft”Ao”ft”Ag/z
< C”ft”Ao ”ft||H5/2

1+3/8 5/8

< Clifell o~ Nfell .

Using linear interpolation in Wiener spaces
s/r 1-s/r

lallas < Cllalla ”G”Ao ,
we find that

A a2 < l¢H, F)Nfll az2
< CUF N azo IFWHar + NfFNasse LF1a0)
< Clifllasso If l go
< Clfllyp lf Il 40
7/12. 1+5/12
=< C||f||H6 ||f||A0
Similarly,

I Fsllave < CllgH, FYNFllaze
CUF e I Las + NF N ag oo IF Nl o)
< Cliflaos Il 40

< C||f||H11/2”f”A0
11/12 1+1/12
< clifll e NFl,

IA

Similarly, we have that

2
”F4”A1/2 < C"¢H, Hft)Hde”AS/z
< C (Ifellao Ifllazre + Nfell asre I Nl a2 )

< C Y ollF) o+ IEI2IANVRIFIA N2

< C lfdlaclifll 6 + If 2 NFNE2IUFNABIFN2R

ve = C RN OlF o+ RN NAN AN (DL,
”F5”A A H AO H4 AO H6
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Using the commutator structure together with the product rule in Wiener
spaces, we estimate
3 2 2
NFellare < C”dfoft + 3dxfdfot + dxdeHft”Al/2
< C ”f”A3+1/2 ”ft”Ao + ”f”AB ”ft||A1/2
=+ ”_f"A2+1/2 ”ft”Al + ”f”Az |Ift||A1+1/2

=+ ”f”A1+1/2 ”ft”Az + ”f”Al ”ft”A2+1/2
Using interpolation in Wiener spaces and then the Sobolev embedding

”f”A5+2/5 < C”f”H6 and ”ft||A3+2/5 < C"ft”H4,
we compute that

4/9 5/9 29/34 5/34
IFsll e < € IFIRSANEISAIEN o + IFNY2IUFNP2IANZY 2471
A A° H6 A A° H6 A© H4

V4 v 4 b VY e VA
o e [ A T A B [T A B
U v 3 e T el Y

o el A A ot [T A A

Let us recall that using Duhamel formulation the solution then can be

written as I .
-tL ~(t-t") L 0 /
U(X/ t) =e Uo + . e F (t') dt
and satifies,
f— A J. te , T . n, t, dt’
la(n, t)] < Ce (1 + ~(t-t)6n2 .
Inl) f(n). +C ° In| .F

Using

— t-t P <—- t-t 6§<0
we can estimate

re =,

-6t 5t
6

-6t

”U(t)”Ao < Ce ”(fo,fl)”A1/2 + Ce o € ”Fj(t )”Al/2dt .
j=1

Recalling the previous estimates for IF(t)ll 4»= and the definition of the

norm || (£, f)ll -, we have that

< Ceast (1+73/918) A,

..F t, .
t T

Al/2
We conclude that
s . ’ o
e’ max ft ft Ao
t'e[0,t]
J
2

’

! -(73/918)6t"
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< Cli(fo, fi)llare + C\H(ﬁft)mg e
r. &R & ko Fllwen NGNS sfddRosoanA

dt

(10)
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2.3. Boundedness in the high regularity space. Similarly asin [22], we
test the equation against A%f;, integrate in S! and integrate by parts
obtaining the energy balance

1d , =
2 E@+D =1, (11)
i=1
with
B()="fi t [ 46 ft gt U L,
H
D(t) = 26 llf(t)lI% 5,
and I
I1 (t) = — AN (Hft) /\ft dx
St 2 7
S
L) = oxtH F)AFA fe dx
Sl
J

Is (t) = 6;51 OxtH, FYNFNASS: dx
la(t) = 6 o OxtH Hf)HOLF A f dx

1

S 26 pB
/5(t)=6 N\ Hftde /\ft dx

sf
q. ¥
I () = —6 3 Ox d)z(,f HfA fe dx.

Using the self-adjointness of the operator A together with Holder’s in-
equality and the Sobolev embedding

”9”1_4 < C”g”/—/o.zs,

we find that
h(t)=—_ (Hf)? A%:dx
= - (Hf)? 0xN°f: dx
I
= — d;(1 (Hft)z /\Sft dx
st
__ J- 2Hft/\d?ft + 6(/\dxft)2 + 8/\ftd)2(/\ft /\Sft dx
S1

< Clfills Nfllma IHFN o + FllZ 205 + Wfell gs TAFll o0
< CIIftILHs fell s IIfEIIHz.% ,
< ollfillus + Clifell pa 1 fell yoos (12)
for o >0 to be fixed below.
Furthermore, using interpolation between Sobolev spaces, the embedding
H CH,r <s,

we obtain the estimate
5 . (672t
11 (t) < ollfellys + ClI(F fo)ll7e . (13)
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Equipped with (29), we cdn estimate /, as follows
L(t) = N OxtH, FNFA fi dx
Sl

< "OH, AN - AN .

< 8- IAFIF . A%,

ﬁ'?a% consequence, by interpolation in Wiener and Sobolev spaces, we have
12 (1) < ClIGF o) IF5e e, (14)
Analogously, we find that
/3 (t) < d)‘}fl_oo /\3f 12 /\Sft 12
4 2 5 2
X
h "LOC) .o c-2 " "
< of /\3f L2+o /\ft o

t |2
t . .
< cllE At g nSF 2 (15)
We can decompose I4(t) as follows

J
Ia(t)= & AHFNOf) + Ox(Hf:0%) NBf: dx
Sl
_ 5I ANHFfNOSf) — O(HfF N’ f) NABfe dx
Sl
= J‘l‘ +J‘;,
with

IJ

5 AHENSF)A & dx dt’
0o o1

IS 2 8 '
J3==6 o OHfA I fe dx dt.
S

J7

We will use the fractional Leibniz rule (see [16,27,28]):

IN(uv)lle < C (INUllo Tvllee + INVI s lullies ),

which holds whenever

1 1 1 1 1
= _ 4+ _ = _ + __

where 1/2 <p< 0,1 <p; < oo,
P pP1 P2 P3  Ppa /2<p P

and s > maX{O, 1/p _ 1}. Using the fractional Leibniz rule and the self-
adjointness of the operator A, we compute

Ji()=6 . N (HFENOF)N°f: dx
4 5

< SN (HENASA) NN £l

=< 5C(|Ift||2H1 ”f||2H6+ IIftII,im IIfII,Zg)IIftIIH5 ,

< SCUfell g Nf e + Wfell s U N hs) + ol fell s
2 S(5/9)t 2



< Clifllre + ollfill ys.
Thee denmev£ larols ow B8 scantberestirrakedsicoa simiar ey anch oo find
2 1

that
14(t) + 15 (t) < ClFll%e- 2t + ollf B2ys - (16)
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Now we are left with /. We remark that

Is(t) = =6 O0x Q’fHf: + 20, Nfe OLN'f: dx.
Q1
Integrating by parts, W?find that

ls(t) =6 07 Q*fHf: + 20, N\f: Ox\'f: dx.
Q1
Hence, using the same ideas as before, we have that

1) < IF)ae_sp) +olFl, +2 0 fFASFO A% dx.

6 t T t H5 s X t x t
1
The term [

JS=2  OFNFONYS: dx
Sl

is the highest order term. However, it has an inner commutator structure
that we can explojt as follows:
Plejt s

Ji(t) = H(dxf/\sft)/\sft dx — dxf/\sftH/\sft dx
S
1 St

A eH, 09N NS ax.

Then, recalling (29)5'we conclude that

16(t) < II(F o)l 7642 + ol fell? 5. (17)

2.4. Finishing the proof of Theorem 1. Collecting (13), (14), (15), (16)
and (17) and taking o small enough, we conclude

d
4EM +D t < ClIFFlFe @ + Il £ HI* e (18)

Integrating in time and using (10), we conclude the polynomial bound

|||(]c;ft)|||T + foT D t, dt’

< Cl(fo, fi)llare + E(0) + C I(F, ST+ IEANT
thus, there exists g,(fixed, positive) constant 1 < C* such that i

" 6 J+ NEAHN +IEAIT . (19)
WESIT < (flly +Nfillgy - .
We observe that, in the previous estimates, we have not used any hypothesis
on the size of the initial data and the previous bound is valid for every solution
and T € (0, Tmax).
We want to prove that, there exists a ¢, > 0 such that for any solution of
(3) stemming from an initial data

”fo”H6 + ”f1"H4 =< Co, (20)

the inequality
I Fllr < € (Wfolle + Il y),

holds true for any T > 0 and thus the solution is global by a standard
continuation argument.
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Let us assume that the solution does not stay bounded for all times, the
contrary being true would imply that the solution is global by a continuation
argument. If the initial data is small enough, we can find T such that

3
el = 5 <1
The above inequality allow us to deduce the polynomial bound
+ 2 1

I fellr <2C€  (follge + Wl ms) + IIGF Sl 7+ (21)

or equivalently,

2 |I(F, ol < @€V (Ifdll we + Ifalla) + 2C*(IF Folll 7 2. (22)
Then, without loss of generality we can restrict our analysis to a polynomial
of the form

I £l < Cotfo, 1) + I FI - (23)
Now we observe that if
G x1

is small enough, the polynomial
2

Qy)=Co—y+y

V
1+ 1-14GC,
o= T

moreover if 0 < Cy < 1 J

has two positive real roots

0

1- 1-4C
2 <C.
2

Furthermore, analogously as in in [22], we know that the application t >—
||(f, ft) }|is continuous for t ¢ [0, Tmax). This, together with the smallness
in the initial data, implies that

I £l € [0, y-1.
We combine the above deduction with the estimate y- < 3 and we deduce
that

.
y-=minly ,3_

3
IIF follr < 2Co < g

if we take (o small enough. This is a contradiction with the definition of T
and implies that the solution is global.

DErivaTION OF (5)

Our starting point in this section is (2):
St = =26\ fr - Nf - BN3f - °N\*fF

+& - N (Hf:)? +0xtH, F)Nf + 80xtH, )N F

+ 60x¢H, HF)HOZf + 6N HfHOZf + 520qu§,fy/\dxf

q

— 6aqu(2/ fnyr — &%« H, dzfydzf( - (24)
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Let us introduce the ‘far-field’ variables,

X=x-—1t T = &t.

Then, we have that
0
SO0 1), T() = ~F + ef,

and

dz
ot St (X 1), T(T) = fro — zgfrx"'sfrr
After neglecting terms of O(&?), (24) reads

(-~ 26fc), = ~26A (~f+ef) ~AfF~BA F -6 NF

+e - N (Hfx)? +0xtH, FINF + 80,¢H, NS

— 60x¢H, Hfx)HO2F - 6A HfHOYF + 52axqazx FAof

+ 5dqu)2<,fnyX - 526XqH, dz)fydzf .

Integrating in ¥ and using our previous notation for the space and time
variables we find the equation

F = 26f = 260x(~fx + £f2) - Hf + BHO2f - §20°f,
+& —H (Hf)?> +¢H N+ 6¢H f)/\3f

— &¢H, Af)H@*f — 6H /\ch?ff + & a;f NOKf
+6 az FHf. — 80H, anyaZf

Regrouping terms we can equivalently write

(1 + 80x)2¢ef: = fx + 26fx + Hf — 6Hdif + 6Zdif

—e —H (Hf)? +¢H AN+ 6¢H f)/\3f

— &¢H, Af)HQ?f — 6H /\fHny + 5 agf /\dxf
46002 PHE — & H 0 0 . (25)

X X X

We observe that, taking the operator
N =(1-6%007" (1 - 60,),
we find that

2&fe = Nfi + 26N fuix + NHf — BN HOZf + 8N 9%

—eN  —H (HfJ)?> +¢H )N +8¢H, f)NS

— 6¢H, Af)HQYf — 6H AfHQS + 62quz,fy/\dxf

+ 6q0)2(,fnyX - 62qH, dzfydzf( . (26)
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As in [17], we now define
u=Nf.
This new unknown solves the following equation
2eur = N ux + 28N uxx + NHu — BN HO%u + 6°N 0’y

—eNN —H v + qH, A-luyu + 6qH, A—luy/\zu

+ 6¢H, u)HAu + 6H (uHAu) + 62qc2(2, A—luyux

+ 6qc)§¢ A—luyu — &%¢H, A\u)Au .

The previous equation can be written equivalently as

2eus = Nuyx+ 26N uye + NHu — BN Hdiu + &°N 03)4(1

— &N 2uuy + AqH, A—luyu + 6/\qH, A—luy/\zu

— ON¢H, u)ux + 80y (uuy) + 62/\qd§, A-luyux

+ 6/\qd§, A—luyu — 8°A¢H, Au)Au . (27)

Neglecting now the nonlinear terms that are O(£6%) we conclude (5).

4. PrOOF OF THEOrem 2

4.1. Local well-posedness. First, we observe that (5) can be written as

2eu; = N uyx+ 26N v +N Hu — 6PHd§(u+ 66P/\02%+ 52P03% — 53P04l),l(
— &N 2uuy + /\qH, A—luyu + 6/\qH, /\—1uy/\2u

— SN\¢H, u)ux + 60x (uuy) + 6/\quz, /\—1uyu , (28)

where the operator
P=(1- 5Zd§)‘1

is defined in Fourier variables as

o
1+ 62|k|2

Then, using

P =1d+P&%:3
we can observe that the terms
B86PNO*u = — §Au + 8 PAu
x 6 6

and
3 4 2 2

-6 Powu = 60,u — 6Po,u
are of parabolic type.
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To simplify the notation, in the course of this proof we take € = 1. Now we
obtain the a priori estimates in the H? Sobolev space. These estimates im-
plies the local existence of solution after a standard regularization approach

using the periodic heat kernel as mollifier.
We start noticing that

I J
u(x, t)dx = u(x, 0)dx = 0.
st st
Now we test (28) against A*u. Then we obtain that
d
“Nullya = L+ NLy + NLy + NLz + NLs + NLs + NLsg,
where dt

J
L= {N ux + 26N uxx + NHu — 8PHOWu

+ B6PAO%u + 52Pd3u — 63Pd4u}/\4udx

f X
NLy = =2 o N (vu)A ‘udx,
J
- _ q 1, A
NL> = N A H, A-'u” uA*udx,
= q 1 y 2,04
NLz = —8 N A H, A-'u” A2uN*udx,
5 s
NLs =6 o NA¢H, u)owN*udx,
J
NLs = =6 N Oy (uux) A *udx,
Sl
I q y
NLs = —6 N A 02 A-'u” uN*udx.
Sl

Aftef a number of integrations by parts, we find that

L= S6Puy — SPAU + B6PAUy — 6 Izd La Y LidX
Sl
X

= —6IPY2 U2, — SIPYV2AY2ull?, — 8BIPY2 A 20yl , — S3IPY2A%I2 ..,

Furthermore, using the parabolic character of some of the terms in L, we
find that
1 2 3 2 2

< :6 lusllo — SIA ull o+ Cllullye.
For the first nonlinear term NLi, we integrate by parts and use that N can
absorb one derivative to find the estimate

NLy < llullgslle?lly < Cllullsllull? 2 < ollull? 5 + cllull® ,,

H H H
for o > 0 that will be fixed later.

We recall the following commutator estimate (see equation (1.13) in [9])
N. (29)

e+m

0%¢H, U)oV ™ ,, < C"ox MVie, pe(1,0), ¢me
Using (29) and the Sobolev embedding
loxA-tull e < ClINtullye < Cllullys,
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we find that

< ollull? 5 + cllull* ..

NL, < Cllullysllull? .
H H H

Similarly,

NL; < Cllullsllullpelully < ollull?ys + Cllulldye,

NLy < Cllullsllullpellully < ollull?ys + Cllull®ye.

Integrating by parts in NLs and using the regularizing effect from N, we
can obtain that

NLs < Cllullys 10,ullZ, + llull = llull e

Using the Sobolev embeddings

gl 4 < Cligllo.25,
and
gl < Cligllya,
we find that
NLs < ollull? ; + Cllull%,.

Integrating by parts and using the previous ideas we can estimate the last
nonlinear contribution as

NLs < Cllullsllull®e < ollulldys + Cllull%e.

Taking now 0 < 0 < small enough we can ensure that
d 2 5 3 2 4

- 2 ~ 2 < 2 2,
dt”u”H + 2||/\ ull, Cllullyz + Cllully (30)

which ensures the existence of a uniform time T* such that

u € ([0, T*), H?) N L2(0, T H?).

The local existence of solution will follow now from a standard application of
Picard’s theorem to a sequence of approximate problems. At this levelof
regularity, the uniqueness of such local strong solution can be easily ob-
tained from a standard contradiction argument that we skip for the sake of
brevity.

The rest of this section is devoted to the global existence of solution for
small initial data. In order to do that, we define the modified energy

82T max ”u t, ” + ut

=e
1117 max

A© Hz2
Then, our goal is to conclude the polynomial inequality

Hulllr < Co(fo) + P(I[1ull]7).



20 R. GRANERO-BELINCHON AND S. SCROBOGNA

4.2. The linear semigroup. We consider the linear nonhomogeneous prob-
lem

2ft—N (fx+2603f +HF)+BPHfix— B6P Afux—62P 2 f+63Po* f, = F, (31)
where F is the forcing. This linear equation can then be written as

2ur+ Lu=F, u=Nf,
with
L u=A(k)a(k)
and
1— 6ik . .
Alk) = _1+62k41k — 28 K?— isgn(k))

Biklk 85|k i’ k3 83 |k|*

* 1+62k2+ 1+ 652k2 * 1+ &52k2 * 1+ 52k?
Then, we have that the homogeneous problem satisfies
a(k, t) = Go(k)e ke,

o (k)e Mt .< e o (K)I,

which in turn implies that

6T

e max u(t) 4o < lluolpo - (32)

t'e[o,T]
Equivalently, we have that

ot

le™™ Nlaoyopo < € (33)

4.3. Decay in the low regularity space. Using Duhamel’s principle, we
can write the mild formulation of our problqm as
t

—A(K)t/2 -A(k)t/2 AK)s/2
ak, t) =e Go(k) + e e F (k, s)ds

0
with

N
F = - 2uuy + /\qH, /\-luyu + 6/\qH, /\-1uy/\2u

— 6A¢H, u)uyx + 80, (uuy) + 5/\qd§¢ /\-luyu .

b 2 b
We o ser\(/eFIIhai) —i(sgnk — sgn(k —n)) &(n)b(k - n), (34)

¢ ,ab)(n)=
from where

n

0 < [kl < Inl,
so that this commutator does not vanish. A consequence of the above mono-
tonicity relation is that

In — k| < |n].
This implies that the above bilinear form presents a nontrivial commutation
which allows to commute any derivative acting on the entire bilinear form
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as a differential operator acting onto a only. In a similar fashion, we find
that

T~ 2 .= |k — n|?

gH, A u)A u (k). ) Z_i In] a(n)a(k — n) (sgnk — sgn (k — n)). *

C Inlla(n)| la(k - n)|. (35)
n
Using that A% is an algebra, the fact that N gains one derivative, (35)
and Sobolev embedding, we find the estimate

IFIl o < € Null?o + A2l ollull o +llull oliAUll o .
A A A A A A

In particular using

IA

4/5 1/5 4/5 1/5

lullae < Cllullosllull o < Cllull,. llull o,

we find that
IFllao < Cllull4® Null4e + Nullyz < Ce-35/5t\|\u\H27

As a consequence, we conclude that

.o LA ’ ’ 2 f t
o6/2)t mgx ut L, <CcClu't v . -(6/10)t
t€[o,t] ”Ao +C U t ; 0 e dt

<Clu t lao+Ceu t *°

this concludes the low-regularity estimates.

. (36)

4.4. Boundedness in the high regularity space. To achieve the re-
quired estimate, we have to perform a finer analysis of the nonlinearity. In
particular, we need to remove the term

lulfie
from the right hand side of (30). In order to do that, we compute

NL; = —2 N (uux)dfudx,
I
=2r 9’N (uux)diudx,

S1

=2 01— 60)P (uul)P 0 udx,
st 1/2 1/2 3

X

1/2 3
< Cllullim llullp= 1P Ox ull .

Similarly, invoking (49), we find that
NL, = 0x(1 — 60,)P  A¢H,f)uP 0 udx,
2 1/2 3

st 1/
X

1/2 3
g Cllullz lullpuzs 1P Oxulle,
NL; = 8 0x(1 — 80P  A¢H,f)N uP 0 udx,
1 1/2 2 123

S
X

5 1/2 3
< ClIN ull 2llull gars 1P Oxulle.
For the term NL, we compute as follows
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S

NLya=6 (1 — 6860)P  A¢H,u)ouP A udx,
st 1/2 12 4

1/2

< Clloxull 2 Null 75 1P Atull 2.

Similarly, since P20x (uux) = mo (D) 0x u? with mo a Fourier multi- plier
of order zero and using the classical fact that the space H° ¥, s Ris a
Banach algebra we can argue that

J
NLS = _6 (1 - 6dx)P dx (qu) P /\ UdX,
st 1/2 1/2 4
< c(llullpzllullzo + N0uPHIP Y A%ull,z,
1/2 4
< CllullelullzollP A ulls,
and
I q. v
NLe = —6 (1 — 60,)P AN O ,f uP A udx
st 1/2 2 12 4
X
< Cllullye lull g0 1P Y2 A% Ul s,

where we have used the inequality

lo,ully < Cllullie llullso.
As a consequence, using Young’s inequality, we can find the inequality

gllul + 5P Aul <cout lul se . (37)

dt H? 2 L2 T H

4.5. Finishing the proof of Theorem 2. Collecting (36), (37) we con-
clude the polynomial bound

2
ulllr < Co(uo) + [l lull[7.

From here we can finish the argument as in the proof of Theorem 1 and we
obtain that that the solution is global.
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