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Introduction

Quantum Field Theory (QFT) is the modern language of theoretical physics.
It proved successful, both on conceptual and phenomenological grounds, across
several different areas such as Condensed Matter Physics, Statistical Physics and
Particle Physics. QFT is however 80 years in the making and multiple interesting
phenomena, like the dynamical generation of a mass gap and confinement in four
dimensional gauge theories, are still not understood. Numerical methods have been
developed, but with our theoretical knowledge it is hard even to argue that such a
transition should be present from first principles. For this reason, in this thesis, we
are interested in analytical methods for strongly interacting gauge theories in four
dimensions.

Another important question to be asked is how a theory depends on boundary
conditions. This question is relevant because in nature all systems are bounded.
Boundary conditions are crucial not only for phenomenological reasons, but they
also stand at the core of the definition of relevant theoretical concepts (to name
a few, monopoles, defects and more recently topological operators implementing
non-invertible symmetries). Moreover, some important problems in un-bounded
physical systems, even related to quark (de-)confinement, can be cast more precisely
when we close the system in a “box”.

For these reasons in this thesis we study analytically strongly interacting 4d
gauge theories and their dependence on boundary conditions. We aim to study
these from different theoretical angles, namely Quantum Field Theory and String
Theory.

It is unrealistic to aim for exact results in general set-ups: we need to study
more constrained models and relax the restrictions over time. These constraints
come in the form of symmetries and our focus is on supersymmetry and conformal
symmetry.

Supersymmetry was first introduced in string-theoretic scenarios. It was later
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discovered to be a consistent way of escaping Coleman-Mandula’s no go theorem
[1], which restricted the possible symmetries for scattering amplitudes. The
theorem assumes that the symmetry algebra is a Lie algebra. An extension, due
to Haag–Łopuszański–Sohnius [2], allows for Lie superalgebra structures. The
most general structure that they have found, consistent with some basic scattering
amplitudes assumptions, is the one we call supersymmetry algebra.

It was first introduced for phenomenological reasons, from being a solution to
the hierarchy problem to a way to unify all fundamental forces known so far and
eventually embed the Standard Model into Superstring Theory, it has also been
incredibly successful as a benchmark to test and study non-perturbative physics.
The presence of non-renormalization theorems allows to have a strong theoretical
grip that often results in a complete analytical understanding.

Furthermore, in the past fifteen years, a new tool has been developed, super-
symmetric localization [3, 4]. With it, for a class of interesting observables, it is
possible to reduce the path integral to a finite dimensional one.

In particular in this thesis the focus is on four dimensional theories enjoying
(bulk) N “ 2 supersymmetry. In placing a boundary we also necessarily break at
least part of the supersymmetry (and also at least part of the conformal symmetry).
We are interested in studying boundary conditions that are going to preserve the
maximal amount of supersymmetry possible, namely half of it, which are called
1
2-BPS boundary conditions. In this way we are going to study four dimensional
systems that preserve the least amount of supersymmetry compatible with using
localization. The fact that we have so few supersymmetries in 4d leads to new
technical difficulties which are discussed in this thesis.

Conformal symmetry is another symmetry that avoids Coleman-Mandula’s no
go theorem [1], but in this case it is a symmetry that we already know to not be
phenomenologically viable for Fundamental Physics. It is however enjoyed by a
system that undergoes second order phase transitions and as such it is extremely
important for Statistical Physics and Condensed Matter Physics. Conformal Field
Theories (CFTs) are symmetric under local rescaling of the metric and they have
special place in theoretical physics for the following reasons.

Lagrangians or Hamiltonians have been used extensively in modeling physical
systems, especially to describe locally interacting degrees of freedom in QFTs. It
is undeniable that they proved, and still prove, to be extremely powerful tools,
but we still lack a deep understanding of QFTs without these. This is incredibly
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unsatisfactory since there are interactions that are not mutually local, as interactions
among electrically and magnetically charged particles, and models that in principle
do not have a Lagrangian description (or at least not a natural one). It is also
possible that the theory is Lagrangian but strongly coupled from the get go or
that one might want to study the physics at some point along the RG-flow. For all
these cases, developing other tools outside the Lagrangian or Hamiltonian ones,
would be extremely insightful.

CFTs precisely furnish infinite examples of non Lagrangian theories. The ex-
tremely constraining symmetry is such that, even without a Lagrangian description
or a natural way to apply Lagrangian techniques, it is nevertheless possible to talk
about the complete operator spectrum, its algebra and its relation to the Hilbert
space. The conformal bootstrap, both numerical [5, 6] and analytical [7, 8], is a
program that in the last ten years has been studying the solution for this class of
theories by using mathematical analysis approaches.

For these reasons a large portion of the thesis is devoted in studying Boundary
Conformal Field Theories (BCFTs). These theories enjoy a rich class of observables,
boundary conditions and relations between dynamics in different dimensions thanks
to bulk-to-boundary interactions. However it is still challenging to compute ob-
servables in these models, especially in d>2 and in non-maximally supersymmetric
systems, as a result we can still learn a lot by studying these theories.

In this thesis we present a way to compute exactly the one-point function of chiral
operators, which parametrize the Coulomb branch of 4d N “ 2 gauge theories
with 1

2-BPS boundary conditions, in the BCFT fixed point [9]. Via a Ward identity
we link derivatives with respect to chiral couplings to insertions of chiral operators
at the pole of a hemisphere HS4. We then map everything back to HR4 using
conformal symmetry to obtain the one-point function’s BCFT data. We test our
results with an abelian theory in the bulk, also at strong coupling, by employing
the SLp2,Zq duality that this system enjoys [10,11].

In this thesis we also focus on running gauge theories, to study phenomena
related to (de-)confinement. In order to tame infrared divergences Callan and
Wilzcek introduced the concept of placing a theory on Anti de Sitter (AdS) [12].
In recent years a new idea emerged [13], to use this framework to study (de-
)confinement transition. This is because in AdS asymptotic states can be identified
with boundary operators, that can be studied reliably with CFT techniques, and
in particular one can check the existence of colored asymptotic states. The latter
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can exist only if the theory is deconfined, thus by studying possible inconsistencies
in the correlators of the boundary operators, once we reach strong coupling, one
can argue precisely the disappearance in the IR of the free-gluon and with that
the fact that the theory is no longer deconfined. One can then try to take at the
end the flat-space limit to recover the physics observed in our universe. This was
recently used to study non-supersymmetric scenarios in [14].

Within this context, in this thesis we present a work in progress [15] regarding
4d N “ 2 SUp2q pure Super Yang-Mills theory. This theory it is known to Higgs
to Up1q at the origin of the Coulomb branch [16]. We wish to see this analytically
by computing explicitly the AdS4 partition function.

All the projects explained so far regard Quantum Field Theory, but there
is another important framework where theoretical advancement can be made.
String Theory, which played a central role in Mathematics and in our growing
understanding of Quantum Gravity, in the last thirty years also proved incredibly
successful for studying Quantum Field Theories (e.g. non-Lagrangian QFTs).
More interestingly for this project’s aims, String Theory possesses a plethora of
dualities that often translate into field theoretic ones. The poorly understood
strongly coupled dynamics can be mapped by such dualities into a weakly coupled
description, where our knowledge is firm. For 4d theories with boundaries the
duality acts non-trivially on the boundary modes in a way which is not yet
comprehended, except in N “ 4 [17,18].

A specific rich class of models, that enjoy these kind of dualities but in N “ 2,
are AN´1 circular quivers. These are very well understood without a boundary, also
in M-theory [19], but so far it is still not clear what types of boundary conditions
they enjoy and how these are mapped by these dualities. This is precisely what
is going to be addressed in this thesis as we discuss a work in progress on brane-
engineering [20].

In summary this thesis aims to sharpen our understanding of field and string
theoretical tools to study analytically a class of 4d N “ 2 gauge theories with
1
2-BPS boundary conditions. Our intention is to improve our understanding on their
dependence on the coupling, on the boundary conditions and their transformations
under strong-weak dualities.
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Structure of the thesis
In Chapter 1 we are going to present an introduction to supersymmetry in flat
4d and 3d. We then describe how to construct 4d supersymmetric theory with
a boundary, in the specific example of bulk N “ 2 supersymmetry and 1

2-BPS
boundary conditions, and then we describe superconformal symmetry.

In Chapter 2 we move toward explaining how to put a theory on a rigid curved
manifold while preserving supersymmetry. We then talk about the hemisphere HS4

and AdS4 as specific backgrounds and we describe supersymmetric localization on
these spaces.

In Chapter 3 we describe how to compute exactly one-point functions of chiral
operators in 4d N “ 2 BCFTs.

In Chapter 4 we describe, as a case study, a bulk abelian theory coupled to
boundary modes. We test the results with Feynman diagrams, we prove the
expected SLp2,Zq-covariance analytically and we test strong coupling expansions
via Padé extrapolations.

In Chapter 5 we introduce the notion of using AdS as infrared regulator and
as a mean to quantitatively study (de-)confinement. We then present a work in
progress regarding analytically studying the Higgs process of pure N “ 2 SUp2q

SYM down to Up1q.
In Chapter 6 we describe how to engineer 4d N “ 2 AN´1 circular quiver theories

in different string frames and in M-theory, we discuss the duality group and in
particular its strong-weak duality. Finally we describe a work in progress regarding
introducing boundary branes to the system and how we expect the duality group
to act on these.

In Chapter 7 we conclude by describing the obtained results, their importance
and the future directions.

We relegate to the appendices relevant computations that would break the flow
of the discussion.
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Chapter 1
Supersymmetry

In this chapter we give a survey on supersymmetry. We do not go into details, the
reader is encouraged to refer to the common literature which we also employ [21–24].
We only focus on what is relevant for the aims of this thesis. In particular, since
the supersymmetry algebra depends strongly on the signature of space-time and
on the number of dimensions, we specialize to supersymmetry in 4 and 3 Euclidean
dimensions.1

The supersymmetry algebra is a Lie superalgebras. As a vector space it decom-
poses in two sub-spaces, L “ L0 ‘ L1, which correspond to bosonic and fermionic
transformations respectively. They are endowed with a bilinear product, that in
physics we realize via commutations and anti-commutation of the transformations,
and whose restriction to the bosonic sub-space coincides with the product in the
Lie algebra. More formally, defining |x| “ i if x P Li, this product satisfies

r, s˘ : Li ˆ Lj ÝÑ L
i`j

ˇ

ˇ

mod 2

,

rx, ys˘ “ ´p´1q
|x||y|

ry, xs˘ ,

p´1q
|x| |z|

rx, ry, zs˘s˘ ` (cyclic) “ 0 .

Supersymmetry has been extensively used as a theoretical laboratory, because
it implies several non-renormalization theorems and often it allows quantitative
non-perturbative predictions.

The particular reason we are interested in this symmetry is because in some
rigid curved manifolds it was exploited, via what is known as supersymmetric

1To be more precise, the multiplets we describe in future sections come after a Wick rotation from the ones in Minkowski space-time.



1.1. Supersymmetry in 4d flat-space 2

localization [3, 4], to compute exactly the partition function as well as a large class
of observables [25–29].

We apply this technique to 4d theories with a boundary, we therefore start our
discussion by describing supersymmetry in 4d Euclidean flat-space.

1.1 Supersymmetry in 4d flat-space

The supersymmetry algebra contains the Poincaré algebra obeyed by the generators
of translations Pµ and of rotations/boosts Mµν, together with possible internal
symmetries Ba

rPµ, Pνs “ 0 ,
rMµν,Mρ,σs “ ´iηµρMνσ ` iηµσMνρ ´ iηνσMµρ ` iηνρMµσ ,

rMµν, Pρs “ ´iηµρPν ` iηνρPσ

rBa, Bbs “ if c
ab Bc ,

rPµ, Bas “ 0 ,
rMµν, Bas “ 0 ,

(1.1.1)

but is supplemented with additional symmetry generators that respect [21]

rPµ, Q
A
α s “ rPµ, Q̄

A
9α s “ 0 ,

rMµν, Q
A
α s “

i

2pσµνq
β

α Q
A
β , rMµν, Q̄

9α
As “

i

2pσ̄µνq
9α

9β
Q̄

9β
A ,

rBa, Q
A
α s “ pbaq

A
BQ

B
α , rBa, Q̄A 9αs “ ´Q̄B 9αpbaq

B
A ,

tQA
α , Q

B
β u “ ϵαβZ

AB , tQ̄A 9α, Q̄B 9βu “ ϵ
9α 9βZ̄AB ,

tQA
α , Q̄B 9βu “ ´2σµ

α 9β
Pµδ

A
B .

(1.1.2)

The QA
α and Q̄ 9α

A are called supercharges and the ZAB are called central charges,
since it is possible to prove that these commute with all the other generators. From
the supersymmetry algebra it is possible to see that the action of supercharges
raises or lowers the spin of a particle by 1

2 .
QA

α and Q̄ 9α
A are related by complex conjugation in Minkowski space-time but

this is not true in Euclidean signature. In the supersymmetry algebras, among
the generators Ba, there can be some special ones that generate what is called
R-symmetry, defined by the property that the supercharges are charged under it.
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Namely, the commutator between the R-symmetry generator and the supercharge
gives a matrix rotation acting on the indices A ,B , . . . of the supercharge.

The irreducible representations of the supersymmetry algebra are called super-
multiplets, or multiplets for short, and can be seen as collection of particles.

The R-index A P t1 , . . . ,N u “counts” the amount of supersymmetry. In
this thesis we mainly focus our attention to N “ 2 supersymmetry in 4d and
3d. In order to be self-contained, and in order to introduce the reader to the
concept of supersymmetry, we start with 4d N “ 1 supersymmetry. We show the
supersymmetry transformations and some of the canonical techniques to construct
both multiplets and supersymmetric invariants.

These constructions are not fundamentally different with different amount of
supersymmetry. For this reason, after having showed the 4d N “ 1 constructions,
we just state the results for the 4d and 3d N “ 2 cases.

1.2 N “ 1 supersymmetry in 4d flat-space

With this amount of supersymmetry the only supercharges are Qα and Q̄ 9α, that
can be rotated by Up1qR R-symmetry.

Omitting spinor indices, one can construct the so called general off-shell multiplet2

δq “ iϵψ ´ iϵ̄ψ̄ ,

δψ “ ϵF ` σµϵ̄piAµ ` Bµqq ,

δψ̄ “ ϵ̄F̄ ` σ̄µϵpiAµ ´ Bµqq ,

δF “ 2ϵ̄λ̄ ` 2iϵ̄σ̄µ
Bµψ ,

δF̄ “ 2ϵλ ` 2iϵσµ
Bµψ̄ , (1.2.1)

δAµ “ ipϵσµλ̄ ` ϵ̄σ̄µλq ` Bµpϵψ ` ϵ̄ψ̄q ,

δλ “ iϵD ` 2σµνϵBµAν ,

δλ̄ “ ´iϵ̄D ` 2σ̄µν ϵ̄BµAν ,

δD “ ´Bµpϵσµλ̄ ´ ϵ̄σ̄µλq .

This multiplet can be constructed by acting with a supersymmetry transformation
on the first field, which is called bottom component. This generates new fields
on which we can apply another supersymmetry transformation while imposing

2To be specific, this is the most general one with a scalar field as first component.



1.2. N “ 1 supersymmetry in 4d flat-space 4

consistency conditions (e.g. tϵQ, ϵ̄Q̄uq “ ´2ϵσµϵ̄PµQ “ 2iBµq). One proceeds until
no new fields need to be introduced in order to preserve the algebra. The last field
that is found in this process is called top component.

This multiplet in general contains too much content to construct toy models
that encompass interesting examples (e.g. gauge theories interacting with matter).
We therefore impose on this some supersymmetry-consistent constrains.

The first interesting multiplet we consider is the (anti-)chiral multiplet, which is
obtained by requiring that the bottom component is annihilated by Q̄ (or by Q for
the anti-chiral). Fixing the attention to the chiral multiplet, this means requiring
ψ̄ “ 0 on the general off-shell supermultiplet. By self-consistence we also need to
require that δψ̄ “ 0, which impose new constraints, and so on. The end result is
displayed below.

Chiral multiplet
δq “ iϵψ ,

δψ “ ϵF ` 2σµϵ̄Bµq , (1.2.2)
δF “ 2iBµpϵ̄σ̄µψq .

Anti-chiral multiplet
δq̄ “ ´iϵ̄ψ̄ ,

δψ̄ “ ϵ̄F̄ ´ 2σ̄µϵBµq̄ , (1.2.3)
δF̄ “ 2iBµpϵσµψ̄q .

where we have, in terms of the general off shell multiplet,

Chiral multiplet
pq, ψ, ψ̄, F, F̄ , Aµ, λ, λ̄,Dq “ pq, ψ, 0, F, 0,´iBµq, 0, 0, 0q . (1.2.4)
Anti-chiral multiplet
pq, ψ, ψ̄, F, F̄ , Aµ, λ, λ̄,Dq “ pq̄, 0, ψ̄, 0, F̄ , iBµq̄, 0, 0, 0q . (1.2.5)

A supersymmetric Lagrangian for the free-theory of a chiral field can be found
either by enforcing supersymmetry on the scalar kinetic term or by using the
method explained in Section 1.2

L “ B
µqBµq̄ `

i

4
`

ψσµ
Bµψ̄ ´ Bµψσ

µψ̄
˘

´
1
4FF̄ . (1.2.6)
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We can clearly see that the field F is auxiliary. This is a general feature of
supersymmetry, we need typically to introduce these kind of fields in order to close
off-shell the supersymmetry algebra [30].

When present these auxiliary fields can be integrated away exactly, even in the
presence of interaction terms, so that physical interactions become manifest. The
theory remains a supersymmetric one but the supersymmetry algebra is improved
by adding on the right hand side of the (anti-)commutators (1.1.2) terms related
to the equations of motion (this does not change the action of supersymmetry on
the physical states nor on the scattering amplitudes).

It is not always possible to construct off-shell multiplets but, since off-shell
supersymmetry is needed for supersymmetric localization [3], we study cases where
this is possible and thus we stress the off-shell formalism.

Constructing supersymmetric invariants

There is a notion of “multiplication of multiplets” where one simply imposes
the bottom component of the resulting multiplet to be the multiplication of the
initial two [31]. The remaining components of the new multiplet can be found by
enforcing supersymmetry. Below we display the result for the multiplication of a
general off-shell multiplet

q “ q1q2 , ψ “ ψ1q2 ` q1ψ2 , ψ̄ “ ψ̄1q2 ` q1ψ̄2 ,

F “ F1q2 ` q1F2 ´ iψ1ψ2 , F̄ “ F̄1q2 ` q1F̄2 ` iψ̄1ψ̄2 ,

Aµ “ A1µq2 ` q1A2µ ´
1
2pψ1σµψ2 ` ψ̄1σ̄µψ2q ,

λ “

ˆ

λ1q2 `
i

2F̄1ψ2 ´
1
2σ

µψ̄1pA2µ ´ iBµq2q `
i

2z2ψ̄1q2

˙

` p1 Ø 2q , (1.2.7)

λ̄ “

ˆ

λ̄1q2 ´
i

2F1ψ̄2 ´
1
2σ

µψ1pA2µ ` iBµq2q ´
i

2z2ψ1q2

˙

` p1 Ø 2q ,

D “ D1q2 ` q1D2 `
1
2F1F̄2 `

1
2F̄1F2 ´ Aµ

1A2µ ´ B
µq1Bµq2

´ ψ1pλ2 `
i

2σ
µ
Bµψ̄2q ` ψ̄1pλ̄2 ´

i

2σ
µ
Bµψ2q

´ pλ1 ´
i

2Bµψ̄σ̄
µ
qψ2 ` pλ̄1 `

i

2Bµψ1σ̄
µ
qψ̄2 .
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We can combine this notion with the fact that the supersymmetric variation of the
last component of a multiplet is a total derivative (1.2.1).

In this way, starting from some “fundamental multiplets”, we can construct
other ones via multiplication and declare the resulting top component to be (part
of) a supersymmetric Lagrangian.

A concrete example is the free chiral Lagrangian in (1.2.6) that actually is
obtained, apart from a ´1

2 factor, as the top-component of the multiplication of a
chiral and anti-chiral field (1.2.4)-(1.2.5).

These kind of invariants are called D-terms, essentially because this is the usual
name of the top-component in the general off-shell supermultiplet (1.2.1). One can
actually notice that there is an additional invariant that it possible to obtain by
multiplying only chiral multiplets, the F -component in (1.2.1). Terms constructed
in this way are called F-terms or superpotentials.

Adding gauge interactions

The supersymmetric transformations for gauge-charged fields are clearly not
gauge-invariant due to the lack of gauge-covariant derivatives. This can be solved
by modifying the supersymmetry algebra (1.2.1) in order to contain in the right
hand side some field-dependent gauge transformations. This does not change the
action on physical states, since these are gauge-singlets.

In practice, in 4d N “ 1 supersymmetry, this only amounts on improving the
algebra showed in (1.1.2) by requiring3

tQα, Q̄ 9αu “ ´2σµ
α 9α

`

Pµ ` GaugepAµq
˘

, (1.2.8)

where Gaugepθq is a gauge transformation on a field defined in the following way

Gauge
`

θpxq
˘

ϕ “ θpxqϕ , (1.2.9)

with θpxq “ θIpxqTR
I and TR

I the generators in the representation R under which
the field ϕ transforms. Thus GaugepAµq is a field dependent gauge transformation,
with vector parameter, which we impose to be present in the anti-commutation of
Qα and Q̄ 9α in such a way that

tQα, Q̄ 9αuϕ “ ´2σµ
α 9αp´iBµ ` Aµqϕ “ 2iσµ

α 9αDµϕ . (1.2.10)

3In the literature there are other equivalent procedures to deal with the lack of gauge covariance, as the Wess-Zumino compensation [32].
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In principle one can construct the full general off-shell multiplet and repeat the
discussion we had in Section 1.2, but we refrain from doing that.

The vector multiplet, which contains the gauge field, has the following content
and transformations

Vector multiplet
δAµ “ ipϵσµλ̄ ` ϵ̄σ̄µλq ,

δλ “ iϵD ` σµνϵFµν , (1.2.11)
δλ̄ “ ´iϵ̄D ´ σ̄µν ϵ̄Fµν ,

δD “ ´Dµpϵσµλ̄ ´ ϵ̄σ̄µλq .

The D-field is an auxiliary field precisely as the F -field in the chiral multiplet
(1.2.2).

We can also write the supersymmetric transformations for a (anti-)chiral multiplet
charged under a gauge group

Chiral multiplet
δq “ iϵψ ,

δψ “ ϵF ` 2iσµϵ̄Dµq , (1.2.12)
δF “ 2iDµpζ̄ σ̄µψq ` 2iζ̄λ̄q .

Anti-chiral multiplet
δq̄ “ ´iϵ̄ψ̄ ,

δψ̄ “ ϵ̄F̄ ´ 2iσ̄µϵDµq̄ , (1.2.13)
δF̄ “ 2iDipζγ

iψ̄q ´ 2iq̄ζλ .
The Lagrangian for the vector multiplet can be obtained with a procedure similar
to the one showed above for the chiral multiplet.

1.3 N “ 2 supersymmetry in 4d flat-space

With this amount of supersymmetry we have QA
α and Q̄A

9α as supercharges that
can be rotated by Up1qR ˆ SUp2qR R-symmetry, where A is an index in the
fundamental of SUp2qR, see Appendix A for the conventions.4

4Note that in the following we are not always consistent with the normalization of the elements in the algebra displayed in (1.1.2).
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The transformations of a 4d N “ 2 vector multiplet are [33]

Vector multiplet
δϕ “ ´iϵAλA ,

δϕ̄ “ iϵ̄Aλ̄A ,

δλA “
1
2σ

µνϵAFµν ` 2σµϵ̄ADµϕ ` 2iϵArϕ, ϕ̄s ` DABϵ
B , (1.3.1)

δλ̄A “
1
2σ̄

µν ϵ̄AFµν ` 2σ̄µϵADµϕ̄ ´ 2iϵ̄Arϕ, ϕ̄s ` DAB ϵ̄
B ,

δAµ “ iϵAσµλ̄A ´ iϵ̄Aσ̄µλA ,

δDAB “ ´2iϵ̄pAσ̄
µDµλBq ` 2iϵpAσ

µDµλ̄Bq ´ 4rϕ, ϵ̄pAλ̄Bqs ` 4rϕ̄, ϵpAλBqs .

The matter content of a gauge theory is described by the hypermultiplet. In
Euclidean signature the on-shell content is given by complex scalars qIA and a
spinor ψI , with I , J , . . . being a USppNF q flavor index [33]. This index is raised
and lowered via the symplectic form ΩIJ{ΩIJ .

In order to couple the hypermultiplets to gauge fields, we gauge a subgroup of
USppNF q. The commutant is the new flavor symmetry group. We always take the
gauge-algebra matrices as embedded in the USppNF q ones.

The supersymmetry algebra needs infinitely many auxiliary fields in order to
close off-shell for this multiplet. However, if one focuses to some particular 4d
N “ 1 subalgebra (or a 3d N “ 2 one), then one can close the transformations
and represent them as [33]

Hypermultiplet
δqIA “ ´iϵAψI ` iϵ̄Aψ̄I ,

δψI “ 2σµϵ̄ADµq
A
I ´ 4iϵAϕ̄qA

I ` 2ϵAF Â
I ,

δψ̄I “ 2σ̄µϵADµq
A
I ´ 4iϵ̄AϕqA

I ` 2ϵ̄AF Â
I , (1.3.2)

δFIÂ “ iϵAσ
µDµψ̄I ´ 2ϵAϕψI ´ 2ϵAλBq

B
I

´ iϵ̄Aσ̄
µDµψI ` 2ϵ̄Aϕ̄ψ̄I ` 2ϵ̄Aλ̄Bq

B
I .

Later we consider these theories on a space with a boundary in such a way to
preserve N “ 2 3d supersymmetry. This is precisely the subalgebra that is
preserved off-shell using the supersymmetric variations showed here, which is
important in order to use the technique of supersymmetric localization [3].
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Another multiplet is the (anti-)chiral multiplet [9, 34]

Chiral multiplet
δA “ ´iϵAΨA ,

δΨA “ 2σµϵ̄ADµA ` BABϵ
B

` 1
2σ

µνϵAG
´
µν ,

δBAB “ ´2iϵ̄pA {̄DΨBq ` 2iϵpAΛBq , (1.3.3)
δG´

µν “ ´ i
2 ϵ̄

Aσ̄ρσµνDρΨA ´ i
2ϵ

AσµνΛA ,

δΛA “ ´1
2DρG

´
µνσ

µνσρϵ̄A ` DµBABσ
µϵ̄B ´ CϵA ,

δC “ Dµ

`

´ 2iϵ̄Aσ̄µΛA

˘

.

Anti-chiral multiplet
δĀ “ iϵ̄AΨ̄A ,

δΨ̄A “ 2σ̄µϵADµĀ ` B̄AB ϵ̄
B

` 1
2σ̄

µν ϵ̄AG
`
µν ,

δB̄AB “ 2iϵpA {DΨ̄Bq ` 2iϵ̄pAΛ̄Bq , (1.3.4)
δG`

µν “ ´ i
2ϵ

Aσρσ̄µνDρΨ̄A ´ i
2 ϵ̄

Aσ̄µνΛ̄A ,

δΛ̄A “ 1
2DρG

`
µνσ̄

µνσ̄ρϵA ´ DµB̄ABσ̄
µϵB ` C̄ϵ̄A ,

δC̄ “ Dµ

`

´ 2iϵAσµΛ̄A

˘

.

This multiplet is important for two main reasons. The first one is that by imposing
[34]5

BAB ´ εACεBDB̄
CD

“ 0 ,
{BΨi

´ εABΛB “ 0 ,
BνpG`µν

´ G´µν
q “ 0 ,

C ´ 2∇2Ā “ 0 .

(1.3.5)

and defining

ϕ “ A , ϕ̄ “ Ā , λA “ ΨA , λ̄A “ Ψ̄A ,

Fµν “
1
2pG`

µν ` G´
µνq , DAB “ BAB ,

(1.3.6)

5These constraints are chosen starting from the Minkowski signature and assuming to take a anti-chiral multiplet that is the complex
conjugate of a starting chiral one. In Euclidean signature this is still true with a suitable prescription of reflection positivity.
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we obtain a vector multiplet. The second reason instead follows from the fact that
we can, choosing some (anti-)holomorphic function Fpϕq (F̄pϕ̄q) of the scalar ϕ
(ϕ̄) of the vector multiplet, called prepotential, and by defining

FI1...In “
B

BϕI1
. . .

B

BϕIn
F pϕq , (1.3.7)

it is possible to construct a (anti-)chiral multiplet in the following way [9,34]

Chiral multiplet from prepotential
A “ F ,

ΨAα “ FIλ
I
Aα ,

BAB “ FID
I
AB `

i

2FIJλ
I
Aλ

J
B ,

G´
µν “ FIF

´I
µν ` 2iFIJλ

IAσµνλ
J
A ,

ΛAα “ FIp {Dλ̄I
Aqα ´ iFIrϕ̄, λAαs

I
`
i

4FIJF
´I
µν pσµνλJ

Aqα `
1
2FIJD

I
ABλ

JB
α

´
i

12FIJK

`

2pλI
Aλ

JB
qλK

Bα ´ λI
AαpλJBλK

B q
˘

, (1.3.8)

C “ ´2FID
µDµϕ̄

I
´ FIrλA, λAs

I
` 2FIrrϕ, ϕ̄s, ϕ̄s

I
`

1
4FIJD

IABDJ
AB

´
1
2FIJF

´I
µν F

´Jµν
´ iFIJλ

IA {Dλ̄J
A ´ FIJprϕ̄, λA

s
IλJ

Aq

`
i

4FIJKD
ABIλJ

Aλ
K
B `

i

8FIJKF
´I
µν λ

JAσµνλK
A

`
1
24FIJKLpλIAλJB

qpλK
Aλ

L
Bq .

Anti-chiral multiplet from prepotential
Ā “ F̄ ,

Ψ̄A 9α
“ F̄I λ̄

IA 9α ,

B̄AB
“ F̄ID

IAB
´
i

2F̄IJ λ̄
IAλ̄JB ,

G`
µν “ F̄IF

`I
µν ´

i

8F̄IJ λ̄
IAσ̄µνλ̄

J
A ,

Λ̄A 9α
“ ´F̄Ip {̄DλI

Aq
9α

` iF̄Irϕ, λ̄A 9α
s
I

´
i

4F̄IJF
`I
µν pσ̄µνλ̄JA

q
9α

`
1
2F̄IJD

IABλ̄J 9α
B
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`
i

12F̄IJK

`

2pλ̄IAλ̄JB
qλ̄K 9α

B ´ λ̄IA 9α
pλ̄JBλ̄K

B q
˘

, (1.3.9)

C̄ “ ´2F̄ID
µDµϕ

I
` F̄Irλ̄A, λ̄As

I
´ 2F̄Irϕ, rϕ, ϕ̄ss

I
`

1
4F̄IJD

IABDJ
AB

´
1
2F̄IJF

`I
µν F

`JµνiF̄IJ λ̄
IA {̄DλJ

A ` F̄IJprϕ, λ̄A
s
I λ̄J

Aq

´
i

4F̄IJKD
ABI λ̄J

Aλ̄
K
B `

i

8F̄IJKF
`I
µν λ̄

JAσ̄µνλ̄K
A

´
1
24F̄IJKLpλ̄IAλ̄JB

qpλ̄K
A λ̄

L
Bq .

This is important because if one chooses F or F̄ to be gauge invariant, then the
supersymmetry transformation of the component C or C̄ is a total derivative
(1.3.3)-(1.3.4). As a result, we can use it to construct supersymmetric Lagrangians,
similarly to the D and F -terms in N “ 1, but for the vector multiplet by choosing
for instance

A “ Trpϕk
q , Ā “ Trpϕ̄k

q. (1.3.10)

For k “ 2 we obtain the renormalizable 4d N “ 2 Super Yang-Mills Lagrangian
(SYM) in flat space

S “
Impτq

4π

ż

LYM ` i
Repτq

8π

ż

Lθ , (1.3.11)

where

LYM “ Tr
ˆ

1
2F

µνFµν ´ 4Dµϕ̄D
µϕ ` iλ̄A {̄DλA ´ iλA {Dλ̄A

´
1
2D

ABDAB ` 4rϕ, ϕ̄s
2

´ 2λA
rϕ̄, λAs ` 2λ̄A

rϕ, λ̄As

˙

,

Lθ “ Tr
ˆ

1
2ε

µνρσFµνFρσ

˙

,

(1.3.12)

and

τ “
4π
g2 i `

θ

2π . (1.3.13)

The chiral operators in (1.3.10) are important because their expectation value
parametrize the Coulomb branch of gauge-theories.
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In order to obtain gauge theories interacting with matter, we can couple this
theory to a hypermultiplet. The following action

Shyp “

ż 1
2Dµq

IADµqIA ´ qIA
tϕ, ϕ̄u

J
I qJA `

i

2q
IA

pDABq
J

I q
B
J

´
i

2ψ̄
I σ̄µDµψI ´

1
2ψ

I
pϕq

J
I ψJ `

1
2ψ̄

I
pϕ̄q

J
I ψ̄J

´ qIA
pλAq

J
I ψJ ` ψ̄I

pλ̄Aq
J

I q
A
J ´

1
2F

IAFIA .

(1.3.14)

contains a finite number of auxiliary fields and preserves off-shell only a subalgebra
of the full supersymmetry algebra, as we explained around (1.3.2).

1.4 N “ 2 supersymmetry in 3d flat-space
The supersymmetry structure does not change drastically [31] compared to the
one showed in (1.1.2)

rQα, Pis “ rQ̃α, Pis “ 0 ,
rMij, Q

A
α s “ ipγijq

β
α Q

A
β , rMij, Q̃

A
α s “ ipγijq

α
βQ̄

A
9β
,

tQα, Qβu “ tQ̃α, Q̃βu “ 0 , tQα, Q̃αu “ 2γi
α,βPi ` 2iεαβZ ,

rR,Qαs “ Qα , rR, Q̃αs “ ´Q̃α ,

(1.4.1)

where Z is the central charge and R is the SOp2qR-symmetry. Calling r the
R-charge, the multiplets we are interested in are [31,35]6

Chiral multiplet
δq “

?
2ζψ ,

δψ “
?

2ζF ´
?

2izζ̃q ´
?

2iγiζ̃Diq `
?

2iσζ̃q , (1.4.2)
δF “

?
2izζ̃ψ ´

?
2iDipζ̃γ

iψq ´
?

2iσζ̃ψ ` 2iζ̃λ̃q .

Anti-chiral multiplet
δq̃ “ ´

?
2ζ̃ψ̃ ,

δψ̃ “
?

2ζ̃F̃ `
?

2izζq̃ `
?

2iγiζDiq̃ ´
?

2iq̃σζ , (1.4.3)

6For our conventions on covariant derivatives one can see Appendix A, we need to change the sign on the bilinear terms of the vector
multiplet with respect to [35]. We also generalize the linear multiplet to one covariantly conserved, with respect to the one in [31].
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δF̃ “
?

2izζψ̃ ´
?

2iDipζγ
iψ̃q ´

?
2iζψ̃σ ` 2iq̃ζλ .

Vector multiplet
δσ “ ´ζλ̃ ` ζ̃λ ,

δλ “

ˆ

iD ´
i

2ε
ijkγkFij ´ iγiDiσ

˙

ζ ,

δλ̃ “

ˆ

´ iD ´
i

2ε
ijkγkFij ` iγiDiσ

˙

ζ̃ , (1.4.4)

δAi “ ´ipζγiλ̃ ` ζ̃γiλq ,

δD “ ζγiDiλ̃ ´ ζ̃γiDiλ ´ rσ, ζλ̃ ` ζ̃λs .

Linear multiplet
δJ “ iζj ` iζ̃ j̃ ,

δj “ ζ̃K ` iγiζ̃pji ` iDiJq ` ζ̃rσ, Js

δj̃ “ ζK ´ iγiζpji ´ iDiJq ´ ζrσ, Js , (1.4.5)
δji “ iεijkD

j
pζγkj ´ ζ̃γkj̃q ` rσ, ζγij ` ζ̃γij̃s ` irJ, ζ̃γiλ ´ ζγiλ̃s ,

δK “ ´iDipζγ
ij ` ζ̃γij̃q ` rζλ̃ ` ζ̃λ, Js .

The (anti-)chiral and vector multiplets play the role of elementary fields in su-
persymmetric gauge theories. The linear multiplet instead contains a covariantly
conserved current, thus in general the fields inside the multiplet are composite
operators.

All the multiplets showed here are off shell ones. For this reason, just like in
(1.2.6), inside Lagrangians some of the fields are auxiliary (or in the case of the
linear multiplet, there is a component that contains composite operators always
made of one or more auxiliary fields).

The entire content of the (anti-)chiral multiplet is charged under the SOp2qR-
symmetry and the auxiliary field is always played by F (F̃ ). In the vector multiplet
the only elements charged under SOp2qR are the spinors and the auxiliary field is
D. Similarly only the spinors of the linear multiplet are charged under SOp2qR
and K is the auxiliary field. It is also possible to map a vector multiplet into a
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linear one via [31]
J “ σ , j “ iλ̃ , j̃ “ ´iλ ,

jµ “ ´
i

2εµνρF
µν , K “ D .

(1.4.6)

The renormalizable supersymmetric Lagrangians for vectors interacting with matter
are the following [35]7

LSYM “
ki

4πTr
ˆ

1
4F

ijFij `
1
2D

iσDiσ ´ iλ̃γiDiλ ´ λ̃rσ, λs ´
1
2D

2
˙

, (1.4.7)

LCS “
ki

4πTr
ˆ

ϵijk
`

AiBjAk ´
2i
3 AiAjAk

˘

` 2iDσ ` 2λ̃λ
˙

, (1.4.8)

Lchiral “ Diq̃D
iq ´ iψ̃ {Dψ ` q̃

`

D ` σ2˘

q ´ iψ̃σψ `
?

2ipq̃λψ ` ψ̃λ̃qq

´ F̃F .
(1.4.9)

where k needs to be an integer for gauge invariance (see e.g. [36] for more details).
One can also add in principle a F -term, also called superpotential as in the 4d
N “ 1 case, via multiplying three chiral fields similarly as was done in (1.2.7) (the
detail of the result of this multiplication does not matter in this context).

1.5 Coupling bulk and boundary in a supersymmetric fash-
ion
If we consider a supersymmetric 4d theory and we study it in flat space with a
boundary we necessarily break some of the supersymmetry. The reason for this
statement is that, as we can see from (1.1.2), supersymmetry generates translations
and the translations perpendicular to the boundary cease to be a symmetry.

If we start from a 4d N “ 2 theory the best we can do is to preserve half of the
supersymmetry, in particular preserving a 3d N “ 2 subalgebra [37]. This can be
obtained by identifying the supersymmetry parameters in the following way

ϵ̄A “ iτ B
3,A σ̄

KϵB , (1.5.1)
where τ3 is one of the Pauli matrices, acting on the R-symmetry indices, σµ{σ̄µ are
the 2ˆ2 chiral sub-matrices in the gamma matrices, and µ “K is the perpendicular
direction (see Appendix A for more details).

7Some signs are swapped due to what explained in footnote 6.
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This reduces the amount of independent supersymmetry transformations and
therefore the number of conserved charges. One can show that in this way we do not
generate translations perpendicular to the boundary via anti-commutations of the
conserved charges. Equation (1.5.1) breaks Up1qR-symmetry and breaks SUp2qR
down to SOp2qR (different SOp2qR subgroups can be obtained by substituting τ3
with n⃗ ¨ τ⃗ for a generic n⃗ with |n⃗|2 “ 1).

We then identify, by our choices of normalizations, the 3d N “ 2 Killing spinors
and the 3d γ-matrices to be

ϵA“1 “
1

?
2
ζ , ϵA“2 “

1
?

2
ζ̃ , γi

“ iσiσ̄K
“ ´iσKσ̄i . (1.5.2)

There are two separate things we need to do in order to enforce the preservation
of this symmetry and we discuss them in the following subsection. Firstly, one
needs to choose suitable boundary conditions on the fields. We do not discuss the
most general 1

2-BPS boundary conditions, but we discuss a class general enough to
encompass many interesting cases. We can then notice that the bulk supersymmet-
ric Lagrangian are constructed to be invariant modulo a total derivative which, in
a space with a boundary, do not imply preservation of supersymmetry even after
one imposes boundary conditions. We then need to shift the action by a boundary
term.

There are additional technical comments to be made if the boundary one considers
is asymptotic. We discuss this from Section 2.4 as we introduce the notion on
supersymmetry on AdS4.

1.5.1 Boundary conditions and boundary terms

Vector multiplet
On the boundary the vector multiplet can be organized in two 3d N “ 2 linear
multiplets as follows (1.4.5)8

JD “

!

2ϕ1,´iλ
`
2 , iλ

´
1 ,´

i

2εijkF
jk,´2

`

DKϕ2 ´ iϕ1 `
i

2D12
˘

)

,

JN “

!

2ϕ2, λ
´
2 ,´λ

`
1 , FKi, 2pDKϕ1 ` iϕ2q

)

,
(1.5.3)

8Note that in order to identify the variations of JN with those of a 3d linear multiplet we need to use that the components D11 and
D22 of DAB vanish at the boundary. This is true in general, even in in the presence of interactions, due to the fact that the boundary
condition preserves the Cartan of SUp2qR symmetry under which these components are charged.
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where we have defined, in order to be consistent with the literature [33], the
following quantities

ϕ1 “
ϕ ` ϕ̄

2i , ϕ2 “
ϕ ´ ϕ̄

2 , λ˘
A “

1
?

2
`

λA ˘ iσ4λ̄A

˘

. (1.5.4)

For later purposes it is also possible to notice that we can construct a vector
multiplet that dualizes, through (1.4.6), to JD

V “ t2ϕ1,´λ
´
1 ,´λ

`
2 , Ai,´iD12 ´ 2DKϕ2u . (1.5.5)

The simplest supersymmetric boundary conditions we can impose are the Dirich-
let (D) and Neumann (N) boundary conditions

D : JD “ 0 , and N : JN ` γJD “ 0 , (1.5.6)

where we defined
γ “

Repτq

Impτq
. (1.5.7)

These boundary conditions are the supersymmetrized versions of the Dirichlet and
Neumann boundary conditions of the Maxwell theory

D : Fij “ 0 , and N : FKi ´
i

2γεijkF
kl

“ 0 . (1.5.8)

The additional terms needed to preserve 3d N “ 2 supersymmetry are

SB “
Impτq

4π

ż

B

LB
YM ` i

Repτq

8π

ż

B

LB
θ , (1.5.9)

where

LB
YM “ Tr

”

´ 8ϕ2
`

DKϕ2 ` i
2D12

˘

` λ1λ2 ` λ̄1λ̄2

ı

,

LB
θ “ 2Tr

”

8iϕ1
`

DKϕ2 ` i
2D12

˘

´ λ1λ2 ` λ̄1λ̄2 ` iλ̄1σ̄
Kλ2 ` iλ1σ

Kλ̄2

ı

.
(1.5.10)

With this boundary action both N and D are supersymmetric boundary conditions
according to the definition given above.

Imposing the N boundary condition we have the freedom to perform gauge
transformations on the boundary, while the D boundary condition fixes it and
the gauge group G becomes a global symmetry on the boundary, with associated
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current JN .9 It is also possible to impose D boundary conditions on some of the
gauge components of the gauge field and N on the others in order to preserve only
a subgroup of the gauge symmetry at the boundary.

A rich class of boundary conditions for 4d N “ 2 gauge theories preserving 3d
N “ 2 can be obtained from deformations of the N and D boundary conditions.
These deformations are defined by adding local degrees of freedom on the boundary
and coupling them with the boundary modes of the bulk fields. In particular, a
natural deformation of the N boundary condition consists in using the boundary
mode of the bulk gauge field to gauge a global symmetry of additional local
boundary degrees of freedom. In the abelian case some deformation is necessary in
order to introduce interactions, because the bulk theory is free and the N and D
boundary conditions are linear constraints that keep the theory gaussian.

Hypermultiplet
Let us focus our attention to a theory with only 4d a single hypermultiplet. This
decomposes in two 3d N “ 2 chiral multiplets (1.2.12)

Φ11 “

!

q11, ´
i

2pψ1 ` iσKψ̄1q, DKq11 ` 2ϕ2q11 ´ iF11

)

” Φ:
22 ,

Φ12 “

!

q12,
i

2pψ1 ´ iσKψ̄1q, ´DKq12 ` 2ϕ2q12 ´ iF12

)

” ´Φ:
21 ,

(1.5.11)

where ϕ2 is defined in (1.5.4).
The simplest boundary conditions for a single 4d hypermultiplet sets to zero

either Φ11 or Φ12. We refer to them as boundary conditions 1 and 2, respectively.
These conditions are easily generalized to the case of NF hypermultiplets. Namely,
a similar binary choice is obtained by picking NF components labeled by i among
the 2NF components labeled by I, and setting to zero one between Φi1 “ pΩiJΦJ2q:

or Φi2 “ ´pΩiJΦJ1q:, where ΩIJ is the symplectic matrix acting on the flavour
indices.

The boundary term that needs to be added is

Shyp,B “

ż

B

´
1
8ψ

IψI `
1
8ψ̄

Iψ̄I `
i

4ψ
Iσ4ψ̄I ´ 2qI

A“1pϕ2q
J

I qJ,A“2 . (1.5.12)

Like for the vector multiplet, also for the hypermultiplets the simple boundary
conditions that we just mentioned can be deformed by interactions. For instance,

9The operator JD that survives in the case of the Neumann boundary condition is not gauge invariant and so it does not give rise to
a global symmetry, except in the abelian case or more generally if the group has Up1q factors so that TrrJDs ‰ 0.
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if we perturb the boundary condition 1 by a boundary superpotential W3dpq12, . . .q,
where the dots refer to possible local 3d degrees of freedom, then the modified
boundary condition is q119BW3d

Bq12
.

Chiral multiplet
As was discussed below equation (1.3.10), the supersymmetric variation of the
bottom component C of a chiral multiplet, integrated on R4, is a supersymmetric
invariant since its variation is a total derivative. We know however that in the
presence of a boundary this does not suffice, we need to add a boundary term. This
boundary term can be found in [9] after sending the radius of the HS4, considered
in that paper, to infinity

CB “ 2DKA ´ ipτ3q
ABBAB ,

C̄B “ 2DKĀ ` ipτ3q
ABB̄AB .

(1.5.13)

The addition of this term preserves supersymmetry irrespective of the boundary
conditions and already off-shell.

In particular, as already commented below (1.3.10), if we define a chiral multiplet
starting from A “ Trpϕ2q we get something proportional to the SYM action and,
by adjusting some normalizations, one can find that (1.5.13) is precisely (1.5.10).

1.6 (Super)conformal symmetry
Conformal transformations are all transformations that modify a flat space metric
up to local dilatations

η1
µν “

Bxρ

Bxµ

Bxσ

Bxν
ηρσ “ Λpxqηµν . (1.6.1)

These transformations are incredibly constraining for a system but not totally
trivializing. They allow to define a one-to-one correspondence between operators
and states in a theory and constrain the correlation functions in such a way that
many theoretical challenges can be overcome even in strong coupling regimes.
These theories thus furnish a natural benchmark for theoretical physicists, but also
they are realized in nature in points where second order phase transition occur and
in the deep IR.10

10There are some examples where in the deep IR one does not recover the full conformal invariance, to be more precise. Also it is
possible that the conformal invariance in the IR is realized trivially by a free theory or by an empty theory.
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Here we discuss just some general properties, for more details we refer to the
literature [38,39].

The Poincaré symmetry is clearly a sub-group of the group of conformal transfor-
mations, but there are new transformations for which the algebra of the generators
is the following11

rMµν, Kρs “ ´iηµρKν ` iηνρKσ ,

rKµ, Pνs “ 2ipηµνD ´ Mµνq ,

rD,Pµs “ iPµ , (1.6.2)
rD,Kµs “ ´iKµ ,

rKµ, Kνs “ rD,Mµνs “ 0 .

The new operators are D, that generates dilatations, and Kµ, that generate the
so-called special conformal transformations. For a space with signature pp, qq it is
possible to prove that the conformal group is SOpp ` 1, q ` 1q.

From the algebra above it is possible to infer that Pµ raises the conformal
dimension of an operator by one and Kµ lowers it by one. Unitarity bounds [39],
for operators of each spin, pose lower bounds on the conformal dimension of
operators. For this reason, if we assume a unitarity theory, we should assume that
there is a state/operator annihilated by Kµ, this is called a conformal primary.
Starting from this state and acting with Pµ we get an infinite tower of states called
descendants which form the so called conformal family.

It is possible to see, for instance, that for scalar operators the following n-point
functions are completely fixed by conformal symmetry up to overall normalizations

xO∆pxqy “ CO∆δ∆,0 ,

xO1px1qO2px2qy “
δ∆1∆2

x2∆1
12

, (1.6.3)

xO1px1qO2px2qO3px3qy “
CO1O2O3

x∆1`∆2´∆3
12 x∆2`∆3´∆1

23 x∆3`∆1´∆2
31

,

where ∆ is the scaling dimension defined via

Opλxq “ λ´∆Opxq . (1.6.4)

CO1O2O3 in (1.6.3), together with the scaling dimension, define the CFT data.

11Technically, in d “ 2, there is an enlargement of the symmetry to the so-called Virasoro algebra.
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For n ą 3-point functions conformal symmetry alone is no longer able to capture
the full space-time dependence. For instance for 4-point functions of scalars we
have

xO1px1qO2px2qO3px3qO4px4qy “ fpu, vq

4
ź

iăj

x
∆
3 ´∆i´∆j

ij (1.6.5)

with

∆ “

4
ÿ

i

∆i (1.6.6)

and

u “
x12x34

x13x24
, v “

x12x34

x23x14
. (1.6.7)

Even though conformal symmetry constrains the functional dependence in (1.6.5),
the function fpu, vq can be in principle generic.

However in a CFT we have the notion of operator product expansion (OPE)12

O1px1qO2px2q “
ÿ

O
CO,12px12, Bx2qOpx2q , (1.6.8)

where the sum in principle runs over conformal primaries and descendants. Usually
when we write it in this form the sum runs only over primaries, the derivatives
in C give the descendants. This allows us to reduce the n-point functions down
to pn ´ 1q-point functions recursively, until we reduce to 3-point functions. The
different ways in which one makes this operation gives equations that in principle
one can try to solve (or use them to constrain numerically the CFT data), and
this is called conformal bootstrap.

We are however interested in theories with supersymmetry, thus when we fall in a
conformal point the theory becomes superconformal. Superconformal symmetry is
not just the direct sum of supersymmetry and conformal symmetry and its algebra
is very constraining. Differently than supersymmetry and conformal symmetry
alone, the algebra can be realized only in 2 ď d ď 6 [40]. We do not talk about all
the possible superconformal algebras, we only focus on the ones relevant for this
thesis in what follows.

12What is written below needs to be be intended as an operatorial equation, thus valid inside correlation functions
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1.6.1 N “ 2 4d superconformal algebra

The superconformal algebra contains as sub-algebras the supersymmetric one
with zero central charge ZAB and the conformal one, but we need to introduce
new (anti-)commutation relations. Defining the R-symmetry operator RA

B, which
generates Up1qR ˆ SUp2qR, such that it satisfies

rRA
B, R

C
Ds “ iδC

BR
A
D ´ iδA

DR
C
B , (1.6.9)

and such that it acts on the supercharges as

rRA
B, Q

C
α s “ iδC

BQ
A
α ´

i

4δ
A
BQ

C
α , rRA

B, Q̄
9α
Cs “ ´iδA

CQ̄
9α
B `

i

4δ
A
BQ̄

9α
C , (1.6.10)

we have the following 4d N “ 2 superconformal algebra su˚p4|4q [41]

tSAα, S̄
B
9β
u “ ´2δA

Bσ
µ

α 9β
Kµ

rKµ, SAαs “ rKµ, S̄
A 9α

s “ 0 ,
tSAα, SBβu “ tS̄A 9α, S̄B 9β

u “ tQA
α , S̄

B 9β
u “ tQ̄A 9α, SBβu “ 0 ,

rMµν, SAαs “
i

2pσµνq
β

α SAβ , rMµν, S̄
A 9α

s “
i

2pσ̄µνq
9α

9β
S̄A 9α

rRA
B, SCαs “ ´iδA

CSBα `
i

4δ
A
BSCα , rRA

B, S̄
C 9α

s “ iδC
B S̄

A 9α
´
i

4δ
A
BS̄

C 9α ,

rD,QA
α s “

i

2Q
A
α , rD, Q̄ 9αA

s “
i

2Q̄
9αA , (1.6.11)

rD,SAαs “ ´
i

2SAα , rD, S̄A 9α
s “ ´

i

2S̄
A 9α

rKµ, Q
A
α s “ ´σµ,α 9βS̄

A 9β , rKµ, Q̄
9α
As “ σ̄ 9αβ

µ SAβ ,

rPµ, SAαs “ ´σµα 9βQ̄
9β
A , rPµ, S̄

A 9α
s “ σ̄ 9αβ

µ QA
β

tQA
α , SBβu “ iδA

Bσ
µν
αβMµν ` 2iεαβδ

i
jD ´ 4iεαβR

A
B ,

tQ̄ 9α
A, S̄

B 9β
u “ iδB

A σ̄
µν 9α 9βMµν ´ 2iε 9α 9βδB

AD ´ 4iε 9α 9βRB
A .

There are new symmetry operators, SAα and S̄A 9α, that generate the so called
special superconformal transformations. Note the symmetry between Kµ and Pµ as
well as between Qα and Sα.

As in a conformal field theory we have conformal primaries, in a superconformal
theory we have the notion of a superconformal primary. The superconformal
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primary is a conformal primary such that
rSaα,Φs “ rS̄A 9α,Φs “ 0 . (1.6.12)

From this we can define the so called superconformal family. This can be seen as
generated by a superconformal primary from which, by supersymmetric transforma-
tions, we find superpartners (that are conformal primaries but not superconformal
ones) and from each of which we can generate with Pµ a conformal family. In short
we have a collection of conformal families linked via supersymmetry.

There is a special class of operators, which we are interested in, called chiral
operators. These are defined to be annihilated by all supercharges of a given
chirality

rQ̄ 9α
A,Φs “ 0 . (1.6.13)

Mutatis mutandis we can define the anti-chirals ones. These class of operators
satisfy nice properties. For instance the conformal dimension is fixed by the
Up1qR-charge

∆ “
R

2 (1.6.14)

and the OPE of two chiral can be proven to be non-singular.

1.6.2 N “ 2 3d superconformal algebra

The 3d N “ 2 superconformal algebra is ospp4|2, 2q. We do not describe the
algebra in full detail, only concepts we consider novel as compared to the ones in
(1.6.11).

The first is that this symmetry is one of a pure 3d theory but it can also be
the one for a 4d one with a boundary. Secondly there is a comment to be made
regarding the Up1qR-symmetry. This we could have made also in the 4d case but
it is going to be more relevant for us in this superalgebra.

In supersymmetric algebras we can re-define the Up1qR generator with possible
other Up1q global symmetry generators Gi

R ÝÑ R1
“ R `

ÿ

i

∆iGi . (1.6.15)

This happens because the R-symmetry only appears in the commutators of the
supersymmetry algebra (1.1.2) and thus

rR1, . . .s “ rR, . . .s , (1.6.16)
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because the Gi commute with everything. This shows that the R-charge can be
redefined since this does not alter the supersymmetry algebra.

This however is not true in the superconformal algebra since the R-charge
appears also outside commutators (1.6.11).

Thus, if we consider a theory in some UV point with 3d N “ 2 supersymmetry
and we run the RG flow to a putative superconformal fixed point, it is important
to identify correctly the R-symmetry. This can in principle be done by starting
from some trial R-charge and by identifying the collection of the ∆i such that

RSCFT “ Rtrial `
ÿ

i

∆iGi . (1.6.17)

The correct ∆i can be identified by some maximization process, as we discuss in
Section 2.6.1.

1.6.3 Boundary Conformal Field Theories (BCFTs)

As the name suggests, these are theories that preserve some amount of conformal
symmetry despite the boundary (namely the translations PK, KK and MKi need to
be projected out).

Similarly to CFTs we maintain a strong non-perturbative control over the theory
but the reduction of the amount of symmetry generators adds technical challenges.
For instance, as can be seen from equation (1.6.3), the 1-point function is usually
zero except for the identity operator.

In BCFTs one-point functions of scalar operators can depend on the distance
from the boundary and thus we have

xOpxqy “
aO

x∆O
K

. (1.6.18)

The coefficients aO become part of the so called BCFT data. This particular piece
of BCFT data is the one we are more interested in in this thesis, but there are
others like the bulk-boundary two-point function coefficients

xOpxqÔpy⃗qy “
aOÔ

x∆1´∆2
K |x⃗ ´ y⃗|2∆2

, (1.6.19)

where the hat is used in this context to state that an operator lives on the boundary.
We already see that the loss of symmetry maps into a loss of control over some

n-point functions. Indeed in a BCFT the two-point function is not completely
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fixed as in the CFT case (1.6.3), but similarly to the case of the four-point function
(1.6.5) we only have some constraints on the functional dependence [38]

xOpx1qOpx2qy “
fpξq

x∆1
K,1x

∆2
K,2

(1.6.20)

with

ξ “
px1 ´ x2q2

4xK,1xK,2
. (1.6.21)

The actual two-point function can be constrained via bootstrap [42, 43], even
though in this context the bootstrap equation are much more difficult.

1.6.4 Superconformal symmetry in presence of a boundary

As discussed in Section 1.6.2, if the theory is 4d N “ 2 and we study it in the
presence of a boundary, we have as maximal superconformal symmetry algebra
preserved the 3d N “ 2 superconformal one.

We are not able in general, differently from what was discussed in 1.5.1, to
start from a 4d N “ 2 superconformal Lagrangian theory and engineer a way, via
boundary conditions and boundary terms, to preserve 3d N “ 2 superconformal
symmetry. This is not really surprising, since conformal theories usually do not
have a Lagrangian formulation from the get go. At most one has a Lagrangian UV
point and can argue, or hope, that in the IR one hits a conformal fixed point.



Chapter 2
Supersymmetry and curved
manifolds

In the following Chapter we discuss how to put a supersymmetric theory on a
rigid curved manifold while preserving some global supercharges. This allows us to
employ supersymmetric localization, a powerful tool to compute a large class of
supersymmetric partition functions and observables.

2.1 Supersymmetry in rigid curved space

We start this discussion by introducing the notion of background multiplet. We
then describe how to use this to preserve global supercharges on rigid manifolds.
We discuss multiplets and supersymmetric Lagrangians in curved space.

Further details can be found in the following references [30,31,34,44].

2.1.1 Background multiplets and supersymmetry

It is always possible to re-interpret couplings as background values of non-dynamical
fields. This turns out to be useful for supersymmetric models to construct novel
supersymmetric invariants.

An example of this is the 3d N “ 2 real mass. Consider a chiral multiplet that
possesses a flavor symmetry. We can couple this flavor symmetry current to a
vector multiplet, thus constructing the Lagrangian showed in (1.4.9), but we can
fix the vector multiplet to the following background

σ “ m, λ “ λ̃ “ Ai “ D “ 0 . (2.1.1)
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This background is chosen to be consistent with the 3d N “ 2 vector supersymmetry
transformations showed in (1.4.4). In particular, in order for a background to be
compatible with supersymmetry, there cannot be a spinor acquiring expectation
value. For this reasons the only condition, which fixes the bosonic background, has
the following general form

δSUSYpferm. “ 0q “ 0 . (2.1.2)

This procedure allows to write a mass term in a supersymmetric fashion, as we
argue below.

Suppose to apply a fictitious supersymmetry transformation on the action that
also acts on the background and not only on the dynamical fields. This fictitious
supersymmetry transformation annihilates the action by construction. A genuine
supersymmetry transformation in principle would lead to a different result since
it only acts on dynamical fields. This fictitious action however commutes with
the background, indeed it annihilates the background fermions because their
background is already vanishing and it annihilates the background bosons since
their transformation is a background fermion. This means that the fictitious
transformation acts precisely as the genuine supersymmetric transformation, thus
also the true supersymmetry transformation annihilates the action and for this
reason supersymmetry is preserved.

Depending on the context these background fields are also called spurions.

2.1.2 Rigid geometry and supersymmetry

The natural way to put a supersymmetric theory on a rigid manifold is consider
this theory in a supergravity setting and then fixing a background for the bosonic
fields. The relevant bosonic gravitational content for N “ 2 theories in 4d and 3d
respectively is listed in Table 2.1 and in Table 2.2 [31,45].

In order to preserve the desired amount of supersymmetry one might try to
follow what streamlined in Section 2.1.1. We focus on preserving 3d N “ 2
supersymmetry13 and the equivalent of equation (2.1.2) is played by the variation

13We refrain from considering the 4d case because the common way one considers a background for these theories is by starting from
superconformal gravity. The same conceptual steps we are explaining here are valid but the process is much more cumbersome; one
starts with many more fields and then one needs to gauge fix conformal symmetry.
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Bosons Description Up1qR charge SUp2qR repr.
gµν metric 0 1
Aµ up1qR gauge field 0 1
Vµ sup2qR gauge field 0 3
Tµν anti-self-dual tensor `2 1
T̄µν self-dual tensor ´2 1
M̃ scalar 0 1

Table 2.1: Bosonic content of the 4d N “ 2 supergravity multiplet.

Bosons Description R-charge
gij metric 0
Bij 2-form gauge field 0
Ci photino 0
AR
i R-gauge field 0

Table 2.2: Bosonic content of the 3d N “ 2 supergravity multiplet.

of the gravitini

0 “ δpψi “ 0q “ 2p∇i ´ iAiqζ ` Hγiζ ` 2iViζ ` εijkV
jγjζ ,

0 “ δpψ̃i “ 0q “ 2p∇i ` iAiqζ̃ ` Hγiζ̃ ´ 2iViζ̃ ´ εijkV
jγj ζ̃ .

(2.1.3)

The difference with respect to what explained in Section 2.1.1 is that, since we
want to fix the background metric and possibly other background fields of the
supergravity multiplet, we then need to solve a differential equation for the local
spinor “ζpxq”, which in supergravity would be generic (indeed it would correspond
to a gauge transformation).

This is precisely what give us global supercharges, indeed for each linearly
independent solutions the equations above, we obtain linearly independent trans-
formations cζpxq which annihilate the action.

The equations above are called Killing spinor equations and the solution is thus
called Killing spinor.

Notice how, differently from the case discussed in Section 2.1.1, the rest of the
bosonic background is not obtained in a univocal way following equation (2.1.2),
as it happens for the real mass in (2.1.1) after having chosen σ “ m. The only
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requirement with the remaining bosonic background is that it still leads to a
differential equation with the desired number of independent solutions. For this
reason, once chosen a particular background metric, there might be inequivalent
choices of backgrounds for the other bosons in the supergravity multiplet which
might preserve the same supersymmetries [34]. This is a reflection of the fact that
in general there are ambiguities, e.g. different possible choice, when we place a
theory on a curved manifold.

The supersymmetry algebra is similar to the one already discussed but it is
going to be improved, as happens in (1.2.8), with some additional transformations
in order to have covariant derivatives also with respect to the geometry (and with
respect to the frozen R-symmetry gauge fields). Essentially we end up with a
supergravity algebra but with the gravitational fields set to the chosen background.

In general it is not possible to obtain the same superalgebra of symmetries
in different manifolds, even when we are able to preserve the same amount of
supercharges. For instance, one might be able to preserve different subgroups of
the R-symmetry in different backgrounds. We do not describe in full details the
mechanism of why this happens, also because the end-result depends often by the
chosen manifold, we limit ourselves to cite the result for our cases of interest. We
refer the reader to [34] for further details.

2.1.3 Rigid supersymmetry transformations and Lagrangians

In what follows we generalize some of the results encountered in Chapter 1 to
curved space. We present general formulæ that can be specialized to the desired
geometry. In this section we keep the Killing spinor unspecified, and also the
corresponding background for the supergravity multiplet. In later sections we
present both the Killing spinors and the supergravity background for the examples
of interest.

4d N “ 2 supersymmetry

The supersymmetry transformations we have encountered before are modified in
the following way.

Vector multiplet
δϕ “ ´iϵAλA ,
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δϕ̄ “ iϵ̄Aλ̄A ,

δλA “
1
2σ

µνϵApFµν ` 8ϕ̄Tµνq ` 2σµϵ̄ADµϕ ` σµDµϵ̄Aϕ

` 2iϵArϕ, ϕ̄s ` DABϵ
B , (2.1.4)

δλ̄A “
1
2σ̄

µν ϵ̄ApFµν ` 8ϕT̄µνq ` 2σ̄µϵADµϕ̄ ` σ̄µDµϵAϕ̄

´ 2iϵ̄Arϕ, ϕ̄s ` DAB ϵ̄
B ,

δAµ “ iϵAσµλ̄A ´ iϵ̄Aσ̄µλA ,

δDAB “ ´2iϵ̄pAσ̄
µDµλBq ` 2iϵpAσ

µDµλ̄Bq ´ 4rϕ, ϵ̄pAλ̄Bqs ` 4rϕ̄, ϵpAλBqs .

Hypermultiplet
δqIA “ ´iϵAψI ` iϵ̄Aψ̄I ,

δψI “ 2σµϵ̄ADµq
A
I ` σµDµϵ̄Aq

A
I ´ 4iϵAϕ̄qA

I ` 2ϵ̂ÂF
Â
I ,

δψ̄I “ 2σ̄µϵADµq
A
I ` σ̄µDµϵAq

A
I ´ 4iϵ̄AϕqA

I ` 2¯̂ϵÂF
Â
I , (2.1.5)

δFIÂ “ iϵ̂Âσ
µDµψ̄I ´ 2ϵ̂ÂϕψI ´ 2ϵ̂ÂλBq

B
I ` 2iϵ̂ÂpσµνTµνqψI

´ i¯̂ϵÂσ̄
µDµψI ` 2¯̂ϵÂϕ̄ψ̄I ` 2¯̂ϵÂλ̄Bq

B
I ´ 2i¯̂ϵÂpσ̄µνT̄µνqψ̄I ,

Chiral multiplet
δA “ ´iϵAΨA ,

δΨA “ 2σµϵ̄ADµA ` BABϵ
B

` 1
2σ

µνϵAG
´
µν ` w σµDµϵ̄AA ,

δBAB “ ´2iϵ̄pAσ̄
µDµΨBq ` 2iϵpAΛBq ` ip1 ´ wqDµϵ̄pAσ̄

µΨBq ,

δG´
µν “ ´ i

2 ϵ̄
Aσ̄ρσµνDρΨA ´ i

2ϵ
AσµνΛA ´ i

4p1 ` wqDρϵ̄
Aσ̄ρσµνΨA ,

δΛA “ ´1
2DρG

´
µνσ

µνσρϵ̄A ` DµBABσ
µϵ̄B ´ CϵA (2.1.6)

` 1
2p1 ` wqBABσ

µDµϵ̄
B

` 1
4p1 ´ wqG´

µνσ
µνσρDρϵ̄A

` 4DρA T̄
µνσρσ̄µν ϵ̄A ` 4wADρT̄

µνσρσ̄µν ϵ̄A ,

δC “ ´2iϵ̄Aσ̄µDµΛA ` 4iT̄ µν ϵ̄Aσ̄µνσ̄
ρDρΨA

´ iwDµϵ̄
Aσ̄µΛA ` 4ipw ´ 1qDρT̄

µν ϵ̄Aσ̄µνσ̄
ρΨA .



2.1. Supersymmetry in rigid curved space 30

Anti-chiral multiplet
δĀ “ iϵ̄AΨ̄A ,

δΨ̄A “ 2σ̄µϵADµĀ ` B̄AB ϵ̄
B

` 1
2σ̄

µν ϵ̄AG
`
µν ` w σ̄µDµϵAĀ ,

δB̄AB “ 2iϵpAσ
µDµΨ̄Bq ` 2iϵ̄pAΛ̄Bq ´ ip1 ´ wqDµϵpAσ

µΨ̄Bq ,

δG`
µν “ ´ i

2ϵ
Aσρσ̄µνDρΨ̄A ´ i

2 ϵ̄
Aσ̄µνΛ̄A ` i

4p1 ` wqDρϵ
Aσρσ̄µνΨ̄A ,

δΛ̄A “ 1
2DρG

`
µνσ̄

µνσ̄ρϵA ´ DµB̄ABσ̄
µϵB ` C̄ϵ̄A (2.1.7)

´ 1
2p1 ` wqB̄ABσ̄

µDµϵ
B

´ 1
4p1 ´ wqG`

µνσ̄
µνσ̄ρDρϵA

` 4DρĀ T
µνσ̄ρσµνϵA ` 4wĀDρT

µνσ̄ρσµνϵA ,

δC̄ “ ´2iϵAσµDµΛ̄A ` 4iT µνϵAσµνσ
ρDρΨ̄A

´ iwDµϵ
AσµΛ̄A ` 4ipw ´ 1qDρT

µνϵAσµνσ
ρΨ̄A .

with [45]

ϵ̂Â “ c
1
2ϵA, ¯̂ϵÂ “ ´c´ 1

2 ϵ̄A, c “ ´
ϵ̄Aϵ̄A
ϵBϵB

. (2.1.8)

The w in the chiral multiplet refers to the classical Weyl weight of the operator.
Furthermore, as we stated in Section 1.3, the hypermultiplet are written with
respect to a sub-algebra of the total 4d N “ 2 that closes off shell.

As we saw in the flat space case in (1.3.8)-(1.3.9), it is possible to define a chiral
multiplet by defining the bottom component A “ Fpϕq, with F a holomorphic
function called prepotential (mutatis mutandis for the anti-chiral multiplet). Dub-
bing R the Ricci scalar, we present the generalization in rigid curved space of the
chiral multiplet.

Chiral multiplet from prepotential
A “ Fpϕq ,

ΨAα “ FIλ
I
Aα ,

BAB “ FID
I
AB `

i

2FIJλ
I
Aλ

J
B ,

G´
µν “ FIpF´I

µν ` 8ϕ̄ITµνq ` 2iFIJλ
IAσµνλ

J
A ,

ΛAα “ FIp {Dλ̄I
Aqα ´ iFIrϕ̄, λAαs

I
`
i

4FIJpF´I
µν ` 8ϕ̄ITµνqpσµνλJ

Aqα

`
1
2FIJD

I
ABλ

JB
α ´

i

12FIJK

`

2pλI
Aλ

JB
qλK

Bα ´ λI
AαpλJBλK

B q
˘

, (2.1.9)
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C “ ´2FI

`

DµDµ ´
R

6 `
M̃

2
˘

ϕ̄I
´ 8FIpF`I

µν ` 8ϕI T̄µνqT̄ µν

` FIrλ̄A, λ̄As
I

´ 2FIrrϕ̄, ϕs, ϕ̄s
I

`
1
4FIJD

IABDJ
AB

´
1
2FIJpF´I

µν ` 8ϕ̄ITµνqpF´Jµν
` 8ϕ̄JT µν

q ` iFIJλ
IA {Dλ̄J

A

´ FIJprϕ̄, λA
s
IλJ

Aq `
i

4FIJKD
ABIλJ

Aλ
K
B

`
i

8FIJKpF´I
µν ` 8ϕ̄ITµνqλJAσµνλK

A `
1
24FIJKLpλIAλJB

qpλK
Aλ

L
Bq .

Anti-chiral multiplet from prepotential
Ā “ F̄pϕ̄q ,

Ψ̄A 9α
“ F̄I λ̄

IA 9α ,

B̄AB
“ F̄ID

IAB
´
i

2F̄IJ λ̄
IAλ̄JB ,

G`
µν “ F̄IpF`I

µν ` 8ϕI T̄µνq ´
i

8F̄IJ λ̄
IAσ̄µνλ̄

J
A ,

Λ̄A 9α
“ ´F̄Ip {̄DλI

Aq
9α

` iF̄Irϕ, λ̄A 9α
s
I

´
i

4F̄IJpF`I
µν ` 8ϕI T̄µνqpσ̄µνλ̄JA

q
9α

`
1
2F̄IJD

IABλ̄J 9α
B `

i

12F̄IJK

`

2pλ̄IAλ̄JB
qλ̄K 9α

B ´ λ̄IA 9α
pλ̄JBλ̄K

B q
˘

, (2.1.10)

C̄ “ ´2F̄I

`

DµDµ ´
R

6 `
M̃

2
˘

ϕI
´ 8F̄IpF´I

µν ` 8ϕ̄ITµνqT µν

´ F̄IrλA, λAs
I

` 2F̄Irϕ, rϕ, ϕ̄ss
I

`
1
4F̄IJD

IABDJ
AB

´
1
2F̄IJpF`I

µν ` 8ϕI T̄µνqpF`Jµν
` 8ϕJ T̄ µν

q ´ iF̄IJ λ̄
IA {̄DλJ

A

` F̄IJprϕ, λ̄A
s
I λ̄J

Aq ´
i

4F̄IJKD
ABI λ̄J

Aλ̄
K
B

`
i

8F̄IJKpF`I
µν ` 8ϕI T̄µνqλ̄JAσ̄µνλ̄K

A ´
1
24F̄IJKLpλ̄IAλ̄JB

qpλ̄K
A λ̄

L
Bq .

In the limit of flat space δSUSYC “ DµV
µ, and thus once embedded the vector

multiplet in the (anti-)chiral multiplet, on R4 it was sufficient to use C and C̄ as
SYM Lagrangians. In curved space instead one needs a linear combination of the
(anti-)chiral content in order to construct a supersymmetric invariant. We do not
discuss the most general case, we only discuss later the case of S4, the hemisphere
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HS4 and AdS4, which are relevant for the thesis.
The supersymmetric action for the vector multiplet can be written as in (1.3.11)

S “
Impτq

4π

ż

LYM ` i
Repτq

8π

ż

Lθ , (2.1.11)

with the curved-space version of the Lagrangian

LYM “ Tr
ˆ

1
2F

µνFµν ´ 4Dµϕ̄D
µϕ ` 2

`

M̃ ´
R

3
˘

ϕ̄ϕ ` iλ̄A {̄DλA ´ iλA {Dλ̄A

´
1
2D

ABDAB ` 4rϕ, ϕ̄s
2

´ 2λA
rϕ̄, λAs ` 2λ̄A

rϕ, λ̄As (2.1.12)

` 16Fµνpϕ̄T µν
` ϕT̄ µν

q ` 64pϕ̄2T µνTµν ` ϕ2T̄ µνT̄µνq

˙

,

Lθ “ Tr
ˆ

1
2ε

µνρσFµνFρσ

˙

.

The hypermultiplet action, realizing explicitly off-shell only part of the 4d N “ 2
supersymmetry algebra, is

Shyp “

ż 1
2Dµq

IADµqIA ´ qIA
tϕ, ϕ̄u

J
I qJA `

i

2q
IA

pDABq
J

I q
B
J

´
i

2ψ̄
I σ̄µDµψI ´

1
2ψ

I
pϕq

J
I ψJ `

1
2ψ̄

I
pϕ̄q

J
I ψ̄J (2.1.13)

´ qIA
pλAq

J
I ψJ ` ψ̄I

pλ̄Aq
J

I q
A
J ´

1
2F

IAFIA

`
1
8pM̃ `

2
3RqqIAqIA `

i

2ψ
IσµνTµνψI ´

i

2ψ̄
I σ̄µνT̄µνψ̄I .

3d N “ 2 supersymmetry

The supersymmetry transformations in curved space are

Chiral multiplet
δq “

?
2ζψ ,

δψ “
?

2ζF ´
?

2ipz ´ rHqζ̃q ´
?

2iγiζ̃Diq `
?

2iσζ̃q , (2.1.14)
δF “

?
2ipz ´ pr ´ 2qHqζ̃ψ ´

?
2iDipζ̃γ

iψq ´
?

2iσζ̃ψ ` 2iζ̃λ̃q .
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Anti-chiral multiplet
δq̃ “ ´

?
2ζ̃ψ̃ ,

δψ̃ “
?

2ζ̃F̃ `
?

2ipz ´ rHqζq̃ `
?

2iγiζDiq̃ ´
?

2iq̃σζ , (2.1.15)
δF̃ “

?
2ipz ´ pr ´ 2qHqζψ̃ ´

?
2iDipζγ

iψ̃q ´
?

2iζψ̃σ ` 2iq̃ζλ .

Vector multiplet
δσ “ ´ζλ̃ ` ζ̃λ ,

δλ “

ˆ

ipD ` Hσq ´
i

2ε
ijkγkFij ´ iγi

pDiσ ` iViσq

˙

ζ ,

δλ̃ “

ˆ

´ ipD ` Hσq ´
i

2ε
ijkγkFij ` iγi

pDiσ ´ iViσq

˙

ζ̃ , (2.1.16)

δAi “ ´ipζγiλ̃ ` ζ̃γiλq ,

δD “ ζγiDiλ̃ ´ iVipζγ
iλ̃ ` ζ̃γiλq ´ Hpζλ̃ ´ ζ̃λq ´ ζ̃γiDiλ ´ rσ, ζλ̃ ` ζ̃λs .

Linear multiplet
δJ “ iζj ` iζ̃ j̃ ,

δj “ ζ̃K ` iγiζ̃pji ` iDiJq ` ζ̃rσ, Js

δj̃ “ ζK ´ iγiζpji ´ iDiJq ´ ζrσ, Js , (2.1.17)
δji “ iεijkD

j
pζγkj ´ ζ̃γkj̃q ` rσ, ζγij ` ζ̃γij̃s ` irJ, ζ̃γiλ ´ ζγiλ̃s ,

δK “ ´iDipζγ
ij ` ζ̃γij̃q ` 2iHpζj ` ζ̃ j̃q ´ Vipζγ

ij ` ζ̃γij̃q ` rζλ̃ ` ζ̃λ, Js .

The mapping from the linear multiplet to the vector one is modified from (2.1.18)
to

J “ σ , j “ iλ̃ , j̃ “ ´iλ ,

jµ “ ´
i

2εµνρF
µν , K “ D ` Hσ .

(2.1.18)

The Lagrangians (1.4.7)-(1.4.8)-(1.4.9) now read14

14The covariant derivatives here displayed are covariant also with respect to the background gravitational multiplet, please refer to [35]
for details.
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LSYM “
ki

4πTr
ˆ

1
4F

ijFij `
1
2D

iσDiσ ´ iλ̃γiDiλ `
i

2σε
ijkViFjk

´
1
2V

iViσ
2

`
i

2Hλ̃λ ´ λ̃rσ, λs ´
1
2pD ` Hσq

2
˙

,

(2.1.19)

LCS “
ki

4πTr
ˆ

ϵijk
`

AiBjAk ´
2i
3 AiAjAk

˘

` 2iDσ ` 2λ̃λ
˙

, (2.1.20)

Lchiral “ Diq̃D
iq ´ iψ̃ {Dψ ´ iψ̃σψ `

?
2ipq̃λψ ` ψ̃λ̃qq

` q̃

ˆ

D ` σ2
`
r

2R `
1
2

`

r ´
1
2

˘

V iVi ` r
`

r ´
1
2

˘

H2

` 2H
`

r ´
1
2

˘

σ

˙

q ´ F̃F .

(2.1.21)

2.1.4 Conformal anomalies in curved spaces

A classically conformal theory usually is not conformal at a quantum level. An
example of this is a non-abelian Yang-Mills theory in 4d, indeed such a theory
undergoes strict confinement and generates a mass gap.

This breaking can be seen even in perturbation theory by the fact that the trace
of the energy-stress tensor is non-vanishing. This is what usually one refers to as
conformal anomaly or trace anomaly.

Using the strong grip that 4d N “ 2 supersymmetry gives us, it is possible to
prove analytically that the conformal anomaly is completely captured by the 1-loop
correction to the two point function of scalars in the vector multiplet, which gives
the first and only contribution to the β-function of the Yang-Mills coupling.

In these contexts it is thus easy to construct conformal theories, one simply
needs to choose wisely the matter content of the theory and the gauge symmetry
representations in such a way that the 1-loop coefficient is zero. This is also
consistent with the fact that the β-function should be zero since, in a theory that
possesses no notion of scale, we cannot have running couplings.

There are however other types of anomalies we refer to as Weyl anomaly. These
are ’t Hooft anomalies, meaning that the partition function with all the sources
for all the operators turned off is indeed invariant under the conformal symmetry.
Another way of saying this is that the conformal Ward identities are violated
by terms proportional to sources of operators. For this reason the theory is still
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conformal and thus still possesses CFT-data [26,46–48].
The canonical examples of Weyl anomalies are given by local terms built out of

the background metric, such as the Euler density which gives rise to the coefficient
a in 4d CFTs. These kind of anomalies appear in the correlations functions of the
stress tensor. Weyl anomalies can also depend on the sources for other operators,
such as scalar operators. In this case correlation functions of these scalar operators
fail to be covariant under Weyl rescalings. More generally, in the presence of
curvature, the correlation functions of scalar operators may receive contributions
that are scheme-dependent and not covariant under Weyl rescalings. What happens
can be explained with the following example.

Imagine turning on a local source λ∆pxq for some operator O∆ of conformal
dimension of ∆

ZCFT “

ż

Dϕ e´Srϕs
ÝÑ ZCFTrλ∆pxqs “

ż

Dϕ e´Srϕs`
ş

ddx
?

gλ∆pxqO∆pxq . (2.1.22)

In general this source is dimensionful and this spoils conformal symmetry. However
we use this source only as a formal tool to insert this integrated operator in
correlators by taking derivatives and then setting it to zero. In the particular case
where we consider the source to be constant we can compute

B2
λ∆
Zpλ∆q

Zpλ∆q

ˇ

ˇ

ˇ

ˇ

λ∆“0
“ x

ż

ddx
a

gpxq Opxq

ż

ddy
a

gpyq Opyqy . (2.1.23)

This integrated two-point function necessarily posses some UV divergences which
we need to regulate. This regularization can be performed in a diffeomorphism-
invariant way [47], but in general we need to redefine the source λ∆ as being
coupled also to other operators. Apart from the terms that are proportional to
the regulator and are needed to cancel the divergences, we have in general residual
scheme dependent finite pieces. Schematically, without taking into account the
terms proportional to the regulator, we have the following mixing of the source

λ∆pxqO∆pxq ÝÑ λ∆pxq

ˆ

O∆pxq ` RpxqO∆´2pxq ` R2
pxqO∆´4pxq . . .

˙

, (2.1.24)

where with RkpxqO∆´2kpxq we indicate some linear combination of operators of
dimension ∆ ´ 2k coupled to some curvature scalar of dimension 2k. Notice
that since curvature scalars are of dimension 2, the mixing always happens with
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operators of dimension 2k lower than the original one until we end the operators
in the spectrum (as we usually do due to constraints coming from unitarity).

This effect, that we refer to as mixing, indeed causes a lack of covariance under
Weyl rescalings. For instance, we know from Section 1.6 that the one point function
of an operator with ∆ ‰ 0 should be zero. At the same time, ignoring the mixing, a
derivative with respect to λ∆ would only lead to the insertion of the corresponding
operator O, and therefore it would vanish. This is contrary to the expectation that
the partition function does in general depend on the couplings, as can be verified
explicitly in concrete examples. This apparent paradox is resolved taking into
account the mixing mentioned above. Indeed, if we take ∆ to be even, the source
λ∆ can mix with the identity and thus if one computes Bλ∆Zpλ∆q

Zpλ∆q

ˇ

ˇ

λ∆“0 one obtains

Bλ∆Zpλ∆q

Zpλ∆q

ˇ

ˇ

ˇ

ˇ

λ∆“0
“ x

ż

ddx
a

gpxq
`

O∆pxq ` . . . ` R
∆
2 pxq1y

“ x

ż

ddx
a

gpxq R
∆
2 pxq1y ‰ 0 .

(2.1.25)

This is in contrast with the naive expectations of conformal symmetry, which is
why we can call this a conformal anomaly.

As previously discussed, the theory is still a conformal one since when the sources
are turned off the conformal Ward identities are still valid. We thus simply need to
understand how to overcome the technical difficulties that this mixing poses and
this can be done via a Gram–Schmidt-like process, as explained in [26].

Suppose for instance to have a scalar operator of dimension 2 “O2”. Then for
unitarity and for what stated in (2.1.24) we have

λ2pxqO2pxq ÝÑ λ2pxq

ˆ

O2pxq ` Rpxq1
˙

, (2.1.26)

thus if one is interested in computing

x

ż

ddx
a

gpxq Opxq

ż

ddy
a

gpyq Opyq
˘

y (2.1.27)

one cannot simply use compute B2
λ2

Z

Z . However one can see that it is possible to
subtract the additional undesired terms in the following way

B
2
λ2

logpZq “
B2

λ2
Z

Z
´

ˆ

Bλ2Z

Z

˙2
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“ x

ż

ddx
a

gpxq
`

Opxq ` Rpxq1
˘

ż

ddy
a

gpyq
`

Opyq ` Rpyq1
˘

y

´ x

ż

ddx
a

gpxq
`

Opxq ` Rpxq1
˘

y
2 (2.1.28)

“ x

ż

ddx
a

gpxq Opxq

ż

ddy
a

gpyq Opyq
˘

y .

The idea is to employ a series of derivative over sources in a way that removes
what “pollutes” the source of the operator one is interested in.

2.2 pHqS4, AdS4 and S3 backgrounds and Killing spinors

In this section we discuss 4d N “ 2 supersymmetry on the hemisphere pHqS4,15

on AdS4 and also the 3d N “ 2 one on S3 we want to preserve explicitly in our
models. The reader should refer to [9, 33,35,45,49,50] for additional information
and relevant references.

We discuss initially pHqS4 and AdS4 together, we later specify to each of them
singularly.

The gravitational background for pHqS4 and AdS4 is

M̃ “ 0 , Aµ “ 0 , Vµ “ 0 , Tµν “ 0 , T̄µν “ 0 , gµν “ gpHqS4{AdS4
µν , (2.2.1)

while the bulk Killing spinor equations are

DµϵAα “
i

2s1pσµϵ̄Bqατ
B

3,A ,

Dµϵ̄
9α
A “

i

2s2pσ̄µϵBq
9ατ B

3,A ,
with s1s2 “

#

1 on pHqS4

´1 on AdS4
. (2.2.2)

The Killing spinors of S4 and AdS4, respectively, generate the fermionic transfor-
mations of the OSpp2|4q and OSpp2|2, 2q superalgebras. The R-symmetry of both
these algebras is a SOp2qR included in the SUp2qR R-symmetry of flat space.

We now discuss S3 background. In the 3d gravity multiplet it is customary to
redefine the graviphoton and the two-form as

V i
“ ´iεijk

BjCk , H “
i

2ε
ijk

BiBjk . (2.2.3)

15The discussion for S4 is equivalent to the one of HS4, it just lacks the considerations regarding the boundary
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With these the gravitational background for S3 can be written as

H “ i , Vi “ AR
i “ 0 , gij “ gS3

ij , (2.2.4)

and the Killing spinor equations as16

Diζ “ ´
i

2γiζ , Diζ̃ “ ´
i

2γiζ̃ , (2.2.5)

which generate OSpp2|2qˆSUp2q that possesses SOp2qR R-symmetry and preserves
the same maximal supersymmetry as on HS4.

If the theory on S4 is superconformal, since S4 is conformally flat, we obtain
the 4d N “ 2 superconformal algebra in flat space, namely SU ˚p4|4q.

If instead the theory on HS4 is superconformal we have the same superconformal
symmetry as the one on S3 or R3, namely OSpp2|2, 2q. This superconformal algebra
is the same as the massive supersymmetric one on AdS4, which we expect for
instance for holography. Note that for conformal theories, AdS4 and HS4 are
equivalent and thus bulk conformal symmetry in AdS does not lead to a symmetry
enhancement. Bulk conformal symmetry in AdS simply restricts the class of
possible correlators and adds a notion of bulk OPE [51].

We proceed by discussing more carefully HS4 and AdS4 separately.

2.3 Supersymmetry on HS4

We now discuss how to obtain 3d N “ 2 supersymmetry on the boundary S3

starting from the 4d N “ 2 supersymmetry on the hemisphere HS4. We then
discuss how to preserve explicitly supersymmetry in a Lagrangian formalism.

2.3.1 Boundary Killing spinors

On HS4 we need to impose boundary conditions [9] in such a way that the
restrictions of the bulk Killing spinors become S3 Killing spinors. This allows us
to preserve a supersymmetry algebra compatible with the boundary. It is possible
to see that by requiring

ϵ̄A ´ is1pτ3q
B

A σ̄4ϵB
ˇ

ˇ

S3“BHS4 “ 0 , (2.3.1)

16As can be seen in [35], there are two possible Killing spinor equations but these differ simply by the choice of the orientation of the
S3.
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and by defining

ϵA“1
ˇ

ˇ

S3“BHS4 “
1

?
2
ζ , ϵA“2

ˇ

ˇ

S3“BHS4 “
1

?
2
ζ̃ ,

pγi
q

β
α “ ipσiσ̄K

q
β

α

ˇ

ˇ

S3“BHS4 “ ´ipσKσ̄i
q
β
α

ˇ

ˇ

S3“BHS4 ,
(2.3.2)

the differential equations for HS4 (2.2.2), with covariant derivatives tangent to the
boundary, become Killing spinor equations on S3 in (2.2.5).

The four linearly independent bulk Killing spinor, that reduce to the ones
generating the 3d N “ 2 algebra, are such that the Killing spinor equations with
derivatives perpendicular to the boundary are immediately satisfied.

It is then possible to see that this sub-algebra of bulk-spinors, from (2.5.6) and
equations below, generates the one on S3.

2.3.2 Preserving explicitly 3d N “ 2 supersymmetry

In pHqS4 [26] the following linear combination of the components of a (anti-)chiral
multiplet (2.1.6)-(2.1.7)

C “ C ´ s2ipw ´ 2qpτ3q
ABBAB ` 2pw ´ 2qpw ´ 3qA ,

C̄ “ C̄ ´ s1ipw ´ 2qpτ3q
ABB̄AB ` 2pw ´ 2qpw ´ 3qĀ ,

(2.3.3)

is such that
δC “ ´Dµ

`

2iϵ̄AσµΛA ` 2s2pw ´ 2qpτ3q
AB ϵ̄pAσ̄

µΨBq

˘

,

δC̄ “ ´Dµ

`

2iϵAσµΛ̄A ´ 2s1pw ´ 2qpτ3q
ABϵpAσ

µΨ̄Bq

˘

.
(2.3.4)

Thus if we wish to preserve some of the bulk supersymmetries, we need to add a
boundary term CB and C̄B such that

ż

δC “ ´

ż

B

δCB ,

ż

δC̄ “ ´

ż

B

δC̄B . (2.3.5)

In this way
ż

C `

ż

B

CB ,

ż

C̄ `

ż

B

C̄B , (2.3.6)

become supersymmetric invariants.17 On HS4 this is achieved by choosing
CB “ is1pτ3q

ABBAB ` 2DKA ´ 4pw ´ 2qA ,

C̄B “ ´is1pτ3q
ABB̄AB ` 2DKĀ ` 4pw ´ 2qĀ .

(2.3.7)

17In order for this to be true we choose
ş

DµV µ “
ş

B

V K.
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As discussed around equation (1.3.11), we can use this to define the SYM action
on HS4.

The boundary condition multiplets in equation (1.5.3)-(1.5.11) translate naturally
to the ones modified due to the curved background.

2.4 Supersymmetry on AdS4

Among all spaces with constant curvature in Euclidean signature, AdSd is charac-
terized by the existence of an asymptotic boundary, namely Sd.

It is thus difficult to preserve via Lagrangian formalism the full bulk supersym-
metries. Indeed all 8 supercharges can be reorganized, as happens in holography, in
a 3d N “ 2 superconformal algebra. Preserving this algebra with a Lagrangian is
as difficult as doing it for boundary superconformal theories on HS4, furthermore
it could be very restrictive in principle.

Moreover, due to the fact that the boundary is asymptotic, we have infinite
volume which produces IR divergences in our theory. We regulate these by placing
a spherical cut-off. We do not give a full review in this thesis, we suggest the
standard literature on holographic renormalization [52,53].

We start a discussion on asymptotics in AdS, we later relate the 4d N “ 2 AdS4
algebra to the 3d N “ 2 superconformal one formulated on S3. We then restrict
to the 3d N “ 2 on S3 and we finally discuss the asymptotic boundary conditions.

2.4.1 Asymptotics in AdS

In order to understand what are the possible boundary conditions on bulk fields
one needs to solve the equations of motion. For the bosons, with the coordinate
choices of Appendix A.1, one finds two independent solutions18

Φpη, x⃗q “ e∆`η
pΦp0q

` ` e´2ηΦp2q
` ` . . .q ` e∆´η

pΦp0q
´ ` e´2ηΦp2q

´ ` . . .q , (2.4.1)

with ∆` ą ∆´, where the subleading modes are related to Bk
KΦ and thus are related

to the leading ones via their second order equations of motion.19

Usually what happens is that the solution associated to ∆` would be divergent
and as such we declare that we can turn it on only as a source, so we do not path

18There are diverse subtleties we are not going to address in the following, like the fact that if ∆` ´ ∆´ P 2N then the expansion can
have a different form.

19We can think of this as a necessity to satisfy all the possible Schwinger-Dyson equations when we place bulk fields to the boundary.
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integrate over it. The other one instead produces finite results and thus the modes
corresponding to this solution are fluctuating.

It is also possible that both modes are normalizable and as such one can take
either one of the two to be the fluctuating mode and the orthogonal one to be fixed.
This happens for the scalar field or the massless vector field in 4d. For massless
fermions there is only one asymptotic behavior and we split that in two modes.

Below we write the asymptotic behavior for the class of fields we are interested
in. We gauge-fix AK “ 0 and we take Ai to be the components of the gauge field
parallel to the boundary. Using (2.4.1), and referring to its comments below, we
obtain

φpη, x⃗q “ e´η
pφp0q

` e´2ηφp2q
` . . .q ` e´2η

pDKφ
p0q

` e´2ηDKφ
p2q

` . . .q ,

ψpη, x⃗q “ e´
3
2η

pψ
p0q
` ` e´2ηψ

p2q
` ` . . .q ` e´

3
2η

pψ
p0q
´ ` e´2ηψ

p2q
´ ` . . .q , (2.4.2)

Aipη, x⃗q “ pA
p0q

i ` e´2ηA
p2q

i ` . . .q ` e´η
pj

p0q

i ` e´2ηj
p2q

i ` . . .q .

The notation DKφ for the subleading mode of the scalar should not be confused
with an actual derivative of the leading mode (which does not depend on η) and is
simply inspired by the case of a conformally coupled scalar. The notation ji, in
the expansion of the vector field, is related to the fact that via the equations of
motion we can relate BKAk to the conserved current jk “ εij

kFij. In all of these
cases both modes can be chosen to be fluctuating or not.

In presence of supersymmetry we should also care about relating the sources
and the fluctuating modes via supersymmetry.

2.4.2 Boundary 3d N “ 2 superconformal symmetry

The 3d superconformal symmetry algebra is generated by the following conformal
Killing spinors [49]

DiξA “ ´
i

2γiξA , Diξ̃A “
i

2γiξ̃A , (2.4.3)

where A is the 2SOp2qR symmetry index, the one preserved by the N “ 2 super-
symmetry algebra in AdS4.

We make the following ansatz in order to solve the equations (2.2.2)

ϵA “ e
η
2 ϵ`A ` e´

η
2 ϵ´A ,

ϵ̄A “ e
η
2 ϵ̄`A ` e´

η
2 ϵ̄´A .

(2.4.4)
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We can see that the equations for the perpendicular variable are solved by

ϵ˘A “ ˘is1τ
B

3A σ4ϵ̄˘B . (2.4.5)

With this the remaining independent equations are three and can be taken to be
the following

DiϵA “
i

2s2τ
B

3A σ4ϵ̄B . (2.4.6)

We then find

D3d
i ϵ˘A “

i

2γ
3d
i ϵ¯A , (2.4.7)

where with “3d” we here stress that we have removed all notions of the perpendicular
coordinate, namely we define

pγi
3dq β

α

sinhpηq
“ ipσiσ̄K

q
β

α “ ´ipσKσ̄i
q
β
α ,

sinhpηqpγ3d
i q

β
α “ ipσiσ̄

K
q

β
α “ ´ipσKσ̄iq

β
α .

(2.4.8)

and we define

Diχα “ D3d
i `

1
2ωi,a4σ

a4 . (2.4.9)

In all future 3d formulæ for AdS, in the derivative D with the index i, j, . . ., the
superscript “3d” is omitted.

By choosing

ξA “ ϵ`A ´ ϵ´A , ξ̃A “ ϵ`A ` ϵ´A , (2.4.10)

we see that (2.4.7) gives (2.4.3). We can then also write the 4d N “ 2 Killing
spinors in function of the 3d N “ 2 superconformal ones, with our choice of
coordinates in Appendix A.1

ϵAα “ sinh
`η

2
˘

ξAα ` cosh
`η

2
˘

ξ̃Aα ,

ϵ̄A 9α “ is1τ
B

3,A

ˆ

cosh
`η

2
˘

ξβ
A ` sinh

`η

2
˘

ξ̃β
A

˙

σK,β 9α .
(2.4.11)

Each of the two independent 3d spinors ξA and ξ̃A preserve a different 3d N “ 2
supersymmetry algebra. As already explained, it is not in general possible to
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preserve the full 3d N “ 2 superconformal symmetry from the Lagrangian, we thus
focus on preserving just N “ 2 supersymmetry as done for HS4. The localization
charge Qloc., defined by the Killing spinors in (A.1.8), is generated by the ξA-
sub-algebra and as such this is the one we want to preserve. We thus consider
ξ̃A “ 0 .

We now need to relate the ξA with the ζ, ζ̃ 3d N “ 2 Killing spinors in (2.2.5).
Their SOp2qR-symmetry transformation is a phase transformation [31] which we
define to be the following

ζ 1
“ eiθRζ , ζ̃ 1

“ e´iθR ζ̃ . (2.4.12)

The SOp2qR Ă SUp2qR symmetry rotation acts on ξA via the generator τ3 as
displayed below

ξ1
A “

`

eiθRτ3
˘ B

A
ξB “

ˆ

eiθRξ1
e´iθRξ2

˙

A

. (2.4.13)

We can then argue that we have

ξ1 “ ζ , ξ2 “ ζ̃ . (2.4.14)

From this relation it follows that

Diζ “ ´
i

2γiζ , Diζ̃ “ ´
i

2γiζ̃ , (2.4.15)

which are precisely the S3 N “ 2 Killing spinor equations in their canonical
form [31].

2.4.3 Boundary 3d N “ 2 supersymmetry

As previously stated we preserve 3d N “ 2 supersymmetry by setting ξ̃A “ 0 in
(2.4.11). If we do this we then have

ϵAα “ sinh
`η

2
˘

ξAα “ sinh
`η

2
˘

ˆ

ζα

ζ̃α

˙

A

,

ϵ̄A 9α “ is1τ
B

3,A cosh
`η

2
˘

pξBσKqα “ is1τ
B

3,A

ˆ

pζσKq 9α

pζ̃σKq 9α

˙

B

.

(2.4.16)

It is also possible to prove that in our coordinates the spinors ξA “ pζ, ζ̃q are
constant.
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The condition ξ̃ “ 0 imposes the following relation among the 4d Killing spinors
valid for all η

ϵ̄A 9α “ is1τ
B

3,A coth
`η

2
˘

pϵBσKqα . (2.4.17)

It is possible to see, using (2.5.6)-(2.5.8) that the restriction to this sub-algebra
generates η-independent transformations and that these do not involve the index
perpendicular to the boundary. We are thus able to preserve this amount of
supersymmetry for each S3 slice at any η.

This also means that the regulator we are employing does not break 3d N “ 2
supersymmetry.

2.4.4 3d N “ 2 asymptotic boundary conditions

Due to the fact that we preserve 3d N “ 2 supersymmetry for each S3 slice, we can
construct 3d N “ 2 linear multiplets, similarly to what we have done in (1.5.3),
but these are η-dependent.

Using (2.4.16) we can see that

J Dpηq

J “ 2ϕ1 ,

j “ ´i
sinh

`

η
2
˘

?
2

`

λ2 ´ is1 coth
`η

2qσKλ̄2
˘

,

j̃ “ i
sinh

`

η
2
˘

?
2

`

λ1 ` is1 coth
`η

2qσKλ̄1
˘

, (2.4.18)

jk “ ´
coshpηq

2 sinh2
pηq

iεij
kFij ´

i

sinhpηq
FkK ,

K “ ´2 sinhpηqDKϕ2 ´ i coshpηqD12 ` 2iϕ1 ´ 2 coshpηqϕ2 .

J Npηq

J “ 2ϕ2 ,

j “
sinh

`

η
2
˘

?
2

`

λ2 ` is1 coth
`η

2qσKλ̄2
˘

,

j̃ “ ´
sinh

`

η
2
˘

?
2

`

λ1 ´ is1 coth
`η

2qσKλ̄1
˘

, (2.4.19)
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jk “ ´
1

2 sinh2
pηq

εij
kFij ´

coshpηq

sinhpηq
FkK ,

K “ 2 sinhpηqDKϕ1 ´ D12 ` 2iϕ2 ` 2 coshpηqϕ1 ,

are 3d linear multiplets. Similarly we can define a 3d N “ 2 vector multiplet as
follows20

Vpηq

σ “ 2 coshpηqϕ1 ,

j “
sinh

`

η
2
˘

?
2

`

λ2 ` is1 coth
`η

2qσKλ̄2
˘

,

j̃ “ ´
sinh

`

η
2
˘

?
2

`

λ1 ´ is1 coth
`η

2qσKλ̄1
˘

, (2.4.20)

jk “
1

2 sinh2
pηq

εij
kF

ij
´

coshpηq

sinhpηq
FkK ,

K “ 2 coshpηqDKϕ1 ´ D12 ` 2iϕ2 ` 2 coshpηqϕ1 .

These vector multiplets are also appearing in the non-linear terms of the transfor-
mations of the linear multiplets (2.1.17). At large η we see that Vpηq

coshpηq
dualizes to

J Npηq via (2.1.18).
These multiplets show how all the modes in (2.4.2) transform under the super-

symmetry we enforce at each η, thus at each point of the bulk.21

For the application that we discuss in Chapter 5, we intend to compute the AdS4
partition function with Dirichlet boundary condition for the gauge field. Since
we want to preserve explicitly 3d N “ 2 supersymmetry, this implies fixing the
asymptotics of ϕ1 and leaving DKϕ1 fluctuating (just like on HS4). This can be
seen in the following way.

We can fix JDpηq to a background consistent with supersymmetry, namely to
the dualization of a real mass (2.1.1)-(1.4.6), but in curved space [31]. Then, after
gauge-fixing A4 “ 0, we can see that the leading mode at large η of the field
strength needs to vanish.

20To find this vector multiplet we defined i coshpηqJ Dpηq ` J Npηq, which is a linear multiplet such that ji “ ´ i
2 ϵ jk

i Fjk. We then
tested the transformations in (2.1.16) by “anti-dualizing it” via (2.1.18).

21This is also consistent with the fact that the subleading modes are constrained by the equations of motions, since these respect
necessarily the same amount of supersymmetry.
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With this boundary condition we can then interpret the boundary modes of
the multiplets JDpηq and JNpηq, respectively, as the sources and the fluctuating
modes. In the scalar sector, the leading mode of ϕ1 is a source, and the subleading
is fluctuating, while the opposite is true for ϕ2.

Similar comments would be valid for Neumann boundary conditions by fixing
JNpηq and looking at its components at large η.

2.4.5 Lagrangian boundary term and 3d N “ 2 supersymmetry

In this section discuss the boundary term needed in AdS4 to preserve explicitly 3d
N “ 2 supersymmetry. Keeping the regulator explicit in (2.3.7) for AdS4 we get

CB “ coth
`η0

2
˘

ˆ

is1pτ3q
ABBAB ` 2DKA ` 4pw ´ 2qA

´ p1 ` coth2 `η0

2
˘

´ 6 coth
`η0

2
˘

cothpη0q
˘

A

˙

,

C̄B “ tanh
`η0

2
˘

ˆ

´ is1pτ3q
ABB̄AB ` 2DKĀ ` 4pw ´ 2qĀ

´ p1 ` tanh2 `η0

2
˘

´ 6 tanh
`η0

2
˘

cothpη0q
˘

Ā

˙

.

(2.4.21)

This modifies the boundary action written in (1.5.10) into

LYM,B “
2

sinhpη0q

ˆ

cothpη0q
`3 ` coshp2η0q

sinhpη0q
pϕ2

1 ´ ϕ2
2q ´ 8i cothpη0qϕ1ϕ2

˘

´
`

coshpη0qϕ2 ` iϕ1
˘`

4i DKϕ1

sinhpη0q
` 4 cothpη0qDKϕ2 ` 2iD12

˘

` cosh2 `η0

2
˘

λ1λ2 ` sinh2 `η0

2
˘

λ̄1λ̄2

˙

, (2.4.22)

Lθ,B “
2

sinhpη0q

ˆ

2 cothpη0q
`

2 cothpη0qpϕ2
1 ´ ϕ2

2q ´
3 ` coshp2η0q

sinhpη0q
iϕ1ϕ2

˘

´
`

ϕ2 ` i coshpη0qϕ1
˘`

4i DKϕ1

sinhpη0q
` 4 cothpη0qDKϕ2 ` 2iD12

˘

` cosh2 `η0

2
˘

λ1λ2 ´ sinh2 `η0

2
˘

λ̄1λ̄2

´
i

2 sinhpη0qpλ1σKλ̄2 ´ λ2σKλ̄1q

˙

,
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after some integration by parts in the action.

2.5 Supersymmetric localization
Supersymmetric localization is a powerful technique to compute a class of observ-
ables exactly. It was firstly employed by Witten in the context of topological
theories [54] and it was also successfully implemented by Nekrasov to compute
the path integral on the moduli space of instantons [55]. It is however thanks to
Pestun [3], who computed the partition function and a Wilson loop exactly for
4d N “ 2 theories on the four sphere S4, that this technique became an essential
tool for studying a large class of observables in quantum field theories in various
dimensions and with various amounts of supersymmetry [4].

The general argument of localization needs a conserved supercharge Q with
certain properties. One needs to be able to construct a Q-exact quantity such that
ş

Q2V “ 0 and such that
ş

QV is semi-positive definite. In this way

Z “

ż

DΨ e´SrΨs
“

ż

DΨ e´SrΨs´t
ş

QV , @t P R (2.5.1)

since
d

dt

ż

DΨ e´SrΨs´t
ş

QV
“

ż

DΨ QV e´SrΨs´t
ş

QV

“

ż

DΨ Q
ˆ

V e´SrΨs´t
ş

QV

˙

“ Q
ˆ

ż

DΨ V e´SrΨs´t
ş

QV

˙

“ 0 .

(2.5.2)

In the second row we use the fact that QS “
ş

Q2V “ 0. In the third row we use
the fact that the path integral measure and the possible boundary conditions are
compatible with Q. In the fourth row we use the fact that the Q-variation of a
function is zero.

The argument can be repeated with the insertion of Q-closed operators. One can
then send t Ñ `8 and compute the integral via an exact saddle-point evaluation
with the action

ş

QV .
What usually happens is that the path integral then localizes to a finite dimen-

sional integral over some domain, called locus, and we obtain what we represent
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schematically below

Z “

ż

DΨ e´SrΨs
“

ÿ

loc.

ż

daloc. e
´SrΨpaloc.qsZ1-looppaloc.q . (2.5.3)

We get a contribution coming from simply inserting the locus inside the integrand
and another contribution from the quadratic fluctuations, which leads to the one-
loop determinant Z1-looppaq. In the case of 4d partition function these saddles are
labeled by instanton sectors and the final result takes the form of

Z “

ż

da e´SrΨpaqsZ1-looppaqZNekrasovpaq , (2.5.4)

where ZNekrasovpaq is the celebrated Nekrasov partition function in a suitable Ω-
background [55].

In the following sections we display very explicitly the technique, also in known
scenarios, in order to apply it to a novel case. In particular we review the cases of
S4 [3] and of the hemisphere HS4 [56,57]. Then we discuss a new example, namely
SYM on AdS4 with Dirichlet boundary conditions [15].22

2.5.1 Setting up the localization computation

A generic supersymmetry transformation is given by

Q “ ϵAQA ` ϵ̄AQ̄
A . (2.5.5)

We consider the Killing spinors as Grassmann even and the supercharges as
Grassmann odd.

Following the supersymmetry algebra in (2.1.4) one can see that Q2 is given
by [33]

Q2
“iLv ` GaugepΦq ` LorentzpLabq ` Scalepwq ` RUp1qpΘq

` RSUp2qpΘ̃ABq ,
(2.5.6)

with

vµ
“ 2ϵ̄Aσ̄µϵA ,

Φ “ 2iϕ̄ϵAϵA ` 2iϕϵ̄Aϵ̄A ` vµAµ ,

22A localization computation of AdS4 was done in [50], but that work focuses on a specific abelian model.
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Lab “ Dravbs ` vµΩµ,ab ,

w “ ´
i

2pϵAσµDµϵ̄A ` Dµϵ
Aσµϵ̄Aq , (2.5.7)

Θ “ ´
i

4pϵAσµDµϵ̄A ´ Dµϵ
Aσµϵ̄Aq ,

Θ̃AB “ ´iϵpAσ
µDµϵ̄Bq ` iDµϵpAσ

µϵ̄Bq .

iLv is a Lie derivative along v generates a rotation on S4/AdS4. For HS4 this
rotation can be chosen to be a symmetry, in order to employ localization, by
imposing as a boundary an equator of S4 that is preserved by this rotation.

Using the above formulæ it is also possible to prove that a generic anti-
commutator “tQ,Q1u” can be obtained by simply sending each bilinear of (2.5.7)
into

Q2
ÝÑ tQ,Q1

u ,

ϵAαϵBβ ÝÑ ϵAαϵ
1
Bβ ` ϵ1

AαϵBβ ,

ϵ̄ 9α
Aϵ̄

9β
B ÝÑ ϵ̄ 9α

Aϵ̄
1 9β
B ` ϵ̄

1 9α
A ϵ̄

9β
B ,

ϵAαϵ̄
9β
B ÝÑ ϵAαϵ̄

1 9β
B ` ϵ1

Aαϵ̄
9β
B .

(2.5.8)

Since we are interested in a single supercharge for localization purposes, we can
actually impose the following constraints for the localization’s Killing spinor

pϵAαq
˚

“ ϵAα , pϵ̄A 9αq
˚

“ ϵ̄A 9α , ϵAσµDµϵ̄A “ Dµϵ
Aσµϵ̄A “ 0 . (2.5.9)

A canonical choice for the functional V is

V “
ÿ

ferm.
ferm.pQferm.q˚ , (2.5.10)

which is such that
ş

Q2V “ 0 thanks to the constraints in (2.5.9), which allow for
Q2 to not generate some of the transformations showed in (2.5.7). Furthermore
the bosonic part of

ş

QV is manifestly positive semi-definite
ż

QV
ˇ

ˇ

ˇ

ˇ

bos.
“

ż

ÿ

ferm.
Qferm.pQferm.q˚ . (2.5.11)

The specific choice of coordinates and Killing spinors can be seen in Appendix
A.1, in particular in equations (A.1.7)-(A.1.8). Here we focus only on the vector
multiplet part but a similar argument can be performed also on the hypermultiplets
on pHqS4.
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A remark that needs to be made is that the localization procedure should be
performed on the fully gauge-fixed path integral. We should thus also need the
ghost fields and define for these consistent supersymmetry transformations. This
leads to a series of technical comments, which we discuss later in Section 2.5.2.

In order to compute
QV

ˇ

ˇ

even “ pQλAαq
˚QλAα ` pQλ̄ 9α

Aq
˚Qλ̄ 9α

A , (2.5.12)
one needs the conjugation properties of the bosonic fields which are fixed by the
convergence of the path integral:

pϕq
˚

“ ´ϕ̄ , pAµq
˚

“ Aµ , pDABq
˚

“ ´DAB . (2.5.13)
Putting everything together and using (1.5.4) we have

QV
ˇ

ˇ

even “ϵAϵA

ˆ

F´
µν `

2
ϵAϵA

vrµDνs´ϕ2 ` s2i
ϵAσµνϵBτ3,AB

ϵCϵC
ϕ2

˙2

` ϵ̄Aϵ̄
A

ˆ

F`
µν ´

2
ϵ̄Aϵ̄A

vrµDνs`ϕ2 ` s1i
ϵ̄Aσ̄µν ϵ̄Bτ3,AB

ϵ̄C ϵ̄C
ϕ2

˙2
(2.5.14)

`
4

ϵAϵA ` ϵ̄Aϵ̄A
`

DµrpϵAϵA ` ϵ̄Aϵ̄
A

qϕ1s
˘2

`

ˆ

1
ϵAϵa

`
1

ϵ̄Aϵ̄A

˙

pv ¨ Dϕ2q
2

`
1

2pϵAϵA ` ϵ̄Aϵ̄Aq

ˇ

ˇ2ϕ1ps2ϵ
CϵC ` s1ϵ̄C ϵ̄

C
qτ3,AB ` pϵCϵC ` ϵ̄C ϵ̄

C
qDAB

ˇ

ˇ

2

´ 16pϵAϵA ` ϵ̄Aϵ̄
A

qrϕ1, ϕ2s
2

where the ˘ stands for (anti-)self-dual part of a tensor which can be obtained by
using the following projector

P µν,ρσ
˘ “

1
4pgµν,ρσ

˘ εµνρσ
q “

1
4pgµρgνσ

´ gµσgνρ
˘ εµνρσ

q . (2.5.15)

In what follows we briefly discuss the gauge-fixing part of the path integral and
how this enters in the localization computation. We then study the locus with the
standard argument on S4, extended to HS4. Later we study the locus on AdS4.
Finally we discuss the classical contribution, the 1-loop determinant computation
in general and in the novel case of AdS4.

2.5.2 Gauge-fixing

In finding the locus with the previous argument we were still considering the
non-gauged-fixed path integral. In doing so we actually have not found a single
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locus but all the gauge equivalent ones. The resulting localized partition function
thus remains some path integration we are not able to perform explicitly.

We thus need to upgrade our argument to the gauge fixed path integral
ż

DΨDΨghoste
´SrΨs´tQV ´QBRSTVghost . (2.5.16)

Defining c and c̄ as the ghost and anti-ghost, B as the Lagrange multiplier field,
κ some constant and GrΨ ´ Ψloc.s some gauge-fixing functional compatible with
localization, namely such that Gp0q “ 0, we have

ż

Vghost “

ż

c̄
`

´ GrΨ ´ Ψloc
s `

κ

2B
˘

, (2.5.17)

with

QBRSTc “ icc ,

QBRSTc̄ “ B , (2.5.18)
QBRSTB “ 0 ,
QBRSTΨ “ GaugepcqrΨs “ irc,Ψs˘ (except for QBRSTAµ “ Dµc) ,

The path integral does not depend on κ even though it is best, in order to run
correctly the localization argument, to think of it as a real and strictly positive
number. One can then upgrade the localization argument by defining

Q̂ “ Q ` QBRST ,

V̂ “ V ` Vghost ,

V “
ÿ

ferm.
ferm.pQ̂ferm.q˚ ,

(2.5.19)

and, referring to (2.5.7), the following supersymmetry transformations for the
ghosts

Qc “ Φloc.
´ Φ ,

Qc̄ “ 0 ,
QB “ iLpc̄q ` ivµAloc.

µ c̄ .

(2.5.20)

With these we can write our original path integral in the following way
ż

DΨDΨghoste
´SrΨs´tQ̂V̂ . (2.5.21)
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We can trade QV for Q̂V̂ because in this way we are just adding either Q-
exact of QBRST-exact quantities. Furthermore with the choice of supersymmetry
transformations (2.5.20) for the ghosts we end up having23

Q̂2
“ iLv ` GaugepΦloc.

q ` LorentzpLabq ` RSUp2qpΘ̃ABq

“ iLv ` Gaugepaq ` LorentzpLabq ` RSUp2qp´s2τ3,ABq
(2.5.22)

which is such that
ş

Q̂2V̂ “ 0,24 allowing us to run the localization argument
provided that Q̂V̂

ˇ

ˇ

even is positive semi-definite. Q̂V̂
ˇ

ˇ

even is indeed positive semi-
definite since

ż

Q̂V̂
ˇ

ˇ

even “

ż

QV
ˇ

ˇ

even `

ż

B
`

´ GrΨ ´ Ψloc.
s `

κ

2B
˘

(2.5.23)

and thus the argument for the locus is not affected by the gauge fixing. The only
(good) difference is that now we do not have gauge redundancy in the locus.

Remark on ghosts for ghosts

In the case of the partition function on S4 [3], as well as for Neumann boundary
conditions on HS4 and AdS4, there is an additional gauge fixing for constant
gauge transformations to be made. This happens because, differently from what
happens in flat space or with Dirichlet boundary conditions, where these transfor-
mations are associated to asymptotic symmetries [58], these transformations are
still redundancies.

When these are gauge transformations, we need to add ghosts for ghosts. This
can be seen from the fact that the (partially) gauge fixed path integral is invariant
under c Ñ c ` c0, for some constant c0. Indeed c plays the role of the gauge
symmetry transformation in the BRST formalism.

However the intent in this thesis is to present in some details how one performs
localization computations, while specifying to the case of pure SYM on AdS4 with
Dirichlet boundary conditions we are interested in.

In the case of Neumann boundary conditions one should just add the terms
explained in [3] and the rest of the argumentation would follow in the same way.

23The “Lorentz” is not present in [33] since for them Lab “ 0, in our case this is not true but that term does not play any role.
24It might seem that

ş

Q̂2V̂ ‰ 0 since GaugepΦloc.q Ă Q̂ and we have gauge fixing part in Vghost. However GaugepΦloc.q is actually a
constant gauge transformation that corresponds to a genuine global asymptotic symmetry of the theory. By construction this should not
be fixed and thus the above remains a symmetry also for Vghost.
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2.5.3 Finding the locus (and the instantons) for pHqS4

We propose here the same argument of Pestun [3], to argue the locus for S4, and
we adjust it in order to justify the result for HS4. This argument would not run
however for AdS4, thus in the next section we give a different argument that can
be applied in all of these cases.

We expand “vrµDνs˘ϕ2” inside the squares in the first two lines of (2.5.14) and
write

QV 1
ˇ

ˇ

even “4pϵAϵA ` ϵ̄Aϵ̄
A

qpDϕ2q
2

` 8Dµ
pϵAϵA ` ϵ̄Aϵ̄

A
qDµϕ2ϕ2 ´ 4DνpF̃ µνvµϕ2q

` ϵAϵA

ˆ

F´
µν ` s2i

ϵAσµνϵBτ3,AB

ϵCϵC
ϕ2

˙2
` ϵ̄Aϵ̄

A

ˆ

F`
µν ` s1i

ϵ̄Aσ̄µν ϵ̄Bτ3,AB

ϵ̄C ϵ̄C
ϕ2

˙2

`
4

ϵAϵA ` ϵ̄Aϵ̄A
`

DµrpϵAϵA ` ϵ̄Aϵ̄
A

qϕ1s
˘2

´ 16pϵAϵA ` ϵ̄Aϵ̄
A

qrϕ1, ϕ2s
2

`
1

2pϵAϵA ` ϵ̄Aϵ̄Aq

ˇ

ˇ2ϕ1ps2ϵ
CϵC ` s1ϵ̄C ϵ̄

C
qτ3,AB ` pϵCϵC ` ϵ̄C ϵ̄

C
qDAB

ˇ

ˇ

2

(2.5.24)

where we have defined

F̃ µν
“

1
2ε

µνρσFρσ . (2.5.25)

We see that, since ϵAϵA ` ϵ̄Aϵ̄
A “ 1 in this space, and thus DµpϵAϵA ` ϵ̄Aϵ̄

Aq “ 0,
we have that (2.5.24) equals

QV
ˇ

ˇ

even “4pDϕ2q
2

´ 4DνpF̃ µνvµϕ2q ` 4
`

Dµϕ1
˘2

´ 16rϕ1, ϕ2s
2

` ϵAϵA

ˆ

F´
µν ` s2i

ϵAσµνϵBτ3,AB

ϵCϵC
ϕ2

˙2
` ϵ̄Aϵ̄

A

ˆ

F`
µν ` s1i

ϵ̄Aσ̄µν ϵ̄Bτ3,AB

ϵ̄C ϵ̄C
ϕ2

˙2

`
1
2

ˇ

ˇ2ϕ1ps2ϵ
CϵC ` s1ϵ̄C ϵ̄

C
qτ3,AB ` pϵCϵC ` ϵ̄C ϵ̄

C
qDAB

ˇ

ˇ

2
. (2.5.26)

The total derivative we can see above is not a problem for the localization argument
in S4 but it adds in principle a boundary contribution to the localization argument
on HS4. Thanks to the boundary conditions (1.5.3) however this additional term
vanishes. We thus have obtained a new sum of squares whose locus is easier to
find.

Thanks to the terms proportional to pDϕ1,2q2 we must have ϕ1,2 covariantly
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constant. Then the terms

ϵAϵA

ˆ

F´
µν ` s2i

ϵAσµνϵBτ3,AB

ϵCϵC
ϕ2

˙2
, ϵ̄Aϵ̄

A

ˆ

F`
µν ` s1i

ϵ̄Aσ̄µν ϵ̄Bτ3,AB

ϵ̄C ϵ̄C
ϕ2

˙2
, (2.5.27)

give further constraints on the locus, except on the poles where either ϵAϵA or ϵ̄Aϵ̄A
is zero (A.1.7). The study of the poles leads to the instanton contributions [3], but
let us here focus on all the points except these.

If we do so then we get

F̃µν “ i

ˆ

´ s1
ϵ̄Aσ̄µν ϵ̄Bτ

AB
3

ϵ̄C ϵ̄C
` s2

ϵAσµνϵBτ
AB
3

ϵCϵC

˙

ϕ2 . (2.5.28)

Using the Bianchi identity and the fact that ϕ2 is covariantly constant one can
obtain ϕ2 “ 0. The commutator constraint becomes automatically solved and then,
due to (2.5.27), we also have Fµν “ 0 which means that ϕ1 can be taken to be a
constant matrix. We then have as locus

ϕ1 “ ´
a

2 ,

DAB “ ´τ3,AB a ,
(2.5.29)

where a is a matrix in the gauge-algebra. We thus see that the path integral
localizes to

ż

DΦ . . . ÝÑ

ż

g

da . . . , (2.5.30)

where the integration runs over the matrices of the gauge Lie algebra g. We
can trade the integral over the space of these matrices to integrals on Rr, with
r “ rankpgq, by reducing the integration to the Cartan of the Lie algebra

ż

g

da . . . “

ż

hĂg

da
ź

αP∆`

pα ¨ aq
2 . . . , (2.5.31)

where α P ∆` runs over the positive roots of the Lie algebra.

Instanton contributions
On S4, since we have some single points where ϵAϵA or ϵ̄Aϵ̄A is zero, we have some
single points where we cannot follow the argument written above and argue that
Fµν “ 0. We can only argue that in the point where ϵAϵA “ 0 we have F`

µν “ 0
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and in the point where ϵ̄Aϵ̄A “ 0 we have F´
µν “ 0, which correspond to point-like

instanton and anti-instanton contributions.
For this reason, if we allow the path integral to run over these configurations,

we have a path integral over each instanton sector with its path integration over
the instanton moduli. The localization procedure we are following then ends up
localizing as well the instanton moduli just as it happens in [55]. One obtains a
localization procedure equivalent to the Ωϵ1,ϵ2-background of [55], but with different
ϵ1 and ϵ2 parameters. These parameters can be found by seeing if iLv Ă Q2 acts,
near the fixed points, as some rotation which in some wise choice of coordinates
can be rewritten as [33]

iLv “ iϵ1

ˆ

x1 B

Bx2 ´ x2 B

Bx1

˙

` iϵ2

ˆ

x3 B

Bx4 ´ x4 B

Bx3

˙

. (2.5.32)

It is possible to see that for us ϵ1 “ ϵ2 “ ´1 in units of the radius for both pHqS4

and AdS4. In the literature usually one has ϵ1 “ ϵ2 “ 1 but there is no substantial
difference.

For HS4 the argument is essentially the same but we simply have one pole, thus
we end up with the partition function having only the instanton or anti-instanton
contributions depending on the choice of the orientation of the boundary.

2.5.4 Finding the locus (and the instantons) for AdS4

We cannot repeat the argument for the locus of pHqS4 on AdS4 since in this space
DµpϵAϵA ` ϵ̄Aϵ̄

Aq is no longer zero. We thus decide to use a novel argument, which
in principle could also be used for the cases of HS4.

This argument relies on the fact that we want to enforce 3d N “ 2 supersymmetry
and all the modes, continuously for each value of η, transform as in (2.4.18)-(2.4.19),
see Section 2.4.4.

From (2.5.14) we know that

ϕ1 “
ϕ̃1

pϵAϵA ` ϵ̄Aϵ̄Aq
“

ϕ̃1

2 coshpηq
,

DAB “ ´2s2ϵ
AϵA ` s1ϵ̄Aϵ̄

A

pϵAϵA ` ϵ̄Aϵ̄Aq2 τ3,AB ϕ̃1 “
2

cosh2
pηq

τ3,AB ϕ̃1 ,

(2.5.33)

with ϕ̃1 a covariantly constant field. As argued in Section 2.4.4, we have two main
case scenarios. We can fix the leading mode of ϕ1, we then need to match the
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value of the locus to the one of the boundary condition. Another possibility is that
it remains fluctuating and we have to path integrate over these modes, together
with all the other ones linked by 3d N “ 2 supersymmetry, but on a smaller set of
these thanks to localization.

In both case the original choice of our path integral forces (2.5.33) to be part of
a consistent 3d N “ 2 background.

We can then insert (2.5.33) into (2.4.19) and, since we know from [31] that a 3d
N “ 2 linear multiplet enforces K “ 0, we get

2 coshpηqDKϕ1 ´ D12 ` 2iϕ2 ` 2 coshpηqϕ1
ˇ

ˇ

loc. “ 0 . (2.5.34)

Using (2.5.33), we see that the locus for ϕ2 needs to be zero. This in turn, except
in the center of AdS where in (2.5.14) we have ϵAϵA, means that Fµν is zero from
(2.5.14). In the center of AdS4 where this argument cannot run and we find
instantons. This means that we can consider ϕ1 and DAB, by the same arguments
in pHqS4, to localize to

ϕ1 “ ´
a

2 coshpηq
,

DAB “ ´
a

cosh2
pηq

τ3,AB ,
(2.5.35)

where a is a matrix in the gauge-algebra.
One can notice that the result is similar to the one of pHqS4 but with an

additional 1
coshpηq

dependence, which is actually expected as one can see in the
literature for the locus of vector fields in AdS in other dimensions [59, 60] or for
abelian gauge theories in [50].

2.5.5 Classical contribution

After we localize the path integral we need to insert in the action, as well as in the
other Q-closed operators inside the path integral, the value of the locus.

In general this is what one should do but one should remember the fact that
there are some points, like the poles of S4, where the locus is not actually the
one displayed in (2.5.29). This is an issue, in particular if one wants to study
non-perturbative corrections to local operators inserted in these points. This is
precisely what happens when one wants to apply the canonical technique, discussed
in [26], used to compute a class of extremal correlators exactly with localization.
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This also becomes important if one want to study one-point functions, as we did
in [9] and as we discuss in Section 3.

Focusing for the moment only on the partition function, that thus has only the
action as integrand of the path integral, and counting instanton contributions, we
see that on S4 the result is the following

ZS4
“

ż

hĂg

da
ź

α¨∆`

pα ¨ aq
2 e´2πImpτqTrpa2qZ1-looppaq|ZNekrasovpa, τq|

2 , (2.5.36)

where we have used (2.5.31) and with Z1-looppaq which we discuss in Section
2.5.6. The exponential comes from the action showed in (2.1.11)-(2.1.12), with the
background showed in (2.2.1) and after one inserts the locus of equation (2.5.29).
The ZNekrasovpa, τq is the Nekrasov partition function [55] with the topological twist
given by ϵ1 “ ϵ2 “ ´1.

For HS4 the argument is the same but we have an additional boundary term in
the action (1.5.9)-(1.5.10) and we have the contribution coming from the instantons
of only one of the poles. With our conventions on the orientation of the boundary,
specified by our choice of choosing

ş

DµV
µ “

ş

B
V K, we see that the result on HS4

is given by

ZHS4
“

ż

hĂg

da
ź

α¨∆`

pα ¨ aq
2 eiπτTrpa2qZ1-looppaqZNekrasovpa, τq . (2.5.37)

The 1-loop result is different from the case of S4 and depends on the choice of
boundary conditions, as we discussed in more details in Section 2.5.7. In particular,
if we have Dirichlet boundary conditions, the integration ceases to exist due to
the supersymmetrization of the condition that freezes the gauge field (1.5.6). One
can also notice that the partition function is no longer periodic in θ and this is
expected from the fact that, in presence of a boundary, the 4d θ term can be seen
as a 3d Chern-Simons term.

A discussion analogue to the one for HS4 follows also for AdS4.

2.5.6 1-loop determinant

The path integral degrees of freedom are divided in terms of cohomological variables,
namely divided in terms of a Q̂-singlet

Φ “ 2iϵ̄Aϵ̄Aϕ ` 2iϵAϵAϕ̄ ´ ivµAµ , (2.5.38)
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which parametrizes the locus, and Grassmann even and Grassmann odd quantities

Xeven “ pϕ2, Aµq Xodd “ pΘAB, c̄, cq , (2.5.39)

with

ΘAB “ ϵpAλBq ` ϵ̄pAλ̄Bq . (2.5.40)

All the other elements can be obtained by applying Q̂.
It is possible to then write the quadratic part of V̂ and Q̂V̂ as

V̂
ˇ

ˇ

quad. “
`

Q̂Xeven Xodd
˘

ˆ

D00 D01
D10 D11

˙ ˆ

Xeven
Q̂Xodd

˙

,

Q̂V̂
ˇ

ˇ

quad. “
`

Xeven Q̂Xodd
˘

ˆ

´Q̂2 0
0 1

˙ ˆ

D00 D01
D10 D11

˙ ˆ

Xeven
Q̂Xodd

˙

´
`

Q̂Xeven Xodd
˘

ˆ

D00 D01
D10 D11

˙ ˆ

1 0
0 Q̂2

˙ ˆ

Q̂Xeven
Xodd

˙

.

(2.5.41)

For this reason, letting Keven/odd being the total quadratic part of the even/odd
fields, we can write the 1-loop determinant as

Z1-loop “

d

detpKoddq

detpKevenq
“

d

detXoddpQ̂2q

detXevenpQ̂2q
“

d

detCoker.D10pQ̂2q

detKer.D10pQ̂2q
. (2.5.42)

The first equality is just due to the fact that detpABq “ detpAqdetpBq. The second
one is due to the fact that D10 maps Xeven into Xodd and rQ̂,D10s “ 0. For this
reason in the ratio of the determinants only the unpaired eigenmodes, which by
definition belong to the kernel and cokernel, survive.

Calling λn the nth eigenvalue, kn and cn its multiplicity in the kernel and cokernel
respectively, we can write

Z1-loop “

c

ź

n

λcn´kn
n . (2.5.43)

The eigenvalues λn can be computed for each of the fields, what is missing is the
knowledge of cn ´ kn. To this aim, one can compute the index

IndD10ptq “ TrKer.D10pe
´iQ̂2t

q ´ TrCoker.D10pe
´iQ̂2t

q “ ´
ÿ

n

pcn ´ knqe´iλnt . (2.5.44)
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From the formal expansion one can obtain cn ´ kn. For elliptic or transversally
elliptic operators, which we define below, there are considerable simplifications in
computing the index.

Informally, one can construct a matrix, called symbol, by sending Bµ Ñ ipµ in
D10. If the symbol is non-invertible when all pµ “ 0, the operator is said to be
elliptic and the index is a finite Laurent series in e´it. If the same is true but with
a singled out p̂ P tpµu that can remain diverse from zero, then the operator is said
to be transversally elliptic along p̂µ and the index is in general a formal Laurent
series in e´it. This is precisely the case on pHqS4 and also in AdS4, where p̂ is in
the direction of the Killing vector generated by Q̂2.

When we have an operator that acts on functions on a manifold with at least
a free Up1q action generated by some Killing vector v̂, and when this operator
is elliptic or transversally elliptic along v̂, one can use (a generalization of) the
Atiyah-Bott fixed point formula. This is precisely the case for D10 and the Up1q

action defined by the Killing vector generated by Q̂2. Letting x0 be the fixed points
of this Up1q action, we have

IndD10ptq “
ÿ

x0

TrXevenpe´iQ̂2tq
ˇ

ˇ

x0
´ TrXoddpe´iQ̂2tq

ˇ

ˇ

x0

detpδµ
ν ´ Bνx1µq

, (2.5.45)

where x1µ is the transformation of xµ under the Up1q action induced by Q̂2. For S4

there are two fixed points which specify antipodal poles, thus on HS4 we have one
fixed point. We then have similarly a single fixed point for AdS4, the center of the
Up1q rotation. We relegate the analysis and technical comments to the Appendix
D and we write the result below

Z1-loop “
ź

αP∆`

α ¨ a

sinhpπα ¨ aq
Gp1 ` iα ¨ aqGp1 ´ iα ¨ aq , (2.5.46)

with α ¨ a is defined to be a eigenvalue of the matrix a while ∆ is the set of roots
of the gauge algebra.

The Atiyah-Bott formula can be applied technically only on compact spaces. It
was however pointed out in different localization computations in AdS [59,61] that
the index result matches the expectations of the partition function computation
performed with different techniques. Furthermore it was shown in [61] that the
partition function of AdS2 matches the result of the one in HS2, as our result
matches the one of HS4. This is a further check of the applicability of the formula
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because in the case of superconformal theories the partition functions on the two
geometries should match. Indeed, while a generic boundary partition function
of an SCFT receives both vector and hypermultiplet contributions, the theory of
massless hypermultiplets is superconformal by itself, and therefore also the vector
partition functions must match.

2.5.7 Localization formulæ

We describe in this section the known localization results for the partition function
on HS4 [56, 57]. These results are valid also for AdS4 for the reasons explained at
the end of Section 2.5.6.

Let us first consider the case of a Dirichlet boundary condition for the gauge field,
deformed by the addition of boundary degrees of freedom in a 3d N “ 2 theory, in
such a way that a subgroup G of the global symmetry of the boundary degrees
of freedom is identified with the global symmetry G of the Dirichlet condition
(this can be achieved through boundary superpotential couplings). Without loss of
generality, we can choose a in the Cartan. This fugacity can be interpreted as a
background value for the vector multiplet in (1.5.5), which couples to JN to create
a real mass compatible with 3d N “ 2 supersymmetry for one of the bulk scalars.
In this case the partition function can be written as following product:

ZD
HS4pτ, a, ziq “ZD

vectorpτ, aq ¨ Z1,2
hyperspaq ¨ Zinstpτ, aq ¨ Z3dpa, ziq . (2.5.47)

Let us detail the form of each factor in (2.5.47):

• The contribution of the bulk vector is given by

ZD
vectorpτ, aq “ eiπτ Tr a2 ź

αP∆`

Hpia ¨ αq
a ¨ α

sinhpπa ¨ αq
, (2.5.48)

where the product is taken over the set of positive roots ∆` of the gauge group,
and the function Hpxq is determined in terms of Barnes G-functions

Hpxq “ Gp1 ` xqGp1 ´ xq . (2.5.49)

Note that the classical action contributes a term holomorphic in τ , namely
eiπτ Tr a2, as discussed around (2.5.37).

• The hypermultiplet contribution depends on the choice of boundary condition
1 or 2 (1.5.11). Fixing Φi1 and Φi2 to transform under the representation R of
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the gauge symmetry with weights w, the result is

Z1
hypers “

ź

wPR

1
H

1
2 pia ¨ wq

e´ 1
2 ℓpia¨wq , Z2

hypers “
ź

wPR

1
H

1
2 pia ¨ wq

e
1
2 ℓpia¨wq , (2.5.50)

with ℓ being the following function

ℓpzq “ ´z logp1 ´ e2πiz
q `

i

2
`

πz2
`

1
π

Li2pe2πiz
q
˘

´
iπ

12 . (2.5.51)

• Zinstpτ, aq is Nekrasov’s instanton partition function [55] already discussed
in (2.5.37). Both in the contribution of the classical action and in the in-
stanton contribution makes the partition function holomorphic in τ . This
holomorphicity is however broken after FB-maximization explained in Section
2.6.

• The factor Z3dpa, zκq denotes the S3 partition function of the boundary de-
grees of freedom. For Lagrangian theories it can also be computed using
localization [62]. The partition function depends on the fugacity a for the
global G symmetry. It moreover depends on the fugacities ui for the remaining
continuous global symmetries of the 3d theory.25 The N “ 2 3d partition
function depends finally on the coefficients ∆κ that defines the R-symmetry.
The 3d R-charge is a linear combination of the Up1q symmetries:

R “
ÿ

κ

∆κRκ , (2.5.52)

where R0 is a reference R-charge and ∆0 “ 1. In [62] it was found that the
sphere 3d partition functions depend on uκ and ∆κ only through the complex
combination zκ “ ∆κ ´ iuκ and that Z3d is actually holomorphic in zκ. In
principle one should also consider the mixing coefficient ∆κ related to the G
symmetry. If however G does not contain abelian factors then it cannot mix
with the 3d R-symmetry under the assumption that the boundary condition
preserves the entire G.

Next, we consider the Neumann boundary condition. Also in this case we consider
a possible deformation due to the presence of local 3d degrees of freedom. This 3d
theory is assumed to have a G global symmetry and the bulk-boundary interaction

25A fugacity is an expectation value for the scalar component of a background vector multiplet associated to a global Up1q symmetry.
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is defined by gauging the G symmetry with the boundary mode of the bulk gauge
field. Since the latter is still fluctuating on the boundary, the localization formula
in this case takes the form of an integral over the Cartan-valued matrix a26

ZN
HS4pτ, zκq “

ż

da
ź

αP∆`

pα ¨ aq
2 ZN

vectorpτ, aq ¨ Z1,2
hyperspτ, aq ¨ Zinstpτ, aq ¨ Z3dpa, zκq ,

(2.5.53)

where the only new ingredients compared to the Dirichlet case are the Vandermonde
determinant and the contribution of the vector multiplet, namely

ZN
vectorpτ, aq “ eiπτ Tr a2 ź

αP∆`

Hpia ¨ αq
sinhpπa ¨ αq

a ¨ α
. (2.5.54)

Abelian bulk theory

In the special case of the abelian theory, the product over roots is absent and
one gets ZD

vector, abelianpτ, aq “ ZN
vector, abelianpτ, aq “ eiπτa2, where a is a real number.

Let us focus on the case of a Neumann boundary condition, with boundary degrees
of freedom that form a certain 3d N “ 2 CFT with a Up1q symmetry, coupled
to the bulk by gauging the Up1q symmetry with the boundary components of the
bulk gauge field. The resulting modified Neumann boundary condition is

1
g2 pJN ` γJDq “ JCFT , (2.5.55)

where JCFT denotes the linear multiplet of the Up1q symmetry that is gauged by
the bulk gauge field. We can think of this boundary condition as setting to zero a
linear combination of the two global symmetry with currents JN ` γJD and JCFT,
while an independent linear combination survives as a Up1q global symmetry of
the boundary condition. The partition function of the 3d theory is denoted as
Z3dpa, zκq, where a is the fugacity for the Up1q symmetry coupled to the bulk gauge
field, and the zκ denote fugacities for additional Up1q symmetries. In addition, we
can turn on a fugacity a1 for the global symmetry with current JD (see footnote 9),
and a fugacity x1 for the surviving combination of JN and JCFT, which can take

26More generally, also global symmetries acting on the hypermultiplets might contain Up1q factors that are preserved by the boundary
condition and can mix with the R symmetry. In that case we need to introduce appropriate zκ’s also in the hypermultiplet partition
function.
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for definiteness to be simply JCFT. The resulting partition function is [63]

ZN
HS4,abelianpτ, a1, x1, zκq “

ż

da e´2πiaa1

eiπτa2
Z3dpa ´ x1, zκq . (2.5.56)

The two symmetries with fugacities a1 and x1 descend from magnetic and electric
one-form symmetries of the bulk theory, and therefore can be called magnetic and
electric Up1q symmetries. In future chapters indeed we argue how these are indeed
exchanged by electric-magnetic duality. Note that the instanton contribution in
the abelian case is a-independent [3], and it only contributes an overall factor
holomorphic in the τ that can be reabsorbed by a counterterm, see (3.2.8). As a
result it does not contribute to physical quantities and it can be omitted.

Also the magnetic and the electric Up1q’s, like any other Up1q symmetry of the
boundary condition, can in principle mix with the 3d R-symmetry. The mixing
parameters, which we denote as ∆̃ and ∆̂, respectively, appear together with a1

and x1 in a holomorphic combination in the partition function. The expression of
ZN

HS4,abelian where ∆̃ and ∆̂ explicitly appear is then

ZN
HS4,abelianpτ, a1

´ i∆̃, x1
´ i∆̂, zκq “

ż

da e´2πiaa1

e´2πa∆̃ eiπτa2
Z3dpa ´ x1

` i∆̂, zκq .

(2.5.57)

2.6 FB-maximization
In this section e describe a process, known as FB-maximization [63], that allows to
specify the BCFT partition function on HS4 from one that preserves 3d N “ 2
supersymmetry.

In this thesis we also propose a way to re-interpret the same procedure in AdS4,
with the aim of studying the SUp2q Ñ Up1q Higgsing of pure SYM (see Chapter
5).

2.6.1 FB-maximization on HS4

We have given formulas for general N “ 2 bulk gauge theories on HS4, but now
let us further suppose that the bulk theory is conformal, and the gauge coupling
τ is an exactly marginal parameter. There are many examples in this class, to
mention a few: the abelian theory, SUpNq SQCD with 2N flavors, N “ 4 SYM
and its orbifold.
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In this case we can require that the boundary condition on the S3 preserves the
maximal possible subgroup, namely OSpp2|2, 2q, making it a 1

2-BPS superconformal
boundary condition. This happens only when the Up1qR symmetry of the 3d N “ 2
algebra preserved by the boundary is the superconformal R-symmetry. As we have
stated above, different values of the mixing parameters ∆κ correspond to different
choices of the 3d Up1qR symmetry. A criterion to determine the superconformal
values of ∆κ of equation (1.6.15) was given in [63] and it is analogue to the method
used on S3 partition functions [25, 62]. The BCFT values for the ∆κ are the ones
maximizing the following boundary free energy

FB “ ´
1
2 log ZHS4Z̄HS4

ZS4
. (2.6.1)

Here Z̄HS4 is simply the complex conjugate of the hemisphere partition function,
which by reflection positivity can equivalently be thought of as the partition
function on the orientation-reversed hemisphere, we come back to this point in
Section 3.2. On the other side, ZS4 is the partition function of the bulk theory on
the full sphere. The modulus squared ensures that FB is a real function, and the
normalization by ZS4 ensures that contributions from bulk Weyl anomalies cancel.
FB is sensitive only to the boundary modes of the bulk fields and possibly their
interaction with boundary-localized degrees of freedom, so it is analogous to the
quantity F “ ´ log ZS3 defined for local 3d theories.

The function FB evaluated at the maximum is an interesting observable of the
boundary conformal field theory (BCFT), which can be defined for any BCFT
as the quantity (2.6.1) in which the coupling of the BCFT to the curved space
are fixed by Weyl rescaling. We use the subscript BCFT to distinguish partition
functions before and after specifying ∆ to the conformal value, if an ambiguity
might arise. The procedure of maximization in the supersymmetric context is then
a way to fix the curvature couplings compatibly with conformal symmetry. The
latter are indeed related to the choice of R-symmetry because the background gauge
field for the R-symmetry is in the same multiplet as the metric. An important
property of FB for BCFT’s is that it is monotonic under boundary RG flows, as
conjectured in [63] and proved in [64] using entropic arguments.

When we apply FB-maximization to our setup, the resulting value of ∆κ is a
real function of the marginal coupling, that we write as ∆max

κ pτ, τ̄q. This has
a very important consequence: unlike what one might have thought from the
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expressions (2.5.48)-(2.5.56), the hemisphere partition function of the BCFT is not
a holomorphic function of the complexified gauge coupling τ , namely

ZHS4, BCFTpτ, τ̄q “ ZHS4pτq|∆κ“∆max
κ pτ,τ̄q . (2.6.2)

The additional pτ, τ̄q dependence due to ∆max
κ pτ, τ̄q plays an important role in the

following when we use the BCFT partition function to extract BCFT one-point
functions in HR4.

2.6.2 FB-maximization on AdS4

As already discussed in 2.4, it is hard to preserve the full AdS4 N “ 2 supersym-
metry algebra, which is equivalent to the 3d N “ 2 superconformal one, from a
Lagrangian formulation. We thus preserve explicitly only a 3d N “ 2 one on S3.

We then might ask what can we do to preserve the full bulk superalgebra and
we suggest [15] that this happens after a FB-maximization procedure, as the one
explained for HS4.

It is very tempting to think this because, as explained at the end of Section
2.5.6, we expect the partition function of a conformal theory on AdS4 to be the
same as the conformal one on HS4.

The difference would be in the interpretation of this procedure, indeed we
conjecture that this is just a way to preserve the supersymmetry associated to the
full group of isometries of AdS4 and not to actually specify a conformal theory on
AdS4. Thus this procedure would also apply for massive theories in AdS4.
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Chapter 3
One-point functions from ZHS4

In this section we derive the relation between the derivatives of the hemisphere
partition function and the one-point function of the Coulomb branch operators,
namely chiral operators constructed as in (1.3.10) out of a vector multiplet.

We do this in order to compute the one-point functions BCFT-data (1.6.18)

xAwpx⃗, xKqy “
aAw

xw
K

, (3.0.1)

for a chiral operator of Weyl weight w, via supersymmetric localization on HS4.
We show two derivations, one that is an adaptation of the approach used in [26] to

compute two-point functions xA Ā y, and a second one based purely on localization.

3.1 SUSY Identities for the derivatives of ZHS4

As was discussed in Section 2.1.4, we can start from a BCFT fixed point and then
add some deformations that we use to compute correlation functions, as in (2.1.22).
In particular, just like in equation (2.1.23), we study deformations of integrated
correlators but with the intention of only taking one derivative over the global
source.

We do this on HS4, which is conformally flat, because our aim is to be able
to find the formulæ that can be used within the supersymmetric localization
framework. For this reason we choose these deformations in such a way to preserve
3d N “ 2 supersymmetry. We then use a modification of the argument presented
in [26] in order to obtain (3.0.1).

Following what stated in Section 2.2 the deformation that we employ is the
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following

ZBCFT “

ż

Dϕ e´Srϕs
ÝÑ ZBCFTrλw, λ̄ws “

ż

Dϕ e´Srϕs`λp
ş

Cw`
ş

K
Cw,Kq`λ̄p

ş

C̄w`
ş

K
C̄w,Kq .

(3.1.1)

where we find C and C̄ in (2.3.3), CB and C̄B in (2.3.6) and the embedding of the
vector in the chiral and anti-chiral multiplet in (2.1.9)-(2.1.10).

The case w “ 2 is special because the deformation is marginal and preserves
superconformal symmetry. The correlation functions of the marginal operators
compute interesting geometric quantities on the conformal manifold [46,47], and
this also applies to the boundary one-point function, as we discuss in Section 3.5.
The gauge coupling in conformal gauge theories is an example of such an exactly
marginal coupling, and it is obtained from the chiral and anti-chiral multiplets
with bottom components A “ Trrϕ2s and Ā “ Trrϕ̄2s, respectively, and with the
identification of couplings

λ “ i
τ

8π . (3.1.2)

In the following, to avoid possible confusion, we use the letter λ when referring to
an arbitrary chiral deformation, and τ in the specific case of an exactly marginal
one.

Taking derivatives of the partition function with respect to the coupling λ gives
integrated one-point functions

Bλp´ log ZHS4q “

ż

HS4
d4x

?
g xCy `

ż

S3
d3x

?
h xCBy ,

Bλ̄p´ log ZHS4q “

ż

HS4
d4x

?
g xC̄ y `

ż

S3
d3x

?
h xC̄By .

(3.1.3)

Let us focus first on the bulk integral term. It is possible to prove that C respects
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the following Ward identity27

C “Dµ

„

2BAB
ϵAσµϵ̄B

ϵAϵA
` 2iτ3,ABϵ

Aσµϵ̄B

ϵAϵA

ˆ

p2w ´ 3q ´
ϵ̄Aϵ̄

A

ϵAϵA

˙

A ´ 2 ϵ̄Aϵ̄
A

ϵAϵA
DµA

ȷ

` δ

ˆ

´
ϵAΛA

ϵAϵA
´ ipw ´ 1q

τ3,ABϵ
AΨB

ϵAϵA
`
DµΨAσµϵ̄A

ϵAϵA

˙

,

(3.1.4)

with δ a Q-supersymmetry variation. Since the boundary condition preserves Q,
the Q-exact term drops from the one-point function, and we are only left with the
total derivative.

The argument of the total derivative however is singular at the north pole and
following [46] we regulate it by removing a small ball of radius δ around the pole
and taking δ Ñ 0 after performing the integral. As a result the integral of the
total derivative equals the sum of two boundary contributions: one at the S3 of
radius δ around the singularity which gives the same result as in [46], namely the
insertion of the bottom component A at the north pole N , and a new second one
at the equatorial boundary S3. We then obtain
ż

HS4
d4x

?
g xCy “ 32π2

xApNqy ´

ż

S3
d3x

?
h x´2DKA ` ipτ3q

ABBAB ` 4pw ´ 2qAy .

(3.1.5)
Since bulk one-point functions diverge like a power-law when the operator ap-
proaches the boundary, this equation contains divergent contributions both from
the integral on the left-hand side and from the restriction of the operators to the
boundary on the right-hand side. Both of these singularities can be regulated
by e.g. a minimal distance from the boundary. Using the relation between the
one-point function of C and the one-point function of A dictated by supersymmetry,
these divergent contributions, as well as the finite terms, must match between the
left and the right hand side. We have checked this explicitly in the case of w “ 2.

The computation of the integrated one-point function of C̄ is analogous, and

27Our expression for C as a total derivative plus a Q-exact term, while analogous to the one presented in [46], does not agree in details
with it. The results in [46] are not affected because the total derivative term that is singular at the pole is identical to ours. However the
contribution on the other boundary S3 is affected by this difference.
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starts from the expression similar to (3.1.4)

C̄ “Dµ

„

´ 2B̄AB
ϵAσµϵ̄B

ϵ̄Aϵ̄A
´ 2iτ3,ABϵ

Aσµϵ̄B

ϵ̄Aϵ̄A

ˆ

p2w ´ 3q ´
ϵAϵA
ϵ̄Aϵ̄A

˙

Ā ´ 2ϵ
AϵA
ϵ̄Aϵ̄A

DµĀ

ȷ

` δ

ˆ

ϵ̄AΛ̄A

ϵ̄Aϵ̄A
` ipw ´ 1q

τ3,AB ϵ̄
AΨ̄B

ϵ̄Aϵ̄A
`
DµΨ̄Aσ̄

µϵA

ϵ̄Aϵ̄A

˙

.

(3.1.6)

The important difference with C̄ instead of C is that now the argument of the total
derivative is not singular anywhere in northern hemisphere. The singularity on S4

would be at the south pole. As a result in this case, after dropping the Q-exact
term, we only receive a contribution from the equatorial boundary S3. We then
obtain

ż

HS4
d4x

?
g xC̄y “

ż

S3
d3x

?
h x´2DKĀ ´ ipτ3q

ABB̄AB ´ 4pw ´ 2qĀy . (3.1.7)

Plugging this relation back into (3.1.3) we finally obtain

Bλp´ log ZHS4q “ 32π2
xApNqy ,

Bλ̄p´ log ZHS4q “ 0 .
(3.1.8)

Just like in the case of S4 two-point functions of [47], the above results can be
generalized to include the additional insertion of generic Q-invariant operators.

3.2 Flat space one-point functions from SUSY identities
In this section we show how to combine the two Ward Identities (3.1.8) in such a
way to obtain the flat space one-point function from the BCFT partition function
(2.6.2).

Using (3.1.8) we obtain

Bλp´ log ZHS4q “ 32π2
xApNqy ´ Bλp´ log Z̄HS4q . (3.2.1)

Defining
fB “ ´

1
2 logpZHS4,BCFTZ̄HS4,BCFTq , (3.2.2)

we obtain
BλfB|τ,τ̄ “ 16π2

xApNqyHS4 , (3.2.3)
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where by the evaluation in τ, τ̄ we mean that all the dimensionful couplings with
w ‰ 2 are turned off while the marginal deformations τ, τ̄ corresponding to w “ 2
can take an arbitrary value, parametrizing a point on the conformal manifold. One
might be worried about the special case in which we are computing the one-point
function for a chiral with w “ 2, and λ “ i τ

8π is one of the marginal couplings,
because ZHS4,BCFT has additional dependence on τ through ∆max

κ pτ, τ̄q. On the
other hand we can write this additional dependence as

1
2πi

B∆κ

Bτ
B∆κ

fBpτ, τ̄q|∆κ“∆max
κ

“
1

2πi
B∆κ

Bτ
B∆κ

FBpτ, τ̄q|∆κ“∆max
κ

, (3.2.4)

and this vanishes thanks to the maximization condition. Eq. (3.2.3) allows us
to compute the BCFT one-point functions on HS4, and we added a subscript to
stress that this is the result on the curved background.

This is very close to our goal of obtaining the BCFT one-point functions in flat
space, the only remaining task is to take care of the possible mixing induced by
the curvature as we reviewed in Section 2.1.4. As we mentioned there, this can be
done with the standard Gram-Schmidt procedure that is also used for correlation
functions without a boundary. After subtracting the mixing, a Weyl transformation
shows that the quantity we are left with is the coefficient

aA “ yw
xApy, xi

qyHR4 , (3.2.5)

of the one-point function in the flat-space BCFT. Here y ě 0 is the distance from
the boundary at y “ 0, and xi“1,2,3 are the coordinates parallel to the boundary.

We can be more explicit in the special case of w “ 2. In this case the only
possible mixing is between A and the identity operator, and this can be undone
simply by subtracting the one-point function of A on S4. Using (3.1.2) we obtain

w “ 2 : aApτ, τ̄q “
1

2πiBτ

ˆ

´
1
2 log

ˆ

ZHS4,BCFTZ̄HS4,BCFT
ZS4

˙˙

“
1

2πiBτFBpτ, τ̄q .

(3.2.6)
Therefore we see that, for a Coulomb branch operator residing in the same multiplet
of an exactly marginal operator, the coefficient of the one-point function is directly
related to the quantity FB that we can assign to the BCFT.

Another advantage of expressing the one-point function in terms of FB is that
it makes the scheme-independence manifest. The scheme dependence of ZS4 was
analyzed in [46], where the addition of certain chiral density built out of curvature



3.3. Multiple derivatives 72

invariants was found to affect the coupling dependence as

ZS4pτ, τ̄q Ñ efpτq`f̄pτ̄qZS4pτ, τ̄q (3.2.7)

where fpτq is an arbitrary holomorphic function. This matches with the inter-
pretation of ZS4 in terms of the Kähler potential on the conformal manifold, the
ambiguity represents a Kähler transformation. It can be easily checked that eval-
uating the same chiral density on HS4, with the appropriate boundary term as
discussed above, gives the following transformation

ZHS4pτ, τ̄q Ñ efpτqZHS4pτ, τ̄q . (3.2.8)

As a result this ambiguity cancels in the combination FB.

3.3 Multiple derivatives
At least heuristically, we would expect that by taking multiple derivatives of the
partition function we compute one-point functions of products of Coulomb branch
operators (a concept that makes sense thanks to the non-singular OPE, as discussed
below equation (1.6.13)). Indeed by applying additional holomorphic derivatives
to (3.1.8) and using the non-singular OPE we obtain

B
n
λp´ log ZHS4q “ p32π2

q
n
xAn

pNqy , (3.3.1)

for any n ě 1. However there is an important difference between n “ 1 and n ą 1.
In the first case, we showed in the previous section how to express the result
directly in terms of the BCFT partition function, evaluated at ∆κ “ ∆max

κ pτ, τ̄q.
For n ą 1 derivatives, instead, there is no analogous simple manipulation that
allows to cancel the additional dependence on the marginal parameter due to
the maximization, and re-express this result just in terms of derivatives of the
BCFT partition function. One possible way to proceed is to evaluate the result at
∆κ “ ∆max

κ pτ, τ̄q after taking the derivative. However the result obtained in this
way is not manifestly scheme-independent, unlike the expression for n “ 1 found
in the previous section.

In the next section we use the explicit localization results, which apply in a
specific scheme and have a completely determined τ -dependence, to compute the
one-point functions of products of chiral operators. This confirms the procedure
of taking multiple derivatives of the localized partition function and afterwards
plugging in the extremized BCFT values of ∆κ.
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3.4 Flat space one-point functions from localization

One-point functions on HS4

While the approach in the last section was just based on symmetry and did
not assume any Lagrangian formulation or the existence of a path integral that
localizes to a matrix model, it is also natural to derive the expression for the
one-point functions using the localization formulas for the theory on HS4. In this
approach, one uses that in a N “ 2 gauge theory the general Coulomb branch
operator An1,...,nk;m1,...,mk

“
śk

i“1 Trrϕnismi, labeled by the k-tuples of positive
integers ni (all distinct) and mi (not necessarily distinct), at the localization locus
reduces to the monomial

śk
i“1 Trrp´ i

2aqnismi of the integration variable a. More
precisely, this is true if one ignores the contribution from instantons localized at
the north-pole. Therefore, at least up to non-perturbative corrections, the one
point function is directly computed by inserting the monomial in the matrix model.
Let us now discuss how to connect this localization result to the previous approach
based on taking derivatives of the partition function. This also allow us to suggest
how to include the non-perturbative corrections. Deforming the theory by couplings

SCFT Ñ SCFT`

k
ÿ

i“1

„
ż

HS4
d4x

?
g pλni Cni ` λ̄ni C̄niq `

ż

S3
d3x

?
h pλni Cni B ` λ̄ni C̄ni Bq

ȷ

,

(3.4.1)
where Cni is the top component of the chiral multiplet with Trrϕnis as bottom
component, and Cni B is the associated boundary term, we have that the contribution
of the classical action on HS4 is given by

Zclasspλ, aq “ e´32π2 řk
i“1 λniTrrp´ i

2 aqnis . (3.4.2)

We are using the entry λ to indicate the dependence on the full set of couplings λni.
Notice that here, unlike the case of the full S4, the dependence on these couplings
is holomorphic.

As a result we can trade the insertion of the monomial in the localization
integral with derivatives of the classical action (ignoring for the moment instanton
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contributions, which we denote with subscript “pert”)
xAn1,...,nk;m1,...,mk

pNqyHS4,pert

“
1

ZN
HS4,BCFT

ż

da
k

ź

i“1
Trrp´ i

2aq
nis

miZclasspτ, aqZ1looppaqZ3dpa,∆max
pτ, τ̄qq

“
1

ZN
HS4,BCFT

ż

da
´ k

ź

i“1

´

´ 1
32π2

B

Bλni

¯mi

Zclasspλ, aq

¯ˇ

ˇ

ˇ

τ
Z1looppaqZ3dpa,∆max

pτ, τ̄qq .

(3.4.3)
Here again the evaluation at τ denotes that all the dimensionful couplings are turned
off while the marginal one denoted by τ is allowed to vary on the conformal manifold.
This expression also suggests a way to include the non-perturbative corrections, by
including the instanton partition function in the derivative28, obtaining

xAn1,...,nk;m1,...,mk
pNqyHS4

“
1

ZN
HS4,BCFT

ż

da
´ k

ź

i“1

´

´ 1
32π2

B

Bλni

¯mi

Zclasspλ, aqZinstpλ, aq

¯
ˇ

ˇ

ˇ

τ

ˆ Z1looppaqZ3dpa,∆max
pτ, τ̄qq .

(3.4.4)

We almost obtained a derivative of the full integrand, which would allow us to
rewrite the final result as a derivative of theHS4 partition function. The obstruction
to do so is the additional dependence on τ, τ̄ coming from the conformal value of
∆, i.e. the function ∆max obtained from the extremization. We can circumvent this
problem by writing the derivative as acting on the partition function with generic
∆, and plug in the conformal value only after the evaluation of the derivative. In
this way we arrive at

xAn1,...,nk;m1,...,mk
pNqyHS4 “

1
ZN

HS4,BCFT

´ k
ź

i“1

´

´ 1
32π2

B

Bλni

¯mi

ZN
HS4pλ,∆q

¯

ˇ

ˇ

ˇ

ˇ

ˇ

τ,∆“∆max

.

(3.4.5)
Note that for single-trace operators, when we have a single derivative acting on

Z, this formula coincides with (3.2.3). This is because the additional dependence
due to ∆max

κ , which is potentially dangerous for w “ 2, cancels thanks to the
extremization condition, see the discussion around eq. (3.2.4). Moreover this
formula also gives a general result for multi-trace one-point functions.

28Furthermore this is also how these operators are inserted in extremal correlators, as explained in [26].
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From HS4 to HR4

Having derived the one-point functions on HS4, the remaining step is to perform
correctly the Weyl rescaling to obtain the one-point functions for the BCFT in
flat space HR4. As we have already reviewed, this amounts to applying a certain
matrix to the vector of one-point functions. This matrix is the change of basis
determined by the Gram-Schmidt procedure to the matrix of two-point functions
xAIpNqĀJpSqy on S4, without a boundary. In formulas, using I, J,K, . . . as indices
that run over the full set of Coulomb branch operators, we have

U L
I U ˚ M

J xALpNqĀMpSqyS4 “ CIδIJ “ xALp0qĀMp8qyR4 ,

ñ U L
I xALpNqyHS4 “ y∆IxAIpy, xi

qyHR4 “ aAI
.

(3.4.6)

We stress that the change of basis U J
I , unlike the vector xAIpNqyHS4, does not

depend on the boundary condition, it is uniquely fixed by the data of the theory
in S4 and the choice of normalization CI in flat space.

Abelian bulk theory
We now specialize to the case of the boundary conditions for the free bulk CFT of
a N “ 2 vector multiplet. The S4 partition function is simply a Gaussian integral

ZS4pτ, τ̄q “

ż

dae´2π Impτq a2
“

1
a

2Impτq
, (3.4.7)

where τ is the exactly marginal gauge coupling. The Coulomb branch operators
are

An “ ϕn , Ān “ p´ϕ̄q
n

“ A:
n , (3.4.8)

i.e. powers of the generator ϕ, ϕ̄ which is the scalar field in the vector multiplet (the
choice of the “´ϕ̄” is made by referring to (2.5.13)). For even n, their correlation
functions are obtained taking derivatives w.r.t. to τ and τ̄ . The matrix of two-point
functions on the sphere is

xAnpNqĀmpSqyS4 “
1

ZS4pτ, τ̄q

ż

da
`

´ i
2a

˘n `

i
2a

˘m
e´2π Impτq a2

. (3.4.9)

The Gram-Schmidt orthogonalization problem in this case is thus solved by finding
a basis of polynomials which are orthogonal w.r.t. to the Gaussian measure.
Hermite polynomials Hnpxq satisfy this condition, so the change of basis is fixed
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by requiring
n

ÿ

m“0
U m

n

`

´ i
2a

˘m
“

ˆ

´i

4
?

2π Impτq

˙n

Hnp
a

2π Impτqaq . (3.4.10)

The normalization is such that U n
n “ 1. This choice gives the following coefficient

for the two-point function in flat space: Cn “ n!
`

2πImpτq
˘n.

In a generic boundary condition given by Neumann deformed by gauging a
3d N “ 2 SCFT, we therefore arrive at the following formula for the flat-space
one-point function of the Coulomb branch operators

aAn
pτ, τ̄q “ yn

xAnpy, xi
qyHR4pτ, τ̄q

“
1

ZN
HS4,BCFT

ż

da

ˆ

´i

4
?

2π Impτq

˙n

Hnp
a

2π Impτqaqeiπτa2
e2πa∆̃maxpτ,τ̄qZ3dpa,∆max

pτ, τ̄qq .

(3.4.11)

In the following we use interchangeably the notation aAn
and xAnyHR4 to denote

the coefficient of the one-point function in flat space with a boundary.

3.5 ZHS4 and the geometry of the conformal manifold
In this section we make some remarks about the geometric interpretation of the
hemisphere partition function as a function defined on the space of exactly marginal
couplings, i.e. the conformal manifold of the CFT. The marginal couplings, denoted
as λI with an index I running over the multiple independent couplings, define a
system of coordinates on this manifold. Conformal manifolds are equipped with
the Zamolodchikov metric, computed by the two-point correlation function of the
marginal operators xOIpxqOJpyqy “ gIJpλq|x´ y|´8 [65–67]. For N “ 2 SCFTs in
4d these conformal manifolds are further constrained to be Kähler-Hodge [48,68],
a result that has recently been extended to the case with only 4 supercharges [69].
A Kähler-Hodge manifold is a Kähler manifold with the property that the flux of
the Kähler form on any 2 cycle is quantized, or equivalently that the Kähler form
is the first Chern class of a holomorphic line bundle on the manifold.

The Kähler potential KpλI , λ̄Īq on the conformal manifold is directly related to
the supersymmetric partition function of the theory on S4 [47]

logZS4 “
KpλI , λ̄Īq

12 . (3.5.1)
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Given this direct relation between the geometry of the conformal manifold and the
sphere partition function, it is natural to ask whether a similar connection exists
for the hemisphere partition function.

In two dimensions a similar question was studied in [70] for superconformal
interfaces I12 separating two N “ p2, 2q SCFTs, denoted as CFT1 and CFT2. This
setup can be placed on S2, with the interface on the equator and the two CFTs on
the two hemispheres, and an interface partition function analogous to the boundary
one (2.6.1) can be defined as

FI12 “ ´
1
2 log ZS2,I12ZS2,I12

ZS2,CFT1ZS2,CFT2

. (3.5.2)

A relation similar to (3.5.1) is also valid for the Kähler potential on the moduli
space of 2d N “ p2, 2q SCFTs, namely

logZS2 “ ´KpλI , λ̄Ī
q . (3.5.3)

Ref. [70] generalized this relation to the case of an interface that separates two
CFTs belonging to the same conformal manifold and only differing by the values of
the moduli λI

1 and λI
2, either Kähler or complex structure moduli. In this case the

interface sphere partition function computes an analytic continuation of the Kähler
potential to independent values of the two entries λI and λ̄I , in such a way that
the first entry is computed at λI

1 and the second at λ̄I
2. This leads to the following

identity

´2FI12 “ KpλI
1, λ̄

Ī
1q ` KpλI

2, λ̄
Ī
2q ´ KpλI

1, λ̄
Ī
2q ´ KpλI

2, λ̄
Ī
1q ” D12 , (3.5.4)

where λI
a are the points in moduli space giving CFTa, and K is the Kähler potential.

The function appearing on the right-hand side is the so called Calabi’s diastasis
function D12 on the moduli space. This function exists on any Kähler manifold, and
it is independent of any Kähler transformation [71]. This function can be thought of
as measuring the distance between the two CFTs separated by the interface. When
the moduli become infinitesimally close it indeed agrees with the geodesic distance
on the Kähler manifold determined by the Zamolodchikov metric, more precisely
denoting with d12 the geodesic distance the relation is D12 “ d2

12 ` Opd4
12q [71].

As proposed in [70], the fact that the diastasis can be expressed as the interface
partition function invites a generalization to general pairs of CFTs: minimizing
the partition function (3.5.2) over the set of interfaces connecting the two CFTs,
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one gets the following notion of distance between the two CFTs

dpCFT1,CFT2q “ min
I12

a

´2FI12 . (3.5.5)

As observed already in [70] this quantity however fails to define a distance in
the rigorous mathematical sense because it does not satisfy positivity and the
triangular inequality.

What we stated about interface in 2d N “ p2, 2q CFTs can be readily imported
to the setup with 1

2-BPS interfaces between N “ 2 CFTs in 4d. In fact a similar
interface partition function can be defined [63]

FI12 “ ´
1
2 log ZS4,I12ZS4,I12

ZS4,CFT1ZS4,CFT2

. (3.5.6)

Using the 4d relation (3.5.1), one gets that for interfaces defined by changing the
coupling within the same conformal manifolds this function computes the Calabi
diastasis [72,73], like in 2d. More generally, we get a similar notion of “distance”
between 4d N “ 2 CFTs

dpCFT1,CFT2q “ min
I12

a

24FI12 . (3.5.7)

The case of a boundary CFT can be seen as a special case of the interface in which
one of the two sides is the empty theory. Restricting the definition (3.5.7) to this
case, one defines a function that assigns a number to any CFT

||CFT|| “ dpCFT, emptyq “ min
B

a

24FB,B . (3.5.8)

where now the minimization is over the set of boundary conditions B.
An notable property of the geometry of the N “ 2 conformal manifold is the

existence of the tt˚-equations [68, 74], which strongly constrain the dependence
of observables on the marginal couplings, see e.g. [75]. It would be interesting to
explore the interplay of the hemisphere partition function with the tt˚-equations.



Chapter 4
Case study: Abelian theories

In this section we discuss 4d N “ 2 abelian theories interacting with boundary
modes via gauging, with the bulk vector, a Up1q boundary current. We discuss the
known properties of SLp2,Zq dualities of these theories and how these match with
the expectations we have for what stated in Section 3. We also perform explicit
extrapolations and Feynman diagrams tests of our results.

4.1 Dualities in the Abelian theories with a boundary
We now specify the bulk theory to be the CFT of an N “ 2 vector multiplet. This
theory enjoys the electric-magnetic duality group SLp2,Zq that acts on the exactly
marginal coupling τ as

τ Ñ grτ s ”
aτ ` b

cτ ` d
, g “

ˆ

a b

c d

˙

P SLp2,Zq . (4.1.1)

In this section we study the interplay between the SLp2,Zq duality group and the
boundary conditions, in particular at the level of the HS4 partition function and
bulk one-point functions.

4.1.1 Action of SLp2,Zq on the boundary conditions

Let us briefly review the action of SLp2,Zq on the boundary conditions for the
N “ 2 vector multiplets. Very similar results apply to the 4d free vector CFT
for any number of suspersymmetries and have been extensively discussed in the
literature also for N “ 0 and N “ 4 [10,11,17,76,77].

Consider a modified Neumann boundary condition, in which the boundary
component of the bulk gauge field gauges the Up1q symmetry of a certain 3d N “ 2
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SCFT T3d. Let us denote this boundary condition as B pτ, T3dq. The following
duality holds

B pτ, T3dq » B pgrτ s, g rT3dsq . (4.1.2)

Here g rT3ds is 3d SCFT with a Up1q symmetry obtained acting on T3d with Witten’s
SLp2,Zq action [10]. To define this action, it is sufficient to say what is the action
of the S and T transformations. The action of S consists in gauging the Up1q

symmetry with 3d gauge fields, and defining the new Up1q global symmetry to
be the topological Up1q. The action of T only changes the theory by shifting the
contact term in the two-point function of the conserved Up1q current. This shift
amounts on adding to the partition function of the theory with a background gauge
field Aµ the Chern-Simons counterterm 1

4π

ş

pAdA ` . . . q, where the dots stand for
the supersymmetrization according to the 3d N “ 2 symmetry preserved by the
boundary condition.

An important consequence of the duality (4.1.2) is that the boundary condition
admits several decoupling limits, whenever grτ s Ñ `i8 for any g, in which one is
left with a pure Neumann boundary condition for the bulk field in the appropriate
duality frame, and a decoupled 3d SCFT g rT3ds on the boundary.

4.1.2 SLp2,Zq and the hemisphere partition function

The SLp2,Zq action we have just described translates into specific operations done
on the partition functions computed through localization. In particular we use the
modified Neumann boundary condition with partition function given in (2.5.56).
To describe the action on this function, we now consider the action of the generators
T and S.

For sake of notation, in this section we leave the variables zκ implicit, as they
do not play any role in the duality transformations.

T -transformation
As we have explained above, the T element acts on the 3d CFT3 by adding a
Chern-Simons term for the background vector multiplet coupled to Up1q current.
At the level of 3d partition function this simply means

ZT rT3dspaq “ e´iπa2
ZT3dpaq . (4.1.3)
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Inverting the relation (4.1.3) and plugging the result into (2.5.56), one obtains

ZN
HS4pτ, a1, x1

q “

ż

da e´2πiaa1

eiπτa2
ZT rT3dspa ´ x1

q eiπpa´x1q2

“ eiπpx1q2
ż

da e´2πiapa1`x1q eiπpτ`1qa2
ZT rT3dspa ´ x1

q .
(4.1.4)

In (4.1.4) we have obtained the expression for a 4d supersymmetric Maxwell theory
coupled to a boundary CFT3 T rT3ds with gauge coupling T rτ s “ τ`1. In particular
we obtain the relation

T
“

ZN
HS4

‰

pτ ` 1, a1
` x1, x1

q “ e´iπpx1q2ZN
HS4pτ, a1, x1

q (4.1.5)

where by T
“

ZN
HS4

‰

we mean the 4d partition function of the 4d Maxwell theory
coupled to T rT3ds.

S-transformation
We now turn to the action of the S element. As we stated above, the S-dual CFT3
is obtained by taking T3d and coupling the Up1q symmetry to a dynamical 3d
gauge boson. Localization then tells us that the partition functions of the dual 3d
theories are connected by a Fourier transform

ZSrT3dspxq “

ż

da e´2πiax ZT3dpaq . (4.1.6)

We would expect that the 4d partition function (2.5.56) can be rewritten in an
analogous form, but in terms of ZSrT3dspxq. We now show that this is indeed the
case. By inverting (4.1.6), and inserting the result for ZT3dpa ´ x1q we obtain

ZN
HS4pτ, a1, x1

q “

ż

da e´2πiaa1

eiπτa2
ż

dx e2πipa´x1qxZSrT3dspxq

“
1

?
´iτ

ż

dx e´2πixx1

e´
iπpx´a1

q
2

τ ZSrT3dspxq

“
e´2πia1x1

?
´iτ

ż

dx e´2πixx1

e´ iπx2
τ ZSrT3dspx ` a1

q,

(4.1.7)

where we did the following steps: in the second line we performed the Gaussian
integral over the variable a; in the third line we shifted the integration variable
x ÞÑ x ` a1.

In (4.1.7) we have obtained the expression for a 4d supersymmetric Maxwell
theory coupled to a boundary CFT3 S rT3ds with gauge coupling Srτ s “ ´1{τ . In
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particular we obtain the relation

S
“

ZN
HS4

‰

p´1{τ, x1,´a1
q “

?
´iτe2πia1x1ZN

HS4pτ, a1, x1
q , (4.1.8)

with the two fugacities a1 and x1 exchanged. Notice that the factor
?

´iτ e2πia1x1

cancels out of FB, that then is left invariant under S-duality.
Simple Example. We now consider a simple case, i.e. N “ 2 supersymmetric
Maxwell theory with Neumann boundary conditions and no 3d degrees of freedom.
In this case ZN

3dpaq “ 1. Moreover there is no Up1q symmetry in the 3d theory
(that is empty), hence we need to set x1 “ 0 in the 4d partition function, that is:

ZN
HS4pτ, a1

q “

ż

da e´2πiaa1

eiπτa2
“

1
?

´iτ
e´iπpa1q2{τ . (4.1.9)

Using (4.1.6), we can write the S-dual 3d partition function:

ZD
3dpxq “

ż

da e´2πiax
“ δpxq . (4.1.10)

This induces Dirichlet boundary conditions. Inserting this expression in (2.5.56)
(and setting a1 “ 0 because now there is no topological symmetry generated by the
boundary value of A4d

µ ), one obtains

ZD
HS4pτ, x1

q “

ż

da eiπτa2
δpa ´ x1

q “ eiπτpx1q2
, (4.1.11)

that is in fact the 4d partition function for supersymmetric Maxwell theory with
Dirichlet boundary conditions.

Notice that (4.1.9) and (4.1.11) satisfy the relation (4.1.8), showing that Neu-
mann and Dirichlet boundary conditions are exchanged by S-duality. For this
simple case, we have reproduced the S-dual transformation laws for the partition
function that were first written in [63].

4.1.3 SLp2,Zq and one-point functions

We now turn to how the one-point functions of Coulomb branch operators transform
under SLp2,Zq. We remind their expression here, writing explicitly the dependence
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on the electric and magnetic fugacities

xAnyHR4pτ, a1, x1
q “

1
ZN

HS4pτ, a1, x1q
¨

¨

ż

da

ˆ

´i

4
a

2π Impτq

˙n

Hnp
a

2π Impτqaqeiπτa2
e´2πiaa1

ZT3dpa ´ x1
q .

(4.1.12)

where again we are omitting the dependence of the 3d partition function on the
complexified mixing parameters zκ.

4.1.4 T -transformation and one-point functions

We follow the same steps done in (4.1.4) in order to write the correlator (4.1.12) in
terms of the correlator T rxAnyHR4s in the 4d theory coupled to the 3d boundary
theory T rT3ds. We invert (4.1.3), we plug it into (4.1.3) and proceed as done above
for the partition function:

xAnyHR4pτ, a1, x1
q “

eiπpx1q2

ZN
HS4pτ, a1, x1q

¨

¨

ż

da

ˆ

´i

4
a

2π Impτq

˙n

Hnp
a

2πImpτqImpτqaq eiπpτ`1qa2
e´2πiapa1`x1qZT rT3dspa ´ x1

q

“
1

T
“

ZN
HS4

‰

pτ ` 1, a1 ` x1, x1q
¨

¨

ż

da

ˆ

´i

4
a

2π Impτq

˙n

Hnp
a

2π Impτqaq eiπpτ`1qa2
e´2πiapa1`x1qZT rT3dspa ´ x1

q ,

(4.1.13)
where in the last step we have used (4.1.5).

The equation (4.1.13) implies the following relation between the one-point
functions of the T-dual theories:

xAnyHR4pτ, a1, x1
q “ T rxAnyHR4s pτ ` 1, a1

` x1, x1
q . (4.1.14)

4.1.5 S-transformation and one-point functions

We again proceed as in (4.1.7), in order to write this correlator in terms of the
correlator S rxAnyHR4s in the 4d theory coupled to the 3d boundary theory S rT3ds.
Inverting (4.1.6), plugging the result for ZT3dpa ´ x1q into (4.1.12) and rearranging
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the integrals, we obtain

xAnyHR4pτ, a1, x1
q “

1
ZN

HS4pτ, a1, x1q

ż

dx

ˆ

´i

4
a

2π Impτq

˙n

e´2πixx1

ZSrT3dspxq ¨

¨

ż

da eiπτa2
e2πiapx´a1qHnp

a

2π Impτqaq .

(4.1.15)
To perform the integration over a on the second line, we use the following result
for the Hermite polynomials:

ż

dy eiky e´
y2

p1´iγq

2 Hnpyq “
in

?
2π

?
1 ´ iγ

p1 ` iγqn{2

p1 ´ iγqn{2e
´ k2

2p1´iγqHn

ˆ

k
?

1 ` γ2

˙

. (4.1.16)

By redefining the integration variable as a “
y?

2π Impτq
we can then write

ż

da eiπτa2
e2πiapx´a1qHnp

a

2π Impτqaq “

ż

dy
a

2π Impτq
e

2πpx´a1
q?

2π Impτq
iy
e

iπτ
2π Impτq

y2
Hnpyq

“
in

?
´iτ

p1 ` iγqn{2

p1 ´ iγqn{2 e
´
iπpx´a1

q
2

τ Hn

˜

d

2π Im
ˆ

´
1
τ

˙

px ´ a1
q

¸

,

(4.1.17)
where in the last line we have applied (4.1.16) with k “

?
2πpx´a1q?

Impτq
and, as done

before, γ “
Repτq

Impτq
. Moreover we have used the fact that p1 ´ iγqImpτq “ ´iτ and

1
Impτqp1`γ2q

“
|τ |2

Impτq
“ Im

`

´1
τ

˘

.
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Plugging (4.1.17) into (4.1.15) and shifting x ÞÑ x ` a1, we obtain

xAnyHR4pτ, a1, x1
q “

e´2πia1x1

ZN
HS4pτ, a1, x1q

ż

dx

ˆ

´i

4
a

2π Impτq

˙n

e´2πixx1

ZSrT3dspx ` a1
q ¨

¨
in

?
´iτ

p1 ` iγqn{2

p1 ´ iγqn{2e
´ iπx2

τ Hn

˜

d

2π Im
ˆ

´
1
τ

˙

x

¸

“
e´2πia1x1

?
´iτZN

HS4pτ, a1, x1q

ˆ

´
1
τ

˙n ż

dx

ˆ

´i

4
a

2π Imp´1{τq

˙n

¨

¨ Hn

˜

d

2π Im
ˆ

´
1
τ

˙

x

¸

e´ iπx2
τ e´2πixx1

ZSrT3dspx ` a1
q

“
1

S
“

ZN
HS4

‰

p´1{τ, x1,´a1q

ˆ

´
1
τ

˙n ż

dx

ˆ

´i

4
a

2π Imp´1{τq

˙n

¨

¨ Hn

˜

d

2π Im
ˆ

´
1
τ

˙

x

¸

e´ iπx2
τ e´2πixx1

ZSrT3dspx ` a1
q ,

(4.1.18)
where in the first step we have used Impτq

´

1´iγ
1`iγ

¯

“ ´Impτq
`

τ
τ̄

˘

“ ´

´

Impτq

|τ |2

¯

τ 2 “

´τ 2 Im
`

´1
τ

˘

and in the second step the relation (4.1.8).
We have then obtained the following expression that relates the one-point

functions of the S-dual theories

xAnyHR4pτ, a1, x1
q “

ˆ

´
1
τ

˙n

S rxAnyHR4s p´1{τ, x1,´a1
q . (4.1.19)

The overall τ -dependent factor is consistent with the action of the S transformation
on the vector multiplet, namely the self-dual components of the field strength under
electric-magnetic duality transform as SrF`

µνs “ ´τF`
µν, and by supersymmetry

the scalar ϕ must transform in the same way Srϕs “ ´τϕ.

4.2 Boundary free energy and one-point functions in abelian
theories

In this section we study different BCFTs to explicitly demonstrate our findings in
the previous sections. In particular, we study N “ 2 supersymmetric Up1q gauge
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theory in the bulk of HS4, coupled to different CFTs on the boundary.29

Before proceeding with the examples, let us point out a general result about the
mixing parameters ∆̃ and ∆̂ for the magnetic and electric Up1q’s in (2.5.57). The
values fixed by the maximization are both zero when ZT3dpa ´ i∆̂q is even under
a ´ i∆̂ ÞÑ ´pa ´ i∆̂q. To see this, we use that when this condition is satisfied
the boundary free energy (2.6.1) is even under the simultaneous change of sign
of both parameters i.e. FBp´∆̃,´∆̂q “ FBp∆̃, ∆̂q. Since the maximum is unique,
it must then be at p∆̃, ∆̂q “ p0, 0q. To prove this parity property of FB one can
simply change the integration variable in (2.5.57) by setting a ÞÑ ´a to obtain that
ZN

HS4p´∆̃,´∆̂q “ ZN
HS4p∆̃, ∆̂q.

4.2.1 Chirals on the boundary

Let us start by considering the 3d N “ 2 SCFT of NF ` NF̄ free chiral fields.
We need to specify the coupling to the bulk gauge field by picking a Up1q global
symmetry, and we take it to be the symmetry that assigns charge `1 to NF chirals
and ´1 to the remaining NF̄ of them. We denote this theory as T3d “ pNF , NF̄ q.
The hemisphere partition function and the values of the mixing parameters at the
maximum were computed previously using a saddle-point analysis in [78], and also
in [79] which in addition studied the two-point functions of boundary currents,
and performed an extensive numerical analysis. Our overlapping results are in
agreement with those presented in these references.

The 3d partition function with fugacity a for the selected Up1q global symmetry
is [62, 80]

ZpNF ,NF̄ qpa ´ i∆̂,∆q “

´

Z`
chiralp´a ´ i∆̂ ´ i∆q

¯NF
´

Z´
chiralpa ` i∆̂ ´ i∆q

¯NF̄

,

Z˘
chiralpξq “ e˘r´ iπ

12 ` iπ
2 piξ´1q2seℓp1´iξq ,

(4.2.1)
with

ℓpzq “ ´z logp1 ´ e2πiz
q `

i

2

ˆ

πz2
`

1
π

Li2pe2πiz
q

˙

´
π

12i . (4.2.2)

∆ and ∆̂ parametrize the most general choice of the R-charge for the chiral fields
that is compatible with the global symmetry when we couple to the bulk gauge field

29In this section, the partition functions and the one-point functions are evaluated at zero fugacities for the global symmetries.
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with the above assignment of charges. The choice of ` or ´ in Zchiral corresponds
to the choice of background Chern-Simons contact terms that are needed to make
the partition function coupled to the background gauge field invariant under
background gauge transformations, see e.g. [36]. The choice made here ensures
that the theory is parity symmetric for NF “ NF̄ .

Plugging the expressions for the 3d partition functions into (2.5.57), the integral
takes the form

ZN
HS4pτ,´i∆̃,´i∆̂,∆q

“

ż

da eiπτa2
e´2πa∆̃

´

Z`
chiralp´a ´ i∆̂ ´ i∆q

¯NF
´

Z´
chiralpa ` i∆̂ ´ i∆q

¯NF̄

“ eiπΦ
ż

da eiπτsa
2
e´2πa∆̃seNF ℓp1´∆´∆̂`iaq`NF̄ ℓp1´∆`∆̂´iaq ,

(4.2.3)

where

Φ “

ˆ

∆2
` ∆̂2

´ 2∆ `
5
6

˙

NF ´ NF̄

2 ´ p1 ´ ∆q∆̂pNF ` NF̄ q ,

τs “ τ ´
1
2pNF ´ NF̄ q ,

∆̃s “ ∆̃ ´
NF ` NF̄

2 p∆ ´ 1q ´
NF ´ NF̄

2 ∆̂ .

(4.2.4)

The phase Φ does not affect the maximization, we can thus perform the maximiza-
tion on the shifted variable ∆̃s, instead of ∆̃. We do not consider the most general
possibility but rather we restrict to two subclasses of examples: (1) NF “ NF̄ ,
and (2) NF̄ “ 0, generic NF . For the class (1) we can apply the parity condition
mentioned above to the integral in terms of the shifted variables (4.2.3), because
the “effective” ZT3d given by eNF ℓp1´∆´∆̂`iaq`NF̄ ℓp1´∆`∆̂´iaq has the desired sym-
metry property. As a result in this case we obtain that the maximization gives
∆̃s,max “ ∆̂max “ 0 and we only need to maximize with respect to ∆. For the class
(2) ZN

HS4 depends on ∆ and ∆̂ only through the combination ∆ ` ∆̂, so we can
reabsorb ∆̂ in ∆. As a result, to cover both classes of examples it is enough to
consider

ZN
HS4 “ eiπΦ

ż

da eiπτsa
2
e´2πa∆̃seNF ℓp1´∆`iaq`NF̄ ℓp1´∆´iaq , (4.2.5)

and perform extremization with respect to ∆̃s and ∆. We stress that in the most



4.2. Boundary free energy and one-point functions in abelian theories 88

general case of arbitrary NF and NF̄ one would have instead to extremize with
respect to three mixing parameters.

For simplicity of presentation we define the variables

λ2
“

Impτsq

τsτ̄s
, γ “

Repτsq

Impτsq
, µ “

NF ` NF̄

2 , ν “
NF ´ NF̄

2 . (4.2.6)

The mixing parameters are then expanded in λ, with coefficients that can be an
arbitrary function of the remaining parameters γ, µ, ν. Imposing the extremality
constraints

B∆FB “ 0 , and B∆̃s
FB “ 0 , (4.2.7)

we can determine the coefficients of the expansion, order by order in the small λ
expansion. We have computed the expansions to order Opλ12q. The full expression
is, however, unwieldy to write down and instead we give up to Opλ6q

∆max “
1
2 ´

λ2

π
`

˜

µ `

ˆ

2
π

˙2
´ γ2

pµ ` 1q

¸

λ4

2 ´

˜

ˆ

πµpµ ` 1q

4 `
πν2

6µ

˙

p1 ´ 3γ2
q

´

ˆ

2
π2 `

3
4 ` µ

˙

πγ2
`

ˆ

2
π

˙3
`

2
3π

¸

λ6
` Opλ8

q ,

∆̃s,max “ νγ

˜

λ2

2 ´
πp2µ ` 1q

4 λ4
`

˜

π2

24
`

µpµ ` 14{3q ´ 2ν2
{µ ` 1

˘

p1 ´ 3γ2
q

´
π2

24 p8µpµ ` 8{3q ` 5q ` 2µ ´ 1{2
¸

λ6

¸

` Opλ8
q .

(4.2.8)
We reiterate that ∆max is the mixing parameter for an ordinary flavor symmetry
when NF “ NF̄ , while it should be interpreted as the mixing parameter ∆̂max of
the electric Up1q for NF̄ “ 0. The leading order terms in (4.2.8) are consistent
with what one expects: when λ Ñ 0 the bulk and boundary decouple leaving a set
of free chirals with charges ∆max “ 1{2, and ∆̃max “ 0. Furthermore, for ν “ 0 we
get ∆̃s,max “ 0 as expected.30

30Also the vanishing of ∆̃s,max for γ “ 0 can be explained using simple symmetry arguments. Indeed, for γ “ 0 we have τ̄s “ ´τs.
Taking the complex conjugate of (4.2.3) and performing the change of variable a Ñ ´a we get Z̄N

HS4 p∆̃sq “ ZN
HS4 p´∆̃sq, where we

used that Ęeℓpzq “ eℓpz̄q. As a result FB is even in ∆̃s for γ “ 0 and the unique maximum can only be at ∆̃s “ 0.
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Using the expansion of ∆max and ∆̃s,max we can directly expand the partition
function itself to the same order. Here we present it up to Opλ4q:

ZN
HS4 “

2´µe
iπν
12

?
´iτ

˜

1 ´

ˆ

πµ

4 p1 ` iγq ´
ν

π
i

˙

λ2

`

ˆ

´
3π2

32 p´i ` γq
2µ2

´
ν2

2π2 `
´i ` γ ` 2iπp´1 ` γ2q

4 µν

´
8 ´ π2 ` 16iγ ´ 2iπ2γ ` π2γ2

16 µ ` i
2 ´ 4π2 ` π4γ2

2π3 ν

˙

λ4
` Opλ6

q

¸

.

(4.2.9)
We can then compute the coefficients of the one-point functions of the Coulomb

branch operators A2n “ ϕ2n using (3.4.11). We have obtained the result up to
order Opλ4q for generic n:

xA2nyHR4 “
p2nq!

pn ´ 1q!

ˆ

´
p1 ` iγq2λ2

32π2

˙n
˜

1
n

´ πµλ2

`
µ

6
`

π2
pn ´ 1qp2 ` 3µq ´ 24 ` 3π2

p1 ` µqp1 ` iγq
˘

λ4
` Opλ6

q

¸

.

(4.2.10)
As a consistency check we have performed a Feynman diagram analysis confirming
the first two orders in this expression of the one point functions, which can be
found in Section 4.2.6.

4.2.2 XYZ on the boundary

As a second example, we couple the bulk field to the 3d N “ 2 SCFT known
as the XYZ model. Also this example was studied previously in [79] and our
overlapping results, namely the perturbative expansion for the mixing parameters,
are in agreement. The XYZ model is defined as the IR fixed point of a theory of
three chiral fields X, Y and Z deformed by the superpotential XYZ. We need to
select a Up1q global symmetry to gauge with the bulk gauge field, and we take it
to be the one that gives charge `1 to X, ´1 to Y and 0 to Z (as above, its mixing
parameter is called ∆̂). There is an additional Up1q global symmetry that can mix
with the R symmetry, and assigns charge 1 to X and Y, and ´2 to Z. We call ∆
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the corresponding mixing parameter. The 3d partition function is31

ZXYZpa ´ i∆̂,∆q “ eℓp∆´∆̂`iaq`ℓp∆`∆̂´iaq`ℓp1´2∆q . (4.2.13)

This partition function satisfies the parity relation mentioned at the beginning of
this section and therefore we can set ∆̃ “ ∆̂ “ 0 in (2.5.57) and maximize only
with respect to ∆. Similarly to the chiral case we use the following parameters for
notational convenience

λ2
“

Impτq

τ τ̄
, γ “

Repτq

Impτq
. (4.2.14)

We have computed the maximizing value of ∆ up to order Opλ32q, the first terms
are

∆max,XYZ “
1
3 ´

2p
?

3π ´ 9q

9p4π ´ 3
?

3q
λ2

` Opλ4
q . (4.2.15)

It turns out that the expansion of the partition function in this case is computa-
tionally more intense. Nevertheless, we have computed it to the order Opλ32q as
well, albeit for the coefficients of the highest orders we have only the numerical
result. The first orders are

ZN
HS4 “

e3ℓp1{3q

?
´iτ

˜

1 ` i
4
?

3π ´ 9
27p1 ` i

?
3q

p1 ` iγqλ2
` Opλ4

q

¸

. (4.2.16)

Finally, for the one-point functions we have computed up to order Opλ32q, the first
few terms are

xA2nyHR4 “
2n!

pn ´ 1q!

ˆ

´
p1 ` iγq2λ2

32π2

˙n
˜

1
n

´
2
9p3

?
3 ´ 4πqλ2

` Opλ4
q

¸

.

(4.2.17)
Note that the leading order in the one-point function is just fixed by the Neumann
boundary condition and does not depend on the boundary degrees of freedom, and
in fact it agrees with the result (4.2.10) obtained for the boundary condition with
chiral fields on the boundary.

31Note that this formula for ZXYZpξ, ∆q differs from

Z`
chiralpξ ´ ip1 ´ ∆qqZ`

chiralp´ξ ´ ip1 ´ ∆qqZ`
chiralp´i2∆q , (4.2.11)

by the prefactor
e

iπ
4 eiπp3∆2´2∆´ξ2q , (4.2.12)

which is the contribution of a properly quantized background Chern-Simons term. Therefore we make a definite choice of background
contact terms in writing down this formula.
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4.2.3 Dualities

As described in Section 4.1 the SLp2,Zq duality group of the supersymmetric
Maxwell theory relates different boundary conditions. In this section we consider
examples of this action and use them to test the results for the partition function
and for the one-point functions. We computed these observables in the previous
sections perturbatively in the coupling, by expanding the localization integral.
Since the SLp2,Zq action maps weak coupling to strong coupling, the test requires
extrapolating the perturbative answers. The tests we perform here therefore serve
two complementary purposes: on one hand we use them to verify the localization
formulas and their transformations under SLp2,Zq, and on the other hand we use
them to check the validity of the extrapolations of the perturbative expansions. We
consider two examples in which we can obtain predictions for the transformations of
the partition functions using certain integral identities, that have already appeared
in the literature in the context of 3d dualities, (see for example [11,81]).

4.2.4 pNF , NF̄ q “ p1, 1q Ø XYZ

The first explicit example we study is the the BCFT of chiral fields with pNF , NF̄ q “

p1, 1q in the notation of Section 4.2.1. The consequences of the SLp2,Zq duality in
this setup were considered before in [78,79]. Applying an S transformation we find
that the BCFT with this boundary condition and coupling τ is dual to the BCFT
with coupling ´1{τ and the boundary condition given by (the IR fixed point of)
3d SQED with the matter given by one chiral with charge +1 and one chiral with
charge -1, coupled to the bulk via the gauging of the topological Up1q symmetry.
Next, we use 3d mirror symmetry that tells us that this SQED theory is dual to
the XYZ model, that we considered in Section 4.2.2. Denoting the theory of chirals
as p1, 1q, this 3d duality is verified at the level of the sphere partition function
using the following integral identity, called the pentagon identity [81],32

eℓpy`zqeℓpy´zq
“ eℓp2y´1q

ż

da e2πza eℓp1´ia´yqeℓp1`ia´yq , (4.2.18)

which, upon setting y “ ∆ and z “ ´ix, implies

ZSrp1,1qspx,∆q “

ż

da e´2πiaxZp1,1qpa,∆q “ ZXYZpx,∆q , (4.2.19)

32This is an identity of the quantum dilogarithm [82]. It was applied in this context in [11] with the following change of notation:
eℓp´ixq “ sb“1pxq.
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where Zp1,1q and ZXYZ were given in (4.2.1) and (4.2.13), respectively.
As a result we obtain that the BCFT with pNF , NF̄ q “ p1, 1q chiral fields on the

boundary and coupling τ is dual to the BCFT with XYZ model on the boundary
and coupling ´1{τ . Using (4.1.8) we then obtain

ZN,XYZ
HS4 p´1{τ,´i∆̂,`i∆̃,∆q “

?
´iτe´2πi∆̂∆̃ZN,p1,1q

HS4 pτ,´i∆̃,´i∆̂,∆q . (4.2.20)

This equation implies the following relations between the values of the mixing
parameter that extremize the partition function (we write the argument simply as
τ for convenience, but remember that these functions are real and not holomorphic)

∆̃XYZ
max p´1{τq “ ´∆̂p1,1q

max pτq ,

∆̂XYZ
max p´1{τq “ ∆̃p1,1q

max pτq ,

∆XYZ
max p´1{τq “ ∆p1,1q

max pτq .

(4.2.21)

The first two equations are trivially satisfied because in both theories ∆̃max “

∆̂max “ 0 by the symmetry argument explained above. The third line is a non-
trivial constraint that relates the weak coupling behavior in one theory to the
strong coupling one in the other theory. We test it by performing two independent
Padé extrapolations of the perturbative results obtained for ∆XYZ

max and ∆p1,1q
max in

the previous section, and checking if the extrapolated functions satisfy the relation
(4.2.21). We plot the result as a function of purely imaginary τ “ 4πi

g2 in Figure
4.1. We see a good agreement between the two sides of (4.2.21) for all values of g2,
interpolating from the value of 1{2 in the free p1, 1q theory to the value 1{3 of the
XYZ theory.

We then plug these values for ∆max into the partition functions and consider
the two sides of Eq. (4.2.19). In order to get rid of prefactors, and to obtain a
function which is analytic in the gauge coupling both in the weak and the strong
coupling expansion, it turns out to be convenient to compare the combination

eFB “

ˆ

ZN
HS4Z̄N

HS4

ZS4

˙´ 1
2

, (4.2.22)

which, by (4.2.19), satisfies

peFBq
XYZ

p´1{τq “ peFBq
p1,1q

pτq . (4.2.23)

Similar to ∆, we perform independent Padé extrapolations for this quantity, on
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Figure 4.1: The t8, 8u Padé approximant of ∆p1,1q
max pτq, in blue, and of ∆XYZ

max p´1{τq,
in dashed orange, at γ “ 0 as a function of g2.

the two sides of the duality, using the perturbative results of the previous section
and compare them. The results are showed in Figure 4.2.

Additionally, we test the S-duality action on the one-point functions. In the
considered example, the S-duality relation (4.1.19) becomes

xAny
p1,1q

HR4pτq “

ˆ

´
1
τ

˙n

xAny
XYZ
HR4p´1{τq . (4.2.24)

We plot the results of the two independent Padé extrapolations of the two sides in
Figure 4.3, for n “ 2, 4, 6, 8. We see a good agreement for all values of g2 for n “ 2.
The agreement deteriorates as n increase, the region where the two extrapolations
agree progressively shrinks to values of g2 of order 1. When they do not agree, this
means that the number of available perturbative coefficients does not suffice to get
a reliable Padé extrapolation for these observables. The lesson we draw is that,
perhaps expectedly, the question of how many orders are needed in order to get a
reliable strong coupling extrapolation depends on the observable. The fact that
the perturbative expansion becomes less and less reliable as we increase the charge
n of the Coulomb branch operators is also expected, because the perturbative
coefficients grow with n, as exemplified by the first terms in (4.2.10). It should be
possible to study a large charge limit of n Ñ 8 with g2n fixed, similarly to what
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Figure 4.2: The t8, 8u Padé approximant of peFBqp1,1qpτq, in blue, and
peFBqXYZp´1{τq, in dashed orange, at γ “ 0 as a function of g2.

was done in [28] for the bulk two-point functions, in order to obtain exact results
in g2n in a 1{n expansion. We leave this as an interesting direction for the future.

4.2.5 pNF , NF̄ q “ p1, 0q triality

Next, we consider the example of the Up1q N “ 2 Maxwell theory in the bulk
coupled to one chiral field of charge `1 on the boundary, i.e. the theory p1, 0q in
the notation of Section 4.2.1. Applying the transformation ST´1 we obtain that
this boundary condition at bulk coupling τ is dual to the boundary condition at
bulk coupling ´ 1

τ´1 with the following boundary degrees of freedom: (the IR fixed
point of) 3d SQED with matter given by one chiral field of charge `1, and one unit
of Chern-Simons term, coupled to the bulk via the gauging of the topological Up1q

symmetry. The latter theory is typically referred to as Up1q1{2 SQED with one
chiral, where the half-integer level comes from taking the convention that a chiral
field couples to the background gauge field with a ´1{2 Chern-Simons contact
term. This theory is also known as the “tetrahedron theory” because of the role
it plays in the construction of 3d theories from compactifications of 6d the p2, 0q

theory on 3 manifolds [11].
We then use a 3d duality found in [11] that says that Up1q1{2 SQED with one

chiral is dual to the free SCFT of one chiral field. This is actually part of a triality,
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Figure 4.3: The plot labeled by A2n show the t8, 8u Padé approximants for
p64π2

g2 qnA
p1,1q
2n pτq, in blue, and p64π2

g2τ2 qnAXY Z
2n p´1

τ q, in dashed orange, at γ “ 0 as
a function of g2. The normalization p64π2

g2 qn is chosen for graphical convenience.
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because both theories are also equivalent to Up1q´1{2 SQED with one chiral. At the
level of 3d partition functions, this duality is proven making use of the following
integral identity (see e.g. [36,82])

ż

da eiπa2
e2πaze

iπ
2 p1´r´iaq2

eℓp1´r´iaq
“ e´ 7πi

12 e´iπpr2´2rz´1q e
iπ
2 pr´zq2

eℓpr´zq , (4.2.25)

where, in order to make the integral convergent, the contour of the da integration
needs to be slightly tilted in the complex plane, i.e. ranging from ´8p1 ` iϵq to
`8p1 ` iϵq.33 Setting r “ 1{2 and z “ ´ix this identity gives

ZST ´1rp1,0qspxq “

ż

da e´2πiaxeiπa2
Zp1,0qpa ´ i

2q “ e
iπ
6 eπx Zp1,0qp´x ´ i

2q (4.2.26)

where Zp1,0q was given in (4.2.1), and the second argument of the function can be
dropped in this case because ∆ can be reabsorbed in ∆̂. The factors of e iπ6 and
eπx on the right-hand side correspond to background Chern-Simons terms that
need to be added in order for the duality to work. Up to these contact terms, the
transformation ST´1 therefore leaves the theory p1, 0q invariant. The fact that
ST´1 is a transformation of order 3 implies that in fact this must be a triality,
consistent with the claims that we reviewed above.

This triality implies that the BCFT with boundary condition given by the
single free chiral and coupling τ is left invariant under τ Ñ ST´1rτ s “ ´ 1

τ´1
and τ Ñ pST´1q2rτ s “ τ´1

τ . More precisely, we need to take into account also
the addition of background Chern-Simons terms on the left-hand side of (4.2.26).
Starting with (4.2.26) and performing manipulations analogous to those that lead
to (4.1.5)-(4.1.8), we obtain the following identity for the hemisphere partition
function with p1, 0q boundary condition

ZN,p1,0q

HS4 p´ 1
τ´1 ,´i∆̂, ip1 ` ∆̃ ` ∆̂qq

“
?
τ ´ 1 e 4πi

3 eiπ∆̂p∆̂´2∆̃qZN,p1,0q

HS4 pτ,´i∆̃,´i∆̂q .
(4.2.27)

Some of the consequences of this triality on the BCFT setup were studied previously
in [79]. Note that the phase factor on the right hand side does not enter in the

33To ensure convergence, also the variable z needs to be restricted to a certain region in the complex plane, and outside of that region
the identity should be interpreted in the sense of analytic continuation. We have not tried to fully determine the region of convergence,
but we have checked numerically convergence and the validity of the identity in the region of small |z| and Argpzq in a right neighborhood
of ´ π

2 .
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extremization. Performing extremization to determine ∆̃ and ∆̂, this relation
between the partition functions implies that

∆̃p1,0q
max pτq “ ´∆̂p1,0q

max p´ 1
τ´1q ,

∆̂p1,0q
max pτq “ 1 ` ∆̃p1,0q

max p´ 1
τ´1q ´ ∆̂p1,0q

max p´ 1
τ´1q .

(4.2.28)

This transformation on the functions ∆̃ and ∆̂ is easily verified to have order
three, as it should. Moreover, it allows to solve for the values at the self-dual point
τ “ eiπ3 , giving

∆̃p1,0q
max pe

iπ
3 q “ ´

1
3 , ∆̂p1,0q

max pe
iπ
3 q “

1
3 . (4.2.29)

Consistently, plugging these values into (4.2.27) one finds that the whole prefactor,
including the

?
τ ´ 1, simplifies to 1. We can now proceed with the numerical

tests.
Firstly, we check (4.2.29) via a t7, 7u Padé extrapolation from weak coupling

along the complex curve τ “ 1
2 ` i4π

g2

∆̃p1,0q

max,t7,7upe
iπ3 q `

1
3 « ´0.001 ,

∆̂p1,0q

max,t7,7upe
iπ3 q ´

1
3 « ´0.007 ,

(4.2.30)

and we find reasonable accordance.
The other checks we perform utilize a t7, 7u Padé extrapolation along the complex

curve τ “ 1 ` i4π
g2 from both duality frames. In Figure 4.4, Figure 4.5 and Figure

4.6 we show checks for (4.2.28), for eFB and for the one-point function of ϕ2, which
satisfies the relation

xA
p1,0q
2 ypτq “

ˆ

´
1

1 ´ τ

˙2
xA

p1,0q
2 y

`

´
1

1 ´ τ

˘

(4.2.31)

that can be obtained via (4.1.14)-(4.1.19). We find a good agreement with the
predictions of the triality for the real part of the one-point function and for eFB , but
generally the extrapolations appear less accurate when the θ-angle is non-vanishing.

4.2.6 Feynman diagrams calculations

In this section, we confirm the first two orders in (4.2.17) via a Feynman diagram
calculation. In order to compute the one-point function of A2n “ ϕ2n, we repeatedly
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Figure 4.4: On the left, the t7, 7u Padé approximant for ∆̃p1,0q
max pτq, in blue, and

´∆̂p1,0q
max p´ 1

1´τ q, in dashed orange. On the right, the t7, 7u Padé approximant for
∆̂p1,0q

max pτq, in blue, and 1 ` ∆̃p1,0q
max p´ 1

1´τ q ´ ∆̂p1,0q
max p´ 1

1´τ q, in orange. The functions
are evaluated at τ “ 1 ` i4π

g2 , and plotted as a function of g2.
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Figure 4.5: On the left, the t7, 7u Padé approximant for peFBqp1,0qpτq, in blue, and
peFBqp1,0qp´ 1

1´τ q, in dashed orange. On the right, the relative error (the difference
between the two functions divided by the arithmetic mean). The functions are
evaluated at τ “ 1 ` i4π

g2 , and plotted as a function of g2.
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Figure 4.6: On the left, the real part of the t7, 7u Padé approximant of 64π2

g2 A2pτq,
in blue, and of 64π2

g2 p´ 1
1´τ q2A2p´ 1

1´τ q, in dashed orange, evaluated at τ “ 1 ` i4π
g2 ,

as a function of g2. On the right the imaginary part. The normalization 64π2

g2 is
chosen for graphical convenience.

use the OPE in the bulk to bring 2n insertions of the field ϕ at the same point.

Tree-level
At tree-level we have

xϕpx1q . . . ϕpx2nqy “ xϕpx1qϕpx2qy . . . xϕpx2n´1qϕpx2nqy ` other Wick’s contractions ,
(4.2.32)

with p2n ´ 1q!! “ p2n ´ 1qp2n ´ 3q...1 addends. Sending xi Ñ x we remain with

xϕ2n
pxqy “ p2n ´ 1q!!xϕ2

pxqy
n (4.2.33)

which leads to

aϕ2n “ p2n ´ 1q!!an
ϕ2 . (4.2.34)

This matches the leading order in (4.2.17) upon using the result in (B.2.11). Note
that the result of the perturbative calculation is naturally a function of τs rather
than τ , if we include a shift of the boundary Chern-Simons term compatible with
the charge assignment of the boundary chiral fields.

1-loop computations
We now need to add boundary interaction vertices that shift the above result by
δa

NF ,NF̄
ϕn .
A generic diagram looks like what is depicted in Figure 4.7. Each possible
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Figure 4.7: Schematic representation of the NLO diagrams needed for the compu-
tation of xϕ2ny.

contraction in the bulk can be seen as a correction to atree
ϕ2 multiplied by n ´ 1

closed loops. Each of these contributions has multiplicity np2n ´ 1q!!34. The
contractions in the boundary simply produce the 1-loop diagrams computed in
Appendix C.3. The NLO contribution can then be written as follows

δa
pNF ,NF̄ q

ϕ2n “ np2n ´ 1q!!patree
ϕ2 q

n´1δa
pNF ,NF̄ q

ϕ2 . (4.2.35)

It is easy to note that at the 1-loop order holds

δa
pNF ,NF̄ q

ϕ2 “ pNF ` NF̄ qδa
p1,0q

ϕ2 , (4.2.36)

thus we obtain

δa
pNF ,NF̄ q

ϕ2n “ pNF ` NF̄ qnp2n ´ 1q!!patree
ϕ2 q

n´1δa
p1,0q

ϕ2 . (4.2.37)

Using (B.2.11) and (C.3.6), again with τ Ñ τs, we find

δa
pNF ,NF̄ q

ϕ2n “ ´pNF ` NF̄ q
np2n ´ 1q!!

32π

ˆ

i

8πpτs ´ τ̄sq

τ̄s

τs

˙n´1
, (4.2.38)

in agreement with the NLO result shown in (4.2.10).

34There are 2np2n´1q

2 “ np2n ´ 1q ways of choosing two ϕ operators between the 2n that contract on the boundary. Then there are
p2n ´ 3q!! ways of pairing the remaining 2n ´ 2 fields in the bulk.



Chapter 5
Higgsing Transition in AdS4

In this Chapter we first introduce the reader to the concept of using AdS as a means
to study phases of strongly coupled gauge theories. We later discuss our results
obtained so far using these AdS techniques in conjunction with supersymmetric
localization.

The concept of AdS as an infrared regulator to study phase transitions was
introduced in [12]. The reason for that is that in AdS we have exponential damping
in correlators function but still infinite volume, thus, in contrast to the sphere
or dS, one can still use it to study spontaneous symmetry breaking and phase
transitions. Furthermore this regulator preserves a spacetime symmetry group
as large as the Poincaré group (as we remove the regulator the AdS isometries
generators become the Poincaré ones). Many tools that are useful to study QFT in
AdS can be borrowed from holography, which indeed reduces to it in the limit when
gravity decouples, which is the case we focus on. As an example of a useful concept
that is familiar from holography, but still applies to QFT in AdS, correlators of
boundary operators are covariant under the conformal symmetry group, simply as
a consequence of the isometry of the background.35

In our case we study a pure (super) Yang-Mills theory and as such the theory is
completely controlled by the adimensional quantity ΛQCDLAdS. Thus there is no
distinction between the flat-space limit and going to strong-coupling or, conversely,
having high curvature and having small coupling.

Interestingly, as pointed out in [13], this setup allows us to sharply define and

35The operators of the boundary are not the ones of a local CFT. Indeed, for examples, without dynamical gravity in the bulk we
do not have a stress-tensor on the boundary. It is however true that the operators that we define/restrict on the boundary naturally
transform under the conformal group.
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study a confinement-deconfinement transition. When the AdS radius is small, and
we are in a perturbative regime, it is possible to assign Dirichlet boundary conditions
which restrict gauge transformations to be global on the boundary. This implies
the existence of a boundary current associated to the gauge group, which can be
thought, via state/operator correspondence, as the AdS analogue of an asymptotic
gluon state in flat space. For this reason, the Dirichlet boundary condition can be
thought of as a deconfined phase of the theory. As the AdS radius is increased and
the coupling gets stronger, at some critical value this boundary condition should
stop being available. This is required by consistency with the flat-space limit, in
which no colored asymptotic states exist. Understanding the disappearance of
the Dirichlet condition from the point of view of the boundary CFT is therefore
very interesting because it offers a new window through which one can explore
the mechanism for confinement in flat space. Various possible mechanisms for
this transitions have been proposed conjecturally in [13] and have been recently
explored using perturbation theory in [14]. For instance, one possible mechanism,
dubbed decoupling in [13], concerns the vanishing of the coefficient denoted cj, the
two-point function coefficient of the conserved current. This mechanism is the one
we focus on in this thesis.

The two-point function of the current is forced to be strictly positive since it is
linked to the norm of the asymptotic gluon state. Then if it happens to decrease
to zero at some point, as we increase the radius, this implies that the gluon state
becomes null and should be excluded from the spectrum, signaling the transition
to a phase without boundary global symmetry. Studying this boundary current
two-point function then gives one possible quantitative way to argue the end of
the deconfined phase, as was studied for instance in [14].

5.1 Higgsing transition in SUp2q SYM

The transition away from the deconfined phase happens at strong coupling, which
makes it hard to study it quantitatively. That is why so far there are only
perturbative indications about the nature of the transition for pure YM theory.
Our goal is to exploit supersymmetry and localization to make more controlled
statements about this transition. The physical set up we want to consider is pure
SUp2q N “ 2 SYM theory in AdS4 with Dirichlet boundary condition. We expect
from [83] that in the flat-space limit, and thus of strong coupling for the discussion
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above, the theory should Higgs down to a Up1q gauge theory if we stay at the
origin of the Coulomb branch. Note that differently from the non-supersymmetric
case of pure YM, in this case the transition is not of deconfined-confined type,
but rather between a fully deconfined non-abelian Coulomb phase with SUp2q

symmetry, to an ordinary Coulomb phase with only Up1q global symmetry on the
boundary. Still, the conclusion that the (full) Dirichlet boundary condition must
disappear at strong coupling remains valid.

In order to apply this logic we need to choose boundary conditions in AdS in such
a way to preserve the maximal amount of isometries and supersymmetries, so that
in particular we have the same number of symmetry generators as for the theory in
flat space. For the reasons explained in 2.6.2, we claim to achieve this by imposing
boundary conditions that explicitly preserve 3d N “ 2 supersymmetry and then
by employing FB-maximization to restore the full 4d N “ 2 supersymmetry.

5.2 Higgsing from FB-maximization
The partition function of the 4d N “ 2 pure SYM on AdS4, as a function of the
dynamically generated scale, is derived in Appendix D (see (D.4.2)). We write it
below, specializing to SUp2q, for convenience

ZD
vectorpa,ΛLq “ pΛLq

4a2 2a
sinhp2πaq

Gp1 ` 2iaqGp1 ´ 2iaqZNekrasovpa,ΛLq . (5.2.1)

The partition function depends on the asymptotics of ϕ1 (2.5.35). This boundary
value generates a profile for the scalar in AdS4 which leads the theory to a Higgs
phase where the gauge symmetry is broken to Up1q. As we explain in more details
below, note that a ‰ 0 corresponds to turning on a real mass on the boundary,
which also breaks conformal symmetry.

The “explicit” breaking due to a ‰ 0 is put by hand, while we are looking for
a mechanism that dynamically breaks SUp2q as we increase the radius, without
affecting the conformal symmetry. We therefore concentrate on a “ 0 in (5.2.1),
thus we enforce SUp2q-preserving boundary conditions.

The key to this dynamical mechanism is that, as explained in Section 2.6.2,
starting from a Lagrangian formulation that preserves explicitly N “ 2 3d su-
persymmetry, the partition function that preserves the full AdS4 supersymmetry
and that allows to recover the R4 physics at strong coupling/large AdS radius is
obtained through a maximization procedure.
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If the theory Higgses down to Up1q, then there is a Up1q global symmetry
generated by the multiplet JN, whose source is precisely the vector multiplet in
(1.5.5) that on the boundary dualizes to JD (as explained in Section 2.5.7).
a is the real mass deformation for this Up1q and, thanks to the discussion under

equation (2.5.52), we know that the partition function depends holomorphically
on a´ iδ, with δ the mixing parameter of a trial R-charge. Since we set a “ 0, we
study FB maximization with ZD

vectorpτ,´iδq (5.2.1).
A maximum at a non-zero value of δ means that a Up1q subgroup of the SUp2q

global symmetry mixes with the superconformal Up1qR symmetry of the boundary.
This means that the corresponding boundary condition, while preserving the
superconformal symmetry, breaks SUp2q to Up1q. We parametrize this possibility
by studying the FB maximization at different values of ΛL as a function of δ and,
if a local maximum arises at δ ‰ 0 with a greater FB-value compared to δ “ 0, we
interpret this as the destabilization of the SUp2q-preserving boundary condition
towards the Up1q-preserving one. When this happens we declare the theory to be
in the Higgs phase.

In the next section we present the plots related to this study. We write Λ instead
of ΛL to ease the notation. Furthermore we call

FB “ ´
1
2 logp|ZAdS4|

2
q (5.2.2)

since the partition function on S4 we would have from equation (2.6.1) does not
depend on δ and thus would not influence the study of maximization. One practical
difficulty that we encounter is that ZNekrasov cannot be expressed in closed form,
but rather it is known as an infinite series expansion in the instanton number. In
order to study the minima numerically, we need to truncate this expansion to a
certain order. To asses the reliability of the results, we then test how they change
by varying the order of the truncation in the instanton number.

5.3 Results
We start a preliminary analysis with the plot in Figure 5.1. We plot three different
FBp´iδ,Λq at different fixed values of the truncation in the instanton number and
of Λ, as a function of δ.

Let us explain some qualitative features of the function. We observe that for
small Λ the functions obtained by truncating the sum over instantons have a
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Figure 5.1: The diverse curves are FBpΛ,´iδq at different perturbative order in
instanton number. The blue one has only the leading order, the orange one has
one instanton correction and the green has two instanton corrections. The first
figure is at Λ “ 0.001, the second is at Λ “ 0.9 and the third at Λ “ 3.
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local maximum at δ “ 0, and as Λ is increased additional local maxima emerge
at non-zero value of δ. While these features depend on the truncation of the
instanton series, we observe that they stabilize after a certain number of instantons
is included. The number of instantons needed for the stabilization itself depends
on the value of the coupling Λ: for larger Λ more terms in the instanton series are
needed to stabilize the function.

We define Λ1,crit. as the value of Λ where a new maximum appears and Λ2,crit.
as the value where it disappears. We also define Λcj as the value where the local
maxima at the origin disappears. We reiterate that these values can actually depend
on the instanton number truncation, we will comment on their stability/instability
later on.

In this preliminary analysis we notice at Λ P rΛ1,crit.,Λ2,crit.s the emergence of a
bigger maxima, compatible with the fact that we know the theory Higgses in flat
space, but in contradiction with this expectation Λ2,crit. is finite and thus this new
maxima seems to disappear in the deep IR. Perhaps even morse surprisingly we
have some finite Λcj ą Λ2,crit., thus no stable point seems remaining in the deep IR.

In the plot we can also see singularities, these are however pushed away to larger
and larger values of δ as we increase the number of instantons. We thus interpret
these just as an artifact of the truncation in the number of instantons.

To clarify the results we study Λ1,crit,Λ2,crit,Λcj as we increase the number of
instantons. We also introduce Λreliable, the largest value of Λ for which we deem
reliable the sum truncated up to instanton number k. We use the following criterion
to asses reliability: for a given k and for Λ ě Λ1,crit, we look at the location of the
new maximum δcrit “ δcritpk,Λq. As we increase the truncation, the location of δcrit
initially changes significantly until at the value k it stabilizes, for all values of the
coupling lower than Λreliablepkq. The results can be found in Figure 5.2.

Λreliable, as we would expect, increases as we increase the truncation. Λ1,crit.
is always reliable by construction, since the definition of Λreliable is based on the
stabilization of the second maxima. It is however a non trivial confirmation of our
choice to assess reliability the fact that Λ1,crit. remains stable as k is increased.

We also see that the values of Λ2,crit., Λcj , at each fixed number of instantons,
are always above Λreliable and their value does not remain stable as we increase the
number of instantons. Extrapolating from the trend displayed in Figure 5.2, this
seems to be the case because all these values are pushed to infinity as we remove
the truncation and we study the exact physics of this system.
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Figure 5.2: In this plot we show the values of Λ1,crit., Λ2,crit., Λcj , Λreliable as we
increase the number of instantons. We represent Λ1,crit. as a dashed line because
its value remains stationary across diverse instanton numbers.

Our analysis focuses around the position of the new maxima and on a much
higher instanton truncation with respect to the preliminary analysis of Figure 5.1.
The singularities are then pushed far enough from the region of interest that we
thus deem reliable. From this study we can then see that this new maxima does
not just come from having smoothed out a singularity, it arises from FBpΛ,´iδq at
Λ ą Λ1,crit. within the δ-region we can trust.

This implies that that there is a second maximum of FB at δ ‰ 0 and that it
survives in the deep IR. It is also true that the local maximum at δ “ 0 seems
surviving as well, but it is always smaller than the second one we find. While
we cannot rigorously prove that the SUp2q-preserving boundary condition at the
origin stops being consistent, we take the emergence of this larger maximum as a
strong signal that the theory Higgses after a certain value of the coupling/AdS scale
and remains in the Higgs phase in the deep IR limit/flat space limit, consistently
with [16].
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Chapter 6
String-theoretic BCFTs and
S-duality

In this last section we aim to study string theoretic constructions of a class of 4d
N “ 2 gauge theories, circular quiver theories of AN´1-type, as the ones depicted
in Figure 6.1.

Figure 6.1: The following picture describes a gauge theory with a SUpNq N “ 2
vector multiplet for each node. Every link that starts from a ith note and ends into
a jth represents a 4d N “ 2 hypermultiplet in the pNi, N̄jq representation.

This class of theories is prototypical especially because it is possible to describe
them in M-theory [19], which allows a geometrization that manifests explicitly the
duality group.

We aim to add a boundary in these theories and describe a strong-weak duality
action in this set up [20], which we denote as S-duality, similarly to what was done
in [17, 18]. We proceed by describing the set up from the point of view of Type
IIA, its enhancement to M-theory and thus the description of the duality group
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for the theory without a boundary. We also describe the dual Type IIB set up and
the interpretation of this S-duality action.

We then proceed to add the boundary, discuss the preserved supersymmetry,
the S-duality and a preliminary analysis of the boundary conditions imposed by
the different branes.

For convenience we call “#” the M-theory’s 10th direction.

6.1 Bulk construction in Type IIA and M-theory
In Figure 6.2 we depict the Type IIA brane set up, which we describe in Table 6.1.

Figure 6.2: The picture shows N parallel and superposed D4, along the 4 directions,
that intersect K NS5s

012 3 4 5 6 7 8 9
D4 ‚ ‚ ‚

NS5 ‚ ‚ ‚ ‚

Table 6.1: In this table we show in which directions the branes depicted in Figure
6.2 extend. The 4-direction is a circle.

We call the total length of the 4-circle as Lp4q and the distance between the
ith and pi ` 1qth NS5 as Lp4q

i , so we have
K
ř

i“1
L

p4q

i “ Lp4q. In principle one could
expect to have UpNq gauge theories living on each slab but actually all the Up1q

factors are frozen except a diagonal one, that decouples (all the hypermultiplets
are not charged under this [19]). For this reason it is effectively a theory of SUpNq

gauge nodes. On the D4 slabs there are strings that describe a gauge theory and
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across the NS5 there are strings which we interpret as the hypermultiplets in the
bifundamental.36

In M-theory all of these D4s and NS5s can be seen as the complicated worldvolume
of a M5 [19]. We depict the set up in Table 6.2 and in Figure 6.3

012 3 4 5 6 7 8 9 #
M5 ‚ ‚ ‚ ‚

M5 ‚ ‚ ‚ ‚

Table 6.2: This is the M-theory up-lift of Table 6.1. From the M-theory point
of view the final theory is actually just a single M5 with a more complicated
world-volume.

Figure 6.3: This figure displays a M5 that wraps the 4#-torus and the spikes
represent the M5 leaving the 4#-directions. In the Type IIA limit we shrink the
#-circle and all the points on the torus are D4s except those of the spikes which
become the NS5s.

We can then define the asymptotic position pi where the M5 extends outside
the 4#-torus (and becomes a NS5 in the Type IIA limit). We decide to define and
normalize this position in the following way [19,85]

pi “
1
gs

x4
i

Lp4q
i `

θ

2π
x#

i

Lp#q
, (6.1.1)

36These states can only be argued indirectly since, in the duality frame where we quantize the F1, they probe the core of NS5s which
are non-perturbative objects [84]
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with37

xa
i`K “ xa

i ` Lpaq , with a “ 4, # and x4
i`1 ą x4

i . (6.1.2)
Defining as usual

τ “
i

gS
`

θ

2π , (6.1.3)

we can rewrite (6.1.2) as
pi`K “ pi ` τ , with Imppi`1q ą Imppiq . (6.1.4)

As we see in Section 6.2.2, 1
g s
, θ are connected to Type IIB parameters. In this

context we can interpret these as suitable normalization constants such that, letting
τi be the complexified gauge coupling of the ith node of the quiver theory, we have

τi “ pi`1 ´ pi . (6.1.5)
Notice the fact that ordering the x4

i , as shown in (6.1.2), was fundamental in order
to have Impτiq ą 0.

It is possible to notice that, thanks to the periodicity condition in (6.1.4) we
have

K
ÿ

i

τi “ τ . (6.1.6)

6.1.1 Action of S-duality from M-theory

The action we have called S-duality, from the M -theory point of view, is just the
usual modular map of the 4#-torus. Defining a generic point on the torus to be

z “ σ1 ` τσ2 , with σi „ σi ` 1 , (6.1.7)
the modular map simply acts as

z “ σ1 ` τσ2 ÝÑ z1
“ σ1

1 `
aτ ` b

cτ ` d
σ1

2 “
z

cτ ` d
, with σ1

i „ σ1
i ` 1 , (6.1.8)

where
ˆ

a b
c d

˙

P SLp2,Zq . (6.1.9)

37String theoretically it can be possible to have Imppi`1q=Imppiq. These set up however do not have, up to now, a clear field theoretic
limit and thus we do not discuss it here.
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Due to the fact that all the points z are mapped by the diffeomorphism to z1 “ z
cτ`d ,

we see that this action changes the pi defined in (6.1.1) and thus in turn the gauge
couplings.

Take the matrix of the form (6.1.9), with a “ d “ 0, b “ ´c “ ´1.38 If we take
pi , i P t1 , . . . , Ku with xa

i P r0, Lpaqq, then39

p1
i “

pi

τ
, @i P t1 , . . . , Ku and p

1

i`K “ p
1

i ´
1
τ
. (6.1.10)

Following (6.1.5) one might be tempted to deduce that the gauge coupling trans-
forms as40

τ 1
i “

τi

τ
, @i P t1 , . . . , K ´ 1u , (6.1.11)

τ 1
K “ ´

1
τ

´

K´1
ÿ

i

τi

τ
. (6.1.12)

but this would be too hasty. Indeed one can see that, depending on the sign of θi,
one could end up with Impτ 1

iq ă 0.
This apparent inconsistency is just due to the fact that the action of the duality

group and the RG-flow action do not commute with each other. We should move
string-theoretic parameters while studying the moduli of a theory, and then take
the low energy limit, otherwise we can reach inconsistencies.

An example of this is moving an NS5 such that it crosses another one in Figure
6.2. In following this motion we would end up with 1

g2
i

„ x
p4q

i`1 ´x
p4q

i ă 0, but clearly
the end-result after crossing leads at low energy a consistent field theory analogue
to the one before. The crucial point for this example is that one should re-read the
position of the NS5s after the crossing and re-label the i-index correctly in order
to obtain the physical couplings like in (6.1.2)-(6.1.5).

These kind of phenomena, where inconsistent field-theoretic parameters corre-
spond to region in the physical string-theoretical moduli, was initially observed in
the conifold [86,87], later considered for Seiberg-Witten dualities in [88–90] and

38Choosing a “ d “ 0, b “ ´c “ 1 would lead to p1
i “ ´

pi
τ

. For reasons we argue later, this does not change the couplings of the low
energy theory. Furthermore the match of the duality transformation with the Type IIB set-up in (6.2.10) persists with both definition of
S-action.

39Notice that it is important to specify the domain. Indeed, following the comment in footnote 38, we would have p1
i “ ˘

pi
τ

depending
on the definition of the S-action. If we do not choose the fundamental domain we find ˘

pi`K

τ
“ ˘

pi
τ

˘ 1 ‰ p
1

i`K “ p1
i ´ 1

τ
, which

would not be consistent with the new periodicity condition.
40Once one decide which is the last node, due to what stated in footnote 39, we are forced to treat the last coupling differently. Notice

that we have
K
ř

i

τ 1
i “ ´ 1

τ
, which mimics (6.1.6).
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then generalized for a large class of 4d theories with at least N “ 1 supersymmetry
in [91] (which also encompass our example). These transitions are known as flop
transitions and, differently from what happens in our case, they do not necessarily
lead to a theory with the same kind of interactions among the same types of
degrees of freedom (even though, after the flop transition, one can obtain dual field
theories).

6.2 Bulk construction in Type IIB

In this section we describe the set up that one obtains when we take a T -duality
along the 4-circle. We start with a general discussion of T -duality in directions
perpendicular to NS5s, then we focus on our set-up and we discuss the duality
group from the Type IIB perspective.

6.2.1 T -duality and NS5s

Let us assume a set up like the one in Table 6.1 but with only parallel NS5s. Let
us furthermore assume that these NS5s are all in different positions, not only along
the circle 4, but also along the flat directions 789.

After taking a T -duality along 4 one obtains a Taub-NUT geometry of the form
of [92]

ds2
“ V px⃗qdx⃗2

`
1

V px⃗q
pRdθ ` ω⃗ ¨ dx⃗q

2 , (6.2.1)

with

V “ 1 `

K
ÿ

i“1

R

2|x⃗ ´ x⃗i|
,

V “ ∇⃗ ¨ ω⃗ ,

(6.2.2)

and x⃗i the positions of the NS5 along 789. In x⃗ “ x⃗i the S1 fibration shrinks. From
each xi one can trace non-intersecting curves in 789 and from the fibration one
obtains 2d cigars Ci (see Figure 6.4).

We can then define some Bp2q-fluxes and we learn from [92] that there is a
connection between the distance of the NS5s in Type IIA (6.1.2) and

ş

Ci
Bp2q in Type
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Figure 6.4: In this image we show the Taub-NUT as a S1 fibration over a plane
with different points where the fibration shrinks to a point.

IIB. In a suitable normalization, we can actually write

x4
i “

ż

Ci

Bp2q . (6.2.3)

These fluxes can be rigidly shifted by the same amount

Bp2q ÝÑ Bp2q ` λp2q such that dλp2q “ 0 , (6.2.4)

which parallels the rigid translations of all NS5s in the previous string frame [92].
The only thing that is gauge invariant is the subtraction among two of these

fluxes, which is equivalent to a flux through Ci ´ Cj „ S2. Indeed this is related to
the physical distance among the ith and the jth NS5.

Choosing some order of the Ci and defining

CK`1 “ ´

K
ÿ

i“1
Ci (6.2.5)

we define the following spheres

S2
i “ Ci`1 ´ Ci @i P 1, . . . , K , (6.2.6)
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Figure 6.5: In this figure we depict the same picture of Figure 6.4 but we show
the fibration along a curve that connects two different points where the fibration
shrinks.

which we display in Figure 6.5.
We can also assume, for future convenience, that we could have Cp2q-fluxes as

well. One can then notice that the sum of all these S2
i is topologically a 2-surface

that can be shrunk, essentially by definition of (6.2.6). Thus we have
K
ÿ

i“1

ż

S2
i

Bp2q “

K
ÿ

i“1

ż

S2
i

Cp2q “ 0 . (6.2.7)

6.2.2 The orbifold and field theory limit

When in a Taub-NUT all degenerate fibers are close to a single point, with respect
to the scale of the radius, this is called the Asymptotically Locally Euclidean limit
(ALE limit for short). If all the points where the fiber degenerates coincide, we
obtain an orbifold limit, which is R4

Γ „ C2

Γ with Γ some discrete subgroup of SUp2q.
These kind of singularities have been studied and have an ADE classification, the
famous McKay correspondence.

The orbifold limit is precisely what happens in our case since the Type IIA
4-circle in Table 6.1 is considered to be small and all the NS5s are considered to
be in the same position along 789. With respect to what was showed in Figure 6.5,
we see that all the spheres have shrunk. We however have B-fluxes on vanishing
2-cycles due to the fact that all the NS5 where in different positions on this circle.
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The kind of orbifold we obtain is actually one of the simplest and is C2

ZK . It is
interesting to notice that string theory is not actually singular in this limit. Indeed
the string sigma-model has two terms contributing to the kinetic terms, the first
one due to the metric GMNBXM B̄XN , which vanishes in the orbifold point, but
also another one due to Bp2q fluxes which are turned on.

The fields’ mode expansion now contains twisted sectors. The string theory is
however consistent and thus we expect all the symmetries to still hold. In particular
S-duality mixes Bp2q and Cp2q, sending the ath twisted sector of Bp2q to the same
one of Cp2q and viceversa.

The field theory limit can be obtained by studying and expanding the DBI-action
of fractional branes, which we do not describe in detail but refer the reader to
useful notes on the subject [93]. The end result is precisely the quiver gauge theory
described in the previous section. In particular one can see that [90]41

τi “ τ

ż

S2
i

Bp2q `

ż

S2
i

Cp2q , @i P t1 , . . . , K ´ 1u ,

τK “ τ ´

K´1
ÿ

i“1

ˆ

τ

ż

S2
i

Bp2q `

ż

S2
i

Cp2q

˙ (6.2.8)

with

τ “
i

gS
`

θ

2π . (6.2.9)

The fluxes on the vanishing cycles should be interpreted more carefully as scalars
in the twisted sectors coming from the mode expansion on the orbifold of Bp2q

and Cp2q. We decide however to keep explicit Bp2q and Cp2q because it makes the
S-duality action apparent.

In this duality frame we do have a dilaton and Cp0q profile, the latter coming
from a Cp1q flux on the 4-circle, and that comes from the twist of the M-theory
4#-torus.

41As argued in [94], we can think of the N fractional D3 on the orbifold singularity as the N ´ 1 D5 wrapping the vanishing cycles
S2

i @i P t1 , . . . , K ´ 1u and an anti-D5 wrapping SK with some F -flux from the fundamental string. The anti-D5 and the F -flux are
needed to cancel the total D5 charges in the final set up with only D3s. In this picture, this is the reason why τK seems cast out with
respect to the other τi in (6.2.8). We however do not use this picture because, upon S-duality, we would need to deal with a putative
DBI for NS5s to obtain the low energy theory.
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It could also be possible to move the
ş

S2
i

Bp2q module in such a way that one or

more of the τi become negative. This would correspond to the flop transitions
already discussed in Section 6.1.1.

From this it is possible to show that our S-duality is actually just S-duality.
Indeed keeping fixed the choice of the S-matrix action of SLp2,Zq with respect to
the one stated below (6.1.9), namely the one with a “ d “ 0, b “ ´c “ ´1, we
have [94]

τ Ñ ´
1
τ
, Bp2q Ñ ´Cp2q , Cp2q Ñ Bp2q , (6.2.10)

with which we can match (6.1.11)

τ 1
i “

ˆ

´
1
τ

˙ˆ

´

ż

S2
i

Cp2q

˙

`

ż

S2
i

Bp2q “
τi

τ
, @i P t1 , . . . , K ´ 1u , (6.2.11)

τ 1
K “ ´

1
τ

´

K´1
ÿ

i“1

ˆ

`

´
1
τ

˘`

´

ż

S2
i

Cp2q

˘

`

ż

S2
i

Bp2q

˙

“ ´
1
τ

´

K´1
ÿ

i“1

τi

τ
. (6.2.12)

We again interpret Impτ 1
iq ă 0 as flop transitions, which lead by construction to

the same low energy theory’s coupling described of the dual Type IIA set up, as
discussed in [91]. As already stated in footnote 38, the different choice of the S
action of SLp2,Zq, corresponding to a “ d “ 0, b “ ´c “ 1, would still have led to
a match of the physical IR coupling transformations across the two duality frames,
once flop transitions are taken into account.

6.3 Adding the boundary and S-duality
We add boundary-branes to our set up, as shown in Table 6.3.

We consider the 3-direction as the boundary where the D4s can end on a system
of D6s and NS5s, much like D3s on D5s and NS5s in [17].

It is possible to check explicitly that this set up preserves 4 supercharges, half
with respect to the set up in Table 6.1. This coincides with imposing 1

2-BPS
boundary conditions on a 4d N “ 2 theory.

Notice that we expect the SOp2qR 3d R-symmetry to be the Cartan of the
SUp2qR Ă Up2qR 4d one (see the boundary conditions on vectors an hypermultiplets
in Section 1.5.1). This is precisely what happens, namely the purely bulk model
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012 3 4 5 6 7 8 9
D4 ‚ ‚ ‚

NS5 ‚ ‚ ‚ ‚

D6 ‚ ‚ ‚ ‚ ‚

NS5 ‚ ‚ ‚ ‚

Table 6.3: We suppose the 4-circle to be small, with respect to the cut-off of our
effective theory, while we do not need assumptions for the 6-circle. In blue we
present the boundary-branes.

has a SUp2qR Ă Up2qR R-symmetry, coming from the 789 directions, and now we
remain with a SOp2qR coming from 89.

The S-duality action we propose is shown in Table 6.4.
A crucial step is that during the modularity on the 46-torus the branes do not

move. This is due to the fact that the quantization of the string-states should be
fully insensitive to diffeomorphism. Indeed this can also be seen, for instance, in
M-theory on a torus with a stack of M2, as in Table 6.5.

The modularity in M-theory should correspond to the S-duality in the Type
IIB picture. Taking the Type IIA limit on one of the two cycles in Table 6.5 and
then taking T -duality on the other cycle leaves either a F1 or a D1. A modularity
action precisely swaps these two end results, just like S-duality swaps F1s and D1s.
This would not work however if we assume that the modularity acts also on the
branes, changing which cycles they wrap.

For our set up the effect of this action is going to be the same one already
discussed for the bulk. On the boundary the action exchanges D6 and NS5s, much
like the exchange of D5 and NS5 in [17].

In Appendix E we discuss which modes of the D4s survive depending on which
boundary branes the D4s end (but we do not discuss boundary conditions). We
argue that when the D4s end on NS5s the 3d N “ 2 vector multiplet survives
while when they end on D6s the 3d N “ 2 chiral multiplet survives.

Due to the fact that the bulk bi-fundamental hypermultiplets are non-perturbative
states from the canonical string-quantization frame [84], it is not possible to argue
which 3d N “ 2 mode survives using the same means of Appendix E. We argue
however that this does not matter.

Since the boundary breaks explicitly the R-symmetry down to SOp2qR Ă
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012 3 4 5 6 7 8 9
D4 ‚ ‚ ‚

NS5 ‚ ‚ ‚ ‚

D6 ‚ ‚ ‚ ‚ ‚

NS5 ‚ ‚ ‚ ‚

012 3 4 5 6 7 8 9
D3 ‚ ‚ ‚

TN ˆ4 ‚ ‚ ‚

D5 ‚ ‚ ‚ ‚

NS5 ‚ ‚ ‚ ‚

012 3 4 5 6 7 8 9
D3 ‚ ‚ ‚

TN ˆ6 ‚ ‚ ‚

D5 ‚ ‚ ‚ ‚

NS5 ‚ ‚ ‚ ‚

012 3 4 5 6 7 8 9
D3 ‚ ‚ ‚

TN ˆ6 ‚ ‚ ‚

NS5 ‚ ‚ ‚ ‚

D5 ‚ ‚ ‚ ‚

012 3 4 5 6 7 8 9
D4 ‚ ‚ ‚ ‚

NS5 ‚ ‚ ‚ ‚

NS5 ‚ ‚ ‚ ‚

D6 ‚ ‚ ‚ ‚ ‚

Table 6.4: The first table is the initial set-up. The second one is after T -duality
along the 4-circle, with TN standing for for Taub-NUT and ˆk under the j-direction
means means that the k-circle shrinks along j (j “ k stands for the orbifold limit).
The third step is modularity of the 46-torus. The fourth one is Type IIB’s S-duality
and in the final one we take a T -duality on 6 and we obtain back the S-dual frame.

SUp2qR, the 4d N “ 2 hypermultiplet decomposes in two 3d N “ 2 chiral
multiplets with opposite, but otherwise generic, SOp2qR-charge (see (1.5.11)).

These 3d chiral multiplets posses the same flavor and gauge symmetry repre-
sentation. Even if boundary interactions require a specific SOp2qR-charge, this
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0 1 . . . 7 8 9 #
M2 ‚ ‚ ‚

Table 6.5: We consider 8 and # to be circles.

can be assigned to either of the two boundary modes we can consider fluctuating
(remembering to fix the opposite one for the degrees of freedom we freeze). For
this reason the class of interactions, and triggered RG-flows, is the same.

Further analysis is required in order to study more precisely the boundary
conditions, the interactions within the boundary and the bulk-to-boundary ones.
It is possible that the diagonal Up1q vector that survives [19], see Section 6.1, can
actually interact with boundary modes and as such it would not be decoupled.
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Chapter 7
Conclusions and future directions

In the present thesis we have studied, in different scenarios, four dimensional
supersymetric quantum field theories in presence of a boundary.

We have presented how to obtain exact results for the one-point function BCFT
observables in 4d, with the minimal supersymmetry which allows the use of
supersymmetric localization.

Multiple future directions and further studies can be addressed. It could be
interesting to study whether, for a class of observables, it is actually possible to
obtain exact closed formulæ in some interesting regimes.

For instance it is known that theories have a universal behavior in presence
of large global charges [95]. This was exploited to compute, with localization, a
class of CFT observables [28, 96], but in presence of a boundary this is not well
understood.

Another interesting regime is large-N. The literature is already vast in this
context (see for instance [97] and references therein). It could be interesting to see
if it is possible to obtain exact results in the large N limit also in the presence of a
boundary. This was done in N “ 4 [29] and it would be interesting to see if there
are systematic methods also in N “ 2. Moreover this can be useful for holography,
to study the back-reacted string-theoretic side in set ups with less supersymmetry.
Holography checks have either been made for correlation functions in 4d N “ 2
without a boundary, see for instance [98], or for the partition function in N “ 4 in
presence of a 1

2-BPS boundary (see [99] for a recent article).
In the context of N “ 4 it is often possible to obtain the full analytic result by

employing the modular properties expected from the partition function (see [100]
for a recent work where this was done). It could be interesting to understand
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if this is possible also in N “ 2 where there are additional technical challenges.
For instance, even for conformally invariant theories, the coupling that appears in
the Lagrangian is corrected by instantons [101,102] and the modular properties,
that act on the physical coupling, are less apparent (recently in [103] this was
successfully taken into account for conformal bootstrap purposes in superconformal
QCD without a boundary). Furthermore the partition function itself is expected
to transform under modular transformations [10,104].

In this thesis we have also began a string-theoretic analysis, for a class of 4d
N “ 2 theories with a boundary, via brane engineering [20]. It would be interesting
to understand better the M/F-theory point of view, in particular if it is possible to
describe the shape of the branes/of the geometry, as it was done in [19] in M-theory.
This can be interesting since these quantities are connected to field theoretic ones
such as the β-function. It could be interesting to see if there is any connection
with FB-maximization [63] and boundary RG-flow quantities. Further study are
also needed to understand the types of interactions within the boundary and the
bulk-to-boundary ones.

We have also started an analytic study of AdS RG-flow phenomena for the pure
N “ 2 SUp2q SYM [15]. We have conjectured a form of FB-maximization in AdS in
order to obtain the AdS partition function, also for massive theories, that preserve
the full AdS4 N “ 2 supersymmetry and not only half of it. It would be interesting
to make more precise this conjecture and connect it to Seiberg-Witten curves. This
would allow us to study the the AdS4 prepotential, its flat space limit and how the
monopole\dyon points arise as we decrease the curvature.



Appendix A
Tensor conventions

1. We work in Euclidean signature, and unless otherwise stated we use the
following index notations to denote the different representations:

µ, ν, . . . 4d curved-space indices ,
i, j, . . . 3d curved-space indices ,
a, b, . . . 4d tangent-space indices ,
a1, b1, . . . 3d tangent-space indices ,
α, β, . . . for ψα P p2,1qSpinp4q,
9α, 9β, . . . for ψ̄ 9α

P p1,2qSpinp4q,
A, B, . . . for λA P 2SUp2qR .

2. The Pauli-matrices are taken to be

τ 1
“

ˆ

0 1
1 0

˙

τ 2
“

ˆ

0 ´i
i 0

˙

τ 3
“

ˆ

1 0
0 ´1

˙

. (A.0.1)

3. We define the chiral sub-matrices of the 4d gamma matrices, the 3d gamma
matrices, the SUp2qR matrices and the anti-symmetric tensor matrices to be

pσa
qα 9β “ p´iτ⃗ , 1q , pσ̄a

q
9αβ

“ piτ⃗ , 1q , pγa1

q
β

α “ τ a1

, τ⃗ B
A “ τ⃗ ,

σab
“ σraσ̄bs , σ̄ab

“ σ̄raσbs , γa1b1

“ γra1

γb1s .
(A.0.2)

4. All rank n Levi-Civita tangent-space tensors are chosen such that ε12...n “ 1,
the space-time ones are obtained via the vielbein and become tensor densities.

5. All spinorial and SUp2qR-symmetry indices are raised and lowered with the
ε-tensors as in the Wess & Bagger notation. We employ the same notation for
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spinor bilinears as well as for the conjugation of Grassmann odd quantities θi:

pθ1θ2q
:

“ θ:
2θ

:
1 . (A.0.3)

6. The Killing spinors are taken to be Grassmann even.

7. We define the Lie-Algebra commutators as

rTa, Tbs “ if c
ab (A.0.4)

and the gauge-covariant derivatives as

Dµ “ Bµ ´ iAµ . (A.0.5)

Since in the adjoint representation is we have pTaqc
b “ if c

ab we see that on
adjoint fields Dµ “ Bµ ´ irAµ, ¨s.

8. We in general employ the following choice of orientation of our spaces with a
boundary

ş

B ¨ V “
ş

B
V K.

A.1 Coordinate choices and Killing spinors for localization
We employ the same coordinates used in [56] for pHqS4 and similar ones for AdS4.
For convenience we set the radius to one. With the chosen coordinates the metrics
takes the following form

pHqS4 : ds2
“ dr2

` sinprq2dΩ2
S3 , (A.1.1)

AdS4 : ds2
“ dη2

` sinhpηq
2dΩ2

S3 , (A.1.2)

with r P r0, πs on S4, r P r0, π
2 s on HS4 and η P r0,`8q on AdS4. We then choose

the following Hopf fibration for parametrizing the S3 part of the metric in both
cases

z1 “ sin
ˆ

θ

2

˙

eiψ´ϕ
2 , z2 “ cos

ˆ

θ

2

˙

eiψ`ϕ
2 , (A.1.3)

with 0 ď θ ď π 0 ď ϕ ď 2π 0 ď ψ ď 4π. With this the unit three-sphere has the
following metric

dΩ2
S3 “

1
4

`

dθ2
` sin2

pθqdϕ2
` pdψ ` cospθqdϕq

2˘

. (A.1.4)
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A choice of vierbein can be the following

pepHqS4q
a
µ “

¨

˚

˚

˝

0 1
2 sinprq cospψq 1

2 sinprq sinpθq sinpψq 0
0 ´1

2 sinprq sinpψq 1
2 sinprq sinpθq cospψq 0

1
2 sinprq 0 1

2 sinprq cospθq 0
0 0 0 1

˛

‹

‹

‚

, (A.1.5)

peAdS4q
a
µ “

¨

˚

˚

˝

0 1
2 sinhpηq cospψq 1

2 sinhpηq sinpθq sinpψq 0
0 ´1

2 sinhpηq sinpψq 1
2 sinhpηq sinpθq cospψq 0

1
2 sinhpηq 0 1

2 sinhpηq cospθq 0
0 0 0 1

˛

‹

‹

‚

. (A.1.6)

The explicit Killing spinors, satisfying (2.5.9), that we use for the localization
computations, are written below.

pHqS4 : ds2
“ dr2

` sinprq2dΩ2
S3

“ dr2
`

sin2prq

4
`

dθ2
` sin2

pθqdϕ2
` pdψ ` cospθqdϕq

2˘

,

s1 “ s2 “ ´1 ,

ϵAα “
1

?
2

sin
ˆ

r

2

˙

1Aα , ϵ̄ 9α
A “

i
?

2
cos

ˆ

r

2

˙

τ α
3,A , (A.1.7)

ϵAϵA “ sin2
ˆ

r

2

˙

, ϵ̄Aϵ̄
A

“ cos2
ˆ

r

2

˙

,

ϵAϵA ` ϵ̄Aϵ̄
A

“ 1 , ϵAϵA ´ ϵ̄Aϵ̄
A

“ ´ cosprq .

AdS4 : ds2
“ dη2

` sinhpηq
2dΩ2

S3

“ dη2
`

sinh2
pηq

4
`

dθ2
` sin2

pθqdϕ2
` pdψ ` cospθqdϕq

2˘

,

´ s1 “ s2 “ 1 ,

ϵAα “
1

?
2

sinh
ˆ

η

2

˙

1Aα , ϵ̄ 9α
A “

i
?

2
cosh

ˆ

η

2

˙

τ α
3,A , (A.1.8)

ϵAϵA “ sinh2
ˆ

η

2

˙

, ϵ̄Aϵ̄
A

“ cosh2
ˆ

η

2

˙

,

ϵAϵA ` ϵ̄Aϵ̄
A

“ coshpηq , ϵAϵA ´ ϵ̄Aϵ̄
A

“ ´1 .
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Appendix B
One point functions in free BCFTs

In this appendix we determine the perturbative one-point functions of scalar
operators, via their two-point functions, in the case of Dirichlet and Neumann
boundary conditions. We start with a generic free scalar and we progressively move
toward the free scalar of N “ 2 Up1q gauge theory on HR4 with the Neumann
boundary conditions (1.5.6).

B.1 4d free massless scalar
Suppose we have a free 4d massless scalar on R4 with coordinates xµ “ px⃗, xKq.
Suppose furthermore that the kinetic term in the Lagrangian is canonical, i.e. it
takes the form of 1

2BµφBµφ. Then, through the Schwinger-Dyson equations, we can
write

xlφpxqφpyqy “ xφpxqlφpyqy “ ´δpx ´ yq (B.1.1)
and find that

xφpxqφpyqyno br. “
1

4π2
1

|x⃗ ´ y⃗|2 ` pxK ´ yKq2 . (B.1.2)

If we add a boundary at xK “ 0 we need to solve the same equation but in the
region xK, yK ą 0 with some boundary conditions. For instance we can have

xφpxqφpyqy “
1

4π2

ˆ

1
|x⃗ ´ y⃗|2 ` pxK ´ yKq2 ¯

1
|x⃗ ´ y⃗|2 ` pxK ` yKq2

˙

, (B.1.3)

where the sign is negative if φpx⃗, 0q “ 0 and positive if Byφpx⃗, 0q “ 0. The OPE of
two free scalar fields is

φpxqφpyq „ xφpxqφpyqyno br.1 ` φ2
pxq ` . . . , (B.1.4)
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from which we obtain that

aφ2 “ ¯
1

16π2

#

´ if φpx⃗, 0q “ 0
` if Byφpx⃗, 0q “ 0

. (B.1.5)

B.2 Up1q N “ 2 theory on HR4

We now move to the theory we are interested in. We start by considering Dirichlet
boundary conditions, we then move to the Neumann ones (see (1.5.6)). We remind
the reader that we use the following definitions [33,56]:

ϕ “ ϕ2 ` iϕ1 ,

ϕ̄ “ ´ϕ2 ` iϕ1 .
(B.2.1)

Dirichlet boundary conditions

In this case the boundary conditions for the scalars are
#

ϕ1 “ 0
BKϕ2 ` i

2D12 “ 0
. (B.2.2)

With these boundary conditions the θ-term is zero and so xϕ1pxqϕ2pyqy “ 0 due to
a preserved Z ˆ Z symmetry ϕi ÞÝÑ ´ϕi. We can thus write:

xϕpxqϕpyqy “ xϕ2pxqϕ2pyqy ´ xϕ1pxqϕ1pyqy . (B.2.3)

Notice also that we have not considered the presence of the D12 in the boundary
conditions (B.2.2). This is because at separated points the Schwinger-Dyson
equations put that field to zero. We can use the result showed in (B.1.3) with the
fields normalized in the action as 4

g2 BµϕiB
µϕi “ ´ i

2πpτ ´ τ̄qBµϕiB
µϕi to find

xϕpxqϕpyqy “
i

2πpτ ´ τ̄q

1
|x⃗ ´ y⃗|2 ` pxK ` yKq2 . (B.2.4)

In the absence of a boundary chiral operators do not have a singular OPE. Con-
sistently then we have that (B.2.4) is non-singular in the limit x Ñ y and we
find

aϕ2 “
i

8πpτ ´ τ̄q
. (B.2.5)
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Neumann boundary conditions

In this case there is no Z ˆ Z symmetry. We still have the Schwinger-Dyson
equations (B.1.1) with D12 “ 0, with the different normalization dictated by the
choice of the kinetic term, which we now solve for the boundary conditions

#

γϕ1 ` ϕ2 “ 0
BKϕ1 ´ γBKϕ2 “ 0

. (B.2.6)

The solution can be found with the following ansatz
$

’

’

’

&

’

’

’

%

xϕ1pxqϕ1pyqy “
g2

32π2

´

1
|x⃗´y⃗|2`pxK´yKq2 ` a 1

|x⃗´y⃗|2`pxK`yKq2

¯

xϕ1pxqϕ2pyqy “
g2

32π2

´

b 1
|x⃗´y⃗|2`pxK´yKq2 ` c 1

|x⃗´y⃗|2`pxK`yKq2

¯

xϕ1pxqϕ1pyqy “
g2

32π2

´

1
|x⃗´y⃗|2`pxK´yKq2 ` d 1

|x⃗´y⃗|2`pxK`yKq2

¯

. (B.2.7)

Then we fix the constants via the boundary conditions
$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

xϕ1pxqϕ1pyqy

ˇ

ˇ

ˇ

xPB
“ ´ 1

γ xϕ2pxqϕ1pyqy

ˇ

ˇ

ˇ

xPB

xϕ2pxqϕ2pyqy

ˇ

ˇ

ˇ

xPB
“ ´γxϕ1pxqϕ1pyqy

ˇ

ˇ

ˇ

xPB

xϕ1pxqBKϕ1pyqy

ˇ

ˇ

ˇ

yPB
“ γxϕ2pxqBKϕ1pyqy

ˇ

ˇ

ˇ

yPB

xBKϕ2pxqϕ2pyqy

ˇ

ˇ

ˇ

xPB
“ 1

γ xBKϕ1pxqϕ1pyqy

ˇ

ˇ

ˇ

xPB

. (B.2.8)

Solving the above we find

xϕ1pxqϕ1pyqy “
i

4πpτ ´ τ̄q

˜

1
|x⃗ ´ y⃗|2 ` pxK ´ yKq2 `

1 ´ γ2

1 ` γ2
1

|x⃗ ´ y⃗|2 ` pxK ` yKq2

¸

,

xϕ2pxqϕ2pyqy “
i

4πpτ ´ τ̄q

˜

1
|x⃗ ´ y⃗|2 ` pxK ´ yKq2 ´

1 ´ γ2

1 ` γ2
1

|x⃗ ´ y⃗|2 ` pxK ` yKq2

¸

,

xϕ1pxqϕ2pyqy “ ´
i

2πpτ ´ τ̄q

γ

1 ` γ2
1

|x⃗ ´ y⃗|2 ` pxK ` yKq2 ,

(B.2.9)

from which, using ϕ “ ϕ2 ` iϕ1, we get:

xϕpxqϕpyqy “
i

2πpτ ´ τ̄q

τ̄

τ

1
|x⃗ ´ y⃗|2 ` pxK ` yKq2 . (B.2.10)



B.2. Up1q N “ 2 theory on HR4 132

For the same reasons explained below (B.2.3), we have a non-divergent result and
in the limit x Ñ y we find

aϕ2 “
i

8πpτ ´ τ̄q

τ̄

τ
. (B.2.11)



Appendix C
Diagrammatics

In this appendix we compute the 1-loop contributions to xA2y “ xϕ2pxqy in
Up1q N “ 2 Maxwell theory on HR4 conformally coupled to a single chiral
in the boundary. The complete diagrammatics needed for this calculation, using
dimensional regularization

d “ 4 ´ 2ϵ (C.0.1)
is given below

(C.0.2)

(C.0.3)

(C.0.4)
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Here we already employed the shift τ Ñ τs showed in (4.2.4) due to the Chern-
Simons contact terms we need to add for the chirals (see Section 4.2.1).

C.1 Bulk-boundary propagators in phase space

Following what found in (B.2.9) and placing one operator on the boundary, we can
perform the Fourier transformations over x⃗ ´ y⃗:

xϕ1pxqϕ1py⃗qy “
i

4πpτs ´ τ̄sq

ˆ

1 `
1 ´ γ2

1 ` γ2

˙

1
px⃗ ´ y⃗q2 ` x2

K

“

ż

dd´1p⃗

p2πq2´1e
ip⃗¨px⃗´y⃗q

ˆ

´
πi

4
τs ´ τ̄s

τsτ̄s

e´|p⃗|xK

|p⃗|

˙

,

xϕ2pxqϕ1py⃗qy “ xϕ1pxqϕ2py⃗qy “ ´γxϕ1pxqϕ1py⃗qy

“

ż

dd´1p⃗

p2πq2´1e
ip⃗¨px⃗´y⃗q

ˆ

´
π

4
τs ` τ̄s

τsτ̄s

e´|p⃗|xK

|p⃗|

˙

,

xϕ1pxqBKϕ2py⃗qy “ ByK
xϕ1pxqϕ2pyqy

ˇ

ˇ

ˇ

ˇ

yK“0

“

ż

dd´1p⃗

p2πq2´1e
ip⃗¨px⃗´y⃗q

ˆ

π

4
τs ` τ̄s

τsτ̄s
e´|p⃗|xK

˙

,

xϕ2pxqBKϕ2py⃗qy “ ByK
xϕ2pxqϕ2pyqy

ˇ

ˇ

ˇ

ˇ

yK“0

“

ż

dd´1p⃗

p2πq2´1e
ip⃗¨px⃗´y⃗q

ˆ

´
iπ

4
τs ´ τ̄s

τsτ̄s
e´|p⃗|xK

˙

.

(C.1.1)

Then, using (B.2.1), we get what is shown in (C.0.2).

C.2 Boundary-boundary propagators and vertices

We shall write the action for one N “ 2 3d chiral multiplet interacting with a
vector following the conventions in [35]. Since we have a conformal coupling with
the bulk we have to choose r “ 1

2 and z “ 0 in (2.1.14) and in (2.1.15).
When we impose Neumann boundary conditions JN “ 0 (1.5.3), we have the

content in JD, that is the dualized version of the 3d N “ 2 vector multiplet in
(1.5.5), that is still dynamical.
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Thanks to this we have, using (1.4.9)-(1.5.5)

Lchiral “ Diq̃D
iq ´ iψ̃ {Dψ ` q̃

ˆ

D ` σ2
˙

q ´ iψ̃σψ `
?

2ipq̃λψ ` ψ̃λ̃qq ´ F̃F

“ Diq̃D
iq ´ iψ̃ {Dψ ` q̃

ˆ

´ iD12 ´ 2BKϕ2 ` 4ϕ2
1

˙

q`

´ 2iψ̃ϕ1ψ `
?

2ipq̃pλ1 ´ iσ4λ̄qψ ` ψ̃pλ2 ` iσ4λ̄2qqq ´ F̃F ,

(C.2.1)
the following bulk-to-boundary interactions among the bulk vectors and the bound-
ary matter.

With this we arrive to the boundary-boundary propagators showed in (C.0.3)
and the vertices in (C.0.4).

C.3 1-loop correction to A2, 1 chiral multiplet
We now compute the 1-loop contribution to xA2y.

There are only three diagrams contributing to the 1-loop correction. Employing
dimensional regularization (C.0.1) we can write the first contribution

“
π2

τ 2
s

µ2ϵ

ż

dd´1q⃗

p2πqd´1

ż

dd´1p⃗

p2πqd´1
Trp{⃗qp{⃗q ´ {⃗pqq

q⃗2pq⃗ ´ p⃗q2p⃗2 e
´2|p⃗|xK

“
Υ1

x2´4ϵ
K

`
Υ2

x1´2ϵ
K

(C.3.1)

with

Υ1 “ ´
π2

2τ 2
s

p4µq2ϵΓp2 ´ 2ϵqΓ
`5´d

2
˘

p4πqd´1Γ
`

d´1
2

˘

1
ż

0

dx
“

xp1 ´ xq
‰´ 1

2 p1`2ϵq, (C.3.2)

Υ2 “
4π2

τ 2
s

p2µq2ϵΓp1 ´ 2ϵq
p4πqd´1Γ2

`

d´1
2

˘

`8
ż

0

dq qd´4 . (C.3.3)
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Note that the Υ2 contribution must cancel in the end result. Indeed, not only it
adds an IR-divergence (which is a problem for the theory at hand if we do not
have other diagrams canceling it), it also adds a term scaling like „ 1

xK
not allowed

by conformal invariance which fixes xϕ2pxqy9 1
x2

K

.
Indeed the following further two corrections are given by:

“ ´
2π2

τ 2
s

µ2ϵ

ż

dd´1q⃗

p2πqd´1

ż

dd´1p⃗

p2πqd´1
1
q⃗2
e´2|p⃗|xK

p⃗2 “ ´
Υ2

x1´2ϵ
K

(C.3.4)

“ ´
π2

τ 2
s

µ2ϵ

ż

dd´1q⃗

p2πqd´1

ż

dd´1p⃗

p2πqd´1
e´2|p⃗|xK

q⃗2pq⃗ ´ p⃗q2 “
Υ1

x2´4ϵ
K

(C.3.5)

The total contribution goes precisely as „ 1
x2

K

as it should in the limit for ϵ Ñ 0.
We thus obtain

δa
p1,0q

ϕ2 “ lim
ϵÑ0

2Υ1 “ ´
1

32τ 2
s

. (C.3.6)



Appendix D
1-loop determinant in AdS4

In this appendix we streamline the general procedure one employs, when using
the index formula (2.5.45), to compute the 1-loop determinant in localization. We
specify to SYM on AdS4 with Dirichlet boundary conditions (meaning the gauge
field is frozen on the boundary), even though this argument can be generalized to
Neumann boundary conditions.

D.1 Writing the index

Using local coordinates

z1 “ x1 ` ix2 , z2 “ x3 ` ix4 (D.1.1)

such that the iLv Ă Q̂2 (2.5.22) acts near the center of AdS as the following
infinitesimal rotation on the complex planes z1 and z2

iLv “ i

ˆ

x1 B

Bx2 ´ x2 B

Bx1

˙

` i

ˆ

x3 B

Bx4 ´ x4 B

Bx3

˙

. (D.1.2)

In this way we have that Q̂2 acts on the coordinates as

z1
1 “ eitz1 , z1

2 “ eitz2 (D.1.3)

and thus we have

detpδµ
ν ´ Bνx

1µ
q “ |1 ´ eit

|
4 . (D.1.4)
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We now simply need the action on Xeven and Xodd, defined in (2.5.39), of e´iQ̂2t on
the fixed points. This can be readily found using (2.5.22)

e´iQ̂2tAz1 “ e´ip´1`iaqtAz1

e´iQ̂2tAz2 “ e´ip´1`iaqtAz2

e´iQ̂2tAz̄1 “ e´ip1`iaqtAz̄1

e´iQ̂2tAz̄2 “ e´ip1`iaqtAz̄2

e´iQ̂2tϕ2 “ e´ipiaqtϕ2

e´iQ̂2tΘ11 “ e´ip2`iaqtΘ11

e´iQ̂2tΘ12 “ e´ipiaqtΘ12

e´iQ̂2tΘ22 “ e´ip´2`iaqtΘ22

e´iQ̂2tc̄ “ e´ipiaqtc̄

e´iQ̂2tc “ e´ipiaqtc

(D.1.5)

Putting everything together and using (2.5.45) we have

IndD10ptq “ Tradj.pe
at

q

ˆ

`

2eit ` 2e´it ` 1
˘

´
`

e2it ` e´2it ` 3
˘

˙

|1 ´ eit|4

“ ´Tradj.pe
at

q
1 ` e2it

p1 ´ eitq2 “ ´
ÿ

αP∆
eα¨at

ˆ
1 ` e2it

p1 ´ eitq2 .

(D.1.6)

α ¨ a is defined to be a eigenvalue of the matrix a while ∆ is the set of roots of the
gauge algebra.

D.2 Obtaining the products of the eigenvalues

We have different possible answers of the 1-loop determinant depending on whether
we expand the denominator, for each numerator’s addend of (D.1.6), in powers of eit

or e´it. As it happens in these cases for localization’s computations in AdS [59,61],
one needs to find the right answer via additional arguments after having examined
all possibilities.

For these different expansions one can suitably rewrite (D.1.6) in four different
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ways

Ind[a]
D10

ptq “ ´
ÿ

αP∆
eα¨at

ˆ
1 ` e2it

p1 ´ eitq2 ,

Ind[b]
D10

ptq “ ´
ÿ

αP∆
eα¨at

ˆ
1 ` e´2it

p1 ´ e´itq2 ,

Ind[c]
D10

ptq “ ´
ÿ

αP∆
eα¨at

ˆ

ˆ

1
p1 ´ eitq2 `

1
p1 ´ e´itq2

˙

,

Ind[d]
D10

ptq “ ´
ÿ

αP∆
eα¨at

ˆ

ˆ

e2it

p1 ´ eitq2 `
e´2it

p1 ´ e´itq2

˙

.

(D.2.1)

For instance the resulting expansion of

Ind[a]
D10

ptq “ ´
ÿ

αP∆
eα¨at

p1 ` e2it
q

ˆ

ÿ

kě0
eikt

˙2

“ ´
ÿ

αP∆
e´ipiα¨aqt

´
ÿ

αP∆

ÿ

ką0
2ke´ipiα¨a´kqt ,

(D.2.2)

using (2.5.43)-(2.5.44), leads to

Z
ras

1-loop “
ź

αP∆`

α ¨ a
ź

ką0

`

k2
` pα ¨ aq

2˘k
, (D.2.3)

with ∆` being the set of positive roots. Coincidentally Ind[b]
D10

gives

Z
rbs

1-loop “ Z
ras

1-loop , (D.2.4)

but the other two choices give different answers

Z
rcs

1-loop “
ź

αP∆`

pα ¨ aq
2

ź

ką0
pk ` iα ¨ aq

k`1
pk ´ iα ¨ aq

k`1 ,

Z
rds

1-loop “
ź

αP∆`

ź

ką0
pk ` iα ¨ aq

k´1
pk ´ iα ¨ aq

k´1 .
(D.2.5)

We now discuss the regularization of these products.
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D.3 Regularizing the products

In order to regularize the 1-loop infinite products that we have found, we can use
these two expressions for the Γ-function and Barnes G-function

Γpzq “
e´γEz

z

ź

ką0

ˆ

1 `
z

k

˙´1
e
z
k ,

Gpzq “ p2πq
z
2e´

1`γEz
2

`z

2
ź

ką0

ˆ

1 `
z

k

˙k

e´z` z2
k ,

(D.3.1)

where γE the Euler-Mascheroni constant. With these equations we can write the
following formal products

ź

ką0
pk ` zq “

ź

ką0
ke

z
k ˆ

e´γEz

Γpz ` 1q
,

ź

ką0
pk ` zq

k
“

ź

ką0
kkez´ z2

2k ˆ Gp1 ` zq
e

1`γEz
2

`z

2

p2πq
z
2
.

(D.3.2)

Using the expression above, and keeping for now all infinite constants, one gets
the following results for 1-loop determinants in (D.2.3)-(D.2.4)-(D.2.5)

Z
ras

1-loop “ Z
rbs

1-loop “
`

e
ź

ką0
k2k

˘rkpGq
ˆ

ź

αP∆`

ź

ką0
e

pα¨aq
2

k

ź

αP∆`

α ¨ a Gp1 ` iα ¨ aqGp1 ´ iα ¨ aqe´pγEα¨aq2
,

Z
rcs

1-loop “
`

e
ź

ką0
p´1q

1`kk2k`2˘rkpGq
ˆ

ź

αP∆`

ź

ką0
e

pα¨aq
2

k

ź

αP∆`

α ¨ a sinhpπα ¨ aqGp1 ` iα ¨ aqGp1 ´ iα ¨ aqe´γEpα¨aq2
,

Z
rds

1-loop “
`

e
ź

ką0
p´1q

1`kk2k`2˘rkpGq
ˆ

ź

αP∆`

ź

ką0
e

pα¨aq
2

k

ź

αP∆`

α ¨ a

sinhpπα ¨ aq
Gp1 ` iα ¨ aqGp1 ´ iα ¨ aqe´γEpα¨aq2

,

(D.3.3)
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with rkpGq being the rank of the gauge group. The a-independent quantities can
be safely removed

Z
ras

1-loop “ Z
rbs

1-loop “
ź

αP∆`

ź

ką0
e

pα¨aq
2

k ˆ
ź

αP∆`

α ¨ a Gp1 ` iα ¨ aqGp1 ´ iα ¨ aqe´γEpα¨aq2
,

Z
rcs

1-loop “
ź

αP∆`

ź

ką0
e

pα¨aq
2

k ˆ
ź

αP∆`

α ¨ a sinhpπα ¨ aqGp1 ` iα ¨ aqGp1 ´ iα ¨ aqe´γEpα¨aq2
,

Z
rds

1-loop “
ź

αP∆`

ź

ką0
e

pα¨aq
2

k ˆ
ź

αP∆`

α ¨ a

sinhpπα ¨ aq
Gp1 ` iα ¨ aqGp1 ´ iα ¨ aqe´γEpα¨aq2

.

(D.3.4)

We remain with an infinite quadratic part „ e

ř

k

α¨a
k which can be absorbed, together

with the finite piece coming from „ e´γEpα¨aq2, into the renormalization of g2.

D.4 Final result
The partition function we are working with is invariant under ϕ1 Ñ ´ϕ1. For this
reason we rule out [a] and [b], since with these 1-loop determinants the partition
function varies as we send a to ´a.

We also do not expect the 1-loop contribution to be zero at the origin of the
Coulomb branch, because this would give in that point a vanishing partition
function. We thus rule out [c].

We then expect the right partition function for Dirichlet boundary conditions
to be [d]. This coincides with the Dirichlet 1-loop contribution of HS4 (2.5.48).
This also is consistent with the fact that we would expect, as explained at the end
of Section 2.5.6, that in superconformal fixed points the ZHS4 and ZAdS4 should
match.

If we study Neumann boundary conditions, we need to add ghosts for ghosts, as
explained in Section 2.5.2. This can be seen as adding in the index (D.1.6) a +2 [3].
Repeating thus the argument of the index we find again four possible 1-loop results
which are equivalent to the ones showed in (D.3.4) apart for the multiplication by a
factor of

ś

αP∆`

1
pα¨aq2 . The only even expressions are again [c] and [d]. In this case we

are not able to single out the partition function with an argument based solely on
the AdS computation. The fact that the 1-loop contribution [d] becomes singular
in a “ 0, after the multiplication of

ś

αP∆`

1
pα¨aq2 , can be interpreted as a signal for
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discarding this result but it can’t be used as a strict argument. Indeed the partition
function remains finite (this happens because of what showed in equation (2.5.31)).

We however argued in Section 2.5.6 that the 1-loop result with Neumann
boundary conditions should match the one on HS4 with the same boundary
conditions. With this in mind, and referring to (2.5.54), we exclude [d] and choose
[c] as the result.

We interpret already satisfactory the fact that one of the two 1-loop contributions
was singled out with independent arguments while the other one still remained
among the consistent possible results.

As we renormalize the coupling, due to the divergences discussed below equation
(D.3.4), we obtain that the classical part should be proportional to a power of a
dimensionless combination of the dynamically generated scale Λ, which in pure
SYM in AdS4 can only be ΛL. It is possible to see that also the instanton expansion
of the Nekrasov partition is a function of ΛL. This can be seen by restoring 1

L in
the values of the fields at the locus (2.5.35) and in the twisting parameters of the
Ωϵ1,ϵ2-background in (2.5.32)

ZNekrasovpa,ΛLq “
ÿ

kě0
pΛLq

kZkpaq . (D.4.1)

We thus obtain, for Dirichlet boundary conditions, the following partition function
for pure SYM

ZD
pa,ΛLq “ pΛLq

2Trpa2q α ¨ a

sinhpπα ¨ aq
Gp1 ` iα ¨ aqGp1 ´ iα ¨ aqZNekrasovpa,ΛLq .

(D.4.2)



Appendix E
String-theoretic boundary
conditions

In this section we discuss which 3d N “ 2 boundary modes are expected to
survive and which are expected to freeze when D4s intersect branes. We study this
firstly when the D4 intersect the NS5 of Table 6.1 and then when D4s also end on
boundary branes like the ones in Table 6.3.

We are not going to discuss in depth the boundary conditions, just which modes
are fixed and which ones survive. The boundary conditions are indeed expected to
at least depend on how many D4 end on a given brane, as it happens in [17,18].
When D3s end on D5s, the 3d N “ 4 vector multiplet modes inside the 4d N “ 4
vector ones freeze. However, for instance, depending on whether a stack of D3s ends
on a single D5 or if each D3 ends on a different D5, the boundary conditions are
different (respectively, these give rise to Nahm or Dirichlet boundary conditions).

Following [105] and [84], we explain the amount of preserved supercharges by
looking at the constraints that the branes impose on the Killing spinor. We also
argue which mode freeze depending on the brane content as in [17, 84] and as
summarized in [29].

For our 10d conventions, which we use only for this appendix, we let M , N , . . . P

t0, ..., 9u be 10d Minkowski index42. We also employ

ηMN “ diagp´1, 1, 1, 1, 1, 1, 1, 1, 1, 1q , (E.0.1)

42We use the Minkowski notation to ease the relations with [105]. This is not a problem since the Euclidean theories we are considering
are thought as a Wick rotation of the Minkowski ones.
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with which we define the 10d gamma matrices as satisfying

tΓM ,ΓNu “ 2ηMN . (E.0.2)

We also denote the “Γ10” as Γ̄, which with these choices is simply

Γ̄ “ Γ0 . . .Γ9 . (E.0.3)

E.1 Theory on a D4 and its modes
Here we discuss the theory on D4 slab. We thus start with the 5d N “ 4 SYM
theory of a flat D4 in 10d space. With this we mean that, choosing a frame, we
want the scalar modes to be directly related to the directions transverse to the D4.
In this way, once conventions are fixed and once we place boundary-branes, it is
possible to argue which modes are frozen, which not and how these are rotated by
the supersymmetry preserved by the boundary-branes.

We achieve this by dimensionally reducing the 10d SYM as in [18], while keeping
manifest a relation between the 10d indexes throughout the discussion (this can be
thought as obtaining the theory on the D4s after five T-dualities on D9s).

The 5d N “ 4 SYM Lagrangian can then be written in 10d language as

L “
1

2g2

ˆ

FMNFMN ´ iΨ̄ΓMDMΨ
˙

, (E.1.1)

where we treat the 10d Majorana-Weyl spinor Ψ as 5d symplectic-Majorana
spinors rotated by uspp2qR „ sop5qR. Then, defining µ , ν , . . . P t0, . . . 4u and
I , J , . . . P t5, . . . , 9u, we write

AM

ˇ

ˇ

M“µ
“ Aµ , AM

ˇ

ˇ

M“I
“ ϕI , (E.1.2)

where Aµ becomes the gauge field living on the branes and the ϕI are going to be
scalars representing the transverse directions where the brane can be displaced.

In Type IIA the supersymmetry transformations are given by two Majorana-Weyl
spinors with opposite chirality

ϵ “ Γ̄ϵ , ϵ̃ “ ´Γ̄ϵ̃ . (E.1.3)

while for the “ϵ5d SYM” one, in 10d language, we only need one Majorana-Weyl
spinor which we can take to have positive chirality. The link with this parameter
to the ones of Type IIA comes from the fact that the Type IIA’s spinor of negative
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chirality ϵ̃ is linked to ϵ by the following restriction imposed by the D4 [105] (refer
to Table 6.1)

ϵ̃ “ Γ0Γ1Γ2Γ3Γ4ϵ . (E.1.4)

We then take the positive chirality spinor ϵ to be the one of the 5d SYM. We write
below the supersymmetry transformations in 10d notation

δAM “ ϵΓMΨ ,

δΨ “
1
2FMNΓMNϵ .

(E.1.5)

E.1.1 D4 on the slab

In Type IIA the constraints given by the NS5 in Table 6.1 are given by

ϵ “ Γ0Γ1Γ2Γ3Γ5Γ6ϵ , ϵ̃ “ Γ0Γ1Γ2Γ3Γ5Γ6ϵ̃ . (E.1.6)

Together with the constraints written in E.1.4, there are the ones of D6s that
extend along 0123789 which can be proven to be redundant

ϵ̃ “ Γ0Γ1Γ2Γ3Γ7Γ8Γ9ϵ . (E.1.7)

This means that we can add D6s stretched along 0123789 without breaking further
supersymmetry. This is not a surprise, this set up is T-dual to the one in [84].
Indeed we are going to obtain results analogue to the ones argue in [84], but we
intend to explain everything more pedagogically both for the thesis aims and for
explaining what happens when we add further branes to this system.

It is then possible to show, while keeping the 10d notation, that by defining43

P˘
bulk “

1 ˘ Γ4Γ7Γ8Γ9

2 ,

Ψ˘
“ P˘

bulkΨ ,

a , b , . . . t0, . . . , 3, 5, 6u ,

ã , b̃ , . . . t4, 7, 8, 9u ,

(E.1.8)

43The directions displayed in the product of Γ-matrices below connects to the string-theoretic parameters by being related to the
directions where the NS5 does not extend, see Table 6.1.
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we can construct two 4d N “ 2 multiplets out of the 5d N “ 4 vector one showed
in (E.1.5), if we add the constraint in (E.1.6)

4d N “ 2 vector multiplet
δAa “ ϵΓaΨ` ,

δΨ`
“

1
2FabΓabϵ .

4d N “ 2 hypermultiplet
δAã “ ϵΓaΨ´ ,

δΨ´
“ Fab̃Γab̃ϵ .

(E.1.9)

If the D4, which stretches along 01234, ends on a D6 that stretches along 0123789,
then the scalars Φ5,6 Ă Aa should be fixed in order for the D4 to not detach from
the D6. This is achieved in a supersymmetric fashion by freezing the modes of a
4d N “ 2 vector multiplet while leaving the ones of a 4d N “ 2 hypermultiplet
fluctuating.

One can see that the opposite is true if the D4 ends on NS5s, which is precisely
what we see in Section 6.1.

E.1.2 Adding boundary branes

We now want to discuss the additional boundary branes in Table 6.3. We thus are
interested in which 3d N “ 2 modes, out of the ones in 4d N “ 2 vector multiplets
ones in E.1.9, remain fluctuating on the boundary branes.

The constraints coming from the boundary D6 and NS5 are again redundant
among each other, we thus write only the ones of the D6

ϵ̃ “ Γ0Γ1Γ2Γ4Γ6Γ8Γ9ϵ . (E.1.10)

It is also possible to show explicitly that the total constraints preserve four inde-
pendent supercharges,44 namely the same amount of 3d N “ 2 supersymmetry.

We then define

ΓNS5,br “ Γ0Γ1Γ2Γ4Γ5Γ7 ,

P˘
NS5,br “

1 ` ΓNS5,brΓ̄
2 ,

(E.1.11)

and, by following the same steps of the previous section, we can arrive to the result

44We checked this claim by using an explicit spinor base and Mathematica.
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schematically written below

NS5 boundary brane

Frozen modes
AM“3,6 “ 0 ,
P´

NS5,brΨ`
“ 0 .

Fluctuating modes
3d N “ 2 vector
AM“0,1,2,5 ,

P`
NS5,brΨ` .

D6 boundary brane

Frozen modes
AM“0,1,2,5 “ 0 ,
P`

NS5,brΨ`
“ 0 .

Fluctuating modes
3d N “ 2 chiral
AM“3,6 ,

P´
NS5,brΨ` .

(E.1.12)
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