
 

 

 

 

 
 

GLOBAL WELL-POSEDNESS AND DECAY FOR VISCOUS 

WATER WAVE MODELS 

 
RAFAEL GRANERO-BELINCHÓN AND STEFANO  SCROBOGNA 

 
AbsTracT. The motion  of the free  surface  of an  incompressible  fluid is 
a very active research area. Most of these works examine the case of 
an inviscid fluid.   However, in several practical applications, there are 
instances where the viscous damping needs to be considered. In this 
paper we derive and study a new asymptotic model for the motion of 
unidirectional viscous water waves. In particular, we establish the global 
well-posedness in Sobolev spaces. Furthermore, we also establish the 
global well-posedness and decay of a fourth order PDE modelling 
bidirectional water waves with viscosity moving in deep water with or 
without surface tension effects. 
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1. INTrODUcTION 

The motion of waves in fluids has been a hot research topic since the 
XVIIIth century with the works of Laplace and Lagrange. On the one hand 
there is a large number of papers dealing with the free boundary Euler and 
Navier-Stokes equations [6, 30].   These are free boundary problems and as 
a consequence the domain of definition Ω(t) of the functions  (the bulk of the 
fluid) is an unknown of the system that has to be determined from the 
dynamics (see Figure 1). 

Key words and phrases. Water waves, damping, moving interfaces, free-boundary 
problems. 
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FIGUrE 1. Scheme of the problem 

 
On the other hand the literature on asymptotic models of such free bound- 

ary problems is even larger (cf. [31]). These asymptotic models allow to have 
very good approximate description of the actual dynamics while simplify- 
ing the equations under study. In this direction there are many papers dealing 
with the case of inviscid fluids and, in particular dealing with as- ymptotic 
models for shallow water waves (see for instance [31] and the ref- erences 
therein) and models of water waves with small steepness (we refer to [1, 3, 
33–35] for example). Similar small steepness asymptotics models can be 
derived for other free boundary problems, such as the Muskat prob- lem [8, 
15], see [18, 20, 38]. Many of such asymptotic models are used in different 
applications in Coastal Engineering and Physics. 

Although it is a classical topic, the works studying the case of a viscous 
fluid are more scarce. The first works studying the case of a viscous water 
wave date back to Boussinesq [7], Basset [5] and Lamb [29]. Since then there 
are many other papers studying damped water waves. For instance, we refer 
to the manuscripts of Kakutani & Matsuuchi [26], Ruvinsky & Freidman [37], 
Longuet-Higgins [32], Jiang, Ting, Perlin & Schultz  [23], Joseph & Wang [24], 
Wang & Joseph [39] and Wu, Liu & Yue [40]. 

According to the work by Dias, Dyachenko &  Zakharov  [10],  the  vis- cous 
damping of gravity water waves can be described by the following free 
boundary problem: 

ρ

 

φ 

∆φ = 0 in Ω(t), (1a) 

+ 
1 
|∇φ|2 + Gh

    

= −2µ∂2φ on Γ(t), (1b) 

t 
2 

2
 

h = ∇φ · (− 
µ 

on Γ(t), (1c) 

 

where h denotes the height of the wave, φ is the velocity potential and G, ρ 
and µ are the gravity acceleration, density and viscosity of the fluid. 

Since its appearance, this system was considered by several other authors 
(see [11–14]). The need for simplified asymptotic models for damped water- 
waves systems was highlighted at first by Longuet-Higgins, which in [32] 
stated that 

For certain applications, however, viscous damping of the 
waves is important, and it would be highly convenient to have 
equations and boundary conditions of comparable simplicity 
as for undamped waves. 

 

∂1h, 1) + 2 
ρ 

∂1 h 2 
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∈ × − 

ftt + 2δΛ2ft + Λf + βΛ3f + δ2Λ4f  = ε

  

− Λ 
 

(Hft)2
 

 

 

ftt + 2δΛ2ft + Λf + βΛ3f + δ2Λ4f  = ε

  

− Λ 
 

(Hft)2
 

 
 

  

 

In this spirit, Kakleas & Nicholls [25] derived a quadratic asymtotic model 
while Bae, Lin & Shin [4] derived a cubic asymptotic model of (1). The well-
posedness of this quadratic model was studied by Ambrose, Bona & Nicholls 
[2] while the well-posedness of the full Dias-Dyachenko-Zakharov was 
proved by Ngom & Nicholls in [36] in the case of a nonzero surface tension  
and  by  Granero-Belinchón  &  Scrobogna  [21]  in  the  case  in  which the 
surface tension can be zero. 

In a series of works [19,22], the authors, starting with the Dias-Dyachenko- 
Zakharov (1) free boundary problem, derived and studied the following bidi- 
rectional models of viscous water waves 

 

 
 + ∂x¢H, f )Λf + β∂x¢H, f )Λ3f + δ∂x¢H, Hft)H∂2f 

 

x 
 q y q y 

 − δ2∂x

q
H, ∂2f 

y
∂2f  

  

, 
 

and 

x x 
f (x, 0) = f0(x), 

ft(x, 0) = f1(x), 

 

+ ∂x¢H, f )Λf + β∂x¢H, f )Λ3f + δ∂x¢H, Hft)H∂2f 

 + δΛ 
  
HftH∂2f 

   
− δ∂x

q
∂2, f 

y
Hft   , 

 

(3) 

x x 

f (x, 0) = f0(x), 

ft(x, 0) = f1(x), 

where ε is the steepness parameters that measures the ratio between the 
anplitude and the wavelength, δ > 0 is a dimensionless parameter reflecting 
the viscous effects, β 0 is the Bond number measuring the ratio between 
capillary and gravity forces. The operators and Λ denote the Hilbert transform 
and the square root of the Laplacian 

 
 

and 

Ĥf (k) = −isgn(k)f̂ (k) , Λ̂f (k) = |k|f̂ (k) , (4) 

¢A, B)f = A(Bf ) − B(Af ), 

is the commutator between two operators acting on the function f . In what 
follows we consider (x, t)    S1     [0, T ] where S1 denotes the interval [   π, π] with 
periodic boundary conditions. Furthermore, we will consider zero-mean initial 
data f0 and f1. 

The purpose of this work is twofold. First we prove that the system (3) 
is globally well posed for initial data which are sufficiently small. 

 

Second we derive a new asymptotic model of unidirectional viscous wa- 
ter waves. In particular, we obtain the following nonlocal and nonlinear 

+ δΛ HftH∂xf — δ∂x ∂2, f Hft + δ ∂x ∂2, f Λ∂xf 
(2) 
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. ˆ

 

   
∈

 

−C(δ,r,s)t 

x x 

 

equation 

2εut = N ux + 2δN uxx + N Hu − βN H∂2u + δ2N ∂3u 

— εN 

 

2uux + Λ
q
H, Λ−1u

y
u + βΛ

q
H, Λ−1u

y
Λ2u 

— δΛ¢H, u)ux + δ∂x (uux) + δΛ
q

∂2, Λ−1u
y

u

   

. (5) 
 

where the operator  

N = (1 − δ 

 
∂2)−1 

 

(1 − δ∂x) 

is defined in Fourier variables as 

= 
  1 − δik  

.
 

1 + δ2|k|2 

1.1. Main results. We start this section introducing some notation that 
we will use along the paper. We denote with C any positive constant inde- 
pendent of any physical parameter of the problem. The explicit value of C 
may vary from line to line. 

We recall the definition of the homogeneous Sobolev spaces of fractional 
order 

Ḣ s  = Ḣ s    S1   =    f  ∈ L1 Λsf  ∈ L2    , 

for any s R.  It is well known that for zero mean function we have that 
Hs  =  Ḣ s.   As  both  equations  preserve  the  zero  mean  property  from  now 
on we will always use the non-homogeneous notation in order to indicate a 
Sobolev space of regularity s. Similarly, we define the homogeneous Wiener 
spaces 

Ȧs  = Ȧs    S1   = 
,
f  ∈ L1 Λsf  ∈ ℓ1 

, 
, 

where fˆ denotes the Fourier series of f . 

The first main result of this work is the following theorem: 

Theorem 1. Let δ > 0 and β ≥ 0. There exists a c0 > 0 such that for any 

(f0, f1) ∈ H6 × H4 such that 

ǁf0ǁH6 + ǁf1ǁH4  ≤ c0, 

then, there exist a unique global solution (f, ft) of (3) stemming from the 
initial data (f0, f1) which belongs to the energy space 

f C R+; H6  , 

ft ∈ C 
  
R+; H4

  
∩ L2(R+; H5). 

Furthermore, 
 

 
−tδ 

ǁf ǁA0  + ǁftǁA0  ≤ Ce , 

ǁf ǁHr  + ǁftǁHs   ≤ Ce , ∀ (r, s) ∈ [0, 6) × [0, 4) . 

2 
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||| ||| 

C 

∈ 
ǁ ǁ 

ǁuǁ ≤ Ce 

||| ||| 

||| ||| 

∗ 2 2 ∗ 3 

 

Once the local existence and uniqueness was obtained in [22], we only 
need to provide with appropriate energy estimates. In order to do that we 
will consider a space of low regularity X and a space of high regularity Y , 
which will be explicitly defined below. Next we are going to define an energy 
having the form 

(f, ft) T  =  sup 
t∈[0,T ] 

 
eαt ǁ(f (•, t) , ft (•, t))ǁX 

} 
+ ǁ(f, ft)ǁY for α > 0. 

Equipped with this definition of energy, the rest of the proof is focused on 
obtaining an inequality of the form 

|||(f, ft)|||T  ≤ C0 (f0, f1) + P (|||(f, ft)|||T ) , 

for certain polynomial P and constant C0 (f0, f1) that depends on the initial 
data. The previous inequality implies that for small enough 0 (f0, f1), the 
solution satisfies 

|||(f0, ft)|||T  ≤ 2C0 (f0, f1) , 
for all T > 0, then a standard continuation argument allow us to extend the 
solution to arbitrary long time intervals. 

 

Next, we derive a new asymptotic model of unidirectional viscous water 
waves. This new model takes the form (5). Our second main result is 

Theorem 2. Let δ > 0 and β ≥ 0.  Then given and arbitrary zero mean 

u0 ∈ H2, there exists a unique local strong solution to (5) 

u ∈ C([0, T ], H  ) ∩ L ([0, T  ] ; H  ), 

for a small enough T ∗ depending only on    u0   H2   and the physical parameters of 
the problem. Furthermore, there exists a c0 > 0 such that for any u0 H2 
satisfying 

ǁu0ǁH2  ≤ c0, 
then, there exist a unique global solution u of (5) stemming from the initial 
data u0 which belongs to the energy space 

u ∈ C
 
R+; H2

  
∩ L2(R+; H3). 

Moreover,  
 

— δ t 
 

 

ǁuǁA0  ≤ Ce  2   , 
−C(δ,r)t 

Hr , ∀ r ∈ [0, 2) . 

In order to prove the local existence part of this theorem we use Picard’s 
theorem together with energy estimates in H2 and the commutator structure 
of part of the nonlinearity. Once the local existence and uniqueness has been 
obtained, to ensure the global existence and decay we only need to provide 
with appropriate energy estimates. To do that we are going to define a 
modified energy    f  T   that has two different contributions.   On the one 
hand we consider the low regularity space X where the solution will decay 
while on the other hand we will also regard a high regularity space Y where 
the solution will only remain bounded. The particular  choice  of  X and  Y will 
be clear below. Then the energy will take the form 

f T  =  sup 
t∈[0,T ] 

 
eαt ǁf (•, t)ǁX

} 
+ ǁf ǁY for α > 0. 
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C 

A0 

H6 

     

0

 

F 

     
−
,

 L = 

q 

e F (t′) dt . 

  

  

  

 

Equipped with this definition of energy, the rest of the proof will be devoted 
to obtain an inequality of the form 

|||u|||T ≤ C0 (f0) + P (|||u|||T ), 

for certain polynomial P of degree larger than 1, constant 0 (u0) that de- pends 
on the initial data. The previous inequality implies that for small enough 

C0 (u0), the solution satisfies 

|||u|||T ≤ 2C0 (u0) , 

for all T > 0, then a standard continuation argument allow us to extend the 
solution to arbitrary long time intervals. 

 

2. PrOOF OF THEOrEM 1 

Without loss of generality, we consider ε = 1 in (3).  According to the result 
in [22], there is a local in time solution (f, ft) for the problem (3). Let us define 
the modified energy 

|||(f, ft)|||T = eδT  max 
t′∈[0,T ] 

 
¨
 
f 

 
t′

   
, ft 

  
t′

     
¨ 

} 

+ max 
t′∈[0,T ] 

 
¨ft 

  
t′

  
¨

 
+ ̈ f 

 
t′

 
¨ 

} 
. 

The estimates of [22] assures us moreover that the solution exists at least in 
a time interval [0, Tmax] where Tmax = Tmax (f0, f1) is the maximal  lifespan 
of the solution. 

2.1. The linear semigroup. We consider the linear nonhomogeneous prob- lem 
ftt + 2δΛ2ft + Λf + βΛ3f + δ2Λ4f  = F, (6) 

where F is a zero mean forcing. Let us denote with 

u(x, t) = 
f (x, t)

 
ft(x, t) 

, u (x) = 
f0(x) 

, 
f1(x) 

so that (6) becomes 

ut + Lu = 

    
0

 

 

0 1 

Λ + βΛ3 + δ2Λ4 2δΛ2 
.
 

Applying Duhamel principle we write u = uL + uNL where 
 

−tL 

∫ t    
−(t−t′)L 

  
0 ′ 

 

The eigenvalues of L are the Fourier multipliers 

λ± (n) = δ |n|2  ± i

r

|n| 
 

1 + β |n|2
 

, 

so we see that the linear operator L induces both parabolic smoothing effects 
and oscillating behavior of the solution.  Since the solution has zero mean, 
we have that λ±(n) 0.  The two ortonormal eigenvectors associated to 
λ± (n) are 

e± (n) = 
1 

 

 

1 + |λ± (n)|2 

1 

−λ± (n) 
,
 

  

uL (t) = e u0, uNL (t) = 

H4 

0 
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. . .j 

′ 

−tL −δt 

Σ 

x 

ûL (t) =  
λ−  − λ

 
λ− 

 
e−tλ−  − e−tλ+ 

  f0 

+ 
λ− − λ λ−e−tλ−  − λ+e−tλ+ 

f1, 

.   λ± . ≤ 
1 
 

1 + δ

s 
  |n|  

! 

, (7) 

. λ− (n) − λ 

e 
(n) 

fj (n). ≤ f (n) , 

 

so that, if we denote  
D = 

λ− 0 
0 λ+ 

S = 
1 1 

−λ− −λ+ 

S−1  =  
  1  

   
−λ+ −1  

  

,
 

we have that 
λ− − λ+ λ− 1 

e−tL = S−1e−tDS. 

With the above considerations we write uL and uNL in terms of f0, f1 and 
F as 

  1  
   

λ−e−tλ+  − λ+e−tλ−    
  

ˆ 

  1  
   

λ+ 

 
e−tλ+  − e−tλ− 

     
ˆ

 

 

 
ûNL (t) = 

∫ t
 1 λ+ 

 
 

 
e−(t−t′)λ+  − e−(t−t′)λ− 

 
 

 

 

! 

F̂

  t′ dt′. 

0 λ− − λ+ 
λ   e−(t−t′)λ− — λ   e−(t−t′)λ+ 

We want to obtain now the decay rates of the linear semigroup. Let us 
at first check the time-decay of uL. We can compute that 

 

. λ− − λ+ . 2 1 + β    

since |n| ≥ 1 due to conservation of average. We deduce that, for j = 0, 1 

  λ± (n)  
 

 

 
−tλ±(n)  ̂  . e−δt  

 
 

 

s
 |n| 

! 
. ̂  . 

which in turn implies that 

eδT max 
t′∈[0,T ] 

Equivalently, we have that 

¨uL(t )¨A0 

 
≤ C ǁ(f0, f1)ǁ 

 
A1/2 . (8) 

ǁe ǁA1/2›→A0  ≤ Ce . (9) 

2.2. Decay in the  low  regularity  space.  If  we  write  the  equation  in its 
mild formulation using Duhamel’s principle, we have that the nonlinear 
forcing is given by 

 
 

where 

6 

F = Fj, 
j=1 

 
 

F1 = −Λ
 
(Hft)2

  
, 

F2 = ∂x¢H, f )Λf, 

F3 = β∂x¢H, f )Λ3f, 

F4 = δ∂x¢H, Hft)H∂2f, 

+ 

− + 

+ 2 
1 + δ 

1 + β 

  

,

 

  

,

 

+ 
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F = δΛ  Hf 

H∂ f ,5  t 
x 

−δt(1+q) 2 

3 

A H A0 A3 A0 A5 

A H A0 H4 A0 H6 

 

2 
x 

F6 = δ∂x

q
∂2, f 

y
Hft. 

The goal of the present computations is to provide a control of the form 

ǁF (t)ǁA1/2   ≤ Ce |||(f, ft)|||T , t ∈ [0, T ] ,  q > 0. 

We are going to use the Sobolev embedding 

ǁaǁAs   ≤ CδǁaǁHs+1/2+δ    ≤ CǁaǁHs+1 , 

together with interpolation between Sobolev spaces and the fractional prod- 
uct rule 

ǁabǁAs  ≤ Cs(ǁaǁA0 ǁbǁAs  + ǁaǁAs ǁbǁA0 ) ≤ CsǁaǁAs ǁbǁAs , 

to estimate Fj. We compute 

ǁF1ǁA1/2  ≤ CǁftǁA0 ǁftǁA3/2 

≤ CǁftǁA0 ǁftǁH5/2 

1+3/8 5/8 
≤ CǁftǁA0 ǁftǁH4 . 

Using linear interpolation in Wiener spaces 
s/r 1−s/r 

 
we find that 

ǁaǁAs  ≤ CǁaǁAr  ǁaǁA0 , 

 
ǁF2ǁA1/2 ≤ ǁ¢H, f )Λf ǁA3/2 

≤ C(ǁf ǁA3/2 ǁf ǁA1 + ǁf ǁA5/2 ǁf ǁA0 ) 

≤ Cǁf ǁA5/2 ǁf ǁA0 

≤ Cǁf ǁH7/2 ǁf ǁA0 

7/12 1+5/12 

 
Similarly, 

≤ Cǁf ǁH6   ǁf ǁA0 . 

 
ǁF3ǁA1/2 ≤ Cǁ¢H, f )Λ f ǁA3/2 

≤ C(ǁf ǁA3/2 ǁf ǁA3 + ǁf ǁA3+3/2 ǁf ǁA0 ) 

≤ Cǁf ǁA9/2 ǁf ǁA0 

≤ Cǁf ǁH11/2 ǁf ǁA0 

11/12 1+1/12 
≤ Cǁf ǁH6 ǁf ǁA0 . 

Similarly, we have that 
2 

ǁF4ǁA1/2 ≤ Cǁ¢H, Hft)H∂xf ǁA3/2 

≤ C (ǁftǁA0 ǁf ǁA7/2 + ǁftǁA3/2 ǁf ǁA2 ) 

≤ C 
  
ǁftǁ 0 ǁf ǁ  6  + ǁftǁ1/2ǁftǁ1/2ǁf ǁ3/5ǁf ǁ2/5

 
 

≤ C 
 
ǁftǁ 0 ǁf ǁ  6  + ǁftǁ1/2ǁftǁ1/2ǁf ǁ3/5ǁf ǁ2/5

   
, 

ǁF5ǁ 
1/2  ≤ C 

  
ǁftǁ 0 ǁf ǁ 6  + ǁftǁ ǁftǁ ǁf ǁ ǁf ǁ , 

1/2 1/2 3/5 2/5 
      A H A0 H4 A0 H6 A 
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. 

6 

2−δt (1+73/918)  ′ 

t′∈[0,t] 

A0 H6 A0 H6 A0 H4 

A0 H6 A0 H4 

A0 H6 A0 H4 

A0 H6 A0 H4 

A0 H6 A0 H4 

|n|) .fj(n). + C 

e 

|n| .F 

dt . 

A0 

 

Using the commutator structure together with the product rule in Wiener 
spaces, we estimate 

3 2 2 
ǁF6ǁA1/2  ≤ Cǁ∂xf Hft + 3∂xf∂xHft + ∂xf∂xHftǁA1/2 

≤ C   ǁf ǁA3+1/2 ǁftǁA0  + ǁf ǁA3 ǁftǁA1/2 

+ ǁf ǁA2+1/2 ǁftǁA1 + ǁf ǁA2 ǁftǁA1+1/2 

+ ǁf ǁA1+1/2 ǁftǁA2  + ǁf ǁA1 ǁftǁA2+1/2    . 

Using interpolation in Wiener spaces and then the Sobolev embedding 

ǁf ǁA5+2/5   ≤ Cǁf ǁH6 and ǁftǁA3+2/5  ≤ CǁftǁH4 , 

we compute that 

ǁF6ǁ 1/2  ≤ C

  

ǁf ǁ19/54ǁf ǁ35/54ǁftǁ 0   + ǁf ǁ
4/9

ǁf ǁ
5/9

ǁftǁ
29/34

ǁftǁ
5/34 

+ ǁf ǁ29/54
ǁf ǁ25/54

ǁftǁ
12/17

ǁftǁ
5/17 

+ ǁf ǁ17/27
ǁf ǁ10/27

ǁftǁ
19/34

ǁftǁ
15/34 

+ ǁf ǁ13/18
ǁf ǁ5/18

ǁftǁ
7/10

ǁftǁ
10/17 

+ ǁf ǁ
22/27

ǁf ǁ
5/27

ǁftǁ
9/34

ǁftǁ
25/34

    

.
 

 

Let us recall that using Duhamel formulation the solution then can be 
written as 

−tL 

∫ t    
−(t−t′)L 

  
0 ′ 

 

and satifies, 

u(x, t) = e u0 + e 
0 

F (t′) 
dt

 

 
−δt 

√ . ̂  . 
∫ t    

−(t−t′)δn2 
√ . ̂  

  
 

 

′
  . ′ 

 

 
we can estimate 

—
 

t − t′
 

δn2 ≤ −
 

t − t′
 

δ ≤ 0, 

 
−δt −δt 

∫ t
 δt′ 
Σ 

′ ′ 

ǁu(t)ǁA0   ≤ Ce ǁ(f0, f1)ǁA1/2  + Ce e 
0 j=1 

ǁFj (t )ǁA1/2 dt . 

Recalling the previous estimates for ǁFj(t′)ǁ 1/2  and the definition of the 

norm |||(f, ft)|||T , we have that 

¨F 
 
t′

  
¨

 ′ ≤ Ce |||(f, f )|||  , 0 ≤ t  ≤ t ≤ T. 
A1/2 

We conclude that 

eδt max  
  
¨
 
f 

  
t′

  
, ft 

 
t′

   
¨ 

}
 

t T 

 
 
 
 

2 
∫ t 

 
 

 
 
 
 

 
−(73/918)δt′ ′ 

0 

0 

A 

A A 

|û(n, t)| ≤ Ce 

Using 

(1 + 
n, t 
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2 
≤ Cǁ(f0, f1)ǁA1/2  + C |||(f, ft)|||T e 

≤ Cǁ(f0, f1)ǁA1/2  + C |||(f, ft)|||T 
dt (10) 
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     Σ 

H4 H4+3/2 H6 H4+1/2 

x 

x 

∫ 

x 

x 

H 

x x 

1 t H5 t T 

 

2.3. Boundedness in the high regularity space.  Similarly as in [22], we 
test the equation against Λ8ft, integrate in S1 and integrate by parts 
obtaining the energy balance 

 
 

 
with 

6 1 d 
E(t) + D t′  = I 2 

dt i 
i=1 

 
(t) , (11) 

E(t) = ¨ft 
 
t′

 
¨2 

+ β ̈ f 
 
t′

 
¨2

 

 
 

+ δ2 ¨f 
 
t′

 
¨2

 + ̈ f 
 
t′

 
¨2 

, 

D(t) = 2δ ǁft(t)ǁ
2 

5 , 
and 

I1 (t) = − 

∫

S1 
Λ 

 
(Hft) Λ ft dx 

2
     

7 

I2 (t) = 

∫

S1  
∂x¢H, f )Λf Λ  ft  dx 

8 

I3 (t) = β 

∫

S1
 

I4 (t) = δ 

∫

 
 

∂x¢H, f )Λ3f Λ8ft  dx 

∂x¢H, Hft)H∂2f Λ8ft  dx 

1 

I5 (t) = δ 

∫

S1
 

Λ 
 
HftH∂2f

  
Λ8ft dx 

I6 (t) = −δ 

∫

S1 
∂x

q
∂ , f 

y
HftΛ ft dx. 

2 8 
 

Using  the  self-adjointness  of  the  operator  Λ  together  with  Hölder’s  in- 
equality and the Sobolev embedding 

ǁgǁL4   ≤ CǁgǁH0.25 , 

we find that 

I1(t) = − 
S1

 

= − 

∫

S1
 

= − 

∫

S1
 

= − 

∫

 

 
(Hft)2

  
Λ9ft dx 

 
(Hft)2

  
∂4Λ5ft dx 

∂4 
  

(Hft)2
   

Λ5ft dx 

 
2HftΛ∂3ft + 6(Λ∂xft)2 + 8Λft∂2Λft

 
Λ5ft dx 

≤ CǁftǁH5  

 

ǁftǁH4 ǁHftǁL∞  + ǁftǁ
2 

2.25  + ǁftǁH3 ǁΛftǁL∞ 

 
 

≤ CǁftǁH5 ǁftǁH4 ǁftǁH2.25 
2 2 2 

≤ σǁftǁH5  + CǁftǁH4 ǁftǁH2.25   , (12) 

for σ > 0 to be fixed below. 
Furthermore, using interpolation between Sobolev spaces, the embedding 

Hs ⊂ Hr , r ≤ s, 

we obtain the estimate 
−(δ/2)t 

I   (t) ≤ σǁf ǁ2 + C |||(f, f )|||4 e . (13) 

H 

S 

x 

S1 
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T 

3 2 

x 

{ − } 

1 

x L 

t 

J1 = δ 
1 

Λ(HftΛ∂xf )Λ ft dx dt 

1 
∂x(HftΛ f )Λ ft dx dt . 

∫ 

 

Equipped with (29), we can estimate I2 as follows 

I2(t) =  

∫

S1  
Λ  ∂x¢H, f )Λf Λ  ft  dx 

4 4 
 

≤ ¨∂5¢H, f )Λf ̈  

 
  

2 
¨Λ4ft

¨ 
2 

 
 

x 
≤ ¨∂5f ̈  

L 
∞ ǁΛf ǁ L 

2 
¨Λ4ft

¨ 
2 . 

As a consequence, by interpolation in Wiener and Sobolev spaces, we have 
that 

I2 (t) ≤ C |||(f, ft)|||3 e−(δ/2)t. (14) 

Analogously, we find that 

I3 (t) ≤ ¨∂4f ̈  
 

 

∞ 
¨Λ3f ̈  

2 
¨Λ5ft

¨ 
2 

 

 

≤ ¨∂ f ̈  ¨Λ f ̈  
 

  

+ σ ̈ Λ f ¨ 
 

≤ C |||(f, f )|||  e + σ ¨Λ  f  ̈
 

 

. (15) 

I4(t) = δ 

∫

S1
 

= δ 

∫

S1
 

 
Λ(HftΛ∂xf ) + ∂x(Hft∂2f )

  
Λ8ft dx 

 
Λ(HftΛ∂xf ) − ∂x(HftΛ2f )

  
Λ8ft dx 

= J4 + J4, 
 

with 

1 2 
 

4 

∫ t ∫ 
8 ′ 

 

  

4 

∫ t ∫ 
 

 

2 8 ′ 

We will use the fractional Leibniz rule (see [16, 27, 28]): 

ǁΛs(uv)ǁLp  ≤ C (ǁΛsuǁLp1 ǁvǁLp2   + ǁΛsvǁLp3 ǁuǁLp4 ) , 

which holds whenever 
1 1 1 1 1 

= + 
p p1 p2 

= + 
p3 p4 

where 1/2 < p < ∞, 1 < pi ≤ ∞, 

and s > max  0, 1/p 1 . Using the fractional Leibniz rule and the self- 
adjointness of the operator Λ, we compute 

 

J4 (t) = δ 
S1 

4 

Λ4(HftΛ∂xf )Λ5ft dx 
5 

≤ δǁΛ (HftΛ∂xf )ǁL2 ǁΛ ftǁL2 

≤ δC(ǁftǁH1 ǁf ǁH6 + ǁftǁH4 ǁf ǁH3 )ǁftǁH5 

2 2 2 2 2 

≤ δC(ǁftǁH1 ǁf ǁH6 + ǁftǁH4 ǁf ǁH3 ) + σǁftǁH5 
4   −(δ/2)t 2 

x L 

x 
5 2 

t T 

We can decompose I4(t) as follows 

0 S 

0 

4 2 

4   −(δ/2)t 5 2 

L L 

L∞ 

L2 L2 

J2 = −δ 
S 

L L 

t L2 
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4 T t H5 

≤ C |||f |||T e + σǁftǁH5 . 
The terms J4 and I5 = J4 can be estimated in a similar way and we find 

that 
2 

I (t) + I 

1 

(t) ≤ C |||f |||4 e−(δ/2)t + σǁf ǁ2
 . (16) 5 
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1 

1 

5 5 

S1 
x x 

S1 
x x 

T H 

dt 
t T t T 

A T T 

T H 

∫ 

4   −(δ/2)t 2 5 

 

Now we are left with I6. We remark that 

I6(t) = −δ 

∫ 

∂x 
 
∂2f Hft + 2∂xf Λft

  
∂4Λ4ft dx. 

 

Integrating by parts, we find that 

I6(t) = δ 

∫ 

∂4 
 
∂2f Hft + 2∂xf Λft

  
∂xΛ4ft dx. 

 

Hence, using the same ideas as before, we have that 

I  (t) ≤ |||(f, f )|||  e + σǁf ǁ + 2 

∫ 

∂  f Λ  f ∂ 

 

Λ4f 

 
 
dx. 

6 t T 
 The term 

t  H5 x t  x t 
S1 

 
J6 = 2 

S1 

 
∂xf Λ5ft∂xΛ4ft dx 

is the highest order term. However, it has an inner commutator structure 
that we can exploit as follows: 

J6(t) = 

∫ 

H(∂xf Λ5ft)Λ5ft dx − 

∫ 

∂xf Λ5ftHΛ5ft dx 
 
1 

= 

∫

S1

 

S1 

 

¢H, ∂xf )Λ ftΛ ft dx. 

Then, recalling (29), we conclude that 

I6(t) ≤ |||(f, ft)|||4 e−(δ/2)t + σǁftǁ
2  

5 . (17) 

2.4. Finishing the proof of Theorem 1. Collecting (13), (14), (15), (16) 
and (17) and taking σ small enough, we conclude 

 d 
E(t) + D 

 
t′
  

≤ C |||(f, f )|||2 e−(δ/2)t + C |||(f, f )|||4 e−(δ/2)t. (18) 

Integrating in time and using (10), we conclude the polynomial bound 

|||(f, ft)|||T  + D
 

t′
  

 

 
dt′ 

≤ Cǁ(f0, f1)ǁ  1/2  + E(0) + C 
 

|||(f, ft)|||2   + |||(f, ft)|||4 
  

, 

thus, there exists a (fixed, positive) constant 1 < C+ such that 
+ 

h 
6 4 ) + 

 
|||(f, ft)|||2   + |||(f, ft)|||4 

 i 
.    (19) 

|||(f, ft)|||   ≤ C (ǁf0ǁ + ǁf1ǁ 

We observe that, in the previous estimates, we have not used any hypothesis 
on the size of the initial data and the previous bound is valid for every solution 

and T ∈ (0, Tmax). 
We want to prove that, there exists a c0 > 0 such that for any solution of 

(3) stemming from an initial data 

ǁf0ǁH6  + ǁf1ǁH4  ≤ c0, (20) 

the inequality 

|||(f, ft)|||T  ≤ C (ǁf0ǁH 6  + ǁf1ǁH4 ) , 

holds true for any T > 0 and thus the solution is global by a standard 
continuation argument. 

S 

0 

∫ 

H T T 

T 
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T 

+ 2 

2 

≤ C 

||| ||| ∈ 

C 

t T 0 H6 1 H4 t T 

2 

0 

+ δ∂x¢H, Hft)H∂2f + δΛ 
 
HftH∂2f 

  
+ δ2∂x

q
∂2, f 

y
Λ∂xf 

x x x 

 

Let us assume that the solution does not stay bounded for all times, the 
contrary being true would imply that the solution is global by a continuation 
argument. If the initial data is small enough, we can find T such that 

3 
|||(f, ft)|||T  =  

4  
< 1. 

The above inequality allow us to deduce the polynomial bound 
+ h 2 i 

|||(f, ft)|||T  ≤ 2C (ǁf0ǁH6  + ǁf1ǁH4 ) + |||(f, ft)||| , (21) 

or equivalently, 

2C+|||(f, f )|||   ≤ (2C   )   (ǁf  ǁ + ǁf  ǁ ) + 
 
2C+|||(f, f )|||  

 2 
. (22) 

Then, without loss of generality we can restrict our analysis to a polynomial 
of the form 

|||(f, ft)|||T  ≤ C0 (f0, f1) + |||(f, ft)|||T . (23) 

Now we observe that if 

 
is small enough, the polynomial 

C0 ≪ 1 

2 

 
has two positive real roots 

 

 

moreover if 0 < C0 ≪ 1 

Q(y) = C0 − y + y 

y± = 
1 ± 

√
1 − 4C0 

,
 

2 

√   

y− = min{y , y−} = 
1 − 1 − 4C0 

≤ 2C . 

Furthermore, analogously as in in [22], we know that the application t ›→ 
(f, ft)  t  is continuous for t [0, Tmax). This, together with the smallness 

in the initial data, implies that 

|||(f, ft)|||T  ∈ [0, y−] . 

We combine the above deduction with the estimate y− 2 0 and we deduce 
that 

3 
|||(f, ft)|||T  ≤ 2C0 <  

4 
, 

if we take  0 small enough. This is a contradiction with the definition of T 
and implies that the solution is global. 

3. DErIVaTION OF (5) 

Our starting point in this section is (2): 

ftt = −2δΛ2ft − Λf − βΛ3f − δ2Λ4f 

+ ε

  

− Λ 
 

(Hft)2
  

+ ∂x¢H, f )Λf + β∂x¢H, f )Λ3f 

 

— δ∂x

q
∂2, f 

y
Hft − δ2∂x

q
H, ∂2f 

y
∂2f 

  

.    (24) 

+ 

x x x 
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x 

— δ∂χ¢H, Hfχ)H∂2f − δΛ 
 
HfχH∂2f 

  
+ δ2∂χ

q
∂2, f 

y
Λ∂χf 

x x χ 

x x 

— δ¢H, Λf )H∂2f − δH 
 
Λf H∂2f 

  
+ δ2

q
∂2, f 

y
Λ∂xf 

x x 

— δ¢H, Λf )H∂2f − δH 
 
Λf H∂2f 

  
+ δ2

q
∂2, f 

y
Λ∂xf 

x x 

— δ¢H, Λf )H∂2f − δH 
 
Λf H∂2f 

  
+ δ2

q
∂2, f 

y
Λ∂xf 

x x x 

 

Let us introduce the ’far-field’ variables, 

χ = x − t, τ = εt. 

Then, we have that 
 

 
and 

 
∂ 

∂t
f (χ(x, t), τ (t)) = −fχ + εfτ , 

∂2 
2

 

∂t2 
f (χ(x, t), τ (t)) = fχχ − 2εfτχ + ε fττ . 

After neglecting terms of O(ε2), (24) reads 
2 3 2   4 

(fχ − 2εfτ )χ  = −2δΛ  (−fχ + εfτ ) − Λf − βΛ  f − δ  Λ  f 

+ ε

  

− Λ 
 

(Hfχ)2
  

+ ∂χ¢H, f )Λf + β∂χ¢H, f )Λ3f 

 

+ δ∂χ

q
∂2, f 

y
Hfχ − δ2∂χ

q
H, ∂2f 

y
∂2f 

 

. 
 

Integrating in χ and using our previous notation for the space and time 
variables we find the equation 

fx − 2εft = 2δ∂x(−fx + εfτ ) − Hf + βH∂2f − δ2∂3f 

+ ε

   

− H 
 
(Hfx)2

   
+ ¢H, f )Λf + β¢H, f )Λ3f 

 

+ δ
q

∂2, f 
y
Hfx − δ2

q
H, ∂2f 

y
∂2f  

  

. 
x x x 

 

Regrouping terms we can equivalently write 

(1 + δ∂x)2εft = fx + 2δfxx + Hf − βH∂2f + δ2∂3f 

— ε

   

− H 
 
(Hfx)2

   
+ ¢H, f )Λf + β¢H, f )Λ3f 

 

+ δ
q

∂2, f 
y
Hfx − δ2

q
H, ∂2f 

y
∂2f 

  

.    (25) 
x x x 

 

We observe that, taking the operator 
 

we find that 

N = (1 − δ ∂2)−1 
(1 − δ∂x), 

2εft = N fx + 2δN fxx + N Hf − βN H∂2f + δ2N ∂3f 

— εN 

  

− H 
 
(Hfx)2

   
+ ¢H, f )Λf + β¢H, f )Λ3f 

 

+ δ
q

∂2, f 
y
Hfx − δ2

q
H, ∂2f 

y
∂2f 

  

.    (26) 

2 

χ χ x 

x x x 

x x x 

x x x 
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x 

x 

    

x 

x 

x 

x 

∂ 

x x 

x x 

x x x x 

2 2 

 

As in [17], we now define 

u = Λf. 

This new unknown solves the following equation 

2εut = N ux + 2δN uxx + N Hu − βN H∂2u + δ2N ∂3u 

— εΛN 

  

− H  u2   + 
q
H, Λ−1u

y
u + β

q
H, Λ−1u

y
Λ2u 

+ δ¢H, u)HΛu + δH (uHΛu) + δ2
q

∂2, Λ−1u
y

ux 

+ δ
q

∂2, Λ−1u
y

u − δ2¢H, Λu)Λu

  

. 

The previous equation can be written equivalently as 

2εut = N ux + 2δN uxx + N Hu − βN H∂2u + δ2N ∂3u 

— εN 

  

2uux + Λ
q
H, Λ−1u

y
u + βΛ

q
H, Λ−1u

y
Λ2u 

— δΛ¢H, u)ux + δ∂x (uux) + δ2Λ
q

∂2, Λ−1u
y

ux 

+ δΛ
q

∂2, Λ−1u
y

u − δ2Λ¢H, Λu)Λu

 

. (27) 

Neglecting now the nonlinear terms that are O(εδ2) we conclude (5). 

4. PrOOF OF THEOrEM 2 

4.1. Local well-posedness. First, we observe that (5) can be written as 

2εut = N ux + 2δN uxx +N Hu − βPH∂2u + βδPΛ∂2u + δ2P∂3u − δ3P∂4u 

— εN 

  

2uux + Λ
q
H, Λ−1u

y
u + βΛ

q
H, Λ−1u

y
Λ2u 

— δΛ¢H, u)ux + δ∂x (uux) + δΛ
q

∂2, Λ−1u
y

u

  

,   (28) 
 

where the operator 

P = (1 − δ 

 
∂2)−1 

is defined in Fourier variables as 
1 

 
 

Then, using 

P̂ =  
1 + δ2 |k|2 

.
 

P = Id + Pδ x 

we can observe that the terms 

βδPΛ∂2u = − 
β 

Λu + 
β 

PΛu 

 
and 

x δ δ 

 
3 4 2 2 

 
are of parabolic type. 

−δ P∂xu = δ∂xu − δP∂xu 

2 
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2 

4 

4 

4 

x 

N 

ℓ+m 

L L L L 

x x Lp x 
L∞ 

 

To simplify the notation, in the course of this proof we take ε = 1. Now we 
obtain the a priori estimates in the H2 Sobolev space. These estimates im- 
plies the local existence of solution after a standard regularization approach 
using the periodic heat kernel as mollifier. 

We start noticing that 
∫

S1 
u(x, t)dx = 

∫

S1 
u(x, 0)dx = 0. 

Now we test (28) against Λ4u. Then we obtain that 
d 2 

 
where dt 

ǁuǁH2  = L + NL1 + NL2 + NL3 + NL4 + NL5 + NL6, 

L = 

∫

S1 
{N ux + 2δN uxx + N Hu − βPH∂xu 

+ βδPΛ∂2u + δ2P∂3u − δ3P∂4u}Λ4udx, 

NL1 = −2 

∫

S1
 

x x x 

N (uux)Λ udx, 

NL2 = − 

∫

S1
 

NL3 = −β 

∫

 

N Λ
q
H, Λ−1u

y
uΛ4udx, 

N Λ
q
H, Λ−1u

y
Λ2uΛ4udx, 

NL4 = δ 

∫

S1
 

S1 

N Λ¢H, u)∂xuΛ udx, 

NL5 = −δ 

∫

S1
 

NL6 = −δ 

∫

S1
 

N ∂x (uux) Λ udx, 

N Λ
q

∂2, Λ−1u
y

uΛ4udx. 

After a number of integrations by parts, we find that 

L = 

∫

S1  

 

δPuxx − δPΛu + βδPΛuxx − δ  P∂  u
  

Λ udx 
3 4 4 

 

= −δǁP1/2 uxxxǁ
2 

2  − δǁP1/2 Λ5/2uǁ2 
2   − δβǁP1/2 Λ1/2uxxxǁ

2 
2   − δ3ǁP1/2Λ4uǁ2 

2 . 

Furthermore, using the parabolic character of some of the terms in L, we 
find that 

L 
1 2 3 2 2 

≤ − 
δ 
ǁuxxǁL2 − δǁΛ uǁL2 + CǁuǁH2 . 

For the first nonlinear term NL1, we integrate by parts and use that can 
absorb one derivative to find the estimate 

NL1 ≤ ǁuǁH3 ǁu2ǁH1 ≤ CǁuǁH3 ǁuǁ2 
1   ≤ σǁuǁ2 

3  + Cǁuǁ4 
1 , 

for σ > 0 that will be fixed later. 
H H H 

We recall the following commutator estimate (see equation (1.13) in [9]) 

N. (29) 
¨∂ℓ ¢H, U )∂mV ¨ ≤ C ̈ ∂ U ̈  ǁV ǁLp ,   p ∈ (1, ∞), ℓ, m ∈ 

Using (29) and the Sobolev embedding 

ǁ∂xΛ−1uǁL∞   ≤ CǁΛ−1uǁH2   ≤ CǁuǁH1 , 

x 
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N 

L 

H H 

H H 

H H 

H H H 

H2 

 

we find that  
NL2 ≤ CǁuǁH3 ǁuǁ2 

1 ≤ σǁuǁ2 
3  + Cǁuǁ4 

1 . 
 

Similarly, 

H H H 

NL3 ≤ CǁuǁH3 ǁuǁH2 ǁuǁH1   ≤ σǁuǁ2  
3  + Cǁuǁ4  

2 , 
 

NL4 ≤ CǁuǁH3 ǁuǁH2 ǁuǁH1   ≤ σǁuǁ2  
3  + Cǁuǁ4  

2 . 

Integrating by parts in NL5 and using the regularizing effect from , we 
can obtain that 

NL5 ≤ CǁuǁH3  

  

ǁ∂xuǁ2 
4  + ǁuǁL∞ ǁuǁH2 

    

. 

Using the Sobolev embeddings 

ǁgǁL4   ≤ CǁgǁH0.25 , 

and 
 
 

we find that 

 
ǁgǁL∞   ≤ CǁgǁH1 , 

 
NL5 ≤ σǁuǁ2 

3 + Cǁuǁ4 
2 . 

Integrating by parts and using the previous ideas we can estimate the last 
nonlinear contribution as 

NL6 ≤ CǁuǁH3 ǁuǁ2 
2 ≤ σǁuǁ2 

3  + Cǁuǁ4 
2 . 

Taking now 0 < σ ≪ small enough we can ensure that 
d 2 δ 3 2 2 4 

dt 
ǁuǁH2  + 

2 
ǁΛ uǁL2  ≤ CǁuǁH2  + CǁuǁH2 , (30) 

which ensures the existence of a uniform time T ∗ such that 

u ∈ C([0, T ∗), H2) ∩ L2(0, T ∗; H3). 

The local existence of solution will follow  now from a standard application of 
Picard’s theorem to a sequence of approximate problems. At this level of 
regularity, the uniqueness of such local strong solution can be easily ob- 
tained from a standard contradiction argument that we skip for the sake of 
brevity. 

 

The rest of this section is devoted to the global existence of solution for 
small initial data. In order to do that, we define the modified energy 

|||u|||T = eδ/2T max 
t′∈[0,T ] 

 
¨u 

 
t′

  
¨
 } 

+ ̈ u 
 
t′

 
¨ . 

 

Then, our goal is to conclude the polynomial inequality 

|||u|||T ≤ C0 (f0) + P (|||u|||T ). 

A0 
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— − | | − 

. . 

′ 

−tL −δt 

2 

x 

x x x 

 

4.2. The linear semigroup. We consider the linear nonhomogeneous prob- 
lem 

2ft−N (fx+2δ∂2f +Hf )+βPHfxx−βδPΛfxx−δ2P∂3f +δ3P∂4f  = F,  (31) 

where F is the forcing. This linear equation can then be written as 

2ut + L u = F, u = Λf, 

with 

 
and 

L̂ u = λ(k)û(k) 

λ(k) = 
1 − δik 

(ik 2δ k 2 isgn(k)) 
1 + δ2k2 

  βik|k|   βδ|k|3 iδ2k3 δ3|k|4
 

+ 
1 + δ2k2 

+ 
1 + δ2k2  

+ 
1 + δ2k2  

+ 
1 + δ2k2 

Then, we have that the homogeneous problem satisfies 
û(k, t) = û0(k)e−λ(k)t, 

û0(k)e−λ(k)t   ≤ e−δt |û0(k)| , 

which in turn implies that 

eδT max 
t′∈[0,T ] 

Equivalently, we have that 

¨u(t )¨
A0 ≤ ǁu0ǁ A0 . (32) 

ǁe ǁA0 ›→A0  ≤ e . (33) 

4.3. Decay in the low regularity space. Using Duhamel’s principle, we 
can write the mild formulation of our problem as 

 
−λ(k)t/2 −λ(k)t/2 

∫ t
 λ(k)s/2 ˆ 

 

with 

û(k, t) = e û0(k) + e e F (k, s)ds 
0 

F  = −
N 

  

2uux + Λ
q
H, Λ−1u

y
u + βΛ

q
H, Λ−1u

y
Λ2u 

— δΛ¢H, u)ux + δ∂x (uux) + δΛ
q

∂2, Λ−1u
y

u

  

. 
 

We observe that 
(  ̂H 

 

Σ 
−i (sgnk − sgn (k − n)) â(n)b̂(k − n), (34) 

¢ 
from where 

, a b) (n) = n  
0 ≤ |k| ≤ |n|, 

so that this commutator does not vanish. A consequence of the above mono- 
tonicity relation is that 

|n − k| ≤ |n| . 

This implies that the above bilinear form presents a nontrivial commutation 
which allows to commute any derivative acting on the entire bilinear form 

) 
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. 
Σ 

N 

A T 

2 

4 

x 

x 

2 
x 

A0 A0 H2 T 

u t A0 

u t dt 

S1 
x x 

 

as a differential operator acting onto a only. In a similar fashion, we find 
that 

. −̂1 2 . .Σ 
 

 

|k − n|2 . 
 

 

.¢H, Λ u)Λ u (k). = 
. 

−i |n| û(n)û(k − n) (sgnk − sgn (k − n)). 

≤ C |n| |û(n)|  |û(k − n)| . (35) 
n 

Using that A0 is an algebra, the fact that gains one derivative, (35) 
and Sobolev embedding, we find the estimate 

ǁF ǁ 0  ≤ C 
 
ǁuǁ2 

0  + ǁΛ−1uǁ 0 ǁuǁ 0  + ǁuǁ 0 ǁΛuǁ 0 

  

. 
A 

In particular using 

A 
 
 

4/5 

A 
 
 

1/5 

A 
 
 

4/5 

A A 
 
 

1/5 

 
we find that 

ǁF ǁ 

ǁuǁA1  ≤ CǁuǁA1.25 ǁuǁA0    ≤ CǁuǁH2 ǁuǁA0  , 

 
0   ≤ Cǁuǁ6/5 

 
ǁuǁ4/5 + ǁuǁ4/5

  
≤ Ce−3δ/5t |||u|||2 . 

As a consequence, we conclude that 
 

(δ/2)t 
 
¨  

  ′ ¨ 
}   ′  . . 

  
′
     

.2  
∫ t

 
 

 

 
−(δ/10)t′ ′ 

≤ Cǁu 
 
t′

  
ǁ 0  + C  .u 

 
t′

  
.2 

,   (36) 

this concludes the low-regularity estimates. 

4.4. Boundedness in the high regularity space. To achieve the re- 
quired estimate, we have to perform a finer analysis of the nonlinearity. In 
particular, we need to remove the term 

ǁuǁH2 

from the right hand side of (30). In order to do that, we compute 

NL1 = −2 

∫

S1 
N (uux)∂xudx, 

= 2 

∫ 

∂2N (uux)∂3udx, 

= 2 

∫

S1 
∂x(1 − δ∂x)P (uux)P ∂ udx, 

1/2 1/2  3 
 

1/2  3 

≤ CǁuǁH1 ǁuǁH2 ǁP ∂ uǁL2 . 

Similarly, invoking (29), we find that 

NL2 = 

∫

S1 
∂x(1 − δ∂x)P Λ¢H, f )uP ∂ udx, 

1/2 1/2  3 
 

1/2  3 

≤ CǁuǁL2 ǁuǁH1.75 ǁP ∂ uǁL2 , 

NL3 = β 

∫

S1 
∂x(1 − δ∂x)P Λ¢H, f )Λ uP ∂ udx, 

1/2 2 1/2  3 
 

1/2  3 

≤ CǁΛ uǁL2 ǁuǁH1.75 ǁP ∂ uǁL2 . 

For the term NL4 we compute as follows 

n 

0 

x 

x 

x 

A 

e max 
t′∈[0,t] 

≤ Cǁu t 

ǁA0 + C T 
e 
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∩ ∈ 
P 

2 

1/2    4 

2 

−δ/16t 

2 

 

NL4 = δ 

∫

S1 
(1 − δ∂x)P Λ¢H, u)∂xuP Λ udx, 

1/2 1/2    4 

 

≤ Cǁ∂xuǁL2 ǁuǁH1.75 ǁP 
1/2 

Λ4uǁL2 . 

Similarly, since   1/2∂x (uux) = m0 (D) ∂x   u2   with m0 a Fourier multi- plier 
of order zero and using the classical fact that the space Hs  L∞, s   R is a 
Banach algebra we can argue that 

 

NL5 = −δ 

∫

S1 
(1 − δ∂x)P ∂x (uux) P Λ udx, 

1/2 1/2    4 
 

≤ C(ǁuǁH2 ǁuǁA0  + ǁ∂xuǁL4 )ǁP 
1/2 

Λ4uǁL2 , 

 
 

and 

1/2    4 

≤ CǁuǁH2 ǁuǁA0 ǁP Λ uǁL2 , 

NL6 = −δ 

∫

S1 
(1 − δ∂x)P Λ

q
∂  , f 

y
uP Λ udx, 

1/2 2 1/2   4 
 

 

≤ CǁuǁH2 ǁuǁA0 ǁP Λ uǁL2 , 

where we have used the inequality 

ǁ∂xuǁL4  ≤ CǁuǁH2 ǁuǁA0 . 

As a consequence, using Young’s inequality, we can find the inequality 

ǁuǁ + ǁP Λ uǁ ≤ C ..u
 

t ǁuǁ  2 e . (37) d 2 δ 1/2    4 2 ′
    

.3 

 
4.5. Finishing the proof of Theorem 2. Collecting (36), (37) we con- 
clude the polynomial bound 

|||u|||T ≤ C0 (u0) + |||u|||T . 

From here we can finish the argument as in the proof of Theorem 1 and we 
obtain that that the solution is global. 
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R.  GRANERO-BELINCHÓN  AND  S.  SCROBOGNA 24 
 

 

[25] Maria Kakleas and David P Nicholls, Numerical simulation of a weakly nonlinear model 
for water  waves  with  viscosity,  Journal  of  Scientific  Computing  42 (2010), no. 2, 
274–290. 

[26] Tsunehiko Kakutani and Kazuo Matsuuchi, Effect of viscosity on long gravity waves, 
Journal of the physical society of Japan 39 (1975), no. 1, 237–246. 

[27] Tosio Kato and Gustavo Ponce, Commutator estimates and the euler and navier- 
stokes equations, Communications on Pure and Applied Mathematics 41 (1988), no. 7, 
891–907. 

[28] Carlos E Kenig, Gustavo Ponce, and Luis Vega, Well-posedness and scattering results 
for the generalized korteweg-de vries equation via the contraction principle, Commu- 
nications on Pure and Applied Mathematics 46 (1993), no. 4, 527–620. 

[29] H Lamb, Hydrodynamics, Cambridge Univ Press,, 1932. 
[30] David Lannes, Well-posedness of the water-waves equations, J. Amer. Math. Soc. 18 

(2005), no. 3, 605–654. MR 2138139 
[31]   , The water waves problem, Mathematical Surveys and Monographs, vol. 188, 

American Mathematical Society, Providence, RI, 2013, Mathematical analysis and 
asymptotics. 

[32] Michael S Longuet-Higgins, Theory of weakly damped stokes waves: a new formulation 
and its physical interpretation, Journal of Fluid Mechanics 235 (1992), 319–324. 

[33] Y Matsuno, Nonlinear evolutions of surface gravity waves on fluid of finite depth, 
Physical review letters 69 (1992), no. 4, 609. 

[34] Yoshimasa Matsuno, Nonlinear evolution of surface gravity waves over an uneven 
bottom, Journal of fluid mechanics 249 (1993), 121–133. 

[35]   , Two-dimensional evolution of surface gravity waves on a fluid of arbitrary 
depth, Physical Review E 47 (1993), no. 6, 4593. 

[36] Marième  Ngom  and David P Nicholls,  Well-posedness  and  analyticity  of  solutions  to 
a water  wave  problem  with viscosity,  Journal of Differential Equations 265 (2018), no. 
10, 5031–5065. 

[37] KD Ruvinsky and GI Freidman, The fine structure of strong gravity-capillary waves, 
Nonlinear waves: Structures and Bifurcations, AV Gaponov-Grekhov and MI Rabi- 
novich, eds. Moscow: Nauka (1987), 304–326. 

[38] Stefano Scrobogna, Well-posedness of an asymptotic model for capillarity-driven free 
boundary Darcy flow in porous media in the critical Sobolev space, Nonlinear Anal. 
Real World Appl. 60 (2021). 

[39] Jing Wang and Daniel D Joseph, Purely irrotational theories of the effect of the viscosity 
on the decay of free gravity waves, Journal of Fluid Mechanics 559 (2006), 461–472. 

[40] Guangyu Wu, Yuming Liu, and Dick KP Yue, A note on stabilizing the benjamin–feir 
instability, Journal of Fluid Mechanics 556 (2006), 45–54. 

DEParTaMENTO  DE  MaTEMáTIcas,  EsTaD́IsTIca  Y  COMPUTacIÓN,  UNIVErsIDaD  DE 
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