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We consider a behavioral SIR epidemicmodel to describe the action of the public health system aimed at enhanc-
ing the social distancing during an epidemic outbreak. An optimal control problem is proposedwhere the control
acts in a specificway on the contact rate.We show that the optimal control of social distancing is able to generate
a period doubling–like phenomenon. Namely, the ‘period’ of the prevalence is the double of the ‘period’ of the
control, and an alternation of small and large peaks of disease prevalence can be observed.
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1. Introduction

In the last fifty years, the field of Mathematical Epidemiology (ME)
has become increasingly important as a decision supporting tool for
public health authorities [1–4]. However, in the last twenty years it
gradually increased the awareness that even the most sophisticated
models needed a further layer to correctly represent reality: the inclu-
sion of human behavior. Indeed, in classical epidemicmodels the conta-
gion is modeled as a chemical reaction and the vaccination is
represented as constant rate or as a given function of time. These as-
sumptions are not adequate to represent modern scenarios where pri-
vate choices are the outcome of conflicting instances. Therefore, in the
last few years a new branch of ME, termed the behavioral epidemiology
of infectious diseases (BEID), was born [4,5]. The first pioneering model
in ME which included explicitly the human behavior was the one pro-
posed by Capasso and Serio [6]. In their well known work it is assumed
that the epidemic outbreak may be affected by social distancing. This
phenomenawas described through a force of infection (i.e. the per capita
rate at which susceptibles contract the infection) given by a nonlinear
function of the current prevalence of the disease.
arbayta),
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In the paper [7], the Capasso and Serio's model was extended in two
directions. First, the authors considered an endemic disease scenario,
which is typical of childhood diseases; second, theymodeled the contact
rate as a function of the available information not only on the present
but also on the past disease prevalence. Indeed, the decision to adopt
the social distancing measure is taken by the agents on the basis of
their overall ‘memory’ of the disease spread (as typically happens for
vaccine–related decisions). Therefore, the extended model includes an
additional state variable: the so called information index M, which was
previously introduced in [8] in the context of a behavioral model of
childhood vaccination. Of course, in the context of behavioral models
based on the index M, the way in which the memory is modeled is a
key aspect, as the dynamics of the system depends critically on that.
The main result presented in [7] is that social behavior changes alone
can trigger sustained oscillations.

It is worth pointing out that quite naturally BEID has become a
prominent tool of modeling COVID-19 pandemics starting from the
work [9].

Another important and very active area of ME is the application of
the Optimal Control (OC) theory [10–13]. This area combines analytical
mechanics, infectious disease modeling, decisions sciences and health
economics. The application of OC to epidemiological problems is espe-
cially useful when planning public health interventions aimed at reduc-
ing both the health and the economic impacts of the target diseases. The
OC theory is nowadays a classical tool in ME of infectious diseases [10,
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14–27]. It has been proposed also in Economics [28,29] where the
costs are modeled in a way similar to that outlined above. Among
the most promising recent areas of application of OC to ME we men-

respectively. The function β(M) is the transmission rate, which includes
the contact rate (and therefore is influenced by social distancing) and
depends on the information index M(t). This index describes the infor-
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tion the OC of fractional epidemic systems [30,31] and the design of
OC-based strategies in the management of current COVID-19
pandemic [32–34].

The OC theory can be fruitfully applied even in the context of BEID,
although this area of applications is still in its infancy. In this direction,
some pioneering investigations aimed at favoring vaccine uptake can
be found in the literature [35–37], as well as some papers focused on
the optimal shape of social distancing [33,38–41].

We conclude this overview by mentioning a third key area of ME:
the study of the impact of seasonality on the dynamics and control of
the disease. As a matter of fact, one of the most important and best
known result of ME is that the rich variety of oscillatory phenomena
found in many important epidemiological time series can arise not
just by chance but from simple deterministic phenomena as the season-
ality of weather and the school calendar [42–46]. These phenomena can
simply bemodeled as periodic fluctuations of the contact rate. As a con-
sequence, such complex dynamics can be explained by classical analyt-
ical mechanics: a nonlinear dynamical system periodically forcedwith a
period T can exhibit solutions with periods that are integer multiples of
T [47–52]. Such phenomenon is called sub-harmonic resonance (see the
outstanding pioneering works [53–56]), and sometime can bifurcate in
chaotic solutions via period–doubling bifurcation [48,49,52]. In particu-
lar, inME the alternation of years of large epidemic outbreakswith years
characterized by small epidemic outbreaks can be explained as a sub-
harmonic resonance due to seasonally fluctuating contact rates [44,46,
57,58].

In this work, we propose a theoretical OC problem of social distanc-
ing based on a BEID model and show that a period doubling–like phe-
nomenon may occur. Namely, giving a finite time horizon, the OC
obtained by imposing the Pontryagin's conditions tends to a ‘periodic’
behavior that, in turn, induces a ‘period doubling’ phenomenon where
the alternation of small and large outbreaks of the disease prevalence
(and of the information index) can be observed. We used the quotation
marks since a genuine period doubling would require an infinite inter-
val, of course.

At the best of our knowledge, this is the first time that such a phe-
nomenon has been reported in the literature.

The paper is organized as follows: in Section 2we summarize the
content of paper [7], i. e. we recall the basic uncontrolled BEID
model and its basic properties; in Section 3 we introduce the
controlled model; in Section 4 we analyze the impact of a simple
constant control; in Section 5 the OC problem is introduced; in
Section 6 we show some preliminary short–term numerical simula-
tions; in Section 7 the phenomenon of OC–induced doubling sub-
harmonic resonance is illustrated. Finally, concluding remarks
ends this contribution.

2. Background: the model by d'Onofrio and Manfredi (2009)

In this Section we briefly recall the properties of the behavioral SIR
epidemicmodel proposed by d'Onofrio andManfredi [7]. The total pop-
ulation is assumed to be constant (birth rate is equal to death rate) so
that the model reads:

S
:

¼ μ 1 � Sð Þ � β Mð ÞIS ð1Þ

I
:

¼ β Mð ÞIS � μ þ νð ÞI ð2Þ

R ¼ 1 � S � I, ð3Þ

where S(t), I(t) and R(t) denote the fractions of susceptibles, infectious
and removed individuals at time t, respectively; μ and ν are positive
constants representing the birth/death rate and the recovery rate,
mation regarding the status of the disease in the community and is a
function of the present and past values of the state variables. It is given
by:

M tð Þ ¼
Z þ∞

0
F S t � τð Þ, I t � τð Þð ÞK τð Þdτ, ð4Þ

whereK(x) is amemory kernel thatweight the past values. In particular,
in [7] the authors investigated the case where

F S, Ið Þ ¼ I, ð5Þ

and three different memory kernels, the Dirac kernel, the weak Erlang
kernel and the strong Erlang kernel.

i) Dirac kernel, K(t) = δ(t). This kernel implies that M = I, so that the
transmission rate is assumed to depend only on the current informa-
tion on the disease spread. This means that the individuals' decision
to adopt the social distancing measure is based only on the knowl-
edge of the current information on the disease spread. In this case
model (1)-(2)-(4) becomes an extension of the epidemicmodel pro-
posed by Capasso and Serio [6]; ii) the weak Erlang kernel, K(t) =
ae−at. In this case theweight of past information is exponentially fad-
ing; iii) the strong Erlang kernel (or Erlang kernel of order two),

K tð Þ ¼ a2te−at : ð6Þ

An interpretation of this kernel is that the current information is un-
available and that the maximum weight is assigned at the information
arrived to the public after a characteristic time T = 2/a.

In [7] it was shown that, regardless of the specific kernel adopted,
the disease–free equilibrium (DFE) E0 = (1,0) of model (1)–(2) is
globally stable provided that β(0) < μ + ν. On the contrary, if β(0) >
μ+ ν, then the DFE is unstable and themodel admits a unique endemic
equilibrium.

The numerical simulations provided in [7] are performed in the par-
ticular case where the contact rate is given by:

β Mð Þ ¼ β0

1þ α M
ISIR

, ð7Þ

where the parameterβ0 is the contact rate of the basic SIRmodel (there-
fore it represents the baseline contact rate in absence of information
about the disease spread) and ISIR denotes the endemic prevalence of
the basic SIR model with contact rate β0, that is:

ISIR ¼ μ
μ þ νð Þ 1 � μ þ ν

β0

� �
:

3. The model with control

We assume that the public health system (PHS) can enact actions
aimed at reducing the contact rate and that a control function u(t)
summarizes such actions. Taking into account that the transmission
rate can be seen as the product of the contact rate and the probability
that a contact with a susceptible individual results in transmission, it
follows that it can be described by a strictly decreasing function of u,
say β(M,u).

There are at least two possible ways to represent this function. The
first way is to assume that the contact rate depends only on the control,
say β(u) (e.g. it linearly decreases as the control u(t) increases). This ap-
proach has been explored by some authors [33,59]. The secondway is to
assume that the PHS actions increase the sensitivity of citizens with



respect to the news on the disease spread. This means that the parame-
terα in (7)must bemodulated.We choose this second approach,which
is not explored at all in the literature. Namely, we can rewrite the

where

μ R0 � 1ð Þ
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expression (7) as follows:

β Mð Þ ¼ β0
M50

M50 þM
,

where M50 = ISIR/α is the information value that halves the baseline
contact rate (i.e. β(M50) = β0/2). As mentioned above, it is reasonable
to think that the public health system enacts actions represented by a
control function (say – for themoment– bu) aimed at increasing the sen-
sitivity of the population to the information, i.e. the effect of such actions
is to decrease the value of M50. Therefore we get:

β M, bu� � ¼ β0
M50 bu� �

M50 bu� �þM
:

From this we get:

β M, bu� � ¼ β0
1

1þ bα bu� �
M

:

Finally we study the model under the simplest case where bα bu� �
is a

linear function of the control bu, i.e.
bα bu� � ¼ α

ISIR
1þ bbu� �

:

In the following, for the sake of simplicity, we take the control as the
quantity

u ¼ bbu:
This leads to the following formmodification of the contact rate (7):

β M,uð Þ ¼ β0

1þ α uþ 1ð Þ M
ISIR

, ð8Þ

where the positive parameter α tunes the degree of change of contact
patterns.

Using (5), model (1)-(2)-(4) becomes:

S
:

¼ μ 1 � Sð Þ � β M,uð ÞIS ð9Þ

I
:

¼ β M,uð ÞIS � μ þ νð ÞI ð10Þ

M ¼
Z þ∞

0
I t � τð ÞK τð Þdτ, ð11Þ

where β(M,u) is given by (8).
Here, we will focus on the case of strong Erlang kernel, although

when appropriate we will give some information on the dynamics of
model (9)-(10)-(11) under both the Dirac and weak Erlang kernels.

4. The case of constant control

In this section we consider the case of constant control in order to
explore some general features of the model. We begin by observing
that when u(t) = u (const.) the model has a unique endemic equilib-
rium regardless of the delay kernel adopted, as it can be easily checked
by adapting the results obtained for u = 0 in [7]. The endemic equilib-
rium is:

Ee uð Þ ¼ Se uð Þ, Ie uð Þ,Me uð Þð Þ ¼ μ þ ν
β Ie uð Þ,uð Þ , Ie uð Þ, Ie uð Þ

� �
, ð12Þ
Ie uð Þ ¼ μα uþ1ð Þ
ISIR

þ β0

, ð13Þ

and

R0 ¼ β0

μ þ ν
, ð14Þ

is the basic reproduction number of the uncontrolled model (i.e. when
u = 0).

As for the stability of Ee, since the effect of the constant control is
simply to ‘amplify’ the value of the parameter α, we can use the
analytical and numerical results contained in [7,60] and state that:

(i) in case of Dirac kernel, the endemic equilibrium is globally as-
ymptotically stable (GAS) [7];

(ii) in case of weak Erlang kernel, the endemic equilibrium is locally
asymptotically stable (LAS) [7]. Such an equilibrium is also GAS if
some specific conditions on the parameters, as reported in [60],
are satisfied;

(iii) in case of strong Erlang kernel, for R0 > 1 the system is strongly
persistent. Moreover, for any given value of u, the stability of
the endemic equilibrium depends on the Erlang parameter a as
described in [7], i. e. Hopf bifurcations can occur and the model
may exhibit Yakubovich oscillations [61,62].

The strong Erlang kernel is the most interesting case. In Fig. 1 (left
panel), a numerical simulation shows the region of stability and insta-
bility of the equilibrium Ee(u) in the (u,α) plane, for a given set of
parameter values and a = 1/30. In Fig. 1 (right panel) the same is
shown for α = 0.4. Note that at the boundary of the LAS regions a
Hopf bifurcation occurs.

In Fig. 2 (where a = 1/30 and α = 0.4), it can be seen the time
courses of the state variables for: i) u = 1.220 (left panel), which is a
value slightly below the instability threshold u∗ = 1.252; ii) u = 1.3
(central panels), which is slightly over the instability threshold; iii)
u = 10 (right panel). The limit cycle of the simulated time–series for
t ∈ (58000,60000) corresponding to u = 1.3 and u = 10 are depicted
in Fig. 3, left and right panel, respectively.

5. Optimal control of the disease spread

Wenow investigate the timeprofile of the control u(t) as result of an
OC problem. Only the (more interesting) case of strong Erlang kernel
will be considered. In this case, by applying the so-called linear chain
trick [63], the model (9)-(10)-(11) becomes the following system:

_S ¼ μ 1−Sð Þ−β M;uð ÞIS
_I ¼ β M;uð ÞIS− μ þ νð ÞI
_M1 ¼ a I−M1ð Þ
_M ¼ a M1−Mð Þ:

ð15Þ

The preliminary key problem of OC is the definition of the cost func-
tional to be minimized. We assume, for the sake of simplicity, that only
the following two costs are included in the functional:

i) the cost associated to susceptibles that becomes infectious, which is
represented by:

J1 uð Þ ¼
Z T

0
KINβ M tð Þ,u tð Þð ÞS tð ÞI tð Þdt, ð16Þ

where T is the time horizon, KI is the cost payed by PHS for a single in-
fection and N denotes the total population;



ii) the cost associated to the control. We assume that it is of linear–
quadratic type:

u ∈ U, ð19Þ

Fig. 1. Impact of the constant control u on the stability of the endemic equilibrium Ee(u) given in (12).White area indicates the instability region; blue area indicates the stability region. Left
panel: dependence of the LAS on the parametric pair (u,α) for a=1/30; right panel: dependence of the LAS on the parametric pair (u,a) forα=0.4. Other values of the parameters are as
in Table 1.
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J2 uð Þ ¼
Z T

0
K1u tð Þ þ K2u tð Þ2

� 	
dt, ð17Þ

where K1 and K2 are parameters tuning the linear and quadratic
intervention costs, respectively.

The assumption of a linear-quadratic cost is not extremely realistic
but widespread used in the literature. Such an assumption is made, in
particular, when a precise functional form for this cost is not known,
as in our case. Nevertheless, in Section 7, we will include a numerical
simulation where the cost is approximately linear (see Fig. 7, right
panel).

Setting K = KIN, the OC problem can be stated as follows: find the
control u ∗(t) such that it minimizes the functional under the dynamical
constraint (15) and the further constraint:

J uð Þ ¼ J1 uð Þ þ J2 uð Þ ¼
Z T

0
Kβ M tð Þ;u tð Þð ÞS tð ÞI tð Þ þ K1u tð Þ þ K2u tð Þ2
h i

dt;

ð18Þ
Fig. 2. Impact of the constant control u on the susceptibles S (upper panels) and on the infectio
panels), u = 1.30 (central panels) and u = 10 (right panels). Other parameter values are as in

4

Where U, the set of admissible controls, is given by:

U ¼ u tð Þ : 0 ≤ umin ≤ u tð Þ ≤ umax j u is Lebesgue integrable, t ∈ 0, T½ �f g:

According to Pontryagin's local minimum principle [11,64,65], the
function u ∗(t) that minimizes the cost functional (18) also minimizes
the current value of the associated Hamiltonian, which is given by

H x,u,λð Þ ¼ Kβ M,uð ÞSI þ K1uþ K2u2 þ λ1 μ 1 � Sð Þ � β Mð ,uÞIS½ �
þ λ2 β M,uð ÞIS � μ þ νð ÞI½ � þ λ3 a I � M1ð Þ þ λ4 a M1 � Mð Þ,

ð20Þ

where x=(S, I,M1,M), and λ=(λ1,λ2,λ3,λ4) is the vector of the adjoint
state variables. The latter solve the so called adjoint system

_λ1 ¼ ∂H
∂S

; _λ2 ¼ ∂H
∂I

; _λ3 ¼ ∂H
∂M1

; _λ4 ¼ ∂H
∂M

; ð21Þ
us I (lower panels), for, a= 1/30, α= 0.4. Three values of u are considered: u= 1.22 (left
Table 1.



yielding: where

A S, I,Mð Þ ¼ 2K α2M2,

Fig. 3. The oscillatory dynamics ofmodel (9)-(10)-(11)with constant control in the cases u=1.3 (left panel) and u=10 (right panel). These plots are the zoomed part of central and right
panels of Fig. 2 for t ∈ (58000,60000).
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_λ1 ¼ λ1μ þ β M;uð ÞI λ1−λ2−Kð Þ
_λ2 ¼ β M;uð ÞS λ1−λ2−Kð Þ þ λ2 μ þ νð Þ−λ3a
_λ3 ¼ a λ3−λ4ð Þ
_λ4 ¼ h M;uð ÞIS K−λ1 þ λ2ð Þ þ λ4a;

ð22Þ

where

h M,uð Þ ¼ β0ISIRα uþ 1ð Þ
ISIR þ α uþ 1ð ÞMð Þ2

: ð23Þ

The transversality conditions reads:

λi Tð Þ ¼ 0, i ¼ 1, 2, 3, 4: ð24Þ

The necessary condition for u ∗ to minimize the Hamiltonian is given
by

∂H
∂u






u∗

¼ 0, ð25Þ

where

∂H
∂u

¼ β0ISIRαM
ISIR þ α uþ 1ð ÞMð Þ2

IS λ1 � λ2 � Kð Þ þ K1 þ 2K2u: ð26Þ

This quantity can be set in the form ∂H/∂u = P(u)/Q(u), so that
condition (25) is satisfied if and only if u ∗ is such that

P uð Þ ¼ Au3 þ Bu2 þ Cuþ D ¼ 0, ð27Þ
2

B S, I,Mð Þ ¼ 4K2 α2M2 þ αISIRM
� 	

þ K1α2M2,

C S, I,Mð Þ ¼ 2K2 αM þ ISIRð Þ2 þ 2K1 α2M2 þ αISIRM
� 	

,

D S, I,Mð Þ ¼ β0αISIRMIS λ1 � λ2 � Kð Þ þ K1 αM þ ISIRð Þ2:

A positive solution, u ∗ of the Eq. (27) minimizes at least locally the
Hamiltonian if and only if

∂2H
∂u2







u∗

>0: ð28Þ

In our case we get:

∂2H
∂u2







u�

¼ P 0 u�ð Þ
Q u�ð Þ−P u�ð Þ Q

0 u�ð Þ
Q2 u�ð Þ

¼ P 0 u�ð Þ
Q u�ð Þ ¼

3A u�ð Þ2 þ 2Bu� þ C
Q u�ð Þ :

SinceQ(u ∗) > 0, A, B and C are positive, and 3A(u ∗)2 + 2Bu ∗+ C> 0
for all u ∗ > 0, it follows that if u ∗> 0 is a solution of the Eq. (27), then it
minimizes at least locally the Hamiltonian.

The Eq. (27) has only one positive real root if D < 0. That is:

K1 αM þ ISIRð Þ2 < β0αISIRMIS K þ λ2 � λ1ð Þ: ð29Þ

Therefore, for D < 0 the OC u ∗, which is a solution of (27) and sat-
isfies the given bounded interval (umin ≤ u ≤ umax), can be expressed as:

u∗ tð Þ ¼
umin, if u∗ ≤ umin

u∗, if umin < u∗ < umax

umax, if u∗ ≥ umax:

8><
>: ð30Þ

For D > 0, the Eq. (27) has three or only one negative real roots, but
no positive real roots. Therefore there are no positive real roots that can



minimize the Hamiltonian. Due to the restriction on the control (u ≥
umin ≥ 0) in this case the OC u ∗ can be taken as u ∗ = umin.

Pontryagin's principle. This means that the extremal u ∗ is a local mini-
mum. However, this does not represent a major obstacle in achieving
the results that we obtain in the next Section by means of numerical

Table 1
Parameters and their baseline values used for the numerical simulations.

Parameter Description Baseline
value

Ref.

μ Birth and death rate 1/75
year−1

[7]

ν Recovery rate 1/7 day−1 [7]
R0 Basic reproduction number 15 [7]
β0 Baseline contact rate R0(μ + ν) [7]
N Total population 6 × 107 [36]
KI Average cost per infection 307 USD [36]
K1 Parameter tuning the linear intervention cost 750 Assumed
K2 Parameter tuning the quadratic intervention

cost
1500 Assumed

a Delay parameter 1/30 [7]
umin Minimum control 1 Assumed
umax Maximum control 10 Assumed
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Remark 1. The second derivative of the Hamiltonian function (20) has
not a globally defined sign, since the sign depends on the state and the
adjoint state variables. As a consequence, we use a local form of the
Fig. 4. Empirical choice of the pair (K1,K2) based on features of J(u) under constant control and
minimum at u = umax); central panel: (K1,K2) = (750,1500) (absolute minimum appropriate
(absolute minimum close to u = umin). Here T = 1 and the other parameters are as in Table 1

Fig. 5.Nonlinear resonance–like phenomenon induced by the OC. Scenariowhere the endemic
panel: phase portrait log(I(t)) vs S(t); left lower panel: the OC u∗(t); right lower panel: zoo
perturbation of Ee(0) given in (12), i.e. S(0) = 0.09259, I(0) = 2.32 × 10−4, M1(0) = 2.32 × 1

6

simulations.

6. Preliminary short–term numerical simulations

In Table 1 we list the baseline values of the parameters used in the
numerical simulations. Some of them are taken from the literature
while others (the bounds of the control, umin and umax, and the tuning
parameters, K1 and K2) are empirically determined, as follows.

First, we assume that the control u, which ‘amplifies’ the parameter
α (see the expression of the transmission rate (8)), is at least able to
double the value of α. Therefore we set umin = 1. We also empirically
set umax = 10.

Second, we assess the impact of K1 and K2 on the cost functional in
the case where the control u is constant and at time t = 0 the
controlled system is at its steady state. In such a case formula (18)
reads as follows:

J uð Þ ¼ T Kβ Me uð Þð ,uÞSe uð ÞIe uð Þ þ K1uþ K2u2� �
, ð31Þ
constraint u ∈ (umin,umax). Left panel: (K1,K2)= (0.5,1) (no properminimum, but absolute
ly located close in–between u = umin and u = umax); right panel: (K1,K2) = (5000,1000)
.

equilibrium of the uncontrolledmodel is LAS. Left upper panel: prevalence I(t); right upper
m of u∗(t) for t ∈ [78000,80000]. Here α = 0.4, a = 1/30 and the initial data are a close
0−4, M(0) = 2.32 × 10−4. The other parameters are as in Table 1.



where the steady states of the state variables are given in (12). We em-
pirically choose the values of the pair (K1,K2) = (750,1500) such that

the prevalence is observed, which in turn is followed by a sudden
increase of the control, and so on.

Fig. 6. ‘Period doubling’ behavior induced byOC. Scenario as in Fig. 5. Left panel: plot of I(t)/max (I) versus time (red line) and u∗(t)/max (u∗(t)) versus time (blue line). Right panel: plot of
(S(t)−min (S))/(max(S)−min (S)) versus time (red line) and u∗(t)/max (u∗(t)) versus time (blue line), where the symbolsmax(x) andmin(x) denote themaximumand theminimum
of the quantity xwhen t ranges in the interval indicated in the plots.
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under the constraint u ∈ (umin,umax) the function J(u) is such that a
proper absolute minimum exists and it is not too close to umin or to
umax, as shown in Fig. 4.

Finally, in order to numerically solve the OC problem we employed
the gradient descent (aka steepest descent) method [10] in conjunction
with the fourth-order Runge-Kutta method (which we use to perform
all the numerical integrations of the differential equations). Namely,
we adapted the Matlab routines proposed in the book [10].

7. Period doubling
As shown in Fig. 5, the OC tends to be closer and closer to an approx-
imately periodic squarewave,whereas the corresponding value of prev-
alence tends to be closer and closer to an approximately periodic
waveform with the alternation of large and small epidemic outbreaks.
This suggest that the onset of a nonlinear resonances, and in particular
subharmonic resonances, is induced by OC. Indeed, it is easy to verify
that the pseudo–period of the recurrent ‘periodic’ prevalence is the dou-
ble of the pseudo-period of the OC. Thus the specific form of nonlinear
resonance observed is the well–known period doubling, often
prodromic to chaos.

This can be clearly observed in Fig. 6 (left panel), which shows the
normalized prevalence and the normalized OC. Interestingly, the large
epidemic peak occurs in correspondence to the transition from umin to
umax (which is not instantaneous but surely very rapid) that causes a
drastic reduction of the prevalence. Later, when u∗(t) switches back to
umin, the prevalence begins to rise again and even though the control
switch again to umax, a remarkable epidemic peak still occur. Finally,
when u∗(t) takes again the lower value umin, a very rapid growth of
Fig. 7.Quadratic vs Linear cost functional: impact on the normalized time series of the informati
versus time (blue line), where the symbol max(x) denotes the maximum of the quantity x wh
functional ((K1,K2) = (0.15,1500)); right panel: approximately linear cost functional ((K1,K2)
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As for the dynamics of susceptibles S(t), it presents an increasing
pattern (due to the very slow demographic dynamics of S(t))
superimposed to a ‘period doubling’ pattern, see Fig. 6 (right panel).
This ‘period doubling’ pattern is conserved across many parametric
sets. For example, in Fig. 7 we compare the simulated time series of
the information index M(t) in the case where the cost functional is
close to be purely quadratic ((K1,K2) = (0.15,1500)) with those
obtained in the opposite scenario of a cost functional that is practically
linear ((K1,K2) = (750,0.01)). The ‘period doubling’ is visible and
becomes barely detectable only when umax is small, as shown in Fig. 8.

Finally, Fig. 9 refers to a casewhere, in absence of control,model (15)
oscillates. Notice that, as mentioned before, the time series of suscepti-
ble has an even more complex pattern of oscillations (see left panel of
Fig. 9).

8. Concluding remarks

It is well–known that periodic forcing can induce various types of
resonances in nonlinear dynamical systems, such as the sub-harmonic
resonances [47–56], themost important of which is the period doubling
[49,50]. The latter in turn is intimately related to the onset of chaos [52].

In mathematical epidemiology of infectious diseases, the period
doubling effects are extremely important since outbreaks of pre–
vaccine age childhood diseases sometime occurred with period two,
where the alternation of small and large peaks is observed [42].

From a mathematical point of view, as first pointed out by London
and Yorke [42] as well as by Smith, Schwartz and coworkers [43,44,46,
57,58], this phenomenon can be explained as a period doubling re-
sponse to a one–year special class of ‘forcing’: the spontaneous one–
year fluctuations of the contact rate due to the school calendar.
on indexM(t). In both panelsM(t)/max (M(t)) versus time (red line) and u∗(t)/max (u∗(t))
en t ranges in the interval indicated in the plots. Left panel: approximately quadratic cost
= (750,0.01)). The other parameters and initial conditions as in Fig. 5.



In this paper, we obtain a particular period doubling of the disease
prevalence as a response to the OC of social distancing in the context
of a SIR endemic model. Therefore, the nature of forcing here is ex-

realistic model. On the other hand, the observed phenomena may be
of some interest in the fields of Applied Dynamical systems, of ME and
of applied OC theory.

V
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Fig. 9. Impact of theOCon a scenariowhere theuncontrolledmodel has a limit cycle (α=1, a=1/30). Left panel: susceptibles S(t); central panel: infectious I(t); right panel:M(t)/max (M
(t)) versus time (red line) and u∗(t)/max (u∗(t)) versus time (blue line), where the symbolmax(x) denotes themaximumof the quantity x for t in the interval indicated in the plots. Other
parameter values as in Table 1 and initial conditions: S(0) = 0.1267, I(0) = 4.4352 × 10−4, M1(0) = 2.9533 × 10−4, M(0) = 1.9941 × 10−4.

Fig. 8. Impact of the parameterumax on thenormalized time series of the information indexM(t). In both panelsM(t)/max (M(t)) vs time (red line) and u∗(t)/max (u∗(t)) versus time (blue
line), where the symbol max(x) denotes the maximum of the quantity x when t ranges in the interval indicated in the plots. Left panel: for umax = 4 the period doubling is barely
detectable; right panel: for umax = 6 the period doubling is remarkable. The other parameters and initial conditions as in Fig. 5.
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tremely different because the control u is the result of the OCprocedure,
which in turn is a function of the state variables of the OC–related Ham-
iltonian boundary values problem. In otherwords the ‘periodicity’ of the
control u is not an a priori datum.

An interesting point is that the alternation of small and large epi-
demic peaks is easily interpretable since the periodic shape of the OC
is practically a square–wave like. Of course, the notion of period dou-
bling, which is usually rigorous, here is only approximate since the
time horizon of theOC problem is not infinite. Note that our simulations
suggest for the susceptibles S(t) an evenmore complex pattern of oscil-
lations (see Fig. 6, right panel), whereas the information indexM(t) also
undergoes the above–mentioned ‘period doubling’ (see Fig. 8, right
panel).

Our work has, of course, a number of limitations. In particular, we
used a quite traditional description of costs, i.e. the cost functional is
the sum of the costs associated to the PHS actions and the cost related
to the number of infected subjects. This approach is different from the
one currently used by some authors in health economy. These authors,
indeed, although taking advantage of ME for the description of the
spread of the infectious diseases, propose radically different cost func-
tionals based on other and more modern indicators of costs [66–70].
Moreover, due to lack of data (especially regarding the costs of aware-
ness campaigns) we have that: i) the assumption of linear-quadratic
dependence of the control in the cost functional (18) is made only for
the sake of plausibility and simplicity; ii) the numerical values of param-
eters in the cost functional are obtained on the basis of simple mathe-
matical considerations. Therefore, from one hand this contribution is
more a theoretical modeling work inspired by biology than a proper
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