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Introduction

Quantum Field Theory (QFT) is the modern language of theoretical physics.
It proved successful, both on conceptual and phenomenological grounds, across
several different areas such as Condensed Matter Physics, Statistical Physics and
Particle Physics. QFT is however 80 years in the making and multiple interesting
phenomena, like the dynamical generation of a mass gap and confinement in four
dimensional gauge theories, are still not understood. Numerical methods have been
developed, but with our theoretical knowledge it is hard even to argue that such a
transition should be present from first principles. For this reason, in this thesis, we
are interested in analytical methods for strongly interacting gauge theories in four
dimensions.

Another important question to be asked is how a theory depends on boundary
conditions. This question is relevant because in nature all systems are bounded.
Boundary conditions are crucial not only for phenomenological reasons, but they
also stand at the core of the definition of relevant theoretical concepts (to name
a few, monopoles, defects and more recently topological operators implementing
non-invertible symmetries). Moreover, some important problems in un-bounded
physical systems, even related to quark (de-)confinement, can be cast more precisely
when we close the system in a “box”.

For these reasons in this thesis we study analytically strongly interacting 4d
gauge theories and their dependence on boundary conditions. We aim to study
these from different theoretical angles, namely Quantum Field Theory and String
Theory.

It is unrealistic to aim for exact results in general set-ups: we need to study
more constrained models and relax the restrictions over time. These constraints
come in the form of symmetries and our focus is on supersymmetry and conformal
symmetry.

Supersymmetry was first introduced in string-theoretic scenarios. It was later
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discovered to be a consistent way of escaping Coleman-Mandula’s no go theorem
[1], which restricted the possible symmetries for scattering amplitudes. The
theorem assumes that the symmetry algebra is a Lie algebra. An extension, due
to Haag—t.opuszanski—Sohnius [2], allows for Lie superalgebra structures. The
most general structure that they have found, consistent with some basic scattering
amplitudes assumptions, is the one we call supersymmetry algebra.

It was first introduced for phenomenological reasons, from being a solution to
the hierarchy problem to a way to unify all fundamental forces known so far and
eventually embed the Standard Model into Superstring Theory, it has also been
incredibly successful as a benchmark to test and study non-perturbative physics.
The presence of non-renormalization theorems allows to have a strong theoretical
grip that often results in a complete analytical understanding.

Furthermore, in the past fifteen years, a new tool has been developed, super-
symmetric localization [3,4]. With it, for a class of interesting observables, it is
possible to reduce the path integral to a finite dimensional one.

In particular in this thesis the focus is on four dimensional theories enjoying
(bulk) N = 2 supersymmetry. In placing a boundary we also necessarily break at
least part of the supersymmetry (and also at least part of the conformal symmetry).
We are interested in studying boundary conditions that are going to preserve the
maximal amount of supersymmetry possible, namely half of it, which are called
%—BPS boundary conditions. In this way we are going to study four dimensional
systems that preserve the least amount of supersymmetry compatible with using
localization. The fact that we have so few supersymmetries in 4d leads to new
technical difficulties which are discussed in this thesis.

Conformal symmetry is another symmetry that avoids Coleman-Mandula’s no
go theorem [1], but in this case it is a symmetry that we already know to not be
phenomenologically viable for Fundamental Physics. It is however enjoyed by a
system that undergoes second order phase transitions and as such it is extremely
important for Statistical Physics and Condensed Matter Physics. Conformal Field
Theories (CFTs) are symmetric under local rescaling of the metric and they have
special place in theoretical physics for the following reasons.

Lagrangians or Hamiltonians have been used extensively in modeling physical
systems, especially to describe locally interacting degrees of freedom in QFTs. It
is undeniable that they proved, and still prove, to be extremely powerful tools,
but we still lack a deep understanding of QFTs without these. This is incredibly
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unsatisfactory since there are interactions that are not mutually local, as interactions
among electrically and magnetically charged particles, and models that in principle
do not have a Lagrangian description (or at least not a natural one). It is also
possible that the theory is Lagrangian but strongly coupled from the get go or
that one might want to study the physics at some point along the RG-flow. For all
these cases, developing other tools outside the Lagrangian or Hamiltonian ones,
would be extremely insightful.

CFTs precisely furnish infinite examples of non Lagrangian theories. The ex-
tremely constraining symmetry is such that, even without a Lagrangian description
or a natural way to apply Lagrangian techniques, it is nevertheless possible to talk
about the complete operator spectrum, its algebra and its relation to the Hilbert
space. The conformal bootstrap, both numerical [5,6] and analytical [7,8], is a
program that in the last ten years has been studying the solution for this class of
theories by using mathematical analysis approaches.

For these reasons a large portion of the thesis is devoted in studying Boundary
Conformal Field Theories (BCFTs). These theories enjoy a rich class of observables,
boundary conditions and relations between dynamics in different dimensions thanks
to bulk-to-boundary interactions. However it is still challenging to compute ob-
servables in these models, especially in d>2 and in non-maximally supersymmetric
systems, as a result we can still learn a lot by studying these theories.

In this thesis we present a way to compute exactly the one-point function of chiral
operators, which parametrize the Coulomb branch of 4d N' = 2 gauge theories
with %—BPS boundary conditions, in the BCFT fixed point [9]. Via a Ward identity
we link derivatives with respect to chiral couplings to insertions of chiral operators
at the pole of a hemisphere HS*. We then map everything back to HR* using
conformal symmetry to obtain the one-point function’s BCF'T data. We test our
results with an abelian theory in the bulk, also at strong coupling, by employing
the SL(2,7Z) duality that this system enjoys [10, 11].

In this thesis we also focus on running gauge theories, to study phenomena
related to (de-)confinement. In order to tame infrared divergences Callan and
Wilzcek introduced the concept of placing a theory on Anti de Sitter (AdS) [12].
In recent years a new idea emerged [13], to use this framework to study (de-
)Jconfinement transition. This is because in AdS asymptotic states can be identified
with boundary operators, that can be studied reliably with CFT techniques, and
in particular one can check the existence of colored asymptotic states. The latter
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can exist only if the theory is deconfined, thus by studying possible inconsistencies
in the correlators of the boundary operators, once we reach strong coupling, one
can argue precisely the disappearance in the IR of the free-gluon and with that
the fact that the theory is no longer deconfined. One can then try to take at the
end the flat-space limit to recover the physics observed in our universe. This was
recently used to study non-supersymmetric scenarios in [14].

Within this context, in this thesis we present a work in progress [15] regarding
4d N =2 SU(2) pure Super Yang-Mills theory. This theory it is known to Higgs
to U(1) at the origin of the Coulomb branch [16]. We wish to see this analytically
by computing explicitly the AdS, partition function.

All the projects explained so far regard Quantum Field Theory, but there
is another important framework where theoretical advancement can be made.
String Theory, which played a central role in Mathematics and in our growing
understanding of Quantum Gravity, in the last thirty years also proved incredibly
successful for studying Quantum Field Theories (e.g. non-Lagrangian QFTSs).
More interestingly for this project’s aims, String Theory possesses a plethora of
dualities that often translate into field theoretic ones. The poorly understood
strongly coupled dynamics can be mapped by such dualities into a weakly coupled
description, where our knowledge is firm. For 4d theories with boundaries the
duality acts non-trivially on the boundary modes in a way which is not yet
comprehended, except in N' = 4 [17,18].

A specific rich class of models, that enjoy these kind of dualities but in N = 2,
are Ayx_1 circular quivers. These are very well understood without a boundary, also
in M-theory [19], but so far it is still not clear what types of boundary conditions
they enjoy and how these are mapped by these dualities. This is precisely what
is going to be addressed in this thesis as we discuss a work in progress on brane-
engineering [20].

In summary this thesis aims to sharpen our understanding of field and string
theoretical tools to study analytically a class of 4d N = 2 gauge theories with
%—BPS boundary conditions. Our intention is to improve our understanding on their
dependence on the coupling, on the boundary conditions and their transformations
under strong-weak dualities.
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Structure of the thesis

In Chapter 1 we are going to present an introduction to supersymmetry in flat
4d and 3d. We then describe how to construct 4d supersymmetric theory with
a boundary, in the specific example of bulk N' = 2 supersymmetry and %—BPS
boundary conditions, and then we describe superconformal symmetry.

In Chapter 2 we move toward explaining how to put a theory on a rigid curved
manifold while preserving supersymmetry. We then talk about the hemisphere HS*
and AdS, as specific backgrounds and we describe supersymmetric localization on
these spaces.

In Chapter 3 we describe how to compute exactly one-point functions of chiral
operators in 4d N = 2 BCFTs.

In Chapter 4 we describe, as a case study, a bulk abelian theory coupled to
boundary modes. We test the results with Feynman diagrams, we prove the
expected SL(2,7Z)-covariance analytically and we test strong coupling expansions
via Padé extrapolations.

In Chapter 5 we introduce the notion of using AdS as infrared regulator and
as a mean to quantitatively study (de-)confinement. We then present a work in
progress regarding analytically studying the Higgs process of pure N' = 2 SU(2)
SYM down to U(1).

In Chapter 6 we describe how to engineer 4d N' = 2 Ay _; circular quiver theories
in different string frames and in M-theory, we discuss the duality group and in
particular its strong-weak duality. Finally we describe a work in progress regarding
introducing boundary branes to the system and how we expect the duality group
to act on these.

In Chapter 7 we conclude by describing the obtained results, their importance
and the future directions.

We relegate to the appendices relevant computations that would break the flow
of the discussion.






Chapter 1

Supersymmetry

In this chapter we give a survey on supersymmetry. We do not go into details, the
reader is encouraged to refer to the common literature which we also employ [21-24].
We only focus on what is relevant for the aims of this thesis. In particular, since
the supersymmetry algebra depends strongly on the signature of space-time and
on the number of dimensions, we specialize to supersymmetry in 4 and 3 Euclidean
dimensions.'

The supersymmetry algebra is a Lie superalgebras. As a vector space it decom-
poses in two sub-spaces, L = Ly @® L1, which correspond to bosonic and fermionic
transformations respectively. They are endowed with a bilinear product, that in
physics we realize via commutations and anti-commutation of the transformations,
and whose restriction to the bosonic sub-space coincides with the product in the
Lie algebra. More formally, defining |z| = ¢ if x € L;, this product satisfies

[,]iZLZ‘XL]‘—>L

Y
mod 2

[z,y]s = —(=D)"M[y, z].
(=) [z, [y, 2] 4]+ + (cyclic) = 0.

1+J

Supersymmetry has been extensively used as a theoretical laboratory, because
it implies several non-renormalization theorems and often it allows quantitative
non-perturbative predictions.

The particular reason we are interested in this symmetry is because in some
rigid curved manifolds it was exploited, via what is known as supersymmetric

ITo be more precise, the multiplets we describe in future sections come after a Wick rotation from the ones in Minkowski space-time.
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localization [3,4], to compute exactly the partition function as well as a large class
of observables [25-29].

We apply this technique to 4d theories with a boundary, we therefore start our
discussion by describing supersymmetry in 4d Euclidean flat-space.

1.1 Supersymmetry in 4d flat-space

The supersymmetry algebra contains the Poincaré algebra obeyed by the generators
of translations P, and of rotations/boosts M, together with possible internal
symmetries B,

[P/u Pu] =0,

[ M, Mp,o-] ZmLpr + iy My — i0ye My, + 11, Mo
[P, Ba] ,

(M, Ba] = 0,

but is supplemented with additional symmetry generators that respect [21]
(B, Qa1 = [P Qi1=0,
[ Nz Q ] (Uuu) ﬂQﬁ ) [ JZ) QA] (0uu) ﬁQA)

[Ba;Qé] = ( (1) BQa ) [_Baanlo'z] = _QBa( ) ) (112)
{Qé; Qg} = eaﬁZAB ) {QAda QBﬁ} = EO'[BZABa
(040 = 20 P61

The Qﬁ and Qi are called supercharges and the Z4P are called central charges,
since it is possible to prove that these commute with all the other generators. From
the supersymmetry algebra it is possible to see that the action of supercharges
raises or lowers the spin of a particle by %

le and Qj are related by complex conjugation in Minkowski space-time but
this is not true in Euclidean signature. In the supersymmetry algebras, among
the generators B,, there can be some special ones that generate what is called
R-symmetry, defined by the property that the supercharges are charged under it.
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Namely, the commutator between the R-symmetry generator and the supercharge
gives a matrix rotation acting on the indices A, B, ... of the supercharge.

The irreducible representations of the supersymmetry algebra are called super-
multiplets, or multiplets for short, and can be seen as collection of particles.

The R-index A € {1,... ,N} “counts” the amount of supersymmetry. In
this thesis we mainly focus our attention to N/ = 2 supersymmetry in 4d and
3d. In order to be self-contained, and in order to introduce the reader to the
concept of supersymmetry, we start with 4d A" = 1 supersymmetry. We show the
supersymmetry transformations and some of the canonical techniques to construct
both multiplets and supersymmetric invariants.

These constructions are not fundamentally different with different amount of
supersymmetry. For this reason, after having showed the 4d NV = 1 constructions,
we just state the results for the 4d and 3d N = 2 cases.

1.2 N =1 supersymmetry in 4d flat-space

With this amount of supersymmetry the only supercharges are @, and Q,, that
can be rotated by U(1)g R-symmetry.
Omitting spinor indices, one can construct the so called general off-shell multiplet?

6q = iep — i),
0 = eF + o"€(iA, + 0uq) ,
6 = eF + a"e(iA, — 0,q)
OF = 2e\ + 2" 0,0,
§F = 2e) + 2iea”0,), (1.2.1)
§A, = i(ea )+ €T, \) + Ou(eh + €),
OX = 1eD + 20"ed, Ay |
oA\ = —ieD + 201"€0, A, ,
6D = —0,,(eat\ — &")) .
This multiplet can be constructed by acting with a supersymmetry transformation

on the first field, which is called bottom component. This generates new fields
on which we can apply another supersymmetry transformation while imposing

2To be specific, this is the most general one with a scalar field as first component.
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consistency conditions (e.g. {¢Q,eQ}q = —2e0t€P,() = 2i0,q). One proceeds until
no new fields need to be introduced in order to preserve the algebra. The last field
that is found in this process is called top component.

This multiplet in general contains too much content to construct toy models
that encompass interesting examples (e.g. gauge theories interacting with matter).
We therefore impose on this some supersymmetry-consistent constrains.

The first interesting multiplet we consider is the (anti-)chiral multiplet, which is
obtained by requiring that the bottom component is annihilated by @ (or by @ for
the anti-chiral). Fixing the attention to the chiral multiplet, this means requiring
1) = 0 on the general off-shell supermultiplet. By self-consistence we also need to
require that 61 = 0, which impose new constraints, and so on. The end result is
displayed below.

Chiral multiplet

0q = iey,

0 = el + 20"€d,q, (1.2.2)
OF = 2i0,(ea") .

Anti-chiral multiplet

6q = —i€,

5 = €F — 26"€0,q, (1.2.3)
§F = 2i0,(eat)).

where we have, in terms of the general off shell multiplet,

Chiral multiplet

(¢,0,¢,F,F, A,,\,\,D) = (¢,%,0, F,0,—id,q,0,0,0) . (1.2.4)
Anti-chiral multiplet
(g,%,, F, F, A, A\, \,D) = (,0,%,0, F,id,q,0,0,0) . (1.2.5)

A supersymmetric Lagrangian for the free-theory of a chiral field can be found
either by enforcing supersymmetry on the scalar kinetic term or by using the
method explained in Section 1.2

_ 0 - - 1=
L = 0"q0,q + Z(WTM&pﬂ/} — 8,4/}0”77&) — ZFF (1.2.6)
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We can clearly see that the field F' is auxiliary. This is a general feature of
supersymmetry, we need typically to introduce these kind of fields in order to close
off-shell the supersymmetry algebra [30].

When present these auxiliary fields can be integrated away exactly, even in the
presence of interaction terms, so that physical interactions become manifest. The
theory remains a supersymmetric one but the supersymmetry algebra is improved
by adding on the right hand side of the (anti-)commutators (1.1.2) terms related
to the equations of motion (this does not change the action of supersymmetry on
the physical states nor on the scattering amplitudes).

It is not always possible to construct off-shell multiplets but, since off-shell
supersymmetry is needed for supersymmetric localization [3], we study cases where
this is possible and thus we stress the off-shell formalism.

Constructing supersymmetric invariants

There is a notion of “multiplication of multiplets” where one simply imposes
the bottom component of the resulting multiplet to be the multiplication of the
initial two [31]. The remaining components of the new multiplet can be found by
enforcing supersymmetry. Below we display the result for the multiplication of a
general off-shell multiplet

1=qqp, V=vigp+qay, V=g +qis,
F=Faqg+qly— iy, F=Fqg+ql+ i),

1 - _
Ay = A + qrAgy — §(¢10u¢2 + 10,49)

1 = 1 - , (R
A= </\1q2 + §F17702 — §UM¢1(A2M — z&qu) + 222¢1Q2) + (1 > 2) , (1.2.7)

- - A 1 ) 1
A= (/\1612 — §F1¢2 — 50“%(142# + 10,q2) — 222%@2) + (1< 2),
1 1.
D =Digo + ¢1D2 + §F1F2 + §F1F2 — AV Ay, — 0" 10,40
P T
— 1 (A + 50”%%) + 1 (A — 50“5/1%)

— (A1 — ; LT )y + (A + ;3;&/}15”)@52-
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We can combine this notion with the fact that the supersymmetric variation of the
last component of a multiplet is a total derivative (1.2.1).

In this way, starting from some “fundamental multiplets”, we can construct
other ones via multiplication and declare the resulting top component to be (part
of) a supersymmetric Lagrangian.

A concrete example is the free chiral Lagrangian in (1.2.6) that actually is
obtained, apart from a —% factor, as the top-component of the multiplication of a
chiral and anti-chiral field (1.2.4)-(1.2.5).

These kind of invariants are called D-terms, essentially because this is the usual
name of the top-component in the general off-shell supermultiplet (1.2.1). One can
actually notice that there is an additional invariant that it possible to obtain by
multiplying only chiral multiplets, the F-component in (1.2.1). Terms constructed
in this way are called F'-terms or superpotentials.

Adding gauge interactions

The supersymmetric transformations for gauge-charged fields are clearly not
gauge-invariant due to the lack of gauge-covariant derivatives. This can be solved
by modifying the supersymmetry algebra (1.2.1) in order to contain in the right
hand side some field-dependent gauge transformations. This does not change the
action on physical states, since these are gauge-singlets.

In practice, in 4d N = 1 supersymmetry, this only amounts on improving the
algebra showed in (1.1.2) by requiring®

{Qa, Qa} = —20%, (P, + Gauge(4,)) , (1.2.8)
where Gauge(6) is a gauge transformation on a field defined in the following way
Gauge(6(z))¢ = 0(z)¢, (1.2.9)

with 0(z) = 0 (2)T# and TF the generators in the representation R under which
the field ¢ transforms. Thus Gauge(A,) is a field dependent gauge transformation,
with vector parameter, which we impose to be present in the anti-commutation of
Q. and Qg in such a way that

{Qu, Qatd = =200, (—i0, + A,)¢ = 2ic". D,¢. (1.2.10)

31n the literature there are other equivalent procedures to deal with the lack of gauge covariance, as the Wess-Zumino compensation [32].
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In principle one can construct the full general off-shell multiplet and repeat the
discussion we had in Section 1.2, but we refrain from doing that.

The vector multiplet, which contains the gauge field, has the following content
and transformations

Vector multiplet
6A, = i(ea A+ €T, N\),
O = teD + o"eF), , (1.2.11)
oA\ = —ieD — G"eF,,
6D = —D, (et X — et \).
The D-field is an auxiliary field precisely as the F-field in the chiral multiplet
(1.2.2).

We can also write the supersymmetric transformations for a (anti-)chiral multiplet
charged under a gauge group

Chiral multiplet

0q = i€y,

0 = el + 2i0"eD,q, (1.2.12)
§F = 2iD,(Ca") + 2iC\q .

Anti-chiral multiplet
6q = —ie,
6 = €F — 2ig"eD,q, (1.2.13)
6F = 2iD;((y') — 2iglh
The Lagrangian for the vector multiplet can be obtained with a procedure similar
to the one showed above for the chiral multiplet.

1.3 N =2 supersymmetry in 4d flat-space

With this amount of supersymmetry we have le and Qé as supercharges that
can be rotated by U(1)g x SU(2)g R-symmetry, where A is an index in the
fundamental of SU(2)g, see Appendix A for the conventions.”

4Note that in the following we are not always consistent with the normalization of the elements in the algebra displayed in (1.1.2).
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The transformations of a 4d N = 2 vector multiplet are [33]

Vector multiplet

5 = —ie )y,
(SQB = Z'EAS\A ,
1 _
6AA - §O'MV€AFMV + ZOMEADu¢ + 27:6A[¢7 Qb] + DABEB 9 (131>

_ 1 _ _

oAy = §5HVEAFMV + 25“€ADM¢ — QiEA[qb, qb] + DABEB,

(514“ = iGAOMS\A — z’EA@)\A,

0Dy p = —QZE(AO'MD >\B) + QZE(AO'MD )\B [¢, A)\B ] + 4[(;5, A)\B]

The matter content of a gauge theory is described by the hypermultiplet. In
Euclidean signature the on-shell content is given by complex scalars qr4 and a
spinor ¢y, with I,.J ... being a USp(Nr) flavor index [33]. This index is raised
and lowered via the symplectic form Q7 /Q;;.

In order to couple the hypermultiplets to gauge fields, we gauge a subgroup of
USp(Ng). The commutant is the new flavor symmetry group. We always take the
gauge-algebra matrices as embedded in the USp(Ng) ones.

The supersymmetry algebra needs infinitely many auxiliary fields in order to
close off-shell for this multiplet. However, if one focuses to some particular 4d
N = 1 subalgebra (or a 3d N/ = 2 one), then one can close the transformations
and represent them as [33]

Hypermultiplet

0qra = —ieathr + i€aty

Sor = 20" E4D,q) — dieadq) + 2eAF

Sibr = 26" €4 Dt — dicagq) + 2enF} (1.3.2)

0F, 4 = ieAa“D,ﬂZ] — 26400 — QEA)\BQ?

— €40 Dby + 2€ 4001 + 2€4NBqF -

Later we consider these theories on a space with a boundary in such a way to
preserve N' = 2 3d supersymmetry. This is precisely the subalgebra that is

preserved off-shell using the supersymmetric variations showed here, which is
important in order to use the technique of supersymmetric localization [3].
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Another multiplet is the (anti-)chiral multiplet [9,34]

Chiral multiplet

6A = —ietly |

OUy = 20"y D, A + Bage® + %O'NVEAG;V,

0Bap = —2ie 4DV ) + 2ie s p) , (1.3.3)
5G;,/ = —%EAWJWD,}I!A — %€AO'W,AA ,

0Ny = —%DPG;VJWUPEA + DNBABUMEB —Cey ,

5C = D, ( — 2ie"5"Ay) .

Anti-chiral multiplet

6A = ie Wy |

0W A = 26"es Dy A + Bape” + 50" esG,

§Bap = 2ie4 DV + 2ie4p) . (1.3.4)
0G}, = —2e*0"G,, D,V 4 — LG, A4

5]\14 = %DPG;V(?/W&pEA — DMBAB5'MGB + CEA ,
§C = Du( — 2@’6‘4(7”/_\/1) .
This multiplet is important for two main reasons. The first one is that by imposing

[34]°

Bup — eaceppB“P =0,
JU' —e*PAp =0,

1.3.5
a(GH — G™) =0, (1:35)
C —2V*A=0.
and defining
d=A, ¢=A, =Ty, Ay=Ty,
1, . - (1.3.6)
F = §(GW +G,), Dap=Bap,

5These constraints are chosen starting from the Minkowski signature and assuming to take a anti-chiral multiplet that is the complex
conjugate of a starting chiral one. In Euclidean signature this is still true with a suitable prescription of reflection positivity.
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we obtain a vector multiplet. The second reason instead follows from the fact that
we can, choosing some (anti-)holomorphic function F(¢) (F(¢)) of the scalar ¢

(¢) of the vector multiplet, called prepotential, and by defining

0 0
oh " o

it is possible to construct a (anti-)chiral multiplet in the following way [9, 34]

F(¢), (1.3.7)

Fr,.1, =

Chiral multiplet from prepotential
A=F,
Uao = Frra
1
Bip = JT"[DQB + ifjj)\{él)\é,
G,y = FiF, + 2iF A o0
. - i o 1
Asa = Fi(DN))a = iFi[¢, Aaa]" + Z]:IJFWI(UH Ao + §~7:IJD£13)‘£B
= 122;% I (2OGNTB)NE AL (VBN (1.3.8)
_ - - 1
C = —2F;D"D,¢" — Fi[M, \al' + 2Fi[[6, 6], 6] + ZJTUDMBD;QB

1 . S -
= ST Y — i P NADAL = Fry([6, ' 2%)

+ EL.FIJKDABI)\:{XAI'E + ;f[JKF/;IAJAO'”VAQ(

1
+ ﬂf[JKL()\IA)\JB) ()\ﬁ)\é) .

Anti-chiral multiplet from prepotential
i-F,
gAe — F ) Ad
BAB — F,pIAB _ i Fy NANB
2 Y
_ i . -
G, =FiF} - SfUAIAaWA;{,

_ . _ - . _ . o _ 1 - _ .
A = —Fr(DX))* + iFf[o, X - ifIJF;f(aNVAJA)a + 5 DN
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i - T
+ EFIJK(QO\IA)\JB))\‘EQ — NASNTBAKY) (1.3.9)
_ _ L _ _ 1 -
C = —2F;D"D,¢" + Fi[MN, Aal" — 2F1[o,[6, 6]]) + Z]—"UDIABD;{B

1 - _ .
— QFIJFLIF+JMVZFIJ/\IA¢/\:{1 + Frs([0, A1 X%)

— T DIV + S FruE N e

— Pt (VAN ()
This is important because if one chooses F or F to be gauge invariant, then the
supersymmetry transformation of the component C or C is a total derivative
(1.3.3)-(1.3.4). As a result, we can use it to construct supersymmetric Lagrangians,
similarly to the D and F-terms in NV = 1, but for the vector multiplet by choosing
for instance

A=Tr(¢"), A=Tr(o"). (1.3.10)

For k = 2 we obtain the renormalizable 4d N' = 2 Super Yang-Mills Lagrangian
(SYM) in flat space

Im(7) Re(7)
= 1.3.11
S = JEYM+Z e fﬁ@, (3 )
where
1 _ - _
Lyv = Tr(QF“”FW — 4D, ¢D )+ iN DAy — iN DI
1 _ _ _ _
- §DABDAB +4[0, 6> — 2X4 0, Aa] + 2040, AA]) , (1.3.12)
1
to-n(lowr,n).
and
47 0
= +o (1.3.13)

The chiral operators in (1.3.10) are important because their expectation value
parametrize the Coulomb branch of gauge-theories.
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In order to obtain gauge theories interacting with matter, we can couple this
theory to a hypermultiplet. The following action

1 - )
Shyp = JQDMQIADHQIA — "M, 0} qsa + =" (Dap) ¥

2
— S Db = S0 (0) s + 38 (6)7 s (1314
A0+ )~ P EL

contains a finite number of auxiliary fields and preserves off-shell only a subalgebra
of the full supersymmetry algebra, as we explained around (1.3.2).

1.4 N =2 supersymmetry in 3d flat-space

The supersymmetry structure does not change drastically [31] compared to the
one showed in (1.1.2)

[Qa: P] = [Qu, P] =0,

[Mij, Qa1 = i(hi))a’ Qs+ [Mij, Q] = i(75)%Q75

{Qa, Qs} = {Qa, Qs} =0,  {Qa,Qu} = 27, 4P + 2icasZ ,
[R,Qu] = Qu. [R.Qa] = —Qa,

where Z is the central charge and R is the SO(2)g-symmetry. Calling r the
R-charge, the multiplets we are interested in are [31,35]°

(1.4.1)

Chiral multiplet

6q = V21,

0t = V2(F — \/2i2(q — \/2iv'(D;q + /2i0(q, (1.4.2)
OF = /2izC0) — N 2iDi(Cp) — V/2ioCh + 2iCAg

Anti-chiral multiplet
o) = V2(F +/2i2Cq + V2iv'(D;G — \/2iGoC | (1.4.3)

6For our conventions on covariant derivatives one can see Appendix A, we need to change the sign on the bilinear terms of the vector
multiplet with respect to [35]. We also generalize the linear multiplet to one covariantly conserved, with respect to the one in [31].
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OF = \2izCth — v/ 2iDi(CY')) — V2ilo + 2iGl .

Vector multiplet

60 = —Ch + CA,

O\ = (z’D — ;gijkaﬂj — i’%Dp)C,

o\ = ( —1D — 55 ko Fy + miDm)é, (1.4.4)

§A; = —i(Cyik + (yiN)
6D = (V' D\ — CV DX — [0, CA + CA] .

Linear multiplet

= i(j +i(j,
53 = (K +'C(ji + iDiJ) + ([o, J]
6j = CK — iv'C(ji — iDiJ) — ([o, J], (1.4.5)
05 = igiD? (Cv"5 — CVF5) + [0, Crig + Cyag] + [, Cyid — (Al

0K = —iDi(Cy'j + Cv'7) + [CA+ (A, J]

The (anti-)chiral and vector multiplets play the role of elementary fields in su-
persymmetric gauge theories. The linear multiplet instead contains a covariantly
conserved current, thus in general the fields inside the multiplet are composite
operators.

All the multiplets showed here are off shell ones. For this reason, just like in
(1.2.6), inside Lagrangians some of the fields are auxiliary (or in the case of the
linear multiplet, there is a component that contains composite operators always
made of one or more auxiliary fields).

The entire content of the (anti-)chiral multiplet is charged under the SO(2)x-
symmetry and the auxiliary field is always played by F (]5 ). In the vector multiplet
the only elements charged under SO(2)x are the spinors and the auxiliary field is
D. Similarly only the spinors of the linear multiplet are charged under SO(2)z
and K is the auxiliary field. It is also possible to map a vector multiplet into a
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linear one via [31]

J=o0, j=i\, J=—il,
. i (1.4.6)
Jn = —5Emf", K =D.

The renormalizable supersymmetric Lagrangians for vectors interacting with matter
are the following [35]

k2 1. 1. - - 1
= —Tr| -FYF;; + ~D'ocD;joc — i\y' D\ — — _D? 1.4,
Lsym ym r<4 iy T 5D'oDio iNY' D\ — Mo, A 5 ) : (1.4.7)
£CS = ZTI’ € J (AﬁJAk - §A2AJA/€) + 21 Do + 22\ y (148)
e
Lairat = DigD'q — ip D + (D + 0%)q — o) + V2i(GA + PAg) 1.4.9)
~ FF. o

where k needs to be an integer for gauge invariance (see e.g. [36] for more details).
One can also add in principle a F-term, also called superpotential as in the 4d
N =1 case, via multiplying three chiral fields similarly as was done in (1.2.7) (the
detail of the result of this multiplication does not matter in this context).

1.5 Coupling bulk and boundary in a supersymmetric fash-
ion

If we consider a supersymmetric 4d theory and we study it in flat space with a
boundary we necessarily break some of the supersymmetry. The reason for this
statement is that, as we can see from (1.1.2), supersymmetry generates translations
and the translations perpendicular to the boundary cease to be a symmetry.

If we start from a 4d N = 2 theory the best we can do is to preserve half of the
supersymmetry, in particular preserving a 3d A/ = 2 subalgebra [37]. This can be
obtained by identifying the supersymmetry parameters in the following way

€4 = iTg’/{B&LEB, (1.5.1)

where 73 is one of the Pauli matrices, acting on the R-symmetry indices, o, /0, are
the 2 x 2 chiral sub-matrices in the gamma matrices, and p =1 is the perpendicular
direction (see Appendix A for more details).

7Some signs are swapped due to what explained in footnote 6.
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This reduces the amount of independent supersymmetry transformations and
therefore the number of conserved charges. One can show that in this way we do not
generate translations perpendicular to the boundary via anti-commutations of the
conserved charges. Equation (1.5.1) breaks U(1)g-symmetry and breaks SU(2)r
down to SO(2)r (different SO(2)r subgroups can be obtained by substituting 73
with 7 - 7 for a generic 7 with |f]? = 1).

We then identify, by our choices of normalizations, the 3d A/ = 2 Killing spinors
and the 3d y-matrices to be

+ Lot (1.5.2)

v =1i0'cT = —io

1 1 -

€A=1 = \7@(, €A=2 = \ﬁfa

There are two separate things we need to do in order to enforce the preservation

of this symmetry and we discuss them in the following subsection. Firstly, one

needs to choose suitable boundary conditions on the fields. We do not discuss the

most general %—BPS boundary conditions, but we discuss a class general enough to

encompass many interesting cases. We can then notice that the bulk supersymmet-

ric Lagrangian are constructed to be invariant modulo a total derivative which, in

a space with a boundary, do not imply preservation of supersymmetry even after

one imposes boundary conditions. We then need to shift the action by a boundary

term.

There are additional technical comments to be made if the boundary one considers

is asymptotic. We discuss this from Section 2.4 as we introduce the notion on
supersymmetry on AdSy.

1.5.1 Boundary conditions and boundary terms

Vector multiplet
On the boundary the vector multiplet can be organized in two 3d N = 2 linear
multiplets as follows (1.4.5)"

. 1 , . 1
Jp = {2¢1, —iAy 0N ,—i&ijﬂk, —2(Dyigp — iy + 2D12)} ,

(1.5.3)
Tx ={262.25, =X[, 1z, 2D16n + i) }

8Note that in order to identify the variations of Jx with those of a 3d linear multiplet we need to use that the components D11 and
D22 of Dy p vanish at the boundary. This is true in general, even in in the presence of interactions, due to the fact that the boundary
condition preserves the Cartan of SU(2)r symmetry under which these components are charged.
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where we have defined, in order to be consistent with the literature [33], the
following quantities

¢ + -
5 0 T g

-1

¢ = A = Aa Eiosa) . (1.5.4)

5
V2
For later purposes it is also possible to notice that we can construct a vector
multiplet that dualizes, through (1.4.6), to Jp

V = {261, —A;, =\, Ai, —iD1s — 2D ¢} . (1.5.5)

The simplest supersymmetric boundary conditions we can impose are the Dirich-
let (D) and Neumann (N) boundary conditions

D: Jp=0, and N: In+~vIp=0, (1.5.6)
where we defined )
Re(T

— ) 1.5.7

77 Im(r) (157

These boundary conditions are the supersymmetrized versions of the Dirichlet and
Neumann boundary conditions of the Maxwell theory

1

D: F;=0, and N: F;— 2752-ij“ =0. (1.5.8)

The additional terms needed to preserve 3d N = 2 supersymmetry are

Im(7) X Re(7) f p
Sy = LS L 1.5.9
0 4WLYM+28W ek ( )
where
Ly = TT[ — 8¢ (D1¢2 + 5D12) + MAg + 5\15\2] :

(1.5.10)

L= 2Tr [Siqbl (DL¢2 + %Du) — Mdg + A NG ’&')\10L5\2] :

With this boundary action both N and D are supersymmetric boundary conditions
according to the definition given above.

Imposing the N boundary condition we have the freedom to perform gauge
transformations on the boundary, while the D boundary condition fixes it and
the gauge group GG becomes a global symmetry on the boundary, with associated
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current Jy.” It is also possible to impose D boundary conditions on some of the
gauge components of the gauge field and N on the others in order to preserve only
a subgroup of the gauge symmetry at the boundary.

A rich class of boundary conditions for 4d N/ = 2 gauge theories preserving 3d
N = 2 can be obtained from deformations of the N and D boundary conditions.
These deformations are defined by adding local degrees of freedom on the boundary
and coupling them with the boundary modes of the bulk fields. In particular, a
natural deformation of the N boundary condition consists in using the boundary
mode of the bulk gauge field to gauge a global symmetry of additional local
boundary degrees of freedom. In the abelian case some deformation is necessary in
order to introduce interactions, because the bulk theory is free and the N and D
boundary conditions are linear constraints that keep the theory gaussian.

Hypermultiplet
Let us focus our attention to a theory with only 4d a single hypermultiplet. This
decomposes in two 3d N = 2 chiral multiplets (1.2.12)

1 R .
Oy = {Cm, —5(% +i01¢n), Diquii + 2¢2q11 — ZFn} = dl, |

1 R .
Dy = {Q12, 5(% —i011), —D1q12 + 2¢9q19 — ZF12}

where ¢9 is defined in (1.5.4).

The simplest boundary conditions for a single 4d hypermultiplet sets to zero
either 17 or ®15. We refer to them as boundary conditions 1 and 2, respectively.
These conditions are easily generalized to the case of Nr hypermultiplets. Namely,
a similar binary choice is obtained by picking Np components labeled by ¢ among
the 2Nr components labeled by I, and setting to zero one between ®;; = (Q“ d JQ)T

(1.5.11)

_(I)gl )

or & = —(Q7® )7, where Q7 is the symplectic matrix acting on the flavour
indices.
The boundary term that needs to be added is
1 1-,- ) -
Shyp,o = . —8¢I¢I + SWW + 11#[041#1 —2¢%_1(¢2) " ay.a-2. (1.5.12)

Like for the vector multiplet, also for the hypermultiplets the simple boundary
conditions that we just mentioned can be deformed by interactions. For instance,

9The operator Jp that survives in the case of the Neumann boundary condition is not gauge invariant and so it does not give rise to
a global symmetry, except in the abelian case or more generally if the group has U(1) factors so that Tr[Jp] # 0.
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if we perturb the boundary condition 1 by a boundary superpotential W3q(q12, - - ),

where the dots refer to possible local 3d degrees of freedom, then the modified
Wsq
oqi2

boundary condition is gq10c
Chiral multiplet

As was discussed below equation (1.3.10), the supersymmetric variation of the
bottom component C' of a chiral multiplet, integrated on R*, is a supersymmetric
invariant since its variation is a total derivative. We know however that in the
presence of a boundary this does not suffice, we need to add a boundary term. This
boundary term can be found in [9] after sending the radius of the HS*, considered

in that paper, to infinity

Ca = ZDJ_A — i(Tg)ABBAB ,

_ _ _ 1.5.13
Co=2D A+ i(Tg)ABBAB . ( )

The addition of this term preserves supersymmetry irrespective of the boundary
conditions and already off-shell.

In particular, as already commented below (1.3.10), if we define a chiral multiplet
starting from A = Tr(¢?) we get something proportional to the SYM action and,
by adjusting some normalizations, one can find that (1.5.13) is precisely (1.5.10).

1.6 (Super)conformal symmetry

Conformal transformations are all transformations that modify a flat space metric
up to local dilatations

, oxP 0x°
T]uy = w@npa = A(x)n,ul/ (161)

These transformations are incredibly constraining for a system but not totally
trivializing. They allow to define a one-to-one correspondence between operators
and states in a theory and constrain the correlation functions in such a way that
many theoretical challenges can be overcome even in strong coupling regimes.
These theories thus furnish a natural benchmark for theoretical physicists, but also

they are realized in nature in points where second order phase transition occur and
in the deep IR."

10There are some examples where in the deep IR one does not recover the full conformal invariance, to be more precise. Also it is
possible that the conformal invariance in the IR is realized trivially by a free theory or by an empty theory.
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Here we discuss just some general properties, for more details we refer to the
literature [38,39].

The Poincaré symmetry is clearly a sub-group of the group of conformal transfor-
mations, but there are new transformations for which the algebra of the generators
is the following'!

(M, K, = —in,, K, +in,,K,,

| Ky Po] = 2i(u D — My)

D, P, =iP,, (1.6.2)
[D, K, = —iK,,

(K K] = [D, My] = 0.

The new operators are D, that generates dilatations, and K, that generate the
so-called special conformal transformations. For a space with signature (p, q) it is
possible to prove that the conformal group is SO(p + 1,q + 1).

From the algebra above it is possible to infer that P, raises the conformal
dimension of an operator by one and K, lowers it by one. Unitarity bounds [39],
for operators of each spin, pose lower bounds on the conformal dimension of
operators. For this reason, if we assume a unitarity theory, we should assume that
there is a state/operator annihilated by K, this is called a conformal primary.
Starting from this state and acting with P, we get an infinite tower of states called
descendants which form the so called conformal family.

It is possible to see, for instance, that for scalar operators the following n-point
functions are completely fixed by conformal symmetry up to overall normalizations

(Oa(z)) = Co,0n0,

(Ou(en)Os() = 32, (1.63)

T12
C0,0,0,
O1(21)O2(22) O3(3)) = PR R Rt A A Ayt Ay
23 31
where A is the scaling dimension defined via
O(\x) = A\20(x). (1.6.4)
Co,0,0, in (1.6.3), together with the scaling dimension, define the CFT data.

HTechnically, in d = 2, there is an enlargement of the symmetry to the so-called Virasoro algebra.
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For n > 3-point functions conformal symmetry alone is no longer able to capture
the full space-time dependence. For instance for 4-point functions of scalars we
have

4 A
(O1(21)Os(w2) O3(3) Oa(wa)) = f(u,0)] [ (1.6.5)
1<j
with
4

A=A (1.6.6)
and

u — L12X34 v= L12234 . (1.6.7)

L13L24 L2314

Even though conformal symmetry constrains the functional dependence in (1.6.5),
the function f(u,v) can be in principle generic.
However in a CFT we have the notion of operator product expansion (OPE)'?

O1(21)Os(x2) = Y Coaa(12, 02,) O(2) | (1.6.8)
@)

where the sum in principle runs over conformal primaries and descendants. Usually
when we write it in this form the sum runs only over primaries, the derivatives
in C' give the descendants. This allows us to reduce the n-point functions down
to (n — 1)-point functions recursively, until we reduce to 3-point functions. The
different ways in which one makes this operation gives equations that in principle
one can try to solve (or use them to constrain numerically the CFT data), and
this is called conformal bootstrap.

We are however interested in theories with supersymmetry, thus when we fall in a
conformal point the theory becomes superconformal. Superconformal symmetry is
not just the direct sum of supersymmetry and conformal symmetry and its algebra
is very constraining. Differently than supersymmetry and conformal symmetry
alone, the algebra can be realized only in 2 < d < 6 [40]. We do not talk about all
the possible superconformal algebras, we only focus on the ones relevant for this
thesis in what follows.

12What is written below needs to be be intended as an operatorial equation, thus valid inside correlation functions
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1.6.1 N =2 4d superconformal algebra

The superconformal algebra contains as sub-algebras the supersymmetric one
with zero central charge Z4% and the conformal one, but we need to introduce
new (anti-)commutation relations. Defining the R-symmetry operator R%, which
generates U(1)g x SU(2)g, such that it satisfies

[R3, RS = i6G RS — idp RS (1.6.9)
and such that it acts on the supercharges as
: l Ad AAd L L sAA
(R, Q) = i65Q0 — ;05Q% . [R, Q0] = —idgQ + 1030, (1.6.10)
we have the following 4d N = 2 superconformal algebra su*(4[4) [41]
{SAa,gg} = —2621056[@
[K,uv SAa] = [K,uv S«Ad] =0,
{Saa, Spg} = {54, 97} = {Qa, 577} = {Q*, Sps} = 0,

M Sia] = 5000 S0, [V 7] = 5(0,0)755%

2
(R4, Sca] = —i6ASpa + iégs(;a . [R4, 564 = 5§54 — iags(fd ,
[D,Q4] = ;Qé, [D, Q%] = ;QO’A, (1.6.11)
[Da SAa] = _;SAOév [Dv S«Ad] = _;S«Ad

A GAP 5d —d
[KM7 Qa] = _O-M704ﬁ5 B? [KM7 Qi] = /CjﬁSAﬁJ
oL SA] _ =aB A

[PWSA&] = _UWBQﬁa [P/us ] = UuﬁQg

{QL, Sps} = i050hs M, + 2icap0.D — dicas Ry ,

{Q%, SPPY = is5 e M, — 2ie* 65D — 4ie*" RY .
There are new symmetry operators, Si, and S4¢, that generate the so called
special superconformal transformations. Note the symmetry between K, and P, as
well as between (), and S,,.

As in a conformal field theory we have conformal primaries, in a superconformal
theory we have the notion of a superconformal primary. The superconformal
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primary is a conformal primary such that
[Spas @] = [S49, @] = 0. (1.6.12)

From this we can define the so called superconformal family. This can be seen as
generated by a superconformal primary from which, by supersymmetric transforma-
tions, we find superpartners (that are conformal primaries but not superconformal
ones) and from each of which we can generate with P, a conformal family. In short
we have a collection of conformal families linked via supersymmetry.

There is a special class of operators, which we are interested in, called chiral
operators. These are defined to be annihilated by all supercharges of a given
chirality

[Q%, @] =0. (1.6.13)

Mutatis mutandis we can define the anti-chirals ones. These class of operators
satisfy nice properties. For instance the conformal dimension is fixed by the
U(1)z-charge

R

A= (1.6.14)

and the OPE of two chiral can be proven to be non-singular.

1.6.2 N =2 3d superconformal algebra

The 3d N' = 2 superconformal algebra is osp(4[2,2). We do not describe the
algebra in full detail, only concepts we consider novel as compared to the ones in
(1.6.11).

The first is that this symmetry is one of a pure 3d theory but it can also be
the one for a 4d one with a boundary. Secondly there is a comment to be made
regarding the U(1)g-symmetry. This we could have made also in the 4d case but
it is going to be more relevant for us in this superalgebra.

In supersymmetric algebras we can re-define the U(1)z generator with possible
other U(1) global symmetry generators G;

R— R = R+ ) ANG;. (1.6.15)

This happens because the R-symmetry only appears in the commutators of the
supersymmetry algebra (1.1.2) and thus

(R,..]=[R,..], (1.6.16)
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because the G; commute with everything. This shows that the R-charge can be
redefined since this does not alter the supersymmetry algebra.

This however is not true in the superconformal algebra since the R-charge
appears also outside commutators (1.6.11).

Thus, if we consider a theory in some UV point with 3d N = 2 supersymmetry
and we run the RG flow to a putative superconformal fixed point, it is important
to identify correctly the R-symmetry. This can in principle be done by starting
from some trial R-charge and by identifying the collection of the A’ such that

Rscrr = Riial + ZNG@'- (1.6.17)

The correct A; can be identified by some maximization process, as we discuss in
Section 2.6.1.

1.6.3 Boundary Conformal Field Theories (BCFTs)

As the name suggests, these are theories that preserve some amount of conformal
symmetry despite the boundary (namely the translations P, K| and M ; need to
be projected out).

Similarly to CF'Ts we maintain a strong non-perturbative control over the theory
but the reduction of the amount of symmetry generators adds technical challenges.
For instance, as can be seen from equation (1.6.3), the 1-point function is usually
zero except for the identity operator.

In BCFTs one-point functions of scalar operators can depend on the distance
from the boundary and thus we have

(O(2)) = 2. (1.6.18)
Ly
The coefficients ap become part of the so called BCFT data. This particular piece
of BCFT data is the one we are more interested in in this thesis, but there are
others like the bulk-boundary two-point function coefficients

A A AA
O(z)O%)) = 00 , 1.6.19
O(z)0(y)) $f1_A2‘f—g|2A2 ( )

where the hat is used in this context to state that an operator lives on the boundary.
We already see that the loss of symmetry maps into a loss of control over some
n-point functions. Indeed in a BCF'T the two-point function is not completely
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fixed as in the CFT case (1.6.3), but similarly to the case of the four-point function
(1.6.5) we only have some constraints on the functional dependence [38]

(O@)0()) = L&) (1.6.20)
L1121 2
with
(z—)?
£ = P (1.6.21)

The actual two-point function can be constrained via bootstrap [42,43], even
though in this context the bootstrap equation are much more difficult.

1.6.4 Superconformal symmetry in presence of a boundary

As discussed in Section 1.6.2, if the theory is 4d AN/ = 2 and we study it in the
presence of a boundary, we have as maximal superconformal symmetry algebra
preserved the 3d N = 2 superconformal one.

We are not able in general, differently from what was discussed in 1.5.1, to
start from a 4d N = 2 superconformal Lagrangian theory and engineer a way, via
boundary conditions and boundary terms, to preserve 3d N = 2 superconformal
symmetry. This is not really surprising, since conformal theories usually do not
have a Lagrangian formulation from the get go. At most one has a Lagrangian UV
point and can argue, or hope, that in the IR one hits a conformal fixed point.



Chapter 2

Supersymmetry and curved
manifolds

In the following Chapter we discuss how to put a supersymmetric theory on a
rigid curved manifold while preserving some global supercharges. This allows us to
employ supersymmetric localization, a powerful tool to compute a large class of
supersymmetric partition functions and observables.

2.1 Supersymmetry in rigid curved space

We start this discussion by introducing the notion of background multiplet. We
then describe how to use this to preserve global supercharges on rigid manifolds.
We discuss multiplets and supersymmetric Lagrangians in curved space.

Further details can be found in the following references [30,31, 34, 44].

2.1.1 Background multiplets and supersymmetry

It is always possible to re-interpret couplings as background values of non-dynamical
fields. This turns out to be useful for supersymmetric models to construct novel
supersymmetric invariants.

An example of this is the 3d N = 2 real mass. Consider a chiral multiplet that
possesses a flavor symmetry. We can couple this flavor symmetry current to a
vector multiplet, thus constructing the Lagrangian showed in (1.4.9), but we can
fix the vector multiplet to the following background

c=m, A=A=A;=D=0. (2.1.1)
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This background is chosen to be consistent with the 3d N = 2 vector supersymmetry
transformations showed in (1.4.4). In particular, in order for a background to be
compatible with supersymmetry, there cannot be a spinor acquiring expectation
value. For this reasons the only condition, which fixes the bosonic background, has
the following general form

dsusy(ferm. = 0) = 0. (2.1.2)

This procedure allows to write a mass term in a supersymmetric fashion, as we
argue below.

Suppose to apply a fictitious supersymmetry transformation on the action that
also acts on the background and not only on the dynamical fields. This fictitious
supersymmetry transformation annihilates the action by construction. A genuine
supersymmetry transformation in principle would lead to a different result since
it only acts on dynamical fields. This fictitious action however commutes with
the background, indeed it annihilates the background fermions because their
background is already vanishing and it annihilates the background bosons since
their transformation is a background fermion. This means that the fictitious
transformation acts precisely as the genuine supersymmetric transformation, thus
also the true supersymmetry transformation annihilates the action and for this
reason supersymmetry is preserved.

Depending on the context these background fields are also called spurions.

2.1.2 Rigid geometry and supersymmetry

The natural way to put a supersymmetric theory on a rigid manifold is consider
this theory in a supergravity setting and then fixing a background for the bosonic
fields. The relevant bosonic gravitational content for N' = 2 theories in 4d and 3d
respectively is listed in Table 2.1 and in Table 2.2 [31,45].

In order to preserve the desired amount of supersymmetry one might try to
follow what streamlined in Section 2.1.1. We focus on preserving 3d N = 2
supersymmetry'® and the equivalent of equation (2.1.2) is played by the variation

13We refrain from considering the 4d case because the common way one considers a background for these theories is by starting from
superconformal gravity. The same conceptual steps we are explaining here are valid but the process is much more cumbersome; one
starts with many more fields and then one needs to gauge fix conformal symmetry.
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Bosons Description U(1)r charge | SU(2)xr repr.
Guv metric 0 1
A, u(l)r gauge field 0 1
V0 su(2)r gauge field 0 3
T anti-self-dual tensor +2 1
_W self-dual tensor -2 1
M scalar 0 1

Table 2.1: Bosonic content of the 4d N = 2 supergravity multiplet.

Bosons Description R-charge
9ij metric 0
B;; 2-form gauge field 0
C; photino 0
AR R-gauge field 0

Table 2.2: Bosonic content of the 3d N = 2 supergravity multiplet.

of the gravitini

0= 5(’@/}1 = O) = Q(VZ — ZAl)C + H%‘C + 22‘/;C + ajkvjng‘,

g 5 > T R (2.1.3)
0=0(i =0)=2(V; +i4;)¢ + H,( —2iVi¢ — V7 9'C.

The difference with respect to what explained in Section 2.1.1 is that, since we
want to fix the background metric and possibly other background fields of the
supergravity multiplet, we then need to solve a differential equation for the local
spinor “((z)”, which in supergravity would be generic (indeed it would correspond
to a gauge transformation).

This is precisely what give us global supercharges, indeed for each linearly
independent solutions the equations above, we obtain linearly independent trans-
formations ¢((x) which annihilate the action.

The equations above are called Killing spinor equations and the solution is thus
called Killing spinor.

Notice how, differently from the case discussed in Section 2.1.1, the rest of the
bosonic background is not obtained in a univocal way following equation (2.1.2),
as it happens for the real mass in (2.1.1) after having chosen ¢ = m. The only
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requirement with the remaining bosonic background is that it still leads to a
differential equation with the desired number of independent solutions. For this
reason, once chosen a particular background metric, there might be inequivalent
choices of backgrounds for the other bosons in the supergravity multiplet which
might preserve the same supersymmetries [34]. This is a reflection of the fact that
in general there are ambiguities, e.g. different possible choice, when we place a
theory on a curved manifold.

The supersymmetry algebra is similar to the one already discussed but it is
going to be improved, as happens in (1.2.8), with some additional transformations
in order to have covariant derivatives also with respect to the geometry (and with
respect to the frozen R-symmetry gauge fields). Essentially we end up with a
supergravity algebra but with the gravitational fields set to the chosen background.

In general it is not possible to obtain the same superalgebra of symmetries
in different manifolds, even when we are able to preserve the same amount of
supercharges. For instance, one might be able to preserve different subgroups of
the R-symmetry in different backgrounds. We do not describe in full details the
mechanism of why this happens, also because the end-result depends often by the
chosen manifold, we limit ourselves to cite the result for our cases of interest. We
refer the reader to [34] for further details.

2.1.3 Rigid supersymmetry transformations and Lagrangians

In what follows we generalize some of the results encountered in Chapter 1 to
curved space. We present general formulae that can be specialized to the desired
geometry. In this section we keep the Killing spinor unspecified, and also the
corresponding background for the supergravity multiplet. In later sections we
present both the Killing spinors and the supergravity background for the examples
of interest.

4d N = 2 supersymmetry

The supersymmetry transformations we have encountered before are modified in
the following way.

Vector multiplet
S = —iehy,
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5@5 = Z'EAS\A,
1 _
oAy = §JMV6A(FMV + 8¢Tuy) + QO"MEADM(? + UMDMEAgb
+ 2ie[p, ¢ + Dape” (2.1.4)
_ 1 _ _ _
oAy = 55"MVEA<FMV + 8¢Tuy) + 25'M€ADM¢ + 5#DMEA¢
- 21€A[¢7 é] + DABEB ’
514 = Z'EAUMS\A — ’LEA&M)\A,
0Dap = —2i€a0" D, Apy + 2ie 0" D )\B Al b, € A)\B 1+ 4[¢, € (AAB)] -

Hypermultiplet
0qra = —ieahr + i€aty
Sior = 20" EAD,q) + 0" DyEaq) — dieadql + 26, Ff
Sibr = 26" €AD,q) + 6" Dyeaq) — dicadql + 28, Ff (2.1.5)
OF, ; = i€ 40" D,y — 28 3¢br — 28 ;Apqy + 2ié (0" Ty )or
— i, D,abr + 28 1001 + 28 ApqP — 2i€ (6" T )1

Chiral multiplet
OA = —ie W,
OV = 20"ex DA + Buge® + %O'IWEAG;V +wotD,esA |
0Bap = —2i€40" D,V + 2i€(AAB +i(1 —w)D, 0"V,
0G,, = —ieAa ouwD,V 4 — 5e€ JWAA — 7(1 + w)DpEA5pJW\IfA ,
ONy = —fD G 0" oPes + D BABO“E —Cey (2.1.6)

+1(1 +w)BABa“D e’ +1(1— w)G 0" 0" Dyea

+4D,A T“”J'OJWEA + 4wADpT“ o’0,€4 ,
0C = —2ie*5" D, A g + 4iT"€%5,,6° D,V 4
—dwD, " Ay + 4i(w — 1)D,T"e*5,,6°V 4 .
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Anti-chiral multiplet

OA = e, |

0W 4 = 20"eaDy A+ Bape” + LM eaG, + w o' DyesA |

0Bap = 2ie(40" D, V) + 2i€ aApy — i(1 — w)D,ea0" Vg |

6G;V = —%eAap@WDp\TJA — %EA@W/_\A + i(l + w)DpeAapéw\ifA ,

0Aa = $D,G,5" s — D, Bapd"e” + Cey (2.1.7)
— 5(1+ w)Bapd"Dyye® — 1(1 — w)G}h, " 5" D e
+4D,AT" 60,4 + 4wAD,/T" 670,,€4 ,

6C = —QiGAU“DM]XA + 4iT“”eA0M,,Jpr\iJA

— Z"UJDMEAO"U/_\A + 4i(w — 1)DPTW6A0W0”\TIA .
with [45]

.1 - : eles
€4 = C?€a, €4 = —C *€4, cC= —

. 2.1.8
eBep ( )

The w in the chiral multiplet refers to the classical Weyl weight of the operator.
Furthermore, as we stated in Section 1.3, the hypermultiplet are written with
respect to a sub-algebra of the total 4d NV = 2 that closes off shell.

As we saw in the flat space case in (1.3.8)-(1.3.9), it is possible to define a chiral
multiplet by defining the bottom component A = F(¢), with F a holomorphic
function called prepotential (mutatis mutandis for the anti-chiral multiplet). Dub-
bing Z the Ricci scalar, we present the generalization in rigid curved space of the
chiral multiplet.

Chiral multiplet from prepotential
A=F(9),
Wao = FrXia s

1
Bap = f[DiB + E.F[J)\:Cl)\é,
G;V = f[(FH_VI + 8$IT/W) + Qifjj)\IAO'MVA£7
. N i - )
AAa = Fl(w)\i)a - ZJTI[¢; )\Aa]j + Z‘FIJ(FMUI + 8¢IT/W)(O'M )‘:{1)04

1 i
+ EfIJDiB)\iB — E‘Ff 7k 2NN P)AG, — M (VPAR)) (2.1.9)
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#® M, - -
C = ~2F1(D'Dy "+ )¢ = 8F1(FL) + 86" T,,) T

- |
+ M ) = 273([6, 6], ) + JFrs D" D
1 _ _ _
= S Fra(E 86T (F 7/ 4 867 T) +iF N DX
— Frr([6, M)A + i}}JKDABIA;{)\fg
i - 1
+ éfjJK(F/;/I + 8¢1TMV))\JA0“V)\§ + M.F]JKL()\IA/\JB)()\QE)\%) .
Anti-chiral multiplet from prepotential
A=F(9),
@Ad _ J—:'IS\IAc'y’
BAB _ F,DIAB _ v FrMANIB
2 Y
_ _ i — - -
G, = Fi(FH +8¢'T,,) — 37 NG LAY
A Ad = (T YT Y Ad £ 7\ (muv Y JAVG
M = —Fr (DN + iFrl¢, M) = Fry(F) + 89T, (0N
1 - _ i - o
- §IUDMBA;’; + E]—'IJK(Q()\IAAJB)/\g“ — MNAYNTBAE)),  (2.1.10)

_ _ % M - "
C = —2F1(D'Dy "+ )¢ = 8F1(F,) + 86! T,) T

_ _ _ 1 -
= PN ]+ 2Fe, [0, 6l + JFis DM Dy
1 - = — = NTAT
= S F 1B + 8¢ T ) (FH 1 4 87 TH) —iFp XADAY
+ (o X)) = L Fr DI
- s ) | - o
<P + 86 T )N A5 = Frce (VAN P)(NEAE).
In the limit of flat space osusyC' = D,V*#, and thus once embedded the vector
multiplet in the (anti-)chiral multiplet, on R* it was sufficient to use C' and C' as
SYM Lagrangians. In curved space instead one needs a linear combination of the

(anti-)chiral content in order to construct a supersymmetric invariant. We do not
discuss the most general case, we only discuss later the case of 5%, the hemisphere
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HS* and AdS,, which are relevant for the thesis.
The supersymmetric action for the vector multiplet can be written as in (1.3.11)

g — hi(:) f Lyap + i ;E:) f Ly (2.1.11)

with the curved-space version of the Lagrangian

1 _ - - _
Lym = Tr<2FWFW — 4D, ¢D" ¢ + 2(M — f)gbgb + MDA — N DAy
1 _ _ _ _
- 5DABDAB + 4]0, 61> — 224 @, Aa] + 2040, M] (2.1.12)

+ 165, (6T + ¢TH) + 64($* T T, + ¢2T“”TW)> :

1
Ly ="Tr (25“”p"FWFPU> .

The hypermultiplet action, realizing explicitly off-shell only part of the 4d N = 2
supersymmetry algebra, is

1 _ i
Shyp = J2DNQIADuQIA — "¢, b} qra + 2qm(D,w)f]qf?g

LD — S (0) "+ 01 (9), (2.1.13)

- 1
— O s+ O dd - 5 M Fa
1

-2 i P -
T g(M T 3%)qIAq]A + §wIUWTW¢[ _ waaﬂ Tuibr .

3d N = 2 supersymmetry
The supersymmetry transformations in curved space are

Chiral multiplet

5q = \2C1),

61 = V2(F — \2i(z — rH) q — V2i7'CDiq + v/2ioCq (2.1.14)
OF = 2i(z — (r — 2)H)Ctp — vV2iDi(Cy') — V/2ia i + 2iCAq .
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Anti-chiral multiplet

84 = —V2CY

0 = V2F + V2i(z — rH)(§ + V2iv'(Dig — V/2iGo¢ (2.1.15)
0F = V2i(z — (r — 2)H)C — V/2iDi(Cy') — V2o + 2iGCN .

Vector multiplet
b0 = —CA+ CA,

S\ = (@(D + Ho) — ;giﬂ"wkﬂj — iy (Do + Ma)) ¢,

53 ( ~i(D + Ho) — LePoyFy + iy (Dio - i%o>) ¢, (2.1.16)

0A; = —i(Cyid + (ui)
6D = (VDN — iVi(CyIN + (P N) — H(CA = CX\) — (v DX — [0, N+ C)]

Linear multiplet

0J =iCj +1iCj,

0j = CK +iv'C(ji +iD;J) + ([o, J]

0] =CK —iv'C(j; —iD;J) — (o, J], (2.1.17)

0ji = e D’ (C"5 — (%)) + [0, Crig + Cyid] + [T, Coid = ]

0K = —iDi(C'j + Cv'j) + 20H (¢ + CJ) — Va(Cr'G + Cy'a) + [CA + CA J]
The mapping from the linear multiplet to the vector one is modified from (2.1.18)
to

J=0, j=i\, J=—i),

, i V (2.1.18)
Ju:_§5w/pF'u7 K=D+ Ho.

The Lagrangians (1.4.7)-(1.4.8)-(1.4.9) now read"

14The covariant derivatives here displayed are covariant also with respect to the background gravitational multiplet, please refer to [35]
for details.
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ki | 1 . ~ . b
£SYM = iTI‘ (F”F@j + EDZODZU — i)\”yZDi)\ + QUSZJkWF}k

dm A , Z, ) (2.1.19)
— 5vivia2 + 2H:\/\ — Mo, \] — 5D+ HU)Q) ,
ECS = ETI‘ €'’ (AZ&JAk - gAlAjAk) + 2t1Do + 22\ 5 (2120)
Lenieal = DigD'q — ih P — ihop + V/2i(GA) + PAg)
_ 9 T 1 1 ivs 1 92
+q<D+0 +§%+§(r—§)vw+r(r—§)]{ (2.121)

+2H<T—;)U)Q—FF.

2.1.4 Conformal anomalies in curved spaces

A classically conformal theory usually is not conformal at a quantum level. An
example of this is a non-abelian Yang-Mills theory in 4d, indeed such a theory
undergoes strict confinement and generates a mass gap.

This breaking can be seen even in perturbation theory by the fact that the trace
of the energy-stress tensor is non-vanishing. This is what usually one refers to as
conformal anomaly or trace anomaly.

Using the strong grip that 4d N = 2 supersymmetry gives us, it is possible to
prove analytically that the conformal anomaly is completely captured by the 1-loop
correction to the two point function of scalars in the vector multiplet, which gives
the first and only contribution to the S-function of the Yang-Mills coupling.

In these contexts it is thus easy to construct conformal theories, one simply
needs to choose wisely the matter content of the theory and the gauge symmetry
representations in such a way that the 1-loop coefficient is zero. This is also
consistent with the fact that the S-function should be zero since, in a theory that
possesses no notion of scale, we cannot have running couplings.

There are however other types of anomalies we refer to as Weyl anomaly. These
are 't Hooft anomalies, meaning that the partition function with all the sources
for all the operators turned off is indeed invariant under the conformal symmetry.
Another way of saying this is that the conformal Ward identities are violated
by terms proportional to sources of operators. For this reason the theory is still
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conformal and thus still possesses CFT-data [26,46-48].

The canonical examples of Weyl anomalies are given by local terms built out of
the background metric, such as the Euler density which gives rise to the coefficient
a in 4d CFTs. These kind of anomalies appear in the correlations functions of the
stress tensor. Weyl anomalies can also depend on the sources for other operators,
such as scalar operators. In this case correlation functions of these scalar operators
fail to be covariant under Weyl rescalings. More generally, in the presence of
curvature, the correlation functions of scalar operators may receive contributions
that are scheme-dependent and not covariant under Weyl rescalings. What happens
can be explained with the following example.

Imagine turning on a local source Aa(z) for some operator Oa of conformal
dimension of A

Zorr = JD¢ e 51— Zepr[Aa(z Jng eSOV @)0a@) (21 22)

In general this source is dimensionful and this spoils conformal symmetry. However
we use this source only as a formal tool to insert this integrated operator in
correlators by taking derivatives and then setting it to zero. In the particular case
where we consider the source to be constant we can compute

gyl — ([at/5) 0t@) [aty/a) 0. (2.1.23)

Z ()\A

This integrated two-point function necessarily posses some UV divergences which
we need to regulate. This regularization can be performed in a diffeomorphism-
invariant way [47], but in general we need to redefine the source Ap as being
coupled also to other operators. Apart from the terms that are proportional to
the regulator and are needed to cancel the divergences, we have in general residual
scheme dependent finite pieces. Schematically, without taking into account the
terms proportional to the regulator, we have the following mixing of the source

Aa=0

A (2)O0a () — Aa() ((’)A(x) + RB(2)Oa_s(7) + B (2)Oa_a(2) ... ) L (2.1.24)

where with Z*(2)Oa_s.(z) we indicate some linear combination of operators of
dimension A — 2k coupled to some curvature scalar of dimension 2k. Notice
that since curvature scalars are of dimension 2, the mixing always happens with
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operators of dimension 2k lower than the original one until we end the operators
in the spectrum (as we usually do due to constraints coming from unitarity).
This effect, that we refer to as mizing, indeed causes a lack of covariance under
Weyl rescalings. For instance, we know from Section 1.6 that the one point function
of an operator with A # 0 should be zero. At the same time, ignoring the mixing, a
derivative with respect to Ax would only lead to the insertion of the corresponding
operator O, and therefore it would vanish. This is contrary to the expectation that
the partition function does in general depend on the couplings, as can be verified
explicitly in concrete examples. This apparent paradox is resolved taking into
account the mixing mentioned above. Indeed, if we take A to be even, the source

drnZ(Aa) ,
200) |AA=0 one obtains

= <fddx«/g(x) (Oa(z) + ...+ Z% (z)1)
= <Jddxq/g(x) B> (2)1) £ 0.

This is in contrast with the naive expectations of conformal symmetry, which is
why we can call this a conformal anomaly.

Aa can mix with the identity and thus if one computes

a)\AZ()\A)
Z(Aa)

Aa=0 (2.1.25)

As previously discussed, the theory is still a conformal one since when the sources
are turned off the conformal Ward identities are still valid. We thus simply need to
understand how to overcome the technical difficulties that this mixing poses and
this can be done via a Gram—Schmidt-like process, as explained in [26].

Suppose for instance to have a scalar operator of dimension 2 “O,”. Then for
unitarity and for what stated in (2.1.24) we have

o(2)Os(2) —> No() (og(x) + %(x)l) , (2.1.26)

thus if one is interested in computing

{ f de/g(x) O(z) f 'y\/90y) OW))) (2.1.27)

. 3,z . .
one cannot simply use compute “2—. However one can see that it is possible to

subtract the additional undesired terms in the following way

AN WAS
03, log(Z) = =2 —(})
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— ([ d'a/5(2) (O() + 2(@)1) [ /500) (Ow) + #()1))
— <Jddam/g(a:) (O(x) + Z(2)1))? (2.1.28)
~ ([ 'av/g(@) 01 [y /o) OW).

The idea is to employ a series of derivative over sources in a way that removes
what “pollutes” the source of the operator one is interested in.

2.2 (H)S%, AdS, and S? backgrounds and Killing spinors

In this section we discuss 4d A/ = 2 supersymmetry on the hemisphere (H)S*,"
on AdS, and also the 3d N' = 2 one on S® we want to preserve explicitly in our
models. The reader should refer to [9,33,35,45,49,50] for additional information
and relevant references.

We discuss initially (H)S* and AdS, together, we later specify to each of them
singularly.

The gravitational background for (H)S* and AdS; is

M=0, A,=0, V,=0, Tu=0, T,=0, g, =g (2271)

while the bulk Killing spinor equations are

1 _
D, €aa = 531<Ju63)a7_3,f7 1 on (H)S4

(2.2.2)
—1 on AdS4

' ; . with s189 = {

D&} = 582(%63)0‘73,29,

The Killing spinors of S* and AdS,, respectively, generate the fermionic transfor-

mations of the OSp(2|4) and OSp(2|2,2) superalgebras. The R-symmetry of both

these algebras is a SO(2)x included in the SU(2)g R-symmetry of flat space.
We now discuss S? background. In the 3d gravity multiplet it is customary to

redefine the graviphoton and the two-form as

Vi= —icho.cp,  H = ;e”kaz-Bjk. (2.2.3)

15The discussion for S* is equivalent to the one of HS*, it just lacks the considerations regarding the boundary
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With these the gravitational background for S% can be written as

H=i, Vi=AFR=0, gj=g7, (2.2.4)

and the Killing spinor equations as'

which generate OSp(2|2) x SU(2) that possesses SO(2)g R-symmetry and preserves
the same maximal supersymmetry as on HS*.

If the theory on S* is superconformal, since S* is conformally flat, we obtain
the 4d N = 2 superconformal algebra in flat space, namely SU*(4/4).

If instead the theory on HS* is superconformal we have the same superconformal
symmetry as the one on S® or R?, namely OSp(2|2,2). This superconformal algebra
is the same as the massive supersymmetric one on AdS4, which we expect for
instance for holography. Note that for conformal theories, AdS, and HS* are
equivalent and thus bulk conformal symmetry in AdS does not lead to a symmetry
enhancement. Bulk conformal symmetry in AdS simply restricts the class of
possible correlators and adds a notion of bulk OPE [51].

We proceed by discussing more carefully HS* and AdS, separately.

2.3 Supersymmetry on HS*

We now discuss how to obtain 3d N = 2 supersymmetry on the boundary S*
starting from the 4d N/ = 2 supersymmetry on the hemisphere HS*. We then
discuss how to preserve explicitly supersymmetry in a Lagrangian formalism.

2.3.1 Boundary Killing spinors

On HS* we need to impose boundary conditions [9] in such a way that the
restrictions of the bulk Killing spinors become S® Killing spinors. This allows us
to preserve a supersymmetry algebra compatible with the boundary. It is possible
to see that by requiring

€a —i51(73) 4 T4€B| go_spy61 = 0, (2.3.1)

16 As can be seen in [35], there are two possible Killing spinor equations but these differ simply by the choice of the orientation of the
S3.
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and by defining

6A:1|53:6HS4 =

1 1 -
oA Ca=lsi-omst = oA (2.3.2)
(V) =i(0'0) | go_oprer = =107 ol go_oprsr
the differential equations for HS* (2.2.2), with covariant derivatives tangent to the
boundary, become Killing spinor equations on S? in (2.2.5).

The four linearly independent bulk Killing spinor, that reduce to the ones
generating the 3d N' = 2 algebra, are such that the Killing spinor equations with
derivatives perpendicular to the boundary are immediately satisfied.

[t is then possible to see that this sub-algebra of bulk-spinors, from (2.5.6) and
equations below, generates the one on S3.

2.3.2 Preserving explicitly 3d N = 2 supersymmetry

In (H)S* [26] the following linear combination of the components of a (anti-)chiral
multiplet (2.1.6)-(2.1.7)

C = C — syi(w —2)(13)*PBap + 2(w — 2)(w — 3)A, (23.3)
C=C —syi(w—2)(1)*"PBap + 2(w — 2)(w — 3)A, o
is such that
0C = —D, (2ie*o" Aa + 2s9(w — 2)(73)*PE 40" Up))
6C =-D, (QiGAUM[_\A — 2s1(w — 2)(73)ABE(A0“\TJB)) :
Thus if we wish to preserve some of the bulk supersymmetries, we need to add a
boundary term Cy and Cp such that

J(scz—L(sca, J(sé:—L(s@. (2.3.5)
JC+LCG, Jé+LC}, (2.3.6)

become supersymmetric invariants.'” On HS* this is achieved by choosing
Co = iSl(Tg)ABBAB +2D A — 4(w — 2)A
Co = —is1(13)* P Bap + 2D | A + 4(w — 2)A .

(2.3.4)

In this way

(2.3.7)

17In order for this to be true we choose § D, V# = VL.
o
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As discussed around equation (1.3.11), we can use this to define the SYM action
on HS*.

The boundary condition multiplets in equation (1.5.3)-(1.5.11) translate naturally
to the ones modified due to the curved background.

2.4 Supersymmetry on AdS,

Among all spaces with constant curvature in Euclidean signature, AdS, is charac-
terized by the existence of an asymptotic boundary, namely S¢.

It is thus difficult to preserve via Lagrangian formalism the full bulk supersym-
metries. Indeed all 8 supercharges can be reorganized, as happens in holography, in
a 3d N = 2 superconformal algebra. Preserving this algebra with a Lagrangian is
as difficult as doing it for boundary superconformal theories on HS*, furthermore
it could be very restrictive in principle.

Moreover, due to the fact that the boundary is asymptotic, we have infinite
volume which produces IR divergences in our theory. We regulate these by placing
a spherical cut-off. We do not give a full review in this thesis, we suggest the
standard literature on holographic renormalization [52,53].

We start a discussion on asymptotics in AdS, we later relate the 4d N = 2 AdS,
algebra to the 3d N = 2 superconformal one formulated on S3. We then restrict
to the 3d N = 2 on S? and we finally discuss the asymptotic boundary conditions.

2.4.1 Asymptotics in AdS

In order to understand what are the possible boundary conditions on bulk fields
one needs to solve the equations of motion. For the bosons, with the coordinate
choices of Appendix A.1, one finds two independent solutions'®

o(n,7) = 21DV + 0P 4 )+ 2100 4 e + ), (24.1)

with A, > A_, where the subleading modes are related to 0% ® and thus are related
to the leading ones via their second order equations of motion.”

Usually what happens is that the solution associated to A, would be divergent
and as such we declare that we can turn it on only as a source, so we do not path

18There are diverse subtleties we are not going to address in the following, like the fact that if A, — A_ € 2N then the expansion can
have a different form.
19We can think of this as a necessity to satisfy all the possible Schwinger-Dyson equations when we place bulk fields to the boundary.
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integrate over it. The other one instead produces finite results and thus the modes
corresponding to this solution are fluctuating.

It is also possible that both modes are normalizable and as such one can take
either one of the two to be the fluctuating mode and the orthogonal one to be fixed.
This happens for the scalar field or the massless vector field in 4d. For massless
fermions there is only one asymptotic behavior and we split that in two modes.

Below we write the asymptotic behavior for the class of fields we are interested
in. We gauge-fix A| = 0 and we take A; to be the components of the gauge field
parallel to the boundary. Using (2.4.1), and referring to its comments below, we
obtain

o, @) = e M@ + e 2 1 )+ e (D" + e 2D % ),

3 3
b, @) =e 270 4 e 2P 4 ) e 2" e 2@ 4 ) (2.4.2)
Ain, @) = (A 4 24P 4 )b oGO 4 e @ 4.

The notation D, ¢ for the subleading mode of the scalar should not be confused
with an actual derivative of the leading mode (which does not depend on 1) and is
simply inspired by the case of a conformally coupled scalar. The notation j;, in
the expansion of the vector field, is related to the fact that via the equations of
motion we can relate 0, Ay to the conserved current j;. = X pFij. In all of these
cases both modes can be chosen to be fluctuating or not.

In presence of supersymmetry we should also care about relating the sources
and the fluctuating modes via supersymmetry.

2.4.2 Boundary 3d N = 2 superconformal symmetry

The 3d superconformal symmetry algebra is generated by the following conformal
Killing spinors [49]

Diga = —5%5}4, Dy = §%§A, (2.4.3)

where A is the 250(2), symmetry index, the one preserved by the N = 2 super-
symmetry algebra in AdS,.
We make the following ansatz in order to solve the equations (2.2.2)

e e (2.4.4)
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We can see that the equations for the perpendicular variable are solved by
€4A = J_ri$173ABa4€iB ) (2.4.5)

With this the remaining independent equations are three and can be taken to be
the following

Dieq = ;3273ABJ4€B. (2.4.6)
We then find

D}esn = ;'%3%“’ (2.4.7)

where with “3d” we here stress that we have removed all notions of the perpendicular
coordinate, namely we define

sinh(n)
sinh(n) (479, = i(o:0), = ~i(053)"

(0% o’

(’YZ )aﬂ — i(otA = ) o'
o _ j(oleh) P = —i(otah)’, (2.4.8)

and we define
1
Dixa = D?d + 5(,0@',@40@4. (249)
In all future 3d formulae for AdS, in the derivative D with the index ¢, 7, ..., the
superscript “3d” is omitted.
By choosing

§a=¢€ra—€a, Ea=¢€ratey, (2.4.10)

we see that (2.4.7) gives (2.4.3). We can then also write the 4d N = 2 Killing
spinors in function of the 3d N = 2 superconformal ones, with our choice of
coordinates in Appendix A.1

€ Ao = sinh (Z)ﬁAa + cosh (g)éAa :
n N = (2.4.11)
€Aq = 2'5173’15 (cosh (2)551 + sinh (2)551) 01 Bé -

Each of the two independent 3d spinors €4 and &4 preserve a different 3d N = 2
supersymmetry algebra. As already explained, it is not in general possible to
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preserve the full 3d A = 2 superconformal symmetry from the Lagrangian, we thus
focus on preserving just N' = 2 supersymmetry as done for HS*. The localization
charge Qoc., defined by the Killing spinors in (A.1.8), is generated by the &4-
sub-algebra and as such this is the one we want to preserve. We thus consider
§a=0. i

We now need to relate the £4 with the ¢, ¢ 3d N = 2 Killing spinors in (2.2.5).
Their SO(2)g-symmetry transformation is a phase transformation [31] which we
define to be the following

(=e"¢, {=er(. (2.4.12)

The SO(2)r < SU(2)x symmetry rotation acts on {4 via the generator 73 as
displayed below

i0r
073\ B . € 51
&= (e"""), & = (eigRgz)A . (2.4.13)
We can then argue that we have
G=¢ &=C¢. (2.4.14)
From this relation it follows that
7 x -

which are precisely the S* N = 2 Killing spinor equations in their canonical
form [31].

2.4.3 Boundary 3d N = 2 supersymmetry

As previously stated we preserve 3d N = 2 supersymmetry by setting £4 = 0 in
(2.4.11). If we do this we then have

€4, = Sinh (Z)ﬁAa — sinh (727) <ga> |
o/ 4

- . . 01 )a
€Aq = z517'37f cosh (g)(ﬁBJL)a = z517'37f ((C 1) ) :
B

(Cov)a

It is also possible to prove that in our coordinates the spinors &4 = ((,() are
constant.

(2.4.16)
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The condition £ = 0 imposes the following relation among the 4d Killing spinors
valid for all n

Eac = is17y fcoth(g)(eBa Da. (2.4.17)

It is possible to see, using (2.5.6)-(2.5.8) that the restriction to this sub-algebra
generates n-independent transformations and that these do not involve the index
perpendicular to the boundary. We are thus able to preserve this amount of
supersymmetry for each S? slice at any 7.

This also means that the regulator we are employing does not break 3d N = 2
supersymimetry.

2.4.4 3d N = 2 asymptotic boundary conditions

Due to the fact that we preserve 3d A/ = 2 supersymmetry for each S slice, we can
construct 3d N = 2 linear multiplets, similarly to what we have done in (1.5.3),
but these are n-dependent.

Using (2.4.16) we can see that

JD( )
- 2¢17
, sinh (2
j=—i \f2<2) ()\2 — 451 coth (2)0L/\2)
. sinh (2
j = zsmfo(Q) ()\1 + 457 coth ( )0]_)\1) (2.4.18)
: cosh(n) . 4 l
= U Ry - Ry
Tk 2sinh2(77)28 R sinh(n) hlL

K = —2sinh(n) D ¢s — icosh(n)Dya + 2i¢y — 2 cosh(n) o, .

In(n)

J - 2¢27
S (1

j= Sm\%Q) (A2 + isq coth ( )OL)\2)
sinh

(g) (/\1 — 457 coth (Q)UL/\l) (2.4.19)
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1 y cosh(n)
R itk W 24
2 SinhQ(n)g W
K = 2sinh(n)D | ¢y — Do + 2igy + 2 cosh(n)o ,

Jk = —

are 3d linear multiplets. Similarly we can define a 3d N = 2 vector multiplet as

follows™
V(n)
o = 2cosh(n)¢y,
J = Sm\hf( ) ()\2 + 181 coth ( )O_J_)\Q)
j= _SlIﬂl\/§(727)()\1 — is1 coth (2)0L)\1) (2.4.20)
i = i S P

K = 2cosh(n)D o1 — Dya + 2igy + 2 cosh(n)op; .

These vector multiplets are also appearing in the non-linear terms of the transfor-
mations of the linear multiplets (2.1.17). At large n we see that VM) qualizes to

cosh(n)
JIn(n) via (2.1.18).

These multiplets show how all the modes in (2.4.2) transform under the super-
symmetry we enforce at each n, thus at each point of the bulk.?!

For the application that we discuss in Chapter 5, we intend to compute the AdS,
partition function with Dirichlet boundary condition for the gauge field. Since
we want to preserve explicitly 3d N = 2 supersymmetry, this implies fixing the
asymptotics of ¢; and leaving D, ¢, fluctuating (just like on H.S*). This can be
seen in the following way.

We can fix Jp(n) to a background consistent with supersymmetry, namely to
the dualization of a real mass (2.1.1)-(1.4.6), but in curved space [31]. Then, after
gauge-fixing Ay = 0, we can see that the leading mode at large n of the field
strength needs to vanish.

20T find this vector multiplet we defined i cosh(n)J b (n) + I (n), which is a linear multiplet such that j; = 7*6 Ik Fjr. We then
tested the transformations in (2.1.16) by “anti-dualizing it” via (2.1.18).

21This is also consistent with the fact that the subleading modes are constrained by the equations of motions, since these respect
necessarily the same amount of supersymmetry.
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With this boundary condition we can then interpret the boundary modes of
the multiplets Jp(n) and Jx(n), respectively, as the sources and the fluctuating
modes. In the scalar sector, the leading mode of ¢; is a source, and the subleading
is fluctuating, while the opposite is true for ¢s.

Similar comments would be valid for Neumann boundary conditions by fixing
Jn(n) and looking at its components at large 7.

2.4.5 Lagrangian boundary term and 3d N = 2 supersymmetry

In this section discuss the boundary term needed in AdS4 to preserve explicitly 3d
N = 2 supersymmetry. Keeping the regulator explicit in (2.3.7) for AdS; we get

Co = coth (?g)) (i51(7_3)ABBAB +2D A+ 4(w — Q)A
— (1 + coth? (7720) — 6 coth (7720) Coth(no))A> :
(2.4.21)
G, = tanh (M) = isu(ra "By + 2D, A 4 4w~ D)4
5 = tan (2) i51(13)" " Bap + 2D A+ 4(w —2)A

— (1 + tanh? (2)) — 6 tanh (2)) coth(n@)[l) :

This modifies the boundary action written in (1.5.10) into

2 3+ h(2 .
Erne = s ((cotlm) (T 6t o) - s cothm)onen)
— (COSh(’ﬂo)¢2 + Z¢1) <4281§}J1_(Q7§710) +4 COth(?’}o)DL¢2 + 2’LD12)
+ cosh? (7720))\1)\2 + sinh? (@)5\15\2) , (2.4.22)
2 3 4 cosh(2n,) .
Lyo= Sinh () (2 coth(ng) (2 coth(n) (47 — ¢3) — S;l(;s(;o)no)%bl%)

— (@2 + 7 cosh(m) 1) (4i sifﬁ(gilo)

+ cosh? (7720))\1)\2 — sinh? (?720)5\15\2

+ 4 COth(?]o)DJ_qbQ + 22D12)

i - -
— 5 Slﬂh(ﬁo)()qdj)\g — )\QO'J_)\l)> s
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after some integration by parts in the action.

2.5 Supersymmetric localization

Supersymmetric localization is a powerful technique to compute a class of observ-
ables exactly. It was firstly employed by Witten in the context of topological
theories [54] and it was also successfully implemented by Nekrasov to compute
the path integral on the moduli space of instantons [55]. It is however thanks to
Pestun [3], who computed the partition function and a Wilson loop exactly for
4d N = 2 theories on the four sphere S*, that this technique became an essential
tool for studying a large class of observables in quantum field theories in various
dimensions and with various amounts of supersymmetry [4].

The general argument of localization needs a conserved supercharge Q with
certain properties. One needs to be able to construct a Q-exact quantity such that
{ Q?V = 0 and such that § QV is semi-positive definite. In this way

Z = Jmf e S — Jmf e SISV Ty e R (2.5.1)

since

jjmf e SII=tiQV — J DU Qe SI¥ItiQV
t

— qu; Q (Ve—S[\If]—tS QV>
(2.5.2)

=Q ( Jmf Ve Syt QV)

=0.

In the second row we use the fact that QS = S O?V = 0. In the third row we use
the fact that the path integral measure and the possible boundary conditions are
compatible with Q. In the fourth row we use the fact that the QO-variation of a
function is zero.

The argument can be repeated with the insertion of Q-closed operators. One can
then send ¢ — +00 and compute the integral via an ezact saddle-point evaluation
with the action SQV.

What usually happens is that the path integral then localizes to a finite dimen-
sional integral over some domain, called locus, and we obtain what we represent
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schematically below

7 - Jmf oS Z ) Jdaloc. S 7, ). (2.5.3)

loc.

We get a contribution coming from simply inserting the locus inside the integrand
and another contribution from the quadratic fluctuations, which leads to the one-
loop determinant Zjjo0p(a). In the case of 4d partition function these saddles are
labeled by instanton sectors and the final result takes the form of

Z = Jda eis[qj(a)]Zl—loop(a)ZNekrasov(a) ) (254)

where Znekrasov(@) is the celebrated Nekrasov partition function in a suitable €2-
background [55].

In the following sections we display very explicitly the technique, also in known
scenarios, in order to apply it to a novel case. In particular we review the cases of
S* [3] and of the hemisphere HS* [56,57]. Then we discuss a new example, namely
SYM on AdS; with Dirichlet boundary conditions [15].%*

2.5.1 Setting up the localization computation

A generic supersymmetry transformation is given by
Q= eQu + enQ?. (2.5.5)

We consider the Killing spinors as Grassmann even and the supercharges as
Grassmann odd.

Following the supersymmetry algebra in (2.1.4) one can see that Q2 is given
by [33]

Q° =iL, + Gauge(®) + Lorentz(Lg) + Scale(w) + Ru)(©)

: (2.5.6)
+ Rsu2)(Oan) ,

with

vt = 2elGtey
d = 2idetey + 2ipe et + VA,

22A localization computation of AdSs was done in [50], but that work focuses on a specific abelian model.
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Loy = D[an] + UMQu,ab )
1

w = —Q(GAJ“DMEA + D,etotey), (2.5.7)
O = —i(GAUMDuEA — DM6A0“€A) ,
(:)AB = —Z'E(AO'MDNEB) + iDME(AUMEB).

iL, is a Lie derivative along v generates a rotation on S*/AdS;. For HS* this
rotation can be chosen to be a symmetry, in order to employ localization, by
imposing as a boundary an equator of S* that is preserved by this rotation.

Using the above formulee it is also possible to prove that a generic anti-
commutator “{Q, Q'}” can be obtained by simply sending each bilinear of (2.5.7)
into

Q* — {0,091},
€An€EBB — eAaeBﬂ + GAQEBﬂ ,
el (2.5.8)

EAGg—>€A€B +€A€B,

_3 _'B ﬁ
€Aa€p — eAaeB + eAa B-

Since we are interested in a single supercharge for localization purposes, we can
actually impose the following constraints for the localization’s Killing spinor

(eaa)" = €', (a40)" =, o"D,es = Dyeotes = 0. (2.5.9)
A canonical choice for the functional V is

V = Z ferm.(Qferm.)* (2.5.10)

ferm.

which is such that { Q*V = 0 thanks to the constraints in (2.5.9), which allow for
Q2 to not generate some of the transformations showed in (2.5.7). Furthermore
the bosonic part of § QV is manifestly positive semi-definite

J v = J > Qferm.(Qferm.)". (2.5.11)

The specific choice of coordinates and Killing spinors can be seen in Appendix

A1, in particular in equations (A.1.7)-(A.1.8). Here we focus only on the vector
multiplet part but a similar argument can be performed also on the hypermultiplets

n (H)S%.
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A remark that needs to be made is that the localization procedure should be
performed on the fully gauge-fixed path integral. We should thus also need the
ghost fields and define for these consistent supersymmetry transformations. This
leads to a series of technical comments, which we discuss later in Section 2.5.2.

In order to compute

QV‘ = (Q)\Aa)*Q)\Aoz + (Qj\i)*gj\a ) (2512)

one needs the conjugation properties of the bosonic fields which are fixed by the
convergence of the path integral:

even

(@) = —p, (A" =A,, (Dap)* =—DAB, (2.5.13)
Putting everything together and using (1.5.4) we have
2 Ao eBr 2
A - : 3,AB
Qv‘even —€ €4 <FMV + %U[NDV]7¢2 + s2t GCEC ¢2>
2 G elr ?

| . 3,AB
+ €4€ (F;jy — EA?U[MDVP—% + S11 ECEC gbg) (2514)
+ 4 (D [(GAEA + gAgA)qbl])Q + L + L (U . D¢2)2

edeq + €46 H ele, E4eA

1

+ 2<€AEA e )‘2¢1(32€C€C + 815050)7'37,43 + (ecec + ECEC)DAB‘Q

— 16(eea + €ac™)[b1, po]”

where the + stands for (anti-)self-dual part of a tensor which can be obtained by
using the following projector
1 1

P_/_’_w,pa _ Z(g;u/,,oa + gul/pa) _ Z(gupgua . guagvp + 8’“1/'00). (2515)
In what follows we briefly discuss the gauge-fixing part of the path integral and
how this enters in the localization computation. We then study the locus with the
standard argument on S*, extended to HS*. Later we study the locus on AdS,.
Finally we discuss the classical contribution, the 1-loop determinant computation
in general and in the novel case of AdS,.

2.5.2 Gauge-fixing

In finding the locus with the previous argument we were still considering the
non-gauged-fixed path integral. In doing so we actually have not found a single
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locus but all the gauge equivalent ones. The resulting localized partition function
thus remains some path integration we are not able to perform explicitly.
We thus need to upgrade our argument to the gauge fixed path integral

.[1>wzmygm%e‘ﬂw]t9VQmwT%mm. (2.5.16)

Defining ¢ and ¢ as the ghost and anti-ghost, B as the Lagrange multiplier field,
k some constant and G[¥ — Wy, | some gauge-fixing functional compatible with
localization, namely such that G(0) = 0, we have

fv:ghost = JE( - G[\I] - \IJIOC] + ;B> 5 (2517)
with

QBRSTC = icC,
OprsrC = B, (2.5.18)
QprsTB =0,
QprstV = Gauge(c)[V] = i[c, ¥];  (except for QprsrA, = Dyc),
The path integral does not depend on x even though it is best, in order to run

correctly the localization argument, to think of it as a real and strictly positive
number. One can then upgrade the localization argument by defining

Q = Q + Ogrsr
V=V + Vanost » (2.5.19)
V= 2 ferm.(Qferm.)* ,

ferm.

and, referring to (2.5.7), the following supersymmetry transformations for the
ghosts

QCZ (I)loc._(I)7
Qc=0, (2.5.20)
OB =iL(c) + ' Aec.

With these we can write our original path integral in the following way

JD@D@@weﬁWP@V. (2.5.21)
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We can trade QV for QV because in this way we are just adding either Q-
exact of Qprgr-exact quantities. Furthermore with the choice of supersymmetry
transformations (2.5.20) for the ghosts we end up having”’

Q% — iL, + Gauge(P"°%) + Lorentz(L,;) + Rsv(2)(©4n)

. (2.5.22)
=1L, + Gauge(a) + Lorentz(La) + Ru(2)(—5273.4B)

which is such that {Q?V = 0,** allowing us to run the localization argument
provided that QV’QVGH is positive semi-definite. QV}even is indeed positive semi-
definite since

JQV‘even - JQV‘eVen + JB( N G[\I’ N \IIIOC.] T ;B) (2523)

and thus the argument for the locus is not affected by the gauge fixing. The only
(good) difference is that now we do not have gauge redundancy in the locus.

Remark on ghosts for ghosts

In the case of the partition function on S* [3], as well as for Neumann boundary
conditions on HS* and AdS,, there is an additional gauge fixing for constant
gauge transformations to be made. This happens because, differently from what
happens in flat space or with Dirichlet boundary conditions, where these transfor-
mations are associated to asymptotic symmetries [58], these transformations are
still redundancies.

When these are gauge transformations, we need to add ghosts for ghosts. This
can be seen from the fact that the (partially) gauge fixed path integral is invariant
under ¢ — ¢ + ¢y, for some constant cy. Indeed ¢ plays the role of the gauge
symmetry transformation in the BRST formalism.

However the intent in this thesis is to present in some details how one performs
localization computations, while specifying to the case of pure SYM on AdS,; with
Dirichlet boundary conditions we are interested in.

In the case of Neumann boundary conditions one should just add the terms
explained in [3] and the rest of the argumentation would follow in the same way.

23The “Lorentz” is not present in [33] since for them L, = 0, in our case this is not true but that term does not play any role.

241t might seem that SQ2V # 0 since Gauge(®'°¢) ¢ O and we have gauge fixing part in Vahost- However Gauge(®1°¢") is actually a
constant gauge transformation that corresponds to a genuine global asymptotic symmetry of the theory. By construction this should not
be fixed and thus the above remains a symmetry also for Vgnost-
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2.5.3 Finding the locus (and the instantons) for (H)S*

We propose here the same argument of Pestun [3], to argue the locus for S, and
we adjust it in order to justify the result for HS*. This argument would not run
however for AdS,, thus in the next section we give a different argument that can
be applied in all of these cases.

We expand “vp,D,j:¢2” inside the squares in the first two lines of (2.5.14) and
write

QV'| =A(etes + €ae)(Dg)? + 8D"(ees + €a€”) Doy — 4D, (F"v,5)

Ay, — 2
o elrs 4p EAGMEBTs 4 5 )
2

2
A - — A o+
+ €€y (Fw/ + 591 ¢2> + €4€ (Fuv + 517 el
4

edeq + €q€
1

2(edeq + €q€

even

eCeo

+

(Dul(eten + €ae)en])” — 16(e"en + ead)[¢1, do]?

+

_ _ 2
)|2¢1(82€C€O + 31€CEC)7'3,AB + (ecec + eCEC)DAB\
(2.5.24)
where we have defined
[V 1 vpo
FH = 55“ P7F g . (2.5.25)
_A

We see that, since ede4 + €464 = 1 in this space, and thus DM(GAEA + €4€%) = 0,
we have that (2.5.24) equals

= 9
Qv|even :4(D¢2)2 o 4DV(F# vﬂ¢2> + 4(DM¢1> o 16[¢17 ¢2]2
A v B 2 “A-uv=B 2
+ EAEA (Fp;/ + SQie ° ; 7'3,AB¢2> + EAgA (Flj;/ + S92 ° _6_07_3,AB¢2>
€~ €eC €CE
1
+ 5’2¢1(82€C€c + SlgctE{’)T;g,AB + (GCEC + gce{v)DABIQ ) (2.5.26)

The total derivative we can see above is not a problem for the localization argument
in S* but it adds in principle a boundary contribution to the localization argument
on HS*. Thanks to the boundary conditions (1.5.3) however this additional term
vanishes. We thus have obtained a new sum of squares whose locus is easier to
find.

Thanks to the terms proportional to (D¢;2)* we must have ¢; o covariantly
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constant. Then the terms

A __uv, B 2 —A—uv-B 2
A B o eP T3 4 = oaf €M EP Ty 4B
€ EA(FHV+SQZ wap G2 | , €a€”| F,, + s1i - oo | , (2.5.27)
C C

give further constraints on the locus, except on the poles where either ede, or €4€4

is zero (A.1.7). The study of the poles leads to the instanton contributions [3], but
let us here focus on all the points except these.
If we do so then we get

-~ - _AB AB
~ . €A0W€EBT] €A0 ,w€BT3
Fo,=i —si————F——+so——F——— : 2.5.28
0z ( 1 ECEC 2 ECEC ) ¢2 ( )
Using the Bianchi identity and the fact that ¢, is covariantly constant one can
obtain ¢ = 0. The commutator constraint becomes automatically solved and then,
due to (2.5.27), we also have F},, = 0 which means that ¢; can be taken to be a
constant matrix. We then have as locus

a
h1="g (2.5.29)
Dap = —T34p0,

where a is a matrix in the gauge-algebra. We thus see that the path integral
localizes to

fD@...—>fda..., (2.5.30)

g

where the integration runs over the matrices of the gauge Lie algebra g. We
can trade the integral over the space of these matrices to integrals on R", with
r = rank(g), by reducing the integration to the Cartan of the Lie algebra

fda...: Jdan(a-a)2..., (2.5.31)
beg

g aceAt

where o € A" runs over the positive roots of the Lie algebra.

Instanton contributions

Ae A4 Or € AEA is zero, we have some

single points where we cannot follow the argument written above and argue that

F,, = 0. We can only argue that in the point where ees = 0 we have F/jy =0

On S*, since we have some single points where €
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and in the point where é4é4 = 0 we have F v = 0, which correspond to point-like
instanton and anti-instanton contributions.

For this reason, if we allow the path integral to run over these configurations,
we have a path integral over each instanton sector with its path integration over
the instanton moduli. The localization procedure we are following then ends up
localizing as well the instanton moduli just as it happens in [55]. One obtains a
localization procedure equivalent to the €, .,-background of [55], but with different
€, and e, parameters. These parameters can be found by seeing if i£, = Q? acts,
near the fixed points, as some rotation which in some wise choice of coordinates
can be rewritten as [33]

0 0 0 %
o 1 2 : 3 4
WL, = i€ (:L‘ Freia 01‘1) + 1€9 (x pri §x3> : (2.5.32)
It is possible to see that for us €; = o = —1 in units of the radius for both (H)S*
and AdS,. In the literature usually one has €; = e = 1 but there is no substantial

difference.
For HS* the argument is essentially the same but we simply have one pole, thus

we end up with the partition function having only the instanton or anti-instanton
contributions depending on the choice of the orientation of the boundary.

2.5.4 Finding the locus (and the instantons) for AdS,

We cannot repeat the argument for the locus of (H)S* on AdS, since in this space
DH(efte 4 + €4€?) is no longer zero. We thus decide to use a novel argument, which
in principle could also be used for the cases of HS*.

This argument relies on the fact that we want to enforce 3d N = 2 supersymmetry
and all the modes, continuously for each value of 7, transform as in (2.4.18)-(2.4.19),
see Section 2.4.4.

From (2.5.14) we know that

o1 2

b1 = (edes + ese?)  2cosh(n)’
N - (2.5.33)
Dan — _2326 €4 + S1E4E . qg _ LT gg

with ¢y a covariantly constant field. As argued in Section 2.4.4, we have two main
case scenarios. We can fix the leading mode of ¢;, we then need to match the
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value of the locus to the one of the boundary condition. Another possibility is that
it remains fluctuating and we have to path integrate over these modes, together
with all the other ones linked by 3d N = 2 supersymmetry, but on a smaller set of
these thanks to localization.

In both case the original choice of our path integral forces (2.5.33) to be part of
a consistent 3d N = 2 background.

We can then insert (2.5.33) into (2.4.19) and, since we know from [31] that a 3d
N = 2 linear multiplet enforces K = 0, we get

2 cosh(n) D¢y — Dia + 2igy + 2 cosh(n)¢n|, = 0. (2.5.34)

Using (2.5.33), we see that the locus for ¢, needs to be zero. This in turn, except
in the center of AdS where in (2.5.14) we have €le4, means that F},, is zero from
(2.5.14). In the center of AdS,; where this argument cannot run and we find

instantons. This means that we can consider ¢1 and D4p, by the same arguments
in (H)S%, to localize to

5 a
1= 5 37

2 cosh(n
Do a () (2.5.35)

where a is a matrix in the gauge-algebra.

One can notice that the result is similar to the one of (H)S* but with an
additional m dependence, which is actually expected as one can see in the
literature for the locus of vector fields in AdS in other dimensions [59,60] or for
abelian gauge theories in [50].

2.5.5 Classical contribution

After we localize the path integral we need to insert in the action, as well as in the
other O-closed operators inside the path integral, the value of the locus.

In general this is what one should do but one should remember the fact that
there are some points, like the poles of S*, where the locus is not actually the
one displayed in (2.5.29). This is an issue, in particular if one wants to study
non-perturbative corrections to local operators inserted in these points. This is
precisely what happens when one wants to apply the canonical technique, discussed
in [26], used to compute a class of extremal correlators exactly with localization.
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This also becomes important if one want to study one-point functions, as we did
in [9] and as we discuss in Section 3.

Focusing for the moment only on the partition function, that thus has only the
action as integrand of the path integral, and counting instanton contributions, we
see that on S* the result is the following

ZS4 — Jda H (& . a)2 6_27r1m(T)Tr(a2)Zl_loop(a)|ZNekraSOV(aa ’7')‘2 , (2536)

where we have used (2.5.31) and with Zj)00p(a) which we discuss in Section
2.5.6. The exponential comes from the action showed in (2.1.11)-(2.1.12), with the
background showed in (2.2.1) and after one inserts the locus of equation (2.5.29).
The ZNekrasov(@, T) is the Nekrasov partition function [55] with the topological twist
given by €; = €5 = —1.

For HS* the argument is the same but we have an additional boundary term in
the action (1.5.9)-(1.5.10) and we have the contribution coming from the instantons
of only one of the poles. With our conventions on the orientation of the boundary,
specified by our choice of choosing §{ D, V# = { V+, we see that the result on HS*
is given by

ZHS4 _ Jda H (CK . a,)2 emTTr(az)Zl_loop(CL)ZNekrasov(au 7—) : (2537)

The 1-loop result is different from the case of S* and depends on the choice of
boundary conditions, as we discussed in more details in Section 2.5.7. In particular,
if we have Dirichlet boundary conditions, the integration ceases to exist due to
the supersymmetrization of the condition that freezes the gauge field (1.5.6). One
can also notice that the partition function is no longer periodic in 8 and this is
expected from the fact that, in presence of a boundary, the 4d 6 term can be seen
as a 3d Chern-Simons term.
A discussion analogue to the one for HS* follows also for AdS,.

2.5.6 1-loop determinant

The path integral degrees of freedom are divided in terms of cohomological variables,
namely divided in terms of a Q-singlet

O = 2iesep + 2ieteqp — it A, (2.5.38)
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which parametrizes the locus, and Grassmann even and Grassmann odd quantities
Xeven = (92, 4,) Xoad = (Oap, ¢, c), (2.5.39)

with
Oup = €(arp) + €4Ap) . (2.5.40)

All the other elements can be obtained by applying Q.
It is possible to then write the quadratic part of V and QV as

~ Dy Do Xeven
(Q¥ewen Xoa) (Dlo D11> <QXodd ’

AN A —Q2 0 DOO D()l Xeven

ol : 2.5.41
Q }quad. (Xeven QXOdd) ( 0 1) (Dlo D11 QXodd ( )

A Do Dm) (1 0) (@Xeven>
- Xeven Xo A .
(Q aa) (Dm Dy ) \0 Q2 Xodd
For this reason, letting Kqyen/oqaqa being the total quadratic part of the even/odd
fields, we can write the 1-loop determinant as

Tty — 1| S Hoaa) _ | [deti (9 [detasernn(Q) 5 5 4o
ooP det(Keoven) detx, . (9?) detxer.p,, (D2)

The first equality is just due to the fact that det(AB) = det(A)det(B). The second
one is due to the fact that Dy maps Xeyen into Xoqq and [Q, Dyy] = 0. For this
reason in the ratio of the determinants only the unpaired eigenmodes, which by
definition belong to the kernel and cokernel, survive.

Calling )\, the n'" eigenvalue, k, and ¢, its multiplicity in the kernel and cokernel
respectively, we can write

Zyaoop = 4 || [Xg (2.5.43)

n

The eigenvalues A, can be computed for each of the fields, what is missing is the
knowledge of ¢, — k,. To this aim, one can compute the index

Indp,, () = Trxen.py (€ 9 ") = Trcorer.ny (€ 7°91) = =Y (cn — ka)e ™. (2.5.44)

n
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From the formal expansion one can obtain ¢, — k,. For elliptic or transversally
elliptic operators, which we define below, there are considerable simplifications in
computing the index.

Informally, one can construct a matrix, called symbol, by sending ¢, — ip, in
Dyp. If the symbol is non-invertible when all p, = 0, the operator is said to be
elliptic and the index is a finite Laurent series in e~ . If the same is true but with
a singled out p € {p,} that can remain diverse from zero, then the operator is said
to be transversally elliptic along p, and the index is in general a formal Laurent
series in e, This is precisely the case on (H)S?* and also in AdS,, where p is in
the direction of the Killing vector generated by 02

When we have an operator that acts on functions on a manifold with at least
a free U(1) action generated by some Killing vector ¢, and when this operator
is elliptic or transversally elliptic along 0, one can use (a generalization of) the
Atiyah-Bott fixed point formula. This is precisely the case for Djy and the U(1)
action defined by the Killing vector generated by 2. Letting xg be the fixed points
of this U(1) action, we have

Try,,,, (e79)|, — Trx,,(e79")],
Indp,,(t) = ) Tt ay ) , (2.5.45)

Zo

where 2% is the transformation of z* under the U(1) action induced by Q2. For S*
there are two fixed points which specify antipodal poles, thus on HS* we have one
fixed point. We then have similarly a single fixed point for AdSy, the center of the
U(1) rotation. We relegate the analysis and technical comments to the Appendix
D and we write the result below

Ziow = || MC@ +ia-a)G(l —ia-a), (2.5.46)

aeAT

with o - a is defined to be a eigenvalue of the matrix a while A is the set of roots
of the gauge algebra.

The Atiyah-Bott formula can be applied technically only on compact spaces. It
was however pointed out in different localization computations in AdS [59,61] that
the index result matches the expectations of the partition function computation
performed with different techniques. Furthermore it was shown in [61] that the
partition function of AdS, matches the result of the one in HS?, as our result
matches the one of HS*. This is a further check of the applicability of the formula
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because in the case of superconformal theories the partition functions on the two
geometries should match. Indeed, while a generic boundary partition function
of an SCF'T receives both vector and hypermultiplet contributions, the theory of
massless hypermultiplets is superconformal by itself, and therefore also the vector
partition functions must match.

2.5.7 Localization formulae

We describe in this section the known localization results for the partition function
on HS* [56,57]. These results are valid also for AdS, for the reasons explained at
the end of Section 2.5.6.

Let us first consider the case of a Dirichlet boundary condition for the gauge field,
deformed by the addition of boundary degrees of freedom in a 3d A/ = 2 theory, in
such a way that a subgroup G of the global symmetry of the boundary degrees
of freedom is identified with the global symmetry G of the Dirichlet condition
(this can be achieved through boundary superpotential couplings). Without loss of
generality, we can choose a in the Cartan. This fugacity can be interpreted as a
background value for the vector multiplet in (1.5.5), which couples to Jx to create
a real mass compatible with 3d N = 2 supersymmetry for one of the bulk scalars.
In this case the partition function can be written as following product:

ZBS‘*(T? a, ZZ) = lel)ector(T7 CL) ’ erll}’?pers(a) ' ZiIlSt<T7 CL) ’ Z3d<a7 ZZ) . (2547)
Let us detail the form of each factor in (2.5.47):

e The contribution of the bulk vector is given by

2P en(ya) = ™ T Hia - a)——

aeAt

_ 2.5.48
sinh(7a - )’ ( )

where the product is taken over the set of positive roots A™ of the gauge group,
and the function H(z) is determined in terms of Barnes G-functions

H(z)=G(1l+2)G(1—x). (2.5.49)
Note that the classical action contributes a term holomorphic in 7, namely
e T as discussed around (2.5.37).

e The hypermultiplet contribution depends on the choice of boundary condition
L or2 (1.5.11). Fixing ®;; and ®;5 to transform under the representation R of
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the gauge symmetry with weights w, the result is

1 1p(; 1 1p(;
71 _ e—gﬁ(za-w) : 72 _ 6§€(za-w) :
hypers 11;[%}[% (za ) UJ) hypers ul;[%H; (ZCL ' w) (2550)

with ¢ being the following function
‘ ! 1 : LT
U(z) = —zlog(1 — ™) + — (72" + —Lis(e’™)) — . (2.5.51)
2 s 12

Zinst (7, a) is Nekrasov’s instanton partition function [55] already discussed
in (2.5.37). Both in the contribution of the classical action and in the in-
stanton contribution makes the partition function holomorphic in 7. This
holomorphicity is however broken after Fj-maximization explained in Section

2.6.

The factor Z3q(a, 2,) denotes the S* partition function of the boundary de-
grees of freedom. For Lagrangian theories it can also be computed using
localization [62]. The partition function depends on the fugacity a for the
global G symmetry. It moreover depends on the fugacities u; for the remaining
continuous global symmetries of the 3d theory.”> The N = 2 3d partition
function depends finally on the coefficients A, that defines the R-symmetry.
The 3d R-charge is a linear combination of the U(1) symmetries:

R =) AR, (2.5.52)

where Ry is a reference R-charge and Ay = 1. In [62] it was found that the
sphere 3d partition functions depend on u, and A, only through the complex
combination z, = A, — iu, and that Z3; is actually holomorphic in z,. In
principle one should also consider the mixing coefficient A, related to the G
symmetry. If however G does not contain abelian factors then it cannot mix
with the 3d R-symmetry under the assumption that the boundary condition
preserves the entire G.

Next, we consider the Neumann boundary condition. Also in this case we consider
a possible deformation due to the presence of local 3d degrees of freedom. This 3d
theory is assumed to have a G global symmetry and the bulk-boundary interaction

25A fugacity is an expectation value for the scalar component of a background vector multiplet associated to a global U(1) symmetry.
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is defined by gauging the GG symmetry with the boundary mode of the bulk gauge
field. Since the latter is still fluctuating on the boundary, the localization formula
in this case takes the form of an integral over the Cartan-valued matrix a°

ZPNIS4(T7 Zﬂ) - Jda H (Oé ) CL>2 lez\(Iactor(T7 CL) ) lelgri)ers(T? CL) ’ ZiHSt(Tv CL) ' Z3d(a7 ZH) )
aeAT
(2.5.53)

where the only new ingredients compared to the Dirichlet case are the Vandermonde
determinant and the contribution of the vector multiplet, namely

sinh(ma - @)

ZNetor(T,0) = €7 [T Hia - ) (2.5.54)

aceAT a- o

Abelian bulk theory

In the special case of the abelian theory, the product over roots is absent and
one gets Z\]?ector, abelian(Tﬂ CL) - lel\éctor, abelian(7_7 CL) =€
Let us focus on the case of a Neumann boundary condition, with boundary degrees
of freedom that form a certain 3d N/ = 2 CFT with a U(1) symmetry, coupled
to the bulk by gauging the U(1) symmetry with the boundary components of the
bulk gauge field. The resulting modified Neumann boundary condition is

. 2 .
e where a is a real number.

1
gz(jN +vIp) = Jcrr (2.5.55)

where Jopr denotes the linear multiplet of the U(1) symmetry that is gauged by
the bulk gauge field. We can think of this boundary condition as setting to zero a
linear combination of the two global symmetry with currents Jx + vJp and Jcpr,
while an independent linear combination survives as a U(1) global symmetry of
the boundary condition. The partition function of the 3d theory is denoted as
Zsa(a, 2 ), where a is the fugacity for the U(1) symmetry coupled to the bulk gauge
field, and the z, denote fugacities for additional U(1) symmetries. In addition, we
can turn on a fugacity a’ for the global symmetry with current Jp (see footnote 9),
and a fugacity 2’ for the surviving combination of Jx and Jcpr, which can take

26More generally, also global symmetries acting on the hypermultiplets might contain U(1) factors that are preserved by the boundary
condition and can mix with the R symmetry. In that case we need to introduce appropriate z.’s also in the hypermultiplet partition
function.
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for definiteness to be simply Jcpr. The resulting partition function is [63]
Z}l}}'szl’abehan(T, a, ', z) = Jda e~ 2miad’ gimra’ Zadla — ', z) . (2.5.56)

The two symmetries with fugacities ¢’ and z’ descend from magnetic and electric
one-form symmetries of the bulk theory, and therefore can be called magnetic and
electric U(1) symmetries. In future chapters indeed we argue how these are indeed
exchanged by electric-magnetic duality. Note that the instanton contribution in
the abelian case is a-independent [3], and it only contributes an overall factor
holomorphic in the 7 that can be reabsorbed by a counterterm, see (3.2.8). As a
result it does not contribute to physical quantities and it can be omitted.

Also the magnetic and the electric U(1)’s, like any other U(1) symmetry of the
boundary condition, can in principle mix with the 3d R-symmetry. The mlxmg
parameters which we denote as A and A, respectively, appear together with a’
and 2’ in a holomorphlc combination in the partition function. The expression of
ZN s where A and A explicitly appear is then

,abelian

. A _ ; o A . 2 A
ZE’SAL’abehan(T, a —iA ' —iA z,) = Jdae 2miad’ o —2malA pimTa Zaa(a — 2’ + 1A, z,) .
(2.5.57)

2.6 Fjy)-maximization

In this section e describe a process, known as Fp-maximization [63], that allows to
specify the BCFT partition function on HS* from one that preserves 3d N = 2
supersyminetry.

In this thesis we also propose a way to re-interpret the same procedure in AdSy,
with the aim of studying the SU(2) — U(1) Higgsing of pure SYM (see Chapter
5).

2.6.1 Fy-maximization on HS*

We have given formulas for general ' = 2 bulk gauge theories on HS*, but now
let us further suppose that the bulk theory is conformal, and the gauge coupling
T is an exactly marginal parameter. There are many examples in this class, to
mention a few: the abelian theory, SU(N) SQCD with 2N flavors, N' = 4 SYM
and its orbifold.
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In this case we can require that the boundary condition on the S® preserves the
maximal possible subgroup, namely OSp(2|2,2), making it a %—BPS superconformal
boundary condition. This happens only when the U(1)g symmetry of the 3d N = 2
algebra preserved by the boundary is the superconformal R-symmetry. As we have
stated above, different values of the mixing parameters A, correspond to different
choices of the 3d U(1)g symmetry. A criterion to determine the superconformal
values of A, of equation (1.6.15) was given in [63] and it is analogue to the method
used on S? partition functions [25,62]. The BCFT values for the A, are the ones

maximizing the following boundary free energy
Fy=—log—=—. (2.6.1)

Here Zpg is simply the complex conjugate of the hemisphere partition function,
which by reflection positivity can equivalently be thought of as the partition
function on the orientation-reversed hemisphere, we come back to this point in
Section 3.2. On the other side, Zg is the partition function of the bulk theory on
the full sphere. The modulus squared ensures that F} is a real function, and the
normalization by Zg¢: ensures that contributions from bulk Weyl anomalies cancel.
F is sensitive only to the boundary modes of the bulk fields and possibly their
interaction with boundary-localized degrees of freedom, so it is analogous to the
quantity F' = —log Zgs defined for local 3d theories.

The function F} evaluated at the maximum is an interesting observable of the
boundary conformal field theory (BCFT), which can be defined for any BCFT
as the quantity (2.6.1) in which the coupling of the BCFT to the curved space
are fixed by Weyl rescaling. We use the subscript BCFT to distinguish partition
functions before and after specifying A to the conformal value, if an ambiguity
might arise. The procedure of maximization in the supersymmetric context is then
a way to fix the curvature couplings compatibly with conformal symmetry. The
latter are indeed related to the choice of R-symmetry because the background gauge
field for the R-symmetry is in the same multiplet as the metric. An important
property of Fj, for BCFT’s is that it is monotonic under boundary RG flows, as
conjectured in [63] and proved in [64] using entropic arguments.

When we apply Fp-maximization to our setup, the resulting value of A, is a
real function of the marginal coupling, that we write as A**(r, 7). This has
a very important consequence: unlike what one might have thought from the
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expressions (2.5.48)-(2.5.56), the hemisphere partition function of the BCF'T is not
a holomorphic function of the complexified gauge coupling 7, namely

Zhst,BerT(T,T) = Zr51(T)|A = Amax(r7) - (2.6.2)

The additional (7,7) dependence due to AM*(7,7) plays an important role in the
following when we use the BCFT partition function to extract BCFT one-point
functions in HR*.

2.6.2 Fy-maximization on AdS,

As already discussed in 2.4, it is hard to preserve the full AdS; N = 2 supersym-
metry algebra, which is equivalent to the 3d N/ = 2 superconformal one, from a
Lagrangian formulation. We thus preserve explicitly only a 3d A/ = 2 one on S°.

We then might ask what can we do to preserve the full bulk superalgebra and
we suggest [15] that this happens after a Fp-maximization procedure, as the one
explained for HS*.

It is very tempting to think this because, as explained at the end of Section
2.5.6, we expect the partition function of a conformal theory on AdS, to be the
same as the conformal one on HS*.

The difference would be in the interpretation of this procedure, indeed we
conjecture that this is just a way to preserve the supersymmetry associated to the
full group of isometries of AdS; and not to actually specify a conformal theory on
AdS,. Thus this procedure would also apply for massive theories in AdSy.
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Chapter 3

One-point functions from Zy g

In this section we derive the relation between the derivatives of the hemisphere
partition function and the one-point function of the Coulomb branch operators,
namely chiral operators constructed as in (1.3.10) out of a vector multiplet.

We do this in order to compute the one-point functions BCFT-data (1.6.18)

— aAw
(Ap(@, 1)) = =, (3.0.1)
L]
for a chiral operator of Weyl weight w, via supersymmetric localization on HS?.
We show two derivations, one that is an adaptation of the approach used in [26] to

compute two-point functions <Af_1 >, and a second one based purely on localization.

3.1 SUSY Identities for the derivatives of Z;

As was discussed in Section 2.1.4, we can start from a BCFT fixed point and then
add some deformations that we use to compute correlation functions, as in (2.1.22).
In particular, just like in equation (2.1.23), we study deformations of integrated
correlators but with the intention of only taking one derivative over the global
source.

We do this on HS*, which is conformally flat, because our aim is to be able
to find the formulae that can be used within the supersymmetric localization
framework. For this reason we choose these deformations in such a way to preserve
3d N = 2 supersymmetry. We then use a modification of the argument presented
in [26] in order to obtain (3.0.1).

Following what stated in Section 2.2 the deformation that we employ is the



3.1. SUSY Identities for the derivatives of Zy g4 68

following

ZBCFT _ J‘ID¢ 6—5[¢] N ZBCFT[)\’LLM S\w] _ JD¢ 6_5[¢]+>\(SCM+SLCw,J-)—’—;‘(SC_w—’_SLC_w’J-)_
(3.1.1)

where we find C and C in (2.3.3), C; and C; in (2.3.6) and the embedding of the
vector in the chiral and anti-chiral multiplet in (2.1.9)-(2.1.10).

The case w = 2 is special because the deformation is marginal and preserves
superconformal symmetry. The correlation functions of the marginal operators
compute interesting geometric quantities on the conformal manifold [46,47], and
this also applies to the boundary one-point function, as we discuss in Section 3.5.
The gauge coupling in conformal gauge theories is an example of such an exactly
marginal coupling, and it is obtained from the chiral and anti-chiral multiplets
with bottom components A = Tr[¢?] and A = Tr[¢?], respectively, and with the
identification of couplings

i
A=i—. 3.1.2
e (3.1.2)

In the following, to avoid possible confusion, we use the letter A when referring to
an arbitrary chiral deformation, and 7 in the specific case of an exactly marginal
one.

Taking derivatives of the partition function with respect to the coupling A gives
integrated one-point functions

Ox(—log Zygs) = st4d4x\/§<c> + Lgd?’;m/ﬁ<c@> ,

) ) (3.1.3)
O5(—log Zygi) = JHS4d4:U\/§<C> + Lgd?’a:\/ﬁ<ca> :

Let us focus first on the bulk integral term. It is possible to prove that C respects
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the following Ward identity*’

A _u=B A _u=B _— _—
c“ote T3 AR€- Oote€ €A€E €A€
C:Dul2BAB T + 2020 <(2w—3)— - )A—zj D“A]
€€ €€ €€ €7°€q
ANy T3 ApetUB DM\IIA(T“EA
+O0| — o —i(w—1)"— + 1
€7 €Yy €€ €°€A

(3.1.4)

with § a Q-supersymmetry variation. Since the boundary condition preserves @),
the Q-exact term drops from the one-point function, and we are only left with the
total derivative.

The argument of the total derivative however is singular at the north pole and
following [46] we regulate it by removing a small ball of radius § around the pole
and taking 6 — 0 after performing the integral. As a result the integral of the
total derivative equals the sum of two boundary contributions: one at the S? of
radius § around the singularity which gives the same result as in [46], namely the
insertion of the bottom component A at the north pole N, and a new second one
at the equatorial boundary S3. We then obtain

f d*r\/g(C) = 32r*(A(N)) — | d®xvVh{-2D A +i(13)*PBap + 4(w — 2)A).
HS4 3

(3.1.5)
Since bulk one-point functions diverge like a power-law when the operator ap-
proaches the boundary, this equation contains divergent contributions both from
the integral on the left-hand side and from the restriction of the operators to the
boundary on the right-hand side. Both of these singularities can be regulated
by e.g. a minimal distance from the boundary. Using the relation between the
one-point function of C and the one-point function of A dictated by supersymmetry,
these divergent contributions, as well as the finite terms, must match between the
left and the right hand side. We have checked this explicitly in the case of w = 2.

The computation of the integrated one-point function of C is analogous, and

27Qur expression for C as a total derivative plus a Q-exact term, while analogous to the one presented in [46], does not agree in details
with it. The results in [46] are not affected because the total derivative term that is singular at the pole is identical to ours. However the
contribution on the other boundary S is affected by this difference.
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starts from the expression similar to (3.1.4)

A =B A =B A A
_ _ eflote T3 ABE OME eteq\ = e -
CzDM[—QBAB A ((2w—3)— - _ﬁ)A—z_ _jDﬂA]
€A€E €A€E €A€E €A€E
~ AA _A, B T o A
es\ , T3 A€~V D,V 4ot
+5(__A+z(w—1) 3’_B_A + — —
€4€ €EAE €EAE

(3.1.6)

The important difference with C instead of C is that now the argument of the total
derivative is not singular anywhere in northern hemisphere. The singularity on S*
would be at the south pole. As a result in this case, after dropping the ()-exact
term, we only receive a contribution from the equatorial boundary S%. We then
obtain

J d*z,/g(C) = J BPxvVh{(—2D A —i(15)"PByp — 4(w — 2)Ay.  (3.1.7)
HS* 53

Plugging this relation back into (3.1.3) we finally obtain

Or(—log Zyg1) = 321°(A(N)) ,

3.1.8
Ox(—log Zpgs) =0 . ( )

Just like in the case of S* two-point functions of [47], the above results can be
generalized to include the additional insertion of generic ()-invariant operators.

3.2 Flat space one-point functions from SUSY identities

In this section we show how to combine the two Ward Identities (3.1.8) in such a
way to obtain the flat space one-point function from the BCF'T partition function
(2.6.2).

Using (3.1.8) we obtain

Or(—log Zpgi) = 327%(A(N)) — 0x(—log Zpg) . (3.2.1)
Defining
fo= —; log(Z x5t BeFT 2151 BCFT) 5 (3.2.2)
we obtain

Oxfalrz = 167°(A(N) st (3.2.3)
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where by the evaluation in 7,7 we mean that all the dimensionful couplings with
w # 2 are turned off while the marginal deformations 7,7 corresponding to w = 2
can take an arbitrary value, parametrizing a point on the conformal manifold. One
might be worried about the special case in which we are computing the one-point
function for a chiral with w = 2, and A = ig_ is one of the marginal couplings,
because Zpygi popr has additional dependence on 7 through A**(7,7). On the
other hand we can write this additional dependence as

1 0A, 1 0A,

776 3 T — Amax — ——
2w 0T a.Ja(r T)|A“_A”” 21 OT

and this vanishes thanks to the maximization condition. Eq. (3.2.3) allows us
to compute the BCFT one-point functions on HS*, and we added a subscript to
stress that this is the result on the curved background.

This is very close to our goal of obtaining the BCF'T one-point functions in flat
space, the only remaining task is to take care of the possible mixing induced by
the curvature as we reviewed in Section 2.1.4. As we mentioned there, this can be

OnFo(T, T)|a—am (3.2.4)

done with the standard Gram-Schmidt procedure that is also used for correlation
functions without a boundary. After subtracting the mixing, a Weyl transformation
shows that the quantity we are left with is the coefficient

as =y (Aly, ') ups (3.2.5)

of the one-point function in the flat-space BCF'T. Here y > 0 is the distance from
the boundary at y = 0, and /=23 are the coordinates parallel to the boundary.
We can be more explicit in the special case of w = 2. In this case the only
possible mixing is between A and the identity operator, and this can be undone
simply by subtracting the one-point function of A on S*. Using (3.1.2) we obtain

_ 1 1 Z151 BCFT 2 HS4 BCFT 1 _
s 2 : = 767_ ——1 : ’ — 767—1 9 .
v aa(r.7) 271 ( g % ( Zga 271 o 7)
(3.2.6)

Therefore we see that, for a Coulomb branch operator residing in the same multiplet

of an exactly marginal operator, the coefficient of the one-point function is directly
related to the quantity Fj that we can assign to the BCF'T.

Another advantage of expressing the one-point function in terms of Fj is that
it makes the scheme-independence manifest. The scheme dependence of Z¢:1 was
analyzed in [46], where the addition of certain chiral density built out of curvature
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invariants was found to affect the coupling dependence as
Zai(r,7) — SO 2447, 7) (3.2.7)

where f(7) is an arbitrary holomorphic function. This matches with the inter-
pretation of Zg¢: in terms of the Kéahler potential on the conformal manifold, the
ambiguity represents a Kahler transformation. It can be easily checked that eval-
uating the same chiral density on HS*, with the appropriate boundary term as
discussed above, gives the following transformation

Zyg(1,7) = e/ D Zyai(r,7) . (3.2.8)

As a result this ambiguity cancels in the combination Fj.

3.3 Multiple derivatives

At least heuristically, we would expect that by taking multiple derivatives of the
partition function we compute one-point functions of products of Coulomb branch
operators (a concept that makes sense thanks to the non-singular OPE, as discussed
below equation (1.6.13)). Indeed by applying additional holomorphic derivatives
to (3.1.8) and using the non-singular OPE we obtain

OV (—log Zrge) = (3272)(A"(N)) , (3.3.1)

for any n > 1. However there is an important difference between n = 1 and n > 1.
In the first case, we showed in the previous section how to express the result
directly in terms of the BCFT partition function, evaluated at A, = AM (7, 7).
For n > 1 derivatives, instead, there is no analogous simple manipulation that
allows to cancel the additional dependence on the marginal parameter due to
the maximization, and re-express this result just in terms of derivatives of the
BCF'T partition function. One possible way to proceed is to evaluate the result at
A, = AMX(1,T) after taking the derivative. However the result obtained in this
way is not manifestly scheme-independent, unlike the expression for n = 1 found
in the previous section.

In the next section we use the explicit localization results, which apply in a
specific scheme and have a completely determined 7-dependence, to compute the
one-point functions of products of chiral operators. This confirms the procedure
of taking multiple derivatives of the localized partition function and afterwards
plugging in the extremized BCFT values of A,.
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3.4 Flat space one-point functions from localization

One-point functions on HS*

While the approach in the last section was just based on symmetry and did
not assume any Lagrangian formulation or the existence of a path integral that
localizes to a matrix model, it is also natural to derive the expression for the
one-point functions using the localization formulas for the theory on HS*. In this
approach, one uses that in a NV = 2 gauge theory the general Coulomb branch
operator A, nmy..mp = HleTr[qb”i]mi, labeled by the k-tuples of positive
integers n; (all distinct) and m; (not necessarily distinct), at the localization locus
reduces to the monomial Hi.f:l Tr[(—%a)™]™ of the integration variable a. More
precisely, this is true if one ignores the contribution from instantons localized at
the north-pole. Therefore, at least up to non-perturbative corrections, the one
point function is directly computed by inserting the monomial in the matrix model.
Let us now discuss how to connect this localization result to the previous approach
based on taking derivatives of the partition function. This also allow us to suggest

how to include the non-perturbative corrections. Deforming the theory by couplings

d3z\h (A, Cno + A, énia)] ;

(3.4.1)
where C,, is the top component of the chiral multiplet with Tr[¢"] as bottom
component, and C,,, 5 is the associated boundary term, we have that the contribution
of the classical action on HS* is given by

k
SCFT - SCFT+Z [f d4x\@ ()‘m an + S‘nz ém) + f
HS*

i=1 53

chass()\a CL) = 67327# 2211 /\niTr[(—%a)”i] . (342)

We are using the entry A to indicate the dependence on the full set of couplings A,,,.
Notice that here, unlike the case of the full S*, the dependence on these couplings
is holomorphic.

As a result we can trade the insertion of the monomial in the localization
integral with derivatives of the classical action (ignoring for the moment instanton
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contributions, which we denote with subscript “pert”)

<An17...,nk;m1,...,mk( )>HS4 ,pert

1 [ n;1m max
= ZN— da HTI' —*a) Z] 7chass(7_ a)leoop( )Z?)d(a A (T T))
HS*BCFT i=

L (ﬁ( i) ZoneV )|

ZHS4,BCFT J =1

leoop(a) Z3d(a7 AmaX(Ta 77_)) :

(3.4.3)

Here again the evaluation at 7 denotes that all the dimensionful couplings are turned
off while the marginal one denoted by 7 is allowed to vary on the conformal manifold.
This expression also suggests a way to include the non-perturbative corrections, by
including the instanton partition function in the derivative®®, obtaining

<An1,...,nk;m1,...,mk (N)>HS4
1 i m;
== ZN— f da <H <_3217r25)i) chass<)‘7 a’)ZinSt()\7 CL)) (344)
HS4BCFT i1 ' !
X leoop(a)ZSd(aa AmaX(Ta 71)) :

We almost obtained a derivative of the full integrand, which would allow us to
rewrite the final result as a derivative of the H S* partition function. The obstruction

to do so is the additional dependence on 7,7 coming from the conformal value of
A, i.e. the function A™?* obtained from the extremization. We can circumvent this
problem by writing the derivative as acting on the partition function with generic
A, and plug in the conformal value only after the evaluation of the derivative. In
this way we arrive at

CAnsonima i (N ) D5t = 2554 - (ﬁ( T o ) iZEs4(>\aA)>

=1

7,A=Amax
(3.4.5)

Note that for single-trace operators, when we have a single derivative acting on
Z, this formula coincides with (3.2.3). This is because the additional dependence
due to AP which is potentially dangerous for w = 2, cancels thanks to the
extremization condition, see the discussion around eq. (3.2.4). Moreover this
formula also gives a general result for multi-trace one-point functions.

28Furthermore this is also how these operators are inserted in extremal correlators, as explained in [26].
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From HS* to HR*

Having derived the one-point functions on HS*, the remaining step is to perform
correctly the Weyl rescaling to obtain the one-point functions for the BCFT in
flat space HR*. As we have already reviewed, this amounts to applying a certain
matrix to the vector of one-point functions. This matrix is the change of basis
determined by the Gram-Schmidt procedure to the matrix of two-point functions
(A7(N)A;(S)) on S*, without a boundary. In formulas, using I,.J, K, ... as indices
that run over the full set of Coulomb branch operators, we have

U U MCALN) Ay (S))sn = Crérg = (AL(0) Anr(00) s
= U "(AL(N))uss = y> 1 (Ar(y, ')y pms = aa, -
We stress that the change of basis U;”, unlike the vector (A;(N))ggs, does not

depend on the boundary condition, it is uniquely fixed by the data of the theory
in S* and the choice of normalization C; in flat space.

(3.4.6)

Abelian bulk theory

We now specialize to the case of the boundary conditions for the free bulk CFT of
a N = 2 vector multiplet. The S* partition function is simply a Gaussian integral

1
Zeai(T,T) = dae~2rm(n)e® — - : 3.4.7
sir7) = | e (347
where 7 is the exactly marginal gauge coupling. The Coulomb branch operators
are

Ay =o', Ay =(=¢)" = Al (3.4.8)
i.e. powers of the generator ¢, ¢ which is the scalar field in the vector multiplet (the
choice of the “—¢” is made by referring to (2.5.13)). For even n, their correlation
functions are obtained taking derivatives w.r.t. to 7 and 7. The matrix of two-point
functions on the sphere is

(An(N)A,,(S))g = ! ] J da (—ia)" (ia)" e72rmna (3.4.9)

254 (7', T

The Gram-Schmidt orthogonalization problem in this case is thus solved by finding
a basis of polynomials which are orthogonal w.r.t. to the Gaussian measure.
Hermite polynomials H,(x) satisfy this condition, so the change of basis is fixed
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by requiring

Zn: U," (—ia)" = (m) H,(n/ 27 Im(7)a) . (3.4.10)

m=0
The normalization is such that U,” = 1. This choice gives the following coefficient
for the two-point function in flat space: C,, = n! (27TIm(7'))n.
In a generic boundary condition given by Neumann deformed by gauging a
3d N =2 SCFT, we therefore arrive at the following formula for the flat-space
one-point function of the Coulomb branch operators

as, (1, 7) = y"(An(y, &)y prpa (7, 7)
1 . " . 2 A ax =
- o [0 () AR IRIa)e T 2y 0, AN (7, )

Z 54 BOFT V27 Im(7)
(3.4.11)

In the following we use interchangeably the notation a4, and (A, )gr: to denote
the coefficient of the one-point function in flat space with a boundary.

3.5 Zyq and the geometry of the conformal manifold

In this section we make some remarks about the geometric interpretation of the
hemisphere partition function as a function defined on the space of exactly marginal
couplings, i.e. the conformal manifold of the CF'T. The marginal couplings, denoted
as M with an index I running over the multiple independent couplings, define a
system of coordinates on this manifold. Conformal manifolds are equipped with
the Zamolodchikov metric, computed by the two-point correlation function of the
marginal operators (O;(z)O0;(y))> = gr7(\)|x — y|8 [65-67]. For N' = 2 SCFTs in
4d these conformal manifolds are further constrained to be Kéahler-Hodge [48, 68],
a result that has recently been extended to the case with only 4 supercharges [69].
A Kaéhler-Hodge manifold is a Kéhler manifold with the property that the flux of
the Kéhler form on any 2 cycle is quantized, or equivalently that the Kéahler form
is the first Chern class of a holomorphic line bundle on the manifold.

The Kéhler potential K (A, A1) on the conformal manifold is directly related to
the supersymmetric partition function of the theory on S* [47]

K (M,

log Zagi = —2 220 3.5.1
0g Zgs 9 (3.5.1)
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Given this direct relation between the geometry of the conformal manifold and the
sphere partition function, it is natural to ask whether a similar connection exists
for the hemisphere partition function.

In two dimensions a similar question was studied in [70] for superconformal
interfaces 75 separating two N = (2,2) SCFTs, denoted as CFT; and CFTy. This
setup can be placed on S?, with the interface on the equator and the two CFTs on
the two hemispheres, and an interface partition function analogous to the boundary
one (2.6.1) can be defined as

1 Zs21,245 1,,

Fr,=—=log :
12
2 Zs2 CFT, 4,52 CFT,

(3.5.2)

A relation similar to (3.5.1) is also valid for the Kéhler potential on the moduli
space of 2d N = (2,2) SCFTs, namely

log Zg: = —K (A, \T) . (3.5.3)

Ref. [70] generalized this relation to the case of an interface that separates two
CF'Ts belonging to the same conformal manifold and only differing by the values of
the moduli M and M, either Kihler or complex structure moduli. In this case the
interface sphere partition function computes an analytic continuation of the Kahler
potential to independent values of the two entries A’ and A, in such a way that
the first entry is computed at Al and the second at AJ. This leads to the following
identity

_2FI12 = K(/\{7 /_\{) + K()‘gv 5‘5) o K<)‘{7 5‘5) T K(Aga ;\{) = D12 ) (354>

where ! are the points in moduli space giving CFT,, and K is the Kihler potential.
The function appearing on the right-hand side is the so called Calabi’s diastasis
function D15 on the moduli space. This function exists on any Kéahler manifold, and
it is independent of any Kéhler transformation [71]. This function can be thought of
as measuring the distance between the two CF'Ts separated by the interface. When
the moduli become infinitesimally close it indeed agrees with the geodesic distance
on the Kéhler manifold determined by the Zamolodchikov metric, more precisely
denoting with di» the geodesic distance the relation is Dy = d3, + O(df,) [71].
As proposed in [70], the fact that the diastasis can be expressed as the interface
partition function invites a generalization to general pairs of CFTs: minimizing
the partition function (3.5.2) over the set of interfaces connecting the two CFTs,
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one gets the following notion of distance between the two CF'Ts
d(CFTy, CFTy) = n%in N —2F7,, . (3.5.5)

As observed already in [70] this quantity however fails to define a distance in
the rigorous mathematical sense because it does not satisfy positivity and the
triangular inequality.

What we stated about interface in 2d N = (2,2) CFTs can be readily imported
to the setup with %—BPS interfaces between N’ = 2 CFTs in 4d. In fact a similar
interface partition function can be defined [63]

1 Zgi71,,2g
Fr, = — log —=5*Ti2 %54 Tz

: 3.5.6
Zs1,CFT, £54 CFT, (3.5.6)
Using the 4d relation (3.5.1), one gets that for interfaces defined by changing the
coupling within the same conformal manifolds this function computes the Calabi

diastasis [72,73], like in 2d. More generally, we get a similar notion of “distance’
between 4d N = 2 CFTs

d(CFT,CFT,) = min~/24 F, . (3.5.7)

Y

The case of a boundary CF'T can be seen as a special case of the interface in which
one of the two sides is the empty theory. Restricting the definition (3.5.7) to this
case, one defines a function that assigns a number to any CFT

|CFT|| = d(CFT, empty) = mlsl;n«/24Fa73. (3.5.8)

where now the minimization is over the set of boundary conditions B.

An notable property of the geometry of the N' = 2 conformal manifold is the
existence of the tt*-equations [68, 74], which strongly constrain the dependence
of observables on the marginal couplings, see e.g. [75]. It would be interesting to
explore the interplay of the hemisphere partition function with the tt*-equations.



Chapter 4
Case study: Abelian theories

In this section we discuss 4d N = 2 abelian theories interacting with boundary
modes via gauging, with the bulk vector, a U(1) boundary current. We discuss the
known properties of SL(2,Z) dualities of these theories and how these match with
the expectations we have for what stated in Section 3. We also perform explicit
extrapolations and Feynman diagrams tests of our results.

4.1 Dualities in the Abelian theories with a boundary

We now specify the bulk theory to be the CFT of an N = 2 vector multiplet. This
theory enjoys the electric-magnetic duality group SL(2,7Z) that acts on the exactly
marginal coupling 7 as

at + b a b

r—glr] = g I (C d) e SL(2,Z) . (4.1.1)

In this section we study the interplay between the SL(2,7Z) duality group and the
boundary conditions, in particular at the level of the H.S* partition function and
bulk one-point functions.

4.1.1 Action of SL(2,Z) on the boundary conditions

Let us briefly review the action of SL(2,Z) on the boundary conditions for the
N = 2 vector multiplets. Very similar results apply to the 4d free vector CFT
for any number of suspersymmetries and have been extensively discussed in the
literature also for ' =0 and N' =4 [10,11,17,76,77].

Consider a modified Neumann boundary condition, in which the boundary
component of the bulk gauge field gauges the U(1) symmetry of a certain 3d N = 2
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SCFT T3q. Let us denote this boundary condition as B (7, T3q). The following
duality holds

B (7, Tsa) =~ B (g[7], 9[Tzdl) - (4.1.2)

Here ¢ [734] is 3d SCFT with a U(1) symmetry obtained acting on T3q with Witten’s
SL(2,7Z) action [10]. To define this action, it is sufficient to say what is the action
of the S and T transformations. The action of S consists in gauging the U(1)
symmetry with 3d gauge fields, and defining the new U(1) global symmetry to
be the topological U(1). The action of T" only changes the theory by shifting the
contact term in the two-point function of the conserved U(1) current. This shift
amounts on adding to the partition function of the theory with a background gauge
field A, the Chern-Simons counterterm ﬁ § (AdA + ...), where the dots stand for
the supersymmetrization according to the 3d A/ = 2 symmetry preserved by the
boundary condition.

An important consequence of the duality (4.1.2) is that the boundary condition
admits several decoupling limits, whenever g[7] — +ico for any g, in which one is
left with a pure Neumann boundary condition for the bulk field in the appropriate
duality frame, and a decoupled 3d SCFT ¢[734] on the boundary.

4.1.2 SL(2,Z) and the hemisphere partition function

The SL(2,7Z) action we have just described translates into specific operations done
on the partition functions computed through localization. In particular we use the
modified Neumann boundary condition with partition function given in (2.5.56).

To describe the action on this function, we now consider the action of the generators
T and S.

For sake of notation, in this section we leave the variables z, implicit, as they
do not play any role in the duality transformations.

T-transformation

As we have explained above, the T element acts on the 3d CFTj3 by adding a
Chern-Simons term for the background vector multiplet coupled to U(1) current.
At the level of 3d partition function this simply means

Zrig(a) = e 71 (a) . (4.1.3)
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Inverting the relation (4.1.3) and plugging the result into (2.5.56), one obtains

jaa’ i 2 ; AV
ZI-NIS“(Ta a,,xl) = Jda g~ 2miaa’ imTa ZT[ng](a _ l”) em(a—x)

(4.1.4)
_ 6177(:17’)2 Jda 6727rza(a'+:1:') 6271'(7'+1)a2 ZT[Ed](a i II?I) .

In (4.1.4) we have obtained the expression for a 4d supersymmetric Maxwell theory
coupled to a boundary CFT3 T [T34] with gauge coupling T'[7] = 7+ 1. In particular
we obtain the relation

T [Z}N[S4] (t+1,d +2',2") = e*i”(I/)ZZESLI(T, a, ') (4.1.5)

where by T' [2254] we mean the 4d partition function of the 4d Maxwell theory
coupled to T [T34].

S-transformation

We now turn to the action of the S element. As we stated above, the S-dual CFTj3
is obtained by taking T34 and coupling the U(1) symmetry to a dynamical 3d
gauge boson. Localization then tells us that the partition functions of the dual 3d
theories are connected by a Fourier transform

Zi (1) = Jda e 2mar 7. (a) . (4.1.6)

We would expect that the 4d partition function (2.5.56) can be rewritten in an
analogous form, but in terms of Zg7, (). We now show that this is indeed the
case. By inverting (4.1.6), and inserting the result for Z7,,(a — 2) we obtain

211554(7_’ CI,,, .’,E/) _ Jda 6—2m'aa’ €i7r7'a2 fdx eZm’(afx’):cZS[%d] (SC)

1 —2mixa’ _ime—a)?
e f dae e T Ty, () (4.1.7)
6_27”-0/:1;/ —9rixa _iﬂ'x2 /
= dxe e v Zgp(r+a),

where we did the following steps: in the second line we performed the Gaussian
integral over the variable a; in the third line we shifted the integration variable
r—x+d.

In (4.1.7) we have obtained the expression for a 4d supersymmetric Maxwell
theory coupled to a boundary CFT3 S [T34] with gauge coupling S[r] = —1/7. In
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particular we obtain the relation
S [Z}N[Sz;] (—1/7,2',—d") = \/—iTeQWi“,I,Z]1§54(T, a, '), (4.1.8)

with the two fugacities @’ and 2z’ exchanged. Notice that the factor y/—irt 2™
cancels out of Fj, that then is left invariant under S-duality.

Simple Example. We now consider a simple case, i.e. N' = 2 supersymmetric
Maxwell theory with Neumann boundary conditions and no 3d degrees of freedom.
In this case ZY(a) = 1. Moreover there is no U(1) symmetry in the 3d theory
(that is empty), hence we need to set ' = 0 in the 4d partition function, that is:

.y 2 ]_ - N2
ZRe(r,d) = Jda p2miaa gimTa i@ (4.1.9)
Using (4.1.6), we can write the S-dual 3d partition function:
Z(x) = Jda e I — §(x) . (4.1.10)

This induces Dirichlet boundary conditions. Inserting this expression in (2.5.56)
(and setting a’ = 0 because now there is no topological symmetry generated by the
boundary value of A}?), one obtains

ZD (1, 1) = Jda e §(a — 1) = ) (4.1.11)

that is in fact the 4d partition function for supersymmetric Maxwell theory with
Dirichlet boundary conditions.

Notice that (4.1.9) and (4.1.11) satisfy the relation (4.1.8), showing that Neu-
mann and Dirichlet boundary conditions are exchanged by S-duality. For this
simple case, we have reproduced the S-dual transformation laws for the partition
function that were first written in [63].

4.1.3 SL(2,Z) and one-point functions

We now turn to how the one-point functions of Coulomb branch operators transform
under SL(2,7Z). We remind their expression here, writing explicitly the dependence
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on the electric and magnetic fugacities
1

A e (r,d 2') = .
< >HR (T7 a,x ) ZES‘* (7., CL', x/)

- J da (4 z;fm(T))nH”( 2 Tm(7)a)ei™™

where again we are omitting the dependence of the 3d partition function on the
complexified mixing parameters z.

2

e—27m'aa'Z7gd (CL o LL'/) .

(4.1.12)

4.1.4 T-transformation and one-point functions

We follow the same steps done in (4.1.4) in order to write the correlator (4.1.12) in
terms of the correlator T'[( A, )yr] in the 4d theory coupled to the 3d boundary
theory T'[T34]. We invert (4.1.3), we plug it into (4.1.3) and proceed as done above
for the partition function:

im(x')?

An / / — .
om0 0) = 2y )

—1 ! ] —2mia(a’+z’
'Jda (4 27r1m(7')) H,(+/27Tm(7)Im(7)a) e 72000 700 (0 — 2)

1
T [2254] (T4 1,a + o, 2)
—1 ! ir(t+1)a?  —2mia(a’+a
'Jda (4 zﬂm(T)) Ha(y/2m Im(r)a) e 00 e 200 2y (0 — )
(4.1.13)

where in the last step we have used (4.1.5).
The equation (4.1.13) implies the following relation between the one-point
functions of the T-dual theories:

(Apypre(r,d', ') = T[(A)grs] (T + 1,d + 2/, 1) . (4.1.14)

4.1.5 S-transformation and one-point functions

We again proceed as in (4.1.7), in order to write this correlator in terms of the
correlator S [(A, yggre] in the 4d theory coupled to the 3d boundary theory S [734].
Inverting (4.1.6), plugging the result for Z7, (a — 2’) into (4.1.12) and rearranging
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the integrals, we obtain

(Appgri(r,d,2') = ! Jdl" (4 ! ( )>n€_2ﬂim/ZS[7§d](37)'

ZN (T a2 2w Im(7
: fda e'mre eQWi“(x_“l)Hn( 27 Im(7)a) .

(4.1.15)
To perform the integration over a on the second line, we use the following result
for the Hermite polynomials:

"2 (1 —I—w)"/2 S k
- erao e T (W) (4.1.16)

By redefining the integration variable as a = #() we can then write
Timi7T

] ] , d 27r(r—a/) .
da ez7r7a2€2ma(x—a )Hn( o Im(T)CL) _ Y e«/Qﬂ'Im(T) 6271—Im - y H ( )
27 Im(7)
)1 1 ) n/2 im(z—a’ 2 1
- ( _H,w ], [y J2nm [~ (x—d) |,
—i7 (1 — iy)"/2 T

(4.1.17)
where in the last line we have applied (4.1.16) with k& = \Q(L(C;) and, as done

Re(7)

before, v = 5. Moreover we have used the fact that (1 —iy)Im(7) = —iT and
1 _ P 1
() (152 = Tm(r) — 0 (—7)-
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Plugging (4.1.17) into (4.1.15) and shifting = — x + @/, we obtain

—2mia’ '

e —1 " o
<An>HR4(Ta ala LC/) = ) de (4 ( )> 6—27rmx ZS['Ed](x + CL/) .

ZN (T, ) 27 Im(71
" (14 iy)"? e 1
: =i, [y 2nm (=2
Vit (1 —iy)2" mim =)
e—27rzaa: ( 1) Jd ( —q >n
\/—ZTZHS4 T,al,x') \ T 44/27 Im(—1/7)
-H, <\/27T Im ):z:) = e~ 2miar 7o [T (@ + @)

sl 7)o (ames)

- H, <\/27r Im ( T)sz:) o i sz +d),

(4.1.18)
1447

) - - (%) -
—72Im (—1) and in the second step the relation (4.1.8).
We have then obtained the following expression that relates the one-point
functions of the S-dual theories

where in the first step we have used Im(7) (1_27) = —Im(7) (

Rl

(A gs(rsd2) — <—1> S[(A ] (—1/7 ", —a) . (4.1.19)

T

The overall 7-dependent factor is consistent with the action of the .S transformation
on the vector multiplet, namely the self-dual components of the field strength under

electric-magnetic duality transform as S|[F /j;] = —7F ;;, and by supersymmetry
the scalar ¢ must transform in the same way S[¢] = —7¢.

4.2 Boundary free energy and one-point functions in abelian
theories

In this section we study different BCF'Ts to explicitly demonstrate our findings in
the previous sections. In particular, we study N = 2 supersymmetric U(1) gauge
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theory in the bulk of HS*, coupled to different CFTs on the boundary.?

Before proceeding with the examples, let us point out a general result about the
mixing parameters A and A for the magnetic and electric U(1)’s in (2.5.57). The
values fixed by the maximization are both zero when Z7, (a —iA) is even under
a —iA — —(a —iA). To see this, we use that when this condition is satisfied
the boundary free energy (2.6.1) is even under the simultaneous change of sign
of both parameters i.e. Fs(—A, —A) = F5(A, A). Since the maximum is unique,
it must then be at (A, A) = (0,0). To prove this parity property of Fj, one can
51mply Change the mtegratlon variable in (2.5.57) by setting a — —a to obtain that

4.2.1 Chirals on the boundary

Let us start by considering the 3d N' = 2 SCFT of Np + Nj free chiral fields.
We need to specify the coupling to the bulk gauge field by picking a U(1) global
symmetry, and we take it to be the symmetry that assigns charge +1 to Np chirals
and —1 to the remaining Nz of them. We denote this theory as T3q = (Np, Nz).
The hemisphere partition function and the values of the mixing parameters at the
maximum were computed previously using a saddle-point analysis in [78], and also
in [79] which in addition studied the two-point functions of boundary currents,
and performed an extensive numerical analysis. Our overlapping results are in
agreement with those presented in these references.

The 3d partition function with fugacity a for the selected U(1) global symmetry
is [62,80]

Zixe o — i85, 8) = (Zgiual—a —iB i) (Zaguato +id — i)™,

Zchlral(g) =€ [ 212 ”“(Zf 1)] a1=ic) 3

(4.2.1)
with
™.

((2) = —zlog(1 — e*™*) + 3 (7rz2 + ;ng(e2 )) T (4.2.2)
A and A parametrize the most general choice of the R-charge for the chiral fields

that is compatible with the global symmetry when we couple to the bulk gauge field

29In this section, the partition functions and the one-point functions are evaluated at zero fugacities for the global symmetries.
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with the above assignment of charges. The choice of + or — in Z. corresponds
to the choice of background Chern-Simons contact terms that are needed to make
the partition function coupled to the background gauge field invariant under
background gauge transformations, see e.g. [36]. The choice made here ensures
that the theory is parity symmetric for Np = Np.

Plugging the expressions for the 3d partition functions into (2.5.57), the integral
takes the form

ZNa(r, —iA, —iA, A)
o N R Ng o Np
= Jda eimTa" g 2maA (Zjhm(—a A iA)) <Z&nral(a +iA - ZA)) (4.2.3)

. . 2 X . _" . _ . "_‘
_ €Z7T<I> Jdaf PITTA o 27raAseNF€(1 A—A+ia)+Ngl(1-A+A—ia)

9

where
o = (A2+A2—2A+Z>NF;ME—(l—A)A(NFﬂLNF) )
S ;(NF Ny (4.2.4)
R N 5.

The phase ® does not affect the maximization, we can thus perform the maximiza-
tion on the shifted variable A, instead of A. We do not consider the most general
possibility but rather we restrict to two subclasses of examples: (1) Np = Np,
and (2) Nz = 0, generic Np. For the class (1) we can apply the parity condition
mentioned above to the integral in terms of the shifted variables (4.2.3), because

Npt(1-A=A+ia)+Npl(1-A+A—ia) }ag the desired sym-

the “effective” Zr,, given by e
metry property. As a result in this case we obtain that the maximization gives
As,max = Amax = (0 and we only need to maximize with respect to A. For the class
(2) Z8¢: depends on A and A only through the combination A + A, so we can
reabsorb A in A. As a result, to cover both classes of examples it is enough to

consider

. . 2 A _ . _ _ i
2254 _ em‘l) Jda PREP QWaASQNFE(l A+ia)+Ngl(1—A—ia) : (425)

and perform extremization with respect to A; and A. We stress that in the most
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general case of arbitrary Ny and N one would have instead to extremize with
respect to three mixing parameters.
For simplicity of presentation we define the variables

_Im(TS) _RG(TS) _NF—I—NF V_NF_NF‘
T ~ Im(r,)’ N 2 ’ - 9 '

A2 (4.2.6)

The mixing parameters are then expanded in A\, with coefficients that can be an
arbitrary function of the remaining parameters v, u, v. Imposing the extremality
constraints

aAFa = O, and @ASFa = 0, (4.2.7)

we can determine the coefficients of the expansion, order by order in the small A
expansion. We have computed the expansions to order O(A!?). The full expression
is, however, unwieldy to write down and instead we give up to O(\°)

I 2\ A ap(p+1) w2
Amas =5 — = Z) =) | S 1 -3y
5 7T+(u+(ﬂ) v (e + ))2 <( 1 +6u)( 377)
2 3 > (2) 2 ) .
_<w2+4+ﬂ)m +(W) +37T>)\ + O(X°),

< A2 21 + 1 2
Agmax = V7Y ( TRV + (W ((p +14/3) — 202/ + 1) (1 — 3+%)

24

~ 52 (8u(p+8/3) +5) + 21 — 1/2) )\6> + O\,

(4.2.8)
We reiterate that A, is the mixing parameter for an ordinary flavor symmetry
when Np = Nj, while it should be interpreted as the mixing parameter Amax of
the electric U(1) for Nz = 0. The leading order terms in (4.2.8) are consistent
with what one expects: when A\ — 0 the bulk and boundary decouple leaving a set
of free chirals with charges Ay.x = 1/2, and Amax = 0. Furthermore, for v = 0 we

get As,max = 0 as expected.”

30 Also the vanishing of As,max for v = 0 can be explained using simple symmetry arguments. Indeed, for v = 0 we have Ts = —7s.

Taking the complex conjugate of (4.2.3) and performing the change of variable a — —a we get 225‘4 (Ag) = Z}NIS4(—A5), where we

used that ef(?) = ¢(3), As a result Fj is even in A for v = 0 and the unique maximum can only be at As =0.
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Using the expansion of A and As,max we can directly expand the partition
function itself to the same order. Here we present it up to O(\?1):

2 he'Ts g , v,
ZES‘* = ﬁ (1 — (4(1 + 2’7) — 7TZ) )\2

3r? v =iy + 2im(—1 + 42
(_32(_H7)2“2_27r2+ 4( o
8 — 2 163 _2'2 2.2 2_42 4.2
B T + 1027y m”y+7r7u+z, 7T+7T7V >\4+(’)(>\6) .
16 273

(4.2.9)

We can then compute the coefficients of the one-point functions of the Coulomb

branch operators As, = ¢ using (3.4.11). We have obtained the result up to
order O(A?) for generic n:

(2n)! (14+iv)222\" [ 1 0
Az e = (n—1)! <_327r2) <n — A

8 (P = )2 4+ 30) — 244 3721+ ) (14 im) X+ OO |

(4.2.10)
As a consistency check we have performed a Feynman diagram analysis confirming
the first two orders in this expression of the one point functions, which can be
found in Section 4.2.6.

4.2.2 XYZ on the boundary

As a second example, we couple the bulk field to the 3d NV = 2 SCFT known
as the XYZ model. Also this example was studied previously in [79] and our
overlapping results, namely the perturbative expansion for the mixing parameters,
are in agreement. The XYZ model is defined as the IR fixed point of a theory of
three chiral fields X, Y and Z deformed by the superpotential XYZ. We need to
select a U(1) global symmetry to gauge with the bulk gauge field, and we take it
to be the one that gives charge +1 to X, —1 to Y and 0 to Z (as above, its mixing
parameter is called A). There is an additional U(1) global symmetry that can mix
with the R symmetry, and assigns charge 1 to X and Y, and —2 to Z. We call A



4.2. Boundary free energy and one-point functions in abelian theories 920

the corresponding mixing parameter. The 3d partition function is®!

ZXYZ(a/ . ZA, A) _ eE(AfAJria)+€(A+Afia)+€(lf2A) . (4213)

This partition function satisfies the parity relation mentioned at the beginning of
this section and therefore we can set A = A = 0 in (2.5.57) and maximize only
with respect to A. Similarly to the chiral case we use the following parameters for
notational convenience
Im(7) Re(T)
— 7= :
TT Im(7)

We have computed the maximizing value of A up to order O(\*?), the first terms

are

Ao XYZ = ; — giifff 3¢9§)) A+ 0. (4.2.15)
It turns out that the expansion of the partition function in this case is computa-
tionally more intense. Nevertheless, we have computed it to the order O(\*) as
well, albeit for the coefficients of the highest orders we have only the numerical
result. The first orders are

30(1/3) (1 437 —9

A2 =

(4.2.14)

Zhg=———|1+ 1+ i)\ + 0\ . 4.2.16
Finally, for the one-point functions we have computed up to order O(A\3?), the first
few terms are

< A2n>HR4=(n2f“1)!( (1+W))\> <(3 Vi dmt O(XL))

3272 n
(4.2.17)
Note that the leading order in the one-point function is just fixed by the Neumann
boundary condition and does not depend on the boundary degrees of freedom, and
in fact it agrees with the result (4.2.10) obtained for the boundary condition with
chiral fields on the boundary.

31Note that this formula for Zxvyz (€, A) differs from

ch rul(£ Z(l A)) chi rml( g 1(1 A)) chi I"ll( ’LQA)’ (4211)

by the prefactor
o F pim(3a7—2a— g) (4.2.12)

which is the contribution of a properly quantized background Chern-Simons term. Therefore we make a definite choice of background
contact terms in writing down this formula.
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4.2.3 Dualities

As described in Section 4.1 the SL(2,7Z) duality group of the supersymmetric
Maxwell theory relates different boundary conditions. In this section we consider
examples of this action and use them to test the results for the partition function
and for the one-point functions. We computed these observables in the previous
sections perturbatively in the coupling, by expanding the localization integral.
Since the SL(2,7Z) action maps weak coupling to strong coupling, the test requires
extrapolating the perturbative answers. The tests we perform here therefore serve
two complementary purposes: on one hand we use them to verify the localization
formulas and their transformations under SL(2,Z), and on the other hand we use
them to check the validity of the extrapolations of the perturbative expansions. We
consider two examples in which we can obtain predictions for the transformations of
the partition functions using certain integral identities, that have already appeared
in the literature in the context of 3d dualities, (see for example [11,81]).

4.2.4 (Np,Np) = (1,1) - XYZ

The first explicit example we study is the the BCFT of chiral fields with (Np, Nz) =
(1,1) in the notation of Section 4.2.1. The consequences of the SL(2,Z) duality in
this setup were considered before in [78,79]. Applying an S transformation we find
that the BCF'T with this boundary condition and coupling 7 is dual to the BCFT
with coupling —1/7 and the boundary condition given by (the IR fixed point of)
3d SQED with the matter given by one chiral with charge +1 and one chiral with
charge -1, coupled to the bulk via the gauging of the topological U(1) symmetry.
Next, we use 3d mirror symmetry that tells us that this SQED theory is dual to
the XYZ model, that we considered in Section 4.2.2. Denoting the theory of chirals

s (1,1), this 3d duality is verified at the level of the sphere partition function
using the following integral identity, called the pentagon identity [81],%

6€(y+z)e€(y—z) _ eé(?y—l) Jda p2mza ef(l—ia—y)ef(l—i-ia—y) : (4218)
which, upon setting y = A and z = —iz, implies
Zsia,n)(@, A) = Jda e Z 01y (a, A) = Zxyz(x, A) (4.2.19)

32This is an identity of the quantum dilogarithm [82]. It was applied in this context in [11] with the following change of notation:
L(—ix)
e = sp=1(x).
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where Z(; 1) and Zxyz were given in (4.2.1) and (4.2.13), respectively.

As a result we obtain that the BCFT with (Np, Nz) = (1,1) chiral fields on the
boundary and coupling 7 is dual to the BCFT with XYZ model on the boundary
and coupling —1/7. Using (4.1.8) we then obtain

ZNEVE(1fr —iA i, A) = N —ire TR ZN0N (7 A —iA A) L (4.2.20)

This equation implies the following relations between the values of the mixing
parameter that extremize the partition function (we write the argument simply as
7 for convenience, but remember that these functions are real and not holomorphic)

AXYZ(—1/7) = =A%V () |

max max

AXYZ(_q /7y = AU (7)) (4.2.21)

max max

AXYZ(—l/T) = A(l’l)(T) .

max max

The first two equations are trivially satisfied because in both theories Apax =
Amax = 0 by the symmetry argument explained above. The third line is a non-
trivial constraint that relates the weak coupling behavior in one theory to the
strong coupling one in the other theory. We test it by performing two independent
Padé extrapolations of the perturbative results obtained for AXYZ and ALY in

max max
the previous section, and checking if the extrapolated functions satisfy the relation

(4.2.21). We plot the result as a function of purely imaginary 7 = % in Figure
4.1. We see a good agreement between the two sides of (4.2.21) for all values of ¢,
interpolating from the value of 1/2 in the free (1,1) theory to the value 1/3 of the
XY7Z theory.

We then plug these values for A« into the partition functions and consider
the two sides of Eq. (4.2.19). In order to get rid of prefactors, and to obtain a
function which is analytic in the gauge coupling both in the weak and the strong

coupling expansion, it turns out to be convenient to compare the combination

2N ZN N3
o _ ( I HS) | (4.2.22)
Zgi
which, by (4.2.19), satisfies
(€)XY (—1/7) = (") V(1) . (4.2.23)

Similar to A, we perform independent Padé extrapolations for this quantity, on
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Figure 4.1: The {8,8} Padé approximant of A(LD(7), in blue, and of AXYZ(—-1/7),
in dashed orange, at v = 0 as a function of ¢°.

the two sides of the duality, using the perturbative results of the previous section
and compare them. The results are showed in Figure 4.2.

Additionally, we test the S-duality action on the one-point functions. In the
considered example, the S-duality relation (4.1.19) becomes

A = (-3) Ay (1220

We plot the results of the two independent Padé extrapolations of the two sides in
Figure 4.3, for n = 2,4,6,8. We see a good agreement for all values of ¢* for n = 2.
The agreement deteriorates as n increase, the region where the two extrapolations
agree progressively shrinks to values of g of order 1. When they do not agree, this
means that the number of available perturbative coefficients does not suffice to get
a reliable Padé extrapolation for these observables. The lesson we draw is that,
perhaps expectedly, the question of how many orders are needed in order to get a
reliable strong coupling extrapolation depends on the observable. The fact that
the perturbative expansion becomes less and less reliable as we increase the charge
n of the Coulomb branch operators is also expected, because the perturbative
coefficients grow with n, as exemplified by the first terms in (4.2.10). It should be
possible to study a large charge limit of n — oo with ¢?n fixed, similarly to what
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Figure 4.2: The {8,8} Padé approximant of (ef?)V(r), in blue, and
(ef)XYZ(—-1/7), in dashed orange, at v = 0 as a function of g*.

was done in [28] for the bulk two-point functions, in order to obtain exact results
in g*n in a 1/n expansion. We leave this as an interesting direction for the future.

4.2.5 (Np,Ny) = (1,0) triality

Next, we consider the example of the U(1) N’ = 2 Maxwell theory in the bulk
coupled to one chiral field of charge +1 on the boundary, i.e. the theory (1,0) in
the notation of Section 4.2.1. Applying the transformation ST~! we obtain that
this boundary condition at bulk coupling 7 is dual to the boundary condition at
bulk coupling —ﬁ with the following boundary degrees of freedom: (the IR fixed
point of) 3d SQED with matter given by one chiral field of charge +1, and one unit
of Chern-Simons term, coupled to the bulk via the gauging of the topological U(1)
symmetry. The latter theory is typically referred to as U(1);2 SQED with one
chiral, where the half-integer level comes from taking the convention that a chiral
field couples to the background gauge field with a —1/2 Chern-Simons contact
term. This theory is also known as the “tetrahedron theory” because of the role
it plays in the construction of 3d theories from compactifications of 6d the (2,0)
theory on 3 manifolds [11].

We then use a 3d duality found in [11] that says that U(1);, SQED with one
chiral is dual to the free SCF'T of one chiral field. This is actually part of a triality,
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Figure 4.3: The plot labeled by A, show the {8,8} Padé approximants for
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a function of g?. The normalization ( 42)" is chosen for graphical convenience.
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because both theories are also equivalent to U(1)_; SQED with one chiral. At the
level of 3d partition functions, this duality is proven making use of the following
integral identity (see e.g. [36,82])

im Tmi im

Jda eiwa2627raze : (l—r—ia)geé(l—r—ia) _ e—ﬁe—iw(vﬂ—?m—l) 03 (r—z)Qef(r—z) ’ (4225)
where, in order to make the integral convergent, the contour of the da integration
needs to be slightly tilted in the complex plane, i.e. ranging from —oo(1 + i€) to
+o0(1 + 4€).% Setting r = 1/2 and 2z = —iz this identity gives

2

ZST’l[(l,O)] (.CE) = fda 6—2m'axei7m Z(ljo)(a - l) =e6e™ Z(l’o)(—x — %) (4.2.26)

where Z(; gy was given in (4.2.1), and the second argument of the function can be

dropped in this case because A can be reabsorbed in A. The factors of €% and
e™ on the right-hand side correspond to background Chern-Simons terms that
need to be added in order for the duality to work. Up to these contact terms, the
transformation ST~! therefore leaves the theory (1,0) invariant. The fact that
ST~ is a transformation of order 3 implies that in fact this must be a triality,
consistent with the claims that we reviewed above.

This triality implies that the BCFT with boundary condition given by the
single free chiral and coupling 7 is left invariant under 7 — ST ![r] = _7%1
and 7 — (ST 1)?[1] = %1 More precisely, we need to take into account also
the addition of background Chern-Simons terms on the left-hand side of (4.2.26).
Starting with (4.2.26) and performing manipulations analogous to those that lead
to (4.1.5)-(4.1.8), we obtain the following identity for the hemisphere partition

function with (1,0) boundary condition
Zy (= —iA i1+ A + A))

~ ~ ~

. o (4.2.27)
= V- 1T emAA2R) ZN00 A A |

Some of the consequences of this triality on the BCFT setup were studied previously
in [79]. Note that the phase factor on the right hand side does not enter in the

33To ensure convergence, also the variable z needs to be restricted to a certain region in the complex plane, and outside of that region
the identity should be interpreted in the sense of analytic continuation. We have not tried to fully determine the region of convergence,
but we have checked numerically convergence and the validity of the identity in the region of small |z| and Arg(z) in a right neighborhood

_x
of 5
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extremization. Performing extremization to determine A and A, this relation
between the partition functions implies that

AGD(r) = —ALR(-7y) |

max max —1

ALy =1+ ALY (-1 — ALY (-2y) .

max max —1 max

(4.2.28)

This transformation on the functions A and A is easily verified to have order
three, as it should. Moreover, it allows to solve for the values at the self-dual point
T = €', giving

Aoy — _L Aoy 1

max 3 ) max 3 :

Consistently, plugging these values into (4.2.27) one finds that the whole prefactor,
including the /7 — 1, simplifies to 1. We can now proceed with the numerical
tests.

Firstly, we check (4.2.29) via a {7, 7} Padé extrapolation from weak coupling
along the complex curve 7 = % + i‘;—g

(4.2.29)

~ - 1

Al () + 5 ~ —0.001,

[ (4.2.30)
Aoy (%) = 3 ~ —0.007,

and we find reasonable accordance.

The other checks we perform utilize a {7, 7} Padé extrapolation along the complex
curve 7 = 1 4+ i‘;—g from both duality frames. In Figure 4.4, Figure 4.5 and Figure
4.6 we show checks for (4.2.28), for ef? and for the one-point function of ¢2, which
satisfies the relation

<A§1’0>><T>=(— ! )<A§1’0>>(— L) (1.2.31)

1—17 1—71

that can be obtained via (4.1.14)-(4.1.19). We find a good agreement with the
predictions of the triality for the real part of the one-point function and for ef?, but
generally the extrapolations appear less accurate when the #-angle is non-vanishing.

4.2.6 Feynman diagrams calculations

In this section, we confirm the first two orders in (4.2.17) via a Feynman diagram
calculation. In order to compute the one-point function of Ay, = ¢*", we repeatedly
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Figure 4.4: On the left, the {7,7} Padé approximant for ALY(7) in blue, and
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in blue, and of 6‘;272 (—i)2A2(—i), in dashed orange, evaluated at 7 = 1 + i‘;—g,

as a function of g?>. On the right the imaginary part. The normalization 637;2 is

chosen for graphical convenience.

use the OPE in the bulk to bring 2n insertions of the field ¢ at the same point.

Tree-level
At tree-level we have

(Pp(x1) ... Pp(x9,)) = {Pp(x1)P(x2)) ... {D(Tom—1)P(T2,)) + other Wick’s contractions ,

(4.2.32)
with (2n — ! = (2n — 1)(2n — 3)...1 addends. Sending z; — x we remain with
(¢*"(w)) = (2n — 1)IK¢*(2))" (4.2.33)
which leads to
agan = (2n — 1)!lag. . (4.2.34)

This matches the leading order in (4.2.17) upon using the result in (B.2.11). Note
that the result of the perturbative calculation is naturally a function of 7, rather
than 7, if we include a shift of the boundary Chern-Simons term compatible with
the charge assignment of the boundary chiral fields.

1-loop computations

We now need to add boundary interaction vertices that shift the above result by
5af§f Np,
A generic diagram looks like what is depicted in Figure 4.7. Each possible
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n-1 times ° ,

Figure 4.7: Schematic representation of the NLO diagrams needed for the compu-
tation of {¢*").

contraction in the bulk can be seen as a correction to ag;ee multiplied by n — 1
closed loops. Each of these contributions has multiplicity n(2n — 1)!'**. The
contractions in the boundary simply produce the 1-loop diagrams computed in
Appendix C.3. The NLO contribution can then be written as follows

salnr N = p(2n — 1)!!(afﬁr§e)"_1(5a$F’Nﬁ) : (4.2.35)
It is easy to note that at the 1-loop order holds
daly™N*) = (Np + Np)dals” (4.2.36)
thus we obtain
dalpt NP = (Np + Np)n(2n — 1)l(a%e)"1dals” . (4.2.37)
Using (B.2.11) and (C.3.6), again with 7 — 7, we find
5alhr N = _(Np + NF)”(QT;Q;I)!! (87(73— %S)iz)n 1 , (4.2.38)

in agreement with the NLO result shown in (4.2.10).

34There are w = n(2n — 1) ways of choosing two ¢ operators between the 2n that contract on the boundary. Then there are
(2n — 3)!! ways of pairing the remaining 2n — 2 fields in the bulk.



Chapter 5
Higgsing Transition in AdS;,

In this Chapter we first introduce the reader to the concept of using AdS as a means
to study phases of strongly coupled gauge theories. We later discuss our results
obtained so far using these AdS techniques in conjunction with supersymmetric
localization.

The concept of AdS as an infrared regulator to study phase transitions was
introduced in [12]. The reason for that is that in AdS we have exponential damping
in correlators function but still infinite volume, thus, in contrast to the sphere
or dS, one can still use it to study spontaneous symmetry breaking and phase
transitions. Furthermore this regulator preserves a spacetime symmetry group
as large as the Poincaré group (as we remove the regulator the AdS isometries
generators become the Poincaré ones). Many tools that are useful to study QFT in
AdS can be borrowed from holography, which indeed reduces to it in the limit when
gravity decouples, which is the case we focus on. As an example of a useful concept
that is familiar from holography, but still applies to QFT in AdS, correlators of
boundary operators are covariant under the conformal symmetry group, simply as
a consequence of the isometry of the background.*

In our case we study a pure (super) Yang-Mills theory and as such the theory is
completely controlled by the adimensional quantity AqcpLags. Thus there is no
distinction between the flat-space limit and going to strong-coupling or, conversely,
having high curvature and having small coupling.

Interestingly, as pointed out in [13], this setup allows us to sharply define and

35The operators of the boundary are not the ones of a local CFT. Indeed, for examples, without dynamical gravity in the bulk we
do not have a stress-tensor on the boundary. It is however true that the operators that we define/restrict on the boundary naturally
transform under the conformal group.
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study a confinement-deconfinement transition. When the AdS radius is small, and
we are in a perturbative regime, it is possible to assign Dirichlet boundary conditions
which restrict gauge transformations to be global on the boundary. This implies
the existence of a boundary current associated to the gauge group, which can be
thought, via state/operator correspondence, as the AdS analogue of an asymptotic
gluon state in flat space. For this reason, the Dirichlet boundary condition can be
thought of as a deconfined phase of the theory. As the AdS radius is increased and
the coupling gets stronger, at some critical value this boundary condition should
stop being available. This is required by consistency with the flat-space limit, in
which no colored asymptotic states exist. Understanding the disappearance of
the Dirichlet condition from the point of view of the boundary CF'T is therefore
very interesting because it offers a new window through which one can explore
the mechanism for confinement in flat space. Various possible mechanisms for
this transitions have been proposed conjecturally in [13] and have been recently
explored using perturbation theory in [14]. For instance, one possible mechanism,
dubbed decoupling in [13], concerns the vanishing of the coeflicient denoted ¢;, the
two-point function coefficient of the conserved current. This mechanism is the one
we focus on in this thesis.

The two-point function of the current is forced to be strictly positive since it is
linked to the norm of the asymptotic gluon state. Then if it happens to decrease
to zero at some point, as we increase the radius, this implies that the gluon state
becomes null and should be excluded from the spectrum, signaling the transition
to a phase without boundary global symmetry. Studying this boundary current
two-point function then gives one possible quantitative way to argue the end of
the deconfined phase, as was studied for instance in [14].

5.1 Higgsing transition in SU(2) SYM

The transition away from the deconfined phase happens at strong coupling, which
makes it hard to study it quantitatively. That is why so far there are only
perturbative indications about the nature of the transition for pure YM theory.
Our goal is to exploit supersymmetry and localization to make more controlled
statements about this transition. The physical set up we want to consider is pure
SU(2) N =2 SYM theory in AdS, with Dirichlet boundary condition. We expect
from [83] that in the flat-space limit, and thus of strong coupling for the discussion
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above, the theory should Higgs down to a U(1) gauge theory if we stay at the
origin of the Coulomb branch. Note that differently from the non-supersymmetric
case of pure YM, in this case the transition is not of deconfined-confined type,
but rather between a fully deconfined non-abelian Coulomb phase with SU(2)
symmetry, to an ordinary Coulomb phase with only U(1) global symmetry on the
boundary. Still, the conclusion that the (full) Dirichlet boundary condition must
disappear at strong coupling remains valid.

In order to apply this logic we need to choose boundary conditions in AdS in such
a way to preserve the maximal amount of isometries and supersymmetries, so that
in particular we have the same number of symmetry generators as for the theory in
flat space. For the reasons explained in 2.6.2, we claim to achieve this by imposing
boundary conditions that explicitly preserve 3d A/ = 2 supersymmetry and then
by employing Fs-maximization to restore the full 4d N' = 2 supersymmetry.

5.2 Higgsing from F)-maximization

The partition function of the 4d N = 2 pure SYM on AdS,, as a function of the
dynamically generated scale, is derived in Appendix D (see (D.4.2)). We write it
below, specializing to SU(2), for convenience

2a
sinh(27a)
The partition function depends on the asymptotics of ¢; (2.5.35). This boundary
value generates a profile for the scalar in AdS, which leads the theory to a Higgs

phase where the gauge symmetry is broken to U(1). As we explain in more details
below, note that a # 0 corresponds to turning on a real mass on the boundary,

Z2 . (a,AL) = (AL)* G(1 + 2ia)G(1 — 2ia) Zneiwasor (@, AL) . (5.2.1)

which also breaks conformal symmetry.

The “explicit” breaking due to a # 0 is put by hand, while we are looking for
a mechanism that dynamically breaks SU(2) as we increase the radius, without
affecting the conformal symmetry. We therefore concentrate on a = 0 in (5.2.1),
thus we enforce SU(2)-preserving boundary conditions.

The key to this dynamical mechanism is that, as explained in Section 2.6.2,
starting from a Lagrangian formulation that preserves explicitly NV = 2 3d su-
persymmetry, the partition function that preserves the full AdS, supersymmetry
and that allows to recover the R* physics at strong coupling/large AdS radius is
obtained through a maximization procedure.
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If the theory Higgses down to U(1), then there is a U(1) global symmetry
generated by the multiplet Jy, whose source is precisely the vector multiplet in
(1.5.5) that on the boundary dualizes to Jp (as explained in Section 2.5.7).

a is the real mass deformation for this U(1) and, thanks to the discussion under
equation (2.5.52), we know that the partition function depends holomorphically
on a — 19, with 0 the mixing parameter of a trial R-charge. Since we set a = 0, we
study F; maximization with Z2 (7, —id) (5.2.1).

A maximum at a non-zero value of § means that a U(1) subgroup of the SU(2)
global symmetry mixes with the superconformal U(1)z symmetry of the boundary.
This means that the corresponding boundary condition, while preserving the
superconformal symmetry, breaks SU(2) to U(1). We parametrize this possibility
by studying the F,; maximization at different values of AL as a function of § and,
if a local maximum arises at § # 0 with a greater Fj-value compared to 6 = 0, we
interpret this as the destabilization of the SU(2)-preserving boundary condition
towards the U(1)-preserving one. When this happens we declare the theory to be
in the Higgs phase.

In the next section we present the plots related to this study. We write A instead
of AL to ease the notation. Furthermore we call

1
F;= —21og(\ZAdS4|2) (5.2.2)

since the partition function on S* we would have from equation (2.6.1) does not
depend on § and thus would not influence the study of maximization. One practical
difficulty that we encounter is that Zyekmsov cannot be expressed in closed form,
but rather it is known as an infinite series expansion in the instanton number. In
order to study the minima numerically, we need to truncate this expansion to a
certain order. To asses the reliability of the results, we then test how they change
by varying the order of the truncation in the instanton number.

5.3 Results

We start a preliminary analysis with the plot in Figure 5.1. We plot three different
F5(—id, A) at different fixed values of the truncation in the instanton number and
of A, as a function of §.

Let us explain some qualitative features of the function. We observe that for
small A the functions obtained by truncating the sum over instantons have a
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50

Figure 5.1: The diverse curves are Fj(A, —id) at different perturbative order in
instanton number. The blue one has only the leading order, the orange one has
one instanton correction and the green has two instanton corrections. The first
figure is at A = 0.001, the second is at A = 0.9 and the third at A = 3.
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local maximum at 6 = 0, and as A is increased additional local maxima emerge
at non-zero value of §. While these features depend on the truncation of the
instanton series, we observe that they stabilize after a certain number of instantons
is included. The number of instantons needed for the stabilization itself depends
on the value of the coupling A: for larger A more terms in the instanton series are
needed to stabilize the function.

We define Aj ot as the value of A where a new maximum appears and Ag it
as the value where it disappears. We also define A.; as the value where the local
maxima at the origin disappears. We reiterate that these values can actually depend
on the instanton number truncation, we will comment on their stability /instability
later on.

In this preliminary analysis we notice at A € [Aq it A2.ait.] the emergence of a
bigger maxima, compatible with the fact that we know the theory Higgses in flat
space, but in contradiction with this expectation Ag . is finite and thus this new
maxima seems to disappear in the deep IR. Perhaps even morse surprisingly we
have some finite A.; > Ag i, thus no stable point seems remaining in the deep IR.

In the plot we can also see singularities, these are however pushed away to larger
and larger values of § as we increase the number of instantons. We thus interpret
these just as an artifact of the truncation in the number of instantons.

To clarify the results we study A cit, A2 crits A, as we increase the number of
instantons. We also introduce A,cianie, the largest value of A for which we deem
reliable the sum truncated up to instanton number k. We use the following criterion
to asses reliability: for a given £ and for A > A i, we look at the location of the
new maximum deit = Oerit(k, A). As we increase the truncation, the location of i
initially changes significantly until at the value k it stabilizes, for all values of the
coupling lower than Ayeiaple(k). The results can be found in Figure 5.2.

Aseliable, @s we would expect, increases as we increase the truncation. Aj it
is always reliable by construction, since the definition of Agapie is based on the
stabilization of the second maxima. It is however a non trivial confirmation of our
choice to assess reliability the fact that A; .. remains stable as k is increased.

We also see that the values of Ay qit., A, at each fixed number of instantons,
are always above A,qiaple and their value does not remain stable as we increase the
number of instantons. Extrapolating from the trend displayed in Figure 5.2, this
seems to be the case because all these values are pushed to infinity as we remove
the truncation and we study the exact physics of this system.



107 Chapter 5. Higgsing Transition in AdS,

N
2.5; °
L ° [ ]
L [ ]
[ ]
° [ ]
20 o ° . LAV
[ ] L4 J
I ° 3 $
[ ]
151 o ° e b P
I . ; s
L [ ]
----- A
1.0“_ . s 1,crit
» * Areliable
0.5
| . . . . 1 . L . : L — Instanton
5 10 15

Figure 5.2: In this plot we show the values of Ajcrit., Aoerit, Aejy Areliable a8 We
increase the number of instantons. We represent A; it as a dashed line because
its value remains stationary across diverse instanton numbers.

Our analysis focuses around the position of the new maxima and on a much
higher instanton truncation with respect to the preliminary analysis of Figure 5.1.
The singularities are then pushed far enough from the region of interest that we
thus deem reliable. From this study we can then see that this new maxima does
not just come from having smoothed out a singularity, it arises from Fj(A, —id) at
A > Ay ot within the d-region we can trust.

This implies that that there is a second maximum of Fj at § # 0 and that it
survives in the deep IR. It is also true that the local maximum at 6 = 0 seems
surviving as well, but it is always smaller than the second one we find. While
we cannot rigorously prove that the SU(2)-preserving boundary condition at the
origin stops being consistent, we take the emergence of this larger maximum as a
strong signal that the theory Higgses after a certain value of the coupling/AdS scale
and remains in the Higgs phase in the deep IR limit/flat space limit, consistently
with [16].
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Chapter 6

String-theoretic BCFTs and
S-duality

In this last section we aim to study string theoretic constructions of a class of 4d
N = 2 gauge theories, circular quiver theories of Ay_i-type, as the ones depicted

in Figure 6.1.

Figure 6.1: The following picture describes a gauge theory with a SU(N) N = 2
vector multiplet for each node. Every link that starts from a ™" note and ends into
a j' represents a 4d N = 2 hypermultiplet in the (N;, N ;) representation.

This class of theories is prototypical especially because it is possible to describe
them in M-theory [19], which allows a geometrization that manifests explicitly the
duality group.

We aim to add a boundary in these theories and describe a strong-weak duality
action in this set up [20], which we denote as S-duality, similarly to what was done
in [17,18]. We proceed by describing the set up from the point of view of Type
ITA, its enhancement to M-theory and thus the description of the duality group
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for the theory without a boundary. We also describe the dual Type IIB set up and
the interpretation of this S-duality action.

We then proceed to add the boundary, discuss the preserved supersymmetry,
the S-duality and a preliminary analysis of the boundary conditions imposed by
the different branes.

For convenience we call “#” the M-theory’s 10" direction.

6.1 Bulk construction in Type IIA and M-theory
In Figure 6.2 we depict the Type IIA brane set up, which we describe in Table 6.1.

X X

Figure 6.2: The picture shows N parallel and superposed D4, along the 4 directions,
that intersect K NSb5s

‘012 3 4 5 6 7 8 9
D4 ° e o
NS5 ° ° o o

Table 6.1: In this table we show in which directions the branes depicted in Figure
6.2 extend. The 4-direction is a circle.

We call the total length of the 4-circle as L¥) and the distance between the
K

i™ and (i + 1)™ NS5 as LY, so we have ZL§4) = LW, In principle one could
i=1

1 )

expect to have U(N) gauge theories living on each slab but actually all the U(1)
factors are frozen except a diagonal one, that decouples (all the hypermultiplets
are not charged under this [19]). For this reason it is effectively a theory of SU(N)
gauge nodes. On the D4 slabs there are strings that describe a gauge theory and
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across the NS5 there are strings which we interpret as the hypermultiplets in the
bifundamental.*’

In M-theory all of these D4s and NS5Hs can be seen as the complicated worldvolume
of a M5 [19]. We depict the set up in Table 6.2 and in Figure 6.3

012 3 4 5 6 7 8 9 ﬁ
M5 ° e o °
Mb ° ° o o

Table 6.2: This is the M-theory up-lift of Table 6.1. From the M-theory point
of view the final theory is actually just a single M5 with a more complicated
world-volume.

Q

Figure 6.3: This figure displays a Mb that wraps the 4#-torus and the spikes
represent the M5 leaving the 4#-directions. In the Type ITA limit we shrink the
#-circle and all the points on the torus are D4s except those of the spikes which
become the NS5s.

We can then define the asymptotic position p; where the M5 extends outside
the 4#-torus (and becomes a NS5 in the Type ITA limit). We decide to define and
normalize this position in the following way [19,85]

1z 0 :z:fé
pi = ;mz + 3 I@ (6.1.1)

36These states can only be argued indirectly since, in the duality frame where we quantize the F1, they probe the core of NS5s which
are non-perturbative objects [84]
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with?”
T = T + L% | with a = 4, # and azf‘ﬂ > . (6.1.2)
Defining as usual
7 0
= — 4+ — 6.1.3
' gs 21’ ( )

we can rewrite (6.1.2) as
Pirk = pi + 7, with Im(p;41) > Im(p;) . (6.1.4)

As we see in Section 6.2.2, é , 0 are connected to Type IIB parameters. In this
S

context we can interpret these as suitable normalization constants such that, letting

7; be the complexified gauge coupling of the i node of the quiver theory, we have

Ty = Pi+1 — Pi - (6-1-5)

Notice the fact that ordering the z}, as shown in (6.1.2), was fundamental in order
to have Im(7;) > 0.

It is possible to notice that, thanks to the periodicity condition in (6.1.4) we
have

in =T. (6.1.6)

6.1.1 Action of S-duality from M-theory

The action we have called S-duality, from the M-theory point of view, is just the
usual modular map of the 4#-torus. Defining a generic point on the torus to be

z =01+ 7T0oy, with o, ~0; +1, (6.1.7)

the modular map simply acts as

, ar+b , z

z=01+7'02—>z’=01+c7_+da2=m, ‘+1, (6.1.8)

with o ~ o}

where

(‘CL 2) e SL(2,Z). (6.1.9)

37String theoretically it can be possible to have Im(p;+1)=Im(p;). These set up however do not have, up to now, a clear field theoretic
limit and thus we do not discuss it here.
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Due to the fact that all the points z are mapped by the diffeomorphism to 2’ = i
we see that this action changes the p; defined in (6.1.1) and thus in turn the gauge
couplings.

Take the matrix of the form (6.1.9), witha =d =0, b = —c = —1.%° If we take
pi, ie{l,... K} with z¢ € [0, L\?)), then®

png_i,We{l,...,K}andp;-”(:p;—j_. (6.1.10)
Following (6.1.5) one might be tempted to deduce that the gauge coupling trans-
forms as™’
TZ-/=Z,VZ'€{1,...,K—1}, (6.1.11)
1 K_ITZ‘
e = = (6.1.12)

but this would be too hasty. Indeed one can see that, depending on the sign of 6;,
one could end up with Im(7/) < 0.

This apparent inconsistency is just due to the fact that the action of the duality
group and the RG-flow action do not commute with each other. We should move
string-theoretic parameters while studying the moduli of a theory, and then take
the low energy limit, otherwise we can reach inconsistencies.

An example of this is moving an NS5 such that it crosses another one in Figure
6.2. In following this motion we would end up with g—liz ~ xl(i)l — x§4) < 0, but clearly
the end-result after crossing leads at low energy a consistent field theory analogue
to the one before. The crucial point for this example is that one should re-read the
position of the NS5s after the crossing and re-label the i-index correctly in order
to obtain the physical couplings like in (6.1.2)-(6.1.5).

These kind of phenomena, where inconsistent field-theoretic parameters corre-
spond to region in the physical string-theoretical moduli, was initially observed in
the conifold [86,87], later considered for Seiberg-Witten dualities in [88-90] and

38Choosing a = d = 0, b = —c = 1 would lead to P} = —%. For reasons we argue later, this does not change the couplings of the low
energy theory. Furthermore the match of the duality transformation with the Type IIB set-up in (6.2.10) persists with both definition of
S-action.

39Notice that it is important to specify the domain. Indeed, following the comment in footnote 38, we would have P, = i% depending

on the definition of the S-action. If we do not choose the fundamental domain we find J_rpi# = i% +1# p;+K =p} - %, which
would not be consistent with the new periodicity condition.
400nce one decide which is the last node, due to what stated in footnote 39, we are forced to treat the last coupling differently. Notice

K
that we have Y7/ = —%, which mimics (6.1.6).
i
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then generalized for a large class of 4d theories with at least A" = 1 supersymmetry
in [91] (which also encompass our example). These transitions are known as flop
transitions and, differently from what happens in our case, they do not necessarily
lead to a theory with the same kind of interactions among the same types of
degrees of freedom (even though, after the flop transition, one can obtain dual field
theories).

6.2 Bulk construction in Type IIB

In this section we describe the set up that one obtains when we take a T-duality
along the 4-circle. We start with a general discussion of T-duality in directions
perpendicular to NSbs, then we focus on our set-up and we discuss the duality
group from the Type IIB perspective.

6.2.1 T-duality and NS5s

Let us assume a set up like the one in Table 6.1 but with only parallel NS5s. Let
us furthermore assume that these NS5s are all in different positions, not only along
the circle 4, but also along the flat directions 789.

After taking a T-duality along 4 one obtains a Taub-NUT geometry of the form
of [92]

ds* = V(Z)dz* + 7 (RO + & - dT)?, (6.2.1)
with
K
R
Vi=1+) o,
;Q\x — 2 (6.2.2)

V=V-3,

and Z; the positions of the NS5 along 789. In ¥ = #; the S* fibration shrinks. From
each x; one can trace non-intersecting curves in 789 and from the fibration one
obtains 2d cigars C; (see Figure 6.4).
We can then define some By)-fluxes and we learn from [92] that there is a
connection between the distance of the NS5s in Type ITA (6.1.2) and {B(s) in Type
Ci
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Figure 6.4: In this image we show the Taub-NUT as a S fibration over a plane
with different points where the fibration shrinks to a point.

IIB. In a suitable normalization, we can actually write

T = JB@) . (6.2.3)
C;

These fluxes can be rigidly shifted by the same amount
B(z) — B(g) + )\(2) such that d)\(g) =0, (6.2.4)

which parallels the rigid translations of all NS5s in the previous string frame [92].
The only thing that is gauge invariant is the subtraction among two of these
fluxes, which is equivalent to a flux through C; — C; ~ S%. Indeed this is related to
the physical distance among the i'" and the j™ NS5.
Choosing some order of the C; and defining

K
Cxi1=—)Ci (6.2.5)
i=1

we define the following spheres

S?=Ciy1—C Viel,..., K, (6.2.6)
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Figure 6.5: In this figure we depict the same picture of Figure 6.4 but we show
the fibration along a curve that connects two different points where the fibration
shrinks.

which we display in Figure 6.5.

We can also assume, for future convenience, that we could have Cy)-fluxes as
well. One can then notice that the sum of all these S? is topologically a 2-surface
that can be shrunk, essentially by definition of (6.2.6). Thus we have

ifB@) = if%) =0. (6.2.7)

6.2.2 The orbifold and field theory limit

When in a Taub-NUT all degenerate fibers are close to a single point, with respect
to the scale of the radius, this is called the Asymptotically Locally Fuclidean limit
(ALF limit for short). If all the points where the fiber degenerates coincide, we
obtain an orbifold limit, which is ]R%l ~ (%2 with I" some discrete subgroup of SU(2).
These kind of singularities have been studied and have an ADE classification, the
famous McKay correspondence.

The orbifold limit is precisely what happens in our case since the Type ITA
4-circle in Table 6.1 is considered to be small and all the NS5s are considered to
be in the same position along 789. With respect to what was showed in Figure 6.5,
we see that all the spheres have shrunk. We however have B-fluxes on vanishing

2-cycles due to the fact that all the NS5 where in different positions on this circle.
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The kind of orbifold we obtain is actually one of the simplest and is %. It is
interesting to notice that string theory is not actually singular in this limit. Indeed
the string sigma-model has two terms contributing to the kinetic terms, the first
one due to the metric G y0XMoXYN, which vanishes in the orbifold point, but
also another one due to B(y) fluxes which are turned on.

The fields’ mode expansion now contains twisted sectors. The string theory is
however consistent and thus we expect all the symmetries to still hold. In particular
S-duality mixes B(y) and Cy), sending the a'™ twisted sector of B(s) to the same
one of C(y) and viceversa.

The field theory limit can be obtained by studying and expanding the DBI-action
of fractional branes, which we do not describe in detail but refer the reader to
useful notes on the subject [93]. The end result is precisely the quiver gauge theory
described in the previous section. In particular one can see that [90]"!

TiZTJB(2)+JC<2), Vie{l,... K—1},
52 S2

A A

K1 (6.2.8)
TK =T — 2 (TJB(Q) + JO(Q))
=N G 5
with
7 0
= — + —. 6.2.9
' gs T on ( )

The fluxes on the vanishing cycles should be interpreted more carefully as scalars
in the twisted sectors coming from the mode expansion on the orbifold of By
and C(9). We decide however to keep explicit B(y) and C(y) because it makes the
S-duality action apparent.

In this duality frame we do have a dilaton and Cg profile, the latter coming

from a C(j) flux on the 4-circle, and that comes from the twist of the M-theory
44£-torus.

41As argued in [94], we can think of the N fractional D3 on the orbifold singularity as the N — 1 D5 wrapping the vanishing cycles
Sf Vie{l,...,K — 1} and an anti-D5 wrapping Sk with some F-flux from the fundamental string. The anti-D5 and the F-flux are
needed to cancel the total D5 charges in the final set up with only D3s. In this picture, this is the reason why Tx seems cast out with
respect to the other 7; in (6.2.8). We however do not use this picture because, upon S-duality, we would need to deal with a putative
DBI for NSbs to obtain the low energy theory.
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It could also be possible to move the SB(Q) module in such a way that one or
52
more of the 7; become negative. This would correspond to the flop transitions
already discussed in Section 6.1.1.

From this it is possible to show that our S-duality is actually just S-duality.
Indeed keeping fixed the choice of the S-matrix action of SL(2,Z) with respect to
the one stated below (6.1.9), namely the one with a =d =0, b = —c = —1, we
have [94]

1
T — —;, B(Q) —> —0(2) , 0(2) — B(Q) , (6.2.10)

with which we can match (6.1.11)

o ( )( JC> Boy=", Vie{l,. K-1}, (6211

1 Z < :C@)) N JB(Q)) -—- : (6.2.12)

We again interpret Im(7/) < 0 as ﬂop transitions, which lead by construction to
the same low energy theory’s coupling described of the dual Type IIA set up, as
discussed in [91]. As already stated in footnote 38, the different choice of the S
action of SL(2,7Z), corresponding to a = d = 0, b = —c = 1, would still have led to
a match of the physical IR coupling transformations across the two duality frames,
once flop transitions are taken into account.

6.3 Adding the boundary and S-duality

We add boundary-branes to our set up, as shown in Table 6.3.

We consider the 3-direction as the boundary where the D4s can end on a system
of D6s and NSb5s, much like D3s on D5s and NSbs in [17].

It is possible to check explicitly that this set up preserves 4 supercharges half
with respect to the set up in Table 6.1. This coincides with imposing 5 L_BPS
boundary conditions on a 4d A/ = 2 theory.

Notice that we expect the SO(2)g 3d R-symmetry to be the Cartan of the
SU(2)r < U(2)r 4d one (see the boundary conditions on vectors an hypermultiplets
in Section 1.5.1). This is precisely what happens, namely the purely bulk model
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012 3 4 5 6 7 8 9
D4 ° o o
NS5 ° ° o o
D6 ° ° ° e o
NS5 o o o o

Table 6.3: We suppose the 4-circle to be small, with respect to the cut-off of our
effective theory, while we do not need assumptions for the 6-circle. In blue we
present the boundary-branes.

has a SU(2)g < U(2)g R-symmetry, coming from the 789 directions, and now we
remain with a SO(2)g coming from 89.

The S-duality action we propose is shown in Table 6.4.

A crucial step is that during the modularity on the 46-torus the branes do not
move. This is due to the fact that the quantization of the string-states should be
fully insensitive to diffeomorphism. Indeed this can also be seen, for instance, in
M-theory on a torus with a stack of M2, as in Table 6.5.

The modularity in M-theory should correspond to the S-duality in the Type
I1B picture. Taking the Type ITA limit on one of the two cycles in Table 6.5 and
then taking T-duality on the other cycle leaves either a F1 or a D1. A modularity
action precisely swaps these two end results, just like S-duality swaps F1s and D1s.
This would not work however if we assume that the modularity acts also on the
branes, changing which cycles they wrap.

For our set up the effect of this action is going to be the same one already
discussed for the bulk. On the boundary the action exchanges D6 and NSb5s, much
like the exchange of D5 and NS5 in [17].

In Appendix E we discuss which modes of the D4s survive depending on which
boundary branes the D4s end (but we do not discuss boundary conditions). We
argue that when the D4s end on NS5s the 3d N = 2 vector multiplet survives
while when they end on D6s the 3d N = 2 chiral multiplet survives.

Due to the fact that the bulk bi-fundamental hypermultiplets are non-perturbative
states from the canonical string-quantization frame [84], it is not possible to argue
which 3d N = 2 mode survives using the same means of Appendix E. We argue
however that this does not matter.

Since the boundary breaks explicitly the R-symmetry down to SO(2)r <
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012 4 5 6 7 8 9
D4 ° °
NS5 . o o
D6 ° ° ° o o
NS5 o o o o
012 4 5 6 7 8 9
D3 ° o
TN X4 ° ° [
D5 ° ° e o
NS5 ° ° ° °
012 4 5 6 7 8 9
D3 ° °
TN Xg © o o
D5 ° ° e o
NS5 ° e o °
012 4 5 6 7 8 9
D3 ° °
TN Xg © o e
NS5 L] ® ° [
D5 ° e o °
012 4 5 6 7 8 9
D4 ° ° °
NS5 ° e o
NS5 ® ® [ [ )
D6 ° e o o o

Table 6.4: The first table is the initial set-up. The second one is after T-duality
along the 4-circle, with TN standing for for Taub-NUT and xj under the j-direction
means means that the k-circle shrinks along j (j = k stands for the orbifold limit).
The third step is modularity of the 46-torus. The fourth one is Type IIB’s S-duality
and in the final one we take a T-duality on 6 and we obtain back the S-dual frame.

SU(2)r, the 4d N = 2 hypermultiplet decomposes in two 3d N = 2 chiral
multiplets with opposite, but otherwise generic, SO(2)g-charge (see (1.5.11)).

These 3d chiral multiplets posses the same flavor and gauge symmetry repre-
sentation. Even if boundary interactions require a specific SO(2)g-charge, this



121 Chapter 6. String-theoretic BCFTs and S-duality

|0 1...7 8 9 #
MQ‘O ° o

Table 6.5: We consider 8 and # to be circles.

can be assigned to either of the two boundary modes we can consider fluctuating
(remembering to fix the opposite one for the degrees of freedom we freeze). For
this reason the class of interactions, and triggered RG-flows, is the same.

Further analysis is required in order to study more precisely the boundary
conditions, the interactions within the boundary and the bulk-to-boundary ones.
It is possible that the diagonal U(1) vector that survives [19], see Section 6.1, can
actually interact with boundary modes and as such it would not be decoupled.
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Chapter 7

Conclusions and future directions

In the present thesis we have studied, in different scenarios, four dimensional
supersymetric quantum field theories in presence of a boundary.

We have presented how to obtain exact results for the one-point function BCFT
observables in 4d, with the minimal supersymmetry which allows the use of
supersymmetric localization.

Multiple future directions and further studies can be addressed. It could be
interesting to study whether, for a class of observables, it is actually possible to
obtain exact closed formulse in some interesting regimes.

For instance it is known that theories have a universal behavior in presence
of large global charges [95]. This was exploited to compute, with localization, a
class of CFT observables [28,96], but in presence of a boundary this is not well
understood.

Another interesting regime is large-N. The literature is already vast in this
context (see for instance [97] and references therein). It could be interesting to see
if it is possible to obtain exact results in the large N limit also in the presence of a
boundary. This was done in A = 4 [29] and it would be interesting to see if there
are systematic methods also in N' = 2. Moreover this can be useful for holography,
to study the back-reacted string-theoretic side in set ups with less supersymmetry.
Holography checks have either been made for correlation functions in 4d N = 2
without a boundary, see for instance [98], or for the partition function in N'= 4 in
presence of a %—BPS boundary (see [99] for a recent article).

In the context of N' = 4 it is often possible to obtain the full analytic result by
employing the modular properties expected from the partition function (see [100]
for a recent work where this was done). It could be interesting to understand
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if this is possible also in A/ = 2 where there are additional technical challenges.
For instance, even for conformally invariant theories, the coupling that appears in
the Lagrangian is corrected by instantons [101,102] and the modular properties,
that act on the physical coupling, are less apparent (recently in [103] this was
successfully taken into account for conformal bootstrap purposes in superconformal
QCD without a boundary). Furthermore the partition function itself is expected
to transform under modular transformations [10, 104].

In this thesis we have also began a string-theoretic analysis, for a class of 4d
N = 2 theories with a boundary, via brane engineering [20]. It would be interesting
to understand better the M /F-theory point of view, in particular if it is possible to
describe the shape of the branes/of the geometry, as it was done in [19] in M-theory.
This can be interesting since these quantities are connected to field theoretic ones
such as the f-function. It could be interesting to see if there is any connection
with Fp-maximization [63] and boundary RG-flow quantities. Further study are
also needed to understand the types of interactions within the boundary and the
bulk-to-boundary ones.

We have also started an analytic study of AdS RG-flow phenomena for the pure
N =2 SU(2) SYM [15]. We have conjectured a form of Fyp-maximization in AdS in
order to obtain the AdS partition function, also for massive theories, that preserve
the full AdS; NV = 2 supersymmetry and not only half of it. It would be interesting
to make more precise this conjecture and connect it to Seiberg-Witten curves. This
would allow us to study the the AdS, prepotential, its flat space limit and how the
monopole\dyon points arise as we decrease the curvature.



Appendix A

Tensor conventions

1. We work in Euclidean signature, and unless otherwise stated we use the
following index notations to denote the different representations:

i, v, ... 4d curved-space indices,
t, 7, ... 3d curved-space indices,
a, b, ... 4d tangent-space indices,
a', v, ... 3d tangent-space indices

Q, 67 ... for wa € (27 1)Spin(4)7
d, 6, ... for wa € (]_, 2)Spin(4)7
A, B, ... for )‘A€25U(2)R'

2. The Pauli-matrices are taken to be

G <(1) (1)) o (? —Oz) 3 _ (é _01> , (A.0.1)

3. We define the chiral sub-matrices of the 4d gamma matrices, the 3d gamma
matrices, the SU(2)x matrices and the anti-symmetric tensor matrices to be

(0%),5 = (—i7,1), (@)Y =(71), (")) =1", 7 =7

o = glagh  gab = Glaghl et _ a0

4. All rank n Levi-Civita tangent-space tensors are chosen such that ¢!?" = 1,

the space-time ones are obtained via the vielbein and become tensor densities.

5. All spinorial and SU(2)z-symmetry indices are raised and lowered with the
e-tensors as in the Wess & Bagger notation. We employ the same notation for
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spinor bilinears as well as for the conjugation of Grassmann odd quantities 6;:
(6165)" = 6l0] . (A.0.3)

6. The Killing spinors are taken to be Grassmann even.
7. We define the Lie-Algebra commutators as
[T, 1) = ifi" (A.0.4)
and the gauge-covariant derivatives as
D, =0,—14,. (A.0.5)

Since in the adjoint representation is we have (7,)¢, = if,,° we see that on
adjoint fields D, = 0, —i[A,, ].

8. We in general employ the following choice of orientation of our spaces with a
boundary {0-V = § V.
A.1 Coordinate choices and Killing spinors for localization

We employ the same coordinates used in [56] for (H)S?* and similar ones for AdS,.
For convenience we set the radius to one. With the chosen coordinates the metrics
takes the following form

(H)S* : ds* = dr® + sin(r)*dQ%s (A.1.1)

AdSy : ds? = dn* + sinh(n)?dQ% (A.1.2)

with 7 € [0,7] on S*, 7€ [0,5] on HS* and n € [0, +) on AdS,. We then choose

the following Hopf fibration for parametrizing the S® part of the metric in both

cases
O\ u- 0\ .
21 = sin (2) ez , 29 = COS <2> S : (A.1.3)

with 0 <0 <7 0< ¢ <27 0<v < 4n. With this the unit three-sphere has the
following metric

dQ%s = i(dQZ + sin®(0)d¢” + (dip + cos()dg)?) . (A.1.4)
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A choice of vierbein can be the following

0 5 sin(z))cos(zb)) : sin((fr)) sin((gg sin((gb)) O\
a 0 —%sin ) sin(y %sin r)sin(f) cos(y) 0O
(e(nst) w %sin(r) 0 %sin(r) cos(6) 0]’ (A.15)
0 0 0 1
0 5 sinh(())cos(( )) 3 sin}l;l((n)) sin((Z; sin((zi)) 0\
a 0 —%sinh n) sin (v %Sin ) sin(0) cos 0
(€ads,), = 5 sinh(n) 0 5 sinh(n) cos(8) 0 (A.1.6)
0 0 0 1)

The explicit Killing spinors, satisfying (2.5.9), that we use for the localization
computations, are written below.

(H)S* : ds* = dr* + sin(r)*dQ%s
— dr? + Smj‘(r)(dQZ + sin®(0)d¢* + (dop + COS(Q)CZ¢)2) ;

S1 = 89 =

r . i r N
Aa sin (2>1Aa, €y = \/> ( )7’ e (A.1.7)

4 €4 = sin (2> eAe = COoS (;)

edeq +eqet =1, ey —eqet —cos(r).

AdSy : ds* = dn? + sinh(n)?dQ%s

sinh*(n)

= dn’® + (d02 + sin®(0)dp* + (dyp + COS(@)d¢)2) ;

— S1 = SS9 = 1,
1 - :
o (e -Gy (Gaiw

edey = sinh? (g) . €46" = cosh? (727) ,

EAEA-i-EAEA = COSh(?]), EAGA—EAgA =—1.
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Appendix B

One point functions in free BCFTs

In this appendix we determine the perturbative one-point functions of scalar
operators, via their two-point functions, in the case of Dirichlet and Neumann
boundary conditions. We start with a generic free scalar and we progressively move
toward the free scalar of N’ = 2 U(1) gauge theory on HR* with the Neumann
boundary conditions (1.5.6).

B.1 4d free massless scalar

Suppose we have a free 4d massless scalar on R? with coordinates a2 = (%, ).
Suppose furthermore that the kinetic term in the Lagrangian is canonical, i.e. it
takes the form of %&,ﬁp&“gp. Then, through the Schwinger-Dyson equations, we can
write

Op(r)e(y)) = Cp(@)e(y)) = —d(x —y) (B.1.1)

and find that
1 1

Am? |Z = §1? + (z1 —y1)*

(p(@)@(Y) no br. = (B.1.2)

If we add a boundary at x; = 0 we need to solve the same equation but in the
region z,y; > 0 with some boundary conditions. For instance we can have

1 1 1
T = — F — : B.1.3
o) = 1 (s o F e ) (B
where the sign is negative if ¢(2,0) = 0 and positive if d,p(Z,0) = 0. The OPE of
two free scalar fields is

p(@)o(y) ~ (p(@) oY) mobe. 1 + @7 () + ..., (B.1.4)
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from which we obtain that

A2 = + (B.1.5)

1 — if p(#,0) =0
1672 | + if d,0(Z,0) = 0

B.2 U(1) N =2 theory on HR*

We now move to the theory we are interested in. We start by considering Dirichlet
boundary conditions, we then move to the Neumann ones (see (1.5.6)). We remind
the reader that we use the following definitions [33,56]:

¢:¢2+i¢17

- B.2.1
¢ =—¢ +1i¢y. ( )

Dirichlet boundary conditions

In this case the boundary conditions for the scalars are

91=0 . (B.2.2)
01¢2 + 5D12 =0

With these boundary conditions the #-term is zero and so {¢1(z)p2(y)) = 0 due to
a preserved Z x Z symmetry ¢; —> —¢;. We can thus write:

(@(x)d(y)) = {pa(x)da2(y)) — {Dr(x)P1(y)) - (B.2.3)

Notice also that we have not considered the presence of the D;s in the boundary
conditions (B.2.2). This is because at separated points the Schwinger-Dyson
equations put that field to zero. We can use the result showed in (B.1.3) with the

fields normalized in the action as ;%&ugbﬁ“gbi = —%(T — T)0u¢i0"¢; to find

1 1
B 2(r — 7)1 Z— 912+ (v +yL)?

(@) ()

In the absence of a boundary chiral operators do not have a singular OPE. Con-

sistently then we have that (B.2.4) is non-singular in the limit x — y and we
find

(B.2.4)

!

S (B.2.5)

CL¢2 =
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Neumann boundary conditions

In this case there is no Z x Z symmetry. We still have the Schwinger-Dyson
equations (B.1.1) with D15 = 0, with the different normalization dictated by the
choice of the kinetic term, which we now solve for the boundary conditions

Y1+ @2 =0
011 — 70192 =10

The solution can be found with the following ansatz

(B.2.6)

2

( 1 1
(p1(7)d1(y)) = 3§]7r2 7=+ (zL—y.)? T alf—z7|2+(m+y¢>2)
g 1 1
(61@60)) = 5z (Vb * ) (B.2.7)
2 1 1
k<q§1(:1:)¢1(y)> - 337# [Z—y12+(z1 —y.)? T dlffy*\%(xﬁm)?

A

Then we fix the constants via the boundary conditions

(1(@)61(y))| = —Ha(@)dr ()
(

) )

(B2(2)6> y>>\ — @)
)
(

< ved (B.2.8)
(p1(z)Ld1(y)) . YV p2(w)d L1

(v
(@18:2@)n(y))|_ = Howon(@)enly

Solving the above we find

B i 1 1—~? 1
(D1(2)orly)) = Am(T —7) <|33’ —yP (e —y)? 12T -y (e yi)2> |
B i 1 1 -~ 1
(P2()d2(y)) = dn(r —7) <|37_ U2+ (xL—y)? 1+22—92+ (2L + yL)2> ’

R 2 1
(P1(w)pa(y)) = 2m(r — 7)1+ 2|7 — §12 + (z1 + Y1)

from which, using ¢ = ¢o + i1, we get:

G2)ow) = 5 S . (B.2.10)

(T—T) 17—y + (v +y1)?

l
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For the same reasons explained below (B.2.3), we have a non-divergent result and
in the limit x+ — y we find

7

)

,77_
—. B.2.11
. (B:211)



Appendix C

Diagrammatics

In this appendix we compute the 1-loop contributions to (Ay) = {(¢*(z)) in
U(1) N = 2 Maxwell theory on HR* conformally coupled to a single chiral
in the boundary. The complete diagrammatics needed for this calculation, using

dimensional regularization
d=4—2¢

is given below

|H
A 4
o]
.
—~~
a
Q

q g [p*” Ve G 1P

(C.0.1)

(C.0.2)

(C.0.3)

(C.0.4)
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Here we already employed the shift 7 — 75 showed in (4.2.4) due to the Chern-
Simons contact terms we need to add for the chirals (see Section 4.2.1).

C.1 Bulk-boundary propagators in phase space

Following what found in (B.2.9) and placing one operator on the boundary, we can
perform the Fourier transformations over & — /:

— 1_72 1
(D1(2) 1 (7)) = 47r(73—%s)(1 1T 72) (T — )2 + 22

— ﬂeiﬁ- ieg)(  TUTs — Ts e~ IPleL
[ ()
(Pa()P1(Y)) = {p1()Pa2(¥)) = — {1 (x)1(¥))
— ﬂeiﬁ- pg(  TTs+ Tee P
a f (27‘(’)2_1 ( 4 7-57_'5 ‘ﬁl > )
(1(x)01p2(Y)) = 0Oy {1 (x)Pa(y)) .

d—1 —
- J ATV ) (”Wsewu) |

(2m)2-1 4 7T,

(ba(2)0102(Y)) = Oy (Pa()P2(y)) .

d—1 : =
- f (d )21’162‘5-(5—5) ( _ s Tse—mm) ,
2m)4~ 4 T4T

Then, using (B.2.1), we get what is shown in (C.0.2).

—

—

(C.1.1)

C.2 Boundary-boundary propagators and vertices

We shall write the action for one N/ = 2 3d chiral multiplet interacting with a
vector following the conventions in [35]. Since we have a conformal coupling with
the bulk we have to choose 7 = } and z = 0 in (2.1.14) and in (2.1.15).

When we impose Neumann boundary conditions Jx = 0 (1.5.3), we have the
content in [Jp, that is the dualized version of the 3d N/ = 2 vector multiplet in

(1.5.5), that is still dynamical.
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Thanks to this we have, using (1.4.9)-(1.5.5)
Lairal = DigD'q — i P + q(D + 02) q — 1o+ V2i(GA) + YAg) — FF

= D;GD'q — iy Py + Q( —1D19 — 201 95 + 4¢%) q+

= 200610 + V2i(G(A\1 — i\ + D (g + ioude)g) — FF,
(C.2.1)
the following bulk-to-boundary interactions among the bulk vectors and the bound-
ary matter.

With this we arrive to the boundary-boundary propagators showed in (C.0.3)
and the vertices in (C.0.4).

C.3 1-loop correction to Ay, 1 chiral multiplet

We now compute the 1-loop contribution to (As).
There are only three diagrams contributing to the 1-loop correction. Employing
dimensional regularization (C.0.1) we can write the first contribution

e

_ 12 26J(dd_1§ f(dd_lﬁ Tr(§(d — P)) o|play

(,. 2 ) enit ) et 27— p) (C.3.1)
B Tl TQ
- xi—lle xi—%
with
1
2 (4p)*T(2 - 20T (°3) 2129
. ) (o Tt — 11 C.3.2
N e N (=Y f clte) | o
0
L (zu)Qer(12e>Td » (C.3.3)
2 = ()T I (ET O qq 3.
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Note that the To contribution must cancel in the end result. Indeed, not only it
adds an IR-divergence (which is a problem for the theory at hand if we do not
have other diagrams canceling it), it also adds a term scaling like ~ i not allowed
by conformal invariance which fixes <¢2(x)>océ

Indeed the following further two corrections are given by:

; L\\\ _ _27T2M26J dd—lq—» J* dd—lﬁ l6_2|ﬁ1$1_ _ TQ
( N T e legre w T
(C.3.4)
S f i f 'l e T
2t ) @em)tt ) @r)i (g - el

o\

(C.3.5)

The total contribution goes precisely as ~ - as it should in the limit for e — 0.

x]
We thus obtain

1
Sal” —lim 27 = e (C.3.6)



Appendix D
1-loop determinant in AdS,

In this appendix we streamline the general procedure one employs, when using
the index formula (2.5.45), to compute the 1-loop determinant in localization. We
specify to SYM on AdS, with Dirichlet boundary conditions (meaning the gauge
field is frozen on the boundary), even though this argument can be generalized to
Neumann boundary conditions.

D.1 Writing the index
Using local coordinates
z1 = T1 + ix9, 2y = T3 + 1Ty (D.1.1)

such that the iL, c Q2 (2.5.22) acts near the center of AdS as the following
infinitesimal rotation on the complex planes z; and 25

0 0 0 0
Y I 2 (.3 4
In this way we have that Q? acts on the coordinates as
2p = ez, 2y = ez (D.1.3)

and thus we have

det (0" — 0,2") = |1 — €"|*. (D.1.4)
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We now simply need the action on Xeyen and Xoqq, defined in (2.5.39), of e~ on
the fixed points. This can be readily found using (2.5.22)

o N2 T . . N2 . .
e 19 tA21 = e i( 1—|—za)tA e 19 t@ll — e z(2+za)t@11

Z1
_i02 i : A2 Y7
e iQ tAzg — e i( 1+za)tA e 19 t®12 — e z(za)t@12

z22

e—iQZtAZI _ e—i(1+ia)tA21 e719tQ,, = ¢ i(2tiig,, (D.1.5)
e—iQ2tA52 _ e—i(1+ia)tA22 o1t _ pilia)ty
e—iQ2t¢2 _ e—z(ia)t¢2 o~ iQ%,. _ —ilia)t,.

Putting everything together and using (2.5.45) we have

((26“ +2e7 4+ 1) — (¥ + e 4 3)>
Indp,,(t) = Tradj_(eat)

1 —e't]* (D.1.6)
1 + e 1 4 e2it
_ at a-at
- _Tradj.(e )( €Zt Zie 1 _ 6“)2 :
oc

« - a is defined to be a eigenvalue of the matrix a while A is the set of roots of the
gauge algebra.

D.2 Obtaining the products of the eigenvalues

We have different possible answers of the 1-loop determinant depending on whether
we expand the denominator, for each numerator’s addend of (D.1.6), in powers of ¢
or e, As it happens in these cases for localization’s computations in AdS [59,61],
one needs to find the right answer via additional arguments after having examined
all possibilities.

For these different expansions one can suitably rewrite (D.1.6) in four different
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ways

o 1+ 21t
Ind[D]m(t) = —Zeo"“t x 1 C

20 e
—21t
[b] _ a-at 1 +e
Inleo(t) = _Zie X m,
ae 1 1 (D.2.1)
[c] _ a-at
Indp,,(¢) = _Oée X <(1 —eit)2 + (1- e—it)Q) ;
2it —2it
[d] - a-at € €
Indy, (t) = —%ZAe x ( Ao T o e_it)2> _
For instance the resulting expansion of
. . 2
Ind%]m (t) _ _Zea-at(l + 6227&) (Zezkt>
aeA k=0 (D.2.2)
_ _Zefi(iau)t o Z Zleii(m'aik)t,
acA acAk>0

using (2.5.43)-(2.5.44), leads to

Z1 loop = H a-a H + (o - a)2)k, (D.2.3)

aeAT k>0

with AT being the set of positive roots. Coincidentally Ind[Db]10 gives

AL -1 (D.2.4)

1-loop 1-loop »

but the other two choices give different answers

Zl[?%oop = H (o - a)? H(k +io - a)" (k=i a)"

aeAt k>0
(D.2.5)
d : _ : _
Zl[_l]oop = H n(kz +io-a) Nk —io-a)
aeAtk>0

We now discuss the regularization of these products.
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D.3 Regularizing the products

In order to regularize the 1-loop infinite products that we have found, we can use
these two expressions for the I'-function and Barnes G-function

g -1
F(z)=6 H(1+Z> ek
z
N . (D.3.1)
G(z) = (27r)§e_1ﬂEzz +z}l_[<1 + Z) et
>0

where vg the Euler-Mascheroni constant. With these equations we can write the
following formal products

—YEZ
H (k + 2) er X 67 ,
k>0 k>0 1)
Ly 4z (D.3.2)
22 e 2
(k + Z)k = k’k@z—ﬁ X G(l + Z)ig
IQ) IQ) (2m)2

Using the expression above, and keeping for now all infinite constants, one gets
the following results for 1-loop determinants in (D.2.3)-(D.2.4)-(D.2.5)

Zl[(—ll]oop = Z:F-)%Oop = (enk%)rk 1—[ 1_[ (aa)? a)

k>0 aeA+ k>0
[[eaGl+ia a)G(1—ia-a)e ",
aeAt
C I‘k aa)
ZHoop _ (el_[( )1+kk2k+2 1—[ l_[
k>0 aeATE>0 . (D.3.3)
n a-a sinh(ra-a)G(1 +ia-a)G(1 —ia - a)eﬂE(wa) :
acAt
d rk aa)
Zl[—l]oop _ (GH( )1+kk2k+2 1—[ 1—[
k>0 aceATE>0

H %G(l +io-a)G(1 —ia - a)e w0

earsinh(ma - a)
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with rk(G) being the rank of the gauge group. The a-independent quantities can
be safely removed

2

Zl[?l]oop - Zl loop — H H (aa X H - a G(l + 100 - a)G(l — a)e_VE(O"a) ,

aceAtk>0 aeA+
Zl[?%oop = H 1_‘[6(0‘.,:) X H a - a SlIlh(?TOz . a)G(l + 100 - a)G(l —Jo - a/)e—’yE(Opa)Z
aceATE>0 aeA+
a-a 2 . 9
Zl[fil]oop = H He( k) X H LG(l + o - CL)G(I — Q- a)e_VE(a'a) .

aeA+i=0 ea-sinh(ma - a)

(D.3.4)
yoa
We remain with an infinite quadratic part ~ e* " which can be absorbed, together
with the finite piece coming from ~ e~ 2@’ “into the renormalization of g°.

D.4 Final result

The partition function we are working with is invariant under ¢; — —¢;. For this
reason we rule out [a] and [b], since with these 1-loop determinants the partition
function varies as we send a to —a.

We also do not expect the 1-loop contribution to be zero at the origin of the
Coulomb branch, because this would give in that point a vanishing partition
function. We thus rule out [c].

We then expect the right partition function for Dirichlet boundary conditions
to be [d]. This coincides with the Dirichlet 1-loop contribution of HS* (2.5.48).
This also is consistent with the fact that we would expect, as explained at the end
of Section 2.5.6, that in superconformal fixed points the Z7 5" and ZA454 should
match.

If we study Neumann boundary conditions, we need to add ghosts for ghosts, as
explained in Section 2.5.2. This can be seen as adding in the index (D.1.6) a +2 [3].
Repeating thus the argument of the index we find again four possible 1-loop results
which are equivalent to the ones showed in (D.3.4) apart for the multiplication by a

factor of 1_[ . The only even expressions are again [c] and [d]. In this case we
ozeA+
are not able to smgle out the partition function with an argument based solely on

the AdS computation. The fact that the 1- loop contribution [d| becomes singular

in a = 0, after the multiplication of ] can be interpreted as a signal for
aeAt

O[CL)Q’
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discarding this result but it can’t be used as a strict argument. Indeed the partition
function remains finite (this happens because of what showed in equation (2.5.31)).

We however argued in Section 2.5.6 that the 1-loop result with Neumann
boundary conditions should match the one on HS* with the same boundary
conditions. With this in mind, and referring to (2.5.54), we exclude [d] and choose
[c] as the result.

We interpret already satisfactory the fact that one of the two 1-loop contributions
was singled out with independent arguments while the other one still remained
among the consistent possible results.

As we renormalize the coupling, due to the divergences discussed below equation
(D.3.4), we obtain that the classical part should be proportional to a power of a
dimensionless combination of the dynamically generated scale A, which in pure
SYM in AdS4 can only be AL. It is possible to see that also the instanton expansion
of the Nekrasov partition is a function of AL. This can be seen by restoring % in

the values of the fields at the locus (2.5.35) and in the twisting parameters of the
Q, ¢,-background in (2.5.32)

I erason (@, AL) = > (ALY Zy(a) . (D.4.1)
k=0

We thus obtain, for Dirichlet boundary conditions, the following partition function
for pure SYM

a-a

ZP(a,AL) = (AL)*™) G(1 + i - a)G(1 — icr - a) Zxekrasov(a; AL) .

(D.4.2)

sinh(ma - a)



Appendix E

String-theoretic boundary
conditions

In this section we discuss which 3d A/ = 2 boundary modes are expected to
survive and which are expected to freeze when D4s intersect branes. We study this
firstly when the D4 intersect the NS5 of Table 6.1 and then when D4s also end on
boundary branes like the ones in Table 6.3.

We are not going to discuss in depth the boundary conditions, just which modes
are fixed and which ones survive. The boundary conditions are indeed expected to
at least depend on how many D4 end on a given brane, as it happens in [17,18].
When D3s end on D5s, the 3d N = 4 vector multiplet modes inside the 4d N = 4
vector ones freeze. However, for instance, depending on whether a stack of D3s ends
on a single D5 or if each D3 ends on a different D5, the boundary conditions are
different (respectively, these give rise to Nahm or Dirichlet boundary conditions).

Following [105] and [84], we explain the amount of preserved supercharges by
looking at the constraints that the branes impose on the Killing spinor. We also
argue which mode freeze depending on the brane content as in [17,84] and as
summarized in [29].

For our 10d conventions, which we use only for this appendix, welet M, N, ... €
{0, ...,9} be 10d Minkowski index’?. We also employ

nuy = diag(—1,1,1,1,1,1,1,1,1,1), (E.0.1)

42We use the Minkowski notation to ease the relations with [105]. This is not a problem since the Euclidean theories we are considering
are thought as a Wick rotation of the Minkowski ones.
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with which we define the 10d gamma matrices as satisfying

{FM, FN} = 277MN . (E02>
We also denote the “T''"” as T, which with these choices is simply
r=1".1% (E.0.3)

E.1 Theory on a D4 and its modes

Here we discuss the theory on D4 slab. We thus start with the 5d N =4 SYM
theory of a flat D4 in 10d space. With this we mean that, choosing a frame, we
want the scalar modes to be directly related to the directions transverse to the D4.
In this way, once conventions are fixed and once we place boundary-branes, it is
possible to argue which modes are frozen, which not and how these are rotated by
the supersymmetry preserved by the boundary-branes.

We achieve this by dimensionally reducing the 10d SYM as in [18], while keeping
manifest a relation between the 10d indexes throughout the discussion (this can be
thought as obtaining the theory on the D4s after five T-dualities on D9s).

The 5d N = 4 SYM Lagrangian can then be written in 10d language as

1 _
L=55 (FMNFMN — z‘\I/FMDM\IJ) : (E.1.1)
g
where we treat the 10d Majorana-Weyl spinor ¥ as 5d symplectic-Majorana
spinors rotated by usp(2)g ~ s0(5)g. Then, defining p,v, ... € {0,...4} and
I, J, ...e{5,...,9}, we write
AM|MZM = A, Aul,_, =91, (B.1.2)

where A, becomes the gauge field living on the branes and the ¢ are going to be
scalars representing the transverse directions where the brane can be displaced.

In Type ITA the supersymmetry transformations are given by two Majorana-Wey]l
spinors with opposite chirality

e=Te, &é=-Te. (E.1.3)

while for the “e5q sym” one, in 10d language, we only need one Majorana-Weyl
spinor which we can take to have positive chirality. The link with this parameter
to the ones of Type ITA comes from the fact that the Type IIA’s spinor of negative
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chirality € is linked to € by the following restriction imposed by the D4 [105] (refer
to Table 6.1)

€ = F0F1P2F3F4E. (E14)

We then take the positive chirality spinor € to be the one of the 5d SYM. We write
below the supersymmetry transformations in 10d notation

(SAM = EFM\I/,
1 E.1.5
ow = iFMNFMNE. ( )
E.1.1 D4 on the slab
In Type ITA the constraints given by the NS5 in Table 6.1 are given by
€ = FOF1FQF3F5F6€, € = FOF1F2F3F5F6€. (E16)

Together with the constraints written in [E.1.4, there are the ones of D6s that
extend along 0123789 which can be proven to be redundant

€ = FQF1F2F3F7F8F96 . (El?)

This means that we can add D6s stretched along 0123789 without breaking further
supersymmetry. This is not a surprise, this set up is T-dual to the one in [84].
Indeed we are going to obtain results analogue to the ones argue in [84], but we
intend to explain everything more pedagogically both for the thesis aims and for
explaining what happens when we add further branes to this system.

It is then possible to show, while keeping the 10d notation, that by defining®
1 + T4 [ TSl

5 :
U = Rouv, (E.1.8)
a, b, ...{0,...,3,5,6},
a,b,..{4,7,809},

+
Pbulk -

43The directions displayed in the product of I-matrices below connects to the string-theoretic parameters by being related to the
directions where the NS5 does not extend, see Table 6.1.
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we can construct two 4d N = 2 multiplets out of the 5d N = 4 vector one showed
in (E.1.5), if we add the constraint in (E.1.6)

4d N = 2 vector multiplet 4d N = 2 hypermultiplet

0A, = elFaif*, §A; = e, U, (E.1.9)
Ut = 5 e SV~ = F ;.

If the D4, which stretches along 01234, ends on a D6 that stretches along 0123789,
then the scalars ®5 = A, should be fixed in order for the D4 to not detach from
the D6. This is achieved in a supersymmetric fashion by freezing the modes of a
4d N = 2 vector multiplet while leaving the ones of a 4d N/ = 2 hypermultiplet
fluctuating.

One can see that the opposite is true if the D4 ends on NS5s, which is precisely
what we see in Section 6.1.

E.1.2 Adding boundary branes

We now want to discuss the additional boundary branes in Table 6.3. We thus are
interested in which 3d N/ = 2 modes, out of the ones in 4d A = 2 vector multiplets
ones in E.1.9, remain fluctuating on the boundary branes.

The constraints coming from the boundary D6 and NS5 are again redundant
among each other, we thus write only the ones of the D6

€ = FOF1F2F4F6F8F96 . (EllO)

It is also possible to show explicitly that the total constraints preserve four inde-
pendent supercharges,** namely the same amount of 3d N = 2 supersymmetry.
We then define

Ingspe = DODIT2THATTY
1+ FNSB,brf (E111>

+
PNS5,bI“ _ 2 )

and, by following the same steps of the previous section, we can arrive to the result

44We checked this claim by using an explicit spinor base and Mathematica.
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schematically written below

NS5 boundary brane D6 boundary brane

Frozen modes Frozen modes
Anr=36 =10, Anrr—0125 =0,
Pl 0T =0. Pl U =0.
NS5,bI‘ NS5,bI‘ (E112)
Fluctuating modes Fluctuating modes
3d N = 2 vector 3d N = 2 chiral
Ar=0125 An=36,

+ + — +
PNS5,br\II : PNS5,br\Ij



E.1. Theory on a D4 and its modes 148




Bibliography

[1] S. R. Coleman and J. Mandula, “All Possible Symmetries of the S Matrix,”
Phys. Rev. 159 (1967) 1251-1256. vi

2] R. Haag, J. T. Lopuszanski, and M. Sohnius, “All Possible Generators of
Supersymmetries of the s Matrix,” Nucl. Phys. B 88 (1975) 257. vi

[3] V. Pestun, “Localization of gauge theory on a four-sphere and
supersymmetric Wilson loops,” Commun. Math. Phys. 313 (2012) 71-129,
arXiv:0712.2824 [hep-th]. vi, 2, 5, 8, 47, 48, 52, 53, 54, 63, 141

[4] V. Pestun et al., “Localization techniques in quantum field theories,” .J.
Phys. A 50 no. 44, (2017) 440301, arXiv:1608.02952 [hep-th]. vi, 2, 47

[5] S. Rychkov and N. Su, “New Developments in the Numerical Conformal
Bootstrap,” arXiv:2311.15844 [hep-th]. vii

[6] D. Poland, S. Rychkov, and A. Vichi, “The Conformal Bootstrap: Theory,
Numerical Techniques, and Applications,” Rev. Mod. Phys. 91 (2019)
015002, arXiv:1805.04405 [hep-th]. vii

[7] A. Bissi, A. Sinha, and X. Zhou, “Selected topics in analytic conformal
bootstrap: A guided journey,” Phys. Rept. 991 (2022) 1-89,
arXiv:2202.08475 [hep-th]. vii

[8] T. Hartman, D. Mazac, D. Simmons-Duffin, and A. Zhiboedov, “Snowmass
White Paper: The Analytic Conformal Bootstrap,” in Snowmass 2021. 2,
2022. arXiv:2202.11012 [hep-th]. vii

[9] D. Bason, L. Di Pietro, R. Valandro, and J. van Muiden, “BCFT One-point
Functions of Coulomb Branch Operators,” arXiv:2311.17888 [hep-th].
vii, 9, 10, 18, 37, 38, 57


http://dx.doi.org/10.1103/PhysRev.159.1251
http://dx.doi.org/10.1016/0550-3213(75)90279-5
http://dx.doi.org/10.1007/s00220-012-1485-0
http://arxiv.org/abs/0712.2824
http://dx.doi.org/10.1088/1751-8121/aa63c1
http://dx.doi.org/10.1088/1751-8121/aa63c1
http://arxiv.org/abs/1608.02952
http://arxiv.org/abs/2311.15844
http://dx.doi.org/10.1103/RevModPhys.91.015002
http://dx.doi.org/10.1103/RevModPhys.91.015002
http://arxiv.org/abs/1805.04405
http://dx.doi.org/10.1016/j.physrep.2022.09.004
http://arxiv.org/abs/2202.08475
http://arxiv.org/abs/2202.11012
http://arxiv.org/abs/2311.17888

Bibliography 150

[10] E. Witten, “SL(2,Z) action on three-dimensional conformal field theories
with Abelian symmetry,” in From Fields to Strings: Circumnavigating
Theoretical Physics: A Conference in Tribute to Ian Kogan, pp. 1173-1200.
7, 2003. arXiv:hep-th/0307041. vii, 79, 80, 124

[11] T. Dimofte, D. Gaiotto, and S. Gukov, “Gauge Theories Labelled by
Three-Manifolds,” Commun. Math. Phys. 325 (2014) 367-419,
arXiv:1108.4389 [hep-th]. vii, 79, 91, 94

[12] C. G. Callan, Jr. and F. Wilczek, “INFRARED BEHAVIOR AT
NEGATIVE CURVATURE,” Nucl. Phys. B 340 (1990) 366-386. vii, 101

[13] O. Aharony, M. Berkooz, D. Tong, and S. Yankielowicz, “Confinement in
Anti-de Sitter Space,” JHEP 02 (2013) 076, arXiv:1210.5195 [hep-th].
vii, 101, 102

[14] R. Ciccone, F. De Cesare, L. Di Pietro, and M. Serone, “Exploring
Confinement in Anti-de Sitter Space,” arXiv:2407.06268 [hep-th]. viii,
102

[15] D. Bason, C. Copetti, L. Di Pietro, Z. Ji, and S. Komatsu, “to appear,”. viii,
48, 65, 124

[16] N. Seiberg and E. Witten, “Monopoles, duality and chiral symmetry
breaking in N=2 supersymmetric QCD,” Nucl. Phys. B 431 (1994) 484-550,
arXiv:hep-th/9408099. viii, 107

[17] D. Gaiotto and E. Witten, “S-Duality of Boundary Conditions In N=4 Super
Yang-Mills Theory,” Adv. Theor. Math. Phys. 13 no. 3, (2009) 721-896,
arXiv:0807.3720 [hep-th]. viii, 79, 109, 118, 119, 143

[18] D. Gaiotto and E. Witten, “Supersymmetric Boundary Conditions in N=4

Super Yang-Mills Theory,” J. Statist. Phys. 135 (2009) 789-855,
arXiv:0804.2902 [hep-th]. viii, 109, 143, 144

[19] E. Witten, “Solutions of four-dimensional field theories via M theory,” Nucl.
Phys. B 500 (1997) 3-42, arXiv:hep-th/9703166. viii, 109, 110, 111, 121,
124

[20] D. Bason and R. Valandro, “to appear,”. viii, 109, 124


http://arxiv.org/abs/hep-th/0307041
http://dx.doi.org/10.1007/s00220-013-1863-2
http://arxiv.org/abs/1108.4389
http://dx.doi.org/10.1016/0550-3213(90)90451-I
http://dx.doi.org/10.1007/JHEP02(2013)076
http://arxiv.org/abs/1210.5195
http://arxiv.org/abs/2407.06268
http://dx.doi.org/10.1016/0550-3213(94)90214-3
http://arxiv.org/abs/hep-th/9408099
http://dx.doi.org/10.4310/ATMP.2009.v13.n3.a5
http://arxiv.org/abs/0807.3720
http://dx.doi.org/10.1007/s10955-009-9687-3
http://arxiv.org/abs/0804.2902
http://dx.doi.org/10.1016/S0550-3213(97)00416-1
http://dx.doi.org/10.1016/S0550-3213(97)00416-1
http://arxiv.org/abs/hep-th/9703166

151 Bibliography

[21] M. Bertolini, “Lectures on supersymmetry,” Lecture notes given at SISSA
(2015) . 1, 2

[22] J. D. Lykken, “Introduction to supersymmetry,” in Theoretical Advanced
Study Institute in Elementary Particle Physics (TASI 96): Fields, Strings,
and Duality, pp. 85-153. 6, 1996. arXiv:hep-th/9612114. 1

[23] S. J. Gates, M. T. Grisaru, M. Rocek, and W. Siegel, Superspace Or One
Thousand and One Lessons in Supersymmetry, vol. 58 of Frontiers in
Physics. 1983. arXiv:hep-th/0108200. 1

[24] O. Aharony, A. Hanany, K. A. Intriligator, N. Seiberg, and M. J. Strassler,
“Aspects of N=2 supersymmetric gauge theories in three-dimensions,” Nucl.
Phys. B 499 (1997) 67-99, arXiv:hep-th/9703110. 1

[25] C. Closset, T. T. Dumitrescu, G. Festuccia, Z. Komargodski, and N. Seiberg,
“Contact Terms, Unitarity, and F-Maximization in Three-Dimensional
Superconformal Theories,” JHEP 10 (2012) 053, arXiv:1205.4142
[hep-th]. 2, 64

[26] E. Gerchkovitz, J. Gomis, N. Ishtiaque, A. Karasik, Z. Komargodski, and
S. S. Pufu, “Correlation Functions of Coulomb Branch Operators,” JHEP 01
(2017) 103, arXiv:1602.05971 [hep-thl. 2, 35, 36, 39, 56, 67, 74

[27] M. Billo, F. Galvagno, and A. Lerda, “BPS wilson loops in generic conformal

N =2 SU(N) SYM theories,” JHEP 08 (2019) 108, arXiv:1906.07085
[hep-th]. 2

(28] A. Grassi, Z. Komargodski, and L. Tizzano, “Extremal correlators and
random matrix theory,” JHEP 04 (2021) 214, arXiv:1908.10306
[hep-th]. 2, 94, 123

[29] S. Komatsu and Y. Wang, “Non-perturbative defect one-point functions in
planar N = 4 super-Yang-Mills,” Nucl. Phys. B 958 (2020) 115120,
arXiv:2004.09514 [hep-th]. 2, 123, 143

[30] D. Z. Freedman and A. Van Proeyen, Supergravity. Cambridge Univ. Press,
Cambridge, UK, 5, 2012. 5, 25


http://arxiv.org/abs/hep-th/9612114
http://arxiv.org/abs/hep-th/0108200
http://dx.doi.org/10.1016/S0550-3213(97)00323-4
http://dx.doi.org/10.1016/S0550-3213(97)00323-4
http://arxiv.org/abs/hep-th/9703110
http://dx.doi.org/10.1007/JHEP10(2012)053
http://arxiv.org/abs/1205.4142
http://arxiv.org/abs/1205.4142
http://dx.doi.org/10.1007/JHEP01(2017)103
http://dx.doi.org/10.1007/JHEP01(2017)103
http://arxiv.org/abs/1602.05971
http://dx.doi.org/10.1007/JHEP08(2019)108
http://arxiv.org/abs/1906.07085
http://arxiv.org/abs/1906.07085
http://dx.doi.org/10.1007/JHEP04(2021)214
http://arxiv.org/abs/1908.10306
http://arxiv.org/abs/1908.10306
http://dx.doi.org/10.1016/j.nuclphysb.2020.115120
http://arxiv.org/abs/2004.09514

Bibliography 152

[31] C. Closset, T. T. Dumitrescu, G. Festuccia, and Z. Komargodski,
“Supersymmetric Field Theories on Three-Manifolds,” JHEP 05 (2013) 017,
arXiv:1212.3388 [hep-th]. 5, 12, 14, 25, 26, 43, 45, 56

[32] J. Wess and J. Bagger, Supersymmetry and supergravity. Princeton
University Press, Princeton, NJ, USA, 1992. 6

[33] N. Hama and K. Hosomichi, “Seiberg-Witten Theories on Ellipsoids,” JHEP
09 (2012) 033, arXiv:1206.6359 [hep-th]. [Addendum: JHEP 10, 051
(2012)]. 8, 16, 37, 48, 52, 55, 130

[34] E. Lauria and A. Van Proeyen, N' = 2 Supergravity in D = 4,5,6
Dimensions, vol. 966. 3, 2020. arXiv:2004.11433 [hep-th]. 9, 10, 25, 28

[35] B. Willett, “Localization on three-dimensional manifolds,” J. Phys. A 50
no. 44, (2017) 443006, arXiv:1608.02958 [hep-th]. 12, 14, 33, 37, 38, 134

[36] C. Closset and H. Kim, “Three-dimensional .4~ = 2 supersymmetric gauge
theories and partition functions on Seifert manifolds: A review,” Int. J. Mod.
Phys. A 34 no. 23, (2019) 1930011, arXiv:1908.08875 [hep-th]. 14, 87,
96

[37] J. Erdmenger, Z. Guralnik, and I. Kirsch, “Four-dimensional superconformal
theories with interacting boundaries or defects,” Phys. Rev. D 66 (2002)
025020, arXiv:hep-th/0203020. 14

[38] M. Billo, V. Gongalves, E. Lauria, and M. Meineri, “Defects in conformal
field theory,” JHEP 04 (2016) 091, arXiv:1601.02883 [hep-th]. 19, 24

[39] J. D. Qualls, “Lectures on Conformal Field Theory,” arXiv:1511.04074
[hep-th]. 19

[40] W. Nahm, “Supersymmetries and their Representations,” Nucl. Phys. B 135
(1978) 149. 20

[41] L. Eberhardt, “Superconformal symmetry and representations,” J. Phys. A
54 no. 6, (2021) 063002, arXiv:2006.13280 [hep-th]. 21

[42] P. Liendo, L. Rastelli, and B. C. van Rees, “The Bootstrap Program for
Boundary CFT,,” JHEP 07 (2013) 113, arXiv:1210.4258 [hep-th]. 24


http://dx.doi.org/10.1007/JHEP05(2013)017
http://arxiv.org/abs/1212.3388
http://dx.doi.org/10.1007/JHEP09(2012)033
http://dx.doi.org/10.1007/JHEP09(2012)033
http://arxiv.org/abs/1206.6359
http://dx.doi.org/10.1007/978-3-030-33757-5
http://dx.doi.org/10.1007/978-3-030-33757-5
http://arxiv.org/abs/2004.11433
http://dx.doi.org/10.1088/1751-8121/aa612f
http://dx.doi.org/10.1088/1751-8121/aa612f
http://arxiv.org/abs/1608.02958
http://dx.doi.org/10.1142/S0217751X19300114
http://dx.doi.org/10.1142/S0217751X19300114
http://arxiv.org/abs/1908.08875
http://dx.doi.org/10.1103/PhysRevD.66.025020
http://dx.doi.org/10.1103/PhysRevD.66.025020
http://arxiv.org/abs/hep-th/0203020
http://dx.doi.org/10.1007/JHEP04(2016)091
http://arxiv.org/abs/1601.02883
http://arxiv.org/abs/1511.04074
http://arxiv.org/abs/1511.04074
http://dx.doi.org/10.1016/0550-3213(78)90218-3
http://dx.doi.org/10.1016/0550-3213(78)90218-3
http://dx.doi.org/10.1088/1751-8121/abd7b3
http://dx.doi.org/10.1088/1751-8121/abd7b3
http://arxiv.org/abs/2006.13280
http://dx.doi.org/10.1007/JHEP07(2013)113
http://arxiv.org/abs/1210.4258

153 Bibliography

[43] D. Mazac, L. Rastelli, and X. Zhou, “An analytic approach to BCFT,,”
JHEP 12 (2019) 004, arXiv:1812.09314 [hep-th]. 24

[44] G. Festuccia and N. Seiberg, “Rigid Supersymmetric Theories in Curved
Superspace,” JHEP 06 (2011) 114, arXiv:1105.0689 [hep-th]. 25

[45] K. Hosomichi, “A = 2 SUSY gauge theories on S%,” J. Phys. A 50 no. 44,
(2017) 443010, arXiv:1608.02962 [hep-th]. 26, 30, 37

[46] J. Gomis and N. Ishtiaque, “Kéhler potential and ambiguities in 4d N = 2
SCFETs,” JHEP 04 (2015) 169, arXiv:1409.5325 [hep-th]. 35, 68, 69, 71

[47] E. Gerchkovitz, J. Gomis, and Z. Komargodski, “Sphere Partition Functions
and the Zamolodchikov Metric,” JHEP 11 (2014) 001, arXiv:1405.7271
[hep-th]. 35, 68, 70, 76

[48] J. Gomis, P.-S. Hsin, Z. Komargodski, A. Schwimmer, N. Seiberg, and
S. Theisen, “Anomalies, Conformal Manifolds, and Spheres,” JHEP 03
(2016) 022, arXiv:1509.08511 [hep-th]. 35, 76

[49] D. Z. Freedman and S. S. Pufu, “The holography of F-maximization,” JHEP
03 (2014) 135, arXiv:1302.7310 [hep-th]. 37, 41

[50] A. Dabholkar, N. Drukker, and J. Gomes, “Localization in supergravity and
quantum AdS,/C FTj; holography,” JHEP 10 (2014) 090, arXiv:1406.0505
[hep-th]. 37, 48, 56

[51] D. Carmi, L. Di Pietro, and S. Komatsu, “A Study of Quantum Field
Theories in AdS at Finite Coupling,” JHEP 01 (2019) 200,
arXiv:1810.04185 [hep-th]. 38

[52] M. Bianchi, D. Z. Freedman, and K. Skenderis, “Holographic
renormalization,” Nucl. Phys. B 631 (2002) 159-194,
arXiv:hep-th/0112119. 40

[53] S. de Haro, S. N. Solodukhin, and K. Skenderis, “Holographic reconstruction
of space-time and renormalization in the AdS / CFT correspondence,”
Commaun. Math. Phys. 217 (2001) 595-622, arXiv:hep-th/0002230. 40

[54] E. Witten, “Topological Quantum Field Theory,” Commun. Math. Phys.
117 (1988) 353. 47


http://dx.doi.org/10.1007/JHEP12(2019)004
http://arxiv.org/abs/1812.09314
http://dx.doi.org/10.1007/JHEP06(2011)114
http://arxiv.org/abs/1105.0689
http://dx.doi.org/10.1088/1751-8121/aa7775
http://dx.doi.org/10.1088/1751-8121/aa7775
http://arxiv.org/abs/1608.02962
http://dx.doi.org/10.1007/JHEP04(2015)169
http://arxiv.org/abs/1409.5325
http://dx.doi.org/10.1007/JHEP11(2014)001
http://arxiv.org/abs/1405.7271
http://arxiv.org/abs/1405.7271
http://dx.doi.org/10.1007/JHEP03(2016)022
http://dx.doi.org/10.1007/JHEP03(2016)022
http://arxiv.org/abs/1509.08511
http://dx.doi.org/10.1007/JHEP03(2014)135
http://dx.doi.org/10.1007/JHEP03(2014)135
http://arxiv.org/abs/1302.7310
http://dx.doi.org/10.1007/JHEP10(2014)090
http://arxiv.org/abs/1406.0505
http://arxiv.org/abs/1406.0505
http://dx.doi.org/10.1007/JHEP01(2019)200
http://arxiv.org/abs/1810.04185
http://dx.doi.org/10.1016/S0550-3213(02)00179-7
http://arxiv.org/abs/hep-th/0112119
http://dx.doi.org/10.1007/s002200100381
http://arxiv.org/abs/hep-th/0002230
http://dx.doi.org/10.1007/BF01223371
http://dx.doi.org/10.1007/BF01223371

Bibliography 154

[55] N. A. Nekrasov, “Seiberg-Witten prepotential from instanton counting,” Adv.
Theor. Math. Phys. 7 no. 5, (2003) 831-864, arXiv:hep-th/0206161. 47, 48,
55, 57, 61

[56] E. Gava, K. S. Narain, M. N. Muteeb, and V. I. Giraldo-Rivera, “N = 2
gauge theories on the hemisphere HS*” Nucl. Phys. B 920 (2017) 256297,
arXiv:1611.04804 [hep-th]. 48, 60, 126, 130

[57] M. Dedushenko, “Gluing II: boundary localization and gluing formulas,” Lett.
Math. Phys. 111 no. 1, (2021) 18, arXiv:1807.04278 [hep-th]. 48, 60

[58] S. G. Avery and B. U. W. Schwab, “Noether’s second theorem and Ward
identities for gauge symmetries,” JHEP 02 (2016) 031, arXiv:1510.07038
[hep-th]. 52

[59] B. Assel, D. Martelli, S. Murthy, and D. Yokoyama, “Localization of
supersymmetric field theories on non-compact hyperbolic three-manifolds,”
JHEP 03 (2017) 095, arXiv:1609.08071 [hep-th]. 56, 59, 138

[60] J. R. David, E. Gava, R. K. Gupta, and K. Narain, “Boundary conditions
and localization on AdS. Part I,” JHEP 09 (2018) 063, arXiv:1802.00427
[hep-th]. 56

[61] A. Gonzélez Lezcano, 1. Jeon, and A. Ray, “Supersymmetric localization: .4
= (2) theories on S? and AdS,,” JHEP 07 (2023) 056, arXiv:2302.10370
[hep-th]. [Erratum: JHEP 09, 003 (2023)]. 59, 138

[62] D. L. Jafferis, “The Exact Superconformal R-Symmetry Extremizes Z,”
JHEP 05 (2012) 159, arXiv:1012.3210 [hep-th]. 61, 64, 86

63| D. Gaiotto, “Boundary F-maximization,” arXiv:1403.8052 [hep-th]. 63,
y p
64, 78, 82, 124

[64] H. Casini, I. Salazar Landea, and G. Torroba, “Irreversibility, QNEC, and
defects,” JHEP 07 (2023) 004, arXiv:2303.16935 [hep-th]. 64

[65] A. B. Zamolodchikov, “Irreversibility of the Flux of the Renormalization
Group in a 2D Field Theory,” JETP Lett. 43 (1986) 730-732. 76

[66] N. Seiberg, “Observations on the Moduli Space of Superconformal Field
Theories,” Nucl. Phys. B 303 (1988) 286-304. 76


http://dx.doi.org/10.4310/ATMP.2003.v7.n5.a4
http://dx.doi.org/10.4310/ATMP.2003.v7.n5.a4
http://arxiv.org/abs/hep-th/0206161
http://dx.doi.org/10.1016/j.nuclphysb.2017.04.007
http://arxiv.org/abs/1611.04804
http://dx.doi.org/10.1007/s11005-021-01355-8
http://dx.doi.org/10.1007/s11005-021-01355-8
http://arxiv.org/abs/1807.04278
http://dx.doi.org/10.1007/JHEP02(2016)031
http://arxiv.org/abs/1510.07038
http://arxiv.org/abs/1510.07038
http://dx.doi.org/10.1007/JHEP03(2017)095
http://arxiv.org/abs/1609.08071
http://dx.doi.org/10.1007/JHEP09(2018)063
http://arxiv.org/abs/1802.00427
http://arxiv.org/abs/1802.00427
http://dx.doi.org/10.1007/JHEP07(2023)056
http://arxiv.org/abs/2302.10370
http://arxiv.org/abs/2302.10370
http://dx.doi.org/10.1007/JHEP05(2012)159
http://arxiv.org/abs/1012.3210
http://arxiv.org/abs/1403.8052
http://dx.doi.org/10.1007/JHEP07(2023)004
http://arxiv.org/abs/2303.16935
http://dx.doi.org/10.1016/0550-3213(88)90183-6

155 Bibliography

[67] D. Kutasov, “Geometry on the Space of Conformal Field Theories and
Contact Terms,” Phys. Lett. B 220 (1989) 153-158. 76

[68] K. Papadodimas, “Topological Anti-Topological Fusion in Four-Dimensional
Superconformal Field Theories,” JHEP 08 (2010) 118, arXiv:0910.4963
[hep-th]. 76, 78

[69] V. Niarchos and K. Papadodimas, “On the Ké&hler-Hodge structure of
superconformal manifolds,” arXiv:2112.11425 [hep-th]. 76

[70] C. P. Bachas, 1. Brunner, M. R. Douglas, and L. Rastelli, “Calabi’s diastasis
as interface entropy,” Phys. Rev. D 90 no. 4, (2014) 045004,
arXiv:1311.2202 [hep-th]. 77, 78

[71] E. Calabi, “Isometric imbedding of complex manifolds,” Annals of
Mathematics 58 no. 1, (1953) 1-23.

http://www. jstor.org/stable/1969817. 77

[72] K. Goto and T. Okuda, “Interface entropy in four dimensions as Calabi’s
diastasis on the conformal manifold,” JHEP 11 (2018) 122,
arXiv:1805.09981 [hep-th]. 78

[73] K. Goto, L. Nagano, T. Nishioka, and T. Okuda, “Janus interface entropy
and Calabi’s diastasis in four-dimensional N' = 2 superconformal field
theories,” JHEP 08 no. 08, (2020) 048, arXiv:2005.10833 [hep-th]. 78

[74] S. Cecotti and C. Vafa, “Topological antitopological fusion,” Nucl. Phys. B
367 (1991) 359-461. 78

[75] M. Baggio, V. Niarchos, and K. Papadodimas, “On exact correlation

functions in SU(N) N = 2 superconformal QCD,” JHEP 11 (2015) 198,
arXiv:1508.03077 [hep-th]. 78

[76] A. Kapustin and M. Tikhonov, “Abelian duality, walls and boundary
conditions in diverse dimensions,” JHEP 11 (2009) 006, arXiv:0904.0840
[hep-th]. 79

[77] L. Di Pietro, D. Gaiotto, E. Lauria, and J. Wu, “3d Abelian Gauge Theories
at the Boundary,” JHEP 05 (2019) 091, arXiv:1902.09567 [hep-th]. 79

[78] J. Wu, “Conformal Boundary for the Four Dimensional Free Gauge Theory,”
Master’s thesis, Perimeter Institute, 2017. 86, 91


http://dx.doi.org/10.1016/0370-2693(89)90028-2
http://dx.doi.org/10.1007/JHEP08(2010)118
http://arxiv.org/abs/0910.4963
http://arxiv.org/abs/0910.4963
http://arxiv.org/abs/2112.11425
http://dx.doi.org/10.1103/PhysRevD.90.045004
http://arxiv.org/abs/1311.2202
http://www.jstor.org/stable/1969817
http://dx.doi.org/10.1007/JHEP11(2018)122
http://arxiv.org/abs/1805.09981
http://dx.doi.org/10.1007/JHEP08(2020)048
http://arxiv.org/abs/2005.10833
http://dx.doi.org/10.1016/0550-3213(91)90021-O
http://dx.doi.org/10.1016/0550-3213(91)90021-O
http://dx.doi.org/10.1007/JHEP11(2015)198
http://arxiv.org/abs/1508.03077
http://dx.doi.org/10.1088/1126-6708/2009/11/006
http://arxiv.org/abs/0904.0840
http://arxiv.org/abs/0904.0840
http://dx.doi.org/10.1007/JHEP05(2019)091
http://arxiv.org/abs/1902.09567

Bibliography 156

[79] R. Kumar Gupta, C. P. Herzog, and I. Jeon, “Duality and Transport for
Supersymmetric Graphene from the Hemisphere Partition Function,” JHEP
05 (2020) 023, arXiv:1912.09225 [hep-th]. 86, 89, 91, 96

[80] A. Kapustin, B. Willett, and I. Yaakov, “Exact Results for Wilson Loops in
Superconformal Chern-Simons Theories with Matter,” JHEP 03 (2010) 089,
arXiv:0909.4559 [hep-th]. 86

[81] S. Benvenuti and S. Pasquetti, “3d AN/ = 2 mirror symmetry, pg-webs and
monopole superpotentials,” JHEP 08 (2016) 136, arXiv:1605.02675
[hep-th]. 91

[82] L. D. Faddeev, R. M. Kashaev, and A. Y. Volkov, “Strongly coupled
quantum discrete Liouville theory. 1. Algebraic approach and duality,”
Commun. Math. Phys. 219 (2001) 199-219, arXiv:hep-th/0006156. 91, 96

[83] N. Seiberg and E. Witten, “Electric - magnetic duality, monopole
condensation, and confinement in N=2 supersymmetric Yang-Mills theory,”
Nucl. Phys. B 426 (1994) 19-52, arXiv:hep-th/9407087. [Erratum:
Nucl.Phys.B 430, 485-486 (1994)]. 102

[84] A. Hanany and E. Witten, “Type IIB superstrings, BPS monopoles, and
three-dimensional gauge dynamics,” Nucl. Phys. B 492 (1997) 152-190,
arXiv:hep-th/9611230. 111, 119, 143, 145

[85] N. Halmagyi, C. Romelsberger, and N. P. Warner, “Inherited duality and
quiver gauge theory,” Adv. Theor. Math. Phys. 10 no. 2, (2006) 159-179,
arXiv:hep-th/0406143. 111

[86] A. Strominger, “Massless black holes and conifolds in string theory,” Nucl.
Phys. B 451 (1995) 96-108, arXiv:hep-th/9504090. 113

[87] B. R. Greene, D. R. Morrison, and A. Strominger, “Black hole condensation
and the unification of string vacua,” Nucl. Phys. B 451 (1995) 109120,
arXiv:hep-th/9504145. 113

[88] M. Bershadsky, A. Johansen, T. Pantev, V. Sadov, and C. Vafa, “F theory,
geometric engineering and N=1 dualities,” Nucl. Phys. B 505 (1997)
153-164, arXiv:hep-th/9612052. 113


http://dx.doi.org/10.1007/JHEP05(2020)023
http://dx.doi.org/10.1007/JHEP05(2020)023
http://arxiv.org/abs/1912.09225
http://dx.doi.org/10.1007/JHEP03(2010)089
http://arxiv.org/abs/0909.4559
http://dx.doi.org/10.1007/JHEP08(2016)136
http://arxiv.org/abs/1605.02675
http://arxiv.org/abs/1605.02675
http://dx.doi.org/10.1007/s002200100412
http://arxiv.org/abs/hep-th/0006156
http://dx.doi.org/10.1016/0550-3213(94)90124-4
http://arxiv.org/abs/hep-th/9407087
http://dx.doi.org/10.1016/S0550-3213(97)00157-0
http://arxiv.org/abs/hep-th/9611230
http://dx.doi.org/10.4310/ATMP.2006.v10.n2.a1
http://arxiv.org/abs/hep-th/0406143
http://dx.doi.org/10.1016/0550-3213(95)00287-3
http://dx.doi.org/10.1016/0550-3213(95)00287-3
http://arxiv.org/abs/hep-th/9504090
http://dx.doi.org/10.1016/0550-3213(95)00371-X
http://arxiv.org/abs/hep-th/9504145
http://dx.doi.org/10.1016/S0550-3213(97)00392-1
http://dx.doi.org/10.1016/S0550-3213(97)00392-1
http://arxiv.org/abs/hep-th/9612052

157 Bibliography

[89] C. Vafa and B. Zwiebach, “N=1 dualities of SO and USp gauge theories and
T duality of string theory,” Nucl. Phys. B 506 (1997) 143-156,
arXiv:hep-th/9701015. 113

[90] H. Ooguri and C. Vafa, “Geometry of N=1 dualities in four-dimensions,”
Nucl. Phys. B 500 (1997) 62-74, arXiv:hep-th/9702180. 113, 117

[91] F. Cachazo, B. Fiol, K. A. Intriligator, S. Katz, and C. Vafa, “A Geometric
unification of dualities,” Nucl. Phys. B 628 (2002) 3-78,
arXiv:hep-th/0110028. 114, 118

[92] E. Witten, “Branes, Instantons, And Taub-NUT Spaces,” JHEP 06 (2009)
067, arXiv:0902.0948 [hep-th]. 114, 115

[93] M. Bertolini, “Four lectures on the gauge / gravity correspondence,” Int. .J.
Mod. Phys. A 18 (2003) 56475712, arXiv:hep-th/0303160. 117

[94] C. V. Johnson, D-Branes. Cambridge Monographs on Mathematical Physics.
2023. 117, 118

[95] S. Hellerman, D. Orlando, S. Reffert, and M. Watanabe, “On the CFT
Operator Spectrum at Large Global Charge,” JHEP 12 (2015) 071,
arXiv:1505.01537 [hep-th]. 123

[96] A. Grassi and C. Tossa, “Matrix models for extremal and integrated
correlators of higher rank,” arXiv:2408.07391 [hep-th]. 123

[97] M. Beccaria, M. Billo, M. Frau, A. Lerda, and A. Pini, “Exact results in a N/
= 2 superconformal gauge theory at strong coupling,” JHEP 07 (2021) 185,
arXiv:2105.15113 [hep-th]. 123

[98] M. Billo, M. Frau, A. Lerda, A. Pini, and P. Vallarino, “Localization vs
holography in 4dAN = 2 quiver theories,” JHEP 10 (2022) 020,
arXiv:2207.08846 [hep-th]. 123

[99] D. He and C. F. Uhlemann, “Solving ' = 4 SYM BCFT matrix models at
large N,” arXiv:2409.13016 [hep-th]. 123

[100] A. Brown, F. Galvagno, and C. Wen, “Exact results for giant graviton
four-point correlators,” JHEP 07 (2024) 049, arXiv:2403.17263 [hep-th].
123


http://dx.doi.org/10.1016/S0550-3213(97)00521-X
http://arxiv.org/abs/hep-th/9701015
http://dx.doi.org/10.1016/S0550-3213(97)00304-0
http://arxiv.org/abs/hep-th/9702180
http://dx.doi.org/10.1016/S0550-3213(02)00078-0
http://arxiv.org/abs/hep-th/0110028
http://dx.doi.org/10.1088/1126-6708/2009/06/067
http://dx.doi.org/10.1088/1126-6708/2009/06/067
http://arxiv.org/abs/0902.0948
http://dx.doi.org/10.1142/S0217751X03016811
http://dx.doi.org/10.1142/S0217751X03016811
http://arxiv.org/abs/hep-th/0303160
http://dx.doi.org/10.1017/9781009401371
http://dx.doi.org/10.1007/JHEP12(2015)071
http://arxiv.org/abs/1505.01537
http://arxiv.org/abs/2408.07391
http://dx.doi.org/10.1007/JHEP07(2021)185
http://arxiv.org/abs/2105.15113
http://dx.doi.org/10.1007/JHEP10(2022)020
http://arxiv.org/abs/2207.08846
http://arxiv.org/abs/2409.13016
http://dx.doi.org/10.1007/JHEP07(2024)049
http://arxiv.org/abs/2403.17263

Bibliography 158

[101] N. Dorey, V. V. Khoze, and M. P. Mattis, “Multi instanton calculus in N=2
supersymmetric gauge theory. 2. Coupling to matter,” Phys. Rev. D 54
(1996) 7832-7848, arXiv:hep-th/9607202. 124

[102] T. W. Grimm, A. Klemm, M. Marino, and M. Weiss, “Direct Integration of
the Topological String,” JHEP 08 (2007) 058, arXiv:hep-th/0702187. 124

[103] S. M. Chester, “Bootstrapping 4d N' = 2 gauge theories: the case of SQCD,”
JHEP 01 (2023) 107, arXiv:2205.12978 [hep-th]. 124

[104] N. Seiberg, Y. Tachikawa, and K. Yonekura, “Anomalies of Duality Groups
and Extended Conformal Manifolds,” PTEP 2018 no. 7, (2018) 073B04,
arXiv:1803.07366 [hep-th]. 124

[105] J. Polchinski, String theory. Vol. 2: Superstring theory and beyond.
Cambridge Monographs on Mathematical Physics. Cambridge University
Press, 12, 2007. 143, 145


http://dx.doi.org/10.1103/PhysRevD.54.7832
http://dx.doi.org/10.1103/PhysRevD.54.7832
http://arxiv.org/abs/hep-th/9607202
http://dx.doi.org/10.1088/1126-6708/2007/08/058
http://arxiv.org/abs/hep-th/0702187
http://dx.doi.org/10.1007/JHEP01(2023)107
http://arxiv.org/abs/2205.12978
http://dx.doi.org/10.1093/ptep/pty069
http://arxiv.org/abs/1803.07366
http://dx.doi.org/10.1017/CBO9780511618123

	Acknowledgments
	Introduction
	Structure of the thesis

	Supersymmetry
	Supersymmetry in 4d flat-space
	N=1 supersymmetry in 4d flat-space
	N=2 supersymmetry in 4d flat-space
	N=2 supersymmetry in 3d flat-space
	Coupling bulk and boundary in a supersymmetric fashion
	Boundary conditions and boundary terms

	(Super)conformal symmetry
	N=2 4d superconformal algebra
	N=2 3d superconformal algebra
	Boundary Conformal Field Theories (BCFTs)
	Superconformal symmetry in presence of a boundary


	Supersymmetry and curved manifolds
	Supersymmetry in rigid curved space
	Background multiplets and supersymmetry
	Rigid geometry and supersymmetry
	Rigid supersymmetry transformations and Lagrangians
	Conformal anomalies in curved spaces

	(H)S4, AdS4 and S3 backgrounds and Killing spinors
	Supersymmetry on HS4
	Boundary Killing spinors
	Preserving explicitly 3d N=2 supersymmetry

	Supersymmetry on AdS4
	Asymptotics in AdS
	Boundary 3d N=2 superconformal symmetry
	Boundary 3d N=2 supersymmetry
	3d N=2 asymptotic boundary conditions
	Lagrangian boundary term and 3d N=2 supersymmetry

	Supersymmetric localization
	Setting up the localization computation
	Gauge-fixing
	Finding the locus (and the instantons) for (H)S4
	Finding the locus (and the instantons) for AdS4
	Classical contribution
	1-loop determinant
	Localization formulæ

	F∂-maximization
	F∂-maximization on HS4
	F∂-maximization on AdS4


	One-point functions from ZH S4
	SUSY Identities for the derivatives of ZHS4
	Flat space one-point functions from SUSY identities
	Multiple derivatives
	Flat space one-point functions from localization
	ZHS4 and the geometry of the conformal manifold

	Case study: Abelian theories
	Dualities in the Abelian theories with a boundary
	Action of SL(2,Z) on the boundary conditions
	SL(2,Z) and the hemisphere partition function
	SL(2,Z) and one-point functions
	T-transformation and one-point functions
	S-transformation and one-point functions

	Boundary free energy and one-point functions in abelian theories
	Chirals on the boundary
	XYZ on the boundary
	Dualities
	(NF,N) = (1,1)  ↔XYZ
	(NF , N) = (1,0) triality
	Feynman diagrams calculations


	Higgsing Transition in AdS4
	Higgsing transition in SU(2) SYM
	Higgsing from F∂-maximization
	Results

	String-theoretic BCFTs and S-duality
	Bulk construction in Type IIA and M-theory
	Action of S-duality from M-theory

	Bulk construction in Type IIB
	T-duality and NS5s
	The orbifold and field theory limit

	Adding the boundary and S-duality

	Conclusions and future directions
	Tensor conventions
	Coordinate choices and Killing spinors for localization

	One point functions in free BCFTs
	4d free massless scalar
	U(1) N=2 theory on HR4

	Diagrammatics
	Bulk-boundary propagators in phase space
	Boundary-boundary propagators and vertices
	1-loop correction to A2, 1 chiral multiplet

	1-loop determinant in AdS4
	Writing the index
	Obtaining the products of the eigenvalues
	Regularizing the products
	Final result

	String-theoretic boundary conditions
	Theory on a D4 and its modes
	D4 on the slab
	Adding boundary branes


	Bibliography

