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1. Introduction

Letm > 0and V € S(R, R) (Schwartz function) with set of eigenvalues

oa(L)={A | j=1,- N} withO<ij <--- <Xy <m, where Ly =—03; + V +m”.
(1.1)

We assume there exist C > 0 and a; > 0 such that

VO <Ce @™ forall0<l <N + 1. (1.2)
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Let f € C*(R,R) s.t. £(0) = f/(0) = 0. We consider the nonlinear Klein-Gordon (NLKG)
equation

u=J(@Liu+ful), u="(u; u2): R x R — R, (1.3)

(0 1 (L1 O _( fuy)
(0 el Y )

Denoting by ¢; a real valued eigenfunction with L?(R) norm equal to 1 of L; associated to A2,
setting

where

bj ) .
¢ =1. forj=1,---,N, 1.4
! (IM% / 4
we have
JLi®; =i\;®; and JL;®; = —ir; ®;. (1.5)

In fact the ®; and their complex conjugates ®; generate all the eigenfunctions of the lineariza-
tion JL of our NLKG (1.3).
Our NLKG (1.3) is a Hamiltonian system for the symplectic form

Qu,v):= <J_1u, v>, where (u, v) := Re (u,Vv) and (1.6)

(u,v) ::/’u(x)v(x)dx, (1.7)
R

and the Hamiltonian or energy function is given by

E(u):%(Llu,u)jL/F(ul)dx, where F(u)=/f(l’)d7,'. (1.8)
R 0

The local well-posedness of (1.3) is well known. From the conservation of the energy, we have
that for sufficiently small § > 0, if [lugll41 < 8, then ”u”L"“(]R,’H,l) < § and in particular we
obtain the global well-posedness for small data, where

ali2,0 = e 10 + a2l (1.9)
Given a constant a > 0 we consider the space defined by the norm
”“”HLa := [|sech (ax) uf| 4. (1.10)

We denote by ¢[z] the refined profile, introduced below in Sect. 1.1, where



Z=1(Z1,---»ZN)s (1.1D)
encodes the discrete modes and where ¢[z] =) z;®; + c.c. + O(||z|), where by g + c.c., we
mean g + g and ||z := Y1 |21

The main result in this paper is the following theorem.

Theorem 1.1. Under Assumptions 1.3, 1.7 and 1.12 given below, for any a > 0 and € > 0 there
exists 8o > 0 such that if |[ug|| 441 < S0, then we have a global representation

u(t) = ¢[z(t)] + 5(t) for appropriatez € C'(R,CV)y and yp € COR, H"),  (1.12)

and, for I =R,
2
/Iln(t)llﬂl_a(R)dtfe, (1.13)
1
and
lim z(r) =0. (1.14)
1—00

The result of this paper is a partial extension to dimension 1 of the result, on local decay to zero
for small real valued solutions of an NLKG with a trapping potential and, in particular, on the
absence of small energy real valued periodic solutions, proved for dimension 3 by Bambusi and
Cuccagna [1]. The latter was an extension, to cases with quite general spectral configurations, of
a result proved by Soffer and Weinstein [33] under rather restrictive spectral hypotheses. There
is a substantial literature on the asymptotic stability of patterns for wave like equations, par-
tially reviewed for the case of the Nonlinear Schrodinger Equation (NLS) in [6]. In particular,
in a series of papers referenced in [6], we have expanded the result of [1] to various contexts
where dispersion can be proved using Strichartz estimates. The crux of these papers consisted in
proving a form of radiation induced damping on the discrete modes of the system (the so called
Nonlinear Fermi Golden Rule, or FGR), due to the spilling of the energy in the discrete modes in
the radiation component of the solutions, where dispersion occurs because of linear dispersion.
Recently, thanks to the notion introduced in [7], of Refined Profile, we have been able to simplify
significantly the proofs, see also [8,9], eliminating the normal forms arguments required to find
a coordinates system where the FGR can be seen. In fact, an ansatz involving the Refined Profile
yields automatically a framework adequate to prove the FGR, as we will see later.

Lately, in the literature there has been considerable attention on low dimensional problems,
especially in 1D, where, due to the relative strength of the nonlinearities, the Strichartz estimates
are not sufficient to prove dispersion. Various papers like for example [2,11-32], [34] and [36]
have recently dealt with asymptotic stability problems in the context of long range nonlinearities.
In [4,5] use is made of the theory of Virial Inequalities developed by Kowalczyk et al. [16-20].
In this paper we will follow closely Kowalczyk and Martel [16]. So, as in [16-20], we will
need two distinct sets of Virial Inequalities. We follow the Kowalczyk and Martel [16] idea of
proving the FGR utilizing the initial sets of coordinates, contrary to what is done in [4,5]. In
particular, in the proof of the FGR we use a functional derived from Kowalczyk and Martel [16],
instead of the localized energy E (¢[z]). The proof simplifies, avoiding the use of the smoothing



estimates, which played a significant role in [4,5]. We highlight that our result works under a
somewhat restrictive hypothesis on the potential V, specifically that the potential Vp obtained
after eliminating all the eigenvalues of L with a sequence of Darboux transformations, must be
a repulsive potential, in the sense of Assumption 1.12.

1.1. Assumptions and refined profile

Notation 1.2. We write a < b to mean that there exists a constant C > 0 s.t. a < Cb. The positive
number C omitted is called the implicit constant.

Weset A= (A1, -, AN, —AL, -+, —An) € RN and

R:={m=m; m_)e®NU{OH>||m-X|>m},
Ruin:={meR|#neRst.n<m},

I:'={me N U{OH? | 3n € Rpyjp s.t. n < m},

where
n=n4,n_)<m=(m;,m_)
< Vj=1,---,N,nyj+n_;<myj+m_jand|n| < |ml],
N
where ||m|| :=22mi,j.
j=1 =+
We also set e/ = (81, ,0nj,0,---,0) where § i is the Kronecker’s delta, m= (m; ,m_) :=

(m_,my) and

NR := (N U {0)*M \ (Rpin U D),
Aj:={meNR|m-L=2,},
Aj:={m|meA;}

Ao :={m e NR\{0} | A -m=0}.
We assume the following, which is true for generic L.

Assumption 1.3. For M the largest number in N(= {1, 2, ...}) such that (M — 1)A| < m, then
for a multi-index m € N(%N , Ng := N U {0}, we assume

Im|| < M = (m-1)? % m?. (1.15)
We also assume that form = (my, m_) € N%N then

Im|| <2M andm-A=0=—m; =m_. (1.16)



Lemma 1.4. The following facts hold.

1. If |m| > M, with M the constant in Assumption 1.3, then m € L

2. Rpin and NR are finite sets.

3. Ifm e NR, then |A -m| < m and if m € Ry, then my =0 orm_ =0.
4. Ifme Aj thenthereisan e Ag withm=e/ +n.

Proof. The proof is taken from [5]. If |m| > M, we can write m = o + 8 with |«| = M. If
o= (0y,0_)andifwesetn= (ny,n_) withny =« +a_andn_ =0,thenn-A > MA; > m.
This implies that n € R and that there exists a € Ry, with a < n. From ||B]| > 1 it follows that
a<mandsomel

Obviously, from the 1st claim it follows that if m € Ry, U NR then |m| < M. Next we
observe that m € NR implies |m|| < M and |A - m| < m and, by Assumption 1.3, [A - m| < m.
If m € Ry, with, say, m - A > m, then obviously we have my - A > m and it is elementary
that m = (m, 0). Finally, from the first claim we know that if m € A ; then |m|| < M. From
m - A — A; =0 it follows from (1.16) that we have the last claim. O

Forz=(z1,---,zn) € CY and m € (N U {0})?V, we set
N
m __ My j-m—j
=[]
j=l1

Notice that we have zM = z™.
Notice that Z?]:l (zj ®; + c.c.), satisfies (1.3) up to O (||z||?) error if zj =ik jz;. The refined
profile is a generalization of this kind of approximate solution of (1.3).

Remark 1.5. Since we think z = z(#) (defined as a coordinate, see Lemma 2.1) approximately
satisfies z; =iA;z; + O(]|z||?), which will be justified in some sense (see Proposition 2.3), a
term like z™g is considered to have a frequency m - A because 2™ = i(m - 1)z™ + O (|jz|/ImI+1).
On the other hand, since the essential spectrum of JL1 is i ((—oo, —m] U [m, 00)), the frequency
of z™ resonates with the essential spectral component of JL if |m - A| > m. The notation R
comes from this intuition (and R for resonant), and the same is true for NR (for non resonant).
Next, since we will be only considering small solutions, z will also be small, see (2.3). Thus, we
will only have to take care of the resonant terms with “minimal resonant frequencies” Ry, and
we will ignore (thus the notation 7), in the same they are small remainders, the terms of form
z™g withm € L.

We set || - xs := Il - Iy, = lle®2) - || s where a; = §,/m? — 3, and denote by X* the
corresponding spaces. We set

2 . 2 2
al, = ugly + a2l

Let ° =M X



Proposition 1.6. There exist {¢pImeNr 7 X°°, {GmmeRyn C 2%, {Anjlnea,uioy C R for j =
L,---, N with ¢oj = ®; and hoj = Aj, a 81 > 0 s.t. there exists 7 € COO(BCN(O,(S]),(CN)

satisfying

ey S ) 12™),

meRyi,

s.t. for anyl

IRzl S lzlen Y 12",

meRpin

where R|[z] is defined by the equality

D@[zZ=1] | Liglz] +f[g[z]l — Y 2"Gm —Rlz]

meRyin
(where (1.18) and (1.19) define the Gy) and

[ olzl _ m
ol = <¢2[Z]>_ 2 b

meNR
¢ﬁ = ¢m
Z="7y+7Z) +7r with

Zo = (iA121, ..., iAyzy) =!iAzZ,

~ . n . n
721 =@ Z AniZ 21, ..es1 Z AnNZ ZN),

nelAo meig

Am = Am € R?Y
where Am := (Am1, s AmN> —Aml> ---» —AmN), Such that, setting
Helz]:={ueH'| Qu, D,¢lz]w) =0 for all we CN}

and

R[z] = > 2"Gm+Riz,

mERmin

we have

JR[z] € H[z].

(1.17)

(1.18)

(1.19)

(1.20)

(1.21)
(1.22)
(1.23)

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)



Proof. We begin observing that JL leaves the following decomposition invariant,
LZ(R CZ) - Lthcr ® Ldlép where Ltzl'iscr = @)\E‘T]:(JLI) ker (L1 —2),

where L(%?zsp is the (J-, -)—orthogonal of Ldtscr
We insert (1.20) in (1.19), using (1.22)—(1.24). We expand

M

(5)
Fntad =3 TPt + 0,

(=2

Then, fori="(1, 0),

M
fO0 40 m m
; o ¢ilzli= Y 2wt Y 2+ Oz T

meNR meRUI
Imj=M

where, for ¢, = (A1m, P2m)>

M0
hmzzfﬂ() Y Gim Gime i

=2 ml,m,mZeNR
m'+...4m‘=m

Using
(D22™)Zo =i(m - ) 2™, where Az := (A121, ..., ANZN),

and recalling (1.22), we obtain

D,plzlilz] =i Y  (m- V2" +i Y (M- A)2"2"$,y, + DydlzlZ

meNR meNR, neAy

Let us set

Rzl :=J (Li¢lz] +fl¢[z]]) — D,lz](Z — Z2)

_ ¢ L1g1lz] + f(é1[z]) ~
—J< $ol2) ) — D,9(2](Z — 7).

We expand now to get

Rlzl= ) 2™Rm+ ) 2"Rm+ 0(lz|"*h),

meNR meRUI
Im|<M

where

(1.29)

(1.30)

(1.31)

(1.32)



Rm = JL1 —iA -m) ¢, + Em Where
Em=Jhm — Z iy - M)y .

m’+n'=m
m’'eNR, neAg

We seek Rm =0 for m € NR. For [m| =1 the equation reduces to (JL; —ik-m)¢,, =
0, so that we can set ¢; = ®; and ¢ = ®;. Let us consider now |m|| > 2 with m ¢

(A JUA ) In this case, let us assume by induction that ¢,,,, and Ay have been defined

for |[m’| < |m]|| and that they satisfy (1.21)—(1.25). Then, from (1.30) we obtain hqy = hy and
Em = Em. We can solve Ry, = 0 writing ¢m=UL; —iA-m)~ L. By A-m = —\-m, we
conclude @z = Py,

We now consider m € A j. We assume by induction that ¢, have been defined for |m’| <
lm|| and so too A, for ||n’|| < |m| — 1. Then, for m =n + e/ where n € Ag, Rm = 0 becomes

(JLi —iX;) ¢ = Em = ikn - €/ ®; — Ky with
Km :=Jhm — Z Ay My (1.33)

m’+n'=m
m’ eNR,|m’|>2, n'eAg

This equation can be solved if we impose (Jé’m, ) 0, that is, for Ayj :=Ap - e/ if
—itnj (J®;. @) = —24nj2j = (JKm. ®;) .

which is true for Ap; = —2~ 1A (JKm, @ ). Then we can solve for ¢, = — (JL; — i)»j)f1 Km
in the complement, in (1.29), of ker(JL; —iA ;).
We want to show that A,; € R. For the corresponding m € A j» we have

(JLi +ik;) ¢ =ikn - & @ — Ky with

Km=Jm— >  iky Mg (1.34)

IR
m +n'=m
m' eNRy, n’eA

Notice that by induction K = Km. Since Ap e = —Mn;j, taking the complex conjugate of (1.33)
we obtain

(JLi +ir;) ¢ _iinjfj Ko and (135)
(JLi +ir;) = iAn;j®; — Km.
Applying (J P J-) on both the last two equations, we obtain
iAnj (J®;, ®;) = (JKm. ®;) and itn; (J®;, ®,) = (JKm, ;).

Hence Apj = n ; and we have proved that A,; € R.
Since the equations in (1.35) are the same, we conclude ¢z = @y,



We consider now

IR[z] = R[z] - D,$lz]Za, (1.36)
where we seek Z; so that (1.28) is true. This will follow from (here J B | )
(JRIz], D,¢[z)w) — (JD,¢[z]Z;, D,¢[z]w) = O for the standard basis w = e1, ieq, ..., ey, iey.

Since the restriction of (J-,-) in Lﬁm . 18 a non—degenerate symplectic form and from
s = ®; and ¢, = £ j» the Implicit Function Theorem guarantees the existence of Z, €
C>®(Bcn (0, 81), CN) with Z,(0) = 0 for a sufficiently small §; > 0. Furthermore, from the
last formula and from the fact that in the expansion (1.32) we have Ry = 0 for all m € NR, we
obtain the bound (1.1 8~)

Solving in (1.36) for R[z] = J~'"R[z] — J~! D,¢[z]Z>, exploiting the fact that we have Ry, for
all m € NR and by (1.17), by Taylor expansion in the variable z, we obtain expansion (1.27),
with the estimate (1.18). O

We assume the following.

Assumption 1.7 (Fermi Golden Rule). For any m € Ryjp, there exists a bounded solution gy, of
JLigm =i(m - X)gp s.t.

(Gm, 8m) = ¥m > 0. (1.37)

Remark 1.8. Notice that all it matters in (1.37) is to have ym # 0, since by replacing gm with
—gm, We can then obtain yy > 0.

We give several examples of refined profiles.

Example 1.9 (Refined profiles in the case M = 2). We consider the case A1, -, Ay € (m/2,m).
In this case, we have

Ruia = {¢/ + ¢ e/ + ek | jk=1,---, N},
NR={0,e/ e/, e/ +ek|j=1,--- N},
and the corresponding refined profile will have the form
N N
$lzl=) (;®;+2,9)) + ) 2j%b, o
j=l1 Jok=1

Here, notice that even in the simplest case N = 1 and M = 2, we need a correction term
2 _
|z1] ¢e1 tel*



Following the computation of the proof of Proposition 1.6, we will have

(ﬂw(o)Lll (‘b’z)) j=k.
¢e!'+e7 = ’

1
=170 (L1 — (1 —Ak>2)—1(¢j¢k)( ) j#k,

i — k)
1 en .
Goui = (zf <%>¢,¢k>’ G

e/ +ek = Gej +ek .

Example 1.10 (Refined profiles in the case M = 3). We consider the case N =2 with A; €
(m/3,m/2), Ao € (m/2,m) and A1 + Ay > m. In this case, we have

Ruin = {3¢',3e!, e' +¢2, el +e2, 2¢2, 2¢2},

NR={0,e' el,e? ¢2,2¢! 2l e +el,e> +e2 el + e’ ¢! +e2,2¢! +el e +2el).
The refined profile is given by

& & 2 2 2 —
$lz1, 2] =21®1 + 21P1 + 222+ 222+ 2117 o7 + 12217 P o, 3 + 21P2et +TT P
— — 2 —1 2
00, 0 T 0020 @+ 21l b, o T2 e

where

b= (—f/’(())l(;l‘ (¢3-)> Cilin

1
Brel = _Ef//(O)(Ll - 4)\%)*1(¢%) (251) )
1 /7 2\—1 1
b o= _Ef O) (L1 — (A2 — A1) (¢192) (i(kz —M)) ,
-1 7 1 " 1
broja=—Li=2D| (PlL (f 1 (8, oo+ 0120 ) +57 «»dﬁ)) (m)

i ” 1 ua 0
+ o (f 0)¢7 <¢1’e1+e—1 + ¢1,231> +5f (0)¢‘1*> dx (¢>1> ’
R
and

¢2§ =62 ¢e'+e72 = ¢eT+e2’ ¢e]+2eT = ¢2e'+eT'

The main terms ), g . Z"Gm in the remainder are given by

10



Gyl = <f”(0)¢1¢1,2e6+ 3 f’”(oyp%) 7

Y
G = (zf <%)¢>1¢2>7
1 1 2
and

G3e_1 = G3e1 s Ge_1+e_2 = Gel—&-ezv G2e_2 = Gzez. O

The distinguishing feature of this paper is that we deal with an L with a general configuration
of eigenvalues. We will use the spectral decomposition

LXR,C) = (eajy:lker(Ll —)@)) ® LA(Ly), (1.38)

where L%(L1) is the continuous spectrum component associated to Li. We denote by P, the
orthogonal projection onto L%(Ll ). We adopt the dispersion theory of Kowalczyk et al. [16-20],
based on the following. First of all we recall, from Sect. 3 in Deift-Trubowitz [10], the following
result on Darboux transformations (the Aw and Ay, in the proposition), here stated less generally
than in [10].

Proposition 1.11. Let W € S(R, R) s.t. oq(—32 + W) # @ and let » = infog(—d> + W). Let
be a ground state of—af + W, that is a generator of ker (—8)% +W- w), and set Ay = %3)( (W)
(recall that Y (x) # 0 for all x € R). Then, there exists Wi € S(R, R) s.t.

Aw Ay = =32+ W —o, AlyAw =—39+ W) —o
and o4(—82 + W1) = 0q(—32 + W)\ {0}. O

Armed with Proposition 1.11, following Kowalczyk et al., we inductively define V; € S(R, R)
(j=1,---, N+ 1) by the following:

L. Vi:=V,L1:==32+Vi+m? Y1 =¢ and A; = Ay,;
2. given Vj, we define

A=Ay, and Ly i= —82 + Vg +m? := Af Ap + 23, (1.39)
and, by Proposition 1.11, we have Ly = —3% + Vi + m? = AkAZ + )\%.
From Proposition 1.11, we have
oa(Le) ={A | j=k,--- N}, k=1,--- N, and oq(Ln1) =10.

If ¥ is the ground state of Ly and Ay = #ax (Y¥k-) then, from

11



2 2
Aij:A?(AjAj—i-)Lj):(AjAj—i—)\j)Aj»:Lj_HAj, (1.40)
we have the conjugation relation
ALy =Ly A", (1.41)
where
A=Aj-- Ay and A* = A} --- A]. (1.42)

We write Lp := Lyy1 and Vp := Vx4 1. Dispersion will follow from the hypothesis that Vp is
repulsive with respect to the origin, specifically, the following.

Assumption 1.12. We assume x V}; < 0 and x V}(x) # 0.
2. Main estimates and proof of Theorem 1.1

Using the refined profile given in Proposition 1.6, we first decompose the solution by appro-
priate orthogonality condition.

Lemma 2.1 (Modulation). There exists 81 > 0 s.t. there exists z € C*(By1(0,61), CNy s.t.
z(0) =0 and

nu] :=u—¢lz(w)] € He[z(w)]. 2.1

Furthermore, we have
lallggr ~ lplulllgr + Iz (2.2)

Proof. Standard. O
In the following, we fix a solution u of (1.3) with w(0) = up and [ugll4,1 =: J satisfying

the assumption of Theorem 1.1 (with o > O to be determined). We write z(¢) = z(u(¢)) and
n(t) = n[u(z)]. By the conservation of energy and by (2.2) we have

Izl Loor, Ny + 10l Lo r 341y S 9 (2.3)

Substituting u = ¢[z] + 7 into (1.3), we have

i+ D,$lz(z—7) =J | Lizlp+ Flz. gl + Y  2"Gm+Riz] |, (2.4)

meRyin

where, for df the Frechét derivative of f,

L{z] =L, + df(¢[z]], (2.5)
Flz, n] =f{¢[z] + ] — fp[z]] — df[¢[z]]n. (2.6)

12



Notice that Fz, 5] = (Fi[z, n1] 0) where
Filz,m] = f(p1lz] +n) — f(p1[z) — f'(@1[zD)n1. 2.7
We will consider constants A, B, ¢ > 0 satisfying
log(6™") > log(e ') > A>> B> B> exp (8_1) > 1. (2.8)

We will denote by o, (1) constants depending on ¢ such that

g0t

0:(1) —/— 0. (2.9

Let

k € (0,min(m — Ay, ay)/10). (2.10)

h{ — ! h{ — n
sec X sec X
771

Imllg2 = llsechGex)nll 2 (2.12)

We will consider the norms

and @2.11)
L

Inlls, =

+A7!
2

L

We will prove the following continuation argument.

Proposition 2.2. Under the Assumptions 1.3, 1.7 and 1.12, for any small € > 0 there exists a
8o =2080(€) s.t. ifin I = [0, T] we have

Iz =2l 2y + Y 122y + Il 2 s nr2 ) <€ (2.13)

mERmin

then for § € (0,30) and & = |lwoll4,1 inequality (2.13) holds for € replaced by o¢(1)e where

— +
0.(1) =% 0,

It is elementary that Proposition 2.2 follows from the following Propositions 2.3-2.6.
Proposition 2.3. We have
12 =Zl 2y = 0 DIl 27 12 - (2.14)

Proposition 2.4 (FGR estimate). We have

2™ 2y S8+ AT Il 2 5y (2.15)

meRpin

13



Proposition 2.5 (st virial estimate). We have

Il 2z S8+l 22+ D 127050 (2.16)

mERmin

Proposition 2.6 (2nd virial estimate). We have

Il 2z ) S Be Vo + A" il oz + D 12752 2.17)

meRyin
Proof of Theorem 1.1. By continuity, Proposition 2.2 implies that inequality (2.13) is valid with
I = R,. This implies (1.13) (adjusting €). From the equation for z, see (3.5) below, we have

ze L®(R,CVN). By z™ € L>(R) for any m € Ry, we have z;lj e L2(R) for m the largest
mj € N such that (m; — 1)A; < m. From this we gett ligrn z(t)=0. 0O
; —>T0Q

3. Proof of Proposition 2.3
Proof of Proposition 2.3. We fix an even function x € C(‘)>O (R, [0, 1]) satisfying
I-11) < x <1221 and xx'(x) <0 and set x4 := x(-/A). 3.D
Lemma 3.1. For the F| in (2.7), we have
lIsech (kx) Filz, plll 2 < Sllsech (kx) null 2, (3.2)

2
IxaFilz, i < AY28||sech (Xx) 2. (3.3)

Proof. By Taylor expansion, F|[z, ] = fol(l — ) f"(p1[z] + tm)n% dt. Thus,

lsech (kx) Filz, nlll 2 < sup | £ @)llim e lIsech (xx) mull 2 S Sllsech (kx) mil 2,

lul=<1

2
lxaFilz nlllr S sup |7 @)llmllzelmxalpn S A'28llsech (Zx> nil7,

[ul<1
where we have used sech (2.x) ~ 1 in suppy, (2.3) and the embedding H'(R) — L®(R). 0O

Lemma 3.2. We have
Iz —Z|| < 8llsech (kx) 2. (3.4)
Proof. Recalling (1.27) and (2.5), differentiating (1.19) we have for w € CcN

qu&[z] (Z, W) + D,¢[2)D,Z(z)w + JD,R[z]w = JL[z] D,¢[z]W.

We apply Q2(-, D,¢[z]w) to (2.4), obtaining
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Q@1), D,$[z]w) + Q(D,¢[z)(z — Z), D, ¢[z]W)
= (L[z]y, D, ¢[z]w) + (F[z, 5], D,¢[z]w),

where we used QJR[z], D,¢[z]w) = 0, that is (1.28). Using 5 € Hc[z], we have
(Lizln, Dy$lzIw) = (1. LizID,gl2lw) = (0.3~ Dlz]@ w) + D,RizIw)
= —Q(n, D;$lz1E w)) + n. D,Rlz]w)
and
i, Dy$lzIw) = 0. D}$lz)(2. W) = —(n. D;$l2)(& — % W) — (1. D}$lz)E W)).

Thus

Q(Dy9lz](z —7), D,@[z]W) =Q(y, D2p[z](2 — 7, W)) + (n. Dzﬁ[Z]W) + (Flz, 1], D, ¢lz]w) .
3.5)

Since Q(D,¢[z]-, D,¢[z]-) is a symplectic form for CV, taking ||w|| = 1 in an appropriate di-
rection we obtain

Iz —Z|| < 8lsech (kx) 9l ;2 + [Isech (kx) Flz, ]|l ;2.
By (3.2), we have the conclusion. O
Lemma 3.2 completes the proof of Proposition 2.3, recalling (2.12). O
4. Technical lemma I
The following is a slight refinement of a result in [4].

Lemma 4.1. Let U > 0 be a non—zero potential U € LI(R, R). Then there exists a constant
Cy > 0 such that for any function 0 < W such that (x) W € L! (R) then

Wi, £ = Co (I Wl gl oy + IWlo UL ). 1)

In particular, we have
Isech (2x) £12, ) S A% 122 g + Allsech (ex) £ (4.2)
sec Ax f 2R) S f 12[R) sech (kx) f L2R)" .
Proof. Let J be a compact interval where Iy := f ;Ux)dx > 0. Let then xo € J s.t.

|fo)? <1, / |f()|?U (x)dx.
J

15



Then,

1 1 —1/2 1
LF O < Ix =30l I/ 2y + 1f @)l < v = xol ZILf 2wy + Iy 2 U S £)2

Taking second power and multiplying by W it is easy to conclude the following, which after
integration yields (4.1),

WOLF )P <21+ [xol) (1) WL 122, +2W 0I5 (UF. f). O

For Ag =2/k and A > Ay we have sech(kx) < sech(%x) which implies the following, which
we will use in Sect. 5,

2
|lsech (kx) fll;2 <A- A1 |lsech (Zx) Sl

<A <||sech <%x> f'll2 + A~ sech (%) f||L2> .o (43

5. Proof of Proposition 2.4: the Fermi Golden Rule

To prove Proposition 2.4, for the gp, in Assumption 1.7, we consider

Jer = Qx4 Y 2"gm). (5.1)

meRy,i,
Computing the time derivative of Jrgr, we have the following estimate.
Lemma 5.1. We have
JrGr — < > "Gm. Y. z“‘gm> SATL YT Py, | G52
meRpin meRyin meRyin

Proof. Differentiating Jrgr and using (2.4), we have

Jrar =Q00, xa Y 2"gm) + Q. xa Y DizZ"Z gm)

meRyi, meR i,
+Q xa Y DA™ (2—7)gm) =: A1 + Ar+ As.
meRyi,

By Lemma 3.2 and (4.3) and by (2.8), A3 can be bounded by

.~ 2
A3 S lnxall 181z —Zlcv < 8% [lsech (Z") il 2 lIsech (cx) mul .2
<8A% g, S AT I,

By Equation (2.4), we have

16



Al =Q(—Dlzl(z —7), xa Y z“‘gm)+<Lm,xA > z‘“gm>

meRpin meRyin

+<df[¢[z]]n+F[z,n]+R[z],xA > ngm>+< S Gumoxa Y. zmgm>

meRpin meRpin meRpyin

=A+An+ A3+ A

By Lemma 3.2 and (4.3) and by (2.8) we have

Al Slz=Zley Y 12" S8 [ IsechGennlf, + Y 12"

meRpyin meRyin

<ATV2LT 2P+ Il

mERmin

By (1.18) and Lemma 3.1 we have

AlS Y 2 (Idfiglalnl i + [Tz nlxall + IR 1)

mGRmm

2
1/2 2 2 —1/2 2 2
< AVZs ||sech(zx>1]||L2+ > P <A > 12"+l

meRin meRin

The term A3 can be further decomposed as

A12=<7I»XA > Zlegm>+<n, (L1, xal Y ngm>=1A121+A122~

mERmin mERmin

/Y
By [Ll,XA]=( XA Ozanx 8>,we have the bound

A2l S Y 1™ (sl + Ixaniliz)

meRyin

< Z |Z™|(A3/?||sech Ex mll2 + A~ ||sech Ex nllz2)

~ A A

nlERmin

SAT2L YT 2™ 4 isech 2 ) m s + A2 sech ( 2x ) mili, |

~ = A 11y, A L
MeRmin

while we have, see Assumption 1.7,
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A121=<77»XA Z Zmi(m-X)J_lgm>- (5.3)

meR iy

The term A4 can be decomposed as

A]4=< Z Zmev Z ngm>_< Z Zme’(l_XA) Z ngm>

meRpyin meRpin meRpin meRpin
= < > 2"Gm. Y z'“gm> + Al (5.4)
meRyin meRpy;,
where the 1st term of line (5.4) is the main term appearing in (5.2). Recalling a, = % m2 — 1%,
2
A Se @2 YA a2 YT
meR iy meR iy

By the elementary identity D,z™Zy = im - Az™, the term A, can be decomposed as

A2=<J17I,XA > im'llmgm>+9 nxa Y. D™ G—%)gm | = An+ An.

meRin meR i,

where

_ _ 2
[An| Solixanly Y 12" SATV2L D 2P+ A 2||SeCh<ZX>TI||i2

meR iy meRin

Finally, by the antisymmetry of J~!(= —J) we have the cancellation A 5| + A»; = 0. Collecting
all the estimates, we obtain (5.2). O

We next take out the nonresonant terms from the main part of jFGR.

Lemma 5.2. Let m, n € Ry,j, and m # n. Then,

_ 1 d _
m" = WA nna (zmz“> + rm.n Where

rmal S8 ) 127+ 81z -7

meRi,

Proof. We have

% (zmzﬁ> =i(m-A—n-A)z"z" + D, (zmzﬁ) (Z—17y) + D, (zmzﬁ) (z—7).

18



The estimate of 7y n follows from Proposition 1.6. O

Lemma 5.3. We have

< > 2"Gm. Y zmgm>— > ym|zm|2—%r‘ <8 Y (2™ where

lneRmin meRmin meRmin lneRmin
AT Y (s
:: .— 1g .
im-A—n-x) "
m,neRyiy
m#n

Proof. It is immediate from Lemma 5.2. O

Proof of Proposition 2.4. The proof follows from Lemmas 5.1 and 5.3 and the following esti-

mates, due to (2.3),

\Tearl S Imllz2lixall s D 2™ S /A8? S 6% and

mERmin

INs > 1Z"?*<s’ o

meRyin
6. Proof of Proposition 2.5

We set, for the x in (3.1),

|x]
2

r 1
Ca(x) :=exp (—7(1 - X(x))> , pA(x) = f Ci(y)dy and Sa := ~¢/, + @A dx.
0

We will consider the functionals
1 1 4
Ty = 520 Sam). T2 =52 (n.03¢4n).

where both S4 and o3 {2‘ are anti-symmetric w.r.t. 2.

Lemma 6.1. We have

h 2 /2 A—2 h 2 2
IIsec 1~ mll. + [lsec 2° nll2

S =T + A%8Inllg, + lIsech ex)mll7, + Y 122

meR iy

19
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Proof. We have

Tig1 = —QDPlzl(z — %), San) + (Lin. San) + (fplz] + 0] — fgz]]. San) + (R[z], San)

=: B+ By + B3 + By,
where R is defined in (1.27) and
F(z, 0] :=flp[z] + 1] — flg[z]].
The main term, B;, can be decomposed as
By = (Lin1, San)

2 1 7.2 1 —1 ” ;X 2
= —NCan)l2 =5 [ eaV nydx — s[4\« x|+ 2x I ganidx
=—[1(cam)' 13> + Ba1 + Baa,

where, |@4 V| < |x V'] < |xe~@I| and (2.10) imply
|Bai| < lisech (kx) mi 7.
and by (3.1)
|Bo| S A7 sech (kx) |72
By Lemma 3.2, we have
1Bil < llz—Zlnll 2 SSIInIIig :

By (1.18) and (1.27) we have

Bl Slmllyz + D 1P

meRpin

(6.3)

(6.4)

By f(¢1lz]+ 1) — f(@1lz) = [, [y £/ (5192l + s2n1)d1[zln1 dsidsz + f (1), we have

11
By = <//f//(51¢1[l] +son) 11zl dsidsy, SAn1>+ (f1), San1) = Ba1 + B,
00

By integration by parts,

N =

11
B3 =— <//3x (f”(S1¢1[Z]+Szm)¢1[l])mdS1d82,<PA771>-
0
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Therefore, we have

|B31] S| COSh(KX)//ax (f" (510121 + s2m1) 1 [2]) dsidsz || Lo |sech (ex) i [ 1

S lglzllsllsech (ex) nill7. < A%S[nl5, .

where the last inequality follows from (4.3).
For the pure in 1 nonlinear term B3y, by Lemma 2.7 of [3], which follows [19], taking A
sufficiently large and §¢ sufficiently small, we have

B3| < os(DI(cam)'[72-

Collecting the estimates, we have

1€an) 72 S —Taser + lIsech (ex) mill72 + A8 |gll% + lIsech (ex) 7, + Y

meRyip

Finally, we claim the following, which is analogous to (19) of [16],
Isech ( 2x )} 12 + A~ lsech 2 ) m1112 < Ian) 12, + A~ fsech (k) i1, (6.5)
e AL 7 )l s an) lly2 nillz.. (6.
This yields (6.2). To prove (6.5), we set wy := {4n1. We have
[ uiPax= [ Giears+ cimPax= [ (chnf + hehody + Refat) x

/ (edn? = c3eint = 2c3¢ 207 ) ax.
This implies
/;“An/2</§f;w dx+ A~ /gAwl
Since by (4.2) we have

f Siwidx Sllwil7a g, + A lIsech 2ex) ani 72 g,
Swilla g, + A Isech (ex) mll g

we obtained the desired bound on the first term in the left hand side of (6.5). We have

_ 2 _ _
A™?|isech (y) mllz. SA™? / cawidx Sllwil]a g, + A llsech (cx) nill72 g,

and hence we conclude the proof of (6.5). O
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Lemma 6.2. There exist §o > 0 and Ao > 0 s.t. if § < 8¢, for any A > Ay, we have

2 2
Isech ( Zx ) nall7

. 2 2
< —Tist2 + llsech <Z’“> n 172 + llsech (Z’“) M.+ lIsech (ex)qllz + Y 2™
meR i,
(6.6)
Proof. We have
jlst,Z
= —QDl2N(z ~ 7). o3¢ im) + (Lim, oscin) + (f18l2] + n) — flg121], o3¢ dn) + (Riz). oxciin)
=:C1+Cr+ C3+ C4.
For the main term C,, we have

Co=—1cZml2 +(Lim, hm)

and
4 < 2 /2 2 2
(L im tm) 1S lisech (S ) o112, + lisech ( Sox ) m
For the remainder terms, we have
IC1l S 1z —Z]|||sech (kx) |l .2 S‘SHSGCh(Kx)ﬂ”%zs
2
C3] < 8lisech (Z’“) mll7

Cal S lIsech (ex) 2, + > 2™

meR iy

Collecting the estimates, we have the conclusion. O

Proof of Proposition 2.5. From |Zg 1| < A82, |Z1s.2| < 82, we have the conclusion from Lem-
mas 6.1 and 6.2. O

7. Technical lemmas I1
We consider
T = (iede) NV A*. (7.1)

The following lemma, where P. is the orthogonal projection on the continuous spectrum com-
ponent of L1, see (1.38), is proved in [4, Sect. 9].
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Lemma 7.1. We have

N
u=[[ R, W) PeAlied,)" Tuforallue LX(L). O (7.2)
j=1

In [4, Sect. 5] the following lemma was proved.

Lemma 7.2. Suppose that a Schwartz function ¥V € S(R, C) has the property that for M > N + 1
its Fourier transform satisfies

Vi + ika)| < Cag (k)™M= for all (ky, k) € R x [b, b] and (7.3)
Ve CO%R x [=b,b]) N H(R x (=b, b)),

with H(R2) the set of holomorphic functions in an open subset Q2 C C and with a number b > 0.
Then, for multiplicative operators cosh(bx) and cosh (%x), we have

Il (iedx) N [V, (iedx)™ 1 cosh(dx) [l 2R) 12R) < Cbé. (7.4)

b b
| cosh <§x> (ied) "N [V, (ied,)V ] cosh <5x) l2@®)—2®R) < Cbé- (7.5)

Proof. We repeat the proof because we need it for Lemma 7.3 below. We start with (7.4), repeat-
ing the proof from [4]. We have for o =0

(iede) "N [V, (ied)V1f = / dyK° (x,y) f (),
R

where we set

K%(x,y) = / K (k)T H(k, £)dkd € with (7.6)
RZ

Hk, ) = (k)N Yk — ) ((ak)N - <e£>N) .

Notice that

P(ck,el)

H(k, ¢) =eH, (k, £) where Hy(k, 0) = (k) "N V(k — ) (k — ) ———— " _
(k.0 = e (k. 0) where Hi(k, 0) = (¢k) ™ V(k = Ok = O 5=y

)

where P is a 2N — 1 degree polynomial. Hence the generalized integral in (7.6) is absolutely
convergent for o > 0. But also for o = 0 the operator

Ty f(x) = f dyf(y) / RV (k)0 Hy (k, €)dkd

R R2
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defines an operator L?(R) — L%*(R) of norm uniformly bounded in ¢ > 0. Let us focus now on
k=k +i0and £ =¢; —ib

To (XR, [)(X) = / dyf(y)e P / RV (k)70 Hy(ky, €1 — ib)dkid ey .
R+ ]RZ

Now we claim that there exists C > 0 such that

IToxr, fllz2®) < Clle_lxlbflle(R+) for all ¢ > 0 and for all f. (7.8)

Set g(y) = xr., () f (y)e ™. Then

T, O ) k) = / (ek1) ™" Hy(ki, €1 — ib)3(L)dEr.
R

We claim that we have

7 |H(k1, £y —ib)|dey < C, (7.9)
k|€R

1R

/8k1
R

su /8k1 % |Hy(ky, ¢, —ib)|dk; < C, (7.10)
R

for a fixed constant C > 0.
We have

[ 16,01~ lae
S [ eV - ™ (k)Y e — by V) dey
e[ 20

+ f (o)™ Gy — €)™ (k)N ety —ieb) V) der.
11| S 20

The first integral can be bounded above by

/ (k)™ (k= €)M dey < 00 gy,

jerle] 21k

while the second can be bounded above by
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f<gk1>—N (ek )V 4 (e£) — igb)| V!

—-M—-1+N

R

So (7.9) is true for C = || (x)~2 1 (). Next we prove (7.10). We have

/|H1(k1,51 —ib)|dk;

S / (eki) ™" tky — )™ ((elq)N‘1 + (et —ieb)IN_l)dkl

kale[ ' 2161

b [ ek = ™ (k)Y et ) V) ko
kilg[F 21

The first integral can be bounded above by
f (eky) ™! (ky — €)M dky < | ()M L),
B

while the second can be bounded above by

v (k)N [(ely —igb)| V! e
/ (eky) ™ diey < 1™ -

()M + ()M

So (7.10) is true for C = || (x) 2 L1 ®)- By Young’s inequality, see Theorem 0.3.1 [35], we
conclude that (7.8) is true C = || (x) ™2 || L1(R)- Proceeding similarly we can show

||TaXR,f||L2(R) < C||6_|XIbf||L2(R_) for all o > 0 and for all f,
concluding, for C = || ()c)’2 ”LI(R)’

175 £l ) < C||e—"""f||L2(R) for all o > 0 and for all f.

Now we show that this remains true for o = 0. For a sequence o, — 07 then T, f ntos Ty f
point-wise for f € C?(R). Then by the Fatou lemma and by the density of C?(R) in L?(R)

170/ 112y < Clle™™® £l 2(gy for all £ (7.11)

This is equivalent to (7.4).
The proof of (7.5) is similar, with the difference that for example
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IR, To (xR, f)(X)
—_xb —yb ixk; —iye . b - .b .
=e 2 | dyf(y)e V2 | £*F1 7 8k1+18§ Hl(kl—i—lz,ﬂl—lb)dkldﬂl,
]R+ RZ
and correspondingly we have there exists C > 0 such that
le*? xg, T xR, fll2m) < C||e_‘x|%f||L2(R+) for all o > 0 and for all f,
which can be proved like (7.8), and so similarly the rest of the proof of (7.5). O

We will need the following analogue of Lemma 7.2.

Lemma 7.3. Suppose that a Schwartz function V € S(R, C) has the property that ts Fourier
transform satisfies

V(ki +ika)| < Car (k)2 for all (ky, k2) € R x [b, b] and (7.12)
Ve COR x [=b,b]) N H(R x (—b, b)),

with a number b > 0. Then

IV, Gieds) ™V Tcoshdy)|l 12— 12y < Cb- (7.13)

Proof. The proof is similar to that of Lemma 7.2. We have for o =0

[V, (iedy) N1f = f dyL? (x, ) f (),
R

where we set

L°(x,y) = f e TYEN (K, £)dkdl with (7.14)
]RZ

My (k,0) = ?(k —¥0) ((8/{)_1\1_‘7 _ <8Z>—N—O’> )

Hence the generalized integral in (7.14) is absolutely convergent for o > 0. But also for o =0
the operator

So f(x) = / dyf () / Ik, ),
R R2

defines an operator L?(R) — L%(R), and the norm is uniformly bounded in o > 0. Let us focus
nowonk=k; +i0and £ =¢; —ib
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S0 (x, £)(0) = / dyf(y)e / SN (e 0y — ib)dkydes.
R+ R2

Now we claim that there exists C > 0 such that
150 xR, fllz2(R) < C||e_|x|bf||Lz(R+) for all o > 0 and for all f. (7.15)

Set like before g(y) = xR, (y) f(y)e>P. Then

SR ) k) = / My (k1. €1 — iD)E(E1)der.
R

We claim that for a fixed constant C > 0 we have

sup / Mg (ki, €1 —ib)|de) < C, (7.16)
kle]R

R
sup / |My (k1, €1 —ib))|dk; < C. (7.17)
ZIERR

We have

)del

/|Mg(k1,el —ib))ld, sfuq — )72 ((ek1) ™7 + |(ety —iem) TN
R R

gfuq — )2 =100 ).
R

So (7.16) is true for C = || (x) ™2 L1 (r)- Next we prove (7.17). Proceeding as above

lel(kl’El —ib)ldki 5 f (ky —€1)7? ((8k1)_N_J + [(et) —igb) N7 )dkl
R

R

S/UC] —51)_2dk1 = (x)_2 ||L1(]R)~
R

So (7.16)—(7.17) are true for C = || (x)~2|| LRy and by Young’s inequality we conclude that
(7.15) is true C = || (x) 2 |1 (r)- Proceeding like above we conclude

155 f1l 2w < C||e“""’f||L2(R) for all o > 0 and for all f |,

which in turn, proceeding as above yields
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150.£ 1 2Ry < Clle ™™™ £l 2y forall £ (7.18)
and yields (7.13). O
Lemma 7.2 can be used to obtain the following result, whose proof is in [4].

Lemma 7.4. There is a constant Cy; such that forall0 <& <1andwe L*
2

N
71 R, G5 PeAlied)N wll 2 < Cellwl2 . O (7.19)
j=1 2

As an application of (7.13), we prove the following.

Lemma 7.5. For any u € H' we have
4 _N 2
[lsech Zx Tullp2 Se " sech Zx ull 2, (7.20)
4 —-N 2 /
Isech Xx Tull2Se " sech Zx u'llz2 + |Isech (kx) u|l ;2. (7.21)
Proof. We have

4 4 4
Isech <Xx) Tull 2 < | (iedy) "N sech (Xx) A*ull 2+ | |:sech <Xx) , (isax)Nj| Au|| ;2
=:1+11I.

We have

h 4 A* = Pyn(d h 4
sec Zx = Py (9y)sec Zx ,

for an N-th order differential operator with smooth and bounded coefficients, uniformed
bounded in A > 1, so that

4 4
I < || (iedy) N Py (9;)sech (Zx> ull ;2 < e Visech (Zx> ullp2.

We have

11 = |:sech <%x> , (i88x)_Ni| A*ull ;2

4 . _ 2 2
< [sech <Xx> , (iedy) N:| cosh (Zx) |72 r2lsech <Xx> A*u| ;2

2
< ||sech (Zx> A*ull 2,
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by Lemma 7.2, because f e ikx sech(x)dx = m sech (%k), so that in the strip k = k1 + ik, with
k2] <b:=2/A, then sech (% %k) satisfies the estimates required on Vin (7.13). This completes

the proof of (7.20). Now we turn to the proof of (7.21). We have
Tu="Towu+ (iede) ™™ [35, Au.
By (7.20) we have
|Isech (%x) Toxullz2 < e~V |Isech (%x) At 2.

We have

N N—-1—j

[0, A=Y [] Ax_i(logy; ”]—[A _i = Py(8x)sech(kx),

j=1 i=0 i=1

with the convention H§=0 B; = Bpo...o By, with ¥ the ground state of Ly and with Py (d,) and

N—th order differential operator with bounded coefficients. We then have

||sech (%x) (ied) ™V [0y, A*Tull ;2 < || (iedy) ™™ Py (dx)sech(ix)ul| ;2

< e Vsech(kx)ull;2. O
As an application of Lemma 7.3 we have the following.

Lemma 7.6. For any u € H,

Iedy) ™, VplA*ull 2 < ellsech(ex)Tull, 2,

[ cosh (§x> [ieae )™, VplA¥ull 2 < 8||sech< ) Tull».

Proof. We have

IGede) ™, VpIA*ull 2 = || (iedy) ™™ [V, (iede) V1T ull 2.

Notice that

N
Z logwj

By (1.2) and by the proof of Lemma 6, p. 156 and Theorem 2, p. 167 [10] it then follows

Ve @) < Ce %W forall 0 </ < N + 1.

This implies by an elementary integration by parts
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(7.23)

(7.24)



|V (ki + ik2)| < C (k1) ™™~ in the strip |k| < 9. (7.25)

Then in particular, from (7.4) we obtain

| Gedy) ™ [Vp, (isax)N]cosh(Kx)sech(/cx)TuHLz < ¢e||sech(kx)Tul ;2 and similarly
K

|| cosh (%x) (isax)_N [Vp, (ieax)N] cosh (gx) sech (2x> Tul ;2

< ¢|sech (%x) Tull2. O
8. Proof of Proposition 2.6

Using the operator 7 in (7.1), we consider the transformed variable

v:=T7. 8.1
Lp O . .
Then, for Lp := ( 0 1) the variable v satisfies
. —N
V=—TDlzl(z—7) +] (LDV + ([<1‘98x> 0 2 8) A*n) (8.2)

+JT | f1glz] + 9] — flplzll + ) 2"Gm+Rlz]

mERmin

From Lemma 7.4, we have
Isech(xx)n|l ;2 < ||sech(271Kx)v||Lz. (8.3)
Set
2 T 1 /
VA,B= X4¥B. SA,B= EWA,B + Y¥a,B0x,
and consider the functionals

K (x)

1 ~ 1 _
Iond,1 = EQ(V’ SA,BY), Tona2 = EQ(V’ o3e V).
Lemma 8.1. We have

lIsech2™ kx)] 1, + lIsech@ ™ kx)v1 1175 + Tona.1

§<S_NA25+A_1/2) g, + > 122 (8.4)

meR iy
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Proof. We have

Tona,1 = —UT DPlz)(z —%). Sa,8Y) + (LpV. Sa.V)

+ <<“i£3x>;)N - Vol 8) Ay, §A,Bv> + (T (t1pl2) + 01 — 21D , Sa,5v) + (TRIz, 54, 5v)
=: Dy + Dy + D3 + D4 + Ds.

Following [16], for the main term D, we have

Dy =(Lpui, Sapvi)= —/ (5”2 + VB§1> dx + Dyj where &1 = xalpui,

and where
" 7\2
1
V= f_g . (e 32) ¢B VD and
¢ $B 2 &5

1
Dy = /(XA) (43)/ 2 /(3(XA) +XAXA ngl /(XA) (PB(U1) + - /(XA)///(val
We claim
[+ vagaxz (isech () i1+ tseeh (52) i) = 47 i, ®5)

The proof is like in [16, Lemma 3]. We have

K K
/ sech (kx) v} < / sech (Ex) cavl < / sech (Ex> £7.

lx|<A |x|<A |x|<A

We have
fsech(;cx)v?g / sech(%x)(é{—;évl)zg / sech( )(E +£2).
lx|<A [x|<A [x|<A

We have

/ sech (kx) (v’l2 + v%) <sech (%A) / sech <%x> (vi2 + vf) dx
|x|=A R

4
< sech (gA) e N / sech (Zx> (r}/lz + 77%) dx <A |3,
R

Finally, Lemma 4.1 and Assumption 1.12 imply
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/sech (gx) EP+EDH < /(51/2 + V&) dx,
R R

completing the proof of (8.5).
We next claim the following, which is [16, Lemma 4],

D21l S A2 (I, + lsech Gex) a2, )

_ _ K
<ATI2 (||n||§A + &V sech (§x> ’71”iz) , (8.6)

where the 2nd inequality follows from (7.20). Now we prove the first inequality.
Notice that y 4 (x) is constant for |x| ¢ [A, 2A], so that

A

/ “1p—1 -4 _p _A
OG) @S AT BT ™8, (3000 + xixa ) 31 S A2

and since by |pg| < B we have [(x3)" 95l S A73B and [(x3) 95l < A72B, we have

1 1 1
'Z(xﬁ)/@é)/v% +5 (302 + xlita) 63vF = 0B 0m (W) + 7GR o0}

B 8 1
< Zsech (Zx) <v'12 + ﬁU%) ,

by Lemma 7.5 we have

4 4
D21l < A~L/2 (||sech (Zx> v/l l72 + A_2||sech (Zx> V] ||L2>

< A2 N <||sech (Zx> n}12, + A2 |isech <Xx) 7+ lIsech (kx) m IIiz) ,

which yields the desired inequality (8.6).
By Lemma 3.2 and by an analogue to (7.20), we have

|D1| < 12 —Zl||sech (2kx) V]| 2 < 8llsech (kx) 1 || 2 lIsech (2kx) V]l 2 S 86~ [Isech (kx) n1 17 .
By Lemma 7.6, we have
D3l =1{{(iean) ™ Vo 1A 11, Sa,pv1 )|
K : —N * K it
< llcosh (5) Lfisan) ™ . Vol A"l 2 sech (5 ) Sa.pvnl,2
K K , K
< g|lsech (Ex) v1 |2 (||sech (§x> villz2 + llsech (Ex) V1 ||L2>

<e (||sech <gx> v} 12, + Isech (gx) v ||§2) ,
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where the upper bound can be absorbed inside the left hand side of (8.4).
Like in Lemma 6.1, we have

11
Dy :<//f//(s1¢1[z]+s2771)¢1[z]771dslds2, §A,Bv1>+(f(m), §A,Bv1):; D4y + Dy
00

Ignoring the irrelevant dsids, integral, we have

|Da1| < |l cosh 2kcx) (" (s1¢112] + son1) i [zlsech (ex) 1) || 12 Isech (kx) Sa,pvil 2

S lzllllsech (ex) il 2 (llsech (ex) vyl 2 + llsech (ex) vill 2)

< 87 (IIsech (k) {12, + lisech (ex) 12, )

which can be absorbed inside the left hand side of (8.4). Next, we have
2 2 1/ 5 / By
Dyal = {sech ( x ) £, cosh ( x ) (5 (hes) +xGendn ) vi )|
A A 2
2
S I llLee [Isech T )m 2%

6 4 6 4
<|| cosh <2x> VC/A,B“LOO |lsech (Zx> v1llz2 + | cosh (Zx> Ya.BllLe|Isech <Zx> v} ||L2>
4 4 ,
S Adlnlls, | llsech ZX v1ll 2 + [Isech Zx vyl g2

_ 4 4 _
SeVAslinls, (nsech (Zx> mll 2 + lIsech (Zx> nian)ss NA%s|nlz,.

Finally, we consider

Ds = < Z 27T Gm, §A’BV> + (TR[Z], gA’Bv> =: Ds5| + Ds».

meR i,

We focus on D5; which is the main term. We have

| (2™ T Gm, Sa.5)| < |2™[|| cosh (x) Sa.5T Gmll 2 lIsech (cx) v]| .2

1
< ;|z'“|2 + pllsech (kx) V|75,

where for u small enough the last term can be absorbed in the left hand side of (8.4).
Collecting the estimates, we have the conclusion. O
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Lemma 8.2. We have

K{x)/

le™ 20yl 12 + Tona S e ™ 200117, + e 2017, + D 12™ P+ 8AlInlE,. 8.7)

meRi,

Proof. Differentiating Zopq 2, we have
Tond2 = — QUT Dlzl(z — 7), o3¢ “¥v) + <Lov, 036_"<X>V>
+ (L6200 ™ Vo LA 1, 03¢ ™ W un )+ (T (F19121 + 1) = flplzlD) e vy
+(TRz), 03¢ WIv) = Ey + E2 + B3 + B4 + Es.
The main term is
Ey=—|le™ ™22, + <LDU1,€_K<X>U1> = —[le 20|13, + Eny,
with
|Eat| S lle 02012, 4 [le™ ™ 2|12,
By Lemma 3.2, we have
|E1| S 8le™ M2 o lle ™ Wyl 2 S 867N e M 2y 7,
By (7.23), we have
(B3l =1{Lliea) ™ VolA*n, ase™Fur )| S elle™>Wurl e Do 12 < elle™ 7w |2,

We write

1

1
Ey= </ / [ (s1¢1(2] + san) iz dsidsa, e»<<x>vl> +(f(m)’036ﬂ<<x>vl> . Eu + En.

00

Ignoring the irrelevant dsids, integral, we have

|Eq] S 1 (f" (s1¢0112] + sam1) cosh (kx) g [z]sech (kx) m1) | 2 lle ™ vy | 12

K
< lzllisech () mill 2 lle™ vl S Slsech (5x) vi
We have
|Exal = 1(f ), Wy}

2 K K 5 5
< Il lisech  Sox ) m 2 liseeh (5x) vrll2 S 64 (Jisech (5x) vl + i, ).
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We have

Es= < Z 2T G, a3e"‘<x>v> + <711[Z], o3e_’“<x>V> =: Es51 + Es».

mERmin

We focus on Ds; which is the main term, the other being simpler. We have

1
(2T Gm, 03¢~ 0¥) | < 21T Gl 2 lIsech (€2 Vil 2 S P+ plisech (e VI

1
= ;|z“‘|2 + pllsech (kx) 1|72 + llsech (kx) va 17,

where for ;v small enough the very last term in v, can be absorbed in the left hand side of (8.7)

Collecting the estimates, we have the conclusion. O
Combining Lemmas 8.1 and 8.2, we have

Lemma 8.3. For any u > 0, we have

T
/ (||sech (%x) v} 12, + lIsech (%x) v||iz) < BeNg?
0

T
+<g’1A28+A71/2)/|I77||3x+ Z ||Zm||i2(0,T)'
0

mERmin

Proof. The claim follows from Lemmas 8.1 and 8.2 and

Tona1| < Be V6%, [Tonanl Se V82 O

Proof of Proposition 2.6. It is a consequence of Lemma 8.3 and inequality (8.3).
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