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ARTICLE INFO ABSTRACT

Keywords: A coupled finite strain chemo-transport-mechanical formulation with trapping is here proposed
Chemo-transport-mechanics to extend a previous work set in the realm of small strain theory in continuum mechanics.
Thermodynamics of continua The theory is rooted in non-equilibrium rational thermodynamics. The kinematics is based on a

Finite strains

- multiplicative decomposition of the deformation gradient to account for swelling and shrinking,
Finite elements

thermal, elastic and inelastic contributions. Mass balance laws and balance of linear and
angular momentum, as well as the laws of thermodynamics for a convecting body, are directly
formulated in their material description, after specifications of some standard transformation
rules between current and reference configuration. Thermodynamic restrictions are identified
based on the functional dependence of the referential Helmholtz free energy density, which
is chosen as the thermodynamic potential, and further subjected to a constitutive additive
decomposition. Constitutive prescriptions for the chemical potentials, referential heat and mass
fluxes, chemical kinetics and the generalized heat equation lead to the establishment of the
governing equations. The theoretical framework is complemented by numerical simulations,
highlighting the potential of the proposed formulation in multi-physics applications.

1. Introduction

Multi-physics frameworks, by their own nature, account for several phenomena and model several processes at different
scales, with the common need to couple effects arising from the different physical activities that contribute to each process. The
proposed finite strain coupled model of transport-reaction-mechanics with trapping originates as a natural extension of a previous
work (Salvadori et al., 2018b) developed in the realm of small strain theory in continuum mechanics. Chemo-thermo-mechanics
is usually coupled with mass transport, driven by a single effect like diffusion or migration (or a combination of both) and, less
often, with trapping and/or a mass source term to account for mass conversion. The trapping process diminishes the availability of
transported species that, once trapped, are usually assumed to stay immobilized. Heat fluxes and sources, mechanical surface and
body forces, as standard in thermo-mechanics, complete the framework.
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The coupling of chemo-thermo-mechanics with trapping allows the description of several multi-disciplinary applications. For
instance, in the realm of mechanobiology, the conversion of free to trapped proteins (Bell, 1978; Boulbitch et al., 2001; Freund and
Lin, 2004; Shenoy and Freund, 2005; Liu et al., 2007; Golestaneh and Nadler, 2016; Arricca et al., 2022; Serpelloni et al., 2022)
allows cell adhesion, mediated by chemical interactions between freely mobile receptors along a cell membrane and ligands located
either on a substrate or onto another adjacent cell surface. Typically, the interaction of mobile high affinity integrins and specific
proteins embedded in the extra-cellular matrix immobilize integrins in multi-molecular plaques termed focal adhesions (Deshpande
et al., 2007, 2008; McMeeking and Deshpande, 2017; Vernerey and Farsad, 2014; Cheng et al., 2009; Serpelloni, 2020). Similarly,
the interplay between the Vascular Endothelial Growth Factor Receptor 2 (VEGFR2) along endothelial cell membranes and growth
factor molecules released by cancer cells traps VEGFR2 (Serpelloni et al., 2020; Damioli et al., 2017; Salvadori et al., 2018a). In
actin diffusion and polymerization to form cytoskeletal structures in the cell cytosol, the trapping process is associated with a change
of phase of the actin protein, from globular to filamentous form (Serpelloni et al., 2021).

Other multi-disciplinary applications of chemo-thermo-mechanics with trapping can be found in the exposure of metals to
hydrogen gas. In storage tanks, hydrogen atoms diffuse within the crystalline structure of the metal and are trapped in defects
(McNabb and Foster, 1963; Oriani, 1970; Hirth, 1980; Sofronis and McMeeking, 1989; Kumnick and Johnson, 1980; Krom et al.,
1999; Krom and Bakker, 2000; Toribio and Kharin, 2015). The charge—discharge of batteries is due to the motion of ions, leads to the
being immobilized in active particles after their insertion into the electrodes (Zhang and White, 2007; Liu et al., 2012; Pharr et al.,
2012; Zhao et al., 2012; McDowell et al., 2013; Wang et al., 2013; Drozdov, 2014; Ganser et al., 2019; Cabras et al., 2022a,b; Magri
et al., 2022). Chemo-active soft materials with coexistent diffusion and reaction of species can induce a crosslinking mechanism or
the inclusion of molecules in the polymer network (as in polymer gel membranes and/or hydrogels) (Lucantonio et al., 2016; Bacca
and McMeeking, 2017; Bacca et al., 2019; Zhong et al., 2021; Hajikhani et al., 2021; Narayan and Anand, 2022). Further examples of
chemo-thermo-mechanics with trapping are represented by vacancies and dendritic growth, solid propellant, bio-electrochemistry,
solute solidification, moisture diffusion in polymer nanocomposites.

Following the same path of reasoning of Salvadori et al. (2018b), we use the network model proposed by Larche and Cahn
(1973); it is therefore assumed that the freely diffusive species move in the network (lattice sites) of the hosting material, until
immobilized via chemical reactions in specific trap sites, isolated from one another. This implies that the body being analyzed is
the host material and that the spatial mappings, deformation gradients, etc., are defined for the host material. The trapping process
is commonly associated with a separation of phases, or a change of phase, and determined by species chemical interactions. The
diffusion process of species is affected by the trapping process (and vice-versa) by means of a change in the concentration gradient.

The kinetic process of trapping, involving chemical reactions, is well described by appropriately modifying the van’t Hoff mass
action law to account for elastic and swelling contributions, and set in a well-established thermodynamic framework (De Groot and
Mazur, 1984; DeHoff, 2006). A swelling phenomenon, due to the trapping process, may generate large mechanical stress and strain in
the material, affecting all other processes due to a coupling with the chemo-thermo-mechanics; these interactions are accounted for,
within a rigorous thermodynamic setting (Gurtin et al., 2010; Tadmor et al., 2011), in the field of finite strain theory in continuum
mechanics.

The manuscript is organized as follows. Section 2 provides some standard definitions to facilitate the exposition of the formulation
in the field of finite strain mechanics. Assumptions on kinematics, in terms of multiplicative decomposition of the deformation
gradient, and the resulting volumetric Jacobian and velocity gradient, are presented in Section 3. Mass balance equations and the
laws of continuum mechanics are introduced in Section 4. Section 5 is dedicated to the laws of thermodynamics, and to exploiting
thermodynamic prescriptions by means of the Coleman-Noll procedure, under the assumption of Curie’s symmetry principles.
Constitutive theory is discussed in Section 6, based on an additive decomposition of the referential Helmholtz free energy density,
providing consistent phenomenological specifications for all contributions to the free energy, stress tensor, chemical potentials, heat
and mass fluxes. Chemical kinetics and governing equations in Sections 7 and 8 anticipate numerical simulations of a focused ion
beam mass implantation into a spherical particle, with results described in Section 9. Concluding remarks complete the paper.

2. Definitions
2.1. Motion and deformation gradient

Let B, € R? denote the spatial description of an advecting volume, whose boundary is d3,. Let B and 313 indicate their referential
counterparts, as standard in finite strain mechanics (Gurtin et al., 2010; Tadmor et al., 2011). The transformation of a material point
X € B into a spatial point X € B,, is described by means of a smooth function y(X,?)

3= j(X,0,

which is a one-to-one map representing the motion of X € B at time ¢. We will also assume that B, at t = 0 coincides with B, i.e.,
for all material points X = 7(X,0). The material velocity is given by 7(X, ), whereas dlsplacements write as i = 7 — X.
At a fixed time ¢, we will name

F = Grad [ 7(X, z)] , 1))
the deformation gradient, i.e., F;; = dy;/dX ;. Only motions such that
J=det[F]>0

are admissible, in order to avoid total material compaction (see Gurtin et al. (2010)).
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Fig. 1. Schematic representation of the material and spatial configuration B and B,, with boundaries 05 and d53,, and of a generic sub-part P, C B,, image of
P c B, with boundaries 0P, and 0P, respectively.

2.2. Transformation rules

Denote with P, C B, an arbitrary region image of P C B, and with dP, and 9P their respective boundaries (see Fig. 1). Let
¢(X,1) € P, and ¢pr(X,1) € P be two generic tensorial functions of any order. If

HG, 1) du=/¢R()Z,z) av, )
P, P

then the following transformation rule applies

dr(X. 1) = J(X, ) pGEX,1),1). 3)

Let (X, 1) be a spatial vector, and X a point on an oriented surface 0P, defined by the direction of the outward normal vector 7.
Denote with 7z the outward normal vector to the oriented surface 9P. The referential counterpart pz(X, 1), with X € 9P, is defined
by the identity

/ <7:<>%,z>-7zda=/ Gr(X.1) g dA, “
P, iy

imposed on all 0P, C 95,.
Due to the Nanson’s formula for area changes, 7i da = J F~Tiiz dA, Eq. (4) implies

orX, 0 = J(X,DF (X, 1) §EX,1),1). 5)
3. Kinematics

Following Anand (2012), we base the theory on the following multiplicative decomposition of the deformation gradient
F=F"F’, (6)

where F°¢ is termed chemo-thermo-elastic deformation gradient, and represents the distorsion of the material in the neighborhood
of X as a consequence of the combined effect of the chemical, temperature dependent and elastic mechanisms; F? is termed inelastic
distorsion and represents the irreversible deformations in the neighborhood of X due, for instance, to the flow of defects (Gurtin
et al., 2010) in plasticity (see Fig. 2).

The chemo-thermo-elastic deformation gradient F¢’¢ is in turn subject to the further multiplicative decomposition

F¢'e = Fe Fth F , (7)

with F¢ the local reversible elastic distorsion, F* the thermal contribution to the local distorsion, and F* the local distorsion of the
material due to volumetric swelling (shrinking) as a consequence of the trapping (extraction) of species in (from) the host material.
A similar decomposition of the deformation gradient has been proposed in Serpelloni et al. (2021) and Anand (2012), although
the thermal contribution has not been accounted for. Bearing in mind the velocity gradient, I = FF~!, and according to Eq. (6), the
chemo-thermo elastic and the inelastic velocity gradient will be defined by

[cte — fete Fcte“ , (8a)
P =Frpr (8b)

so that
[=FF! = [ 4 Fere ppere” ©)

As standard in continuum mechanics, the decomposition of the velocity gradient into the symmetric stretch tensor d and the
skew spin tensor w, the chemo-thermo-elastic and the plastic velocity gradients can be expressed as

[€1e = gere 4 e, 1? =dP + w. (10)
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Fig. 2. A schematic of the material B, and spatial B, configurations, and of the multiplicative decomposition of the deformation gradient in plasticity F?, from
material to plastic configuration 5,, and chemo-termo-elastic F*, from plastic to spatial configuration. The further multiplicative decomposition of F** entails
the swelling contribution F*, from plastic to swelling 53, the thermal contribution F", from swelling to thermal 5,,, and the elastic contribution F¢, from 3,
to B,.

4. Balance laws

In the present framework, we maintain the same hypothesis assumed in Salvadori et al. (2018b). Only isolated saturable and
reversible trap sites are considered, since they are assumed to not form an extended continuous path for lattice species diffusion.
For this reason, freely diffusive species through the host lattice network fill trap sites and, once in the trap, cease to diffuse. Species
transport is therefore attributed solely to the lattice (interstitial) sites. Hence, the referential flux of species (number of moles of
species @ measured per unit reference area per unit time), here denoted with 7zaR, only has a purely interstitial lattice diffusion
contribution, as in Larche and Cahn (1973, 1978).

4.1. Mass balance

Consider a generic species H at a point X € P. The trapping process of H describes the conversion of mobile species to trapped
species, and vice-versa, via the following one-component two-phases chemical reaction

H, 2 Hy, amn
LR
where k;, and k;  represent the referential positive rate factor for the forward reaction, yielding trapped species, and for the

(1; b, specifications of

backward reaction, yielding free diffusive species, respectively. The reaction rate of Eq. (11) is denoted with w
w(R}l), kr, and k; . will be provided in Section 7.
Let pg,,, ¢4, and &, denote the referential density (mass per unit reference volume), the referential concentration (moles per unit

reference volume) and the molar mass of species a, respectively. The three terms are linked to each other by means of the relation

=K,C, . 12)

Pag a “ag

Accordingly, mass balance equations for species « = L, T can be formulated either in terms of density or in terms of concentration
of species, in the reference configuration:

4 /caR()?,t) dV+/ Rog(X.1) - iig dAi/w(Rm()?,t) dV:/saR()?,t) av. (13)
dr Jp oP P P

The right-hand side term s,, is the rate, in moles per unit reference volume per unit time, at which species a are generated by
external sources, where a positive reaction rate wgl) refers to the free species L.

After application of the divergence theorem, Eq. (13) takes the form
9 - R - -
/P = oKy v +/pr [ (X0 | av i/pw(Rm(X,t) v = /7, Sy (Xo1) AV, 14)

for any region P C B.
It follows that, by means of the assumption of immobilized trapped species which therefore provides no mass flux of Hy (71TR =0),

the referential local form of the mass balance equations write as

dcy.
[z 11
atR + Div [hLR] +w[R ) = Spp (15a)



der,
azR _ w;m =57, (15b)

The concentrations ¢, , the reaction rate w(R}l)

volume, transform according to Eq. (3),

and the rate at which species are generated by sources s,,, being defined over a

XD =Tcy.  wR'X.n=Juw s, (X=1Ts,. (16)
whereas the mass flux & 1, follows the rule stated by Eq. (5), namely,

hy (X.0)=JF " hy. a7
4.2. Balance of linear and angular momentum

Let

iRH=oi (18)
define the current surface traction (force per unit current surface), with o the Cauchy stress tensor. By means of the Nanson’s formula
for the transformation of areas,

/ 1%, 1) da=/ a(z,t);ida=/ o JF iy, dA=/ P(X,1)iig dA=/ TR(X, ) dA, (19)
P, P, o o oP

with 7 the referential surface traction (spatial force with material reference, i.e., traction per unit reference surface Steinmann et al.,
2009) and P the nominal, or first Piola—Kirchhoff, stress tensor, defined as

P=JoF " (20)

As in Salvadori et al. (2018b), inertia body forces are neglected and this implies that the referential balance of linear momentum
takes the form

Div[P]+53 =0, 2D

where 752 represents the referential body force (spatial body force density in the material reference configuration, i.e., body force
acting on a unit volume in the material configuration Steinmann et al., 2009), and Div[P] = dP;;/dX.
The referential form of the balance of angular momentum writes as

PFT =FPT. (22)
5. Thermodynamics
5.1. Energy balance

We augment the classical first law of thermodynamics, which provides the variation of the internal energy of a body as the sum
of the power expended on it by external forces and the heat transferred in it, with the energy flow due to species transport. The first
law of thermodynamics is therefore represented by the interplay among the internal energy of P, the power expended on P, the
heat transferred in P, and the power due to mass exchanged on P. Electro-magnetic effects will be accounted for in a forthcoming
publication, but are omitted here.

Denote with U the net internal energy, W, the mechanical external power, Q, the power due to heat transferred, and 7, the
power due to mass transferred. The referential energy balance takes the form

S UP) =W, )+ 0, + TyP). (23)
We point out that the assumption of negligible inertia forces implies that no kinetic energy is accounted for; on the same grounds,
the mechanical external power is defined in terms of the body forces and surface tractions.
The definition of the referential net internal energy can be provided either per unit reference mass or per unit reference volume,
given that the referential mass density does not change in time (pz = 0) in view of the mass conservation for the hosting material.
By defining uy as the specific internal energy (per unit reference volume), we write the individual contributions of Eq. (23) as

d _ dug
VP = /P A (24a)
wu(p):/ ;?.?RdA+/;?.Bng, (24b)
P P
Q,(P) = / Sep AV - / Gr-iig dA, (24¢)
P P

TM(P):/ “up sy, +ur s, dV—/ “yLELRJiR dA. (24d)
P or



Terms in Eqgs. (24) have the following meaning: the surface traction and the body force, 7z and Bg, have been defined in
Section 4.2; s, . and gy represent the heat supplied by external agencies and the heat flux vector, respectively; the scalar “, is
the energy provided by a unit supply of moles of species @ = L,T, whereas s,, and hy . are the source term and the mass flux
vector, respectively, as defined in the mass balance Eq. (13).

In view of the definition of the referential surface traction arising from Eq. (19), the power expenditure of external agencies W,
becomes

wu(P):/P (Fdv, (25)
P

according to the balance of linear momentum (21).
Application of the divergence theorem to the second term on the right-hand side of Eq. (24c) allows us to write the heat
contribution to the energy balance as

Q,(P)= / Sqg —Div[dg] dV (26)
P

where s, , and Gy follow the transformation rules given by Egs. (3) and (5), respectively.
The mass transfer contribution to the energy balance, after application of the divergence theorem and use of the localized mass
balance Egs. (15) to substitute for the terms s, , and sy, writes as

Tu(P)=/"MLsLR+”MTSTR—Div[“;4L71LR] av
P

dcy dey @7)
:/PullL ()IR +ur _6IR — Grad [“ﬂL] “hp,+ (”ﬂL —"ﬂT) wl({“) dav.
Combining Egs. (24a), (25), (26) and (27), we find that the referential form of the energy balance writes as
dug . ol dep, - der,
/T,T av = /PP tF+s,p = Div[gg ]+ —; i, Grad [“up ] +"ur Py 28)
+ (g —"ur) w;ll) dv.

Since it must hold for any arbitrary region P c B, Eq. (28) can be localized as

du ) R ocp, - dcr

d_tR =P :F+s,z—Div|[dg]|+"%y ()IR —hy, - Grad [“up ]+ ur ()—tR + (“up —"ur) wl(:l). (29)

5.2. Entropy imbalance

Similarly to the energy balance, we augment the second law of thermodynamics with a flux of entropy due to species transport.
We further assume that the mechanics does not contribute directly to the total entropy flow (Tadmor et al., 2011; De Groot and
Mazur, 1984). The second law of thermodynamics is therefore defined as the balance of the interplay among the internal entropy
of P and the entropy transferred in P due to the mass and the heat transferred on P.

Denote with S the net internal entropy of P, with S; the entropy produced inside P, with Q, and 7, the entropy per unit time
due to the heat and mass transfer, respectively. Then

d d

ZSP) - =SP)=Q,(P)+T,(P

T ™) T (P)=9,P)+T,(P), (30)
The second law of thermodynamics states

d

= S(P) > 1
I (P) =20, (31)
from which Eq. (30) can be re-written in the form

£ sp)-0,m-T,(P) 20, (32)

We state the specific net internal entropy (per unit reference volume) 7, so that the individual contributions of the entropy
imbalance (32) write as

d
%S(P): / —Eav, (33a)
P
1 1.
Qn(P):/?qudV—/ FqR'anA, (33b)
P oP
n(P):A”MLsLR+”MTsTR dV—APn”LﬁLR'ﬁR dAa, (330)

with "u, the change in specific entropy provided by a unit supply of moles of species a = L, T.
Application of the divergence theorem leads to

1 1 | [P
QW(P):/PquR—Dw[?qR] dV:/stqR—TDlv[qR]+ﬁqR4Grad[T] a, (34)



and the procedure performed to derive the mass contribution to the energy balance 7,(P) given by Eq. (27) allows us to write

chR 0cTR o an
T,(P) = / Ty, o + uy > Grad ["ML] chp,+ ("/4L - ”yT) wp T dv. (35)
P
Eventually, the second law of thermodynamics can be stated as

dng 1 1 ey, dcr,
— dV - — — Di + Grad[T] dV - [ 1 +
/p dr /pT Sqr = PN [dr] + 75 G - Grad [T /p L5 Tl =, (36)

—71LR - Grad ["ﬂL] + ("uy —"MT) wg]) dr >0,

on any arbitrary region P C B. Eq. (36) can be localized as

7 91 Div[da] = L - Grad (71 Ty 5% — 7 ST8 4 5 Grad [
o SR T IV[‘IR]—TQR' rad[T]=T"p —= =Ty —=+Thy, - Gra [her ]

-T (VIHL _U”T) wl(zll) >0,

37)

after multiplication by the temperature.
Taking advantage of Eq. (29) to replace the factor —s, g +Div [q R] in Eq. (37), we can rephrase the second law of thermodynamics
as

dng  dug aCLR

dc .
T R (=) o (e T ) iy Grad [ )
1 - 2
- TqR‘Grad[T] +Thy, -Grad ["uy | + (uy =T "y) wgl) = (“up =T uy) wl(zu) >0.
By denoting

Hy ="ty =T iy, (39)

A =~y (40)

we can cast the entropy imbalance (38) in the form

gk gy 2 PTG Grad [y | = L G- Grad [T
— ra — — gg - Gra
ar  dr L T T T IR (41)
+Thy, -Grad [, | = A" wi™ > 0.
Following Salvadori et al. (2018b), we introduce a new referential heat flux as
4R =§R+T"ﬂL71LR7 (42)
which leads to the alternative localized referential form of the entropy imbalance
dng  dug der 9cry an ,,an
ey +P:F- qR Grad[T ]+ u; — > Rty =2 6t hLR grad [py | — A"V w ) > 0. (43)

5.2.1. Stress measures

The multiplicative decomposition of the deformation gradient performed in Eq. (6) leads to the splitting of the mechanical
contribution to the entropy imbalance (43) into two separate terms, following the same path of reasoning of Anand (2012).

By means of Eq. (6), and the definition of the first Piola-Kirchhoff stress tensor (20), it holds that

P:F=JoF T :F=JoF' F :F“F +JcF" F :FeR, (44)
The first term on the right-hand side of Eq. (44) can be manipulated in order to obtain
JO_Fcte_T Fp_T . Fcte F’ = Jcte Jpo_Fcte_T : Fcte =JP Pcte : Fcte (45)

which represents the chemo-thermo-elastic part of the mechanical contribution to the entropy imbalance, and where the chemo-
thermo-elastic first Piola—Kirchhoff stress tensor is defined as

Pcte - Jcte O'FCZE_T. (46)

Another stress measure commonly used in finite strain theory in continuum mechanics is the second Piola-Kirchhoff stress tensor,
here denoted with S and related to the first Piola-Kirchhoff stress tensor via the standard relation P = FS. It is therefore possible
to define the chemo-thermo-elastic second Piola—Kirchhoff stress tensor S¢’¢ as

sete — Fcte’l Ppere — jete che*l O_Fcte*T , 47)
whence, Eq. (45) can be cast in the form

JP Pcte : Fcte =JP Scre : Ecte =JP Scre : %Ccre' (48)
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Fig. 3. Schematic of the material 5, intermediate 53, and spatial 53, configurations, and of the stress and strain tensors in their domains. The chemo-thermo-elastic
second Piola—Kirchhoff and Mandel stress tensors, S¢ and M, the chemo-thermo-elastic right Cauchy-Green and Green-Lagrange strain tensors, C*** and E*¢,
from intermediate B,; the chemo-thermo-elastic first Piola—Kirchhoff stress tensor P**¢, from intermediate 3, to spatial /3,; the Cauchy stress tensor o from spatial
B

fe

The chemo-thermo-elastic right Cauchy-Green and Green-Lagrange strain tensors have been defined as

Ccte = FcteTFcte R (493)
Ecre — % (Ccre _ 1) . (49b)

The second right-hand side term of Eq. (44) represents the inelastic contribution to the entropy imbalance (43), and can be
re-written as

1

JoF B R = U JPFUe G B L FP R = JPM 1 1P (50)
with M¢¢ chemo-thermo-elastic Mandel stress tensor,
Mcte — Jcte F(;teT O_Fcte’T — Ccte Sete (51)

according to Egs. (47), (49a).
Combining Eq. (48) with Eq. (50), we find that the mechanical contribution to the second law of thermodynamics takes the
following final form (see Fig. 3)

P:F=Jr % Sete . C'e 4 JP MCe ;1P (52)

5.3. Clausius-Duhem inequality

From the definition of the Helmholtz free energy density (per unit referential volume),

vr=ur=Tng, (53)
the first two terms of the localized referential form of the entropy imbalance (43) can be re-written as

dng  dug dyr oT
rdR_ZR_ VR _JL 54
@ ar o R 54

We take the referential Helmholtz free energy density as a function of temperature 7', concentrations of species c,,, chemo-
thermo-elastic right Cauchy—Green strain tensor C*’¢, and of a kinematic tensorial internal variable £ having the usual meaning in
inelastic constitutive laws (Gurtin et al., 2010; Tadmor et al., 2011; Paolucci, 2016; Holzapfel, 2001; Simo, 1988a,b)

YR = WR (T, cLR,cTR,C”e,§> . (55)

The selection of C*¢ as the strain internal variable appears here to be the most suitable choice in view of the multiplicative
decomposition of the deformation gradient (6), which underpins the proposed framework. It is worth pointing out that alternative
choices for the strain could be taken. A suitable choice is represented by the total right Cauchy—Green tensor, since the mechanical
contribution in the Clausius-Duhem inequality would be solely represented in terms of total stress and strain tensors, e.g., % S:C,
by following the same path of reasoning which led to Eq. (48).



In view of the selected functional dependence of the referential Helmholtz free energy density shown in Eq. (55), the time
derivative of yy writes as

dvg _ Oyg . 9C OV dep 7 OCry  Owg OT | Owg . O

= : + ==+ = (56)
dt oCere ot dcp, Ot der, Ot oT ot 0& ot
By denoting the inelastic stress tensor conjugate to & as
YR
" 57
22 (57)
we are able to combine Egs. (43), (52), (56), (57) in the Clausius-Duhem inequality in the form
1 ypgee Qv oce (v PLe , uy— VR dery aet 2& T
2 oCcre ot dcp, ot der, ot oT ot (58)

o0& 1. >
xS IIMY 1 — oy - Grad [T] =y - Grad [ | - AT Y >0,

This inequality must hold for any value of the time derivative of the strain tensor C’¢, of the concentrations of lattice and trapped
species ¢;, and cy,, and of the temperature 7.

The following thermodynamic restrictions thus arise

10
Scte =2 JP 1 Wclfe s (593)
aC T.cpperg-§
oy
= . (59b)
(_\LR'CTR,C(‘K"g
oy
ML= 5 . , (590
CLR T,CTR,C“euf
oy
pr = a_R _ (59d)
CTR T'CLR'CHE'é

What remains of the Clausius-Duhem inequality (58) establishes irreversible processes. As we cannot place any restriction on
the values of C¢’, Caps and T, the same applies for I”, &, Grad [ Hy ], Grad [T ], and w(RH). As a consequence, restrictions on y, M,
A Lp> 4z, and AUD are determined. The internal entropy production (multiplied by T), can be written with the usual dissipative
structure (Prigogine, 1977), namely

JPMEE P+ y % —ELR -Grad [py | - %QR -Grad[T'] —w(RH)Am) > 0. (60)
N ———’
inelastic diffusive thermal chemical

No coupling between fluxes and thermodynamic forces of different tensorial order is imposed in view of the assumption of
Curie’s symmetry principles (De Groot and Mazur, 1984). Therefore the following three conditions arise from the internal entropy
production (60)

JPME® 1Py %zo, (61a)
- 1.

hLR-Grad[yL]+TqR-Grad[T]SO, (61b)
w;“) A0D < (61c)

Inequalities (61) restrict the values that thermodynamic fluxes can assume.
In view of thermodynamic restrictions (59¢), (59d), the scalars u, declared in Eq. (39) are seen to be chemical potentials, whereas
AUD s the affinity of the chemical reaction (11).

5.4. Specifications for “u, and "u,,

We compute the entropy per mole "u, as

a 92
My = IR - _ ¥R (62a)
Ocy, T.Cere g dcg 0T

According to Egs. (39), (59¢), (59d) and (62a), the energy per mole writes as

wy = YR _ o Py

T e (62b)

He Jc
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Remark. The identifications of the energetic and entropic contributions to the chemical potential given by Egs. (62) provide a neat
formulation for the entropy production inequality (61b). Recalling the definition of the new referential heat flux 4, (42), we find
that

- 1. - 1.
hy, -Grad [u] + 5 -Grad[T]1=hy, - (Grad[p, | +’7/4LGrad[T])+TqR~Grad[T] . (63)

In addition, Eq. (62a) establishes the independence of the vector Grad [;4 L ] +"u; Grad [T ] from the temperature gradient. Indeed,
simple algebra collected in Appendix A.1 leads to

aZWR 02WR 02WR
Grad [y | + "y Grad [T ) =~ Grad er, |+ 5o ge Grad [en | + 52 acee + Grad [C]
Lz RO TR R 64
+ VR Grage) o
. Gra .
de, 08

5.5. Strain decomposition

The current Section provides the specifications for both the swelling (de-swelling) contribution and the thermal contribution
to the deformation gradient, and the resulting velocity gradients, as performed in Serpelloni et al. (2021) to describe the
chemo-thermo-mechanics of cells, and following the path of reasoning of Anand (2012).

Recall the multiplicative decomposition of the F¢’¢ given by Eq. (7). The swelling (de-swelling) distorsion F* due to the conversion
of mobile to trapped species (and vice-versa), and the thermal distorsion F*, are henceforth assumed to have a spherical form, hence

F =41, (652)

s

F=,1, (65b)

with A and 4,, positive coefficients termed chemical swelling and thermal stretch, respectively.
The swelling volumetric Jacobian and its evolution in time write as

JS=det [F] =23, (66a)
J =322, (66b)
and the velocity gradient
A J J s
popp =l LS 1 Ly 67)
Ay A3 22 3R 3Js

Having the same spherical form of F*, the thermal distorsion F*, given by Eq. (65b), leads to results of the same form. Hence,
with regard to the thermal volumetric Jacobian, it holds

Jh=det [F"] =43, (68a)
Jih =3 lrzh s (68b)
whereas the thermal velocity gradient writes as
It — fth Frh*‘ — M 1= 1 J_m (69)
hn 3 Ut

We further assume that the skew-symmetric part of both the swelling velocity gradient and the thermal velocity gradient are
negligible, therefore w* = 0 and w'* = 0, from which descends

s =d° , lth = dth. (70)
5.5.1. Assumptions on I*

To specify the swelling velocity gradient (67) in terms of concentrations of diffusive and trapped species, ¢, , and ¢y, , take a
function f*(cp,.cr,), and define the swelling volumetric Jacobian as

JP=fep s er,) = filep,) frlery) (71)
Furthermore, denote with »} > 0 and @}, > 0 the chemical expansion coefficients of species L and T, obtained as the derivative
of Eq. (71) with respect to ¢; , and cr,, respectively. Then

arier,)
) (L pcr,) = BLTLR £iery) (72a)
R
ar3er,)
W} epcr,) = BTTT" £ier,)- (72b)

R
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According to Egs. (72), the evolution in time of J* (71) can be re-written as

dcy dey
i ; R R
JP= ey er,) = @y =~ + o 5 (73)

Denote with 0}, 0 the ratio between Egs. (72a), (72b) and Eq. (71), namely

) (e, Cry) 1 afi 1 afi
0 (cr) = 2t = — —— —2 o) = = (74a)
f (CLRvCTR) fL(CLR)fT(CTR) aCLR /1 0CLR
s w;(cLR i CTR) 1 0f7{R s 1 af;R
Op(ery) = — == 5 — file)=— - (74b)
Soepgrery)  filery) frler,) dery S Ocry
Simple algebra allows us to write the swelling velocity gradient I° in the form
) 1 js 1 ) chR ) aCTR
F==-—1=-|( 6} oA 1. 75
3Js 3 < L TOT g 75)
A classical specification for the functions f HG Lg) and f;(cTR) is represented by the relations
filep) =1+ (CLR - c£R> a)SLR , frler) =1+ (CTR - c79R) a);.R , (76a)
with Co?R reference (datum) value of the concentration of species. Egs. (74) take the form
s _ @ . _ or
Oy (cp,cry) = s Or(ep, cry) = . (77a)
1+ (c;. —¢Y )& 1+ (ep, —c9 ) @
Lr Lp Lp TR Tr Tr

5.5.2. Assumptions on I'"
Specifications for the thermal velocity gradient are given hereafter with the same structure used in the previous section. Hence,
by defining with f*(T), the function which identifies the thermal volumetric Jacobian,

Jh = fihery | (78)

its time derivative writes as
oT

Jih =y 2 79
F” (79)
where y denotes the thermal expansion coefficient,
9 fth
==, 80
T (80)

Following the same path of reasoning of Eqs. (74), we find that the ratio (T writes as

oy =L = L 81
M =15 = (81)
from which descends the thermal velocity gradient I'* as

l’h:lﬂlzlgf’la—T
3 Jth 3 ot

1. (82)

A classical choice for the function f/"(T) is given by the relation

A =1+y (T-T,) , (83)
with T, the reference (datum) temperature, whence
onry= — 84)
l+y (T-T,)

5.5.3. Definition of C¢

To make explicit the elastic part of C¢¢, recall the multiplicative decomposition of F¢’¢ given by Eq. (7), and the definitions of
the swelling and thermal deformation gradients, F* and F*, shown in Egs. (65).

The chemo-thermo-elastic deformation gradient can be therefore re-written as

F¢e = e Fth F* = F°¢ ’lth j’s' (85)

It follows that, the elastic right Cauchy-Green strain tensor takes the form

Wt

_2 _
Ce = FeTFe — }”s_] }”x_h] FcleT /1;1 /1;};1 Fere = /1;2 Ar_hz cete = g 3 J’h cete. (86)
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6. Constitutive theory
6.1. Helmholtz free energy

The referential Helmholtz free energy density yy is additively decomposed as

. di .
WR(T,cp s 7, s C€6) =y + II/,’{'(T,CLR,CTR) + y/R‘ff(T,cLR,cTR,C"e,.f)

el cte in (87)
+wg Toepp ey, C) +wi' (Toepery. ).

Terms in Eq. (87), a detailed analysis of which can be found in Rosakis et al. (2000), have the following meaning. v, is a datum
value; y/l’{' represents the thermal contribution, y/;“f 7 the diffusive contributions, y/;’ the elastic contribution, and y/,"z” is the inelastic
counterpart of yp.

Compared to the small strain analysis (Salvadori et al., 2018b), the material description of Eq. (87) entails a dependence of the
diffusive contribution upon the strain, as is better reasoned hereinafter.

The thermal contribution y (T’ ¢ Lg>CT,) 18 taken of the form

0

1 c Cq 2
WRlT,cpper,) = — Z Cap MY (T—To)+§ % (T-T,)" . (88)
a=H,LT 0

Symbols in Eq. (88) have the following meaning: the subscript H is used to designate the host material, whose concentration,
in moles per unit reference volume, is denoted with Chps cSH, cSL, and C?T represent the specific heats of the host material, the
diffusive and the trapped species, respectively. The specific heat of each species is taken to be constant and, being (conventionally)
energy per mole per degree Kelvin, it multiplies the referential concentration of their respective species, to be converted to energy
per unit reference volume.

The transport contribution y ;} UIT,e Ly> CT» C¢, &) is the referential free energy density of mobile interstitial species that interact
with the host material. In the continuum approximation of mixing, it is here described by a regular solution model (Anand, 2012;
DeHoff, 2006) which accounts for the entropy of mixing as well as the enthalpic interactions. It has the form

o o )
Vi (T ey e €8 = W) epy =Tl 4 g ~T ! Ty} (89)

The terms /42 and ;42 represent reference values of chemical potentials that specify the free energy in the absence of interaction
and entropic contributions. Furthermore, by means of ;42 and ;42 it is possible to define the trap energy AE,, i.e., the negative of
the Gibbs free energy change, as

AE, =0 —p =RT In[K,,]| . (90)
where K,, represents the equilibrium constant of the chemical reaction (11).

4ifT and n77 is provided by statistical mechanics, in terms of the density of states & ,, by means of

The entropy of mixing 7 Ln Te

the Boltzmann’s equation,
1 =k, | @, ] (o1

with k, the Boltzmann constant. In the case of a two-state system (Shell, 2015),

0, _ “Na g™
By = (Ot (1= 0,0 ) 92)
with N, Avogadro’s number, g the referential saturation for species a, and ¢,,, defined by the ratio
0, (K1) = 2 93
aR(X’t) - cmax’ (93)
aR

We here assume that, c(:'l';"‘ being defined on the volume P, it behaves in accordance with the transformation rule (3), and
therefore in the same way as the referential concentration defined by Eq. (16), (see Fig. 4a). It follows that,

C{Z{ax(X,t) — JC:‘ax. (94)

Eq. (94) implies that ¢"** is not a constant value, therefore leading to the dependence of the transport contribution n‘fkif / upon
C¢’* by means of the Jacobian J.
On the contrary, according to Egs. (16), and (94), the ratio HaR (93) is configuration invariant, i.e.,

0, (X.1) = 0,(F.1). (95)

By entering Eq. (92) into the Boltzmann’s equation (91), and recalling the definition of the universal gas constant, R = k, Ny,
one finds

nj;ff=—ch':X (6, n[6, ]+ -0 In[1-6,]). (96)
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(@) Z F &
6, (X.0=6,G,) T N\
s O R e )
dv

dv=JdVv
B
(b) 3 F
0, (X, =J0,GE.) A ey
(X, D) = eI G
dv
dv=JdV

Fig. 4. Depiction of two cases that are paradigms in which (a) the maximum number of moles per unit volume varies with the volumetric Jacobian J, and (b)
the maximum number of moles per unit volume is invariant.

The specification for n]ﬂ”f / has the same form stated by Eq. (96). However, by noting that the saturation limit for trapped species
may change in time due to inelastic deformations of the host material, we select a dependence of c;"’:’" upon &. Then

np = =Rel'™ (@) (078) In [07(©)] + (1= 07(8) In[1-07()]) . 97)
Lastly, the excess Gibbs energy writes as
_Tni=RTcg§weL(1—eL) (98)

where the Flory interaction parameter j}, also termed the exchange parameter (Shell, 2015), allows us to characterize the energy
of interaction between diffusive species and insertion sites of the host material. Eq. (98) endows the free energy density with a
nonconvex behavior with respect to ¢; , for } > 2, which in turn may lead to phase segregation (Di Leo et al., 2014; Drozdov, 2014;
Bohn et al., 2013). If all interactions between mobile species and host sites are the same, then y = 0 and there is no enthalpy of
mixing, therefore implying an ideal, purely entropic mixing.

Combining Egs. (96), (97) and (98), the referential diffusive contribution to the Helmholtz free energy re-writes as

ngff(T,CLR,CTR’Cm,f) = RTCZ'ZX x0p (1-0;)

+ D MY Ca + RT ™ (0, [0, ] +(1-0,) In[1-6,]).
a=L,T

(99

The elastic contribution to the free energy can be written in many possible ways, with material parameters changing with
concentrations and temperature. In Anand (2012) it is taken in the form

1
vy (B cpy en) = S B CEF, (100)
with E¢ = %(Ce — 1) elastic Green-Lagrange strain tensor and C a fourth-order tensor given by

2
€ =26 er )1 + (K(CLR,CTR) -3 G(CLR,CTR)) ’e1?, (101)

where G(cp . cp,) and K(cp ,cr,) represent the bulk and shear modulus, respectively. Mooney—Rivlin materials would be written,
instead, as

Wil (Cep o ery) = Cilep,sory) [11(C9) = 3] + Calep . or,) [1(C) - 3] (102)
with C; (cppscry) and Colepysery) material constants to be empirically determined, and 1;(C¢) jth invariant of C¢. Compressible
Neo-Hookean materials would instead be written in the form (Holzapfel, 2001)

W;I(CZ, CLysCry) = ‘W;I(C", CLpsCr) + ”1//;’(]9, €Ly CTy) (103)
with "y/;’ (C¢,cp,, cr,) the deviatoric, or isochoric, contribution to the elastic free energy density, usually taken as

_2
3

i 1 e e
YRl (C epery) = 5 Glep,scrg) [J I(C )—3] , (104
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and ”y/;’ (CANTPRN the volumetric part of the elastic free energy density, which can be assumed to have the forms (see Doll and
Schweizerhof (2000))

1

L CAR T D 5 Kleroery) In* [J¢] , (105a)
1

W e e T) = § K(epgoery) [1n2 [7¢] + e - 1)2] . (105b)

All these free energies depend upon concentrations intrinsically, i.e., material parameters as the shear and bulk moduli change
with the concentration and temperature.

Remark. The ratio '9'11( (93) accounts for the saturation limit ¢ a";”" of the species involved in the chemical reaction (11).

The assumption (94) leads to the configurational invariance of the ratio 0, ,, as specified by Eq. (95). In other words, the number
of moles occupying a convecting volume is invariant with time, i.e., it does not change from B to B,. The saturation concentration
c o:'l’:", on the other hand, is time dependent according to the transformation rule (16). This case is depicted in Fig. 4a.

Conversely, Fig. 4b shows another case in which species can relocate to occupy an eventual volume expansion of the hosting
material. The maximum number of moles per unit volume ca”‘R”" is therefore time invariant, i.e., C:,:ax()? ) = ¢'*(X). It descends that

O, (X.1) =T 0,(R.1) .
6.2. Contributions to the second Piola—Kirchhoff stress tensor

It holds that

dif f el
Sete — 2]1771 aWR + 2]1’71 au/R . (106)
aCcte aCcre

To compute the first term, recall that y 1‘; i depends upon C¢¢ by means of J¢°. Therefore, making use of the chain rule, we
find
di di di
01[/lef al[/R'ff aJcte dleff Jcte cro-l
oCcte = aJcte  gCcte = oJcte 2 C ’ (107)

which is a volumetric term induced by the change of the saturation concentration. Furthermore, n//lg’ depends upon C¢® by means
of the elastic right Cauchy-Green strain tensor C°. Indeed, recalling Eq. (86) and the chain rule, one gets

awlgl B awel 2 2

R s 3 yth 3
3cee = 30 I L (108)
Eventually,
dif f 1
Sete = 2Jp_l VR Jete Ccte_l +2Jp_1 01//; J{% Jﬂf% (109)
aJcte e ’
Recalling Egs. (96), (97), (98) and (99), we find
dif f
W . .

e VR _ diff diff X 110
I oyae = Tnp, s —Tnp s =Tng, (110)
where -T' g describes an enthalpic contribution of interactions, whereas the two terms -7 5 Z;f /and -T nﬁlif / represent an entropic

contribution to the stress.
In conclusion, combining Egs. (108) and (110), we find that the chemo-thermo-elastic second Piola—Kirchhoff stress tensor writes

as
el 2 2
gete — _q o~ (nzi;ff _H#;ff +’11i) cee™ 4o g ?(,;]E g5 s (111)

6.3. Chemical potential

Recalling Egs. (59c¢), (59d) and (87), one finds that the chemical potential of species « can be constitutively defined via the
relation
dif f th el in
oWy oy g oy g oy
= 112
Ha dc + Jc + oc, + Jc (112)

¥R R aR aR

whence, according to Egs. (88) and (99), for a = L, T, it holds

(113a)

0 c
o=+ RT 4(1=20,) + RT 0 | (2 | 0 (1= 1y) = 2 2 (7 =7 +
L
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o gl . ot

. (113b)
der,  dery,

97- ]C(,)T 2
MT=,4(}+RT1n[l QT]—”y(}(T—TO)—E}—O (T-Ty) +

In view of Egs. (62a) and (113), the change in specific entropy provided by a unit supply of moles of species L and T writes as

02 9 0 CO aZWel (321[/”’
My = —— VR =—ﬂ=—Rj(1—29L)—Rln[ L ]+ﬂ,4‘z+ L (T -Tp) = —R = R (114a)
dcy 0T oT 1-6; T, oTdc;, oTdcy,
and
9 9 0 e Pyl Pwy
Mg = =R T R | e+ 2D (T o Ty) - R - R (114b)
dcy oT oT 1-6 T, oTder,  0Ter,
respectively.

6.4. Heat and mass fluxes

The thermodynamic restriction (61b) may be satisfied in many possible ways. A classical strategy is to model the flux of interstitial
species h; , by Fick’s law, and the new heat flux g via Fourier’s law, by means of positive definite mobility and heat conductivity
tensors, M, and K, respectively,

hp,=-M (c,)Grad[u,] . 4 =-KGrad[T]. (115)

As done in Salvadori et al. (2018b), we relate the ordinary heat flux g to the temperature gradient Grad [T ] via Fourier’s law,
and the mass flux to the remaining gradients, in view of Eq. (64) and in a consistent way with the thermodynamic restriction (61b).
Therefore

hp, =-My (c;,) (Grad [uy | +"u; Grad[T]) (116a)
Gr=-KGrad[T]. (116b)

To account for saturation and to satisfy the physical requirement that both the pure and the saturated phases, e, =0 and
CLp = c’L”:", lead to vanishing mobility, the mobility tensor M, (c, ) is chosen in the following isotropic nonlinear form (Anand,
2012)

M, (cp) =l e 0, (1-6.)1, 117)

with §i; > 0 the mobility of interstitial chemical species, and c'L”Z" and 6, defined by Egs. (94) and (93), respectively.
To formulate Fick’s law (116a), recall how the vector Grad [ " L] +"u; Grad [T ] has been defined in Eq. (64). Then

H I’y I’y I’y 1
hp, =-Mp(cL,) < 002 Grad [CLR ] + W Grad [CTR ] W : Grad [Cc e]
2 ‘ (118)
yg
: Grad .
dc,, 08 rad[§ ])
The first term in brackets of Eq. (118) writes as
Py 1 1 Py Py
“YR Grad [CLR] = RT o (m —21) Grad [CLR] + —5"Grad [CLR] + —" Grad [cLR ] (119)
Lg Lr Ly Ly
whereas the last three terms in brackets of Eq. (118) take the form
Pyr Pyi Py
Gd[ ]: Gd[ ] Gd[ ] 120
dcy 0y, G| T dcy 0y, radlene ¥ dcy 0cr, Sl R (1202)
a2 a2wel
YR . Grad[C"*] = ——R_ : Grad [C**] | (120b)
dcy ,0C<™ dcy , 0Ce
ale/R 9 lén
——— :Grad[€&] = : Grad[€&]. (120c¢)
dcy  0F dcy 08

Taking advantage of the definition of the mobility tensor M (c. ) given by Eq. (117), and by defining the interstitial diffusivity
according to Einstein’s equation, we deduce that

DL=11LRT’
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and simple algebra allows us to re-write the Fick’s law (116a) as

o =P [1=240,(1 - 0p)] Grad [ ¢y, |

azwlg[ aZWeI ()211/13

. 1

—MLR<aCE Grad[CLR]+mGrad[CTk]+W .Grad[Cce]>
R

(121)

2, in 2, in 2, in

YR YR

_MLR<aCZ Grad[cLR] mGrad[cTR]+()cL—()§ Grad[.f])
Ly R R R

7. Chemical kinetics

For an ideal system, in which the solvent does not take part in reactions, the kinetics of reaction (11) is well modeled via the
following law of mass action (De Groot and Mazur, 1984)

- 0 0
(1) _ L T
wy (X0 = kg, 1

_ , 122
-6, Ir1-90; (122)

In agreement with the transformation (16), of wg D defined by Eq. (3), the rate factors for both the forward and reverse reaction,
kr, and kp ,, transform according to

ko (X.1) = J kg (123)

therefore both k7, and k; , are not constant values, rather they evolve with the deformation of the body by means of J.

Furthermore, following what is proposed in Salvadori et al. (2018b), the variation in time of kak()? ,1) is related to the stress and
to the concentration of species via elastic parameters. Consequently, the referential rate factor which describes the reverse reaction
is taken as

5 oy e oyl 10 (T = Ty) O (T - Ty)?
ky =k exp L Yk exp L exp| — e v exp| — wr 07 ) (124a)
R R RT 6TR RT ()CTR RT 2RTT,
whereas the referential factor providing the description of the forward reaction has the form
1R 1wy ) (T = Ty) ey (T =Ty
kr, = kT exp exp| = exp| —————— |exp| ~———7—
R RT ocy, RT dc;, RT 2RTT, (124b)

exp (¥(1-26p)).

Therefore, the factors k; , and ky,, with respect to the small strain analysis prescriptions (Salvadori et al., 2018b), are no longer
constants, given that they follow the same transformation rule for kap ()? ,t) shown in Eq. (123) and defined by Eq. (3). This new
formulation is consistent with the usual mass action law described by the van’t Hoff relation (Shell, 2015), which is recovered when
elastic, swelling, and interaction contributions vanish.

The condition of null affinity, A1) = 0, can be solved for the Gibbs free energy change, u9 — 42, in order to obtain the
equilibrium constant Koy of the chemical reaction (11). According to the definition (40) of the affinity AD | and re-writing Eq. (90)

to obtain K,,, we find

0_ 0
AE 9~ .
Ky =exp<R—TT> =CXP<T> ) (125)

The terms ;42 and ;42 can be derived by means of the constitutive definition of the chemical potentials (113a) and (113b),
respectively. Accordingly, the term u9 — 49 of Eq. (125) writes at equilibrium as

0% 0%
W) —u) =-RT } (1-26,%) + RT (m [1_—;(,] ~In [ L eq]>+("u2—ﬂu‘}) (T -T,)
T

1-6;

1 cz? L~ CUO T eq 2 dwyy oy dyp oy
+o | =) (T -Ty) + - + - .
2 Ty dep,  Oep, der,  Ocp,

whence, the equilibrium constant K,, of the chemical reaction (11) writes as

K o 1- [-4 (1-20;7)]
= exp -
eq eq q
1-6, 0,
r’”%‘"”r ST 2
T —T,
exp[ =7 exp 2 RTTO ( 0) (126)
1 [ows owg! 1 (owir owin\]Y
exp | — - exp | — - .
RT \ dcrp  Ocy, RT \ dcry,  Ocy,
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(11)

x =0 in Eq. (122). In this instance, the equilibrium constant of reaction

An alternative way to derive K,, is by imposing w
(11) writes as
k
K, = S
k Lx
and Eq. (126) is recovered by taking advantage of Egs. (124) to express k; and ;.
The thermodynamic restriction

w(Rll) A(ll) <0

is satisfied by means of Egs. (124). Furthermore, a classical way to enforce thermodynamic restrictions for the chemical reaction (11)
is to select a positive phenomenological coefficient, usually termed L', which linearly relates the affinity, A1, to the reaction

rate, w(Rll) , via the relation

wgl) — _pan 4an

The proof of these two last statements is not influenced by finite strains and can be found in Salvadori et al. (2018b).
8. Governing equations

The governing equations are obtained by incorporating the constitutive prescriptions of the chemo-thermo-elastic second Piola—
Kirchhoff stress tensor S¢¢ (111), the referential heat and mass flux vectors, gz and A Lp> given by Egs. (116b) and (121), respectively,
and the mass action law (122) with specifications (124), into the balance Egs. (15), (21), and (127d). Governing equations are written
in term of the state variables ¢ Lp> CT> i, and T. They read

0CLR : 7 cte 11 cte
+D1V[hLR(CLR,CTR,T,C ,5)] +wy (cLR,cTR,T,C ,é)zsLR s (127a)
dey
5w e T.C.8) = sy, (127b)
Div [P(S”"’, ce'e, cLR,cTR,T)] +5% = 0, (127¢)
—TaszE—DiV[KGrad[T]]=TM . accw+JpMcte.lp+S +
aT? ot oToCe " ot ' IR 127d)
Py 0& 11
+ <)( + Tamé) : m +Mg, (cr,) (Grad [yL] + ”MLGrad[T]) - Grad [MI‘L] + (“ﬂL - “MT) wl(e ),
Details of the derivation of Eq. (127d) have been collected in Appendix A.2.
The boundary conditions
hp,ig=hgy Xe€oVV, (128a)
r-ig=dg Xeov, (128b)
Piig =g X eoVv, (128¢)

are imposed along Neumann boundaries ¥ V. To ensure solvability of the problem, Dirichlet boundary conditions have to be
enforced along the complementary boundary d°V, hence

T=T Xed’v, (129a)
i Xeav. (129b)

Initial conditions are usually imposed for the concentration of interstitial species, cLR()? ,t = 0), as well as of trapped species
cTR()? . =0) and temperature, T(X, = 0). To comply with equilibrium thermodynamics these conditions are chosen to be uniform
in the material and to ensure equilibrium with external species. Balance of momentum, together with boundary conditions, provide
the necessary and sufficient equations and conditions to solve for u at 1 = 0.

9. Numerical simulations

Focused ion beam implantation (Li-FIB) has been introduced as a new approach to probe lithiation mechanisms in the active
particles of Li-ion batteries (Takeuchi et al., 2016). In this process, a FIB with small spot size is directed at a particle in vacuum and
scanned across the sample. Experimental evidence (see Figures 1 and 2 in Takeuchi et al. (2016)) show a lithiated zone, associated
with a band of contrast starting from the insertion area and expanding into the particle, causing a volume change of a factor of
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~ 2.3 (Takeuchi et al., 2016). Such a large volume expansion is not compatible with the small strain theory developed in Part
1 (Salvadori et al., 2018b). Exploiting therefore the theory developed in this paper, we simulate the Li-FIB approach on a host
spherical particle and show how mobile species enter, diffuse, and immobilize because of chemical trapping. Simulations illustrate
the methodology in terms of proof of concept, without direct reference to real data of lithiation.

For the sake of simplicity of notation, we keep the symbols L and T to denote the mobile and trapped Li-ion species. We select
a host spherical particle of radius r = 1 mm, taken as the reference configuration B. An inward mass flux, & L» enters the body
perpendicularly to the sphere

h (X) iig(X)=hg, XeoVV, (130)

at the apical sub-area 0™V of its surface, as shown in Fig. 5a. The projection of 0"V onto the equator plane is a circle of radius
Fins = 0.1 mm. After a transient regime in which the uniform mass flux increases, h is held constant in time at 0.005 mol/m?s, prior
to being removed at time ¢ = 2700 s, as depicted in Fig. 5c. For the sake of simplicity, we assume thermal equilibrium at a constant
temperature of 25 °C. The diffusivity of the mobile species, I); = 1.00 x 10~° m2/s, is assumed to be concentration-independent.
All material parameters used in the simulations are listed in Table 1.
For the sake of simplicity, we assume an irreversible trapping process, described in abstract form by the chemical reaction (11),
with a permanent modification of the host material. The law of mass action (122), simplifies as

S 9
Wi VX0 =Ky exp [ 4(1-260,)] 75— (131)
— VL

with I}TR =1 mol/m3s. Moreover, we assume f Z(CLR) =1 and
P=1 (e —ed ) o, (132)

i.e., only the alligated species induce a volume change in the host particle.

The elastic Saint Venant-Kirchhoff free energy (100) models the mechanical response of the particle, with elastic parameters
G = 79.3 GPa and K = 206.8 GPa taken as independent of the concentration of species. The chemo-thermo-elastic second
Piola—Kirchhoff stress tensor coincides with the total stress in the material, S = S¢¢, and Eq. (111) re-writes as

2
3

S=RTEC'+CE*J°* | (133)
2
with C=2G1*+112®1%, C=J*3 C¢, and

E=c {40, (1-0,)+0, [0, |+ =0) In[1-0,]}+cp® {0y In[07] +(1=0p)In[1-067]}.

Denote with ID} a diffusion-like parameter, defined as
D =D, [1-240,(1-6)]. (134)
The mass flux (121) reduces to

71LR = -} Grad [CLR ] . (135)
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Table 1
Model parameters used for numerical simulations.

Input parameters

Parameters Value Unit of measure Description

T 298.15 K Temperature

r 1.00 mm Radius of the sphere

Fins 0.10 mm Radius of the insertion area of species L

. 1.00 - 107 m?/s Diffusion coefficient for the species L

krk 1.00 mol/m® s T generation reaction rate constant, Eq. (122)
kLR 0 mol/m> s L recombination reaction rate constant, Eq. (122)
G 79.3-10° MPa Shear modulus

K 206.8 - 10° MPa Bulk modulus

oy, 0 m? /mol Swelling expansion coefficient of species L
o, 1.0-107° m? /mol Swelling expansion coefficient of species T

x o* - Flory-Huggins interaction parameter

ci”:‘ 1.0-10* mol/m? Saturation limit concentration for species L
cnex 1.0-10* mol/m? Saturation limit concentration for species T

The governing Eq. (127) take the form

0CLR 7 cte (11) cte
% 4 Div [hLR(cLR,cTR,C )] = 0y, 0p,. € (136a)
der
11
— = wy (e er, € (136b)
Div [FS(CLR, ero. C“'E)] +59 =0, (136¢)

The partial differential Eq. (136) are solved using the Finite Element Software COMSOL Multhiphysics by means of the “PDE
Interface”, which provides an environment for specifying a model in terms of equations in strong form. The time-dependent solver
uses the implicit time-stepping methods BDF (Backward Differentiation Formula). A time interval of 3600 s has been considered
with a free timestepping. The solver takes timesteps as large as possible (47 = 1 s), but it reduces the timestep size when necessary
if the solution starts to vary rapidly in time. The Neumann boundary condition (130) is imposed together with

Piz=0, XeoVVv. (137)

Surface traction forces are set to zero to allow free expansion and contraction of the particle. The initial conditions on the
concentration of species are imposed as

e (X,1=0)=10mol/m’ , ¢p, (X,t=0)=10mol/m’ . (138)

9.1. Concentration and displacement fields

The inward flow hy of species L into the particle occurs in a narrow FIB spot size for the first 2700 s. In that time span, the
mobile species is transported within the particle at a low pace compared to the FIB influx. Therefore, L species accumulates at
the apical side, where ¢ Lr reaches a maximum value of 521.8 mol m~3. Concentrations ¢ Li and cr, at the end of the inward flow
are portrayed in Fig. 6a and d, respectively. Arrows in Fig. 6a depict the streamlines of the 1, flux. A portion of species L is
immediately alligated into trapped species, T, ruled by the chemical reaction (131), see Fig. 6d.

After the inflow quits, mobile species diffuse through the particle according to Fick’s law (135). A reduction in the peak of ¢; ,
at the apical side of the particle takes place, becoming more and more pronounced with time as seen in Fig. 6¢. An almost uniform
concentration is reached at 3600 s. Fig. 6b depicts the profile of ¢, , at time ¢ = 2760 s.

Since trapped species cannot be re-converted into mobile species, the concentration ¢y, does not decrease in time — see Fig. 6f;
rather, it increases slightly, in view of the continuous conversion of species L into 7' in Eq. (131). A plot of ¢y, at time ¢ = 2760 s
is shown in Fig. 6e.

The concentration fields ¢, , and cr, are displayed in a particle cross-section in Fig. 7. The scenario described above is recovered.

The trapping provides a chemo-mechanical increment in volume, dictated by the coefficient w3, in Eq. (132). Fig. 8 manifests
the swelling, with ¢, inferred from Fig. 6f.

Fig. 8 plots the norm of the displacement field in the current configuration. The referential spherical configuration, attained at
time 7 = 0 s, is shown as a black circle. Three different time steps are considered; at ¢ = 300 s, a strictly localized displacement field
occurs in the proximity of the insertion area (Fig. 8a). At time ¢t = 2700 s the particle has already assumed a drop-like shape, as
shown in Fig. 8b. Eventually, at ¢ = 3600 s the mobile species uniformly occupy the domain and the maximal expansion of the body
is achieved.
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Concentration of species (¢) ¢, and (f) ¢y, along the diameter aligned with the symmetry axis Z-Z in Fig. 5b (origin in the bottom of the sphere), at different
time steps.

9.2. Effect of the Flory—Huggins parameter

Simulations carried out in Section 9.1 have been performed at a vanishing Flory-Huggins parameter, } = 0. In order to investigate
the influence of the Flory—Huggins parameter, we set /42 =0 and ”OT = 0 and re-write the referential entropic Helmholtz free energy
as

vl = RT e[ 0, (1-6,)+ Y RT el (6,1n[0,]+(1—6,)In[1-0,]) 139)
a=L,T
from Eq. (99).

The shape of u/]‘;if / has been portrayed in Fig. 9a as a function of the normalized concentration of species L and T, and in
Fig. 9b—c restricted to 6; = 0. Fig. 9b shows the evolution of the entropic free energy at increasing values of the Flory-Huggins
parameters. For } = 0, no interactions of mobile species with the host material occur, representing ideal mixing. Positive values of
} account for the energetic interactions between species L and the host material. As a result, the mixing deviates from the ideal
scenario. The value of the Flory—-Huggins parameter y = 2 is a threshold for the energy of mixing. At } < 2 there is a single-well
chemical free energy, leading to a uniform distribution of mobile species at equilibrium. If } > 2, the non-convex double-well
potential may result in the accumulation of mobile species in localized regions of the body.

Similar conclusions can be reached from assessments of Eq. (135) in regard to the mass flux h Lr for different values of the
Flory-Huggins parameter 4. Fig. 9c shows that D} > 0 for } < 2. Accordingly, the species move from higher to lower concentration,
as is normal. As the Flory—-Huggins parameter increases, energetic interactions act against this behavior and at } = 2 the diffusivity
Ip; vanishes. For } > 2, D} becomes negative for each value of §; that makes the free energy concave (compare Fig. 9b and c)
yielding an inversion in the mass flux. The resulting motion of the species assumes a counter-intuitive behavior; diffusion from lower
to higher concentration becomes possible and segregation of mobile species can be observed.

The rate of trapping of species L increases with }. The prominent influence of the Flory-Huggins parameter on the generation
of trapped species is clearly seen in Eq. (131). The forward reaction is driven by the exponential term

exp (¥(1-26p)) ,

which greatly affects the trapping of L. In this regard the Flory—-Huggins parameter works against the segregation of mobile
species, because the consumption of L may not allow ¢, to reach the range in which )] becomes negative. For this case, no
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phase segregation of mobile species occurs. Having set the saturation limit ¢ i":" = 10* mol/m>, we observe that phase segregation
may develop for 2000 mol/m? < ¢ L < 8000 mol /m?, approximately, whereas the highest value of the concentration of mobile species
reached in the simulations is ¢; , » 650 mol Jm?>.

Density plots of concentrations ¢, and cr, are shown at ¢ = 3600 s in Fig. 10a-d, and e-h, respectively. Uninterrupted and
irreversible trapping leads to the chemo-mechanical deformation of the particle, according to Eq. (132). The drop-like shape of
the particle highlights the swelling after trapping, which becomes more pronounced at increasing values of j}. Higher values of the
Flory-Huggins parameter induce higher concentrations of ¢y, which localize in the apical point of the sphere as a result of the fast
kinetics of chemical reaction (11), yielding the large reshaping of the particle.

Fig. 11a shows that the mass of species L increases as long as i L, enters the particle, reaching a peak at # = 2700 s. The higher ¥
the lower the mass implanted, manifesting the effect of } on the trapping. The mass of trapped species increases in time, even after
the external influx quits, in view of the continuous conversion of species L into T. As justified above, the mass of trapped species
increases with the Flory-Huggins parameter j.

10. Concluding remarks

A general framework that couples mass transport, chemical reactions with trapping, and finite strain thermo-mechanics has been
presented. The formulation describes interstitial motion of free diffusive species in a hosting material; once trapped, species stay
immobile, ceasing to contribute to mass transport and potentially inducing the swelling of the material. Elasto-plastic effects, as
well as thermal evolution, are accounted for.

Kinematics is designed by means of a suitable multiplicative split of the deformation gradient. Mass balance equations are
augmented with the rate of the chemical reaction, which portrays the conversion of mobile guest species to trapped species, and
vice-versa, and a source term to describe injection or removal of mass. The enthalpy and the entropy contributions due to mass
flux for the two laws of thermodynamics lead to the definition of the chemical potential as the sum of enthalpic and entropic
contributions. In accordance with the multiplicative decomposition of the deformation gradient, the mechanical contribution to
the entropy imbalance is additively split into chemo-thermo-elastic and inelastic parts, conveniently defined as a function of the
chemo-thermo-elastic second Piola—Kirchhoff and Mandel stress tensors, respectively. The standard method of Coleman and Noll, and
the assumption of Curie’s symmetry principles, determine all thermodynamic prescriptions. The referential Helmholtz free energy
density is chosen as a thermodynamic potential, and constitutively subjected to an additive decomposition to account for all processes
involved in the material behavior. Such splitting drives the constitutive specifications of chemical potentials, heat and mass fluxes,
and chemical kinetics. Governing equations, with associated Neumann and Dirichlet boundary conditions, are derived to complete
the full coupling of the finite strain chemo-thermo-mechanics with trapping.
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A numerical study illustrated the chemo-transport-mechanical response of a particle subjected to a localized focused ion beam
mass implantation (lithiation was considered in Takeuchi et al. (2016)), highlighting the reciprocal interactions among multi-
physical processes. The reported volume change (factor of ~ 2.3) points out how a multi-physical model limited to the realm of small
deformations, as in Salvadori et al. (2018b), may not be representative of experimental reality. The trapping process cause large
mechanical deformations, depending upon the concentration of species, the chemical kinetics, and the Flory-Huggins interaction
parameter. A parametric study on the influence of y on the chemo-mechanical response of the particle has been carried out.
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Forthcoming publications will be devoted to further, and more specialized, high performance computational implementations of
the proposed multi-physics framework, extending previously published works (Arricca et al., 2022; Serpelloni et al., 2022; Cabras
et al., 2022a,b; Magri et al., 2022).
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Appendix

A.1. Proof of Eq. (64)

The independence of the vector Grad [;4 L ] +/u; Grad[T] upon the temperature gradient ca be shown be re-writing the chemical
potential gradient of species L in the form

Grad[uL] = Grad [ W'r ] =

o [ (.00,
de, deg HeLvR L T ¢

d
= 9 LR Grad[T ]+ VR Grad[ ]
acL orT dc

LR
6
+_ (}rad[§]>

aWR aV/R 1
* 5oy, Crad [ere | + =g : Grad [C]

(140)
2 2 2
- aszlgT Grad [T ]+ ';C‘g: Grad [cLR] 06(;%@ Grad [cTR]
06?2‘5(’;,6 Grad [ €] + < a 7 Gradl£]
and the term "u; Grad[T ], according to the definition shown in Eq. (62a), as
M, Grad[T ] = — Pyr Grad[T]. (141)
aR
Combination of Egs. (140) and (141) yields
Grad [y | + "y Grad [T = ¥R Grad ERE ac‘zz—";’c‘TGrad ERE % : Grad [ €]
aZLl;R oo : (142)
+ chR0§ : Grad[€].

A.2. The generalized heat equation

To derive the generalized heat equation, recall the referential localized energy balance (29), and the split of the mechanical

contribution P : F into chemo-thermo-elastic and inelastic terms given by Eq. (52). It holds that

du_R__Jpscte.Ctte+JpMCf?~lP+ —Di [
ar = 5 . . qu \%

] dc
+ Y
# (=) w0

der,
hLR Grad[ ,uL] +“ur

ot (143)
By means of the time derlvative of yy (53) and Eq. (56),
dng  dug dl//R aT
T=R__R___R 1R
dr dr dr o
B aWR . gCcte aWR 0CLR aWR ()CTR
oCete * ot

(144)
o o o ™®
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Taking advantage of the definition of the inelastic stress (57) and from the thermodynamic prescriptions for S¢, ng, u; and ur,
given by Eqgs. (59), we substitute the partial derivatives of yy in Eq. (144),

d d d
T R Ugr _ dyg OT

o T a o R
1 . accte aCLR aCTR aT a‘g aT
=—_= JPsce: — Uy —— — py —— — =2 - = 145
27’8 o ML T THT T PR G YA G T g IR (145
1 oCcte aCLR aCTR ()g
=—=JPse -y — - +y =,
2 o ML T THT T A
from which the following form of the referential energy balance arises
dng 0 dyg _dup 1 aCere ey ety 3
T—=-T ———=—— - J/§: -y, — - +y = 146
dr of dr  dr 2 o ML Tor THT Ty Xy (146)
Taking advantage of Eq. (143),
d d
TR __p 9 Wr
dr JaT dt
=L yrgee . 0T prmere e Div [ 7] + %0y S5 _F, - Grad [ (147)
—E T-'- : +SqR— lV[qR]'I-ML o ALy Ta [”L]
der, 1 . dcy. der, 0
u R u, _u (11)__Scte . (ete _ R _ R .9
+ur o +(l4L #T)WR 3 : ML= ~Hr =5 +X~at,
hence
o dy, X . dcy o
a—Td—IR:J”M‘” DU+ s, —Div[gg] + (up —ny) K — Ry, - Grad [“u, | w48
T 11 . 9¢
+ (MMT—HT) 0_1‘R +("ﬂL—u/4T) W,(q )+X vl

The left-hand side term of Eq. (148) can be re-written by means of the time derivative of the Helmholtz free energy density, and
in view of its functional dependence (56) results in

aT \ oCere * ot dep, Ot dcr, Ot oT ot 0 = ot

d 0 cte gy OC Ay 9Oc 0 0 d
T%%_T')<ﬂ'ac + ¥R %Ly | OWR TR+WR()T+ﬂ__§

_ < yp . oCere yp 0L, yp dery 0wy oT

_~ "R . + - 149
oToCe™ " “or " 9Tdc,, or  0Tder, or = oT2 ot (149)
4 02'I/R . 9¢
oToE " ot |’
Equating Eqgs. (148) and (149) to re-write the terms
0“wg oT .
T3 E+D1v[qR]
we find that
0" W oT | .. (= der, -
=T — o Sy # DV [Gr] = JPME s (e = ) = =By Grad [ ]
der, o0&
11 .
+ (“ur — pr) 0tR + (“ug = "ur) w,(g TS i
+T aZWR . accte T asz dCLR T asz aCTR
oTaC ~ o oTdc,, o oTocy, ot
I’yr . %
o0To&E ~ ot (150)
%y, dey,
=JPM 1P Yp =g +T =2 ) —2
+S4R+<ML K+ oToc,, ) “or

oTocr, ) ot

aZWR ) 05 N 02WR . oCcte
oTIE ) *

- 02 der
—hLR~Grad[”/4L]+(“uT—ﬂT+T VR )—R

+ (=) wQ P + (2 +T —
(e = "ur) wy ¥ or T 9TaCee T or

In respect of the definition of u, given by Eq. (39), and according to the specification for "u, defined in Eq. (62a), the two
parenthetical terms that multiply the time derivatives of the referential concentration of species in Eq. (150) are null, hence

0’ yg

9¢,, OT

+u.ua — Hq =0. ash
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Therefore

0*ygr oT o ’yp . aCere fe . >
- oT? E"'DIV[LIR]:TW . T-FJpMce.lp+SqR—hLR'Grad[uﬂL] (152)
+ )(+T02WR : %+(";4 —u )w(u)
oToE ) ~ ot L= A% R

Lastly, by means of the constitutive prescriptions for the Fick’s and Fourier’s laws shown in Egs. (116a) and (116b), respectively,
the following generalized heat equation arises

Py oT Pyr . oC
_ g m — P S A y4 cte . Ip
T2 o Dlv[K grad[T]] _TaTaCm Lo +JJPMY P+ s
PPy 9
T D=
* <" * aTa§> ot (153)

+M,, (cp,) (Grad [py | +"u; Grad[T]) - Grad [“u, |
+ (“up, —“ur) Wj(gm
with “u; and “u; defined by Eq. (62b).
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