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On Dini derivatives of real functions

By ALESSANDRO FONDA (Trieste), GIULIANO KLUN (Trieste)
and ANDREA SFECCI (Trieste)

Abstract. For a continuous function f, the set V; made of those points where the
lower left derivative is strictly less than the upper right derivative is totally disconnected.
Besides continuity, alternative assumptions are proposed so to preserve this property.
On the other hand, for any given totally disconnected closed set A, we construct a func-
tion f whose set V} coincides with the entire domain, and f is continuous on A.

1. Introduction and main result

Dini derivatives take their names after ULISSE DINI, who introduced them
in 1878, cf. [5]; let us recall their standard notation:

St h) — f2) s flz+h) — f(z)
Dy f(z) =liminf =———==, D" f(x) = lim sup == —,

oo St h) - fz) - oo @t h) = f(x)
D_f(x):lzrgégf#, D f(x):ll}fi%%p#.

Here, and in the rest of the paper, we assume that f : I — R is defined on some
open interval I C R. A fundamental step in the study of Dini derivatives was
achieved in the first quarter of the twentieth century by DENJOY [4] for continuous
functions, YOUNG [15] for measurable functions, and SAKS [14] for arbitrary ones.
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The Denjoy—Young—Saks theorem states that at each point z, except for a set of
measure zero, one of the following four alternatives holds:

(1) f has a finite derivative at x;

(2) D_f(z) =D*f(z) €R, D~ f(x)=+o0, Dif(x)=—o0;

(3) D~ f(z) = Dof(z) €R, D*f(z) = +o0, D_f(z) = —o0;

(4) D=f(@) = D*f(z) = +00, D_f(x) = Dy f(x) = —ox.

Denjoy also explicitly constructed some continuous functions realizing each of the
previous four conditions on a perfect set of positive Lebesgue measure. We refer

to [2] for a more complete historical account, and to [10] for an extensive study
on the possible pathological behaviours of continuous functions.

In this paper, for any function f : I — R, we are interested in studying
the set
Vi={xel:D_f(z) < D" f(x)}.

It should be noticed that, in the above-mentioned example by Denjoy, the set V
is totally disconnected, i.e., it does not contain any nontrivial interval. The main
question is: How large can this set be?

We were mainly motivated in studying this problem when dealing with some
ordinary differential equations [7]. One of the main tools in solving a given bound-
ary value problem is provided by the lower and upper solutions method. See the
book [3] for a comprehensive exposition of the theory for scalar second order equa-
tions. In particular, in [3, Definition I-2.1], the notion of lower solution involves
explicitly the set Vy without properly analyzing its properties.

It is well known that there exist non-continuous functions f : R — R for
which V; = R (see, for instance [9], where the function f : R — R has a dense
graph in R?). On the contrary, we will prove that there are no continuous func-
tions with such a property. To be more precise, let us introduce the following class
of functions.

Definition 1. We say that a function f : I — R is upper well behaved if for
every compact interval J contained in I, there is an x; € J such that f(z;) =

max f(J).

Clearly, every continuous function (as well as upper semicontinuous) is upper
well behaved. On the other hand, one can easily find examples of upper well
behaved functions which are nowhere continuous (e.g., the well-known Dirichlet
function).

Here is our first result.



Theorem 2. If f : I — R is upper well behaved, then the set V; is totally
disconnected.

We will also show that the set V; can be preassigned, at least in the class
of totally disconnected closed sets; taking, e.g., I = R, for any given totally
disconnected closed set V C R, there exists a continuous function f : R — R such
that V; = V. This will be a consequence of Lemma 5 below.

Let us emphasize that, as proved in [16], there are functions f (e.g., the
Weierstrass function) such that the set V is of second Baire category (cf. [13])
and has full measure on any interval I =]a,b[. See also [1], [6], [8] and [11] for
more recent similar investigations on Takagi’s function.

Let us now investigate the possibility for a function f : R — R to be such
that Vy = R and, at the same time, to be continuous at some points of its domain.
We will prove the following.

Theorem 3. For any totally disconnected closed set A C R, there exists
a function f : R — R, whose set of continuity points coincides with A, such that
V¢ =R, and more precisely

D_f(z) = —o00 and D%f(x)=+oo, for every = € R.

Recall that a Smith—Volterra-Cantor set is a totally disconnected closed
set C, contained in [0, 1], having any assigned Lebesgue measure p(C) € [0, 1].
Tterating its construction on any interval [n,n + 1], with n € Z, we could have
a totally disconnected closed set A with “almost full” measure.

In the next section, we provide the proofs of Theorems 2 and 3. They are
based on the knowledge that every monotone function is differentiable almost
everywhere, and on some simple properties of continued fractions.

2. Proofs

We denote by p be the Lebesgue measure on R.

PROOF OF THEOREM 2. By contradiction, let [a,b] C Vy, with @ < b. Let
(zn)n be a sequence in [a, b] such that f(x,) — inf f([a,b]). Passing if necessary
to a subsequence, we can assume that xz, — &, for some & € [a,b]. We have two
cases.

Case 1. & € [a,b]. We will prove that f is increasing in ]&, b], hence almost
everywhere differentiable there, a contradiction.



By contradiction, let «, 8 in |4, b] be such that o < § and f(«) > f(3). Being
¥ < a and f(«) > inf f([a,b]), there exists n such that z, < a and f(z,) <
f(a). Since f is upper well behaved, there is an & € [z, 8] such that f(&) =

max f([zn, f]). Being f(£) > f(a) > max{f(z,), f(#)}, it has to be & €]y, A,
whence D_f(%) > 0> D™ f(z), a contradiction, since & € V7.

Case 2. & = b. One proves in an analogous way that f is decreasing in [a, b],
hence almost everywhere differentiable there, a contradiction.

The proof is thus completed. (I

Remark 4. If we define a function f : I — R to be lower well behaved when
(—f) is upper well behaved, then it can be proved that the set

Aj:={zxel:D f(z)>Dyf(x)}

is totally disconnected.

Let us now go for the proof of Theorem 3. In the following, we allow an in-
terval to be reduced to a single point. It will be useful to consider the function
F :R —[0,1] defined as

1—2), if 2 € [0,1],
Pl - {2V, ree
0, otherwise.

We first need to prove the following two lemmas.

Lemma 5. Let A be a totally disconnected closed set. Then, there exists
a nonnegative continuous function o4 : R — R such that:

e 04 is differentiable on R \ A;
e for allz € A, one has D_oa(x) = —occ and Do 4(x) = +oc;
e 0g4(z) =0if and only if v € A.

PRrROOF. We first prove the result in the case when A is bounded. Without
loss of generality, we can assume that A C]0, 1[. Since A is closed, its complement
in ]0,1[ can be written as an at most countable union of pairwise disjoint open
intervals U, =lan,by[, with n > 1. We will treat in detail only the case when
there are infinitely many of them (in the other case, A has only finitely many
points, and the proof is much easier). We can then write

A=]0,1[\ | Un.

n>1



On Dini derivatives of real functions

We define R; = [0, 1] and, for every n > 2,

n—1

R, =[0.1\ | U;.

j=1

The following properties hold true:
e U, C R,, for every n > 1;
* RiDRyD-- DR, 2+
e [ Bn=AuU{0,1}.
n>1
Moreover, for n > 2, the set R,, is the union of n pairwise disjoint closed intervals

R, =5,1USp2U---USp ..

We set S11 = Ry = [0,1]. For every n > 1, there exists an integer H(n) €
{1,...,n} such that U, C S, (n). For simplicity, let us introduce the notation

Note that, since A is totally disconnected, we have
lim p,, = 0. (1)

We define the function 64 : R — R as

&A(x)zi\/pj}?(x_a")

bn_an

Notice that, for each x € R, the above sum has at most one non-zero addend.
It is clear that 64(x) > 0 for all z € R, and that

A={z€]0,1[: 5a(x) = 0}.

If z €]0, 1[\ A, then x € U, for some n, hence 4 is differentiable there. However,
G4(z) = 0forevery z € R\ ]0, 1[. We thus need to modify & 4 outside some interval
[0,1 — 4], with § €]0, 1], containing A in its interior. It is indeed possible to find
a function o4 : R — R, which coincides with 64 on [§,1 — §], and is continuously
differentiable on | — 0o, §] U [1 — §, +00], being strictly positive there, and

oa(z) =1, for every x €] — 00,0] U [1, +o0].



This function o4 : R — R is differentiable on R\ A, and it is such that
A={zxeR:o04(x)=0}.

We would like to prove that, for any x € A, the function o4 is continuous at =z,
with D_o4(z) = —oo and Do 4(z) = +o0.

Suppose then x € A, and so 0 4(x) = 0. For every n > 1, we can find an index
N(xz,n) € {1,...,n} such that x € S, y(z,n). Let us first focus our attention on
a right neighborhood of x. We consider two cases.

Case 1. inf{y € A:y > a2} > x. Then z = a,, for a certain index n.
In particular, U, U {z} = [an,b,[ is a right neighborhood of z, and it is easily
seen that lim,_,,+ 04(y) = 0 and Do 4(z) = 400.

Case 2. inf{y € A:y > x} = x. In this case, S, n(z,n) contains a right
neighborhood of z, for every n > 1, and

S N@m Ny €z, 1[:y ¢ Ay = | U,
J€Jn

where J, is an infinite set of integers, such that

lim(min J,) = +o0. (2)

n

We first prove that o4 is continuous from the right at . Fix ¢ > 0. By (1)
and (2), there exists 7 > 1 such that

n>n = pj<e’ for every j € J,. (3)

For any y € Si n(e,n) N, 1[, we have that, either y € A, hence oa(y) = 0, or
y € U; for a certain j € Jz; in this case, by (3),

—a;
Y J>§\/ﬂj<€.
J

bj—a

oaly) = @F(

We have thus proved that 0 < g4(y) < ¢ for every y in a right neighborhood of z,
and so lim,_,,+ 04 (y) = 0. We now prove that D" o4 (x) = +00. We claim that
there exists a strictly increasing sequence (ny); of positive integers such that

Snk,H(nk) = Snk,N(ac,nk)~ (4)

Indeed, set n; = 1. Then, for some m > 2, we know that it will be

S2,N(w,2) = SS,N(I,?)) = """ = ©Pm,N(z,m) 7é Sm+1,N(:}c7m+1)



if and only if the sets Uy, Ua, ..., Up—1 have an empty intersection with Sy n(z,2),
while Uy, © So n(e,2)- We see that in this case, Sy, gm) = Sm,N(z,m); such
an m is denoted by no. Then, one proceeds inductively: assume that nj has been
defined, for a certain k > 2; for some m > ny + 1, it will be

Snk—i-l,N(.r,nk-&-l) = Snk+2,N(£,nk.+2) = "= ©Om,N(z,m) 7& Sm+1,N(rc,m+1)

if and only if the sets Uy, ,Un,+1,-..,Un—1 have an empty intersection with
Snk—l-l,N(Lnk-&-l)a while Uy, C Snk+1,N(z,nk+1)~ We see that Sm,H(m) = Sm,N(z,m);
such an m is denoted by njyi;. We have thus defined the sequence (ng)y for
which (4) holds. Denote by Z,, the midpoints of the intervals U,, . Since, by (4),

S Snk,N(z,nk) = Snk,H(nk) and jnk € Unk c Snk,H(nk)v

it has to be [z, 2y, ] C Sy, H(n,), hence Z,, —x < pp,. Then, by (1),

An - . vV : B 1
Dtoa(x) > lim UA(mA o) —0al@) > lim P _ lim = 400.
k Tn, —T k Pny k Pny,
A similar argument shows that lim, ,,- 04(y) = 0 and D_o(x) = —oo0,

thus the proof is completed, in the case when A is bounded.

Let us now consider the case when A is unbounded both from below and from
above. We can define a bilateral sequence (x,,)necz of points, not belonging to A,
such that z,41 — 2, > 1 for every n € Z. Define A,, = AN [z, Tpi1], for every
n € 7Z. Notice that A, is closed, totally disconnected and bounded, for every
n € Z. Applying the above procedure with A,, instead of A, we obtain the cor-

responding functions o4_, which we denote by o,. Notice that, by construction,

n?

for every n, we have that
on(zn) =1, on(rpne1)=1, and o, (z,) =0, (vnsi1)=0.
We define the function o4 : R — R as
oa(z) = o,(x), foreveryn € Z and x € [z, Tpt1]-

It is readily verified that o4 is well-defined, continuous on all R, and differentiable
on R\ A.

The cases when A is unbounded only from below or only from above can be
obtained adapting the procedure adopted in the previous two cases. [l



Lemma 6. Let ¢ : R — R be a non-negative continuous function, and define

f(@) =¢(x) - Z(x), where

, ifr=0orzeR\Q,
H(r) = 1 . D .
2757 ifz € Q\ {0} and |z| =4 with ged(p,q) = 1.

Then, the set of continuity points of f coincides with the set of zeros of ¥; more-
over,

o ifep(x) # 0, then D_ f(x) = —oo and DT f(x) = +o0;
o if(z) =0, then D_f(x) = 2D_+(x) and D* f(x) = 2D ) (x).

PROOF. The result is proved by means of the theory of continued fractions,
for which we refer to [12]. We fix z € R and consider two cases.

Case 1. (x) # 0. Tt is easy to prove that f is not continuous at these points.
If © €]0, +00[\Q, let (c,(z))nen be the sequence of convergents of the con-
tinued fraction representing x. Define

+ a2n
n

x = —
b2n

= con(x), x, = —— = copt1().

The sequence (z;}7),, converges to the right, while (z;;), converges to the left to
x. Since the fractions ¢, (z) are in lowest terms, we have

1
et (2 ) vem(a) - (0
:::{ —z con(T) — T - too,

because the numerator tends to 1(z) > 0 as n — +oo. Analogously,

1
flz,) — f(x) _ (2 a a2n+1> P(can+1(z)) — ¥ (2)

Tn — T Cant1(z) —

— —OQ.

Hence, DT f(x) = 400 and D_ f(z) = —c0.
If x €]0,400[NQ, let z = % with ged(p, ¢) = 1, and define, for every n € N,

gt =24 1L _2"pg" T +1 yo=2_ L _ 2" —1
"q (29" 2ngn 7 g (29" 2ngn




For every n > 2, the fractions are reduced to lowest terms, while their numerators
tend to infinity as n — 4oc0. So,

fyn) = fz) _ (Q_anqnllﬂ)ib(yﬁ)— (2—217)1#(36)

yh — (29)™

— +o00,

because the numerator tends to %w(x) > 0 as n — +00. Analogously,

f@m—f@):_(2_Wm£:_1>¢@ﬁ—<?—;)w@)
Yn — X (2q)~™

— —00.

Hence, DT f(x) = 400 and D_ f(x) = —oo. We have thus proved the conclusion,
in this case, for every = > 0.

A similar argument leads to the conclusion when =z < 0. Finally, if z = 0,
we define, for every n > 1,

n+1 - n+l

) Zn

zh =

n2 n2

therefore,

9 _
ﬂtg—gm>:< E2A e

since 1 (0) > 0, hence proving again that DT f(0) = +oco and D_ f(0) = —oo.

Case 2. 1(x) = 0. The continuity of f at z is trivial, since

Y(y) < fly) <2¢(y),  for every y € R. (5)

The function

y—z  y-u
is continuous in its domain R\ {z}, and

re(y)(y —2) >0,  for every y € R\ {z}. (6)

Moreover,

DT p(x) = limsup r,(y), D_v(z) = liminf r,(y).

y—azt Y=~



Correspondingly, we can find two sequences of irrational numbers (£, ),, in |—o0, 2|
and (£5),, in ]z, +oo[ such that lim,, £& = 2 and

limrg(65) = DY (a),  limr,(&) = Dou(x).

We now assume = > 0. Recalling the notation (¢, (()), for the sequence of
the convergents of the continued fraction representing ¢ ¢ Q, we can find two
sequences of positive rational numbers (), such that

A

o = Conims1 (&) = g—, and G = eann(6) = 31

where the choice #(n) > n is such that [&F —(F| < n™!, |re(65) —ra(¢F)| < n7t,
and v > n. In particular, we can ensure that lim,, (¥ = z and

limr (GF) = D¥(x),  limry(¢,) = D_y(x).

Finally,
- x L) v
He) =) _ 16 _ (50 LY 26D L ap g

Hence, Dt f(z) = 2D ¢(x) and D_f(z) = 2D_1(x), taking into account (5)
and (6).

The cases when < 0 or = 0 can be carried out similarly. The proof is
thus completed. ([l

The proof of Theorem 3 is now an immediate consequence of Lemma 6, taking
as 1 the function o4 provided by Lemma 5.
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