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In the framework of a model for the quasistatic crack growth in pressure-sensitive
elasto-plastic materials in the planar case, we study the properties of the length
£(t) of the crack as a function of time. We prove that, under suitable technical
assumptions on the crack path, the monotone function ¢ is a pure jump function.
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1. Introduction

After the results obtained in our previous paper [8] in a simplified situation, our aim in this paper is to
give a further contribution to the mathematical derivation of the properties of the quasistatic crack growth
in elastoplastic materials under more general hypotheses.

The investigation on this topic has a long history, starting from the pioneering works [11,17,18,22,23].
There is a huge literature on this subject, see, e.g., [10,16,19,24,26,27,29,30]. We also mention [13, Sec. 4.4.
and 4.5] for the corresponding dynamic regime.

In the quasistatic case the problem of crack growth in elasto-plastic materials can be studied within the
framework of the variational approach to rate-independent systems, for which we refer to [20] and [21]. Using
this approach, a model in the case of pressure-sensitive plastic materials in the small strain regime with no
hardening (perfect plasticity) was developed in [7] in the two-dimensional case. This model is based on the
following three ideas:
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(I) irreversibility of the crack growth;

(S) stability at each time of the stored elastic energy, taking into account the dissipation due to both crack
and plasticity;

(B) energy-dissipation balance connecting the change in elastic energy, the work of external forces, and the
energy dissipated by crack and plasticity.

In [7] the collection of admissible cracks is composed of all compact sets of finite length with a prescribed
bound on the number of their connected components. In the present paper we consider an additional
constraint on the cracks: connectedness and prescribed crack path. More precisely, if I'(t) denotes the crack
at time ¢ in the reference configuration, we assume that I'(t) is connected and contained in a prescribed
compact set K, composed of the union of a finite number of C'! curves.

We prove that, if £(t) is the one-dimensional measure of I'(t), then ¢ — £(t) is a pure jump function,
with a possibly infinite number of jumps. This kind of behaviour has been noticed in several experiments,
mainly in a dynamical regime, see, e.g., [2,3,9]. Its main consequence is the zig-zag shape of the crack lips
at a microscopic scale, see, e.g., [15]. Moreover, recent numerical simulations (see [4]) for similar quasistatic
problems show the intermittent character of crack growth also in this case.

In [8] we studied a simplified version of the crack growth problem in linearly elastic-perfectly plastic
materials, assuming that both the crack and the plastic slips are concentrated on a prescribed straight line.
Our analysis was limited to the antiplane case and the results were obtained using the maximum principle in
the complement of this straight line. In this simplified situation we were also able to prove that the number
of jumps of t — £(t) is finite. We refer to [6] for a numerical simulation based on this model which highlights
the dependence of the number of jumps on the parameters of the model.

For the problem considered in the present paper it is not possible to use the maximum principle, since the
displacement function is vector-valued and the plastic strain is not confined to a prescribed lower dimensional
set. Instead, we use completely different tools, which do not require an L°°-estimate, not available in this
framework. Unfortunately, the new techniques do not provide a bound on the number of jumps of the crack
length £.

The starting point of our proof is an estimate (Proposition 3.2) of the length of the crack increment
£(ta) — £(t1) between two times ¢; < t5 in terms of the jump of the displacement. This preliminary result
is an easy consequence of the Euler condition. To continue the proof an important tool is an estimate of
the jump of the displacement across a sufficiently regular curve, in terms of the linearized strain on the
complement of this curve, see Theorem 3.3. In order to obtain this result it is crucial to assume that the
elasto-plastic material is pressure-sensitive, i.e., the constraint on the stress depends also on its pressure
component, which translates into the fact that the plastic strain is not constrained to be trace-free. This
estimate allows to control the length of the crack increment ¢(t2) — £(t1) by means of the cumulated plastic
dissipation between t; and ts.

Another fundamental tool is a suitable time rescaling of the plastic part of the strain obtained in Section 4.
This produces a time dependent matrix-valued Radon measure which is Lipschitz continuous in time, and
this property is crucial to prove the smallness of some terms depending on the plastic strains on small balls
around the time dependent crack tips (see (5.15) and (5.17) in a special case, and (7.37) and (7.41) in the
general case). The smallness of these terms is the crucial point in the proof of the pure jump nature of the
function ¢ — £(t).

All these new difficulties with respect to [8] are already present when the crack I'(¢) can grow only on
a prescribed segment, while the plastic part has no constraint. The proof of this special case is given in
Section 5. The general case introduces additional difficulties, due to the fact that K has several branches
and I'(t) can grow simultaneously on each of them.

The structural properties of the crack path K are crucial for the techniques used in the present paper.
It seems that the general case considered in [7] will require new ideas. On the contrary, using standard
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arguments the constraint that I'(¢) is connected could be replaced by a prescribed bound on the number of
its connected components, but this would make the proof much heavier.

For technical reasons the line of proof developed in this paper cannot be applied to the standard case of
perfect plasticity, where the constraint on the stress depends only on the deviatoric part of the stress and
consequently the plastic strain is trace-free. Of course, in the antiplane case the results of this paper can be
easily adapted to the general case of perfect plasticity, and this improves the results of [8], since now there
is no constraint on the location of the plastic strain.

So far there are no counterexamples to the pure jump behaviour in the case of crack growth in elastic-
perfectly plastic materials, so we cannot exclude that a different proof could lead to the same results without
assuming pressure-sensitivity of the plastic behaviour.

In the simplified situation studied in [8] we were able to prove that the crack has only a finite number
of jumps. Due to the properties of the evolution of elastic-perfectly plastic materials, this implies that the
plastic strain is absolutely continuous with respect to time in any interval without jumps. Unfortunately
in the more general situation considered in the present paper we are not able to prove that there are only
finitely many jumps. We just prove that the crack length is a pure jump function, with a possibly infinite
number of jumps. Therefore we cannot guarantee that the plastic part is piecewise continuous, although
there are no examples where this is not true.

2. The model and the main result

Let {2 be a bounded open set in R? with Lipschitz boundary and let T > 0. The reference configuration
of our problem in the time interval [0, T] is the closure {2 of (2.

At time t € [0, T the crack (in the reference configuration) is a compact connected set I'(t) C 2. Since
the crack is irreversible we assume that the function ¢ — I'(¢) is increasing, i.e.,

I(t1) C I'(ta) for every ty,t2 € [0,T] with ¢; < t5. (2.1)

According to Griffith’s theory, the energy dissipated by the process of crack growth in the time interval
[t1, o] is given by
BHN I (t2) \ (1)) (2.2)

where 3 > 0 is the toughness of the material and H! is the 1-dimensional Hausdorff measure.
The elasto-plastic part of the body is given by

Q =0\T(t), (2.3)
whose interior is
Dy =0\TI(t). (2.4)

We shall prescribe a Dirichlet boundary condition on
Opy =002\ T(t). (2.5)

The displacement u(t) is a function defined on {2, with values in R?, the elastic part e(t) of the strain is a
2x2
sym

of the strain is a measure on {2, with values in the space Rﬁ;ﬁ The possible singular part of the measure

function defined in {2; with values in the space R of symmetric 2 x 2 matrices, while the plastic part p(t)

p(t) accounts for concentrated strains, which may occur in % and also on Jp (2.

To describe the functional setting of our problem we recall that for every open set U C R? the space
BD(U) of functions of bounded deformation is defined as the space of functions u € L*(U;R?) such that
the symmetric part of the gradient Fu = (Du + (Du)”) is a matrix-valued bounded Radon measure
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(see [28]). For every locally compact subset X of R? and for every finite-dimensional Hilbert space =, the
space of Z-valued bounded Radon measures on X is denoted by M, (X; 5).

For every t € [0,T] we assume that the displacement wu(¢), the elastic strain e(t), and the plastic strain
p(t) satisfy u(t) € BD(£), e(t) € L2(2;R22), and p(t) € My(£2:;R252). We also assume that the strain
Eu(t) satisfies the additive decomposition in §2;:

Eu(t) =e(t) + p(t) as measures in (2 . (2.6)

To prescribe the Dirichlet boundary condition, for every ¢ € [0,T] we fix a function w(t) € H'(£2;R?).
We would like to impose the equality u(t) = w(t) in the sense of traces on dp {2, but in general this cannot
be achieved because of the presence of possible plastic slips at the boundary. For this reason the Dirichlet
condition has to be relaxed requiring only that

p(t) = (w(t) —u(t)) ©vepH' as measures in dp 2, (2.7)

where vy, is the outer unit normal to 02 and a ® b is the symmetrized tensor product between two vectors
a,b € R? i.e., the symmetric matrix with entries (a;b; + a;b;)/2.

We now introduce a constraint on the possible cracks I'(t). We fix two (possibly empty) compact sets Ky
and K, with Ko C K C £2 and we impose that

KoyCI'(t)c K foreveryte][0,T]. (2.8)
We assume that K can be written as
K=KUK,U---UKj}, (2.9)

where K,Kj,..., K} are compact sets, Hl(K) =0, and, for h = 1,...,k, K} is a simple C'-curve with
endpoints x}, 27 € K. We set

k
K = Kp\{z},2?} and K, :=KU U Ky, (2.10)
wh

and we assume that for every h = 1,...,k we have
K)NK,=0, (2.11)
either K} C 2 or Kj) C 912. (2.12)

Moreover, we assume that

2\ K is the union of a finite number of open sets with Lipschitz boundary. (2.13)

The collection of all compact connected subsets of K containing Ky is denoted by K. We recall that (2.8)
and the topological properties of I'(¢) imply that I'(t) € K for every ¢ € [0,T].

The stress o(t) at time ¢ € [0, T] belongs to L*(2;; R2?) and depends on the elastic strain e(t) through
the linear relation

o(t) = Ce(t),
where C is the elasticity tensor. As usual we assume that C: R?;T% — Riyﬁ% is a symmetric linear operator
satisfying
AclA|? < CA: A< Ac|A]? for every A € RESZ (2.14)
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for some constants 0 < A¢ < A¢. Here and henceforth |A| denotes the Euclidean norm of A, while the colon
denotes the corresponding scalar product between matrices, i.e., A: B = tr(ABT) = Zij AijB;; . These
inequalities imply that

|CA| < Ac|A| for every A € R2X2. (2.15)

sym
The stored elastic energy at time ¢ depends only on the elastic strain e(t) and is given by

;/Qt o(t) :e(t)de = o Q(e(t)) de,

where
Q(A) = 1CA: A for every A € R2?

sym*

Since for every t € [0, 7] the behaviour of the material in {2 is linearly elastic—perfectly plastic, we have
a constraint on the stress of the form

o(t,x) e K fora.e x € (2, (2.16)

where K is a prescribed closed and convex set in Rzyxn%, depending on the material, whose boundary plays
the role of the yield surface. We assume that there exist two constants cg and Ck, with 0 < cx < Cg < +00,
such that

{AeRY?2 A <cex} CKRC{AeRZ2 A < Ck}. (2.17)

sym sym

Note that the second inclusion in (2.17) excludes the standard case where the constraint is imposed only
on the deviatoric (i.e., trace-free) part of the stress. Indeed, in our model the yield surface depends also
the pressure component of the stress. For the study of the quasistatic evolution in the linearized theory of
pressure-sensitive plastic materials without cracks we refer to [5] and the references therein.

The support function H: R2X2 — [0, +o0| of K is defined by

sym

H(A)=sup B:A (2.18)
BeK
and it turns out to be convex and positively homogeneous of degree one. By the previous bounds on K it
follows that
cx|A| < H(A) < Cg|A| for every A € R2X2 . (2.19)

sym

To obtain a convenient expression for the plastic dissipation, for every locally compact set X C R? and

every 1 € My(X;R2%%) we introduce the measure H(p) € My(X;R) defined by
H(p)(B) = / H(%)d“ﬁ for every Borel set B C X, (2.20)

B

where |u| is the variation of p and % is the Radon—Nikodym derivative of p with respect to |u|. Clearly
for every Borel set B C X the function p — H(u)(B) is convex and positively homogeneous of degree
one, therefore it satisfies the triangle inequality. Moreover, the map pu — H(u) is continuous for the strong
topologies. Finally, by [14], for every open set U C R? the function p — H (11)(UNX) is lower semicontinuous
with respect to the weak*-convergence in My (X;R2x2), which is defined by identifying My (X;R2X%) with

the dual of the Banach space

CHUX; R 2) = {p € COUX;R%2) . {x € X : |p(x)| > ¢} is compact for every € > 0},

sym sym
endowed with the supremum norm. By (2.19) we obtain

ex|p|(B) < H(p)(B) < Ck|u|(B)  for every Borel set B C X . (2.21)
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In our model the energy dissipated in a time interval depends on the evolution of the pair (p(t), I'(¢))
composed of the plastic strain and the crack. According to the terminology used in the theory of rate-
independent systems (see [20, Section 7]), the dissipation distance between two pairs (pg, I2) and (p1, [1),
with I'; compact connected subsets of £2 and p; € My (2\ I';; R2X2), is given by

sym

H(ps —p1)(2\ Ip) + BH (I \I) if I} C Iy,

. (2.22)
400 otherwise,

d((pg, FQ)? (p1> Fl)) = {
where H(py — p1)(£2 \ I';) accounts for the plastic dissipation distance (see [21]) and BH! (I \ I}) is the
energy dissipated to produce the crack increment I's \ I'; (see (2.2)).
Given a pair of functions (p,I'), with I': [0,7] — K increasing and p(t) € Mb(flt;R;ﬁ%) for every
t € [0, 7], the corresponding total dissipation on the time interval [r1, 2] C [0, 7] is given by
m
D(p, I';m,12) = supZd((p(ti), I'(t:)), (p(ti=1), I'(ti=1))), (2.23)
i=1
where the supremum is taken over all finite partitions 71 =tg <t; < --- <t,,_1 < t,, = To. It is clear that,
if 71 < 79, then nothing changes if the supremum is taken over all finite partitions 71 =ty < t; < -+ <
tm—1 <ty = To.
It is convenient to write

D(p, I';m1,72) = Dr(p; 71, 72) + SH (I (12) \ I'(11)) (2.24)

where Dr(p; 11, 72) is the plastic dissipation (for a given I') on the time interval [ry, 73], whose definition
must take into account the dependence on ¢ of the domain 2, where p(t) is defined, which, in turn, depends
on I'(t). Clearly (2.23) and (2.24) imply that Dy (p; 1, 72) is given by

m
Dr(p;T1,72) = sup Z H(p(t:) = p(ti-1))({2,) , (2.25)
i=1
where the supremum is taken over all finite partitions 71 = tg <t1 < -+ <tp_1 <ty = To.

For a concise presentation of the global stability condition of rate-independent systems it is convenient to
introduce the following definition of admissible triples: given a compact connected set I' © 72 and a function
W e H'(2\ I';R?), the set A(w, I') of admissible triples is composed of all (@, &, p), with & € BD(2 \ I'),
e e L2\ I';R2%2), and p € My(2\ I';R2%?), which satisfy the weak kinematic admissibility conditions

sym sym
Et=é+p as measuresin 2\, (2.26)
p=(0—10) OvoH' as measures in 92\ I". (2.27)

As for the function w used to prescribe the relaxed Dirichlet boundary condition (2.7), we assume that
w e AC([0,T); H' (2 \ Ko; R2), (2.28)

so that the time derivative ¢ +— i(t) belongs to L'([0,T]; H1(2 \ Ko;R?)) and its spatial symmetric
gradient t ~ FEu(t) belongs to L1([0,T]; L?(2 \ Ko;R2%2)). According to the energetic formulation of

sym

rate-independent processes the function t — (u(t), e(t), p(t), I'(t)), satisfies the following properties

(a) crack irreversibility: the function I': [0,7] — K is increasing, i.e., (2.1) holds;
(b) global stability condition: for every ¢ € [0,T] we have (u(t),e(t),p(t)) € A(w(t), ['(t)) and

/ Qe)de< [ Qe)dw+ H(p— p®)(@\ F) + BH (I (1)) (2.29)
Q\I(t) 72Va

for every I' € K, with I' © I'(t), and every (2, é,p) € A(w(t), I');
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(c) energy-dissipation balance: the function t — e(t) belongs to L>([0,T]; L*(£2;R2x?)) and for every
t € [0, 7] we have

Y (e(t)) dz + Dr(p; 0,) + BH' (I'(t) \ I'(0))

t
— [ Q(e(0))dx + / ( / o(r) : Bi(r) da) dr (2.30)
2 0 T
The last term in (2.30) represents the energy put into the system by the prescribed boundary displacement
in the time interval [0, t]. Note that by Lemma 3.1 condition (b) implies (2.16).

Therefore conditions (a), (b), and (c) include all properties of our model. This leads to the following
definition.

Definition 2.1. Let w € AC([0,T]; H (2 \ Ko;R?)). A quasistatic evolution for the crack growth
problem in elasto-plastic materials (briefly quasistatic evolution) with boundary value w is a function
t = (u(t),e(t),p(t), I'(t), with u(t) € BD(£2,), e(t) € L*(£2;R2:2), p(t) € Mb(flt;Rizj,iL and I'(t) € K for
every t € [0,77], such that (a), (b), and (c) hold.

We are interested in the study of quasistatic evolutions with prescribed initial data (ug, eo, po, I'o), with
I'v € K. By condition (b) (global stability) we must assume that (ug, eg,po) € A(w(0), [v) and

Qleo)dz < [ Q(&)dw+ H(p—po)(R2\ I') + pH(I'\ L), (2.31)
2\ Iy O\l

for every I' € K, with I' D I'y, and for every (a,¢é,p) € A(w(0), f“)

The following existence theorem can be proved as in [7, Theorem 2.5]. Under our hypotheses there are
obvious simplifications due to the constraint (2.8). In particular the approximation result [7, Lemma 4.4]
can be obtained in a straightforward way, without using the crack transfer result [7, Theorem 4.2].

Theorem 2.2. Letw € AC([0,T]; H (22 \ Ko;R?)) and (ug,eq,po) € A(w(0), Iy), with Iy € K. Assume
that (2.31) holds. Then there exists a quasistatic evolution with boundary value w and initial conditions

(u(0),(0),p(0), I'(0)) = (uo, €0, Po, I0)-

For every nondecreasing function «: [0,7] — R we set

alt—) = lir? a(t) for every t € (0,17, (2.32)
T—t—
a(t+) = Tlggra(r) for every t € [0,T) . (2.33)

We also set a(0—) := «(0) and a(T+) := «(T). Let J, be the (at most countable) set of jump points of a.

cont

We can write a@ = o™ + o/“™P where o is continuous and a?“"P is the pure jump component of «,

defined by
o (t) = a(t) —a(t=)+ > lal(r), for every t € [0,T].
TEJq, <t
The following theorem is the main result of the paper.

Theorem 2.3. Let w € AC([0,T]; HY (2 \ Ky)), let t — (u(t),e(t),p(t), ['(t)) be a quasistatic evolution
with boundary value w, according to Definition 2.1, and let

0t) == HY(D(t).

Then (°°™ is constant on the interval [0,T].

The complete proof of this theorem will be given in Section 7. A simplified proof, which illustrates the
main ideas, is presented in Section 5 when K is a segment and K| contains one of the endpoints of K.
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3. The Euler condition and some useful estimates

In this section we establish some properties of quasistatic evolutions which follow from the global stability
property (2.29). Moreover, we prove some estimates that will be crucial in the proof of our main result in
Sections 5 and 7 .

By the structural assumption on K there exists a continuous function v: K\ K — R? such that for every
x € K\ K the vector v(z) is normal to K and has norm 1. It is not restrictive to assume that v(z) = vg ()
for every z € (K \ K) N d£2. Moreover, if t € [0,T] and v € BD(£2,), then the trace of u on 92 \ K, still
denoted by u, is well-defined and belongs to L'(92 \ K;R?), while the traces v and u~ of u from both
sides of I'(t) N 2\ K, given at each point by the limits on half-balls determined by v, are also well-defined
and belong to L*(I'(t) N 2;R?). The jump [u] of u is defined by [u] == ut —u~ Hl-a.e. on I'(t) N 2.

The Euler condition associated to the global stability property (2.29) is stated in the following lemma.
Given a sufficiently regular function ¢ defined on a subset of R?, with values in R?*2, the divergence divy
of ¢ is the vector whose components are the divergence of the rows of . Moreover, for 0 < t; <ty <T we
set F(tl,tg) = F(tg) \ F(tl).

Lemma 3.1. Let I': [0,7] — K be an increasing function, let t1 € [0,T)], let w1 € H(2,;R?), let
(u1,e1,p1) € Alwy, I'(t1)), and let o1 := Cey. Assume that

Qer) dz < (e)da + H(p — p1)({4,) (3.1)
2, 2,

for every (u,e,p) € A(w1,I'(t1)). Then o1(x) € K for a.e. x € (%, and diver = 0 in £2,. Moreover, for

every ty € [t1,T] we have

- / o1 :ndr < H(q) () + H(v] ©®v)dH? —|—/ H(—v®vg)dH" (3.2)
Qtl F(tl,tg)ﬂg F(tl,tg)ﬁag

for every (v,n,q) € A0, I'(t2)).

Proof. Let us fix t € [t1,T] and (v,7,q) € A(0, I'(t2)). For every ¢ € C°({2;,;R2?), integrating by parts

sym

on {2, (see, for instance, [1, formula (3.4)]), and taking into account the traces on I'(t1,t2) we obtain

—/ vdivgodx:/
2 2

This implies that v, regarded as a function defined a.e. in {2, belongs to BD((2, ) and that its symmetrized
gradient coincides with [v] @ vHL I'(t,t2) on I'(ty,ta) N 2. Let § € My(£2,; R2%2) be the measure defined

gpdEv—i—/F ([v}@u):apd%l—/F( (vOvg): pdH".

to to (t1,t2)N 82 t1,t2)NON2

sym
by
4(B) = q(BﬂthQ)—&-/ [v]@yd’Hl_/ VO vy dH!
BNI'(t1,t9)N2 BNI'(t1,t9)NOL2
for every Borel set B C thl. By the previous remark we have Fv = n+¢on {2, and § = —v ©® voH! as

measures on dp {2, , hence (v,7,q) € A(0,I'(t1)), according to (2.26) and (2.27).
Given € > 0 we set u = u; +ev, e = e1 + en, and p = p; + £4. Since (u, e,p) € A(wy, '(t1)), by (3.1) we
obtain

A

; Q(ey) dx — ; Q(er +en)dr < eH(G) ().



Dividing by € and taking the limit as ¢ — 0+ we obtain

- [ ovinde < H@(@) = H@(@0) + [ H(Jonan+ [ HCvova)a
Qtl I'(t1,t2)N2 I'(t1,t2)NoNR

which concludes the proof of (3.2).
In particular, if v € Hg(2;,;R?), n = Ev, and ¢ = 0, we obtain

/ o1 : Evdx >0,

and since the same inequality holds for —v we deduce that dive; = 0 in {2, . Moreover, taking to = t1, v = 0,
n=—£&lp, and g = {1p, with £ € R2X2 and B a Borel subset of {2;,, we obtain

sym

/Balzadxs/BH(Odz,

which, by the arbitrariness of £ and B, gives o1(z) € 0H(0) for a.e. x € (2,, where 0H denotes the
subdifferential of H. Since 0H(0) = K (see, e.g., [25, Corollary 23.5.3]), we obtain that o1(z) € K for
a.e. ¢ € §%,. The proof is thus concluded. [

We now prove an estimate for quasistatic evolutions which is a consequence of the Euler condition and
of the energy-dissipation balance. It will be the starting point in the proof of our main result.

Proposition 3.2. Under the hypotheses of Theorem 2.3 we have

3, te) e Pao s st e < [ ([ (00 —otew): pitr) a)ar
+CK/ [[u(ts) — u(ty)]| dH' + CK/ lu(ts) — u(ty) — w(ts) +w(ty)| dH* (3.3)
I(t1,t2)N02 [(t1,62)N092

for every ty,ts € [0,T], with t1 < ts.
Proof. Let us fix t; and ¢ as required. By the energy-dissipation balance (2.30) we have

, Q(e(t2)) dz + Dr(pit1, t2) + B(L(t2) — £(t1))

- Q(e(tl))dx+/t2</ o(r) : Bui(r) da)dr

‘Qtl t1 T
where Dp(p;t1,t2) is given by (2.25). Hence, using the definition of o and the symmetry of C, we get

t /Q (0(t2) + o (t1)) : (etz) — e(tr)) da + H(p(t2) — p(t1))(£2,) + B(E(t2) — €(t1))

2 Jau,
< /t tz( / o(r) : Bus(r) d)dr. (3.4)

1 T

We now apply Lemma 3.1 with wy = w(t1), uz = u(t1), e1 = e(t1), pr = p(t1), v = u(te) — u(ty) —
w(ta) + w(ty), n = e(ta) — e(t1) — Ew(ta) + Fw(t1), and ¢ = p(t2) — p(t1), and, taking (2.21) into account,

9



we obtain

—/ o(th) (e(tg)—e(tl))dx—l—/ o(th) : (Ew(ts) — Bw(ty)) do
2 2

< H(p(t2) = p(t1))(£,) + Cxc /F(t e [u(t2) — u(ty)]| dH’

+CK/ lu(ta) —u(ty) — w(tz) +w(ty)| dH .
I'(t1,t2)NON
Summing this inequality and (3.4) and using (2.14) we conclude that (3.3) holds. O

In the following theorem we obtain an estimate of the jump of uw across a sufficiently regular curve G in
terms of |Eu| on the complement of G. This will play a crucial role in the proof of our main result.

Theorem 3.3. There exists a constant co > 0 with the following property: for every R > 0 and every C*
function g: [—R,0] — R, with g(0) = ¢’'(0) = 0 and |¢'| < % on [—R,0], the estimate

[l < wlpBr0)\ Gy) (35)
GgﬁBR(O)
holds for every uw € BD(Bgr(0) \ Gq), where G, is the graph of g.

Proof. Let us fix R > 0 and a function g satisfying the hypotheses of the theorem. We set B := Br(0) and
B = {(x1,22) € B:x; <0and +xp > g(x1)} U{(z1,22) € B:2y >0and £z > 0}.

Finally, let A := (0,1R) x (=3R,3R) and A* := {(21,22) € A: x5 > 0} (see Fig. 1).
The first step in the proof is to show that for every u € BD(B™T) we have the estimate

/G et < %/ﬁ (| dz + co| Bul (B, (3.6)
gn

for suitable constants ¢; and c; independent of R and g. By standard approximation properties of BD
functions (see [28, Theorems 3.1 and 3.2]), it is enough to prove the result when u € C°°(B*;R?). For every
z1 € [-R,0] such that (z1,g(x1)) € B we consider the line Ly, = {(y1,92) € R? : yo = g(21) + 3 (y1 — 1)}
Note that for every (y1,y2) € Ly, we have

v <y <0 = (R =)' <gly) <u < (R? =), (3.7)
1 3
0<yp<sR — 0<p< iR (3.8)
Let us fix u € C°°(B;R?) and consider v(y1) == u(y1, g(x1) + 5 (y1 — 1)) - (1, 1), where the dot denotes

the scalar product. Then

V'(y1) = Bu(yy, g(z1) + 5y —21))(1, 3) - (1, 3).

We now fix z1 € (0, £R) and integrating v’ between z1 and z; we obtain

3
" / Y Bu(yr, g(o) + L — 20))(L 1) - (1, 1 ldy |

1



Fig. 1. The geometry used in the proof of (3.6).

hence

lu(z1, g(21)) - (1, 3)| < F2u(z1, g(x1) + 5(21 — 21))]

+
©ls
!
c
oy
<
=
=2
S
-
+
W=

(y1 — 1)) dys -

z]

Integrating between 0 and %R with respect to z; we obtain

R/2
lu(zy, g(a1)) - (1, 3)] < 2410 u(z1, (1) + 321 — 1)) dz
0
R/2
+3 |Bu(yr, g(z1) + 5 (y1 — x1))| dy -
T

Let a < 0 be such that (a,g(a)) € 9B, so that
GyNB={(z1,9(x1)) : a <z <0}

We now integrate the previous inequality with respect to x; between a and 0 and obtain

R/2
/ lu(z1, g(x1)) - (1, )| dy < 2\ﬁ/ / lu(y1, g(z1) + 5 (1 —xl))\dyl)dxl
R/2
+3 / / |Eu(yr, g(z1) + 3(y1 — 1)) dy1)dff1~ (3.9)
Since |¢'| < 1, we have /1 + (¢/)% < \/Tﬁ, hence

0
/3 LBl < @/ fu(er, glan) - (1, 1) day (3.10)
gn a

11



To evaluate the other terms in (3.9) we consider the function @ defined by @(y1, 1) = (y1,g(z1) + 3(y1 —
1)), for which we have the estimate |detV ®(yy,z1)| = |¢'(z1) — 3| > 75, where we used the inequality
lg'| < 1. Therefore

/ao (/03/2 lu(y1, g(x1) + %(yl —x1))| dy1)dm1

0 rRJ2
< 12/ (/ 0By, 20))||detV By, 1)] dy )y < 12/+ | da (3.11)
a 0 A

where in the last inequality we used (3.8). Similarly, using also (3.7), we obtain that

/ao </R/2 |Bu(y, g(z1) + %(yl - a:1))|dy1>dx1 < 12/ |Eu|dzx . (3.12)

1 B+
By (3.9)—(3.12) it follows that there exist two constants ¢, é2 > 0 such that
/ lut - (1, 3)|dH" < ﬂ/ lu| dx + & Eu|(BT).
GygNB R J 4+
Repeating the same arguments with v(y;) = u(y1, g(z1) + 55(y1 — 21)) - (1, 55) we obtain two constants
¢1,Co > 0 such that

v

¢ 3
L lu™ - (1, %)\ dH < E} /A+ |u| dx + & |Eul(BT).
e

From the last two inequalities it follows that

1
[ ufldn < /
24 Ja,nB GyNB

/A+ lul da + (é2 + &) Eul(BY). (3.13)

luf + dud | dH' +/ luf + Lug |dH!
Gy¢nB

< él + 61

- R

Similarly we obtain that

1 8

?/ luf|dH < / luf + dud | dH' + ?/ lu + Hus |dH'
GyNB GyNB GyNB

&+ 28

R
These chains of inequalities imply (3.6).

8
< /T|de+®2+—@HEmu¥j. (3.14)
A+ 7

In the same way we prove that
/ ™| dH! < ‘il/ |u| dz + ea| Bu|(B7),
G4NB R J4-
which, together with (3.6) gives
/ [[u]| dH* < C—l/ |u| dz + c2|Eu|(B \ Gy) . (3.15)
GgNB R J4

By the Poincaré-Wirtinger inequality in BD (see [28, Proposition 2.2 and Remark 1.1 of Chapter IIJ)
there exists a constant ¢ > 0 independent of R such that for every uw € BD(A) there exist a constant w € R
and a vector b € R? such that

/ |u —wJ — b|dz < c3R|Eu|(A),
A

where J(x1,x2) = (22, —21). By applying (3.15) to the function u(z) — wJx — b we obtain
/ ]l dH" < cres|Bul(A) + 2| Eul(B\ Gy) < (c1es + e2)| Bul (B \ Gy),
Gy4NB

where in the last inequality we used the inclusion A C B\ G,. This concludes the proof of (3.5). [
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To apply Theorem 3.3 we need a purely geometric lemma. For every h = 1,...,k and z',22 € K}, let
K (2!, 22) be the arc of K between x! and 2?2, including its endpoints z! and 22. Recall that zy and :E,Ql
are the endpoints of Kj,.

Lemma 3.4.  There exists 09 > 0 such that for every h = 1,...,k the following property holds: if

§ € (0,00) and x',2* € Ky, with |a' — 22| = 6, then either Ky(z',2?) = Kp(z},2?) N Bs(x?) or
Kp(z',2%) = Kp(22,2%) N Bs(x2). Moreover, there exists a suitable orthonormal coordinate system with

origin at ¥, such that Kp(x', %) can be represented as the intersection between the closed ball Bs(0) and the
graph of a C* function g : [—6,0] — R such that g(0) = ¢’(0) = 0 and |¢'| < %.

Proof. All properties considered in the lemma are elementary consequences of the fact that K} is a simple
C! curve for every h=1,..., k. O

Corollary 3.5. Let 69 > 0 be the constant introduced in Lemma 3.4 and let h = 1,... k. If 6 € (0,00),
b 2? € Ky, with |2t — 22| = 6, then

/ [ull dH* < col Eu|(Bs(2?) \ K (2", 2%)) (3.16)
K, (z1,22)
for every u € BD(Bs(x?) \ Kn(x!,2?)), where cy is the constant in Theorem 3.3.

Proof. By Lemma 3.4 we can introduce an orthonormal coordinate system in which we can apply
Theorem 3.3 to the ball Bs(z?), which becomes Bgs(0) in the new coordinate system. This gives (3.16). [

Corollary 3.6. Let §g > 0 be the constant introduced in Lemma 3.4 and let h = 1,...,k be such that
K) Cco.If5 € (0,00), xt,2% € K?, with |[z' — 2%| = §, and Bs(z*) N 02 C K then

/ lu —w|dH* < CO|E(u—w)\(B5(;L’2)ﬂ.Q)—|—CO/ lu — w| dH', (3.17)
Kp(zt,22) B (a?)N(0Q\Kp (z1,22))

for every u € BD(Bs(z?) N 2) and every w € H(Bs(x?) N 2;R?), where cy is the constant in Theorem 3.3.

Proof. Let us fix d, 2!,2? as in the statement of the corollary. Let u € BD(Bs(x?) N ) and let
v : Bs(z?) — R? be defined by v := u — w in Bs(2?) N 2 and v := 0 in Bs(x?) \ 2. It is easy to see
that v € BD(B;(z?)) and [v] = w — u on Bs(2%) N 2. Hence Ev = Eu — Ew in Bs(z?) N 2, Ev = 0 in
Bs(z*)\ 2, and Ev = (w — u) ® voH! on Bs(z?) N 9. By Lemma 3.4 we can introduce an orthonormal
coordinate system in which we can apply Theorem 3.3 to the function v on the ball Bs(x?), which becomes
Bs(0) in the new coordinate system. This gives

[ ! < lBuBs)\ Kt a%),
hlT™,T

which implies (3.17). O
4. Functions with bounded dissipation

In the proof of our main result an important role is played by a time-rescaling of the plastic strain, which
leads to a suitable form of Lipschitz continuity. It is well-known that every function with bounded variation
can be transformed into a Lipschitz continuous function through a time-rescaling. The difficulty in our case is
that the function ¢ — p(t) has not bounded variation in the usual sense, but only satisfies Dr(p;0,T) < +00
for a given nondecreasing function I': [0, 7] — K.
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In this section we investigate the main properties of functions satisfying Dr(p; 0,T) < +oo and prove that
we can obtain the desired time-rescaling also in this case (see Lemma 4.3). We also study the properties of
the derivative of the rescaled version p° of p (see Lemma 4.4), which also play a crucial role in the proof of
our main result.

For every nondecreasing function I': [0,7] — K we set

rt-)=cd(|JI'(r)) for0<t<T, (4.1)
I(t+) = (I(r) for0<t<T, (4.2)

where cl denotes the closure. We also set I'(0—) := I'(0) and I'(T+) := I'(T"). For every t € [0, T] we consider
=0\ T(t—) and £, = 2\ I(t+).

Proposition 4.1.  Let I': [0,T] — K be a nondecreasing function and for every t € [0,T] let p(t) €
Mb(ﬁt;R2X2), Assume that Dp(p;0,T) < +o0, where Dp(p;0,T) is defined in (2.25). Then

sym

(a) for every to € (0,T) there ewist p(to—) € My(2y—; R2X2) such that

Jim [p(t) = p(to )| (@) = lim_[p(t) = plto=)|(24-) = 0 (43)

(b) for every to € [0,T) there exist p(to+) € My(£s4; R2X2) such that

sym

lim_|p(t) — p(to+)|(2) = 0. (4.4)

t—to+

Proof. Let V :[0,7] — R be the nondecreasing function defined by
V(t) :=Dr(p;0,t) for every t e [0,T]. (4.5)
Using the triangle inequality for H it is easy to prove that
Dr(p;ti,te) = V(te) = V(t1) forevery 0<t; <ts <T. (4.6)
Let us fix ¢t € (0,T]. To prove (4.3) we begin by observing that for 0 < t; < to < ¢ty we have

cxlp(tz) = p(t2)] (D) < cxlp(tz) — p(t)|({2,) < H(p(t2) — p(tr))(f2,) < V(t2) = V(t),

where in the last inequality we used (4.6). Since V' (¢) has a finite limit as ¢ — to—, the previous inequality
implies that ¢ — p(t) satisfies the Cauchy condition in My ({2,—;R2%2) as t — to—. Since this space is

sym

complete we obtain the existence of p(to—) € My (§2,—;R2%2) such that the second equality in (4.3) holds.

sym),
The first equality in (4.3) follows from the inclusion (%, C 2,_, which is a consequence of the fact that
I'(to—) C I'(to).

Let us fix now ¢ € [0, 7). The proof of the existence of p(tg+) such that (4.4) holds is more delicate. Let
us fix 7 € (to,T). For tg < t1 <ta <7 we have

cxlp(tz) = p(t)|(82:) < exlp(tz) —p(t1)[(iy) < H(p(t2) = p(ta))(21y) < V(t2) = V(1) (4.7)

where in the last inequality we used (4.6) again. Since V(¢) has a finite limit as ¢ — ¢o+, the previous

A~

inequality implies that the function t — p(t) satisfies the Cauchy condition in M, (§2,;R2X2) as t — to+.

sym

Therefore, for every 7 € (to,T) there exists ¢, € Mb(fZT;REyX%) such that p(t) — ¢, strongly in

N

My(£2;;R2%2) as t — to+. By (4.7) we have

sym

A 1
|p(t2) - qT‘(‘Q‘F) < —
cK

14

(V(t2) = V(tot))- (4.8)



It is easy to see that
Gr, = qr, as measures in {2, for every to <7 < 7o. (4.9)

We now want to prove that for every Borel set B C thOJr the limit

Tlgr; ¢ (BN {2,) (4.10)
exists in R?;WQI We first show that the limit
L= lim p(Ol(2) (4.11)

exists and is finite. To prove this fact we observe that for ty < t; <ty we have [p(ta)|(,) < |[p(t1)|(2,) +
Ip(t2) — p(t1)| () < [p(t1)](2s,) + o L (V(t2) =V (t1)), which shows that the function ¢ — |p(t)[(£2;) — iV(t)
is nonincreasing. Since V' has a finite limit as t — to+ we obtain the existence of a finite limit in (4.11).

For to <t <7 <7, using the triangle inequality and the definition of V, we get [p(t)[(£2-, \ 2r,) =
[p(D)1(2r,) = [p(I(£25,) < [p(8) = p(r)|(£2r,) + p(70)1(2)) = [(72) | (£27) + [p(E) = p(72)| (27,) < L (V (1) —
V() + [p(r)(£2r) — p(72)|(2r,) + i(V(TQ) — V(t)), where in the last inequality we used (4.6). Let us fix
€ > 0. By (4.11) and by the finiteness of V(to+) there exists ¢ > 0 such that if tp <t <7 <71 <to+ 9 we
have V(m) — V(t) < cxe, V() = V(t) < exe, and ||p(m1)|(24,) — |p(72)|(2,,)| < €. Therefore the estimate
of [p(6) (£, \ 2ry) sives

I(O|(2r, \ 2,) <3 fortg<t<m <1 <to+0
Passing to the limit as t — {9+ in the previous inequality we obtain
g (2, \ 20,) < 3c fortg<7<m < <to+9. (4.12)

We are now ready to prove the existence of the limit in (4.10). Let us fix a Borel set B C th0+. For
to <7 <7 <7 <tg+d, by (4.9), we have |¢r, (BN 2r) — ¢y (BN 27| = |g- (BN 2ry) — ¢ (BN 2] <
-1 (2, \ 2-,) < 3¢, where in the last inequality we used (4.12). This shows that 7 +— ¢, (B N §2;) satisfies
the Cauchy condition as 7 — to+ and concludes the proof of the existence of the limit (4.10).

For every Borel set B C {1 we define p(to+)(B) as the limit in (4.10). By the Vitali-Hahn-Saks
Theorem (see [12, IT1.7.2-4]) the set function p(¢9p+) belongs to Mb(QtOJr,RSan%) It remains to prove (4.4).
To this aim we fix t > t¢ and show that

p(to+)(B) = q:(B) for every Borel set B C {2, . (4.13)

Indeed, p(to+)(B) is the limit of ¢, (B N ;) as 7 — to+. If B C {2, we have BN {2, = B for ty < 7 < t,
hence ¢, (B N 2;) = ¢;(B) = ¢(B), here in the last equality we used (4.9). This proves (4.13), which

implies that [p(t) — p(to+)|(2 ) Ip(t) — q:|(£2,). By (4.8) applied with t, = 7 = t, the previous equality
gives |p(t) — p(to+)|(£2) < ( (t) — V(to+)), which yields (4.4), taking into account the definition of
V(to+). O

The following lemma shows the relation between p(t) — p(t£) and V(t) — V(t£).

Lemma 4.2. Let I': [0,T] — K be an increasing function and for every t € [0,T] let p(t) € My(2s; RZx2).
Assume that Dr(p;0,T) < +00. Let V(t£) be defined as in (2.32) and (2.33), with V(t) given by (4.5), and
let p(t+) be defined as in Proposition 4.1. Then

V(t)—V(t—)=H(pt) —p(tf))(.@t) for every t € (0,T], (4.14)
Vit+) = V()= H(p(t+) — p(t))(f)t+) for everyt € 0,T). (4.15)
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Proof. We begin by proving (4.14). Let us fix ¢y € (0,T]. For every € > 0 there exist ¢; < to such that for
every t; <t <tg we have V(tg—) —e < V(t) < V(tp), hence

V(to) = V(to—) +e > V(to) = V(t) = H(p(to) — p(t)) (),

where in the last inequality we used (4.6). By (4.3), passing to the limit as t — to— we obtain V (tg) —
V(to—) +e> H(p(to) — p(to—))({2,), and by the arbitrariness of & we conclude that

V(to) = V(to—) = H(p(to) — p(to—)) (L) - (4.16)
We now want to prove that
V(to) = V(to—) < H(p(to) — plto—))($2s) - (4.17)

Let us fix € > 0. By (4.3) and by the definition of V(ty—) there exists t; < to such that, if t; <t < tg, then

Vito—) —e < V() < V(to—) and |p(t) — plto—)|(Qs) < OLKE. (4.18)

Hence V(tg) — V(to—) < V(to) — V(t) = Dr(p;t,to) for every t; < t < ty, where in the equality we used
(4.6). From the definition of Dr(p;t,t) it follows that there exists a partition t = 79 <71 < -+ < Ty, = to
such that

V(to) = V(to—) —e < Dr(pit,to) — < ZH(P(E) *P(Ti—l))(ﬁn)

= 3 Hp(r) ~ plri ) @r) + Hplts) — plrm 1)) ()

P

<V (Tm-1) = V(t1) + H(p(to) — plto—))({29) + H(p(to—) — p(Tim—1))($24,) -

Since by (2.21) and (4.18) we have V(7,,—1) — V(t1) < € and H(p(Tim-1) —p(to—))(thO) < &, the previous
inequalities imply that
V(to) = V(to—) < H(p(to) — p(to—))({2,) + 3e.

By the arbitrariness of ¢ we obtain (4.17), which together with (4.16) gives (4.14).
To prove (4.15) we proceed analogously. Let us fix tg € [0,T). First of all for every e > 0 there exist
to > to such that for every to <t < t5 we have V(tg+) +e > V() > V(tp), hence

V(to+) = V(to) +& > V(t) — V(to) > H(p(t) — plto))({2)
> —H(p(to+) — p(t))(£) + H(p(to+) — p(to))({21)
H

By (4.4), passing to the limit as t — to+ we obtain V(to+) — V(to) + & > H(p(to+) — p(to))(ﬁto+), and by

the arbitrariness of € we conclude that
V(to+) — V(to) > H(p(to+) — p(to)) (1o ) - (4.19)
It remains to prove that
V(to+) — V(to) < H(p(to+) — p(to)) (s ) - (4.20)
Let us fix € > 0. By (4.4) and by the definition of V' (tg+) there exists t2 > to such that, if tg < t < to, then

Vtet) < V(t) < V(tot) +2 and [p(t) — plto+)|(D) < OiKg. (4.21)
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Hence V(to+) — V(to) < V(t) — V(to) = Dr(p;to,t) for every to < t < ta, where in the equality we used
(4.6). From the definition of Dr(p;to,t) it follows that there exists a partition to =79 <71 < -+ < Tppy = ¢
such that

V(to+) — V(to) — € < Dr(pito,t) —e < > _ H(p(ri) — p(ri1))({2r,)

= H(p(r1) — p(to))(2r,) + Z H(p(r;) — p(ri1))(£2,,)

< H(p(to+) — p(to))(2r) + H(p(11) — p(to+))(2ry) + V(t2) — V(71).

By (2.21) and (4.21) we have V (ta) — V(71) < € and H(p(m1) — p(to+))(£2-,) < . Since by monotonicity we
have also H(p(to+) — p(to))(2,,) < H(p(to+) — p(t ))(f) +), the previous chain of inequalities implies that

V(to+) — V(to) < H(p(to+) — p(to))(se+) + 3¢
By the arbitrariness of € we obtain (4.20), which together with (4.19) gives (4.15). O

In the remaining part of this section we construct a time-rescaled version of the plastic strain p(¢) and of
the crack I'(t). We shall prove a Lipschitz property for the rescaled plastic strain which will provide some
estimates involving time derivatives. As mentioned in the Introduction, these estimates will be crucial in the
proof of the main result.

Under the assumptions of Lemma 4.2 let V' : [0,T] — [0, +00) be the nondecreasing function defined by
(4.5) and let p : [0,T] — [0,400) be the increasing function defined by

pt) =V (t)+t. (4.22)

Since p(t+) = V(t£) + ¢, from Lemma 4.2 we obtain
p(t) = p(t=) = V() = V(t=) = H(p(t) - p(t-))($2%), (4.23)
p(t+) = plt) = V(t+) = V(t) = H(p(t+) — p(t)) (1), (4.24)

for every t € [0,T]. Let Jy C [0,T] be the finite or countable set of discontinuity points of ¢ — V (¢), hence
of t — p(t). Since p is increasing we can write [0, p(T')] as the disjoint union

[0.p(T)] = p([0, TN U | [p(t=). p(t) U | (o(t), p(t+)]- (4.25)

teJy teJy

For every r € p([0,T]) there exists a unique ¢t € [0,T] such that p(t) = r. We define

re(r)="r(t), 2°2:=0\I°r) =10, and p°(r):=p(t). (4.26)

sym

It is clear that we have p°(r) € M,(£22; R2X2).
For every r € [p(t—), p(t)), with ¢t € Jy, we set

re(r):=r() and 2°:=0\TI°r) =1, (4.27)
and we define p°(r) € My (£22;R2X2) by
ol r—p(t-)
p°(r) =p(t—) + m(p(t) —p(t=)). (4.28)



For every r € (p(t), p(t+)], with ¢ € Jy, we set

re(r)=TI(t+) and 2°:=02\I°0r) =02, (4.29)
and we define p°(r) € M, (£2°; R2x%) by
o) = p(0) + — D a4 — p(e) (430)

p(t+) — p(t)

The following lemma proves the Lipschitz continuity of p°, which will be used in the proof of our main
result.

Lemma 4.3. Let I': [0,T] — K be an increasing function and for every t € [0,T] let p(t) € My(£2;;R2%2).

sym
Assume that Dr(p;0,T) < +oo and let p,I'°,p° be defined by (4.22) and (4.26)—(4.30). Then for every
t €[0,T] we have

I'(t) =I°(p(t)) and p(t) =p°(p(t)). (4.31)
Moreover

cx|p®(r2) — p°(r1)|(£22,) < H(p®(r2) — p°(r1))(£25,) < 2 — 71, (4.32)

for every ri,m9 € [0, p(T)] with r1 < ra.

Proof. Formula (4.31) follows from (4.26).
To prove (4.32) let us fix 71,72 € [0, p(T)], with r; < ro. We consider the following cases:
(a) r1,72 € p([0,T]),
(b) 71,72 € [p(t=), p(t+)], with ¢t € Jy,
(c) r1 € p([0,T]) and 79 € [p(t—), p(t+)], with ¢t € Jy,
(d) r1 € [p(t—), p(t+)], with t € Jy, and ro € p([0,T]),
(e) r1 € [p(t1—), p(t1+)] and ro € [p(ta—), p(ta+)], with t1,t3 € Jy and t1 < to.

Case (a). Let t1,to € [0,T] be such that p(t;) = r1 and p(t2) = ro. Since p is increasing we have t; < to.
By (4.26) we have H(p°(ra) — p°(r))(£2,) = H(p(tz) — p(t1))(2) < Dr(pitists) = V(t2) = V() <
p(t2) — p(t1) = ro — 1. This concludes the proof of (4.32) in this case.

Case (b). Assume first that r1, 7o € [p(t—), p(t)]. We claim that in this case

H(p®(ra) = p°(r1))($25,) =12 — 71 (4.33)
First of all we observe that, since r1 < 79, it has to be p(t—) < p(t). Therefore (4.27) and (4.28) give
(p(t) — p(t—)) as measures in §2,

p°(ra) —p°(r1) =

where we used also (4.26) for the case ro = p(t). Since H is positively homogeneous of degree one, we have

H(p®(r2) = p°(r1))({27,) = WH@(U —p(t=))({2)
TR Ul — e

where we used also (4.23).
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Assume now that ri, 79 € [p(t), p(t+)]. We claim that (4.33) holds also in this case. Arguing as in the
previous step, by (4.29) and (4.30) we obtain

T2 —T1 ;

H(p°(r2) —PO(Tl))(Diz) = MH@(H’) —p(t)) ()
= 7{0“_’_) "y (V(t+) =V () =ry—r1,

where we used also (4.24).

Assume finally that p(t—) <r1 < p(t) < ro < p(t+) and let r := p(¢). Then (4.33) holds for r1, r and for
7, 5. Therefore, using the triangle inequality, we obtain H (p°(rq) —p°(r1))(£2° L) < H(p°(re) —p°(r ))(fZO )+
HpP(r) — p° () (22,) < H(p* (1) — p° (0)(@25,) + H(pP(r) — p*(r1))(22) = 12 — 1+ 7 — 1y =5 — 7. This
concludes the proof of (4.32) in case (b).

Case (c). Since 7 € p([0,T]) there exists t; < ¢ such that m = p(t1) < ra. If 1 = t we have
r1 = p(t) < r2 < p(t+) and we are in case (b), for which (4.32) is already proved. Therefore it is enough to
consider the case t; < t.

Assume first that ro = p(t—). If p(t—) = p(t), then we are in case (a) for which (4.32) is already proved.
If, instead, p(t—) < p(t), by (4.27) and (4.28) we have fZ, = 2, and p°(r3) = p(t—). Therefore

H(p®(r2) = p°(r1))(927,) = H(p(t=) = p(t1))({2) . (4.34)

Using (4.3) we obtain

H(p(t—) — p(t1))(2)=lim H(p() — p(t))(2) SV (t—) = V(t1) < p(t—) — p(t1) =72 — 71,

T—t—

and by (4.34) we conclude that (4.32) holds in the special case ro = p(t—).

Assume now that ro € (p(t—), p(t+)]. We set r := p(t—) and observe that (4.32) holds for r; and
r by the previous step and for r and ro by case (b). Therefore, using the triangle inequality, we obtain
H(p"(ra) — p°(r))(25,) < Hp°(ra) — p (0)(22,) + Hp7() = p°(r1))(25,) < Hpo(r) — p° (1)({22,) +
H(p°(r) —p°(r1))(22) < rg —r +r —ry = ry — 11, which concludes the proof of (4.32) in case (c).

The proof in case (d) is similar to the proof in case (c), replacing p(t—) by p(t+). Finally, case (e) can
be treated by interposing r € p([0,T]) and using the triangle inequality and the estimates obtained in cases
(c) and (d). O

We now show that p° has a time derivative a.e. in [0, p(T)] in the sense of weak* convergence and that
the increment of p° can be controlled using the integral of this time derivative.

Lemma 4.4. Under the assumptions of Lemma 4.3 for a.e. v € [0, p(T)] there exists p° (1) € My(£22; R2x2)

sym
with L
°(r)](127) < —, (4.35)
CK
such that o(r) — p°(r — )
r)— r— .0 * . o.
b ]Z —p°(r)  weakly® in My(£2° sR2x2) as h — 0+. (4.36)
Moreover for every open set U C R2, the function r — |p°(r)|(2° N U) is measurable and
p°(r2) —p°(r)[(827, NU) < / p° (|27 N U) dr (4.37)

r1
for every ri,7m9 € [0, p(T)], with 1 < ra.
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Proof. The existence of p°(r) € Mb(ﬁi;Rinn%) which satisfies (4.36) is proved in [7, Theorem 7.1].
Inequality (4.35) follows from (4.32).

Let us fix an open set U C R2. To prove the measurability of the function r — |p°(r)|(£22 N U), for every
re0,p(T)], p € C?(f);?,Rf;,i), and p € Mb(ﬁﬁ;Rfyxﬁb) we define

(0, 1) 2o :=/ ¢ dp.
fols

For every ¢ € CO(2;R2X2) we set

sym

1y = sup{r € [0, p(T)] : supp(p) N I'°(r) = 0},

and we observe that supp(p) N I'°(r) = 0, and hence ¢ € CO(2°;R2X2), whenever 7 € [0,7,). Since

sym

Dr(p;0,T) < +oo, for every ¢ € C°(£2;R2%2) the functions 7 (p.p°(r)) g and r = (@, p°(r —h)) oo have

sym

bounded variation on [h, 7, — h] for every h € (0,r,/2). Therefore, using (4.36) we obtain that the function
T (@,po(r»m is measurable on [0, 7). (4.38)
It is well-known that for every r € [0, p(T')] we have

5°(rI(2; N U) = sup (0, 0°(r) pe>

= 2x2
eCO(ZRE)

lelloo <1, rp>r, supppCU
and that there exists a countable set D C {¢ € C°(£2; Rg;n%) Slelleo < 1, suppy C U} with the following
2X2

som)> With [[¢llee < 1, there exists a sequence of functions ¢, € D such that

property: for every ¢ € C°(£2;R
©n — ¢ uniformly on 2 and suppy,, C suppy, which gives T, = Tp. Therefore

B2 NU) = sup (2,5°(r)) o
pED, rp>r
The measurability of 7+ |p°(r)|(22 N U) follows from this equality and from (4.38).
To prove (4.37) we fix r1,72 € [0,p(T)], with r1 < ro, and ¢ € CS(Q%;R%X,?L) with [|¢]lec < 1 and
suppy C U. Since the function r — (¢, p° (7"))922 is Lipschitz continuous on [0, r2] by (4.32) and its derivative
equals (4,0,;6"(7‘))@32 for a.e. r € [0, 5] by (4.36), using the Fundamental Theorem of Calculus for absolutely

continuous functions we obtain

(0,0°(r2)) po

T2

(0", = [ o0

T1

hence o

o) 1) < [ PN, N0V < [0l ) dn

1 1

Taking the supremum over all ¢ € C9(£2° ;R2%2) with [|¢||e < 1 and suppy C U we obtain (4.37). O

Tro ) TEsym =
5. The case of rectilinear cracks

This section is devoted to the proof of Theorem 2.3 in the special case in which the sets Ky and K in
(2.8) are segments. More precisely, we assume that

K is a closed segment of endpoints ', 2% € 92, (5.1)

Ky is a closed segment containing ' and contained in K. (5.2)
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Moreover, we assume that

the interior points of K are contained in {2,

2\ K is the union of two open sets with Lipschitz boundary.

By (2.8) and (5.2) we have
zt € I'(t) for every t € [0,T). (5.5)
Since I'(¢) is connected and contained in K, this implies that for every ¢ there exists a unique point z(t) € K

such that
I'(t) is the segment of endpoints z* and x(t). (5.6)

Let

a:=sup{t € [0,T]:z(t) =2'} =sup{t € [0,T]: ['(t) = {z'}},
b:=inf{t € [0,7]: x(t) = 2*} = inf{t € [0,T]: I'(t) = K},

with the usual convention sup ) = 0 and inf ) = T'. Tt follows from the definition that a < b and that £(t) =0
for t € [0,a), 0 < £(t) < L := H'(K) for t € (a,b), and £(t) = L for t € (b, T).

To prove Theorem 2.3 it is enough to show that £°°™ is constant on (a, b), assuming a < b. To this aim
we want to estimate the length increment for all pairs of consecutive points of a sufficiently fine subdivision
of (a,b). By Proposition 3.2 for every t,ts € [0,T], with ¢t; < t2, we have

Ae \e(tQ)—e(t1)|2dx+6(€(t2)—€(t1))S/Q(/ (0(r) — o(t)) : () ) dr

2 ‘QtQ 3] T

+CK/ [[u(ty) — u(ty)]| dH?, (5.7)
I(t1,t2)

where now I'(t1,t2) is the segment with endpoints x(¢1) (not included) and x(t2) (included).

In the next proposition we will improve this estimate by replacing its last term with terms depending on
the increment of the plastic strain p. To this aim it is convenient to introduce B(t1,12), the set obtained by
removing I'(t1,t2) from the open ball centred at z(t2) and whose boundary contains x(¢;). In other words,
setting £(t1,t2) = £(t2) — £(t1), we have that

B(t1,t2) = By, 1) (2(t2)) \ I'(t1,t2),
if £(t1,t2) > 0, and B(t1,t2) :== 0 if £(t1,t2) = 0.

Proposition 5.1. Let w € AC([0,T); H (2 \ Ko;R?)), let t — (u(t),e(t),p(t), ['(t)) be a quasistatic
evolution with boundary value w, according to Definition 2.1, and let n > 0 be such that
mcgCin _ B

o <3 (5.8)

where ¢g > 0 is the constant in Theorem 3.3. Assume (5.1)—(5.4). Then

A 2 B
X, e S -1
< /t12 (/T(U(T) —a(t1)) : Ew(r) da:)dT +coCie|p(t2) — p(t1)[(B(t1,12)) (59)

for every t1,ta € [0,T] such that t1 < to, L(te) — £(t1) <1, and B(t1,t2) C (2,.
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Proof. Let t1,ts € [0,7] be as in the statement of the proposition. Since K is a segment, by Theorem 3.3,
which is much easier in this case, we obtain

[t~ )l ant < colButta) - Bu(en)|(Ber, ).
I(ty,t2)
Therefore (2.6) and Young’s inequality give

/ ultz) — u(t))] dH* < co / le(ta) — e(tr)] da + colp(ta) — p(t) | (B(tr, t2))
I'(ty,t2) B(t1,t2)
2Ok

< e (£(t2) — £(t1))* + :%CK /B(t17t2)|€(t2) — e(t1)[*dz + colp(ta) — p(t1)|(B(t1, t2)) .

Hence (5.7) can be written as

2 [ letta) — e(t) P + Be(t2) — £(01))
o9
r2 B . Ei ) dr WC%CH% _ 2
< [ ([ ot ot s Bo) dr)ar + TS E ) 1)
$28 [ Jefta) — eft) P + coCilp(ta) — plt)] (Bt 12)).
B(t17t2)

and taking (5.8) into account we obtain (5.9). O

Proof of Theorem 2.3 under hypotheses (5.1)—(5.5). Let n > 0 be such that (5.8) holds. Estimate
(5.9) implies that

2 (6t1) — () < / ( / (o(7) = o(t) + Bu(r) ) i
+coCk|p(t2) — p(t1)|(B(t1,t2)) (5.10)

whenever £(ta) — £(t1) < n and B(t1,t2) C f,. Since the inclusion B(t,t2) C §2 does not necessarily hold

for any pair t1,t5 € (a,b) with £(t3) — £(t;) < 1, in order to apply (5.10) we replace a and b by sequences a’

and b° defined by

a’ = inf{t € [a,b] : z(t) ¢ Bs(z")},
b = sup{t € [a,D] : x(t) ¢ Bs(z?)},

with the convention that inf () = b and sup () = a. Since
a®—>a and b —b asd— 0+,

in order to prove the theorem it is enough to show that £°°™* is constant on (a%,b°) for § > 0 small enough.
Since the interior points of the segment K belong to (2, for every d > 0 there exists ps > 0 such that

dist(z(t),002) > ps for every t € [a®,1°].

Let us fix § > 0 such that a < a® < b® <b, and 7 € (0, %) such that (5.8) is satisfied. Then (5.10) holds
for every t1,ty € [a®,b°] with t; < to and £(t2) — £(t1) < 7.

Given ¢ € (0,n), let a® = 79 < 71 < --- < 7, = b° be such that [¢](t) < e for every t €
[@®, 6]\ {70, 71,...,Tn}. Let us fix § > 0 such that 50 < 7; — 7;_1 for j = 1,...,n. By [8, Lemma 4.8],
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applied to the intervals [7;_1 + 6, 7; — 0], there exists ¢ € (0,6) such that if t1, to € [17;_1 + 0, 7; — 6] for some
j=1,...,nand 0 < ty —t; < (, then £(t3) — £(t1) < € < n and therefore

B(tl,tg) C BE(ZE(tQ)) n .Qt2 . (511)
Since a Lebesgue integral can be approximated by suitable Riemann sums (see, for instance, [8, Proposi-
tion 4.10]) there exists a subdivision ad =tg <ty <--- <ty =00 witht;—t;_1 < (foreveryi=1,...,m,
such that m oo
Z/ (/ (o(7) — ot;_1)) : Bui(r) dm)dT <e. (5.12)
i=1Yti—1 T

For j =0,...,n — 1 there exists m; € {1,...,m} such that 7; + 26 <tp; <7;+30,and for j=1,...,n
there exists n; € {1,...,m} such that 7; —260 < tn; < 7;—0. Note that, since 56 < 7; —7;_1 for j =1,...,n,
we have mg <n; <m3 < -+ <np_1 < My_1 < ny. By (5.10) it follows that

gcont(Tj _ 29) _ gcont(,rj_l + 30) < gcont(tnj) _ gwnt(tmj,l) < E(tnj) _ g(tmj,l)

< Y -3 S [ ([ e =otti): Bit)de)r
2O ST ) = plti)I(Bt1,t). (5.13)

The last term in (5.13) can be estimated using the change of variables introduced in (4.26)—(4.30). By
(4.26) and (5.6) for every r € [0, p(T)] there exists z°(r) € K such that I'°(r) is the segment of endpoints
x! and 2°(r). Moreover z(t) = z°(p(t)) for every t € [0,T]. For every r € [0, p(T)] let £°(r) := HY(I°(r)),
so that £(t) = £°(p(t)) for every ¢ € [0,T]. By Lemma 4.4, taking into account (4.31) and (5.11), we obtain

Ip(ti) — p(ti—1)|(B(ti—1,t:)) < |p(t:) — p(ti—1)|(Be(z(t:)) N $2t;)

N p(ts) .
= p°(p(t:)) — p°(p(tica )| (Be(z(t:) N £25,)) < /(t : P°(r)|(Be((t:)) N £27)dr . (5.14)
p(ti—1
If mj—1 S 7 S n; and p(ti—l) S T S p(tz) then we have E(ti_l) = éo(p(ti_l)) S KO(T) S fo(p(tz)) = f(t,)
Since £(t;) — £(ti—1) < e we obtain |z(t;) —z°(r)| = £(t;) — £°(r) < &, which implies that B.(z(t;)) C
B (2°(r)). Hence (5.14) gives
" p(75) R
> Ip(t) = p(ti-)|(Bltima, 1)) < / [P° (r)|(Bae (2°(r)) N 427) dr, (5.15)
iy p(Tj-1)
which, together with (5.13), implies
) g t;
£y )~ 30 <2 / ( / (0(r) — o{tim1))  Euo(r) de)
i=m. ti—1 W2
1_mJ,1
2¢0C p(75) . .
+ 20K 15° ()| (Bae (2°(r)) 0 22) dr-. (5.16)

B p(T5-1)

We note that Bo.(z°(r)) N 022 — 0 as € — 0+, since 2°(r) € I'°(r). Therefore by Lemma 4.4 we can
apply the Dominated Convergence Theorem and we obtain

p(5%) X
/ [p°(r)|(B=(2°(r)) N 02°)dr -0 ase—0+.
p(ad)
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Therefore there exists a continuous function w: [0, 4+00) — [0, +00) with w(0) = 0 such that

p(b%) .
/ 15° ()| (Bo(2° (1)) 0 ) dr < w(e). (5.17)

(a®)

Summing (5.16) over j we get

> (@ (5 — 20) — €™ (51 + 36))

Jj=1
S ;;/tll (/ (o(1) —o(ti=1)) : Bw(r) d:c)dT
(®°) R
W L OB ) N B < Se 20 ue),

where in the last inequality we used (5.12) and (5.17). Taking the limit as § — 0+, from the continuity of
7 we obtain €07 (b%) — £°™(a®) < Ze + %w(%), and as € — 0+ we obtain £°°"¢(b%) < (eomt(gf).
Since £°°™ is nondecreasing, this inequality implies £ (t) = £°°"(a?) for every t € [a%,b%]. This concludes

the proof of Theorem 2.3 under assumption (5.1)—(5.5). O

6. Preparation of the proof in the general case

In this section we prepare the proof of Theorem 2.3 in the general case where the set K has several
branches. To this aim we introduce some technical tools that will allow us to deal with this more complex
structure. In particular, for every h € {1,...,k} we have to consider separately the time intervals in which
HYT#)NK) =0,0<HNT(t)NKy) < HYKR), or HY(I(#) N Ky) = HY(K}p). The main result obtained
at the end of this section is an estimate which adapts Proposition 5.1 to the case of a general K.

Let I': [0,T] — K be an increasing function. To simplify the exposition we may assume that for every
t € [0,T], with I'(t) # 0,

there exists no h € {1,...,k} such that I'(t) C KJ,, (6.1)

where KJ is defined in (2.10). Indeed, if there exists ho € {1,..., k} such that § # I'(to) C Kj, for some
to € [0,T], we consider the intersection I" of all nonempty sets I'(¢) with ¢t € [0,T], we select a point & € I,
and we replace K by KU{&} and K}y, by the two connected components of K, \ {#}. In this way we obtain
a new decomposition (2.9) that satisfies (6.1) and we can prove Theorem 2.3 using this decomposition.

For every t € [0,T] and every h = 1,...,k we define

() =HY T ()N KY). (6.2)
Moreover, we set Ly, :== H'(K}) and

ap, == sup{t € [0,T] : £,(t) =0}, (6.3)
by, = inf{t € [0, T] : fh(t) = Lh}7

with the usual convention sup() = 0 and inf® = T'. It follows from the definition that a; < b, and that
Lp(t) = 0 for t € [0,an), 0 < €p(t) < Ly for t € (an,br), and £,(t) = Ly, for t € (b, T]. This justifies
the following terminology: the branch K at time ¢ is void if t € [0,ay), active if ¢ € [ap,bs), and full if
t € (bp,T).
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Let ,: [0, L] — R? be the arc-length parametrization of the curve Kj, with v4(0) = z, and v,(Lp) =
x7. Since I'(t) is connected and satisfies (6.1), if a, < by, there exist two functions s}, s2: [an, by — [0, L],
with S}L nondecreasing and si nonincreasing, such that

r(t) N Ky = (0, s, (1)) Urn([s7(1), Ln)) (6.5)

for every t € [ap, by]. Then 0 < £, (t) = s1(t) + Ly, — s2(t) < Ly, for every t € (ap, by).

To prove Theorem 2.3 we need a proposition similar to Proposition 5.1 to estimate the jump term and
the boundary term in (3.3). Since now the set K has many branches, we introduce a notation to indicate
which branches are void, active, or full at time ¢. For every t € [0,7T] we consider the sets of indices I (1),
I(t), and I(t) defined by

It)={he{l,...,k}:t€[0,an)}, (6.6)
I(t) ={h e {1,...,k} : t € [ap, bn]}, 6.7
Ity ={he{l1,... .k} : t € (by,T]}.

To estimate the integrals on I'(t1,t2) in (3.3) we fix t1,t3 € [0, T], with ¢; < t2, and we prove the estimate
assuming in addition that

I(ty) = I(t), I(t1) = I(ty), and I(t1) = I(ts). (6.9)
In particular, this implies that I'(t1,t2) N K} = 0 unless h € I(t;) = I(t2). We also observe that the
assumption h € I(t1) = I(t2) implies the inequalities ap < t; < t3 < by, hence S}L and 8,21 are well-defined.
Moreover, we assume that there exists
€ (0,d), (6.10)

where Jg is the constant introduced in Lemma 3.4, with the following properties:
if h € I(t1) = I(t2) and s} (t2) > 0, then

st (ta) — sh(t1) <7, (6.11)
Baoy(a(sp,(t2))) N (02 \ Kp) =0, (6.12)
Bay (v (s}, (t2))) N K = 0, (6.13)
Bay (v (s3,(2))) N I'(t2) = Bay (v (s (2))) N ([0, 53, (2)]) (6.14)
if h € I(t1) = I(t2) and s (t2) < Ly, then
sh(t1) = si(ta) <1, (6.15)
Bay(mm(sh(t2))) N (02 \ K3) =0, (6.16)
Bay (v (s7 (t2))) N K = 0, (6.17)
Bay (v (sh(t2))) N T(t2) = Bay(ya(s7 (t2))) N ([sh(t2), Ln)) (6.18)

Note that, if s} (t;) = 0, we would have v, (s} (t,)) = 1 € K C Kj, hence the inequality s} (2) > 0, together
with (6.11) and (6.13), implies that
s3(t1) > 0. (6.19)

Similarly the inequality s7 (t2) < Ly, together with (6.15) and (6.17), implies that
s2(t1) < Ly . (6.20)

For future use we observe that, if (6.12)—(6.14) and (6.16)—(6.18) hold for some 1 > 0, then they also hold
for all smaller values of 7.
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For every h € I(t1) = I(t2) we define

By (6.9), we have

k
tl,tQ ~ UFtl,tg ﬂKhl" U F(tl,tg)mKh

h=1 hel(ty)
U K}L (ti,t2) U | Ki(ti,ta), (6.23)
eIt hel(ty)

where ~ means equality up to an Hl—negligible set.
Therefore, if u(t1) € BD(f2,) and u(t2) € BD(f,) we have

/ [u(ts) — u(t)] dH" = / [u(ta) — u(ty)]] dH?
T(tq,t2)NN Ki(tl,tz)ﬂﬂ

hel(ts)
,lz(tz)>0
. / fu(ta) — u(ty)]| dH". (6.24)
J€l(t2) t17t2)”9
(t2)<Lh

If in addition w(t;),w(te) € HY(2\ Ko; R?) we also have

/ lu(ts) — u(ty) — w(ts) + w(ty)| dH?
I'(t1,t2)NON

-y /K ) t)mm|u(t2)—u(tl)—w(tg)—&-w(tl)\d?{l (6.25)

heI(ty)
S}L(t2)>o

+ ) / lu(ts) — u(ty) — w(ts) + w(ty)| dH' .
hel(ty) * K7 (t1t2)N0%2
si(t2)<Lh

If h € I(t;) = I(t2), let BM1(t1,t2) be the intersection with {2 of the set obtained by removing K} (t1,t2)
from the open ball centred at vj(s:(t2)) and whose boundary contains v, (s#(¢1)). In symbols, setting
ri(t1,t2) = |n(s), (t2)) =y (sh(t1))] < s}, (t2) — 53, (f1), we have that

B"!(ty,t5) = B ol (21, 1) (Y (53 (82))) N 2\ K (1, t2) (6.26)
and B"1(t1,t5) == 0 if v} (t1,t2) = 0. Similarly, we define
B"(ty,t2) = B2 4, 1) (v (57, (22))) N 2\ Kji(t1,12) | (6.27)

where 72 (t1,t2) = [ya (52 (t2)) — Y (s2 (t1))]| < s2(t1) — s2(t2), and BM2(t1,to) = 0 if 72 (t1,t2) = 0.
The following proposition improves the estimate obtained in Proposition 3.2. More precisely, it replaces
the last two terms in (3.3) by terms depending on the increment of the plastic strain p.

Proposition 6.1. Let w € AC([0,T]; H (2 \ Ko;R?)) and let t — (u(t),e(t),p(t), ['(t)) be a quasistatic
evolution with boundary value w, according to Definition 2.1. Assume that (6.1) holds for every t € [0,T],
with I'(t) # 0. Let t1,t2 € [0,T], with t; < to. Assume that (6.9)—(6.18) are satisfied and that

ncdCen < B
Ac 27
26
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where ¢y > 0 is the constant in Theorem 3.3. Then

% . |e(t2)—e(t1)|2+’g(f(tg)—ﬁ(tl))S/tj(/T(U(T)—U(tl)):Eu’)(T)dx)dT
+eoCk Y |Ew(ty) — Ew(t,)| dz (6.29)

hel(ty) ” B! (t1,t2)UBM2 (21, t9)

+v2¢0Ck Z p(t2) — p(t1)|(B™! (81, 82) U B"?(t1, t2)) .
hel(t)

Proof. If I(t;) = I(t2) = 0, then the remark after (6.9) implies that I'(¢1,t2) ~ @ and the conclusion
follows from Proposition 3.2.

If I(t1) = I(t2) # 0 we fix h € I(t;) = I(t2). We observe that 7)) (t1,t2) < n < do for A = 1,2, by (6.11),
(6.15), and (6.10). If K? C 2 we can apply Corollary 3.5 with 21 = v, (s (t1)) and 22 = v, (s7 (t2)), and we
obtain

/Km " [u(tz) — u(t))]] dH" < co| Bul(ts) — Bu(ty)|(B"(t1,t2))

< ¢ / le(ta) — e(tr)] d + colp(ts) — ()| (B (11, £2))
BhiA(ty,t3)

where in the last inequality we used (2.6). Note that we also used the inclusion B™*(t1,t2) C §2;,, which
follows from Lemma 3.4 and (6.12)—(6.14) and (6.16)—(6.18).

If K C 90 we can apply Corollary 3.6 with 21 = 4, (s (t1)) and z3 = y4(s) (t2)), and, using again (2.6)
we obtain

/ u(ts) — u(tr) — w(ts) + w(ty)| dH*
K} (w1,29)

S Co|EU(t2) — Eu(tl)\(Bh’)‘(tl,tg) N .Q) + Co/ |Ew(t2) — Ew(t1)| dzx

BRoA(ty,to)

+c0/ lults) — ult) — w(ts) + w(ts)] dH

BhA(t,t2)NON2

e [ elte) — elt)] do + VEalp(ta) ~ plt) (B (0, 1)
BRA(t,t2)

e / |Bw(ts) — Buw(t)| dx,
BhiA(ty,t5)

where in the last inequality we used (2.7) and the estimate |a||b| < v/2]a ® b|. Therefore the previous
inequalities give

/ ulta) — u(t)]] dH" + / futa) — u(ty) — wts) + w(t)| dH!
K} t1,t9)N02

2 K}i‘(zl,wg)ﬂaﬂ

< ¢ /B le(t2) — e(t2)] da + v Zeolp(tz) — p(t2)|(B"(t1. 12))

hoX(t1,t2)

—l—co/ |[Ew(tz) — Ew(ty)| dx (6.30)
BhoA(tq,t2)

A
(sp(t2) — sh(t1))? + = le(tz) — e(ty)[*da

4Ck BhoA(ty,ta)

+eoV2p(ta) — p(ty)|(B"*(t1,t2)) + co / |Ew(tz) — Ew(t)|dz,

BRA(ty,to)

2
es C
< 0K

Ac

for A = 1,2, where in the last step we used Young’s inequality.
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By (3.3), (6.24), and (6.25) we have

Ac |e(t2)—e(t1)|2+6(£(t2)—£(t1))§/t2</ (U(T)—a(tl)):Eu')(T)dx)dT

2 QtQ tq -

+Cx Y /K wz)l[ ulty) —u(ty)]|dH' + Cx Y / u(ts) — u(ty)]| dH'

hel(ty) hel(ty) (t17t2

+Cx |u(tz) — u(ty) — w(tz) +w(ty)| dH',

REI(t2) ‘/(K;ll(ﬂfhﬂfz)UK,%(xlva))ﬁaQ

hence, using (6.11), (6.15), and (6.30), we obtain

Ao , t2 L.
[, ettt ) 1) < (], o6 = ot B ar)ar
WCOCKW S lsh(t2) — sh(ta)] + |52 (t2) — s3(t1)]]
hel(tz)

S / le(t2) — e(ty)de

hel(ts) BloL(t1,t2)UBR2(tq,t2)

teCe Y / \Buw(ts) — Buw(ty)| do

hel(ts) L(t1,t2)UBM2 (21, t2)

+V200Ck Y |p(t2) — p(t1)|(B™ (t1, t2) U BM2 (81, t2)) -
hEI(tg)

Since by (6.11)—(6.18) the sets B! (t;,t2) and B"2(t1,t) are pairwise disjoint, using (6.23), and (6.28),
from the previous inequality we obtain

%C le(t2) — e(t1)]> + B(U(ta) — (1))
2
- /t12 /T(O—(T) —o(t1)) : Bw(r)dxdr + g(é(tg) —L(t1)) + )?TC /!2,52 le(ta) — e(t1)\2
+cocKh€Iz(; /h o a1 () = Bt da
+V2e0Cx Y [p(t2) = p(t2)|(B™! (t1,t2) U B2 (81, 1)) -

hel(ta)

This implies (6.29). O
7. Proof of the main result

This section is devoted to the proof of the pure jump nature of every quasistatic evolution according to
Definition 2.1, under the general hypotheses (2.8)—(2.13) on the crack path.

Proof of Theorem 2.3. As we observed at the beginning of the previous section it is not restrictive to
assume (6.1). For every h = 1,...,k let ¢, be the function defined in (6.2). Since £°°" = £t 4 ... 4 (5ot
to prove Theorem 2.3 it is enough to show that £5°" is constant.

Let us fix hg € {1,...,k}, and for every h = 1,...,k let a; and b, be defined by (6.3) and (6.4),
respectively. Since £y, (t) = 0 for every t € [0, ap,) and €5, (t) = H(Kp,) for every t > by, by the continuity
of éfl‘(’)”t to prove the theorem it is enough to show that E,le)"t is constant on (ap,, by, ), assuming also that
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apy < bpy. This will not be done directly. Instead, we shall subdivide the interval (a,, bho) using suitable
points ap, = ap < a1 < -+ < a, = by, and we shall prove that Efl‘(’)"t is constant on each subinterval. Since
Efl%”t is continuous, this is enough to prove the theorem.

To construct these subintervals, for every h = 1,... k we define
aj, = inf{t € [ap,by] : s}, (t) > 0}, (7.1)
a; = inf{t € [ap,bn] : s2(t) < Ly}, (7.2)

where we adopt now the convention inf () = by,. It is easy to see that min{a},a?} = aj. Then we consider
the set [an, bpy] N U::l{a}l, a2, by}, which will be written in the form

k
[ahg, byl N U ah,a,%,bh} ={a,:0< 1 <k}, (7.3)

with ap, = ap < ap < -+ < a, = by,.

We note that the sets of indices I(t), I(t), and I(t) introduced in (6.6)—(6.8), do not change if ¢ varies in
(-1, ,) for some 1 < ¢ < k. Indeed, they change only if ¢ crosses one of the points of the set Uﬁzl{ah, bnt,
WhiCI} is coPtained in UZ:l{a;lm a3,by}. Therefore, for every ¢ = 1,...,x we can define I, == I(t), I, == I(t),
and I, := I(t), where t is an arbitrary element of («,—_1,a,). It follows from the definitions that, if h € I,,
then

ap < a1 < a, <by. (7.4)

Let us fix ¢ with 1 < ¢ < k. To prove the constancy of Ezgm in the interval (o,_1, ), we want to apply the
estimate of Proposition 6.1 to all pairs of consecutive times of a sufficiently fine subdivision of this interval.

Unfortunately, this cannot be done directly, since the hypotheses (6.9)—(6.18) are not satisfied by any pair

of times t¢1,t3 € (a,—1,,) with t; < ta. To overcome this problem we shall construct two sequences &f_l

and & with
& | —oa,, and & —a, asd— 0+, (7.5)
such that for every d > 0 small enough there exists 7 > 0 with the following property: for every ti,ty €
[@_,, &%, with t; < ta,
Lty) — L)) <n = conditions (6.9)—(6.18) are satisfied. (7.6)

Therefore, if 7 satisfies also (6.28), the estimate of Proposition 6.1 holds for any pair of times ¢;,t2 €
[@2_1, &%) with #; < to and £(t3) — £(t1) < 1. As in Section 5, this will be used to prove that

5o is constant on (a°_,,al), (7.7)

at least for & > 0 small enough. By (7.5) it is clear that this is enough to conclude the proof of the theorem.
Construction of &>_; and &°. For every § > 0 and every h € I,, we first define

a,ll"S = inf{t € [an, bn] : Y (s}, (1)) & Bs(z})}, (7.8)
ai’a = inf{t € [an, bn] : (52 (1)
b, = sup{t € [an,bu] = (3 (10, S5 O (on[52(8), L)) = 03, (7.10)

where, for every set E C R?, we define F5 := {z € R? : dist(z, A) < 0}. As before we use the convention
that inf @ = by, and sup0 = ay,.
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We consider the sets of indices

Al ={he{l,..k}:a1=ap}, A2, ={he{l,... .k} a1 =d}}, (7.11)
L::{he{l,...,k‘}:ab:th (7.12)

and we define

S
max a,’ if A} #0,

@Z\l61 — ) heA} | for A\ =1,2, (7.13)
(e} lf AL)\—l == @ 5
a’_, =max{a’, &>’ }, (7.14)
min b} if B, 0,
& = {heB, " # (7.15)
«, ifB,=0.

It follows from the definition that

A:\ 61 > a1, &ffl 2 a1, Ov‘f < «, . (716)
We are now left to prove (7.5)—(7.7).
Proof of (7.5). It is enough to show that

a,ll’é — aj, ai’é — aj, b — by, (7.17)

as 0 — 0+. To prove the first formula in (7.17) we observe that a}l’é > a}z. Therefore, if a}L = by, we have
a}b‘s = by, and the conclusion is trivial. On the other hand, if a} < by, we fix t € (a},by). By (7.1) we
have s} () > 0, hence *yh(sh( )) # x}. Therefore there exists & > 0 such that for every 0 < § < 6 we have
Yh(sh(t)) ¢ Bs(x}), hence, ah < t. This concludes the proof of the first part in (7.17). In a similar way we
prove the second part.

To prove the last part in (7.17) we observe that the inequality b‘fb < by follows immediately from the
definition. Given t € (ap,by), since by (6.4) we have H(I'(t) N Kh) < Ly, the sets y,([0, s} (¢)]) and
vu([s3(t), Lp]) are disjoint by (6.5). This implies that there exists & > 0 such that for every 0 < § < §
we have (71 ([0, 5% (6)]))s N (va([s2(t), Lp]))s = 0, hence by the definition of b we have t < b2. This concludes
the proof of (7.17), hence of (7.5).

By (7.5) and (7.16) there exists §; > 0 such that for every § € (0,0;1) we have

o1 S &f_l < vaf S «, . (718)

Proof of (7 6). Taking into account (2.11) it is easy to prove that there exists ps > 0 such that for A = 1,2
and t € [ah ,b5] we have
diSt(ﬁ/h(Sg(t)), Ky) > ps - (7.19)

By (2.12) we may reduce the value of ps > 0 so that we have also
dist(ys (s (1)), 02 \ K7) > ps (7.20)

for A\=1,2and t € [ah ,b‘5]
Let &9 > 0 be the constant introduced in Lemma 3.4 and let us fix ng € (0,0p) such that (6.28) holds for
every 1 € (0,79). For every ¢ € (0,07), with §; > 0 introduced before (7.18), let ns € (0,d9) be defined by

ns = min{ng, ps/2,6/2}, (7.21)
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where ps is the constant used in (7.19) and (7.20). We now prove that for every ¢ € (0,d;) condition (7.6)
holds for every n € (0,75).

Let us fix 6 and 7 as required and t1,ty € [a°_;, %], with ¢; < t and £(t3) — £(t;) < n. We now prove
that conditions (6.9)—(6.18) are satisfied. Equalities (6.9) can be deduced from the remark after (7.3), while
(6.10) follows from the inequalities n < 15 < 19 < dp. As for (6.11) and (6.15), they are consequences of the
inequality |s)(t2) — sp(t1)] < €(t2) — £(t1), for A = 1,2. Conditions (6.12), (6.13), (6.16), and (6.17) follow
from (7.19) and (7.20), since 21 < p;.

To prove (6.14), we fix h € I, = I(t1) = I(t2) with s} (t2) > 0. By (6.19) we have also s} (t1) > 0. From
the definitions of I(¢1), I(t2) and a}, we have ay < t; < t2 < by,. Let us prove that we have also

a,IL <o 1<ti<ty<a, <b,. (722)

The second, third, and fourth inequalities follow from (7.18) and the choice of ¢; and t5, while the last one
follows from (7.4). To prove the first one, assume by contradiction that a}b > a,—1. Then ap, < a1 <
a}L <ty < a, < bp,, which by (7.3) implies that there exists an index ¢ > ¢ — 1 such that o; = a,ll < tg, in
contradiction with ¢t5 < d‘f < «, < «;. This shows that a}L <o_q.

Estimates (7.22) can be improved to show that

a)’ <A <ty <ty <&l <b). (7.23)
Let us prove first that a,ll"S < @&’_,. Since @}’_51 < @&’ _, it is enough to check that

ar’ <ak, . (7.24)
By (7.22) we have a}, < a,—1. We shall consider three cases: aj = a,_1, an, < aj, < o,—1, and a}, < ap,.
In the first case h € Al_| and (7.24) follows from (7.13). In the third case inequality (7.24) is trivial since
a}L < ap, < a1 < d}’fl by (7.16). In the second case there exists ¢* < ¢ such that a}b = q,*_1, hence h
belongs to the set Al, | defined as in (7.11) with ¢ replaced by ¢*. Let 07}*’5,1 be defined by (7.13), with ¢
replaced by ¢*. Using also (7.16) with ¢+ and (7.18) with +* we obtain a,ll’é <bh g, <o <oy <A
This concludes the proof of (7.24). In a similar way we can show that &° < b¢, which together with (7.24),
gives (7.23), taking into account our choice of t1, ta.

Since 21 < ps, using (7.19) and (7.23), we obtain that By, (v4(s}(t2))) N Ky = 0. Using (2.8)—(2.11), this
equality implies that

Bay(v(sy(t2))) N I(t2) = Bay(yn(sy(t2))) N (I'(t2) N K})
= Bay (v (s},(t2))) N (70.((0, 53, (t2)]) Uy ([s7.(t2), Ln))) ,

where in the last equality we used (6.5). Moreover, since 21 < §, by (7.10) and (7.23) we have

Bay (v (sn(t2))) NV n([s7 (t2), Lu]) © (v ([0, 3, (t2)1))s N (v ([s7 (t2), Ln]))s = 0.

Together with the previous equality this gives (6.14). Similarly we can show that (6.18) holds. Summarizing,
we have proved that (7.6) holds for 6 € (0,41) and € (0,7s), where d; is the constant introduced before
(7.18) and 7 is defined by (7.21). To conclude the proof of the theorem, it remains to show that (7.7) holds.

Proof of (7.7). We fix § € (0,01) and we want to prove that ¢;°"" is constant on (@°_,,&?). As in the
proof for the case of a rectilinear crack given in Section 5 this will be done in several steps. First of all we
fix n € (0,75), € € (0,7), and a subdivision & _; =79 < 71 < -+ < 7, = &° such that [¢](¢) < ¢ for every

telad_y,a\ {r0, 71,7 }. Moreover we fix 6 € (0,7) such that 50 < 7; — ;1 for j =1,...,n.
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By [8, Lemma 4.8], applied to the intervals [7;_1 + 6, 7; — 6], there exists ¢ € (0,6) such that for every
7 =1,...,n we have that

t1,t2 € [Tj,1+97Tj—9] and 0 <ty —1; <C — f(tg)—ﬂ(h) <e<n. (725)
Using (7.6) we get
t1,t9 € [Tj,1 + 0, Tj — 9] and 0<ityg—1 < C — (6())*(618) hold. (726)

Since 1 < ng, using (7.21) we obtain that n satisfies (6.28). Therefore we can apply Proposition 6.1 which
gives the implication
t1,tg € [Tj,1 + 0, T — 9] and 0<ty—1t1 <( - (629) holds. (727)
To conclude the proof of (7.7) we fix a subdivision &2 ;| =ty < t; < - < t,, = &, with t; —t;_1 < { for
every ¢ = 1,...,m, such that

Z/t / (0(r) = 0(t; 1)) : Eui(r)dzdr < . (7.28)

This can be done since a Lebesgue integral can be approximated by suitable Riemann sums (see, for
instance, [8, Proposition 4.10]). By (7.27), if 7j_y + 60 < t;_1 < t; < 7; — 0, we have that (6.29) holds
for the pair t;_1,¢;. In the next steps we estimate the terms involved in (6.29).

Estimate between 7;_1 and 7j. For j = 0,...,n — 1 there exists m; € {1,...,m} such that 7; + 20 <
tm; < 7; + 30, and for j = 1,...,n there exists n; € {1,...,m} such that 7; — 20 < tn; < 7; — 0. Since
50 < 71 —Tj—1for j =1,...,n, we have mg <ny3 <my < -+ < Np1 < My < Ny fmyg <7 <y,

then 751 +20 <t; <7; — 0, and since t; —t,_1 < ( <6 we have 7;_1 + 6 < t;_1 <t; <7; — 0. By (7.27)
we conclude that (6.29) holds for the pair ¢;_1,¢;. Therefore, using the obvious inequalities /57" (7; — 26) —

Gt (rj—1 4 360) < L5 (b)) — G0 by 1) < g (tug) = g (1) < D22, (g (t) — g (tiz1)), we
obtain

gcont( _ 9) g('ont(,r] L+ 39 Z / / _1)) : EU}(T) dx dr

g
QCOCK DY Z/ |Ew(t;) — Ew(ti—1)| dx (7.29)
PoA (t3-1,t3)

1= mj_ 1 hel, A=1

> S ) — ] (B tir. ).

t=mj_1 hel, A=1
The first term in the right-hand side can be estimated by (7.28), and we now have to estimate the other
terms.
Estimate of the second term in the right-hand side of (7.29) By (6.5), (6.26), and (6.27) we have
|BRA (i1, )| < wlsp(ts) — sﬁ(ti,1)|2 < w(l(t;) — £(ti—1))? < we?, where the last inequality follows from
(7.25). Hence by Hoélder’s inequality, for every h € I,, i = mj_1,...,n;, and A = 1,2 we obtain

t;
/h R |Ew(t;) — Bw(t;_1)|dx < e/7||Bw(t;) — Bw(t;_1)||r < 6\/77'/ |Ew ()| LdT,
BMA(ti—1,t;) ti—1

where L = L?(2\ Ko;R2%2). This gives

sym

nj T
QCocK >y Z/ |Bw(t; Ew(ti_1)|dx§Mle/] || Eair(t) | Ldt (7.30)

hA .
i=mj_1 hel, A=1 (ti—1,t3) j—1

4
where M, = %M.
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To estimate the last term in (7.29) we cannot use the same argument since the function ¢ — p(¢) is not
absolutely continuous. However a similar argument can be used for the rescaled versions p° and I'° of p and
I', introduced in Section 4 and for a corresponding rescaled version of the functions s; and s%

Definition and properties of the rescaled functions si’o and s,gl’o. For h € I, and A = 1,2 we define

s3°: (p(an), plbn)) — [0, +00) by
sh(t)  ifr=p(t) with t € (an,bn),
o) = {sMt) i € [p(t=), p(t)) with ¢ € (an,bn) N Jy . (7.31)
2( ) lfT‘E(() ( )]WithtE(ah,bh)ﬂJv.

Using (6.5) and the definition of I'°(r) given in (4.26), (4.27), and (4.29), for r € (p(an), p(br)) we have
re(r) VKR = ((0,5,° (1)) Un([s,° (), Ln)) - (7.32)
Note that
sp(t) = Sz’o(p(t)) for every t € (ap,bp), (7.33)

and that S}IL’O is nondecreasing, while si’c is nonincreasing.
We claim that
(sy°(r)) € T°(r) (7.34)
for every A = 1,2, every h € I,, and every 7 € (p(a}), p(by)). We prove the claim only in the case A = 1, the
other one being similar.

Let us fix h and r as required. Suppose that there exists t € (ap,bp) such that » = p(t). Since p is
increasing and 7 > p(a}), we have t > a}. By definition s,°(r) = s}.(t), hence s,°(r) > 0 by the definition
of aj. Then (7.34) is a consequence of (7.32).

Suppose now that 7 € [p(t—), p(t)) for some t € (ap,by) N Jy. Since 7 > p(a},) and p is increasing we must
have t > a}, as we conclude as before.

Finally, suppose that r € (p(t), p(t+)] for some ¢t € (an,by) N Jy. Since p is increasing and r > p(ay},),
we have t > ab. If 5,°(r) > 0 we conclude as before. If slo(r) = 0, then ~4(s;°(r)) = 7,(0) and
by definition I'°(r) = I'(t+). For every 7 > ¢ we have 7 > a}, hence s} () > 0. By (6.5) we have
Y1 ((0, 1 (7)]) C I'(7). Since s},(7) > 0, the closure of v ((0, s1,(7)]) is ([0, s, (7)]), and since I'(7) is closed
we have that 7,(0) € ([0, sk (7)]) € I'(7). By (4.2) we deduce that ~,(s;°(r)) = v, (0) € ['(t+) = I'°(r),
which concludes the proof of (7.34).

Estimate of the last term in the right-hand side of (7.29). We first show that, if ¢;_1,t; € [1,_1 +6,7; — 0]
for some j=1,...,nand 0 < t; —t,_1 < (, then we have

B"A(t;_1,t:) € Bo(yn(sh(t:))) N 2, for A =1,2 and for every h € I, (7.35)

where B™A(t;_1,t;) are defined in (6.26) and (6.27). Let us fix #;_1, t;, and h as required. Since
|51 (t:) = 5" (ti1)| < £(t:) = £(ti-1) < &, we have BM!(ti_1,t:) C By, o) (m(s) () N2\ ([0, 53, (t:)]) €
Be (s (t:)) N2\ ([0, sk (t:)]) = Bz (vn(sk(t:))) N $2,, where the last equality follows from (6.14) applied
with 7 replaced by £/2 (see the remark after (6.20)). Arguing in the same way for B"2(t;,_1,t;) we conclude
the proof of (7.35).

For every h € I,, 0 > 0, r € (p(ap), p(bp)), and A = 1,2 we set

B2 (r) = Bo(m(sy°(r))). (7.36)

By (7.34) for every r € (p(ay), p(b)) we have 322( )N 22 = 0 as ¢ — 0+. By Lemma 4.4, we can apply
the Dominated Convergence Theorem and we obtain

(bn) R
[ e n e 0 wo o+,
p(ad)

33



Therefore there exists a continuous function w: [0, +00) — [0, +00), with w(0) = 0, such that

p(bp) N R
[, FOIBEE 02 < (o) (7.37)
plap

for every h € I,, 0 € (0,+00), and A =1,2.
To estimate the last term in (7.29) we fix h € I, and m;_1 < i < n;. If t; < aj, then s} (¢;) = 0. This
implies s} (¢;_1) = 0, which gives B"1(t;,_1,t;) = (), hence

p(t:) — p(ti—1)|(B" (ti-1,t:)) = 0.
A similar property can be proved if ¢; < a?. Therefore, for every A = 1,2 we have that
ti <ap = |p(ti) —p(ti_1)|(B" ti_1,t:)) = 0. (7.38)
If instead t; > a3, then by (4.31), (7.33), (7.35), and Lemma 4.4 we obtain

Ip(ti) = p(ti-)|(B"A(tim1, 1)) < |p°(p(t:)) — % (p(ti—1))[(By:2 (p(8:)) N 254,)

p(t;) .
<[ B ) 0 22 dr. (7.39)
p(ti—1)
If p(ti1) < r < p(t), we have sh(ti1) = s°(p(tic1)) < s;°(r) < s,7°(p(ts)) = sh(t:). Since
si(ti) — sp(ti) < L(t;) — L(ti—1) < €, we obtain 0 < ,llo(p(ti)) — 57°(r) < e. Similarly we can prove that
0<52°(r) — s2°(p(t;)) < e. This implies that By E( (t;)) C By5.(r). Therefore (7.39) gives that

p(t;) N
Ip(t:) — p(ti_)|(BP(ti1, 1)) < / (BYS.(r) N 22) dr (7.40)
p(t

for mj_1 <i<njandt; > aﬁ.

By (7.26) conditions (6.9)—(6.18) are satisfied by ¢;_1, ¢; and, using (6.19) and (6.20), from the inequality
t; > aj we deduce that t;_; > a;. This implies that the intervals used in (7.40) satisfy (p(ti—1),p(t;)) C
(p(a}), p(br)). Therefore, from (7.38) and (7.40) for every h € I, we deduce that

"j p(75)

> p(t) = pltim) (Bt ) < /( N 15° (M) (Bps(r) N 822) dr, (7.41)
i:mj_l P Tj,l\/ah

where a V b := max{a, b} for every a, b € R.
Conclusion of the proof of (7.7). The last inequality, together with (7.29) and (7.30), gives

2 Lt
econt( _ 29) écont(rj_l + 39) < E Z / (/ (O'(t) — O'(ti_1)) : Ew(t) da:) dt
i=m. ti1 VA
T 2 A
+ Mg [ |Ei)|pdt+ My > / )|(Byys.(r) N £22) dr (7.42)
Ti-1 A=1hel, 7 P(Tj— 1\/“

where My = M%CK. Recalling that, by (7.4), an < 7j_1 < 7; < by, for every h € I,, for every nonnegative
measurable function 1) we have

3 3 MERCIED B |

A
J=1hel, hel, j=1 7 P(7; 1\/“) her, Y rlay)

p(T ])
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Therefore, summing (7.42) over j and using (7.28) and (7.37) we get

n 2 T
Z econt - 20) o gcont(TJ 1+ 30)) E&’ + M15/ HEw(t)HLdt
0

=1

+My Z > / (Bys.(r) N 020) dr < Mse + 2kM w(2e) ,
A=1hel,

where M3 :=2/8 + M fOT | Bir(t)|| pdt. Taking the limit as 6 — 0+, from the continuity of ;2" we obtain
GomH(a0) = L5om (@) ) < Mae+2kMyw(2e) . As € — 0+, using (7.37) it follows that zcont(“) GO (A0_y ).

o
Since £50"" is nondecreasing, this inequality implies £5°™ (t) = £50"(a2_; ) for every ¢ € [ &1, &°]. This proves
(7.7) and concludes the proof of the theorem. [
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