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1. Introduction

Let m > 0 and V ∈ S(R, R) (Schwartz function) with set of eigenvalues

σd(L1) = {λ2
j | j = 1, · · · ,N} with 0 < λ1 < · · · < λN < m, where L1 = −∂2

x + V + m2.

(1.1)

We assume there exist C > 0 and a1 > 0 such that

|V (l)(x)| ≤ Ce−a1|x| for all 0 ≤ l ≤ N + 1. (1.2)

* Corresponding author.
E-mail addresses: scuccagna@units.it (S. Cuccagna), maeda@math.s.chiba-u.ac.jp (M. Maeda),
1

http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2022.12.008&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2022.12.008
http://www.elsevier.com/locate/jde
mailto:scuccagna@units.it
mailto:maeda@math.s.chiba-u.ac.jp
mailto:stefano.scrobogna@units.it
https://doi.org/10.1016/j.jde.2022.12.008


Let f ∈ C∞(R, R) s.t. f (0) = f ′(0) = 0. We consider the nonlinear Klein-Gordon (NLKG) 
equation

u̇ = J (L1u + f[u]) , u = t (u1 u2) :R×R→ R2, (1.3)

where

J =
(

0 1
−1 0

)
, L1 =

(
L1 0
0 1

)
, f[u] =

(
f (u1)

0

)
.

Denoting by φj a real valued eigenfunction with L2(R) norm equal to 1 of L1 associated to λ2
j ,

setting

�j :=
(

φj

iλjφj

)
for j = 1, · · · ,N, (1.4)

we have

JL1�j = iλj�j and JL1�j = −iλj�j . (1.5)

In fact the �j and their complex conjugates �j generate all the eigenfunctions of the lineariza-
tion JL1 of our NLKG (1.3).
Our NLKG (1.3) is a Hamiltonian system for the symplectic form

�(u,v) :=
〈
J−1u,v

〉
, where 〈u,v〉 := Re (u,v) and (1.6)

(u,v) :=
∫
R

tu(x)v(x)dx, (1.7)

and the Hamiltonian or energy function is given by

E(u) = 1

2
〈L1u,u〉 +

∫
R

F(u1) dx, where F(u) =
s∫

0

f (τ) dτ . (1.8)

The local well-posedness of (1.3) is well known. From the conservation of the energy, we have 
that for sufficiently small δ > 0, if ‖u0‖H1 ≤ δ, then ‖u‖L∞(R,H1) � δ and in particular we
obtain the global well-posedness for small data, where

‖u‖2
H1 = ‖u1‖2

H 1 + ‖u2‖2
L2 . (1.9)

Given a constant a > 0 we consider the space defined by the norm

‖u‖H1−a
:= ‖sech (ax)u‖H1 . (1.10)

We denote by φ[z] the refined profile, introduced below in Sect. 1.1, where
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z = (z1, ..., zN ), (1.11)

encodes the discrete modes and where φ[z] = ∑
zj�j + c.c. + O(‖z‖), where by g + c.c., we 

mean g + ḡ and ‖z‖2 :=∑N
j=1 |zj |2.

The main result in this paper is the following theorem.

Theorem 1.1. Under Assumptions 1.3, 1.7 and 1.12 given below, for any a > 0 and ε > 0 there 
exists δ0 > 0 such that if ‖u0‖H1 < δ0, then we have a global representation

u(t) = φ[z(t)] + η(t) for appropriate z ∈ C1(R,CN) and η ∈ C0(R,H1), (1.12)

and, for I =R, ∫
I

‖η(t)‖2
H1−a(R)

dt ≤ ε, (1.13)

and

lim
t→∞ z(t) = 0 . (1.14)

The result of this paper is a partial extension to dimension 1 of the result, on local decay to zero 
for small real valued solutions of an NLKG with a trapping potential and, in particular, on the 
absence of small energy real valued periodic solutions, proved for dimension 3 by Bambusi and 
Cuccagna [1]. The latter was an extension, to cases with quite general spectral configurations, of 
a result proved by Soffer and Weinstein [33] under rather restrictive spectral hypotheses. There 
is a substantial literature on the asymptotic stability of patterns for wave like equations, par-
tially reviewed for the case of the Nonlinear Schrödinger Equation (NLS) in [6]. In particular, 
in a series of papers referenced in [6], we have expanded the result of [1] to various contexts 
where dispersion can be proved using Strichartz estimates. The crux of these papers consisted in 
proving a form of radiation induced damping on the discrete modes of the system (the so called 
Nonlinear Fermi Golden Rule, or FGR), due to the spilling of the energy in the discrete modes in 
the radiation component of the solutions, where dispersion occurs because of linear dispersion. 
Recently, thanks to the notion introduced in [7], of Refined Profile, we have been able to simplify 
significantly the proofs, see also [8,9], eliminating the normal forms arguments required to find 
a coordinates system where the FGR can be seen. In fact, an ansatz involving the Refined Profile 
yields automatically a framework adequate to prove the FGR, as we will see later.

Lately, in the literature there has been considerable attention on low dimensional problems, 
especially in 1D, where, due to the relative strength of the nonlinearities, the Strichartz estimates 
are not sufficient to prove dispersion. Various papers like for example [2,11–32], [34] and [36]
have recently dealt with asymptotic stability problems in the context of long range nonlinearities. 
In [4,5] use is made of the theory of Virial Inequalities developed by Kowalczyk et al. [16–20]. 
In this paper we will follow closely Kowalczyk and Martel [16]. So, as in [16–20], we will 
need two distinct sets of Virial Inequalities. We follow the Kowalczyk and Martel [16] idea of 
proving the FGR utilizing the initial sets of coordinates, contrary to what is done in [4,5]. In 
particular, in the proof of the FGR we use a functional derived from Kowalczyk and Martel [16], 
instead of the localized energy E(φ[z]). The proof simplifies, avoiding the use of the smoothing 
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estimates, which played a significant role in [4,5]. We highlight that our result works under a 
somewhat restrictive hypothesis on the potential V , specifically that the potential VD obtained 
after eliminating all the eigenvalues of L1 with a sequence of Darboux transformations, must be 
a repulsive potential, in the sense of Assumption 1.12.

1.1. Assumptions and refined profile

Notation 1.2. We write a � b to mean that there exists a constant C > 0 s.t. a ≤ Cb. The positive
number C omitted is called the implicit constant.

We set λ = (λ1, · · · , λN, −λ1, · · · , −λN) ∈ R2N and

R := {m = (m+,m−) ∈ (N ∪ {0})2N | |m · λ| > m},
Rmin := {m ∈ R | �n ∈ R s.t. n ≺ m},

I := {m ∈ (N ∪ {0})2N | ∃n ∈ Rmin s.t. n ≺ m},

where

n = (n+,n−) ≺ m = (m+,m−)

⇐⇒ ∀j = 1, · · · ,N, n+,j + n−,j ≤ m+,j + m−,j and ‖n‖ < ‖m‖,

where ‖m‖ :=
N∑

j=1

∑
±

m±,j .

We also set ej = (δ1j , · · · , δNj , 0, · · · , 0) where δjk is the Kronecker’s delta, m = (m+,m−) :=
(m−, m+) and

NR := (N ∪ {0})2N \ (Rmin ∪ I),

�j := {m ∈ NR | m · λ = λj },
�j := {m | m ∈ �j }
�0 := {m ∈ NR\{0} | λ · m = 0}.

We assume the following, which is true for generic L1.

Assumption 1.3. For M the largest number in N(= {1, 2, ...}) such that (M − 1)λ1 < m, then 
for a multi–index m ∈N2N

0 , N0 := N ∪ {0}, we assume

‖m‖ ≤ M =⇒ (m · λ)2 �= m2. (1.15)

We also assume that for m = (m+, m−) ∈ N2N
0 then

‖m‖ ≤ 2M and m · λ = 0 =⇒ m+ = m−. (1.16)
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Lemma 1.4. The following facts hold.

1. If ‖m‖ > M , with M the constant in Assumption 1.3, then m ∈ I.
2. Rmin and NR are finite sets.
3. If m ∈ NR, then |λ · m| < m and if m ∈ Rmin, then m+ = 0 or m− = 0.
4. If m ∈ �j then there is a n ∈ �0 with m = ej + n.

Proof. The proof is taken from [5]. If ‖m‖ > M , we can write m = α + β with ‖α‖ = M . If 
α = (α+, α−) and if we set n = (n+, n−) with n+ = α++α− and n− = 0, then n ·λ ≥ Mλ1 > m. 
This implies that n ∈ R and that there exists a ∈ Rmin with a � n. From ‖β‖ ≥ 1 it follows that 
a≺ m and so m ∈ I.

Obviously, from the 1st claim it follows that if m ∈ Rmin ∪ NR then ‖m‖ ≤ M . Next we 
observe that m ∈ NR implies ‖m‖ ≤ M and |λ · m| ≤ m and, by Assumption 1.3, |λ · m| < m. 
If m ∈ Rmin with, say, m · λ > m, then obviously we have m+ · λ > m and it is elementary 
that m = (m+, 0). Finally, from the first claim we know that if m ∈ �j then ‖m‖ ≤ M . From 
m · λ − λj = 0 it follows from (1.16) that we have the last claim. �

For z = (z1, · · · , zN) ∈ CN and m ∈ (N ∪ {0})2N , we set

zm =
N∏

j=1

z
m+,j

j z̄
m−,j

j .

Notice that we have zm = zm.
Notice that 

∑N
j=1

(
zj�j + c.c.

)
, satisfies (1.3) up to O(‖z‖2) error if żj = iλj zj . The refined 

profile is a generalization of this kind of approximate solution of (1.3).

Remark 1.5. Since we think z = z(t) (defined as a coordinate, see Lemma 2.1) approximately 
satisfies żj = iλjzj + O(‖z‖2), which will be justified in some sense (see Proposition 2.3), a 
term like zmg is considered to have a frequency m · λ because żm = i(m · λ)zm + O(‖z‖‖m‖+1). 
On the other hand, since the essential spectrum of JL1 is i ((−∞,−m] ∪ [m,∞)), the frequency 
of zm resonates with the essential spectral component of JL1 if |m · λ| > m. The notation R
comes from this intuition (and R for resonant), and the same is true for NR (for non resonant). 
Next, since we will be only considering small solutions, z will also be small, see (2.3). Thus, we 
will only have to take care of the resonant terms with “minimal resonant frequencies” Rmin and 
we will ignore (thus the notation I ), in the same they are small remainders, the terms of form 
zmg with m ∈ I.

We set ‖ · ‖
s := ‖ · ‖Hs
a2

:= ‖ea2〈x〉 · ‖Hs where a2 = 1
2

√
m2 − λ2

N and denote by 
s the
corresponding spaces. We set

‖u‖2
�l := ‖u1‖2


l + ‖u2‖2

l .

Let �∞ = ∩l∈R�l .
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Proposition 1.6. There exist {φm}m∈NR in �∞, {Gm}m∈Rmin ⊂ �∞, {λnj }n∈�0∪{0} ⊂ R for j =
1, · · · , N with φej = �j and λ0j = λj , a δ1 > 0 s.t. there exists z̃2 ∈ C∞(BCN (0, δ1), CN)

satisfying

‖̃z2‖CN �
∑

m∈Rmin

|zm|, (1.17)

s.t. for any l

‖R[z]‖�l �l ‖z‖CN

∑
m∈Rmin

|zm|, (1.18)

where R[z] is defined by the equality

Dφ[z]̃z = J

⎛⎝L1φ[z] + f[φ[z]] −
∑

m∈Rmin

zmGm − R[z]
⎞⎠ (1.19)

(where (1.18) and (1.19) define the Gm) and

φ[z] :=
(

φ1[z]
φ2[z]

)
=

∑
m∈NR

zmφm, (1.20)

φm = φm (1.21)

z̃ = z̃0 + z̃1 + z̃2 with (1.22)

z̃0 = (iλ1z1, ..., iλNzN) =: iλz, (1.23)

z̃1 = (i
∑

n∈�0

λn1znz1, ..., i
∑

m∈�0

λnNznzN), (1.24)

λm = λm ∈R2N (1.25)

where λm := (λm1, ..., λmN, −λm1, ..., −λmN), such that, setting

Hc[z] := {u ∈H1 | �(u,Dzφ[z]w) = 0 for all w ∈CN } (1.26)

and

R̃[z] =
∑

m∈Rmin

zmGm + R[z], (1.27)

we have

JR̃[z] ∈ Hc[z]. (1.28)
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Proof. We begin observing that JL1 leaves the following decomposition invariant,

L2(R,C2) = L2
discr ⊕ L2

disp where L2
discr := ⊕λ∈σp(JL1) ker (L1 − λ) , (1.29)

where L2
disp is the 〈J·, ·〉–orthogonal of L2

discr .
We insert (1.20) in (1.19), using (1.22)–(1.24). We expand

f (φ1[z]) =
M∑

�=2

f (�)(0)

�! φ�
1[z] + O(‖z‖M+1).

Then, for i = t (1,0),

M∑
�=2

f (�)(0)

�! φ�
1[z] i =

∑
m∈NR

zmhm +
∑

m∈R∪I|m|≤M

zmhm + O(‖z‖M+1)

where, for φm = t (φ1m, φ2m),

hm =
M∑

�=2

f (�)(0)

�!
∑

m1,··· ,m�∈NR
m1+···+m�=m

φ1m1 · · ·φ1m� i. (1.30)

Using (
Dzzm) z̃0 = i(m · λ) zm, where λz := (λ1z1, ..., λNzN), (1.31)

and recalling (1.22), we obtain

Dzφ[z]̃z[z] = i
∑

m∈NR

(m · λ)zmφm + i
∑

m∈NR, n∈�0

(m · λn)znzmφm + Dzφ[z]̃z2.

Let us set

R[z] := J (L1φ[z] + f[φ[z]]) − Dzφ[z](̃z − z̃2)

= J
(

L1φ1[z] + f (φ1[z])
φ2[z]

)
− Dzφ[z](̃z − z̃2).

We expand now to get

R[z] =
∑

m∈NR

zmRm +
∑

m∈R∪I|m|≤M

zmRm + O(‖z‖M+1), (1.32)

where
7



Rm = (JL1 − iλ · m)φm + Em where

Em = Jhm −
∑

m′+n′=m
m′∈NR, n′∈�0

i(λn′ · m′)φm′ .

We seek Rm ≡ 0 for m ∈ NR. For ‖m‖ = 1 the equation reduces to (JL1 − iλ · m)φm =
0, so that we can set φej = �j and φej = �j . Let us consider now ‖m‖ ≥ 2 with m /∈
∪N

j=1

(
�j ∪ �j

)
. In this case, let us assume by induction that φm′ and λm′ have been defined 

for ‖m′‖ < ‖m‖ and that they satisfy (1.21)–(1.25). Then, from (1.30) we obtain hm = hm and
Em = Em. We can solve Rm = 0 writing φm = (JL1 − iλ · m)−1 Em. By λ · m = −λ · m, we
conclude φm = φm.

We now consider m ∈ �j . We assume by induction that φm′ have been defined for ‖m′‖ <
‖m‖ and so too λn′ for ‖n′‖ < ‖m‖ − 1. Then, for m = n + ej where n ∈ �0, Rm = 0 becomes(

JL1 − iλj

)
φm = Em = iλn · ej�j −Km with

Km := Jhm −
∑

m′+n′=m
m′∈NR,|m′|≥2, n′∈�0

iλn′ · m′φm′ . (1.33)

This equation can be solved if we impose 
(
JEm,�j

)= 0, that is, for λnj := λn · ej , if

− iλnj

(
J�j ,�j

)= −2λnj λj = (
JKm,�j

)
,

which is true for λnj = −2−1λ−1
j

(
JKm,�j

)
. Then we can solve for φm = − 

(
JL1 − iλj

)−1 Km
in the complement, in (1.29), of ker(JL1 − iλj ).
We want to show that λnj ∈R. For the corresponding m ∈ �j , we have(

JL1 + iλj

)
φm = iλn · ej�j −Km with

Km := Jhm −
∑

m′+n′=m
m′∈NR2, n′∈�0

iλn′ · m′φm′ . (1.34)

Notice that by induction Km = Km. Since λn ·ej = −λnj , taking the complex conjugate of (1.33)
we obtain (

JL1 + iλj

)
φm = iλnj�j −Km and(

JL1 + iλj

)
φm = iλnj�j −Km.

(1.35)

Applying 
(
J·,�j

)
on both the last two equations, we obtain

iλnj

(
J�j ,�j

)= (
JKm,�j

)
and iλnj

(
J�j ,�j

)= (
JKm,�j

)
.

Hence λnj = λnj and we have proved that λnj ∈ R.
Since the equations in (1.35) are the same, we conclude φm = φm.
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We consider now

JR̃[z] = R[z] − Dzφ[z]̃z2, (1.36)

where we seek ̃z2 so that (1.28) is true. This will follow from (here J−1 = −J)

〈JR[z],Dzφ[z]w〉 − 〈JDzφ[z]̃z2,Dzφ[z]w〉 = 0 for the standard basis w = e1, ie1, ..., eN , ieN .

Since the restriction of 〈J·, ·〉 in L2
discr is a non–degenerate symplectic form and from

φej = �j and φej = �j , the Implicit Function Theorem guarantees the existence of z̃2 ∈
C∞(BCN (0, δ1), CN) with z̃2(0) = 0 for a sufficiently small δ1 > 0. Furthermore, from the
last formula and from the fact that in the expansion (1.32) we have Rm = 0 for all m ∈ NR, we 
obtain the bound (1.18).
Solving in (1.36) for R̃[z] = J−1R[z] − J−1Dzφ[z]̃z2, exploiting the fact that we have Rm for 
all m ∈ NR and by (1.17), by Taylor expansion in the variable z, we obtain expansion (1.27), 
with the estimate (1.18). �

We assume the following.

Assumption 1.7 (Fermi Golden Rule). For any m ∈ Rmin, there exists a bounded solution gm of 
JL1gm = i(m · λ)gm s.t.

〈Gm,gm〉 = γm > 0. (1.37)

Remark 1.8. Notice that all it matters in (1.37) is to have γm �= 0, since by replacing gm with 
−gm, we can then obtain γm > 0.

We give several examples of refined profiles.

Example 1.9 (Refined profiles in the case M = 2). We consider the case λ1, · · · , λN ∈ (m/2, m). 
In this case, we have

Rmin = {ej + ek, ej + ek | j, k = 1, · · · ,N},
NR = {0, ej , ej , ej + ek | j = 1, · · · ,N},

and the corresponding refined profile will have the form

φ[z] =
N∑

j=1

(
zj�j + zj�j

)+
N∑

j,k=1

zj zkφej +ek .

Here, notice that even in the simplest case N = 1 and M = 2, we need a correction term 
|z1|2φ 1 1 .
e +e
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Following the computation of the proof of Proposition 1.6, we will have

φej +ek =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

(
−f ′′(0)L−1

1

(
φ2

j

)
0

)
j = k,

− 1
2f ′′(0)(L1 − (λj − λk)

2)−1(φjφk)

(
1

i(λj − λk)

)
j �= k,

Gej +ek =
(

1
2f ′′(0)φjφk

0

)
, Gej +ek = Gej +ek .

Example 1.10 (Refined profiles in the case M = 3). We consider the case N = 2 with λ1 ∈
(m/3, m/2), λ2 ∈ (m/2, m) and λ1 + λ2 > m. In this case, we have

Rmin = {3e1,3e1, e1 + e2, e1 + e2, 2e2, 2e2},
NR = {0, e1, e1, e2, e2,2e1,2e1, e1 + e1, e2 + e2, e1 + e2, e1 + e2,2e1 + e1, e1 + 2e1}.

The refined profile is given by

φ[z1, z2] =z1�1 + z1�1 + z2�2 + z2�2 + |z1|2φe1+e1 + |z2|2φe2+e2 + z2
1φ2e1 + z1

2φ
2e1

+ z1z2φe1+e2 + z1z2φe1+e2 + z1|z1|2φ2e1+e1 + z1|z1|2φe1+2e1,

where

φej +ej =
(

−f ′′(0)L−1
1

(
φ2

j

)
0

)
, j = 1,2,

φ2e1 = −1

2
f ′′(0)(L1 − 4λ2

1)
−1(φ2

1)

(
1

2iλ1

)
,

φe1+e2 = −1

2
f ′′(0)(L1 − (λ2 − λ1)

2)−1(φ1φ2)

(
1

i(λ2 − λ1)

)
,

φ
2e1+e1 = − (L1 − λ2

1)

∣∣∣−1

{φ1}⊥

(
P ⊥

1

(
f ′′(0)φ1

(
φ

1,e1+e1 + φ1,2e1

)
+ 1

2
f ′′′(0)φ3

1

))(
1

iλ1

)
+ i

2λ1

∫
R

(
f ′′(0)φ2

1

(
φ

1,e1+e1 + φ1,2e1

)
+ 1

2
f ′′′(0)φ4

1

)
dx

(
0
φ1

)
,

and

φ
2e1 = φ2e1, φe1+e2 = φe1+e2, φe1+2e1 = φ

2e1+e1 .

The main terms 
∑

zmGm in the remainder are given by
m∈Rmin

10



G3e1 =
(

f ′′(0)φ1φ1,2e1 + 1
6f ′′′(0)φ3

1
0

)
,

Ge1+e2 =
(

1
2f ′′(0)φ1φ2

0

)
,

G2e2 =
(

1
2f ′′(0)φ2

2
0

)
,

and

G
3e1 = G3e1, Ge1+e2 = Ge1+e2, G

2e2 = G2e2 . �
The distinguishing feature of this paper is that we deal with an L1 with a general configuration 

of eigenvalues. We will use the spectral decomposition

L2(R,C) =
(
⊕N

j=1 ker
(
L1 − λ2

j

))
⊕ L2

c(L1), (1.38)

where L2
c(L1) is the continuous spectrum component associated to L1. We denote by Pc the 

orthogonal projection onto L2
c(L1). We adopt the dispersion theory of Kowalczyk et al. [16–20], 

based on the following. First of all we recall, from Sect. 3 in Deift-Trubowitz [10], the following 
result on Darboux transformations (the AW and A∗

W in the proposition), here stated less generally 
than in [10].

Proposition 1.11. Let W ∈ S(R, R) s.t. σd(−∂2
x + W) �= ∅ and let ω = infσd(−∂2

x + W). Let ψ
be a ground state of −∂2

x +W , that is a generator of ker
(−∂2

x + W − ω
)
, and set AW = 1

ψ
∂x (ψ ·)

(recall that ψ(x) �= 0 for all x ∈R). Then, there exists W1 ∈ S(R, R) s.t.

AWA∗
W = −∂2

x + W − ω, A∗
WAW = −∂2

x + W1 − ω

and σd(−∂2
x + W1) = σd(−∂2

x + W) \ {ω}. �
Armed with Proposition 1.11, following Kowalczyk et al., we inductively define Vj ∈ S(R, R)

(j = 1, · · · , N + 1) by the following:

1. V1 := V , L1 := −∂2
x + V1 + m2, ψ1 = φ1 and A1 = AV1 ;

2. given Vk , we define

Ak := AVk
and Lk+1 := −∂2

x + Vk+1 + m2 := A∗
kAk + λ2

k, (1.39)

and, by Proposition 1.11, we have Lk = −∂2
x + Vk + m2 = AkA

∗
k + λ2

k .

From Proposition 1.11, we have

σd(Lk) = {λ2
j | j = k, · · · ,N}, k = 1, · · · ,N, and σd(LN+1) = ∅.

If ψk is the ground state of Lk and Ak = 1 ∂x (ψk·) then, from

ψk

11



A∗
jLj = A∗

j (AjA
∗
j + λ2

j ) = (A∗
jAj + λ2

j )A
∗
j = Lj+1A

∗
j , (1.40)

we have the conjugation relation

A∗L1 = LN+1A∗, (1.41)

where

A= A1 · · ·AN and A∗ = A∗
N · · ·A∗

1. (1.42)

We write LD := LN+1 and VD := VN+1. Dispersion will follow from the hypothesis that VD is 
repulsive with respect to the origin, specifically, the following.

Assumption 1.12. We assume xV ′
D ≤ 0 and xV ′

D(x) �≡ 0.

2. Main estimates and proof of Theorem 1.1

Using the refined profile given in Proposition 1.6, we first decompose the solution by appro-
priate orthogonality condition.

Lemma 2.1 (Modulation). There exists δ1 > 0 s.t. there exists z ∈ C∞(BH1(0, δ1), CN) s.t.
z(0) = 0 and

η[u] := u − φ[z(u)] ∈Hc[z(u)]. (2.1)

Furthermore, we have

‖u‖H1 ∼ ‖η[u]‖H1 + ‖z(u)‖. (2.2)

Proof. Standard. �
In the following, we fix a solution u of (1.3) with u(0) = u0 and ‖u0‖H1 =: δ satisfying 

the assumption of Theorem 1.1 (with δ0 > 0 to be determined). We write z(t) = z(u(t)) and 
η(t) = η[u(t)]. By the conservation of energy and by (2.2) we have

‖z‖L∞(R,CN) + ‖η‖L∞(R,H1) � δ. (2.3)

Substituting u = φ[z] + η into (1.3), we have

η̇ + Dzφ[z](ż − z̃) = J

⎛⎝L[z]η + F[z,η] +
∑

m∈Rmin

zmGm + R[z]
⎞⎠ , (2.4)

where, for df the Frechét derivative of f,

L[z] = L1 + df[φ[z]], (2.5)

F[z,η] = f[φ[z] + η] − f[φ[z]] − df[φ[z]]η. (2.6)
12



Notice that F[z, η] = t (F1[z, η1] 0) where

F1[z, η1] = f (φ1[z] + η1) − f (φ1[z]) − f ′(φ1[z])η1. (2.7)

We will consider constants A, B, ε > 0 satisfying

log(δ−1) � log(ε−1) � A � B2 � B � exp
(
ε−1

)
� 1. (2.8)

We will denote by oε(1) constants depending on ε such that

oε(1)
ε→0+−−−→ 0. (2.9)

Let

κ ∈ (0,min(m − λN,a1)/10) . (2.10)

We will consider the norms

‖η‖�A
:=

∥∥∥∥sech

(
2

A
x

)
η′

1

∥∥∥∥
L2

+ A−1
∥∥∥∥sech

(
2

A
x

)
η

∥∥∥∥
L2

and (2.11)

‖η‖L2−κ
:= ‖sech (κx)η‖L2 . (2.12)

We will prove the following continuation argument.

Proposition 2.2. Under the Assumptions 1.3, 1.7 and 1.12, for any small ε > 0 there exists a 
δ0 = δ0(ε) s.t. if in I = [0, T ] we have

‖ż − z̃‖L2(I ) +
∑

m∈Rmin

‖zm‖L2(I ) + ‖η‖L2(I,�A∩L2−κ ) ≤ ε (2.13)

then for δ ∈ (0, δ0) and δ = ‖u0‖H1 inequality (2.13) holds for ε replaced by oε(1)ε where 

oε(1) 
ε→0+−−−→ 0.

It is elementary that Proposition 2.2 follows from the following Propositions 2.3–2.6.

Proposition 2.3. We have

‖ż − z̃‖L2(I ) = oε(1)‖η‖L2(I,L2−κ ). (2.14)

Proposition 2.4 (FGR estimate). We have∑
‖zm‖L2(I ) � δ + A−1/4‖η‖L2(I,�A). (2.15)
m∈Rmin

13



Proposition 2.5 (1st virial estimate). We have

‖η‖L2(I,�A) � δ + ‖η‖L2(I,L2−κ ) +
∑

m∈Rmin

‖zm‖L2 . (2.16)

Proposition 2.6 (2nd virial estimate). We have

‖η‖L2(I,L2−κ ) � Bε−Nδ + A−1/4‖η‖L2(I,�A) +
∑

m∈Rmin

‖zm‖L2 . (2.17)

Proof of Theorem 1.1. By continuity, Proposition 2.2 implies that inequality (2.13) is valid with 
I = R+. This implies (1.13) (adjusting ε). From the equation for z, see (3.5) below, we have 
ż ∈ L∞(R, CN). By zm ∈ L2(R) for any m ∈ Rmin, we have z

mj

j ∈ L2(R) for mj the largest 
mj ∈ N such that (mj − 1)λj < m. From this we get lim

t→+∞ z(t) = 0. �
3. Proof of Proposition 2.3

Proof of Proposition 2.3. We fix an even function χ ∈ C∞
0 (R, [0, 1]) satisfying

1[−1,1] ≤ χ ≤ 1[−2,2] and xχ ′(x) ≤ 0 and set χA := χ(·/A). (3.1)

Lemma 3.1. For the F1 in (2.7), we have

‖sech (κx)F1[z,η]‖L2 � δ‖sech (κx)η1‖L2, (3.2)

‖χAF1[z,η]‖L1 � A1/2δ‖sech

(
2

A
x

)
η1‖L2 . (3.3)

Proof. By Taylor expansion, F1[z, η] = ∫ 1
0 (1 − t)f ′′(φ1[z] + tη1)η

2
1 dt . Thus,

‖sech (κx)F1[z,η]‖L2 � sup
|u|≤1

|f ′′(u)|‖η1‖L∞‖sech (κx)η1‖L2 � δ‖sech (κx)η1‖L2,

‖χAF1[z,η]‖L1 � sup
|u|≤1

|f ′′(u)|‖η1‖L∞‖η1χA‖L1 � A1/2δ‖sech

(
2

A
x

)
η1‖2

L2,

where we have used sech
( 2

A
x
)∼ 1 in suppχA, (2.3) and the embedding H 1(R) ↪→ L∞(R). �

Lemma 3.2. We have

‖ż − z̃‖ � δ‖sech (κx)η‖L2 . (3.4)

Proof. Recalling (1.27) and (2.5), differentiating (1.19) we have for w ∈CN

D2
z φ[z](̃z,w) + Dzφ[z]Dz̃z(z)w + JDzR̃[z]w = JL[z]Dzφ[z]w.

We apply �(·, Dzφ[z]w) to (2.4), obtaining
14



�(η̇,Dzφ[z]w) + �(Dzφ[z](ż − z̃),Dzφ[z]w)

= 〈L[z]η,Dzφ[z]w〉 + 〈F[z,η],Dzφ[z]w〉 ,

where we used �(JR̃[z], Dzφ[z]w) = 0, that is (1.28). Using η ∈ Hc[z], we have

〈L[z]η,Dzφ[z]w〉 = 〈η,L[z]Dzφ[z]w〉 =
〈
η,J−1D2

z φ[z](̃z,w) + DzR̃[z]w
〉

= −�(η,D2
z φ[z](̃z,w)) + 〈

η,DzR̃[z]w〉
and

�(η̇,Dzφ[z]w) = −�(η,D2
z φ[z](ż,w)) = −�(η,D2

z φ[z](ż − z̃,w)) − �(η,D2
z φ[z](̃z,w)).

Thus

�(Dzφ[z](ż − z̃),Dzφ[z]w) =�(η,D2
z φ[z](ż − z̃,w)) + 〈

η,DzR̃[z]w〉+ 〈F[z,η],Dzφ[z]w〉 .

(3.5)

Since �(Dzφ[z]·, Dzφ[z]·) is a symplectic form for CN , taking ‖w‖ = 1 in an appropriate di-
rection we obtain

‖ż − z̃‖ � δ‖sech (κx)η‖L2 + ‖sech (κx)F[z,η]‖L2 .

By (3.2), we have the conclusion. �
Lemma 3.2 completes the proof of Proposition 2.3, recalling (2.12). �

4. Technical lemma I

The following is a slight refinement of a result in [4].

Lemma 4.1. Let U ≥ 0 be a non–zero potential U ∈ L1(R, R). Then there exists a constant 
CU > 0 such that for any function 0 ≤ W such that 〈x〉W ∈ L1(R) then

〈Wf,f 〉 ≤ CU

(
‖ 〈x〉W‖L1(R)‖f ′‖2

L2(R)
+ ‖W‖L1(R) 〈Uf,f 〉

)
. (4.1)

In particular, we have

‖sech

(
2

A
x

)
f ‖2

L2(R)
� A2‖f ′‖2

L2(R)
+ A‖sech (κx)f ‖2

L2(R)
. (4.2)

Proof. Let J be a compact interval where IU := ∫
J

U(x)dx > 0. Let then x0 ∈ J s.t.

|f (x0)|2 ≤ I−1
U

∫
J

|f (x)|2U(x)dx.
15



Then,

|f (x)| ≤ |x − x0| 1
2 ‖f ′‖L2(R) + |f (x0)| ≤ |x − x0| 1

2 ‖f ′‖L2(R) + I
−1/2
U 〈Uf,f 〉 1

2 .

Taking second power and multiplying by W it is easy to conclude the following, which after 
integration yields (4.1),

W(x)|f (x)|2 ≤ 2 (1 + |x0|) 〈x〉W(x)‖f ′‖2
L2(R)

+ 2W(x)I−1
U 〈Uf,f 〉 . �

For A0 = 2/κ and A ≥ A0 we have sech(κx) ≤ sech( 2
A

x) which implies the following, which
we will use in Sect. 5,

‖sech (κx)f ‖L2 ≤ A · A−1‖sech

(
2

A
x

)
f ‖L2

≤ A

(
‖sech

(
2

A
x

)
f ′‖L2 + A−1‖sech

(
2

A
x

)
f ‖L2

)
. � (4.3)

5. Proof of Proposition 2.4: the Fermi Golden Rule

To prove Proposition 2.4, for the gm in Assumption 1.7, we consider

JFGR := �(η, χA

∑
m∈Rmin

zmgm). (5.1)

Computing the time derivative of JFGR, we have the following estimate.

Lemma 5.1. We have∣∣∣∣∣∣J̇FGR −
〈 ∑

m∈Rmin

zmGm,
∑

m∈Rmin

zmgm

〉∣∣∣∣∣∣� A−1/2

⎛⎝ ∑
m∈Rmin

|zm|2 + ‖η‖2
�A

⎞⎠ . (5.2)

Proof. Differentiating JFGR and using (2.4), we have

J̇FGR =�(η̇, χA

∑
m∈Rmin

zmgm) + �(η, χA

∑
m∈Rmin

Dzzm̃z gm)

+ �(η, χA

∑
m∈Rmin

Dzzm (ż − z̃)gm) =: A1 + A2 + A3.

By Lemma 3.2 and (4.3) and by (2.8), A3 can be bounded by

|A3| � ‖ηχA‖L1δ‖ż − z̃‖CN � δ2‖sech

(
2

A
x

)
η‖L2‖sech (κx)η1‖L2

� δ2A2‖η‖2
�A

� A−1/2‖η‖2
�A

.

By Equation (2.4), we have
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A1 = �(−Dzφ[z](ż − z̃),χA

∑
m∈Rmin

zmgm) +
〈

L1η, χA

∑
m∈Rmin

zmgm

〉

+
〈
df[φ[z]]η + F[z,η] + R[z], χA

∑
m∈Rmin

zmgm

〉
+
〈 ∑

m∈Rmin

zmGm, χA

∑
m∈Rmin

zmgm

〉

= A11 + A12 + A13 + A14.

By Lemma 3.2 and (4.3) and by (2.8) we have

|A11| � ‖ż − z̃‖CN

∑
m∈Rmin

|zm| � δ

⎛⎝‖sech(κx)η‖2
L2 +

∑
m∈Rmin

|zm|2
⎞⎠

≤ A−1/2

⎛⎝ ∑
m∈Rmin

|zm|2 + ‖η‖2
�A

⎞⎠ .

By (1.18) and Lemma 3.1 we have

|A13| �
∑

m∈Rmin

|zm| (‖df[φ[z]]η‖L1 + ‖F[z,η]χA‖L1 + ‖R[z]‖L1

)

� A1/2δ

⎛⎝‖sech

(
2

A
x

)
η‖2

L2 +
∑

m∈Rmin

|zm|2
⎞⎠≤ A−1/2

⎛⎝ ∑
m∈Rmin

|zm|2 + ‖η‖2
�A

⎞⎠ .

The term A12 can be further decomposed as

A12 =
〈
η, χA

∑
m∈Rmin

zmL1gm

〉
+
〈
η, [L1, χA]

∑
m∈Rmin

zmgm

〉
=: A121 + A122.

By [L1, χA] =
(−χ ′′

A − 2χ ′
A∂x 0

0 0

)
, we have the bound

|A122| �
∑

m∈Rmin

|zm| (‖χ ′′
Aη1‖L1 + ‖χ ′

Aη′
1‖L1

)
�

∑
m∈Rmin

|zm|(A−3/2‖sech

(
2

A
x

)
η1‖L2 + A−1/2‖sech

(
2

A
x

)
η′

1‖L2)

� A−1/2

⎛⎝ ∑
m∈Rmin

|zm|2 + ‖sech

(
2

A
x

)
η′

1‖2
L2 + A−2‖sech

(
2

A
x

)
η1‖2

L2

⎞⎠ ,

while we have, see Assumption 1.7,
17



A121 =
〈
η, χA

∑
m∈Rmin

zmi(m · λ)J−1gm

〉
. (5.3)

The term A14 can be decomposed as

A14 =
〈 ∑

m∈Rmin

zmGm,
∑

m∈Rmin

zmgm

〉
−
〈 ∑

m∈Rmin

zmGm, (1 − χA)
∑

m∈Rmin

zmgm

〉

=
〈 ∑

m∈Rmin

zmGm,
∑

m∈Rmin

zmgm

〉
+ A141, (5.4)

where the 1st term of line (5.4) is the main term appearing in (5.2). Recalling a2 = 1
2

√
m2 − λ2

N ,

|A141| � e−a2A/2

∣∣∣∣∣∣
∑

m∈Rmin

zm

∣∣∣∣∣∣
2

� A−1/2
∑

m∈Rmin

|zm|2.

By the elementary identity Dzzm̃z0 = im · λzm, the term A2 can be decomposed as

A2 =
〈

J−1η, χA

∑
m∈Rmin

im · λzmgm

〉
+ �

⎛⎝η, χA

∑
m∈Rmin

Dzzm (̃z − z̃0)gm

⎞⎠=: A21 + A22,

where

|A22| � δ‖χAη‖L1

∑
m∈Rmin

|zm| � A−1/2

⎛⎝ ∑
m∈Rmin

|zm|2 + A−2‖sech

(
2

A
x

)
η‖2

L2

⎞⎠ .

Finally, by the antisymmetry of J−1(= −J) we have the cancellation A121 +A21 = 0. Collecting 
all the estimates, we obtain (5.2). �

We next take out the nonresonant terms from the main part of J̇FGR.

Lemma 5.2. Let m, n ∈ Rmin and m �= n. Then,

zmzn = 1

i (m · λ − n · λ)

d

dt

(
zmzn

)
+ rm,n where

|rm,n| � δ
∑

m∈Rmin

|zm|2 + δ‖ż − z̃‖2.

Proof. We have

d

dt

(
zmzn

)
= i (m · λ − n · λ) zmzn + Dz

(
zmzn

)
(̃z − z̃0) + Dz

(
zmzn

)
(ż − z̃) .
18



The estimate of rm,n follows from Proposition 1.6. �
Lemma 5.3. We have∣∣∣∣∣∣

〈 ∑
m∈Rmin

zmGm,
∑

m∈Rmin

zmgm

〉
−

∑
m∈Rmin

γm|zm|2 − d

dt
�

∣∣∣∣∣∣� δ
∑

m∈Rmin

|zm|2 where

� :=
∑

m,n∈Rmin
m�=n

〈
zmzn

i (m · λ − n · λ)
Gm,gn

〉
.

Proof. It is immediate from Lemma 5.2. �
Proof of Proposition 2.4. The proof follows from Lemmas 5.1 and 5.3 and the following esti-
mates, due to (2.3),

|JFGR| � ‖η‖L2‖χA‖L2

∑
m∈Rmin

|zm| � √
Aδ3 � δ2 and

|�| �
∑

m∈Rmin

|zm|2 � δ2. �

6. Proof of Proposition 2.5

We set, for the χ in (3.1),

ζA(x) := exp

(
−|x|

A
(1 − χ(x))

)
, ϕA(x) :=

x∫
0

ζ 2
A(y)dy and SA := 1

2
ϕ′

A + ϕA∂x. (6.1)

We will consider the functionals

I1st,1 := 1

2
�(η, SAη), I1st,2 := 1

2
�
(
η, σ3ζ

4
Aη

)
,

where both SA and σ3ζ
4
A are anti-symmetric w.r.t. �.

Lemma 6.1. We have

‖sech

(
2

A
x

)
η′

1‖2
L2 + A−2‖sech

(
2

A
x

)
η1‖2

L2

� −İ1st,1 + A2δ‖η‖2
�A

+ ‖sech (κx)η‖2
L2 +

∑
|zm|2. (6.2)
m∈Rmin
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Proof. We have

İ1st,1 = −�(Dφ[z](ż − z̃), SAη) + 〈L1η, SAη〉 + 〈f[φ[z] + η] − f[φ[z]], SAη〉 + 〈
R̃[z], SAη

〉
=: B1 + B2 + B3 + B4, (6.3)

where R̃ is defined in (1.27) and

F̃[z,η] := f[φ[z] + η] − f[φ[z]]. (6.4)

The main term, B2, can be decomposed as

B2 = 〈L1η1, SAη1〉

= −‖(ζAη1)
′‖2

L2 − 1

2

∫
ϕAV ′η2

1 dx − 1

2

∫
A−1

(
χ ′′|x| + 2χ ′ x

|x|
)

ζAη2
1 dx

= −‖(ζAη1)
′‖2

L2 + B21 + B22,

where, |ϕAV ′| � |xV ′| � |xe−a1|x|| and (2.10) imply

|B21| � ‖sech (κx)η1‖2
L2,

and by (3.1)

|B22| � A−1‖sech (κx)η1‖2
L2 .

By Lemma 3.2, we have

|B1| ≤ ‖ż − z̃‖‖η‖L2−κ
� δ‖η‖2

L2−κ
.

By (1.18) and (1.27) we have

|B4| � ‖η‖2
L2−κ

+
∑

m∈Rmin

|zm|2.

By f (φ1[z] + η1) − f (φ1[z]) =
∫ 1

0

∫ 1
0 f ′′(s1φ[z]1 + s2η1)φ1[z]η1 ds1ds2 + f (η1), we have

B3 =
〈 1∫

0

1∫
0

f ′′(s1φ1[z] + s2η1)φ1[z]η1 ds1ds2, SAη1

〉
+ 〈f (η1), SAη1〉 = B31 + B32.

By integration by parts,

B31 = −1

2

〈 1∫
0

1∫
∂x

(
f ′′(s1φ1[z] + s2η1)φ1[z]

)
η1ds1ds2, ϕAη1

〉
.
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Therefore, we have

|B31| � ‖ cosh (κx)

1∫
0

1∫
∂x

(
f ′′(s1φ1[z] + s2η1)φ1[z]

)
ds1ds2‖L∞‖sech (κx)η2

1‖L1

� ‖φ[z]‖�‖sech (κx)η1‖2
L2 � A2δ‖η‖2

�A
,

where the last inequality follows from (4.3).
For the pure in η1 nonlinear term B32, by Lemma 2.7 of [3], which follows [19], taking A
sufficiently large and δ0 sufficiently small, we have

|B32| ≤ oδ(1)‖(ζAη1)
′‖2

L2 .

Collecting the estimates, we have

‖(ζAη1)
′‖2

L2 � −İ1st,1 + ‖sech (κx)η1‖2
L2 + A2δ‖η‖2

A + ‖sech (κx)η‖2
L2 +

∑
m∈Rmin

|zm|2.

Finally, we claim the following, which is analogous to (19) of [16],

‖sech

(
2

A
x

)
η′

1‖2
L2 + A−2‖sech

(
2

A
x

)
η1‖2

L2 � ‖(ζAη1)
′‖2

L2 + A−1‖sech (κx)η1‖2
L2 . (6.5)

This yields (6.2). To prove (6.5), we set w1 := ζAη1. We have∫
ζ 2
A|w′

1|2dx =
∫

ζ 2
A|ζAη′

1 + ζ ′
Aη1|2dx =

∫ (
ζ 4
Aη′2

1 + ζ 3
Aζ ′

A(η2
1)

′ + ζ 2
Aζ ′2

A η2
1

)
dx

=
∫ (

ζ 4
Aη′2

1 − ζ 3
Aζ ′′

Aη2
1 − 2ζ 2

Aζ ′2
A η2

1

)
dx.

This implies ∫
ζ 4
Aη′2

1 �
∫

ζ 2
Aw′2

1 dx + A−2
∫

ζ 2
Aw2

1dx.

Since by (4.2) we have

A−2
∫

ζ 2
Aw2

1dx � ‖w′
1‖2

L2(R)
+ A−1‖sech (2κx) ζAη1‖2

L2(R)

� ‖w′
1‖2

L2(R)
+ A−1‖sech (κx)η1‖2

L2(R)
,

we obtained the desired bound on the first term in the left hand side of (6.5). We have

A−2‖sech

(
2

A
x

)
η1‖2

L2 � A−2
∫

ζ 2
Aw2

1dx � ‖w′
1‖2

L2(R)
+ A−1‖sech (κx)η1‖2

L2(R)

and hence we conclude the proof of (6.5). �
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Lemma 6.2. There exist δ0 > 0 and A0 > 0 s.t. if δ < δ0, for any A > A0, we have

‖sech

(
2

A
x

)
η2‖2

L2

� −İ1st,2 + ‖sech

(
2

A
x

)
η′

1‖2
L2 + ‖sech

(
2

A
x

)
η1‖2

L2 + ‖sech (κx)η‖2
L2 +

∑
m∈Rmin

|zm|2.

(6.6)

Proof. We have

İ1st,2

= −�(Dφ[z](ż − z̃), σ3ζ
4
Aη) +

〈
L1η, σ3ζ

4
Aη

〉
+
〈
f[φ[z] + η] − f[φ[z]], σ3ζ

4
Aη

〉
+
〈
R̃[z], σ3ζ

4
Aη

〉
=: C1 + C2 + C3 + C4.

For the main term C2, we have

C2 = −‖ζ 2
Aη2‖2

L2 +
〈
L1η1, ζ

4
Aη1

〉
and

|
〈
L1η1, ζ

4
Aη1

〉
| � ‖sech

(
2

A
x

)
η′

1‖2
L2 + ‖sech

(
2

A
x

)
η1‖2

L2 .

For the remainder terms, we have

|C1| � ‖ż − z̃‖‖sech (κx)η‖L2 � δ‖sech (κx)η‖2
L2,

|C3| � δ‖sech

(
2

A
x

)
η1‖2

L2 ,

|C4| � ‖sech (κx)η‖2
L2 +

∑
m∈Rmin

|zm|2

Collecting the estimates, we have the conclusion. �
Proof of Proposition 2.5. From |I1st,1| � Aδ2, |I1st,2| � δ2, we have the conclusion from Lem-
mas 6.1 and 6.2. �
7. Technical lemmas II

We consider

T := 〈iε∂x〉−N A∗. (7.1)

The following lemma, where Pc is the orthogonal projection on the continuous spectrum com-
ponent of L1, see (1.38), is proved in [4, Sect. 9].
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Lemma 7.1. We have

u =
N∏

j=1

RL1(λ
2
j )PcA 〈iε∂x〉N T u for all u ∈ L2

c(L1). � (7.2)

In [4, Sect. 5] the following lemma was proved.

Lemma 7.2. Suppose that a Schwartz function V ∈ S(R, C) has the property that for M ≥ N +1
its Fourier transform satisfies

|V̂(k1 + ik2)| ≤ CM 〈k1〉−M−1 for all (k1, k2) ∈R× [b,b] and (7.3)

V̂ ∈ C0(R× [−b,b]) ∩ H(R× (−b,b)),

with H(�) the set of holomorphic functions in an open subset � ⊆C and with a number b > 0.
Then, for multiplicative operators cosh(bx) and cosh

(b
2 x
)
, we have

‖ 〈iε∂x〉−N [V, 〈iε∂x〉N ] cosh(bx)‖L2(R)→L2(R) ≤ Cbε, (7.4)

‖ cosh

(
b
2
x

)
〈iε∂x〉−N [V, 〈iε∂x〉N ] cosh

(
b
2
x

)
‖L2(R)→L2(R) ≤ Cbε. (7.5)

Proof. We repeat the proof because we need it for Lemma 7.3 below. We start with (7.4), repeat-
ing the proof from [4]. We have for σ = 0

〈iε∂x〉−N [V, 〈iε∂x〉N ]f =
∫
R

dyKσ (x, y)f (y),

where we set

Kσ (x, y) =
∫
R2

eixk−iy� 〈εk〉−σ H(k, �)dkd� with (7.6)

H(k, �) = 〈εk〉−N V̂(k − �)
(
〈εk〉N − 〈ε�〉N

)
.

Notice that

H(k, �) = εH1(k, �) where H1(k, �) = 〈εk〉−N V̂(k − �)(k − �)
P (εk, ε�)

〈εk〉N + 〈ε�〉N , (7.7)

where P is a 2N − 1 degree polynomial. Hence the generalized integral in (7.6) is absolutely 
convergent for σ > 0. But also for σ = 0 the operator

Tσ f (x) =
∫
R

dyf (y)

∫
R2

eixk−iy� 〈εk〉−σ H1(k, �)dkd�
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defines an operator L2(R) → L2(R) of norm uniformly bounded in σ ≥ 0. Let us focus now on 
k = k1 + i0 and � = �1 − ib

Tσ (χR+f )(x) =
∫
R+

dyf (y)e−yb
∫
R2

eixk1−iy�1 〈εk1〉−σ H1(k1, �1 − ib)dk1d�1.

Now we claim that there exists C > 0 such that

‖Tσ χR+f ‖L2
(
R
) ≤ C‖e−|x|bf ‖L2

(
R+

) for all σ > 0 and for all f . (7.8)

Set g(y) = χR+(y)f (y)e−yb. Then

̂Tσ (χR+f )(k1) =
∫
R

〈εk1〉−σ H1(k1, �1 − ib)ĝ(�1)d�1.

We claim that we have

sup
k1∈R

∫
R

〈εk1〉−σ |H1(k1, �1 − ib)|d�1 < C, (7.9)

sup
�1∈R

∫
R

〈εk1〉−σ |H1(k1, �1 − ib)|dk1 < C, (7.10)

for a fixed constant C > 0.
We have ∫

R

|H1(k1, �1 − ib)|d�1

�
∫

|�1|∈
[ |k1|

2 ,2|k1|
] 〈εk1〉−N 〈k1 − �1〉−M

(
〈εk1〉N−1 + |〈ε�1 − iεb〉|N−1

)
d�1

+
∫

|�1|/∈
[ |k1|

2 ,2|k1|
] 〈εk1〉−N 〈k1 − �1〉−M

(
〈εk1〉N−1 + |〈ε�1 − iεb〉|N−1

)
d�1.

The first integral can be bounded above by∫
|�1|∈

[ |k1|
2 ,2|k1|

] 〈εk1〉−1 〈k1 − �1〉−M d�1 ≤ ‖〈x〉−M ‖L1(R),

while the second can be bounded above by
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∫
R

〈εk1〉−N 〈εk1〉N−1 + |〈ε�1 − iεb〉|N−1

〈k1〉M + 〈�1〉M
d�1 ≤ ‖〈x〉−M−1+N ‖L1(R).

So (7.9) is true for C = ‖ 〈x〉−2 ‖L1(R). Next we prove (7.10). We have∫
R

|H1(k1, �1 − ib)|dk1

�
∫

|k1|∈
[ |�1|

2 ,2|�1|
] 〈εk1〉−N 〈k1 − �1〉−M

(
〈εk1〉N−1 + |〈ε�1 − iεb〉|N−1

)
dk1

+
∫

|k1|/∈
[ |�1|

2 ,2|�1|
] 〈εk1〉−N 〈k1 − �1〉−M

(
〈εk1〉N−1 + |〈ε�1 − iεb〉|N−1

)
dk1.

The first integral can be bounded above by∫
|k1|∈

[ |�1|
2 ,2|�1|

] 〈εk1〉−1 〈k1 − �1〉−M dk1 ≤ ‖〈x〉−M ‖L1(R),

while the second can be bounded above by

∫
R

〈εk1〉−N 〈εk1〉N−1 + |〈ε�1 − iεb〉|N−1

〈k1〉M + 〈�1〉M
dk1 ≤ ‖〈x〉−M−1+N ‖L1(R).

So (7.10) is true for C = ‖ 〈x〉−2 ‖L1(R). By Young’s inequality, see Theorem 0.3.1 [35], we
conclude that (7.8) is true C = ‖ 〈x〉−2 ‖L1(R). Proceeding similarly we can show

‖Tσ χR−f ‖L2
(
R
) ≤ C‖e−|x|bf ‖L2

(
R−

) for all σ > 0 and for all f ,

concluding, for C = ‖ 〈x〉−2 ‖L1(R),

‖Tσ f ‖L2
(
R
) ≤ C‖e−|x|bf ‖L2

(
R
) for all σ > 0 and for all f .

Now we show that this remains true for σ = 0. For a sequence σn → 0+ then Tσnf
n→+∞−−−−→ T0f

point–wise for f ∈ C0
c (R). Then by the Fatou lemma and by the density of C0

c (R) in L2(R)

‖T0f ‖L2
(
R
) ≤ C‖e−|x|bf ‖L2

(
R
) for all f . (7.11)

This is equivalent to (7.4).
The proof of (7.5) is similar, with the difference that for example
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χR+Tσ (χR+f )(x)

= e−x b
2

∫
R+

dyf (y)e−y b
2

∫
R2

eixk1−iy�1

〈
εk1 + iε

b
2

〉−σ

H1(k1 + i
b
2
, �1 − ib)dk1d�1,

and correspondingly we have there exists C > 0 such that

‖ex b
2 χR+Tσ χR+f ‖L2

(
R
) ≤ C‖e−|x| b

2 f ‖L2
(
R+

) for all σ ≥ 0 and for all f ,

which can be proved like (7.8), and so similarly the rest of the proof of (7.5). �
We will need the following analogue of Lemma 7.2.

Lemma 7.3. Suppose that a Schwartz function V ∈ S(R, C) has the property that ts Fourier 
transform satisfies

|V̂(k1 + ik2)| ≤ CM 〈k1〉−2 for all (k1, k2) ∈R× [b,b] and (7.12)

V̂ ∈ C0(R× [−b,b]) ∩ H(R× (−b,b)),

with a number b > 0. Then

‖[V, 〈iε∂x〉−N ] cosh(by)‖L2(R)→L2(R) ≤ Cb. (7.13)

Proof. The proof is similar to that of Lemma 7.2. We have for σ = 0

[V, 〈iε∂x〉−N ]f =
∫
R

dyLσ (x, y)f (y),

where we set

Lσ (x, y) =
∫
R2

eixk−iy�Mσ (k, �)dkd� with (7.14)

Mσ (k, �) = V̂(k − �)
(
〈εk〉−N−σ − 〈ε�〉−N−σ

)
.

Hence the generalized integral in (7.14) is absolutely convergent for σ > 0. But also for σ = 0
the operator

Sσ f (x) =
∫
R

dyf (y)

∫
R2

eixk−iy�M0(k, �),

defines an operator L2(R) → L2(R), and the norm is uniformly bounded in σ ≥ 0. Let us focus 
now on k = k1 + i0 and � = �1 − ib
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Sσ (χR+f )(x) =
∫
R+

dyf (y)e−yb
∫
R2

eixk1−iy�1Mσ (k1, �1 − ib)dk1d�1.

Now we claim that there exists C > 0 such that

‖Sσ χR+f ‖L2
(
R
) ≤ C‖e−|x|bf ‖L2

(
R+

) for all σ > 0 and for all f . (7.15)

Set like before g(y) = χR+(y)f (y)e−yb. Then

̂Sσ (χR+f )(k1) =
∫
R

Mσ (k1, �1 − ib)ĝ(�1)d�1.

We claim that for a fixed constant C > 0 we have

sup
k1∈R

∫
R

|Mσ (k1, �1 − ib)|d�1 < C, (7.16)

sup
�1∈R

∫
R

|Mσ (k1, �1 − ib))|dk1 < C. (7.17)

We have∫
R

|Mσ (k1, �1 − ib))|d�1 �
∫
R

〈k1 − �1〉−2
(
〈εk1〉−N−σ +

∣∣∣〈ε�1 − iεb〉−N−σ
∣∣∣)d�1

�
∫
R

〈k1 − �1〉−2 d�1 = ‖〈x〉−2 ‖L1(R).

So (7.16) is true for C = ‖ 〈x〉−2 ‖L1(R). Next we prove (7.17). Proceeding as above

∫
R

|H1(k1, �1 − ib)|dk1 �
∫
R

〈k1 − �1〉−2
(
〈εk1〉−N−σ +

∣∣∣〈ε�1 − iεb〉−N−σ
∣∣∣)dk1

�
∫
R

〈k1 − �1〉−2 dk1 = ‖〈x〉−2 ‖L1(R).

So (7.16)–(7.17) are true for C = ‖ 〈x〉−2 ‖L1(R) and by Young’s inequality we conclude that
(7.15) is true C = ‖ 〈x〉−2 ‖L1(R). Proceeding like above we conclude

‖Sσ f ‖L2
(
R
) ≤ C‖e−|x|bf ‖L2

(
R
) for all σ > 0 and for all f ,

which in turn, proceeding as above yields
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‖S0f ‖L2
(
R
) ≤ C‖e−|x|bf ‖L2

(
R
) for all f , (7.18)

and yields (7.13). �
Lemma 7.2 can be used to obtain the following result, whose proof is in [4].

Lemma 7.4. There is a constant Cκ such that for all 0 < ε ≤ 1 and w ∈ L2
− κ

2

‖
N∏

j=1

RL1(λ
2
j )PcA 〈iε∂x〉N w‖L2−κ

≤ Cκ‖w‖L2
− κ

2

. � (7.19)

As an application of (7.13), we prove the following.

Lemma 7.5. For any u ∈ H 1 we have

‖sech

(
4

A
x

)
T u‖L2 � ε−N‖sech

(
2

A
x

)
u‖L2, (7.20)

‖sech

(
4

A
x

)
∂xT u‖L2 � ε−N‖sech

(
2

A
x

)
u′‖L2 + ‖sech (κx)u‖L2 . (7.21)

Proof. We have

‖sech

(
4

A
x

)
T u‖L2 ≤ ‖〈iε∂x〉−N sech

(
4

A
x

)
A∗u‖L2 + ‖

[
sech

(
4

A
x

)
, 〈iε∂x〉−N

]
A∗u‖L2

=: I + II.

We have

sech

(
4

A
x

)
A∗ = PN(∂x)sech

(
4

A
x

)
,

for an N–th order differential operator with smooth and bounded coefficients, uniformed 
bounded in A � 1, so that

I ≤ ‖〈iε∂x〉−N PN(∂x)sech

(
4

A
x

)
u‖L2 � ε−N‖sech

(
4

A
x

)
u‖L2 .

We have

II = ‖
[

sech

(
4

A
x

)
, 〈iε∂x〉−N

]
A∗u‖L2

≤ ‖
[

sech

(
4

A
x

)
, 〈iε∂x〉−N

]
cosh

(
2

A
x

)
‖L2→L2‖sech

(
2

A
x

)
A∗u‖L2

� ‖sech

(
2

A
x

)
A∗u‖L2 ,
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by Lemma 7.2, because 
∫

e−ikxsech(x)dx = π sech
(

π
2 k
)
, so that in the strip k = k1 + ik2 with

|k2| ≤ b := 2/A, then sech
(

π
2

A
4 k
)

satisfies the estimates required on V̂ in (7.13). This completes
the proof of (7.20). Now we turn to the proof of (7.21). We have

T u = T ∂xu + 〈iε∂x〉−N [∂x,A∗]u.

By (7.20) we have

‖sech

(
4

A
x

)
T ∂xu‖L2 � ε−N‖sech

(
2

A
x

)
∂xu‖L2 .

We have

[∂x,A∗] =
N∑

j=1

N−1−j∏
i=0

A∗
N−i

(
logψj

)′′ j−1∏
i=1

A∗
j−i = PN(∂x)sech(κx),

with the convention 
∏l

i=0 Bi = B0 ◦ ... ◦Bl , with ψk the ground state of Lk and with PN(∂x) and
N–th order differential operator with bounded coefficients. We then have

‖sech

(
2

A
x

)
〈iε∂x〉−N [∂x,A∗]u‖L2 ≤ ‖〈iε∂x〉−N PN(∂x)sech(κx)u‖L2

� ε−N‖sech(κx)u‖L2 . �
As an application of Lemma 7.3 we have the following.

Lemma 7.6. For any u ∈ H 1,

‖[〈iε∂x〉−N ,VD]A∗u‖L2 � ε‖sech(κx)T u‖L2, (7.22)

‖ cosh
(κ

2
x
)

[〈iε∂x〉−N ,VD]A∗u‖L2 � ε‖sech
(κ

2
x
)
T u‖L2 . (7.23)

Proof. We have

‖[〈iε∂x〉−N ,VD]A∗u‖L2 = ‖〈iε∂x〉−N [VD, 〈iε∂x〉N ]T u‖L2 .

Notice that

VD = V − 2
N∑

j=1

(
logψj

)′′
.

By (1.2) and by the proof of Lemma 6, p. 156 and Theorem 2, p. 167 [10] it then follows

|V (l)
D (x)| ≤ Ce−10κ|x| for all 0 ≤ l ≤ N + 1. (7.24)

This implies by an elementary integration by parts
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|V̂D(k1 + ik2)| ≤ C 〈k1〉−N−1 in the strip |k2| ≤ 9κ . (7.25)

Then in particular, from (7.4) we obtain

‖ 〈iε∂x〉−N [VD, 〈iε∂x〉N ] cosh(κx)sech(κx)T u‖L2 � ε‖sech(κx)T u‖L2 and similarly

‖ cosh
(κ

2
x
)

〈iε∂x〉−N [VD, 〈iε∂x〉N ] cosh
(κ

2
x
)

sech
(κ

2
x
)
T u‖L2

� ε‖sech
(κ

2
x
)
T u‖L2 . �

8. Proof of Proposition 2.6

Using the operator T in (7.1), we consider the transformed variable

v := T η. (8.1)

Then, for LD :=
(

LD 0
0 1

)
the variable v satisfies

v̇ = − T Dφ[z](ż − z̃) + J
(

LDv +
( [〈iε∂x〉−N ,VD] 0

0 0

)
A∗η

)
(8.2)

+ JT

⎛⎝f[φ[z] + η] − f[φ[z]] +
∑

m∈Rmin

zmGm + R[z]
⎞⎠ .

From Lemma 7.4, we have

‖sech(κx)η‖L2 � ‖sech(2−1κx)v‖L2 . (8.3)

Set

ψA,B = χ2
AϕB, S̃A,B = 1

2
ψ ′

A,B + ψA,B∂x,

and consider the functionals

I2nd,1 := 1

2
�(v, S̃A,Bv), I2nd,2 := 1

2
�(v, σ3e

−κ〈x〉v).

Lemma 8.1. We have

‖sech(2−1κx)v′
1‖2

L2 + ‖sech(2−1κx)v1‖2
L2 + İ2nd,1

�
(
ε−NA2δ + A−1/2

)
‖η‖2

�A
+

∑
|zm|2. (8.4)
m∈Rmin
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Proof. We have

İ2nd,1 = −�(T Dφ[z](ż − z̃), S̃A,Bv) + 〈
LDv, S̃A,Bv

〉
+
〈( [〈iε∂x〉−N ,VD] 0

0 0

)
A∗η, S̃A,Bv

〉
+ 〈

T (f[φ[z] + η] − f[φ[z]]) , S̃A,Bv
〉+ 〈

T R̃[z], S̃A,Bv
〉

=: D1 + D2 + D3 + D4 + D5.

Following [16], for the main term D2 we have

D2 = 〈
LDv1, S̃A,Bv1

〉= −
∫ (

ξ ′′2
1 + VBξ1

)
dx + D21 where ξ1 = χAζBv1,

and where

VB = 1

2

(
ζ ′′
B

ζB

− (ζ ′
B)2

ζ 2
B

)
− 1

2

ϕB

ζ 2
B

V ′
D and

D21 = 1

4

∫
(χ2

A)′(ζ 2
B)′v2

1 + 1

2

∫ (
3(χ ′

A)2 + χ ′′
AχA

)
ζ 2
Bv2

1 −
∫

(χ2
A)′ϕB(v′

1)
2 + 1

4

∫
(χ2

A)′′′ϕBv2
1 .

We claim∫
(ξ ′2

1 + VBξ1) dx �
(
‖sech

(κ

2
x
)

v′
1‖2

L2 + ‖sech
(κ

2
x
)

v1‖2
)

− A−1‖η‖2
�A

. (8.5)

The proof is like in [16, Lemma 3]. We have∫
|x|≤A

sech (κx) v2
1 ≤

∫
|x|≤A

sech
(κ

2
x
)

ζ 2
Bv2

1 ≤
∫

|x|≤A

sech
(κ

2
x
)

ξ2
1 .

We have∫
|x|≤A

sech (κx) v′2
1 ≤

∫
|x|≤A

sech
(κ

2
x
)(

ξ ′
1 − ζ ′

Bv1
)2 �

∫
|x|≤A

sech
(κ

2
x
)

(ξ ′2
1 + ξ2

1 ).

We have ∫
|x|≥A

sech (κx)
(
v′2

1 + v2
1

)
≤ sech

(κ

2
A
)∫
R

sech

(
8

A
x

)(
v′2

1 + v2
1

)
dx

� sech
(κ

2
A
)

ε−N

∫
R

sech

(
4

A
x

)(
η′2

1 + η2
1

)
dx ≤ A−1‖η‖2

�A
.

Finally, Lemma 4.1 and Assumption 1.12 imply
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∫
R

sech
(κ

2
x
)

(ξ ′2
1 + ξ2

1 ) �
∫
R

(ξ ′2
1 + VBξ1) dx,

completing the proof of (8.5).
We next claim the following, which is [16, Lemma 4],

|D21| � A−1/2
(
‖η‖2

�A
+ ‖sech (κx)η1‖2

L2

)
� A−1/2

(
‖η‖2

�A
+ ε−N‖sech

(κ

2
x
)

η1‖2
L2

)
, (8.6)

where the 2nd inequality follows from (7.20). Now we prove the first inequality.
Notice that χA(x) is constant for |x| /∈ [A, 2A], so that

|(χ2
A)′(ζ 2

B)′| � A−1B−1e− A
B , |

(
3(χ ′

A)2 + χ ′′
AχA

)
ζ 2
B | � A−2e− A

B

and since by |ϕB | � B we have |(χ2
A)′′′ϕB | � A−3B and |(χ2

A)′ϕB | � A−2B , we have∣∣∣∣14 (χ2
A)′(ζ 2

B)′v2
1 + 1

2

(
3(χ ′

A)2 + χ ′′
AχA

)
ζ 2
Bv2

1 − (χ2
A)′ϕB(v′

1)
2 + 1

4
(χ2

A)′′′ϕBv2
1

∣∣∣∣
� B

A
sech

(
8

A
x

)(
v′2

1 + 1

A2 v2
1

)
,

by Lemma 7.5 we have

|D21| � A−1/2
(

‖sech

(
4

A
x

)
v′

1‖L2 + A−2‖sech

(
4

A
x

)
v1‖L2

)
� A−1/2ε−N

(
‖sech

(
2

A
x

)
η′

1‖2
L2 + A−2‖sech

(
2

A
x

)
η1‖2

L2 + ‖sech (κx)η1‖2
L2

)
,

which yields the desired inequality (8.6).
By Lemma 3.2 and by an analogue to (7.20), we have

|D1| � |ż − z̃|‖sech (2κx)v‖L2 � δ‖sech (κx)η1‖L2‖sech (2κx)v‖L2 � δε−N‖sech (κx)η1‖2
L2 .

By Lemma 7.6, we have

|D3| = |
〈
[〈iε∂x〉−N ,VD]A∗η1, S̃A,Bv1

〉
|

≤ ‖ cosh
(κ

2
x
)

[〈iε∂x〉−N ,VD]A∗η1‖L2‖sech
(κ

2
x
)

S̃A,Bv1‖L2

≤ ε‖sech
(κ

2
x
)

v1‖L2

(
‖sech

(κ

2
x
)

v′
1‖L2 + ‖sech

(κ

2
x
)

v1‖L2

)
� ε

(
‖sech

(κ

2
x
)

v′
1‖2

L2 + ‖sech
(κ

2
x
)

v1‖2
L2

)
,
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where the upper bound can be absorbed inside the left hand side of (8.4).
Like in Lemma 6.1, we have

D4 =
〈 1∫

0

1∫
0

f ′′(s1φ1[z] + s2η1)φ1[z]η1 ds1ds2, S̃A,Bv1

〉
+ 〈

f (η1), S̃A,Bv1
〉=: D41 + D42.

Ignoring the irrelevant ds1ds2 integral, we have

|D41| � ‖ cosh (2κx)
(
f ′′(s1φ1[z] + s2η1)φ1[z]sech (κx)η1

)‖L2‖sech (κx) S̃A,Bv1‖L2

� ‖z‖‖sech (κx)η1‖L2

(‖sech (κx) v′
1‖L2 + ‖sech (κx) v1‖L2

)
� δε−N

(
‖sech (κx) v′

1‖2
L2 + ‖sech (κx) v1‖2

L2

)
,

which can be absorbed inside the left hand side of (8.4). Next, we have

|D42| = |
〈
sech

(
2

A
x

)
f (η1), cosh

(
2

A
x

)(
1

2

(
χ2

AϕB

)′ + χ2
AϕB∂x

)
v1

〉
|

� ‖η1‖L∞‖sech

(
2

A
x

)
η1‖L2×(

‖ cosh

(
6

A
x

)
ψ ′

A,B‖L∞‖sech

(
4

A
x

)
v1‖L2 + ‖ cosh

(
6

A
x

)
ψA,B‖L∞‖sech

(
4

A
x

)
v′

1‖L2

)
� Aδ‖η‖�A

(
‖sech

(
4

A
x

)
v1‖L2 + ‖sech

(
4

A
x

)
v′

1‖L2

)
� ε−NAδ‖η‖�A

(
‖sech

(
4

A
x

)
η1‖L2 + ‖sech

(
4

A
x

)
η′

1‖L2

)
� ε−NA2δ‖η‖2

�A
.

Finally, we consider

D5 =
〈 ∑

m∈Rmin

zmT Gm, S̃A,Bv

〉
+ 〈

T R[z], S̃A,Bv
〉=: D51 + D52.

We focus on D51 which is the main term. We have

| 〈zmT Gm, S̃A,Bv
〉 | ≤ |zm|‖ cosh (κx) S̃A,BT Gm‖L2‖sech (κx)v‖L2

� 1

μ
|zm|2 + μ‖sech (κx)v‖2

L2,

where for μ small enough the last term can be absorbed in the left hand side of (8.4).
Collecting the estimates, we have the conclusion. �
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Lemma 8.2. We have

‖e−κ〈x〉/2v2‖L2 + İ2nd,2 � ‖e−κ〈x〉/2v′
1‖2

L2 + ‖e−κ〈x〉/2v1‖2
L2 +

∑
m∈Rmin

|zm|2 + δA‖η‖2
�A

. (8.7)

Proof. Differentiating I2nd,2, we have

İ2nd,2 = − �(T Dφ[z](ż − z̃), σ3e
−κ〈x〉v) +

〈
LDv, σ3e

−κ〈x〉v
〉
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with
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By Lemma 3.2, we have
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By (7.23), we have
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We write
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〈 1∫

0

1∫
0

f ′′(s1φ1[z] + s2η1)φ1[z]η1 ds1ds2, e
−κ〈x〉v1

〉
+
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f (η1), σ3e

−κ〈x〉v1

〉
=: E41 + E42.

Ignoring the irrelevant ds1ds2 integral, we have
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We have
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We have

E5 =
〈 ∑

m∈Rmin

zmT Gm, σ3e
−κ〈x〉v

〉
+
〈
T R[z], σ3e

−κ〈x〉v
〉
=: E51 + E52.

We focus on D51 which is the main term, the other being simpler. We have

|
〈
zmT Gm, σ3e

−κ〈x〉v
〉
| ≤ |zm|‖T Gm‖L2‖sech (κx)v‖L2 � 1

μ
|zm|2 + μ‖sech (κx)v‖2

L2

= 1

μ
|zm|2 + μ‖sech (κx) v1‖2

L2 + μ‖sech (κx) v2‖2
L2,

where for μ small enough the very last term in v2 can be absorbed in the left hand side of (8.7)
Collecting the estimates, we have the conclusion. �

Combining Lemmas 8.1 and 8.2, we have

Lemma 8.3. For any μ > 0, we have

T∫
0

(
‖sech

(κ

2
x
)

v′
1‖2

L2 + ‖sech
(κ

2
x
)

v‖2
L2

)
� Bε−Nδ2

+
(
ε−1A2δ + A−1/2

) T∫
0

‖η‖2
A +

∑
m∈Rmin

‖zm‖2
L2(0,T )

.

Proof. The claim follows from Lemmas 8.1 and 8.2 and

|I2nd,1| � Bε−Nδ2, |I2nd,2| � ε−Nδ2. � (8.8)

Proof of Proposition 2.6. It is a consequence of Lemma 8.3 and inequality (8.3). �
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