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A B S T R A C T

Wind turbine power curves play a key role in various aspects during the life of a wind farm. Typical uses range
from wind power forecasting to wind turbine condition monitoring. This paper addresses the identification of
probabilistic models of wind power curves from observed data. The main challenge is the need to handle
a statistical distribution of wind energy whose shape not only may be highly skewed, but can also change
with wind speed. To address these issues, we resort to the framework of Generalized Linear Models (GLMs),
proposing a Beta regression approach, with constant or variable dispersion and an appropriate preconditioning
step. The proposed methodology was tested on three real SCADA measurements retrieved from public datasets,
including a comparison with Quantile Regression Forests (QRFs), also in terms of robustness to outliers. The
results suggest that Beta regression can be a valuable resource in the development of probabilistic models for
wind energy, as it provides a high degree of flexibility while preserving an interpretable structure.
1. Introduction

In the context of wind power generation, it is well known the impor-
tance of the power curve linking the generated power to the wind speed
and other features such as wind direction, air density, temperature,
humidity, and so on. The power curve plays a key role for several
purposes, such as power forecasting, turbine condition monitoring,
wind energy potential estimation and turbine selection [1–6].

Although theoretical power curves provided by manufacturers
might allow for factors such as temperature and humidity, it is a
common wisdom that the performance of the same piece of equipment
located in different sites may vary due to differences in weather and
geography. Hence the need of collecting and analyzing actual wind and
power data in order to build accurate wind power curves.

A first type of power curves are those linking the generated power
to measured inputs, mainly the wind speed. As an alternative, it is
possible to estimate power curves that link the generated power to
the forecast wind speed (and possibly other regressors). Since the
uncertainty affecting the forecasts is much larger than that affecting the
measured weather variables, there are some notable differences in the
statistical issues arising in the estimation of these two types of power
curves, see e.g. [7]. In the present paper, only the first type of problem
will be investigated.

Despite the wide selection of power curve models available in
the literature, it is commonly recognized that there is still room for
improvement. An in-depth review of the available models and their
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pros and cons was provided by Wang et al. [5]. In summary, models
can be divided between deterministic and probabilistic. In the first cate-
gory, we find curve fitting, piecewise linear, polynomial, sigmoidal and
logistic models, see [3,8–10] for some examples. A further sub-category
is artificial intelligence models, including neural networks, K-Nearest
Neighbors (KNN), and various regression methods, see e.g. [11–14].

As noted by Wang, deterministic models suffer from some limita-
tions due to the specific features of wind power data. In particular,
as wind speed changes, the statistical distribution of power exhibits
two fundamental characteristics. First, the variance is typically het-
eroscedastic, that is it varies significantly. In particular, the variance
may be lowest when the speed is close to the cut-in and the power is
therefore close to its minimum and when the speed is in a saturated
condition near the rated power. A second characteristic is the asym-
metry of the power distribution. For low speeds, the tail of the power
distribution is skewed to the right. Conversely, near the rated power,
the distribution becomes skewed to the left.

In light of these characteristics, deterministic models, providing just
a point prediction of power, appear to be insufficient. The true chal-
lenge lies in developing probabilistic models that, using wind speed and
other meteorological data, go beyond single-point power predictions
and instead provide a comprehensive statistical distribution, accounting
for changes in variance and skewness. The superiority of these models
is evident when one considers the possible uses in fault detection and
forecasting, which obviously benefit from the ability to quantify and
propagate uncertainty.
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An advantage of probabilistic methods is the possibility of obtaining
point forecasts optimized according to the score index. For example,
one will use the mean of the power distribution, if interested in mini-
mizing the quadratic error, and instead the median, if interested in the
absolute error.

Interest in probabilistic models has grown in recent years, see
e.g. [15–18]. One category of models takes into account heteroscedas-
ticity through Gaussian distributions, where the variance depends on
wind speed, while the mean can be described by a deterministic model
or a Gaussian Process or a spline [5]. A limitation of these approaches is
that the use of Gaussian distributions is unable to accurately represent
the asymmetry of the distribution, whose skewness, as said, changes
sign with varying wind speed. A more flexible approach employs a
mixture of Gaussians which, thanks to its nonparametric nature, is
capable of capturing both the heteroscedasticity and the asymmetry of
the power distribution conditioned on wind speed [5,15]. The training
hinges on a hierarchical Bayes model that requires suitable prior dis-
tributions for parameters and hyperparameters of a Gaussian mixture
with a potentially large number of components.

As Wang and colleagues have recognized, there is opportunity
for additional exploration in the field of probabilistic models. The
primary objective of the present paper is to develop and validate a
novel probabilistic model that addresses both heteroscedasticity and
asymmetry in the wind power distribution. In particular, it is assumed
that this distribution function can be effectively approximated by a
Beta random variable. Then, the critical challenge lies in determin-
ing how the parameters of the Beta distribution are influenced by
the independent variables. To efficiently address this problem, we
employ Generalized Linear Models (GLMs), under the form of Beta
Regression [19,20]. The paper introduces the GLM framework and
discusses the steps of model building. Various implementation aspects
are discussed, including the use of a variable dispersion parameter and
preconditioning techniques that can exploit the manufacturer’s power
curve or deterministic models.

The paper is organized as follows. In Section 2, three datasets
re introduced and the issue of outlier detection is addressed. The
hallenges posed to probabilistic models by the heteroscedastic and
symmetric distribution of wind power are illustrated in Section 3. The

novel approach based on Beta Regression, a particular type of GLM, is
introduced in Section 4. In Section 5, the application of the new method
to the three datasets is presented, including a comparison with Quantile
Regression Forests (QRFs), also in terms of robustness to outliers. A
discussion of the results ends the paper. In the Appendix, details are
given on three technical issues: outlier removal by the Ratio-Skewed
boxplot algorithm, visual validation of conditional distribution models,
and the tuning of QRFs.

2. Data description

2.1. Dataset A

This dataset pertains to a wind turbine situated in Turkey, equipped
with a Supervisory Control and Data Acquisition (SCADA) system. The
dataset, collected throughout the year 2018, was retrieved from the
Kaggle repository [21].

Each entry of the 52,560 records corresponds to a 10-minute inter-
val. The following variables are of interest:

1. Date/Time: the timestamp of each data point, recorded at 10-
minute intervals.

2. LV ActivePower (kW): the real-time power output of the turbine.
3. Wind Speed (ms−1): Measured by an anemometer at the hub

height of the turbine.
2

4. Theoretical_Power_Curve (kW): the theoretical power values that
the wind turbine should generate based on the recorded wind
speed. These values, determined by the turbine manufacturer,
serve as a reference for evaluating the expected performance of
the turbine. According to the theoretical power curve the cut-in
speed and the rated one are 𝑤𝑖𝑛 = 3m s−1 and 𝑤𝑟𝑡 = 13m s−1,
respectively.

5. Wind Direction as degrees (°): the wind direction at the hub
height of the turbine, automatically adjusted to optimize power
generation based on wind direction.

The scatter plot of active power vs wind speed is plotted in the upper
left panel of Fig. 1.

2.2. Dataset B

The second dataset consists of weather, turbine, and rotor features
recorded from January 2018 to March 2020, retrieved from the Kag-
gle repository [22]. The data were collected at a 10-minute interval,
resulting in a total of 118,224 entries. The following variables are of
interest:

1. ActivePower (kW): the active power generated by the turbine.
2. WindSpeed (ms−1): the wind speed measured at the turbine

location.
3. WindDirection as degrees (°): the wind direction at the turbine

location.

Differently from dataset A, the theoretical power curve is not avail-
able. From the inspection of the data, presumed values of the cut-in
and rated wind speed were assumed equal to 𝑤𝑖𝑛 = 2.5m s−1 and
𝑤𝑟𝑡 = 9.5m s−1.

2.3. Dataset C

This dataset includes SCADA measurements of the first of 14 Sen-
vion MM82 wind turbines forming the Penmanshiel wind farm in the
United Kingdom (coordinates 55.904976, −2.291849), whose installed
capacity is 28.7 MW. The dataset incorporates crucial variables, in-
cluding ‘Potential power default PC (kW)’, which characterizes the
theoretical turbine power curve. Additionally, measurements such as
‘Wind direction (◦)’ and ‘Wind speed (m/s)’ that are recorded at the
nacelle. ‘Lost Production to Downtime and Curtailment Total (kWh)’
serves as a variable indicating instances of downtime or curtailment,
with non-zero values signifying recorded events. Finally, ‘Power (kW)’
is a key variable representing the actual power output of the turbine.

The temporal span of the dataset encompasses the period from Jan-
uary 1, 2016, to July 1, 2021, with data recorded at 10-minute intervals
and organized in different .csv files by year. Further data, including
site substation/PMU meter and site fiscal/grid meter information, is
accessible on Zenodo [23]. For the subsequent analysis, we kept all the
wind turbine data where ‘Lost Production to Downtime and Curtailment
Total (kWh)’ is equal to zero.

3. The challenge of heteroscedasticity and asymmetry

In order to illustrate the features of the distribution of wind power
conditional on different wind speeds, let us inspect datasets A and B,
plotting the histograms of wind power observations associated with
wind speeds belonging to specific bins, ranging from the cut-in wind
speed to the rated one, see Figs. 2 and 3.

In particular, for dataset A, wind speed was binned in 9 intervals of
width 1.11m s−1 starting from 3m s−1. Accordingly, the dataset was split
in 9 subsets, yielding the 9 histograms of wind power values displayed
in Fig. 2. In a similar way, for dataset B, wind speed was binned in 9
intervals of width 0.77m s−1 starting from 2.5m s−1 and the 9 histograms
were plotted in Fig. 3.
2
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Fig. 1. Dataset A. Raw data: observed wind speed and wind power pairs from a wind turbine situated in Turkey (upper left); data after outlier removal via ratio-skewed boxplot
outlier detection (upper right); training dataset (lower left); test dataset (lower right).

Fig. 2. Dataset A (test data): Wind power histograms (green) corresponding to 9 bins of wind speed ranging from the cut-in speed (top left panel) to the rated one (bottom right).
The red curve is the distribution predicted by fitting the training data with a Beta regression model with constant dispersion, preconditioned using a spline function (model M5).
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Fig. 3. Dataset B (test data): Wind power histograms (green) corresponding to 9 bins of wind speed ranging from the cut-in speed to the rated one. The red curve is the distribution
predicted by fitting the training data with a Beta regression model with variable dispersion, preconditioned using a spline function (Model M6).
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The visual inspection of Figs. 2 and 3 highlights the peculiar nature
f the distribution of wind power. First of all, it is highly heteroscedas-
ic in that the variance changes substantially depending on the selected
ind speed bin: smaller for the extreme bins and larger for the central
nes. In addition, the distribution exhibits a strong asymmetry with
kewness that ranges from positive values for low speeds to negative
alues for wind speeds close to the rated one.

It is this heterogeneity that motivated the development of flexible
rror models, such as normal distributions with different variances or
aussian mixtures [5]. Note that, compared to [5,24,25], Figs. 2 and 3
o not display forecast errors relative to some model, but display just
he conditional histograms without any modeling assumption. The idea
s that the statistical properties of the conditional distribution should
uide the choice of the most appropriate model. As a matter of fact, the
eta-like shapes of the histograms suggest that a parsimonious model
ould be obtained by resorting to Beta regression, a particular type of
LM, reviewed in the next section.

. Beta regression model with expit-spline-link

Consider the problem of modeling the distribution of a scalar target
eal variable 𝑌 , given a real-valued 𝑝-dimensional vector 𝑋 ∈ R𝑝 of
redictors. Recall that a GLM is characterized by three elements:

1. the distribution 𝑓 (𝑌 |𝑋) of the target variable given the predic-
tors, to be chosen within the exponential family of distributions;

2. a linear predictor 𝜂 = 𝛽0 +
∑𝑝
𝑗=1 𝛽𝑗𝑋𝑗 ; hereafter, 𝛽 =

[

𝛽0 …

𝛽𝑝
]𝑇 will denote the vector of regression parameters;

3. a link function 𝑔(⋅) such that 𝜇 = E[𝑌 |𝑋] = 𝑔−1(𝜂).

crucial ingredient of a GLM model is the choice of the distribu-
ion, whose features should match the physical properties of the phe-
omenon under investigation. In our case, we are dealing with the wind
4

ower which, by its nature, is bounded in the interval ranging from zero
o the rated power of the turbine.

.1. Constant dispersion beta regression model

If 𝑌 takes values in a known interval, by a proper scaling it can be
ssumed that 𝑌 ∈ (0, 1). Then, a plausible distribution is the Beta one,
hich is completely specified by parameters 0 < 𝜇 < 1 and 𝜙 > 0:

(𝑦;𝜇, 𝜙) =
𝛤 (𝑎 + 𝑏)
𝛤 (𝑎)𝛤 (𝑏)

𝑦(𝑎−1)(1 − 𝑦)(𝑏−1), 0 < 𝑦 < 1

𝑎 = 𝜇𝜙, 𝑏 = 𝜙(1 − 𝜇)

where 𝛤 (⋅) denotes the gamma function. The mean and the variance
are:

E(𝑌 ) = 𝜇

Var(𝑌 ) =
𝜇(1 − 𝜇)
1 + 𝜙

Accordingly, 𝜇 is known as the mean parameter and 𝜙 the precision
parameter since, for fixed 𝜇, the larger 𝜙 is, the smaller the variance of
𝑌 . Conversely, 𝜙−1 plays the role of a dispersion parameter.

In our modeling problem, the mean and variance of the target
variable will change as a function of the predictor vector 𝑋. A link
unction 𝑔(⋅) is chosen such that 𝜇 = 𝑔−1(𝜂) guarantees 0 < 𝜇 < 1,∀𝜂 ∈
R. Then, the GLM is completely specified by 𝜙 and

𝜂(𝛽,𝑋) = 𝛽0 +
𝑝
∑

𝑗=1
𝛽𝑗𝑋𝑗 . (1)

Therefore, for a given 𝜙, 𝜂 will change as a function of 𝑋, so that
hrough 𝑔−1(⋅) also 𝜇 will change, yielding Beta distributions whose
hapes vary with 𝑋.

Assume now that a training set  = {𝑦𝑖, 𝑥𝑖}, 𝑖 = 1,… , 𝑛, is available,
here 𝑥𝑖 =

[

𝑥𝑖1 𝑥𝑖2 … 𝑥𝑖𝑝
]𝑇 . Then, the model parameters 𝛽 and 𝜙
4
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can be obtained by numerically solving a maximum likelihood problem.
More precisely, for a given link function 𝑔(⋅), the likelihood of the Beta
model is

(𝛽, 𝜙|) =
𝑛
∏

𝑖=1
𝑓 (𝑦𝑖;𝜇(𝛽, 𝑥𝑖), 𝜙)

where 𝜇(𝛽, 𝑥𝑖) = 𝑔−1(𝜂𝑖), 𝜂𝑖 = 𝜂(𝛽, 𝑥𝑖).
The Constant-dispersion Beta Regression problem can therefore be

stated as follows.

(𝛽ML, 𝜙ML) = argmax
𝛽,𝜙

(𝛽, 𝜙|) (2)

ubject to 𝜙 > 0.
Note that the GLM provides probabilistic predictions of the target

ariable: indeed, for a test predictor 𝑋, the distribution of 𝑌 |𝑋 will be
(𝑦;𝜇(𝛽ML, 𝑋), 𝜙ML).

Depending on the preferred performance metrics, different choices
f the point estimate 𝑦̂ might be used, e.g. the conditional expectation
[𝑌 |𝑋] or the conditional median. Moreover, from the percentiles of

he conditional distribution, confidence bands can be easily obtained.

.2. Variable dispersion beta regression model

The constant dispersion Beta regression model assumes that the
recision parameter 𝜙 does not change with 𝑋. In some cases this
ight be too restrictive. This motivates the introduction of a parametric
odel 𝜙 = 𝜙(𝜃,𝑋). Since 𝜙 is nonnegative, it is convenient to assume a

egression model for 𝜁 = log(𝜙), e.g. 𝜙 = exp(𝜁) with 𝜁 = 𝜃0 +
∑𝑚
𝑖=1 𝜃𝑖𝑋𝑖.

ccordingly, the likelihood

∗(𝛽, 𝜃|) =
𝑛
∏

𝑖=1
𝑓 (𝑦𝑖;𝜇(𝛽, 𝑥𝑖), 𝜙(𝜃, 𝑥𝑖))

s a function of the parameter vectors 𝛽 and 𝜃 =
[

𝜃0 … 𝜃𝑚
]𝑇 .

The variable dispersion Beta Regression problem, is solved again via
ikelihood maximization, yielding the vectors 𝛽M𝐿 ∈ R𝑝+1, 𝜃M𝐿 ∈ R𝑚+1,
rom which probabilistic predictions can again be obtained.
Variable Dispersion Beta Regression Problem:

𝛽ML, 𝜃ML) = argmax
𝛽,𝜃

∗(𝛽, 𝜃|) (3)

.3. Expit link function

As already said, the choice of the link function 𝑔(⋅), should comply
ith the requirement 𝑔−1(𝜂) ∈ (0, 1),∀𝜂 ∈ R. A common choice is the
xpit function

= 𝑔−1(𝜂) = 1
1 + exp(−𝜂)

,

quivalent to assuming that 𝑔(⋅) is the logit function

𝜂 = 𝑔(𝜇) = log
(

𝜇
1 − 𝜇

)

.

or the sake of simplicity, consider the case of a scalar 𝑋, e.g. the wind
speed. Then, if 𝜂 = 𝛽0 + 𝛽1𝑋, the expit model amounts to predicting
[𝑌 |𝑋] by the sigmoid function

̂(𝑋; 𝛽) = 1
1 + exp(−𝛽0 − 𝛽1𝑋)

.

his represents a very basic model for a power curve, where the
arameters 𝛽0 and 𝛽1 are employed to capture the shape of the curve,
.g. the steepness and the inflection point of the curve.

.4. Preconditioning

The link function provided by the expit model may lack the flex-
bility needed to follow the power curves of real wind turbines. This
5

has motivated the development of numerous alternative models with
as many as ten parameters, see, for example, the review paper [5].

Although the link function could be chosen from these models,
herein we propose a flexible solution through the use of a precondi-
tioner 𝑠(𝑋) that, differently from 𝜂(𝑋), is a nonlinear function of 𝑋.

ore precisely, given a preconditioner 𝑠(⋅), the associated link function
s defined as

= 𝑔−1(𝜂) = 1
1 + exp(−𝜂 − 𝑠)

. (4)

The idea is that 𝜂 will still be a linear regression with tunable parame-
ters 𝛽𝑗 , but rather than being used to explain all the variability, they are
used for the fine tuning of a nominal model based on 𝑠(⋅). In particular,
if a theoretical power curve 𝜇̄(𝑋) is available, a natural preconditioner
could be

𝑠(𝑋) = log
(

𝜇̄(𝑋)
1 − 𝜇̄(𝑋)

)

. (5)

In fact, from (4) and (5) we have that 𝜇 = 𝜇̄ if and only if 𝜂 = 0. In
other words, 𝜂 is used to tune the nominal curve to the actual behavior
of the turbine .

If the preconditioner has to be estimated, one can fit a suitable
function 𝑠(⋅) to the turbine data sheet or experimental data. In the next
subsection, natural spline functions are introduced as a way to obtain
a flexible parametrization of 𝑠(⋅).

4.5. Natural spline expit model

Given a real scalar variable 𝑋, a cubic spline is a piecewise cubic
polynomial function of 𝑋 that is continuous up to the second derivative
in the 𝐾 knots. It can be parametrized as a linear combination of

+ 4 basis functions. A cubic spline with the added constraint of
xtrapolating linearly outside the first and the last knot is called a
atural spline and can be parametrized as a linear combinations of 𝐾

basis functions:

𝑠(𝑋; 𝛼) =
𝐾
∑

𝑚=1
𝛼𝑚𝑁𝑚(𝑋)

where 𝛼𝑚 are the 𝐾 free parameters and the basis functions are:

𝑁1(𝑋) = 1

𝑁2(𝑋) = 𝑋

𝑁𝑘+2(𝑋) = 𝑑𝑘(𝑋) − 𝑑𝐾−1(𝑋)

𝑑𝑘(𝑋) =
(𝑋 − 𝜉𝑘)3+ − (𝑋 − 𝜉𝐾 )3+

𝜉𝐾 − 𝜉𝑘
ith 𝜉𝑘, 𝑘 = 1,… , 𝐾, the locations of the knots. The flexibility of the
atural spline is governed by the number of knots, whose location can
e optimized. In practice, it may be convenient to use equally spaced
nots so that their number remains the only tunable hyperparameter.

The natural spline expit model of a power curve is just obtained
y plugging a natural spline function of the wind speed 𝑋 in the expit
odel, namely:

̂(𝑋; 𝛼) = 1
1 + exp(−𝑠(𝑋; 𝛼))

.

.6. Two-step beta regression algorithm

We are now in a position to describe the two-step Beta Regression
lgorithm. In the first step, a flexible preconditioner is obtained via
onlinear least squares, while in the second step the preconditioner is
lugged in a Beta regression GLM to enhance its descriptive capabili-
ies. Consider first the case of a scalar 𝑋, typically the observed wind
peed.
5
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Step 1. For a given number and location of the knots, estimate the
parameter vector 𝛼 ∈ R𝐾 of the preconditioner 𝑠(⋅; 𝛼) by least-squares
egression on  of the natural spline expit model

̂ = argmin
𝛼

𝑁
∑

𝑖=1
(𝑦𝑖 − 𝜇̂(𝑥𝑖; 𝛼))2

Step 2. Solve either the constant dispersion Beta regression problem
2) or the variable dispersion Beta regression problem (3), using 𝑠̂ =
(𝑋; 𝛼̂) as preconditioner in the expit link function

= 𝑔−1(𝜂) = 1
1 + exp(−𝜂 − 𝑠̂)

.

The scheme can be easily extended to the case of a multivariate feature
vector 𝑋, including for instance wind direction, pressure, humidity, etc.
In such a case, Step 1 may not change if the preconditioner depends just
on the wind speed. In Step 2, on the other hand, the complete vector
𝑋 will be used, thus estimating a (𝑝 + 1)-dimensional vector 𝛽 instead
of just 𝛽0 and 𝛽1.

In summary, the two-step procedure enjoys the advantages of flex-
ible parametric models that try to follow the nonlinear shape of the
power curve, but, at the same time, it preserves the accurate proba-
bilistic description provided by the Beta GLM. In fact, the nonlinear
least squares regression of the natural spline preconditioner guarantees
a flexibility comparable or superior to the parametric models available
in the literature. The GLM step, on the other hand, performs a fine-
tuning that takes into account the inherently asymmetrical nature of
wind power distribution, bounded between zero and the nominal wind
power.

4.7. Quantile regression forests

Quantile Regression Forests (QRFs) are an extension of the random
forests algorithm that focuses on estimating conditional quantiles of a
response variable. The method involves growing an ensemble of trees
and estimating the conditional distribution of the response variable by
considering the weighted distribution of observed response variables.

The estimation of conditional quantiles is a key feature of QRFs,
providing a non-parametric and accurate way of inferring the relation-
ship between predictor variables and the full conditional distribution
of the response variable.

Formulas and detailed mathematical expressions for the algorithm
can be found in the original paper [26] where QRF is shown to
outperform four other quantile regression methods: linear quantile re-
gression with interactions and without interactions, and three variants
of quantile regression trees. Here, QRF will be used as a benchmark
against which Beta regression will be compared, especially with regard
to robustness to outliers.

5. Results

5.1. Data cleaning

The data cleaning phase consisted of the following steps:

1. Discard observations where one or more of the variables wind
speed, direction and power are missing.

2. Observations with negative or zero power, are discarded, while
all power values exceeding the theoretical maximum power are
set to the theoretical maximum power. The theoretical maximum
power for dataset A corresponds to 3600 kW [21] while for
dataset C corresponds to 2050 kW. For dataset B, since infor-
mation about the theoretical curve was not available, it was
empirically derived from the data and set to 1725 kW.

3. Discard observations corresponding to wind speeds less than
𝑤𝑖𝑛 − 1 for dataset A and C and 𝑤𝑖𝑛 for dataset B, where 𝑤𝑖𝑛
(ms−1) denotes the cut-in speed, derived from the theoretical
power curve (dataset A and C) or assessed from the data (dataset
B).
6

4. Discard observations corresponding to wind speeds greater than
𝑤𝑟𝑡+1 for dataset A and C and 𝑤𝑟𝑡 for dataset B, where 𝑤𝑟𝑡 (ms−1)
denotes the rated wind speed.

5. Finally, remove outliers using the Ratio-Skewed boxplot algo-
rithm with 𝜅 = 1.5, see Appendix A.

fter the cleaning procedure, dataset A passed from 52,560 to 35,428
ata points. Dataset B passed from 118,224 to 57,094 observations.
ataset C passed from 266,433 to 216,724 observations when Tukey’s
lipping factor 𝜅 = 1.5 was used. In order to assess robustness to
utliers, the cleaning was repeated with larger values of 𝜅 and even

the raw data were fed to Beta regression, see 5.6 for details.

.2. Performance indices

The following performance indices were used to evaluate predictive
ccuracy and goodness of fit on both the training and test sets:

1. Weighted Mean Absolute Percentage Error (WMAPE):

WMAPE =
∑𝑛
𝑖=1 |𝑦𝑖 − 𝑦̂𝑖|
∑𝑛
𝑖=1 |𝑦𝑖|

× 100

2. Mean Absolute Error (MAE):

MAE = 1
𝑛

𝑛
∑

𝑖=1
|𝑦𝑖 − 𝑦̂𝑖|

3. Root Mean Square Error (RMSE):

RMSE =

√

√

√

√

1
𝑛

𝑛
∑

𝑖=1
(𝑦𝑖 − 𝑦̂𝑖)2

4. Coefficient of Determination (𝑅2):

𝑅2 =

⎛

⎜

⎜

⎜

⎝

∑𝑛
𝑖=1(𝑦𝑖 − 𝑦̄)(𝑦̂𝑖 − ̄̂𝑦)

√

∑𝑛
𝑖=1(𝑦𝑖 − 𝑦̄)2

∑𝑛
𝑖=1(𝑦̂𝑖 − ̄̂𝑦)2

⎞

⎟

⎟

⎟

⎠

2

× 100

5. Cross Entropy (CE), see [27]:

CE = −1
𝑛

( 𝑛
∑

𝑖=1
log(𝑓 (𝑦𝑖;𝜇(𝛽, 𝑥𝑖), 𝜙(𝜃, 𝑥𝑖)))

)

Here, 𝑦̄ and ̄̂𝑦 represent the arithmetic mean of, 𝑦𝑖 and 𝑦̂𝑖, respec-
tively. The flexibility offered by probabilistic model is exploited in the
choice of the point estimate 𝑦̂𝑖 = 𝑦̂𝑖(𝑥𝑖) which is either the median of
the Beta distribution when WMAPE and MAE are evaluated or its mean
when RMSE and 𝑅2 are considered. Finally, the cross entropy, also
interpretable as a negative average likelihood, is used to measure the
distance of the predicted Beta distribution with respect to the observed
distribution of (training or test) data.

5.3. Experiments

Nine variants of the Beta regression model were assessed. More
precisely, combinations of three preconditioning strategies 𝑝1, 𝑝2, 𝑝3,
three regression models 𝑟1, 𝑟2, 𝑟3, and two dispersion models 𝑑1, 𝑑2 were
considered:

𝑝1: no preconditioning;
𝑝2: theoretical power curve as preconditioner;
𝑝3: natural cubic spline preconditioner where the number 𝐾 of
equally spaced knots is chosen by crossvalidation;
𝑟1: affine:

𝜂 = 𝛽0 + 𝛽1𝑤𝑠;

𝑟2: quadratic:

𝜂 = 𝛽0 + 𝛽1𝑤𝑠 + 𝛽2𝑤2
𝑠 ;
6
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Fig. 4. Dataset A (test data): probabilistic power curve models fitted via Beta Regression with different models. Top left: model M8; top right: M9, bottom left: M5; bottom
right: M6. First row: preconditioning via theoretical power curve (𝑝2); second row: preconditioning via spline (𝑝3); first column: constant dispersion (𝑑1); second column: variable
dispersion (𝑑2).
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Table 1
Model table.

Model M1 M2 M3 M4 M5 M6 M7 M8 M9

precond. 𝑝1 𝑝1 𝑝1 𝑝1 𝑝3 𝑝3 𝑝3 𝑝2 𝑝2
regr. model 𝑟1 𝑟2 𝑟1 𝑟2 𝑟1 𝑟1 𝑟3 𝑟2 𝑟2
disp. model 𝑑1 𝑑1 𝑑2 𝑑2 𝑑1 𝑑2 𝑑1 𝑑1 𝑑2

𝑟3: surface, i.e. a bivariate function of wind speed 𝑤𝑠 and wind
direction 𝜓 :

𝜂 = 𝛽0 + 𝛽1𝑤𝑠 + 𝛽2𝑤𝑠 sin(𝜓) + 𝛽3𝑤𝑠 cos(𝜓);

𝑑1: constant dispersion model (constant 𝜙);
𝑑2: variable dispersion model (𝜙 = exp(𝜃0 + 𝜃1𝑤𝑠)).

or dataset A, all the models listed in Table 1 were tested.
For dataset B, only models M1–M7 were tested. Note that for dataset

, the theoretical power curve is not available so that models M8 and
9 could not be estimated For both datasets, the first 75% of the

ata were used as training set, leaving the remaining 25% as test set.
raining and test data for dataset A are plotted in the lower panels of
ig. 1. Dataset C was used to assess the robustness of the Beta regression
n the presence of different levels of noise in the data and compare its
erformance with another probabilistic method, QRF. For this purpose,
odel M6 was chosen.

.4. Results on dataset A

The performances of models M1–M9 on dataset A are summarized
n Table 2, where WMAPE, MAE, RMSE, and 𝑅2 are reported for both
7

raining and test data. In each column, boldface numbers highlight
he best performing models for the given index. It appears that all
odels achieved an 𝑅2 above 98%. It is also observed that 𝑅2 remained

table when passing from training to test, indicating the absence of
verfitting issues. A few models exhibit a superior performance, namely
5–M7 that seem to take advantage of the flexibility provided by the

pline preconditioner 𝑝3. Overall, the bivariate model M7, accounting
or both wind speed and direction, achieved the best performances,
lthough on test data is was just marginally better that M5–M6. The
eakest performances were those of M1–M4, i.e. the models without
reconditioner. A somehow intermediate performance was achieved by
8–M9 that use the theoretical power curve as preconditioner.

The identified probabilistic power curves for models M5, M6, M8,
9 are displayed in Fig. 4 against the test data. The plots confirm that
5 and M6 describe remarkably well the joint density of wind speed

nd power.
As seen from Table 3, model M6 achieved the smallest cross entropy

oth on training and test. For this models, a visual validation of the con-
itional density of power given wind speed is provided in Fig. 5: after
plitting the wind speed axis in nine bins the conditional distribution of
ower predicted by M6 was plotted over the histogram of the observed
ower values (see Appendix B for the technical details). Apparently,
very good agreement was achieved. For the sake of comparison, in

ig. 2, the conditional distributions predicted by the constant dispersion
odel M5 are displayed against the histograms. Although the cross

ntropy on test data of M5 is larger than that of M6, it is seen that
he simpler model still provides a fairly good approximation.

The application of model M6 on a time window is illustrated in
ig. 6, where in the top panel the 98% interval prediction is plotted
7
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Fig. 5. Dataset A (test data): Model M6. Wind power histograms (green) corresponding to 9 bins of wind speed ranging from the cut-in speed (top left panel) to the rated one
(bottom right). The red curve is the distribution predicted by fitting the training data with a Beta regression model with variable dispersion, preconditioned using a spline function.
Fig. 6. Dataset A (test data): Model M6. Upper panel: time series (08/12/2018-11/12/2018) of observed wind power (green dots) and predictions (black) given by the median of
the Beta regression model with variable dispersion and spline preconditioning. Lower panel: prediction errors (green dots). The pointwise 98% confidence bands are displayed as
gray regions. The (asymmetrical) limits are calculated according to the Beta distribution model, so their amplitude and shape change significantly with wind speed.
against test data. In the bottom panel, the forecast errors are displayed
with the corresponding time-varying 98% bands.

Finally, the model M7, accounting also for wind direction, yielded
the power surface, displayed in Fig. 7 together with the test data. As
een from the plot, wind direction does not play a major role, although
he performance indices in Table 2 highlight a marginal benefit coming
rom the inclusion of direction information.

.5. Results on dataset B

Table 4 summarizes the results obtained, showcasing scores for
MAPE, MAE, RMSE, and 𝑅2 on both training and test data. The 𝑅2

alues are still consistently high, hovering around 96%–98%, indicating
8

a very good predictive capability across all experiments. Again, models
M5–M7 outperform M1–M4 and the lowest cross entropy was achieved
by M6, see Table 5.

The conditional density of power given wind speed predicted by
model M6 is displayed in Fig. 3. Also for this dataset, the agreement
between the predicted distribution and observed data is remarkably
good, confirming the soundness of the modeling strategy.

5.6. Results on dataset C

The purpose of the experiments on dataset C was to assess the
robustness of the Beta regression-model M6 in the presence of different
levels of noise in the data and to compare its performance with that of a
8
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Fig. 7. Dataset A (test data): Model M7. Observed data (green dots) against power
urface fitted by a Beta regression model with constant dispersion and spline precondi-
ioning. Power depends mainly on wind speed and is only marginally affected by wind
irection.

Table 2
Scores on dataset A.

Model WMAPE (%) MAE (kW) RMSE (kW) R2 (%)

Median Median Mean Mean

Train Test Train Test Train Test Train Test

M1 7.24 6.59 103.6 111.6 142.1 141.6 98.64 98.52
M2 7.19 6.67 102.9 113.1 140.3 143.1 98.65 98.54
M3 7.16 6.57 102.5 111.4 139.9 143.0 98.65 98.54
M4 7.19 6.54 102.9 110.9 142.9 147.9 98.52 98.39
M5 5.52 5.25 79.0 88.9 113.1 124.2 99.07 98.92
M6 5.48 5.29 78.4 89.6 112.5 126.7 99.08 98.91
M7 5.33 5.25 76.3 89 109.9 123.0 99.13 98.94
M8 5.71 5.54 81.71 93.9 116.8 134.9 99.01 98.75
M9 5.66 5.54 81.1 93.9 116.6 136.5 99.00 98.74

Table 3
Cross entropy of dataset A models.

Model Cross entropy

Train Test

M1 −1.88 −1.67
M2 −1.91 −1.77
M3 −2.02 −1.94
M4 −2.05 −1.94
M5 −2.18 −1.98
M6 −2.33 −2.23
M7 −2.21 −2.01
M8 −1.85 −1.83
M9 −2.00 −1.94

flexible nonparametric probabilistic method, i.e. QRF [26]. It is known
that QRF requires careful hyperparameter tuning to avoid overfitting,
a task that has been addressed with the help of the Python library
Optuna, see Appendix C for the details.

A range of values of the clipping factor 𝜅 were used to tune the selec-
tivity of outlier removal, namely 𝜅 ∈ {1.5, 2.0, 2.5, 3.0, 3.5, 4.0, 4.5, 5.0}.
Moreover, Beta regression and QRF were applied also to raw data.

In Tables 6 and 7, some performance indices on training and test
data are given with respect to different values of the clipping factor 𝜅,
considering also the case of no data-cleaning (raw data). In terms of
WMAPE, MAE, RMSE and 𝑅2, the performances of the QRF are just
marginally better than those of Beta regression. In order to test the
9

Table 4
Scores on dataset B.

Model WMAPE (%) MAE (kW) RMSE (kW) R2 (%)

Median Median Mean Mean

Train Test Train Test Train Test Train Test

M1 11.77 13.78 75.2 71.6 98.9 96.7 96.66 96.19
M2 10.61 11.98 67.9 62.2 88.9 83.4 97.26 96.80
M3 10.70 12.37 68.4 64.2 92.3 87.4 96.93 96.45
M4 10.61 12.23 67.9 63.5 91.0 86.2 97.03 96.57
M5 8.29 9.69 53.0 50.3 72.7 68.4 98.10 97.76
M6 8.24 9.51 52.7 49.4 72.3 66.9 98.11 97.78
M7 8.14 9.51 52.1 49.4 71.6 67.1 98.16 97.85

Table 5
Cross entropy of dataset B models.

Model Cross entropy

Train Test

M1 −1.51 −1.56
M2 −1.62 −1.65
M3 −1.70 −1.73
M4 −1.70 −1.73
M5 −1.87 −1.90
M6 −1.97 −2.02
M7 −1.89 −1.91

Table 6
Scores on dataset C - Beta regression model with variable dispersion.

Clipping
factor 𝜅

WMAPE (%) MAE (kW) RMSE (kW) R2 (%)

Median Median Mean Mean

Train Test Train Test Train Test Train Test

1.5 5.39 5.71 41.07 41.33 55.35 56.41 99.27 99.28
2 5.47 5.80 41.63 42.01 56.50 57.67 99.24 99.25
2.5 5.50 5.82 41.87 42.17 57.15 58.01 99.22 99.24
3 5.51 5.84 41.95 42.33 57.37 58.38 99.22 99.23
3.5 5.53 5.85 42.12 42.37 58.00 58.51 99.20 99.22
4 5.54 5.87 42.19 42.53 58.41 59.10 99.19 99.21
4.5 5.54 5.88 42.23 42.56 58.55 59.17 99.19 99.20
5 5.55 5.92 42.29 42.86 58.78 60.49 99.18 99.17
Raw 5.56 6.66 42.66 46.90 60.25 97.80 99.14 97.79

Table 7
Scores on dataset C - QRF.

Clipping
factor 𝜅

WMAPE (%) MAE (kW) RMSE (kW) R2 (%)

Median Median Mean Mean

Train Test Train Test Train Test Train Test

1.5 5.16 5.48 39.33 39.63 54.40 55.75 99.29 99.29
2 5.29 5.64 40.31 40.83 55.91 57.46 99.25 99.25
2.5 5.29 5.61 40.27 40.64 56.28 57.44 99.24 99.25
3 5.28 5.60 40.23 40.60 56.45 57.84 99.23 99.24
3.5 5.34 5.66 40.67 40.99 57.27 58.15 99.21 99.23
4 5.31 5.67 40.46 41.05 57.44 58.68 99.21 99.21
4.5 5.34 5.69 40.74 41.18 57.80 58.95 99.20 99.21
5 5.32 5.71 40.57 41.32 57.86 60.03 99.19 99.18
Raw 5.33 6.40 40.91 45.09 59.25 96.82 99.16 97.81

robustness of the estimated percentiles, in Figs. 8 and 9 we plot the
98% confidence intervals obtained from data cleaned with 𝜅 = 1.5,
𝜅 = 5 and from the raw data. As can be seen from the three lower
panels, the Beta regression proves to be robust even in the presence of
an increasing fraction of outliers. On the contrary, looking at the top
three panels, it can be seen that the lower confidence limit estimated
by QRF becomes unreliable as the fraction of outliers increases. It is
also worth noting that QRF takes significantly longer to run.
9
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Fig. 8. Dataset C (training data): Comparison between QRF (upper panels) and Beta Regression-Model M6 (lower panels) for decreasing selectivities of outlier removal: clipping
factor 𝜅 = 1.5 (left), 𝜅 = 5.0 (center), and direct use of raw data (left).
Fig. 9. Dataset C (test data): Comparison between QRF (upper panels) and Beta Regression-Model M6 (lower panels) for decreasing selectivities of outlier removal: clipping factor
𝜅 = 1.5 (left), 𝜅 = 5.0 (center), and direct use of raw data (left).
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. Discussion

As explained in Section 3, the major challenges of probabilistic
ower curve modeling are the heteroscedasticity and asymmetry of the
ower distribution conditional on the wind speed. The results showed
hat a Beta regression model can effectively address both issues.

Resorting to a GLM brings the advantage of interpretability and
ase of inclusion of additional features, e.g. wind direction, but also
emperature, humidity and so on. One may think that simplicity comes
t the expense of flexibility. It is here that comes into play the role
f preconditioning. It is not just a tool to gain elasticity, but also a
ransparent way to incorporate prior knowledge into the model. In fact,
reference power curve, possibly provided by the manufacturer, can be
sed as preconditioner. Alternatively, a preconditioner can be chosen
rom the many parametric and nonparametric power curve models
vailable in the literature.
10
The results obtained on three public datasets convey valuable in-
ights. First, the importance of including a preconditioner compared
o its absence. In particular, the spline preconditioner proves very
ffective, but using the theoretical curve is still a viable alternative,
eading to a less complex model. The role of the preconditioner is also
aluable in the context of the rapid deployment of probabilistic power
urves for new sites with scarce historical data. Theoretical power
urves or curves from similar plants could be employed to complement
he available data in order to get a model without having to wait for a
ong data collection.

With probabilistic modeling it is possible to adapt the point estimate
o the desired performance index. While RMSE and 𝑅2 may call for the

conditional mean, the WMAPE and MAE may be better accommodated
by the conditional median. By these choices it was seen that the ranking
of the models was reasonably insensitive to the choice of the index.
10
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Beta regression compared favorably with a nonparametric proba-
bilistic model such as QRFs. In fact the point estimates, mean and
median, perform almost the same in terms of WMAPE, MAE, RMSE
and 𝑅2, while the confidence limits of Beta Regression were definitely

ore robust when different levels of selectivity were tested for outlier
emoval.

The validation experiments showed the potential benefit of in-
luding an additional feature like the wind direction, although it did
ot give a decisive advantage because wind speed remains the main
eterminant of produced power. It is expected that the ease of including
dditional features may prove particularly advantageous if the Beta
egression approach were extended to the use of weather forecasts.
n that case, forecasts are used in place of observed wind speed and
irection and the inclusion of further features may become crucial.

The proposed Beta regression model could prove useful for the
onitoring of wind turbines and wind farms, e.g. for fault detec-

ion purposes. Another use could regard the design of probabilistic
ind power forecasts based on the indirect approach, which plugs the

orecast wind speed in a power curve model.
The validation on three public datasets has been successful, but

urther experience needs to be accumulated to assess the general va-
idity of this framework. Some confidence in the wide applicability
omes from the flexibility of the Beta distribution, especially when its
ispersion parameter can be variable.
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Appendix A. Outlier detection

A variety of techniques have been proposed for detecting outliers in
power wind vs wind speed data [5]. Among them, one might mention
quantile-based methods such as outlier boxplot ones, see e.g. [28], that
filter data in two steps, both vertically and horizontally. We performed
outlier detection on the vertical axis only, by means of outlier boxplots
applied on subsets selected by binning the 𝑥-axis, i.e. wind speed.

In view of heteroscedasticity and skewness of wind power, the
atio-Skewed boxplot [29] was preferred to standard boxplots, whose
utlier detection performances tend to degrade on asymmetric distri-
utions. The Ratio-Skewed boxplot is a modification of the traditional
oxplot that can be used with any univariate dataset, either symmetric
r skewed.

To apply the Ratio-Skewed boxplot algorithm, the data were divided
nto bins. For each bin 𝐵 = [𝑥min, 𝑥max], we considered the subset
{(𝑥𝑖, 𝑦𝑖)|𝑥𝑖 ∈ 𝐵} and computed the 1st quartile 𝑄1, the median 𝑄2,
he 3rd quartile 𝑄3 of the {𝑦𝑖} coordinates, as well as the interquartile
11
ange 𝐻 = 𝑄3 − 𝑄1. Next, the Bowley’s Coefficient 𝐵𝑐 , a sample
uartile-based measure of skewness, was computed as

𝑐 =
𝑄3 +𝑄1 − 2𝑄2

𝐻
The lower and upper skewness adjustment factors, 𝑅𝐿 and 𝑅𝑈 were
calculated as:

𝑅𝐿 =
1 − 𝐵𝑐
1 + 𝐵𝑐

, 𝑅𝑈 =
1 + 𝐵𝑐
1 − 𝐵𝑐

An observation 𝑦𝑖 was labeled as outlier if 𝑦𝑖 ∉ [𝑄1 − 𝜅𝐻𝑅𝐿, 𝑄3 +
𝜅𝐻𝑅𝑈 ], where 𝜅 is a suitable clipping factor, that, following Tukey,
is typically set equal to 1.5. Alternatively, the clipping factor can be
adjusted, e.g. by using larger values to reduce the selectivity of outlier
removal. When the distribution is symmetric, the Bowley’s Coefficient
𝐵𝑐 becomes zero. In this case, 𝑅𝐿 = 𝑅𝑈 = 1 so that for 𝜅 = 1
the Ratio-Skewed boxplot reverts to the traditional boxplot. Regarding
the determination of widths for the wind speed bins, in [30] different
widths were tested, ranging from 0.1m s−1 to 1m s−1. The optimum
value of the amplitude of the single sub-wind interval was reported to
be equal to 0.5m s−1, which was also adopted in our study. For dataset
A, the scatter plot of wind power vs wind speed after outlier removal
is displayed in the upper right panel of Fig. 1.

Appendix B. Visual validation of conditional distribution model

In this appendix we discuss the visual validation of a conditional
distribution model. More precisely, assume that the pairs {𝑥𝑖, 𝑦𝑖}, 𝑖 =
1,… , 𝑛, are sampled from a joint distribution 𝑓 (𝑥, 𝑦). We look for
a method to visually inspect if a function ℎ(𝑦, 𝑥) describes well the
conditional distribution

𝑓 (𝑦|𝑥) =
𝑓 (𝑥, 𝑦)
𝑓 (𝑥)

.

n order to visualize the empirical conditional distribution of 𝑦|𝑥 around
= 𝑥̄, we can plot the histogram of {𝑦𝑖|𝑥𝑖 ∈ 𝐵}, where 𝐵 = [𝑥̄−𝛿∕2, 𝑥̄+
∕2] denotes a bin on the 𝑥-axis. We let  = {𝑖|𝑥𝑖 ∈ 𝐵}, denote the
ndex set and 𝑛𝐵 = || the sample size of observations lying in the bin.

A simple and direct check would be comparing such histogram with
(𝑦, 𝑥̄). This, however, may not work if the shape of 𝑓 (⋅|𝑥) is very
ensitive to small changes of 𝑥. In that case, one should narrow the
in 𝐵 by choosing a small 𝛿, but 𝑛𝐵 may result too small to obtain a
eaningful histogram.

As a matter of fact, the distribution of {𝑦𝑖|𝑥𝑖 ∈ 𝐵} is well approxi-
ated by 𝑓 (⋅|𝑥̄) only if 𝛿 is small. The conditional distribution of 𝑦𝑖|𝑥𝑖

ccounting for the dispersion of 𝑥𝑖 around 𝑥̄ involves an averaging
escribed by the following mixture

𝐵(⋅|𝑥̄) =
1
𝑛𝐵

∑

𝑖∈
𝑓 (⋅|𝑥𝑖).

Therefore, even when 𝛿 is not small, the visual inspection can still be
performed if the histogram of 𝑦𝑖 is superimposed to the mixture

ℎ𝐵(⋅, 𝑥̄) =
1
𝑛𝐵

∑

𝑖∈
ℎ(⋅, 𝑥𝑖).

In Figs. 2, 3, and 5, the distributions ℎ𝐵(⋅, 𝑥̄) are plotted as red curves
thus enabling the comparison with the histograms of test data falling
in the wind speed bins.

Appendix C. Hyperparameter tuning of quantile regression forest

QRF is a non-parametric method known for its competitiveness
but which requires careful hyperparameter tuning to avoid overfit-
ting. A cross-validation procedure was performed for the following
hyperparameters:

• ‘criterion’: {‘squared_error’, ‘absolute_error’}
• ‘n_estimators’: [1, 200]
11
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• ‘min_samples_split’: [100, 1000]
• ‘min_samples_leaf’: [20, 1000]
• ‘max_depth’: [1, 50]

Here, ‘criterion’ measures split quality, with ‘squared_error’ mini-
izing mean squared error (𝐿2 loss) and ‘absolute_error’ minimizing
ean absolute error (𝐿1 loss). ‘n_estimators’ is the number of trees,

min_samples_split’ is the minimum samples for node split,
min_samples_leaf’ is the minimum samples at a leaf node, and
max_depth’ is the maximum tree depth.

Since the training data exceeded 156,000 samples (the precise
umber depends on the choice of clipping factor 𝜅, see Appendix A),
nd the QRF with ‘absolute_error’ criterion had high runtimes, 15%
f the training data (approximately 23,000 samples) were randomly
elected for cross-validation using Optuna [31]. Optuna, an open-source
ython library, employs Bayesian optimization to efficiently search and
une hyperparameters. The number of Optuna trials was set to 50 to
xplore different combinations of hyperparameters.
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