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Abstract: Combining virial inequalities by Kowalczyk, Martel and Munoz and Kowal-
czyk, Martel, Munoz and Van Den Bosch with our theory on how to derive nonlinear
induced dissipation on discrete modes, and in particular the notion of Refined Profile,
we show how to extend the theory by Kowalczyk, Martel, Munoz and Van Den Bosch
to the case when there is a large number of discrete modes in the cubic NLS with a
trapping potential which is associated to a repulsive potential by a series of Darboux
transformations. Even though, by its non translation invariance, our model avoids some
of the difficulties related to the effect that translation has on virial inequalities of the
kink stability problem for wave equations, it still is a classical model and it retains some
of the main difficulties.

1. Introduction

In this paper, we consider the cubic nonlinear Schrodinger equation (NLS) with potential,
u = —0%u+ Vu+ulu, (t,x) e R (1.1)

where the potential V satisfies

V € S(R, R) (Schwartz functions), |V (x)| + |V (x)| < Ce %W for some C, ag > 0,
(1.2)

and we assume that for o4 (H ), which is the set of discrete spectrum of H := —8% +V,
we have

og(H)={wj|j=1,--- ,N}, o1 <--- <oy <0, N>2. (1.3)
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Remark 1.1. Tt is well known that oq(H) is finite. Our assumption is that H has more
than two eigenvalues. The case N = 0 has been treated by Naumkin [48], by Germain ef
al. [25], by Delort [19] and by Chen—Pusateri [8]. See also Masaki et al. [41] along with
[12] for the case of a repulsive § potential. The case N = 1 in the case of an attractive
6 potential with rather general nonlinear terms, which include as a special case also the
cubic nonlinearity, is treated in [12]. The case of a generic potential with N = 1, hence
a less stringent hypothesis than Assumption 1.13 below, is discussed in Chen [7]. In this
paper we focus only on the case N > 2, which is more delicate than the cases N = 0, 1.

Remark 1.2. In the sequel we will often use the notation f =0,f and f' = 3, f. We
also use the notation @ < b, which means that there exists C > 0 s.t. a < Cb with C
not depending on important quantities. We also write a ~ b ifa < b and b < a, and
a <y bif a < Cyb with the implicit constant C, depending on «. Finally, a ~, b will
meana Sy band b <y a.

The aim of this paper is to study the long time behavior of small solutions of (1.1).
Here, we recall that from the energy

1 2 2 1 4
E(u) =~ |0cul®> + Viul® + =ul*) dx (1.4)
2 Jr 2
and mass
1
0u) :=-/ u|? dx (1.5)
2 Jr

conservation, if we have ug € H', then

lu@ll g S luoll g (1.6)

Thus, global well-posedness of small solutions is trivial. In this paper, we seek a more
precise understanding of the asymptotic behavior of u(z). By elementary bifurcation
argument, under appropriate hypotheses there exist N families of standing wave solutions
(i.e. solutions with the form u(t, x) = ' ¢ (x)) bifurcating from the eigenvalues of
H. That is, there exist ¢;[z](x) = z¢;(x) + O(|z]*) and w;(|z]*) = »; + O(|z|*)

(j=1,---,N) for small z € C s.t. e‘iwiuZ'z)’qﬁj [z](x) are standing wave solutions
of (1.1). In the linear case (id;u = Hu), by the superposition principle, there also exist
quasi-periodic solutions which are given by the sum of standing waves. However, it was
shown that in the 3D case with smooth nonlinearity (corresponding to the 1D case with
the nonlinearity u|u replaced by g(Ju|®)u with g € C* and g(0) = g'(0) = 0, e.g.
|u|*u), the solutions locally converge to the orbit of one single standing wave (selection
of standing waves) and therefore there exist no quasi-periodic solution, see [11] and
the references therein. Thus, even though the short time dynamics of small solutions
of linear Schrodinger equation and NLS are similar, in 3D the long time dynamics are
completely different. The aim of this paper is to prove a similar result also for 1D cubic
NLS (1.1), under an additional hypothesis on the potential, see §1.1.2. This is more
difficult than the 3D case because of the fact that |u|?u is a long range nonlinearity in
1D and by the weakness of linear dispersion in 1D. The main idea in this paper consists
in a combined use of the dispersion theory of Kowalczyk, Martel and Munoz [29], from
which we draw extensively, with the notion of Refined Profiles we introduced in [10]
and which we discuss now, before stating the main result.



1.1. Setup. Fora € R and (x) := +/1 + x2, we set
lullx, = lle*™ulx, for X = H*, L” and a :=2""/]wy], (1.7)
5= HS, (1.8)

where we make the convention that, when we write L?, H® or other analogous spaces
like L>* below, they are L? (R), H*(R), etc.
For any s € R, we will use also other weighted spaces, defined by the norm

lullg2s =11 ¢x)* ull L2 ) (1.9)

We will consider repeatedly several Bochner spaces of the form L” (I, X), with
p € [1,00], I € R aninterval and X a Banach space, see [5, Chapter 1], with norms

lullra,xy == lullxllLr ). (1.10)

In particular, we will use spaces like X = f], introduced in (3.1), and X = X, like in
(1.7).
We recall that all eigenvalues of H are simple. We pick ¢; such that [¢;]l;2 = 1,

R-valued eigenfunctions of H associated with w;. Since ¢;n) ~y € Wm’ we have
¢j € Ng=oX* forall j =1,---, N.

1.1.1. Refined profile and Fermi Golden Rule assumption One of the keys is the notion
of refined profile introduced in [10]. We set

o= (w1, ,0N). (1.11)
For the discrete spectrum ad(—8§ + V), we assume the following.
Assumption 1.3 Form := (m;, -+ ,my) € Z¥ \ {0}, m @ = Y2 mjw; #0.
Remark 1.4. In reality we need Assumption 1.3 for a restricted and finite set of indexes.

In the following, for x = (x1,---,xy) € XV, for X = Z, R, C we write ||x| :=
Ix]lT = Z;V:l |xj|. We consider the sets of multi-indexes

N N

NR:={m € Z" | ij =1, m-w<0}, Ri={m e Z" | ij =1, m-w>0}.
j=1 j=1

(1.12)

By Assumption 1.3, we have {m € Z" | Zyzl m = 1} = NR U R. Furthermore, we
set

Rpin :={m e R| An € Rs.t. n < m}, (1.13)
where
n<m < n=mand |nf < |m],
n<m<& Vj=1,.--,N, |nj| <|mj|
Related to Ry are the sets I and NR, defined by
I:'={me RUNR |3n € Ryjp s.t. n <m}, NR; :=NR\ L (1.14)



Remark 1.5. The set I will be the collection of negligible multi-indexes, in the sense
that forn € 1,

2" < llzll ) [2™| for |lz|l < 1,

meRpi,

where z" is defined right below. Here R stands for resonant, while NR stands for non
resonant. The most significant elements of NR are those of NR;. The corresponding
monomials z™ form € NR; are eliminated and do not appear in the key equation (1.20)
by a, rather elementary, normal forms argument, while the z™ for m € NR NI are small
remainder terms, absorbed in R;p[z] and easy to bound in the course of the proof.

Forz € CV, we set

N mj .
mp _(m)) Z; ifm; >0,
™ = z: 7= 1.15
jl_[l J J Z_j_mj ifmj < 0. ( )

We inductively define Gy, form € Rpj UNR| by Gy = 0if |m|| < 1 and

G = 3 PR

m!, m2Z m3eNR;,

m!—m?+m*=m, |m!|+|m?|+|m3|=|m]|
where
0, m=0
dm = ;. m=e =1, - ,8n), (1.17)

—(H -—m-©) 'Gm, [m]>2

Example 1.6. We give the first few G, for the case N = 2. When m € Ry, UNR| and
lm| = 3, we have m = (2, —1) or (—1, 2) and

Go,—1) = P, G122 = D163
When m € Ry UNR| and |m| = 5, we have m = (3, —2) or (=2, 3) and

Go—2) = —20192(H — Qw1 —02) ™" (9162) — #F (H — (—oo1 +202) ™ ($19),
G2) = —20182(H — (—o1 +202) ™" (#103) — B3(H — Con — 02) ™' @92,

By the inductive definition, we have the following.
Lemma 1.7. For m € Ryin, UNR| the Gy, are R-valued.

Proof. If |m|| < 1, then the statement is obvious because we have chose ¢;’ to be
R-valued. Next, form € Ryin UNR{, we assume that for allm € NR; with |[n| < [[m]|,
Gy, is R-valued. Then, from (1.17), ¢y is R-valued and by (1.16), Gy, is also R-valued.

O

An important assumption, related to the Fermi Golden Rule (FGR), is the following.



Assumption 1.8. We assume that for all m € Ry,

> 1Gm (V@ -m) | >0,
+

where é; is the distorted Fourier transform of Gy, associated to the operator H, see
[60].

For a Banach space X and x € X, r > 0, we set
Bx(x,r):={yeX|[lly—xlx <r}. (1.18)
For F € Cl(BCN(O, 8),X),z € Ben(0,8) and w € CN, we set D,F(z)w =
% |s=0 F(z+sw).
The following is proved in [10].
Proposition 1.9 (Refined profile). For any s > 0, there exists §; > 0 s.t. there exists

@[] € C®(Ben (0, 85), %) of the form

olz] = Z zmq’i; where (i;.:, € X° forall s, (1.19)
mENRl

@ € C®(Ben (0, 85), RY) and Repl-] € C®(Ben (0, 8), £°) s.t.

—iD,¢lz] (iw (2)2) = Ho[z] + |$lz]|*Plz] — Z 2" Gm — Riplzl, (1.20)

meRpin

and ¢[0] = 0, D;¢[0le/ = ¢;, D2¢[0] = 0, w(0) = w, ¢[ez] = ¥¢[z], w(z) =
w'(|Z] |27 D) |ZN|2),

IRoplzlllss <5 lzI? Y (27, (1.21)

meRpin
and w(2)z := (w1(2)z1, - - - , ON(Z)zZN).
O

Remark 1.10. The Refined Profile generalizes the notion of standing waves, which are
generated from the Refined Profile setting

(bj(Zj) = ¢(Zjej) for Zj € Bc (0, 85) and e; = (31j, ceey SNj), with 5]'](
the Kronecker delta.

It represents an effective way to represent the discrete component because it provides a
modulation u = ¢[z]+n of the solution u, where in the equation of the continuous mode
1, see (2.5) below, there are no monomials z™ with m € NR;. It plays an analogous role
to that of Fraiman’s like ansatz in papers like Merle and Raphael [45] where it allows to
bypass normal forms arguments in the course of the analysis of the Fermi Golden Rules.



1.1.2. The repulsivity hypothesis In order to use the dispersion theory of Kowalczyk et
al. [27-30] we need the following, inspired by a more general notion in [30].

Definition 1.11. Let V be a potential like in (1.2). We say that V is repulsive if ) is not
identically zero and xV’(x) < 0 for all x € R.

Obviously the above notion, framed in terms of the origin, could be reframed with
respect to any other xo € R, but we can always normalize by translation so that xo = 0.

Crucial in the theory in Kowalczyk et al. [29,30] is a mechanism of addition or
subtraction of eigenvalues which can be traced to Darboux. Kowalczyk et al. [29,30]
treat some very special situations and refer to the theory in Sect. 3.2-3.3 in Chang—
Gustafson—Nakanishi-Tsai [6]. In reality, a systematic and quite general treatment of
this topic is in Sect. 3 Deift-Truwobitz [16], to which we refer for the following, where
we impose much stricter hypotheses than in [16].

Proposition 1.12. Let W € S(R, R) s.¢ ad(—af + W) # (. Let  be the ground state
(positive eigenfunction) of—a)% + W and set Ay = %BX (¥-). Then, there exists W) €
SR, R) s.t.

AwAly = =02+ W —w, AlyAw = 32+ W) — o,
where @ = min od(—a§ + W). Further, we have ad(—af + W) = ad(—Bf + W)\ {w}.
Using Proposition 1.12, we inductively define V; e SR,R) (j =1,--- , N+1) by

1. Vi:=V,H :=-3+V, ¥ =¢and A| = Ay,.
2. Given Vi, we define

Ay = Ay, and Hyyp i= —02 + Viyp 1= AT Ap + .. (1.22)
From Proposition 1.12, we have
od(Hy) ={w; | j=k,--- ,N}, k=1,--- | N, and og(Hy4+1) = 9.
If ¥ is the ground state of Hy and Ay = ﬁ&x (Y-) then, from
A}k-Hj = Ajf(AjAj +wj) = (AjAj +a)j)A}k- = j+1Aj, (1.23)
we have the conjugation relation
A*Hy = Hy A%, (1.24)
where
A=A|---Ayand A" = A}, --- A]. (1.25)

The crucial assumption to implement the theory in Kowalczyk et al. [29,30] and to
overcome the strength of the cubic nonlinearity in 1D is the following.

Assumption 1.13. V. is a repulsive potential in the sense of Definition 1.11.

Remark 1.14. By reverting the transformation given in Proposition 1.12, starting from
any repulsive potential, for any N, one can construct a potential V satisfying Assumptions
1.3 and 1.13.



1.2. Main theorem. We are now in the position to state the main theorem of this paper.

Theorem 1.15. Assume (1.2)—(1.3) and Assumptions 1.3, 1.8 and 1.13. Then for any
€ > 0anda > 0 there exists 8y > 0 s.t. for all ug € H' with luoll g1 =8 < 8¢ there
arez € CY(R,CN), andn € C(R, H") s.1.

2l w1y + 101l Loo (. 1y S 6. (1.26)
with, for all t > 0,
u(r) = ¢lz(®)] +n(). (1.27)
Moreover, we have for I = [0, 00)
lz+iw @zl 2y + Y 122 + 1l 2., < € (1.28)
meRyin
Finally, there exists j(ug) € {1, ---, N} and p4+(uo) > 0 such that
k # j(uo),

lim |zx ()] = (1.29)
— o0

p+(ug) k= j(uo).

Remark 1.16. The fact that in the paper the cubic term is defocusing plays no role in our
proof. Theorem 1.2 holds also with a focusing cubic term. Obviously, inverting time we
conclude that (1.28) holds for I = R. Notice also that it is not possible to prove decay
rates because all the estimates need necessarily to be invariant by translation in time.
Hence, all the literature which proves a rate of decay in time needs to take initial data in
spaces smaller than H!(R).

The novel difficulties in Theorem 1.15 come from the cubic nonlinearity, which in
dimension 1 is long range. For quintic or higher power, but always smooth, nonlinearities,
which are short range, then the theory in [9-11,46] can be applied.

Assumption 1.13 is very important in the theory developed by Kowalczyk et al. in
[29,30]. Here we are able to generalize their ideas thanks to the theory by Deift and
Trubowitz [16, Sect. 3], which treats in great generality the transformations considered
in Chang et al. [6]. It is then possible to develop the two virial inequalities of Kowalczyk
et al. in [29] in the presence of general discrete spectra and to combine the theory of
dispersion in [29] with the theory of nonlinear dissipation of the discrete modes in [9, 10].
The latter was initiated by Buslaev and Perelman [4], was then considered by Soffer and
Weinstein [51] and generalized in papers like [11]. The approach in [9,10], to which
we refer for a more detailed discussion on this point, is far simpler than the previous
literature, thanks to the notion of Refined Profile.

Recently, there has been a considerable interest on the asymptotic stability of patterns
for dispersive equations with inhomogeneities and with long range nonlinearities in 1D,
especially in view of the analysis of kinks of appropriate wave equations.

Kowalczyk et al. showed that a framework based on virial inequalities is very suitable
and provides a very penetrating grasp of these problems, starting with their partial proof
in [27] of the asymptotic stability of the kinks of the ¢* model, with other insightful
contributions in papers like [29,30]. See also the work of Alammari and Snelson [1,2,50]
and of Martinez for long range Schrodinger and Hartree equations [39] and for Zakharov
systems [40] in one dimension.



Quite different set ups from that of Kowalczyk et al. are in [8,24,25,41,48], in the
absence of discrete modes. See also the series [32-37] and [54]. Recently Chen [7]
considered the case of our NLS (1.1) with one eigenvalue mode, thatis N = 1, without
the repulsivity Assumption 1.13 while the book by Delort and Masmoudi [20] looked
at the ¢* model for long times but not asymptotically. The methods employed in all
these works need yet to be tested in the case where there are more than one discrete
modes, which potentially will slow the decay, see Gang Zhou and Sigal [22], creating
additional difficulties. For the literature which uses dispersive estimates in the context
of short range nonlinearities, the case N = 2 is significantly more complicated than the
case N = 1, see Soffer and Weinstein [52], the series by Tsai and Yau [55-58] and, for
special situations with N > 2, Nakanishi et al. [47]. This seems to be related to the need
of using different weighted norms as the solution evolves through different stages. More
general spectra than the special ones in these references are likely to complicate this
kind of analysis. Obviously long range nonlinearities will add further complications.

Our main contribution in this paper involves the use of the notion of Refined Profile,
which is significant only in the case of two or more eigenvalues, and so is not relevant
to the problem considered in Chen [7] (where however, if the potential is repulsive after
a Darboux transformation, the virial inequality argument provides an alternative proof
of dispersion). As we show, the Refined Profile notion allows to avoid normal forms
arguments and the search of canonical coordinates. As we have shown also elsewhere in
[10] and expecially in [9], we provide a very simple alternative to [55-58], [52] and to
the more general [11]. The additional complication here, compared to [9, 10] is the long
range nonlinearity, which does not allow to treat dispersion with a simple perturbation
argument.

To prove dispersion we follow the framework of the virial inequalities of Kowalczyk
et al. [29] which, while subtle, is simple and robust and, as a consequence, is shown
here to apply easily in contexts with complicated spectra. Unfortunately, an important
limitation is the repulsivity Assumption 1.13. Kowalczyk et al. [30] discuss how to avoid
it in some cases, but we do not consider here the analogous situations. Our NLS problem
is in some respect simpler than kink problems because virial inequalities like in [30],
which involve three distinct functionals, are more complicated than the single one that
suffices here.

For alternative proofs of dispersion, we notice that a rather simple framework is due
to Ze Li [31], but the argument does not apply to the cubic nonlinearity and it too, needs
to be tested in the presence of eigenvalues. Similar limitations are true for [15]. We do not
discuss here the nonlinear Steepest Descent method of Deift and Zhou initiated in [17],
which has been used extensively for integrable systems but for non integrable systems,
to our knowledge, only in [18]. There is a large literature on PDE methods in the context
of integrable systems. Here we mention only the recent paper on kinks of sine-Gordon
by Lithrmann and Schlag [38] and the paper on the black soliton for defocusing cubic
NLS by Gravejat and Smets [23].

In the context of stability problems of ground states of the NLS, virial inequalities
were introduced by Merle and Raphael [42-45]. The papers by Kowalczyk et al. [27,
29,30] developed further applications of virial inequalities in stability problems. In this
paper we show that the theory can be applied in a relatively elementary fashion also in
the presence of any number N > 2 of eigenvalues. The case N = 1 with Assumption
1.13 should be analogous to [29]. An analogue of Soffer and Weinstein [51], or of the
more general [3], with Assumption 1.13, should hold in 1D for real valued solutions
of the Nonlinear Klein Gordon with a quadratic nonlinearity, using arguments similar



to the ones of this paper, which should simplify greatly [3,51] with the use of Refined
Profiles. The same should hold for an analogue of [13] for the unitary invariant NLKG
in 1D where there are small complex valued standing waves.

2. Modulation Coordinate and Transformed Problem

In this section we write the equation in modulation coordinates and consider the trans-
formed problem induced by the conjugation relation (1.24). We start from the modulation
coordinate. First of all, let

(u,v) := f uvdx, (u,v) =R (u,v), (2.1)
R
and set
N
Py :=Z(.,¢j)¢j, P.:=1— P, (2.2)
j=1

Then, the space P.L? is the continuous space w.r.t. H. Recalling the refined profile
¢[z] from Proposition 1.9, we introduce the following analogue of nonlinear continuous
space of Gustafson, Nakanishi and Tsai [26],

Helz] := {v e L? | VZ € CV, (iv, D,¢[z]Z) = 0}. (2.3)

The modulation coordinates are given by decomposing u as follows.

Lemma 2.1. There exist§ > 0andz € C®(Bx-1(0,8), CN) s.t. n(u) := u—p[z(u)] €
Hc[z(u)]. Further, we have

2G| + Il g~ Nl g1 (2.4)

Proof. The proof is standard, so we omit it. O

In the following we write z = z(u) and n = n(u). Notice that the bound (1.26) is a
straightforward consequence of Mass and Energy conservation, which imply [|ull ;1 < 8,
and of (2.4).

Substituting # = ¢[z] + n in (1.1) and using (1.20), we obtain

i +1D,¢(z] (z + 1w (z)z) = H[z]n + Z 2"Gm + Rplz] + Flz, n] + |n|2n, (2.5)
Rmin

where H[z] := H + L[z],

L(z] .= 2|¢[z]|2 + ¢[z]2C, with the complex conjugation operator Cu = u and
(2.6)

Flz, n] := 2¢[zl|n|* + ¢lzIn*. (2.7)

Following Gustafson, Nakanishi and Tsai [26], we can construct an inverse of P. on
Helz].



Lemma 2.2. There exists § > Os.t. thereexists{aja}j=1,... N, A=R,1 € COO(BcN(O,a), =1

s.t.
laja@lst Szl j=1,---,N, A=R,I (2.8)
and
N
Rlz] := Z LajR@)¢; + (-, aji(@)ig;), (2.9)

satisfies R[Z]Pe|w, 1z = 1dl,2), PCR[Z“PCLZ = Id|PCL2~

Proof. The proof, which we skip, is an analogue of that in [11], which in turn generalizes
the one in [26]. O

We set 77 := P.n. Then, by Lemma 2.2 we have n = R[z]7 and furthermore, from
the estimate (2.8), we have

Il as ~ 170 as, (2.10)

fors =0, 1 and |a| < a;. Applying P, to (2.5), we obtain

10,7 =H7 + Z 2" P.Gm + Ri, (2.11)

mGRmm

where
Ry =P (—iDz¢[z] (z+iw (2)z) + Ryplz] + Flz, n] + L[z]n + |n|2n> . (2.12)

The rest of this section is framed like in [29].
We will consider constants A, B, ¢ > 0 satisfying

log(6~") > log(e ") > A > B> > B > exp (8_1) > 1. (2.13)

We will denote by o, (1) constants depending on ¢ such that

e—0"

0 (1) — 0. (2.14)

For the two virial inequalities, we will use the approximations in [29] of 2™ L (1/2 +x0y)
u(t), u(t)), which is the quantized analogue of the form 2~ Ix. & for a finite dimensional
hamiltonian system x = V¢ E and 5; = —V, E with energy 271E)% + V(x) (recall that
4@271x - &) = |§> — x - VV(x) where, if V is repulsive as in Definition 1.11, then
x - & is strictly increasing for all #: this simple classical argument explains the heuristics
around the notion of Virial Inequalities).

The first virial inequality, Sect. 4, involves a truncation of the function x outside an
interval of size ~ A~! around 0. The fact that the initial potential V = Vj is obviously not
repulsive, makes necessary another virial inequality. This involves applying the operator
A*to (2.11), see (1.25), in order to exploit the conjugation (1.24), which transforms H;
into the repulsive operator Hy.1. However, to offset the loss of regularity due to A*,
which is a differential operator of order N, it is necessary to use a regularization and
consider

T = (ied,) N A*, (2.15)



for ¢ > 0. However, this does not work either, because symmetries of the nonlinear term
P.(In|*n), used to get estimates like (4.18) below, do not hold any more. This is why
the argument considers x € C°(RR, R) such that

xx'(x) <0 and 1y <1 < x < ljx<2, (2.16)
and xc := x(-/C) for C > 0. Then multiplying equation (2.11) by xp2, obtaining

ial(XBZ?i) :H(Xan + (ngzax + ng) ﬁ + Z ZmXBZ Pch + XBZRH, (217)

meRmin

setting

v =T xp7], (2.18)
and applying 7 to (2.17), we obtain
00 =Hyyv+ »  2"Gm+Ry. (2.19)
meRmin

where

Gm =T %52 P-Gm, (2.20)

Ry =T xRy + (iede) ™" [Vivar, (ied) VI +T (2xpade + x o) 7. (221)

Here it is possible to apply the second virial inequality, which involves a truncation of
x in an interval centered in 0 of size ~ B. The technical fact that A >> B? is required to
work out the argument, see also [29].

3. The Continuation Argument

The proof of (1.28) in Theorem 1.15 is by means of a continuation argument. In particular,
we will show the following.

Proposition 3.1. There exists a 5o = So(€) s.t. if (1.28) holds for I = [0, T] for some
T > 0 and for § € (0, 8o) then in fact for I = [0, T] inequality (1.28) holds for €
replaced by €/2.

By completely routine arguments, which we skip, it is possible to show that Propo-
sition 3.1 implies (1.28) with I = [0, co). We reformulate the continuation argument.
Let a > 0 be the one given in Theorem 1.15. Without loss of generality we can assume
a < 27 min(ag, a;) where qq is given in (1.2) and a; is given in (1.8). We introduce
the following norm,

171 = (=02 +sech? (T5)) £ )~ W +0A032 - G

10
For C = A, B, we set

¢c(x) == exp (—% - X(x))) . (3.2

We consider the main variables in [29], given by
w:=¢anand & := xp2lpv. (3.3)

We will prove the following continuation argument.



Proposition 3.2. For any small € > 0 there exists a 5o = do(€) s.t. ifin I = [0, T] we
have

|z +iw (2)z| 2 + Z ||Zm||L2(1) N 25+ llwll2g 5 <€ 3.4
meRpin
then for § € (0, do) inequality (3.4) holds for € replaced by os(1)e where 05(1) 320, 0.

Notice that Proposition 3.2 implies Proposition 3.1. In the following, we always assume
the assumptions of the claim of Proposition 3.2.

In complete analogy to [29], we consider two virial estimates, one for w and the other
for &. The first is based directly on the equation for 77, (2.11).

Proposition 3.3 (Virial estimate for 7). We have
lw'liz2g ey S A+ lwllpg 2+ Y, 12%eg+e2 (3.9
-1 meRpip
The second virial estimate, involves the transformed problem (2.19).

Proposition 3.4 (Virial estimate for v). Let A > B%. We have

161 205) S Be V64 D2 2™y +0e(D) (Il 25 + 12+ i@ @7l 2) -

mERmin
3.6)
The term z + iw (z)z can be controlled in term of the z™, for m € Ry,

Proposition 3.5. We have

lz+io @zl 2y S Y 1220 + 8% 3.7

meRyin

To bound the z™, for m € Ry,in, we will use the Fermi Golden Rule.
Proposition 3.6 (FGR estimate). We have

3 2™y S e VB 4 B e+ €2 (3.8)

mERmin

In Sect. 4 we prove Proposition 3.3. In Sect. 6 we prove Proposition 3.4. Sections
4-6 are very close to [29]. Section 9 is the analogue of [29, Sect. 5.1]. The proofs of
Propositions 3.5 and 3.6 are very similar to the discussion in [9]. Asisin [4,51] and many
other papers, most referenced in [11], at some point the continuous mode, in fact in this
paper the variable v, needs to be decomposed in a part which resonates with the discrete
mode z and a remainder which is supposed to be very small, and which we denote by
g, see (8.6). To bound g we use Kato smoothing estimates, as in the previous literature.
So, for example, Lemmas 8.3 and 8.4 are a typical tool, see [4,51] or the references in
[11]. Some attention is needed in the use of the weights, to guarantee that some of the
terms, i.e. the term in (8.24), are small. Finally, in Sect. 12, we prove the last sentence
of Theorem 1.15.



4. Proof of Proposition 3.3
In this section, we prove the 1st virial estimate Proposition 3.3, which is a consequence

of the estimate of the time derivative of the following functional,

() = 5 (1,iSa7), (4.1)

where the anti-symmetric operator Sy is defined by

(p/
S = 7A +@A0y, Where g4(x) = / () dy. 4.2)

Proposition 3.3 is a direct consequence of the following estimate

Proposition 4.1 (1st virial estimate in differential form). Under the assumptions of
Proposition 3.1, for sufficiently small 5 > 0 we have

d 1 .o
ST+ I Slwlz, + 3, PP+ &lzrim@z). 43
10 meRyin
We first prove Proposition 3.3 from Proposition 4.1.

Proof of Proposition 3.3. We have [Z()] < All7l7,, < A8 Thus, integrating (4.3)
over [0, T'], we obtain (3.5). O

The rest of this section is devoted for the proof of Proposition 4.1. First, from (2.11),
we have

d o~ ~
EI(E) = — (10,77, Sa7M)

— (H7, SaT) = Y (2™ PeGm. SaTH) — (Riy. Saf). (4.4)
meR iy

We will compute each terms in (4.4)

Lemma 4.2. We have

(H7, San) = <<—a§ - 2§—2v ) >+ % (Vow, w), (4.5)
where
Vo(x) = (X |x|+2x ﬁ) (4.6)
Proof. By direct computation, we have
(H7, SAT) = (¢4 077, 0x7) — —(@X’n ) — (n paV'T). (4.7)

Following Lemma 1 of [29], we have

"
(@ 0,7, 0,7) = (w', w') + <§—‘:w, w>, 4.8)



and

e N A
4<¢An,n)— 2<(§A+<§A) w,w ), 4.9)
so that

/ ~ ~ 1 e ~\ 2 1 ;X 5;; ?
(@l 0uTT, 951} = (@A, 71) = (—8xw, w>+ 3 <<§—A - <;7> ) w, w>. (4.10)

Substituting w = £47 also in (7, ¢4 V'7) and using the identity

é.// f/ 2 X
A=A - (—A> = %" @)|x] +2x" ()= = Vo(x), (4.11)
LA CA x|
we obtain (4.5). O
Lemma 4.3. We have
(2™ PeGm, Sa7)| S 12™ 1wl e (4.12)
~10
Proof. Since ||§;1SA PCGm||L2a < 1, the conclusion is obvious. m|
10

Lemma 4.4. We have

|(Riy. Sam)| < 82 (( > |z“‘|+||i+iw<z>zn) lwl2 +lwl?s
te 2

meRpin

) +8253 w17,

(4.13)

=S

Proof. We will estimate the contribution of each term in Ry, see (2.12). First, since, by
D,¢01Z=¢ -Z

| P.Dy¢[2)Zl 5.1 = || Pe (Dyplz] — Dypl0)) 751 < 82117, (4.14)
we have

| (Pe (—iDz0[2] G2+ iw (2)2)) , SaT)) | S 8%z +iw @zlllwl 2 , - (4.15)

~10

Next, from (1.21), we have

[{PeReplzl, SaTi)1 £ 8% ) 1™ llwll 2, - (4.16)

a
meRpin 1o

We next estimate the contribution of P. (F [z, n] + L[z]n + |77|277). First, since P, =

1= Pgand [|PgSaiillgt < llwll2 . we have
10

(P (Flz.n)+ Lizin + 1nn)  Sai) | S I Flz, 1+ Lizin + Pl w2
- 10
S&lwlz, 4.17)

a

10



Next, by elementary integration by parts we have
!
(1725, sa7) = 27 i, o) + 272 <(|ﬁl4) , ¢A> =47 {1, ¢3)
and by [29] and (1.26), see also Lemma 2.7 [12], we have

{277, Safi) | S 822wl

(4.18)

For the remaining terms, by n = 7 + 171 with 71 = (R[z] — 1)7, we can expand

Flz, n]+ Llzln + |n*n — 717 = voi1 + vif1 + v2i] + v37 + v47” + vs|7]7,

vo = 2(¢[z]|* + 202171 + L2l + [71[°, v1 = ¢l2], v2 = 2|g[z]]
+2¢z]71 + @lzlni +2(7l,

v3 = Blz]* + 29[z + 1%, vs = Plz] + N1, vs = 2[z] + 1.

By Lemma 2.2, we have ||71]lx1 < w2 , and
~10

lvillst S §2for j=0,1,2,3and lvillst S éforj=4,5.
Thus, we have

~ a ~ o 2 2
| (vofit + vt SaAT) | S llvorfi +viill 2 w2 < 83wl
5 10 -0

[ w2+ 0377+ 04 + vs 7%, @47 | S 02w,

1

and

~ =~ 1 _ ~ =
[{(v2+ v+ vs) 7, 40:77)| = 5 ‘/;AQBX (@ (v2 +val] + vs7)) [wl?| S 8% [lwll}

2 2
S 8w,
~10

= - 1 _ .
| (037, a0, 7) | = 5 ‘/;Azax (pav3) W*
Combining (4.17), (4.18), (4.21), (4.22), (4.23) and (4.24) we obtain

[{FLz. -+ Ltz + [nPn — 5, $a7) 1 S 820wl2, -+ 622

T

Therefore, from (4.15), (4.16) and (4.25) we have the conclusion.

where

(4.19)

(4.20)

4.21)

(4.22)

3% ’
(4.23)
(4.24)

(4.25)

O

Proof of Proposition 4.1. By (4.4), Lemmas 4.2, 4.3 and 4.4 we obtain the estimate (4.3)

for sufficiently small § > O and large A, satisfying (2.13).

Before proving Proposition 3.4 we need some technical preliminaries, which
in Sect. 5.

O

we state



5. Technical Estimates

In this section, we collect estimates used in the sequel of the paper.

Lemma 5.1. Let U > 0 be a non—zero potential U € Ll(R, R). Then there exists a
constant Cy > 0 such that for any function 0 < W such that (x) W € L'(R) then

(WF. f) = Cull () Wl (=02 + U 1. ). (5.1)

In particular, for a > 0 the constant in the norm || - || in (3.1), there exists a constant
C(a) > 0 such that

(WE, f) < C@Il () Wiyl £11%- (5.2)

Proof. Let J be a compact interval where Iy := f ; U(x)dx > 0. Let then xo € J s.t.
|f o)l < 15! /J |f)IPU (x)d.
Then,

1 1 / —1/2 1
|FOO < Ix = x0l2 Il f ll L2y + | F (0) | < |x = x0l2 1L f | 2wy + Iy 2w e

Taking second power and multiplying by W it is easy to conclude the following, which
after integration yields (5.1),

WP < Cu (0) W) (=02 +U) f. f) where Cu =2 (1+ Il + 1)

O
A direct consequence of Lemma 5.1 is the following. Recall A > B> > B> a™!,
with a like in the previous lemma.
Corollary 5.2. We have
Il +lwle < llwls and 185602 < 1€Ds.
~10 ~20 ~10
We will use the following standard fact.
Lemma 5.3. Consider a 0 order Pseudodifferential Operator (YDO)
pid ) f00 = [ pir b fo)dkdy (53)
R2

with symbol p(x, k) such that
10997 p(x, k)| < Cap ()P forall (x, k) € R and for all (a, B). (5.4)
Then, for any m € R and for any ¢ € (0, 1]

1 (ex) ™" p(ex,i0:) fl 2y < Conll ()" fll 2wy forall f € L*(R),  (5.5)

where each constant Cy, depends on finitely many of the constants Cog and is independent
frome € (0, 1].



Proof (sketch). We write

plex,i0x) f(x) = Pif+ P f

Pif(x)= /Rz O pex, kyxj (x — ') f(x)dkdx, (5.6)
with x; € CZ°(R, [0, 1]) a cutoff with x; = 1 near 0 and with x» := 1 — xj. Then

I (¢ex)™™ Py (ex)™) ()™ fllr2wy S IHeX)™ fll2),
because (ex)™™ Py <sx’>m is a WDO with symbol

plex, k)1 (x —x') (ex) ™™ (ex')" € 57 o(R x R x R),

see Definition 3.5 p. 43 [59], with, for fixed constants Cyq/g,

8)‘2‘3)‘3‘,/85 (p(ex, k) x1 (x —x') (ex)™" (8)6/)”1)’ < Cou'p k)~#,

for all (a, @', B, x, x’, k) and all ¢ € (0, 1]. Then, by the theory in Ch. II [59], this
WDO defines an operator from L2(R) into itself whose norm can be bounded in terms of
finitely many of the Cyq/g, and so has a finite upper bound independent from ¢ € (0, 1].
We also have, integrating by parts with respect to k in (5.6) for j = 2,

I (ex)™ Pafllowy S | (ex)™™ /R(x —x/)‘lo"" |f(x")|dx

/R (r = x) " ex!) " 1 £ ) ldx!

where the last inequality follows from Young’s inequality for convolutions, and all the
constants are independent from ¢ € (0, 1]. O

L2(R)

<

~

< 1@ i@l 0™ Fll2ew)
L2(R)

Following [29] we will will use a regularizing operator (ied,) ", with & > 0 a small
constant. We will use the following lemma.

Lemma 5.4. Consider a Schwartz function V € S(R, C). Then, for any L € N U {0}
there exists a constant Cp, s.t. we have for all ¢ € (0, 1]

I ieax) ™™ [V, (ied) V1l 2L @y 12 Ry < CLE, 5.7
where L>*(R) is defined in (1.9).

Proof. Let us consider case L = 0,

H (igd,) N [v, <isax)N]‘

<e. (5.8)
L2(R)—L2(R) ~

Taking Fourier transform, it is equivalent to prove the above L?> — L? bound for the
operator

/ Hk, £) f (0)de with H(k, £) = (k)™ V(k — ¢) ((8k)N - <85)N> .
R



Multiplying numerator and denominator by (k) N +(£€)N we obtain H (k, £) = eH (k, £)

P(ck, et)
(k)N + (e)"
where P is a 2N — 1 degree polynomial. It is elementary that the integral operator
with integral kernel Hk, 0) is uniformly bounded in ¢ from L?(R) to itself, for any

p € [1,00], by Young’s inequality, see Theorem 0.3.1 [53]. Indeed, it is enough to
prove that there exists a constant C > 0 independent from small ¢ > 0 s.t.

Hk, 0) = (k) N Vk — 0)(k — 0)

sup/ |H (k, 0)|dt < C, (5.9)
keR JR

since by symmetry a similar bound can be proved interchanging the role of k and ¢.
Now, for M > N + 1, we have for fixed k&

/ |H (k. )lde S / ()™ k= 07 (N (e0)V ) ae
R jele[ 4.21k1]

Nk —e)y™ N-1 N—1
+//3|¢[§!2|kl](ek) (k —€) ((sk} +(e0) )d@.

The first integral can be bounded above, for appropriate Cy, by the elementary inequality

CN/ (ek) Nk —0)Mae < CNf O Made=cyllx) ™Ml 1),
we[ﬂ 2|k|] R

while the second can be bounded above by

N ()N~ / (eqyN—1
2 k dﬁ 2
/ws w " (oM * =2k ()M

<4

"

ONM e = 4) )M L gy,

with all the constants independent from ¢ > 0. This completes the case L = 0.
Let us consider now the case with L > 1. From the proof in the case L = 0, we have

(ieas) N [V, (ie9)V o = & / KO(x. y)u(y)dy
R

where for o > 0 we set

K°(x,y) = / K (k)N Pk — o) (k — Z)Mdkdﬁ. (5.10)
R2 (k)N + (e)N

Notice that the integral is absolutely convergent for o > 0. Let us consider case o > 0.
When |x| > 1, integrating by parts we have, up to constants which we ignore,

1 L~
K3 = 2 KTgle, ) with K, 3) = [ %00 Hy 0, O0dkde with
X ’ ’ R

P(sk, gt) )

HY (k. £) = (3F)*(0))° ((sk)_N_“ Yk — )k — z)—
’ (k)N + (e0)N



where ﬁ;b(k,é) for a,b € {0, 1} has the properties of ﬁ(k,é). Then, for xo €
C>X(R, [0, 1]) with xo = 1 near 0 and x; = 1 — xo and ignoring irrelevant constants,
we have

KOG,y = Y Xa@)x()x~“FyPEKT L (x, ).
a,b=0,1

Then, for f,(y) = x6(»)y 2L f (),

(x)" / K (. ) f () dy

< H o Ex ™y, (x)
L2®)  4.b=0,1

/K;’,b(x, VoMY L f(y)dy

<)

L2(R)

/Kg,b(m VoYL f(y)dy

a.b=0,1 L2®)
= Y | [ Bkohod
a,b=0,1 L*(R)
<C Y Ifslleg S Cl 7" flliag),
b=0,1

where the constants in the last line are uniform on o by the argument used to prove
(5.9). Since, furthermore, for a sequence o, — 0 then fR K% (x,y) f(y)dy nzres

x,y)f(y)dy point—wise for f € C, , we can assume, by the Fatou lemma
= K%(x, ») f(y)dy poi ise f CO(R) by the Fatou 1
and by the density of C?(R) in L>~L(R),

< Coll (1) 7" fll2 forall f € L27F(R).
L2(R)

()t / KOGr, ) £ ()dy

This yields (5.12) and ends the proof of Lemma 5.4. O
We will need in Appendix A a variation of Lemma 5.4.

Lemma 5.5. Suppose that the function V in Lemma 5.4 has the additional property that
for M > N + 1 its Fourier transform satisfies

Vki +ika)| < Car (k1) ™M~ forall (ki, k2) € R x [b, b] and (5.11)
Ve COR x [=b,b]) N H(R x (=b, b)),

with H (R2) the set of holomorphic functions in an open subset Q < C and with a number
b > 0. Then

I Gied) ™™ [V, (ie0) V1|l 2y 12r) < Che. (5.12)
Proof. Formula (5.10) continues to hold for all o € (0, 1], as a path integral

P(ck, et
_PELED iyyar,
(ek)™ + (ek)

(5.13)

Ko(x,y) = &2 / RV ey TN Yk — O (k — 0)
R2



with ko = 0 and [¢5| < b. Then, adjusting to the sign of y, we conclude that

P(ck, el)

K% (x. ~Iylb Tk, eb)
| (x )’)| <e <8k)N+<8£>N

dkidty] .

/ e Xki=iyts (8k>7N76 ]7(]( -0k —10)
R2
This implies

< Cplle™™® £l 2 g).-
L2(R)

H f K (x, y)eMPe PP r(y)dy

Like in the proof of Lemma 5.4 we can take the limit 0 — 0* obtaining (5.12). O
We next give estimates on the operator 7.

Lemma 5.6. There exist constants Cy and Cy such that for ¢ > small enough we have
171202 < Coe ™ and 17 ]lsn_ 50 < Cuy. (5.14)
Furthermore, let K. (x, y) € D'(R x R) be the Schwartz kernel of T. Then, we have

x—y|

|
|Ke(x,y)| < Coe™ 3 forall x,ywith|x —y|>1. (5.15)
Proof. First, for T; = (id,) N A*, we have
1T 22 < N (ed) ™ (000N 2 21Tl 2o g2

Since || (igdx) N (90N 22 = 1 (k)™ ()Y ey S eV and [Till oy S 1
because 77 is a degree 0 WDO, we have the first inequality in (5.14).

It is enough to prove (5.15) for operators (ied) ™™ (19,)™ for 0 < m < N, which, up to
irrelevant constant factors, are convolutions, for x # 0 by the generalized integrals

k} (k1 +iko)"

Ke(x) = / Pl S ) / ek dk;,
B (1+823)"? B (1= 623 +62k3 + 262k ko)

which are well defined for |k| < 27'e~!. For |x| > 1 and if ko = 2~ 'e~'sign(x), it
is elementary to show, by standard arguments with cutoffs and integration by parts, that
the above is < e~ %, yielding (5.15).

We turn now to the second inequality in (5.14). We have, for functions b, (x) bounded
with all their derivatives,

N
1T fligo = IIT <e“<x> > bna;:f> Il 2 where 7 := ¢**) (igd,) ™V e=90),
n=0

For ’f(x, y) the integral kernel of ’f we have, for m(k) = (k)= and for m" its inverse
Fourier transform, using (5.15) we obtain

1T (x, ) =17 e o (x = yD + 17 (e »)Ix1.00 (1X = ¥1)

lx—y|
&

X ,
Se'mY (T . ) Xi0,11(lx — yD) + e 5 e

_ x—y sl
SelmY <T) xio,(x =y +e %



for ¢ > 0 small enough. This implies, from Young’s inequality, [53, Theorem 0.3.1],
that

N
1T fllso S 1™y " bud7 fll2 S 1 v,

n=0
yielding the 2nd inequality in (5.14). O
The following technical estimates are related to analogous ones in Sect. 4.4 [29].

Lemma 5.7. We have

lwllz2(x<282) S B*||lwl|x for any w, (5.16)
I61% S (02 =272 dax Vi 6. §) S NENE forany, (5.17)
Wlree Se VB lwls (5.18)
2@ S e NMiwls (5.19)
1) ™ vl gy S IEllg +e7V (B M lwlig for M eN .M = 4. (5.20)

Proof. The proof of (5.16)—(5.17) is exactly the same in Lemma 4 [29] and is a conse-
quence of Lemma 5.1. Now we consider, still following [29], the proof of (5.18), which
is rather immediate. Indeed, by (5.14), (5.16) and A > B2, we have

_ ~ XB2 _
il 2@ S eV lxpilee Se | 2w SeVBlwlg. (521
L2(R)
More complicated is the proof of (5.19). We have
V=T (xp7) + (iede) ™ [0y, A*1x 27 (5.22)

To bound the first term in the right hand side, we use the inequality

/ /
XBz XBZ _
@1 =|(w) | =[]+ (55) o] s w1 22wt

where we used A > BZ. Then

XB2 w
¢A

~\/ — ~\/ — —
17 () o S &1 Oi) Ty S 67 (10l + B2 1wl 20 <262))
(5.23)

Se Vwllg
by (5.16). To bound the second term in the right hand side in (5.22), we use formula

N N—-1-j j—1

. A 1=>" ] An L (tog )" A%,

j=1 i=0 i=1

~.

with the convention Hﬁ:o B; = By o ... o B;. Then we have

N—1—j j—1

(iede)™N ]_[ Ay (logyy)" TT A% _ixgen

i=1 L2(R)



\ N—l—j
=gi N (iay)fN H Yn—i(ey)o
i=0
j—1

g% (8)’)1_[1#] i(ey)odyo

1
dy o
! I/fN—i()Sy)( i Vi l( )XBZ(gy)n(t?y)

L2(R)
(5.24)
Now write the operator inside the last term as

Jj—1

. — i+ " 1
Pl ogy) en [Tviten o re 5oy

xg2(€y), where
M 1-j ! -
P = (idy) ]_([) Yn—i(ey)dy o m(lay) :

We have || P]|;2_, ;2 < 1. Then the term in (5.24) is

Jj—
< eV l(logy;)” (ey) (idy) 1_[ Vj-i(ey) o dyo m)(m(sy)n(sy)

- L2(R)
e i (g e

j—1

(ioy) ™ T wimiten) 09y o

1
— w2 ) 5.25
3 M xg2(ey)n(ey) (5.25)

L2(R)

By Lemma 5.1 and A > B2, the term in the first line is

1-N

L%(R) x)_3 = v

gaA
By Lemmas 5.1, 5.3 and 5.4, the term in the last two lines of (5.25) is

1-N
Se M wls.

~

3 —
Sei W H (ey) ™ xB(ey)N(EY) i
L2(R)

<™V

. 1
(igd,) i [(10g¢j) (iedy) ] (iedy) l_[wj 00y 0 —— v Xan

L23(R)
-1

1
(x> (iedy) AS 1_[1//] i 00y o0 — XB27
i=1 T

j+I=N
Se

L2(R)

= &527N | (ey) 73 fia,) 7 ‘1‘[% i(ey) 08y 0 ——— xp2(ey)n(€Y)
i V- ,( ¥)

L2(R)

S 85/2_N H (8 2—-N ” (x>—3

N7 xp e | @ = ¢ x5 oy S & NVwlls.

This completes the proof of (5.19).
We finally consider the proof of (5.20). We have

I (x)=™ vligiw =< | ()™M xBElmw) + |l ()™ (1 - xp) Vil g1 (w)



SN+ B) M1 ()7 vl g gy, (5.26)

where we used Lemma 5.1. To evaluate the last term, we observe, introducing x = €y,
that

N 1

ST H@ = DY e e N fioy) N [T vv-itey) 0 8y v ) ( 5 EN0)
i=0 N—i

= (ey) eV pey, i0,)(f () (M)
Then, we can apply Lemma 5.3, concluding that
l .
1 T fllz = 27N ley) ™ pley. idy) (f (DI
1
SerMIHEen el S e NN fls. (5.27)

By v = 7 x 27, Lemma 5.1 and A > B2, this by implies

B9 () Tl gy S B M6 | ()73 222,57
£a L2(®)
SBMEe N )P wleg £ B MV jwlx. (5.28)
Next,
-3 ~\ -3\ ~ ~ -3 ~/
(T () = (007) T () + 100 T (xpf) + 00T (x27)

(5.29)
Since ((x)_3)/ ~ (x)_4, the first term in the right can be treated like (5.27). The second

term in the right hand side of (5.29) coincides with the second term in the right in (5.22).
So we conclude, using Lemma 5.1 and (5.16),
()~ (Xi w)/
ga L2®

(x)_3 <M>/ w
¢a L2(1x|<2B?)

SUB)TME N w5 (5.30)

(B M3 () Txp) lp@ S (B M3 eV (nwng +

S (B) "M N <|lw||§ + 1) w2y +

Entering (5.28)—(5.30) in (5.26), we obtain (5.20). O

6. Proof of Proposition 3.4

For the proof of the 2nd virial estimate Proposition 3.4, we use the following functional,
1
J W) = <v lSBv) (6.1)

where the anti-symmetric operator Sp is defined by

Sp = ‘”B +Ypdy, YB(X) = Xp(X)@p(x). (6.2)



Then, by the equation of v in (2.19), we have

d ~ ~ ~ o~
7T ) = —(Hyu1v, Spv) = (Ry, Spv) = > (£"Gm. Spv) (6.3)

mERmin

where by remainder formulas (2.12) and (2.21), we have

7
(Ru. Sgv) =" (Ryj. Spv). 6.4)
j=1
with

Rot = —iT xp2 PeDy¢[2] (2 + iw (2)2) , (6.5)
Ruo=T xp PC'RIP[Z], (6.6)
Rus = Ty Pe (29L2lin + $lzln?) (6.7)
Rua = T xp2 Pelnln, (6.8)
Rus = TXBZ P.L[z]n, (6.9)
R = (£10,) ™Y [Viva1, (6ide)V v, (6.10)
Ru1 =T (2xp20x + x5 1. (6.11)

Proposition 3.4 follows from the following three lemmas.

Lemma 6.1. We have
~ B 1 _
(Hys1v, Sgv) = 2 ‘<—s”— Exgzxvmls,s)w 20 (I61% + Iwli}) . (©.12)
Proof. Like in Lemma 4.2 the Lh.s. of (6.12) equals
~ 1 1
(Hy41v, Spv) = (Y0, v/) — 1 (vgv,v)— 3 (v, ¥BViv). (6.13)
For the 1st and 2nd term in the right hand side of (6.13), we have
" 2 2.7 7 1 2 2 "
(va U)‘ ‘WBU U) <X32§BU’U)— 7\ X5 (53) v, v
+ <<X1292> osv, v/> (0370543 (w2) 63+ 30 @3 ) v.0). (614
By Lemma 5.7, the last term of (6.14) can by bounded as

(0B 08 +3 (xs2) " 83 + 302 €3)) 0. )|
< (3*5 + B4 2B 4 B*“e*B) B*s 2V ||k < B~ wlk.
For the 1st term of the 2nd line of (6.14), we have

—2NB—1

2
lwid

2 —1 2
<‘(X32)/(p3 s |U | ) 5 B ||v/||L2(\x|§2Bz) S &



We consider now the Ist and 2nd term of (6.14). Using xz20pv" = 9 — xp28pv —
X 2BV, We have

4
+ 2<$/, Xl/ngBU> - 2(4;359 X/BZU) + <X1/92§BU» Xl/gngU>- (6.15)

The 2nd line of (6.15) can be bounded as

(X330 ) - 1<x§2 (3) v, v> = (8, 6)+ 5 (k. 8

(& xpe¢8v)| S B 2B Plglslwls S B IElslwls.
|(¢5&. Xpov) | S BT2B% P (1) Ell2e ™V wlig < B Il llwls.  (6.16)

—2 —B p4 2 —1 2
H{xp2880, xpatpv)| S B 2e "B wlz S B~ wllk,

where we have used [[{5&;2 S Bl |5 by (5.1).
Summing up, we obtain

~ 1

(Hyo1v, Spv) = <—s” + 55 Y0k =27 Wat Vi, s> +B720 (Jlgk + i} )
1

> (=07 = 27 Kpax Vi )E ) + 2 (Vog, £) + B7120 (usu% + ||w||§) :

where, like in Lemma 3 in [29], since ea(x) > x for x > 0, for B large enough, by

%)
Lemma 5.1,
(=02 =27 Gox Vi 8. 8) = BT (Vog. €).
So
1 _ _ _ _
<—s”+§v05—2 lecB2V/V+ls,s>zz Nt =27 ahea Vit 8).
O
Lemma 6.2. We have
D 1Ry Seo) | SeVBS (lwlg +1Elg) [ D] 12"+ lz+iw @zl |,
j=1,2 meRnin
(6.17)
> Ry Spv)| S e VB3 wlis (lwlls + 1€115) ; (6.18)
j=3.4,5
[ {Rus, Sao) 1 S e (1% +wlk) (6.19)
|(Ru7, Spv) | S e VB~ wlls (Iwlls + 15]15) - (6.20)

Proof. First we claim

I88vll.2 S eV Bllwlls + Bl |5 (6.21)



The proof of (6.21) is like in [29]. By (5.19) and ||/g|lL~ < B we have
ISpull 2 S gl + 1¥pv 2 S Ivpvlle +e YV Bllwls.
Next, we have
[Whl = 12X X208 + X 52831 S B g2 + X2a L3 (6.22)
Then
B~ vl 2 < Be VBllwls
by (5.18), by Lemma 5.1 we have
Ix2:¢3vll2 = Ixpeséle S VIx) xgeslinlgls ~ Blgls
and, finally,
Ixz208V ll2 S BIV 2 < Be Vwlg

by (5.19), so that so that we get (6.21).
We have || P.D,¢lz]||;> = O(||z||?) by Proposition 1.9. Then, using (5.18)—(5.19) and
l[VvgllLe < B, we have

> 1Ry Sev) 1 S D IRyl 0Savlle S Y IRyl (7Y Bllwlls + Blgls )

j=1.2 j=1.2 j=12

< e VB2 (Jwlg + 51l ( 3 z“‘|+||i+iw<z>z||).

meRmin

We claim

Ry Sp0)1 S D2 IRyl (e Bllwlis + Blélx)
j=3.,4,5 j=3.,4,5

S eV B (Il + B2, + 1217) lwls (lwls + 1ls) . 623)
We have for example, using Lemma 2.2 and inequality (5.16),
1T g2 PelnPalle S = (I1Pelnl® (RUzl = Dl + g Pelnfil 2
S & (1IP0I 171 2, + I Palnil 2 + g 7l .2
S e (212wl + Il 7l 2, + g w2
S e (0 + 13 ) Nl + 03wl 2 ey <22))
S e (I + B2l ) il

with better the bounds for the other terms in the r.h.s. of (6.23).
Using Lemma 5.4, (5.20) and (6.22) we obtain (6.19):

| (Rvnﬁy §B v) |



S (Bl ™0 vl + 170 Wallel (070012 ) 1 0 fied)
[Vt (ied) Vvl 2
Sel ™0 S e (161% +1wik).
Finally, the proof of (6.20) is the same as in [29]. We write
[(Ro7. Spv) | S e (It 2 + 1 xpeiillz2) (IWgvl 2 + 1Wsvll2) . (6.24)
We claim
e N2 + el 2 S B 2wl (6.25)
Indeed from w = {47 we have
w' =+ AT,
so, for |x| < A,
IS A Il +w'| = A7 e wl + w'l.

By A > B? and (5.16), we have

!~

lxsn

S B2 (||w/||L2(R) +B_2||w”L2(BZS\x|5232)> < B_2||w||§

—2 1~
2 S BN I 2(82<1x1<282)

and the following
Ixgeill2 < B~ < B~ wll < B wlls
Xg2MiL2 < MiL2(B2<|x|<2B?) ~ WIL2(1x|<2B2) ~ wis-
The next step is to prove the following, which with (6.25) yields (6.20),
Ivpvllze + 1vpvll2 S Be Vwlls + Bllls. (6.26)
From & = X§2§B v, we have by (5.18), (5.1) and (6.22),
lWpvlle < B vl + sEll 2 S Be N wlig + BlE |5
Using (5.19) and |¢¥g| < B, we get the following, which completes the proof of (6.26),

—N -
¥Vl 2 < BV 2 Se " Bllwls.

Lemma 6.3. We have

(ZGom. Sao)| < 12 (Nl + e 52 wls ) (6.27)



Proof. We have
|<zmém, Vv + 21&3U’)|

<Zm5m, (xﬁz)/¢3v>

We now we examine the three terms in line (6.28). Using (5.18), |pg| < B, Ijy<1 <
X < ljy<2 and xp = x(B~%), we get

<Zm5m, (xf;z)/sogv>

< + sz&m, ngggvﬂ + ("G, wsv) . (6.28)

—1 ~
S BT 2" |Gmll 22 < x <282 IVl 2

N ~ ~
S e U BIZIGmll 22 <) <282 W 5

Now we claim ”ém”L2(32§|x|§232) < e B sothat e 7V Be 8 < ¢7B/2. To prove our
claim we split

1GmllL2g2<iv1<282) < 1T 1k 1<p2 2 X 52 PeGmll 252101 <28)

+ ||T1|x‘232/2XBZPCGm”L2'
Using (5.15) we have

-3B —2B
171 <p2/2xB2 PeGmll 2 (B2 <|xj<2B2) = € IIGmll2 < e

while
171 >p2/2XB2 PeGmll2 S 8_N||1|x\332/2Pch||L2 <eNe B <o

Next, we consider the 2nd term in (6.28). Using (5.14) and (5.20)

—2B

()20 2 G, 12263 (60720 0)| < 12" 1T 32 PeGmllzo ()2 ]2

S 12 g2 PeGmllzn (€ N5+ (B)7 wlls) S 12 (el + (B) ' wls ) -

Finally, we consider the last term in line (6.28). Like in the estimate of J, in Sect. 4.4
[29], from

£ = xpatpv' + (XBZCB)/ v

we obtain

I —1 -2
28| S IE'T+ 1 (xp2¢8) vl S 181+ B~ xp288v] + B2 (g2 <px <2815V,

so that

X508V S IE'|+ BTEL

Then, using (5.19) and the above estimates, we have
(2™ Gm. ¥V)| < ‘<Zm‘ﬂ3§glém,x;2§8v/>‘ + \(z“‘l/fgc,;‘ém, (1 - xf;z) CBv’>
< (2™ ws1Guml. 181+ B~V e N) |+ 1211 (1= x32) v Gl 21012

-1 —B_.—N
S 2 (112 + B Nglg + e Be i)




Proof of Proposition 3.4. Using (6.3), Lemmas 6.1-6.3 and (2.13)

d ~ ~ ~ o~
7T @) == (Hyav, Spv) = Ry, Spv) - > (z"Gm, Spv)

meRpin
1
< —<—s” - ZX§2XV1(/+1E,5>

+ 0 12 (lels + e 2wl ) + 0. ) (Il + lwlk + 12+ iw @2]?)

meRyin

S-lelk+ Y 12 oo (lwlk + 2 +iw @),

meRpin

so that integrating in time we obtain inequality (3.6) concluding the proof of Proposition
34. O

Our next task is to estimate the discrete modes, that is the contributions from z. While
so far in the paper we have drawn from Kowalczyk, Martel and Munoz [29], we now
start drawing from [9].

7. Proof of Proposition 3.5

Proposition 3.5 is an immediate consequence of the following lemma which is taken
from [9].

Lemma 7.1. Under the assumption of Proposition 3.1, we have

sp+imi(zPzy =—i Y 2" (Gm. ¢j)+r(z. ), (7.1)

meRy,

where 1 j(z, n) satisfies

2
lrj @, M2 S 8.

Proof. The proof is in [9], but for completeness we reproduce it here. Recall that ¢[z]
satisfies identically equation (1.20). Furthermore, differentiating (1.20) w.r.t. z in any
given directionZ € CV, we obtain

HI2ID,l2l7 = iD}¢l2)(~iw (72 7) +iD,9l2) (Du(~iw (2P27)  (7.2)

+ Y Dy(z™iGm + D, Rey(2)Z,

meRpyin

with H[z] defined under (2.5). By n € H.[z] we obtain the orthogonality relation
(i, Dygl2l?) = — (in. D}gl2)@. D).

By applying the inner product (7, -) to equation (7.2), we have

(Hlzln, Dup @) = (in. D2 @ (@ (122, D)+ Y (1. (Ds(2™)Z) Gm)

meRpi,

+ (777 Dy Rip (Z)i) )



where we exploited the selfadjointness of H[z] and the orthogonality in Lemma 2.1.
Thus, applying (-, D,¢ (z)Z) to equation (2.5) for n and using the last two equalities, we
obtain

(iD2¢ (2)(2 +iw (121")2), D2 ()Z) = (in, D;¢ () (2 + iw (|2|*)2, Z)) + (0, D Repl2]Z)

£ 3 7) Gm) + < > "G + Replzl, Dz¢(Z)Z>

meRi, meRpy,
+(F(z,n) + [nI*n. Dy¢l2]z). (7.3)

First since D,;¢[0]Z =Z - ¢, we have

N
(iDalz)(@+iw (12)2). Dag @) = Y NG, +iw;(12)2)T) +r D). (74)
j=1

where
r(2.) = (i (Dup (@) = Dy (0)) i +iw (2)2), Do (2)) (7.5)
+(iD,9 ()& + i (12)2). (D19 (@) — Dag (0)7).

Since || D, (z) — Dy (0)| ;2 < |z)* < 8% by Proposition 1.9 and inequality (1.26), by
assumption (3.4) we have

Ir @ D20 S 82c forallZ = ey, iej, - , ey, iey. (7.6)

Setting
(2,7, ) = <in, D2¢(z) <i+ iw(|z|2)z,'i>> + (0. D Rep(2)7)
+ > ") %) Gm) a7

meRpin

+ Y (2"Gm. (D:§(2) — Dyp(0))Z) + (Rep(2), Dyp (2)7) + (F (2. 1), Dyp(2)7) ,

meRyin

by by assumption (3.4) we have we have
17(2,Z, Ml 21y S 8%c forallz = ey, iej, -+ , ey, iey. (7.8)
Therefore, since D¢ (0)ike = ikcﬁj (k =0, 1), we have
“Im (8[;,' + iwj(|z|2)z,-) = Y (#™Gm. ¢)) — rze)) +F (2 5, ),

meRpin

Re<8,2j+iwj(|zl2)zj)= Y (£"Gm.ig;) — r(z. ie)) +F(z. iej, n).

meRpiy

Since Gy and ¢; are R-valued (see Lemma 1.7), we have

zj+iw;(|z*)z; = —i Z (Gm. ¢)2™ — r(z.ie)) +ir(z. €;) +7(z, ie;, n) — i (z, &}, 7).

Therefore, from (7.6) and (7.8), we have the conclusion with r;(z, n) = —r(z, ie;) +
ir(z,e;) +7r(z, ie;, n) —ir(z, e;, n). O



Our next task, is to examine the terms z™. We need to show that these terms satisfy

e 0, that is they are damped by nonlinear interaction with the radiation terms.

In order to do so, we expand the variable v, defined in (2.19), in a part resonating with
the discrete modes z, which will yield the damping, and a remainder which we denote

by g.

zm

8. Smoothing Estimate for g

In analogy to [4,11,51] and a large literature, we will introduce and bound an auxiliary
variable, g here. It appears to be impossible to bound g or analogues of g by means of
virial type inequalities. We will use instead Kato—smoothing, asin [4,11,51]. Fortunately,
the fact that the cubic nonlinearity is long range is immaterial, thanks to the cutoff y g2
in front of ||%n in the equation of v.

The following is elementary and the proof is skipped.

Lemma 8.1. 0 is neither an eigenvalue nor a resonance for the operator Hy 1.

O
We recall that we have the kernel for x < y, with an analogous formula for x > y,
_ T(ﬁ) _ T(ﬁ) iyz(x—y)
RHN+1 (Z)(x7 y) - zlﬁ ff(X, \/E)f+(y? \/E) - 2lﬁ e m*(x» \/E)m+(yv \/2)7
(8.1)

where the Jost functions fi(x, \/z) = eV, (x, J7) solve (—A + Vyi)u = zu
with

lim my(x,4/2) =1= lim m_(x,/2).
X—>+00 X—>—00

These functions satisfy, see Lemma 1 p. 130 [16],

+o0
Im(x, /2) — 1] < C1(max{0, Fx})(V/z) ™' / <y>|VN+1(y>|dy‘ (8.2)
+o0 +o0
myCe, k) =11 < (V2) ' / Va1 (0)|dy exp((ﬁ)_l / |VN+1(y>|dyD,
(8.3)

while, by Lemma 8.1, T'(k) = ak(1+0(1)) near k = 0 for some & € R, see [60, formula
(2.45)],and T (k) = 1 + O(1/k) fork — oo and T € C°(R), see Theorem 1 [16].
Looking at the equation for v, (2.19), we introduce the functions

pm = —R} . (@ m)Gm, (8.4)
which solve
(Hy+1 — @ -m)pm = —Gm (8.5)
and we set
g = v+ Z(z) where Z(z) := — Z 2™ Om, (8.6)

mERmin



which is analogous the expansion of 7 in p. 86 in Buslaev and Perelman [4] or also to
the formula under (4.5) in Merle and Raphael [45]. An elementary computation yields

10,8 = Hy+18 — Z (i0; (2™) — @ - mz™) pm + Ry

meRyin
or, equivalently,
gty =e "My + Y ™0 HNIRY (@ m)Gm 8.7)
meR iy
r ,
— Y i e TN (G, (27) +iw - m2™) pd?’ (8.8)
meRyin 0
t
—if e ITOHNAT (27,0 + X )ha) Tt (8.9)
0
t
— i/ e i=1) H ((isax)_N [Vivar, (ied) Vo +TXBZR5). (8.10)
0

We will prove the following, where we use the weighted spaces defined in (1.9).

Proposition 8.2. For S > 4 There exist constants co > 0 and C(Cy) such that
”g”LZ(LLZ,—S(R)) 5 S_NBZ+2T(S+8€+€2. (811)

To prove Proposition 8.2 we will need to bound one by one the terms in (8.7)—(8.10) in
various lemmas.

Lemma 8.1 implies that Hy | is a generic operator, and that in particular the following
Kato smoothing holds, which is sufficient for our purposes. The proof is standard, is
similar for example to Lemma 3.3 [14] and we skip it.

Lemma 8.3. For any S > 3/2 there exists a fixed c(S) s.t.

I x) =5 eV £l 2y < ()| f Nl 2wy for all f € L*(R). (8.12)

O
Lemma 8.3, inequality (5.18), the definition of w in (3.3), Lemma 2.2, the Modulation
Lemma 2.1 and the conservation of mass and of energy yield
le N v 0) | 2@ 25y S IOz S eV BAlwO)lls S eV B2 [FO0)] 1
Se VB2 S eV Blluoll < 67 B8,
(8.13)

Next, we have the following lemma, which is standard in this theory, see [4,11,51].
Lemma 8.4. Let A be a finite subset of (0, 00) and let S > 4. Then there exists a fixed
c(S, A) s.t. foreveryt > 0and h € A

7iHN+|t + -3 2,S
le Nt RY, G flla-s @y < €S, MO T2 fll2sg) for all f € L*S(R).
(8.14)



Proof (sketch). This lemma is similar to Proposition 2.2 [51]. We will consider case
t > 1, while we skip the simpler case ¢ € [0, 1].
Consider A C (a, b) with [a, b] C R;.Letg € C* ((a/2, +00), [0, 1]) such thatg = 1
in [a, +00). Let g1 € C° (R, [0, 1]) with g; = I — g in R,. Next we consider
)5 e VAT RE (Vg1 (Hiven) fll2
S ) ™S vl Ry (g1 (Hya) fllzem)
_3
<3 R, (Vg (Hyed) fllp e
_3 _3
ST x)? Ry, 081 (Hya) fllz S 2107 fllg

where we used Theorem 3.1 [49] and Lemma 5.3, since Ry, (Mg1 (Hy+1) = g2 (Hy+1),
with g € C° (R, R), is a 0 order WDO with symbols satisfying the inequalities (5.4)
uniformly as A takes finitely many values. Here we used Theorem 8.7 in Dimassi and
Sjostrand [21].

Next we consider

(x) " Sg (Hy) e IIRE ()(y) 75
= lim ¢ M (x)~S / e {HNa=2=100sg (fry 1y dis(y) 5. (8.15)
t

Using the distorted plane waves ¥ (x, k) associated to Hy 1, see (1.9) [60], we can write
the following integral kernel, ignoring irrelevant constants,

(x)_S (e_i(HN“—)L—ia)sg (HN+1)) (x, y)(y>_s

o L o -
— (X) S<y> S/ e i(k“—A—io)s—ik(x y)g <k2) m+(x’ k)m+(y, k)dk (8]6)
)T / ek g (k2) G, =By (v, —k)dk.

Take for example the first term in the right hand side of (8.16). Then, from 5~ ddk e ks —

—ik?s and taking the limit ¢ — 07, we can write it as

. 3
_ _ a2 d 1 o -
() S (y)S A; eIk =R)s (—%%) (e k=g (kz) ma(x, k)m(y, k)) dk,
which, using for instance the bounds on the k derivatives of m4 in Lemma 2.1 [25], is
absolutely integrable in k (g is constant outside a bounded interval) and is bounded in
absolute value by

5 <x)75+3 <y)7S+3s73'
Integrating in [£, 00) we obtain an upper bound ~ (x)~5*3(y) =53¢ =2 for integral kernel

of the operator of the corresponding part in (8.16), which gives an upper bound of =2
in the corresponding contribution in (8.14). So we get the desired result forz > 1. O



Lemma 8.4, (2.20), (2.15) imply that

DO le N pmll 2 r2oswy S D 2O Gmll 25y

meRpyin meRpiy

S 87 ()5 (ied) ™ ()l e@ys 2@ sup I (0)S A xp2Gmll 2wy S 67

meKRmin
(8.17)
where we used the fact that 7 := (x)S (ied)™N (x)’S has integral kernel
Ty = 507 f (7 =), where fl) =07V (8.18)

where f is a continuous rapidly decreasing function, so that it is easy to see that Young’s

inequality, see [53, Theorem 0.3.1], gives ||T||;2_, ;2 < 1 uniformly in e € (0, 1].
Notice that in this way we gave a bound on the contribution of the terms in the right

hand side in (8.7) to (8.11) .

It is easy to bound the contribution to (8.11) of the term (8.8). Indeed, using the identity

(D,2™) (iwz) = im - @ 2™ , where 0z == (w121, -+ , ONZN), (8.19)
we have
0y (zm) +iw-mz™ = D,z™ (0;z + wz) = D,z™ <z + iw(|z|2)z>
+ D,z™i ((u — w(|z|2)) z
= D" (2+iw (2P)z) +im - (0 — w((2)) 2™

From this and Lemma 8.4 and the bound || 5m 25 w) < 1in (8.17) we obtain

1
Z || e_l(t_t VHN 1 (8, (Zm) +iw - mzm) ,Om”LZ([’LZ,—S(R))
meRpyin
<82 Y (Ia+im(zPzlagy + 1220, 1Gml s S 0% (8.20)
meRyin

Now we look at the contribution to (8.11) of the term (8.9). We will need the following
result about the Limiting Absorption Principle. The following is related to Lemma 5.7
[14].

Lemma 8.5. For § > 5/2 and t > 1/2 we have

sup ||Rf,N+] @l 20 Ry L2-5®) < O©. (8.21)
zeR

. . —S p+ — .
Proof. Ttis equivalent to show S:ﬂg I (x) RHN+1 @) ()" ||L2(]R)—>L2(]R) < 00. We will
consider only the + case. We consider the square of the Hilbert—Schmidt norm

/ dx (x) 7 / IR}, (v, D)2 () F dy = / dx (x)72S
R R R



X
/ IRY;,, (. v, D ()" dy
o0

+00
+ /R dx ()2 / IRY, (v, 2 ()2 dy.

We will bound only the second term in the right hand side: for the first term the argument
is similar. Recalling formula (8.1), we have to bound

T(2)
2i/z
< / (x)™%8 (y)‘zr (1 + max (x, 0) + max (—y, 0))? dxdy,

x<y

/ ()25 Im_x, Dms (3, VD ()2 dxdy
x<y

where we used the bound (8.2). Now, in the last integral we can distinguish the region
|y| < |x|, where the corresponding contribution can be bounded by

/ (x) 252 ()" dxdy < co for § > 5/2and t > 1/2,
]RZ
and the region |y| > |x|, where we have the same bound, because x < y and |y| > |x|

imply that y > 0, and hence max (—y, 0) = 0. O

We will also need the following formulas that we take from Mizumachi [46, Lemma
4.5] and to which we refer for the proof.

Lemma 8.6. Let for g € S(R x R, C)

U(t,x) = ! e MR, (W+RY, (W) F g, dx,
\/El R Hyip Hyy1 t

where .7:,_1 is the inverse Fourier transform in t. Then

t
2 / e TN o (Yt = U (1, x) — / e DN g (1Y dit!
0

+ / e =N o (1t (8.22)
Ry
O
The last two lemmas give us the following smoothing estimate.

Lemma 8.7. For S > 5/2 and © > 1/2 there exists a constant C(S, t) such that we
have

Proof. We can use formula (8.22) and bound U, with the bound on the last two terms
in the right hand side of (8.22) similar. So we have, taking Fourier transform in ¢,

o < C(S, Dlgll2w L2 wr))- (8.23)
L*(R,L>7>(R))

t
/ e_i(l_t/)HN+lg(t/)dt/
0

+ —~
Ul312-5 = 250p IR, (OFh, Yz
+ ~
< 2supsup RS, Dz 2SI Dl 2oz S lelgzio
reR *

Notice that, while Lemma 8.6 is stated for g € S(R x R, C), the estimate (8.23) extends
toall g € L*>(R, L>*(R)) by density. O



Remark 8.8. The above is basically Lemma 3.4 [14], which in turn is based on an ar-
gument in [46]. Unfortunately Lemma 3.4 [14] has a mistake, which however can be
corrected using Lemma 8.6, as we did here.

We now examine the term in (8.9). By Lemma 8.7 we have

t )
I /0 e ITIHNAT (2708 + X2) A | 127 125 ()
ST (2x 20 + xg2) Wl 227227 R)) -
In order to bound the right hand side we expand

T (2X;928x + ng) n= 7(2)(1/923)( + ng) w (;Xl - 1) - 27)(%2;,4_2{2“)
+T (2x 520 + Xjp2) W

-2 - -1 B2 :
By x4l S A7 Xl and 1 cop2lt) ! — 1] S 1), <ap2 55, both of which are
small, the main term is the one in the last line, which is the only one we discuss explicitly,
because the others are similar, simpler and smaller. We decompose

T (2xpo0x + Xgo) w =T+ T where T := 1y-1 g2 <3527 (2X520x + X o) W,

17 .= 1{|x|§2’lBZ}U{|x\Z3BZ}T' (824)
By Lemmas 5.1 and 5.6, we have
)T Tl 2, 2ary) = 11007 To-1p2<ini<3827 (220 + X 2) wllr21, 22y

S B 17 (2X%2ax + XgZ) w||L2(1,L2(R)) S e N B> ||2X;;2w/ + ngw||L2(1,L2(R))
S e VBT W 2 2y + €Y BT N prcy om0l 2 12y

Se VBT 2wl 25+ N BT 1gaayy<ope ||f](R)||w||Lzu,f)

<Se VB 2wl a5 < B 7€ (8.25)
By Lemma 5.6 we have

lx—yl

) ITl 2wy S IHx)T 1{|x\52*132}uux\3332}/e_ = (2xpw + xpw) 2w

S eI ()7 @ugew’ + X)) 2y
where the operator K f = [ K(x, y) f (y)dy has integral kernel
K, y) = ()7 e M2 ()77,
Since we have
20 120y < IKC T 2mymy < +005

by the bounds implicit in (8.25), we have

_p2
| (x)* II||L2(1,L2(R)) Se B [l {x)* (ZXE;Zw/ + ngw) ||L2(1,L2(R))



—_B2 _R2
5 e B BZIH (ZXézu)/ + ngu)) ”LZ(I,Lz(R)) 5 e B /26. (826)

We next consider the terms in (8.10), starting with

t
I (x)~5 / e TN (69 )TN [Viver, (800) Y vl 27 12wy
0
S )T Gede) ™ [Vivar, (ede) Y ll 207 12y

S el 0™ vllag ey S & (IEl2as) + B 6l 205) See. (82D)

where we used Lemma 5.12 in the first inequality in the last line, and (5.20) for the
second inequality.

We now consider remaining contributions of (8.10) to (8.11). To start with, by Lemma
8.3 we have

t ) ,
Il (x)~S fo e TOHNAT y 0 Regdt 12112y S 10T T xRl 121,12 Ry -

The right hand side il less than / + /1 where

I =1 <382 ()" Txp2RifllL2r. 2wy
1T = |[1352 ()" T xp2Rill 121 12(my)
We have
I < B (I + I)
Ii = || P. (—iD,¢[z] (2 + iw (2)z) + Riplz] + Flz, n] + L[zIn) |l 12¢1.12w))
L = | xg2 Pelnlnll 2. 12y -

By || P.D,¢lzl|l5 = O (||zl|*) because of D,¢[0]Z = ¢ -Z for any Z € CV, it is easy to
conclude

I 5326.

We have

2 2
L S xg2 ™ nll 2, 2@y + 1xs2 Palnl™nll 2, 2wy

N
2 2
ST xg28 (P ) 2,12y + 1017 o1 oy 102201, 12051 <282))

j=1
N
2 - 2 2 ~
S/ Z ”n”Lm(R’HI(R))”w”Lz(l,Z) +B ”n”LOC(R’HI(R))”w”LZ([’)j)
j=1
2 2 202
S/ B “n”Lw(R,Hl(R))”w”LZ(],i) 5 B“§%e.

So we conclude

I < B¥25%. (8.28)



Turning to the analysis of /7, we have

IS ys3p2 ()T T ()77 Ly<ap2 l2ry— 2y I 0T Xm2 Rl L2, 12wy
(8.29)

ST xRl 2 2wy S BT 6%

by an analysis similar to the operator X above and to the analysis of /.

Taken together, (8.13), (8.17), (8.20), (8.26)—(8.29) yield Proposition 8.2, and so its

proof is completed.

O

Before the proof of Propositions 3.2 and 3.6 we need an analogue of the coercivity

results in Sect. 5 [29].

9. Coercivity Results

Our main aim is to prove the following.

Proposition 9.1. We have

_B
w2, S 1EIs +e” 2 w2
~ 10

.1

Before proving Proposition 9.1 we consider the following partial inversion of (2.18),

which is our analogue of Formula (62) in [29].
Lemma 9.2. We have
N
Pe (xp20) = [ | R (@) PeAticd )V v.
Jj=1

Proof. We first claim

N
AA*=Alo~-~oANoA*No-~-oAT=l_[(H—a)j).
j=1

Then, using (9.3), from (2.15) and (2.18) we have

N
[[Ru(@pPeA 00 Ay (ied)V v
j=1

N
= [[Ru(@)PcAr o0 Ay oAy o0 Afxpi

j=1
N N

=[] Rut@p P [ [(H = 0))xp27 = Pe (x27) -
j=1 j=1

Thus, it remains to prove (9.3). First, from (1.22), we have

ANOA*NZHN—CL)N.

(9.2)

9.3)



For2 < j < N, we assume (notice that the Schrodinger operator H; is fixed)

N
Ajo--oAyoAyo-At=[]H—wp.

Then, by
Ajmi(Hj — o) = Ajo1(AG_jAj1 +ojm1 — o) = (Aj1AT + o)
=(Hj_1 —wp)Aj-1,

we have

N
Aj1o-0AyoAyo-Af =A; [[(H) — o)A}

N
= H(Hj_l — a)k)Aj_l ] A;—l
k=j

N N
=[[Hj-1 —o0) Hiy—wj0 = [] Hji-1— o).

k=j k=j—1
Therefore, we have (9.3) by induction.

The proof of Lemma 9.3 is postponed to Appendix A.

—wr)Aj-1

Lemma 9.3. We have || ]_[;v:l Ry(wj)P.A (i, )N ll;2 L oL?, < 1 uniformly for0Q <
~%0

~10
e <1

We continue this section, assuming Lemma 9.3.
Lemma 9.4. We have

Ixg2mll 2, S vl ||77||L2
1o 20 1o

Proof. First,

Ixp2mll 2, < lle” 00 P (x gl g2 + lle™ 100 Py (xp2) 2.

10
Then, by Lemmas 9.2 and 9.3, we have

le™ 6 PeGpei e S vl g2 -
20

On the other hand, from P;7 = 0 and (2.2), we have

N
Py(xp2il) = Y (xp2T. 6,)0) = Z(n (xp2—1) 6,)9;.

j=1
Then, since ||eli0<x>(XBz —Dojll2 S e_(“l_m)B < e B, we have

le™ 0% Py (xpe) 2 S e P72,
0

By (9.4), (9.5) and (9.6) we have the conclusion.

9.4)

(9.5)

(9.6)



Proof of Proposition 9.1. First we split
lwilzz = lixpwlip2 | + 11— xp2)e” 06| 5. 9.7
l() 10

For the 2nd term of r.h.s. of (9.7), using Corollary 5.2, we have

B2
11— xp2)e 0wl 2 < (1 = xpo)e B [l fle™ HWw]| 2 S e W lwlg. (9.8
For the 1st term of the r.h.s. of (9.7), by [|[{a ]|z < | and Lemma 9.4,

—_a
Ixgwllp2 | < lxgee 00

T0

—1 -
Slxsvll, +1A—xp) vl +e Blerle ®0 e 55w, (9.9)
20 20

ez S lvllgz |I77|IL2
~10 1o

From A > a—! and Corollary 5.2, the 3rd term of line (9.9) can be bounded as
e Blley e W Lo llem B W w] 2 S e Fwlls. (9.10)

For the 2nd term of line (9.9), by Lemma 5.7,

_a _B _
I = xp)vllz | <le” 0 = xp)lexlvle S e De VB wllg. (.11

20
Finally, for the 1st term of line (9.9), by the definition of {5 in (3.2), see also the definition
of x in (2.16), and of & in (3.3), we have

-1 -1
Ixsvll 2, < 18p lleeqri<2slixsSaull 2, =18 lLeqxi<2BlEll2
~20 ~20 ~20

S E 9.12)

~20

where in the last inequality we applied Lemma 5.1. Collecting the estimates (9.8), (9.10),
(9.11) and (9.12) we have the conclusion. O

10. Proof of Proposition 3.6: Fermi Golden Rule

We substitute Z = iw (|z|>)z in (7.3) and we make various simplifications. The first, by
(f,1f) = 0 the left hand side of (7.3) can be rewritten as

(iD:l21 G+ i@ (122)2), Diglzliw (2)2) = (iDsl2lz, Dyglaliw (2P)z). (10.1)
Next, we consider the 2nd term in the 2nd line of (7.3), which we rewrite as

< > szm+7€rp[z],Dz¢[z]iw(|z|2)z>

mEijn

= < Z 2" Gm + Riplzl, Dy¢[2] (i+iw(|z|2)z>>

meRp,

- < Z 2" Gm + Replzl, Dz¢[z]i> . (10.2)

meRpin



The term in the 1st line of the r.h.s. of (10.2) can be written as
< Z 2™ Gm, D,;¢[0] <i+iw(|z|2)z>>+R1(z), (10.3)
meRyin
where

R1<z>=< Y. 2"Gm. (Dyplz] = Dyg[0]) (i+iw(|z|2)z)>

meRyin
+(Roplz), Dotz (2+iw (212
by (1.21), inequalities (1.26) and (3.4), Proposition 3.5 and || D,¢[z] — D,¢[0]|| g1 =
O(||z||?) by (1.19), satisfies

T
f |R1(2(1))|dt < §%€>. (10.4)
0

Using the stationary Refined Profile equation (1.20), the last line of (10.2) can be written
as

—(Holz1 + 19121P012). D,gl212) + (Db @) (@ (222, iD,l21).  (105)

Notice that the 2nd term of (10.5) coincides with the right hand side of (10.1), which
lies in the left hand side of (7.3), so that the two cancel each other. On the other hand,
we have

d
(o121 + 8121 ¢la). Dilzli) = <-E(@lz)). (10.6)

Therefore, from (7.3) withZ = iw(|z|2)z, (10.1), (10.2), (10.3), (10.5) and (10.6), we
have

%E(q&[z])— > meeiZGn)= Y (#"Gm. Dl0] (2+iw(22))

meRp;, meRpi,

+ Ry(z, 1), (10.7)
where
Ro(z ) = Ri(@) + (in, D}glz] (2+iw (122, iw (22)z)) + (n, DiRoplzliw (21)2)
+ Y @ (2P) = ) (0. 2" G+ (Llzln + F @ n) + Inf*n, Doglzliw (J2)z)

meRpyy

(10.8)
satisfies
/ |Ry(z(t), n(1)| dt < 8%€”. (10.9)
1

We consider the first term in the right hand side of (10.7). By (1.19) we have
D,¢[0]Z = ¢ - Z, this term is the left hand side of (10.10) below.



Lemma 10.1. We have

3 <szm, ¢ - (z + iw(|z|2)z)> — 8,A1(z) + Ry(z, ) (10.10)
meRyin
where:
N 1
Al = ) Z BT o R ) gm g . (10.11)
m,neRy, j=1
mz#n

Jor gm,j ‘= (Gma ¢j>i

N
Ry(z.m) = Rs@+ Y > (2"Gm.rj(z.n);) where (10.12)
m,neRy, j=1
N
Ryz)= Y > Re(iram(2)gm,gn.;for (10.13)
m,ll:le#l}lmin Jj=1
—n. 2 _
nm(2) = _(m ) (W(|Z| ) (z)) z"z7m
’ (m—n) o

P (Dz(z“)(i +iw (|2/%2))77 + 22D, (2™) (2 + iw(|z|2z)))) . (10.14)
(m—n)- @

we have

f |Ra(z(1), n()| dt < 8°€°, (10.15)
1

Proof. The left hand side of (10.10) equals

N
Yo D ("G ¢ (—iz"gn,j +rj (@ m))

m,neRy;, j=1

N N
= Z ZRe(izmz_“)gmngn,j+ Z Z(Zme,”j(ZJl)ﬁbj),

m,neR,;, j=1 m,neRy, j=1
m#n

used the fact that (Zme, —izmq)j) = O due to ¢; and G, being R valued, see [10].
Since (m — n) - @ # 0 for m # n by Assumption 1.3, we have

g _ 1 o oo
2 = m ey & F am(®), (10.16)

with rp m(z) given by (10.14) and satisfying

/ Irma(z)| dt < 8%€%. (10.17)
1



We have
N

> > Re(iz™7") gm.jgn.j = % A1(z) + R3(2).
m,neRy,, j=1
m#n
for Aj(z) and R3(z) defined above. Finally (10.15) is straightforward. |
We focus now on (10.7).

Lemma 10.2. There exists a constant I'g > 0 such that

> moonif"Gm)<-To Y [Z"P+E+E+E, (10.18)

meRyin meRpiy
where for some constants cm n the term &1 is of the form

=
51 = E Cm,nZ Zm,

m,neRpin
m##n

N
& = Z a)~m<izm (ieax)NA*nRH(wj)Pch,g>,

meRpip Jj=1

&l <oc() | D 12"+ wli}

meRmin
Proof. First of all, notice that
n = Pen+ Py(R[z] — 1) Pcn,
where the following term can be absorbed in &3,
(i@ - mz™ G, Pa(Rlz] — D) Pen)| <8Iz w5
Now we consider
(iw -mz™Gn, P. ) = (iw -mz™ G, PcXBNI) + <ia) -mz™Gn, P. (1 - XBZ) n).
Then, by (9.2) we have

N
(iw -mz™Gn, PCszn> = <iw -mz™Gn, 1_[ Ru(wj)PcA (ied, )N v>

j=1
N
= > w.m|zm|2<iGm,HRH(wj)PCA(isax>Npm> (10.19)
meRpin j=1
N
+ > w-m<iszm,HRH(a)j)PCA(ieax)Ng> (10.20)
meRin j=1



N
+ Z w.m<iszm,z“nRH(a)j)PC.A(isax)an>. (10.21)

m,neRpyip
m#n

j=1

Obviously the remainder term in line (10.20) can be absorbed in & and the remainder
term in line (10.21) can be absorbed in £]. We now examine the main term, in the line
(10.19). We have

N
<iGm, [ [ Ru()PeAliea)” pm>

j=1

N
—~ <i (ied, )N A* [ ] Ru(@)) PeGm. Ry, (@ - m) (ied,) ™ A*XBsz>
j=1

N
- <iA* [[ Ru(@))PeGm. R}, (@ m)A*XBZGm> (10.22)
j=1

N
- <i (ied )N A* [ Ru(@)) PeGm, [R;N+1 (@ - m), (iaax)_N] A*XBsz>,
j=1

(10.23)

where we see now that the quantity in (10.23) is a 0. (1) and its contribution to (10.18)
can be absorbed in &. Indeed the quantity in (10.23) can be bounded by the product
A B, where

N
A = || (ieds)" A* [ | Ru(j) PGl 2.0 and
j=1

B = |[Rfy,,, (@ m) [Viar, G600~ | Ry, (@ M)A Y52 Gl 20

Hy Hy+1

for £ > 2. We have

2 . -N . N
B =Ry, @ )22 ol (i)™ [Viver, (i) 20 g2
|| Gede) N Nl o p2-e [ A X2 Gmll 26 S &,

where the ¢ comes from the commutator term in the first line, by Lemma 5.4, while
the other terms are uniformly bounded, with || (ied,) =" || 12—t 2-¢ < 1 uniformly in
¢ € (0, 1], because we have an operator like in (8.18). On the other hand, uniformly in
e € (0, 1], we have

N
A =l Ged) N (19:) 7N 2o g2 |l (10)™N A* | R (@)) PeGrllp2e S 1.
j=1

We consider the main term (10.22). Essentially by (1.24), it equals

N
- <iA* [ [ Ro(@))PeGm, AR}y (@ - m)XBZGm>

j=1



N
=— <iA.A* ]_[ Ry (®;)P.Gm, R} (@ - m)XBsz> = —(iP.Gm. Rf; (@ -m) x5 Gnm),
j=1

where we used (9.3). By the Limit Absorption Principle and the Sokhotski—Plemelj
Formula, the last term equals
—(iPcGm, Rfj(@ - m)G) + (iP:Gm, Rjj(@-m) (1 — x52) G)
= -7 (P.Gm,8(H —®-m)Gp) (10.24)
+(iPCGm, R} (@ -m) (1 — XBz) Gm>, (10.25)
where the quantity (10.25) is of the form O(B~!) and so also of the form o,(1) and

the corresponding contribution to (10.18) can be absorbed in &£3. Finally, by elementary
computation we have

— 7 (PG 8(H — @ m)Gn) = ————— (|Gm(V@ -m)|* + |Gm(—v@ m)|*) <0,
2/ -m
(10.26)

where @m is the distorted Fourier transform associated to the operator H and where the
inequality follows from Assumption 1.8. The corresponding contribution to (10.18) can
be absorbed in the first term in the right hand side. O

Lemma 10.3. For a constant Cy r, > 0 we have
/ Erdt < 8%, (10.27)
1

/&drgz*lro > 22, + Crry (e*NB4+4f52+B*162+54), (10.28)
1

meRyin
/&d: < 0.(1)€%. (10.29)
1

Proof. Inequality (10.29) is straightforward and so is (10.27), thanks to (10.16) and
(10.17).
Turning to (10.28), we have, for constants C(/,Fo > 0and Cyr, > 0,

[ Ears2re 3 imiy,

meRmin

N
2 N
+ Cg/,l“o ||g||L2(1,L2=_S(R)) m?]l{p ” (188)6)1\] -A* 1_[ RH (wj)PchHLz-*S(]R)
min j=1
<27'ry Y 2™, + Crory <8—N34+4f52 +B e+ 54) .
meRpin

O

Conclusion of the proof of Proposition 3.6. From (10.7), (10.10) and (10.18), we have

d '
TE@zD = Y m-w(n,i2"Gm)+ 0, A1(2) + Ra(z, n) + Ra(2, m)

meRpin



< —T) Z |Zm|2 +&+E+E3+0;A1(z) + Ry(z, ) + Ra(z, 1). (10.30)

meRyin
So, integrating and using (10.9), (10.15) and Lemma 10.3, we have

27Ty Y 125, < (A1@) — E@@lzI)]] + fl (1R2(z, m| + [Ra(z, m))) di

meRyin
+ Cv’ro (S_NBZ+2T52 + B_162 + 64) .
From (A(z) — E(qb[z]))]g = 0(82), we conclude
Z ||Zm||iz(,) < e Npitdts2 L p=1.2 4
meRpin

This completes the proof of Proposition 3.6.

11. Proof of Proposition 3.2
By (3.8) and by the relation between A, B, ¢, € and 6 in (2.13), we have
3 2™y S e VB 4 B Ie+ €2 S 0p(De. (11.1)
meRpin
Inserting this in (3.7) we obtain

lz+im @zl S Y 2™ 2 + 6% < 0. (De. (11.2)

mERmm

By (3.5), (9.1) and (11.2)

1/2 2
lw'llpere S A28 +lwlpape |+ D 1272 +€ S 0:(De + €llg + 0 (Dllwll 212,

10 meRpin

so that

lw'll 22 S 0 (De + €5 (11.3)

By (3.6), (9.1), (11.1)~(11.3)

- —N - ..
16N 2x S BeNo+ Y 2™ 2 +0e(D) (lwll 25 + 12+ i@ (2)2]]12)
meRyin

S oe(De + o (DIE]l5:
which implies
€125 S 0e(De, (11.4)
which fed in (11.3) yields

w22 S 0e(De. (11.5)



Obviously, (11.1), (11.2), (11.4), (11.5) and (9.1) imply

Iz +iw @zl 20y + Y 1220y + 15205 + Il 5) < 0s(De. (11.6)
meRpin

In the above discussion we can take ¢ = &(§) with £(6) i 0, so that for the upper
bound in (11.6) we have o,(1)e = o5(1)e and the conclusion of of Proposition 3.2 is
true. O

12. Proof of (1.29)
Up to here, we have proved (1.26) and (1.28). It remains to prove (1.29).

Proof of (1.29). By the equality in the 1st line of (10.30) and (1.28), we have j—t
(E(¢[z]) — A1(z)) € L'(R,). Furthermore, E(¢[z]) — A1(z) € L®(R,), by (1.26).
Thus, [El}loo (E(¢[z]) — A1(z)) exists and is finite. We have A1 (z) 2% 0 by (1.26),
(1.28) and (10.11). This implies that tlir:loo E (¢[z]) exists and is finite. Now, from (1.4)

and Proposition 1.9, we have

N
E(¢lz]) =Y _alzl* + O(lzll*).

=1

Thus, taking § > 0 small enough, we have

N
1 2
SIE@l2))] < 2|w,~| |z;1? < 2|E(¢lz])]. (12.1)
]:
Now, iftlian E(¢[z(t)]) = 0, we have |z;(¢)] — Oforall j =1,---, N and we are
—+00 E

done. Thus, we can assume

IEIPOO E(p[z()]) = —c%, withe > 0. (12.2)

Notice that we have ¢ < 8. From (12.1) and (12.2), there exists 7 > Os.t. forallz > Tj,
there exists at least one j(¢) € {1,---, N} s.t.

c
m <lzjn(®)]. (12.3)

Next, from (1.13) and (1.28), there exists M € N s.t. for any j, kK with j # k we have
|zjzxIM € LY(R). Further, by (1.26), we have (z;zx)™ € W (R). Thus, we conclude

2j(Oz(t) = 0. (12.4)
In particular, there exists 7o > Tj s.t. forallt > Tp and all j,k =1,--- , N with j # k,
we have
6'2
|zj Dz (D] < . (12.5)

8N|wi|



Combining (12.3) and (12.5), for t > 75 and k # j(t), we have

c
k()| £ —F/———.
|k()|_2 TN

Thus, we see that j satisfying (12.3) is unique. Moreover by continuity, we have j(t) =
j(Tz) for all t > T>. Going back to (12.4), we have

lim zx(¢) =0, (12.6)
1—>+00

t—+00

forallk # j(T»).Finally,by (12.6) wehave (E(¢[2(1)]) — E(¢j 1) [2j(1)(D)]) ——

0, which implies the convergence of E(¢;(1,)[z (1) (1)]). For small |z;7,|, the map

|zjm)| = E(@;lzj(1)]) is one to one with continuous inverse. Thus, . lim [z 7))l
—+00

exists. O
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A Appendix: Proof of Lemma 9.3

It is equivalent to show that there is a constant C > 0 such that for all v

sech (%) ﬁ Ry (w)) PeA (ied,)V v < C|sech (%) v|

. (A

; L2(R)
=l 12(R)

By (8.1), for x < y we have the formula

T
Ru()(x. y) = f.f_(x, Dfe(y.2)

_ 1 f- G iy/wj)) fi(y, i/ lwj))
72 + j fR Jf-, im)f+(xl, i\/ |wj Ddx’

+ Ry (x, y),

(A2)



where T2( 2 _ a7 ool , where in the denominator in the r.h.s. we have the Wron-
i [ fiCx,2), f (x,2)]”

skian, where RH (z%)(x, y) is not singular in z = i,/|w;|. On the other hand,
Res(T, 1,/|a)] ) ~
il »

with T(z) non singular and with residue, see p. 146 [16],

Res(T, iy/|w;|) =1 (/R fo(x i wj]) fex', i,/|a)j|)dx’>
It is elementary to conclude, comparing the terms in (A.2), that
Ry(@))(x,y) = K;(x,y) + C(w))$;(x)¢; (y) with
1 9 (S~ D e Do sy
2i/loj] fg f- (110D fo (' iy/lojDdx”

for some constant C(w;). For x > y we obtain the same formula, interchanging x and y.
Denoting by K ; the operator with the kernel (A.3) for x < y and the formula obtained
from (A.3) interchanging x and y if x > y, we notice that

T(z) =

-1

Kj(x,y) = (A.3)

N
[[Ru(wj)Pe = Ki..Ky.
j=1

Itis also easy to check, following the discussion in p. 134 [16], that there is a fixed C > 0
stKj(x, )| <Cx—y)e V |@;[1X=3 Then, for any value a € [0, v/Jwx|] we have

||sech( )HRH(a)j)P.A(wB) vl

N
ax ]
S Rer(w)) Pesech (E> Alga)N vl 2.

Jj=1
We have
sech(l )A Py (x, 18x)sech(10)

for an N-th order differential operator with smooth and bounded coefficients.
Next, we write

sech (%) e )N = (iea )N sech (%) + o) (iga,) N [sech (%) , (isax)N] ,

so that

sech( ) l_[ Rp(w;j)PcA (iedy yV

L2(R)



N
. . ax
H Ri(wj)Pe Py (x,idy) (iedy)Y sech (1—()) v

Jj=1 LZ(R)
ad ax
[ Rrr(@)) Pe Py (x. i0,) Giean) " Gied) ™ [sech (E> , (ieax)N] v
j=1 Lz(]R)
= I1+1I.
We have
N ax
. . N
I< HRH(wj)PCPN(x,lax) (ied,) Hsech(lo) ‘LZ(R)
j=1 L2512
< cloen (%)
10 L2(R)
with a fixed constant C independent from ¢ € (0, 1). Next, we have
ax ax
11 = [fiean) Y [sech (5) eV o], = € fsecn (T5)
< | {iedy) sec 10) (iedy )™ | v . sec 20 2®)

by Lemma 5.5, because [ e *sech(x)dx = 7 sech (’2’ ) (which can be proved by an
elementary application of the Residue Theorem) so that in the strip k = kL"' iky with
lk2| < b := a/20, then sech (5 ao ) satisfies the estimates required on V in (5.11).
This completes the proof of (A. 1)
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