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A thermodynamic model based on a modified Classical Nucleation Theory is applied to the formation of colloidal
metal and semiconductor nanocrystals. The predictions of the model are compared to experimental results
published in the literature and well-established kinetic models, indicating an overall good accuracy. The defi-
nition of a potential energy curve that characterizes the system allows the prediction of the final (equilibrium)
size of crystals as well as their size distribution. Furthermore, the nucleation process is studied in terms of key

parameters affecting the concentration of crystals and is found to be related to the change in critical energy of
stable nuclei during nucleation. Threshold values for the nuclei concentrations are predicted, defining instability
and metastability conditions for the nucleation process. This model can help in refining our understanding of the
mechanisms behind nucleation and growth of nanocrystals, with the goal of optimizing the fabrication process
for industrial-scale production of nanocrystals and nanocrystal-based devices.

1. Introduction

Nanocrystals (NCs) are a special class of materials that are particu-
larly important for their functional properties and their potential to
revolutionize a multitude of technological areas.[1-3] Their unique
properties confer enhanced functions to these materials, playing a
fundamental role in novel applications such as analytical sensors, fuel
cells, solar cells, biomedical imaging, among many others.[4-6] Their
peculiar characteristics mainly arise from the quantum confinement
effect, the high exciton coefficients, tunable band gaps and widely
controllable emission wavelengths.[3,7,8] Thanks to their increasing
adoption, a substantial effort has been produced to optimize and scale-
up colloidal synthesis (the main chemical route to produce these ma-
terials):[9] batch systems have been researched to process large volumes
of NCs, autonomous and continuous reactors have been established and
their operations well-documented.[10-14] Novel synthetic routes allow
the production of NCs with high quantum efficiency and quantum yield,
tailoring their size and narrowing their distribution.[7] One common
way to achieve a precise size is to empirically stop the reaction at the
right moment;[15] while effective in terms of size control, this results in
a low conversion yield synthesis with, often, a sizeable amount of
unreacted precursors. The limitations of this approach become impor-
tant once the cost of the synthesis is considered, as in the case of the
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industrial production of nanocrystals.

There are several challenges in the synthesis and upscaling of the
production process of NCs that have not been addressed yet: for
example, the discovery of novel materials and the optimization of the
synthetic procedures relies on best practices which are not always
backed by a solid experimental and theoretical evidence.[16,17] So far,
developments in the optimization of the synthetic procedure have been
mainly obtained by empirically changing the synthesis conditions. A
better understanding of the chemical and physical processes occurring at
the nanoscale would support the definition of effective protocols and
general rules.[18] For example, while in general NCs can be fabricated
by arrested precipitation methods, obtaining Quantum Dots (QDs) with
fairly well controlled size, size dispersion, and tunable bandgaps,
[19,20] precise size control, even though fundamental, is often chal-
lenging as size variations between batches and low conversion yield are
common even with identical starting conditions.[21,22] Such irrepro-
ducibility limits the development of novel applications where well-
controlled NCs, in terms of size and size distribution, are necessary.[2.3]

An alternative to the timely arrest of the synthesis consists in letting
the reaction reach completion, i.e. maximum yield, and in applying
strategies that enable size control of the NCs at the point of full con-
version.[24] Some notable contributions have focused attention on the
conversion yield of QDs syntheses, developing kinetic models which
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Fig. 1. Example of the modified free energy curve based on Equation (1),
calculated for the dataset of Bastiis 2011 [Ref. 54]. The equilibrium size of
crystals and the symptote size are indicated.

allow the precise estimation of the final size and distribution.[15,24,25]
Unfortunately, these approaches often recur to detailed modelling and
precise input data for the evaluation of the nucleation and growth of
NCs, parameters that are specific to synthesis conditions and thus cannot
be applied to different processes with ease.

One of the most common techniques to obtain uniform NCs with
sharp size distribution is recurring to the hot injection synthesis. In this
method, a rapid injection of the precursor at high temperature allows the
burst nucleation of NCs due to the high value of monomer supersatu-
ration in solution. The size dispersion is limited as long as the nucleation
event is kept short. As the supersaturation drops, further nucleation is
less probable (as the nucleation rate approaches zero) and only contin-
uous growth of formed crystals can occur, maintaining a sharp size
distribution.[15,26-29] The synthesis of uniform nanocrystals is a crit-
ical aspect in the production of NCs, as the uniformity of their size, shape
and composition guarantees homogeneous properties in the final ma-
terial; even under the most controlled synthesis conditions, aggregation
and ripening have been observed to modify the size distribution right
after the nucleation burst.[30-33] Applications that benefit from
monodisperse nanocrystals include emitting devices with precise emis-
sion wavelengths or self-assembled nanostructures, among many others.
[34-38] Growth occurs under several mechanisms, which include
monomer attachment, crystals aggregation, coalescence, and oriented
attachments among others.[16,32,39-44] The growth pathways are,
therefore, not well-understood and well-exploited yet: besides simple
monomer attachment, reaction driven growth presents other non-
classical mechanisms,[40,45-48] which sensibly influence the final
size, composition and shape of NCs.[39] These have the effect of
complicating the quantitative predictions of the number, size and the
polydispersity in the crystal distribution. The complexity of these
mechanisms, along with the need for easily applicable predictive tools
for the synthesis performance, suggests further investigation of the
process thermodynamics for the comprehension and effective exploita-
tion of the colloidal synthesis of NCs.

2. Experimental Section/Methods

We have performed the analysis recurring to our previously intro-
duced thermodynamic model, based on a modified version of the Clas-
sical Nucleation Theory (CNT).[49] The classical formulation of CNT in
the case of homogeneous nucleation of quasi-spherical crystals, under
the assumption of constant temperature and pressure condition, does

not take in consideration the change of supersaturation during the for-
mation of the new phase. To compensate for this, we have introduced a
novel term in the Gibbs free energy equation, namely S(r), which rep-
resents the amount of monomer available in solution as a function of the
crystals growth, and treated it as a substitute for Sy. Basically, the term S
(r) is obtained by subtracting from the initial monomer supersaturation
So the amount of monomer contained in the solid phase (see Supporting
Information). The modified model considers that the supersaturation
value, S(r), changes upon the formation of the new solid phase (where r
indicates the mean radius of solid crystals), giving rise to a minimum in
the free energy curve; the size at which the minimum of the potential
energy is located represents the equilibrium size of the crystals. It has
been demonstrated that this equilibrium size corresponds to the exper-
imental maximum size of stable particles before the occurrence of aging
processes like Ostwald ripening, for example in CdSe NCs.[49]

The equilibrium size represents the minimum in the free energy
curve defined by Equation (1) and represented in Fig. 1
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E(r) indicates the energy required to create a crystal of radius r, y is
the interfacial energy between crystal and solution, R and T are the gas
constant and the temperature of the synthesis, respectively. Sy repre-
sents the initial supersaturation, v is the molar volume of the new phase,
C;s is the solubility limit of monomer in solution, N, indicates the Avo-
gadro’s constant, and Cyc(r) is the particle concentration of the new
phase (number of crystals, expressed as moles per unit volume of the
solution). The value Cy¢ is approximated, in our analysis, to a constant
representing the total concentration of crystals in suspension, irre-
spective of size, after nucleation. In this contribution, the equilibrium
size of a crystal, dg, is determined as twice the radius at the minimum of
the free energy curve, re4, derived from Equation (1). At the very first
moments after injection, the supersaturation S(r) is essentially equal to
the initial value Sy, since the amount of monomers consumed to pre-
cipitate the first solid phase is negligible with respect to the overall
initial amount, and thus the model is reduced to Classical Nucleation
Theory. In a closed system, further precipitation of solid phase by
nucleation and/or growth leads to a sensible consumption of the
monomer, and the term S(r) decreases significantly. This results in an
increase of the free energy of the system -as the impact of the volume
term within the free energy equation is mitigated- up to the point where,
in proximity of the (unreachable) full conversion of monomers, the free
energy curve is limited by a vertical asymptote. The model indicates that
sizes larger than the equilibrium diameter are not stable and thus should
dissolve, a behavior that, for example, has been observed for certain
CdSe syntheses.[50,51] One of the main limitations of the proposed
model resides in its spherical approximation for the evaluation of the
volume occupied by NCs. Recurring to this approximation makes the
model eligible only in evaluating crystals with uniform directional
growth.

In this contribution, we intend to expand the applicability of our
thermodynamic model, initially developed for CdSe NCs, showing its
predictive power in the evaluation of the equilibrium size for CdSe, CdS,
PbSe, PbS, Au and Ag NCs. We based our analysis on literature data
reporting various techniques for the synthesis of these nanocrystals; this
is an important characteristic of our study, as our approach aims to be as
general as possible. Only few publications report crystal concentration
and size close to the maximum yield point: the majority of scientific
contributions about size control recurs to arrested synthesis once the
crystals reach the desired size. As the aim of this study is to compare
experiments and theoretical calculations, we used data from experi-
mental syntheses in which quasi-spherical nanocrystals have been
grown up to the point of maximum monomers conversion.
[18,24,25,52-58]
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Fig. 2. a) Difference between the experimental size from literature data and predicted size calculated by the thermodynamic model presented here for CdSe, CdS, Au,
Ag, PbSe and PbS nanocrystals [Ref. 18,24,25,52-58]. Bars indicate experimental measurements while crosses indicate predictions. b) Ratio between experimental
and calculated sizes. The dashed line indicates equal values between experiments and predictions. Input parameters for the calculations are reported in Table S1.

3. Results and discussion
3.1. Equilibrium size

Results of the simulations for the synthesis of CdSe, CdS, PbSe, PbS,
Au and Ag are reported in Fig. 2. As can be immediately seen from
Fig. 2a, semiconductor quantum dots present experimental sizes in the
range of 2-6 nm, while metal nanocrystals can reach up to 14 nm. These
differences are related to the exciton Bohr radius of the material, i.e. the
crystal size at which quantum confinement becomes evident. The re-
ported sizes are dependent not only on the nature of the material, but
also on the synthetic procedure during their fabrication; this is the
reason behind the large variation of the reported sizes for CdSe quantum
dots, for example. In Fig. 2b bar heights represent the ratio between the
experimental and the predicted final (equilibrium) size reported in
Fig. 2a. The overall accuracy is very promising: on average, errors are
within a factor of less than + 25%; except for two CdS syntheses. We
believe that these experiments may have not reached growth comple-
tion, as other syntheses in the CdS dataset by Wan are actually very
coherent with our calculations. Equation (1) has been applied to crystals
synthesized in the size range from 2 nm to 15 nm, indicating a wide
effectiveness of the model in evaluating the size of semiconductor and
metal nanocrystals. This size range is technologically very important
because, for example, the photoelectronic properties of semiconductor
NCs can be modified thanks to the quantum confinement effect. Noble
metal nanocrystals with diameters less than 2 nm are gaining increasing
attention as well, since their unique physicochemical properties guar-
antee strong luminescence and superior biocompatibility.[59] Being
able to predict the outcome of a synthesis, thus, has direct implications
on the final properties of NCs.

Beside their dissimilar compositions and final sizes, all these systems
have been experimentally synthesized recurring to distinct techniques
and different synthetic conditions (e.g. mechanism of reaction, types
and amounts of chemicals, affinity between precursors, and process
temperatures among others). The fact that the accuracy is high for all
experimental data in Fig. 2 supports the general validity of the proposed

approach.

Furthermore, the equilibrium size derived from the model is also
consistent with widely accepted and well-established kinetic models,
developed for the precursor conversion and growth of nanocrystals in
suspension.[16,24,60-62] These kinetic models suggest the existence of
a final size once growth had reached completion and before Ostwald
ripening or other aggregative aging processes. At that point, these
models indicate that the reaction has reached almost full yield and the
dispersion is at its lowest level, thus representing the ideal time to stop
the reaction.[24] It is worth noting that our results are in accordance
with these features. One of the main limitations of well-established ki-
netic models is that they evaluate the evolution of crystals throughout
the entire synthesis, i.e. they quantify nucleation and growth rates
concurrently and continuously. Therefore, they rely on a precise phys-
ical and chemical characterization of the system and they usually are
very intensive in terms of computational power and extremely time-
consuming. Our model, on the other side, focuses entirely on the equi-
librium condition in a colloidal synthesis: this is an important charac-
teristic, as the equilibrium is mainly influenced by few specific
parameters, avoiding the need of complex data as input parameters.
[63-65] Furthermore, it is possible to calculate the equilibrium condi-
tion with ease as it represents a single critical point in the solution space,
cutting down computational time.

The existence of a minimum in the free energy of the system is not an
exclusive trait of the colloidal synthesis of nanocrystals; rather, it seems
to be a common feature at the nanoscale: water nanobubbles, for
instance, have been studied in terms of free energy as a function of their
radius of curvature, showing a global minimum which denotes the stable
equilibrium state.[66,67] This finding is consistent with our results and
indicates the generality of the concept of an equilibrium size in closed
systems. At the moment, no data about the concentration of bubbles is
available in these studies, meaning that the validity of our model cannot
be directly verified, but the similarity of the potential energy curve
supports the idea that our model could be extended also to other
nucleation events in the physical chemistry world.
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Fig. 3. a) Difference in the experimental [Ref. 25] and predicted yield (Equa-
tion (2)) as a function of nanocrystal size. b) Yield differences from panel a) as a
function of synthesis time, as indicated in Ref. [25]. Dashed lines are a guide for
the eyes. Source data is reported in Table S2.

3.2. Conversion yield

As the most common synthetic approaches are based on the empir-
ical control of the synthesis and the timely arrest of the crystal growth,
the conditions are far from optimal in terms of conversion efficiency.
[68,69] Synthesizing nanocrystals close to the maximum yield point
would be beneficial for the efficient use of materials in the upscaling of
synthetic procedures and the industrial adoption of monodispersed
nanocrystal production methods.

As the conversion yield represents an important factor in the design
of effective synthesis, it is fundamental for our model to provide some
functional parameter for estimating it. The conversion yield represents
the amount of NCs formed from the starting precursors. It can be
expressed as the ratio between the formed NCs size and the maximum
size the same number of crystals would have in case of complete con-
version of precursors (see Supporting Information). Recurring to the
parameters of our model, this last quantity is represented by the crystal
size at the vertical asymptote in the free energy curve, i.e. the point
where there is no more precursor in solution. Therefore, we can write:

dexp }
o 2
Neate (da.\ ) ( )

where d,y, indicates the experimental size reported in Ref. 25, dg; is
the size corresponding to the vertical asymptote of the Gibbs free energy
curve of our model. In their detailed investigation, Capek and co-
workers measured the conversion yield of the synthesis of PbSe via
31P NMR and UV/Vis spectroscopy.[25] Their values have been
compared to the predicted yield measured by our model, which has been

calculated by Equation (2). Values of the yield derived from our model
are very consistent with experimental measurements, except for a few
points, as shown in Fig. 3a. One possible source of deviation between
predicted and experimental yield could be associated with changes in
crystal concentration, which may occur during the first stages of NCs
growth. It has been observed how the crystal concentration usually in-
creases during nucleation, quickly reaches a maximum and, then, it
stabilizes to its final value.[70,71] Often, before stabilizing, a moderate
reduction of the crystal concentration is reported; this can be responsible
for the deviation of our predicted results from experimental data. In
their work, Capek et al. reported that no sensible reduction in the
number of nuclei occurred throughout their syntheses, thus the values of
crystal concentration provided in their contribution are quite reliable as
input for our model and the variation of the crystal concentration cannot
be accounted for the deviations. It is worth noting that the highest de-
gree of error is observed for relatively low experimental yield (<80%)
and small sizes. This usually happens in syntheses where the kinetics of
conversion are still rather fast. As a consequence, the evaluation of input
conditions for our model becomes more challenging. In fact, in Fig. 3b
we can appreciate how a broader distribution of errors in estimating the
conversion yield is found for experimental data associated with the
shortest synthesis times. The time reported in Fig. 3b is the one specified
in the work by Capek et al. for their experimental growth of NCs.

3.3. Size distribution

Another interesting piece of information provided by the free energy
curves is the nanoparticle size dispersion, another key quality indicator
of NCs syntheses. We used three sets of size dispersion data obtained
from the literature [Ref. 24, 25, 53] and reported in Fig. 4a, where both
the experimental size dispersion (cexp) and a parameter 6.qc, defined by
Equation (4) and linearly dependent on the inverse of the curvature of
the free energy curve in proximity of the equilibrium size, k. (see
Fig. S1), are reported for each set of data. The quantities ap and a; in
Equation (4) represent fitting parameters for the calculation of the size
dispersion.
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As further demonstrated in Fig. 4b, the data shows a strong corre-
lation between 6exp and ocqr, suggesting how the free energy curve can
become a predictive tool for NCs size dispersion: deeper (and thereby
steeper) wells of the free energy curve will be associated with sharper
(focused) size distributions, and vice versa - as schematically repre-
sented in Fig. 4c.

3.4. Nucleation stage

The size distribution can be related, beside to the equilibrium size, to
the critical size as well: in fact, the distribution of the second derivative
of the potential curve calculated in the critical size, k., is almost the
same as the distribution of the second derivative in the equilibrium
point, keg, Fig. S2. This is reasonable, since it is during nucleation that
stable nuclei are formed with their characteristic distribution. Further-
more, the fact that both k.4 and k. can be seen as good predictors of the
final size distribution suggests that, under a thermodynamic perspective,
the size distribution cannot be modified sensibly during growth, at least
not without a simultaneous modification in the concentration of crys-
tals. As nucleation has a strong influence on the size dispersion of the
final crystals, controlling its progress is critical. Experimental evidence
has proved that - before the occurrence of aging processes such as the
Ostwald ripening - as the number of nanocrystals grows, the majority of



Fig. 4. Correlation between experimental
S 2 a Hens Exp ""_’ 1b @ o O Capek | size dispersion and the shape of the free en-
o - [ Hens Calc 4—o0 QD o ergy curves. a) Experimental and calculated
é i O o wgz g);FIJc — g i & g> o (by means of Equation (4)) size dispersion, as
o} (o) Capek Exp ,L, a function of NCs size, for each of the three
c 8 O Capek Calc © v |A wan datasets [Ref. 24, 25, 53]. Source data is re-
o - % m T ~ ] ported in Table S3. b) Ratio between the
» S 8) o A oo . LA A A experimental dispersion o, and the calcu-
8_ (o) A A \Q g - lated one o.q. as reported in panel a). c)
K%) 8 | _ X Schematic representation of the relationship
(| O Om 0 [1 Hens | DPetween size dispersion and curvature of the
o 2 l o % 00 -] - free energy curve at the curve minimum.
N ) 1 88
= - Oo=d
N o 0 |
] o
A
N — T
Si d 2 3 4 5 6
ize d [nm] Size d [nm]
— N
w s
\ ize

5 R Distribution

0]

c

L

(o

Size d

monomer is consumed for the growth of these crystals rather than for the
nucleation of new nuclei.[24] The time required for growth to overtake
nucleation can be tuned by controlling the amount of monomer
consumed during the first stages of nucleation. In fact, if the monomer
consumption rate is large, the threshold for switching from nucleation to
growth will be reached early, since the resulting reduction of the
nucleation rate, G,, would be faster. The event of growth overtaking
nucleation can be related to the increase of the energy barrier for
nucleation.

In this context, we propose an alternative approach for modelling the
nucleation stage, focused on the variation of the potential energy during
the formation of crystals. While new phase is formed, since part of the
precursors is transferred to stable nuclei, the thermodynamic conditions
for sustaining further nucleation get increasingly less favorable.[72] In
terms of the potential energy, this behavior is represented by an increase
of the critical size and critical energy due to precursor consumption
(Fig. 5a). Fig. 5b illustrates how the variation of the energy barrier in-
fluences the final crystal concentration: since the nucleation rate has a
strong exponential dependence on the critical energy, we assume that
the nucleation rate rapidly approaches zero when the critical energy
approaches a threshold value. It turns out that, modelling the nucleation
in terms of 0E/dCyc, allows us to easily identify the most important
parameters to control the number of nuclei formed and, consequently,
the equilibrium size and the size dispersion. This is an important
advancement, as usually the nucleation process was addressed in terms
of the nucleation rate (G,=dCyc/0t), with the inconvenience that the
final number of crystals formed is not readily accessible. Recurring to
the formulation of 0E/dCyc from our model (Equation (7)), we can
observe that, for example, an increase in Cyp would reduce the value of
the derivative, resulting in an increase of the concentration of crystals
formed once the threshold value E,; is reached. The opposite reasoning
applies to C;, as an increase of this parameter would reduce the final

concentration of nuclei. These two parameters have been experimen-
tally studied by Owen and coworkers and by Abe et al; their findings are
coherent with the result of our predictions (trends reported in Fig. 5¢-d).
[15,52,73]
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Temperature has a dual influence: while on the one hand an increase
in temperature is associated with a reduction of the initial critical en-
ergy, i.e. the critical energy when no crystals have precipitated yet
(E;/(Cnc = 0) = Epy, defined by Equation (8)), on the other hand it in-
creases the value of the derivative in Equation (7). A possible repre-
sentation of the effect of increasing temperature is shown in Fig. Se,
where the presence of a cross-over point is indicated. This point suggests
that, even with favorable initial conditions for nucleation (low E), the
final concentration of nuclei can be lower. This could be an interpreta-
tion for the data of Yordanov,[58] for example, where increments in
temperature resulted in fewer nuclei formed. It is worth noting that the
trends in Fig. 5e result from simulations where only temperature has
been changed; in a real synthesis, it is very unlikely that the other pa-
rameters will not be affected by a temperature change. The mutual in-
fluence of T, Cp and Ci; is still under investigation.



.
Q
w
>
W S |
> [0} .
o c | Zero Nucleation
8 E E.o Rate Threshold
L Precursor > 8 |
Consumption =
p -~
5 I
‘CNC”“C
Size d Crystal Concentration Cyc
= C = 8 = e
o o O o © o
u; ?)_ L: o Li ?5_ Cross-over point
g & 5 @ S o N\
c c 9 c
w W@ w
T ] T o — T ]
O O i O
S 8 S 8 S 8 T
O @ @
Yo} T T T T T T e} T T T T T T Ie} T T T T T
~ 000 002 004 006 008 0.10 ~ 000 001 0.02 003 004 005 ~ 000 001 002 003 004

Crystal Concentration Cy¢ [M]

Crystal Concentration Cy¢ [M]

Crystal Concentration Cy¢ [M]

Fig. 5. a) Change of the potential energy curve in proximity of the critical point, as a function of precursor consumption. Because of precursor consumption, as
nucleation progresses the local maximum (red dots) shifts towards higher energies and larger sizes. b) Change of the critical energy (Equation (6)) upon formation of
new nuclei according to our model (the red curve is essentially a continuous representation of the red dots in panel a). When the value of the critical energy reaches a
threshold value, the nucleation rate drops dramatically. c¢) The calculated critical energy curve (Equation (6)) is shown as a function of the initial monomer con-
centration. d) Influence of the crystal solubility on the critical energy curve (Equation (6)). e) The critical energy curve (Equation (6)) as a function of temperature.
The cross-over point indicates the possibility of obtaining fewer crystals even if nucleation is initially favored (lower Ey). (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version of this article.)

Table 1

Effects of a change in the indicated parameters on the crystal concentration,
equilibrium size and size distribution, as predicted by the proposed model. The
effect of temperature on the crystal concentration is dual, in accordance to the
discussion in the main text.

Parameter Change  Effect on Effect on Effect on
Cnc deq Gsim

Initial monomer T T 1 T
concentration Co

Interfacial energy of T 1 T 1
crystals y

Solubility of monomer Cg 1 1 T 1

Temperature T T i 1 T

Experimental investigations have been carried out on the effects of
free ligand concentration, initial precursor concentration, solubility of
the solute and conversion of monomers, and diffusion coefficient of the
solute.[15,41,33,73,74] Accordingly, our model identifies the majority
of these synthetic conditions as variables for tuning the potential energy
curve, interpreting their effect under a thermodynamic point of view
(Table 1).

Additionally, this potential energy curve interpretation allows us to
identify the conditions that promote a sharp size distribution in an
intriguing fashion: the number of crystals formed during nucleation
influences the curvature of the potential energy curve, and we have
previously discussed how the second derivative of the free energy curve
is associated to the size dispersion of crystals.

Several reports show that, during growth, the size distribution of
nanocrystals usually gets narrower.[75,76] Particle dissolution or coa-
lescence may be responsible of focusing of the size distribution observed
during these syntheses:[40,41] as a fraction of crystals disappear, the
mean equilibrium size gets larger thanks, for example, to the novel
amount of monomer available. At the same time, due to the reduction in
Cnc, the free energy curve at equilibrium becomes deeper and its second
derivative value in deq becomes larger, thus promoting a narrower size
distribution and the observed focusing behavior. Furthermore, this ef-
fect is also in accordance with the kinetics regulated by the classical
definition of the size dependent growth rate:'°%>78] the net reduction
of the number of nuclei would lower the size at which maximum growth
rate is observed, thus promoting the well-known focusing mechanism. It
is worth mentioning that, based on our model, no change in the size
distribution can take place without a concomitant reduction in crystal
concentration. Coalescing of nanoparticles can be more important than
monomer attachment in the final stages of nucleation/first stages of
growth, and it has been observed that it occurs even on crystals well
stabilized by ligands and capping agents.[16,45,60] The coalescence
mechanisms of nanocrystals has a strong impact on the number of par-
ticles, as reductions up to 30% have been observed. Our model provides
an interpretation of experimental data showing the concurrent reduc-
tion of the number of crystals and sharpening of size distribution, adding
a thermodynamic perspective to these experimental observations.

The increment of the critical energy associated to the formation of
stable crystals during nucleation in a closed system is linked to the
simultaneous reduction of the mean equilibrium size and increment of
the free energy at equilibrium, depicted in Fig. 6a. Thus, theoretically,
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equilibrium energy as a function of the crystal concentration. The point where the two energies are equal is the threshold crystal concentration Cyc*.

each nucleation phase presents a threshold value of the crystal con-
centration, Cyc*, corresponding to the point where the free energy
associated to the equilibrium size matches the one at critical size, i.e.
Eeq(Cnc*) = E(Cnc*) (see Fig. 6b). Nucleation for concentration of
crystals larger than the threshold value is not possible, as the nuclei
would be unstable. Furthermore, before reaching the threshold value, a
metastable region is present for 0 < Eeq(Cnc) < Ecr(Cnc): for nuclei
concentrations included within this range, the nucleation of particles
with a size larger than the critical one is possible, but size fluctuations
can lead to re-dissolution of the solid phase, as the minimum of the free
energy curve is larger than the energy of the system in the liquid phase.
Approximated analytical forms for the critical and metastable concen-
trations of crystals are provided in the Supporting Information.

The threshold crystal concentration is an important parameter even
outside the nucleation stage: when the system is not stable for a certain
crystal concentration, which is larger than the threshold value, we
expect balancing mechanisms like coalescence of crystals to occur. This
is what usually happens, for example, on colloidal nanocrystals that are
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not stable enough in the specific ligand-solvent combination: the
instability is balanced by response mechanisms like aggregation of
crystals, lowering the potential of the system and possibly causing pre-
cipitation of the solute. The definition of this threshold concentration is
technologically very important, as it allows us to have a finer control on
the stability of crystals in suspension. Furthermore, Razgoniaeva et al.
observed the existence of a thermal threshold for coalescence while
synthesizing CdS, CdSe, CsPbBr; and CuZnSnS4 nanocrystals.[41] They
reported significant changes in average particle diameter at reaction
temperature above a certain threshold value, with the concurrent
addition of new ligands to the solution. Their results can be interpreted
by the concept of Cyc¢*, as illustrated in Fig. S3.

3.5. Maps for optimal synthesis conditions

For the synthesis of nanocrystals, the maximum reaction yield is the
measured amount of solid product in equilibrium with the solution. At
the nanoscale, crystal size effects come to play which modify the free
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Fig. 7. Trends of conversion yield with equilibrium size for different systems: a) CdSe, b) CdS, c) PbS, d) PbS.
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Fig. 8. Equilibrium maps. Curves indicate a) equilibrium size, b) yield and c)
size dispersion as a function of initial monomer concentration and crystal
concentration.

energy of the system and, as a result, the equilibrium is altered
compared to the macroscopic scale. The increase of free energy of the
solid phase due to crystal specific surface area (i.e., the ratio of the
surface area on the volume of a crystal) pushes the equilibrium point
towards smaller sizes and, thus, lower yields. This effect is related to the
Ostwald-Freundlich equation, i.e. the solubility of crystals increases as
the crystal size decreases.!”®!

The influence of the calculated equilibrium size on yield, derived
from the application of experimental data to the proposed thermody-
namic model, is shown in Fig. 7a-d. For all systems, the smaller the
specific surface area of the crystal, the higher the maximum yield, in
accordance to the reasoning described above.

In addition, this data shows consistent differences in the synthetic
techniques: for example, considering data by Hens and coworkers and
comparing it to the work of Yordanov et al., thermodynamic calculations
forecast a higher yield for the synthesis of Hens, even if size and crystal
concentration are quite similar in both datasets (Fig. S4). In this specific
case, we speculate that it could be the result of a higher initial monomer

concentration and, consequently, faster reaction rates. In fact, Abe and
Capek estimated that the reaction rate is proportional to the monomer
concentration.[15]

With all of these findings, we can define thermodynamic charts
which support us in the synthesis of monodisperse and size-tuned NCs. A
straightforward observation from Fig. 8 is that a higher initial monomer
concentration favors the efficient synthesis of large and monodisperse
crystals. This is a promising indication of the future potential of large-
scale industrial productions. In this context, the influence of the nucle-
ation stage is extremely important as a large crystal concentration
counterbalances the benefits of the initial monomer concentration,
decreasing crystal size and synthesis efficiency and increasing size
dispersion. The numerical predictions in Fig. 8 are obtained investi-
gating how individual parameters affect the equilibrium condition but,
usually, they mutually interact concurrently (for example, it is unlikely
that a higher initial monomer concentration does not promote a higher
crystal concentration after nucleation). At this time, it is difficult to
discuss combinations of parameters, since their mutual influence is still
under investigation. Nonetheless, this analysis can pave the way for a
more precise understanding of the techniques for the industrial pro-
duction of colloidal nanocrystals.

4. Conclusion

In this contribution, we have extended the validity of the modified
version of Classical Nucleation Theory, expressed by Equation (1), for
the evaluation of the equilibrium size of metal and semiconductor
nanocrystals synthesized by various techniques.[75] The modified
thermodynamic theory points to a number of strategies for controlling
the size of stable crystals, helping to identify a few key parameters in the
synthesis setup, an advantage in terms of accuracy and computational
time in contrast with common and well-established kinetic models. The
consistency of the results has been demonstrated by comparing them
with experimental data in terms of size and conversion yield.

We have observed that the shape of the free energy curve, expressed
as the second derivative of the curve and calculated at the equilibrium
size, can be associated to the size distribution of the crystals, with larger
values of the derivative (more concave curve) associated to sharper size
distributions. We have also noticed that the focusing behavior, observed
in a multitude of syntheses after the nucleation stage, takes place with a
simultaneous reduction of the crystal concentration due to coalescence
or aggregation. This reduction of the crystal concentration can be
interpreted as the existence of an instability region, where coalescence,
for example, is one mechanism for the reduction of the potential energy
and the migration towards a more stable configuration. One major
limitation in the proposed model resides in the need for the crystal
concentration as input parameter. Unfortunately, even well-established
kinetic models fail to accurately evaluate the crystal concentration
within their calculations, as this remains one of the major challenge in
the modelling of the mechanisms of nucleation and growth.

Furthermore, the modified thermodynamic model allows us to
compare different techniques and evaluate their impact on NCs size and
size distribution. From these considerations, the development of equi-
librium maps is viable and it permits to recognize the optimal conditions
for the efficient production of monodisperse and size-tunable nano-
crystals, a topic of utmost importance for the large-scale fabrication of
NCs-based devices.
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