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Abstract

We study stochastic homogenisation problems for free discontinuity function-
als under a new assumption on the surface terms, motivated by cohesive fracture
models. The results are obtained using a characterization of the limit functional by
means of the asymptotic behaviour of suitable minimisation problems on cubes with
very simple boundary conditions. An important role is played by the subadditive
ergodic theorem.

1. Introduction

Several problems in damage and fracture mechanics lead to the study of free dis-
continuity functionals of the form

/f(x,Vu)dx—i—/ gCx, [ul, vi)dHI, (1.1)
A ANJy,

where A is a bounded open subset of RY, u is a function defined on A, Vu denotes
its approximate gradient, J,, is the jump set of #, with unit normal v,,, and [«] is the
amplitude of the jump; the second integral is with respect to the (d — 1)-dimensional
Hausdorff measure H? 1.

A large part of the results regarding I"-convergence of sequences of functionals
of the form (1.1) have been obtained under the hypotheses that f (x, £) has p-growth
with respect to &, for some p > 1, and that g is larger than a positive constant (see,
e.g., [3,4,10,13,19,24-26]). Under these conditions the problem is usually studied
in the space of special functions of bounded variation SBV (A), for which we refer
to [2].

When f(x, &) has linear growth in & and g(x, ¢, v) has a linear behaviour in
¢ near 0, a functional of type (1.1) cannot be lower semicontinuous. The lower
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semicontinuity results in [6] and the necessary condition for lower semicontinuity
in [7] suggest to consider instead functionals of the form

E 8, A) :=/f(x,Vu)dx+/f°°( dDu )dIDCu|
A A

X,
d|D¢u|

+/ g(x, [ul, v)d M, (1.2)
AN,

defined for u € BV (A), where f°°(x, &) is the recession function of f(x, &) with
respect to &, the measure D€u is the Cantor part of the distributional gradient Du
of u (see [2, Definition 3.91]), and 53—55\ is the Radon-Nikodym derivative of Du
with respect to its total variation | Du|.

In this paper we study homogenisation problems for functionals of the form
(1.2). The new feature is that we consider surface integrands g of bounded cohesive
type, i.e., satisfying an estimate of the form c1(|¢| A 1) < g(x, ¢, v) < c3([C| A1)
for suitable constants 0 < ¢; < c¢3, where a A b is the minimum between a and
b. This hypothesis on the surface integrand is natural in the study of the relaxed
version of the Dugdale model for cohesive cracks [18] (see also [8]).

The upper bound g(x, ¢, v) < c3(]¢| A 1) implies that we cannot apply the
results of [12], for which the assumption c1|¢| < g(x, ¢, v) was crucial to study the
problem in the space BV (A). The weak inequality c1(|¢| A 1) < g(x, ¢, v) forces
us to use the larger space G BV, (A) introduced in [16], in which the measure D u
can still be defined.

As usual in homogenisation problems for integral functionals (see, e.g., [5,9,
21,23]), given a function fj (x, ) with linear growth in £ and a function g1 (x, ¢, v)
of bounded cohesive type, we consider the rescaled functions

fe(x,§) = f1(3.8) and ge(x,¢,v):=gi(5,¢,v) for £>0, (1.3

and we study the asymptotic behaviour of the functionals E /¢ as ¢ — 0+. This
is done by means of ['-convergence. Since we are mainly interested in stochastic
homogenisation problems, we do not assume any periodicity condition with respect
to x for f1 and g;.

To study the I'-limit of E/¢:8 we use a result obtained in our previous paper
[17] concerning sequences Ef+8 of functionals of the form (1.2), not necessarily
obtained by rescaling. Under suitable hypotheses on f; and gx we proved that the
I"-limit can be written in the form

E(u, A) = / f(x, Vu)dx + E(u, A) +[ g, [ul, v)dHI™',  (1.4)
A AN,

with suitable (subsequence dependent) integrands f and g, where E€(u,-) is a
measure thatis absolutely continuous with respect to | D€u|. This result was obtained
by identifying suitable properties of the functionals £/%8 that are inherited by the
I"-limit and by proving that all functionals with these properties can be represented
in the form (1.4).

In[17] we also proved that E£€(u, A) can be represented by an integral involving
£°° under a very strong continuity hypothesis with respect to horizontal translations.



The drawback of this result is that this continuity condition can be easily obtained for
the I'-limits corresponding to the rescaled integrands in (1.3) only in the periodic
case. To deal with the stochastic homogenisation problem we need a different
approach.

The first result of the present paper is a characterization of the integrands f and
g in (1.4) as limits of suitable minimum values of problems for £ fe-8k on small
cubes with very simple boundary conditions (see Theorem 3.3). Unfortunately, this
result is not enough to identify the I'-limit, unless we can prove that E€(u«, A) can
be written as an integral involving f°°.

An important part of this paper is devoted to the integral representation of
E€(u, A) under the hypothesis that the function f (x, &) in (1.4) does not depend on
x. To obtain this result we have to strengthen the hypotheses on Ef+8  assuming
that they satisfy further properties, which are analysed in Sect.4. Among these
properties we mention the existence of the limit

1
0 .
s 6 =1 - , 1C, )
g (X, g, v) = lim —gi(x, 18, v)

which will play an important role in the rest of the paper. Moreover, we need some
uniform estimates for

1 1
;fk(-x» ff) - fkoo(xs 5)‘ and ‘;gk(xs t{s V) - g](c)(xs ;» V) (15)

(see Remarks 4.3 and 4.5).

We show (see Theorem 5.1) that, if a functional E is the I'-limit of a sequence
Efe8k with f; and g; satisfying these properties, and if (1.4) holds with f in-
dependent of x, then E€(u, A) can be represented as the second integral in (1.2);
consequently, E satisfies the complete integral representation (1.2). This allows
us to prove that the I'-limit is uniquely determined by the behaviour of the mini-
mum values of suitable minimisation problems for E /%8 on small cubes with very
simple boundary conditions (see Theorem 5.4).

These results are then applied to homogenisation problems, where we fix a
sequence g — 04 and study the '-limit of the functionals E e 8er | with Ser
and g, defined by (1.3). Using the natural change of variables y = x /&, and the
uniform estimates in (1.5), the auxiliary minimisation problems on small cubes
for E/s 8 are transformed into minimisation problems on large cubes for the
functionals E /1 8 and EfT 81 (see Lemmas 6.1 and 6.2). Therefore, the previous
results imply that the I'-limit of E Jew8ek exists and can be represented as in (1.2),
provided the limits of these minimum values, as the size of the cubes tends to +o0,
exist and are independent of the centres of the cubes (see Theorem 6.3).

In the case of stochastic homogenisation, f and g; are random functions sat-
isfying suitable stochastic periodicity conditions (see Definitions 6.5 and 6.6), and
the almost sure existence of the above mentioned limits on large cubes can be
obtained by means of the Subadditive Ergodic Theorem [1, Theorem 2.7], argu-
ing as in [11,12] (see Propositions 6.10 and 6.11). This leads to the almost sure
I'-convergence result for the sequence E Jew:8ek (see Theorem 6.12). Finally, we



observe that the deterministic periodic case can be obtained as a corollary of our
results (see Remark 6.15).

2. Notation and preliminaries

We begin by recalling the notation used in [17].

(a) Throughout this paper d > 1 is a fixed integer. The Euclidean norm in R? is
denoted by | - |. We set S9! := {v e R? : |[v| = 1} and S@l;l ={vesil:
+v;) > 0}, where i(v) is the largest i € {1, ..., d} such that v; # 0. Note
that S~ = s~ tuss !

(b) Given an open set A C R?, let A(A) be the collection of all open subsets of
A and let A.(A) := {A’ € A(A) : A’ CC A}, where A’ CC A means that
A’ is relatively compact in A. Given a Borel set B C R?, B(B) denotes the
o-algebra of all Borel measurable subsets of B.

(c) Foreveryx € R and p > Olet Q(x,p) :={y € RY : |(y —x) - ¢| <
p/2, foreveryi = 1,...,d}, where (¢;);i=1.... 4 is the canonical basis in R4,
and - denotes the Euclidean scalar product.

(d) Foreveryv € S9! we fix a rotation R, : R? — R? such that R, (eg) = v. We
assume that R, is the identity, that the restrictions of the function v — R, to
the sets Siﬁl are continuous, and that R, (Q (0, p)) = R_,(Q(0, p)) for every
v e S!and every p > 0.

(e) Forevery A > 0,v € Sl x e R?, and p > O let Qﬁ (x, p) be the rectangle
defined by

,,,,,

Qh(x, p) == x + R, (=%, )7 % (5. 5)). 2.1)

(f) Foreveryx € Rd,é‘ IS Rd, teR,ve S9=1 we define the functions Le: RY —
Rand uy; p: R?Y — R by

Le(y) =& -y,

¢ if(y—x)-v=0,
ux,;“,v()’) =

0 if(y—x)-v<0;

moreover, we set I1) = {y € R?: (y —x)-v=0}.

(g) Given A € A(RY) and an £9-measurable function u: A — R, we say that
a € R is the approximate limit of u as y — x € A if for every neighbourhood
U of a we have

LYy e ANQW. p) 1u(y) ¢ UY _

a 0;

lim
p—0+ o

the same definitionis meaningful alsoif x € d A providedlim,_, o4 W
0; moreover, the set of points x € A where the approximate limit #(x) exists
and is finite is a Borel subset of A, and the function x + (x) is a Borel func-
tion defined on it; we say that £ € R? is the approximate gradient of u at x if
u(y)fu‘(;)_;‘é(yfx)

the approximate limit of as y — x isequal to 0.



(h) Given A € A(R?Y) and an £¢-measurable function u: A — R, the jump set J,,
of u is the set of all points x € A for which there exist u* (x), u~ (x) € R, with
ut(x) # u"(x), and v,(x) € S9=1 such that u®(x) is the approximate limit
as y — x of the restriction of u to the set {y € A : £(y — x) - v, (x) > 0}.
It is easy to see that the triple (u™(x), u ™ (x), v, (x)) is uniquely defined up to
a swap of the first two terms and a change of sign in the third one. For every
x € J, we set [u](x) := ut(x) — u"(x). It can be proved that J, is a Borel
set and that, if we choose v, so that v, (x) € S‘fl for every x € J,, then the
functions ™, u~™, [u]: J, — Rand v,: J, — S¢! are Borel functions.

(i) Forevery A € A(R?) and u € BV (A) let Du be the distributional gradient of
u, which can be decomposed as the sum of three R9-valued measures:

Du = D*u + Du + D'u,

where D“u is absolutely continuous with respect to the Lebesgue measure
L4, D¢u is singular with respect to the Lebesgue measure and vanishes on all
B € B(A) with HY~1(B) < 400, and D/u is concentrated on the jump set J,,
of u. The approximate gradient of u at x exists for £¢-almost everywhere x € A
and is denoted by Vu(x); it is known that the function Vu coincides £4-almost
everywhere in A with the density of D% with respect to £¢. Moreover, it is
known that D/u = [u]v, H¢~ 'L J,, where for every measure j the measure
wl Eisdefinedby ul_ E(B) := nw(ENB). For these and related fine properties
of BV functions we refer to [2].
(j) For every A € A(R?) let LO(A) be the set of £¢-measurable functions u

A — R endowed with the metrisable topology of convergence in £¢-measure.

Given B € B(R?),u: B — R = R U {+o0, —00}, and m > 0 the truncation 1™
of u is defined as

u™(x) == (u(x) Am) vV (—m),

where a A b and a Vv b denote the minimum and the maximum between a and b,
respectively.

‘We now recall the definition of the space G BV, (A) introduced in [ 16, Definition
3.1].

Definition 2.1. For every A € A:(R9) let GBV,(A) be the space of functions
u: A — Rsuch that u™ e BV (A) for every m > 0 and

sup (/ IV |dx + | DU |(A) +f ™| A 1de—1) < +oo.
A J

m=>0 u(m)

The main properties of these functions are summarized in [17, Theorem 2.2]
and the main properties of the space G BV, (A) are presented in [17, Theorem 2.3].

We now introduce a functional that is strictly related to the definition of GBV,
and will play an important role in this paper.



Definition 2.2. The functional V: LO(R?) x B(R?) — [0, +-00] is defined in the
following way. For every A € A.(R?) we set

V(u, A) :=/ |Vu|dx+|DCu|(A)+/ )| A1dHY™" ifuls € GBV,(A),
A

AN,
(2.2)
and V (u, A) := 400 otherwise; the definition is then extended to A(R?) by setting

Vu, A) :=sup{V(u,A'): A" e AC(Rd) NA(A)} for A e A(Rd) , 2.3)
and to B(R?) by setting
V(u, B) := inf{V(u, A) : A € AR?), B C A} for B € B(R?). (2.4)

Throughout the paper we fix five constants cy,...,cs > 0 and a bounded
continuous function o : [0, +00) — [0, +00), such that

0<ci=1=<c3=cs, (2.5)
0(0)=0 and o(t) > c3(t A1) foreveryt > 0. (2.6)

We recall the definition of the class of free discontinuity functionals introduced in
[17, Definition 3.1].

Definition 2.3. Let ¢ denote the class of functionals E: LO(R?) x B(RY) —
[0, +o0] that satisfy the following properties:

(a) E is local on A(RY), i.e., E(u, A) = E(v, A) if A € ARY), u,v € LORY),
and u = v £¢-almost everywhere in A;

(b) foreveryu € LO(R?) the function E (u, -) : B(R?) — [0, +00]is anonnegative
Borel measure and

E(u,B) = inf{E(, A) : A € ARY), B C A} Q2.7)

for every B € B(RY);
(cl) forevery u € LO(R?) and B € B(R?) we have

c1V(u, B) — czﬁd(B) < E(u, B); (2.8)
(c2) for every u € L°(R?) and B € B(RY) we have
E(u, B) < 3V (u, B) + caL'(B); (2.9)
(d) forevery u € LO(RY), B € B(RY), and a € R we have
E(u+a,B)=E(u, B); (2.10)
(e) for every u € LO(RY), B € B(R?), and £ € R? we have
E(u+€g,B)5E(u,B)+C5|§|£d(B); (2.11)
(f) for every u € L°(R%), B € B(RY), x e R?, ¢ € R, and v € S~ we have
E(+uy ;. B) < E(u, B) +o(lthH (BNTIY); (2.12)



(¢) for every u € LOR?), B € B(R?), and wi, wy € W, (R?), with wy < wy
£4-almost everywhere in RY, we have

E(( v wy) Awn, B) < Eu, B) + c3/ Vaun| v [Vusldx + e £ (Bly)

u

12

(2.13)
where B}, = {x € B : u(x) ¢ [w(x), wa(x)]}.
Finally, let €. denote the class of functionals E in € that satisfy the following
property:
(h) for e\;ery A € A (RY) the functional E(-, A) is lower semicontinuous in
LO(RY).

A first example of functional belonging to & is given by V (see [17, Remark
3.15)]).

Remark2.4. Let E € ¢, A € AR?), and u € L°(A). For every B € B(A)
we can define E(u, B) by extending u to a function v € LO(R?) and setting
E(u, B) := E(v, B). The value E(u, B) does not depend on the extension (see
[17, Remark 3.2]).

‘We now recall the definitions of the classes of functions F and G introduced in
[17].

Definition 2.5. Let F be the set of functions
f: R x RY — [0, +00)
that satisfy the following conditions:

(f1) f is Borel measurable;

(f2) c11&] —c2 < f(x, &) forevery x € R4 and every & € R4,

(f3) f(x,&) < c3|&| + ¢4 forevery x € R? and every & € RY;

(f4) | f(x, &) — f(x,&)| < c5|&; — & | for every x € RY and every &1, & € RY.

Definition 2.6. Let G be the set of functions
g: R xR xS ! — [0, +00)
that satisfy the following conditions:

(gl) g is Borel measurable;

(g2) c1(J¢I A1) < g(x,¢,v) foreveryx € Rd, teR,ve Sd”;

(g3) g(x,z,v) <c3(c] A1) foreveryx e R, ¢ e R, v eSS,

(g4) |g(~x7 Clﬂ U) - g(-x? §27 U)l = U('C] - §2|) forevery-x € Rdﬂ Clvé‘z €
R, ve Sd_l;

(g5 gx,—¢,—v) =g(x,¢,v) foreveryx € Rd, teR,ve Sdﬁl;

(g6) forevery x € R and v € S9! the function ¢ > g(x, ¢, v) is non-decreasing
on [0, 400) and non-increasing on (—oo, 0].

‘We recall the definition of the recession function.



Definition 2.7. Forevery f: R?xR¢ — [0, 4+-00) the recession function f>°: R x
R? — [0, +00] (with respect to £) is defined by

f(x,18)
t

f(x, &) := limsup (2.14)

t——+00
for every x € R and every & € RY.

We are now in a position to introduce the integral functionals associated with the
integrands f and g. We note that in Sect. 6 this definition is used also for the function
g°, which does not belong to G.

Definition 2.8. Given f € F and a Borel function g: RY x R x SY~! — [0, 4+-00)
we define the functional E/8: LO(R?) x B(R?) — [0, +00] in the following way:
if A e A.(R?) and u|q € GBV,(A) we set

f o0 dDLlu el
E>8u, A) .= | f(x,Vuwdx+ | f(x, d|Du|
A A d|D¢ul

+/ gCx, [ul, v)dH 1, (2.15)
ANJy

while weset E/8(u, A) := +ooifu|s ¢ GBV,(A).Thedefinition is then extended
to A(RY) by setting

ET8u, A) := sup{ET8(u, A") : A" € A.(RY) N A(A)} for A € ARY),
(2.16)
and to B(RY) by setting

El8u, B) := inf{E/¢(u, A): A € AR?), B C A} for B € B(RY). (2.17)

The definition is extended to functions u € LO(A) with A € A(RY) according to
Remark 2.4.

Remark 2.9. Forevery f € F and g € G the functionals E/-€ belong to & (see [17,
Proposition 3.11]). Moreover, if A € A.(R?) and u € GBV,(A), then (2.17) gives

dDu
X,
d|D¢u|

E 8(u, B) :=/ f(x,Vu)dx+/ f°°< )dlDCu|
B B

+ / g(x, [u], v,)dH*™! (2.18)
BNJ,

for every B € B(A).

The following compactness result is proved in [17, Theorem 3.16]:

Theorem 2.10. Let (Ey) be a sequence in €. Then there exist a subsequence, not
relabelled, and a functional E € €. such that for every A € A.(RY) the sequence
Ei (-, A) T-converges to E(-, A) with respect to the topology of LORY).

In view of the integral representation of a functional E in & it is useful to
consider the measures introduced in the following definition:



Definition 2.11. Let E: LO(R?) x B(R?) — [0, +00] be a functional satisfying
properties (b) and (c2) in Definition 2.3. Let u € LORY) and A € .AL.(R‘J) with
ula € GBV,(A). The measures E%(u, ), ES(u, -), E€(u, -), and E’ (u, -) on B(A)
are defined in the following way:

E“(u, ) is the absolutely continuous part of E (u, ) W.L.t. e, (2.19)
E®(u, -) is the singular part of E (u, -) w.r.t. £, (2.20)
E°(u, B) := E*(u, B\ J,) for every B € B(A), (2.21)

Ej(u, B) := E°(u, BN J,) = E(u, BN J,) forevery B € B(A). (2.22)
Remark 2.12. The following properties hold (see [17, Remark 4.2]):

E(u,") = E®(u,) + E(u,) + E/(u,) inB(A), (2.23)
E€(u, -) is the absolutely continuous part of E (u, -) w.r.t. |[Du|, (2.24)

Ej(u, -) is the absolutely continuous part of E (u, -) w.r.t. Hd_lLJu. (2.25)

We now introduce the minimisation problems that are used to define the inte-
grands for the integral representation results proved in [17].

Definition 2.13. Let A € A.(R?) with Lipschitz boundary and w € BV (A). Given
an arbitrary functional E(-, A): BV(A) — [0, +o00], we define (see [7])

mE(w, A) ;= inf{E(u, A) : u € BV(A),
trau =trqaw H 1 _almost everywhere on 0A}, (2.26)

where tr 4 v denotes the trace on d A of a function v € BV (A).

We are now in a position to define the integrands used in the integral represen-
tation results for functionals in &;,.

Definition 2.14. Given E € ¢ we define the integrands f: R? x R? — [0, +00),
and g: R? x R x S~ — [0, +00) by setting that

m" (te, Q(x, p))
e E—

f(x,&) :=limsup p 2.27)
p—0+
E
g(x, ¢, v) = lim sup — Uz, Qu(x, ) (2.28)
p—>0+ pd_l

Remark 2.15. In[17, Theorem 5.1] it is proved that for every E € & wehave f € F
and g € G.

The following integral representation result for E4 and E/ on G BV, (A) is proved
in [17, Theorem 6.3].



Theorem 2.16. Let E € €., let f and g be defined by (2.27) and (2.28), respec-
tively, and let A € A.(R?). Then

E%(u, B) = / f(x, Vu)dx, (2.29)
B

E/(u,B) = / g(x, [ul, vi)dH!, (2.30)
BNJ,

for everyu € GBV,(A) and every B € B(A).

We shall use frequently the following technical lemma, proved in [17, Lemma
4.16], taking (2.29) into account: for every & € R? we set that

C2+C4+1d1/2

ce = + |&1d'/2. (2.31)

C1

Lemma 2.17. Let E € €. Then there exists N € B(RY), with LE(N) = 0, such
that for every x e RE\ N, A > 1, v € S and n > 0 there exists ,ol)j’n(x) >0
with the following property: for every 0 < p < pﬁ’n(x) and every & € RY there
existsu € BV (Qh(x, p))NL>®(Q)(x, p)) satisfying =&l oo (@3 (x ) < CEMD,
i (e, p) U = i (x, p) e HY -almost everywhere on 3 Q% (x, p), and

E(u, O*(x, p)) < mE (e, Q4(x, p)) +nrd~1 p?. (2.32)

_ If in addition, f is continuous in RY x RY, then N = . Finally, if there exists
f:R? — [0, +00) such that

f(x, 8 = f(é) for L4 -almost everywhere x € R? and every & € RY,

then pi"n(x) = 4o0.

3. The integrands of the I"-limit

Let (E/t8k) be a sequence of integral functionals, with f; € F and gx € G, and
let E € €. Assume that for every A € A (RY) the sequence EJfi:8k(.. A) T-
converges to E(-, A) with respect to the L%-topology. From Sect.2 we know that
E® and E/ can be represented in an integral form (see (2.29) and (2.30)) using two
integrands f € F and g € G. The aim of this section is to prove Theorem 3.3,
which provides a connection between the integrands f and g and the minimum
values of some auxiliary problems for the functionals E /¢ on small cubes.

We begin by showing a relation between m (w, A) and the sequence m ™™ (
A’y for A’ cC A, provided w € W1(A).

w!
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Proposition 3.1. Let (fy) C F, (gx) C G, let Ex := Efe8 and let E € &,.
Assume that for every A € .AC(R‘J) the sequence Ei (-, A) I'-converges to E(-, A)
with respect to the topology of LO(R?). Let A’, A € A.(RY), with A’ CC A, have
Lipschitz boundaries, and let w € WL1(A). Then

mE(w, A) < liminf m& (w, A) + / (c3IVw| + c4)dx . (3.1
k%oo A\A,

Proof. By the definition of m* there exists uy € BV (A'), with tryu; = tryw
H?~1_almost everywhere on dA’, such that

Er(ug, A') <mP (w, A") + 1.

Let vy € BV(A) be defined by vy = uy in A’ and vy = w in A \ A’. Since
w e WHI(A) and tryu, = tryw H?=1-almost everywhere on dA’, we have
HA=1(J,, NDA") = 0, which implies that Ej (vg, dA’) = 0. Therefore, by (f3) we
have

Ex(vk, A) = Ex(ug, A') + Ex(w, A\ A)

SmE"(w,A/)+%+/ (c3|Vw| + c4)dx
A\A!

< Ek<w,A/)+%+f (c3I V| +ca)dx s/<c3|Vw|+c4>dx+%.
A\A A

Recalling (c1) in Definition 2.3, we deduce that V (vk, A) is bounded. Therefore
we can apply [17, Theorem 7.13] which provides a subsequence of (Ey), not rela-
belled, and a sequence (yx) C GBV,(A) such that y; = w £4-almost everywhere
inA\ A,

Ee(ye. A) < Ex(vg, A) + 1 < mP(uw, A"y + 2 +/ (e3IVw| + ca)dx,
A\AY

and y; converge in L°(A) to a function y € GBV,(A) with y = w £4-almost
everywhere in A\ A’.
By I'-convergence

E(y, A) <liminf Ex(yg, A) <lim inmek(w, A+ / (e3|Vw| 4+ c4)dx.
k—o00 k—o00 A\A

Since trgy = trqaw H4~ 1 _almost everywhere on dA, we have mE(w, A) <
E(y, A), which, together with the previous inequalities, gives (3.1). O

The next proposition shows an inequality connecting mZ (w, A) with the se-
quence mEk(w, A).

Proposition 3.2. Let (Ey) C € and E € €. Assume that for every A € A.(R%)
the sequence Ei(-, A) T'-converges to E(-, A) with respect to the topology of
LORY). Let A € Ac(R?) have Lipschitz boundary and let w € BV (A) N L™ (A).
Then

lim sup m&* (w, A) < mE(w, A). (3.2)

k— 00
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Proof. Let us fix n > 0. By the definition of m® there exists u € BV (A), with
trau = traw H9 1 -almost everywhere on d A, such that

E(u, A) <mPw, A) + n.

Recalling [17, Proposition 4.3], by a truncation argument based on (g) in Definition
2.3 we see that we may assume that u € BV (A) N L>°(A). We may regard u as
the restriction to A of a function u € L>(R?). By the definition of I'-convergence
there exists a sequence (vy) C LO(RY) converging to u in LO(R?) as k — oo such
that

Jim Ep(u, A) = E(u. A) < mEw, A)+n < +oo. (3.3)
—00

By [17, Remark 3.5] we may assume that vg|4 € GBV,(A) for every k € N.
Replacing vy with U]im) form > |lull oo (ray, we may also assume that [| v [| ;oo gy <
m, since (3.3) continues to hold by [17, Remark 3.4]. Moreover vi|4 € BV (A)
and vy — win L} (RY).

We now fix a compact set K such that K C A and
3V, A\K)+csll(A\K) <7, (3.4)

and two open sets A" and A”, with K € A’ cC A” CcC A. We apply [17, Lemma
3.19] with B := A\ K and w; = u for every k € N, and we obtain a sequence
(up) C L} (R, with ug|o € BV (A), converging to u in L} _(R?) as k — o0,
such that

Up = Vg £9-almost everywherein A’ and
up =u L%almost everywhere in A \ A”, (3.5)
lim sup Ex (g, A) < (1 4+ n) lim sup (Ek(vk, A)+ Er(u, A\ K)) +n, (3.6)

k—o00 k— 00

where we used the equality A = A’ U (A \ K). By (¢2) in Definition 2.3 and (3.4)
we have Ei(u, A\ K) < n. Hence (3.6) together with (3.3) gives

lim sup Ex (ug, A) < (14 n)(m” (w, A) +2n) + .

k—o00
Since trauy = trau H-almost everywhere on d A by (3.5),andtrqu = trgw

H?=1-almost everywhere on dA, we have mEk(w, A) < Ex(ug, A) for every k.
Therefore

lim sume"(w, A <1+ n)(mE(w, A) + 277) + .

k—o00

Passing to the limit as  — 0+ we obtain (3.2). m|

We are now in a position to state and prove the main result of this section.
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Theorem 3.3. Let (fi) C F and (gx) C G, let Ey := ET8 let E € &, and let
f and g be as in Definition 2.14. Assume that for every A € A.(R?) the sequence
Ei(-, A) T-converges to E(-, A) with respect to the topology of L°(R?). Then for
every x € R4, S RY, ceR andv e S9=1 we have

Ej ¢
f(x, &) = limsupliminf m” (b, O(x, p)) dQ(x, P))
p—0+ k—oo o

. . mP (e, Q(x, p))
= lim sup lim sup ——————,
p—>0+  k—o00 1Y

mEx (tx,z,v, Ov(x, P))

g(x, ¢, v) = limsup lim inf

p—>04 k=0 pd_l

. . mE uy ¢ v, Ov(x, p))
= lim sup lim sup = .

p—=0+ k—o00 P

Proof. Letus fix x € R? and £ € R?. By Propositions 3.1 and 3.2 for every p > 0,
setting r 1= p + ,o2 we have
m®(te, Q(x, 1) = (c3lé] +ea)(r = p) < liminf m™ (¢, Q(x, p))

< limsupm® (¢, Q(x, p)) < mE(Le, Q(x, p)).

k— 00

Since r/p — 1 as p — 0+, from the previous inequalities we obtain

E E
e, , . o F(Le, ,
hm sup w S hm Sup hm lnf M
p—>0+ p? p—04 k=00 pd
Er(e Eqe
< lim sup lim sup m” (b, O(x. p)) dQ(x, P) < lim sup m” (L, O(x. p)) 2()6’ ,o)).

p—>0+  k—oo p p—0+ P

The equalities for f in the statement of the theorem follow from (2.27).

To prove the statement for g we introduce a function w € w0, 1) N
L*(Q(0, 1)) such that trg,1yw = tro©,1)40,1,e, H4~1almost everywhere on
2 Q(0, 1) (itcan be constructed by elementary arguments or by applying Gagliardo’s
Theorem, see [20]). We fix x € R, teR,andv € S for every p > 0 we set

Ry —

where R, is the rotation used in the definition of the cube O, (x, p). Since trg, (x, )
W, cv,p = O, p)lhx,c,v H4~!-almost everywhere on Q,(x, p) we have

mE (Wy.cv.p, Qv(x, p)) = mF Uy c0, Qu(x, p)),

13



for every F € ¢ and every p > 0. Hence, by Propositions 3.1 and 3.2 for every
p > 0 setting r := p + p* we have

mE U v, Qux, 1)) — 3 / Vo rldy — card — )
0y (x,r)\Qv(x,p)
< liminf m®™ (uy ¢ v, Qu(x, p)) < limsupm ™ (uy ¢ v, Qu(x, p)
k=00 k— 00
<mE(ux ey, 0u(x, p)). (3.7)
By a rotation and a translation we obtain
/ |wa,{,v,r|dy :/ |Vw0,§,ed,r|dy'
Oy (x,r)\Qy(x,p) 0(0,r)\Q(0,p)
Since [Vwo,¢,e,.r (V)] = ‘f—l |Vw(%)| by a further change of variables we obtain
/ Vs erldy = (g1 / IVwldy.
Ov(x,r\ Qv (x,p) Q0. D\Q(0,p/r)

Dividing (3.7) by p?~! we obtain

d—1 E d—1 d d
r m=-(u s X, r r r¢ —
P ( ”’Vd_%( 2 C3|€“|ﬁ/ IVwldy — c4—5——
p r P 0(0.)\Q(0.p/r) p

< liminf mE (uy ¢, Ov(x, p)) < lim su mE uy ¢, Qv(x, p))

= d—1 — p d—1

k=00 o k— 00 P
< mE(ux,§,Vv 0y(x, p))
- pdfl :

Sincer/p — 1 as p — 0+, from the previous inequalities we obtain the equalities
for g in the statement. O

For technical reasons, in the characterisation of the volume integrand f (x, &)
it is convenient to replace mEk (Le, Q(x, p)) by the minimum value of a different
problem, where we impose a constraint on the L°°-norm of u — {¢. This leads to
the following definition:

Definition 3.4. Let A € A.(RY), w € BV(A), and r > 0. Given an arbitrary
functional E: BV (A) x B(A) — [0, +00), we set

mE(w, A) = inf E(u, A). (3.8)
ueBV(A)
lu—wllLoo(a)=<t

trgu=trpw HA=1_almost everywhere on 0 A

The following result provides the analogue of Proposition 3.2 in the case of
E
my.
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Proposition 3.5. Let (E;) C € E € €, A € AR, let w € Wh1(A), and
let 0 < t1 < tr. Assume that E(-, A) I"-converges to E (-, A) with respect to the
topology of L°(R%). Then

lim sup m/* (w, A) < mE w, A). (3.9)
k—o00
Proof. Letusfixn > 0.By (3.8) thereexistsu € BV (A),suchthat [|[u—wl| ) <
t, trau =traw H4 1 _almost everywhere on dA, and

E(u,A) <m[ (w, A)+1n < +00. (3.10)

By the definition of I'-convergence there exists (zx) C L(A) converging to u in
LO(A) as k — oo such that

Jim By (@, A) = E(u. A) < +oo. @3.11)
—00

By [17, Remark 3.5] we may assume that zx € GBV,(A) for every k € N. We
set vg = (e V(w—0)AWw+16) = w4+ (zx —w)® and observe that
lvk — wllzea)y < 2 and v — u in Ll(A). Since GBV,(A) is a vector space
we have 7z — w € GBV,(A), hence (zx — w)® € BV(A), which implies that
vr € BV (A). Moreover, by (g) in Definition 2.3 we have

Ep(vg, A) < Ex(zx, A) + &, (3.12)

where ¢, = ¢3 f{‘1k7w|>t2} IVwldx + cal({|zx — w| > 1}). Since zx — u in
LO(RY) and ||u — w||z=(a) < #1 < t2, we conclude that &y — 0. By (3.10), (3.11),
and (3.12) we have

lim sup Ex(vk, A) < m[ (w, A) +1. (3.13)

k— 00
To conclude the proof we argue as in the second part of the proof of Proposition
3.2, observing that, since ||vxy —w|| oo (4) < f2 and |lu — w|| L a) < 11, the function
uy, introduced in that proof by applying [17, Lemma 3.19] satisfies also the estimate
lug — wllpoocay < t2. ]

The next result shows that in the definition of f(x, &) we can replace mE (Le,
Q(x, p)) by m{, ,(€s, Q(x, p)), where

CZ+C4+1d1/2

ce = + |€]d'/2.

C1

Lemma 3.6. Let E € &, and let f be as in Definition 2.14. Then there exists
N € B(R?), with L1(N) = 0, such that for every x € R4\ N and for every & € R?
we have

mE (. Q(x. p)

- (3.14)

f(x,&) =limsup
p—>0+ 1Y

If, in addition, there exists f : R? — [0, 400) such that
f(x,€) = f&) for L%-almost everywherex € R and every £ € R?, (3.15)
then (3.14) holds for every x € R and every & € RY.

15



E

Proof. Since m* < mfg oo WE have only to prove that

; mf,(le, Q(x, ) mE (e, O(x, p))
im sup ] <limsup ——————.
p—0+ P p—0+ P

(3.16)

By Lemma 2.17 there exists N € B(R?), with £L4(N) = 0, with the following
property: for every x € RY\N, & € R? and n > 0 there exists pn(x) > 0 such that,
forevery 0 < p < p,(x), there exists u € BV (Q(x, p)) N L>=(Q(x, p)), with
lu — ZSHLOO(Q(x,p)) < cep and rou,pit = tI‘Q(x,p)Eg H4=1_almost everywhere
on 3 Q(x, p), satisfying

mE (te, 0(x, p) < E(w, Q(x, p) < mP(te, Qx, p) + 1. (3.17)

This implies
E
mg. ,(Ls, Q(x, p)) Ee
lim sup —=2 : - < lim sup m” (&, O, p) g(x, P)) + 1.
p—>0+ o p—>0+ P

Letting n — 0 we obtain (3.16), which gives (3.14).
If, in addition, (3.15) holds, then the conclusion follows from the last sentence
of Lemma 2.17. O

We conclude this section by a result which shows that in Theorem 3.3 we can
replace m (¢, Q(x. p)) by mly (€e. Q(x. p)), where

Ke i=cs+ 1= +1€1dY? + 1. (3.18)

) +cq4+ 1d1 P
cl

‘We shall see in Section 6 that this formulation of the result is more convenient in

the study of homogenisation problems.

Theorem 3.7. Let (fi) C F and (g¢) C G, let Ey := ETo8 et E € &, and
let f be as in Definition 2.14. Assume that for every A € A.(R?) the sequence
Ei(-, A) I'-converges to E(-, A) with respect to the topology ofLO(]Rd). Then there
exists N € B(R?) with £L4(N) = 0 such that for every x € R4 \Nandé& e R7we
have

Ex
Le, ,
f(x, ) = lim sup lim inf M p (b dQ(x 0))

p—0+ k=00 o
Ey
m Le, O(x,
— lim sup lim sup ““’(SdQ( 28 (3.19)
p—>0+ k—oo 1Y

If, in addition, there exists f: RY — [0, +00) such that
f(x, &)= f(%‘) for £ -almost everywherex € R and every § € RY, (3.20)

then (3.19) holds for every x € R and £ € R¥.
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Proof. Let N be the set given by Lemma 3.6. Let us fix x € R \ N and £ € R?.
By Propositions 3.1 and 3.5 for every p > 0 we have

mE(te, Q(x, p+p%) = (e3l&] + ca) (0 + p*) = p*) < liminf m® (¢, Q(x, p)
< liggpmikpwg, 0(x, p)) < mf (b, O(x, p)).

Since (p + p2)?/p? — 1 as p — 0+, from the previous inequality we obtain

m® (g, Q(x, p)) m® (Le, Q(x, p))
d d

lim sup < lim sup lim inf
p—0+ o p—04 k=00 p
. o oma (e Q(xp))  ml (e, Q(x, p)
< lim sup lim sup 7 < limsup 7 .
p—0+ k—o0 1Y p—0+ Y
The conclusion follows from the definition of f and Lemma 3.6.
If, in addition, (3.20) holds, we can take that N = ¢ in Lemma 3.6. O

4. A smaller class of local functionals

In the next section we shall prove an integral representation result for the Cantor part
of a functional E € &, without assuming the continuity with respect to translations
requested in [17, Theorem 6.7]. Instead we shall assume that E is the I'-limit of a
sequence of integral functionals (E/&8%), with f; € F and g; € G, and we shall
use the characterization of the integrands f and g of E given by Theorem 3.3. To
obtain this result we need slightly stronger hypotheses on the integrands f; and gy,
which are studied in the present section.

Throughout the rest of the paper we fix two constants cg > 0and 0 < o < 1,
and a continuous non-decreasing function 9 : [0, +00) — [0, +00), with ¥ (0) =0
and

V(t) > z—lr —1 foreveryt >0. 4.1)

We introduce a new class of functionals which plays an important role in our
approach to homogenisation problems.

Definition 4.1. Let %7 be the class of functionals E € € that satisfy
E(su, A) E(tu, A)

K t

< L LA E(su, A
R)

+ﬁ(smA)M + Cs—f’cd(A)

+Ct—6£d(A)°‘E(tu, Ayl-e
O (tm A)w n Ct—%d 4) (42

foreverys,t > 0, A € A:RY), andu € BV(A)NL®(A), where m 4 := ogcu =

esssup u — essinf 4u. We also set Q‘E?‘C”’ = et N e,
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We now provide an example of integral functionals which belong to €%?. To
this end we introduce two new classes of integrands, which are closely related to
those considered in [12, Definition 3.1].

Definition 4.2. Let F“ be the set of functions f € F such that
1 1 C6 B c6 c6 _ c6
;f(x, s&) — ;f(x, 1§)| < ?f(x, €)' + St Tf(x’ 18)' 7 + " (4.3)

for £4-almost everywhere x € R? and every s, > 0 and & € R?.

Remark 4.3. Inequality (4.3) and (f3) imply that for £¢-almost everywhere x € R?
and every £ € R? the function ¢ — } f(x, t&) satisfies the Cauchy condition as
t — 4-00. Therefore, if f € F?, then

1
SR8 = lim —f(x0) (44)

and

1
';f(x,té)—foo(x,é)

< Ct—ﬁ + Ct—6f<x, 1£)! 4.5)

for £4-almost everywhere x € R and every r > 0 and £ € R?. Conversely, if the
limit in (4.4) exists and (4.5) holds, then f satisfies (4.3)

Definition 4.4. Let G¥ be the set of functions g € G such that

1 1
= ﬁ(slcl)gg(xvsé" 1)) + ﬂ(”g');g(-x’té‘a V)
4.6)

1 1
‘—g(x, s¢,v) — —g(x,t¢,v)
s t

forevery s, t > 0,x € R, ceR,andv € sd-1,

Remark 4.5. If (4.6) holds, then using (g3) we obtain

1 1
‘;g(x, $Ev) = 28 14, v)| = 3B (sIEDIg] + e ehlg]. (4.7)

This implies that for every x € RY, t eR,and v € S9! the function ¢t
% g(x, t ¢, v) satisfies the Cauchy condition as t — 0+-. Therefore, if g € G?, then
the limit

¢%(x, ¢, v) == lim lg(x,tg, V) (4.8)
t—0+

exists and
1 1
;g(x3t€1 v)_go(xsgv V) Sﬂ(ﬂﬂ);g(xatf, V) 5630(”;')'{' (49)

forevery t > 0, x € R4, ¢t eR,and v € S4-1. Conversely, if the limit in (4.8)
exists and (4.9) holds, then g satisfies (4.6).
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Remark 4.6. For every g € G, using (4.8), (g2), and (g3) we obtain that

cilg] < g°x, ¢, v) < eslel. (4.10)
Moreover, using (g1) and (g4) we obtain also that g" is a Borel function.

Remark 4.7. Inequality (4.1) is equivalent to G” # . Indeed, if (4.1) holds then
the function (x, ¢, v) — (c1]¢]) A c3 belongs to G”. Conversely, if g € GV then,
by (4.9), (4.10), and (g3), for every x € R?, ¢ € R, and v € SY~! we have

cilgl —e3 < g%, ¢, v) — g(x, &, v) < B(¢Dgx, ¢, v) < D(I¢]es,
which implies (4.1).

Remark 4.8. Given g € @, assume that the limit in (4.8) exists and is uniform
with respect to x € R and v € S?~!. Then g € G? for a suitable continuous
non-decreasing function 9 [0, +00) — [0, +00) satisfying z§(0) = 0and (4.1).
Indeed, since the limit in (4.8) exists and is uniform with respect to x € R? and
v € S?!, considering just the two values ¢ = —1 and ¢ = 1 we obtain that
there exists a continuous non-decreasing function w: [0, +00) — [0, +00), with
w(0) = 0, such that

< w(t) “4.11)

1 0
;g('x’t;a l)) —8 (x’ ;v U)

for every x € R4, cefl,—1},andv € S9=1. This implies that for every x € R4,

¢ € R\ {0}, and v € SY~! we have
= . ’t T - s T
<] r|;|g<x ) e

= [l .
Ift|¢| < 1, by (g2) we have

1 0
;g(x7t§7 U) -8 (x7 Ca ‘))

clotlel < 248D
c1

1
;g(xa t{v U)

and if 7|¢| > 1, by (g2) we have

w ([ w(|¢]) gx, ¢, v)
ICe[E]) = t]E|———c1 = 1|¢] .
cit C1 t
From these inequalities, setting
z§(t) =(tV 1)@ forevery t > 0, 4.12)
C1

we obtain that (4.9) holds with ¥ replaced by 9, hence g € G by the final sentence
of Remark 4.5. Inequality (4.1) for # can be obtained from Remark 4.6, or more
directly using the lower estimates for «w which follow from (4.11), recalling (4.10),
(g2), and (g3).
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The following result provides the main examples of functionals in the class
GRS

Proposition 4.9. Let f € F%, letg € G”, and let ET8 be the functional introduced
in Definition 2.8. Then E'8 € ¢V,

Proof. To simplify the notation we set E := E/-¢. By Remark 2.9 we already know
that £ € €. It remains to prove that E satisfies (4.2). Let us fix s, ¢, A, and u as in
Definition 4.1. Since & — f°°(x, &) is positively homogeneous of degree one, by
(2.15) we have

E(su, A sV dD*
(su ):/ fx,s ”)dx+/f°° X, ) g1Deu)
s A N A d|D¢ul|

+/ g('xas[u]’vu)de_]’
AN, S

E(tu, A ,tV dD¢
(tu ):/ S ”)dx+/f°° iy 7Y, C
t A t A d|DCu|

+/ g(-x5t[u]vvu)de_l’
A

NJu t
hence
‘E(su,A) _ E(tu,A)‘ </ ‘f(x,sVu) _ f(x,tVu) d
s t —Ja s t *
+/ ‘g(-x7s[u]’vu) _ g('xat[u]avu) de_l (413)
ANJ, s t
By (4.3) we have

, sV 1V -
/‘f(xs M)_f(x u)‘dxfcjff(x’svu)l adx+c_6£d(A)
A N t s Ja s
+676/ Fx, 1Y) "Ydx + Ct—%d(A). (4.14)
A
Since, by Holder’s inequality, for every » > 0 we have

/ £, rVu) ~%dx < Ed(A)“(/ f(x, rVu)dx)l_a < LYAYE(ru, A,
A A

from (4.14) we obtain

/ | LV TCTTO g < 6 Ay Esu, )+ )
A s t s ’ s

+Ct—6£d(A)°‘E(tu, Aoy Ct—6£d(A). (4.15)
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By (4.6) we have
/ ‘g(x’s[u]vvu) _ g(xal[u]a Vu)
ANJ, N t

defl

g(xv S[u], Vu)

bl t 9 p—
< O (sma) S5 L W AT 4 9 (tmy) 8O 1l Vi) 4 a1
ANJ, s AN, 4
E(su, A) E(tu, A)
< U(smp)——— + V0 (tmy) ———. (4.16)
s
From (4.13), (4.15), and (4.16) we obtain (4.2). |

We now prove that ¢*? is closed with respect to I'-convergence.

Theorem 4.10. Let (Ey) be a sequence of functionals in €%V and let E € €.
Assume that for every A € A.(R?) the sequence Ey (-, A) T'-converges to E(-, A)
with respect to the topology of L°(R?). Then E € @‘sxgﬁ.

Proof. We begin by observing that since E is a I'-limit we have E € &;.. To prove
that £ € €27 letus fix s, t, A, u, and m 4 as in Definition 4.1 and let m’ > my.
Using the continuity of %, and exchanging the roles of s and ¢, to prove (4.2) it is
enough to show that

E(su, A)
s

(1= o(sm)) %Ed(A)“E(su, Ayl _ Z—6£d(A)

E(tu, A)
t

< (14 0 (tm")) n Ct—éﬁd(A)"‘E(tu, Ayl g Ct—6£d(A). 4.17)

If the left-hand side is less than or equal to zero, then the inequality is trivial. We
may therefore assume that it is positive.

By the basic property of I'-convergence and arguing as in the proof of Proposi-
tion 3.5 we deduce that there exists a sequence (ux) in BV (A) N L*°(A) converging
to u in LO9(R?) such that osc4 uy < m’ for every k € N and

E(tu, A) = lim Ey(tug, A), (4.18)
k— 00
E(su, A) < liminf Ex(sug, A). (4.19)
—00
Since Ej; € %7 we have
Ey(sug, A -
(1= o (sm’) PO A 6 pagase g uy, 4y — % pdca)
N N N
Ep(tuy, A
<(1+ ﬁ(tm’))M + Ct—f’ﬁd(A)“Ek(mk, Al Ct—6£d(A).

(4.20)

By (4.18) we have

(1+ ﬁ(rm’))w + ct—ﬁﬁd(A)“E(m, Ayl ct—6£d(A)
= lim ((1 + z?(tm/))M

n Ct—6£d(A)°‘Ek(tuk, Ayl Ct—"ﬁd(A)).
421
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The left-hand side of (4.17) can be expressed as lI/(E(su, A)), where for every
z € [0, +00) we set

() = (1= 9 m) < — LAz = L),
Hence, in order to prove (4.17) it is enough to show that

\II(E(su, A)) < likm inf \I/(Ek(suk, A)) , (4.22)

when
W(E(su, A)) > 0 andhence (1—v(sm’))>0. (4.23)

Note that if W(z) > 0 then (1 — & (sm’))z > LI (A)*z' 7, hence z > 7o :=
cé/a (1 — ﬁ(sm/))_l/aﬁd(A). Moreover, the function W is increasing in (zg, +00),
hence (4.19) and (4.23) give (4.22), which together with (4.21) gives (4.17) and

concludes the proof of the theorem. O

We conclude this section with two results that can be considered as a partial
converse of Proposition 4.9.

Proposition 4.11. Let E € @?L’-ﬂ and let f be as in Definition 2.14. Then f € F*“.

Proof. ByRemark2.15wehave f € F andby Theorem2.16 forevery A € A.(R%)
and u € GBV,(A) we have

E”(u,B):/f(x,Vu)dx
B

for every B € B(A).
It remains to prove that f satisfies (4.3) for £¢-almost everywhere x € RY.
We now fix & € R, s > 0,and ¢ > 0 and we set ¢ := %dl/z + |&1d'/2.

By Lemma 2.17 there exists N € B(RY), with £¢(N) = 0, such that for every
x € RY\ N and > 0 there exists pn(x) > 0 such that for every 0 < p < pj(x)
there exists u € BV (Q(x, p))NL>®(Q(x, p)) satistying [lu — g || Lo (0(x,p)) < €P»
tro(x.pt = tro(r.ple HY™'-almost everywhere on dQ(x, p), and

E(tu, Q(x, p)) < mF(tle, Q(x, p)) + np?. (4.24)
Then oscg(y,p) u < Cp, where C :=2c + |€|d1/2. By (4.2) we have

(1 ocp)Eer 06 _

< E(tu, O(x, p)) n
t

Ce _ C6
;p“dEw, Ox, p)' ™ — ;p”’

Co _
Tp“dE(ru, O(x, p)'=

E(tu, Q(x,
(tu ?(x P))+C_6pd

+0(Cp) p

(4.25)

for every 0 < p < p;(x). Let X be the right-hand side of (4.25).
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We want to prove that (4.25) implies

m (ste. Q(x. p)
N

C C
(1-9(Cp)) = ImE (s, Q. p))! ™ = 2 pt < X

which is equivalent to

W, (m" (stg, Q(x, p))) < X, (4.26)

where for every z € [0, +00) we set
Z C6 _ c6
V,(2) = (] — ﬂ(st)); _ ?padzl o _ ?pd.

If the left-hand side of (4.26) is negative we have nothing to prove. Hence it is
enough to prove (4.26) when

\IJP(mE(ség, O(x, p))) >0 andhence 1—9(sCp) > 0.

Arguing as in the proof of Theorem 4.10 we obtain that W, is strictly increasing in
the half-line [mf (ste, Q(x, p)), +00). Since tro.p)(s) = troe.p)(sle) HI™!-
almost everywhere on dQ(x, p), we have mE(sﬁg, Q(x, p)) < E(su, Q(x, p))
which implies that

W, (mE (ste, Q(x, p))) < Wy(E(su, Q(x, p))) < X,

where in the last inequality we used (4.25) and the definition of W, This concludes
the proof of (4.26), which, by (4.24) implies

m (ste. Q(x. p) _
- <

C6 _
;p“de(seg, O(x, p))' ™

mE (sts, O(x,

cosep™ sSQ( p))+cs_6pd

mE(tls, O(x, p)) +np? ¢ _

e PP + 2 (1te. Q. p)) + mo)!
E(tg, , d

Lo cp) e QX P T pT | €6 g 4.27)

t t

for every 0 < p < py(x). Dividing by p“ and passing to the limsup as p — 0+
we obtain

f(x’sé)§C—Gf(x,s§)1_“+c—6+f(x’t€)+n

€6 —a , €6
+ 2 (fatE) )=
s s s t t t

(4.28)

Taking the limit as n — 04 and exchanging the roles of s and ¢ we obtain (4.3) for
every x e RY\ N and every £ e R? and s, 1 > 0. O

Proposition 4.12. Let E € ¢V and let g be as in Definition 2.14. Then g € G”.
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Proof. By Remark 2.15 we have g € G and it remains to prove (4.6). We fix
s,t>0,x eRY, ¢ eR,and v € SY~!. We give the proof only for ¢ > 0 since the
case ¢ < 0 can be obtained with obvious changes.

For every p > 0 there exists u, € BV (Q,(x, p)) withtrg  p)tp = trg, (x,p)
Ux,cv H?=1-almost everywhere on dQ,(x, p) such that

E(tuy, Qu(x, p)) < mE(tuy e v, 0v(x, 0)) + p?.

Letv, := (u, VO)AZ. Thenv, € BV(Q,(x, p)) NL®(Q(x, p)),tro, (x,p)Vp =
tro, (x,p)Ux,c,v H4=1almost everywhere on dQ,(x, p), and, by (g) in Definition
2.3, we have

E(tv,, Qv(x, p)) < E(tup, Qv(x, p)) + cap® < m(tuy ¢y, 0u(x, p)) + (1 +ca)p? .
(4.29)
By (4.2) we have

(1= s Z Ll 2D

- E(tvy, Qv(x, p))
- t

C6  d 11—«
+—p U E(tup, Qu(x, p) T + D (tl¢])

C6 - C6
—PME(svp, 0, )7 = —p"

Etp, Q) | 6 g, 50
N

for every p > 0. Let X be the right-hand side of the previous inequality. We want
to prove that (4.30) implies that

E
(1 — (sl ) 2t Qulx, )

Co _ Co
—;p“dm%ux,;,u, 0, (x, p))! 7% — ;pd <X,

which is equivalent to

W, (m" (suy .0, Qu(x, p))) < X, (4.31)

where for every z € [0, +00) we set

6 _ e
Wy(2) = (1 =0 slgD)= — =p*e! o — =p?
s s s
If the left-hand side of (4.31) is negative we have nothing to prove. Hence it is
enough to prove (4.31) when
W, (m" (suyv, Qv(x, p))) >0 andhence 1—(s|¢]) > 0.

Arguing as in the proof of Theorem 4.10 we obtain that W, is strictly increasing
in the half-line [mE(sux,;,,,, 0, (x, p)), +00). Since trg, (x,p)(8Vy) = o, (x,p)
(Stx,¢v) H?=1-almost everywhere on 0 Q,(x, p), we have mE(sux,;,V, 0,(x, p))
< E(svp, Qv (x, p)) which implies that

W, (m" (sux. 0, Qu(x, p))) < Wy (E(svp, Ov(x, p))) < X,
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where in the last inequality we used (4.30) and the definition of W, This concludes
the proof of (4.31), which, by (4.29) implies

E
m (Sux,g,vs’ 0y (x, p)) < C_6p(xd

mE (suy v, Qu(x, p))' ¢

mE (suy cv, Qu(x, ) ¢ 4  mEQuccy, Qu(x, p)) + p?
5 Tyt :

+0(s1¢1)

Co _
+7p°‘"(mE(rux,;,v, 0, (x, p)) + pH!

m"® (tux,e.0, Qu(x, 0)) + p? +C_6 d
t

+0(2[¢1)

forevery p > 0. SincemE(sux,gyu, 0yv(x, p)) < E(suxcv, Qv(x, p)) < C3,0d_1+
c4p? by (c2), and a similar inequality holds for 7, we have

m (Suxg“v’ Oy (x, ,0))

S

mE (suy ¢y, Qv(x, 0))
S

(C +Cp)1ad1+a

+0(s[¢))

C m=(tu s X, +
+6pd+ E( x;th( p) + p? (63+C4p+p

mE(tux,g,u,Qv(x,p))erd 6 4
t +7p '

)lfapdflﬁ’ﬂt

+0([¢])

1

Dividing by p?~! and passing to the limsup as p — 0+ we obtain

1 1 1 1
S8 s L v) = D(sIED (x5 8, v) 4 2 (X, 18, v) + DTN g (x, 1L, v).

Exchanging the roles of s and ¢ we obtain (4.6) for every s, ¢t € (0, +00), x € RY,
;eR,andv e S 1. O

5. Integral representation for functionals in Qifc’e

The next theorem provides us with a complete integral representation for a func-
tional in the class G?‘C’O, without assuming the continuity condition with respect to
translations required in [17, Theorem 6.7] to deal with the Cantor part. Instead,
we assume only that the integrand f introduced in Definition 2.14 does not de-
pend on x, a condition which is satisfied by the functionals obtained in the limit of
homogenisation problems considered in Section 6.

Theorem 5.1. Let E € Q‘E‘;‘Cﬂ and let f and g be the functions introduced in Def-
inition 2.14. Assume that there exists a function f R? — [0, +00) such that

f(x, &) = f(&) foreveryx e R and & € R?. (5.1
Then f € F%, g € G’ and E = E/8.
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Note that, even if both f and g do not depend on x, for a functional E in
the wider class &g, we do not know a proof of the continuity of E with respect
to translations, which is needed to apply [17, Theorem 6.7]. Indeed, while the
independence of x of the integrands f and g guarantees the translation invariance
of E% and E/ by Theorem 2.16, the same property cannot be obtained for E€,
for which no integral representation is available. We underline that Theorem 5.1
provides an integral representation for E€, but only when E belongs to the narrower
class €¢%” introduced in this paper.

To prove this result, given a functional E € &, we express the Radon-Nikodym
derivative of E¢ with respect to Du by means of the functions mZ, introduced in
Definition 2.13, computed in rectangles of the form Q)‘ (x, p).

LemmaS5.2. Let E € &, let A € A:(RY), and let u € BV (A). Assume that
there exists a function f R? — [0, 4+00) satisfying (5.1), where f is the function
introduced in Definition 2.14. For |D u|-almost everywhere x € A, for every
A > 1, and for every p > 0 we set

Du A |D"u|(Qﬁu(x)(x, £)) i i
W) = o), ) = ot @) = s @)
(5.2)
Then
lim s*(x) = 400 and lim ps*(x) =0 forevery & > 1, 5.3)
p—0+ L p—0+ P
dE(u. ) m (e 1y @ () (. )
————(x) = lim limsup 5.4
d|D¢ul A=+00 p50+4 )‘d_lpds;;(x)
for | D€u|-almost everywhere x € A.
Proof. Let E“ be as in Definition 2.11. By Theorem 2.16 we have
E%u, A) = / F(Vu)dx (5.5)
A

for every A € A.(R?) and every u € BV (A). For every ¢ > 0 we consider the
functional E)(u, A) := E(u, A) + ¢|Du|(A), introduced in [17, Definition 4.7]
and defined for every A € A.(R?) and every u € BV (A). Applying [7, Lemma
39]to E ) = = E¢ + €| D ul|, for | Dul-almost everywhere x € A we obtain

dE(u, - dEC, (u, ") m© (Ler (), OF (1) (X, £))
dBT ) e 2 EOM ) i limsup 5 () =) .
d|D¢ul d|DCul A—>+00 5504 Ad=1pdsh(x)
(5.6)
In the same lemma it is shown that (5.3) is satisfied for | D°u|-almost everywhere
x € A.
We now show that (5.3) and (5.6) imply (5.4). Since E < E(, from (5.6) for

| D€u|-almost everywhere x € A we obtain

dE“(u, ) . m (Lei ) O3, (1) (X2 P))
——((x)+¢e¢> lim limsup
d|D¢ul A=+00 p50+ )‘d_lpds/};(x)

(5.7)
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Letting ¢ — 0+ we obtain the inequality > in (5.4).
To prove the opposite inequality it is enough to show that for every A > 1, for
every ¢ > 0, and for | D u|-almost everywhere x € A we have

P T A ol o

(5.8)
Letus fixn > 0,A > 1, and x € A for which (5.2) are defined and (5.3) holds. We
set a;, = Ad'/? and by, := %dl/zh For every p > 0 let w;(y) = ég‘(x) .
(y —x). Recalling that E is invariant under the addition of constants (see Definition
2.3(d)), we can disregard the term E Mx)-x and by the last sentence in Lemma 2.17
for every p > 0 there exists up € BV(QV (x)(x p)) N L°°(Qv @) (x, p)), with

w IILOO(QUM(X)(X’[,)) < byp + a)»,osf)(x), and tr up tr wp H4~almost

lim sup

mtO U, Q™) (e m® (Lgs (), O3, 1) (> P)
p—0+ )"d_lpdsz(x) N C1 ’

X
lu, —

everywhere on 9 Qvu @) (x, p), such that

E(uy, (. p) <mP (€e . OF, o o) + 1710 (5.9)

The L®°-estimate for u* — w implies that |[ux]| = |[u —w ]| < 2(b)p +

P
a,\,os)‘(x)) H=1_almost everywhere in Jux no* . (x,p). Hence, setting Ju1< =
P

{y € Jux : [lup1(y)] = 1} we have

/ lulldH ! < / ~ |l ]|dH !
JuyNQh, o (5.0 s\ INQY, (1 (x.p)
14

+(2b3p + 2a 055 CNH (e 01 Q5 (1) (¥, p))

vy (x)

< (14 205,000+ 2p) [ w11 A 1ard
J rﬁQvu(x)(x p)

By the definition of E ) this implies that for every ¢ > 0

Ee) @, 0% (6, p)) = EGet, Q% (v, p) +6 fQ vy
vy () P
el DU QP oy (v, ) + 6 / [
/,//gﬂQ?}um(X»p)
< E(u}, 0} ()(x, p)) + 8fx |Vuldy + | D ul|(QF, () (x. p))
Q,}M(X)(X»p)
+£(l + 2axps;;(x) + ZbAp) / |[uf)]| A1dHA!
JuzmQﬁu(X)(x’p)
1 + 2ay ps*(x) + 2byp
< (1 +¢ zl )E(uj.f, Qﬁu(x)(xy P))

c
+8C—2(1 + ZaApsg(x) + ZbAp))\d”pd,
1
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where in the last inequality we used (c1) of Definition 2.3. Recalling again that £
is invariant under the addition of constants (property (d)), by (2.26) and (5.9) we
get

mE(S)(EE,);‘(X)’ Ql);u(x)(X, o)) - E(S)(up, QU (x)(x, )

)La’—lpdsl);(x) — ad—1 d A(x)
1y 2R + 260\ EW 05, (5. 0))
&
- c1 Ad=1pdg s4(x)

2
+8 ( x( )+2axp+2bx x( ))

A Ecp . A
- (1 +81 + 2a5.ps;(x) +2bxp> (m (ﬁgﬁg(x)’ 05 . p) . n )

c )\d_l,odsi;(x) si;(x)
c 1
+te—
cl <SQ (x) sp(x ))
Passing to the limsup as p — 0+ and using (5.3) we obtain (5.8), which concludes
the proof. O

To prove Theorem 5.1 we need also the following result which will allow us to
obtain the representation of the Cantor part using cubes instead of rectangles:

Lemma53.Let E € ¢ & ecRA>1LveS k>0 and pu € [0, +00).
Assume that for every x € R? and p > 0 we have

me,(Le, Q(x, p)) < pp?. (5.10)

Then
mE (e, Qh(x, p)) < urd=! p¢ (5.11)

for every x € R? and p > 0. If, in addition, for some xo € RY we have

mk,(Le, Q(xo, p))

lim sup v =u, (5.12)
p—>0+ P
then - N
me,,(Le, Q) (x0, p))
lim sup =52 <V — . (5.13)

p—0+ )‘d_lpd

Proof. Let us fix x € R? and p > 0. We cover £%-almost all of Q*(x, p) with
a countable union of pairwise disjoint cubes Q(x;, p;) contained in Qf;(x, p). For
every j € N we set

J
Rj = 0Ltx. )\ | J 0. pi).

i=1
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We observe that Ed(Rj) — Qas j — oo.

Given n > 0, for every i € Nlet u; € BV(Q(x;, pi)) N L®(Q(x;, pi)),
With tr g (x;. o) i = tro (. pn e HY™!-almost everywhere on dQ(x;, p;) and ||u; —
LellLoe (o, p)) < kpi, such that

E(ui, Q(xi. pi)) <m[, (Le. Q(xi., pi)) + %

Let v; € BV(Qh(x, p)) N L™®(Q%(x, p)) be defined by v; := u; in Q(x;, p;)
fori < j,and by v; := £¢ in R;. Then ter;(x,p)Uj = terj(x,p)gg H4-1_almost
everywhere on 9 Q% (x, p) and |Jv; — £¢ Lo (@3 x,p)) = KAp, since pj < Ap.

By (a), (b), and (c2) in Definition 2.3 we have

J
me, (e, Qh(x, p)) < E(vj, Q5 (x, p)) < D E(ui, Q(xi, o)) + E(vj, R))

i=1

j
<Y mE, (6. Qi p)) + 0+ (38| + ca) LY(R)).
i=1

Passing now to the limit as j — oo and n — 0+, from (5.10) we obtain

oo o
mk (e, Q5 (x.p) <Y " mE, (be. Qxio p)) <11y pff = a1 p?,
i=1 i=1
where in the last equality we used the fact that the cubes are pairwise disjoint and
cover almost all of the rectangle Q,); (x, p). This concludes the proof of (5.11).
Assume now (5.12). Then there exists o;: (0, +00) — (0, +00) with

liminf o4(p)/p? =0
p—0+

such that
me,(Le, Q(xo, p)) = up? — oa(p) forevery p > 0. (5.14)

Given p > 0 we set R := d'/?xp, so that Qﬁ(xo,p) C Q(xp, R). We cover
£9-almost all of 0O (xp, R) with a countable union of pairwise disjoint rectangles
Qﬁ(yi, ri) with y; = xg, r1 = p, and Ar; < R foreveryi € N. Forevery j € N
we set

J
Sj = 0o, O\ J QL (i, o).
i=1

We observe that Ed(Sj) — Qas j — oo.

Given nn > 0, for every i € Nlet w; € BV(Qﬁ(yi, ri)) N LOO(Qﬁ(yi, ri)) be
such that Qi (. Wi = trQ-ﬁ(yl_qu.)Eg H41-almost everywhere on E)Qﬁ(y,-, ri),
lwi = Lel oo (@} (yi.my) = A7 and

n
Ewi, Qy (i) < mgyy, (b, QU0 1) + o
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Let z; € BV(Q(xo, R)) N L*°(Q(xo, R)) be defined by z; := w; in Qf;(y,-, ri)
fori < j,and by z; := €¢ in S;. Then troxy.R)Zj = ok le MY -almost
everywhere on d Q(xp, R) and ||z — £l Lo(0(xy,R) < KR, since Ar; < R.

By (a), (b), and (c2) in Definition 2.3 we have

J
mep(le, Q(x0, R) < E(zj, Q(x0. R) < > E(w;, Qb (vi. i) + E(2. S))
i=1

J
<mb (e, Qh(x0, p)) + Y mbEy, (Le, QL (i 1)) + 1 + (c3l€] + ca) LI(S)).
i=2

Passing now to the limit as j — oo and n — 0+, from (5.14) we obtain

IR —oq(R) < mb5 ,(Ce. QL (xo. )+ Y mEy, (Ce. Qb(yinr)). (5.19)
i=2

We claim that
mé, (e, Q5 (x0, p)) = pr?~! p? —0q(d'*1p) . (5.16)

We argue by contradiction. If (5.16) is not satisfied, since R = 02, a4~ 1rd =
A= pd 432 29714 | from (5.15) and (5.11), applied with x = y; and p = ry,
we obtain

o0
1R —04(R) < ™ p? — 0q(d'Pap) + Y 247 r = R — 04 (R).
=2

This contradiction proves (5.16), which, together with (5.11), implies (5.13). O

Proof of Theorem 5.1. Let E4, E°, E J be the fqnctionals introduced in Definition
2.11. By Propositions 4.11 and 4.12 we have f € F* and g € G”. By Theorem
2.16 for every A € A.(R?) we have

E“(u,B):/ f(Vu)dx, (5.17)

B

Ej(u,B)zf g(x, [ul, vi)dH!, (5.18)
BNJ,

for every u € GBV,(A) and every B € B(A).
Let us fix A € A.(R?). We now want to prove that

c _ £0o0 dDu c
E(u, B)_/Bf (d|DCu|>d|D ul (5.19)

for every u € GBV,(A) and every B € B(A).
Taking £ in the minimisation problem which defines mE(Zg, Q(x, p)) and
using (5.17), for every £ € R? we obtain

mE e, O(x, p)) < f(€)p? forevery x e RY and p > 0. (5.20)
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Since by (5.1) we have

lim sup = f (&) forevery x € R?,

mE(le, Q(x, p))
p—0+ pd
we can apply Lemma 5.3 and for every x € R, & e RY, ) > 1,and v € S9! we
obtain

. mE (g, Q%(x, p)) 2
fmsup =i = /©

In particular, for £ = sv we have

mE(sty, Q3 (x, p) _ fsv)

lim sup = 5.21)
p—>0+ )”dilpds s
foreverys > 0,v € Sl a>1,x e RY,
Letus fix v e S9!, A > 1, and x € RY. We claim that
E A
e ) b N
lim sup 52 dilev(x P _ poo(y) (5.22)
p—0+ A P=Sp

when s, — +o00 and ps, — 0+ as p — 0+.
We observe that by taking s, £, in the minimisation problem defining mE (s oly,
Q% (x, p)) we obtain that

mE(spt,, Qh(x, p)) < fspprd=1pd,
hence

m*(s,Lv, O} (x, p))

a—1.d =< limsu f( Je)
AT pls,

p—>0+ Sp

lim sup
p—0+

< o). (5.23)

Therefore, in order to prove (5.22) it is enough to show that

E 2
foo(v) < lim sup m (SpEV’ Qu(x, ,0))

5.24
p—0+ Ad=lpds, 29

when s, — +ooand ps, — 0+ as p — 0+.

We set a; = 2%&71/2)\ + 242, For every s > 1, by (5.1) we can
apply the last statement of Lemma 2.17, which implies that m~ (s¢,, Qﬁ (x,p)) =
inf E(su, Q%(x, p)) among all u € BV (Q*(x, p)) N L®(Q%(x, p)) with |lu —
Collpoo(@ix,pyy = arp/2 and troa, i = troice by H4~1-almost everywhere

on 3 Q%(x, p).
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Since E € % for every such u and for every s, > 1 we have

E(su, Qy(x,p))  E(tu, Q}(x, p))

W1 pdg A1 pd;

E(su, Qy(x,p)) | c6 (E(su, Q3(x, p))\1=@ s
< 28U, £y X, P)) _<—V> sy
= Daps) 21 g 5 21 g .

E(tu, Q}(x, p)) 6 (E(tu, Qy(x, p))\1=¢ | 5

oo B G | co B Qs pie o
(@ypt) w1 5 P A1 g p

Arguing as in the proof of Theorem 4.10 we obtain

m" (sty, QY(x, p))  m*(tty, QY (x, p))

Ad—1 pdg A= pdy
E Y A E Y A l—a
< 9 ps)™ (stv, O}(x, p)) C_6(m (sby, Qu(x,p))) O
= 7\ Ad—Tpd 5 Ad—1pdy B
E A E A
m (tgl)v Qu('xv 10)) Co (M (tzvs Qu(xv IO)) l-a C6
+9 (ay pt) kd_lpdt t_a< )\,d_lpd[ ) +T

Taking t = s, in the previous inequality, we obtain

mE(Sel)v Qé('x’ p)) _ mE(szlh Q?)‘(xv 10))

Ad=1pdg Ad=1pds,
mE(st,, Qk(x, p)) | ce qmE(sty, Qh(x, p))\1-¢  c6
= Vawps) A pdg S_a( A1 pdg ) t
mE(s,0,, O%(x. p)) | c6 (mE(sply, Oh(x, p))\1-@  co
9 ptv, &)X, _( ptv, &)X, ) <
+3 (axpsp) )»dfl,OdSp + 53 )\d*lpdsp + Sp
(5.25)
Let ¢ > 0. By the definition of f  there exists s > 1 such that
f N ~ l1—a
LY sy <6 and 4 C—g(f"o(v) +s) <s. (5.26)
s s s
By (5.21) and the first inequality in (5.26) we get
E A
N Z 5 ) A
7o) — & < limsup T— Sl Qv@P) - poo )y (5.27)

p—0+ ad=1pds

which by (5.25) gives

mF(sty, O} (x, p))

A I:mE(sPKU’ Ql);‘(x’ 10)) +

() — e < limsup ¥ (a;,ps)
0 2T pds, A1 pdg
E ) E A
ce (m”(sty, Q) (x, p))\I=* = co m=(sply, Qy(x, p))
+s_"‘( Ad=1pdg ) Ty P @psp) Ad=1pds,
E A
ce /ym=(s,ly, X, l-a ¢
+_Z( (,odileu( p))) +_6]'
sp AT pls ), Sp
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By the second inequality in (5.26) and (5.27) we have

mE(st,, Q%(x, p)) c_é(mE(szv, Qh(x, p)))lfa . 6_6]

lim su [ﬁa s
p |V (arps) 21 pdg 5 2T pdg B

p—0+
<e+ lim 9(apps)(fPW) +e) =e.
p—0+

Since s, — 400 and ps, — 0+, by (5.23) we deduce that

mE(s,0,, Qh(x, p)) C_()(mE(Spev» Qﬁ(x,p))>‘*“+6_6]=0

)Ldflpdsp §e )\dflpdsp

lim [19
o0 (arpsp) P

Sp

Combining the last three displayed formulas we obtain

E A
. Ly, ,
F>(v) — 2¢ < limsup n (spdilev(x p))’
p—>0+ A P%Sp

which implies (5.24) by the arbitrariness of ¢ > 0. This concludes the proof of
(5.22).

Letus fix u € BV(A). By (5.3) and (5.22) for every A > 1 for | D u|-almost
everywhere x € A we have

mE(Zgé(x), Ql)ju(x)(xv £)) A

liprisolip AT o3 () = [P (),
where
Er(x) :=sp()v,(x) and v, (x) := ﬂ(x).
d|D¢ul
By (5.4) this gives
%m = 7>( d(TlD)CZ| ).

Since the measure E€(u, -) is absolutely continuous with respect to |Du|, we

conclude that D¢
E(u, B) :/ fOO( u >d|D”u| (5.28)
B d|D¢u|
for every u € BV (A) and every B € B(A).

To prove that (5.28) holds also for every u € GBV,(A) we approximate u by
truncations and we pass to the limit repeating the arguments of the last part of the
proof of [17, Theorem 6.7]. This concludes the proof of (5.19). Together with (5.17)
and (5.18) this gives E(u, B) = E/8(u, B) for every u € GBV,(A) and every
B € B(A). This implies that E = E/¢ on LO(R?) x B(RY). O

The following result shows that, for integrands in 7% and G ¥ the T -convergence
of a sequence of integral functionals can be deduced from the asymptotic behaviour
of the minimum values of some auxiliary minimisation problems on small cubes:
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Theorem 5.4. Let (fi)x C F°, let (g)k C G, and let Ey := Efe8 be as in

Definition 2.8. Assume there exist two functions f: RY — [0, +00) and §: R? x
R x S9! — [0, +00) such that

Ej
7€) = lim sup lim inf 226 Q- £))

p—0+ k— 00 pd
Ey
. . milo (e, Q(x, p))
= lim sup lim sup y ,
p—>0+  k—o0 P
Ey,
A . .. U s X,
g(x,¢,v) = limsup liminf ( x’g":li?l}( P)
p—0+ k— 00 0
. . muy ¢ v, Qv(x, p))
= lim sup lim sup 7= ,
p—>0+ k—o0 P

foreveryx e RY £ e R ¢ € R, and v € S*~1, where kg IS the constant defined
in(3.18). Then f € F*, & € G”, andforevery A € A.(R?) the sequence Ey(-, A)
I-converges to E/ -8 with respect to the topology of L°(R?).

Proof. By Theorem 2.10 there exist a subsequence (not relabelled) and a functional
E € &g, such that E;(-, A) I'-converges to E(-, A) with respect to the topology
of LO(R?) for every A € Ac(RY). By Theorem 4.10 we have E € @‘sxgﬁ. Let
E%, E€, EJ be the functionals introduced in Definition 2.11 and let f, g be the
functions introduced in Definition 2.14. By our hypotheses and Theorems 3.3 and
3.7 we have that f(x,&) = f(S) and g(x, ¢, v) = g(x, ¢, v) for every x € R4,
£ e R ¢ e R, and v € S9!, Moreover, by Propositions 4.11 and 4.12 we
have f € F*and g € G?. Therefore, by Theorem 5.1 we conclude that £ =
E'-8 on LO(R?) x B(R?). By the Urysohn property of I'-convergence, see [14,
Proposition 8.3], we deduce that forevery A € A.(R?) the whole sequence Ej (-, A)
I"-converges to ET8(., A). O

6. Stochastic homogenisation

In this section we apply the results obtained in the previous sections to study ho-
mogenisation problems for integral functionals with integrands in 7 and G”. We
first study integral functionals obtained by rescaling and after a natural change of
variables we reformulate the results of Theorem 5.4 in terms of limits of minimisa-
tion problems on large cubes. This characterization is then used to study stochastic
homogenisation problems by means of the Subadditive Ergodic Theorem.

6.1. Functionals defined by rescaling

In this subsection we fix f € F*and g € G”;foreverye > O wedefine f;(x, &) :=
f(x/e, &), ge(x,¢,v) := g(x/e, £, v), and E, := Efe-& see Definition 2.8. We
also consider the function g: R? x R x S~! — R introduced in (4.8) and the
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functionals E/¢” and E/*8. By Remark 4.6 the functional E/ &” is well-defined.
Finally, for every & € R? let ke be the constant introduced in (3.18). Our aim is
to prove a condition which implies the I'-convergence of the sequence E,, when
&r — 04 (see Theorem 6.3 below).

We begin with two lemmas related to the change of variables z = y/e.

Lemma 6.1. Let 0 < ¢ < 1, x e RY £ € RY, and p > 0. Then

-0
o (e, QCx. ) = e'mfly (e, Q2. )| = Cevrep)p?. (6.1
where Cg := (c31&| + c4)c3/cr.
Proof. Letu € BV (Q(x, p)) N L*®(Q(x, p)) with

o, pt = o, p)le H4 1 _almost everywhere on 0 Q(x, p)
and [u — bg| < kep in Q(x, ), (6.2)

and let v € BV(Q(%, £)) N L™(Q(%, £)) be the function defined by v(z) :=

e’ g’ e

%u(ez). Note that (6.2) is equivalent to

— d—1_ x P
trQ(%’g)v = trQ(f’le_))Kg H almost everywhere on 0 Q(%, £)
and |v — €| SKggin Q(f,’s—)). (6.3)

By a change of variables we obtain

f foly, Vuydy = & / L, @ Yz, (64)
Q(x.p) 0% 3)
dD¢ . dD¢
/ [ (y, = )dID‘ul = ed/ [ (z, — )dchvl, (6.5)
0(x.p) d|Deul 0.5 d|Dev|

/Q . ge (v, [ul, v)dHI™! = & / Le(z, e[v], v)dHI™!. (6.6)
X0 m-]u

o(£,8)nJy

Hence by (4.9) and (4.10) we have

118z, e[v], v) — g%z, V], vy)| < P2k p)1g(z, elv], vy),
11g(z, e[v], v) — g%z, V], )| < 29 2kep)g’ (2, [V], vy).

This implies that

g%z w1, w) < (149 2kep)) L (z. e[v], vy).
1e(z,elv],vy) < (1+ S0 (26 p)g" (2, [V, wy).
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Integrating we obtain

€d/ &2z, [v], vy)dH!
(X, 2)NJy

5(1—{—19(2/(5,0))8‘1/ s elv] v)dHT
0

PN v

o / Le(z, elv], vy)dHe~!
o=, 5)nu,

5(1—{—5—?19(2/(5,0))8‘1/ ) g%z, [v], vy)dHL.
o5, 5N,

Adding the absolutely continuous and the Cantor part, and recalling (6.4)-(6.6),
leads to

s BN (v, Q(X, 2)) < (1 + 9 Q2uep) Eeu, O(x, p)),
Ec(u, Q(x, p) < (1 + S0 Qi p)e? N’ (v, Q(2, £)).

By the equivalence between (6.2) and (6.3) we obtain

mE e 0, 6))<(1+79(2K§,0))m,(sp(€é 0(x. p)),

m)(ﬁg Qx,p) =+ 19(2Ks,0))8d ,, (Kg 05, ).

Using £ in the minimisation problems for m,(g *o(le, Q(x, p)) and m (Zg,

O(%, £)) weobtainm, (¢, Q(x, p)) < (c3/§]+c4)p? and e9m E“ (e, Q(S, 2))
< (c3]€| + c4)p?, which together with the previous 1nequahtles glve

elmt’y NCNICE 8)><mksp(zg Q(x, p)) + D2k p) (e31E| + ea)p?,
,(Ep(ﬁs O(x, p)) < & m p (ﬁg (3, 5))+“15‘(2@/))(63|€|+C4)pd,
which prove (6.1). |

Lemma 6.2. Let 0 < ¢ < 1/(2¢c¢), x e RY, ¢ e R v e S and0 < p < 1.
Then

) — 1,
mE (e Qulx, ) — &7 'mP s s Q2 2))| < Cep? T (6.7)

where C is a constant depending only on ¢ and on the structural constants a, c3,
and cg, but independent of ¢, x, and p.
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Proof. Letu € BV(Q,(x, p)) andletv € BV(Q,(
u(ez). By a change of variables we see that

£Y) be defined by v(z) :=

g’ e

/ fe(y, Vu)dy = ¢ / f(z, 1Vv)dz, (6.8)
Qy(x,p) 0, (, P
d D¢ dD¢
/ £ (y, —”) d|Du| = 47! f £ (z, —”) d|D ),
0.(x.p) d|Dul J(E.2) d|D¢v|
6.9)

/ ge (v, [ul, vi)dH*™! =8d*1/ _ g(z, [v], v)dHI™ 1.
0, (x.0)NV 0u(2. 004,

(6.10)
By Remark 4.3 for £4-almost everywhere z € Q, (£ . 6) we have
|lef (z. 1Vv) — £2(z, V)| < cee + coef (2, 1VV) 7. (6.11)
This implies that
@@ Vo) < ef (2, 1Vv) + cge + ceef (z, 1Vv)! ¢ (6.12)

and
@ Vo) = ef (z, 1Vv) — coe — can(z, SVv)l .

> 51, EVU) — ce — ce(2c6(1 — a)) o«

where we used the inequality 7!7% < ﬁt + 2cg(1 — ot))%a for 7 > 0 together
with 0 < & < 1/(2c¢). This implies that

ef (z, 1Vv) <2f(z, V) + Ce,
where C := 2¢¢ + 2¢6(2ce(1 — a))lTTa. This inequality together with (6.11) gives
ef (z, 1Vv) < (2, V) + cee + coef (z, 1VV)' 7%
< f®(z, Vv) + cee + cee* (217 (z, Vv)+Cs) - (6.13)

Integrating on Q,, (%, £) and using the Holder inequality, from (6.12) we obtain

g’ e

gd™! / f>(z, Vvydz < Sd/ f(z, éVv)dz + cgp
0,22 0. (%,

11—«
6 (sd / f %)dz) 0%, (6.14)
0,(%.2)
and from (6.13) we get

e / [z, 1vvydz < e?! / % (z, Vu)dz + cop?
0,(%,2) 0v(3 £)

l—«a
+C6(28d_1/ ) f(z, Vvydz + de> p*d. (6.15)
0,(%,2)
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Adding the jump and the Cantor part to (6.14) and recalling (6.8)—(6.10), it
follows that

eTVETTE (v, 00, D) S Ee(u, Qu(x, p) Fc6p” +co e, Qu(x, )0,

while from (6.15) we obtain

Ee(u, Qu(x, p)) < e VET™8 (v, 0u(£, 2)) + cop!

teo(26T BT TR 0, 002 20 + Co) o,

Since tro, (x.p)t = tro, (x.p)lx,c,v He~1-almost everywhere on dQ, (x, p) if and
only if trp (2,0)V = W (x oy gy H4~!-almost everywhere on 9Q, (% = 8)
from the last two 1nequal1t1es we deduce that

T mE T s gy Qu(E2)) < mPe (g, Qulx, p) + cop
+c6(mE€(ux,;,u,Qv(x,p»)l‘“ o, (6.16)

m® (uy v, Qu(x, p) < & Pz gy, Qu(E, ) + cop?
+ca(2sd—1m”°o""<ug,;,v, 05 )+ o) p (6.17)

Taking uy ¢, in the minimisation problem that defines mEe (u x.cvs Qv(x, p)) and
using the estimate (g3) we obtain mEe (Ux v, Ov(x, p) < c3(ICI A Dp4=1. Sim-

ilarly we prove that m? (ux/e s Qv( )) < 3(|¢] A Dp?~1 /g4~ Hence
from (6.16) and (6.17) we obtain
e mE T e s Qu(E, 2)) < mEe (g gy, Qu(x, ) + cop

+eo(e3(1C] A 1) T pd e,
M e Qulr, ) < &% mE T sy Qu(E 2)) + e
t+e6(2e3(1] A D) +C) T pd e
From these inequalities we deduce (6.7). ]

Thanks to the following result, the I"'-convergence of functionals defined by
rescaling can be deduced from the convergence of the minimum values of some
auxiliary minimisation problems on large cubes.

Theorem 6.3. Assume that there exist two functions f :RY — [0, +00)and §: Rx
St x (0, 4+00) — [0, +00) such that for every x € R% &€ € R, ¢ € R, and
v e S we have

mE e Q)

,ETOO = = f(&), (6.18)
m ™ (u”,fz”i ) (6.19)
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where kg is defined in (3.18).
Then f € F%, g € G°, and for every ex — 0+ and A € A.(RY) the sequence
E¢, (-, A) I'-converges to ET8(-, A) with respect to the topology of LO(R?).

Proof. Given ¢ — 0+, let us check that the hypotheses of Theorem 5.4 are
satisfied by fx := f, and g := g¢,. For a given p > 0 we take ry := p/e;. By
(6.18), applied with x replaced by x/p, and Lemma 6.1 we have

F@©)p? — Cet i p)p?

. d p
= Jim (£2)" mE (e, 0(x.n) — o9 nepo’

k—o0 \Tk

§liminme§p(£g Q(x, p)) <hmsupmkép(ﬁg Q(x, p))
k— 00 k—

d pr
< lim (£) mEL (e, Q(%x, 1) + Co9 ke )"

k— 00

= f(&)p? 4 Cs0 Qi p)p.

This shows that the hypothesis of Theorem 5.4 concerning m,gkp (Le, Q(x, p)) is
satisfied.
By (6.19), applied with x replaced by x/p, and Lemma 6.2 we have

N _ _ . d=1  pgoo,
g, vp?t = CrpdT1Y = lim (ﬁ> mE’ ¢ (urkxu,Qv( X, rk))

k—o00 \'k

= tim inf m® (i c.v. Qu(x. p)) < limsupm ™ itr,g.v. Qu(x. )

k— o0

d—1 00
< lim (ﬁ) mE " 0v(%x, 1)) + Cep=1*e

k—>o00 \Tk B
=g p? + Cpt e,

Since« > 0, this shows that the hypothesis of Theorem 5.4 onm Ex (Ux,z,v, Qv(x, p))
is satisfied with g independent of x.

Therefore, all hypotheses of Theorem 5.4 are satisfied and the conclusion fol-
lows. O

The following lemma shows that in order to apply Theorem 6.3 it is enough to
check that (6.18) holds when & is rational:

Lemma 6.4. Assume that for every x € R? and & € Q? the limit

o mE e Q)
lim (6.20)

r——+00 rd

exists and does not depend on x, where K¢ is defined in (3.18). Then there exists a
continuous function f : R? — [0, +00) such that

1,80
; me, (lg, Qrx,r)
r oo rd =7

) (6.21)
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forevery x e R? and & € RY.

Proof. Givenr > 0,x € R? and &, & € R?, weseta := 1 +d'/?|& — &| and
we claim that

'gO
mE by, Q(rx.ar) = mEY (€6, Q(rx, 1) + cslé — alr?
+(esl&] +ea) @ — Dre. (6.22)

Givenn > 0,letuy € BV (Q(rx, r))NL>®(Q(rx, r)) besuchthattrggx 2 =
tro(x.rle, H!-almost everywhere on d Q (rx, r), |uz — g, || Loo(0(rx.r)) < K&yTs
and

0 £.8°
EF (up, Qrx, ) < m ) (Cey, Qra, 1) + 11,

and extend it as £g, to Q(rx, ar). Thenuy := up — £g, +€g, satisfies trg(yx, a1 =
trorx,ar) e, H4~ 1 almost everywhere on dQ(rx, ar),

Ut — ey | < keyr = kg r + (&2 — [E1)d*r < kgyr + &1 — &2ld*r < kgyar,
where we used k¢, > 1. By (a), (b), (c2), and (e) in Definition 2.3 we have

/s 0
M (e, O, ar) < EF2(uy, O(rx, ar)

< EM (uy, Q(rx, 1) + sl — E21r + (c3lé1] + ea) (@ — Dt

1
<m 5;5 (e, Q(rx, 1) +n + cslér — Elr! + (e3l&1] + ca) @’ = Dr,

(6.23)

which, by the arbitrariness of n gives (6.22).
Let us now fix x € R? and & € R?. To prove the existence of f(£) such that

mE" (€. 00rx.)

r

(6.21) holds it is enough to show that the function r +— satisfies

the Cauchy condition for r — +o00.
Letr,s > 0,let§ > 0, and & € Qd with |&s — &] < 8. We set ag =
1 + |&s — &|d"/? and observe that as — 1 as § — 0+. We also set rs := asr,
ss 1= s/as, xs := agx, and X5 := x/as. By (6.22) applied with &, = &, & = &;,
x = xg, and r = s5, we have
Efg «
My (g, Q(sx,5)) < mKs 55 (E&w Q(ssxs, 55))

+esdsy + (e3lé] + ca)(ag — Dsf

By (6.22) applied with & = &s and & = & we have

mE by Qrsfisra)) < mEL" (b, 0, 1)
d

+c58r9 4 (c31€s| + ca)(af — Dr.
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Recalling that as > 1, these inequalities give

f 0
mE (e, Qs 5)) mi (b, Q(s5%5, 5))

d d
N ss

+¢s58 + (36| +ea)@d — 1)
(6.24)
0
mE"S (tey. Q(rafis. o)) mi” (ts, Q(rx, 1))

d d
rs r

+ ¢58 + (c3lés| + ca)(af — 1).

(6.25)

Letus fix e > 0and choose § > 0 suchthatcsé+ (c3(|&| +8)+C4)(ag -1 <e.
By (6.20) there exists Ms > 0 such that

1. 180 N
me fa (Ley. Q (555, 55)) mi (Ley. Q(rsks, rs))

d d
Ss Ts

<e, (6.26)

provided rs, ss > Ms. Therefore, if r, s > asMs, by (6.24)—(6.26) we obtain

/gj;g (Le, O(sx,5)) m,f;fr’go (le, Q(rx,r))

W - + 3e. (6.27)

Exchanging the roles of » and s we obtain that the Cauchy condition is satisfied
and the proof of the existence of the limit in (6.21) is concluded.

To prove the continuity of f, using the inequality a > 1 we deduce from (6.22)
that

£.8° .80
m. Ly, Q(rx, ar)) mng (g, Q(rx, 1)
adrd rd

+eslér — &)+ (e3l&1] + ca)@! = 1).

Passing to the limit as »r — 400 we obtain

f&1) < F(&) +csler — &l + (c3l&1] + ca) (@ — 1)

with a = 1 4+ d'?|& — &). Exchanging the roles of &1 and & we olgtain an
inequality which together with the previous one entails the continuity of f. O

6.2. Stochastic homogenisation
To study stochastic homogenisation problems we fix a probability space (2, 7, P)

and a group (t;), ¢z« of P-preserving transformations on (2, 7, P), i.e., a family
(t7),ezd Oof maps 7,:  —  with the following properties:
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(a) (measurability) 7, is 7 -measurable for every z € 74,

(b) (bijectivity) . is bijective for every z € Z¢;

(¢) (invariance) P(z.(E)) = P(E) for every E € T and every z € Z%;

(d) (group property) 19 = idg (the identity map on €2) and 7,4, = t; o T for
every z,7 € Z°.

We recall that the group is called ergodic if every set E € 7 with t,(E) = E for
every z € Z% has probability 0 or 1.
We introduce now the classes of random integrands we are going to consider.

Definition 6.5. (Stochastically periodic random volume integrands) Let SF* be
the collection of functions f: 2 x R? x R? — [0, +00) satisfying the following
properties:

(a) f is measurable for the product of 7 and the Borel o-algebra of RY x R?;
(b) setting f(w) := f(w, -, ), we have f(w) € F“ for every w € Q;
(c) f is stochastically periodic with respect to (;),c74d, i.€.,

flo,x+z,8) = f(rz(w), x,§) (6.28)

foreveryw e Q,x e R?, z € Z%, and € € R?.

Definition 6.6. (Stochastically periodic random surface integrands) Let SG” be the
collection of functions g: 2 x RY x R x S¢~1 — [0, +00) satisfying the following
properties:

(a) g is measurable for the product of 7 and the Borel o-algebra of R? x R x S¢~1;
(b) setting g(w) := g(w, -, -, -), we have g(w) € G for every w € Q;
(c) g is stochastically periodic with respect to (1;),cz4, i.€.,

glw,x+2z,¢,v) =g(r;(w), x, ¢, v) (6.29)
foreveryw e Q,x e R?, z e 7% ¢ eR,and v € S971.

Let (2, T P) be the completion of (SZ T, P). It is obvious that for every
z € Z¢ the function 7.: Q@ — Q is also 7 -measurable. We now introduce the
notion of subadditive process. Let R be the collection of all rectangles of the form

[a,b) ={x eR?:q; <x; <bjfori=1,---,d} witha,beR?.

Definition 6.7. (Subadditive process) A subadditive process withrespectto (1), ¢z«
is a function u: 2 x R — R with the following properties:

(a) (measurability) the function (-, R) is T -measurable for every R € R;
(b) (covariance) u(w, R+z) = u(r;(w), R) foreveryw € Q, R € R,and z € 74,
(c) (subadditivity) if R € R and (R;);ec; C R is a finite partition of R then

w(w, R) < Z/L(w, R;) forevery w € Q;

iel
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(d) (boundedness) there exists ¢ > 0 such that 0 < u(w, R) < ¢L4(R) for every
we Qand R € R.

We shall use the following variant of the Subadditive Ergodic Theorem [1,
Theorem 2.7], see also [15] and [22]:

Theorem 6.8. Let w be a subadditive process with respect to (t;),cyza. Then there
existaset Q2 € T with P(Q) = 1 and a T -measurable function ¢ : Q' — [0, +00)
such that

o 1@ Qx )
im — =

r—+00

p(w) (6.30)

for every x € R and every w € Q. If. in addition, (t7),ezd is ergodic, then @ is
constant P-almost everywhere

Given f € SF%, g € SG”, and w € Q let £ (w) and g°(w) be the functions
defined by

FE@)(x,8) = lim floxrd

+00 r

1
go(a), x,r¢,v):= lim —-g(w,x,r¢,v)
r—>0+r

foreveryx e R, £ e R4, ¢ e R,and v € S771.

Lemma 6.9. Let f € SF%, g € SG”, and let & € R?. For every R € R let p(R)
be the maximum length of its sides. Then the function ®¢: Q x R — [0, +00)
defined by

f(@).8%) 0
®¢ (0, R) = mgp(Rf (te, R)

is a subadditive process.

Proof. The ’?—measurability of ®¢ (-, R) can be obtained by adapting the proof in
[12, Appendix].

To prove the covariance property, we fix z € Z¢, R € R, and w € Q. By (6.28)
and (6.29) we have

EF @@ @)y Ry = pF@8’@ (. R4 7).

Since ;¢ = £z — ¢ (z), by the invariance property (d) in Definition 2.3, we deduce
that ®(7;(w), R) = ®(w, R + 2).

We now prove subadditivity. Let us fix w € @, R € R, a finite partition (R;)!_,
of R,and n > 0. Foreveryi = 1, ..., n there exists u; € BV(I%i) N L°°(R;) with
trg,u; = trg; £ H4 1 almost everywhere on 9R; and ||u; — lg |l Lo (r,) < kep(R;)
such that

EF@).8%)

EIOL @@ Ry <m0 (0, R + 2.
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Let u be the function defined £7-almost everywhere in R by u = u; on I%,-. Then
ue BV(I%) and trru = trple H 1 almost everywhere on dR.
Since p(R;) < p(R) foreveryi =1, --- ,n wehavealso that ||u —£¢|| L) <
ke p(R). This implies that
gl , g F@.8°@) 0, By < N @182 0, B
O, R)=ml,(xy  (Ue, B) < E/ @@, Ry < 3" E/@ 8@, Ry

i=1
. F@.8%) :
w), 8" (w o
<Y mE e Ry + =) @, R) + 1, 6.31)
i=1 i=l1
and passing to the limit as  — 04 we obtain the subadditivity of ®.
), O w
Moreover, taking ¢ in the minimisation problem defining mgg(;i ( )(65, 1%)
we obtain
®(@, R) < (calé] + c5) L (R),

which concludes the proof. O

Proposition 6.10. Let f € SF* and g € SG”. Then there exist Q' € T with
P(Q) =1and a function f : Q' x R? — [0, +00), with f(-, &) T-measurable
for every & € RY and f (w, -) continuous for every w € ', such that
1@.8%)
o mE T e, 0, 1)
lim y
r—+00 r

= f(o,8) (6.32)

foreveryw € @, x € RY, and & € RY. If, in addition, (t2),ezd s ergodic, then f
is independent of w and
P . 1 F@.8%@)
f@E) = lim — mfgr ¢ (e, Q0,1r)dP(w). (6.33)
Q

r—>—+oo r

Proof. By Lemma 6.9, for every & € Q7 the map

f(@).8%) 0
(@, R) > mE ) (e, R)

is a subadditive process on (£2, T , ﬁ). By the Subadditive Ergodic Theorem 6.8
there exist Q' e T with P(€') = 1 and a function f: Q' x Q¢ — [0, +00), with
£ (-, &) T-measurable for every £ € Q¢, such that
1@).8%)
_omET e, 0Grx, 1)
lim

r—+00 rd

= f(w, ) (6.34)

for every w € @, x € R?, and £ € QY. By Lemma 6.4 we can extend f to a
function f: Q' x R? — [0, 400), with f(~, £) T-measurable for every £ € R?
and f (w, -) continuous for every w € €/, such that (6.32) holds for every w € </,
xeR? and & € RY.
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If, in addition, (t;),czq is ergodic, then the function f (w, &) for € € Q7 does
not depend on w and consequently the same property holds for its extension to
£ eRY. O

Proposition 6.11. Let f € SF* and g € SGV. Then there exist Q' € T with
P(Y) = 1 and a measurable function § : Q' x R x S¢~1 — [0, +00) for the
product of T and the Borel o-algebra of R x S, such that

ES® @).8(@)
lim m (”rx,g“,w Qy(rx,r)) _ g(w, £, ) (6.35)
r—+00 rdﬁl

foreveryw e ', x e R ¢ € R, and v € S~ If, in addition, (t2) ,ez4 15 ergodic,
then g is independent of w and

~

§ev) = lim

/Q mE " (g e 000, NAP@) . (6.36)

Proof. The result can be obtained by adapting all arguments of the proofs of [12,
Propositions 9.3, 9.4, and 9.5] and of [11, Theorem 6.1]. |

The following theorem summarizes the results of this section:

Theorem 6.12. Let f € SF* and g € SGV. For every e > 0 and w € Q let
fe(w) € F* and g.(w) € G¥ be defined by

fé‘(a)v'x7$) = f(a),x/s,%') and gé‘(a)v-xv {7 U) = g(w’x/g’ é” U) (637)

for every x € R & € RY ¢ € R, and v € S\, Finally, let Eq(w) :=
Efg(w)’g‘f(“’z e &%V Then there exist a set Q' € T, with P(Q) = 1, and two
functions f: Q' x R? — [0, 4+00) and § : ' x R x S¢~1 — [0, +00) such that

(a) f is measurable for the product of T and the Borel o-algebra of R?, and
f(w, ) € F foreveryw € Q;

(b) & is measurable for the product of T and the Borel o -algebra of R x S¢~, and
8w, -, ) e G foreveryw e Q';

(c) for every w € U, e — 0+, and A € A.(R?) the sequence Eg (w)(-, A)
-converges to E(@)-8@) (. A) with respect to the topology of LO(R?).

If, in addition, (t;),cya is ergodic, then f and g are independent of w.

Proof. The result follows from Theorem 6.3 and Propositions 6.10 and 6.11. O
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Remark 6.13. Thanks to Theorem 6.12 the convergence results for minimum values
and quasi-minimisers considered in [17, Theorems 7.1 and 7.14, Corollary 7.15]
can be obtained for the functionals E (w) for P-almost everywhere w € €2 indexed
in RY.

Remark 6.14. The notions of stationarity and ergodicity can be defined also with
respect of a group (1;),cge indexed on RY. Arguing as in [11] we can obtain the
results of Theorem 6.12 also in the case (t;),cgae. Our preference for (t;),cza is
due to the following remark, which deals with the deterministic periodic case.

Remark 6.15. If Q consists of a single point, and consequently t, = idg for every
z € Z¢, then stochastic periodicity (see Definitions 6.5 and 6.6) reduces to peri-
odicity of period 1 in each coordinate. Therefore all results of this subsection are
valid in the deterministic periodic case.

Acknowledgements. This paper is based on work supported by the National Research Project
(PRIN 2017BTM7SN) “Variational Methods for Stationary and Evolution Problems with
Singularities and Interfaces”, funded by the Italian Ministry of Education, University, and
Research. The authors are members of the Gruppo Nazionale per 1’ Analisi Matematica, la
Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica
(INdAM).

Data Availibility This manuscript has no associated data.
Declarations

Conflict of interest There are no Conflict of interest.

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional
claims in published maps and institutional affiliations.

Springer Nature or its licensor (e.g. a society or other partner) holds exclusive
rights to this article under a publishing agreement with the author(s) or other right-
sholder(s); author self-archiving of the accepted manuscript version of this article
is solely governed by the terms of such publishing agreement and applicable law.

References

1. AkcoGLu, M.A., KRENGEL, U.: Ergodic theorems for superadditive processes. J. Reine
Angew. Math. 323, 53-67, 1981

2. AMBROSIO, L., Fusco, N., PALLARA, D.: Functions of bounded variation and free dis-
continuity problems. Oxford Mathematical Monographs. The Clarendon Press, Oxford
University Press, New York, 2000

3. BARCHIESI, M., Focarpi, M.: Homogenization of the Neumann problem in perforated
domains: an alternative approach. Calc. Var. Partial Differ. Equ. 42, 257-288, 2011

4. BARCHIESI, M., LAZZARONI, G., ZEPPIERI, C.I.: A bridging mechanism in the homogeni-
sation of brittle composites with soft inclusions. SIAM J. Math. Anal. 48, 1178-1209,
2016

46



10.
11.
12.
13.
14.
. DAL Maso, G., Mobica, L.: Nonlinear stochastic homogenization and ergodic theory.
16.
17.
18.

19.

20.

21.

22.
23.
24.
25.

26.

. BERLYAND, L., RYBALKO, V.: Getting acquainted with homogenization and multiscale.

Compact Textbooks in Mathematics. Birkhéduser/Springer, Cham, 2018

. BoucHITTE, G., BRAIDES, A., BuTTAZZO, G.: Relaxation results for some free discon-

tinuity problems. J. Reine Angew. Math. 458, 1-18, 1995

. BOUCHITTE, G., FONSECA, I., MASCARENHAS, L.: A global method for relaxation. Arch.

Ration. Mech. Anal. 145, 51-98, 1998

. BourbDIN, B., FRANCFORT, G.A., MARIGO, J.-J.: The variational approach to fracture. J.

Elasticity 91(1-3), 5-148, 2008

. BRAIDES, A., DEFRANCESCHI, A.: Homogenization of multiple integrals. Oxford Uni-

versity Press, New York (1998)

BRAIDES, A., DEFRANCESCHI, A., VITALL, E.: Homogenization of free discontinuity
problems. Arch. Ration. Mech. Anal. 135, 297-356, 1996

CAGNETTL F.,, DAL MASO, G., SCARDIA, L., ZEPPIERI, C.: Stochastic homogenisation of
free-discontinuity problems. Arch. Ration. Mech. Anal. 233, 935-974, 2019
CAGNETTL, F., DAL MAsO, G., SCARDIA, L., ZEPPIERL, C.: A global method for deter-
ministic and stochastic homogenisation in BV . Anna. PDE 8, 8, 2022

CAGNETTIL, F., SCARDIA, L.: An extension theorem in SBV and an application to the
homogenization of the Mumford-Shah functional in perforated domains. J. Math. Pures
Appl. 95, 349-381, 2011

DAL Maso, G.: An introduction to I'-convergence. Birkhduser, Boston (1993)

J. Reine Angew. Math. 368, 28-42, 1986

DAL Maso, G., TOADER, R.: A new space of generalised functions with bounded varia-
tion motivated by fracture mechanics. Nonlinear Differ. Equ. Appl. 29, 63, 2022

DAL Maso, G., TOADER, R.: I'-convergence and integral representation for a class of
free discontinuity functionals. J. Convex Anal. 31, 411-476, 2024

DuGDALE, D.S.: Yielding of steel sheets containing slits. J. Mech. Phys. Solids 8, 100—
108, 1960

Focarpi, M., GELLI, M.S., PONSIGLIONE, M.: Fracture mechanics in perforated do-
mains: a variational model for Brittle porous media. Math. Models Methods Appl. Sci.
19, 2065-2100, 2009

GAGLIARDO, E.: Caratterizzazione delle tracce sulla frontiera relative ad alcune classi
di funzioni in n variabili. Rend. Sem. Mat. Univ. Padova 27, 284-305, 1957

Jixov, V.V., KozLov, S.M., OLEINIK, O.A.: Homogenization of differential operators
and integral functionals. Translated from the Russian by G. A. Yosifian. Springer, Berlin
(1994)

LicHT, C., MICHAILLE, G.: Global-Local subadditive ergodic theorems and application
to homogenisation in elasticity. Ann. Math. Blaise Pascal 9, 21-62, 2002
MARCELLINI, P.: Periodic solutions and homogenization of nonlinear variational prob-
lems. Ann. Mat. Pura Appl. 117, 139-152, 1978

PELLET, X., SCARDIA, L., ZEPPIERI, C.I.: Homogenization of high-contrast Mumford-
Shah energies. SIAM J. Math. Anal. 51, 1696-1729, 2019

ScARDIA, L.: Damage as I'-limit of microfractures in anti-plane linearized elasticity.
Math. Models Methods Appl. Sci. 18, 1703—-1740, 2008

SCARDIA, L.: Damage as the I'-limit of microfractures in linearized elasticity under the
non-interpenetration constraint. Adv. Calc. Var. 3, 423-458, 2010

47



48

G. D. Maso
SISSA,
Via Bonomea 265,
34136 Trieste
Italy.
e-mail: dalmaso @sissa.it

and

R. Toader
D.M.LFE, Univ. Udine,
Via delle Scienze 208,

33100 Udine
Italy.

and

Present address:
R. Toader
MIGe, Univ. Trieste,
Via Valerio 12/1,
34127 Trieste
Italy.
e-mail: rodica.toader @units.it



	Homogenisation Problems for Free Discontinuity Functionals with Bounded Cohesive Surface Terms
	Abstract
	1 Introduction
	2 Notation and preliminaries
	3 The integrands of the Γ-limit
	4 A smaller class of local functionals
	5 Integral representation for functionals in mathfrakEα,θsc
	6 Stochastic homogenisation
	6.1 Functionals defined by rescaling
	6.2 Stochastic homogenisation

	Acknowledgements.
	References




