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In the framework of a model for the quasistatic crack growth in pressure-sensitive
elasto-plastic materials in the planar case, we study the properties of the length
ℓ(t) of the crack as a function of time. We prove that, under suitable technical
assumptions on the crack path, the monotone function ℓ is a pure jump function.
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1. Introduction

After the results obtained in our previous paper [8] in a simplified situation, our aim in this paper is to
give a further contribution to the mathematical derivation of the properties of the quasistatic crack growth
in elastoplastic materials under more general hypotheses.

The investigation on this topic has a long history, starting from the pioneering works [11,17,18,22,23].
There is a huge literature on this subject, see, e.g., [10,16,19,24,26,27,29,30]. We also mention [13, Sec. 4.4.
and 4.5] for the corresponding dynamic regime.

In the quasistatic case the problem of crack growth in elasto-plastic materials can be studied within the
framework of the variational approach to rate-independent systems, for which we refer to [20] and [21]. Using
this approach, a model in the case of pressure-sensitive plastic materials in the small strain regime with no
hardening (perfect plasticity) was developed in [7] in the two-dimensional case. This model is based on the
following three ideas:
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(I) irreversibility of the crack growth;
S) stability at each time of the stored elastic energy, taking into account the dissipation due to both crack

and plasticity;
B) energy-dissipation balance connecting the change in elastic energy, the work of external forces, and the

energy dissipated by crack and plasticity.

In [7] the collection of admissible cracks is composed of all compact sets of finite length with a prescribed
bound on the number of their connected components. In the present paper we consider an additional
constraint on the cracks: connectedness and prescribed crack path. More precisely, if Γ (t) denotes the crack
t time t in the reference configuration, we assume that Γ (t) is connected and contained in a prescribed
ompact set K, composed of the union of a finite number of C1 curves.

We prove that, if ℓ(t) is the one-dimensional measure of Γ (t), then t ↦→ ℓ(t) is a pure jump function,
ith a possibly infinite number of jumps. This kind of behaviour has been noticed in several experiments,
ainly in a dynamical regime, see, e.g., [2,3,9]. Its main consequence is the zig-zag shape of the crack lips

t a microscopic scale, see, e.g., [15]. Moreover, recent numerical simulations (see [4]) for similar quasistatic
roblems show the intermittent character of crack growth also in this case.

In [8] we studied a simplified version of the crack growth problem in linearly elastic-perfectly plastic
aterials, assuming that both the crack and the plastic slips are concentrated on a prescribed straight line.
ur analysis was limited to the antiplane case and the results were obtained using the maximum principle in

he complement of this straight line. In this simplified situation we were also able to prove that the number
f jumps of t ↦→ ℓ(t) is finite. We refer to [6] for a numerical simulation based on this model which highlights
he dependence of the number of jumps on the parameters of the model.

For the problem considered in the present paper it is not possible to use the maximum principle, since the
isplacement function is vector-valued and the plastic strain is not confined to a prescribed lower dimensional
et. Instead, we use completely different tools, which do not require an L∞-estimate, not available in this
ramework. Unfortunately, the new techniques do not provide a bound on the number of jumps of the crack
ength ℓ.

The starting point of our proof is an estimate (Proposition 3.2) of the length of the crack increment
(t2) − ℓ(t1) between two times t1 < t2 in terms of the jump of the displacement. This preliminary result

is an easy consequence of the Euler condition. To continue the proof an important tool is an estimate of
the jump of the displacement across a sufficiently regular curve, in terms of the linearized strain on the
complement of this curve, see Theorem 3.3. In order to obtain this result it is crucial to assume that the
elasto-plastic material is pressure-sensitive, i.e., the constraint on the stress depends also on its pressure
component, which translates into the fact that the plastic strain is not constrained to be trace-free. This
estimate allows to control the length of the crack increment ℓ(t2) − ℓ(t1) by means of the cumulated plastic
issipation between t1 and t2.

Another fundamental tool is a suitable time rescaling of the plastic part of the strain obtained in Section 4.
his produces a time dependent matrix-valued Radon measure which is Lipschitz continuous in time, and

his property is crucial to prove the smallness of some terms depending on the plastic strains on small balls
round the time dependent crack tips (see (5.15) and (5.17) in a special case, and (7.37) and (7.41) in the
eneral case). The smallness of these terms is the crucial point in the proof of the pure jump nature of the
unction t ↦→ ℓ(t).

All these new difficulties with respect to [8] are already present when the crack Γ (t) can grow only on
prescribed segment, while the plastic part has no constraint. The proof of this special case is given in

ection 5. The general case introduces additional difficulties, due to the fact that K has several branches
and Γ (t) can grow simultaneously on each of them.

The structural properties of the crack path K are crucial for the techniques used in the present paper.

It seems that the general case considered in [7] will require new ideas. On the contrary, using standard
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arguments the constraint that Γ (t) is connected could be replaced by a prescribed bound on the number of
ts connected components, but this would make the proof much heavier.

For technical reasons the line of proof developed in this paper cannot be applied to the standard case of
erfect plasticity, where the constraint on the stress depends only on the deviatoric part of the stress and
onsequently the plastic strain is trace-free. Of course, in the antiplane case the results of this paper can be
asily adapted to the general case of perfect plasticity, and this improves the results of [8], since now there
s no constraint on the location of the plastic strain.

So far there are no counterexamples to the pure jump behaviour in the case of crack growth in elastic-
erfectly plastic materials, so we cannot exclude that a different proof could lead to the same results without
ssuming pressure-sensitivity of the plastic behaviour.

In the simplified situation studied in [8] we were able to prove that the crack has only a finite number
f jumps. Due to the properties of the evolution of elastic-perfectly plastic materials, this implies that the
lastic strain is absolutely continuous with respect to time in any interval without jumps. Unfortunately
n the more general situation considered in the present paper we are not able to prove that there are only
nitely many jumps. We just prove that the crack length is a pure jump function, with a possibly infinite
umber of jumps. Therefore we cannot guarantee that the plastic part is piecewise continuous, although
here are no examples where this is not true.

. The model and the main result

Let Ω be a bounded open set in R2 with Lipschitz boundary and let T > 0. The reference configuration
of our problem in the time interval [0, T ] is the closure Ω of Ω .

At time t ∈ [0, T ] the crack (in the reference configuration) is a compact connected set Γ (t) ⊂ Ω . Since
the crack is irreversible we assume that the function t ↦→ Γ (t) is increasing, i.e.,

Γ (t1) ⊂ Γ (t2) for every t1, t2 ∈ [0, T ] with t1 < t2 . (2.1)

According to Griffith’s theory, the energy dissipated by the process of crack growth in the time interval
[t1, t2] is given by

βH1(Γ (t2) \ Γ (t1)) , (2.2)

where β > 0 is the toughness of the material and H1 is the 1-dimensional Hausdorff measure.
The elasto-plastic part of the body is given by

Ω̂t := Ω \ Γ (t) , (2.3)

whose interior is
Ωt := Ω \ Γ (t) . (2.4)

We shall prescribe a Dirichlet boundary condition on

∂DΩt := ∂Ω \ Γ (t) . (2.5)

The displacement u(t) is a function defined on Ωt with values in R2, the elastic part e(t) of the strain is a
function defined in Ωt with values in the space R2×2

sym of symmetric 2 × 2 matrices, while the plastic part p(t)
of the strain is a measure on Ω̂t with values in the space R2×2

sym. The possible singular part of the measure
p(t) accounts for concentrated strains, which may occur in Ωt and also on ∂DΩt.

To describe the functional setting of our problem we recall that for every open set U ⊂ R2 the space
BD(U) of functions of bounded deformation is defined as the space of functions u ∈ L1(U ;R2) such that

1 (Du + (Du)T ) is a matrix-valued bounded Radon measure
the symmetric part of the gradient Eu := 2

3



(see [28]). For every locally compact subset X of R2 and for every finite-dimensional Hilbert space Ξ , the
space of Ξ -valued bounded Radon measures on X is denoted by Mb(X;Ξ ).

For every t ∈ [0, T ] we assume that the displacement u(t), the elastic strain e(t), and the plastic strain
p(t) satisfy u(t) ∈ BD(Ωt), e(t) ∈ L2(Ωt;R2×2

sym), and p(t) ∈ Mb(Ω̂t;R2×2
sym). We also assume that the strain

Eu(t) satisfies the additive decomposition in Ωt:

Eu(t) = e(t) + p(t) as measures in Ωt . (2.6)

To prescribe the Dirichlet boundary condition, for every t ∈ [0, T ] we fix a function w(t) ∈ H1(Ωt;R2).
We would like to impose the equality u(t) = w(t) in the sense of traces on ∂DΩt, but in general this cannot
be achieved because of the presence of possible plastic slips at the boundary. For this reason the Dirichlet
condition has to be relaxed requiring only that

p(t) = (w(t) − u(t)) ⊙ νΩH1 as measures in ∂DΩt , (2.7)

where νΩ is the outer unit normal to ∂Ω and a⊙ b is the symmetrized tensor product between two vectors
a, b ∈ R2, i.e., the symmetric matrix with entries (aibj + ajbi)/2.

We now introduce a constraint on the possible cracks Γ (t). We fix two (possibly empty) compact sets K0
and K, with K0 ⊂ K ⊂ Ω and we impose that

K0 ⊂ Γ (t) ⊂ K for every t ∈ [0, T ] . (2.8)

We assume that K can be written as

K = K̂ ∪K1 ∪ · · · ∪Kk , (2.9)

where K̂,K1, . . . ,Kk are compact sets, H1(K̂) = 0, and, for h = 1, . . . , k, Kh is a simple C1-curve with
endpoints x1

h, x
2
h ∈ K̂. We set

K0
h := Kh \ {x1

h, x
2
h} and Ǩh := K̂ ∪

k⋃
h′=1
h′ ̸=h

Kh′ , (2.10)

and we assume that for every h = 1, . . . , k we have

K0
h ∩ Ǩh = ∅ , (2.11)

either K0
h ⊂ Ω or K0

k ⊂ ∂Ω . (2.12)

Moreover, we assume that

Ω \K is the union of a finite number of open sets with Lipschitz boundary. (2.13)

The collection of all compact connected subsets of K containing K0 is denoted by K. We recall that (2.8)
and the topological properties of Γ (t) imply that Γ (t) ∈ K for every t ∈ [0, T ].

The stress σ(t) at time t ∈ [0, T ] belongs to L2(Ωt;R2×2
sym) and depends on the elastic strain e(t) through

the linear relation
σ(t) := Ce(t),

where C is the elasticity tensor. As usual we assume that C : R2×2
sym → R2×2

sym is a symmetric linear operator
satisfying

2 2 2×2
λC|A| ≤ CA : A ≤ ΛC|A| for every A ∈ Rsym , (2.14)
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for some constants 0 < λC ≤ ΛC. Here and henceforth |A| denotes the Euclidean norm of A, while the colon
enotes the corresponding scalar product between matrices, i.e., A :B := tr(ABT ) =

∑
ij AijBij . These

nequalities imply that
|CA| ≤ ΛC|A| for every A ∈ R2×2

sym . (2.15)

The stored elastic energy at time t depends only on the elastic strain e(t) and is given by

1
2

∫
Ωt

σ(t) : e(t) dx =
∫
Ωt

Q(e(t)) dx,

here
Q(A) := 1

2CA :A for every A ∈ R2×2
sym.

Since for every t ∈ [0, T ] the behaviour of the material in Ωt is linearly elastic–perfectly plastic, we have
constraint on the stress of the form

σ(t, x) ∈ K for a.e. x ∈ Ωt , (2.16)

here K is a prescribed closed and convex set in R2×2
sym, depending on the material, whose boundary plays

he role of the yield surface. We assume that there exist two constants cK and CK, with 0 < cK ≤ CK < +∞,
uch that

{A ∈ R2×2
sym : |A| ≤ cK} ⊂ K ⊂ {A ∈ R2×2

sym : |A| ≤ CK} . (2.17)

Note that the second inclusion in (2.17) excludes the standard case where the constraint is imposed only
on the deviatoric (i.e., trace-free) part of the stress. Indeed, in our model the yield surface depends also
the pressure component of the stress. For the study of the quasistatic evolution in the linearized theory of
pressure-sensitive plastic materials without cracks we refer to [5] and the references therein.

The support function H : R2×2
sym → [0,+∞[ of K is defined by

H(A) := sup
B∈K

B :A (2.18)

and it turns out to be convex and positively homogeneous of degree one. By the previous bounds on K it
follows that

cK|A| ≤ H(A) ≤ CK|A| for every A ∈ R2×2
sym . (2.19)

To obtain a convenient expression for the plastic dissipation, for every locally compact set X ⊂ R2 and
every µ ∈ Mb(X;R2×2

sym) we introduce the measure H(µ) ∈ Mb(X;R) defined by

H(µ)(B) :=
∫

B

H
(

dµ
d|µ|

)
d|µ| for every Borel set B ⊂ X , (2.20)

here |µ| is the variation of µ and dµ
d|µ| is the Radon–Nikodym derivative of µ with respect to |µ|. Clearly

or every Borel set B ⊂ X the function µ ↦→ H(µ)(B) is convex and positively homogeneous of degree
one, therefore it satisfies the triangle inequality. Moreover, the map µ ↦→ H(µ) is continuous for the strong
topologies. Finally, by [14], for every open set U ⊂ R2 the function µ ↦→ H(µ)(U∩X) is lower semicontinuous
with respect to the weak∗-convergence in Mb(X;R2×2

sym), which is defined by identifying Mb(X;R2×2
sym) with

the dual of the Banach space

C0
0 (X;R2×2

sym) := {φ ∈ C0(X;R2×2
sym) : {x ∈ X : |φ(x)| ≥ ε} is compact for every ε > 0},

endowed with the supremum norm. By (2.19) we obtain

c |µ|(B) ≤ H(µ)(B) ≤ C |µ|(B) for every Borel set B ⊂ X . (2.21)
K K
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In our model the energy dissipated in a time interval depends on the evolution of the pair (p(t),Γ (t))
omposed of the plastic strain and the crack. According to the terminology used in the theory of rate-
ndependent systems (see [20, Section 7]), the dissipation distance between two pairs (p2,Γ2) and (p1,Γ1),
ith Γi compact connected subsets of Ω and pi ∈ Mb(Ω \ Γi;R2×2

sym), is given by

d((p2,Γ2), (p1,Γ1)) :=
{
H(p2 − p1)(Ω \ Γ2) + βH1(Γ2 \ Γ1) if Γ1 ⊂ Γ2 ,

+∞ otherwise,
(2.22)

here H(p2 − p1)(Ω \ Γ2) accounts for the plastic dissipation distance (see [21]) and βH1(Γ2 \ Γ1) is the
nergy dissipated to produce the crack increment Γ2 \ Γ1 (see (2.2)).

Given a pair of functions (p,Γ ), with Γ : [0, T ] → K increasing and p(t) ∈ Mb(Ω̂t;R2×2
sym) for every

∈ [0, T ], the corresponding total dissipation on the time interval [τ1, τ2] ⊂ [0, T ] is given by

D(p,Γ ; τ1, τ2) := sup
m∑

i=1
d((p(ti),Γ (ti)), (p(ti−1),Γ (ti−1))) , (2.23)

here the supremum is taken over all finite partitions τ1 = t0 ≤ t1 ≤ · · · ≤ tm−1 ≤ tm = τ2. It is clear that,
f τ1 < τ2, then nothing changes if the supremum is taken over all finite partitions τ1 = t0 < t1 < · · · <
m−1 < tm = τ2.

It is convenient to write

D(p,Γ ; τ1, τ2) = DΓ (p; τ1, τ2) + βH1(Γ (τ2) \ Γ (τ1)) , (2.24)

here DΓ (p; τ1, τ2) is the plastic dissipation (for a given Γ ) on the time interval [τ1, τ2], whose definition
ust take into account the dependence on t of the domain Ω̂t where p(t) is defined, which, in turn, depends

n Γ (t). Clearly (2.23) and (2.24) imply that DΓ (p; τ1, τ2) is given by

DΓ (p; τ1, τ2) := sup
m∑

i=1
H(p(ti) − p(ti−1))(Ω̂ti

) , (2.25)

here the supremum is taken over all finite partitions τ1 = t0 ≤ t1 ≤ · · · ≤ tm−1 ≤ tm = τ2.
For a concise presentation of the global stability condition of rate-independent systems it is convenient to

introduce the following definition of admissible triples: given a compact connected set Γ̂ ⊂ Ω and a function
ˆ ∈ H1(Ω \ Γ̂ ;R2), the set A(ŵ, Γ̂ ) of admissible triples is composed of all (û, ê, p̂), with û ∈ BD(Ω \ Γ̂ ),
ê ∈ L2(Ω \ Γ̂ ;R2×2

sym), and p̂ ∈ Mb(Ω \ Γ̂ ;R2×2
sym), which satisfy the weak kinematic admissibility conditions

Eû = ê+ p̂ as measures in Ω \ Γ̂ , (2.26)
p̂ = (ŵ − û) ⊙ νΩH1 as measures in ∂Ω \ Γ̂ . (2.27)

As for the function w used to prescribe the relaxed Dirichlet boundary condition (2.7), we assume that

w ∈ AC([0, T ];H1(Ω \K0;R2)) , (2.28)

so that the time derivative t ↦→ ẇ(t) belongs to L1([0, T ];H1(Ω \ K0;R2)) and its spatial symmetric
gradient t ↦→ Eẇ(t) belongs to L1([0, T ];L2(Ω \ K0;R2×2

sym)). According to the energetic formulation of
rate-independent processes the function t ↦→ (u(t), e(t), p(t),Γ (t)), satisfies the following properties

(a) crack irreversibility: the function Γ : [0, T ] → K is increasing, i.e., (2.1) holds;
b) global stability condition: for every t ∈ [0, T ] we have (u(t), e(t), p(t)) ∈ A(w(t),Γ (t)) and∫

Ω\Γ(t)
Q(e(t)) dx ≤

∫
Ω\Γ̂

Q(ê) dx+H(p̂− p(t))(Ω \ Γ̂ ) + βH1(Γ̂ \ Γ (t)) (2.29)

for every Γ̂ ∈ K, with Γ̂ ⊃ Γ (t), and every (û, ê, p̂) ∈ A(w(t), Γ̂ );
6



i

d

D
p
t

c

(

W
W
d

T

T
w

(c) energy-dissipation balance: the function t ↦→ e(t) belongs to L∞([0, T ];L2(Ω ;R2×2
sym)) and for every

t ∈ [0, T ] we have ∫
Ωt

Q(e(t)) dx+ DΓ (p; 0, t) + βH1(Γ (t) \ Γ (0))

=
∫
Ω0

Q(e(0)) dx+
∫ t

0

(∫
Ωτ

σ(τ) : Eẇ(τ) dx
)
dτ . (2.30)

The last term in (2.30) represents the energy put into the system by the prescribed boundary displacement
n the time interval [0, t]. Note that by Lemma 3.1 condition (b) implies (2.16).

Therefore conditions (a), (b), and (c) include all properties of our model. This leads to the following
efinition.

efinition 2.1. Let w ∈ AC([0, T ];H1(Ω \ K0;R2)). A quasistatic evolution for the crack growth
roblem in elasto-plastic materials (briefly quasistatic evolution) with boundary value w is a function
↦→ (u(t), e(t), p(t),Γ (t)), with u(t) ∈ BD(Ωt), e(t) ∈ L2(Ωt;R2×2

sym), p(t) ∈ Mb(Ω̂t;R2×2
sym), and Γ (t) ∈ K for

every t ∈ [0, T ], such that (a), (b), and (c) hold.

We are interested in the study of quasistatic evolutions with prescribed initial data (u0, e0, p0,Γ0), with
Γ0 ∈ K. By condition (b) (global stability) we must assume that (u0, e0, p0) ∈ A(w(0),Γ0) and∫

Ω\Γ0

Q(e0) dx ≤
∫
Ω\Γ̂

Q(ê) dx+H(p̂− p0)(Ω \ Γ̂ ) + βH1(Γ̂ \ Γ0) , (2.31)

for every Γ̂ ∈ K, with Γ̂ ⊃ Γ0, and for every (û, ê, p̂) ∈ A(w(0), Γ̂ ).
The following existence theorem can be proved as in [7, Theorem 2.5]. Under our hypotheses there are

obvious simplifications due to the constraint (2.8). In particular the approximation result [7, Lemma 4.4]
an be obtained in a straightforward way, without using the crack transfer result [7, Theorem 4.2].

Theorem 2.2. Let w ∈ AC([0, T ];H1(Ω \ K0;R2)) and (u0, e0, p0) ∈ A(w(0),Γ0), with Γ0 ∈ K. Assume
that (2.31) holds. Then there exists a quasistatic evolution with boundary value w and initial conditions
u(0), e(0), p(0),Γ (0)) = (u0, e0, p0,Γ0).

For every nondecreasing function α : [0, T ] → R we set

α(t−) := lim
τ→t−

α(τ) for every t ∈ (0, T ] , (2.32)

α(t+) := lim
τ→t+

α(τ) for every t ∈ [0, T ) . (2.33)

e also set α(0−) := α(0) and α(T+) := α(T ). Let Jα be the (at most countable) set of jump points of α.
e can write α = αcont + αjump, where αcont is continuous and αjump is the pure jump component of α,

efined by
αjump(t) = α(t) − α(t−) +

∑
τ∈Jα,τ<t

[α](τ) , for every t ∈ [0, T ].

he following theorem is the main result of the paper.

heorem 2.3. Let w ∈ AC([0, T ];H1(Ω \ K0)), let t ↦→ (u(t), e(t), p(t),Γ (t)) be a quasistatic evolution
ith boundary value w, according to Definition 2.1, and let

ℓ(t) := H1(Γ (t)).

Then ℓcont is constant on the interval [0, T ].

The complete proof of this theorem will be given in Section 7. A simplified proof, which illustrates the

main ideas, is presented in Section 5 when K is a segment and K0 contains one of the endpoints of K.
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3. The Euler condition and some useful estimates

In this section we establish some properties of quasistatic evolutions which follow from the global stability
property (2.29). Moreover, we prove some estimates that will be crucial in the proof of our main result in
Sections 5 and 7 .

By the structural assumption on K there exists a continuous function ν : K \ K̂ → R2 such that for every
x ∈ K \ K̂ the vector ν(x) is normal to K and has norm 1. It is not restrictive to assume that ν(x) = νΩ (x)
for every x ∈ (K \ K̂) ∩ ∂Ω . Moreover, if t ∈ [0, T ] and u ∈ BD(Ωt), then the trace of u on ∂Ω \ K̂, still
enoted by u, is well-defined and belongs to L1(∂Ω \ K̂;R2), while the traces u+ and u− of u from both

sides of Γ (t) ∩ Ω \ K̂, given at each point by the limits on half-balls determined by ν, are also well-defined
and belong to L1(Γ (t) ∩ Ω ;R2). The jump [u] of u is defined by [u] := u+ − u− H1-a.e. on Γ (t) ∩ Ω .

The Euler condition associated to the global stability property (2.29) is stated in the following lemma.
iven a sufficiently regular function φ defined on a subset of R2, with values in R2×2, the divergence divφ

f φ is the vector whose components are the divergence of the rows of φ. Moreover, for 0 ≤ t1 ≤ t2 ≤ T we
et Γ (t1, t2) := Γ (t2) \ Γ (t1).

emma 3.1. Let Γ : [0, T ] → K be an increasing function, let t1 ∈ [0, T ], let w1 ∈ H1(Ωt1 ;R2), let
u1, e1, p1) ∈ A(w1,Γ (t1)), and let σ1 := Ce1. Assume that∫

Ωt1

Q(e1) dx ≤
∫
Ωt1

Q(e) dx+H(p− p1)(Ω̂t1) (3.1)

or every (u, e, p) ∈ A(w1,Γ (t1)). Then σ1(x) ∈ K for a.e. x ∈ Ωt1 and divσ1 = 0 in Ωt1 . Moreover, for
very t2 ∈ [t1, T ] we have

−
∫
Ωt1

σ1 : η dx ≤ H(q)(Ω̂t2) +
∫
Γ(t1,t2)∩Ω

H([v] ⊙ ν) dH1 +
∫
Γ(t1,t2)∩∂Ω

H(−v ⊙ νΩ ) dH1 (3.2)

or every (v, η, q) ∈ A(0,Γ (t2)).

roof. Let us fix t2 ∈ [t1, T ] and (v, η, q) ∈ A(0,Γ (t2)). For every φ ∈ C∞
c (Ωt1 ;R2×2

sym), integrating by parts
n Ωt2 (see, for instance, [1, formula (3.4)]), and taking into account the traces on Γ (t1, t2) we obtain

−
∫
Ωt2

v divφdx =
∫
Ωt2

φdEv +
∫
Γ(t1,t2)∩Ω

([v] ⊙ ν) : φdH1 −
∫
Γ(t1,t2)∩∂Ω

(v ⊙ νΩ ) : φdH1.

his implies that v, regarded as a function defined a.e. in Ωt1 , belongs to BD(Ωt1) and that its symmetrized
radient coincides with [v]⊙νH1 Γ (t1, t2) on Γ (t1, t2)∩Ω . Let q̂ ∈ Mb(Ω̂t1 ;R2×2

sym) be the measure defined
y

q̂(B) := q(B ∩ Ω̂t2) +
∫

B∩Γ(t1,t2)∩Ω

[v] ⊙ ν dH1 −
∫

B∩Γ(t1,t2)∩∂Ω

v ⊙ νΩ dH1

for every Borel set B ⊂ Ω̂t1 . By the previous remark we have Ev = η + q̂ on Ωt1 and q̂ = −v ⊙ νΩH1 as
easures on ∂DΩt1 , hence (v, η, q̂) ∈ A(0,Γ (t1)), according to (2.26) and (2.27).
Given ε > 0 we set u = u1 + εv, e = e1 + εη, and p = p1 + εq̂. Since (u, e, p) ∈ A(w1,Γ (t1)), by (3.1) we

obtain ∫
Ωt

Q(e1) dx−
∫
Ωt

Q(e1 + εη) dx ≤ εH(q̂)(Ω̂t1).

1 1
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Dividing by ε and taking the limit as ε → 0+ we obtain

−
∫
Ωt1

σ1 : η dx ≤ H(q̂)(Ω̂t1) = H(q)(Ω̂t2) +
∫
Γ(t1,t2)∩Ω

H([v] ⊙ ν) dH1 +
∫
Γ(t1,t2)∩∂Ω

H(−v ⊙ νΩ ) dH1,

which concludes the proof of (3.2).
In particular, if v ∈ H1

0 (Ωt1 ;R2), η = Ev, and q = 0, we obtain∫
Ωt1

σ1 : Ev dx ≥ 0,

and since the same inequality holds for −v we deduce that divσ1 = 0 in Ωt1 . Moreover, taking t2 = t1, v = 0,
η = −ξ1B , and q = ξ1B , with ξ ∈ R2×2

sym and B a Borel subset of Ωt1 , we obtain∫
B

σ1 : ξ dx ≤
∫

B

H(ξ) dx,

which, by the arbitrariness of ξ and B, gives σ1(x) ∈ ∂H(0) for a.e. x ∈ Ωt1 , where ∂H denotes the
subdifferential of H. Since ∂H(0) = K (see, e.g., [25, Corollary 23.5.3]), we obtain that σ1(x) ∈ K for
a.e. x ∈ Ωt1 . The proof is thus concluded. □

We now prove an estimate for quasistatic evolutions which is a consequence of the Euler condition and
of the energy-dissipation balance. It will be the starting point in the proof of our main result.

Proposition 3.2. Under the hypotheses of Theorem 2.3 we have

λC
2

∫
Ωt2

|e(t2) − e(t1)|2dx+ β(ℓ(t2) − ℓ(t1)) ≤
∫ t2

t1

(∫
Ωτ

(σ(τ) − σ(t1)) : Eẇ(τ) dx
)
dτ

+CK

∫
Γ(t1,t2)∩Ω

|[u(t2) − u(t1)]| dH1 + CK

∫
Γ(t1,t2)∩∂Ω

|u(t2) − u(t1) − w(t2) + w(t1)| dH1 (3.3)

or every t1, t2 ∈ [0, T ], with t1 < t2.

Proof. Let us fix t1 and t2 as required. By the energy-dissipation balance (2.30) we have∫
Ωt2

Q(e(t2)) dx+ DΓ (p; t1, t2) + β(ℓ(t2) − ℓ(t1))

=
∫
Ωt1

Q(e(t1)) dx+
∫ t2

t1

(∫
Ωτ

σ(τ) : Eẇ(τ) dx
)
dτ ,

here DΓ (p; t1, t2) is given by (2.25). Hence, using the definition of σ and the symmetry of C, we get

1
2

∫
Ωt2

(σ(t2) + σ(t1)) : (e(t2) − e(t1)) dx+H(p(t2) − p(t1))(Ω̂t2) + β(ℓ(t2) − ℓ(t1))

≤
∫ t2

t1

(∫
Ωτ

σ(τ) : Eẇ(τ) dx
)
dτ . (3.4)

e now apply Lemma 3.1 with w1 = w(t1), u1 = u(t1), e1 = e(t1), p1 = p(t1), v = u(t2) − u(t1) −
(t ) + w(t ), η = e(t ) − e(t ) − Ew(t ) + Ew(t ), and q = p(t ) − p(t ), and, taking (2.21) into account,
2 1 2 1 2 1 2 1
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we obtain

−
∫
Ωt1

σ(t1) : (e(t2) − e(t1)) dx+
∫
Ωt1

σ(t1) : (Ew(t2) − Ew(t1)) dx

≤ H(p(t2) − p(t1))(Ω̂t2) + CK

∫
Γ(t1,t2)∩Ω

|[u(t2) − u(t1)]| dH1

+CK

∫
Γ(t1,t2)∩∂Ω

|u(t2) − u(t1) − w(t2) + w(t1)| dH1 .

umming this inequality and (3.4) and using (2.14) we conclude that (3.3) holds. □

In the following theorem we obtain an estimate of the jump of u across a sufficiently regular curve G in
terms of |Eu| on the complement of G. This will play a crucial role in the proof of our main result.

Theorem 3.3. There exists a constant c0 > 0 with the following property: for every R > 0 and every C1

function g : [−R, 0] → R, with g(0) = g′(0) = 0 and |g′| ≤ 1
4 on [−R, 0], the estimate∫

Gg∩BR(0)
|[u]| dH1 ≤ c0|Eu|(BR(0) \Gg) (3.5)

olds for every u ∈ BD(BR(0) \Gg), where Gg is the graph of g.

roof. Let us fix R > 0 and a function g satisfying the hypotheses of the theorem. We set B := BR(0) and

B± := {(x1, x2) ∈ B : x1 ≤ 0 and ± x2 > g(x1)} ∪ {(x1, x2) ∈ B : x1 > 0 and ± x2 > 0} .

inally, let A := (0, 1
2R) × (− 3

4R,
3
4R) and A± := {(x1, x2) ∈ A : ±x2 > 0} (see Fig. 1).

The first step in the proof is to show that for every u ∈ BD(B+) we have the estimate∫
Gg∩B

|u+| dH1 ≤ c1

R

∫
A+

|u| dx+ c2|Eu|(B+) , (3.6)

for suitable constants c1 and c2 independent of R and g. By standard approximation properties of BD
functions (see [28, Theorems 3.1 and 3.2]), it is enough to prove the result when u ∈ C∞(B+;R2). For every
x1 ∈ [−R, 0] such that (x1, g(x1)) ∈ B we consider the line Lx1 := {(y1, y2) ∈ R2 : y2 = g(x1) + 1

3 (y1 − x1)}.
ote that for every (y1, y2) ∈ Lx1 we have

x1 < y1 ≤ 0 =⇒ −(R2 − y2
1)1/2 < g(y1) < y2 < (R2 − y2

1)1/2, (3.7)

0 ≤ y1 ≤ 1
2R =⇒ 0 ≤ y2 ≤ 3

4R. (3.8)

Let us fix u ∈ C∞(B+;R2) and consider v(y1) := u(y1, g(x1) + 1
3 (y1 − x1)) · (1, 1

3 ), where the dot denotes
he scalar product. Then

v′(y1) = Eu(y1, g(x1) + 1
3 (y1 − x1))(1, 1

3 ) · (1, 1
3 ).

e now fix z1 ∈ (0, 1
2R) and integrating v′ between x1 and z1 we obtain

|u(x1, g(x1)) · (1, 1
3 )| ≤ |u(z1, g(x1) + 1

3 (z1 − x1)) · (1, 1
3 )|

+
∫ z1

x1

|Eu(y1, g(x1) + 1
3 (y1 − x1))(1, 1

3 ) · (1, 1
3 )|dy1 ,
10
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Fig. 1. The geometry used in the proof of (3.6).

ence

|u(x1, g(x1)) · (1, 1
3 )| ≤

√
10
3 |u(z1, g(x1) + 1

3 (z1 − x1))|

+ 10
9

∫ z1

x1

|Eu(y1, g(x1) + 1
3 (y1 − x1))| dy1 .

ntegrating between 0 and 1
2R with respect to z1 we obtain

|u(x1, g(x1)) · (1, 1
3 )| ≤ 2

√
10

3R

∫ R/2

0
|u(z1, g(x1) + 1

3 (z1 − x1))| dz1

+ 10
9

∫ R/2

x1

|Eu(y1, g(x1) + 1
3 (y1 − x1))| dy1 .

Let a < 0 be such that (a, g(a)) ∈ ∂B, so that

Gg ∩B = {(x1, g(x1)) : a < x1 ≤ 0}.

e now integrate the previous inequality with respect to x1 between a and 0 and obtain∫ 0

a

|u(x1, g(x1)) · (1, 1
3 )| dx1 ≤ 2

√
10

3R

∫ 0

a

(∫ R/2

0
|u(y1, g(x1) + 1

3 (y1 − x1))| dy1

)
dx1

+ 10
9

(∫ 0

a

∫ R/2

x1

|Eu(y1, g(x1) + 1
3 (y1 − x1))| dy1

)
dx1 . (3.9)

Since |g′| ≤ 1
4 , we have

√
1 + (g′)2 ≤

√
17
4 , hence∫

|u+ · (1, 1
3 )| dH1 ≤

√
17
4

∫ 0
|u(x1, g(x1)) · (1, 1

3 )| dx1 . (3.10)

Gg∩B a

11



x

|

B

c

w

t
a

w

To evaluate the other terms in (3.9) we consider the function Φ defined by Φ(y1, x1) := (y1, g(x1) + 1
3 (y1 −

1)), for which we have the estimate |det∇Φ(y1, x1)| = |g′(x1) − 1
3 | ≥ 1

12 , where we used the inequality
g′| ≤ 1

4 . Therefore ∫ 0

a

(∫ R/2

0
|u(y1, g(x1) + 1

3 (y1 − x1))| dy1

)
dx1

≤ 12
∫ 0

a

(∫ R/2

0
|u(Φ(y1, x1))| |det∇Φ(y1, x1)| dy1

)
dx1 ≤ 12

∫
A+

|u| dx , (3.11)

where in the last inequality we used (3.8). Similarly, using also (3.7), we obtain that∫ 0

a

(∫ R/2

x1

|Eu(y1, g(x1) + 1
3 (y1 − x1))| dy1

)
dx1 ≤ 12

∫
B+

|Eu| dx . (3.12)

y (3.9)–(3.12) it follows that there exist two constants ĉ1, ĉ2 > 0 such that∫
Gg∩B

|u+ · (1, 1
3 )| dH1 ≤ ĉ1

R

∫
A+

|u| dx+ ĉ2|Eu|(B+).

Repeating the same arguments with v(y1) := u(y1, g(x1) + 7
24 (y1 − x1)) · (1, 7

24 ) we obtain two constants
1̌, č2 > 0 such that ∫

Gg∩B

|u+ · (1, 7
24 )| dH1 ≤ č1

R

∫
A+

|u| dx+ č2|Eu|(B+).

From the last two inequalities it follows that
1
24

∫
Gg∩B

|u+
2 | dH1 ≤

∫
Gg∩B

|u+
1 + 1

3u
+
2 | dH1 +

∫
Gg∩B

|u+
1 + 7

24u
+
2 | dH1

≤ ĉ1 + č1

R

∫
A+

|u| dx+ (ĉ2 + č2)|Eu|(B+) . (3.13)

Similarly we obtain that
1
7

∫
Gg∩B

|u+
1 | dH1 ≤

∫
Gg∩B

|u+
1 + 1

3u
+
2 | dH1 + 8

7

∫
Gg∩B

|u+
1 + 7

24u
+
2 | dH1

≤
ĉ1 + 8

7 č1

R

∫
A+

|u| dx+ (ĉ2 + 8
7 č2)|Eu|(B+) . (3.14)

These chains of inequalities imply (3.6).
In the same way we prove that∫

Gg∩B

|u−| dH1 ≤ c1

R

∫
A−

|u| dx+ c2|Eu|(B−),

hich, together with (3.6) gives∫
Gg∩B

|[u]| dH1 ≤ c1

R

∫
A

|u| dx+ c2|Eu|(B \Gg) . (3.15)

By the Poincaré–Wirtinger inequality in BD (see [28, Proposition 2.2 and Remark 1.1 of Chapter II])
here exists a constant c3 > 0 independent of R such that for every u ∈ BD(A) there exist a constant ω ∈ R
nd a vector b ∈ R2 such that ∫

A

|u− ωJ − b| dx ≤ c3R|Eu|(A),

here J(x1, x2) = (x2,−x1). By applying (3.15) to the function u(x) − ωJx− b we obtain∫
Gg∩B

|[u]| dH1 ≤ c1c3|Eu|(A) + c2|Eu|(B \Gg) ≤ (c1c3 + c2)|Eu|(B \Gg),
where in the last inequality we used the inclusion A ⊂ B \Gg. This concludes the proof of (3.5). □

12
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To apply Theorem 3.3 we need a purely geometric lemma. For every h = 1, . . . , k and x1, x2 ∈ Kh let
h(x1, x2) be the arc of Kh between x1 and x2, including its endpoints x1 and x2. Recall that x1

h and x2
h

re the endpoints of Kh.

emma 3.4. There exists δ0 > 0 such that for every h = 1, . . . , k the following property holds: if
∈ (0, δ0) and x1, x2 ∈ Kh, with |x1 − x2| = δ, then either Kh(x1, x2) = Kh(x1

h, x
2) ∩ Bδ(x2) or

Kh(x1, x2) = Kh(x2
h, x

2) ∩ Bδ(x2). Moreover, there exists a suitable orthonormal coordinate system with
rigin at x2, such that Kh(x1, x2) can be represented as the intersection between the closed ball Bδ(0) and the
raph of a C1 function g : [−δ, 0] → R such that g(0) = g′(0) = 0 and |g′| ≤ 1

4 .

roof. All properties considered in the lemma are elementary consequences of the fact that Kh is a simple
1 curve for every h = 1, . . . , k. □

orollary 3.5. Let δ0 > 0 be the constant introduced in Lemma 3.4 and let h = 1, . . . , k. If δ ∈ (0, δ0),
1, x2 ∈ Kh, with |x1 − x2| = δ, then∫

Kh(x1,x2)
|[u]| dH1 ≤ c0|Eu|(Bδ(x2) \Kh(x1, x2)) , (3.16)

or every u ∈ BD(Bδ(x2) \Kh(x1, x2)), where c0 is the constant in Theorem 3.3.

roof. By Lemma 3.4 we can introduce an orthonormal coordinate system in which we can apply
heorem 3.3 to the ball Bδ(x2), which becomes Bδ(0) in the new coordinate system. This gives (3.16). □

orollary 3.6. Let δ0 > 0 be the constant introduced in Lemma 3.4 and let h = 1, . . . , k be such that
0
h ⊂ ∂Ω . If δ ∈ (0, δ0), x1, x2 ∈ K0

h, with |x1 − x2| = δ, and Bδ(x2) ∩ ∂Ω ⊂ K0
h then∫

Kh(x1,x2)
|u− w| dH1 ≤ c0|E(u− w)|(Bδ(x2) ∩ Ω) + c0

∫
Bδ(x2)∩(∂Ω\Kh(x1,x2))

|u− w| dH1 , (3.17)

or every u ∈ BD(Bδ(x2) ∩Ω) and every w ∈ H1(Bδ(x2) ∩Ω ;R2), where c0 is the constant in Theorem 3.3.

roof. Let us fix δ, x1, x2 as in the statement of the corollary. Let u ∈ BD(Bδ(x2) ∩ Ω) and let
: Bδ(x2) → R2 be defined by v := u − w in Bδ(x2) ∩ Ω and v := 0 in Bδ(x2) \ Ω . It is easy to see

that v ∈ BD(Bδ(x2)) and [v] = w − u on Bδ(x2) ∩ ∂Ω . Hence Ev = Eu − Ew in Bδ(x2) ∩ Ω , Ev = 0 in
δ(x2) \ Ω , and Ev = (w − u) ⊙ νΩH1 on Bδ(x2) ∩ ∂Ω . By Lemma 3.4 we can introduce an orthonormal

oordinate system in which we can apply Theorem 3.3 to the function v on the ball Bδ(x2), which becomes
δ(0) in the new coordinate system. This gives∫

Kh(x1,x2)
|[v]| dH1 ≤ c0|Ev|(Bδ(x2) \Kh(x1, x2)),

hich implies (3.17). □

. Functions with bounded dissipation

In the proof of our main result an important role is played by a time-rescaling of the plastic strain, which
eads to a suitable form of Lipschitz continuity. It is well-known that every function with bounded variation
an be transformed into a Lipschitz continuous function through a time-rescaling. The difficulty in our case is
hat the function t ↦→ p(t) has not bounded variation in the usual sense, but only satisfies DΓ (p; 0, T ) < +∞
or a given nondecreasing function Γ : [0, T ] → K.
13



w
t
o

w

P
M

(

In this section we investigate the main properties of functions satisfying DΓ (p; 0, T ) < +∞ and prove that
e can obtain the desired time-rescaling also in this case (see Lemma 4.3). We also study the properties of

he derivative of the rescaled version p◦ of p (see Lemma 4.4), which also play a crucial role in the proof of
ur main result.

For every nondecreasing function Γ : [0, T ] → K we set

Γ (t−) := cl
(⋃

τ<t

Γ (τ)
)

for 0 < t ≤ T , (4.1)

Γ (t+) :=
⋂
τ>t

Γ (τ) for 0 ≤ t < T , (4.2)

here cl denotes the closure. We also set Γ (0−) := Γ (0) and Γ (T+) := Γ (T ). For every t ∈ [0, T ] we consider
Ω̂t− := Ω \ Γ (t−) and Ω̂t+ := Ω \ Γ (t+).

roposition 4.1. Let Γ : [0, T ] → K be a nondecreasing function and for every t ∈ [0, T ] let p(t) ∈
b(Ω̂t;R2×2

sym). Assume that DΓ (p; 0, T ) < +∞, where DΓ (p; 0, T ) is defined in (2.25). Then

(a) for every t0 ∈ (0, T ] there exist p(t0−) ∈ Mb(Ω̂t0−;R2×2
sym) such that

lim
t→t0−

|p(t) − p(t0−)|(Ω̂t0) = lim
t→t0−

|p(t) − p(t0−)|(Ω̂t0−) = 0 , (4.3)

b) for every t0 ∈ [0, T ) there exist p(t0+) ∈ Mb(Ω̂t0+;R2×2
sym) such that

lim
t→t0+

|p(t) − p(t0+)|(Ω̂t) = 0 . (4.4)

Proof. Let V : [0, T ] → R be the nondecreasing function defined by

V (t) := DΓ (p; 0, t) for every t ∈ [0, T ]. (4.5)

Using the triangle inequality for H it is easy to prove that

DΓ (p; t1, t2) = V (t2) − V (t1) for every 0 ≤ t1 ≤ t2 ≤ T . (4.6)

Let us fix t0 ∈ (0, T ]. To prove (4.3) we begin by observing that for 0 < t1 ≤ t2 < t0 we have

cK|p(t2) − p(t1)|(Ω̂t0−) ≤ cK|p(t2) − p(t1)|(Ω̂t2) ≤ H(p(t2) − p(t1))(Ω̂t2) ≤ V (t2) − V (t1),

where in the last inequality we used (4.6). Since V (t) has a finite limit as t → t0−, the previous inequality
implies that t ↦→ p(t) satisfies the Cauchy condition in Mb(Ω̂t0−;R2×2

sym) as t → t0−. Since this space is
complete we obtain the existence of p(t0−) ∈ Mb(Ω̂t0−;R2×2

sym) such that the second equality in (4.3) holds.
The first equality in (4.3) follows from the inclusion Ω̂t0 ⊂ Ω̂t0−, which is a consequence of the fact that
Γ (t0−) ⊂ Γ (t0).

Let us fix now t0 ∈ [0, T ). The proof of the existence of p(t0+) such that (4.4) holds is more delicate. Let
us fix τ ∈ (t0, T ). For t0 < t1 ≤ t2 ≤ τ we have

cK|p(t2) − p(t1)|(Ω̂τ ) ≤ cK|p(t2) − p(t1)|(Ω̂t2) ≤ H(p(t2) − p(t1))(Ω̂t2) ≤ V (t2) − V (t1) , (4.7)

where in the last inequality we used (4.6) again. Since V (t) has a finite limit as t → t0+, the previous
inequality implies that the function t ↦→ p(t) satisfies the Cauchy condition in Mb(Ω̂τ ;R2×2

sym) as t → t0+.
Therefore, for every τ ∈ (t0, T ) there exists qτ ∈ Mb(Ω̂τ ;R2×2

sym) such that p(t) → qτ strongly in
Mb(Ω̂τ ;R2×2

sym) as t → t0+. By (4.7) we have

|p(t2) − qτ |(Ω̂τ ) ≤ 1 (V (t2) − V (t0+)) . (4.8)

cK
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It is easy to see that
qτ1 = qτ2 as measures in Ω̂τ2 for every t0 < τ1 ≤ τ2 . (4.9)

We now want to prove that for every Borel set B ⊂ Ω̂t0+ the limit

lim
τ→t0+

qτ (B ∩ Ω̂τ ) (4.10)

xists in R2×2
sym. We first show that the limit

L := lim
t→t0+

|p(t)|(Ω̂t) (4.11)

exists and is finite. To prove this fact we observe that for t0 < t1 ≤ t2 we have |p(t2)|(Ω̂t2) ≤ |p(t1)|(Ω̂t2) +
|p(t2) − p(t1)|(Ω̂t2) ≤ |p(t1)|(Ω̂t1)+ 1

cK
(V (t2)−V (t1)), which shows that the function t ↦→ |p(t)|(Ω̂t)− 1

cK
V (t)

s nonincreasing. Since V has a finite limit as t → t0+ we obtain the existence of a finite limit in (4.11).
For t0 < t ≤ τ1 ≤ τ2, using the triangle inequality and the definition of V , we get |p(t)|(Ω̂τ1 \ Ω̂τ2) =

p(t)|(Ω̂τ1) − |p(t)|(Ω̂τ2) ≤ |p(t) − p(τ1)|(Ω̂τ1) + |p(τ1)|(Ω̂τ1) − |p(τ2)|(Ω̂τ2) + |p(t) − p(τ2)|(Ω̂τ2) ≤ 1
cK

(V (τ1) −
(t)) + |p(τ1)|(Ω̂τ1) − |p(τ2)|(Ω̂τ2) + 1

cK
(V (τ2) − V (t)), where in the last inequality we used (4.6). Let us fix

> 0. By (4.11) and by the finiteness of V (t0+) there exists δ > 0 such that if t0 < t ≤ τ1 ≤ τ2 < t0 + δ we
ave V (τ1) − V (t) < cKε, V (τ2) − V (t) < cKε, and ||p(τ1)|(Ω̂τ1) − |p(τ2)|(Ω̂τ2)| < ε. Therefore the estimate
f |p(t)|(Ω̂τ1 \ Ω̂τ2) gives

|p(t)|(Ω̂τ1 \ Ω̂τ2) < 3ε for t0 < t ≤ τ1 ≤ τ2 < t0 + δ.

assing to the limit as t → t0+ in the previous inequality we obtain

|qτ |(Ω̂τ1 \ Ω̂τ2) ≤ 3ε for t0 < τ ≤ τ1 ≤ τ2 < t0 + δ . (4.12)

We are now ready to prove the existence of the limit in (4.10). Let us fix a Borel set B ⊂ Ω̂t0+. For
0 < τ ≤ τ1 ≤ τ2 < t0 + δ, by (4.9), we have |qτ2(B ∩ Ω̂τ2) − qτ1(B ∩ Ω̂τ1)| = |qτ (B ∩ Ω̂τ2) − qτ (B ∩ Ω̂τ1)| ≤
qτ |(Ω̂τ1 \ Ω̂τ2) < 3ε, where in the last inequality we used (4.12). This shows that τ ↦→ qτ (B ∩ Ω̂τ ) satisfies
he Cauchy condition as τ → t0+ and concludes the proof of the existence of the limit (4.10).

For every Borel set B ⊂ Ω̂t0+ we define p(t0+)(B) as the limit in (4.10). By the Vitali–Hahn–Saks
heorem (see [12, III.7.2-4]) the set function p(t0+) belongs to Mb(Ω̂t0+;R2×2

sym). It remains to prove (4.4).
o this aim we fix t > t0 and show that

p(t0+)(B) = qt(B) for every Borel set B ⊂ Ω̂t . (4.13)

ndeed, p(t0+)(B) is the limit of qτ (B ∩ Ω̂τ ) as τ → t0+. If B ⊂ Ω̂t we have B ∩ Ω̂τ = B for t0 < τ < t,
ence qτ (B ∩ Ω̂τ ) = qτ (B) = qt(B), where in the last equality we used (4.9). This proves (4.13), which
mplies that |p(t) − p(t0+)|(Ω̂t) = |p(t) − qt|(Ω̂t). By (4.8) applied with t2 = τ = t, the previous equality
ives |p(t) − p(t0+)|(Ω̂t) ≤ 1

cK
(V (t) − V (t0+)), which yields (4.4), taking into account the definition of

(t0+). □

The following lemma shows the relation between p(t) − p(t±) and V (t) − V (t±).

emma 4.2. Let Γ : [0, T ] → K be an increasing function and for every t ∈ [0, T ] let p(t) ∈ Mb(Ω̂t;R2×2
sym).

ssume that DΓ (p; 0, T ) < +∞. Let V (t±) be defined as in (2.32) and (2.33), with V (t) given by (4.5), and
let p(t±) be defined as in Proposition 4.1. Then

V (t) − V (t−) = H(p(t) − p(t−))(Ω̂t) for every t ∈ (0, T ] , (4.14)
V (t+) − V (t) = H(p(t+) − p(t))(Ω̂t+) for every t ∈ [0, T ) . (4.15)
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Proof. We begin by proving (4.14). Let us fix t0 ∈ (0, T ]. For every ε > 0 there exist t1 < t0 such that for
very t1 ≤ t ≤ t0 we have V (t0−) − ε < V (t) ≤ V (t0), hence

V (t0) − V (t0−) + ε > V (t0) − V (t) ≥ H(p(t0) − p(t))(Ω̂t0),

here in the last inequality we used (4.6). By (4.3), passing to the limit as t → t0− we obtain V (t0) −
(t0−) + ε ≥ H(p(t0) − p(t0−))(Ω̂t0), and by the arbitrariness of ε we conclude that

V (t0) − V (t0−) ≥ H(p(t0) − p(t0−))(Ω̂t0) . (4.16)

We now want to prove that

V (t0) − V (t0−) ≤ H(p(t0) − p(t0−))(Ω̂t0) . (4.17)

et us fix ε > 0. By (4.3) and by the definition of V (t0−) there exists t1 < t0 such that, if t1 ≤ t < t0, then

V (t0−) − ε < V (t) ≤ V (t0−) and |p(t) − p(t0−)|(Ω̂t0) < 1
CK

ε . (4.18)

Hence V (t0) − V (t0−) ≤ V (t0) − V (t) = DΓ (p; t, t0) for every t1 ≤ t < t0, where in the equality we used
4.6). From the definition of DΓ (p; t, t0) it follows that there exists a partition t = τ0 < τ1 < · · · < τm = t0

such that

V (t0) − V (t0−) − ε ≤ DΓ (p; t, t0) − ε <

m∑
i=1

H(p(τi) − p(τi−1))(Ω̂τi
)

=
m−1∑
i=1

H(p(τi) − p(τi−1))(Ω̂τi
) +H(p(t0) − p(τm−1))(Ω̂t0)

≤ V (τm−1) − V (t1) +H(p(t0) − p(t0−))(Ω̂t0) +H(p(t0−) − p(τm−1))(Ω̂t0) .

Since by (2.21) and (4.18) we have V (τm−1) − V (t1) < ε and H(p(τm−1) − p(t0−))(Ω̂t0) < ε, the previous
inequalities imply that

V (t0) − V (t0−) ≤ H(p(t0) − p(t0−))(Ω̂t0) + 3ε.

By the arbitrariness of ε we obtain (4.17), which together with (4.16) gives (4.14).
To prove (4.15) we proceed analogously. Let us fix t0 ∈ [0, T ). First of all for every ε > 0 there exist

t2 > t0 such that for every t0 ≤ t ≤ t2 we have V (t0+) + ε > V (t) ≥ V (t0), hence

V (t0+) − V (t0) + ε > V (t) − V (t0) ≥ H(p(t) − p(t0))(Ω̂t)
≥ −H(p(t0+) − p(t))(Ω̂t) +H(p(t0+) − p(t0))(Ω̂t) .

By (4.4), passing to the limit as t → t0+ we obtain V (t0+) − V (t0) + ε ≥ H(p(t0+) − p(t0))(Ω̂t0+), and by
the arbitrariness of ε we conclude that

V (t0+) − V (t0) ≥ H(p(t0+) − p(t0))(Ω̂t0+) . (4.19)

It remains to prove that

V (t0+) − V (t0) ≤ H(p(t0+) − p(t0))(Ω̂t0+) . (4.20)

Let us fix ε > 0. By (4.4) and by the definition of V (t0+) there exists t2 > t0 such that, if t0 < t ≤ t2, then

V (t0+) ≤ V (t) < V (t0+) + ε and |p(t) − p(t0+)|(Ω̂t) <
1
ε . (4.21)
CK
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Hence V (t0+) − V (t0) ≤ V (t) − V (t0) = DΓ (p; t0, t) for every t0 < t ≤ t2, where in the equality we used
4.6). From the definition of DΓ (p; t0, t) it follows that there exists a partition t0 = τ0 < τ1 < · · · < τm = t

such that

V (t0+) − V (t0) − ε ≤ DΓ (p; t0, t) − ε <
m∑

i=1
H(p(τi) − p(τi−1))(Ω̂τi

)

= H(p(τ1) − p(t0))(Ω̂τ1) +
m∑

i=2
H(p(τi) − p(τi−1))(Ω̂τi

)

≤ H(p(t0+) − p(t0))(Ω̂τ1) +H(p(τ1) − p(t0+))(Ω̂τ1) + V (t2) − V (τ1) .

By (2.21) and (4.21) we have V (t2) − V (τ1) < ε and H(p(τ1) − p(t0+))(Ω̂τ1) < ε. Since by monotonicity we
have also H(p(t0+) − p(t0))(Ω̂τ1) ≤ H(p(t0+) − p(t0))(Ω̂t0+), the previous chain of inequalities implies that

V (t0+) − V (t0) ≤ H(p(t0+) − p(t0))(Ω̂t0+) + 3ε.

By the arbitrariness of ε we obtain (4.20), which together with (4.19) gives (4.15). □

In the remaining part of this section we construct a time-rescaled version of the plastic strain p(t) and of
the crack Γ (t). We shall prove a Lipschitz property for the rescaled plastic strain which will provide some
estimates involving time derivatives. As mentioned in the Introduction, these estimates will be crucial in the
proof of the main result.

Under the assumptions of Lemma 4.2 let V : [0, T ] → [0,+∞) be the nondecreasing function defined by
(4.5) and let ρ : [0, T ] → [0,+∞) be the increasing function defined by

ρ(t) := V (t) + t . (4.22)

Since ρ(t±) = V (t±) + t, from Lemma 4.2 we obtain

ρ(t) − ρ(t−) = V (t) − V (t−) = H(p(t) − p(t−))(Ω̂t), (4.23)
ρ(t+) − ρ(t) = V (t+) − V (t) = H(p(t+) − p(t))(Ω̂t+), (4.24)

for every t ∈ [0, T ]. Let JV ⊂ [0, T ] be the finite or countable set of discontinuity points of t ↦→ V (t), hence
of t ↦→ ρ(t). Since ρ is increasing we can write [0, ρ(T )] as the disjoint union

[0, ρ(T )] = ρ([0, T ]) ∪
⋃

t∈JV

[ρ(t−), ρ(t)) ∪
⋃

t∈JV

(ρ(t), ρ(t+)] . (4.25)

For every r ∈ ρ([0, T ]) there exists a unique t ∈ [0, T ] such that ρ(t) = r. We define

Γ ◦(r) = Γ (t) , Ω̂◦
r := Ω \ Γ ◦(r) = Ω̂t , and p◦(r) := p(t) . (4.26)

t is clear that we have p◦(r) ∈ Mb(Ω̂◦
r ;R2×2

sym).
For every r ∈ [ρ(t−), ρ(t)), with t ∈ JV , we set

Γ ◦(r) := Γ (t) and Ω̂◦
r := Ω \ Γ ◦(r) = Ω̂t , (4.27)

nd we define p◦(r) ∈ Mb(Ω̂◦
r ;R2×2

sym) by

p◦(r) := p(t−) + r − ρ(t−) (p(t) − p(t−)) . (4.28)

ρ(t) − ρ(t−)

17
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For every r ∈ (ρ(t), ρ(t+)], with t ∈ JV , we set

Γ ◦(r) := Γ (t+) and Ω̂◦
r := Ω \ Γ ◦(r) = Ω̂t+ , (4.29)

and we define p◦(r) ∈ Mb(Ω̂◦
r ;R2×2

sym) by

p◦(r) := p(t) + r − ρ(t)
ρ(t+) − ρ(t) (p(t+) − p(t)) . (4.30)

The following lemma proves the Lipschitz continuity of p◦, which will be used in the proof of our main
result.

Lemma 4.3. Let Γ : [0, T ] → K be an increasing function and for every t ∈ [0, T ] let p(t) ∈ Mb(Ω̂t;R2×2
sym).

Assume that DΓ (p; 0, T ) < +∞ and let ρ,Γ ◦, p◦ be defined by (4.22) and (4.26)–(4.30). Then for every
t ∈ [0, T ] we have

Γ (t) = Γ ◦(ρ(t)) and p(t) = p◦(ρ(t)) . (4.31)

Moreover
cK|p◦(r2) − p◦(r1)|(Ω̂◦

r2) ≤ H(p◦(r2) − p◦(r1))(Ω̂◦
r2) ≤ r2 − r1 , (4.32)

for every r1, r2 ∈ [0, ρ(T )] with r1 < r2.

Proof. Formula (4.31) follows from (4.26).
To prove (4.32) let us fix r1, r2 ∈ [0, ρ(T )], with r1 < r2. We consider the following cases:

(a) r1, r2 ∈ ρ([0, T ]),
b) r1, r2 ∈ [ρ(t−), ρ(t+)], with t ∈ JV ,
(c) r1 ∈ ρ([0, T ]) and r2 ∈ [ρ(t−), ρ(t+)], with t ∈ JV ,
d) r1 ∈ [ρ(t−), ρ(t+)], with t ∈ JV , and r2 ∈ ρ([0, T ]),
(e) r1 ∈ [ρ(t1−), ρ(t1+)] and r2 ∈ [ρ(t2−), ρ(t2+)], with t1, t2 ∈ JV and t1 < t2.

Case (a). Let t1, t2 ∈ [0, T ] be such that ρ(t1) = r1 and ρ(t2) = r2. Since ρ is increasing we have t1 < t2.
By (4.26) we have H(p◦(r2) − p◦(r1))(Ω̂◦

r2) = H(p(t2) − p(t1))(Ω̂t2) ≤ DΓ (p; t1, t2) = V (t2) − V (t1) ≤
ρ(t2) − ρ(t1) = r2 − r1. This concludes the proof of (4.32) in this case.

Case (b). Assume first that r1, r2 ∈ [ρ(t−), ρ(t)]. We claim that in this case

H(p◦(r2) − p◦(r1))(Ω̂◦
r2) = r2 − r1 . (4.33)

First of all we observe that, since r1 < r2, it has to be ρ(t−) < ρ(t). Therefore (4.27) and (4.28) give

p◦(r2) − p◦(r1) = r2 − r1

ρ(t) − ρ(t−) (p(t) − p(t−)) as measures in Ω̂t,

here we used also (4.26) for the case r2 = ρ(t). Since H is positively homogeneous of degree one, we have

H(p◦(r2) − p◦(r1))(Ω̂◦
r2) = r2 − r1

ρ(t) − ρ(t−)H(p(t) − p(t−))(Ω̂t)

= r2 − r1

ρ(t) − ρ(t−) (V (t) − V (t−)) = r2 − r1 ,

where we used also (4.23).
18
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Assume now that r1, r2 ∈ [ρ(t), ρ(t+)]. We claim that (4.33) holds also in this case. Arguing as in the
previous step, by (4.29) and (4.30) we obtain

H(p◦(r2) − p◦(r1))(Ω̂◦
r2) = r2 − r1

ρ(t+) − ρ(t)H(p(t+) − p(t))(Ω̂t+)

= r2 − r1

ρ(t+) − ρ(t) (V (t+) − V (t)) = r2 − r1 ,

where we used also (4.24).
Assume finally that ρ(t−) ≤ r1 < ρ(t) < r2 ≤ ρ(t+) and let r := ρ(t). Then (4.33) holds for r1, r and for

r, r2. Therefore, using the triangle inequality, we obtain H(p◦(r2)−p◦(r1))(Ω̂◦
r2) ≤ H(p◦(r2)−p◦(r))(Ω̂◦

r2)+
(p◦(r) − p◦(r1))(Ω̂◦

r2) ≤ H(p◦(r2) − p◦(r))(Ω̂◦
r2) +H(p◦(r) − p◦(r1))(Ω̂◦

r) = r2 − r+ r− r1 = r2 − r1. This
oncludes the proof of (4.32) in case (b).

Case (c). Since r1 ∈ ρ([0, T ]) there exists t1 ≤ t such that r1 = ρ(t1) < r2. If t1 = t we have
1 = ρ(t) < r2 ≤ ρ(t+) and we are in case (b), for which (4.32) is already proved. Therefore it is enough to
onsider the case t1 < t.

Assume first that r2 = ρ(t−). If ρ(t−) = ρ(t), then we are in case (a) for which (4.32) is already proved.
If, instead, ρ(t−) < ρ(t), by (4.27) and (4.28) we have Ω̂◦

r2 = Ω̂t and p◦(r2) = p(t−). Therefore

H(p◦(r2) − p◦(r1))(Ω̂◦
r2) = H(p(t−) − p(t1))(Ω̂t) . (4.34)

Using (4.3) we obtain

H(p(t−) − p(t1))(Ω̂t)= lim
τ→t−

H(p(τ) − p(t1))(Ω̂t)≤V (t−) − V (t1)≤ρ(t−) − ρ(t1)=r2 − r1,

and by (4.34) we conclude that (4.32) holds in the special case r2 = ρ(t−).
Assume now that r2 ∈ (ρ(t−), ρ(t+)]. We set r := ρ(t−) and observe that (4.32) holds for r1 and

r by the previous step and for r and r2 by case (b). Therefore, using the triangle inequality, we obtain
H(p◦(r2) − p◦(r1))(Ω̂◦

r2) ≤ H(p◦(r2) − p◦(r))(Ω̂◦
r2) + H(p◦(r) − p◦(r1))(Ω̂◦

r2) ≤ H(p◦(r2) − p◦(r))(Ω̂◦
r2) +

H(p◦(r) − p◦(r1))(Ω̂◦
r) ≤ r2 − r + r − r1 = r2 − r1, which concludes the proof of (4.32) in case (c).

The proof in case (d) is similar to the proof in case (c), replacing ρ(t−) by ρ(t+). Finally, case (e) can
be treated by interposing r ∈ ρ([0, T ]) and using the triangle inequality and the estimates obtained in cases
(c) and (d). □

We now show that p◦ has a time derivative a.e. in [0, ρ(T )] in the sense of weak∗ convergence and that
the increment of p◦ can be controlled using the integral of this time derivative.

Lemma 4.4. Under the assumptions of Lemma 4.3 for a.e. r ∈ [0, ρ(T )] there exists ṗ◦(r) ∈ Mb(Ω̂◦
r ;R2×2

sym)
with

|ṗ◦(r)|(Ω̂◦
r) ≤ 1

cK
, (4.35)

such that
p◦(r) − p◦(r − h)

h
⇀ ṗ◦(r) weakly∗ in Mb(Ω̂◦

r ;R2×2
sym) as h → 0+ . (4.36)

Moreover for every open set U ⊂ R2, the function r ↦→ |ṗ◦(r)|(Ω̂◦
r ∩ U) is measurable and

|p◦(r2) − p◦(r1)|(Ω̂◦
r2 ∩ U) ≤

∫ r2

r1

|ṗ◦(r)|(Ω̂◦
r ∩ U) dr (4.37)

for every r1, r2 ∈ [0, ρ(T )], with r1 < r2.
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Proof. The existence of ṗ◦(r) ∈ Mb(Ω̂◦
r ;R2×2

sym) which satisfies (4.36) is proved in [7, Theorem 7.1].
nequality (4.35) follows from (4.32).

Let us fix an open set U ⊂ R2. To prove the measurability of the function r ↦→ |ṗ◦(r)|(Ω̂◦
r ∩U), for every

∈ [0, ρ(T )], φ ∈ C0
c (Ω̂◦

r ;R2×2
sym), and µ ∈ Mb(Ω̂◦

r ;R2×2
sym) we define

⟨φ, µ⟩Ω̂◦
r

:=
∫
Ω̂◦

r

φ : dµ.

For every φ ∈ C0(Ω ;R2×2
sym) we set

rφ := sup{r ∈ [0, ρ(T )] : supp(φ) ∩ Γ ◦(r) = ∅},

nd we observe that supp(φ) ∩ Γ ◦(r) = ∅, and hence φ ∈ C0
c (Ω̂◦

r ;R2×2
sym), whenever r ∈ [0, rφ). Since

DΓ (p; 0, T ) < +∞, for every φ ∈ C0(Ω ;R2×2
sym) the functions r ↦→ ⟨φ, p◦(r)⟩Ω̂◦

r
and r ↦→ ⟨φ, p◦(r−h)⟩Ω̂◦

r
have

ounded variation on [h, rφ − h] for every h ∈ (0, rφ/2). Therefore, using (4.36) we obtain that the function

r ↦→ ⟨φ, ṗ◦(r)⟩Ω̂◦
r

is measurable on [0, rφ). (4.38)

It is well-known that for every r ∈ [0, ρ(T )] we have

|ṗ◦(r)|(Ω̂◦
r ∩ U) = sup

φ∈C0(Ω;R2×2
sym)

∥φ∥∞≤1 , rφ>r, suppφ⊂U

⟨φ, ṗ◦(r)⟩Ω̂◦
r
,

nd that there exists a countable set D ⊂ {φ ∈ C0(Ω ;R2×2
sym) : ∥φ∥∞ ≤ 1 , suppφ ⊂ U} with the following

property: for every φ ∈ C0(Ω ;R2×2
sym), with ∥φ∥∞ ≤ 1, there exists a sequence of functions φn ∈ D such that

n → φ uniformly on Ω and suppφn ⊂ suppφ, which gives rφn ≥ rφ. Therefore

|ṗ◦(r)|(Ω̂◦
r ∩ U) = sup

φ∈D, rφ>r
⟨φ, ṗ◦(r)⟩Ω̂◦

r
.

he measurability of r ↦→ |ṗ◦(r)|(Ω̂◦
r ∩ U) follows from this equality and from (4.38).

To prove (4.37) we fix r1, r2 ∈ [0, ρ(T )], with r1 < r2, and φ ∈ C0
c (Ω̂◦

r2 ;R2×2
sym) with ∥φ∥∞ ≤ 1 and

uppφ ⊂ U . Since the function r ↦→ ⟨φ, p◦(r)⟩Ω̂◦
r2

is Lipschitz continuous on [0, r2] by (4.32) and its derivative
quals ⟨φ, ṗ◦(r)⟩Ω̂◦

r2
for a.e. r ∈ [0, r2] by (4.36), using the Fundamental Theorem of Calculus for absolutely

ontinuous functions we obtain

⟨φ, p◦(r2)⟩Ω̂◦
r2

− ⟨φ, p◦(r1)⟩Ω̂◦
r2

=
∫ r2

r1

⟨φ, ṗ◦(r)⟩Ω̂◦
r2
dr,

ence
|⟨φ, p◦(r2) − p◦(r1)⟩Ω̂◦

r2
| ≤

∫ r2

r1

|ṗ◦(r)|(Ω̂◦
r2 ∩ U) dr ≤

∫ r2

r1

|ṗ◦(r)|(Ω̂◦
r ∩ U) dr.

aking the supremum over all φ ∈ C0
c (Ω̂◦

r2 ;R2×2
sym) with ∥φ∥∞ ≤ 1 and suppφ ⊂ U we obtain (4.37). □

. The case of rectilinear cracks

This section is devoted to the proof of Theorem 2.3 in the special case in which the sets K0 and K in
2.8) are segments. More precisely, we assume that

K is a closed segment of endpoints x1, x2 ∈ ∂Ω , (5.1)
K is a closed segment containing x1 and contained in K. (5.2)
0
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Moreover, we assume that

the interior points of K are contained in Ω , (5.3)
Ω \K is the union of two open sets with Lipschitz boundary. (5.4)

y (2.8) and (5.2) we have
x1 ∈ Γ (t) for every t ∈ [0, T ]. (5.5)

ince Γ (t) is connected and contained in K, this implies that for every t there exists a unique point x(t) ∈ K

uch that
Γ (t) is the segment of endpoints x1 and x(t). (5.6)

Let

a := sup{t ∈ [0, T ] : x(t) = x1} = sup{t ∈ [0, T ] : Γ (t) = {x1}} ,
b := inf{t ∈ [0, T ] : x(t) = x2} = inf{t ∈ [0, T ] : Γ (t) = K} ,

with the usual convention sup ∅ = 0 and inf ∅ = T . It follows from the definition that a ≤ b and that ℓ(t) = 0
for t ∈ [0, a), 0 < ℓ(t) < L := H1(K) for t ∈ (a, b), and ℓ(t) = L for t ∈ (b, T ].

To prove Theorem 2.3 it is enough to show that ℓcont is constant on (a, b), assuming a < b. To this aim
we want to estimate the length increment for all pairs of consecutive points of a sufficiently fine subdivision
of (a, b). By Proposition 3.2 for every t1, t2 ∈ [0, T ], with t1 < t2, we have

λC
2

∫
Ωt2

|e(t2) − e(t1)|2dx+ β(ℓ(t2) − ℓ(t1)) ≤
∫ t2

t1

(∫
Ωτ

(σ(τ) − σ(t1)) : Eẇ(τ) dx
)
dτ

+CK

∫
Γ(t1,t2)

|[u(t2) − u(t1)]| dH1, (5.7)

where now Γ (t1, t2) is the segment with endpoints x(t1) (not included) and x(t2) (included).
In the next proposition we will improve this estimate by replacing its last term with terms depending on

the increment of the plastic strain p. To this aim it is convenient to introduce B(t1, t2), the set obtained by
removing Γ (t1, t2) from the open ball centred at x(t2) and whose boundary contains x(t1). In other words,
setting ℓ(t1, t2) := ℓ(t2) − ℓ(t1), we have that

B(t1, t2) := Bℓ(t1,t2)(x(t2)) \ Γ (t1, t2),

if ℓ(t1, t2) > 0, and B(t1, t2) := ∅ if ℓ(t1, t2) = 0.

Proposition 5.1. Let w ∈ AC([0, T ];H1(Ω \ K0;R2)), let t ↦→ (u(t), e(t), p(t),Γ (t)) be a quasistatic
evolution with boundary value w, according to Definition 2.1, and let η > 0 be such that

πc2
0C

2
Kη

λC
<
β

2 , (5.8)

here c0 > 0 is the constant in Theorem 3.3. Assume (5.1)–(5.4). Then

λC
4

∫
Ωt2

|e(t2) − e(t1)|2 + β

2 (ℓ(t2) − ℓ(t1))

≤
∫ t2

t1

(∫
Ωτ

(σ(τ) − σ(t1)) : Eẇ(τ) dx
)
dτ + c0CK|p(t2) − p(t1)|(B(t1, t2)) (5.9)

or every t1, t2 ∈ [0, T ] such that t1 < t2, ℓ(t2) − ℓ(t1) < η, and B(t1, t2) ⊂ Ωt2 .
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Proof. Let t1, t2 ∈ [0, T ] be as in the statement of the proposition. Since K is a segment, by Theorem 3.3,
hich is much easier in this case, we obtain∫

Γ(t1,t2)
|[u(t2) − u(t1)]| dH1 ≤ c0|Eu(t2) − Eu(t1)|(B(t1, t2)).

herefore (2.6) and Young’s inequality give∫
Γ(t1,t2)

|[u(t2) − u(t1)]| dH1 ≤ c0

∫
B(t1,t2)

|e(t2) − e(t1)| dx+ c0|p(t2) − p(t1)|(B(t1, t2))

≤ πc2
0CK

λC
(ℓ(t2) − ℓ(t1))2 + λC

4CK

∫
B(t1,t2)

|e(t2) − e(t1)|2dx+ c0|p(t2) − p(t1)|(B(t1, t2)) .

Hence (5.7) can be written as

λC
2

∫
Ωt2

|e(t2) − e(t1)|2 + β(ℓ(t2) − ℓ(t1))

≤
∫ t2

t1

(∫
Ωτ

(σ(τ) − σ(t1)) : Eẇ(τ) dx
)
dτ + πc2

0C
2
K

λC
(ℓ(t2) − ℓ(t1))2

+λC
4

∫
B(t1,t2)

|e(t2) − e(t1)|2dx+ c0CK|p(t2) − p(t1)|(B(t1, t2)) ,

and taking (5.8) into account we obtain (5.9). □

Proof of Theorem 2.3 under hypotheses (5.1)–(5.5). Let η > 0 be such that (5.8) holds. Estimate
(5.9) implies that

β

2 (ℓ(t2) − ℓ(t1)) ≤
∫ t2

t1

(∫
Ωτ

(σ(τ) − σ(t1)) : Eẇ(τ) dx
)
dτ

+c0CK|p(t2) − p(t1)|(B(t1, t2)) (5.10)

henever ℓ(t2) − ℓ(t1) < η and B(t1, t2) ⊂ Ωt2 . Since the inclusion B(t1, t2) ⊂ Ω does not necessarily hold
or any pair t1, t2 ∈ (a, b) with ℓ(t2) − ℓ(t1) < η, in order to apply (5.10) we replace a and b by sequences aδ

nd bδ defined by

aδ := inf{t ∈ [a, b] : x(t) /∈ Bδ(x1)} ,
bδ := sup{t ∈ [a, b] : x(t) /∈ Bδ(x2)} ,

ith the convention that inf ∅ = b and sup ∅ = a. Since

aδ → a and bδ → b as δ → 0+,

n order to prove the theorem it is enough to show that ℓcont is constant on (aδ, bδ) for δ > 0 small enough.
ince the interior points of the segment K belong to Ω , for every δ > 0 there exists ρδ > 0 such that

dist(x(t), ∂Ω) > ρδ for every t ∈ [aδ, bδ].

Let us fix δ > 0 such that a ≤ aδ < bδ ≤ b, and η ∈ (0, ρδ
2 ) such that (5.8) is satisfied. Then (5.10) holds

or every t1, t2 ∈ [aδ, bδ] with t1 < t2 and ℓ(t2) − ℓ(t1) < η.
Given ε ∈ (0, η), let aδ = τ0 < τ1 < · · · < τn = bδ be such that [ℓ](t) < ε for every t ∈

aδ, bδ] \ {τ , τ , . . . , τ }. Let us fix θ > 0 such that 5θ < τ − τ for j = 1, . . . , n. By [8, Lemma 4.8],
0 1 n j j−1
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applied to the intervals [τj−1 + θ, τj − θ], there exists ζ ∈ (0, θ) such that if t1, t2 ∈ [τj−1 + θ, τj − θ] for some
= 1, . . . , n and 0 < t2 − t1 < ζ, then ℓ(t2) − ℓ(t1) < ε < η and therefore

B(t1, t2) ⊂ Bε(x(t2)) ∩ Ωt2 . (5.11)

Since a Lebesgue integral can be approximated by suitable Riemann sums (see, for instance, [8, Proposi-
ion 4.10]) there exists a subdivision aδ = t0 < t1 < · · · < tm = bδ, with ti − ti−1 < ζ for every i = 1, . . . ,m,
uch that

m∑
i=1

∫ ti

ti−1

(∫
Ωτ

(σ(τ) − σ(ti−1)) : Eẇ(τ) dx
)
dτ < ε . (5.12)

For j = 0, . . . , n− 1 there exists mj ∈ {1, . . . ,m} such that τj + 2θ < tmj
< τj + 3θ, and for j = 1, . . . , n

here exists nj ∈ {1, . . . ,m} such that τj −2θ < tnj
< τj −θ. Note that, since 5θ < τj −τj−1 for j = 1, . . . , n,

we have m0 < n1 < m1 < · · · < nn−1 < mn−1 < nn. By (5.10) it follows that

ℓcont(τj − 2θ) − ℓcont(τj−1 + 3θ) ≤ ℓcont(tnj
) − ℓcont(tmj−1) ≤ ℓ(tnj

) − ℓ(tmj−1)

≤
nj∑

i=mj−1

(ℓ(ti) − ℓ(ti−1)) ≤ 2
β

nj∑
i=mj−1

∫ ti

ti−1

(∫
Ωτ

(σ(τ) − σ(ti−1)) : Eẇ(τ) dx
)
dτ

+2c0CK

β

nj∑
i=mj−1

|p(ti) − p(ti−1)|(B(ti−1, ti)) . (5.13)

The last term in (5.13) can be estimated using the change of variables introduced in (4.26)–(4.30). By
4.26) and (5.6) for every r ∈ [0, ρ(T )] there exists x◦(r) ∈ K such that Γ ◦(r) is the segment of endpoints
1 and x◦(r). Moreover x(t) = x◦(ρ(t)) for every t ∈ [0, T ]. For every r ∈ [0, ρ(T )] let ℓ◦(r) := H1(Γ ◦(r)),
o that ℓ(t) = ℓ◦(ρ(t)) for every t ∈ [0, T ]. By Lemma 4.4, taking into account (4.31) and (5.11), we obtain

|p(ti) − p(ti−1)|(B(ti−1, ti)) ≤ |p(ti) − p(ti−1)|(Bε(x(ti)) ∩ Ωti
)

= |p◦(ρ(ti)) − p◦(ρ(ti−1))|(Bε(x(ti)) ∩ Ω̂◦
ρ(ti)) ≤

∫ ρ(ti)

ρ(ti−1)
|ṗ◦(r)|(Bε(x(ti)) ∩ Ω̂◦

r )dr . (5.14)

If mj−1 ≤ i ≤ nj and ρ(ti−1) ≤ r ≤ ρ(ti) then we have ℓ(ti−1) = ℓ◦(ρ(ti−1)) ≤ ℓ◦(r) ≤ ℓ◦(ρ(ti)) = ℓ(ti).
ince ℓ(ti) − ℓ(ti−1) < ε we obtain |x(ti) − x◦(r)| = ℓ(ti) − ℓ◦(r) < ε, which implies that Bε(x(ti)) ⊂
2ε(x◦(r)). Hence (5.14) gives

nj∑
i=mj−1

|p(ti) − p(ti−1)|(B(ti−1, ti)) ≤
∫ ρ(τj)

ρ(τj−1)
|ṗ◦(r)|(B2ε(x◦(r)) ∩ Ω̂◦

r ) dr , (5.15)

hich, together with (5.13), implies

ℓcont(τj − 2θ) − ℓcont(τj−1 + 3θ) ≤ 2
β

nj∑
i=mj−1

∫ ti

ti−1

(∫
Ωτ

(σ(τ) − σ(ti−1)) : Eẇ(τ) dx
)
dτ

+2c0CK

β

∫ ρ(τj)

ρ(τj−1)
|ṗ◦(r)|(B2ε(x◦(r)) ∩ Ω̂◦

r ) dr . (5.16)

We note that B2ε(x◦(r)) ∩ Ω̂◦
r → ∅ as ε → 0+, since x◦(r) ∈ Γ ◦(r). Therefore by Lemma 4.4 we can

pply the Dominated Convergence Theorem and we obtain∫ ρ(bδ)
|ṗ◦(r)|(Bε(x◦(r)) ∩ Ω̂◦

r ) dr → 0 as ε → 0 + .

ρ(aδ)
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Therefore there exists a continuous function ω : [0,+∞) → [0,+∞) with ω(0) = 0 such that∫ ρ(bδ)

ρ(aδ)
|ṗ◦(r)|(Bε(x◦(r)) ∩ Ω̂◦

r ) dr < ω(ε) . (5.17)

Summing (5.16) over j we get
n∑

j=1
(ℓcont(τj − 2θ) − ℓcont(τj−1 + 3θ))

≤ 2
β

m∑
i=1

∫ ti

ti−1

(∫
Ωτ

(σ(τ) − σ(ti−1)) : Eẇ(τ) dx
)
dτ

+2c0CK

β

∫ ρ(bδ)

ρ(aδ)
|ṗ◦(r)|(B2ε(x◦(r)) ∩ Ω̂◦

r ) dr < 2
β
ε+ 2c0CK

β
ω(2ε),

here in the last inequality we used (5.12) and (5.17). Taking the limit as θ → 0+, from the continuity of
cont we obtain ℓcont(bδ) − ℓcont(aδ) ≤ 2

β ε + 2c0CK
β ω(2ε), and as ε → 0+ we obtain ℓcont(bδ) ≤ ℓcont(aδ).

ince ℓcont is nondecreasing, this inequality implies ℓcont(t) = ℓcont(aδ) for every t ∈ [aδ, bδ]. This concludes
he proof of Theorem 2.3 under assumption (5.1)–(5.5). □

. Preparation of the proof in the general case

In this section we prepare the proof of Theorem 2.3 in the general case where the set K has several
ranches. To this aim we introduce some technical tools that will allow us to deal with this more complex
tructure. In particular, for every h ∈ {1, . . . , k} we have to consider separately the time intervals in which

1(Γ (t) ∩Kh) = 0, 0 < H1(Γ (t) ∩Kh) < H1(Kh), or H1(Γ (t) ∩Kh) = H1(Kh). The main result obtained
t the end of this section is an estimate which adapts Proposition 5.1 to the case of a general K.

Let Γ : [0, T ] → K be an increasing function. To simplify the exposition we may assume that for every
∈ [0, T ], with Γ (t) ̸= ∅,

there exists no h ∈ {1, . . . , k} such that Γ (t) ⊂ K0
h , (6.1)

here K0
h is defined in (2.10). Indeed, if there exists h0 ∈ {1, . . . , k} such that ∅ ̸= Γ (t0) ⊂ K0

h0
for some

t0 ∈ [0, T ], we consider the intersection Γ̂ of all nonempty sets Γ (t) with t ∈ [0, T ], we select a point x̂ ∈ Γ̂ ,
and we replace K̂ by K̂∪{x̂} and Kh0 by the two connected components of Kh0 \{x̂}. In this way we obtain

new decomposition (2.9) that satisfies (6.1) and we can prove Theorem 2.3 using this decomposition.
For every t ∈ [0, T ] and every h = 1, . . . , k we define

ℓh(t) := H1(Γ (t) ∩Kh) . (6.2)

Moreover, we set Lh := H1(Kh) and

ah := sup{t ∈ [0, T ] : ℓh(t) = 0} , (6.3)
bh := inf{t ∈ [0, T ] : ℓh(t) = Lh} , (6.4)

with the usual convention sup ∅ = 0 and inf ∅ = T . It follows from the definition that ah ≤ bh and that
ℓh(t) = 0 for t ∈ [0, ah), 0 < ℓh(t) < Lh for t ∈ (ah, bh), and ℓh(t) = Lh for t ∈ (bh, T ]. This justifies
the following terminology: the branch K0

h at time t is void if t ∈ [0, ah), active if t ∈ [ah, bh], and full if
t ∈ (b , T ].
h
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Let γh : [0, Lh] → R2 be the arc-length parametrization of the curve Kh, with γh(0) = x1
h and γh(Lh) =

2
h. Since Γ (t) is connected and satisfies (6.1), if ah < bh there exist two functions s1

h, s
2
h : [ah, bh] → [0, Lh],

ith s1
h nondecreasing and s2

h nonincreasing, such that

Γ (t) ∩K0
h = γh((0, s1

h(t)]) ∪ γh([s2
h(t), Lh)) (6.5)

or every t ∈ [ah, bh]. Then 0 < ℓh(t) = s1
h(t) + Lh − s2

h(t) < Lh for every t ∈ (ah, bh).
To prove Theorem 2.3 we need a proposition similar to Proposition 5.1 to estimate the jump term and

he boundary term in (3.3). Since now the set K has many branches, we introduce a notation to indicate
hich branches are void, active, or full at time t. For every t ∈ [0, T ] we consider the sets of indices Ǐ(t),
(t), and Î(t) defined by

Ǐ(t) := {h ∈ {1, . . . , k} : t ∈ [0, ah)} , (6.6)
I(t) := {h ∈ {1, . . . , k} : t ∈ [ah, bh]} , (6.7)
Î(t) := {h ∈ {1, . . . , k} : t ∈ (bh, T ]} . (6.8)

To estimate the integrals on Γ (t1, t2) in (3.3) we fix t1, t2 ∈ [0, T ], with t1 < t2, and we prove the estimate
ssuming in addition that

Ǐ(t1) = Ǐ(t2), I(t1) = I(t2), and Î(t1) = Î(t2) . (6.9)

n particular, this implies that Γ (t1, t2) ∩ K0
h = ∅ unless h ∈ I(t1) = I(t2). We also observe that the

ssumption h ∈ I(t1) = I(t2) implies the inequalities ah ≤ t1 < t2 ≤ bh, hence s1
h and s2

h are well-defined.
Moreover, we assume that there exists

η ∈ (0, δ0) , (6.10)

here δ0 is the constant introduced in Lemma 3.4, with the following properties:
if h ∈ I(t1) = I(t2) and s1

h(t2) > 0, then

s1
h(t2) − s1

h(t1) < η , (6.11)
B2η(γh(s1

h(t2))) ∩ (∂Ω \K0
h) = ∅ , (6.12)

B2η(γh(s1
h(t2))) ∩ Ǩh = ∅ , (6.13)

B2η(γh(s1
h(t2))) ∩ Γ (t2) = B2η(γh(s1

h(t2))) ∩ γh([0, s1
h(t2)]) ; (6.14)

if h ∈ I(t1) = I(t2) and s2
h(t2) < Lh, then

s2
h(t1) − s2

h(t2) < η , (6.15)
B2η(γh(s2

h(t2))) ∩ (∂Ω \K0
h) = ∅ , (6.16)

B2η(γh(s2
h(t2))) ∩ Ǩh = ∅ , (6.17)

B2η(γh(s2
h(t2))) ∩ Γ (t2) = B2η(γh(s2

h(t2))) ∩ γh([s2
h(t2), Lh]) . (6.18)

Note that, if s1
h(t1) = 0, we would have γh(s1

h(t1)) = x1
h ∈ K̂ ⊂ Ǩh, hence the inequality s1

h(t2) > 0, together
with (6.11) and (6.13), implies that

s1
h(t1) > 0 . (6.19)

Similarly the inequality s2
h(t2) < Lh, together with (6.15) and (6.17), implies that

s2
h(t1) < Lh . (6.20)

For future use we observe that, if (6.12)–(6.14) and (6.16)–(6.18) hold for some η > 0, then they also hold

or all smaller values of η.
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For every h ∈ I(t1) = I(t2) we define

K1
h(t1, t2) := γh([s1

h(t1), s1
h(t2)]) , (6.21)

K2
h(t1, t2) := γh([s2

h(t2), s2
h(t1)]) . (6.22)

y (6.9), we have

Γ (t1, t2) ≃
k⋃

h=1
Γ (t1, t2) ∩Kh ≃

⋃
h∈I(t2)

Γ (t1, t2) ∩Kh

≃
⋃

h∈I(t2)

K1
h(t1, t2) ∪

⋃
h∈I(t2)

K2
h(t1, t2) , (6.23)

here ≃ means equality up to an H1-negligible set.
Therefore, if u(t1) ∈ BD(Ωt1) and u(t2) ∈ BD(Ωt2) we have∫

Γ(t1,t2)∩Ω

|[u(t2) − u(t1)]| dH1 =
∑

h∈I(t2)
s1

h
(t2)>0

∫
K1

h
(t1,t2)∩Ω

|[u(t2) − u(t1)]| dH1

+
∑

h∈I(t2)
s2

h
(t2)<Lh

∫
K2

h
(t1,t2)∩Ω

|[u(t2) − u(t1)]| dH1 . (6.24)

f in addition w(t1), w(t2) ∈ H1(Ω \K0;R2) we also have∫
Γ(t1,t2)∩∂Ω

|u(t2) − u(t1) − w(t2) + w(t1)| dH1

=
∑

h∈I(t2)
s1

h
(t2)>0

∫
K1

h
(t1,t2)∩∂Ω

|u(t2) − u(t1) − w(t2) + w(t1)| dH1 (6.25)

+
∑

h∈I(t2)
s2

h
(t2)<Lh

∫
K2

h
(t1,t2)∩∂Ω

|u(t2) − u(t1) − w(t2) + w(t1)| dH1 .

If h ∈ I(t1) = I(t2), let Bh,1(t1, t2) be the intersection with Ω of the set obtained by removing K1
h(t1, t2)

rom the open ball centred at γh(s1
h(t2)) and whose boundary contains γh(s1

h(t1)). In symbols, setting
1
h(t1, t2) := |γh(s1

h(t2)) − γh(s1
h(t1))| ≤ s1

h(t2) − s1
h(t1), we have that

Bh,1(t1, t2) := Br1
h

(t1,t2)(γh(s1
h(t2))) ∩ Ω \K1

h(t1, t2) , (6.26)

and Bh,1(t1, t2) := ∅ if r1
h(t1, t2) = 0. Similarly, we define

Bh,2(t1, t2) := Br2
h

(t1,t2)(γh(s2
h(t2))) ∩ Ω \K2

h(t1, t2) , (6.27)

where r2
h(t1, t2) := |γh(s2

h(t2)) − γh(s2
h(t1))| ≤ s2

h(t1) − s2
h(t2), and Bh,2(t1, t2) := ∅ if r2

h(t1, t2) = 0.
The following proposition improves the estimate obtained in Proposition 3.2. More precisely, it replaces

the last two terms in (3.3) by terms depending on the increment of the plastic strain p.

Proposition 6.1. Let w ∈ AC([0, T ];H1(Ω \ K0;R2)) and let t ↦→ (u(t), e(t), p(t),Γ (t)) be a quasistatic
evolution with boundary value w, according to Definition 2.1. Assume that (6.1) holds for every t ∈ [0, T ],
with Γ (t) ̸= ∅. Let t1, t2 ∈ [0, T ], with t1 < t2. Assume that (6.9)–(6.18) are satisfied and that

πc2
0C

2
Kη <

β
, (6.28)
λC 2
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where c0 > 0 is the constant in Theorem 3.3. Then

λC
4

∫
Ωt2

|e(t2) − e(t1)|2 + β

2 (ℓ(t2) − ℓ(t1)) ≤
∫ t2

t1

(∫
Ωτ

(σ(τ) − σ(t1)) : Eẇ(τ) dx
)
dτ

+c0CK
∑

h∈I(t2)

∫
Bh,1(t1,t2)∪Bh,2(t1,t2)

|Ew(t2) − Ew(t1)| dx (6.29)

+
√

2c0CK
∑

h∈I(t2)

|p(t2) − p(t1)|(Bh,1(t1, t2) ∪Bh,2(t1, t2)) .

roof. If I(t1) = I(t2) = ∅, then the remark after (6.9) implies that Γ (t1, t2) ≃ ∅ and the conclusion
ollows from Proposition 3.2.

If I(t1) = I(t2) ̸= ∅ we fix h ∈ I(t1) = I(t2). We observe that rλ
h(t1, t2) < η < δ0 for λ = 1, 2, by (6.11),

6.15), and (6.10). If K0
h ⊂ Ω we can apply Corollary 3.5 with x1 = γh(sλ

h(t1)) and x2 = γh(sλ
h(t2)), and we

btain ∫
Kλ

h
(t1,t2)

|[u(t2) − u(t1)]| dH1 ≤ c0|Eu(t2) − Eu(t1)|(Bh,λ(t1, t2))

≤ c0

∫
Bh,λ(t1,t2)

|e(t2) − e(t1)| dx+ c0|p(t2) − p(t1)|(Bh,λ(t1, t2)) ,

here in the last inequality we used (2.6). Note that we also used the inclusion Bh,λ(t1, t2) ⊂ Ωt2 , which
ollows from Lemma 3.4 and (6.12)–(6.14) and (6.16)–(6.18).

If K0
h ⊂ ∂Ω we can apply Corollary 3.6 with x1 = γh(sλ

h(t1)) and x2 = γh(sλ
h(t2)), and, using again (2.6)

we obtain ∫
Kλ

h
(x1,x2)

|u(t2) − u(t1) − w(t2) + w(t1)| dH1

≤ c0|Eu(t2) − Eu(t1)|(Bh,λ(t1, t2) ∩ Ω) + c0

∫
Bh,λ(t1,t2)

|Ew(t2) − Ew(t1)| dx

+c0

∫
Bh,λ(t1,t2)∩∂Ω

|u(t2) − u(t1) − w(t2) + w(t1)| dH1

≤ c0

∫
Bh,λ(t1,t2)

|e(t2) − e(t1)| dx+
√

2c0|p(t2) − p(t1)|(Bh,λ(t1, t2))

+c0

∫
Bh,λ(t1,t2)

|Ew(t2) − Ew(t1)| dx ,

here in the last inequality we used (2.7) and the estimate |a| |b| ≤
√

2|a⊙ b|. Therefore the previous
nequalities give∫

Kλ
h

(t1,t2)∩Ω

|[u(t2) − u(t1)]| dH1 +
∫

Kλ
h

(x1,x2)∩∂Ω

|u(t2) − u(t1) − w(t2) + w(t1)| dH1

≤ c0

∫
Bh,λ(t1,t2)

|e(t2) − e(t1)| dx+
√

2c0|p(t2) − p(t1)|(Bh,λ(t1, t2))

+c0

∫
Bh,λ(t1,t2)

|Ew(t2) − Ew(t1)| dx (6.30)

≤ πc2
0CK

λC
(sλ

h(t2) − sλ
h(t1))2 + λC

4CK

∫
Bh,λ(t1,t2)

|e(t2) − e(t1)|2dx

+c0
√

2|p(t2) − p(t1)|(Bh,λ(t1, t2)) + c0

∫
Bh,λ(t1,t2)

|Ew(t2) − Ew(t1)| dx ,
for λ = 1, 2, where in the last step we used Young’s inequality.
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By (3.3), (6.24), and (6.25) we have

λC
2

∫
Ωt2

|e(t2) − e(t1)|2 + β(ℓ(t2) − ℓ(t1)) ≤
∫ t2

t1

(∫
Ωτ

(σ(τ) − σ(t1)) : Eẇ(τ) dx
)
dτ

+CK
∑

h∈I(t2)

∫
K1

h
(t1,t2)

|[u(t2) − u(t1)]| dH1 + CK
∑

h∈I(t2)

∫
K2

h
(t1,t2)

|[u(t2) − u(t1)]| dH1

+CK
∑

h∈I(t2)

∫
(K1

h
(x1,x2)∪K2

h
(x1,x2))∩∂Ω

|u(t2) − u(t1) − w(t2) + w(t1)| dH1 ,

hence, using (6.11), (6.15), and (6.30), we obtain

λC
2

∫
Ωt2

|e(t2) − e(t1)|2 + β(ℓ(t2) − ℓ(t1)) ≤
∫ t2

t1

(∫
Ωτ

(σ(τ) − σ(t1)) : Eẇ(τ) dx
)
dτ

+πc2
0C

2
Kη

λC

∑
h∈I(t2)

[|s1
h(t2) − s1

h(t1)| + |s2
h(t2) − s2

h(t1)|]

+λC
4

∑
h∈I(t2)

∫
Bh,1(t1,t2)∪Bh,2(t1,t2)

|e(t2) − e(t1)|2dx

+c0CK
∑

h∈I(t2)

∫
Bh,1(t1,t2)∪Bh,2(t1,t2)

|Ew(t2) − Ew(t1)| dx

+
√

2c0CK
∑

h∈I(t2)

|p(t2) − p(t1)|(Bh,1(t1, t2) ∪Bh,2(t1, t2)) .

ince by (6.11)–(6.18) the sets Bh,1(t1, t2) and Bh,2(t1, t2) are pairwise disjoint, using (6.23), and (6.28),
rom the previous inequality we obtain

λC
2

∫
Ωt2

|e(t2) − e(t1)|2 + β(ℓ(t2) − ℓ(t1))

≤
∫ t2

t1

∫
Ωτ

(σ(τ) − σ(t1)) : Eẇ(τ) dx dτ + β

2 (ℓ(t2) − ℓ(t1)) + λC
4

∫
Ωt2

|e(t2) − e(t1)|2

+c0CK
∑

h∈I(t2)

∫
Bh,1(t1,t2)∪Bh,2(t1,t2)

|Ew(t2) − Ew(t1)| dx

+
√

2c0CK
∑

h∈I(t2)

|p(t2) − p(t1)|(Bh,1(t1, t2) ∪Bh,2(t1, t2)) .

his implies (6.29). □

. Proof of the main result

This section is devoted to the proof of the pure jump nature of every quasistatic evolution according to
efinition 2.1, under the general hypotheses (2.8)–(2.13) on the crack path.

roof of Theorem 2.3. As we observed at the beginning of the previous section it is not restrictive to
ssume (6.1). For every h = 1, . . . , k let ℓh be the function defined in (6.2). Since ℓcont = ℓcont

1 + · · · + ℓcont
k ,

o prove Theorem 2.3 it is enough to show that ℓcont
h is constant.

Let us fix h0 ∈ {1, . . . , k}, and for every h = 1, . . . , k let ah and bh be defined by (6.3) and (6.4),
espectively. Since ℓh0(t) = 0 for every t ∈ [0, ah0) and ℓh0(t) = H1(Kh0) for every t > bh0 , by the continuity

cont cont is constant on (a , b
f ℓh0
to prove the theorem it is enough to show that ℓh0 h0 h0), assuming also that
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ah0 < bh0 . This will not be done directly. Instead, we shall subdivide the interval (ah0 , bh0) using suitable
oints ah0 = α0 < α1 < · · · < ακ = bh0 and we shall prove that ℓcont

h0
is constant on each subinterval. Since

ℓcont
h0

is continuous, this is enough to prove the theorem.
To construct these subintervals, for every h = 1, . . . , k we define

a1
h := inf{t ∈ [ah, bh] : s1

h(t) > 0} , (7.1)
a2

h := inf{t ∈ [ah, bh] : s2
h(t) < Lh} , (7.2)

here we adopt now the convention inf ∅ = bh. It is easy to see that min{a1
h, a

2
h} = ah. Then we consider

he set [ah0 , bh0 ] ∩
⋃k

h=1{a1
h, a

2
h, bh}, which will be written in the form

[ah0 , bh0 ] ∩
k⋃

h=1
{a1

h, a
2
h, bh} = {αι : 0 ≤ ι ≤ κ} , (7.3)

ith ah0 = α0 < α1 < · · · < ακ = bh0 .
We note that the sets of indices Ǐ(t), I(t), and Î(t) introduced in (6.6)–(6.8), do not change if t varies in

αι−1, αι) for some 1 ≤ ι ≤ κ. Indeed, they change only if t crosses one of the points of the set
⋃k

h=1{ah, bh},
hich is contained in

⋃k
h=1{a1

h, a
2
h, bh}. Therefore, for every ι = 1, . . . , κ we can define Ǐι := Ǐ(t), Iι := I(t),

nd Îι := Î(t), where t is an arbitrary element of (αι−1, αι). It follows from the definitions that, if h ∈ Iι,
hen

ah ≤ αι−1 < αι ≤ bh . (7.4)

Let us fix ι with 1 ≤ ι ≤ κ. To prove the constancy of ℓcont
h0

in the interval (αι−1, αι), we want to apply the
stimate of Proposition 6.1 to all pairs of consecutive times of a sufficiently fine subdivision of this interval.

Unfortunately, this cannot be done directly, since the hypotheses (6.9)–(6.18) are not satisfied by any pair
of times t1, t2 ∈ (αι−1, αι) with t1 < t2. To overcome this problem we shall construct two sequences α̂δ

ι−1
and α̌δ

ι with
α̂δ

ι−1 → αι−1 and α̌δ
ι → αι as δ → 0+ , (7.5)

such that for every δ > 0 small enough there exists η > 0 with the following property: for every t1, t2 ∈
[α̂δ

ι−1, α̌
δ
ι ], with t1 < t2,

ℓ(t2) − ℓ(t1) < η =⇒ conditions (6.9)–(6.18) are satisfied. (7.6)

Therefore, if η satisfies also (6.28), the estimate of Proposition 6.1 holds for any pair of times t1, t2 ∈
α̂δ

ι−1, α̌
δ
ι ] with t1 < t2 and ℓ(t2) − ℓ(t1) < η. As in Section 5, this will be used to prove that

ℓcont
h0 is constant on (α̂δ

ι−1, α̌
δ
ι ), (7.7)

t least for δ > 0 small enough. By (7.5) it is clear that this is enough to conclude the proof of the theorem.
Construction of α̂δ

ι−1 and α̌δ
ι . For every δ > 0 and every h ∈ Iι, we first define

a1,δ
h := inf{t ∈ [ah, bh] : γh(s1

h(t)) /∈ Bδ(x1
h)} , (7.8)

a2,δ
h := inf{t ∈ [ah, bh] : γh(s2

h(t)) /∈ Bδ(x2
h)} , (7.9)

bδ
h := sup{t ∈ [ah, bh] : (γh([0, s1

h(t)]))δ ∩ (γh([s2
h(t), Lh]))δ = ∅} , (7.10)

here, for every set E ⊂ R2, we define Eδ := {x ∈ R2 : dist(x,A) < δ}. As before we use the convention

that inf ∅ = bh and sup ∅ = ah.
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We consider the sets of indices

A1
ι−1 := {h ∈ {1, . . . , k} : αι−1 = a1

h}, A2
ι−1 := {h ∈ {1, . . . , k} : αι−1 = a2

h}, (7.11)
Bι := {h ∈ {1, . . . , k} : αι = bh} , (7.12)

nd we define

α̂λ,δ
ι−1 :=

⎧⎨⎩ max
h∈Aλ

ι−1

aλ,δ
h if Aλ

ι−1 ̸= ∅ ,

αι−1 if Aλ
ι−1 = ∅ ,

for λ = 1, 2 , (7.13)

α̂δ
ι−1 := max{α̂1,δ

ι−1, α̂
2,δ
ι−1} , (7.14)

α̌δ
ι :=

{
min
h∈Bι

bδ
h if Bι ̸= ∅ ,

αι if Bι = ∅ .
(7.15)

t follows from the definition that

α̂λ,δ
ι−1 ≥ αι−1 , α̂δ

ι−1 ≥ αι−1 , α̌δ
ι ≤ αι . (7.16)

e are now left to prove (7.5)–(7.7).
Proof of (7.5). It is enough to show that

a1,δ
h → a1

h , a2,δ
h → a2

h , bδ
h → bh (7.17)

s δ → 0+. To prove the first formula in (7.17) we observe that a1,δ
h ≥ a1

h. Therefore, if a1
h = bh we have

1,δ
h = bh and the conclusion is trivial. On the other hand, if a1

h < bh, we fix t ∈ (a1
h, bh). By (7.1) we

ave s1
h(t) > 0, hence γh(s1

h(t)) ̸= x1
h. Therefore there exists δ̂ > 0 such that for every 0 < δ < δ̂ we have

h(s1
h(t)) /∈ Bδ(x1

h), hence, a1,δ
h ≤ t. This concludes the proof of the first part in (7.17). In a similar way we

rove the second part.
To prove the last part in (7.17) we observe that the inequality bδ

h ≤ bh follows immediately from the
efinition. Given t ∈ (ah, bh), since by (6.4) we have H1(Γ (t) ∩ Kh) < Lh, the sets γh([0, s1

h(t)]) and
h([s2

h(t), Lh]) are disjoint by (6.5). This implies that there exists δ̂ > 0 such that for every 0 < δ < δ̂

e have (γh([0, s1
h(t)]))δ ∩ (γh([s2

h(t), Lh]))δ = ∅, hence by the definition of bδ
h we have t < bδ

h. This concludes
he proof of (7.17), hence of (7.5).

By (7.5) and (7.16) there exists δ1 > 0 such that for every δ ∈ (0, δ1) we have

αι−1 ≤ α̂δ
ι−1 < α̌δ

ι ≤ αι . (7.18)

Proof of (7.6). Taking into account (2.11) it is easy to prove that there exists ρδ > 0 such that for λ = 1, 2
and t ∈ [aλ,δ

h , bδ
h] we have

dist(γh(sλ
h(t)), Ǩh) > ρδ . (7.19)

By (2.12) we may reduce the value of ρδ > 0 so that we have also

dist(γh(sλ
h(t)), ∂Ω \K0

h) > ρδ (7.20)

for λ = 1, 2 and t ∈ [aλ,δ
h , bδ

h].
Let δ0 > 0 be the constant introduced in Lemma 3.4 and let us fix η0 ∈ (0, δ0) such that (6.28) holds for

every η ∈ (0, η0). For every δ ∈ (0, δ1), with δ1 > 0 introduced before (7.18), let ηδ ∈ (0, δ0) be defined by

η := min{η , ρ /2, δ/2} , (7.21)
δ 0 δ

30



t

a

b
r
T
g

e

w

T

p
fi
t

where ρδ is the constant used in (7.19) and (7.20). We now prove that for every δ ∈ (0, δ1) condition (7.6)
holds for every η ∈ (0, ηδ).

Let us fix δ and η as required and t1, t2 ∈ [α̂δ
ι−1, α̌

δ
ι ], with t1 < t2 and ℓ(t2) − ℓ(t1) < η . We now prove

hat conditions (6.9)–(6.18) are satisfied. Equalities (6.9) can be deduced from the remark after (7.3), while
(6.10) follows from the inequalities η < ηδ ≤ η0 < δ0. As for (6.11) and (6.15), they are consequences of the
inequality |sλ

h(t2) − sλ
h(t1)| ≤ ℓ(t2) − ℓ(t1), for λ = 1, 2. Conditions (6.12), (6.13), (6.16), and (6.17) follow

from (7.19) and (7.20), since 2η < ρδ.
To prove (6.14), we fix h ∈ Iι = I(t1) = I(t2) with s1

h(t2) > 0. By (6.19) we have also s1
h(t1) > 0. From

the definitions of I(t1), I(t2) and a1
h we have a1

h ≤ t1 < t2 ≤ bh. Let us prove that we have also

a1
h ≤ αι−1 ≤ t1 < t2 ≤ αι ≤ bh . (7.22)

The second, third, and fourth inequalities follow from (7.18) and the choice of t1 and t2, while the last one
follows from (7.4). To prove the first one, assume by contradiction that a1

h > αι−1. Then ah0 ≤ αι−1 <

a1
h < t2 ≤ αι ≤ bh0 , which by (7.3) implies that there exists an index ι̂ > ι − 1 such that αι̂ = a1

h < t2, in
contradiction with t2 ≤ α̌δ

ι ≤ αι ≤ αι̂. This shows that a1
h ≤ αι−1.

Estimates (7.22) can be improved to show that

a1,δ
h ≤ α̂δ

ι−1 ≤ t1 < t2 ≤ α̌δ
ι ≤ bδ

h . (7.23)

Let us prove first that a1,δ
h ≤ α̂δ

ι−1. Since α̂1,δ
ι−1 ≤ α̂δ

ι−1 it is enough to check that

a1,δ
h ≤ α̂1,δ

ι−1 . (7.24)

By (7.22) we have a1
h ≤ αι−1. We shall consider three cases: a1

h = αι−1, ah0 ≤ a1
h < αι−1, and a1

h < ah0 .
In the first case h ∈ A1

ι−1 and (7.24) follows from (7.13). In the third case inequality (7.24) is trivial since
1
h < ah0 ≤ αι−1 ≤ α̂1,δ

ι−1 by (7.16). In the second case there exists ι∗ < ι such that a1
h = αι∗−1, hence h

elongs to the set A1
ι∗−1 defined as in (7.11) with ι replaced by ι∗. Let α̂1,δ

ι∗−1 be defined by (7.13), with ι

eplaced by ι∗. Using also (7.16) with ι and (7.18) with ι∗ we obtain a1,δ
h ≤ α̂1,δ

ι∗−1 ≤ αι∗ ≤ αι−1 ≤ α̂1,δ
ι−1.

his concludes the proof of (7.24). In a similar way we can show that α̌δ
ι ≤ bδ

h, which together with (7.24),
ives (7.23), taking into account our choice of t1, t2.

Since 2η < ρδ, using (7.19) and (7.23), we obtain that B2η(γh(s1
h(t2))) ∩ Ǩh = ∅. Using (2.8)–(2.11), this

quality implies that

B2η(γh(s1
h(t2))) ∩ Γ (t2) = B2η(γh(s1

h(t2))) ∩ (Γ (t2) ∩K0
h)

= B2η(γh(s1
h(t2))) ∩

(
γh((0, s1

h(t2)]) ∪ γh([s2
h(t2), Lh))

)
,

here in the last equality we used (6.5). Moreover, since 2η < δ, by (7.10) and (7.23) we have

B2η(γh(s1
h(t2))) ∩ γh([s2

h(t2), Lh]) ⊂ (γh([0, s1
h(t2)]))δ ∩ (γh([s2

h(t2), Lh]))δ = ∅.

ogether with the previous equality this gives (6.14). Similarly we can show that (6.18) holds. Summarizing,
we have proved that (7.6) holds for δ ∈ (0, δ1) and η ∈ (0, ηδ), where δ1 is the constant introduced before
(7.18) and ηδ is defined by (7.21). To conclude the proof of the theorem, it remains to show that (7.7) holds.

Proof of (7.7). We fix δ ∈ (0, δ1) and we want to prove that ℓcont
h0

is constant on (α̂δ
ι−1, α̌

δ
ι ). As in the

roof for the case of a rectilinear crack given in Section 5 this will be done in several steps. First of all we
x η ∈ (0, ηδ), ε ∈ (0, η), and a subdivision α̂δ

ι−1 = τ0 < τ1 < · · · < τn = α̌δ
ι such that [ℓ](t) < ε for every

δ δ
∈ [α̂ι−1, α̌ι ] \ {τ0, τ1, . . . , τn}. Moreover we fix θ ∈ (0, η) such that 5θ < τj − τj−1 for j = 1, . . . , n.
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By [8, Lemma 4.8], applied to the intervals [τj−1 + θ, τj − θ], there exists ζ ∈ (0, θ) such that for every
= 1, . . . , n we have that

t1, t2 ∈ [τj−1 + θ, τj − θ] and 0 < t2 − t1 < ζ =⇒ ℓ(t2) − ℓ(t1) < ε < η . (7.25)

sing (7.6) we get

t1, t2 ∈ [τj−1 + θ, τj − θ] and 0 < t2 − t1 < ζ =⇒ (6.9)–(6.18) hold. (7.26)

Since η < ηδ, using (7.21) we obtain that η satisfies (6.28). Therefore we can apply Proposition 6.1 which
gives the implication

t1, t2 ∈ [τj−1 + θ, τj − θ] and 0 < t2 − t1 < ζ =⇒ (6.29) holds. (7.27)

To conclude the proof of (7.7) we fix a subdivision α̂δ
ι−1 = t0 < t1 < · · · < tm = α̌δ

ι , with ti − ti−1 < ζ for
every i = 1, . . . ,m, such that

m∑
i=1

∫ ti

ti−1

∫
Ωτ

(σ(τ) − σ(ti−1)) : Eẇ(τ) dx dτ < ε . (7.28)

This can be done since a Lebesgue integral can be approximated by suitable Riemann sums (see, for
instance, [8, Proposition 4.10]). By (7.27), if τj−1 + θ < ti−1 < ti < τj − θ, we have that (6.29) holds
or the pair ti−1, ti. In the next steps we estimate the terms involved in (6.29).

Estimate between τj−1 and τj . For j = 0, . . . , n − 1 there exists mj ∈ {1, . . . ,m} such that τj + 2θ <
mj

< τj + 3θ, and for j = 1, . . . , n there exists nj ∈ {1, . . . ,m} such that τj − 2θ < tnj
< τj − θ. Since

θ < τj − τj−1 for j = 1, . . . , n, we have m0 < n1 < m1 < · · · < nn−1 < mn−1 < nn. If mj−1 ≤ i ≤ nj ,
hen τj−1 + 2θ < ti < τj − θ, and since ti − ti−1 < ζ < θ we have τj−1 + θ < ti−1 < ti < τj − θ. By (7.27)
e conclude that (6.29) holds for the pair ti−1, ti. Therefore, using the obvious inequalities ℓcont

h0
(τj − 2θ) −

cont
h0

(τj−1 + 3θ) ≤ ℓcont
h0

(tnj
) − ℓcont

h0
(tmj−1) ≤ ℓh0(tnj

) − ℓh0(tmj−1) ≤
∑nj

i=mj−1
(ℓh0(ti) − ℓh0(ti−1)), we

btain

ℓcont
h0 (τj − 2θ) − ℓcont

h0 (τj−1 + 3θ) ≤ 2
β

nj∑
i=mj−1

∫ ti

ti−1

∫
Ωτ

(σ(τ) − σ(ti−1)) : Eẇ(τ) dx dτ

+2c0CK

β

nj∑
i=mj−1

∑
h∈Iι

2∑
λ=1

∫
Bh,λ(ti−1,ti)

|Ew(ti) − Ew(ti−1)| dx (7.29)

+2
√

2c0CK

β

nj∑
i=mj−1

∑
h∈Iι

2∑
λ=1

|p(ti) − p(ti−1)|(Bh,λ(ti−1, ti)) .

The first term in the right-hand side can be estimated by (7.28), and we now have to estimate the other
terms.

Estimate of the second term in the right-hand side of (7.29). By (6.5), (6.26), and (6.27) we have
|Bh,λ(ti−1, ti)| ≤ π|sλ

h(ti) − sλ
h(ti−1)|2 ≤ π(ℓ(ti) − ℓ(ti−1))2 < πε2, where the last inequality follows from

(7.25). Hence by Hölder’s inequality, for every h ∈ Iι, i = mj−1, . . . , nj , and λ = 1, 2 we obtain∫
Bh,λ(ti−1,ti)

|Ew(ti) − Ew(ti−1)| dx ≤ ε
√
π∥Ew(ti) − Ew(ti−1)∥L ≤ ε

√
π

∫ ti

ti−1

∥Eẇ(τ)∥Ldτ,

here L := L2(Ω \K0;R2×2
sym). This gives

2c0CK

β

nj∑
i=mj−1

∑
h∈Iι

2∑
λ=1

∫
Bh,λ(ti−1,ti)

|Ew(ti) − Ew(ti−1)| dx ≤ M1ε

∫ τj

τj−1

∥Eẇ(t)∥Ldt , (7.30)

where M := 4kc0CK
√

π .
1 β
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To estimate the last term in (7.29) we cannot use the same argument since the function t ↦→ p(t) is not
bsolutely continuous. However a similar argument can be used for the rescaled versions p◦ and Γ ◦ of p and
Γ , introduced in Section 4 and for a corresponding rescaled version of the functions s1

h and s2
h

Definition and properties of the rescaled functions s1,◦
h and s2,◦

h . For h ∈ Iι and λ = 1, 2 we define
sλ,◦

h : (ρ(ah), ρ(bh)) → [0,+∞) by

sλ,◦
h (r) =

⎧⎪⎨⎪⎩
sλ

h(t) if r = ρ(t) with t ∈ (ah, bh) ,
sλ

h(t) if r ∈ [ρ(t−), ρ(t)) with t ∈ (ah, bh) ∩ JV ,

sλ
h(t+) if r ∈ (ρ(t), ρ(t+)] with t ∈ (ah, bh) ∩ JV .

(7.31)

Using (6.5) and the definition of Γ ◦(r) given in (4.26), (4.27), and (4.29), for r ∈ (ρ(ah), ρ(bh)) we have

Γ ◦(r) ∩K0
h = γh((0, s1,◦

h (r)]) ∪ γh([s2,◦
h (r), Lh)) . (7.32)

Note that
sλ

h(t) = sλ,◦
h (ρ(t)) for every t ∈ (ah, bh) , (7.33)

and that s1,◦
h is nondecreasing, while s2,◦

h is nonincreasing.
We claim that

γh(sλ,◦
h (r)) ∈ Γ ◦(r) (7.34)

for every λ = 1, 2, every h ∈ Iι, and every r ∈ (ρ(aλ
h), ρ(bh)). We prove the claim only in the case λ = 1, the

other one being similar.
Let us fix h and r as required. Suppose that there exists t ∈ (ah, bh) such that r = ρ(t). Since ρ is

increasing and r > ρ(a1
h), we have t > a1

h. By definition s1,◦
h (r) = s1

h(t), hence s1,◦
h (r) > 0 by the definition

of a1
h. Then (7.34) is a consequence of (7.32).

Suppose now that r ∈ [ρ(t−), ρ(t)) for some t ∈ (ah, bh)∩JV . Since r > ρ(a1
h) and ρ is increasing we must

have t > a1
h as we conclude as before.

Finally, suppose that r ∈ (ρ(t), ρ(t+)] for some t ∈ (ah, bh) ∩ JV . Since ρ is increasing and r > ρ(a1
h),

we have t ≥ a1
h. If s1,◦

h (r) > 0 we conclude as before. If s1,◦
h (r) = 0, then γh(s1,◦

h (r)) = γh(0) and
by definition Γ ◦(r) = Γ (t+). For every τ > t we have τ > a1

h, hence s1
h(τ) > 0. By (6.5) we have

γh((0, s1
h(τ)]) ⊂ Γ (τ). Since s1

h(τ) > 0, the closure of γh((0, s1
h(τ)]) is γh([0, s1

h(τ)]), and since Γ (τ) is closed
we have that γh(0) ∈ γh([0, s1

h(τ)]) ⊂ Γ (τ). By (4.2) we deduce that γh(s1,◦
h (r)) = γh(0) ∈ Γ (t+) = Γ ◦(r),

which concludes the proof of (7.34).

Estimate of the last term in the right-hand side of (7.29). We first show that, if ti−1, ti ∈ [τj−1 + θ, τj − θ]
for some j = 1, . . . , n and 0 < ti − ti−1 < ζ, then we have

Bh,λ(ti−1, ti) ⊂ Bε(γh(sλ
h(ti))) ∩ Ω̂ti

for λ = 1, 2 and for every h ∈ Iι , (7.35)

where Bh,λ(ti−1, ti) are defined in (6.26) and (6.27). Let us fix ti−1, ti, and h as required. Since
|s1(ti) − s1(ti−1)| ≤ ℓ(ti)−ℓ(ti−1) < ε, we have Bh,1(ti−1, ti) ⊂ Br1

h
(ti−1,ti)(γh(s1

h(ti)))∩Ω \γh([0, s1
h(ti)]) ⊂

ε(γh(s1
h(ti)))∩Ω \γh([0, s1

h(ti)]) = Bε(γh(s1
h(ti)))∩ Ω̂ti

, where the last equality follows from (6.14) applied
with η replaced by ε/2 (see the remark after (6.20)). Arguing in the same way for Bh,2(ti−1, ti) we conclude
the proof of (7.35).

For every h ∈ Iι, σ > 0, r ∈ (ρ(ah), ρ(bh)), and λ = 1, 2 we set

Bλ,◦
h,σ(r) := Bσ(γh(sλ,◦

h (r))) . (7.36)

y (7.34) for every r ∈ (ρ(aλ
h), ρ(bh)) we have Bλ,◦

h,σ(r) ∩ Ω̂◦
r → ∅ as σ → 0+. By Lemma 4.4, we can apply

he Dominated Convergence Theorem and we obtain∫ ρ(bh)

λ
|ṗ◦(r)|(Bλ,◦

h,σ(r) ∩ Ω̂◦
r)dr → 0 as σ → 0 + .
ρ(a
h

)
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Therefore there exists a continuous function ω : [0,+∞) → [0,+∞), with ω(0) = 0, such that∫ ρ(bh)

ρ(aλ
h

)
|ṗ◦(r)|(Bλ,◦

h,σ(r) ∩ Ω̂◦
r)dr < ω(σ) (7.37)

or every h ∈ Iι, σ ∈ (0,+∞), and λ = 1, 2.
To estimate the last term in (7.29) we fix h ∈ Iι and mj−1 ≤ i ≤ nj . If ti < a1

h, then s1
h(ti) = 0. This

mplies s1
h(ti−1) = 0, which gives Bh,1(ti−1, ti) = ∅, hence

|p(ti) − p(ti−1)|(Bh,1(ti−1, ti)) = 0.

similar property can be proved if ti < a2
h. Therefore, for every λ = 1, 2 we have that

ti < aλ
h ⇒ |p(ti) − p(ti−1)|(Bh,λ(ti−1, ti)) = 0 . (7.38)

f instead ti ≥ aλ
h, then by (4.31), (7.33), (7.35), and Lemma 4.4 we obtain

|p(ti) − p(ti−1)|(Bh,λ(ti−1, ti)) ≤ |p◦(ρ(ti)) − p◦(ρ(ti−1))|(Bλ,◦
h,ε (ρ(ti)) ∩ Ω̂◦

ρ(ti))

≤
∫ ρ(ti)

ρ(ti−1)
|ṗ◦(r)|(Bλ,◦

h,ε (ρ(ti)) ∩ Ω̂◦
r) dr . (7.39)

If ρ(ti−1) ≤ r ≤ ρ(ti), we have s1
h(ti−1) = s1,◦

h (ρ(ti−1)) ≤ s1,◦
h (r) ≤ s1,◦

h (ρ(ti)) = s1
h(ti). Since

s1
h(ti) − s1

h(ti) ≤ ℓ(ti) − ℓ(ti−1) < ε, we obtain 0 ≤ s1,◦
h (ρ(ti)) − s1,◦

h (r) < ε. Similarly we can prove that
0 ≤ s2,◦

h (r) − s2,◦
h (ρ(ti)) < ε. This implies that Bλ,◦

h,ε (ρ(ti)) ⊂ Bλ,◦
h,2ε(r). Therefore (7.39) gives that

|p(ti) − p(ti−1)|(Bh,λ(ti−1, ti)) ≤
∫ ρ(ti)

ρ(ti−1)
|ṗ◦(r)|(Bλ,◦

h,2ε(r) ∩ Ω̂◦
r ) dr (7.40)

for mj−1 ≤ i ≤ nj and ti ≥ aλ
h.

By (7.26) conditions (6.9)–(6.18) are satisfied by ti−1, ti and, using (6.19) and (6.20), from the inequality
ti ≥ aλ

h we deduce that ti−1 ≥ aλ
h. This implies that the intervals used in (7.40) satisfy (ρ(ti−1), ρ(ti)) ⊂

(ρ(aλ
h), ρ(bh)). Therefore, from (7.38) and (7.40) for every h ∈ Iι we deduce that

nj∑
i=mj−1

|p(ti) − p(ti−1)|(Bh,λ(ti−1, ti)) ≤
∫ ρ(τj)

ρ(τj−1∨aλ
h

)
|ṗ◦(r)|(Bλ,◦

h,2ε(r) ∩ Ω̂◦
r ) dr , (7.41)

where a ∨ b := max{a, b} for every a, b ∈ R.

Conclusion of the proof of (7.7). The last inequality, together with (7.29) and (7.30), gives

ℓcont
h0 (τj − 2θ) − ℓcont

h0 (τj−1 + 3θ) ≤ 2
β

nj∑
i=mj−1

∫ ti

ti−1

(∫
Ωt

(σ(t) − σ(ti−1)) : Eẇ(t) dx
)
dt

+M1ε

∫ τj

τj−1

∥Eẇ(t)∥Ldt+M2

2∑
λ=1

∑
h∈Iι

∫ ρ(τj)

ρ(τj−1∨aλ
h

)
|ṗ◦(r)|(Bλ,◦

h,2ε(r) ∩ Ω̂◦
r ) dr (7.42)

where M2 := 2
√

2c0CK
β . Recalling that, by (7.4), ah ≤ τj−1 < τj ≤ bh for every h ∈ Iι, for every nonnegative

easurable function ψ we have
n∑ ∑ ∫ ρ(τj)

ρ(τ ∨aλ)
ψ(r) dr =

∑ n∑ ∫ ρ(τj)

ρ(τ ∨aλ)
ψ(r) dr ≤

∑ ∫ ρ(bh)

ρ(aλ)
ψ(r) dr.
j=1 h∈Iι j−1 h h∈Iι j=1 j−1 h h∈Iι h
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Therefore, summing (7.42) over j and using (7.28) and (7.37) we get
n∑

j=1
(ℓcont

h0 (τj − 2θ) − ℓcont
h0 (τj−1 + 3θ)) ≤ 2

β
ε+M1ε

∫ T

0
∥Eẇ(t)∥Ldt

+M2

2∑
λ=1

∑
h∈Iι

∫ ρ(bh)

ρ(aλ
h

)
|ṗ◦(r)|(Bλ,◦

h,2ε(r) ∩ Ω̂◦
r ) dr < M3ε+ 2kM2 ω(2ε) ,

here M3 := 2/β +M1
∫ T

0 ∥Eẇ(t)∥Ldt. Taking the limit as θ → 0+, from the continuity of ℓcont
h0

we obtain
ℓcont

h0
(α̌δ

ι )−ℓcont
h0

(α̂δ
ι−1) ≤ M3ε+2kM2 ω(2ε) . As ε → 0+, using (7.37) it follows that ℓcont

h0
(α̌δ

ι ) ≤ ℓcont
h0

(α̂δ
ι−1).

Since ℓcont
h0

is nondecreasing, this inequality implies ℓcont
h0

(t) = ℓcont
h0

(α̂δ
ι−1) for every t ∈ [α̂δ

ι−1, α̌
δ
ι ]. This proves

(7.7) and concludes the proof of the theorem. □
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