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ON ASYMPTOTIC STABILITY ON A CENTER HYPERSURFACE
AT THE SOLITON FOR EVEN SOLUTIONS OF THE NONLINEAR
KLEIN-GORDON EQUATION WHEN 2> p > 3+

SCIPIO CUCCAGNAT, MASAYA MAEDA?!, FEDERICO MURGANTES,
AND STEFANO SCROBOGNAT

Abstract. We extend the result of Kowalczyk, Martel, and Munoz [J. Eur. Math. Soc. (JEMS),
24 (2022), pp. 2133-2167] on the existence, in the context of spatially even solutions, of asymptotic
stability on a center hypersurface at the soliton of the defocusing power nonlinear Klein—Gordon
equation with p > 3, to the case 2 > p > g The result is attained performing new and refined
estimates that allow us to close the argument for power law in the range 2 > p > %

Key words. conditional stability, nonlinear Klein—Gordon, soliton, virial estimates, Fermi golden
rule

1. Introduction. We consider the nonlinear Klein-Gordon equation (NLKG)
on the line

(1.1) OPuy — O%uy +uy — f(ur) =0, (t,z) ER xR,

where f(u1) := |up[P~ uy with p3 == 2 > p > py = % As in Krieger, Nakanishi,
and Schlag [21], Kowalczyk, Martel, and Mufioz [19], and Li and Lithrmann [23],
we consider only even solutions, eliminating translations and simplifying the prob-
lem. Translations pose difficulties; see the complications in the virial inequalities in
Kowalczyk et al. [20].

Setting w := (uy,u2)T := (uy,u1)7, where in what follows @ = d;u and v’ = 9,u,
we obtain the system

. -9241 0 . 0 1
(1.2) u=J < 0 1) u+ f(up)j, with J:= (_1 O)

and with j = (0,1)T, later also i=(0,1)T (not to be confused with the imaginary unit
i). We denote by @ the standing wave, given (see, for example, [3, formula (3.1)]) by

(1.3) Q(z) = (T) ril sech#1 (p; lx) .
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The system (1.2) is a Hamiltonian system for the symplectic form

(1.4) Qu,v) := <J_1u, v>,

(1.5) (w,0) = (u, D), (w0)i= [ u(@)o()dz,
R

and Hamiltonian, or energy function, given by

Jug [P

r pt+1

1 2 2
(1.6) B(w) = 5 (il + lualZem) ) -
We consider the space of even functions

Hiven = {u=(u1,u2)" [ueH andu(z)=u(-2z)}

even

with norm
(1.7) lullze = luallF + lluzll7e-

We recall that Kowalezyk, Martel, and Munoz [19] proved, for p > 3, that there exists
an orbitally stable central hypersurface in H_.,. With minor modifications, their
proof extends also to our case 2 > p > %, so we assume it. Furthermore, Kowalczyk,
Martel, and Mufioz [19] proved that @ is asymptotically stable for solutions on this
hypersurface. Li and Liihrmann [23] considered p = p3 = 2, with f(u;) = u?. In Li
and Lithrmann [23] the threshold resonance pz = 1 is potentially an obstruction to
the proof, but since the corresponding generalized eigenfunctions are odd in z, they
are naturally orthogonal to the elements of . . So the threshold resonance iz =1
does not affect the argument, in line with the discussion in Kowalczyk and Martel
[17] on the asymptotic stability of odd perturbations of the standing kink of the ¢*
model, where the threshold resonance is even, and so does not affect odd solutions.
In the case p = 2, for the nonsmooth nonlinearity f(u;) = |u1|u; treated here, the
same will happen in our proof.

Notice that the case 2 < p < 3 is simpler. Case p = 3 is different and still open,
because of an even threshold resonance, certainly affecting even solutions of (1.1).
For a partial finite time result, framed with very different techniques, see Lithrmann
and Schlag [24]. Very recently Palacios and Pusateri [26] obtained a finite time result
mixing arguments similar to Kowalczyk, Martel, and Mufioz [19] and phase space
analysis. Finally, as p — 17, besides the case of the p > 1 for which there is a resonance,
which form a discrete subset in (1,00), there is also an increase of the number of
eigenvalues p — 17, with some converging to 0, as can be seen in the pictures in Chang
et al. [3]. While methods of proving dispersion by means of dispersive estimates or
Strichartz estimates, with the Duhamel formula, are not particularly robust and are
not applicable for p sufficiently close to 1, in fact for p < 3, low values of p arbitrarily
close to 1 could in principle be treated by the dispersion theory in Kowalczyk, Martel,
and Munoz [19]. Furthermore, the appearance of a complicated set of eigenvalues is
not, by itself, an impossible problem. The corresponding discrete modes slow the
rate of stabilization, as discovered computationally in [1] and observed in a rigorous
context in [2, 13, 28, 29] as well as in many other papers, most of them quoted in [7], to
which we refer for an extensive bibliography. But this slowing of the stabilization does
not affect proofs of stabilizations similar to [6], which is older, or to [10]. In the stable
case, there is a well-known stabilization mechanism that all the references utilize,
called the nonlinear Fermi golden rule, which was introduced by Sigal [27], involving



the nonlinear interaction of the continuous modes with the continuous ones. Using the
Fermi golden rule, older references like [6], which used normal forms arguments, and
more recent ones like [10], which used the so-called refined profile, were able to deal
with generic configurations of eigenvalues. Finding the refined profile is a relatively
simple operation involving Taylor expansions of sufficiently high order, depending on
how close to the ground state the excited states get, of the function f(® (2z), (x)),
which appears later in (1.43). In the context of the present paper, the low regularity
of the power function, however, becomes a problem. Notice though that f(® (z), (z))
is smooth at values of (z,z) for which ® (2), (x) # 0. The gist of the argument and
the intuition behind this paper is that by an appropriate partitioning of spacetime,
for example with the distinction in Case 1 and Case 2 in the proof of Lemma 1.6, we
can take up to two derivatives even when p < 2. Furthermore, to get estimates like
(1.55), and specifically the fact that QP~2¢2 ~ e~ 17! (see below for the notation), we
neutralize the growth of QP~2 as & — oo with the decay of 2; see (1.16). It is possible,
in principle, that a more systematic analysis of this type will allow us to treat cases
with p closer to 1. The specific idea utilized here breaks down for p5 = % <p<py= %,
which would have an additional term QP~2p3 ~ e(P~3)Izl unbounded as = — oco.

There is a large literature, beyond the above references, like the influential
Kowalczyk, Martel, and Muftioz [18], which gave great impulse to the literature on
one-dimensional stabilization problems. There are many papers with a different frame-
work and origin, involving dispersive estimates, like [4, 5, 12, 14, 15, 22] and references
therein. A quite extensive list of references known to the authors which appeared be-
fore 2019 can be found in [7].

1.1. On the linearization of (1.2) around Q. Here we give some information
about the linearization of (1.2) around Q; cf. [3]. Key to the analysis is the operator
(often denoted, in the literature, by L),

(1.8) Lo:=-02+1—pQr'.

It is well known (see Grillakis, Shatah, and Strauss [16, section 6]) that @) is orbitally
unstable. Indeed, if we set

(1.9) Lm(%]$>,

the linearization of (1.2) at Qi is

0 1
e (00
and admits the point spectrum
opp (JLg) = {v:i=%y/—p ’ 1€ opp (Lo)}
In particular the elements of oy, (L) as functions of p are

%forN>1,
oo if N =1,

_p+1_jlp-1)

j €N
2 2 ) ] )

(1.10) DN ::{ k;

and if pyy1 <p <pw, then oy, (L) has N + 1 elements and they are explicitly given
by

(1.11) o =1 — k2, m=0,...,N.

w



When p = py for some N > 1, then from (1.11) we have uy = 1 and the linear
operator JLg has a threshold resonance at the boundary of the continuous spectrum.
Here we will consider

(1.12) No)3ifps=2>p>pi=3,
2ifp=2

and we will use

3—p 5—3p
_— k/‘ :2— k = .
2 ’ 3 D, 4 9

Like in Krieger, Nakanishi, and Schlag [21], Kowalczyk, Martel, and Mufoz [19], and

Li and Lithrmann [23], we will prove the asymptotic stability of @ in the central
hypersurface of Kowalczyk, Martel, and Mufioz [19]. The constraint 2 > p > 2

renders the nonlinearity more problematic compared to [19, 21, 23], in terms of lower
differentiability and bigger strength. For

(L13)  ko="—F—, k=1 ko=

(1.14) S; =0, — kjtanh <p2 1:17)

and for the eigenvalues p; in (1.11), we have ker (Ly — p1,) = Span{p, } with

-1 * Qk * Qk Qo
(1.15) o :=Q", Sﬁl:SSlesz Q) @2:=S5551Q", ¢3:=5;5795Q".

We emphasize that the S} change the symmetry of a function, so that we have the
very general fact that ¢¢ and @, are even while ¢ and @3 are odd. It is elementary
and well known [11] that

(1.16) lpj ()] ~ el as |z] — occ.

Using (1.15), for

%o %o
1.17 Y, = , Z, = 4 ,
( ) + (:l:VOQOO) + (il/o 1§DO>

we have

JLoYi = :l:VoY:t .

We set

Y, —-iY_. 1 1-1i
1.18 Pypi=—— = — .
(1.18) RRp L 2((1“)”0)@0
Then,
(119) JLo‘I’OZV()@o.

Similarly, setting A = /2 > 0 we define

(1.20) Py = (&) 2



so that
(1.21) JLo®; =i\ P, JLy®s = —i\D,.

Notice that for

(1.22) A=Sy---Sy, for N as in (1.12),
we have

(1.23) A*Lo= Ly A%,

where

(1.24) Lj:=—9%>+1- kj_lkj%cgpfl.

The procedure outlined in (1.22)-(1.24) transforms the linearization of (1.2) around
Q from U = JLyU into the new linear equation, in the auxiliary variable V := AU,

(125) V:JLN+1‘/: LN+1 = ( LJ\(S+1 (1) ) 5

where for ps > p > p4 the operator Lyi1 = L4 has a repulsive potential, in the sense
that
2

1.26 —ksk
(1.26) i —

Ik (prl)/ <0 for all z#0,

while for p = 2 we have Ly, = L3 = —0? + 1 but fortunately the parity of the
solutions obviates to the lack of this repulsivity.
Given a constant « > 0, we consider the spaces defined by the following norms:

(1.27) [wllger, == lIsech (k) wllaq, [ullzz == [lsech (kz) w2

In what follows, x > 0 is fixed and smaller than a certain finite set of positive numbers
coming up in the proof. For z = (z1,22)T € C2, we set

(1.28)
P (Z) = Qi + i)[z], where <i>[z] = 2’1@0 + 2’2‘1)2 +§1'~i’0 +§2§2 =2Re (Zléo + ZQ‘I’Q)

=21rY+ — 211 Y - + 29 (_Z;ZI) , where z;r = Rez; and z;; =Imz;.

By the linearity of ®[z] in 2z, we obviously have
(1.29) D.®(z)w=® [w],
where D,p(z)w := .d%|3=0<p(z + sw). We set

even

(1.30) Hi={neH (R ,C? | (In,D.®(2)O)=0 for all © € C*}.

There exists a nonzero g, € L= (R;C?) such that JLog, =i 2Ag,. It is of the form
g, = (Z}A)g with Log = 4\%g, i.e., g is a distorted plane-wave for the Schrodinger
operator Lg; see [11].



Assumption 1.1 (Fermi golden rule). We will consider the p € (5 / 3 ,2) for which

—-bp (p - 1) <Qp7290%7 g> 7& Oa

where @ and @9 are defined in (1.3) and (1.15), respectively.

Remark 1.2. Assumption 1.1 is proved for p =2 by Li and Lithrmann [23, Lemma
3.1] and for p close to 2 remains true by continuous dependence on p. Since this
dependence is also analytic, Assumption 1.1 is true for all but a discrete subset of
p€[5/3,2). It would be interesting to check computationally if Assumption 1.1 holds
for all p € (5/3,2]. This is feasible especially because @, @2, and also g are known
explicitly, but we did not try it.

Our main result is the following.

THEOREM 1.3. Under Assumption 1.1, for any a >0 and € > 0 there exists 69 >0
such that for § € (0,dp) if

n

(1.31) sup ju(t) ~ Qillagy,,, .22 <9,

then there exists z € C* (R,(C2) and n € C° (R, ’Hi) such that we have a global
representation

(1.32) u(t)=® (2(t)) +n(t)

such that

(1.33) J (OB oy + 1) at <.
. 2

(1.34) tilﬂloo [m()ll34: (r)=0and

(1.35) Jlim z(t)=0.

For 6y > 0 we set
(1.36) By :={e € Hiven(R,R?) | llell30 <6 and (e,Z,)=0}.

even

The following existence and uniqueness of a stable central hypersurface can be proved
like Theorem 2 in Kowalczyk, Martel, and Munoz [19].

THEOREM 1.4. There exist C,0g >0 and a Lipschitz function h: By — R with
(1.37) h(0) =0 and |h(e)] < Cllell2h
such that, for
(1.38) N o= {Qi+s+h(e)Y+ ‘ eeBo},

we have the following:
(a) If ug €N, then the corresponding solution of (1.2) is defined for allt >0 and

(1.39) sup lu(®) — Qilly, (rr2) < Clluo — Qi (rr2)-

even even



(b) If a solution u(t) defined for all t >0 satisfies

. 5
(1.40) [u(t) = Qillag,,, @ r2) < 50

even

then u(t) € N for all t > 0.

Remark 1.5. Notice that by p <2 the exponent ”Qil in (1.37) is smaller than the
exponent 3/2 in [19]. In fact here we have inequalities, for example, like

FQ+0) = FQ+9) = F(@—0) 5 (| +[5"7 ) [v— 5],

while in Proposition 4 [19] the exponent % is replaced by the larger value 1, and
Theorem 1.4 can be obtained mimicking almost exactly the discussion in sections 6.2
and 6.3 [19], with only some minor modifications in the exponents.

As a corollary, it follows that the conclusions of Theorem 1.3 are true for all the
solutions of (1.2) in the stable center hypersurface N'. This paper is focused uniquely
on the proof of Theorem 1.3 and, for dispersion, uses the framework of Kowalczyk,
Martel, and Mufioz, even though for technical results it often refers to [8, 9, 10].

1.2. Refined profile and Fermi golden rule. In our earlier work [10], we
referred to the notion of refined profile. Our problem here requires only a special case
of this notion. We introduce the notation

(].4].) Zo:= 20[2] = (V()El, 1)\22)

Then ® (z) = (®(z),,® (2),)" satisfies, using (1.19), (1.21), (1.28), and (1.41), the
equation

(1.42) D.® (2)2=JLo® [2].

Thus using the fact that Qi is a stationary solution of (1.2) we obtain

(1.43) D.®(2)z20=J (‘a%‘L 1 g) ®(2) + f(®(2),)j+ R(2) with
(L44) R(z)=—(f(®(2),) - £(Q ~ F'(Q[z]1)

It is useful to improve the remainder R (2) as follows.

LEMMA 1.6. There exist constants C1,6; > 0 and a map Zr : Dc=2(0,01) — C?
such that the following holds:

(i) for

(1.45) R(2):=D,®(2) 325 (2) + R(2),

we have

(1.46)  (JR(z),D,®(2)0) =0 for all © € C* and all z € Dc2(0,6,);
(i) we have

(1.47) |Z2r(2)| < C1|2|? for any z € D¢2(0,6,);

(iii) Zr € C' (De2(0,61),C?);
(iv) zg is twice differentiable in 0.



Proof. We prove item (i). First of all, (1.46) is equivalent to
(1.48) (JD,®(2)zr, D, P (2)0)
=— <JR(Z) ,D.®(z) 9> for all © € C? and all z € D¢2(0,6;).
By the definition of @ (z), varying © in an R-basis of C2, (1.48) is a linear system with
unknown z g with constant coefficients. The linear operator acting on z g is invertible,
because the affine space spanned by ® (z) is symplectic. In particular, varying © in

the standard R-basis of C? and utilizing the notation in (1.28), the matrix is, where
Za,r = Rezq and 2,1 =Imz,, for a =0,2,

(1.49)

(JY_,Y.)J 0 )
J0., \®(2),0., ,P _ . :
{(30:, 1, ®(2) .02, 52 (2))} 4 402 ana AB—R.I ( 0 Meal22 gy

which is obviously invertible since (JY_,Y )= —21g|/¢o||3.. This matrix reappears
later in Lemma 3.3.
We prove item (ii). From the above we have

(1.50)
5r(2)| < / Tgol + [Tgoldr  with  I:=F(Q+®[z])) — £(Q) — f'(Q)@[2],.
Notice that

(1.51) ‘i[zh’ Szl ol + [22] |2

with [@o] ~ e~ 371l and |py] < e~k2lrl = ¢=%3"l2l by (1.16). Now we estimate
pointwise I.

Case 1. Let |®[z];| <Q/2. By Q ~e 17l ky = 322 and F(Q+7®[z]1)| ~QP2,
for 7 € [0,1] we have
(1.52)
115 s [ (@4r@ (=) )| (11 Pleol® lealleal®) S 11 (1 Plgol 2o leal)
T€|0,

< QP2|z)2e2kelel o | 2)2el7I 7P (B-P)) = |5 2e 12l

Case 2. Let |®[z];| > Q/2. Then
(1.53) |21 ol + |22 2] 2 [@[2]:] 2 Q — 22| lp2| 2 @

by |pol ~ e "2 171, Q ~ e~ 17l and |z,| < 6 < 1, which obviously yield |z| |po| < Q
always. Then

(1.54)

11| < ’é[z]l‘p < |2apalP < |2ofPe P 20 1o = |2y |Pe=@=P) P2 21627 (2=P) (= 1) =P (3=p)) ]

—(2—p)25L|z| —
= |zg|Pe~ GP) 5 Izl ol

It is easy to conclude from (1.53) that |22|e’3_7p‘3”| > e~ l7l and so |zo| > e~ el or
) -
120|277 > e~ (=P " 7712l This proves that |I| < |z|* e~ when |®[2]1] > Q/2.



Cases 1 and 2 yield
(1.55) 1] < |z[?e7 17l for all z € R.
This yields (1.47) and, by dominated convergence, zr € C° (D(Cz (0,51),((:2), proving
item (ii).

We prove item (iii). It suffices to prove that the right-hand side in (1.48) is in
C! (Dc2(0,61),C?). We have using (1.29) and (1.44)

(1.56) D.R(z) ¢=(f'(®(2)1) - ['(Q) ¢, J

For |®[2];| < Q we have

(1.57) IF(Q) = f(®(2)) S

F(QBlh| £ 2lelI = F) = |zl

while for |®[z]1| > Q, by |22| > e~ 12l and so, by |22]27P > e~ (2P 7l we have

(1.58)
17(Q) = F1(®(2) )| S B[] [P 7! S |zof?lem GmP T ol = |y pmlem Com B el = B3 el

<lzle= T 1l

So, since the differentiation in (1.56) is well defined and is uniformly bounded by
an integrable function, by dominated convergence we can commute derivative and
integral and conclude

D, <JR(z) D, ® (2) @> ¢= <JDzR(z) ¢, D,® () @>
with, furthermore, the differential continuous in z. So, from (1.48) we obtain Zp €

C! (De2(0,61),C?). i
We prove item (iv). From (1.56) and the linearity in z of ® [2],

(1.59) DIR(2) (¢ ¢) =—1"(®(2),) @ [¢'], ®[¢*],].
Now, for fixed A= R, 1, z4r := Rez,, 241 :=Imz,, and a =1,2, we have
(1.60) <J (azaAR(z) — D.0.,,R(0) z) D, ® () @> - (I1,1)
with I1:= (f/(®(2),) - /'(Q) — ["(Q)®[2]1) 0., 8[21 D& (2), ©.
To show that the above expression is o(|z|) we bound II. For |®[z];| < Q, we have

I S15"(@Q)] |Blehe [ S |2feld-r-2-lel < |zl

For |®[z];| 2 Q, like in (1.58) we have

32
(€] 21)) ||

1< “i'[z]l o e P L e P L P

.
< |z[Per(P1=B=p))l2l < |y pe-lal,

So we can use dominated convergence obtaining

lim 1 <J (8ZGAR(z) — D0, ,R(0) z) D, ®(z) @> = 112%0 (1z[7~1) =o0.

z—0 |Z|



This shows that the function in (1.60) is differentiable in z = 0 for any a = 1,2 and
any A = R, or, equivalently, that the right-hand side in (1.48), and so also Zg, is
twice differentiable in z =0.

We set now
(161) z:= 20+2R

and we write part of the square component of the Taylor expansion at 0 of R(z)
considering

(1.62)  22Go(x) +23Go(x), where Go:=D,®(2) 8522R|z:0 — 17(Q) 3,

where, using the notation above (1.49) we applied 9,, := 271 (9

_ on — 104,,) and we
used (1.59) with ¢* = ¢ = (0, DT to get

02, R(z) —"(Q) ¢34

z=0
We remark that f” (Q) 3 = —p(p — 1)QP2¢3 ~ —e~1*| for z — oco.

Remark 1.7. Notice that 8?22 R|z:0 is well defined by the double differentiability
of Zr in z = 0, but its exact formula is immaterial because its contribution to the
Fermi golden rule is null and its only purpose is to give the orthogonality in (1.46),
which in turn is quite useful later in Lemma 3.3. For the sake of completeness we
show how to compute Zg, which in turn explicates the expression in (1.62): by the
definition of ® (z) in (1.28) and (1.29), the left-hand side in (1.48) is constant in z.
in particular the left-hand side of (1.48) is equal to

(1.63)

<JDZ‘§ (Z) ;’:’R, DZ(I) (Z) @> = (2Re (ZRJJ(I)Q -+ 21{72‘]@2) 5 2Re (@1@0 + @2@2))
JY_

JY
=4 (Reizm 5 L +Imzp, — ReZg2jpa — ImZg 2 Mgy |

Y Y_
Re@17ﬁL +ImO; —= + ReOqips — 1m92)\j<P2) :

Letting ©® € {(1,0),(i,0),(0,1),(0,i1)} we obtain (cf. (1.15), (1.18), and (1.44))
(1.64)

- 1 1
Rezqu = —

S — = (IR(») Y+),
200 || ol 72 215 | 0ol|7 2 ( |

- 1 - 0 - 1 - 22
Refro=——— (JR(z =0, Imfro=——— (JR(z .
2= ol ( =) | (—wz)) SRVEV N ( @) | ( 0 >>

Remark 1.8 (Fermi golden rule). Notice that the existence of a function gy €
L*> (R) which is a solution of JLogs =i2Ags such that

(JR(Z) yY,) : ImZg, =

(1.65) (JGa2,82) #0

is equivalent to Assumption 1.1 since gy = (1,2i\)T ¢ g with Log = 4\%g and c € C\{0}
and the definition of ® (z) gives a cancellation and leads to

(JGa,g2) =—Cp (p—1)(Q"2¢¥3,9),

10



where we used
(JD,®(2)©,gy) =0 for any © € C?
by the well-known, elementary to check by a simple integration by parts, simplectic

orthogonality between discrete and continuous modes of JLj.

We end this section observing that from (1.43) and (1.45) we have

(1.66) D.®(2)z2=1J (_8%+ 1 (1)> ®(2)+ f(®(2))j+R(2).

2. Main estimates and proof of Theorem 1.3. Consider a solution u €
c° ([Q—&-oo];’Heven) gravitating around Qi like in (1.31). From the spectral decom-
position of u — Qi, we have u = ® (z) + n with n € C°([0, +00), H.) and the NLKG
(1.2) is rewritten

N+D.®(z)(2—2)+ Z =JLon + JLe®tZ] + [1P{=1]] + BtE) — R(2)
(2.1) + (1 (®(2),) = (@) mi+ (f(®(2); +m) = f(®(2);) — [(®(2),)m)]

=Fq(z.m)

for R(z) defined in (1.44) and (1.45) and where the canceling follows from (1.44).
Equivalently, we have also

(2.2)

i+ D () (-2 =3 (T D) RE) (@G, ) - £ @)

In what follows we will consider constants A, B,e > 0 satisfying
(2.3) log(6~ ") >log (e7!) > A>B*>B>exp(c ') > 1.

We will fix A, B, and ¢ satisfying the above relation always retaking A, B larger and
€ smaller if necessary. Then, we will take e sufficiently small and finally choose ¢
sufficiently small. Exploiting the double differentiability of Zr in z = 0, the choices
of the constants are made so that

D225 (0) (2.2) | _

(2.4) Alzr(2) - 5

0(6%) for |z| < 0.
We will denote by 0,(1) constants depending on « > 0 such that
+
(2.5) 0a(1) 22250,
We will consider the norms
2 /
(26) Il = sech ( 5 )

(2.7) [nllgz = llsech (kz)nl[ L2 -

We will prove the following continuation argument.

+ A7t

)

L2

2
sech (AJ:) n

L2

11



ProPOSITION 2.1. Under Assumption 1.8, for any small € > 0 there exists a
0o :=do(€) K € such that if a solution of (1.2) satisfying (1.31), if in I =[0,T] we have

(2.8) 12 = 2072y + 2l o) + l22llzagy + Il Zeg m e ) < €%

e—0t

then for § € (0,80) inequality (2.8) holds for € replaced by o.(1)e? where o-(1) —— 0.

It is elementary that Proposition 2.1 follows from the following Propositions 2.2
to 2.5, where we always assume that our solution satisfies the stability condition
(1.31).

PROPOSITION 2.2. Under the assumptions of Proposition 2.1 there exists a k>0
such that

(29) 12— 230y = 20 2 g -
PROPOSITION 2.3 (radiation damping). We have

(2.10) l2lZ2 (1) + 22 gy = o)
PROPOSITION 2.4 (first virial estimate). We have

(2.11) HnH%Z(l,EA) SoP+ ||77H22(17L2_N) + ||z||%4(1).
PROPOSITION 2.5 (second virial estimate). We have

(2.12) 07272 ) S6% + 0 (WlnlZa (2, + I217r)-

Proof of Theorem 1.3. By continuity, Proposition 2.1 implies that inequality (2.8)
is valid with I =R,. This implies, adjusting €, inequality (1.33) for I =R,.

(2.13) /Rlln(t)\liaa(de 2l <€

From (1.31), (1.61) and (3.8) below, we have 2 € L>°(R,C?) that, with (1.33) implies
(1.35). To prove (1.34), let

a:= HnH?ﬂa = <sech2 (az)ni, n'1> + <sech2 (az)m, 771> + <sech2 (az)n2, 172>
=: a1 (t)+ax(t)+as(t).
Using (1.29) and (2.2) we have
ag = <sech2 (az)m, —®[2— 2], + 12 — R(z)1> .
By (1.44), (1.45), (1.47), and (3.8) we obtain
52] <82
Proceeding similarly,
a1= —2(sech® (ax)n, m2) + O (6?),
a3 = 2(sech’ (az)n}, m2) + O (6%),

where, in the sum of the two terms, the explicit terms in the right-hand side cancel
out, so that we obtain |a| = O (6%). This and (1.33) yield (1.34). Notice that the
computations in (2.14) are formal, but they can be made rigorous, defining a. :=
|| (eid,) N3, proving |a.| < C9* with a constant C' > 0 independent from & and

(2.14)
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then letting € — 07 to get the bound |a| < C§2. Similar regularizations can be used
to justify rigorously some of the computations later in the manuscript. 0

3. Proof of Proposition 2.2: Bounds for the approximate time-
derivative of the discrete modes.

NoTATION 3.1. We fix an even function x € C§°(R,[0,1]) satisfying 1|_1,1) < x <
l{_29) and xx'(x) <0 and set x4 := x(-/A).

LEMMA 3.2. For d >0, z € D¢2 (0,6), and n € Dy (0,6) then, for any A>0 and
k>0,

(3.1)  [sech (k) (f'(®(2),) = f(Q)mll > S 6" [Isech (5 + (p — V)k2) @) |l 2
(3.2) Ixa (f(®(2),) = f(Q)mll, S677* [|sech (jx) m
(3.3)

Isech (k) (f (@ (2); +m) — F(® (2),) = F'(®(2))m)ll = £ 077" [lsech (k) |

(3.4)
2
sech (AI> M
Proof.

P
Ixa (f(@(2), +m) = F(®(2);) — ['(®(2))m)ll, SA 267
Step 1 (proof of (3.1) and (3.2)). First of all in the points where |®[z];| < @,

)

L2

L2

p—1

ﬁz

1-(2—p)+(2—-p)
| 2h

(@ (2)) ~ QI S| @&k | ~ Q"2 |[2]:

If instead |®[z];| > Q, then

<

Thus, by (1.16) we have

(3-5) /(@ (2),) = (@) m| S =" sech ((p = k) [m],
which yields (3.1). We prove now (3.2). Using (3.5) and sech (2z) ~ 1 on [—A, A],

A
Ixa (f'(®(2),) = £1(@)mll 2 < Izlpfl/_Asech((p— Dkaz) [m (2) |dz

2
h{Z
sec (A x) m =

Step 2 (proof of (3.3) and (3.4)). If |n1| 2 |® (z), | we have

< gp—1

(3.6) 1 (®(2); +m) = [(®(2),) = [(®(2))m| S Im"-
In the points where |1;| < |® (2), |, for some t € (0,1) we have
(3.7)

[f(@(2); +m) = F(®(2))) = f1(@(2) )m] = ([ (®(2), +tm) — [ (®(2),)) m|
S(@(2)y) i | ~ 1@ (2); P70 < |ma.

13



Inequality (3.3) follows immediately. By sech (%x) ~ 1 in suppxa, (1.31) and Holder
inequality, we get
2 2
sech (A CU) m sech (A x) m

LEMMA 3.3. With the same hypothesis of Lemma 3.2 and for any k € (0,ks) the
following bound holds true:

(M}

5 Alf (5p—1

_p
Ixalm Pl A2 2
Lp

)

L2

which proves (3.4).

(3-8) |2 (t) = 2()] 07" [Isech (kz) 1 (t)]] 2 ) -

Proof. We apply (Jo,D,® (2)0) to (2.1). By (Jn,D,®(2)0©) =0, due to n €
H!, and D,® (z) independent of z, we get

(ID=®(2)(2—2),D-®(2)0) = (In.JLe Pz #(2)0) — (JR(2). Dz ¥(2)0)
F(I(F(@(2),)— (@)1, D= (2)0)+ (I (F(®(2),+m ) —F(B(2),)— F (®(2),)m )i, D= 2(2)O),

where the second cancellation follows from (1.46) and the first, by (1.28), from
(cf. (1.41))

JLyD,®(2)0=D,®(z) 20[0],
and the fact that n € H!. Using Lemma 3.2, we obtain

|2 — 2| S |lsech (k@) (f(® (2);) — f(@) mll 2
+ [[sech (k) (f (® (2); +m1) — f(®(2);) = f(®(2))m)ll 1
<8P ||sech (k) m | 2 - 0
The proof of Proposition 2.2 follows from Lemma 3.3 setting k := ko / 2 and
integrating-in-time.

4. Proof of Proposition 2.3: The Fermi golden rule. Here the Fermi golden
rule does not refer any more to the condition in (1.65), but rather to the proof of
dissipation of zo due, ultimately, to the nonlinear interaction of zo with the continuous
modes of u. There is an old history, starting from [27, 2], with many significant
contributions, like [28, 25]. Here we use the argument of Kowalczyk and Martel [17].

To prove Proposition 2.3, for the go in Assumption 1.8, we consider

(4.1) Trar = (In, xa (2382 + 7385) ) -
LEMMA 4.1. We have
(4.2)

. d L . _
\z2|4 < —Jrar + &Re <2 A 2ngGg,g2> +52|21\2 + A7t (||n||§;A + ||Sech(k2x)n||%2) )

Proof. Differentiating Jrgr and using (2.1), we have

Jrar = <J7'7, XA (Zggz +5§§2)> + <J777XADZ (z%gg Jrf%@z) 50>
+ (I, xaD- (z32 +?§§2) ZR)
+{In, xaD (2382 +738,) (2 — 2)) =: Ay + Ao + Az + Au.
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By Lemma 3.3, (2.3), and the elementary inequality
<Alnllg,

2
hiZ
sec (Ax> m .

2
sech <Ax> n

(4.3) ||sech (kx) m |2 <

we have

Al S lmxallprd® |2 — 2|ee S 71 A2 [[sech (ko) 1 [ .2

2
5 —
SOPAR Inls, S A7 Il

‘We remark that
(4.4) Ay = (In, xa (2102382 — 21NZ3E,)) -

By (2.1) and with the cancellation in the first line due to (4.4) and JL;go = 2iAgo,

Ai+Ay=—(ID,® (2) (2 — %), xa (2382 + Z382) ) — (In. X T7258,) )4
<177 [Lo, xa] (2582 +738,)) + (JFq (2,m), x4 (2582 + 758))
—(JR(2),xa (382 +%38,) ) = A11 + A1z + A1z + Ara.

By Lemma 3.3, (2.3), and (4.3), we have

Anl 12— 21z <077 (|21 + sech (ko /2) m][2.) < A7 (121" + Inl1%, )

By [Lo, xa] = (%4 OZXAa o), for a fixed small 6, >0 we have
[Aa] S 22 (IXAm N pr + 11X ami [l 1)

2 2
< Jzo? (A_3/2 sech (Ax) m sech (Aac> n )
L2

2 2
< Oo|zo|* 4+ C(53) A1 (||sech (Ax) n'lH%z + A™?||sech (A(E> 771||2L2) ,

4 A—l/Q

L2

so that we can absorb the d2|z2|* term in the left-hand side of (4.2).
By Lemma 3.2, (3.2), and (3.4), we have

[Asa] S 222 [XaFq (m,2) . S A5 (121" + il )
The key term is the following:
Aiy= — 27" (IDZR[0]2%, x4 (2382 + 7385) )
+ <J (;DE_R[O] (z,2) — R(z)) X4 (2382 +z§g2)> = A + Ara.
We bound the term Ai4o. We have

D2R[0](2,2) = D2|D.®(2) Zn(2)~ (/(®(2),)~/(Q)~/ @[z} ) i
= D.® (2) D2zr [0] (2,2) - [ (Q)j @[],

15



so that

(4.5)
JDLRI)(212) - R(2) = D28 (2) (;D220(0] (2.2~ 21
- (1@ + 1@+ P Er - @) )i

In supp x(-/A) C[-2A4,2A], we have |®(2)1]| < Q, so that by (4.5), | D, ® (z) (z) - w| <
e~ k212l ||, and (2.4), we have

e—kg‘.’El

L A (11, )
|A1a2| S |2 -Dzzr[0](2,2) — 2R
—2A

2
+ Q) ;Q) ®[2)°

+‘f(Q)+f’(Q)<i>[Z]1 _f@(2))

S o(1=1") +121 £ (@)pe 1

bas

LY(R)

so that, by | f(Q (z))e=3*21l| ~ e k2121 we obtain
(4.6) \A142|§0(\Z|4)~
Next we write

Ay =-2""(J (G2 + 75Gs) , 2382 + 758,
—271(J (25G2 +73Ga) , (1 — xa) (2382 + 7582) ) + O (21) + 620 (23)

for a § > 0 arbitrarily small but fixed. The first term in the second line can be
absorbed in the third. So,

Argo = —|2|* (JG2,82) — 2Re (230 G2, 8y ) + O (21) + 620 (23) .

By elementary computation, for Z =: ((2)1,(2)2)T and using (1.41) and (1.61), we
have

%zg — AIN(2)05E + i (G — (2)2) 53
= —4N223 + 4iIN(ZR)2zS + 4iX (32 — (2)2) 25,

Hence we conclude the following, which with (3.8) yields the statement

d
Argo = —| 22| (JGo, g0) + aRe (27'X\7%250Go,8s)
+0(21) + 0,0 (25) + O (|12 — 2[°). 0

LEMMA 4.2. We have

d
(4.7) 21 S i Rez? + [zl + 620D fsech(ho)m 3.
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Proof. Using (1.41) and (1.61), we have

d . _ . N -
az% = 21/0|zl|2 +221(21 —1pzZ1) = 2V0|21|2 +221(21 — (2)1) + 221(2R)1.

Taking the real part of the above equation and using Young inequality, for any 6 >0
we get

d 1. . 1
2vg|21 12 < —Rez2? + 20|21 + =2 — 2]* + §|zR|2

dt 0
(1.47) ¢ 1 20% 20%
< &Rez%+29|zl|2+5|2—2|2+71|z1|4+71|z2|4
d 20% 1 2C%
< &Rezf + (20 + 7152)\z1|2 +5lz - 2%+ 71\z2|4

Choosing ¢ := 2 and using § < 1, we get the following, which proves (4.7):

1. . 1d 1
|z1)? < F|z — 2%+ Vf&Rezf + ﬁ|22|4
0 0 0
§2(—-1) 9 1 ) 1 .
< 72 [sech (k) 1 ()| 72 Ry + ;OERezl + 7g|22| . 0

Proof of Proposition 2.3. Integrating (4.2) for ¢ € I and by (2.8),

_ _ — t
(4.8) H22||‘i4(07t)§’(JFGRfRe@ 1y 2ngG2,g2>)]0]+52||Zl\|§2(0,t)
+ AT 0l 0.0 2 anp2 ) = 0c(1)€.

Integrating (4.7) for ¢ € I and by (2.8) we obtain the following, which completes the
proof:
t _ —
Il 0320 S | Rezdlo| + 07 122t 0. + A2 lIsech (ka2 0.0, 2
=o0.(1)€%. O

5. Proof of Proposition 2.4: The first virial estimate.
NOTATION 5.1. For the x in Notation 3.1 and for C >0, we set

(5.1)

cole)i=ep (<1 -x@)). volw)i= ["@dn o= g6+ pcon

We define functionals (notice that S4J and o3J are self-adjoint)
1
Ilst,l = 5 <Jna SAT]> )

1 1 0
Tist,2:= 5 <Jn,03d“n>, where 03 := (O _1) .
LEMMA 5.2. There exist o >0, Ag >0, and 0 < ko < ko such that if 6 € (0,0),
for any k € (0,K0) and A> Ay, we have

2 2
sech (Az> n sech (Ax> m

2
+ A2
L2

2

S Tusea + [lsech (k) n| 2 + |2
L2

(5.2)
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Proof. Using (2.2) and the fact that S, is skew-adjoint, we have

(5.3)
Listn = (I, Sam) = (ISAD® (2) (2 — 2),m) + (P2, Sam)
+((f(®(2); +m) —f(®(2);)),Sam) —(JR(z),Sam) =1 Bi1+By+B3+By.

By Lemma 1 in Kowalczyk, Martel, and Mutoz [19],

1
65 [each - (ch?] g =2,

Using Lemma 3.3 to bound |2 — 2|, we have, for x < ka,
(5.6) |B1] < |2 — Z|[[sech(ra)n]| 2 < 6"~ [|sech(rz)n|[.
‘We decompose
(5.7)
By = (ISaD2® () 2r,m) + (f(® (2),) = F(Q) = /' (Q)®[2]r, Sam ) = Buy + Bua.
By Lemma 1.6 we have

Bus| = | (3S4D2® (2) 20,m) | S 20| [Isech(sa)m] o
(5.8) < |22llsech(xa)n]| 2 < |2[* + sech(ra)n]2..

By (1.55) and for d2 > 0 small fixed,
< 2 ,— || 2 2 / 2
Bial S 12Pllelon cosh (2o ) llzaliseeh ( 2) nt 12 + |21 sech (s
2, 4 2 2 12
(5.9) < $|z| + da[sech(kx)n ||72 + d2]|sech Vi |72

We decompose

(5.10)
By = (f(®(z); +m) — f(®(2);) = f(m),Sam) +{f (m),Sam) =: Bs1 + Bsa.

For the pure nonlinear term Bso, we have
1 1
Bua=—ir [ (P eato)de + 5 [ Gt as
p+1Jg 2 Jr

-1
(5.11) 5o | G@imta.

By a clever but very simple integration by parts Kowalczyk, Martel, and Munoz [19]
(see inequality (36) therein), get the following bound, which is a striking validation
of their dispersion theory:

(5.12) | Bsa| S 67 [[(Camn)'[172-

Next, since for the concave function ¢t — [¢|P~1 for 1 < p <2 we have

ly + AP~ = [yPH < [pP7H for any y,heC,
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we conclude

£ (@ (2), +m) — F(®(2),) —  (m \</ 1F(® (2), +7m) — £ (rm)|dr - |
(5.13) <p|® (2 m”* ] < sech(ka(p — 1))l |.

Then, for 2 < k < kao(p —1)/2, we have
(5.14) 1B | < / sech® (sz) 71| + / sech? () |
R R

2
< (14 ) ey [+ Bllsects (5 ) -

Collecting all the terms in (5.3), (5.4), (5.7), and (5.10) and their bounds in (5.6),
(5.8), (5.9), (5.12), and (5.14), we get
2
sech (A:r) n

Finally, we use the following, which is analogous to (19) of [17] and is proved in [10]
(see formula (6.5)):

2
1(Cam)'lIZ2 S ~Tasear + lIsech (z) nlZ- + [2]* + 62

L2

(5.15)
2 S| 2 ? 1
sec (G| <z sech (G )| < a1+ sty
This, choosing dz > 0 small, yields (5.2). 0
LEMMA 5.3. With the same hypothesis of Lemma 5.2, we have
(5.16)
2 S 2 2 2 2
sech ( =z ) mol|  <Tiswot |[sech ( Sz )il +|[sech ( Sz )m| +lnl7: +|=I*
A L2 A L2 A L2 -k

Proof. We have from (2.2)

. 2
Tiua=— (3D (=) (2 — 2),05¢km) - < < Ot 0) n,agc,m>

+{(f(®(2);, +m) = [(®(2),),Cim) — (JR(2),03¢4m)
= C1+Cy+C3+Cy.

For the main term C5, we have

(5.17) =—((-02+1) m,CAmHHCAnzHLQ
with
2 ? 2 2
(5.18) | (=024 1), Cam ) | S |[sech | Sz | ni||  + ||sech | =z | m
A 2 A 12

We consider the remainder terms, starting with C;. By Lemma 3.3 and

(5.19) |D.® (2) (w)(iﬂ < sech (ix) sech (kz) |w|  for all w € C?,
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we obtain

(5.20) |C1] S 12 = 2| [lsech (xa) | o S 67 Iml72 -
We next focus on Cy with

Cy =Cp + Cy,
(5.21) Cun =~ (ID;® (2) Zr,03(4m)

Ca = (@ (2),) = [(Q) ~ ['(Q®I]1,05¢Am)

Combining (5.19) and (1.47), we get
(5.22) Cul <12l < 2I" +IInlZ= -
By (1.55), we have
(5.23) |Cazl < |2 Imll 2 < =I*+|mll7:
so that (5.21)—(5.23) give that
(5.24) Cal S 12" + =
To bound (3, we notice that by

£ (@ (2), +m) = F(@(2))] <p|® (), """ |m| + |m|”

2
hiZ
sec (Ax) 1 .

Collecting the estimates in (5.17), (5.18), (5.20), and (5.25), we have the

we obtain
2
(5.25) |C3] < |Jsech (kx) my ||72 + 671

conclusion. 0
Proof of Proposition 2.4. 1t is immediate from |Zi 1] < A6?, [Zist 2| S 6%, Lem-
mas 5.2 and 5.3, and the definition (2.6) of || - ||=,- 0

6. Technical estimates on the Darboux transform. For the N in (1.12)
and the A in (1.22), we consider

(6.1) T = (ied,) T A%,

We will use the following formula proved in [8], with L2(Lg) the continuous spectrum
component in L?(R,C) of Ly and P, the corresponding orthogonal projection,

N
(6.2) u= H R, (1) PoA (i€0,) " T Tu for all w € L2(Ly).

=0
In [8] the following result is proved.

LEMMA 6.1. There exists a 0 < ko < ko such that for any r € (0,kg) there exists
a constant C,, such that for all0 <e <1 and w € LQ_%

N
(6.3) H Ru, (1) P A" (i205) ™ w < Cxllwlzz, -
=0 L2 :

In [10, Lemma 7.5], the following is proved.
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LEMMA 6.2. There exists Ag,e0 >0 such that for any A > Ag and € € (0,e9) and

for any v € H' we have
4 2
sech (A:v> Tu sech <Ax) u
2
sech <Ao:) u’

4
sech (Az> 0. Tu
In [10, Lemma 7.6] the following, obvious for Vy11 =0, is proved.

< 57(1+N)
L2 ~

< 67(1+N)
L2 ~

(6.4)

i
L2

(65) e ul 2,

2

LEMMA 6.3. For any u € H*,

(6.6) | [0, View] Au| | SelTulle

(6.7) Hcosh (gz> [<158$>_(1+N), VN+1} AuHL2 SellTullpe -

7. Proof of Proposition 2.5: Virial estimates for the transformed equa-
tion. Using the 7 in (6.1) with N =3 for p € (%, 2) and N =2 for p =2, we consider
the new variable

(7.1) v:=Tn.

Here v is even for 5/3 < p < 2 but, crucially, is odd for p=2. For Ly (cf. (1.25)),
v satisfies

(7.2)

b= —TD®(2)(5—3)+J <LN+1’U + ([ﬁeaﬁmgl) Ve g) A*n>

+ T (@ (2))=F(@)mit+ (f (2 (2); +m) —f(® (2),) = (®(2),)m) i-R(2)]-

From Lemma 6.1, we have

(7.3) lsech(kz)n||L2 < Hsech (g x) v‘ 2
Set, for the pp defined in (5.1),
2 o 1 /
YaA,B=Xa¥B, SaB= 51#,4,3 +a,B0,,
and consider the functionals
1 s 1 e
Tond,1:= 5 <J’U»SA,B’U> , Tona2 = 3 <JU703€ U> .

LEMMA 7.1. We have

I A LR

2

K

2

21



Proof. By (7.2), we have

i%¢y:—<JTIMHzX2—2)5A3v>—<LN+ﬂu§ABv>
+<<[<I€3> v O>A*n,sm>
0 0 ’

+ (T (@ (2),) = (@) m + (F (@ (2), +m)
(@ (2))) ~ £(®(2),)m)) , Saon)
- <TR(Z) ,§A7B'U> =: D1 + D2 —|—D3 +D4 —|—D5

Following [17, section 5], for the main term Dy we have

(7.5)  Dy=-— <LN+1Ul7 §A,BU1> = —/ (€2 +Vp&) de+ Da1, & == xalpu,

where

1 ¢B
2@“2

Do = OG0+ 5 [ (B0 + o) G
1
- [0y en? + 7 [0 emt,

1
(7.6) Vg = 5371 <X”|x| + 2xl|i> Vi1 and

We claim that

(7.7) /(5/12 +Vp&)dr 4+ A7? \|17||§;A > <Hsech (gw) V]

2 K 2
+ Hsech (fx) ’U1H .
L2 2

The proof is like in [17, Lemma 3]. We have, by 0 < (5 <1,

/zléA sech (kz)v? < /IrlsA sech ( ) G < /|ng sech ( ) €.

‘We have

/ sech (kx) v < sech (Ex> (& — C;31}1)2 5/ sech (Eaz> (€2 4 €2).
le|<A lz|<A 2 o] <A 2

We have, thanks to (6.4),

/ sech (k) (v + v]) < sech ( A) / sech (83:) (v + i) dx
2> A 2/ Jr A

4
< sech (EA) g~(N+D) / sech | —a | (n? +n7) de < A7 nll,.
2 ; 1

Finally, we claim the following, which completes the proof of (7.7):

(78) [ sect (Ge) (6 + )5 [ (€7 + Vit do

In the case 5/3 < p < 2, the above inequality is true for all & € H! (R) and follows
easily from the fact for B large the potential Vg is a small perturbation of the positive
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potential — “ETBVJ(,H > 0 for x # 0. In the case p =2, then Vi1 = V3 =0, and so
Vg is a smalprotential. Then for B large, the coercivity in (7.8) is true only for
¢ € HL 4 (R). Fortunately, from (7.5) we see that &; has the same parity of v1 and,
as we remarked right under (7.1), vy is odd if p=2.

We next have the following, which is [17, Lemma 4] (see also the argument in
[10], where A1Be~N-1 < A 2):

(7.9) D1 S A2 ([ml%, + llsech (k) m|72)
By Lemma 3.3, |§ijTDz<I>(z)| ~e "7l "and (6.4) we have that

|D1| S |2 — Zl[|sech (2k2) v 2

7.10
(7.10) < 6P~ Y[sech (kz) 11 || L2 ||sech (262) ]| L2 < 6P~ te™ N+ ||sech (k) m]|2..

Like in [10], we have (obviously here we care only of case 2 > p > 5/3 where V41 #0)

Sp

(7.11)

D] = |([fiz0) "V, va] A my, B )|
<e Hsech (Ex) V1

K p K
7)o (e (52 o e (5 )

< e ?
Se Hsech (Ex) v] )

where the upper bound can be absorbed inside the left-hand side of (7.4).
We now write Dy = Dy + Dy with?

L2

2
+ Hsech (Ex> 111‘
L2 2

Dai= (T (' (®(2))) = £(@)m. Sapwr),
Dz = (T (( (® (=), +m) = (@ (2),) = /(@ (2))m)) . Sasvr).

By sech (%x) ~ 1 on suppta,p C [-2A4,24], by (1.57) and (1.58), and by (6.4) and
(6.5),

(7.12) [Day| <

L2

4
sech [ — !
<AI) . L2)
2
sech (Aa:> ™

— 2
L lmlls, Se72T0 A% n]ls,

sech (jx) T(f'(®(2),) - f(Q)m
Jr

4
h({ —
(o (42) ]

e AN+ 1(f"(®(2)) = (@) mll 2 <

2
sech (m) n )
A7)

< 2N gz 6*’%1\64771‘

L2

_|_

INotice that in the estimate of the term D4 in [10, Lemma 8.1] the operator 7 is omitted by
mistake. The proof can be corrected proceeding like here.

23



We have similarly, using (6.4) to get the second line and (3.6) and (3.7) the third,

(7.13)

‘D42‘ < E_(N+1)A

sech (ix) T(f(®(2),+m) —f(®(2),)—f(®(2),)m)

s,
L2

< 6_2(N+1)A

sech (ix) (f(®(2),+m) —f(®(2))—f(®(2),)m)

2
sech (Ax> I |? .,

<Sem2NHD A5 g2,

~

s,
L2

SE—2(N+1)A —2(N+1) 42 -1

2
Iz Inlls,

Inlls, <
2

Hence (7.12) and (7.13) yield

AN 2
an D5 (%) il
Finally, we consider
Ds = (TD:@(2) 2r. Sa.5v) = (T (F(® (2),) = Q) = /(Q®[=]1) . Sapvn )
=: D51 + Dso.
We have
D51 = D511 + Dsi2
= (TD-® () 2r i m0) — 3 (TD-B (=) 3 Ul o)
We have
|Ds11] < [|cosh (kx) 0, T D, ® (z) ZR|| 2 ||sech (kx) v]| 2.

In [8, Lemma 5.6] it is shown that there exist constants Cp > 0 and g > 0 such that
for € € (0,e9) and for K.(x,y) € D'(R x R) the Schwartz kernel of 7, then we have

—yl

(7.15) |Ke(z,y)| < Coe™ “= for all x,y with |z —y| > 1.

Using this fact, it is elementary to show that |0,7D,® (z)| ~ e *2I*l. Hence, if
<k kz,

|Ds11] S [2R]-
The same argument yields the same bounds for D512 so we conclude that
(7.16) 1Ds1| S |2g] [vllL2, $o5 ="+ 52H”H2L2_%~
Turning to D5y, we have

|Ds2| < [|ClL2(je|<24) llsech (k) (2719 gv1 414, 50)) |12, where

C:=cosh (kx) T (f(‘ﬁ (2);) — f(Q) — f/(Q)‘i’[Zh) .
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For a cutoff x like in Notation 3.1, we write C = C; + Cs with

C1 = cosh (k2) Tx(w =) (f(@ (2),) = F(Q) — [(Q)®=]),

Ca = cosh (k) T (v =) (£(® (2),) = F(Q) = f(@B[]1 ) with x1:=1— x
For the I in (1.50), by (1.55), and using (7.15), we have

(7.17)
ICa | 2 S| cosh (xz) / = 1(y)|dyl| 2 S| cosh (xz) / e e Wdy|| 2 S 2 2.
‘We bound
|CallL2(|2|<24)
log(10A)
S /R d¢IR ()| jZO 2o, T35 (F(@ (2),) = F(Q) = F(@Q®[=]1) llp2(a124)

for appropriate Paley—Littlewood decompositions (in = and y space) with supp ¢, and
supp @; in |z|~27 for j >1 and |z| <1 for j =0. Since for |y| <27 with j <log(10A)
we have

718 f@(2)) - fQ - F Q[ =27 f/(@Q) ([z])) + B with
7@ (81:1) | S lafte

we accordingly split Cg = Ca1 + Coo. With the function (eig‘-') (x) :=€'$*, we have

|EIS

1Coa1llL2(jx|<24)

log(10A) 9
< / aERE] Y 27 Giedn) ™V A Q) (Bl2) lleaqer <o
R -
7=0
log(10A)
IO Ry Y 290135/(@) (Bl2h) lavom S J=12
§=0
‘We have
ICa2llL2(jx|<24)
log(loA)
< [ aelzeo I e
log(10A)
gllSC\HLl(Ré)g—(N-‘rl) Z 2N7||E||L2(]R)<A5 (N+1) ‘Z|3<A€ (N+1) 5‘Z|2.
=0

Summing up, we have

(7.19) [Dsal S 057 2] + dal[ol[2: +6s [[sech (T ) o} 2L
2
Equations (7.16) and (7.19) give that
4

(7.20) 1Ds| < ' ' + 8wl + 6 Hsech( ) al

3 L?
Collecting (7.5), (7.7), (7.9)7(7.11), (7.14), and (7.20) and bootstrapping, we deduce
(7.4). D
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LEMMA 7.2. We have
(7.21)

le™ 20, 12 + Tona,o Slle ™™ 20q |72 + [le™™ 01|72 + [2]* + 0o (D)%, -
Proof. Differentiating Zs,4,2, we have
Tonaz = = (TD®(2)(2 — ), 03¢ v )
- <LN+1v,§A,Bv> + < <{<158I>(;V+1) ' V‘J 8) A*777036_”<$>v>
(T (@ (2),) = (@) m + (F (@ (2), +m)
—F(@(2),) = (@ (2))m) e )
- <TR (2), age*“<z>v> —Ey,+ Ey+ Es+ Ey + B
Like in [10] we have
By = —|le™™ 20|13, + <LN+1U1, €7K<1>U1> = —|le="®/24,|2, 4 E5; with
|Ear| S e @200 |72 + [le™ ™ 2y | 7.
By Lemma 3.3, we have
B S0P e o |l 2 S 6P e N[ Pu |7,
By (6.7), we have
1Bl = |(1(ie02) ™ Vil A" i, o~y )

Selle 2@y pelle™ vy || 12 <elle” T @uy||3..

Proceeding like in Lemma 7.1, we write E; = E41 + Ejo with?
By = (T (£(®(2),) = £(@Q)m,e ™oy,

Bizi= (T ((F (@ (2); +m) = [(®(2),) = (@ (2))m)) e n ).
By an analogue of (7.3) and by (6.4)—(6.5),
En| <e ™M (f(®(2),) = (@) mllzalle™ oy 2
e WD ALz [lem T oy | ey | 2 &N AS|le” 5T My | 2 e Dy | 2
ga_N_1A6||e_”(”>v1||2L2.

In analogy to estimates for D4y and Do in Lemma 7.1, but using sech (%x) e 50 g
e~ *{*) along with (6.4)—(6.5),

sech (jx) T(f(@(2),+m)— f(®(2),)— f(®(2),)m)

|Eyl < e vy 12

L2

< 572(N+1)A

soch (}) (F(®(2), +m)— (@ (2),)

—k(x

lle= vy 2

—f'(®(2))m)
L2

STV AT s, e E vl g2 < 72D A5 (iml, +HlemE o).

2 Also in the estimate of the term Fy in [10, Lemma 8.2], like in the estimate of Dy in [10, Lemma
8.1], the operator 7 has been omitted by mistake. The proof can be corrected proceeding like here.

26



Finally, we consider
Bs = (TD:® (2) 2p,05e v ) — (T (f(® (2),) = /(Q) ~ [ (Q)®2]1 ) e "Iy )
=: F51 + Esp.
The last three terms can be bounded similarly. We have
|Bs51|<|I TD=®(2)ZRll 2 lle ™ v 2 SIA* D @(2) 2R 2 e vl 2 $65 2|+ ]le™ 2 w2,
Turning to E5z, we have
| Esa| < ||El|2[le” % vy L2, where
E:=c 50T (£(@(2),) - /(Q) — [(Q)®=])

Let us write E=E; + E> with

Eii=e 80Ty (@) (f(@(2),) - [(Q) - ['(@QB[2]),

By i=e 50Ty (e =) (F(® (2),) = F(Q) — F/(@®[2]) with i =1 x.
Like for (7.17) and using (1.55), we have

|z

R eyl _ K =yl _
IEallze < [le 3 / 52 1 (y)dyll = < |2 2le 5 / 5 oWy e <2

In analogy to the bound of C; in Lemma 7.1, we bound
[Balle S [ RIS 2 e, Te€7, (1@ (2),) ~ £Q) — F(@Bl=]) 1o
§=0

for appropriate Paley-Littlewood decompositions with supp ¢; and supp @; in |z| ~ 27
for j > 1 and |z| $1 for j =0. Next we split |Eq|p2 < Ao + Agp, with Ag; involving
the sum for j <log(10A) and Ay involving the sum for j >log(104). Now, using the
same argument in Lemma 7.1, we have

Ay Sz
Next, using also (1.52) and (1.55)

Ao s [dERE@) Y 2 HITEVE (£ () - Q) - QL) 1

j>log(10A)
Se WA f(® (2),) - F(Q) - ['( QB[22 Se= NP AT 2%,
Summing up
| Esa| < |Bl|z2lle” 2 P L2 $ 651 2] + balle™ 20y || 7.
Collecting the estimates and bootstrapping, we obtain the conclusion (7.21). 0
Combining Lemmas 7.1 and 7.2, we have the next lemma.
LEMMA 7.3. For any p >0, we have

/OT (Hsech (gx) vy

2 P T
+lsect (52) ol ) $6-40.0) [ Il + el

L
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(18]

(21]
(22]

(23]

Proof. The claim follows from Lemmas 7.1 and 7.2 and

Tond,1| S BemWHIG2 [Tyngof Se= @ H42, O
Proof of Proposition 2.5. It is a consequence of Lemma 7.3 and inequality (7.3). O
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