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ABSTRACT

We study the vanishing sets of slice regular polynomials
in several quaternionic variables. We obtain a geometric
description of the vanishing sets in two variables, which leads
to a new version of the Strong Hilbert Nullstellensatz in the
quaternionic setting.
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1. Introduction

The so called Weak Hilbert Nullstellensatz can be regarded as a generalization of the
Fundamental Theorem of Algebra to the case of polynomials in several complex variables,
as pointed out in [9]. The Hilbert Nullstellensatz has also a Strong formulation which
provides a correspondence between radical ideals and vanishing sets of polynomials in
several complex variables. This theorem represents a central tool in many active research
fields in Mathematics, and especially in Algebraic Geometry. In the complex setting these
two versions of the Hilbert Nullstellensatz, are actually equivalent thanks to the fact that
point-evaluation of a polynomial is a ring homomorphism of complex polynomials.

The Hilbert Nullstellensatz is generally stated in the framework of algebraically closed
fields, but in recent times some new interest has been addressed to a formalization of
the Nullstellensatz in a noncommutative setting (see, e.g., [1-3]). In particular, Alon and
Paran in [1] proved both a Weak and a Strong version of the Nullstellensatz in the ring
Hlz1,...,z,] of quaternionic polynomials with central variables, i.e. such that z,z,, =
Tmxy for all £,m = 1...n. We remark here that, in this framework, the equivalence of
the two versions of the Nullstellensatz cannot be shown using the point-evaluation of
polynomials since it is not a ring homomorphism in general.

In the last decade the theory of slice regular quaternionic functions has proved to be
central for the development of the study of quaternionic maps which resemble the main
properties of holomorphic functions in the complex setting (see, e.g., [4,5]). Furthermore,
even though an analog of the Fundamental Theorem of Algebra does not hold in general
for polynomials over the quaternions, in [6] a positive result in this sense has been
obtained for slice regular polynomials over quaternions and octonions. Thus it is quite
natural to look for a version of the Nullstellensatz in the framework of slice regular
polynomials in n quaternionic variables, i.e. polynomial functions P : H" — H of the
form

(@5 s @) = Placgn) = Y @ g man, e,
£1=0,...,L1
£,=0,....Ln

with ag, ... ¢, € H, where deg,, P := L;. Slice regular polynomial functions of several
J

variables can be endowed with an appropriate notion of product, the so called slice

product, that will be denoted by the symbol *. Let us recall here how it works for slice

regular polynomials in two variables. If P(q1,¢2) = Y n=o0,...N, ¢1'¢5 an.m and Q(q) =
m=0,...,Na
> n=0,....L1 4795 by m are two slice regular polynomials, then the %-product of P and Q
m—

is the éii’ceQregular polynomial defined by

— § n_m
P x Q(qla q2) = q1 92 E ar,sbnfr,mfs
n=0,...,N1+L1 r=0,...,n
m=0,...,No+Lo s=0,...,m



It is possible to establish an isomorphism ¢ between the ring of slice regular polynomials
in n quaternionic variables H][g,...,¢,] equipped with the %-product and the ring of
polynomials in several central variables H[x1, ..., x,] equipped with the standard point-
wise product, considered in [1]. Thanks to the isomorphism ¢, it is immediate to rephrase
in our setting the weak version of the quaternionic Hilbert Nullstellensatz proved in [1].
However, the established isomorphism cannot be directly used to study the vanishing
sets of polynomials. Indeed, an element in H[zq,...,z,] can be evaluated as a func-
tion only on n-tuples (aq,...,a,) € H" with commuting components a;a,, = a,a; for
any I,m = 1,...,n (a nowhere dense subset of H") whereas the corresponding regular
polynomial function is well defined in H™.

In order to study the zero set of slice regular polynomials, we begin by focusing our
attention to their factorization properties in terms of the x-product. While polynomials
vanishing at points with commuting components are studied in [1], we characterize slice
regular polynomials which vanish at any given point in H™.

Let I be a right ideal in H[qy, ..., gn]; we define V(I) to be the set of common zeros
of polynomials in I. Let Z be a subset of H", we denote by Z(Z) the right ideal given
by the intersection, for (a1, ...,a,) € Z, of the right ideals Z(q, ... 4,) generated, via the
x-product, by q1 — a1,q2 — ag, ..., qn — an in Hlgy, ..., qn].

We point out that, in the quaternionic setting, Z(Z) does not always coincide with the set
of polynomials vanishing on Z. Indeed the set of polynomials whose zero locus contains
Z is not an ideal, in general. So it is natural to consider also the ideal J(Z) generated
by polynomials vanishing on Z; we then investigate the relations of J(Z) with Z(Z).
The two sets Z(Z) and J(Z) coincide, for instance, when Z consists only of points with
commuting components (this is the case considered in [1]). In the general case, we can
show the inclusion J(Z) C Z(Z2).

After introducing the radical of an ideal I as the intersection of all completely prime
ideals containing I, we can rephrase the Strong version of the Nullstellensatz proved in
[1] in the setting of slice regular polynomials.

In the two variable case, we show some relevant geometric properties of the vanishing
set of an ideal in H[q, g2]. We say that a subset D C H? is q-symmetric if, for any
(a,b) € D, such that ab # ba, the set S, x {b} is contained in D. With this notation, we
show that, given a right ideal I C HJqy, g2], then V(I) is gi-symmetric. This is the key
ingredient to show that J(V(I)) coincides with Z(V(I)) in H][g1, ¢2] and thus to have a
more geometric interpretation of the Strong Nullstellensatz in this framework.

Theorem (Strong Nullstellensatz in H?). Let I be a right ideal in H[qy, q2]. Then
JwI) = VI.
Moreover, /I coincides with the ideal of polynomials vanishing on V(I).

These promising results and their potential generalizations in several quaternionic
variables are in the direction of developing a theory of quaternionic algebraic varieties in



H", without any assumption on the commutativity of the components of the considered
points.
The present paper is organized as follows: in Section 2 we shortly recall the main defini-
tions and results from the theory of slice regular polynomial functions which will be used
in the sequel. The factorization of slice regular polynomials and application to the study
of ideals in Hlgy, ..., q,] is treated in Section 3, where moreover one can find several
properties of the vanishing sets of slice regular polynomials in two quaternionic vari-
ables. The Nullstellensatz type theorems for slice regular polynomials are investigated in
Section 4; in particular, a new version of the Strong Nullstellensatz Theorem is proved
for ideals in HJq1, ¢2]. Finally we provide examples in several quaternionic variables that
enforce the evidence that this new version of the Strong Nullstellensatz should hold in
Hlg1, ... qnl-

The authors are very grateful to the anonymous referee for her/his precious comments
and suggestions which have contributed to improve the quality of the paper.

2. Introduction to quaternionic slice regular polynomials

Let H= R + iR + jR + kR denote the skew field of quaternions and let S = {¢g € H :

q®> = —1} be the two dimensional sphere of quaternionic imaginary units. Then

H=[J®R+RJ),
JeS

where the “slice” C; := R + RJ can be identified with the complex plane C for any
J € S. In this way, any ¢ € H can be expressed as ¢ =z + yJ with z,y € R and J € S.
The real part of ¢ is Re(q) = x and its imaginary part is Im(q) = yJ; the conjugate
of ¢ is ¢ := Re(q) — Im(q). For any non-real quaternion a € H \ R we will denote by
Jo = &2—8;‘ € S and by S, := {Re(a) + J]Im(a)| : J € S}. If a € R, then J, is any

imaginary unit.

The central object of the present paper is the class of slice regular quaternionic polyno-
mial functions P : H" — H,

(QIa"'aQ’n) = P(lea‘ln) = Z QI21 "'QHena/Zl,‘.wln
£1=0,...,L1
£,=0,....L,,

with ag, .. ¢, € H, where dengj P:=1L;.

These polynomial functions are examples of slice regular functions on H”. When consid-
ering functions of several quaternionic variables, the definition of slice regularity relies
on the notion of stem functions. The formulation of the theory in several quaternionic
variables (in the more general setting of real alternative *-algebras) can be found in [7],

whereas for an updated survey on the theory in one quaternionic variable we refer to the
book [4].



Slice regular polynomial functions of several variables can be endowed with an appro-
priate notion of product, the so called slice product, that will be denoted by the symbol
*. Let us recall here how it works for slice regular polynomials in two variables.

Definition 2.1. If P(q1,q2) = > n=0,...N; 4745 Gnm and Q(q) = D n=0,....L; 4765 bn.m
m= m=

yeers N2 sy L2
are two slice regular polynomials, then the *-product of P and @ is the slice regular
polynomial defined by

R n_m
PxQ(q1,q2) := E q1 95 E Gr,sbp—rm—s
n=0,...,N1+L1 r=0,...,n
m=0,..., No+ Lo s=0,...,m

For example, if a,b € H, then

* 1 %42 = (q2*q1 = q192;

o ax(q1q2) = (1q2) * a = q1¢24;

* (q'g5a) * (q7gsb) = ¢ " g5+ ab.
Moreover we point out that, if P or ) have real coefficients, then P x Q = @ * P.
For slice regular polynomials of one variable, the relation of the *-product with the usual
pointwise product is the following (see [4, Theorem 3.4]):

0 if P(q) =0
Prele) = {P(q)-Q(P(q)‘l-mP(q)) if P(q) #0 1)
for any P, @ slice regular polynomials. Notice that P(q)~!-¢- P(q) belongs to the sphere
Sq. Hence each zero of P x () in S, is given either by a zero of P or by a point which is
a conjugate of a zero of () in the same sphere.

A peculiar aspect of slice regular polynomials (more in general slice regular functions)
in one quaternionic variable is the structure of their zero sets. In fact, besides isolated
zeros, they can also vanish on two dimensional spheres. As an example, the polynomial
¢?> 4+ 1 vanishes on the entire sphere of imaginary units S. It can be proven that also
spherical zeros cannot accumulate.

Theorem 2.2. [/, Theorem 3.13] Let P be a slice regular polynomial in one quaternionic
variable. If P does not vanish identically, then its zero set consists of isolated points or
isolated 2-spheres of the form x + yS with x,y € R, y # 0.

Remark 2.3. Observe that the evaluation of slice regular power series is not a mul-
tiplicative homomorphism. Therefore, the zeros of the x-product of two slice regular
polynomials are not in general the union of the zeros of each of the factors. For instance,
q1 — @ vanishes on {i} x H, while (g1 — 7) * (g2 — j) = q192 — q15 — q29 + k, when ¢; = i,
vanishes only for ¢, € C;.



In the sequel we will denote by Hlgi,...,q,] the set of slice regular polynomials
in n quaternionic variables. Since the x-product is associative but not commutative,
(H[q1,--.,qn], +, *) is a noncommutative ring (without zero divisors).

Definition 2.4. A subset I of H[qy,...,qn], closed under addition, is called

o a left ideal if for any P € H|qy,...,qs), Px I ={PxQ : Q€ I} C I,
o a right ideal if for any P € H[q1,...,qn), I+ P={Q*P : Q€ I} CI;
o a two-sided ideal if I is both a left and a right ideal.

From the algebraic point of view, the ring (H[g, ..., qn], +, *) is isomorphic to the
ring (H[z1, ..., 2,], +, ) of quaternionic polynomials in several central variables with left
coefficients considered in [1], via the map defined on monomials as

v: (Mg, ..., q], +,%) — (H[z1,...,2,],+, ")

Ly
n

(2.2)
p: qfl ~-~qu"ar—>Ex€1 e

and then extended by additivity to polynomials. The Identity Principle for Polynomials
guarantees that ¢ is a bijection. Moreover it satisfies the equality

¢ ok knp\ _ Otk otk 1N T Ltk thn _
gy - qraxqft - qirb) = (g T glp T ab) = aba R gl R =

L1+ky bntkn _ 7,41 Ly | =..k1 kn _ k1 kn £y L
1 Ty =bayt -y awyt o wyt = (qrt g b) - e(g)t gy a).

=bax
The isomorphism ¢ inverts the order of the factors, this is in accordance with the fact
that ideals considered in [1] are left ideals, while in our context it is natural to consider
right ideals.

Remark 2.5. Observe that any slice regular polynomial function P € Hlgy, ..., ¢n], +, %)
can be evaluated at any point in H", whereas any polynomial with central variables
@(P) € (H[zy,...,2,],+,-) can be evaluated only at points in (J;.g(Cs)™ € H". In [1],
the set (J;cg(Cs)" is denoted by H.

As a consequence of the previous remark, the isomorphism ¢ cannot be used to have
information on the evaluations of the isomorphic polynomials in the two polynomial rings.
However, in |J;.g(Cs)" € H" it is possible to establish a correspondence between values
of slice regular polynomials in HJqi,...,q,] and those of their images in H[z1,...,z,]
through ¢. Indeed, let (aq,...,a,) € H™ be such that aya,, = amas for any ¢, m, and let
P € H[q,.-.,qn]- Then, it is immediate to see that

p(Plar, ..., an)) = (p(P)) (@1, ..., an). (2.3)

As in the one-variable case (see [4, Definition 1.46]), it is possible to introduce the
conjugation and the symmetrization operators for slice regular polynomials in several



quaternionic variables. For the sake of simplicity, we define them only in the case of two
quaternionic variables.

Definition 2.6. Let P(q1,92) = Y.  ¢'¢5an.m be a slice regular polynomial. Then
n=0,..., N
m=0,...,M

the regular conjugate of P is the slice regular polynomial

P(qq2) = Y. 4'65 Tum,

[=X=}

n=0,...,
m

geeey

and the symmetrization of P is the slice regular polynomial
PP =PxP°=P°xP.

A very useful result, that will be used in the sequel, is the following version of Identity
Principle for slice regular polynomial functions. See [7, Corollary 2.13] for the details.

Theorem 2.7 (Identity Principle). Let P,Q be two slice regular polynomials in n quater-
nionic variables. If there exist Ji,...,Jn €S such that P=0Q on Cj, x---xCy, , then
P=Q on H".

3. Some remarks on factorization of slice regular polynomials

In this paper we will only consider slice regular polynomials in quaternionic variables.
For brevity, we will refer to them simply as regular polynomials. In the one-variable
setting it is possible to perform both left and right Euclidean #-division between regular
polynomials, see [4, Proposition 3.42]. For regular polynomials in several quaternionic
variables, as in the complex case, we need to restrict our setting to the case of division
of regular polynomials by a monic regular polynomial.

Definition 3.1. A regular polynomial P(qi,...,¢2) is monic of degree d in the variable g;
if it can be written as

d—1
P(qla-~-7qn) :q;l'i‘zqf*Pk(QL---,q]'—17Qj+17~-~7Qn)
k=1

with P17~"7Pd—1 € H[qlw--an—17Qj+l,~-~7Qn]-

Proposition 3.2. Let M € H]qi, ..., ¢, be a monic regular polynomial of degree d in g;,
with 1 < j < n. Then, for any P € Hq,...,qn], there exist, and are unique, regular
polynomials Q € Hlq1,...,qn] and Ry, ..., Rq—1 € H|q1,...,¢j-1,¢j+1,- -, qn] such that

d—1

P=M*Q+> ¢ Ry

k=0



Proof. Let Py,...,Ps € Hlg1,...,¢j-1,¢j+1,---,qn] be such that

S
P=> gf«P,
k=0

and proceed by induction on the degree s of P in g;.
If s < d, then we set Q =0 and Ry = P and we immediately prove the statement.
Otherwise, consider P = P — M qjs.’d * P,. Since M is monic of degree d in g;, we

get that degqj P < s. We can therefore use the induction hypothesis to write P =

Aod=1
MxQ+ Y q;?Rk, so that
k=0

d—1
P:p—l—M*qJS.*d*PS:M*(Q—i—q;’d*Ps)—i—qu]:?k.
k=0

Thus, setting Q = Q + qjsfd * Py and Ry = Rk, we conclude. O

Here we begin the study of zeros of regular polynomials. Our interest is twofold:
on the one hand we aim to better understand the structure of the vanishing sets of
regular polynomials, on the other hand we want to investigate the relation between such
vanishing sets and ideals in Hlqy, ..., ¢n].

Definition 3.3. If a € H, let C, be the set of ¢ € H such that ag = qa, namely
(Cja if a€eH \ R
Cy =
H if aeR

Let us first consider a simple example that enlights how the lack of commutativity
of the product affects the structure of the zero locus of a regular polynomial in two
quaternionic variables and shows that these two variables are not interchangeable.

Example 3.4. Let a,b € H be such that ab # ba and consider the regular polynomials
P(q1,q2) = (@1 — a) * (g2 = b) = qrq2 — 1b — qza + ab

and
Q(q1,q2) = (g2 — b) * (@1 — a) = q1q2 — 10 — gea + ba.

For ¢ = a we have

P(a,q2) = aga — gza and  Q(a,q2) = agz — ab — gza + ba.



Hence P vanishes on {a} x C,, while @ does not.
On the other hand, for g3 = b,

P(q1,b) = —ba+ab and Q(¢q1,b) =0.
Hence @ vanishes on H x {b}, while P is never zero when ¢y = b.

Remark 3.5. In addition to Remark 2.5, observe that there is not a direct correspon-
dence between the zero locus of regular polynomials in (H[q1, g2], +, *) with the zero
locus of polynomials in (H[z1, 23], +, ). In fact, the zero locus of the regular polynomial
P(q1,q2) = (g2 — i) * (q1 — j) in H? contains H x {i}, while its isomorphic image via ¢
in (H[z1,x2],+, "), namely (21 + j) - (x2 + ¢), for o = —i vanishes only when z; € C;
(since it cannot be evaluated at points with noncommutative coordinates).

The next proposition gives a first geometrical description of the zero set of regular
polynomials in several quaternionic variables.

Proposition 3.6. Let P € Hq,...,qs] be a regular polynomial in n variables and let

1 < m < n. Then P wvanishes on H™! x {a} x (C,)"~™ if and only if there evists
P, € Hlq1,...,qn] such that

P(QD---»Qn): (Qm—a)*Pm(QIanH

Proof. Let P, (q1,...,qn) = > qfl ---qFnby, 1, be a regular polynomial in
k;=0,...,N;
j=1,....n

Hlgqi, ..., qn] and consider P = (g, — a) * Py,. Then

P(q1,-- ) = @m * Pr(qr, - qn) — ax Pr(qi, ..., Gn)
= Y @t g b,

ICJ'ZO,...,NJ'
j=1,....n
Z k Ko kon
—_— qllnnnqm ...qn .a'bkl.‘_kn’
k;=0,...,.N;
i=1.n
and hence, for any (g1, ..., Gm—_1,0, Um+1,---,up) € H™™ L x {a} x (Cy)"™™,
P((Ih . ')Q’ﬂl717a;um+17' . 7u’I’L>
_ § k km+1 kn E k km, kn
P qlla-aa a-'un .bkl"'k,”/_ qll'.'a/ -.-un .al-bk:l..'k/n’
k;=0,...,N; k;=0,...,N;
Jj=1,....,n j=1,....n

=0.



On the other hand, suppose that a regular polynomial P vanishes on H™~! x {a} x
(Cy)™ ™. Then, performing the *-division of P by ¢, —a as in Proposition 3.2, we obtain

P(Qla”'aQTl) = (Qm _a) *Pm(qu"'7Q’rL) +R(Q1aQQ7---an—th-&-l’---,Qn)-

Now, for any (q1,-- -, @m—1,@ Umi1,---,Un) € H™™ 1 x {a} x (Cy)"~™ we have that
P(q1,- -y Qm—1,0,Um41,---,u,) = 0 and, as in the previous considerations, also

[(gm — a) * Pn(qu, . - 7Qn)]|(q1,.wqul,a,um+1w~,un) =0.

Hence R vanishes identically on H™~! x (C,)"~™. Thanks to the Identity Principle 2.7,
we get that R is identically zero and we conclude the proof. 0O

We now want to establish a relation between zeros of regular polynomials and ideals
in Hlqy,...,qs). If (a1,...,a,) € H", then denote by

I(al,.“,an):{(ql_al)*Pl+"'+(qn_an)*Pn‘Pla"'aPTLEH[Qh"'aqTL]}'

Thanks to the properties of the *-product, it is not difficult to prove that Z,, . q,) is a
right ideal, generated (via the x-product) by ¢1 —a1,q2 —az, ..., qn —a, in Hlgy, . . ., ¢u].

Remark 3.7. The isomorphism ¢ introduced in (2.2) maps the ideal Z(,, . 4,) <
Hlq1,- .., gn] to the ideal Iz in H[z,...,z,], where @ = (a7, ...,a,) (as in [1]).

From Lemma 2.1 and Proposition 2.2 in [1], taking into account Remark 3.7, we
directly get:

Proposition 3.8 ([1, Lemma 2.1 and Proposition 2.2]). Let (a1,...,a,) € H™.

(1) If aam = amay for any 1 < I,m < n, then L, . q,) i a mazimal ideal in

H[Qh---aQn];
(2) if there exist I,m € {1,...,n} such that aja, # ama;, then L, . .. =

H[Ql) .. 7Qn]-
Moreover, recalling Formula (2.3) and Remark 3.7, we immediately obtain:

Proposition 3.9 (/1, Proposition 2.2]). Let (a1, ...,a,) € H" with aja,, = ama; for any
1<Il,m<mn, andlet Z,,
regular polynomial P € Hqy,...,qs] belongs to L(a, .. 4, if and only if P(ay,...,a,) =
0.

a,) be the right ideal generated by q1 —as, ..., qn—an. Then a

.....

Let us now investigate what kind of information we obtain on the x—factorization
of a regular polynomial which vanishes at a generic point (aq,...,a,), without any
assumption on the commutativity of its components.

10



Proposition 3.10. A regular polynomial in P € H]qy,...,q,]| vanishes at (aj,...,a,) €
H"™ if and only if there exist Py € H[q1,...,qx] for any k =1,...,n such that

n

P(qr,- . ) = Y _(ax — ax) * Pelqr, .. k).
k=1

Proof. We start performing the x-division of P by (¢, — a,) as in Proposition 3.2; we
thus obtain

P(q13"'aqn) = (qn _an) *Pn(q17aqn) +Rn(q1;~~;qn71)'

Notice that R, (qi,--.,qn—1) does not depend on g, since deg, R < 1.If we now divide
R, by (¢n—1 — an—1), we obtain

P(q1,..,qn) = (qn — an) * Po(q1, .- qn) + (Gn—1 — @n—1) * Po—1(q1, - - -, Gn—1)
+ Rn—l(qla .. aQn—2)~

Iterating this process, at the (n — 2)-th step we get

P(Qla .. -aQn) = (Qn - a”n) * Pn(qla .. '7Q7L) + (Qn—l - a'n—l) * Pn—l(Qly . ~7Qn—1)+
+ -+ (g2 — a2) * Pa(qu, q2) + Ra(qu)

where Rj is a one-variable regular polynomial in ¢;. Thanks to Proposition 3.6, evaluating
at (a1,...,a,) the previous equality gives

0= P(a1,...,an) = Ra(ay)

which, recalling the one-variable theory (see [4, Proposition 3.18]), implies that there
exists P; € HJg] such that Ra(q1) = (¢1 — a1) * Pi(q1). Therefore we prove the state-
ment. 0O

Let (ai,...,a,) € H", and let us denote by E(q,, .. 4,) the set of regular polynomials
in Hlg, ..., ¢,] which vanish at (a,...,a,), namely

n
Eai,.an) = {Z(Qk —ak) * Pe(qr, ..., q) P € Hlgu, ..., qx] for any k = 17---,n}~
k=1

Proposition 3.11. Let (a1, ...,a,) € H". The set E,, .. q4,) of regular polynomials van-
ishing at (a1,...,a,) is an ideal if and only if ajam, = amay for any l,m=1,... n.

Proof. If (ay,...,a,) € H" is such that a;a,, = apa for any I,m = 1,... n, then
E(a,.....a,) coincides with the ideal Z(,, .. q4,)- Indeed E(q, .. a,) € Z(a,.....a,) Dy defini-

tion. On the other hand, by Proposition 3.9 all regular polynomials in Z(,, . 4,) vanish

ey

at (al, ceey an) and hence I(al,...,an) - E(a1

i)

11



Let now (ay,...,a,) € H™ be such that a;a,, # ama; for some I,;m € {1,...,n} and
suppose that E(,, . 4,) is an ideal. Since the regular polynomials ¢; — a1, ...,qn — an
belong to E(g, ... q,), the same holds for the ideal generated by them Z,, . 4,) = (g —
ap : k=1,...,n). Recalling Proposition 3.8, Z(s,, .. 4,) = H[q1,...,qn] € E(a,.....an)> @
contradiction. 0O

Remark 3.12. The previous Proposition can be read as follows: if a regular polynomial
P vanishes at (aq,...,a,) with @q;a,, = apa for any [,m = 1,...,n, then P x Q still
vanishes at (ay,...,a,) for any @ in Hlg,...,¢,]. The same is not in general true if a
zero does not have commuting components.

The previous remark is also relevant when considering the zeros of the symmetrization
of a regular polynomial. Recall that if a slice regular function in one quaternionic variable
vanishes at a € H, then also its symmetrization does. In several quaternionic variables,
we can show that the situation is the same only assuming the commutativity of the
components of the assigned zero.

Corollary 3.13. If P € H[q,. .., qn] vanishes at (ay,...,a,), with aja, = ama; for any
I,m=1,...,n, then also its symmetrization does since P®* = P x P°.

This is not necessarily true if aja,, # ama; for some I;m € {1,...,n}. As an example,
consider P(q1,q2) = q1q2 — k, whose symmetrization is P*(q1,q2) = ¢3¢3 + 1. We have
P(i,5) = 0, while P5(4, ) = 2.

3.1. The two variables case

Using the properties of regular polynomials in one quaternionic variable, we are able
to prove several results concerning the vanishing sets of regular polynomials in two
quaternionic variables which enlighten different interesting phenomena passing from one
to several quaternionic variables.

We begin by assigning the value of the first variable. The next proposition reminds the
geometric origin of spherical zeros for slice regular functions in one quaternionic variable.

Proposition 3.14. Let a € H \ R. If P(q1,q2) vanishes on {a} x C, and also at (a,b),
with b ¢ Cq, then P vanishes on {a} x Sy.

Proof. Thanks to Proposition 3.6,

P(q1,92) = (@1 — a) * Q(q1, q2)

with Q(q1,42) = Y. ¢}'¢5 anm. Notice that
—0,..N
=0, M
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(1 — a) * Qq1,92) = 1Q(q1,92) — aQ(a™'qra,a™ qza);

hence

n=0,...,N n=0,...,N
m=0,...,M m=0,...,M
n—1 m m
=a § a [agy" — g3"alanm
n=0,...,N
m=0,...,M

If ¢ =z + Ky, put ¢5' := am + KB, with z, y, o, Bm real numbers and K € S.
Similarly, write a” := u, + Jv, if a = a, + Ja; with a9, a1, u,, v, real numbers and
J € S. Hence

P(a,q2) =a Z a" ! aK — Ka) Brmtnm

—_——
n=0,...,N ~
m=0,....M =T

=a E (unfl + J’Unfl)TBmanm-
n=0,...,N
m=0 M

EEREE)

Now

T=aK—-Ka=(a,+ Ja1)K — K(a, + Ja1) = (JK — KJ)ay,

which implies that JT' = —TJ. Therefore

P(aa C]2) =aTl Z (un—l - Jvn—l)ﬂma'nm
n=0,...,N
m=0,...,M
=aT Z a” 1B, anm. (3.1)
n=0,...,\N
m=0,..., M

If P vanishes at (a,b) with b ¢ C,, then T # 0 and hence P vanishes on {a} X S;. Indeed
(3.1) is a function of §,, which only depends on 2 = Re(gz) and y = |Im(gz)| and not on
the imaginary unit of ¢go. O

We want to describe ideals contained in the set E(, 3 of regular polynomials vanishing
at a point (a,b) € H2. First we need the following

Proposition 3.15. A regular polynomial in two variables P € H|qy, q2] vanishes on S, X
{b} if and only if there exist P, € H[q1] and Py € H[q1, g2] such that

P(q1,q2) = (¢; — 2Re(a)q1 + |al?) * Pi(q1) + (g2 — b) * Pa(q1, q2)

13



Proof. Dividing P by (g2 — b) as in the proof of Proposition 3.10, we can write

P(q1,q2) = (g2 — b) * Pa(q1,q2) + R(q1),

and hence R(q1) = P(q1,q2) — (¢2 — b) * Py(q1,q2) vanishes on S, x {b}. Thus, since R
is a slice regular polynomial in one quaternionic variable, thanks to Proposition 3.18 in
[4],

R(q1) = (¢i — 2Re(a)q + |af*) * Pi(q1). O
Let us denote by Es, « {5} the set of regular polynomials vanishing on S, x {b}, namely
Es, vy = {(¢; —2Re(a)q1+|al*)* Py (q1)+(q2—b)* P2 (g1, g2) : P1 € Hlq1], P> € H[q1, ¢2]}.
Proposition 3.16. The set Es, x(py s an ideal contained in Eqp).

Proof. The fact that (¢? — 2Re(a)q1 + |a|?) is a regular polynomial only in the first
variable, with real coefficients, vanishing identically on S,, guarantees that

(¢ — 2Re(a)q1 + |al?) * Q = (¢ — 2Re(a)q1 + |a?) - Q
vanishes on S, x H for any @ € HJq, ¢2]. Hence any regular polynomial of the form
(¢; — 2Re(a)q1 + |al?) * Q1 + (g2 — b) * Qa,

with Q1, Q2 € Hlq1, g2], vanishes on S, x {b}. Therefore Es (5} is an ideal. Since a € S,
ESax{b} C E(a,b)~ O

Let us now show the following

Proposition 3.17. Let a,b € H be such that ab # ba and let I be an ideal of H[q1, go]
contained in Eqpy. Then I C Es_ x(p)-

Proof. Let P € I. Then P(a,b) = 0. Consider now P * gy which still belongs to I. Hence

0=P(q1,9) * o), , = &2 % Pla1,2)),,, = 2P (a3 ' 0102, 82)),,) = bP(b" " ab,b).

Thus the regular polynomial P(-,b) € H][g:] vanishes at ¢; = a and at ¢; = b~ 'ab which
are two different points on the two sphere S,. Thanks to Theorem 3.1 in [4]), P(-,b)
vanishes on the entire sphere S,. Hence P € Eg y 3. O

Propositions 3.15 and 3.16, and 3.17 will be used in the next section in order to
study the vanishing set of regular polynomials in H][qy, ¢2]; the first two results can be
easily generalized to regular polynomials in n variables vanishing on sets of the form
Sa, X {az} x -+ x {ayn}, where a;a,, = apma; for all I,m such that 2 <I,m <n.
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4. Nullstellensatz type theorems for regular polynomials

In this Section, we further investigate the relations between zero sets of regular
polynomials and ideals in HJqi,...,q¢,]. In the complex setting such correspondence
is established by the Hilbert Nullstellensatz. This result admits two equivalent formula-
tions. The first one, known as “Weak Nullstellensatz”, states that I is a proper ideal of
Clz1,-..,2s] if and only if there exists a common zero of all regular polynomials in I.
The second one, the “Strong Nullstellensatz”, is more abstract and involves the notion
of radical of an ideal. The equivalence of the two statements deeply relies on the fact
that point-evaluation is a homomorphism (see, e.g., [8]). As already pointed out in Re-
mark 2.3, this is not the case in the quaternionic setting. Using a proper strategy, Alon
and Paran in [1] prove a Weak and a Strong Nullstellensatz for quaternionic polynomials
with central variables. Thanks to the isomorphism ¢ introduced in (2.2) it is immedi-
ate to rephrase in our setting the Weak Nullstellensatz proven by Alon and Paran [1,
Theorem 1.1].

Theorem 4.1 (Weak Nullstellensatz for reqular polynomials). Let I be a proper right ideal
of Hlq1,...,qn]. Then there exists a point (ai,...,a,) € (Cy)", for some J € S, such
that every regular polynomial in I vanishes at (ay,...,an).

To discuss a Strong version of the Nullstellensatz for regular polynomials we need to
introduce some additional notation.

Definition 4.2. Given a right ideal I in Hlqy,...,q¢,], we define V(I) to be the set of
common zeros of P € I, i.e., if Zp C H™ represents the zero set of a regular polynomial
P e 1, then

V(1) = () Zp.
Pel
Furthermore, we set
Vo(I) = v(I)n | J(c)m
JeS

Notice that V.(I) is contained in V(I) and coincides with the set Z(I) introduced
in [1]. Recalling the notation introduced in Section 3, we have that a generic point
(ai,...,an) € H" belongs to V(I) if and only if I C E(q, .. q,)-

Let us now investigate some properties of the two sets V(I) and V.(I) when I is a
principal ideal.

Proposition 4.3. Let (P) be the principal right ideal generated by P € H|qu, ..., qn]. Then

V.((P)) = Zp | (CH)"
JeS
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Proof. By definition V.((P)) C J,;cs(Cs)" and V.((P)) € V((P)) € Zp. On the other
hand, recalling Remark 3.12, Zp NJ,;cg(Cs)™ € V.((P)) and hence they coincide. O

Theorem 4.1 guarantees that every regular polynomial has at least a zero with commuting
components, i.e., V.((P)) # @ for any P € H[q, ..., qn]-

We give an example of a regular polynomial in H]gy, ¢2] with all the zeros with commuting
components, that is such that V.((P)) = V({P)).

Example 4.4. The regular polynomial

P(q1,92) = q1q2 — 1

is such that, if J # K, then ZpN(C; x Cx) = @; indeed Zp = {(q,¢ 1) : ¢ € H\{0}},
which implies that if P(a,b) = 0 there exists J € S such that (a,b) € C; x Cj.

However, not all regular polynomials have all the zeros with commuting components,
not even if they have real coefficients

Example 4.5. The regular polynomial Q(q1,¢2) = ¢3 + ¢5 + 2 vanishes at (i, j) (and ac-
tually at any pair (Ji, J2) with Ji, J2 € S), which implies that Zg 2 V.((Q)). Moreover,
since

Q(q1,¢2) * 47 q5"a = 7 Q(q1, ¢2)¢5"a

for any monomial ¢}'¢5'a, any regular polynomial in (@) vanishes on Zg and hence

V(@) = Zq-
This gives us an example in which V(I) 2 V.(I).

Since the set of regular polynomials vanishing on a given subset Z of H" is not in general
an ideal (even if Z consists of a single point, as noted in Proposition 3.11), it becomes
natural to associate two different ideals with Z.

Definition 4.6. Let Z be a non-empty subset of H".
We denote by J(Z) the right ideal generated in Hq,...,¢,] by regular polynomials
which vanish on Z,

N
J(Z) = {Zpk «Qp © Py, Qp € Hlgy, ..., q,) with Py, = o}.
k=1

We denote by Z(Z) the right ideal

I(Z) = ﬂ I(al,.‘.,a”)~
(a1,...,an)EZ
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Recalling Proposition 3.11, note that, in general, neither [7(Z) nor Z(Z) coincide with
the set of regular polynomials vanishing on Z. Let us give an example in two variables.

Example 4.7. Consider the case Z = {(i, j)}, from Proposition 3.8 it follows that
1(Z) = L,y = Hlq1, 2] # Ei )
Moreover, since q1 —4,q2 — j € J(Z), we get that J(Z) = I; j) as well.
Again by Proposition 3.11, given a right ideal I in H]q,...,qn], both the ideals

J(Ve(I)) and Z(V.(I)) coincide with the set of regular polynomials vanishing on V.(I).
In particular this yields that we always have the equality

Observe that

V(1)) = N Liar,an) = N Liay, o) =Z(VI)).  (4.1)
(a1,...,an)EV(T) (a1,...,an)EV)

Moreover, since V.(I) C V(I), it turns out that
JV)) € TVe(l)) = Z(Vc(I)) = Z(V(I))- (4.2)

To state a version of the Strong Nullstellensatz for regular polynomials, first we recall
the following counterpart of prime ideals in the noncommutative setting (see [10]).

Definition 4.8. A right ideal I in H]qy,...,q] is completely prime if for any P,Q €
H[q1,- .., ¢n] such that P+ @Q € I and P« I C I we have that P€ I or Q € I.

The notion of radical of an ideal introduced in [1] can be defined also in the setting
of regular polynomials.

Definition 4.9. Let I be a right ideal in H[qy, ..., q,]. The right radical \/T of I is the
intersection of all completely prime right ideals that contain I.

From the isomorphism ¢ introduced in (2.2) and equality (4.1), Theorem 4.6 in [1],
directly leads to the following version of the Strong Nullstellensatz for regular polyno-
mials

Theorem 4.10. Let I be a right ideal in Hlgy, ..., q,]. Then

V() = V1.
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In the two-variable case, thanks to the better understanding of the correspondence be-
tween zeros of regular polynomials and ideals, we are able to give a more concrete version
of the Strong Nullstellensatz, stated in terms of the ideal operator J instead of Z.

Definition 4.11. A subset D C H? is called q;-symmetric if for any (a,b) € D such that
ab # ba, the set S, x {b} is contained in D.

Observe that if D contains only points with commuting components, then D is clearly
g1-symmetric.

Proposition 4.12. Let I € H]q1, q2] be a right ideal such that V(I) is q1-symmetric. Then
JVe(I)) coincides with the set of reqular polynomials vanishing on V(I), which thus is
a right ideal in Hq1, q2].

Proof. If V(I) = V.(I) there is nothing to prove. Let (a,b) € V(I)\V.(I). Since V(I) is q;-
symmetric, the set V.(I) contains two points (a1,b) and (a1, b) in S, x {b} with a;b = ba;.
Let P € J(V.(I)). Then P vanishes on V,.(I) and hence P(ay,b) = P(a1,b) = 0. Since
P(-,b) is a regular polynomial in ¢;, thanks to Theorem 3.1 in [4], we get that P(-,b)
vanishes on the entire sphere S,. Therefore P(q1, ¢2) vanishes on S, x {b}, thus on (a, b).
Since (a, b) is a generic point in V(I), we have that P vanishes on V(I). O

Corollary 4.13. Let I € Hlqy, 2] be a right ideal such that V(I) is q1-symmetric. Then
JV(I)) = T (Ve(I))-

The crucial geometric property of V(I) is shown in the following
Proposition 4.14. Given a right ideal I C H][q1, g2|, then V(I) is g1-symmetric.

Proof. Suppose there exists a point (a,b) € V(I) \ V.(I). Since I C E(,3) and ab # ba,
thanks to Proposition 3.17, we get I C Es,_ ) and thus S, x {b} C V(). O

The case V.(I) = V(I), for example, occurs when I = (P), with P = ¢1¢2 — 1. Since
ZpN(Cy; x Ck) = @ for imaginary units J # K, then every regular polynomial in (P)
vanishes on Zp. Hence V((P)) = Zp = V.({P)).

Combining Proposition 4.12, Corollary 4.13 and Proposition 4.14, we obtain

Theorem 4.15. Let I be an ideal in H[q1, g2]. Then J(V(I)) = T V.(I)); thus T(V(I)) =
{P € H[fhvfh] : P(qth) = Oa (qlaQ2) € V(I)}

Recalling Equation (4.2) we then have the following
Theorem 4.16 (Strong Nullstellensatz in H?). Let I be a right ideal in H[q1,q2]. Then

JvI)) = VI.
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This formulation of the Strong Nullstellensatz has a relevant geometric interpretation
since, combining Proposition 4.12 with Theorem 4.15, we obtain that v/I coincides with
the ideal of regular polynomials vanishing on V(I).

There are several examples suggesting that the equality 7(V(I)) = J (V.(I)), holds also
in H[g, ..., qn], with n > 2. This has been the key ingredient to give a more geometric
interpretation of the Strong version of the Nullstellensatz for regular polynomials in two
quaternionic variables and is expected to be crucial also for regular polynomials in several
quaternionic variables.

Example 4.17. Here we list some examples in which J(V(I)) = J(V.(I)).

(1) Any ideal I in H[gy,...qy] such that V.(I) = V(I).
(2) I = (g1 —ay); indeed, P € (g1 — a;) if and only if P vanishes on {a;} x (C,, )" ! =
Ve({@1 — a1)). Hence (g1 — a1) = T(Ve({q1 — a1))) 2 T(V((q1 — a1))) 2 (@1 — an).

(3) I =1Za,,....an):
if aa,, # ama; for some I,m € {1,...,n}, then Ty, o,y = Hlgi,...,q.] so
V(I(al,...,an)) = VC(I(al,...,an)) = .
If ajam = amay for any [,m =1,...,n, then P € Z(,, .. 4, if and only if P vanishes
at (a1,...,a,). Therefore

I(al,...,an) 2 j(VC(I(al,--«7an))) 2 J(V(I(a17---7an)>) 2 I(al,.--,an)'

The authors have in mind to investigate the general statement which might be behind
these examples in a forthcoming paper.
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