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Human behavior, and in particular vaccine hesitancy, is a critical factor for the control of childhood infectious
disease. Here we propose a spatio-temporal behavioral epidemiology model where the vaccine propensity
depends on information that is non-local in space and in time. The properties of the proposed model
are analyzed under different hypotheses on the spatio-temporal kernels tuning the vaccination response of
individuals. As a main result, we could numerically show that vaccine hesitancy induces the onset of many
dynamic patterns of relevance for epidemiology. In particular we observed: behavior-modulated patterns and

spatio-temporal chaos. This is the first known example of human behavior-induced spatio-temporal chaos in
statistical physics of vaccination. Patterns and spatio-temporal chaos are difficult to deal with, from the Public
Health viewpoint, hence showing that vaccine hesitancy can cause them could be of interest. Additionally, we
propose a new simple heuristic algorithm to estimate the Maximum Lyapunov Exponent.

1. Introduction

A key area of Statistical Physics of Vaccination [1] has focused
on the parents’ immunization decisions [1,2] concerning childhood
vaccine preventable infectious diseases, such as measles, pertussis and
varicella. This problem, as old as the smallpox vaccine [1,2], has
blown-up in recent decades due to the increasing phenomenon of
vaccine hesitancy that has been included by WHO among the most
serious threats to global health [3]. Indeed, the high degrees of herd
immunity achieved in the Western world at the beginning of the 2000s
— after decades of sustained vaccination at steadily high coverage —
have brought the perceived risks from these infection to such negligible
levels that in the above mentioned comparisons between real benefits
and perceived costs (e.g., vaccine side effects) of immunization are
causing phenomena of parents’ escape from vaccination because they
erroneously evaluate that costs of vaccination exceed its benefits (the
phenomenon of pseudo-rational avoidance of vaccination [2,4]).

Among the many facets of vaccine hesitancy a central one deals with
the relationship between individual’s decisions, collective coverage,
and the available information on disease and immunization that is used
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by parents to elaborate their decision to vaccinate/not to vaccinate
their children. As most vaccine preventable infectious diseases are
endemic i.e., they persist over time by showing recurrent temporal
behaviors and travel over space [5,6], the amount and type of related
information are widely variable over time and space.

Space is also central to the understanding of the spread and control
of Infectious Diseases (IDs) because of the non-trivial impact of humans’
spatial mobility. Indeed, ‘knowledge of the spatial distribution and tempo-
ral trends of diseases is an important prerequisite for the effective application
of preventive and interventive measures in order to reduce corresponding
disease burdens’ [7]. Many approaches are possible to describe human
mobility among which the simplest is the use of models based on
reaction-diffusion paradigm [5,6,8-14].

In this article, we aim at improving our understanding of the inter-
play between information on infectious diseases and vaccine hesitancy
in relation to childhood immunization, by adding an explicit spatial
dimension in the propensity to vaccinate in the well-known SIR model
with vaccine hesitancy introduced in [4].

In particular, we want to investigate how time and space-modulated
changes of perceived risks with respect to the infection and the vaccine
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side effects can impact on the spatio-temporal dynamics of endemic
childhood infectious diseases.

A key point of non-spatial behavioral epidemiology models, is that
immunization decisions are seldom based on information on the current
prevalence of the infection only. Indeed, agents typically also take
past information into account. Further, information on serious vaccine
adverse events (VAEs) typically includes data (and rumors) going far
back into the past. Consequently, the resulting mathematical models
should be temporally non-local [1,4,15].

Similarly, non-spatially structured models suffer the shortcoming
that they can include only information on the global level, a crude
abstraction. However, vaccination decisions seldom depend on purely
local or purely global information only. Rather, we expect that agents
base their decisions on information collected at appropriate non-local
scales, attributing less and less importance to infection prevalence on
far distant areas. For example, in relation to measles immunization,
a major early study of behavioral epidemiology found that the key
determinant of measles vaccine uptake in the US was the recent measles
prevalence in the State families lived in [16], providing first substantive
evidence of the non-locality (and of the non-globality either) of the
(delayed) information used.

Therefore, the appropriate spatio-temporal models of infection dy-
namics will be doubly non-local: both spatially and temporally.

Consistently, here we will consider a model with a doubly non-local
behavioral response by adding space to the widely used SIR model with
vaccine hesitancy proposed in [4].

Namely, we plug the above-mentioned assumption on both hu-
man mobility and on space-dependent information within the simplest
space-explicit formal setting: namely the basic reaction—diffusion PDE
model.

Our main goal is to explore if and how the use of non-local spatio-
temporal information to inform vaccination responses can generate
rich dynamics e.g., clusters or other complicated spatio-temporal pat-
terns, and if yes, to characterize them. Indeed, there is evidence from
ecological modeling that non-local interactions can alter the spatial
pattern formation scenario. A main result is represented by the sta-
tionary Turing pattern formation in the spatio-temporal version of the
Rosenzweig—MacArthur model [17] resulting from non-local interac-
tions. More in general, non-local interactions in intra- and inter-specific
competition can induce a wide range of dynamic patterns namely mod-
ulated traveling wave, quasi-periodic oscillation and spatio-temporal
chaos [18-21].

This work is organized as follows: in Section 2 (and in the Ap-
pendix) we summarize some background information; in Section 3 we
introduce our model; in Section 4 we model the spatio-temporally non-
local information index, a key ingredient of our model; in Section 5
we study the onset of Turing instability in absence of temporal non-
locality; in Section 6 we investigate the impact of temporal non-locality,
showing qualitatively the onset of spatio-temporal chaos; in Section 7
we demonstrate the spatio-temporal chaotic nature of the simulated
dynamics. Concluding remarks end this work.

2. Background on the SIR model with vaccine hesitancy

In this section we briefly illustrate the SIR model with vaccine
hesitancy [4] and its properties. Further information on this and other
models of vaccine hesitancy can be found in the two books [1,2]. The
classical, i.e. non-behavioral, SIR model with mandatory vaccination is,
instead, summarized in Appendix A.

In [4] the following SIR model with vaccine hesitancy model was
proposed

§=pu(1 - p(m®)) — us — pd)is, (€Y
i=pis—(v+ wi, (2)

where s(x, 1) and i(x, 1) are the densities of, respectively, susceptible and
infectious subjects, u is the death and birth rate, () is the transmission
rate, v is the rate of recovery (i.e., of exit from the infectious state).

This model includes vaccine hesitancy by representing the vaccine
uptake p as a positive and increasing function of a phenomenological
information index m(t) [4]. The information index is an auxiliary state
variable summarizing the information on the present and past spread
of the infection (and its sequelae) that is available to parents. The
underlying idea is that the collective vaccine coverage at time ¢, p(z),
is not anymore a constant but a dynamic variable, depending on the
overall risks from the infection perceived by vaccine decision makers,
where these risks are summarized by index m. Note that m(r) does
not straightforwardly correspond to a simple physical phenomenon,
since the information collection and distribution is extremely com-
plex. Phenomenological models of complex phenomena are widely
used in physics of complex systems [22-26], especially in theoretical
biophysics [9,10] and in sociophysics sciences [27-30], which are
very rich of emergent phenomena, as well as in many branches of
engineering. In particular, the vast majority of models of the spread
and control of infectious diseases are phenomenological models [1,11].

Model (1)-(2) must be complemented by a suitable model for m(z).
Assuming that m depends on the information on the current and past
prevalence of the disease, it follows that

+0oo
m(t) = / K(2)i(t — z)dz,
0

where the kernel K(z) > 0 (said ‘memory’ kernel) [1,4] is assumed to
obey

+oo
/ K(z)dz =1.
0

The function K(z) represents the ‘weight’ that agents attribute to past
information (hence the denomination of ‘memory’ kernel for k(z)). If
K(z) = 6(z), where §(z) is the Dirac Delta function, then agents only
consider current information on the disease prevalence.

Interestingly, the system has a disease-free equilibrium DFE =
(1 — py, 0) whose stability properties are independent on K(z). Namely:
@ if

B
a p(O))# oy
then the DFE is Globally Asymptotically stable (GAS); (ii) if p(0) < p,,
then the DFE is unstable.

The above elimination condition implies that elimination can never
be achieved if the resilient fraction of parents — those vaccinating regard-
less of the trends of infection and related disease — remains persistently
below the elimination threshold.

Moreover, still independently from the adopted kernel, if g(r) is
constant and p(0) < p,.,, then there is a unique endemic equilibrium
EE = (s,,i,,m,), where s, = (u +v)/B, m, = i, and i, is the unique
solution of the equation p(i) = p,, —i.

Unlike the DFE, the stability of the endemic equilibrium critically
depends on the memory kernel K(z). In [4] two types of memory
Kernels were used: (a) the Dirac delta kernel centered at time ¢, that
implies m(t) = i(r) i.e. vaccine decisions are taken by only using
only current information on infection prevalence; (b) the exponentially
fading kernel (EFK)

<1=p0)>p,=1=(u+v)/Bp

K(z) = ae™?,

implying that the information taken into account to make vaccine
decisions exponentially declines. In this case, the average memory time
is T = 1/a. As known from the basic theory of delay systems [31], the
EFK allows finite dimensional reduction of the model since it holds:

m = a(i —m).

If K(r) = 6(r) then the endemic equilibrium is GAS [4], while in the
case of EFK the system may exhibit sustained oscillations by a Hopf
bifurcation of the endemic state, yielding to recurrent behavior-induced
epidemics [4].



3. A spatio-temporal model of voluntary vaccination and its equi-
libria

The greatest limitation of all non-spatial epidemic models, including
also (1)-(2), is that they do not take into the account spatial het-
erogeneity. The first source of such heterogeneity is of course human
mobility. Many modeling options could be adopted [11]: patch models,
lattice-gas cellular automata, individual based models etc. Among those
a simple yet effective way is to adopt the reaction—diffusion frame-
work [11] which is also coherent with the approach of non-spatial
mathematical epidemiology where contagion is abstracted by means
of the mass action law of chemical physics [1,11]. As stressed by
Keeling and Rohani: ‘such models are generally used to provide theoretical
predictions and a generic understanding of the spatial spread of infection’.
Operationally, Reaction-Diffusion approach [9,10] allows to straight-
forwardly generalize in the spatial setting a non-spatial epidemic or
ecologic or demographic model P = F(P), where P(t) is the populations
size or fraction at time ¢, to [9,10] d,p = DV?p + F(p), where p(x, 1) is
the spatial density of the population, and D is the diffusion coefficient
of subjects belonging to the populations.

Building on top of (1)—(2), we propose here the following spatio-
temporal model of vaccine hesitancy:

0,5 = DV?%s + u (1 — p(m(x, 1)) — us — B®)is, 3)
0,i = DV?i + p(t)is — (v + p)i. @

Here s(x,7) and i(x, t) denote the densities of susceptible and infectious
subjects, and human mobility is included by means of the diffusion
terms DV2s and DV?i.

Finally, vaccine uptake here depends on a space-structured informa-
tion index m(x, t). This space—time information index, summarizes current
and past information available — over the entire space — to parents.
Model (3)-(4) must be complemented by a model:

m(x,1) = P[i(, )],

where P[i(.,.)] > 0 is a functional involving both space and time, and
such that (i) ¥[0] = 0; (ii) if f(.,.) < A(.,.) then P[f(.,.)] < ¥[A(.,.)]; (iii)
if i(x, 1) is temporally and spatially constant i, (i.e. at a homogeneous
equilibrium) then

m(x,t) = g(i,) = constant,

where g(u) is a non-negative increasing function of u > 0, for example
gw) =u.

Interestingly, some general results are independent from the specific
form of ¥[i(.,.)]. Namely: (i) it exists a spatially homogeneous disease
free solution DF E(x,t) = (1 — p(0),0), (ii) if

B
1-p0)— >1
(1= p(0)) Y
then the disease free solution DF E(x,t) is unstable. This can be imme-
diately shown by linearization of model (3)-(4) at the DF E; (iii) if

(I'=po) <1 (5)

H+v
then DFE(x,1) is GAS. This can be easily seen from the following
differential inequality
0,5 < DV?%s +u (1 —po) — Us,
implying by comparison that asymptotically in time s(x,7) < 1 — p,,
which, in turn, implies that asymptotically in time
9, < DVZi+i (B)(1 = p(0) = (v + ),

implying that i(x,7) - 0 and in turn s(x,7) - 1 — p,.

Finally, if the transmission rate is homogeneous both in space and
time, it is easy to show that the model has a spatially uniform Endemic
Equilibrium

EE(x,t) = (S,,1,),

where s, and i, are the same obtained for the non-spatial behavioral SIR
model. As we will see, for the study of the local stability of EE(x,) and
for the simulations of the model, the specific form of ¥ is fundamental.

4. Modeling the space-time information index m(x,t)

As argued in the introduction, the non-locality affecting the vaccina-
tion decision-making process is double. On the one hand, such decisions
are rarely based on purely local information. Actually, the space range
of the adopted information can be large and, sometimes, can involve all
the domain of interest, as it happens e.g., with nation-wide information.
However, in most relevant cases the weight attributed by decision-
makers to information from different spatial sites is by no means
uniform. Moreover, in the previous sections we have discussed as actual
decision-making will seldom be based on current information only:
they most-often take into account an appropriate summary of past
information.

To cope with this double non-locality issue, we consider here the
following doubly non-local form for the space-time information index:

+o0
m(x,t) = / Oiime(T) (/ O pace(2)ilx — 2,1 — r)dz) dr, (6)
0 yEN

which should capture the most-frequent mental model of humans in
handling information over space-time.

Formula (6) involves a pair of independent kernels
(Qiime(7) Qspace(2)). These kernels will be the key ingredient of the
specific models proposed in the subsequent sections.

As for Q. (7) and Q4. (z) we assume the following: (i) Qe (7)
has the same meaning and properties of the pure time kernel K(z); (ii)
O, pace(z) 2 0 is such that Q.. (0) > 0,

/ Qspace(z)dz =1,
zeR

and it models the weight that agents attribute to local and non-local
information on the infection prevalence.

Here and in the following sections we will assume that the transmis-
sion rate is constant #(r) = f. Thus, the model has a unique spatially
homogeneous endemic equilibrium EE = (s,,i,), which takes the same
values of the endemic equilibrium of the non-spatial model and of
which one has to study the local stability.

Let us linearize the generic model (3)-(4)-(6) at EE (s, i) = EE+(u, v)
and consider the case where the square root of the diffusion coefficient
is much smaller than the characteristic spatial scale of Q. In such a case,
denoting as (#,#) the Fourier transform (see Appendix B) of (u,v) and
as che(f) the one of Q.. (x), yields:

Mi=—(DE + p+pi,) 00— (;4 +v+ ﬂp,(ie)Q\s[]ace(‘}:)étime(/‘")> b,
A0 = i, — DED,
whose associated characteristic equation reads as follows:

A2 4 2DE + p+ Pi)A+ D2E* + (u + Pi,) DEX + pi,
X (1 v+ 1 ()0 pace@Byine(D) ) = 0. %)

In case of non-small D, one has to apply the Fourier series decompo-
sition and obtain a similar equation where the eigenvalues depend on
the Fourier quantized vector.

In Section 5 we analyze the particular case where only spatial
information is non-local, whereas in Section 6 we will move to the
general case of full non-locality in both space and time.
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Fig. 1. Plot of the function K(z;D,h,p) in (10) are shown for 2 = 100 and different choice of D and p. The values of D, p are chosen in such a way that the minimum of the
function K(z; D,h = 100, p) is negative, i.e., Turing instability emerges. In (a) D = 0.5, p = 6, i, = 0.000015, in (b) D = 0.5, p =9, i, = 0.000010, and in (c) D = 0.005, p = 40,

i, = 0.0000025. The other parameter values are: u=1/(75%365), v=1/7, p=143.

5. Onset of Turing instability in absence of temporal non-locality:
analytical and numerical results

In this section, we will investigate the behavior of the system in
the case where vaccine decisions are taken by only using the available
spatially structured information on current infection prevalence. In such
a scenario, it was shown in [4] that the endemic equilibrium of the
non-spatially structured model is GAS.

In the spatio-temporal setting the dispersion Eq. (7) becomes the
following second-order algebraic equation:

A2+ @DE + p+ Pi)A+by(&) =0, ®
where,
bo(€) = D&+ (u + Pi) DE + i (4 v+ i ()0pce®) ) ©

It is important to remind that i, is a function of the model parameters.

From the pair (8)—(9) we note the following (i) if the spatial kernel
is positive on the whole set £, then the spatially homogeneous Endemic
Equilibrium EE remains LAS: this is the case of both the Dirac Delta ker-
nel (Q;4c.(2) = 6(2)) and of the Gaussian kernel (O, (2), @Wae(f)) =
(Ae‘“zz, &/ 9); (ii) if the spatial kernel is null outside a maximum area
and it can assume negative values (see later for an example), so that if
for some ¢ it holds that

by(§) <0,

then the spatial symmetry is broken and a Turing pattern arises [10,
22,26]. As expected from the non-spatial analysis in [4], a particularly
steep vaccination response function p(.) at the endemic equilibrium
favors the onset of spatial instability.

If Q is bounded and Q = 1/ meas(2) (where meas({2) is the
measure of Q)

1 .
m(x,t) = m /Qz(x, t)dx,

i.e., m(x,1) is the average value of the prevalence and the information
has no spatial components: d,m(x,t) = 0, then e, = % for n # 0 and
¢9(0) = 8y + Z. This implies that local stability prevails for all modes.
Let us focus on the possibility of Turing-type instabilities. Let us first
consider the case D =0, i.e., full absence of spatial movement. In such
a case a Turing bifurcation occurs provided that:

space

v+ up ()0, pace (8) < 0.

Let us now consider the following piece-wise linear form for the vaccine
uptake p(m) [4]:

p(m) = py + min (cm, 1- po) s

implying i, = i,(c). Assume further that the ‘top-hat’ kernel is used,
which is defined as follows over R", n = 1,2,

Oypace(x) = B, Hev(h — |x])

Table 1
Onset of Turing instability for different choice of D, h, and p (using the
formula (10)).

p h D, for which z. (where {K(z;D,.h.p)} & =z./h
min{K(z; D, h,p)} =0 attains minimum )
50 0.1882 +4.1222 +0.0824
9 100 0.7526 +4.1224 +0.0412
150 1.6934 +4.1223 +0.0275
50 0.2198 +4.0363 +0.0807
12 100 0.8792 +4.0363 +0.0404
150 1.9784 +4.0362 +0.0269
50 0.2386 +3.9861 +0.0797
15 100 0.9544 +3.9861 +0.0399
150 2.1473 +3.9861 +0.0266

where B, = 1/(2h) and B, = 1/(xh?), and whose Fourier transform is
as follows

~ . sin(hé&)
Ojpace(§) = sinc(hé) = ne

The function sinc(w) has its absolute minimum at w,, ~ 4.5, where
sinc(w,,) ~ —0.21, so that if

u+v—021uc <0, c>c, =4.761 <1+X>,
"

then there is the onset of Turing instability.
Now, let us more in general consider,

#+ v+ pcsinc(hé) < 0 = sinc(hé) < -1 (l + 1) .
¢ u

Note that for childhood infectious disease having a short infectious
phase (and recalling that 1/u, represents the average length of human
life) the quantity 1+ (v/u) has an order of magnitude greater than 10°.
Setting ¢ = p(1 + (v/u)) with p > 0, we may rewrite

bo(&) = D?E* + (u + Bi,) DE* + Pi, (u + v) (1 + psinc(hé)).

Defining z = hé, we have,

2
7Kz D, h, p),

b
bo(®) = -

where,

2 4
K(z;D,h,p)=z*+ %(u +pi)z2 + %ﬁie (u+v)(1+psinc(z)).  (10)

The plot of the function K(z; D, h, p) is shown in Fig. 1 for values of
D and p such that there are intervals where the function K(z; D, h, p) is
negative in some intervals, i.e. a Turing bifurcation occurs. Note that in
the left panel the instability is concentrated in a very narrow range of
frequencies, whereas in the right panel there are multiple intervals of
frequencies where there Turing instability occurs. Moreover, for some



200

150
<
100
—p=9
50 —p=12
p=15
05 1 15 2 25 3

D

Fig. 2. Bifurcation diagram in the D — h parametric space. The upper region
corresponds to the region of Turing instability and the lower region corresponds to
the locally stable region for the endemic equilibrium. Other parameter values are:
u=1/(75%365), v=1/7, p =143.

particular choice of p and h, the threshold value D = D, for the onset
of Turing instability is shown in the Table 1. Using formula (10), Fig. 2

shows the associated bifurcation diagram in the parametric space D—h.
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Now, we present the numerical simulation for the above illustrated
scenario. To avoid boundary effects due to the non-local kernels, we
performed all the simulations by assuming periodic boundary condi-
tions. As per the vaccine hesitancy, We assumed that p(M) = p, +
min (¢M, 1 — py). Simulations illustrated in Fig. 3 correspond to the case
D = 0 with parameter values that satisfies the condition of Turing
instability. As predicted in the analytical results, stationary Turing
patterns were obtained. The more significant case of D # 0 is shown in
Figs. 4 and 5 for, respectively, dimensions one and two. The stationary
pattern observed for dimension one corresponds to a ‘hot spot’ pattern
in two dimensions.

From the Public Health viewpoint, we can say that when the in-
formation used by parents is local w.r.t. time but nonlocal w.r.t. space
may induce the emergence of strong spatial clusters of the disease.

6. Impact of interplay between spatial and temporal non-locality:
spatio-temporal chaos and static patterns

Here, we will investigate the impact of vaccination decisions based
both on the past (spatially structured) information on the infection
prevalence and on nonlocal spatial information. As far as the temporal
kernel (Qy;,,.(7)) is concerned, we will focus on the already mentioned
exponentially fading memory kernel Q;,..(r) = ae™*". Instead, as far as
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Fig. 3. Turing pattern in one dimension in the case D = 0. Panel (a) shows s(x,7)/s, and panel (b) i(x,1)/i,. This simulation is performed for p(M) = p,+min (cM 1= pg). Parameter
values: D=0, u=1/(75%365), v=1/7, =143, p=1, py=0.5, 5, =0.1, i, = 0.000013, ~ =100 and L = 1000. The initial perturbation is: s(x,0) = s, +0.00001, i(x,0) = i, +0.00001

for x € [485,515] and s(x,0) = s,, i(x,0) =i, elsewhere.
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Fig. 4. Turing pattern in one dimension in the case D = 0.7 > 0. Panel shows s(x,7)/s, and panel (b) shows i(x,)/i,. This simulation is performed for p(M) = p, + min (cM 1= Po)-
Parameter values: L = 1000, D =0.7, u = 1/(75x365), v=1/7, f =143, p=9, py = 0.5, s, = 0.1, i, = 0.00001, » = 100. The initial perturbation is: s(x,0) = s,+0.001, i(x,0) =i, +0.001

for x € [-20,20] and s(x,0) = s,, i(x,0) =i, elsewhere.
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Fig. 5. Turing pattern in two dimensions in the case D = 0.7 > 0. Panel shows s(x,7)/s, and panel (b) shows i(x,)/i,. This simulation is performed for p(M) = p,+min (c * M,1— Po)-

Parameter values: L = 400, D = 0.005, u = 1/(75x365), v = 1/7, p = 143, p = 15, p, = 0.5, 5, = 0.1, i, = 0.0000064, h = 40. The initial condition is: s(x,y,0) = s, + 0.01¢!
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i(x,0)=1i, + 0000011:3), where &), (j = 1,2) are two spatially uncorrelated white noise terms. Periodic boundary conditions are used. The patterns are obtained at = 80,000.

the spatial kernel (Q,,,.(2)) is concerned, we keep using the top-hat
kernel as in the previous section.

In the purely temporal setting, temporal non-locality can destabilize
the endemic equilibrium of the SIR model with vaccination decisions
and trigger limit cycles via Hopf bifurcations [4] but chaos is not
observed [4]. As a consequence, a number of scenarios can be obtained
in our spatio-temporal model. In particular:

« If in the purely temporal setting the endemic Equilibrium EE is
LAS, then in the spatio-temporal setting a Turing Instability (TT)
may occur;

« If in the temporal setting EE is unstable and limit cycles appear
(but not temporal chaos: the transmission rate is constant and
the vaccine hesitancy does not induce chaos [4]) then in the
spatio-temporal setting spatio-temporal chaos may appear.

By applying the linear chain trick [32] to the spatially- structured
system, the model under study reads:

0,5 = DV%s + u(1 — p(m(x, 1)) — us — Pis, a1

0,i = DVZi + p(t)is — (v + i, (12)

om=a </ O pace(2)i(x — z,1)dz — m) . 13)
zEQ

Since exponentially fading kernel has the following Laplace transform
Ouime(A) = a/(A + a), then dispersion equation reads as follows:

B+ OA + ¢ (DA + (&) =0,
where,

(&) = a+2DE + u + pi, > 0,
1(&) = (2DE> + u+ Bi,) a + D*E* + (u + i, )DE* + Pi,(u + v) > 0,

c0(&) = a (D" + (4 + Pi) DE + Piou + V) + Pichp (0 pace®)) -
The Routh-Hurwitz conditions give that: (i) Also here, if for some &
(&) <0

holds, then the endemic equilibrium is unstable and Turing pattern
arises; (ii) if for some ¢ it holds that

c(&)e; (&) — ¢p($) <0,
i.e. if a is such that:

(D& +6,) d + ((D§2 +8,) =6y - Zésm(g)) a+6, (DE+5,) <0

0.6

0 0.5 1 1.5 2
D

Fig. 6. The bifurcation diagram D —a parametric space, divided into 4 regions. Region
E, : Turing-Hopf Instability region, Region E, : Turing Instability region, Region
E; : Stable region, Region E, : temporal Hopf region. The green point corresponds
to the Turing-Hopf threshold (D,,a,) = (0.68,0.2051). Other parameter values are:
u=1/(75x365), v=1/7, p =143 h =100, p = 8 p, = 0.5. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

then Hopf instability occurs. The condition for Hopf instability can be
written as follows

(DE* + 51)2 — 60 = Z0,paee®) < —2/8) (DE* +6,)
ie.
Zéspace(&) > (D§2 +6; )2 + 2\/% (sz + 51) — 8.

The bifurcation diagram 6, shows that the D —a parametric space plane
is divided in four regions: stability region, temporal Hopf region, Turing
Instability region and Turing-Hopf instability region.

Now we describe the numerical simulation results for the model
(11)—(12)-(13). We consider p(M) = py+min (c = M,1 - py), L = 1000,
D=0.05 u=1/(75%x365), v=1/7, =143, p=38, py, =0.5, h = 100.

We assume as a key bifurcation value the delay-related parameter
a, which assumes the following values: a = 0.6, 0.1, 0.033, 0.01. Figs. 7
and 8 show the impact of a in the case of one dimension. Similarly, the
impact of a in the bidimensional case is illustrated by Figs. 9 to 12. In
both cases, a transition from a Turing Pattern for a = 0.6 to spatio-
temporal chaos for lower values of a is observed (see next section).
Moreover, Fig. 13 illustrates the impact of a on the spatiotemporal
information index m(x,7) in the bidimensional case. Finally, it is of
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Fig. 7. Impact of parameter a on the dynamic behavior, in the one dimensional case. For a = 0.6 a stationary Turing Pattern is observed. Panel (a) shows s(x,7)/s, and panel (b)
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0.00015)1(, i(x,0)=1i, + 040000015)2( for all x, where §i and 5)1( are two spatially uncorrelated white noise terms. Periodic boundary conditions are used.
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B =143, p=8, py=05, s, =0.1, i, = 0.000011, h = 100. The initial perturbation is: s(x,0) = s, + 0.0001&!, i(x,0) = i, + 0.000001¢> for all x, where ¢! and ¢! are two spatially
uncorrelated white noise terms. Periodic boundary conditions are used.
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obtained for + = 110000.

interest to note that for comparatively small values of a the patches
with a large number of infected individuals increase: despite the fact
that i, does not depend on a, However the maximum value of the ratio
i(x,1)/i, increases gradually as a decreases.

7. Assessment of the chaotic nature of the simulated dynamics

The change in dynamics of the spatial pattern from stationary
Turing pattern to irregular ‘chaos-like’ time-varying patterns can be
qualitatively understood from the Figs. 8, 10, 11, 12. However, this
irregularity might not necessarily correspond to a chaotic nature of
the dynamics and a detailed quantitative analysis is needed. To ensure
the chaotic nature of these solutions, we apply techniques developed
in the global study of spatio-temporal chaos developed in areas such
as population dynamics [13,33] and nonlinear physics [34,35]. In the
appendix, we will also briefly apply the statistical theory of nonlinear
time-series analysis [36-38] to a local time-series computed at spatial
point (0, 0).

In our assessment we will refer to the parametric configuration and
initial conditions that generated the spatially bidimensional simulations
depicted in Fig. 12 and, for the 1D case, the lower panel of Fig. 8.

7.1. Estimating the maximum Lyapunov exponent

The determination of the Maximum Lyapunov Exponent (MLE) for
finite dimensional dynamical systems usually relies on the Benettin—
Galgani-Giorgilli-Strelcyn algorithm [39] which is, however, only ap-
plicable to non-dissipative systems [40]. More empirical statistical
physics-based numerical approaches are employed [40,41], especially
in the context of spatiotemporal setting [13,33,35]. In particular, we
start by following [13,33] by first considering the impact of a sin-
gle small and localized perturbation on the dynamics of the system.
Namely, we consider the following perturbed initial condition:

Sai(x, 3, 0) = s(x, ,0),
i (x,3,0) = i(x,y, 0)(1 + e sin(ax) cos(by)),

with e < 1, and @ = b = 2z /L, where L = 1000.

We denote as (s, (x, y, 1), i,,(x, y.1)) the solution of the model corre-
sponding to the above perturbed initial conditions.

We thus define the average normalized difference between the
prevalences as follows:

1
i, L2

e

Y =

NG, v, ) = i e, 3, DI,

i(x,,0) =i, + 0400001§§y where &, (j = 1,2) are two spatially uncorrelated white noise terms. Periodic boundary conditions are used. This pattern is

where

/G0l = /Q F2(x. y. tdxdy.

In other words, ¥(?) is the functional distance in the space £> between
a reference prevalence density function i(x, y,t) and its initially small
perturbation i, (x, y,7). We focus on the distance between the preva-
lence density functions because the epidemiological significance of the
prevalence. The function ¥(¢) is such that if the system is chaotic then
it has an exponentially divergent initial phase (typically followed by a
plateau due to the boundedness of the state variable i) that allows to
compute the so-called Maximum Lyapunov Exponent (MLE) [41].

Discarding the initial transients, the plot of log(*(¢)) is shown in
Fig. 14(a) for time ¢ € (50, 695), where the time is taken in years. We
take a = b = 2z /L and ¢ = 0.001. The estimated value of the MLE is
A = 0.0952 years~! with CI = (0.0879,0.1025) years~', corresponding
to a characteristic divergence time (defined simply as the inverse of
the MLE) of 10.5 years, with the following Confidence Interval CI =
(9.761,11.37) years. Applying the above procedure to the 1D case, see
panel b of Fig. 14, we got the estimate for the MLE: 4 = 0.0922 years™!
with CT = (0.0846,0.0998) years~!, corresponding to a characteristic
divergence time of 10.8 years, with CI = (10.016, 11.818) years.

In [42] Medvinsky and coauthors slightly generalized the above-
described procedure by applying it four times from four distinct per-
turbed initial conditions. In this way, they showed that [42], for
their model, the four estimated MLEs lied in a small range. Note that
in [42] the Confidence Intervals for the four estimates of the MLE
are not provided. Here, we propose another heuristic but more robust
approach. Namely, we consider a sufficiently large number N > 1 of
perturbed initial conditions, and for each of them we compute not only
the estimated MLE but its CI. Finally, from the available N estimates
we derive an overall estimate for the MLE and for its CI.

We indicate as

uCx, .0) = (5063230, 85, 30 mCx, 1) ),

and a reference initial condition u,,/(x,y,0) and the corresponding
reference orbit u,, (x, y,1).

Furthermore, we consider N small random perturbations of
uref(x’ y,O):

o) )
u, (X, ,0), . ug,  (x, 9, 0),

where

s,9,0) = 5,0,(x.2,0) (1 + € (x, ),
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Fig. 10. Transition to spatio-temporal chaos. Impact of parameter a on the dynamic behavior, in the bidimensional case. Here a = 0.1. First and second rows show snapshots at
three different times of the densities of, respectively, susceptible and infectious subjects, normalized to their respective endemic values. Third row shows time series and phase
portraits computes in the spatial point (0,0). Fourth row shows time series and phase of the averages state variables. Namely: panels (a), (d) correspond to snapshots of normalized
value of s(x,7)/s, and i(x,7)/i, captured at time ¢ = 250000; panels (b), (e) show the same snapshots but captured at time r = 252000; finally panels (c), (f) shows the snapshots
captured at time ¢ = 254000. Parameter values: L = 1000, D = 0.05, u = 1/(75%x365), v=1/7, p =143, p =38, py = 0.5, 5, = 0.1, i, = 0.000011, 2~ = 100 and a = 0.1. The initial
perturbation is: s(x,y,0) =s, +0.015iy, i(x,y,0) =1, +OA00001§§y where éﬁy, (j = 1,2) are two spatially uncorrelated white noise terms. Periodic boundary conditions are used.

ii’z(x, $,0) =i (x,3,0)(1+ e(,j)(x, ). we compute the N L? functional distances

M (x, $,0) = My (x, $,0) = 0. 1@ = 14X, 3.0 = thyep (6, . Dl k=1, N

alt

Finally, from the ‘linear zone’ of each log(s¥)(r)) we can thus calculate

From the corresponding orbits
P & and estimate of the MLE and of its standard error:

1 N
u ey, u Gy, AD 6D) (AN V).
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This yields the following global estimate for the MLE and its associated We start from the one spatial dimensions case, where we considered
standard error: perturbations of the type
| X | X 10 o
- — (k) - — (k) ) — ) —_ J oo J
A*_N§A , g*_sz‘Tg : Pw=0, (x)—Bl;Aksm 1000x+¢),
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Fig. 12. Transition to spatio-temporal chaos. Impact of parameter a on the dynamic behavior, in the bidimensional case. Here a = 0.01. First and second rows show snapshots at
three different times of the densities of, respectively, susceptible and infectious subjects, normalized to their respective endemic values. Third row shows time series and phase
portraits computed at the spatial point (0,0). Fourth row shows time series and phase of the averages state variables. Namely: panels (a), (d) correspond to snapshots of normalized
value of s(x,7)/s, and i(x,1)/i, captured at time ¢ = 250000; panels (b), (e) show the same snapshots but captured at time r = 252000; finally panels (c), (f) shows the snapshots
1000, D =0.05, u = 1/(75%365), v=1/7, =143, p=8, py =05, s, = 0.1, i, = 0.000011, » = 100 and a = 0.01. The initial

captured at time ¢ = 254000. Parameter values: L =
(j =1,2) are two spatially uncorrelated white noise terms. Periodic boundary conditions are used.

perturbation is: s(x,y,0) = s, + 00151},, i(x,9,0) =i, + QOOOOI::?Y where &,

where B = 0.001 each A{c is a Random Variable uniformly distributed
in (0,1); each ¢, is also random Variable uniformly distributed in

(—m,+7m).

By setting N = 30 we obtained the following estimates:
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implying the following conventional confidence interval:
=(0.101,0.1135). years™!

The obtained average characteristic separation time is thus 9.319 years
(8.804,9.89) years. For the case 2D, we proceeded similarly.
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Fig. 13. Role of the information index m(x,t) in the transition to spatio-temporal chaos and impact of parameter g, in the bidimensional case. All the panels show snapshots of
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panel: a = 0.01 (as in Fig. 12). Parameter values: L = 1000, D = 0.05, u = 1/(75x365), v=1/7, p =143, p=38, p, =0.5, s, = 0.1, i, = 0.000011, ~ =100 and a = 0.01. The initial

perturbation is: s(x,y,0) = s, + 0.01¢!
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Fig. 14. Plot of log(¥ (1)) corresponding to Fig. 12 (in blue in Left panel) and third row of Fig. 8 (in blue in Right panel). The regression line (in red) in both cases corresponds
to the phase of growth. Description of the parameter values is given in the text. (For interpretation of the references to color in this figure legend, the reader is referred to the

web version of this article.)

Assuming the following initial conditions

10

Doy — D(yy — J gin(x 2% j y 2z j
€ =0, &’x)= B; 4 sin(k T000™ + ¢k) +C cos(kmy+ nk),
where B = 0.001, A{c and C]i are Random Variables uniformly dis-

tributed in (0,1); each ¢{€ and "i are random Variables uniformly
distributed in (—x, +7).

12

By setting N = 30 we obtained the following estimate:
A* =0.1087 years™!, ¢* = 0.0034, years™!
implying the following conventional confidence interval:
CI =(0.1020,0.1154) years™'.

The obtained average characteristic separation time is thus 9.2 years
with CI = (8.66,9.8) years.



Summarizing, both in the one dimension and in two dimensions, the
method proposed here provides a more accurate estimate the MLE and
of its CL

7.2. Spatial and temporal correlations

The above computed estimates of the Maximum Liapunov Exponent
allowed us to (i) confirm the temporal chaotic nature of the system;
(ii) quantify the temporal features of the spatio-temporal chaos in our
simulations. It remains to quantify their spatial features by determining
the correlation length, that is the typical space scale L. such that the
time series of the system at two random point whose distance is bigger
than L, have no or very small correlation [13,35].

In order to compute the correlation length we need to compute a
measure of the spatial correlation [13,33-35]. In literature there are
many slightly different and ‘correlated’ definition of the spatial correla-
tion function [13,33-35,43]. We first adopt the definition used in [34],
and then we will compare it with the definition used in [13,33,43]. In
both cases one has to compute the spatial average of the ‘signal’ (the
disease prevalence, in our case):

1 . .
a(t) = m / i(x,y, t)dxdy;

the difference between the signal i(x, y,7) and its mean a(r)
v(x, y,1) = i(x,y,1) — a(®),

and the variance, spatial or temporal (see later), of the signal.
The ‘Global Spatial Correlation’ function (GSCF) is given by [34]

- <v(r Ho(r + s, t)) 1 [T N(sysy,0)
K(sy,s,)=( ——= lim —/ —ds,
' (o), [, T, o%(1)

where r = (x, ), s = (54, 5y), ($(r, 1)), with { € {r,1} denotes the average
of the function ¢(r,t) with respect to the variable ¢, and

N(s,t) = m / v(r, yo(r + s, )dxdy,

and o2(¢) is the spatial variance:

20n _ /12 _ 1 2
o’ (1) = (V’(r0), = s ) / v?(r, H)dxdy,

Theoretically, the GSCF ought to be independent of the direction of the
vector (s,,s,), i.e., it ought to be a function of |s| = /52 + si. This is
not always the case (see for an example [34]). Thus, as in [34] we plot
the GSCF function along the two orthogonal directions corresponding to
the axes: (s,,0) and (0, 5. The auto-correlation lengths, along the direc-
tions x and y are approximated by the first zeros of the auto-correlation
function along such directions.

The ‘Global Spatial Correlation Function’ corresponding to Fig. 12 is
shown in Fig. 15 along the direction of axes X: s = (s,,0) (blue curve)
and along the direction of axes Y: s = (0, 5y) (red curve). In practice
the limit is approximated by computing the GSCF for a large but finite
time T,,. Namely, we used #; = 100000 and T, = 154 000. The correlation
lengths are empirically identified with the first zeros of the GSCF, so
that L ~ 131 and L{”" ~ 105. Note however that the K(0, 5,) reach
a value very close to zero well before, namely around S, ~ 60.

A limitation of the GSCF is that it requires two averages: one spatial
and one temporal. This makes the GSCF smooth but quite conserva-
tive in its estimate of L,,,. Another measure of spatial correlation
widely used in statistical physics [35] and in theoretical population
biology [13,33,43] is the so-called ‘Two Points Spatial Correlation’
function (TPSCF) that is defined as follows [13,33,35,43]

<U(r, Ho(r + s, t)>x

KTRUE(r»S)= B

\/<1)2(r, t))t\/<vz(r + s, t))t

13
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Fig. 15. ‘Global Spatial Correlation Function’ corresponding to Fig. 12 along the
direction of axes X: s = (s,,0) (red curve) and along the direction of axes Y: s = (0, sy)
(blue curve). ¢, = 20000 days, 7, = 254000 days and all other parameters are as in
Fig. 12. (For interpretation of the references to color in this figure legend, the reader
is referred to the web version of this article.)

where r = (x(, yy)

(reyn) = tim / Sy, 1)dt.
So that

| 14T

7 ft: or, Ho@r + 5, 1)dt
Kyrype(r,s) = _lim

T T a5 [T R0+, 0di

Also in this case, in the practice the above temporal limit is approxi-
mated as we did for the GSCF.

Theoretically, the spatial correlation ought to enjoy the following
two properties: (i) to be independent of the direction of the vector
(sy»5y) but only on |s| = 4/s2 + 32, as theoretically it ought to be for
the GSCF; (ii) to be independent of r = (xy,yy). In the practice both
properties frequently do not occur.

Operationally, we considered a set of randomly chosen values of
(%9, ¥o) and then computed and plotted the corresponding TPSCFs along
the two orthogonal directions corresponding to the two axes, as shown
in Fig. 16. We obtained the following results:

Direction X positive values. Denoting as ZY the first zero it is
median(ZX) = 30, mean(ZX) = 43.5, sd(Z*) = 27.69;

Direction X negative values. Denoting as WX the first zero:
median(WX) = =31.25, mean(WX) = -37.9, sd(W¥) = 23.53;
Direction Y positive values. Denoting as ZY the first zero it is
median(ZY) = 62.5, mean(ZY) = 72.7, sd(ZY) = 50.5;

Direction Y negative values. Denoting as W7 the first zero:
median(WY) = =50, mean(W?Y) = —61.78, sd(WY) = 30.29.

These results strongly suggest that the auto-correlation lengths are
smaller than the one estimated by means of the GSCF.

Finally, in a spatio-temporal chaotic system the signal must also
have low temporal correlation [35]. This can be assessed by computing
the ‘Global Temporal Correlation’ [34]

<U(r Hu(r, t+r)> > ) /
t T—>+oo T )

o(t)o(t+ 1)
n(t,t) = (U(r, Ho(r,t + T))r = m /2 v(x, y,Ho(x, y, t + 7)dxdy.
<

n(t T)
o(t)o(t + 1)

>

C(r) = <

where

The ‘Global Temporal Correlation’ in our case is shown in Fig. 17. It
shows a very rapid decay of the global temporal correlation. Namely,
the halving time is approximately 7,,, ~ 0.875 years, whereas the
temporal auto-correlation is null at time 7, ~ 2.573 years.
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8. Concluding remarks

‘Vaccine hesitancy’ is a central topic in statistical physics of vacci-
nation [1]. Here, we investigated, within a reaction—diffusion setting,
a family of SIR models with vaccination and vaccine hesitancy, where
agents’ decisions depend on the available information a on the disease
prevalence. In particular, the core of our work has been the modeling
of the spatio-temporal structure of the information used by agents
to inform their immunization-related decisions. This information is
typically non-local over both its spatial and temporal components.

As main theoretical results we showed that the use of non-local
information can generate a rich dynamics ranging from Turing patterns
to Turing-Hopf bifurcations to spatio-temporal chaos. A remarkable
exception leading to stability is, instead, represented by the case where
the information used by the agents is global: in such a case we showed
that the spatially homogeneous endemic equilibrium remains locally
stable. Extensive numerical simulations were carried out to validate the
theoretical results and to deepen the analysis of patterning.

In particular, in the case where both the spatial and the temporal
non-localities are taken into the account, we found that the spatial
distribution of susceptible and infected individuals changes signifi-
cantly with the (average) duration of the memory involved with the
temporal kernel. Short memories induce stationary pattern generated
through Turing instability, whereas long-lasting memories lead to time
variability in the spatial distribution of susceptible and infected subjects
and to spatio-temporal chaos.
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Note that although on the one hand our spatial SIR model has a
nonlinear multiplicative term fsi due to mass action law typical of
Lorenz model and of so many chaotic models in population biology [9,
10,13], on the other hand here the route to chaos is deeply different
from the one observed in non-spatial chaotic SIR models. Indeed, in
that models the transmission rate is periodic, whereas in the model
investigated here g is constant. Here the onset of the spatio-temporal
chaos is linked to vaccine hesitancy and not to the periodic variation of
the contact rate. Namely, the chaos arises due to the interplay between
the spatial diffusion and both the temporal non-locality and the spatial
non-locality in the model of the spatio-temporal information index.
Finally, we remind the readers that the non-spatial SIR model with
vaccine hesitancy [4] chaos does not onset even in the presence of the
temporal non-locality in the information index, see [4].

At the best of our knowledge, this is the first time where it is shown
that the introduction of vaccine hesitancy may induce spatio-temporal
chaos and other simpler patterns in an epidemic model.

From the Public Health (PH) viewpoint, this result is of inter-
est and in line with the increasing relevance of spatial and spatio-
temporal statistics [44,45] in epidemiology of epidemic and endemic
infectious diseases [7,45-52]. Specifically, a spatially homogeneous
endemic equilibrium that is stable means an epidemiological state
‘simple’ to manage because in the whole area that PH authorities must
monitor the disease is uniformly distributed. A static pattern means
that the disease is distributed in a non-homogeneous way with local
peak that potentially cannot be managed due to limited resources and
to logistic difficulties [7,46-49,51,52]. Moreover, patterns contribute
to geographical inequalities [51,52]: specific and expensive measures
targeting the high-risk areas corresponding to clusters have to be
developed [52]. As a consequence, spatio-temporal chaos is the most
complex scenario for PH since it means that clusters move, appear,
and disappear in a pseudo-random fashion. This may make the manage-
ment of an endemic scenario extremely complex since in the practice
there are continuous recurrent epidemics that are spatially uncorrelated
and temporally irregular. This is a great obstacle to the planning of
allocation of resources.

Another point is of interest for PH: we showed that there is a
transition between spatial patterns to spatio-temporal chaos, which is
determined by the average information delay. The study of transitions
between spatio-temporal behaviors is important for PH to the aim of
a control of early warning signs of imminent outbreak [48]. This of
course will require a further research step.

Finally, from the viewpoint of statistics providing evidences of
clustering and spatio-temporal chaos both induced by behavioral mech-
anisms could suggest new kinds of analyses for existing and future
epidemiological data.

From a computational viewpoint, we have introduced here a very
simple heuristic algorithm to estimate the MLE, and its confidence



interval, of a given Dynamical System. The properties of the algorithm
will be investigated elsewhere with reference to other algorithms, as the
one proposed in [39-41], and in the context of other specific models.

From a more mathematical viewpoint, two problems are of par-
ticular interest, in our opinion. On the one hand, here we have only
numerically investigated the onset of spatio-temporal chaos in the
model we have proposed. Thus, an analytical study would be welcome.
On the other hand, here we have stressed an important cause trigger-
ing spatio-temporal chaos in the behavioral SIR model. Many related
problems remain open. For example, as implicitly suggested by one of
the referees, it would be important to investigate the spatio-temporal
dynamic effects of a seasonally varying contact rate in the context of
the spatio-temporal SIR model

The reaction—diffusion framework we have adopted suffers some
drawbacks in view of its simplistic representation of human mobility.
This is a clear limitation of our study. Nonetheless, this approach has
some non-trivial advantages compared to other types of models. The
first one is that when we investigate fundamental conceptual problems,
such as the stability of spatially homogeneous endemic states, a simple
spatial population dynamics allow to tackle fully meaningful questions
in a simple way, often analytical. Moreover, it is easy to show that
the use of more realistic hyper-diffusive model of spatial mobility
would any case lead to analytical Local Stability conditions that are a
trivial extension of the one we have investigated here. Finally, another
limitation of our investigation is that we performed all the simulations
by assuming periodic boundary conditions to avoid boundary effects
caused by the nonlocal kernel. We will investigate the general case in
the next future.
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Appendix A. Temporal and spatio-temporal SIR model with con-
stant vaccine uptake

Here we briefly summarize the standard SIR model for childhood
mandatory immunization at birth, which reads as follows

d I
—S=uN{ -p)—uS —pit)=.S,
7 uN(A =p)—u ﬂ()N
d 1

—I=pt—=S— I,

7 ﬁ()N v+ mu)

d

—R=vI-puR

dt vETHE

d
—V =uNp—puV,
a1 HINp—H

where S(t), I(#), R(t) denote the number of susceptible, infectious,
removed and vaccinated subjects, respectively; N (1) = S(t)+1()+ R(t)+
V (t) denotes the total population size, u represents both the mortality
rate and the birth rate, therefore ensuring that the population size is
stationary over time i.e., N(f) = N at all times, f(¢) is the transmission
rate of the disease, which we will assume either constant or periodically
varying with period one year (due to yearly recurrent social phenom-
ena, as the school calendar, and/or to weather seasonality) [53], and
0 < p < 1 the effective immunization uptake at birth, taken as a
constant (i.e., behavior-free) in the standard model.
Letting

- 1 T
i=7 /0 Px)dx

if it is:

1
BRN’

1-p) <l=p>p,=1- 14

H+tv

(where BRN = E/(M + v) denotes the SIR basic reproduction number)
then the disease-free equilibrium (DFE)

DFE =(N(1-p),0,0,pN)

is globally asymptotically stable (GAS).

Let us now include the impact of spatial heterogeneity by plugging
the previous standard model for childhood immunization within the
most basic model for human mobility with explicit space, namely
the standard PDE diffusion model. Let now S(x,1), I(x,1), R(x, 1),V (x,1)
denote the state variables representing the absolute spatial densities of
susceptible, infective, removed, vaccinated occupying position x at time
t, respectively, with

SG, 1)+ I(x,1) + R(x, 1) + V(x,1) = N(x,1).

The corresponding model is described by the following system of
partial differential equations (PDEs)

3,8 = DV2S + uN(l — p) — uS - ﬁ(t)%&
o, = DV?I + ﬁ(t)%S -(v+mwl,
0,R=DV?R+vI — uR,

0,V =DV + uNp—uV,

9,N = DV?N,

to be solved in a bounded spatial set 2 under Neumann-type boundary
conditions

0,S = 9,I = 0x € 39

As in the non-spatial model, we assume that the population is at
equilibrium

Yiizrnoo n(x,1) = Z = (n(x,0)).

Defining the location-specific epidemiological fractions s(x,1),i(x,1),
r(x,1), v(x,t) such that

(S, I,R, V)= Z(s,i,r,v),
we get,

8,5 = DV2s + u(1 — p) — us — pQ)is,
8,i = DVZi + p(t)is — (v + wi,

We have omitted the equations for r, which is linear, and v, since
v=1l-s—i-r.
From

9,5 < DV?s+ u(1 — p) — us
it follows that asymptotically

s(x,1) < 1—p.
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Thus,

9,i < DVZi+((1 = p)pt) — (v + W),
implying that if (14) holds then
Him (sCx, 1), i(x, 1) = (1= p, 0).

The latter result proves that the condition (14) continues to ensure that
the DFE remains GAS even when the model is spatially structured. If

B 1

(1—p)m>1=>0<p<p”=l—m, (15)

the DFE is unstable, as it is easy to show by considering the linearized
equation for the infectious:

dw = DV w+ (1 = pA1) = (v + w) w.
Finally, if the transmission rate is constant f(t) = g* by setting
(S.D=01-pS.D

one gets that the dynamics of (S, 1) is ruled by the following ‘spatial

SIR model without vaccination’:
0,8 = DV2S + u(1 - 8§) - p*T5, (16)
0,0 =DV T+ p* IS - (v+ wl. a7)

Proceeding as in [54], it is easy matter to show that if (15) holds
then system (16)-(17) has a unique GAS constant uniform endemic
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equilibrium (§e, IAe). As a consequence also the original model has a

unique GAS constant uniform endemic equilibrium

"

(=PGS0 = (G 7oy Per =)

Appendix B. Fourier transform definition

In this work we adopt the following definition of Fourier transform
of a suitable function f(y):

f©= /R F»e dy.

Appendix C. Statistical analysis of time series corresponding spe-
cific points in the domain Q

In Section 7 the assessment of the MLE and of the measures of
spatial and temporal correlation confirmed the chaotic nature of our
simulations.

However, as one can see in Figs. 8, 10, 11, 12 the time-series
computed at point (0,0) are, qualitatively speaking, ‘more irregular’
than those of the average values, which are also shown in the same
figures. Thus it is of interest to briefly analyze these local time series
as if they were time series of temporal signals of unknown origin. We
made this analysis by using the R library tseriesChaos [36-38].

We considered the re-scaled time-series data for the susceptible
subjects at (0,0) § = 5(0,0,1)/s, shown in Fig. 12, which we normalized:
Sy =8 — u;/o;, where p; = Mean(s) and o; = sd(8).



The average mutual information plot [36,55-57] of S (upper left
panel of Fig. 18) has its first relative minimum at 2, which estimates

the embedding delay [36,55] d =

2. Then, the first minima of the

auto-correlation function (upper right panel of Fig. 18) indicates the
following estimate of the Theiler window [36,55]: tw = 3. The false
nearest neighbor plot (lower left panel of Fig. 18) has its first minima at
4, corresponding to the following estimated embedding dimension [36,
55] m = 4. These three estimates allow to plot the Lyapunov diagram
corresponding to the time-series S, (lower right panel of Fig. 18) and
to estimate, from its linear part, the Maximum Lyapunov Exponent
(MLE) A =~ 0.109808 years~! is positive and its associate confidence
interval reads as follows: CI = (0.09892804,0.12068796) years~! which
confirms that time-series .S is chaotic. This average MLE agrees with
the one we have estimate by using the model.

References

[1]

[2]

[3]

[4]

[5]
[6]
[7]
[8]
[91
[10]
[11]

[12]
[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]
[24]

[25]

Wang Zhen, Bauch Chris T, Bhattacharyya Samit, d’Onofrio Alberto, Man-
fredi Piero, Perc Matjaz, Perra Nicola, Salathé Marcel, Zhao Dawei. Statistical
physics of vaccination. Phys Rep 2016;664:1-113.

Manfredi Piero, d’Onofrio Alberto. Modeling the interplay between human
behavior and the spread of infectious diseases. Springer; 2013.

MacDonald NE. Vaccine hesitancy: Definition, scope and determinants. Vaccine
2015;33(34):4161-4.

d’Onofrio Alberto, Manfredi Piero, Salinelli Ernesto. Vaccinating behaviour,
information, and the dynamics of SIR vaccine preventable diseases. Theor Popul
Biol 2007;71(3):301-17.

Anderson Roy M, May Robert M. Infectious diseases of humans: dynamics and
control, Vol. 28. Wiley Online Library; 1992.

Hethcote Herbert W. The mathematics of infectious diseases.
2000;42(4):599-653.

Kréamer Alexander, Kretzschmar Mirjam, Krickeberg Klaus. Modern infectious
disease epidemiology: concepts, methods, mathematical models, and public
health. Springer; 2010.

Capasso Vincenzo. Mathematical structures of epidemic systems. Springer; 1993.
Murray James D. Mathematical biology I: An introduction. Springer; 2002.
Murray James D. Mathematical biology. II spatial models and biomedical
applications. Springer; 2001.

Keeling Matt J, Rohani Pejman. Modeling infectious diseases in humans and
animals. Princeton University Press; 2011.

Martcheva Maia. An introduction to mathematical epidemiology. Springer; 2015.
Malchow Horst, Petrovskii Sergei V, Venturino Ezio. Spatiotemporal patterns in
ecology and epidemiology: theory, models, and simulation. CRC Press; 2007.
Anita Sebastian, Capasso Vincenzo. Reaction-diffusion systems in epidemiology.
2017, arXiv preprint arXiv:1703.02760.

d’Onofrio Alberto, Manfredi Piero, Poletti Piero. The impact of vaccine side
effects on the natural history of immunization programmes: an imitation-game
approach. J Theoret Biol 2011;273(1):63-71.

Philipson Tomas. Private vaccination and public health: an empirical examination
for US measles. J Hum Resour 1996;611-30.

Banerjee Malay, Volpert Vitaly. Spatio-temporal pattern formation in
Rosenzweig-Macarthur model: effect of nonlocal interactions. Ecol Complex
2017;30:2-10.

Pal S, Ghorai S, Banerjee M. Analysis of a prey—predator model with non-local
interaction in the prey population. Bull Math Biol 2018;80(4):906-25.

Banerjee M, Volpert V. Prey-predator model with a nonlocal consumption of
prey. Chaos 2016;26(8):083120.

Merchant Sandra M, Nagata Wayne. Selection and stability of wave trains behind
predator invasions in a model with non-local prey competition. IMA J Appl Math
2015;80(4):1155-77.

Banerjee M, Zhang Lai. Stabilizing role of nonlocal interaction on spatio-temporal
pattern formation. Math Model Nat Phenom 2016;11(5):103-18.

Cross Michael, Greenside Henry. Pattern formation and dynamics in
nonequilibrium systems. Cambridge University Press; 2009.

Gros Claudius. Complex and adaptive dynamical systems. Springer; 2010.
Hoekstra Alfons G, Kroc Jiri, Sloot Peter MA. Simulating complex systems by
cellular automata. Springer; 2010.

Ivancevic Vladimir G, Ivancevic Tijana T. Complex nonlinearity: chaos, phase
transitions, topology change and path integrals. Springer; 2008.

SIAM Rev

17

[26]
[27]

[28]

[29]

[30]

[31]
[32]

[33]

[34]

[35]

[36]

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

[57]

Pismen Len M. Patterns and interfaces in dissipative dynamics. Springer; 2006.
Helbing Dirk. Social self-organization: agent-based simulations and experiments
to study emergent social behavior. Springer; 2012.

Galam S. Sociophysics: a physicist’s modeling of psycho-political phenomena.
Springer; 2016.

Helbing Dirk. Quantitative sociodynamics: stochastic methods and models of
social interaction processes. Springer; 2010.

Chakrabarti Bikas K, Chakraborti Anirban, Chatterjee Arnab. Econophysics and
sociophysics: trends and perspectives. 2006.

MacDonald Norman. Time lags in biological models. Springer; 1979.

Kuang Yang. Delay differential equations: with applications in population
dynamics. Academic Press; 1993.

Morozov Andrew, Petrovskii Sergei, Li Bai-Lian. Spatiotemporal complexity of
patchy invasion in a predator-prey system with the Allee effect. J Theoret Biol
2006;238(1):18-35.

Pastur L, Bortolozzo U, Ramazza PL. Transition to space-time chaos in an optical
loop with translational transport. Phys Rev E 2004;69(1):016210.

Vulpiani Angelo, Cecconi Fabio, Cencini Massimo. Chaos: from simple models to
complex systems. World Scientific; 2009.

Huffaker Ray G, Huffaker Ray, Bittelli Marco, Rosa Rodolfo. Nonlinear time series
analysis with R. Oxford University Press; 2017.

AF. Di Narzo. tseriesChaos: Analysis of nonlinear time series. 2019, https:
//cran.r-project.org/web/packages/tseriesChaos/index.html.

Della Marca Rossella, d’Onofrio Alberto. Volatile opinions and optimal control of
vaccine awareness campaigns: chaotic behaviour of the forward-backward sweep
algorithm vs. heuristic direct optimization. Commun Nonlinear Sci Numer Simul
2021;98:105768.

Benettin Giancarlo, Galgani Luigi, Giorgilli Antonio, Strelcyn Jean-Marie.
Lyapunov characteristic exponents for smooth dynamical systems and for Hamil-
tonian systems; a method for computing all of them. Part 1: Theory. Meccanica
1980;15(1):9-20.

Pechuk Vasiliy D, Krasnopolskaya. Maximum Lyapunov exponent calculation.
In: Tatyana S, Pechuk Evgeniy D, editors. Chaotic modeling and simulation
international conference. Springer; 2022, p. 327-35.

Datseris George, Parlitz Ulrich. Nonlinear dynamics: a concise introduction
interlaced with code. Springer; 2022.

Medvinsky Alexander B, Tikhonova Irene A, Aliev Rubin R, Li Bai-Lian, Lin Zhen-
Shan, Malchow Horst. Patchy environment as a factor of complex plankton
dynamics. Phys Rev E 2001;64(2):021915.

Petrovskii Sergei V, Malchow Horst. Wave of chaos: new mechanism of
pattern formation in spatio-temporal population dynamics. Theor Popul Biol
2001;59(2):157-74.

Kent John T, Mardia Kanti V. Spatial analysis. John Wiley & Sons; 2022.
Lawson Andrew B. Bayesian disease mapping: hierarchical modeling in spatial
epidemiology. Chapman and Hall/CRC; 2018.

Abubakar Ibrahim, Stagg Helen, Cohen Theodore, Rodrigues Laura. Infectious
disease epidemiology. Oxford University Press; 2016.

Meliker Jaymie R, Sloan Chantel D. Spatio-temporal epidemiology: principles and
opportunities. Spat Spat-Temp Epidemiol 2011;2(1):1-9.

Sun Gui-Quan, Jusup Marko, Jin Zhen, Wang Yi, Wang Zhen. Pattern transitions
in spatial epidemics: Mechanisms and emergent properties. Phys Life Rev
2016;19:43-73.

Chen Dongmei, Moulin Bernard, Wu Jianhong. Analyzing and modeling spatial
and temporal dynamics of infectious diseases. John Wiley & Sons; 2014.
Haining Robert P, Li Guangquan. Modelling spatial and spatial-temporal data: a
Bayesian approach. CRC Press; 2020.

Tang Xianyan, Geater Alan, McNeil Edward, Deng Qiuyun, Dong Aihu, Zhong Ge.
Spatial, temporal and spatio-temporal clusters of measles incidence at the county
level in Guangxi, China during 2004-2014: flexibly shaped scan statistics. BMC
Infect Dis 2017;17(1):1-10.

Yu Guoqi, Yang Rencong, Wei Yi, Yu Dongmei, Zhai Wenwen, Cai Jiansheng,
Long Bingshuang, Chen Shiyi, Tang Jiexia, Zhong Ge, et al. Spatial, temporal,
and spatiotemporal analysis of mumps in Guangxi province, China, 2005-2016.
BMC Infect Dis 2018;18(1):1-13.

Buonomo Bruno, Chitnis Nakul, d’Onofrio Alberto. Seasonality in epidemic
models: a literature review. Ric Mat 2017;67(1):7-25.

Chinviriyasit Settapat, Chinviriyasit Wirawan. Numerical modelling of an SIR
epidemic model with diffusion. Appl Math Comput 2010;216(2):395-409.
Hegger Rainer, Kantz Holger, Schreiber Thomas. Practical implementation of
nonlinear time series methods: The TISEAN package. Chaos 1999;9(2):413-35.
Giannerini Simone. The quest for nonlinearity in time series. In: Tata
Subba Rao CR Rao, editor. Handbook of statistics, Vol. 30. Elsevier; 2012, p.
43-63.

Giannerini Simone, Rosa Rodolfo. Assessing chaos in time series: Statistical
aspects and perspectives. Stud Nonlinear Dyn Econom 2004;8(2).


http://refhub.elsevier.com/S0960-0779(23)00240-0/sb1
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb1
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb1
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb1
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb1
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb2
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb2
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb2
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb3
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb3
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb3
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb4
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb4
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb4
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb4
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb4
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb5
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb5
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb5
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb6
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb6
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb6
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb7
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb7
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb7
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb7
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb7
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb8
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb9
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb10
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb10
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb10
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb11
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb11
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb11
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb12
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb13
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb13
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb13
http://arxiv.org/abs/1703.02760
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb15
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb15
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb15
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb15
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb15
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb16
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb16
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb16
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb17
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb17
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb17
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb17
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb17
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb18
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb18
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb18
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb19
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb19
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb19
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb20
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb20
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb20
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb20
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb20
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb21
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb21
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb21
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb22
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb22
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb22
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb23
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb24
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb24
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb24
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb25
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb25
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb25
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb26
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb27
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb27
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb27
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb28
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb28
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb28
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb29
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb29
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb29
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb30
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb30
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb30
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb31
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb32
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb32
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb32
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb33
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb33
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb33
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb33
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb33
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb34
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb34
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb34
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb35
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb35
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb35
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb36
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb36
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb36
https://cran.r-project.org/web/packages/tseriesChaos/index.html
https://cran.r-project.org/web/packages/tseriesChaos/index.html
https://cran.r-project.org/web/packages/tseriesChaos/index.html
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb38
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb38
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb38
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb38
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb38
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb38
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb38
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb39
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb39
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb39
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb39
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb39
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb39
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb39
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb40
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb40
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb40
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb40
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb40
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb41
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb41
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb41
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb42
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb42
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb42
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb42
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb42
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb43
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb43
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb43
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb43
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb43
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb44
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb45
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb45
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb45
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb46
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb46
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb46
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb47
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb47
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb47
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb48
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb48
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb48
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb48
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb48
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb49
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb49
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb49
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb50
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb50
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb50
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb51
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb51
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb51
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb51
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb51
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb51
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb51
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb52
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb52
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb52
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb52
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb52
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb52
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb52
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb53
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb53
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb53
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb54
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb54
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb54
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb55
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb55
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb55
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb56
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb56
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb56
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb56
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb56
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb57
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb57
http://refhub.elsevier.com/S0960-0779(23)00240-0/sb57

	Spatio-temporal chaos and clustering induced by nonlocal information and vaccine hesitancy in the SIR epidemic model
	Introduction
	Background on the SIR model with vaccine hesitancy
	A spatio-temporal model of voluntary vaccination and its equilibria
	Modeling the space–time information index m(x,t)
	Onset of Turing instability in absence of temporal non-locality: analytical and numerical results
	Impact of interplay between spatial and temporal non-locality: spatio-temporal chaos and static patterns
	Assessment of the chaotic nature of the simulated dynamics
	Estimating the Maximum Lyapunov Exponent
	Spatial and temporal correlations

	Concluding Remarks
	CRediT authorship contribution statement
	Declaration of Competing Interest
	Data availability
	Acknowledgments
	Appendix A. Temporal and Spatio-temporal SIR model with constant vaccine uptake
	Appendix B. Fourier Transform definition
	Appendix C. Statistical analysis of time series corresponding specific points in the domain Ω
	References




