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Quantum computers are inherently affected by noise. While in the long term, error correction codes will
account for noise at the cost of increasing physical qubits, in the near term, the performance of any quantum
algorithm should be tested and simulated in the presence of noise. As noise acts on the hardware, the classical
simulation of a quantum algorithm should not be agnostic on the platform used for the computation. In this paper,

we apply the recently proposed noisy gates approach to efficiently simulate noisy optical circuits described in
the dual rail framework. The evolution of the state vector is simulated directly, without requiring the mapping
to the density matrix framework. Notably, we test the method on both the gate-based and measurement-based
quantum computing models, showing that the approach is very versatile. We also evaluate the performance of a
photonic variational quantum algorithm to solve the MAX-2-CUT problem. In particular we design and simulate
an ansatz, which is resilient to photon losses up to p ~ 10~ making it relevant for near-term applications.
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I. INTRODUCTION

Photonic quantum devices are very promising potential
candidates for achieving quantum advantage [1,2]: integrated
photonics benefit from low error rates and ease of manipu-
lation, making it eligible for scalable quantum computation
[3,4]. However, like all quantum computing platforms, pho-
tonic devices in the NISQ era are affected by noise from
various sources, such as photon losses and imperfect indis-
tinguishability of single photons, that can negatively impact
the performance of quantum algorithms [3,5,6]. Therefore,
studying the noise effects on quantum algorithms and per-
forming accurate classical simulations becomes crucial for
their successful deployment [7-9]. This task can be achieved
by employing efficient classical simulation methods based on
reliable noise models.

Building on the results presented in [10], we develop the
noisy gates approach for optical devices in the dual-rail en-
coding. The distinctive feature of this approach is that the
noise is integrated in the dynamics defining the quantum
gates—which turn into noisy gates—offering in this way a
superior tool for simulating the behavior of a (unavoidably)
noisy quantum device. Here, we extend the formalism to
second quantization for optical elements [11,12], and we
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apply it to specific instances of dual-rail encoding, showing
that it is a very flexible and efficient framework for simulating
noisy optical computers.

We successfully formulate the noisy versions of linear op-
tical elements as phase shifters and beam splitters; we also
consider the effects of imperfect single-photon sources, lossy
optical guides and detectors as fictitious noisy optical ele-
ments that act on photons at the proper step of the circuit.
The approach is first tested through simulations of both gate-
based and measurement-based quantum circuits, whereby the
algorithms are expressed in the dual-rail formalism. Then, the
approach is applied to a specific variational algorithm solving
an optimisation problem, through the study of noise effects on
the optimization loop of a variational quantum algorithm.

The paper is organized as follows. In Sec. II we recap the
noisy gates formalism. In Sec. III we review the main sources
of noise in optical devices. Sections IV and V present the
general derivation of noisy optical elements, imperfect single-
photon source effects, lossy optical guides and detectors. In
Sec. VI we compare our method with previous existing ones.
In Sec. VII we report the results of the simulations of X gate
and Bell state preparation circuit in the gate-based quantum
computing framework, of the X gate in the measurement-
based framework and of a variational quantum algorithm
applied to the max 2-cut problem. We conclude with some
general remarks and an outlook.

II. THE NOISY GATES FORMALISM

Noise models for quantum computing typically consists
in adding extra gates, mimicking the noise, before and after
the standard gates defining a circuit [13—15]. The noise gate
approach developed in [10] instead combines the gate and the
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noise into a single noisy gate, which represents a more real-
istic description of the actual functioning of a noisy quantum
device. As a matter of fact, this approach proved to offer a
better simulation of superconducting quantum computers. We
briefly present its building blocks.

Noises affect quantum devices and their effects can be
described by the theory of open quantum systems [16,17]. The
master equation that describes the Markovian evolution of the
density matrix of the qubits system in a given environment is

d i~ I | P
b= =+ e zkj [Lkp,Uk = 5Ly, p,}},
4))

where H; is the time-dependent Hamiltonian realizing a given
gate, and L are the Lindblad operators capturing the action of
the environment. In principle, in Eq. (1) each term L; should
correspond to a different parameter e,f; however, we assume
that the noise strengths are of the same order of magnitude,
thus for our purposes we consider a single parameter €.

Given that €2 is much weaker than the strength of the
Hamiltonian, one usually assumes that the noises are totally
independent from the gates dynamics, allowing to formally
decouple the two terms in Eq. (1). In [10] we showed that the
assumption underlying this approximation is too tight and one
can obtain better results by solving a stochastic differential
equation, equivalent to Eq. (1), perturbatively to the second
order. The approach is the following: we perform a linear
stochastic unraveling of the Lindblad equation [18-22], in
terms of the following stochastic differential equation for the
state vector:

. 2
d 1) =[— SHdi+ ) (ieﬁkdwka) - %ﬁ*kﬁkdt)] W),
k
@)

where dW,(t) are differentials of standard independent
Wiener processes, i.e., stochastic infinitesimal increments
such that E[dW,(t)] =0 and E[dW;()dW(t')] = 8 wdt.
Equation (2) is an unraveling of the Lindblad equation in the
sense that the density matrix obtained by averaging the pure
states |v;) (Y| over the noise

P = EL[1Y1) (Y] 3

is a solution of Eq. (1). In this sense, Egs. (1) and (2) have the
same physical content.

Moreover Eq. (2) is linear, thus the solution can be
written as

[¥) = Ne(t, 10) 1Y) )

where Ng(t, fp) is a linear operator, implying that it can be
interpreted as a noisy quantum gate

%) Ng 97) -

In [10] we showed how to solve Eq. (2) approximately
to order O(e?) by using perturbative methods for stochastic
differential equations [23]. The resulting expression for the
noisy gates is the following:

A A 2 n L a
Nyt 19) = Ug(t, 19)e™ = 1050, )

where we defined the deterministic operator

D(t, 1) =Y Dilt, 1o), 6)
k
Dy(t, 1) = / ds(Lf ()i (s) — L)), (7)
and the stochastic one
S, 10) = Skt 1), ®)
k
$(t.10) = / AW, ()L (5). ©)

We notice that in Eq. (5) tAhe Lindlglgd operators Ly (s) are
in the interaction picture, L;(s) = U;',(s, o)L U (s, 1), thus
since they depend on the gate operator, the noise dynam-
ics is influenced by the unitary evolution realized by U,.
Moreover, the real part [Sf(t, fo)];; and the imaginary part
[Si(t,to)],- ; of the entries of the operators §; in Eq. (9)
are It0 integrals of deterministic functions: [S;”(t,to)],-j =
ft:) de(s)[]:,'{”(s)],- j for m = R, I. The latter represent Gaus-
sian stochastic processes with means zero [E[[S}f(t, 10)]i;]1 =0,
variances V[[Szl(t, 10)lij] = frf] ds([I:Zl(s)],-j )? and covariances
ELS; @, t0)]ij ISyt 10)]i ] = [ dsILy ()] [Lf (). Once
all the variances and covariances are computed, the stochastic
processes can be sampled to generate a single realization of
the noisy gate N,. By averaging over the number Ngamples Of
realizations of the final state [y,), = Ng [V,), one recovers
the final density matrix of the system,

1

p= D W Wil - (10)
k

Nsamples

It is then sufficient to specify the Hamiltonians, i.e., the uni-
taries, and the Lindblad operators of a given quantum device
to find the expressions of the noisy gates. In the following we
specialize to linear optical elements.

III. NOISES IN DUAL-RAIL ENCODING
OPTICAL CIRCUITS

This paper focuses on discrete variable quantum optics
[24,25], in particular on the so called dual-rail encoding of
linear optics quantum computing [26,27], where the computa-
tional units are qubits. We consider optical circuits that are
essentially made up of single-photon sources, single-mode
optical guides (also called spatial modes) in which photons
propagate, linear optical elements that modify the photons
state and single-photon detectors. Thus, an optical circuit can
be thought as a unitary transformation on N modes with
symmetry group SU(N), followed by the detection. Since a
qubit has a SU (2) symmetry, then two spatial optical modes
(dual-rail) with a single photon is a natural implementation of
a qubit.

The logical states of the qubit are encoded in the two modes
Fock states |0); = |10), |1); = |01) (with this notation we
indicate that one of the two modes is occupied by the photon).
Thus to represent a system of M qubits one needs 2M modes
plus a certain number of additional ancillary modes used to
implement the correct unitary transformation.
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Although it is believed that optical quantum computing is
very promising because of the weak interaction of photons
with their surrounding environment, optical quantum circuits
are not immune to noise. We focus on two main sources of
noise affecting optical devices: photon losses and nonperfect
indistinguishability of single photons [3,5].

Photon losses are particularly daunting in the dual-rail en-
coding, since after a loss the photon state exits from the logical
computational states of the single qubit. They can occur at
any step of the optical circuit, from the source to optical
guides, optical elements and detectors. For each of these steps,
one can associate a different loss probability p = 1 — e~ 2//T,
where At is the time interval and T is a characteristic time.
Indeed the state of a photonic mode traveling through a fiber
can be expressed as [6,28,29]

p(Ar) =pl0) (0] + (1 —p)[1) (1], an

where |0) is the state of a single mode without photons and
[1) is the state of a single mode occupied by the photon. In
practice, the value of p depends specifically on the material
used for the optical circuit as well as other experimental
parameters. In the following, for the purposes of this work,
we vary p from 107 to 1072,

Photons nonperfect indistinguishability occurs at the stage
of photon/qubits generation. Single photons emitted, for ex-
ample by quantum dots [30], are indistinguishable if they
have the same wavelength, polarization, temporal and spa-
tial extent. A quantum dot sources indistinguishable photons
if it is subject only to radiative decay. If there is any
other decoherence process, then sourced photons will be not
perfectly indistinguishable. For this reason we simulate indis-
tinguishably using decoherence models. Typical decoherence
processes in semiconductor platforms are depolarization or
dephasing [31,32]. As a result, the nonperfect indistinguisha-
bility of photons is connected to depolarization/dephasing
errors, since photons are coupled to an electronic spin state
that is susceptible to such errors.

We notice that photon losses and nonperfect indistin-
guishability lead to incoherent evolution. Here we do not
consider coherent errors caused by imperfect calibration of
optical elements. The latter can be accounted for using already
existing techniques [33]. Other sources of error, e.g., cross-
talk effects, are beyond the scope of this paper and can be
added with further developments.

IV. NOISY OPTICAL ELEMENTS

We now apply the theory outlined in the previous sec-
tions to build the noisy version of linear optical elements.
In particular we focus on phase shifters and beam splitters,
showing how to write down their noisy version under the
effect of photon loss errors.

A. Noiseless phase shifter and beam splitter

We briefly recap the noiseless expression of optical ele-
ments in order to set the main notation used in the following
sections. A phase shifter is an optical element that acts on a
single-photon mode by changing the phase of the photon state.

Its action can be described by the Hamiltonian [11,12]

Bp = —nwP, P=2a'a, (12)
where & and a' are respectively the annihilation and cre-
ation operators of a photon in a single mode. By solving
the Schrodinger equation one arrives at the unitary evolution
operator Up = ¢/F, where 6 = w - (f — to) = w - At. Thus,
the evolution of the annihilation and creation operators is
given by
Upa'U0f = e?a’, Upal = ea. (13)
The beam splitter acts on two photon modes and can be
defined through the Hamiltonian [11,12]

A an)A A id~A AT ib At A
fy = —B@). B(g)=e aa) +eajar.  (14)

where the indices of the annihilation and creation operators
refer to photon modes 0 and 1. The unitary evolution opera-
tor is Ug = ¢/38@_ with @ = wAr¢; the annihilation/creation
operators evolve as follows:

UpafUf = cos (8/2)a) +ie @ sin (9/2)al,  (15)
Upa[ U}, = ie" sin (8/2)a) + cos (9/2)al,  (16)
UpaoU}, = cos (8/2)ay — ie' sin (9/2)ay, 17)
Upa U, = —ie™™ sin (6/2)ap + cos (8/2)a;. (18)

It is possible to express in a compact way these latter
transformations by defining unitary matrices that act on vec-
tors of creation operators (a;, a})" or annihilation operators
(@0, @1)T . The matrix for creation operators reads

ie' sin (6/2)

n cos (0/2)
Uy = ( cos (6/2)

ie™i® sin (0 /2)) 19)

while that for annihilation operators is Z/A{g

B. Noisy phase shifter

A natural way to describe the effects of photon losses on a
given mode 0 in the noisy gates formalism is to consider the
system in contact with an environment that absorbs photons.
By following the protocol described in Sec. II we have to
choose the operators in Eq. (2): the Hamiltonian operator is
the phase shifter Hamiltonian in Eq. (12) on mode O, i.e.,
Py = &8&0, while we choose dy as Lindblad operator .. The
corresponding expression for the noisy gate reads

2
A A _i” . &
Ny = Uge™ 2 PogicoSo (20)

where Up = ¢, Dy = [ ds(@j(s)ao(s) — a3(s)) and Sy =

ftf) dW(s)ay(s). The time-dependent creation operator reads

al(s) = Ui (s, t0)ah Uo(s, to) = e 7] 1)
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similar to Eq. (13). Thus we can write

Dy = Atajag + (Dc — iDs)a3, So = (e —ils)ag  (22)

where D¢ = ftf)dSCOSZQ(s, ), Dg= ftf)ds sin 26(s, 1o),

Ie = ftf) dW(s)cosO(s, 1), Is= f,: dW(s)sin6(s, ty). The

latter are Gaussian stochastic processes with means E[I¢] =
E[ls] =0, variances V[I¢c]= ft(: dscos?0(s, ty), V[]

= ft(t) dssin® (s, tp), and covariance [E[lclg] = ft(t) dscosf
(s, 19) sin O (s, ty).

However, at this point a difficulty arises because Noaf N,
cannot be expressed explicitly as a unitary matrix acting on
the creation operators, as in Egs. (13) and (19).

In order to avoid such problem we consider a larger phys-
ical system consisting of two photon modes: mode 0 is the
physical mode where the phase shifter acts, while mode 1 is
a virtual mode that we exploit to model photon losses. The
idea is to model the environment as a beam splitter between
the two modes, and then trace out the virtual mode. In such
a way, the effective action on the system is that the photon is
absorbed with some probability. In this new configuration, we
choose By, = &O&T + &3&1 as Lindblad operator L; the latter
can be obtained from the expression for B(¢) in Eq. (14)
by setting ¢ = 0. This Lindblad operator acts as a virtual
beam splitter that can shift photons from mode O to the virtual
mode 1.

Following Sec. II, the resulting noisy phase shifter is of the
form in Eq. (5) without the deterministic term due to the fact
that the Lindblad operator By, that we chose is Hermitian [see
also Eq. (7)]. Then we can write

Noy = Uge'oSor, (23)

where Uy = € and §o; = ft(: dW(s)Bo; ().
At this point we need to compute the form of the stochastic
operator Sp;. We notice that

Boi(s) = U} (s, 10)Boi Uo (s, 1)
efi9<s,z0)f’oa eiO(s,tg)f’ga'[+efie(s,to)f’gageiO(s,tg)f’gal
— 10(&‘ ln)A AT +e t@(s,tn)a(';&l

= cos (s, 10)(@od] + ajar)
+isin6(s, to)(@od} — ajar)
= cos (s, to)Bo; — sin (s, 1)Co: (24)

where in the third line we used Eq. (13) with the adjoint

unitary evolution and we define Co; = i(&g&l — &O&J{), which

can be obtained from B(¢) in Eq. (14) by choosing ¢ = /2.
Then the stochastic operator reads

So1 = IcBo; — I5Coy, (25)

where Ie = f[: dW(s)cosO(s,tp) and Ig= ft:) dW(s) sin
0(s, tp). The latter are the same stochastic integrals defined
before.

Finally, by exploiting the fact that at second order in € one
has eAtB) = 4¢P from Eq. (23) we get

N()] — eriegICBmefl'E(]Ing . (26)

Through Eq. (26) one can compute the evolution of cre-
ation and annihilation operators under the action of a noisy
phase shifter. As seen before, we can express compactly these
transformations with unitary matrices that act on vectors of
creation operators. In the case of the noisy phase shifter we

have
N — e? 0\ (cos(elc) isin(elc))
m=\o0 1 isin (eolc)  cos (€olc)
cos (epls) —sin (epls)
X (sin (e0ls) cos (epls) >’ 27

whereas ./\A/g | acts on annihilation operators. In Eq. (27) the pa-
rameter €, is connected to photon loss probability py on mode
0 as €y = /—log (I — 2pg)/2 where pg = (1 — e 221/T)/2
and eg = At/T, with T the characteristic time of photon
losses. We choose such time dependence for py because by
taking the average over the processes I and Ig one has
E[sin®(ely)] = (1 — e72%)/2 = py with k = C, S. Moreover,
we are not interested in the regime in which there is more
than 50% of loss probability.

By tracing out the virtual mode we get the expression for
the noisy phase shifter

/\70 = " cos (eplc) cos (epls). (28)

C. Noisy beam splitter

For the beam splitter we consider modes O and 1 as phys-
ical modes and mode 2 as virtual mode. The Hamiltonian
operator we choose is that in Eq. (12) with ¢ =0, ie By =
aoa + a0a1 As L1ndblad operators we choose Boz = aoa; +
agag and B, = a1a2 +al 1@2. The corresponding noisy beam

splitter reads
Noiz = gjefeodntiade (29)

where Uy, = €280 and Sj =ft:J dW;(s)Ba(s) with j =
0,1. In Eq. (29) the parameters ¢; are defined as ¢; =
\/ —log (1 —2p;)/2 analogously to the noisy phase shifter
case. By performing a similar calculation to Eq. (24) where
now one uses the beam splitter relations in Egs. (15)-(18) with
the adjoint unitary evolution, the expressions for B j2(s) are

Boa(s) = cos (9(2’0))1%2 — sin (G(Szt"))cu, (30)

]§12(s) = COS <9(S2t0))B12 — sin (Q(Sé 0)>C02, (31)

where Cj, = i(&;&z — a;ab). The stochastic operators are
then

So2 = IcoBoz — IsoCias (32)
S12 =1c1Byy — 15 Con, (33)

where Ie; = ft; dW;(s)cos (s, t9) and Is; =

ft:) dW;(s)sinf(s, o). The latter Gaussian processes have
the same variances and covariances computed before for the
case of phase shifter. Finally we can express Eq. (29) as

N()IZ — 001 eifolcnﬁnze*iéolsoclzeiel1011§12€*561131C()2 , (34)
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and the corresponding action on creation operators is given by

cosf/2 isinf/2 O
Nowp = | isin6/2  cos6/2 0
0 0 1

cos (eolco) O isin(elco)
0 1 0
isin(eglcg) O cos (eplcp)

1 0 0

0 cos(eplsg) —sin(eglsp)
0 sin (eplso) cos (eolso)

1 0 0

0 cos(erley)  isin(eler)
0 isin (611C]) COS (GIICI)

cos(e1ls;) 0  —sin(eilsy)
0 1 0 . 35)
sin(e1ls;) O

cos (e11s1)

By tracing out the virtual mode we get the expression for the
noisy beam splitter

oy = (0059/2 isin9/2) _ (cos (eolco) 0)

isin6/2 cosf/2 0 1
1 0 1 0
0 cos(eplsp) 0 cos(eler)
cos(erls;) O
. ( ‘ 1). (36)

V. IMPERFECT SINGLE-PHOTON SOURCES, LOSSY
OPTICAL GUIDES AND DETECTION

As explained in Sec. III, photon generation, propagation of
photons inside optical guides and detection are also affected
by errors. We now describe how to account for such errors
with our formalism.

A. Imperfect single-photon sources

As we explained in Sec. III a quantum dot undergoing
decoherence processes generates nonperfect indistinguishable
photons. In the case of dual rail encoding, the only relevant
property is the photon path, i.e., through which optical guide
the photon is traveling. Then, in this setup, the only way to
understand whether two photons are distinguishable, if we
consider only noncoherent errors, is when the associated qubit
state is not completely pure. This can be described by consid-
ering depolarizing errors arising at the sources and inherited
by the photons.

To model imperfect single-photon sources we apply at the
beginning of the optical circuit a layer of fictitious optical
elements to each mode that simulate the depolarizing errors.
Such optical elements can be built by applying again the noisy
gates formalism. Here we focus on single-qubit depolarizing
channel, but one could straightforwardly extend the approach
to multiqubit depolarizing channel.

Depolarizing for a single-spin state can be described by the
Lindblad operators X, ¥, and Z. We can map such operators
to operators defined in terms of creation and annihilation
operators on the physical modes, thus acting on photons of the
circuit. We notice for example that by solving the Schrodinger
equation with the beam splitter Hamiltonian in Eq. (14) with
¢ = 0and 0 = 7, one gets a unitary on the creation operators
that acts as an X gate on a qubit in the dual rail encoding [see
Eq. (19)]. Similarly, a ¥ is obtained with ¢ = mw/2and 6 = 7.
The operator Z is obtained by solving the Schrédinger equa-
tion with the phase shifter Hamiltonian in Eq. (12) with6 = 7
applied to mode 1. For these reasons, to describe depolarizing
errors, we can use Eq. (2) without Hamiltonian operator and
with the Lindblad operators ]§01, Cm, and f’l. The resulting
noisy gate is

Né{iep) — eiedé&)eiédg&)eiédgsﬁ), (37)
where Sg‘l) =By W.(t, to), Séyl) = mey(z, to), and Séﬁ) =

PyW.(z, ty). The corresponding unitary on the creation and
annihilation operators becomes

Nrtden) _ cos (e,W,)  isin(ezWy)
01 isin (e,W,)  cos(egW,)
cos (g4W,) —sin(ezW,) 1 0
sin (64Wy)  cos (e,W,) 0 eieaV: )"

(38)

Here the parameter €; has the same definition of the loss
parameter but now it is related to depolarizing probability p,.
Moreover, we stress that, despite the similarity with the noisy
gate of lossy optical elements, the effects of Eqs. (37) and (38)
are different because modes 0 and 1 are both physical modes,
there are not virtual modes.

B. Lossy optical guides and detection

In Sec. IV we have dealt with optical elements affected
by photon losses; however, photons inside optical guides and
detectors are also subject to this kind of noise. Then, as in the
case of noisy phase shifter we can consider two photon modes
0, 1, respectively physical and virtual mode, with Lindblad
operator By, but this time we use Eq. (2) without Hamiltonian
operator. A straightforward calculation leads to

N(()lloss) — eiegm , (39)

where So; = By W(r, 10) and € = /—Tog (I — 2p)/2 with p
the loss probability inside the optical guide or the detector.
Consequently we have

~loss) [ cos(eW)  isin(eW)
Nor™ = (i sin (eW)  cos(eW) )° (40)
By tracing out the virtual mode we obtain
/\Aféloss) = cos (eW). 41)

VI. COMPARISON WITH OTHER APPROACHES

In the literature, there are two main approaches for simulat-
ing photon losses: fixed-loss model [34-36] and beam-splitter
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loss model [36-39]. The former one was developed when the
number of lost particles can be effectively controlled; indeed
it is based on the assumption that initially there are n photons
and exactly n — [ of them are lost. The loss is simulated by
tracing out n — [ of the n photons p’ = Tr,_;(p) and by using
the fact that Tr,_;(0®"pU®") = 0®"Tr,_,(p)07®". Thus, it
does not matter whether losses occurred before or after the
implemented linear transformation. However, a simulation
method that describes a fixed number of lost photons is lim-
ited since in real optical circuits this number is a random
variable.

In the second approach, the beam-splitter loss model is
based on the idea of adding a virtual mode to the physical
mode and applying a beam splitter [see Eq. (19) with ¢ = 0]
with a reflectance equal to the loss probability: R = p. Since
the relation between reflectance and the angle 6 of a beam
splitter is cos(6/2) = +/1 — R and sin(6/2) = VR, then one
gets

VETIEN.
(ifp m) .

where the probability of losing a photon is exactly
lout(O1] [10);, |*> = p. This approach is very close to what
we derived for lossy optical guides and detection in
Sec. VB, because Eq. (40) is the stochastic version
of Eq. (42). Indeed, in our case the probability of
losing a photon is |y (01][10);,|* = sin?(eW) and by
taking the average over the Wiener process one has
Efsin?(eW)] = (1 — e 2")/2 = p.

This analogy is limited only to lossy optical guides and
detectors. Indeed, the stochastic processes appearing in the
expressions for noisy optical elements in Egs. (27) and (35)
are not independent from the parameters of the corresponding
optical elements. Therefore, our approach is not reducible
to the beam splitter loss model: as a result of including the
noise into the gates, each noisy optical elements has its own
lossy behavior (even if the error probability is the same for all
elements). Experimentally the dependence of photon losses
on the parameters of optical elements is small and the usual
assumption to perform simulations is that photon loss is inde-
pendent from the angles of beam splitters and phase shifters
[3]. However, we already proved in [10], for the case of su-
perconducting devices, that relaxing this assumption, namely
that of separating the noise and unitary evolution, provides a
more accurate noise simulation tool.

Regarding the treatment of imperfect photon sources, dif-
ferent approaches exist in the literature. In [40], the authors
considered a parametrized quantum dot able to simulate the
creation of pairs of entangled photon in a mixed state. Another
example is the modeling used in [41] where an imperfect
quantum-dot based single-photon source is modeled by a
statistical mixture of Fock states. In this paper we deal with
single-photon sources, thus, following the latter approach, we
implemented the stochastic unraveling of a single-qubit de-
polarizing Kraus map as shown in Eq. (38), that equivalently
outputs a mixed Fock state of the qubits. In general one could
use n qubits depolarizing channels to take into account multi
photon distinguishability [5].

VII. TESTING THE PROTOCOL

In the following section we test the performances of our
noisy gates method. First, in Sec. VII A we simulate the ef-
fects of imperfect photon sources and photon loss on the X
gate and on the preparation of the Bell state in the gate based
quantum computing (GBQC) framework. Then, in Sec. VIIB
we perform the same simulation in the measurement based
quantum computing (MBQC) framework [42,43] reproducing
the X gate. Finally in Sec. VIIC we build a noisy variational
quantum algorithm (VQA) [44,45] to solve the max 2-cut
problem [46—48] and we study its performances in different
noise scenarios.

All the optical circuits we implement are written in the
standard triangular Reck decomposition [49], except for the
VQA ansatz. As computational backend for the simulations
we used the SLOS backend [50] in Perceval [41] and mea-
surements in MBQC framework are handled with the MBQC
module of Paddle Quantum [51]. Moreover, the transpiration
required to obtain the optical circuits in Secs. VII A and VII B
are performed by using the QiskitConverter functionality of
Perceval.

To simulate the effect of imperfect photon sources, we
add to the optical circuit a layer of fictitious optical elements
modeling depolarization, see Eq. (38), for each couple of
modes. To simulate photon losses, each optical element of
the original circuit is replaced with the corresponding noisy
one, see Eqgs. (28) and (36), and for losses at detection we add
a layer of lossy channel for each mode as in Eq. (41). The
corresponding noisy optical circuit is schematically depicted
in Fig. 1 below.

A. X gate and Bell state in the gate-based framework

We simulate the X gate and Bell state preparation with
our approach, eventually obtaining the output density matrix
p"e. If o is the noiseless output density matrix, we compare
these two states by computing the Hellinger distance H"® =
H(p"8, o), where the Hellinger distance is defined by

S (Vo —vow). @)

1

1

N
k=

with pgr (or) the diagonal elements of p (o). The Hellinger
distance is a measure of the distance between the readout
probability distributions, and is related to the fidelity as F =
(1 — H?)? [17]. We chose to work with the Hellinger distance
since the fidelity is not a metric, and we are interested in the
distance between readout probability distributions. We repeat
these simulations for diverse type of noise (depolarizing and
photon loss) and different error probabilities.

The results of the simulations are shown in Figs. 2 and
3. All results shown are normalized with respect to the
postselection/heralding probability. In Fig. 2, panel (a) shows
the effect of depolarization that is to bring the system to
the completely mixed state, with pyo = p1; = 1/2. The effect
of photon losses, shown in panel (b), is to decrease py;, as
expected: in this case the state is not normalized as the action
of losses is nonunitary, see also Eqgs. (28), (36), and (41). The
combined action of depolarization and photon losses is shown
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Imperfect source|

LOSS | 3

LOSS |l 4
o=pi/3 ©=pi/9

LOSS | 5

LOSSY OPTICAL ELEMENTS

FIG. 1. Schematic depiction of how we simulate a generic noisy optical circuit. On the left in yellow, a layer of fictitious optical elements
models depolarization for each couple of modes. In the blue area, each optical element of the original circuit is replaced with the corresponding
noisy one and for losses at detection we add a layer of lossy channel for each mode, shown here in yellow on the right.

in panel (c): the effects of depolarization are lowered by the
presence of photon losses. Panel (d) displays the Hellinger
distances of the three simulations with respect to the ideal
result. For the circuit preparing the Bell state in Fig. 3, the
effect of depolarization, shown in panel (a), is again to bring
the system to a mixed state. In general, for two qubits the equal
probability of the maximally mixed state is 1/4; however, in
this case depolarization is applied not only on system qubits
but also on ancillary qubits, necessary to implement the CX
gate; this leads to a mixed state different from the maximally
mixed state for two qubits.

The effect of photon losses in panel (b) is way larger than
for the X gate; the reason is that the optical circuit to realize

the Bell state has a significantly higher depth and a larger
number of modes as can be seen by comparing the optical
circuits in Figs. 2 and 3. Panel (c) shows that photon losses
are dominant in this case, as the plot is very close to panel
(b). Panel (d) displays the Hellinger distances of the three
simulations with respect to the ideal result.

B. X gate in the measurement based framework

The framework of dual rail encoding of linear optics
quantum computing is suitable to implement alternative
scheme for quantum computation, in particular measurement
based quantum computing (MBQC). Such a scheme involves

1.0 1 1.0 1

— p00 - p00
0.8 pll 0.8 - pll
0.6 0.6 A
0.4 A 0.4 -
0.2 A 0.2
0.0- T T T 0.0- T T T q
(@)o.0 0.2 0.4 (©) 0.0 0.2 0.4
1.0 A —— p00 | 0.5 1 Hellinger distances
0.8 - P 54
0.6 0.3
0.4 A 0.2 1 0 O=pi o
dep ©=5.817774
0.21 /\ 0.1+ —— loss
001, . . 0.0 . —both . .
(¢) 0.0 0.2 0.4 (d)oo 0.2 0.4

error probability

error probability

FIG. 2. X gate in the gate based framework. Panels (a), (b), and (c) show the values of the entries pgy (blue) and p;; (orange) of the density
matrix for the X gate, as the error probabilities increase. Panel (a) takes into account only imperfect photon sources (modeled as depolarization),
panel (b) photon loss errors, and panel (c) the combination of the two. Panel (d) shows the Hellinger distances between the outcomes of the
simulations in (a) (grey), (b) (green), (c) (red) and the ideal result of the X gate. On the right, the circuit for the X gate in GBQC and the

corresponding optical circuit.
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7

FIG. 3. Bell state in the gate-based framework. Panels (a), (b), (c) show the values of the entries of py (blue) and p;; (orange), p,, (green),
p33 (red) of the density matrix for the Bell state. The order of the different noise sources considered is the same as for the X gate Fig. 2. Panel
(d) shows the Hellinger distances between the outcomes of the simulations and the ideal result of the Bell state, colors have the same meaning
as for panel (d) of Fig. 2. On the right the circuit for the Bell state in GBQC is shown, and on the bottom the corresponding optical circuit.

the generation of particular entangled states called cluster
states and appropriate single-qubit measurement to drive the
computation. These two stages involve photon generation,
manipulation, and detection, thus, as for GBQC, MBQC is
affected by photon losses and imperfect photon sourcing. To
test the robustness of MBQC against such noises, we focus on
the realization of X gate. The simplest implementation of the
X gate is schematically depicted as

0) —{ #] [ Bxv(—1) F1m) = 55 (44)
|0) .— X*27Z5X |0)

Qubit 1 is prepared in the state |0), while qubits 2,3 are
both prepared into the |+) state. Qubit 1 is entangled with
2, and qubit 2 is entangled with 3 via CZ gates. The output
state at this stage is called cluster state. Then the first qubit
is measured in the X basis and the measurement outcome
sy is recorded. Qubit 2 is measured in the XY plane with
an angle 6 = (=D and the measurement outcome s, is

recorded. After these two measurements, the state of qubit 3
is X2751X|0) = X*Z% |1). Thus the initial |0) is flipped to
[1) up to byproduct Pauli operators. We notice that a generic
rotation around the X axis of angle « is realized by taking
6 = (=1)!*%10. The corresponding optical circuit that imple-
ments the cluster state for the X gate and the effect of noise
are shown in Fig. 4.

As in the previous section, the effect of depolarization is to
bring the system to the completely mixed state [panel (a)] and
the effect of photon losses [panel (b)] is to decrease p;;; panel
(c) reports the effect of both depolarization and photon losses.
As one can notice by comparing the order of magnitude of
the error probabilities of Figs. 2, 3, and 4, the impact of noise
in the MBQC framework is way stronger due to the larger
number of modes and optical elements in the MBQC optical
circuit. For example, to perform the GBQC X gate, two modes
and one beam splitter are enough, while for the MBQC X gate
cluster state in the Reck decomposition one needs 14 modes
and 116 optical elements.

We notice that all the CZ gates are implemented by adding
four additional modes to herald the success of the gate. This
extra ancillary cost is not always required, and most efficient
layouts can be found but for the only purpose of testing our
method, we did not further optimize the photonic circuits.
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FIG. 4. X gate in the measurement based framework. Panels (a), (b), (c) show the values of the entries py, (blue) and p;; (orange) of the
density matrix for the X gate in the MBQC framework as the error probabilities increase. Panel (a) takes into account only imperfect photon
sources (modeled as depolarization), panel (b) photon loss errors and panel (c) the combination of the two. Panel (d) shows the Hellinger
distances between the outcomes of the simulations in (a) (grey), (b) (green), (c) (red) and the ideal result of the X gate. On the right, the
circuit required to prepare the cluster state for the X gate in MBQC is shown, and at the bottom the corresponding optical circuit is displayed.

Measurements for the MBQC are not shown.

C. Variational quantum algorithm applied
to the max 2-cut problem

We now focus on a VQA algorithm applied to the MAX
2-CUT problem. The MAX 2-CUT problem is a well-known
optimization problem that requires to find a cut dividing the
vertices of a graph in two complementary subsets, such that
the number of edges crossed by the cut is maximized. Given a
graph G = (V,E), withV ={1,...,N} and E = {(i, j)} the
sets of vertices i and edges (i, j), the goal is to maximize the
following objective function

. 1 N
Ac = Zz(l —2.2)). (45)
(i.))

We focus on a graph with V ={1,2,3,4} and E =
{(1,2)(2,3) (3,4) (4, 1)}, thus a square graph with four
nodes. The problem is equivalent to minimizing the cost
Hamiltonian,

Ae =) 27;; (46)
(i.)

for this cost Hamiltonian, the optimal, or exact, energy is
Ey = —4, corresponding to the cut giving V; = {1, 3} and

Vo, = {2, 4} as complementary subsets of V. This is the target
energy of the optimization of the variational ansatz.

We choose a specific ansatz Usnsats (0) for the optimization
shown in the bottom of Fig. 5. The output of each simu-
lations is a density matrix p, as shown in Eq. (10). The
cost function for the optimization is the energy calculated as
E =Tr(p(6)Hc), where p(6) = [¢(0)) (¥ (0)] and [y(6)) =
ﬁansm(e) |0)®4. We choose a number of samples Ngmples =
500 in Eq. (10) and initial parameters are chosen randomly.
The classical optimizer method used to update the parameters
is the gradient-free method COBYLA [52].

We study the convergence of the optimization in the
noiseless case, in the presence of depolarization with
p=10"%,1073,102, in the presence of loss with p =
10~*,1073, 1072 and under the combined action of depolar-
ization and loss with p = 1074, 1073, 1072. We restrict the
analysis to such orders of magnitude of the error probability,
because for p < 10~ the effects of noises on the ansatz circuit
are negligible and for p > 1072 results might not be reliable
since our approach is perturbative, as shown in Sec. II, as the
error probability approaches 1.

The results are shown in Fig. 5. The noiseless optimiza-
tion converges to the optimum value, showing that the ansatz
works. Panels (a) and (b) show the simulations in the presence
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FIG. 5. Panels (a), (c), and (e) show the optimization of the variational energy as a function of the number of optimization steps obtained
with the simulations. Each curve is obtained by simulating the variational ansatz starting from random parameters. For visualization purposes,
all panels start from the 50th optimization step. In each (a), (c) and (e) panels the red line is the exact energy E, = —4, the blue curve is the
optimization in the noiseless case (which is the same curve in all plots), the orange, green and grey curves are obtained with an error probability
of 107, 1073, 1072 respectively. Panels (b), (d), and (f) show the relative errors |(Ey — E)/Eo| as a function of the training steps. Colors of
the curves have the same meaning of the upper panels. A 0.1% relative error threshold is here highlighted with a red shaded region for better
visualization. On the bottom, the optical circuit ansatz for the VQA solving the max 2-cut on a square graph are shown.

of depolarization: as expected, the higher the error proba-
bility, the higher the deviation from the exact energy. When
p = 107*, the variational algorithm is still able to output an
estimate E with a ~1% relative error. In case of photon losses,
shown in panels (c) and (d), the ansatz seem to be more re-
silient: for p = 10™* and p = 1073 the relative error is below
0.1% and for p = 1072 the relative error is below 1%. The
combined action of photon losses and depolarization, shown
in panels (e) and (f), is to further decrease the accuracy of the
optimization as all relative errors are above 1%.

We report the approximation ratios, defined as R = E¢/Ep
where E is the final energy for different noises and different
orders of magnitude of the error probability in Table I. The
best approximation ratios are obtained with the simulations
considering photon losses only.

The choice of an appropriate ansatz is a critical factor in
determining the VQA model’s performance [44]. The moti-
vation behind opting for a carefully balanced ansatz lies in
avoiding excessive expressibility, which can potentially lead

to challenges during the classical optimization process. An
ansatz with overly complex representations may be able to
effectively capture the features of the problem’s Hamiltonian.
However, this increased expressibility can come at the cost
of introducing a large number of parameters and intricate
interactions. As a consequence, the cost function gradients
may vanish exponentially during classical optimization [53].
This phenomenon hinders the optimization process, making
it difficult for the model to converge efficiently and find

TABLEI. Values of the approximation ratio for different types of
noises and for increasing order of magnitude of the error probability.

p=10"* p=107"° p=10"
Depolarization 0.9927 0.9846 0.9831
Photon Loss 0.999998 0.999985 0.997180
Dep and Loss 0.9875 0.9808 0.7835
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satisfactory solutions. In the circuit model of quantum
computing, several ansatz designs have been developed to
construct parameterized quantum circuits tailored to different
tasks and applications [44].

VIII. CONCLUSIONS AND OUTLOOK

We have extended the noisy gates approach [10] to sim-
ulate noisy optical circuits, within the second quantization
framework (see Secs. IV and V), which is the one commonly
used in the dual rail encoding for linear optics quantum com-
puting. The simulation method is applicable both to GBQC
and MBQC, as shown in Secs. VII A and VIIB. In Sec. VIIC
we have shown that the simulations are suitable to describe
variational problems when noises are present.

When considering quantum computing on linear optics, the
situation is not yet as mature as for other quantum platforms.
Linear optical quantum computing, which utilizes photons
for quantum information processing, faces unique challenges
in designing efficient and expressive ansatz circuits. The ab-
sence of nonlinear interactions in linear optics limits the
complexity of quantum computations that can be performed.

Consequently, creating ansatz designs that can effectively en-
code and manipulate quantum information in linear optics
remains an ongoing research challenge. MBQC was proposed
as a solution to these issues.

For this reason, the next natural target of this study is to
understand the practical applicability of a noisy native MBQC
algorithm, such as the quantum approximate optimization al-
gorithm (QAOA) [54] formulated in the MBQC framework
for the max K-cut problem in [48].

Another important goal is to compare our simulations with
the output of optical devices available in the cloud, for exam-
ple the one recently provided by Quandela [4]. These targets
will be the subject of future research.
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