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Introduction

Decoherence is the process through which quantum systems lose co-
herence and become classical-like due to interactions with their envi-
ronment. Stochastic Schrödinger Equations (SSEs) o�er a powerful
framework for describing the dynamics of open quantum systems
subjected to decoherence e�ects. These equations, derived from the
Schrödinger equation and incorporating stochastic terms to account
for environmental noise, provide valuable insights into the behavior
of quantum systems in realistic settings.
The primary results of this thesis demonstrate how SSEs can be
e�ectively utilized in a novel manner to both simulate the dynam-
ics of open quantum systems on quantum computers and model
the behavior of noisy quantum devices. Specifically, we present an
e�cient quantum algorithm leveraging Quantum Stochastic Di�er-
ential Equations (QSDEs) for simulating Markovian open quantum
systems dynamics, called Gorini-Kossakowski-Lindblad-Sudarshan
(GKLS). The algorithm employs random unitary gates on a set of
n system qubits and, remarkably, only one ancillary qubit repre-
senting the environment. This ancilla overhead remains constant
regardless of the size of the system. It follows that, for the typical
case of m-locality of the Lindblad operators, our approach achieves
an exponential reduction in the number of ancilla qubits in terms of
m, and up to a polynomial reduction in ancilla overhead for large n
compared to other methods. Although stochasticity is introduced,
necessitating multiple circuit realizations, the sampling overhead
remains independent of system size. Additionally, we demonstrate
that, under fixed accuracy conditions, our algorithm reduces the
number of the required Trotter steps, decreasing the circuit depth.
These advancements are particularly significant for near-term quan-
tum computers, where minimizing both circuit width and depth is
crucial due to inherent noise.
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While our algorithm is fundamentally designed for noise-free quan-
tum computers, current technological limitations mean that we can-
not avoid their intrinsic noisy behavior due to unwanted interactions
with the surrounding environment. Consequently, we investigate
the impact of noise on quantum simulations, specifically focusing on
closed dynamics for simplicity. We introduce an equivariant quan-
tum circuit that preserves total spin and translational symmetry
to accurately describe the singlet and triplet excited states in the
J1-J2 Heisenberg model on a chain, which are crucial for character-
izing its phase transition point. Using standard classical simulation
methods, we evaluate the impact of noise on the variational state,
showing that mitigation techniques such as Zero Noise Extrapola-
tion (ZNE) are necessary to reliably restore its physical properties.

However, standard methods for classically simulating noisy quan-
tum circuits implement noisy operations before and after each ideal
quantum gate, e�ectively decoupling the action of the gate from the
noise. While this approximation is valid when quantum gates oper-
ate almost instantaneously relative to the noise, it has limitations,
as quantum gates and noise can potentially influence each other
during the gate execution. To address this problem, we propose
an alternative simulation method, the Noisy Gates approach, based
on principles similar to the previous quantum algorithm we intro-
duced for simulating GKLS dynamics and grounded in Stochastic
Di�erential Equations (SDEs). This approach enables the e�cient
incorporation of noise e�ects into the evolution of quantum gates,
resulting in more accurate classical simulations compared to stan-
dard methods. We successfully apply the Noisy Gates approach to
simulate superconducting devices and dual-rail encoding photonic
platforms.

The second part of the thesis is devoted to construct and study
the simplest universal dissipative GKLS master equation for many-
body systems with the purpose of a new dissipative extension of
existing non-relativistic theories of fundamental spontaneous wave
function collapse. The model is written in terms of second-quantized
mass density and current. Assuming linear friction in the cur-
rent, we find that the dissipative structure is strictly constrained.
Then, we establish experimental bounds on free parameters of the
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so-constructed linear-friction dissipative Diósi-Penrose (dDP) and
Continuous Spontaneous localisation (dCSL) models by exploiting
experiments in the field of levitated optomechanics. Specifically, we
analyze the dynamics of the center of mass of a rigid body composed
of N particles and after having suitably linearised the dynamics,
we derive (again by exploiting the QSDE formalism) the modified
Langevin equations describing the dynamics of the mechanical os-
cillator. Our results in the dDP case exclude collapse temperatures
below 10≠13 K and 6 ◊ 10≠12 K respectively for values of the local-
isation length smaller than 10≠6 m and 10≠8 m. In the dCSL case
the entire parameter space is excluded for values of the temperature
lower than 6 ◊ 10≠9 K.
The thesis is organized as follows. In Chapter 1 we briefly introduce
the topics of decoherence and stochastic Schrödinger Equations and
connect them to the frameworks of quantum computing and spon-
taneous wave function collapse models. Then Chapters 2, 3, 4 and 5
are dedicated to applications in the domain of quantum computing.
In particular in Chapter 2 we present an e�cient quantum algo-
rithm for simulating the GKLS dynamics, in Chapter 3 we study
the impact of inherent noise on a variational quantum eigensolver
(VQE), in Chapter 4 we introduce a novel classical simulation ap-
proach of noisy quantum devices and in Chapter 5 we adapt and
extend the latter approach in order to simulate noisy photonic quan-
tum devices. Finally, Chapters 6 and 7 are devoted to applications
to wave function collapse models where in Chapter 6 we introduce
a linear-friction dissipative mechanism and in Chapter 7 we estab-
lish bounds on the free parameters of the models from experimental
data.
The research presented in this thesis has resulted in the following
publications:

1. G. Di Bartolomeo, M. Vischi, T. Feri, A. Bassi and S. Donadi.
E�cient quantum algorithm to simulate open systems through
a single environmental qubit. Phys. Rev. Research, accepted
23 October 2024, arXiv:2311.10009 [quant-ph]

2. G. Crognaletti, G. Di Bartolomeo, M. Vischi and L. L. Vi-
teritti. Equivariant Variational Quantum Eigensolver to detect
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computers. Phys. Rev. Research 5, 043210 (2023).
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Chapter 1

Decoherence and Stochastic
Schrödinger Equations (SSEs)

In the following chapter, we introduce the basic tools employed
throughout the reminder of the thesis. We show how the phe-
nomenon of decoherence — specifically, the loss of quantum co-
herence — arises within the theory of open quantum systems and
how it can be e�ectively described using appropriate Stochastic
Schrödinger Equations (SSEs). Subsequently, we explore the topics
of decoherence and SSEs within the frameworks of quantum com-
puting and spontaneous wave function collapse models.

1.1 The theory of open quantum systems

Quantum mechanics tells us that the evolution of a quantum system
is unitary, ruled by the Schrödinger Equation for the state vector
of the system, or alternatively, by the von Neumann equation when
considering the system’s density matrix. However, when a system
interacts with its surrounding environment and the environmental
degrees of freedom are averaged out, the system’s evolution becomes
non-unitary. In such a scenario the evolution is better described by a
more general equation for the system’s density matrix called Gorini-
Kossakowski-Lindblad-Sudarshan (GKLS) master equation [1,2]. A
direct consequence of such a non-unitary evolution is decoherence,
namely the decay over time of the o�-diagonal entries of the system’s
density matrix in a certain basis. In other words, the system tran-
sitions from a pure state to a mixed state, thereby losing coherence
and exhibiting classical behavior [3].
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1.1.1 The Kraus representation of quantum maps

Given a general quantum system, the total density matrix fl̂tot of the
system plus its environment evolves with a unitary quantum map

U fl̂tot = Û fl̂totÛ
†, (1.1)

where Û is the unitary evolution operator. Without loss of gen-
erality we assume that the initial state of the environment is pure
fl̂E = |e0Í Èe0|, where |ejÍ Èej| is an orthonormal basis for the Hilbert
space of the environment. By assuming for simplicity a separable
input density matrix fl̂tot = fl̂ ¢ fl̂E, then the reduced state of the
system evolves as

E fl̂ = TrE

1
U fl̂tot

2
=

ÿ

j
Èej| Û

1
fl̂ ¢ |e0Í Èe0|

2
Û † |ejÍ , (1.2)

where TrE(·) is the trace over the environment’s degrees of freedom.
By defining the so-called Kraus operators K̂j = Èej| Û |e0Í we obtain
the following Kraus map [4,5]

E fl̂ =
ÿ

j
K̂jfl̂K̂†

j , (1.3)

where q
j K̂†

j K̂j = Î. It is simple to show that Eq. (1.3) satisfies the
following properties that are fundamental in order to have a valid
output density matrix fl̂Õ = E fl̂:

• Linearity: E(–fl̂1 + —fl̂2) = –E fl̂1 + —E fl̂2 where 0 Æ – Æ 1 and
— = 1 ≠ –.

• Hermiticity-preserving: E†fl̂ = E fl̂

• Trace-preserving: Tr(E fl̂) = 1

• Positivity: Given a Hilbert space H then È„| E fl̂ |„Í Ø 0 for
each |„Í œ H.

• Complete positivity: Given a bipartite Hilbert space H = H1¢
H2 then the map E1fl̂ ¢ I2 is positive for each choice of H2.
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1.1.2 The GKLS master equation

In the same spirit as the Kraus representation, we may ask what
form a dynamical equation should take, under certain approxima-
tions, to ensure a valid system’s density matrix. The Kraus repre-
sentation of the system’s density matrix written with explicit time
dependence reads

fl̂(t) = Etfl̂(0) =
ÿ

j
K̂j(t)fl̂(0)K̂†

j (t). (1.4)

When the characteristic timescales over which the environmental
correlation functions decay are much shorter than the characteristic
timescale of the system’s evolution, it becomes reasonable to disre-
gard memory e�ects in the reduced system dynamics. This is known
as the Markovian approximation and formally implies that the map
Et belongs to a family of completely positive maps for t Ø 0, referred
to as a quantum dynamical semigroup [1,2] with the following prop-
erties:

• Et is strongly continuous (uniformly continuous in the infinite-
dimensional case).

• EtEs = Et+s for each t, s Ø 0.
Thus by applying group theory we can write

Et = eLt, (1.5)

where L = ˆ
ˆtEt|t=0 is the semigroup generator called Lindbladian.

Then from Eq. (1.5) follows
d
dt

fl̂(t) = Lfl̂(t). (1.6)

In order to find the expression for the Lindbladian we start from
Eq. (1.4) for an infinitesimal time evolution t æ t +dt and express
the Kraus operators as [5]

K̂0(dt) = Î + 1
~(≠iĤ + Ĉ)dt,

K̂j(dt) =
Ò

“jdt L̂j j > 0,
(1.7)

where Ĥ is the system’s Hamiltonian, Ĉ is a Hermitian operator
to be determined, “j are positive real constants and L̂j are generic
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operators called Lindblad operators. By imposing the completeness
relation q

j K̂†
j (dt)K̂j(dt) = Î we find

Ĉ = ≠~
2

ÿ

j>0

“jL̂
†
jL̂, (1.8)

then the expression for the density matrix at time t +dt reads

fl̂(t +dt) = fl̂(t) ≠ i

~ [Ĥ, fl̂(t)]dt +
ÿ

j>0

“j

3
L̂jfl̂(t)L̂†

j ≠ 1
2{L̂†

jL̂j, fl̂(t)}
4
dt

+ o
1
(dt)2

2
.

(1.9)
We notice that in general fl̂(t +dt) can depend not only on fl̂(t)
but also on fl̂(·) for each · Æ t, because the environment retains
a memory of the information for a while, and can transfer it back
to system. However, if we assume the Markov approximation, then
information can just flow from the system to the environment ne-
glecting information back flow, then fl̂(t+dt) = fl̂(t)+dfl̂(t)+o

1
(dt)2

2
.

Thus the Lindbladian reads

Lfl̂(t) = ≠ i

~ [Ĥ, fl̂(t)] +
ÿ

j
“j

3
L̂jfl̂(t)L̂†

j ≠ 1
2{L̂†

jL̂j, fl̂(t)}
4
. (1.10)

Eq. (1.6) with the Lindbladian in Eq. (1.10) is the GKLS master
equation for the density matrix of the system.
We mention that alternatively Eq. (1.10) can be found directly from
a microscopic point of view starting from the von Neumann equation
of the total system-environment dynamics, moving to the interac-
tion picture and then tracing over the environmental degrees of free-
dom [3,5]. The physical assumptions underlying this derivation are
the weak coupling between the system and the environment (Born
approximation) and the Markov approximation discussed above.
Let us now focus on Eq. (1.10). The first term corresponds to the
standard Hamiltonian term appearing in the von Neumann equa-
tion, while the second term is responsible for non-unitary evolution
and in particular for decoherence. Indeed, if we neglect for simplic-
ity the Hamiltonian term in Eq. (1.10), we take just one Lindblad
operator L̂† = L̂ and we define |lmÍ and lm respectively as eigen-
vectors and eigenvalues of L̂, then the master equation expressed in
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the |lmÍ basis becomes

d
dt

ÈlmÕ| fl̂(t) |lmÍ = ≠“

2(lmÕ ≠ lm)2 ÈlmÕ| fl̂(t) |lmÍ . (1.11)

By solving the latter equation one finds the decay over time of the
o�-diagonal elements of the density matrix in the |lmÍ basis

ÈlmÕ| fl̂(t) |lmÍ = e≠ “
2 (lmÕ≠lm)

2t ÈlmÕ| fl̂(0) |lmÍ . (1.12)

To conclude this section we notice that given an arbitrary operator
Ô then Tr

3
Ôfl̂(t)

4
= Tr

3
ÔeLtfl̂(0)

4
= Tr

3
eL†tÔfl̂(0)

4
= Tr

3
Ô(t)fl̂(0)

4

where Ô(t) = eL†tÔ, thus the master equation in the Heisenberg pic-
ture reads

d
dt

Ô(t) = L†Ô(t),

L†fl̂(t) = i

~ [Ô(t), Ĥ] +
ÿ

j
“j

3
L̂†

jÔ(t)L̂j ≠ 1
2{L̂†

jL̂j, Ô(t)}
4
,

(1.13)

where L† is the adjoint of the Lindbladian.

1.2 Stochastic Schrödinger equations (SSEs)

As shown in the previous section, the theory of open quantum sys-
tems operates at the level of the density matrix, providing a statis-
tical description of the evolution of a quantum state. However, if
one is interested in the open dynamics of the system state vector,
a stochastic modification of the Schrödinger equation is required to
remain consistent with the statistical description [6–9]. There is
not a unique way to build SSE, indeed several approaches are able
to reproduce the same master equation at the density matrix level.
Consequently, di�erent SSE represent di�erent ways to unravel the
same master equation, for this reason they are also called unravel-
lings of the master equation. The solutions of a SSE yield random
trajectories that describe the dynamics of the state vector. By aver-
aging over these trajectories, the statistical description of the system
is recovered. The introduction of stochasticity into the Schrödinger
equation involves adding an appropriate noise term. Noise terms
with di�erent statistical properties generates di�erent unravellings.
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1.2.1 SSE with classical Gaussian noise

Typically, the construction of Markovian SSE is based on the the-
ory of stochastic di�erential equations (SDE) expressed in the Itô
formalism [10–12]. We start from the following SDE for the state
vector of the system

d|Â(t)Í =
S

WU≠ i

~Ĥdt +
ÿ

j

3 Ô
“j L̂jdWj(t) + Âjdt

4
T

XV |Â(t)Í (1.14)

where Ĥ is the system’s Hamiltonian, L̂j are Lindblad operators,
Âj are unknown operators to be determined and Wj(t) are classical
standard Wiener processes with the following statistical properties

E
Ë
dWj(t)

È
= 0, E

Ë
dWj(t)dWk(t)

È
= ”jkdt. (1.15)

In order to fix the operators Âj we derive the master equation from
Eq. (1.14)

d
dt

fl̂(t) = 1
dt
E

5
d|Â(t)Í ÈÂ(t)| + |Â(t)ÍdÈÂ(t)| +d|Â(t)ÍdÈÂ(t)|

6

= ≠ i

~ [Ĥ, fl̂(t)] +
ÿ

j

3
“jL̂jfl̂(t)L̂†

j + Âjfl̂(t) + fl̂(t)Â†
j

4

(1.16)
and find

Âj = ≠“j

2 L̂†
jL̂j. (1.17)

The reason for retaining the term d|Â(t)ÍdÈÂ(t)| in Eq.(1.16) is the
fact that for second order terms (dWj(t))2 we have E

Ë
(dWj(t))2

È
=dt.

We notice that by setting

L̂j æ iL̂j, (1.18)

we get the same master equation but in the case of Hermitian Lind-
blad operators L̂†

j = L̂j the SSE becomes unitary (this can be easily
checked by moving from the Itô to the Stratonovich SDE formal-
ism [9,11]). Thus, by using Eq. (1.18) we get the following SSE

d|Â(t)Í =
S

WU≠ i

~Ĥdt+
ÿ

j

3
i
Ô

“j L̂jdWj(t)≠
“j

2 L̂†
jL̂jdt

4
T

XV |Â(t)Í . (1.19)
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Eq. (1.19) is linear and in general (for L̂†
j ”= L̂j) does not preserve

the norm of the state vector. Moreover, by normalizing Eq. (1.14)
(|Ï(t)Í = |Â(t)Í /|| |Â(t)Í ||) and by properly fixing the statistical
properties of the Wiener increments dWj(t) [8,9], one can also derive
a non-linear and norm preserving SSE

d|Ï(t)Í =
S

WU≠ i

~Ĥdt +
ÿ

j

Q

ca
Ô

“j

Q

aL̂j ≠ 1
2

=
L̂j + L̂†

j

>

t

R

bdWj(t)

≠ “j

2

Q

aL̂†
jL̂j ≠

=
L̂j + L̂†

j

>

t
L̂j + 1

4

=
L̂j + L̂†

j

>
2

t

R

bdt

R

db

T

XV |Ï(t)Í ,

(1.20)

where
=
L̂j

>

t
= ÈÏ(t)| L̂j |Ï(t)Í.

We notice that Eqs. (1.14), (1.19) and (1.20) are three di�erent
unravellings of the master equation with Gaussian noise.

1.2.2 SSE with classical Poissonian noise

SSE can be built also by employing classical Poissonian random
variables instead of Gaussian ones. While the latter are continuous
variables, Poissonian variables are discrete variables as they count
the number of so-called quantum jumps [5,6]. The derivation of the
SSEs is similar to the previous above and can be found in [6, 13],
here we show only the results. The linear and in general non-norm
preserving SSE reads

d|Â(t)Í =
S

WU≠ i

~Ĥdt +
ÿ

j

Q

ca
3
L̂j ≠ Î

4
dNj(t) + “j

2

3
Î≠ L̂†

jL̂j

4
dt

R

db

T

XV |Â(t)Í ,

(1.21)
where Nj(t) are Poissonian random variables such that

E
Ë
dNj(t)

È
= “jdt, E

Ë
dNj(t)dNk(t)

È
= ”jk“jdt. (1.22)

The related non-linear and norm preserving SSE reads

d|Ï(t)Í =
S

WU≠ i

~Ĥdt +
ÿ

j

Q

ca

Q

a L̂jÛ=
L̂†

jL̂j

>

t

≠ Î
R

bdÑj(t)

≠ “j

2

3
L̂†

jL̂j ≠
=
L̂†

jL̂j

>

t

4
dt

R

db

T

XV |Ï(t)Í ,

(1.23)
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where now the statistical properties of Ñj(t) read

E
Ë
dÑj(t)

È
= “j

=
L̂†

jL̂j

>

t
dt, E

Ë
dÑj(t)dÑk(t)

È
= ”jk“j

=
L̂†

jL̂j

>

t
dt.

(1.24)
We mention that in the limit of an infinite numbers of jumps in
a time interval that goes to zero the Poissonian random variables
tend to Gaussian continuous random variables. In such a limit Eq.
(1.20) can be derived from (1.23) [6, 13].

1.2.3 SSE with quantum noise

Another unravelling of the master equation we take in to account
is based on the so-called quantum noise formalism [6, 13–15]. We
consider the following Hamiltonian Ĥ = ĤS + ĤE + ĤSE where ĤS

is the system Hamiltonian while ĤE and ĤSE are, respectively, the
environment Hamiltonian and the system-environment interaction
Hamiltonian, that read

ĤE = ~
ÿ

j

⁄
dÊÊb̂†

j(t, Ê)b̂j(t, Ê), (1.25)

ĤSE = i~
ÿ

j

⁄
dÊ‰j(Ê)

3
b̂†

j(t, Ê)L̂j ≠ L̂†
j b̂j(t, Ê)

4
, (1.26)

where b̂j(t, Ê) is the annihilation operator of the j-th thermal bath
at time t, Ê is the frequency of the mode and L̂j is an arbitrary
system operator. By using the Hamiltonian Ĥ one can solve the
Heisenberg equation for b̂j(t, Ê) and substitute the solution in the
Heisenberg equation for an arbitrary operator Ô. In the Markov
approximation, namely when ‰j(Ê) =

Ò
“j/(2fi), the Heisenberg

equation for the operator Ô reads [14]:

d
dt

Ô(t) = i

~ [ĤS, Ô(t)] +
ÿ

j
“j

3
L̂†

jÔ(t)L̂j ≠ 1
2{L̂†

jL̂j, Ô(t)}
4

+
ÿ

j

Ô
“j

3
b̂†

in,j(t)[Ô(t), L̂j] + b̂in,j(t)[L̂†
j, Ô(t)]

4
,

(1.27)

where b̂in,j(t) = 1Ô
2fi

s dÊe≠iÊ(t≠t0)b̂j(t0, Ê). We notice that the first
two terms of Eq. (1.27) are the same of the GKLS master equation
in the Heisenberg picture in Eq. (1.13).
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Now we consider the ground state |0ÊÍ
E

of the thermal baths and
define fl̂in = |0ÊÍ

E
È0Ê|

E
. In this way by defining EQ[ · ] © TrE(fl̂in · )

the following relation holds EQ[b̂j(Ê)b̂†
k(ÊÕ)] = TrE(fl̂inb̂j(Ê)b̂†

k(ÊÕ)) =
”jk”(Ê ≠ ÊÕ) and the mean values of the other combinations of
two thermal baths operators are zero. We notice that if we de-
fine dB̂j(t) = b̂in,j(t)dt, then by using this latter operator the only
non zero mean value is

EQ

5
dB̂j(t)dB̂†

k(t)
6

= ”jkdt. (1.28)

Thus in force of Eq. (1.28) the operator B̂j(t) can be interpreted as
the quantum generalization of a Wiener process [11, 12] and from
Eq. (1.27) one can build the following quantum stochastic di�eren-
tial equation (QSDE) for the state vector |�(t)Í of the system plus
environment

d|�(t)Í =
5
≠ i

~ĤSdt +
ÿ

j

Ô
“j

3
L̂j dB̂†

j(t) ≠ L̂†
j dB̂j(t)

4

≠
ÿ

j

“j

2 L̂†
jL̂jdt

6
|�(t)Í .

(1.29)

Finally from Eq. (1.29), by assuming a factorized initial state
|�(0)Í = |Â(0)ÍS |0ÊÍE , we can compute the master equation for
the density matrix. For simplicity we consider a single Lindblad
operator L̂ with coe�cient “, the generalization to more Lindblad
operators being straightforward. Starting from fl̂S = TrE(|�Í È�|)
(where here |�Í © |�(t)Í) we di�erentiate on both sides to get

dfl̂S = TrE

1
d|�Í È�| + |�ÍdÈ�| +d|�ÍdÈ�|

2
. (1.30)

Similarly to the case of classical noise, we retain the term d|�ÍdÈ�|
in Eq.(1.30) because it contains terms of the form dB̂j(t)dB̂†

j(t) for
which we have EQ

Ë
dB̂j(t)dB̂†

j(t)
È

=dt.
By using the expression ford|�Í, its conjugate fordÈ�|, and neglect-
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ing terms of order o(dt2) one gets

dfl̂S = ≠ i

~ [ĤS, fl̂S]dt ≠ “

2{L̂†L̂, fl̂S}dt + Ô
“L̂ TrE

1
dB̂† |�Í È�|

2

≠ Ô
“L̂† TrE

1
dB̂ |�Í È�|

2
+ Ô

“ TrE

1
|�Í È�|dB̂

2
L̂†

≠ Ô
“ TrE

1
|�Í È�|dB̂†2

L̂ + “L̂ TrE

1
dB̂† |�Í È�|dB̂

2
L̂†

≠ “L̂ TrE

1
dB̂† |�Í È�|dB̂†2

L̂ ≠ “L̂† TrE

1
dB̂ |�Í È�|dB̂

2
L̂†

+ “L̂† TrE

1
dB̂ |�Í È�|dB̂†2

L̂ =

= ≠ i

~ [ĤS, fl̂S]dt ≠ “

2{L̂†L̂, fl̂S}dt + “L̂fl̂SL̂†dt

(1.31)

where we used the fact that dB̂ |�Í =dB̂N̂(t) |�(0)Í =
= N̂(t) |Â(0)ÍSdB̂ |0ÊÍE = 0 at all times [15] (here N̂(t) |�(0)Í is the
solution of Eq.(1.29)) together with the ciclicity of the trace, which
implies that the only term surviving is the second term in the second
line, leading to the master equation in the GKLS form. We mention
that this derivation is valid for a generic state |�Í of the system-
environment as far as this state is evolved from an initial state which
is factorized with the bath in the ground state i.e. |Â(0)ÍS |0ÊÍE.

1.3 Decoherence in the framework of quantum com-
puting

Quantum computing holds the potential to revolutionize computa-
tion, o�ering unmatched computational power to address complex
problems across a wide range of high-impact fields. These include
molecular and material simulations, optimization problems of inter-
est to industries ranging from logistics to finance, and advancements
in artificial intelligence, particularly in areas of machine learning
and data analysis. In quantum computing, decoherence plays a key
role in two main contexts: i) the quantum simulation of the GKLS
dynamics and in general of open quantum systems; ii) the model-
ing and the classical simulation of the inherent noisy behaviour of
quantum computers. In this Section we briefly explore the state of
the art of i) and ii).
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1.3.1 Quantum simulation of the GKLS dynamics

The primary and most immediate application envisioned for quan-
tum computers is the simulation of quantum systems [16], par-
ticularly isolated systems that do not interact with an environ-
ment. This task has been extensively explored over the past three
decades, resulting in the proposal of numerous quantum algorithms
[17–22]. Furthermore, significant progress has been made in terms
of the practical application of these algorithms on quantum devices:
Presently, there exist several examples of successful quantum sim-
ulations, despite the inherent noise acting on these devices [23–25].
In light of this, the idea that quantum computers could be utilized
to simulate open quantum systems has gained increasing interest
in recent years. Endeavors in this direction primarily fall into two
strands of research. The first one is based on the concept that, since
quantum devices themselves are open systems subject to noise, one
can harness the inherent noise of the computer to simulate open
systems. Recent promising results have emerged in this domain,
holding the potential for fruitful outcomes [26–28]. However, this
approach is limited in that it can only simulate open systems de-
scribed by the same master equation that characterizes the device,
and building an adequate noise model of the device itself poses a
significant challenge [29–33]. The second line of research is based
on the notion that also for open systems e�cient quantum algo-
rithms are devised, without relying on the natural noise of the com-
puter [34–39]. The work we present in Chapter 2 falls within the
latter research line.

1.3.2 Noisy quantum computers: Standard approach

As powerful as they promise to be, quantum computers are still far
from being ideal: since, as for any quantum system, they can hardly
be isolated from the surrounding environment, they are prone to er-
rors, which limit their capabilities. This stage of development is
referred to as noisy intermediate-scale quantum (NISQ) era [40,41].
It is clear that NISQ computers require a good understanding of how
noises a�ect quantum circuits and, in order to do so, a proper mod-
eling of the noises is needed. This can be unlocked by understanding
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the major sources of noise a�ecting the qubits, and writing better al-
gorithms for simulating a given noise model on a classical computer.
To date, the standard approach to simulate noisy digital gate-based
quantum computers is based on adding appropriate quantum op-
erations before and after each ideal gate [5, 42, 43]: schematically,
and working with the density matrix formalism, if an ideal (uni-
tary) gate Û is supposed to be executed, the noises a�ecting it are
modeled by adding appropriate Kraus maps (see Section 1.1.1) E1

(E2) mimicking the noise, before (after) the gate and independent
from the latter:

fl E1 U E2 flÕ . (1.32)

Such a modeling completely decouples the action of the controlled
operation generating the unitary map U fl̂ = Û fl̂Û † from that of
the environment. This approximation works well if Û acts almost
instantaneously with respect to the noise, i.e. if the gate time tg

required to implement the gate is much smaller than the charac-
teristic time scales of the system-environment interaction. For in-
stance, in IBM’s superconducting devices [44] tg ≥ 10≠8s, while
typical environmental e�ects such as relaxation and phase damping
have characteristic times of order T1, T2 ≥ 10≠4s.
Here we report the main Kraus maps that are used in the standard
approach and the main algorithms employed in classical simulations
of noisy quantum computers based on state vector evolution. Then
in Chapters 4 and 5 we present a new and alternative simulation
approach.

State preparation and measurement (SPAM)

This kind of error is usually described as a bit-flip channel that acts
on a single qubit [43]. Hence, its Kraus representation reads:

E fl̂ = (1 ≠ p)fl̂ + pX̂ fl̂X̂, (1.33)

where fl̂ is the density matrix of a single qubit, X̂ is the x-Pauli
matrix and p is the probability of having a flip of the states of the
computational basis.
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Depolarization

Depolarization drives the qubit towards the maximally mixed state
[43] and models incoherent gate infidelities. Its Kraus representation
for a single qubit reads:

E fl̂ =
Q

a1 ≠ 3
4p

R

bfl̂ + p

4X̂ fl̂X̂ + p

4Ŷ fl̂Ŷ + p

4Ẑfl̂Ẑ, (1.34)

where fl̂ is the density matrix of a single qubit, X̂, Ŷ , Ẑ are the Pauli
matrices and p/4 is the equal probability of having a bit flip, a phase
flip or a bit and phase flip of the states of the computational basis.
The generalization for an arbitrary number of qubits n is

E fl̂ =
Q

a1 ≠ d2 ≠ 1
d

p

R

bfl̂ + p

d2

d2ÿ

j ”=0

P̂jfl̂P̂j = (1 ≠ p)fl̂ + p

d
Î¢n, (1.35)

where d = 2n and P̂j are tensor products of Pauli matrices, called
Pauli strings. Eqs. (1.34) and (1.35) describe a sort of symmetric
depolarizing process due to the fact that the error probabilities as-
sociated to each Pauli string are the same. The most general case
for n qubits is

E fl̂ =
d2ÿ

j=0

pjP̂jfl̂P̂j, (1.36)

and it is called asymmetric depolarizing channel.

Amplitude and phase damping (Relaxation)

The amplitude-damping channel describes the decay |1Í æ |0Í due
to the interaction with the environment; on the other hand, phase-
damping represents the process in which phase-coherences decay
over time. Here we briefly call relaxation the combination of both
e�ects. The Kraus representation is given by [42,43]

E fl̂ = K̂fl̂K̂ + p1‡̂
+fl̂‡̂≠ + pzP̂1fl̂P̂1, (1.37)

where we define
K̂ =

Q

a1 0
0

Ô
1 ≠ p1 ≠ pz

R

b ; (1.38)

as usual, ‡̂+ = |0Í È1|, ‡̂≠ = |1Í È0| and P̂1 = |1Í È1|. Moreover,
p1 = 1 ≠ e≠t/T1 is the probability of amplitude damping, T1 being
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the relaxation time (the time it takes for the qubit to decay in the
ground state), and pz = (1 ≠ p1)ppd, where ppd = 1 ≠ e≠t/Tpd and
Tpd = T1T2/(2T1 ≠ T2), T2 being the decoherence time. We mention
that the time scales T1 and T2 are related by T2 Æ 2T1.

Unravelling of Kraus maps

In general a Kraus map can be unraveled as a stochastic map on
the state vector by imposing that, at a given time and given Kraus
operators K̂j, the state |ÂÍ changes randomly as follows:

|ÂÕÍ = 1
Ô

pj
K̂j |ÂÍ , (1.39)

with probability:
pj = | ÈÂ| K̂†

j K̂j |ÂÍ |2. (1.40)

The associate pseudo code is reported in Alg. 1.

Algorithm 1 Kraus maps Simulation
Input: Initial state |Â0Í, a noiseless circuit C = {Û (1), ..., Û (ng)} composed by ng

gates Û (i) and number of samples Ns

for 0 Æ k Æ Ns do
while 1 Æ i Æ ng do

compute |ÂkÍ(i) = Û (i) |ÂkÍ(i≠1)

compute pj = | ÈÂk|(i) K̂†
j K̂j |ÂkÍ(i) |2

sample K̂j operator from {pj}

update the state to |ÂkÍ(i) = 1Ô
pj

K̂j |ÂkÍ(i)

end
compute fl̂k = |ÂkÍ(ng) ÈÂk|(ng)

end
Output: fl̂f = 1

Ns

qNs
k=1 fl̂k

The time complexity of Alg.1 is primarily determined by the matrix
vector multiplication step, exhibiting a complexity of O(22n), where
n is the number of qubits. The space complexity is dominated by
the storage of the state vector and it scales as O(2n). It has to
be noted that when the Kraus operators are not unitary, as for
relaxation, one needs to store the intermediate state vectors, which
are necessary in order to compute the probabilites in Eq.(1.40).
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This operation has the same time and space complexity as those of
the the previous step. This can be avoided for mixed unitary error
channels: probabilities are known and independent of the current
state.

Monte Carlo wave function method

Another state vector simulation method is based on the application
of the quantum jumps SSE of Section 1.2.2, in particular Eq. (1.23).
The algorithm is based on the Monte Carlo wave function method
[45]. To simulate the noisy quantum computer evolution over the
time period [t0, tg], which corresponds to the duration required for
a gate operation, we start with the system in the pure state |Â(t0)Í.
A time step dt is selected such that it is smaller than the relevant
time scales for the system’s evolution within [t0, tg]. Given Lindblad
operators L̂j we define

dpj = “j

=
L̂†

jL̂j

>

t0
dt = “j ÈÂ(t0)| L̂†

jL̂j |Â(t0)Ídt , (1.41)

and
Ĥe� = Ĥ ≠ i~

ÿ

j

“j

2 L̂†
jL̂j . (1.42)

At each time step dt, a random number ‘ is drawn from a uniform
distribution over the interval [0, 1]. If ‘ <

q
jdpj, the system under-

goes a jump to one of the states

|ÂjÍ = 1
||L̂j |Â(t0)Í ||

L̂j |Â(t0)Í , (1.43)

where ||L̂j |Â(t0)Í || =
Û=

L̂†
jL̂j

>

t0
. Specifically, it transitions to |Â1Í

if 0 < ‘ <dp1, to |Â2Í ifdp1 < ‘ <dp1+dp2, and so forth. Conversely,
if ‘ >

q
jdpj, the system evolves to the state

|Â0Í = 1
Ò

1 ≠ q
jdpj

(Î ≠ i

~Ĥe�dt) |Â(t0)Í (1.44)

via the e�ective evolution operator. This process is repeated at
every time step dt, generating a quantum trajectory for the system
evolution. The associated pseudo code is reported in Alg. 2.
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Algorithm 2 Quantum Jumps simulation
Input: Initial state |Â0Í, a noiseless circuit C = {Û (1), ..., Û (ng)} composed by ng

gates Û (i), time step dt and number of samples Ns

for 0 Æ k Æ Ns do
while 1 Æ i Æ ng do

while dt Æ j dt Æ tg do
compute dp(i,j)

l = “(i)
l ÈÂk((j ≠ 1)dt)|(i) L̂(i) †

l L̂(i)
l |Âk((j ≠ 1)dt)Í(i) dt;

sample a random number 0 < ‘ < 1;
if 0 < ‘ < dp(i,j)

1 then
update the state to
|Âk(jdt)Í(i) = 1

||L̂(i)
1 |Âk((j≠1)dt)Í(i)||

L̂(i)
1 |Âk((j ≠ 1)dt)Í(i)

else if dp(i,j)
1 < ‘ < dp(i,j)

1 + dp(i,j)
2 then

update the state to
|Âk(jdt)Í(i) = 1

||L̂(i)
2 |Âk((j≠1)dt)Í(i)||

L̂(i)
2 |Âk((j ≠ 1)dt)Í(i)

...
else

update the state to
|Âk(jdt)Í(i) = 1Ò

1≠
q

l
dp

(i,j)
l

(Î ≠ i
~Ĥ(i)

e� dt) |Âk((j ≠ 1)dt)Í(i)

end
end

end
compute fl̂k = |ÂkÍ(ng) ÈÂk|(ng)

end
Output: fl̂f = 1

Ns

qNs
k=1 fl̂k

The time and space complexities of Alg. 2 are the same as those
for Alg. 1, respectively O(22n), where n is the number of qubits,
and O(2n). Similarly to the unraveling of Kraus maps, the state of
the system must be stored in order to compute the probabilities in
Eq. (1.41) and the normalization factors in Eq. (1.44) and Eq. (1.43).

1.4 Decoherence in the framework of spontaneous wave
function collapse models

Models of spontaneous wavefunction collapse [8, 46, 47] represent
a well established paradigm in the realm of quantum foundations,
and constitute a strong figure of merit for the study of the macro-
scopic limits of quantum mechanics. Indeed, their investigation
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finds motivation in the lack of observed quantum superpositions at
the macroscopic scale: while quantum mechanics has proven highly
successful in describing microscopic phenomena, it has yet to explain
why macroscopic objects do not exhibit quantum superpositions al-
though the theory predicts them. The key idea of collapse models is
that quantum mechanics must be modified to explain the quantum-
to-classical transition at macroscopic scales. The two most studied
collapse models are the Diósi-Penrose (DP) model [48, 49] and the
Continuous Spontaneous Localisation (CSL) model [50, 51].

1.4.1 Spontaneous collapse models

Spontaneous collapse models add suitably constructed phenomeno-
logical terms to the standard Schrödinger equation yielding a non-
linear SSE. Their action can be seen as that of a noise field that
leads to the collapse of the wavefunction. Depending on the specific
collapse model, the origin of such a field can be either unknown
or related to the gravitational field. These models introduce ad-
ditional free parameters that control the collapse mechanism, and
their validity is subject to experimental verification.
In the context of this thesis we work directly at the density matrix
level. For a treatment of spontaneous collapse models at the level
of SSE for the state vector we refer to [8, 46].
We start from the following master equation in the GKLS form

d
dt

fl̂ = ≠ i

~ [Ĥ, fl̂] + Dfl̂, (1.45)

where Ĥ is the many-body Hamiltonian and D is a new term in-
troducing the action of spontaneous collapse. For the latter, we
consider a simple form corresponding to the spontaneous measure-
ment of the second-quantised mass density µ̂(x) = mÂ̂†(x)Â̂(x) with
Â̂(x) being the (fermionic) annihilation field-operator. Explicitly, it
reads

Dfl̂ = ≠ 1
2~2

⁄ ⁄
d3xd3yD(x ≠ y)[µ̂(x), [µ̂(y), fl̂]]

= 1
~2

⁄ d3k

(2fi)3
Dk

3
µ̂kfl̂µ̂†

k ≠ 1

2
{µ̂†

kµ̂k, fl̂}
4
,

(1.46)
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where we introduced the Fourier transform of the kernel Dk showed
in Eq. (1.47) and of mass density µ̂k = m

s d
3q

(2fi)3 â†
qâq+k with âq

being the Fourier transform of Â̂(x). Depending on the explicit
space (or momentum) dependence of the kernel, one might want to
introduce a short-length regularization, typically in the form of a
Gaussian smearing of the field µ̂(x). In the Fourier representation,
a Gaussian smearing of scale ‡ takes a simple form for both the
models (DP and CSL) we will consider:

Dk = exp
1
≠‡2k2

2
◊

Y
]

[
4fi~G/k2 (DP)
~2“ (CSL) (1.47)

where k = |k|. In the DP model, the decoherence rate is set by the
Newton constant G and the kernel contains a 1/k2 factor in addition
to the smearing prefactor. Using an alternative notation, R0 = ‡ is
the spatial cuto� in the DP model and it is the only free parameter of
the model. Current experimental bounds set the typical smearing
at subatomic length-scales ‡ Ø 5 ◊ 10≠11 m [52], although larger
values can be also considered [53, 54]. On the other hand, the CSL
model can be described in terms of two free parameters being ⁄ =
“m2

0
/(

Ô
4firC)3 and rC = ‡, which are respectively the collapse rate

and localization length of the model (m0 is a reference mass chosen
as that of a nucleon). Conversely to the DP model, the typically
considered values of the spatial smearing are around ‡ ƒ 10≠7 m,
well in the mesoscopic regime. A mapping between the two models
can be introduced, and it is based on the simple relationship DCSL =
≠const ◊ ˆDDP/ˆ(‡2) between the two kernels. Consequently, the
decoherence term of the CSL model can be obtained from the DP
one through

DCSL = ≠ ~“

4fiG

ˆDDP

ˆ(‡2) . (1.48)

The inverse integral relation can be also simply derived.

1.4.2 The heating problem

The smaller the cuto� ‡, the larger the strength of the collapse
e�ect and the spontaneous heating as well [55]. The latter implies
a continuous increase of the kinetic energy for each particle. We
elucidate this mechanism on a single point-like, free particle of mass
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m and canonical variables x̂ and p̂. The corresponding heating
power P , i.e. the time-derivative of the kinetic energy Ĥ = (p̂2/2m),
is obtained from the master equation (1.45):

P = d
dt

=
Ĥ

>

t
=

=
D†Ĥ

>

t
= 1

2m

e
D†p̂2

f

t
, (1.49)

where D† is given by

D†Ô = 1
~2

⁄ d3k

(2fi)3
Dk

3
µ̂†

kÔµ̂k ≠ 1

2
{µ̂†

kµ̂k, Ô}
4

. (1.50)

For the case under study, the mass density and its Fourier transform
read

µ̂(x) = m”(x ≠ x̂), µ̂k = meikx̂. (1.51)

We insert µ̂k in Eq. (1.50) and obtain the expression of the heating
power

P = m

2
⁄ d3k

(2fi)3
Dkk2. (1.52)

where we used the identity

e≠ikx̂f(p̂)eikx̂ = f(p̂ + ~k), (1.53)

and the spherical symmetry of Dk. We calculate the integral in Eq.
(1.52) from Eq. (1.47) for both models:

P = ≠m

2 DÕÕ(x)|x=0 = 1
Ò

(2fi)3

Y
]

[
4fi~G/‡3 (DP)
3~2“/‡5 (CSL) (1.54)

Hence, we get the following heating powers:

P DP = ~Gm

4
Ô

fi‡3
, P CSL = 3m~2“

32fi3/2‡5
, (1.55)

which are related to each other in conformity with the mapping of
Eq. (1.48).
To get an insight into the underlying e�ective mechanism, we con-
sider the dynamics of the momentum p̂ in details, i.e. the dynamics
of arbitrary functions f(p̂) of momentum. It could be shown that
the Heisenberg equation of motion of f(p̂) is closed, this important
feature has its parallel in the equivalent dynamics (1.45) of the state
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fl̂. Insofar, since we are not interested in the dynamics of the coordi-
nate x̂ but of p̂, we can start with the specific form fl̂ = fl(p̂) of the
state1, then consider its evolution under the Fourier representation
of the dissipator in Eq. (1.46). The specific form fl(p̂), diagonal in
momentum basis, is preserved:

dfl(p̂)
dt

= m2

~2

⁄ d3k

(2fi)3
Dk

3
fl(p̂ ≠ ~k) ≠ fl(p̂)

4
. (1.56)

The result is a semi-classical single particle kinetic equation. The
e�ect of dissipator D is equivalent to the random jumps p̂ æ p̂+~k
in momentum at the isotropic probability rate

m2

~2

d3k

(2fi)3
Dk. (1.57)

Since the kernel Dk contains the regularizing factor exp(≠‡2k2),
the elementary momentum and energy transfers are in a bounded
range. We introduce the characteristic bound of the elementary
energy transfer, which reads

E‡ = ~2

4m‡2
. (1.58)

The quantity E‡ is important when, in Chapter 6, we balance the
spontaneous heating by a new dissipative mechanism to reach a
balance equation:

d
dt

=
Ĥ

>

t
= P ≠ �

=
Ĥ

>

t
, (1.59)

with a dissipation rate � > 0. In such a way, a finite asymptotic
(equilibrium) energy

=
Ĥ

>

Œ
= P/� is reached for d

=
Ĥ

>

t
/dt = 0,

and the corresponding e�ective temperature T is defined by the
equipartition theorem

=
Ĥ

>

Œ
= 3

2
kBT , where kB is the Boltzmann

constant.
The formalism presented in this section is used in Chapters 6 and
7 in order to respectively build and test a new dissipative extension
of collapse models.

1
From a mathematical standpoint, fl̂ = fl(p̂) cannot be considered a proper density matrix,

because by expressing it in terms of the momentum eigenstates, it becomes proportional to a

Dirac delta function. To address this issue with precision, the system should be confined to a

finite volume, and an appropriate cut-o� should be applied to the momentum values.
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Chapter 2

A quantum algorithm to simulate
open systems dynamics through the
quantum noise formalism

Here we present an e�cient algorithm for simulating open quantum
systems dynamics described by the GKLS master equation (1.6) on
quantum computers [56], addressing key challenges in the field of
quantum simulation of the GKLS dynamics (see Section 1.3.1).
First, we show that it is always possible to drive the open system dy-
namics via a repetition of unitary gates applied to a set of n system
qubits and crucially only a single ancillary bath qubit, representing
the environment. As such, the ancilla overhead is always equal to 1,
meaning that it does not scale with the number n of qubits neither,
in the case of m-locality of the Lindblad operators, with m. For a
comparison, among state of the art implementations, some meth-
ods [34–39] use a number of ancillary qubits that scales polynomially
with large n; our method provides a polynomial improvement, for
large n, with respect to them. For other methods [57] the number
of ancillary qubits scales exponentially with m; in this case we pro-
vide an exponential improvement. The price to pay is stochasticity,
i.e. multiple realizations of the quantum circuit, which however is
preferable because the sampling overhead does not scale with the
number of qubits.
Second, given a fixed accuracy, for small system-environment cou-
pling constants, the approximations that we use allows to implement
a number of Trotter steps which is smaller than those required other
approaches [36,37,58], implying a reduction of the circuit depth.

25



2.1 Approximate solution of the QSDE

Our approach is based on the quantum noise formalism [13–15], that
we introduced in Section 1.2.3. The QSDE in Eq. (1.29) acting on
the full system-environment space is linear meaning that knowing
the state at time t, the state at time t + �t is given by

|�(t + �t)Í = N̂(�t) |�(t)Í , (2.1)

where N̂(�t) is a matrix which is also unitary, thus implementable
on a quantum computer. As we show in Appendix A.1, the unitary
evolution N̂(�t) in Eq.(2.1) can be obtained by resorting to pertur-
bative techniques [11], as Eq. (1.29) in general is not solvable in a
closed form. This leads to the following approximate expression

N̂(�t) = Û(�t)T
Ë
e

q
k

Ô
“kŜk(�t)

È

ƒ Û(�t)
Ÿ

k
e

Ô
“kŜk(�t),

(2.2)

where Û(�t) is the closed system evolution operator, T[·] is the time
ordering operator and the stochastic terms Ŝk(t) are defined as

Ŝk(�t) =
⁄ t+�t

t

3
L̂k(s)dB̂†

k(s) ≠ L̂†
k(s)dB̂k(s)

4
, (2.3)

and L̂k(s) = Û †(s ≠ t)L̂kÛ(s ≠ t) are the Lindblad operators in
interaction picture.
Under this approximation by computing fl̂S(t + �t) = TrE

1
N̂(�t)

|�(t)Í È�(t)| N̂ †(�t)
2

one recovers the following final density matrix
of the system (see [56] for a derivation)

fl̂S(t + �t) ƒ Û(�t)
Q

afl̂S(t) +
⁄ t+�t

t
dsD(s)fl̂S(t)

R

bÛ †(�t) (2.4)

where D(s)fl̂S(t)=q
k“k

1
L̂k(s)fl̂S(t)L̂†

k(s) ≠ 1

2

Ó
L̂†

k(s)L̂k(s), fl̂S(t)
Ô2

.
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2.1.1 Upper bound on the approximation error

The approximate expression in Eq. (2.4) leads to an approximation
error due to the perturbative expansion

Áp =
......
Û(�t)T

Ë
e

s t+�t
t dsD(s)

È
Û †(�t)

≠ Û(�t)
3
Î +

⁄ t+�t

t
dsD(s)

4
Û †(�t)

......
1æ1

(2.5)

where we use the 1 æ 1 superoperator norm [34, 57] and T[ · ] is
the time ordering operator. Áp is quantified in Appendix A.2 by
assuming a m-locality condition, namely by considering the decom-
position of D(s) into D(s) = qK

j Dj(s) where each Dj(s) acts non
trivially on a subset of m < n qubits. Then each Dj(s) has a maxi-
mum of 22m ≠ 1 Lindblad operators. For simplicity we assume that
all parameters “k have the same order of magnitude “k = “. Thus,
the approximation error is bounded by

Áp Æ 2e
3
K(22m ≠ 1) max

k

....L̂k,j

....
2

Œ
“�t

42

, (2.6)

where e is the Euler number and K(22m ≠ 1) is the total number of
Lindblad operators which scales polynomially with the number of
the system qubits n: K ≥ O(nm) (see Appendix A.2).

2.2 Finite representation of the bath operators

If we wish to simulate the evolution given by Eq. (2.1) on quan-
tum computers, a problem arises in terms of how to represent the
terms dB̂k(t) and dB̂†

k(t), which are operators acting on an infinite
dimensional Hilbert space. To overcome this di�culty we proceed
as follows: we assume that at every given time �t the system inter-
acts only with a small portion of the bath, and being the bath of
infinite dimension, the portion with which the system is interacting
changes at each time step. E�ectively we couple the system with a
single ancillary qubit, representing a part of the bath, evolve the full
state for �t and then reset the bath qubit to the ground state. This
last step can be seen as changing the part of the bath connected to
the system (see Fig. 2.2.1).
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system system system

|𝟢⟩ |𝟢⟩|ψ⟩

single qubit ancilla

time evolution

system and bath ancilla 
in the initial state 

interaction for a 
Δt interval bath reset 

Figure 2.2.1: Schematic picture of the three main steps of the protocol: prepa-
ration of the system and bath qubit in the initial state; system-bath interaction
for a time �t; reset of the bath qubit. In order to obtain the total evolution at
a given time T , the last two steps have to be repeated Nsteps = T/�t times.

This idea corresponds to selecting the following finite representation
for the bath operators

dB̂k(t) æ ‡̂≠
EdWk(t), dB̂†

k(t) æ ‡̂+

EdWk(t), (2.7)

where ‡̂≠
E = |0ÍE È1|E, ‡̂+

E = |1ÍE È0|E and dWk(t) are classical
Wiener processes. By using the latter definitions and applying the
following prescriptions

1. Substitute EQ[ · ] with EC[TrE(fl̂in · )], where EC [ · ] is the aver-
age over classical stochastic processes and fl̂in = |0ÍEÈ0|E is the
ground state of the bath qubit,

2. At each time step �t the state is factorized as |�Í = |ÂÍS |0Í
E
,

3. The density matrix of the system has to be computed as
fl̂S = EC [TrE(|�Í È�|)],

one reproduces Eq. (1.28) and the GKLS master equation in Eqs.
(1.6) and (1.10). This proves that for a generic ĤS and generic
Lindbald operators a single bath qubit is enough to reproduce the
open dynamics. The complete derivation of the master equation
is in Appendix A.3. Prescription 2 follows directly from the fact
that in the finite dimensional representation the bath qubit must
be reset after each time step to preserve Markovianity; the first
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and the third prescriptions are required to average over classical
stochastic processes, thus to obtain the right result.
By assuming the finite representation (2.7) of the bath operators
the stochastic terms in Eq. (2.3) become

Ŝk(�t) =
⁄ t+�t

t

3
L̂k(s)‡̂+

E ≠ L̂†
k(s)‡̂≠

E

4
dWk(s). (2.8)

For convenience we define Ĵk(s) © L̂k(s)‡̂+

E ≠ L̂†
k(s)‡̂≠

E . The real
[Ŝk(�t)]Rij and imaginary part [Ŝk(�t)]Iij of the entries of the op-
erators Ŝk(�t) in Eq. (2.8) are Itô integrals of deterministic func-
tions [Ŝk(�t)]⁄ij = s t+�t

t dWk(s)[Ĵk(s)]⁄ij for ⁄ = R, I, that represent
Gaussian stochastic processes with means zero E

Ë
[Ŝk(�t)]⁄ij

È
= 0,

variances V
Ë
[Ŝk(�t)]⁄ij

È
= s t+�t

t ds([Ĵk(s)]⁄ij)2 and covariances
E

Ë
[Ŝk(�t)]⁄ij[Ŝk(�t)]⁄Õ

iÕjÕ

È
= s t+�t

t ds[Ĵk(s)]⁄ij[Ĵk(s)]⁄Õ

iÕjÕ. In a quantum
simulation once all the variances and covariances are computed, the
stochastic processes can be sampled to get a single realization of the
evolution N̂(�t). Finally by averaging over all the realizations of
the final state fl̂S(t + �t) = EC [TrE

1
N̂(�t) |�(t)Í È�(t)| N̂ †(�t)

2
],

in accordance with the prescriptions, one obtains the same final
density matrix in Eq. (2.4).

2.3 Algorithm implementation

In Alg. 3 we now describe the algorithmic implementation of the
approach. We notice that when ĤS = qK

–=1
Ĥ–, with [Ĥ–, Ĥ—] ”= 0,

then at point 2 of Alg. 3 one can apply the first order Trotter-
Suzuki product formula Û(s ≠ t) ƒ rK

–=1
e≠ i

~Ĥ–(s≠t) [59]. Since for
relevant applications each Ĥ– is m-local, then by plugging the latter
expression in Eq. (2.2), all the resulting terms have a locality that
depends on m but not on n. Indeed, the Lindblad operators in
general are strings of operators with the structure L̂k = l̂(–)

k ...l̂(—)

k

where –, — are integer numbers, l̂(q)

k with q œ [1, ..., –, ..., —, ..., n]
are generic single-qubit operators applied to the q-th qubit. In the
case of m-locality of the GKLS equation, the number of l̂(q)

k in L̂k

is m < n. Thus, by using Û(�t) ƒ r
– e≠ i

~Ĥ–�t, each operator
L̂k(s) = Û †(s ≠ t)L̂kÛ(s ≠ t) in Eq. (2.2) has a fixed locality, since
L̂k acts on a set A of m qubits, then all the terms in Û that act on a
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Algorithm 3
Input: A GKLS equation with system Hamiltonian ĤS and a set of m-local Lind-

blad operators; a number Nr of samples to be performed.
Protocol:

1. Trotterize the unitary evolution of the closed system Û(T ) = e≠ i
~ ĤST in �t

time steps as Û(T ) = rNstep
j Û(�t) where T = Nstep�t.

2. Compute N̂(�t) corresponding to Û(�t) by using Eq. (2.2) in the finite
representation of Sec. 2.2;

3. Apply rNstep
j N̂(�t) making sure to reset the ancilla qubit after the appli-

cation of each N̂(�t).

4. Repeat the resulting quantum circuit of point 3 by sampling Nr times the
stochastic processes inside each N̂(�t).

Output: Final probabilities computed by taking the average over all Nr circuit
realizations.

set of qubits disjoint from A, do not contribute in the expression for
L̂k(s). As a result, if we assume for simplicity that the Hamiltonians
Ĥ– have the same locality m of the Lindblad operators L̂k, then the
locality of L̂k(s) depends only on m and not on n (in general if the
locality of Ĥ– is l ”= m then the locality of L̂k(s) depends on m and
l).
Given the analysis of the perturbative approximation of Sec. 2.1, in
Appendix A.4 we prove that each N̂(�t) contributes with an error
Á Æ ÁT + Áp, where Áp is defined in Eq. (2.5) and ÁT is the error due
to the first order Trotter-Suzuki product formula, upper bounded
by

ÁT Æ
3
KJ max

–,j

....ĥ–,j

....Œ
Ê�t

42

, (2.9)

where Ê is the strength of the Hamiltonian ĤS, assuming for simplic-
ity that the frequencies of each Ĥ– have the same order of magnitude
and Ĥ– = Ê

qJ
j=1

, ĥ–,j where J is a constant whose value depends
on the system Hamiltonian under study and ĥ–,j are generic m-local
operators. Thus the global approximation error for the total time
T is Áglobal = Nstep Á which by using Eqs. (2.6) and (2.9) is upper
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bounded by

Áglobal Æ T 2K2

Nstep

Q

aJ2Ê2 max
–,j

....ĥ–,j

....
2

Œ
+ (22m ≠ 1)2“2 max

k,j

....L̂k,j

....
4

Œ

R

b.

(2.10)
This bound is polynomial in the system qubits number n as K ≥
O(nm).
Additionally, we show in [56] that the algorithm works also for
higher order of the Trotter-Suzuki product formula, improving the
upper bound on ÁT in Eq. (2.9).

2.4 Resources estimation

In the following section we estimate the resources needed to imple-
ment the algorithm.

2.4.1 Number of gates and of trotter steps

In order to simulate the dynamics up to time T making an error
not greater than Áglobal, our algorithm needs

NG Ã
S

WWW

Q

aKJ + K(22m ≠ 1) + 1
R

bT 2K2(“2 + Ê2)
Áglobal

T

XXX

≥ O
Q

ca

S

WWW

n4mT 2(“2 + Ê2)
Áglobal

T

XXX

R

db

(2.11)

total number of gates. In Eq. (2.11) KJ is the number of gates
to implement Û(�t), that is polynomial in n for m-local Hamilto-
nians. The term K(22m ≠ 1) counts the number of gates needed
to implement the product in Eq. (2.2), where K scales polynomi-
ally with n. The term +1 counts the reset of the ancillary qubit.
Thus, NG = poly(n, “T, ÊT, 1/Áglobal) and therefore our algorithm is
e�ciently simulatable on a quantum computer [57].
The advantage of our protocol is that it is based on a perturbative
expansion of the environment coupling constants. We provide an ap-
proximate solution of the GKLS equation (Eq. (2.4)) which is more
accurate (closer to the exact formal solution of the GKLS equation
in interaction picture fl̂S(t+�t) = Û(�t)T

5
e

s t+�t
t dsD(s)

6
fl̂S(t)Û †(�t))
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in the interval �t than just

fl̂S(t + �t) = fl̂S(t) +
3
≠ i

~ [ĤS, fl̂S(t)] + Dfl̂S(t)
4
�t, (2.12)

that is used in the majority of approaches. Thus, given a fixed target
accuracy Áglobal, when the perturbative expansion holds (“ << Ê)
our approximation reduces the number of total time steps required
to reach the final time T with respect to Eq. (2.12). This is also
confirmed by the panel (a) in Fig. 2.5.2. For these reasons, given a
fixed accuracy, our approximation (see Eqs. (2.2) and (2.4)) allows
to implement a number of trotter steps which is smaller than those
required in other approaches [36,37,58], implying a reduction of the
circuit depth.
We mention that when the characteristic times of the environmental
noise and of the system Hamiltonian evolution become comparable,
i.e. “ ≥ Ê, the perturbative approach is not justified anymore. In
this regime, Eq. (2.4) reduces to Eq. (2.12) and the stochastic
exponents in N̂(�t) ƒ Û(�t) r

k e
Ô

“kŜk(�t) become Ô
“

k
ĴkWk(�t),

where Ĵk © L̂k‡̂+

E ≠ L̂†
k‡̂≠

E . As Wk(�t) have variances �t, our algo-
rithm resembles a stochastic implementation of the algorithm pro-
posed in [36, 37] with the significant di�erence that in our case the
system-environment interaction is mediated by a single ancillary
qubit regardless of the total number of the system Lindblad opera-
tors.

2.4.2 Ancilla overhead

In general our ancilla overhead is constant and is always equal to
one, thus of order O(1), as shown above, while many of the state
of the art implementations [34–39] have an ancilla overhead propor-
tional to the number of Lindblad operators thus in general of order
O(22n ≠ 1) where n is the number of system qubits or, assuming
a m-locality condition, of order O(nm), or if the implementation
is based on the vectorization of the density matrix, of order O(n).
Other methods, such as the one presented in [57], are able to use
the same set of 22m ancillary qubits for every m-local term in the
Lindbladian, i.e. an asymptotic overhead of order O(1). However
these methods need a number of ancillary qubits that is exponential
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in the m-locality, while our algorithm always need a single ancilla
regardless of both n and m. Already in the most simple case of m
= 2, the algorithms in [57] need 16 ancillas versus 1 ancilla of our
method. This is a relevant achievement especially in the NISQ era.

2.4.3 Sampling error

Finally, our approach needs to evaluate multiple circuits due to the
sampling of the stochastic processes and this leads to a sampling er-
ror on the evaluation of expectation values of an m-local observable
Ô given by ÷ ≥ O(1/

Ô
Nr) with Nr the total number of samples of

the classical stochastic processes. Thus ÷ does not scale with the
size of the system. We give further details on ÷ in Appendix A.5.

2.5 Proof of concept

We now provide a proof of concept of the e�ectiveness of the ap-
proach. We consider a toy model dynamics of a single spin un-
der external magnetic field with system Hamiltonian HS = ~�

2
X̂

with � = fi/6 MHz and Lindblad operators L̂1 = ‡̂+, L̂2 = ‡̂≠

and L̂3 = Ẑ driven by the same parameter “ = 0.1 kHz. The
isolated dynamics of the system can be implemented by a single-
qubit x-rotation R̂x(◊) in time steps �t where ◊ = ��t. First we
compute the trace distances [42] T (QN) = T (‰̂(T ), fl̂(QN)(T )) and
T (SA) = T (‰̂(T ), fl̂(SA)(T )) where ‰̂(T ) is the analytic solution of
the GKLS equation, fl̂(QN)(T ) is obtained with our approximation
in Eq.(2.4) that from now on we call quantum noise (QN) approxi-
mation, fl̂(SA)(T ) is obtained with the approximation fl̂S(t + �t) =
fl̂S(t) +

1
≠ i

~ [ĤS, fl̂S(t)] + Dfl̂S(t)
2
�t, that from now on we call stan-

dard approximation (SA). We fix the total evolution time T = 30 µs
for di�erent values of �t. In Fig.2.5.2(a) we plot the results. The
red and blue curves are respectively the trends of T (SA) and T (QN)

for di�erent values of “�t. The theoretical upper bound for QN
computed in Appendix A.2 is reported as a blue dashed line and
the theoretical upper bound for SA as a red dashed line, computed
by using the formula in [36]. Notably, for “�t ≥ 10≠4, T (QN) ≥ 10≠7

while T (SA) ≥ 10≠1. To reach the same precision of QN the SA needs
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Figure 2.5.2: Evolution of a single spin under external magnetic field and in con-
tact with a thermal bath with coupling constant “ = 0.1 kHz, for a total time
T = 30 µs. Panel (a) displays in blue the trace distance T (QN)(T ) between the
exact solution of the GKLS equation and the quantum noise (QN) approximation
in Eq. (2.4) as a function of “�t and in red the trace distance T (SA)(T ) between
the exact solution of the GKLS equation and the standard approximation (SA).
As one can see, to reach the same precision of QN, the SA needs N (SA)

step ≥ 105

against N (QN)
step ≥ 101, implying that the resulting depth for SA is four orders

magnitude larger than for QN. The blue dashed line reports the theoretical up-
per bound for QN computed in Appendix A.2, while the red dashed line is the
theoretical upper bound for SA, computed by using the formula in [36]. The blue
dots in panel (b) are the values of ÷ = |ÈẐÍ ≠ ÈẐÍNr | for the observable Ẑ where
ÈẐÍ is the true expected value and ÈẐÍNr is the estimate with Nr total number
of realizations obtained by simulating Alg. 3 with fixed �t = 10≠6 s, “ = 0.1
kHz and for di�erent number of realizations Nr. Each point is the mean over 100
independent simulations, and the vertical bars show the standard deviations of
the means. The orange dashed line is a fit for the sampling error, showing that
÷ ≥ O(1/

Ô
Nr).
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“�t ≥ 10≠8, meaning that �t has to be reduced by four orders of
magnitude and consequently N (SA)

step ≥ 105 against N (QN)

step ≥ 101.
The blue dots in Fig. 2.5.2 (b) are the values of ÷ = |ÈẐÍ ≠ ÈẐÍNr |
for the observable Ẑ obtained by simulating Alg. 3 with fixed
�t = 10≠6 s, “ = 0.1 kHz and for di�erent number of realiza-
tions Nr. Each point is the mean over 100 independent simulations,
vertical bars are the standard deviations of the means. The orange
dashed line is a linear fit in log-log scale of the data, giving angu-
lar coe�cient ƒ ≠1/2, showing that the behaviour of the sampling
error is ÷ ≥ O(1/

Ô
Nr). By taking larger Nr one can reach a pre-

cision consistent with the one of the rightmost point of the blue
curve in Fig. 2.5.2 (a), that corresponds to the same choice of pa-
rameters �t and “. This requires a huge number of samples, but it
is a consequence of the simple toy model of a single system qubit
interacting with an environment, for which the approximation er-
ror is very small. When considering systems with high number of
qubits, since the approximation error scales with ≥ n2m, a limited
number of realizations Nr is required to reach the accuracy of the
approximation error.
Finally we simulated classically Alg. 3 applied to the problem of
the energy transfer dynamics in molecular systems. In particular
we considered the following Hamiltonian for a linear chain of two
molecules

ĤS = ≠
1ÿ

k=0

Ek

2 Ẑk + J0,1

2

3
X̂0X̂1 + Ŷ0Ŷ1

4
, (2.13)

where each molecule has only two energy levels encoded in the qubits
computational states. All the chosen parameters are dimensionless.
The values of the energy gaps are E0 ƒ 773.5, E1 ƒ 770.3. The
interactions coupling reads J0,1 = 3.2. The dissipator of the GKLS
equation we used is

Dfl̂S =
15ÿ

k=0

“k

3
P̂kfl̂SP̂k ≠ fl̂S

4
, (2.14)

where P̂k are two-qubits Pauli strings and the values of “k are listed
in [56]. The initial state of the two qubits is |10Í. We chose �t =
5 ◊ 10≠2 with Nstep = 40, and a number of shots Nr = 100. In Fig.
2.5.3 we show the evolution of the diagonal entries of the density
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Figure 2.5.3: Evolution of the diagonal entries of the density matrix describing
the energy transfer between two molecules represented by two qubits. The results
of our algorithm are shown in dots, while those obtained by numerically solving
the GKLS equation are shown with solid lines. The initial state of the two qubits
is |10Í. All the chosen parameters are dimensionless. The values of the energy
gaps are E0 ƒ 773.5, E1 ƒ 770.3. The interactions coupling reads J0,1 = 3.2. We
chose �t = 5 ◊ 10≠2 with Nstep = 40, and a number of shots Nr = 100. The
values of “k are listed in [56].

matrix. Solid lines are numeric solutions while dots are obtained
with our algorithm. The good agreement between the two confirm
the validity of the method.

2.6 Conclusions

We have presented an algorithm based on the quantum noise formal-
ism tailored for the e�cient simulation of open quantum systems on
quantum devices. Our approach allows to use a single ancilla qubit
of the bath independently of the system size marking a substantial
reduction in the total number of circuit qubits. Moreover our ap-
proximation, for small environment coupling constants, permits to
reduce the total number of steps while maintaining the desired accu-
racy. For bigger values of the environment coupling constants, our
approach still works and converges to the standard first order solu-
tion in �t. Moreover, in principle, the accuracy can be improved by
expanding the approximation to higher orders, see Appendix A.1.
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As future work we expect to apply the algorithm on real quantum
computers paired with error mitigation techniques to reduce the
impact of the inherent noise of the devices. We will also explore
the possibility of introducing non-Markovian e�ects by relaxing the
prescription of resetting the bath qubit after each gate in the time
step.
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Chapter 3

The impact of inherent noise on
quantum algorithms: A case study

The algorithm presented in the previous chapter is an example of a
quantum algorithm that should run on a quantum hardware. How-
ever, as quantum hardware is highly susceptible to the interaction
with the environment, understanding the e�ects of noise in quan-
tum circuits becomes crucial [41]. For this reason, in the following
chapter we study the impact of inherent noise on quantum algo-
rithms through numerical simulations of noisy quantum circuits. In
particular we focus on a Variational Quantum Eigensolver (VQE)
[60] to detect phase transitions through the energy level crossing
technique [61].
Exploring phase transitions is crucial for understanding the funda-
mental behavior of matter [62]. These transitions are usually iden-
tified by analyzing order parameters that describe specific phase
changes. However, accurate estimates of transition points require
large systems approaching the thermodynamic limit, which typi-
cally is highly computationally expensive. An alternative approach
involves utilizing level spectroscopy [63–65]. In this framework, the
ground state phase transition is detected by the energy level cross-
ings of low-lying excited states. Indeed, if the quantum numbers
of the ground state do not change across the phase transition, but
those of the low-energy excited states do change, then a correspon-
dence between excited energy level crossings and the phase transi-
tions is expected [66–69]. For several one-dimensional models this
mapping is well established. Moreover, it seems to be a promising
approach also for two-dimensional spin systems [70–72]. The ben-
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efit of this method lies in its insensitivity to system size, enabling
highly accurate predictions of the phase transition point even with
small clusters.
Here we introduce a variational Ansatz adequate for the implemen-
tation on quantum devices to detect the transition by exploiting
level spectroscopy. In particular, we focus on the J1-J2 Heisenberg
model on a chain, where level crossing has been successfully applied
with classical methods. The Hamiltonian of the model reads

ĤJ1-J2 = J1

Nÿ

r=1

Ŝr · Ŝr+1 + J2

Nÿ

r=1

Ŝr · Ŝr+2 , (3.1)

where Ŝr = (Ŝx
r , Ŝy

r , Ŝz
r ) is the spin 1/2 operator at site r and

J1, J2 Ø 0 are the antiferromagnetic couplings between nearest
and next-nearest neighbors sites, respectively. For J2 = 0 the
model in Eq. (3.1) reduces to the one-dimensional Heisenberg model
and the ground-state properties can be computed using the Bethe
Ansatz [73]. However, when J2 > 0 there are no exact solutions.
Still, its phase diagram is well established by numerical and analyt-
ical calculations [74, 75]. On one hand, the detection of the phase
transition transition is especially complicated by the direct compu-
tation of an order parameter. Indeed, large size e�ects are present
and a huge number of sites is necessary to give a meaningful esti-
mation of the phase transition point [74–77]. On the other hand,
by employing level spectroscopy, a small number of sites (N ≥ 30)
is su�cient to achieve a very accurate estimation [63].
The eigenstates of the Hamiltonian in Eq. (3.1) can be classified ac-
cording to the total spin S2 and the momentum k, respectively the
quantum numbers of Ŝ

2, where Ŝ = qN
r=1

Ŝr, and of the one-site
translation operator T̂ (assuming periodic boundary conditions).
The transition point can be detected as the energy level crossing
between the first singlet (S2 = 0) and triplet (S2 = 1) excited
states with momentum fi with respect to the ground state. We
point out that defining spin symmetric states is di�cult with classi-
cal methods such as Tensor Network and Neural Network Quantum
States [78–81]. These approaches typically restrict computations to
the Sz symmetry sectors [72,77,82–88]. The e�ectiveness of prepar-
ing translational- and spin-equivariant quantum circuits, combined
with the level spectroscopy technique on small clusters, makes the
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problem suitable for quantum computers, even in the near-term.
In this scenario, we devise an equivariant variational quantum cir-
cuit [89–92] preserving both total spin and translational symmetry,
optimized through the Variational Quantum Eigensolver (VQE) [60].
The latter is a hybrid quantum-classical algorithm based on the
variational principle. Importantly, the variational principle can be
extended beyond approximating ground state properties to describe
low-lying excited states as well. For instance, this can be achieved
by constructing suitable variational states where specific symmetry
sectors can be specified [72, 76, 83, 93, 94]. In this work, we explore
this possibility focusing on the variational approximation of the ex-
cited states of the J1-J2 Heisenberg model in Eq. (3.1). However,
our approach can be suitably extended to handle other Hamiltoni-
ans, and it results particularly valuable to treat those that conserve
total spin.
The sensitivity of our algorithm to noise is evaluated through nu-
merical simulations of noisy quantum circuits. Despite the explicit
breaking of variational state symmetries in the presence of noise [95],
we demonstrate that by integrating standard error mitigation tech-
niques, such as Zero Noise Extrapolation (ZNE) [96], we can suc-
cessfully restore the desired physical properties.

3.1 Variational Ansatz

Given a Hamiltonian Ĥ, the VQE o�ers a method to approximate
its eigenstates by exploiting the variational principle, which involves
minimizing the variational energy E◊ = È�◊| Ĥ |�◊Í. Here, |�◊Í con-
stitutes a variational state depending on ◊, a vector of parameters.
In the VQE framework, the Ansatz is represented as a quantum
circuit identified by a unitary transformation Û◊ acting on an ini-
tial state |„Í, such that |�◊Í = Û◊ |„Í. In this study, we utilize
a quantum circuit based on the Hamiltonian Variational Ansatz
(HVA) [60,97], which proved to be e�ective for approximating quan-
tum many-body eigenstates [89, 98–103]. The HVA approach in-
volves introducing a set of auxiliary Hamiltonians Ĥ1, Ĥ2, . . . , ĤM

such that
5
Ĥm, ĤmÕ

6
”= 0 ’m ”= mÕ. The variational state is then
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3Figure 3.1.1: a) Implementation of a single layer of the quantum circuit defined
in Eq. (3.5) of the main text. This circuit consists of 2-local rotations, such
as XX, which denotes the unitary exp

1
i◊Ŝx

r ¢ Ŝx
r+1

2
and similarly for Y Y and

ZZ. b) Implementation of the 2-local rotation XX. It includes two CNOTs,
a RZ rotation and diagonalizing gates UX , defined by Û †

X Ŝx
r ÛX = Ŝz

r . The
implementation is analogous for the gates Y Y and ZZ. c) Circuit used to perform
symmetrization by LCU, where a controlled T̂ is added to Û◊ to symmetrize |�◊Í.

expressed as:

|Â◊Í =
LŸ

l=1

e≠i◊l
M ĤM . . . e≠i◊l

2Ĥ2e≠i◊l
1Ĥ1 |„Í , (3.2)

where the initial state |„Í is typically identified as a low-energy
eigenstate of one of the auxiliary Hamiltonians Ĥm (m > 1). The
number of variational parameters in the HVA approach is M ·L and
the accuracy of the variational state is mainly determined by the
number of layers L.
In the HVA framework, the standard practice is to require that
qM

m=1
Ĥm = Ĥ. However, we relax this constraint while still main-

taining a connection between qM
m=1

Ĥm and Ĥ. Indeed, our focus
lies on the symmetry properties of the auxiliary Hamiltonians.
The simplest way to define a non-trivial variational state |�◊Í is to
consider a set of M = 2 auxiliary Hamiltonians Ĥ1 and Ĥ2. As a
result, the unitary operator takes the following form:

Û◊ =
LŸ

l=1

ei◊l
2Ĥ2ei◊l

1Ĥ1 . (3.3)

For the J1-J2 Heisenberg model in Eq. (3.1), one way to define Ĥ1

and Ĥ2 is to observe that the nearest-neighbor term q
r Ŝr · Ŝr+1
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can be decomposed into the sum of two contributions
Ĥeven = qN/2

r=1 Ŝ2r≠1 · Ŝ2r and Ĥodd = qN/2

r=1 Ŝ2r · Ŝ2r+1. Additionally,
the ground state of Ĥeven is a product state of singlet pairs, and
its excited states can be constructed by replacing a singlet pair
with a triplet one (see Sec. 3.1.1). Therefore, we set Ĥ2 = Ĥeven,
and choose the state |„Í to be an appropriate eigenstate of Ĥeven.
Subsequently, the most natural choice for the other term is Ĥ1 =
Ĥodd, since [Ĥeven, Ĥodd] ”= 0 (see [61] for a discussion about an
alternative choice of Ĥ1 and Ĥ2). Since the Hamiltonians Ĥ1 and
Ĥ2 are defined as sums of commuting terms, the unitary operator
Û◊ in Eq. (3.3) becomes

Û◊ =
LŸ

l=1

N/2Ÿ

r=1

ei◊l
2Ŝ2r≠1·Ŝ2r

N/2Ÿ

q=1

ei◊l
1Ŝ2q·Ŝ2q+1 . (3.4)

Furthermore, considering the definition Ŝ2r≠1 · Ŝ2r = q
– Ŝ–

2r≠1
Ŝ–

2r

where – = x, y, z, it is worth noting that [Ŝ–
2r≠1

Ŝ–
2r, Ŝ—

2r≠1Ŝ
—
2r] = 0,

and similarly for Ŝ2r · Ŝ2r+1. Consequently, we can rewrite Eq. (3.4)
without any approximation:

Û◊ =
LŸ

l=1

N/2Ÿ

r=1

Ÿ

–
ei◊l

2Ŝ–
2r≠1Ŝ–

2r

N/2Ÿ

q=1

Ÿ

—
ei◊l

1Ŝ—
2qŜ—

2q+1 . (3.5)

The last step is crucial as it enables the implementation of each layer
of Û◊ in constant depth relative to the number of qubits N . In fact,
Û◊ in Eq. (3.5) is the composition of 2-local gates, many of which
can be executed simultaneously (see Fig. 3.1.1a and Fig. 3.1.1b).
Note that in Fig. 3.1.1b we show a straightforward implementa-
tion of the two local gates. Alternatively, optimized decompositions
that reduce the number of required CNOT gates, as proposed in
Refs. [104,105], can also be implemented.

3.1.1 Symmetries of the variational state

An e�ective strategy for approximating excited states involves con-
structing variational states with definite quantum numbers, thereby
energy minimizations are performed within specific symmetry sec-
tors. In order to detect the phase transition point in the J1-J2

Heisenberg model, we need to fix both the momentum k and the to-
tal spin S2. As a result |�◊Í should be invariant with respect to the
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operators Ŝ2 and T̂ . Given |�◊Í = Û◊ |„Í, if the initial state |„Í lies
in a definite symmetry sector and the unitary operator Û◊ preserves
that symmetry (i.e., it is equivariant), then the resulting variational
state |�◊Í can e�ectively estimate low-energy excitations. Regard-
ing the total spin, each rotation ei◊Ŝj ·Ŝk in Eq. (3.4) is equivariant
under spin symmetry, namely [Ŝ2, ei◊Ŝj·Ŝk] = 0 ’j, k. Therefore,
to restrict the optimization to a specific spin sector, it su�ces to
choose |„Í with a definite S2 quantum number.
The singlet state (S2 = 0) is implemented as the ground state of Ĥ2

|„0Í =
N/2Ÿ

r=1

|sÍ
2r≠1,2r , (3.6)

where |sÍr,rÕ = (|0Ír |1ÍrÕ ≠ |1Ír |0ÍrÕ)/
Ô

2 is a singlet pair. Similarly,
the triplet state (S2 = 1) can be constructed as the first excited
state of Ĥ2 by replacing in Eq. (3.6) a singlet pair with a triplet one
|tÍr,rÕ = (|0Ír |1ÍrÕ + |1Ír |0ÍrÕ)/

Ô
2. Thus we can select as initial state

either of the following N/2 degenerate states

---„̃j
1

f
= |tÍ

2j≠1,2j

N/2Ÿ

r=1,r ”=j
|sÍ

2r≠1,2r , (3.7)

where j = 1, . . . , N/2. Concerning translational invariance, while
the Hamiltonian ĤJ1-J2 in Eq. (3.1) preserves one-site translations,
the unitary operator Û◊ does not. However, the Hamiltonians Ĥ1

and Ĥ2 are equivariant under translations of two lattice sites, mean-
ing [Ĥ1, T̂ 2] = [Ĥ2, T̂ 2] = 0. Consequently, by sharing the varia-
tional parameters across di�erent qubits [see Eq. (3.5)], we easily
achieve [Û◊, T̂ 2] = 0. The latter condition leads us to consider a
simple way to restore the one-site symmetry, which is necessary to
fix the momentum k in the variational state. This involves defining
initial states |„Í that possess translational invariance over two lat-
tice sites. Notably, the state |„0Í in Eq. (3.6) already exhibits this
symmetry, while the states

---„̃j
1

f
in Eq. (3.7) lack it. However, we

can prepare a superposition of
---„̃j

1

f
states as

|„1Í = 1
Ò

N/2

N/2ÿ

j=1

---„̃j
1

f
, (3.8)
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implying T̂ 2 |„1Í = |„1Í (for a detailed discussion on the quantum
circuit implementation of |„0Í and |„1Í refer to Appendix B.1. At
this point, full translational invariance can be recovered using Linear
Combination of Unitaries (LCU) [106], as described below.

3.1.2 Symmetrization by Linear Combination of Unitaries (LCU)

Given a variational state |�◊Í satisfying T̂ 2 |�◊Í = |�◊Í, we define
the following linear combination to represent normalized, transla-
tionally invariant states:

---�±
◊

f
= |�◊Í ± T̂ |�◊Í

|| |�◊Í ± T̂ |�◊Í ||
, (3.9)

Here,
---�+

◊

f
and

---�≠
◊

f
correspond to states with momentum k =

0 and k = fi, respectively. In the following discussion, we show
how to implement the symmetrized state in Eq. (3.9) as a quantum
circuit, making use of the Linear Combination of Unitaries (LCU)
technique [106].
The latter method allows the preparation of normalized states in
the form |�Í Ã �̂ |�0Í, given a normalized initial state |�0Í and a
general linear combination of unitaries �̂ = qA≠1

a=0
caÛa. Since �̂ is

non unitary, the procedure succeeds only with a certain probability,
which is related to the normalization constant of �̂ |�0Í. To achieve
this goal, it is necessary to unitarize �̂, a process that involves in-
troducing Álog2(A)Ë ancillary qubits, followed by a projection.
Focusing on the translational symmetry, given a state invariant un-
der A-site translations, namely T̂ A |�0Í = |�0Í, symmetrizing it ne-
cessitates �̂ = qA≠1

a=0
eika T̂ a, where k = 2fin/A with n = 0, . . . , A≠1

(see [61] for further details). This procedure requires a logarithmic
number of ancillary qubits Álog2(A)Ë and O(A · N) quantum oper-
ations independently of the state |�0Í. Moreover, as this procedure
succeeds only with a fixed probability, it may involve a sampling
overhead. Nevertheless, it can be shown (see [61]) that the aver-
age probability of success across various initializations of the vari-
ational parameters is approximately 1/A, with corrections of order
O(2A≠N). This suggests that, at the beginning of the optimization,
the sampling overhead is expected to scale linearly with A (assuming
N ∫ A).
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In our case, we implement Eq. (3.9) by choosing A = 2, |�0Í = Û◊ |„Í
and �̂ = Î + T̂ . Consequently, only one ancilla is required, regard-
less of the system size N . The corresponding circuit is schematically
illustrated in Fig. 3.1.1c. First, we prepare the ancilla in the |+Í
state. Then, we apply a controlled version of T̂ . Finally, the projec-
tion is performed by measuring the ancilla in the {|+Í , |≠Í} basis.
Depending on the measurement outcome, the computational regis-
ter is prepared in either

---�+

◊

f
or

---�≠
◊

f
states. Thus, by post-selecting

the appropriate measurement results from the ancillary qubit, both
momenta (k = 0 or k = fi) can be obtained using just one circuit1.
Additionally, we mention that other symmetrization approaches,
based on classical post-processing, are possible but may require a
higher number of circuit evaluations [89].
While e�ective in the ideal case, a posteriori symmetrization proce-
dures (like those discussed in this Section) are are notably sensitive
to errors arising from noise [107,108]. Hence, in the following we in-
vestigate the impact of small perturbations on the quantum circuit
(see Sec. 3.2 and Sec. 3.4).

3.2 Noise and mitigation

As mentioned in Section 1.3.2, quantum devices are susceptible to
noise, leading to errors during quantum computation. These errors
arise from interactions of qubits with the environment [5,109]. Here
we present the noise model that we used to simulate our VQE in the
presence of ineherent noise. It is based on the standard approach
described in Section 1.3.2.

3.2.1 Noise model

Accurately modeling incoherent errors is challenging [29–31]. Here,
we define a simple noise model that captures only 1-local errors,
allowing to examine how small perturbations a�ect the symmetries
of the variational state. This noise model is implemented as quan-
tum channels E· , in the Kraus form of Section 1.1.1, which generally

1
In [61] we discuss both the computational cost of LCU to restore translational symmetry

on a two-site translationally invariant state and to enforce a generic discrete symmetry.
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depend on the gate time · . The most common models include de-
polarization ED

· and relaxation ER
· , which are applied after each

gate in the quantum circuit (see Section 1.3.2) [42, 43]. Both maps
induce single-qubit decoherence. However, the fixed points of the
two maps di�er, thus introducing competing e�ects. On the one
hand, single-qubit depolarization tends to bring the state towards
Î/2, namely the maximally mixed one. On the other hand, thermal
relaxation tends to bring the state to |0Í È0|. Here, we choose to
combine the two as E· = ED

· ¶ ER
· . Furthermore, we neglect cross

talks and correlated noises [110] implying that the total channel
associated to m-qubit gates is E¢m

· , i.e., the tensor product of the
single-qubit one. In Appendix B.2 we show a schematic depiction
of the nosie model.
Together with errors arising from the gate execution, readout er-
rors are also present during the measurement procedure at the end
of computation [111]. However, we neglect this error source, since
highly e�ective techniques such as T-REX [112], capable of miti-
gating these errors, are already accessible on current quantum de-
vices [44]. Moreover, since such quantum devices can only imple-
ment a specific set of universal gates (see Appendix B.2), to conduct
numerical simulations that are more faithful to the real hardware,
we transpiled our algorithm accordingly.

3.2.2 Zero Noise Extrapolation (ZNE)

In the noise model outlined previously, the quantum channels E·

depend on the gate time · and the error probabilities, associated
to each channel, increases with · (see Appendix B.2). This pa-
rameter can be theoretically adjusted to control the noise level, a
manipulation that can also be realized experimentally through var-
ious techniques [96, 113, 114]. This allows to perform Zero Noise
Extrapolation (ZNE) [96], an error mitigation strategy suitable for
expectation value estimations. In this approach, the expectation
value is computed with increasing noise levels (i.e., the gate time
·), in order to extrapolate the ideal result in the zero-noise limit
(i.e., · æ 0). Generally, the introduction of noise explicitly breaks
the symmetries of the Ansatz [95], implying possibly wrong esti-
mations of the low-lying excited energies. To counteract this ef-
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Figure 3.2.2: The variational energy for a cluster of N = 16 sites as a function of
the number of layer L = 1, . . . , N/2 for J2/J1 = 0.15 (left panel) and J2/J1 = 0.35
(right panel). The exact energies are also reported as dotted lines in both panels.
The corresponding relative error �Á = |E◊ ≠ Eex|/Eex with respect to the exact
energies is reported as insets as a function of L.

fect we modify the VQE cost function with a penalty term which
favours variational states lying in the correct symmetry sector. By
exploiting the optimizer to mitigate the noise-induced e�ects on the
symmetries of the Ansatz, in combination with ZNE, we accurately
recover the zero-noise limit.

3.3 Noiseless Numerical Results

In the following we examine the results obtained in the noiseless
scenario by performing numerical state-vector simulations (Penny-
Lane’s lightning.qubit backend [115]). Specifically, we investi-
gate how the accuracy of the variational state can be systematically
enhanced by increasing the number of layers L in the circuit across
the di�erent symmetry sectors.
We focus on a cluster of N = 16 qubits for two frustration ratios:
J2/J1 = 0.15 (gapless phase) and J2/J1 = 0.35 (gapped phase). In
Fig. 3.2.2 we show the dependence of the variational energies with
respect to the number of layers L of the circuit. The optimizations
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are carried out fixing the quantum numbers of total spin S2 (singlet
or triplet) and momentum (k = 0, fi). For both frustration ratios,
the ground state is a singlet (S2 = 0) with k = 0. The first excited
state before the phase transition (J2/J1 = 0.15, left panel) is a
triplet state (S2 = 1) with momentum k = fi. Then, after the
transition (J2/J1 = 0.35, right panel), it becomes a singlet state
(S2 = 0) with momentum k = fi. The situation is reversed for the
second excited state.
For both frustration ratios, the relative error of the states compared
to the exact ones [64, 116] is of order �Á ¥ 0.01% for a number of
layers L = N/2 [102] (see insets in Fig. 3.2.2). We observe that the
convergence of the triplet state is slower compared to the singlet case
(see Fig. 3.2.2). However, by reaching L = N/2, the accuracy is of
the same order of magnitude for both cases. The accurate results
obtained before and after the transition suggest that the variational
state accurately captures the transition point through the crossing
of excited states.

3.4 Noisy Numerical Results

The introduction of noise in the circuit modifies the performance of
the Ansatz. In this section we investigate the impact of the noise
model (see Sec. 3.2) on the symmetries of the variational state. We
show that it is possible to mitigate errors through ZNE combined
with the introduction of a suitable penalty term in the cost function.
Here, we focus on a system of N = 4 sites using a circuit with
L = 1 layer. Indeed, for such a small cluster one layer is su�cient
to get accurate estimations in the noiseless limit. Using as reference
current IBM superconducting devices [44], the single-qubit gate time
is tg ¥ 3.5 ◊ 10≠8 s. For this reason, variational optimizations are
performed setting · = tg (see Sec. B.2). Regarding mitigation, we
dub ZNE region the gate-time interval attainable to perform ZNE
on current quantum hardware (i.e. from · = tg up to · ¥ 3tg). All
numerical simulations are performed by employing a density matrix
simulator (PennyLane’s default.mixed backend [115]).
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Figure 3.3.3: a) Variational energies for S2 = 0 and k = fi on a N = 4 site cluster
at J1/J2 = 0.15, plotted as a function of ·/tg, with ⁄ = 0.0 (dashed green curve)
and ⁄ = 0.05 (solid green curve). The empty green square (diamond) indicates
the energy at ·/tg = 1 for ⁄ = 0.05 (⁄ = 0.0). The shaded red region marks
the ZNE region spanning ·/tg œ [1, 3]. The exact energy value is also shown for
comparison (red star). The inset (1) displays the evolution of the probability ps
over optimization steps for the gate time · = tg, with ⁄ = 0.0 (dashed green
curve) and ⁄ = 0.05 (solid green curve). The inset (2) shows the values of the
probability ps, at the end of the optimization, as a function of ⁄. b) Variational
energies for the di�erent symmetry sectors in the interval J2/J1 œ [0.15, 0.35].
Unmitigated results are obtained at · = tg (left panel), while the mitigated
energies obtained via ZNE are shown in the right panel. The inset shows ZNE
extrapolations performed within the ZNE region (·/tg œ [1, 3]) for J1/J2 = 0.15.
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3.4.1 Breaking of Equivariance due to Noise

In Fig. 3.3.3a we show the results at J2/J1 = 0.15 for the singlet
excited state (S2 = 0) at k = fi. We start describing what hap-
pens when changing continuously the gate time · in the variational
circuit. First, we optimize the variational state at · = tg (empty
green diamond). Then, fixing the optimal parameters, the noise
level is changed shifting · in the interval ·/tg œ [10≠7, 102] (dashed
green curve). We point out that for small values of the gate time
(·/tg ≥ 10≠7) the variational result approaches the exact energy
(red star).
However, in the ZNE region (shaded interval) the variational energy
is lower with respect to the exact one in the selected symmetry
sector2. As a result, due to the non-monotonic behaviour of the
noisy energy curve, performing the ZNE in the ZNE region gets
a o�-target result, committing an error of 45% with respect to the
exact energy. This suggests that the variational state has no definite
momentum, implying a breaking in the equivariance of the circuit
due to the presence of noise [95].
To better understand this behaviour, we measure, during the energy
optimization at · = tg, the probability ps(◊) = (1+eik È�◊| T̂ |�◊Í)/2
(see [61] for a derivation), which quantifies the success in perform-
ing the LCU symmetrization (green dashed curve in the inset (1)
of Fig. 3.3.3a). This probability decreases during the optimization
and at the end is quite low (ps ¥ 15%). We point out that in a
noiseless scenario, the definition of a state with a definite momen-
tum is achieved irrespective of the value of ps. However, when noise
is present, the probability of success ps in executing the LCU sym-
metrization becomes relevant to the e�ective generation of transla-
tionally invariant states. In general for both scenarios, low values
of ps imply that the one-site translations are primarly restored by
LCU, indicating that components in the wrong symmetry sectors
are relevant before the LCU application. Conversely, when ps is
high, most of the symmetrization is e�ectively performed by opti-
mizing the parameters within the variational circuit Û◊, relegating

2
We remark that the variational energy is consistently higher than the ground state energy.

However, if the symmetries of the variational state are not preserved, its energy may be lower

than that of the excited state we are approximating.
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a minor role to LCU. Since the latter is the most susceptible com-
ponent to noise in the quantum circuit [107, 108], its contribution
to equivariance loss is expected to be predominant. Consequently,
we identify the decay of ps during training as the main indicator of
noise-induced equivariance breaking within the circuit.

3.4.2 Noise mitigation and symmetry restoration

In this section, we devise a strategy to mitigate the e�ect of noise on
the symmetries of the Ansatz. As discussed in the previous section,
in order to reduce the role of the LCU in the construction of a
translationally invariant state we aim at increasing the probability
ps. This can be achieved by adding a penalty term in the loss
function

P (⁄, ◊) = ⁄ [1 ≠ ps(◊)]2 . (3.10)

Here, ⁄ is an hyperparameter which controls the intensity of the
penalty term. Performing energy minimizations at di�erent values
of ⁄, fixing the gate time · = tg, allows to determine its optimal
value. In the inset (2) of Fig. 3.3.3a we show a sharp transition
at ⁄ = 0.05 from a regime of low (ps ¥ 15%) to high (ps ¥ 90%)
probability measured at the end of the training. In addition, in the
inset (1) we show how the behaviour of the probability ps, during
the energy optimization, is modified by introducing a penalty term
(solid green curve). As a result, by setting ⁄ = 0.05, the energy of
the optimized state (empty green square in Fig. 3.3.3a) results in a
reliable approximation of the energy of the singlet excited state at
k = fi (with a relative error �Á ¥ 5%).
At this stage, maintaining the optimal variational parameters ob-
tained at · = tg, the noise level is changed shifting · in the interval
·/tg œ [10≠7, 102] (green solid curve in Fig. 3.3.3a). Here, a mono-
tonic behaviour emerges, facilitating the implementation of Zero
Noise Extrapolation within the ZNE region (see below).

3.4.3 Mitigated energy level crossing

Finally, in Fig. 3.3.3b we estimate the variational energies, at gate
time · = tg, for the di�erent symmetry sectors varying the values
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of the frustration ratio in the interval J2/J1 œ [0.15, 0.35]3. As
shown in the left panel, the variational energies are shifted with
respect to the exact ones (marked by dashed lines) due to noise.
The mitigated results with ZNE technique performed in the ZNE
region are depicted in the right panel.
In the inset, for J2/J1 = 0.15, the empty points represent the noisy
energies (also depicted on the left panel), while the crosses denote
the expectation values obtained with increasing gate time. The
filled points indicate the extrapolated values in the zero-noise limit
(also displayed in the right panel) after fitting the data by linear
regression.
We point out that even in the unmitigated scenario (left panel), the
crossing point is adequately captured, despite slight energy shifts.
However, through mitigation, we not only identify the energy level
crossing accurately but also approximate the exact energies with an
�Á ¥ 1% error (right panel).

3.5 Conclusions

We have introduced an Ansatz inspired by HVA to investigate the
excited states of an interacting spin system on a lattice. Specifi-
cally, we have discussed the possibility to carry out optimizations
in specific symmetry sectors by fixing the quantum numbers in the
variational state. Although this approach was applied to identify
energy level crossings on small clusters in the one-dimensional J1-
J2 Heisenberg model, it can be properly generalized to study other
models. We emphasize the advantage of this approach in providing
a simple method to construct total spin invariant states, compared
to classical approaches such as Tensor Networks or Neural Network
Quantum States.
It is worth noting that, by employing level spectroscopy, the quan-
tum phase transition point is estimated at J2/J1 = 0.25 on a cluster
of N = 4 sites (see Fig. 3.3.3b) with an error of 3.6% compared to the
thermodynamic limit result (J2/J1)c = 0.24117(6). Given the neg-
ligible size e�ects of this technique, the application of the same ap-
proach to systems with long-range interactions or two-dimensional

3
In particular, an appropriate value of ⁄ is chosen for each simulation.
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systems, where the presence of phase transitions is still under de-
bate, is the focus of future investigations.
Furthermore, we discussed how noise, which explicitly breaks state
symmetries, can be mitigated by standard techniques such as ZNE,
with the addition of an appropriate penalty term which helps in
finding symmetric solutions. From this perspective, the implemen-
tation of this Ansatz on current quantum devices represents the
next step in verifying whether the mitigation techniques employed
in simulations are still e�ective. Moreover, this implementation will
involve assessing also the impact of finite samples on the estimation
of the expectation values [117].
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Chapter 4

The Noisy Gates approach

The standard approach to classically simulate noisy quantum com-
puters is presented in Section 1.3.2 and is used in Chapter 3. This
approach works well if the unitary gate acts almost ”instantaneously”
with respect to the noise dynamics, however it still has some limi-
tations. By separating the action of the gate from that of the noise,
it does not represent a faithful description of what happens inside
a computer, where the controlled action on the qubit(s) generating
the gate and the environment act simultaneously and potentially af-
fect each other. Therefore it is expected not to be fully accurate in
describing a NISQ computer, especially when the number of gates
and qubits is relatively large, which is actually the regime where
simulations are more interesting.
In this chapter we propose an alternative approach [30], where the
noise is integrated into the logical gates, in the sense that the result-
ing noisy gate is computed by solving for the dynamics generating
it, with additional terms describing the noise added to it:

fl N flÕ , (4.1)

where in general N ”= E2 ¶ U ¶ E1, and under standard assumptions
(e.g., Markovianity) it gives an analytic expression for the solution
of the GKLS equation obtained with perturbative methods. Now
N captures, within the limits of validity of the GKLS equation, the
entire physics occurring during the execution of each gate; not only
it o�ers a more accurate description of the system and therefore a
better protocol for circuit simulations, but also it helps to under-
stand the di�erent noises acting on the computer, especially in view
of possible mitigation strategies. As we show in the following this
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new approach does not have any computational disadvantage with
respect to (1.32).
As a note, Markovianity, which is the main physical assumption
behind the GKLS equation, and it is a very convenient working
hypothesis, can be released in favour of more general noises [5, 9,
118–121]; we will not touch on this possibility here.
Both approaches (1.32) and (4.1) have a drawback if they are imple-
mented at the density matrix level: the simulation will be slowed
down quadratically as a function of the number of qubits. This
drawback can be resolved for (1.32) by replacing the superopera-
tions E1,2 acting on the density matrix with suitable stochastic op-
erations acting on the state vector [122,123]; in this way, the noisy
algorithm becomes random and each single run of the simulation
can be seen as a single run of the algorithm on the noisy quantum
computer. The same strategy can be adopted for (4.1); one writes

|ÂÍ N⇠ |ÂÕ
⇠Í , (4.2)

where N⇠ is a stochastic gate, solution of a stochastic Schrödinger
equation, incorporating both the controlled action generating the
(otherwise ideal) gate Û and the noise. Here ⇠ denotes a set of
stochastic gaussian variables, and stresses the fact that N⇠, and
hence |ÂÕ

⇠Í, are random; we will omit to indicate ⇠ in the rest of the
thesis. Physical quantities are obtained by averaging over the noise.
The general procedure therefore is the following. Given a noise-
less algorithm, the corresponding noisy one is obtained by replacing
each ideal gate with a noisy gate. The resulting noisy algorithm,
which is stochastic, is repeated for di�erent realizations of the ran-
dom variables, as if they were di�erent runs on a physical quantum
computer. This produces a statistics of outcomes, to be compared
with those of a real computer, or to be used to predict the behavior
of a future NISQ device.
As such, as already mentioned, a first application of our approach
is to predict the behaviour of NISQ devices, their potentialities and
limitations. But its use goes beyond the NISQ-era horizon: by
o�ering a more accurate modeling of the noise, it allows to better
understand the physics underlying the functioning of a quantum
computer and to enforce appropriate error mitigation schemes [96,
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124,125].
The rest of the chapter details this program. Here we present the
noisy gates method by designing it on the IBM superconducting
computers [44] although the approach is general and can be used to
describe any NISQ quantum platform, once the native gate set and
the proper noise model are defined. Indeed, in the next Chapter 5
we extend the approach to photonic devices.

4.1 Review of the noise model in the GKLS formalism

The noises which are more relevant in the functioning of super-
conducting devices have already been characterized in literature
[42,43,109]; in this section we briefly present them. With good ap-
proximation they are described by the GKLS dynamics (Eqs. (1.6),
(1.10)) that now for convenience we rewrite as:

dfl̂s

dt
= ≠ i

~
Ë
Ĥs, fl̂s

È
+ D(fl̂s); (4.3)

here, Ĥs is the Hamiltonian of the system which implements the
ideal gate, and D is a term describing the e�ect of the environment.
Here for simplicity we neglect possible further Hamiltonian terms
due to interactions with the environment [5]. For convenience, we
will describe the evolution with a time schedule s œ [0, 1], defined
as s = t/tg, where tg is the duration of a gate.
Apart from state preparation and measurement (SPAM) errors,
which happen at the very beginning and very end, during the exe-
cution of an algorithm there are two main sources of noise, namely,
depolarization and relaxation [29, 109]. The first, which can be as-
cribed to the imperfections of the device, tends to bring the state
towards the totally mixed one, Î/

Ô
d, where d = 2n and n is the

number of qubits; for the single qubit, this can be modeled by the
following term [42,43],

DD(fl̂) = “D

3ÿ

k=1

Ë
‡̂kfl̂‡̂k ≠ fl̂

È
, (4.4)

where ‡̂1 = X̂, ‡̂2 = Ŷ , ‡̂3 = Ẑ are the standard Pauli matrices and
“D Ø 0 is the rate at which depolarization occurs.
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The second type of noise is due to the interaction of the physical
qubits with the surrounding environment; in particular, due the
thermalization towards an equilibrium with the environment, energy
exchanges occur. In the scenario of interest, this induces the decay
of a qubit towards the ground state |0Í, an e�ect which is also
known as amplitude damping [42,43]. This damping is characterized
by a relaxation time T1, which identifies the scales at which the
initial state decays towards |0Í; it causes also a damping of the o�-
diagonal elements of the density matrix in terms of dephasing, which
(if only amplitude damping is acting) has a characteristic time 2T1.
However, at the same time also a contribution of pure dephasing
must be taken in account, resulting in an e�ective dephasing rate
1/T2 Ø 1/2T1. When also T1 Ø T2 holds (and this is the case of
interest to us), the combined action of these two e�ects, that we
refer to as relaxation (as in Section 1.3.2), can be described by the
following GKLS term,

DR(fl̂) = “1

Ë
‡̂+fl̂‡̂≠ ≠ 1

2
Ó
P̂1, fl̂

ÔÈ
+ “z

Ë
Ẑfl̂Ẑ ≠ fl̂

È
, (4.5)

where we use the convention ‡̂± = (X̂±iŶ )/2 and P̂1 = |1Í È1| is the
projector onto |1Í; the coe�cients are related to the characteristic
times as “1 = tgT ≠1

1
and “z = tg(2T1 ≠ T2)/4T1T2.

We consider both sources of noise together, meaning that the GKLS
term is D = DD + DR, which can be diagonalized in the canonical
GKLS form by standard procedures. Eventually one obtains the
term

D(fl̂) = ‘2
3ÿ

k=1

Ë
L̂kfl̂L̂†

k ≠ 1
2

Ó
L̂†

kL̂k, fl̂
ÔÈ

, (4.6)

where the non normalized Lindblad operators are

L̂1 =
ı̂ıÙ⁄1

⁄
‡̂≠, L2 =

ı̂ıÙ⁄2

⁄
‡̂+, L̂3 =

ı̂ıÙ⁄3

⁄
Ẑ; (4.7)

here, we set ⁄1 = 2“D, ⁄2 = 2“D + “1, ⁄3 = “D + “z and ⁄ =
⁄1 + ⁄2 + ⁄3, and we defined the parameter ‘ =

Ô
⁄. In the case

of IBM’s superconducting devices the typical order of magnitude of
the decoherence times is ≥ 10≠4 s; by contrast, the typical order
of magnitude of the time to execute a gate is tg ≥ 10≠8 s, which is
small compared to T1,2; in particular, one has “D, “1, “z π 1, which
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leads to ‘ =
Ô

⁄ π 1. This justifies the perturbative expansion we
implement in the next section of in the chapter.
While terms of the form (4.6) describe the dissipation occurring
at the single qubit level, one straightforward generalization to the
multi-qubit case (the one we will consider in this work) is obtained
via

D(fl̂) =
nÿ

k=1

D(k)(fl̂), (4.8)

where the upper index (k) indicates that the GKLS term (4.6) acts
on the k≠th qubit. Such a generalization is based on the assump-
tion that single qubit noises are dominating, therefore neglecting
cross talks and correlated noises [126]; they can straightforwardly
be implemented in our noisy framework, and they will be the sub-
ject of future research. We stress that through Eq. (4.8) we already
account for the fact that (for instance, on IBM’s devices) multiple-
qubit operations are more faulty than single qubit manipulations:
when entangling gates are performed, single qubit noises act to-
gether, and errors therefore amplify.
Before proceeding, one further comment is in order. Casting the
behaviour of a real quantum device in a theoretical model is a hard
task, and the more accurate the model, the less general it is. The
purpose of this work is not that of finding the best noise model
for a given quantum computer; rather, given a noise model, we are
interested in the best way to simulate the device. The noise model
we are considering here is therefore ultimately motivated by the
fact that it is accurate enough to already give appreciable results
in the simulations, but on the other hand it is also simple enough
to e�ciently enlighten our main points, and general enough to be
readily extended to di�erent platforms. It is understood that better
results can be achieved only by specializing more the analysis on
physical device to be considered.

4.2 General derivation of noisy gates

Let us consider the situation in which the computer executes a gate
Ûg on a set of n qubits. This is achieved by driving the system with
an Hamiltonian Ĥs for s œ [0, 1], which will induce some unitary
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evolution Ûs, defined by i~dÛs/ds = ĤsÛs, and such that Ûs=1 =
Ûg. However, if noises and imperfections are taken in account, this
coherent evolution is replaced by a partially non coherent one, which
under the assumptions of Markovianity (and complete positivity) is
described by a master equation of the form (4.3) discussed in the
previous section, with the GKLS term given, in our case, by (4.8)
and (4.6), which needs to be solved in place of the Schrödinger
equation. We recall here that the coe�cient ‘ is small, ‘ π 1.
In order to switch from the density matrix formalism to the state
vector formalism, we use the linear SSE with classical Gaussian
noise in Eq. (1.19) [6, 7, 9, 13, 127]; The latter is an unraveling of
the GKLS equation in the sense that the density matrix obtained
by averaging the pure states |ÂsÍ ÈÂs| over the noise:

fl̂s = E
5
|ÂsÍ ÈÂs|

6
, (4.9)

is a solution of Eq. (1.19). In this sense, Eqs. (1.19) and (4.3)
have the same physical content; the advantage of the stochastic
unraveling is that it allows to work with Schrödinger-like equations
for the state vector.
One key property of Eq. (1.19) is that it is linear, and therefore
it allows to write the solution as |Âs=1Í = N̂g |Â0Í, where N̂g can
be interpreted as a noisy random gate acting on the system. Since
Eq. (1.19) in general does not preserve the norm of the state vec-
tor, the associated gate N̂g is not unitary; this is a consequence
of the chosen unraveling: one could have chosen norm-preserving
unravelings (see Eq. (1.20)) [8, 46], which however are not linear
and therefore do not allow for a gate-like formulation. The lack of
norm preservation is not a problem since at the statistical level, i.e.
when the average over the noise is taken as in (4.9), one recovers
the GKLS equation, which is trace preserving.
In general, Eq. (1.19) cannot be solved in a closed form [10, 11]
except for few specific cases, for example when all operators com-
mute. In Appendix C.1 we show how an approximate solution to
order O(‘2) can be derived, which results in the following expression
for the noisy version of a noiseless gate Ûg:

N̂g = Ûge
D̂geŜg , (4.10)
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where we defined the deterministic operator:

D̂g = ≠‘2

2
ÿ

k

⁄
1

0
ds

1
L̂†

k,sL̂k,s ≠ L̂2

k,s

2
(4.11)

and the stochastic one:

Ŝg = i‘
ÿ

k

⁄
1

0
dWk,sL̂k,s. (4.12)

Note that in Eqs. (4.11) and (4.12), L̂k,s = Û †
s L̂kÛs are the Lindblad

operators in the interaction picture, therefore the noiseless part of
the dynamics Ûs and the noisy one given by the Lindblad operators
L̂k do not factorize, as it might look from a naive understanding of
Eq. (4.10).
As explained in Appendix C.1, we omitted the additional term
≠(‘2/2) q

k,l
s

1

0
dWk,s

s s
0

dWl,sÕ
Ë
L̂k,s, L̂l,sÕ

È
in Eq. (4.12), which in prin-

ciple should contribute to order ‘2; this is legitimate because it is
a nested Itô integral of non anticipating functions [11], and hence
its stochastic average is 0. For this reason, it drops from all final
averaged quantities, and therefore we can neglect it from the start.
The only stochastic term entering the noisy gate N̂g is Ŝg in Eq.
(4.12), which is a function of several random variables › arising
from the stochastic processes Wk,s. Let us call L̂kij,s = L̂+

kij,s +
iL̂≠

kij,s the ij-th matrix element of the jump operator L̂k,s in the
computational basis, divided in real (+) and imaginary (≠) part,
respectively. Then, each entry of the stochastic matrix is of the form
Sg,ij = i‘

q
k

Ë
›+

kij + i›≠
kij

È
, where we defined the random variables

›+

kij =
⁄

1

0
dWk,sL̂

+

kij,s, ›≠
kij =

⁄
1

0
dWk,sL̂

≠
kij,s, (4.13)

which, being Itô integrals of deterministic functions, are all normally
distributed with zero mean, E

Ë
›±

kij

È
= 0, and variances E[(›±

kij)2] =
s

1

0
ds(L̂±

kij)2. Moreover, one can easily check that they are correlated
with each other as

E
Ë
›±

kij›
±
kÕiÕjÕ

È
= ”k,kÕ

⁄
1

0
dsL̂±

kij,sL̂
±
kiÕjÕ,s. (4.14)

The random variables giving Ŝg its stochastic character may be de-
fined in several other ways, and the best choice depends on the
specific case of interest. In this section we presented one general
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strategy for defining them, but in practice this lead to an over es-
timation of the actual number of random variables needed. By
straightforwardly counting, one has at most 2d2(d2 ≠ 1) real gaus-
sian random variables for a noisy gate acting on n = log2 d qubits,
each random variable being correlated with at most other 2d2 ≠ 1
ones. In practice, however, we immediately point out that one shall
expect neither the number of random variables, nor the number
of correlations between them to really follow this scaling. This is
mainly due to the fact that real quantum computers usually per-
form single and two qubit native gates, and single qubit noises are
dominating. For instance, given (4.8), one can upper bound the
number of random variables by ≥ 6d2 log2 d. We notice that our
derivation works for any choice of the starting GKLS master equa-
tion, meaning that any Markovian noise model can be treated. In
particular, while in this chapter we specialize on the noise model
described in the previous section, one can add device-motivated
modifications (such as correlated noises and leakages to upper lev-
els in the case of IBM’s platform); modifications of this kind are left
to future research—as also the generalization of our derivation to
non Markovian situations.
More details on the di�erence between our perturbative approxima-
tion and the one used in the standard approach (1.32) can be found
in Appendix C.2.

4.3 Comparison of the algorithms

It is instructive to compare the structure of our approach to noise
simulation with that of noise simulators based on the standard ap-
proach in Section 1.3.2. We choose IBM’s Qiskit [128] as term of
comparison since it is the most used software development kit for
quantum computing. The main algorithmic implementations based
on the standard approach are in Algs. 1 and 2.
Our noisy gates simulation is based on the algorithm summarized
in Alg. 4.
The time complexity of Alg. 4 is again O(22n), determined by the
matrix vector multiplication step. Analogously, the space complex-
ity is O(2n). We notice that in Alg. 4 there is no need to perform
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Algorithm 4 Noisy Gates Simulation
Input: Initial state |Â0Í, a noiseless circuit C = {U(1), ..., U(ng)} composed by ng

gates U(i) and number of samples Ns

for 0 Æ k Æ Ns do
map a noisy circuit C̃ = {N(1), ..., N(ng)} on C
sample stochastic processes › inside noisy gates N(i)

compute |ÂkÍ = N(ng) . . . N(1) |Â0Í
compute flk = |ÂkÍ ÈÂk|

end
Output: flf = 1

Ns

qNs
k=1 flk

the scalar product in Eqs. (1.40) and (1.41). Moreover, all opti-
mization to reduce the time complexity that are possible for the
first step of Algs. 1 and 2 are also possible for Alg. 4. Finally, all
algorithms perform samples of random numbers, but this operation
has a constant scaling.
We notice that, the Monte Carlo quantum jump approach in Alg. 2
provides, in the limit of a large number of realization Ns and small
dt, a solution to the full GKLS equation enabling a very accurate
description. However this can be achieved only by dividing the gate
time tg into smaller time steps dt increasing the number of total
matrix vector multiplications. This quickly becomes ine�cient and
therefore analytic and approximate expressions for the whole gate
time are preferable, as the unravelling of the Kraus map in Alg. 1
and our noisy gates in Alg. 4. However, between these last two, the
second one is the better option because although the noisy gates
approach has nearly the same computational complexity as Alg. 1,
it achieves a better accuracy. This feature is showed in Appendix
C.2 and is confirmed by simulations in Section 4.5.
Finally, it would be interesting to compare the noisy gates algorithm
(Alg. 4) with the one introduced in Chapter 2, namely Alg. 3, which
we refer to here, for simplicity, as the quantum noise algorithm.
Both algorithms are capable of reproducing a GKLS dynamics. In
fact, by choosing the same Hamiltonian and Lindblad operators in
Eq. (4.10) and Eq. (2.2), one obtains the same density matrix (see
Eqs. (2.4) and. (C.15)). However, the two algorithms are based on
di�erent assumptions and are designed for di�erent purposes. The
quantum noise algorithm was developed to simulate open system
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dynamics on quantum computers; it is a quantum algorithm that
simulates the open dynamics of the overall system. In contrast, the
noisy gates algorithm was developed to simulate the behavior of a
noisy quantum computer on classical computers. As such, it cannot
be implemented directly on quantum computers because in general
a noisy gate is not unitary (see Eq. (4.10)). Furthermore, the noisy
gates algorithm assumes that each gate in the quantum circuit can
be replaced by its corresponding noisy gate, derived using its own
GKLS equation.
As demonstrated in Chapter 2, the quantum noise algorithm o�ers
specific advantages over existing approaches. These include the abil-
ity to use only one ancillary qubit and the fact that the final density
matrix represents a first-order expansion in the coupling constants
“k of the formal solution of the GKLS equation (see Eq.(2.4)), rather
than merely a first-order approximation in the time step �t (see
Eq.(2.12)). On the other hand, compared to standard simulation
methods the noisy gates approach has the advantage of not decou-
pling the action of a quantum gate from the inherent noise, resulting
in more accurate classical simulations as we show in Section 4.5.

4.4 Derivation of noisy gates for superconducting qubits

In this section we derive the expressions of noisy gates focusing on
superconducting quantum devices [109]. The noise model we use is
the one presented in Section 4.1.

4.4.1 One-qubit noisy gates

In superconducting devices, single-qubit gates are realized by cou-
pling a microwave drive line with the superconducting transmon
qubit. The e�ective Hamiltonian of the drive reads [109,129]

Ĥt = ~
2Êt(cos(„)X̂ + sin(„)Ŷ ) , (4.15)

where Êt = ≠‰V0st is the drive pulse, ‰ is a parameter depending on
the capacities of the transmon qubit and the coupling capacity, V0 is
the amplitude of the drive potential, st is a dimensionless envelope
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function of the drive pulse and „ is an arbitrary phase. The unitary
evolution due to Eq. (4.15) is given by

Û(◊, „) = e≠ i
2 ◊(cos(„)X̂+sin(„)Ŷ ) , (4.16)

where ◊ = s
1

0
Êsds is the rotation angle on the X-Y plane. In matrix

notation Eq. (4.16) reads

Û(◊, „) =
Q

a cos ◊
2

≠i sin ◊
2
e≠i„

≠i sin ◊
2
ei„ cos ◊

2

R

b . (4.17)

In IBM devices, the drive Hamiltonian is calibrated to realize the
native single-qubit gates X̂ and ˆSX, which are rotations around
the X-axis obtained by setting that ◊ = fi or ◊ = fi/2 in Eq. (4.16).
The additional phase „ allows to implement rotations around the
z-axis of arbitrary angles as virtual gates, since they are mimicked
by the software and are not associated to a physical action on the
device [129].
By plugging Eq. (4.17) and the Lindblad operators of the noise
model of Section 4.1 in Eq. (4.10), one finds the following stochastic
and deterministic terms

D̂+

g =
⁄

1

0
P̂s,0 ds; Ŝ+

g =
⁄

1

0
‡̂+

s dWs,+ ;

D̂≠
g =

⁄
1

0
P̂s,1 ds; Ŝ≠

g =
⁄

1

0
‡̂≠

s dWs,≠ ;

D̂z
g = 0; Ŝz

g =
⁄

1

0
Ẑs dWs,z ,

(4.18)

where D̂±
g and Ŝ±

g are respectively the deterministic and stochas-
tic terms associated to the non Hermitian operators ‡̂±; D̂z

g and
Ŝz

g are associated to the Hermitian operator Ẑ. Indeed, P̂s,0 =
Û †

s P̂0Ûs, P̂s,1 = Û †
s P̂1Ûs, ‡̂±

s = Û †
s ‡̂±Ûs and Ẑs = Û †

s ẐÛs, where
Ûs = Û(◊(s), „) with ◊(s) = s s

0
Êsds. As an illustrative example Ŝz

g

in Eq. (4.18) can be expressed in the matrix form as

Ŝz
g =

Q

a S(1)

z ≠i e≠i„ S(2)

z

i ei„ S(2)

z ≠S(1)

z

R

b , (4.19)

where

S(1)

z =
⁄

1

0
cos ◊(s)dWs,z; S(2)

z =
⁄

1

0
sin ◊(s)dWs,z . (4.20)
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These two Itô integrals have a binormal joint probability distribu-
tion, with the following momenta

E[S(1)

z ] = E[S(2)

z ] = 0

E[(S(1)

z )2] =
⁄

1

0
cos2 ◊(s)ds

E[(S(2)

z )2] =
⁄

1

0
sin2 ◊(s)ds

E[S(1)

z S(2)

z ] =
⁄

1

0
cos ◊(s) sin ◊(s)ds .

(4.21)

Thus, the stochastic processes Ŝ(1)

z and Ŝ(2)

z can be sampled from
a binormal distribution with the momenta in Eq. (4.21). The re-
maining matrices in Eq. (4.18) have similar matrix forms, which
can be computed straightforwardly.

4.4.2 Two-qubit noisy gates

The native two-qubit gate in IBM devices is the cross resonant (CR)
gate [109,129,130], whose Hamiltonian reads [109,129,130]

Ĥt = ~
2ÊtẐ ¢ (cos(„)X̂ + sin(„)Ŷ ) , (4.22)

where Êt is the drive pulse and „ is an arbitrary phase. The ad-
ditional phase „ allows to implement virtual z gates similarly to
single-qubit gates, see [129] for further details. The corresponding
unitary evolution is given by

ĈR(◊, „) = e≠ i
2 ◊Ẑ¢(cos(„)X̂+sin(„)Ŷ ) (4.23)

where ◊ = s
1

0
Êsds. In matrix notation Eq. (4.23) reads

ĈR(◊, „) =
Q

aÛ(◊, „) 0
0 Û(≠◊, „)

R

b , (4.24)

where Û(◊, „) and Û(≠◊, „) are as in Eq. (4.17). The CNOT gate
and its inverse are implemented by combining single-qubit gates and
CR gates (see [109]). For two qubits we assume Eq. (4.8) thus the
deterministic and stochastic terms read
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D̂(q1)+

g =
⁄

1

0
(P̂0 ¢ Î)s ds; Ŝ(q1)+

g =
⁄

1

0
(‡̂+ ¢ Î)sdWs,+ ;

D̂(q1)≠
g =

⁄
1

0
(P̂1 ¢ Î)s ds; Ŝ(q1)≠

g =
⁄

1

0
(‡̂≠ ¢ Î)sdWs,≠ ;

D̂(q2)+

g =
⁄

1

0
(Î ¢ P̂0)s ds; Ŝ(q2)+

g =
⁄

1

0
(Î ¢ ‡̂+)sdWs,+ ;

D̂(q2)≠
g =

⁄
1

0
(Î ¢ P̂1)s ds; Ŝ(q2)≠

g =
⁄

1

0
(Î ¢ ‡̂≠)sdWs,≠ ;

D̂(q1)z
g = 0; Ŝ(q1)z

g =
⁄

1

0
(Ẑ ¢ Î)s dWs,z ;

D̂(q1)z
g = 0; Ŝ(q2)z

g =
⁄

1

0
(Î ¢ Ẑ)s dWs,z ,

(4.25)

where the superscripts q1 and q2 stand respectively for qubit one
and qubit two meaning that a non-trivial Lindblad operator is act-
ing only on that qubit. Moreover, (P̂0 ¢ Î)s = ĈR

†
s(P̂0 ¢ Î)ĈRs,

(P̂1 ¢ Î)s = ĈR
†
s(P̂1 ¢ Î)ĈRs and so on. Here ĈRs = ĈR(◊(s), „)

with ◊(s) = s s
0

Êsds. The statistical momenta are easy to compute
similarly to the previous section.

4.5 Simulations

We now study the performances of our noisy gates method, and
compare them with those of Qiskit’s simulator [128]. First, in sub-
section 4.5.1 we test the two approaches against the solution of
the GKLS equation (4.3), by studying a repeated application of
IBM’s native gate set. Then, in subsection 4.5.2 we compare the
predictions of both methods with the behaviour of an actual quan-
tum computer, by running the inverse QFT algorithm on the IBM’s
quantum processors ibmq_kolkata and ibmq_oslo. In [30] one can
find the same analysis by running the GHZ algorithm on ibm_oslo.
All simulations are performed by using the noise model described
in section 4.1 (see also Section 1.3.2 and C.3). The implementation
of the work proposed in this work is open source and available as
a python package QUANTUM-GATES. It allows the user to run noisy
simulations.
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4.5.1 Comparison with the numerical solution of the GKLS equa-
tion

Here we compare the density matrices fl̂ng and fl̂ibm, obtained from
the noisy gates simulation and from the Qiskit simulation respec-
tively, with the target density matrix ‡̂ obtained by solving numer-
ically the GKLS equation with Mathematica [131]. We treat ‡̂ as
the target analytic solution of the full GKLS equation. The com-
parison is performed with the Hellinger distances Hng

‡ = H(fl̂ng, ‡̂),
Hibm

‡ = H(fl̂ibm, ‡̂) where the Hellinger distance is defined by

H(fl̂, ‡̂) = 1Ô
2

ı̂ııÙ
Nÿ

k=1

1Ô
flkk ≠ Ô

‡kk

2
2

, (4.26)

with flkk (‡kk) the diagonal elements of fl̂ (‡̂). The Hellinger dis-
tance is a classical measure of the distance between the readout
probability distributions. It cannot be interpreted as a distance be-
tween quantum states since it does not take in account o� diagonal
elements of density matrices. The Hellinger distance directly com-
pares the concrete outputs of a real device, which are the outcomes
of Z measurements, i.e. classical bitstrings. Since in these simu-
lations it is easy to get the full density matrices, we also compute
the fidelities, which accounts for all the entries of density matrices,
Fng

‡ = F(fl̂ng, ‡̂) and F ibm

‡ = F(fl̂ibm, ‡̂), where the fidelity is defined
as

F(fl̂, ‡̂) =
1
Tr

Ò
‡̂1/2fl̂‡̂1/2

2
2

. (4.27)
We notice that for the diagonal entries of density matrices, we could
have used the Hellinger fidelity, related to the Hellinger distance
as FH = (1 ≠ H2)2. This quantity is not a proper mathematical
distance, further motivating the use of the Hellinger distance as a
more reliable figure of merit.

Single qubit simulations

The X gates are obtained by setting ◊ = fi and „ = 0 in Eq. (4.16);
we initialize the qubit in |0Í and we use the qubit noise parameters of
ibmq_manila. We evolve the state of the qubit for a time T = N tg,
with N = 15000. In panels (a), (b) and (c) of Fig. 4.5.1 we plot
the time evolution of fl00 = È0|fl̂|0Í, the population of the ground
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state, obtained with the three methods. In the noiseless case, fl00

should oscillate between zero and one as at each tg a complete X
rotation is performed; the standard noise model modifies this be-
haviour: oscillations are damped due to amplitude and phase damp-
ing, while depolarization drives probabilities towards the asymptotic
value fl00 æ 0.5.

Figure 4.5.1: Repetition of X gates. Panels (a), (b), (c) show the time evolution
of the fl00 = È0|fl̂|0Í entry of the density matrix. The numerical solution of the
GKLS equation is displayed in orange (a), that of the noisy gates simulation in
blue (b), and that of the Qiskit simulation in red (c). The noisy gates and Qiskit
simulations are obtained with 1000 samples, and qualitatively they reproduce the
time evolution of the GKLS equation. Vertical dashed lines in the three panels
represent the time scales of relaxation T1 (green), T2 (yellow) and depolarization
Td (grey).

Both the noisy gates simulation and that obtained using Qiskit qual-
itatively reproduce this behaviour. In Fig. 4.5.1 we have also high-
lighted with vertical dashed lines the characteristic times of ampli-
tude damping and depolarization; for times approaching these val-
ues the state is not a usable quantum state anymore for practical ap-
plications, as the density matrix becomes completely mixed. Given
this consideration, in the plots in Fig. 4.5.2 we stop at N = 2000.
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Figure 4.5.2: Repetition of X gates. Panel (a) shows the Hellinger distances Hng
‡ ,

in blue, and Hibm
‡ , in red, as a function of time. Di�erent curves are obtained

from 100 independent runs of the two methods (for better readability only five
are shown), where each simulation is obtained by averaging over 1000 samples.
Panel (b) shows the mean of the Hellinger distances H̄ng

‡ , and H̄ibm
‡ , obtained from

the 100 independent runs, and vertical error bars show their standard deviations
�Hng

‡ , �Hibm
‡ . Panel (c) displays �Hng

‡ and �Hibm
‡ as functions of time. Panel

(d) shows the relative improvement of the distance H̄ng
‡ with respect to H̄ibm

‡ ,
calculated as |H̄ibm

‡ ≠ H̄ng
‡ |/H̄ibm

‡ . The fact that noises drive the system towards
the maximally mixed state is the reason why the improvement decreases in time.
The noisy gates and the standard approaches lead to the same predictions when
one is close to decoherence times, as the noise is dominant over the unitary
evolution. In the interesting regime [0, 2000 · tg] before deoherence dominates, the
improvement is always above 60%.
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Figure 4.5.3: Fidelities Fng
‡ , in blue, and F ibm

‡ , in red, as a function of time, for a
repetition of X gates. On panel (a), the fidelities obtained from 100 independent
runs of the two methods are pictured (for better readability only five are shown),
where each simulation is obtained by averaging over 1000 samples. On panel (b),
the means F̄ng

‡ , F̄ ibm
‡ of the same simulations and their standard deviations �Fng

‡ ,
�F ibm

‡ are displayed. The inset shows the standard deviations �Fng
‡ , �F ibm

‡ as
functions of time.

To quantify the accuracy of the methods, we have run 100 inde-
pendent simulations, each with 1000 samples, with both the noisy
gates simulator and the Qiskit simulator, computing for each sim-
ulation the Hellinger distance Hng

‡ , Hibm

‡ . We computed the means
over the 100 independent simulations, H̄ng

‡ , H̄ibm

‡ and their standard
deviations �Hng

‡ , �Hibm

‡ . These quantities are shown in panels (a),
(b) and (c) of Fig. 4.5.2. During the relevant time interval [0, T ]
H̄ng

‡ is closer to zero than H̄ibm

‡ . Results are compatible within the
error bars, however the standard deviations associated to the noisy
gates simulations are significantly smaller than those associated to
the Qiskit simulations, as also highlighted in Fig. 4.5.2 (c). This
means that the noisy gates have the additional advantage that a
smaller number of samples is needed to reach a target precision.
We notice that the di�erence between H̄ng

‡ and H̄ibm

‡ is of the or-
der ≥ 10≠3 ≠ 10≠2, and this corresponds to a relative improvement,
calculated as |H̄ibm

‡ ≠ H̄ng

‡ |/H̄ibm

‡ , in the range from 90% to 60% as
time increases. The relative improvement is shown in Fig. 4.5.2 (d).
The fact that noises drive the system towards the maximally mixed
state is the reason why the improvement decreases over time. The
noisy gates and the standard approaches lead to the same predic-
tions when approaching decoherence times. Indeed after such times
the strength of the noise is dominant over the unitary evolution, or,
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equivalently, the Hamiltonian contribution is negligible with respect
to the Lindblad term (see Eq. (4.6)). In the interesting regime [0, T ]
our improvement is always above 60%. We repeat the same analysis
for the fidelities. Results are shown in Fig. 4.5.3 (a) and (b). Panel
(a) shows the fidelities obtained from 100 independent simulations
with the two methods (for better readability only five are shown).
Panel (b) shows the means F̄ng

‡ , F̄ ibm

‡ of the same simulations and
their standard deviations �Fng

‡ , �F ibm

‡ . Results on the fidelities
are in accordance with those in Fig. 4.5.2.

Two qubits simulations

We simulate a repetition of CR gates in Eq. (4.23), choosing „ = 0
and ◊ = fi. We initialize the system in the state |10Í and we use
the qubits noise parameters of ibmq_manila. In the three panels of
Fig. 4.5.4 we show the time evolution of the entry fl22 = È10|fl̂|10Í;
the x-axis is normalized in terms of the CR gate time tCR. The two-
qubit state goes asymptotically towards the completely mixed state
as fl22 reaches the asymptotic value 0.25. The probability fl22, which
in the ideal case should flip between one and zero, is damped over
time by amplitude and phase damping e�ects. Vertical dashed lines
signal the characteristic time scales of the noises. We plot only
the T1 and T2 values of the target qubit as representative values.
Depolarization is the dominant contribution, spoiling the quantum
state already after ≥ 100 CR gates; for this reason, in Fig. 4.5.5 we
consider a total duration corresponding to N ≥ 100. Panels (a),
(b) and (c) of Fig. 4.5.5 report the Hellinger distances, showing the
di�erent results of 100 independent simulations together with their
means and standard deviations.
Within the relevant time interval [0, T ] H̄ng

‡ is closer to zero than
H̄ibm

‡ . Notably, the two results are not compatible within error bars:
the di�erence between H̄ng

‡ and H̄ibm

‡ is now of the order ≥ 10≠1.
This corresponds to a relative improvement in the range from 90%
to 88% as time increases, shown in Fig. 4.5.5 (d). In the interesting
regime [0, T ] our improvement is always above 88%. As noises dom-
inate approaching decoherence times, in Fig. 4.5.5 (b) the value
of H̄ibm

‡ approaches that of H̄ng

‡ for times close to 100 CR gate
times. We report the results of the same analysis for the fidelities
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in Fig. 4.5.6, showing accordance with the results in Fig. 4.5.5.

Figure 4.5.4: Repetition of CR gates. Panels (a), (b), (c) show the time evolution
of the fl22 entry of the density matrix for the CR gate with ◊ = fi and „ = 0.
Colors have the same meaning as for Fig. 4.5.1. Vertical dashed lines represent
the time scales of relaxation, T1 (in green) and T2 (in yellow) of the target qubit,
and depolarization Td (grey). The noisy gates simulations reproduce qualitatively
better the time evolution obtained from the direct numerical solution of the GKLS
equation.

We perform a similar analysis for a repetition of CNOT gates,
for an initial state given by |10Í and qubits noise parameters of
ibmq_quito. In this simulation we implement each CNOT gate di-
rectly without expressing it as a combination of single qubit gates
and CR gates, as in IBM devices. We make this choice to solve nu-
merically the target GKLS equation more easily. E�ectively, at each
CNOT gate time we simulate a circuit with an increasing number of
CNOT gates, where we add measurements at the end of the circuit.
Thus, according to the standard noise model, we add the single-
qubit bitflip channel (see C.3) to model measurements errors. This
allows to extend this analysis to runs on real hardware in section
4.5.2, that of course involve measurements. For that same reason,
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Figure 4.5.5: Repetition of CR gates. Panels (a) and (b) display the Hellinger
distances Hng

‡ , in blue, and Hibm
‡ , in red, as a function of time. The plots have

the same meaning as for Fig. 4.5.2. Panel (d) shows the relative improvement of
the distance H̄ng

‡ with respect to H̄ibm
‡ , calculated as |H̄ibm

‡ ≠H̄ng
‡ |/H̄ibm

‡ . The fact
that noises drive the system towards the maximally mixed state is the reason why
the improvement decreases in time. The noisy gates and the standard approaches
lead to the same predictions when one is close to decoherence times, as the noise
is dominant over the unitary evolution. In the interesting regime [0, 100 · tg] our
improvement is always above 88%.

Figure 4.5.6: Fidelities Fng
‡ , in blue, and F ibm

‡ , in red, as a function of time,
for a repetition of CR gates. Panels (a) and (b) have the same meaning as for
Fig. 4.5.3.
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we do not compute the fidelities, as the output of the quantum
device is a classical probability distributions for the bitstrings.
In the three panels of Fig. 4.5.7 we show the time evolution of the
fl22 = È10|fl̂|10Í entry of the density matrix. The relevant time in-
terval is given by a total duration of N ≥ 100 gates: depolarization
spoils the quantum state after ≥ 120 CNOT gates. Fig. 4.5.8 (a)
shows the mean of the Hellinger distances H̄ng

‡ (in blue) and H̄ibm

‡

(in red) and their standard deviations �Hng

‡ and �Hibm

‡ , also shown
in Fig. 4.5.8 (b). In the time interval [0, T ] H̄ng

‡ is closer to zero than
H̄ibm

‡ and their di�erence is of the order ≥ 10≠2. This corresponds
to a relative improvement in the range from 80% to 55% as time
increases. This is shown in Fig. 4.5.8 (c).

Figure 4.5.7: Repetition of CNOT gates. Panels (a), (b), (c) show the time
evolution of the fl22 entry of the density matrix for the CNOT gate. Colors
have the same meaning as for Fig. 4.5.1. The noisy gates simulations reproduce
qualitatively better the time evolution obtained from the direct numerical solution
of the GKLS equation.

By looking at Figs. 4.5.5 (d) and 4.5.8 (c), we notice that the im-
provement in the Hellinger distance gained by using the noisy gates
approach is much higher for CR gates with respect to CNOT gates.
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Figure 4.5.8: Repetition of CNOT gates. Panel (a) and (b) displays mean of the
Hellinger distances H̄ng

‡ , in blue, and H̄ibm
‡ , in red, and their standard deviations

as functions of time. Panel (c) shows the relative improvement. The fact that
noises drive the system towards the maximally mixed state is again the reason why
the improvement decreases in time: the noisy gates and the standard approaches
lead to the same predictions when one is close to decoherence times, as the noise
is dominant over the unitary evolution. In the interesting regime [0, 100 · tg] our
improvement is always above 55%.
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Figure 4.5.9: Repetition of CNOT gates. Panels (a), (b) show the time evolution
of the fl11 entry of the density matrix for the same sequence of CR gates in
Fig. 4.5.5 and panels (c), (d) show the time evolution of the fl11 entry of the
density matrix for the sequence of CNOT gates. Colors have the same meaning
as for Fig. 4.5.1. For the CR gates, the Qiskit simulation of fl11 is visibly di�erent
from the Lindblad evolution, thus explaining the higher improvement of the noisy
gates simulation in the Hellinger distance in Fig. 4.5.5.
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We clarify this fact in Fig. 4.5.9. Panels (a), (b) show the time
evolution of the fl11 entry of the density matrix for the CR gates
and panels (c) and (d) show the time evolution of fl11 for the CNOT
gates. Similarly to the convention used above, orange curves are
obtained with the numerical solution of the GKLS equation, blue
curves are obtained with the noisy gates simulations and red curves
are obtained with Qiskit simulations. The noisy gates simulations
make good predictions for both gate sequences, as the blue curves
follow closely the orange curves. On the other hand, the Qiskit
simulation for the CR gates is visibly di�erent from the numerical
solution of the GKLS equation. This might be due to the fact that
the CR gate is a block diagonal matrix with X(◊) in the upper
block and X(≠◊) in the lower block while the CNOT gate is block
diagonal with an identity in the upper block and X(◊) in the lower
block. The identity in the CNOT might lead to a lower influence
of noises on the fl00 and fl11 entries of the density matrix. Thus,
Hellinger distances obtained with the noisy gates in di�erent simu-
lations are very good and similar to each other, while the Hellinger
distance obtained with Qiskit is better for the CNOT with respect
to the CR. Nevertheless, the noisy gates approach always signifi-
cantly outperforms the standard method, as shown by the relative
improvements.

4.5.2 Comparison with the behaviour of real quantum computers

We inspect the performances of the noisy gates approach when try-
ing to reproduce the behaviour of a real quantum computer. To this
purpose, we first extend the analysis of the CNOT gates sequence
in section 4.5.1, and then we focus on the inverse Quantum Fourier
Transform (QFT†) algorithm. When dealing with a real hardware,
we must take into account that the standard noise model we are
using (see section 4.1) might not be accurate enough in describing
the device, and that di�erent quantum devices might behave very
di�erently from one another. We show that, despite the choice of a
simple noise model and the instability of ibmq devices, our approach
is still able to outperform the standard one also when compared with
the real hardware.
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CNOT simulations

We run the sequence of CNOT gates of section 4.5.1 on ibmq_quito,
available on the cloud and comprising 7 superconducting transmon
qubits to get the diagonal entries of the density matrix ‰̂ of the
physical device, to be compared with the diagonal entries of the
density matrices fl̂ng, fl̂ibm and ‡ obtained for the CNOT simula-
tions in section 4.5.1. We remark again that in section 4.5.1, we
implemented each CNOT gate directly without expressing it as a
combination of single qubit gates and CR gates, because in this
way it is easier to solve numerically the target GKLS equation. We
create a list of circuits, each consisting of an increasing number of
CNOT gates, and measure each circuit 1000 times to obtain the
output probability distributions, thus deriving the evolution of the
outcome probabilities as the number of gates increases. As noted
above, each circuit involves measurements that add noise, explaining
why in the simulations we added a single-qubit bitflip channel. The
Hellinger distance H‰

‡ = H(‰̂, ‡̂) between the Lindblad evolution
and the evolution obtained with ibmq_quito is shown in Fig. 4.5.10
(a). This distance is three to tens time larger with respect to H̄ng

‡

and H̄ibm

‡ in Fig. 4.5.8 (a). While the standard approach and the
noisy gates approach have a certain level of agreement with the
GKLS equation, the latter is deviating from the quantum hardware
by a significantly higher level. This is also the reason why it is not
possible to appreciate the di�erence between the mean Hellinger
distance H̄ng

‰ = H̄(fl̂ng, ‰̂) between the noisy gates and ibmq_quito,
and the mean Hellinger distance H̄ibm

‰ = H̄(fl̂ibm, ‰̂) between Qiskit
and ibmq_quito, as shown in Fig. 4.5.10 (b) and Fig. 4.5.10 (c).
Fig. 4.5.10 (d) shows the relative improvement with respect to the
device, calculated as |H̄ibm

‰ ≠ H̄ng

‰ |/H̄ibm

‰ . The relative improvement
is around 10%. The smaller relative improvement with respect to
those shown in the previous section is only to a small extent due
to the fact that we do not decompose CNOT gates. The main
reason, as we explain when discussing the simulations of the QFT
(see below), is that additional noises are present in ibmq devices,
i.e. crosstalks, correlated noises and coherent errors [132,133]. The
simple noise model that we consider does not take such noises into
account and the Lindblad solution is far from the real quantum
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Figure 4.5.10: Repetition of CNOT gates. Panel (a) shows the Hellinger dis-
tance H‰

‡ between the Lindblad evolution and ibmq_quito for the repetition of
CNOT gates. Panel (b) shows the mean Hellinger distance H̄ng

‰ and the standard
deviations between the noisy gates simulation and ibmq_quito. Panel (c) shows
the mean Hellinger distance H̄ibm

‰ and the standard deviations between the Qiskit
simulation and ibmq_quito. Panel (d) shows the relative improvement calculated
as |H̄ibm

‰ ≠ H̄ng
‰ |/H̄ibm

‰ . The relative improvement is around 10%. The smaller rel-
ative improvement with respect to those shown in the previous figures, is mainly
due to additional noises present in ibmq devices, i.e. crosstalks, correlated noises
and coherent errors.
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computer.

QFT simulations

The QFT† is a subroutine of many important quantum algorithms,
such as the Shor’s algorithm [134, 135] or Quantum Phase Estima-
tion. The QFT† circuit for n qubits is readily extendable to n + 1
qubits, allowing to e�ciently test the robustness of the simulation
approaches as the circuit’s width and depth increase. We run QFT†

for n = 2, . . . , 5 on ibm_oslo and for n = 2, . . . , 8 on ibmq_kolkata.
These devices are available on the cloud, comprising respectively 7
and 27 superconducting transmon qubits. We set as input of QFT†

the state |+Í¢n, obtained by applying a layer of Hadamard gates on
each qubit initialized in |0Í. In this way the ideal output of QFT†

is |0Í¢n. Runs on real quantum computers are performed by taking
1000 shots, i.e. measurements. The QFT† circuit is transpiled into
the native gate set to run on ibmq devices. Now, all CNOT gates
inside the circuits are decomposed in terms of single-qubit and CR
gates.
The performance of di�erent approaches in simulating the behaviour
of the quantum computer are measured with the Hellinger distances
from the outcomes of the real device. This allows to avoid full state
tomography to reconstruct the full density matrices, which scales
exponentially with the number of qubits and becomes unfeasible for
the current simulations.
We have run 100 independent simulations, each including 1000 sam-
ples, for both methods and for each n. In Fig. 4.5.11 (a) we plot the
average values of H̄ng

‰ = H̄(fl̂ng, ‰̂), H̄ibm

‰ = H̄(fl̂ibm, ‰̂) as the number
of qubits n increases from 2 to 5. The diagonal elements of ‰ are
the outcome probabilities of ibm_oslo. Fig. 4.5.12 (a) displays again
the average values of H̄ng

‰ = H̄(fl̂ng, ‰̂), H̄ibm

‰ = H̄(fl̂ibm, ‰̂) up to 8
qubits, where the diagonal elements of ‰ come from ibmq_kolkata.
In Fig. 4.5.12 (c) we compute again Hng

‰ , Hibm

‰ to test the stability of
ibmq_kolkata in di�erent runs. Only for Fig. 4.5.12 (c) we have run
a single simulation of 1000 samples, thus standard deviations are not
present. We notice that for every n and device we get H̄ng

‰ < H̄ibm

‰

and �Hng

‰ < �Hibm

‰ . The relative improvements, shown in green
in Fig. 4.5.11 (b) and Figs. 4.5.12 (b), (d), changes significantly
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between di�erent devices and also for the same device but in dif-
ferent runs, namely with di�erent noise parameters, meaning that
the performances of such devices are not very stable. For example
at n = 3, in panel (b) of Fig. 4.5.11 the relative improvement is
≥ 25%, in panel (b) of Fig. 4.5.12 it is ≥ 5% and in panel (d) of
Fig. 4.5.12 it is ≥ 25%. The highest relative improvement obtained
with the runs on ibm_oslo is ≥ 30% and for runs on ibmq_kolkata
is ≥ 35%. As a final remark, we stress that we obtain better re-
sults with respect to Qiskit, despite the fact that we have chosen a
rectangular pulse shape in the Hamiltonians (see Eqs. (4.15) and
(4.16)), while gates on real hardware are realized using Gaussian
pulses. We refer the reader to [30] for further analysis, including
results for higher numbers of qubits and for the GHZ algorithm.

Figure 4.5.11: Quantum Fourier Transform. Panel (a) shows the Hellinger dis-
tances between the noisy gate approach and ibm_oslo, and between the Qiskit
simulator and ibm_oslo, when executing the QFT† algorithm for n = 2, . . . , 5
qubits. Each value is the mean of 100 independent simulations for the noisy
gates, in blue, and for the Qiskit simulations, in red. The inset shows the stan-
dard deviations as functions of the number of qubits. Panel (b) shows the relative
improvement, calculated as |H̄ibm

‰ ≠ H̄ng
‰ |/H̄ibm

‰ .
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Figure 4.5.12: Quantum Fourier Transform. Panel (a) shows the Hellinger dis-
tances between the noisy gate approach and ibmq_kolkata, and between the
Qiskit simulator and ibmq_kolkata, when executing the QFT† algorithm for
n = 2, . . . , 8 qubits. Each value is the mean of 100 independent simulations
for the noisy gates, in blue, and for the Qiskit simulations, in red. The inset
shows the standard deviations as functions of the number of qubits. Panel (b)
shows the relative improvement, calculated as |H̄ibm

‰ ≠H̄ng
‰ |/H̄ibm

‰ . In panel (c) the
comparison presented in (a) has been repeated a second time on ibmq_kolkata;
in this case, only a single simulation of 1000 samples is considered. Panel (d)
shows the relative improvement.
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4.6 Conclusions

We have developed a novel approach, called noisy quantum gates,
to improve classical simulations of NISQ computers: it is based on
integrating the noise into the gates, rather than keeping gates and
noise as two separate dynamics. We have shown that our approach
is very successful in simulating the GKLS dynamics, with a relative
improvement between 50% and 90% and more, compared with the
standard gate-noise separation method.
When compared against real quantum devices, the improvement
fluctuates between 10% and 30%; this is largely due to the fact that
the underlying noise model is too simple to accurately represent the
dynamics of the device, as discussed in connection to the simulation
of the CNOT gate. This is not a weakness of the noisy gate approach
here presented, but of the underlying noise model, which we used
since it is rather standard in the literature.
There is a number of potential improvements that can be straight-
forwardly implemented; all of them require an update of the noise
model, not of the simulation strategy, which is already very good.
First of all, there are likely additional single-qubit errors which
should be taken into account, for example those induced by the
driving pulses. Secondly, in the present work we considered only
non-correlated single-qubit errors, but the method can easily ac-
commodate also correlated two-qubits errors [132,136] by introduc-
ing proper correlated noises into the stochastic equations. Another
possible extension of the approach is to add in the Hamiltonians
small interactions between adjacent qubits in order to mimic cross
talk errors [110, 133]. Last, the current version of the noisy gates
approach relies on the GKLS equation that works in the Markovian
limit; this is reflected in the fact that we used stochastic equations
based on white noises. The approach can be generalized to non-
Markovian dynamics by using colored noises, as already discussed
in the literature in di�erent contexts [9, 119–121].
Furthermore, our approach is also useful for other purposes that go
beyond plane error analysis. For example, the shape of the pulse in
the driving Hamiltonians, (see Eq. (4.15) and Eq. (4.22)), can a�ect
the noise. In our work we chose for simplicity a rectangular shape,
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but usually in real devices di�erent shapes can be used, for example
Gaussian ones. Consequentially, a natural application of our ap-
proach is error mitigation [137, 138], by optimizing the parameters
of the pulse in order to minimize the e�ect of the noise [139–141];
the optimization can be performed for example by exploiting ma-
chine learning techniques, to find the best pulse parameters, which
can be tested on real quantum hardware.
In this work we specified our approach to the native gate set and
noise model of IBM devices; clearly the approach is general and can
be used to describe in principle any NISQ platform.
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Chapter 5

Simulating photonic devices with
noisy optical elements

Photonic quantum devices are very promising potential candidates
for achieving quantum advantage [142, 143]: integrated photonics
benefits from low error rates and ease of manipulation, making it
eligible for scalable quantum computation [144, 145]. However, like
all quantum computing platforms, photonic devices in the NISQ
era are a�ected by noise from various sources, such as photon losses
and imperfect indistinguishability of single photons, that can nega-
tively impact the performance of quantum algorithms [144,146,147].
Therefore, studying the noise e�ects on quantum algorithms and
performing accurate classical simulations becomes crucial for their
successful deployment [148–150]. This task can be achieved by em-
ploying e�cient classical simulation methods based on reliable noise
models.
Building on the results presented in Chapter 4, we develop the noisy
gates approach for optical devices in the dual-rail encoding. The dis-
tinctive feature of this approach is that the noise is integrated in
the dynamics defining the quantum gates—which turn into noisy
gates—o�ering in this way a superior tool for simulating the be-
havior of a (unavoidably) noisy quantum device. Here we extend
the formalism to second quantization for optical elements [151,152],
and we apply it to specific instances of dual-rail encoding, showing
that it is a very flexible and e�cient framework for simulating noisy
optical computers [31].
We successfully formulate the noisy versions of linear optical ele-
ments as phase shifters and beam splitters; we also consider the
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e�ects of imperfect single-photon sources, lossy optical guides and
detectors as fictitious noisy optical elements that act on photons at
the proper step of the circuit. The approach is first tested through
simulations of both gate based and measurement based quantum
circuits, whereby the algorithms are expressed in the dual-rail for-
malism. Then, the approach is applied to a specific variational algo-
rithm solving an optimisation problem, through the study of noise
e�ects on the optimization loop of a variational quantum algorithm.

5.1 Noises in dual-rail encoding optical circuits

This work focuses on discrete variable quantum optics [153, 154],
in particular on the so called dual-rail encoding of linear optics
quantum computing [155, 156], where the computational units are
qubits. We consider optical circuits that are essentially made up of
single photon sources, single-mode optical guides (also called spa-
tial modes) in which photons propagate, linear optical elements that
modify the photons state and single photon detectors. Thus, an op-
tical circuit can be thought as a unitary transformation on N modes
with symmetry group SU(N), followed by the detection. Since a
qubit has a SU(2) symmetry, then two spatial optical modes (dual-
rail) with a single photon is a natural implementation of a qubit.
The logical states of the qubit are encoded in the two modes Fock
states |0ÍL = |10Í, |1ÍL = |01Í (with this notation we indicate that
one of the two modes is occupied by the photon). Thus to represent
a system of M qubits one needs 2M modes plus a certain number
of additional ancillary modes used to implement the correct unitary
transformation.
Although it is believed that optical quantum computing is very
promising because of the weak interaction of photons with their
surrounding environment, optical quantum circuits are not immune
to noise. We focus on two main sources of noise a�ecting optical
devices: photon losses and non-perfect indistinguishability of single
photons [144,146].
Photon losses are particularly daunting in the dual rail encoding,
since after a loss the photon state exits from the logical computa-
tional states of the single qubit. They can occur at any step of the
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optical circuit, from the source to optical guides, optical elements
and detectors. For each of these steps, one can associate a di�er-
ent loss probability p = 1 ≠ e≠�t/T , where �t is the time interval
and T is a characteristic time. Indeed the state of a photonic mode
traveling through a fiber can be expressed as [147,157,158]

fl̂(�t) = p |0Í È0| + (1 ≠ p) |1Í È1| (5.1)
where |0Í is the state of a single mode without photons and |1Í is
the state of a single mode occupied by the photon. In practice, the
value of p depends specifically on the material used for the optical
circuit as well as other experimental parameters. In the following,
for the purposes of this work, we vary p from 10≠4 to 10≠2.
Photons non-perfect indistinguishability occurs at the stage of pho-
ton/qubits generation. Single photons emitted for example by quan-
tum dots [159] are indistinguishable if they have the same wave-
length, polarization, temporal and spatial extent. A quantum dot
sources indistinguishable photons if it is subject only to radiative de-
cay. If there is any other decoherence process, then sourced photons
will be not perfectly indistinguishable. For this reason we simulate
indistinguishably using decoherence models. Typical decoherence
processes in semiconductor platforms are depolarization or dephas-
ing [160, 161] and for this reason somehow photons non-perfect in-
distinguishability is connected to depolarization/dephasing errors
because photons are in turn coupled to an electronic spin state that
is susceptible to such errors.
We notice that photon losses and non-perfect indistinguishability
lead to incoherent evolution. Here we do not consider coherent er-
rors caused by imperfect calibration of optical elements. The latter
can be accounted for using already existing techniques [162]. Other
sources of error, e.g. cross-talk e�ects, are beyond the scope of this
work and can be added with further developments.

5.2 Noisy optical elements

We now apply the theory outlined in Chapter 4 to build the noisy
version of linear optical elements. In particular we focus on phase
shifters and beam splitters, showing how to write down their noisy
version under the e�ect of photon loss errors.
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5.2.1 Noiseless phase shifter and beam splitter

We briefly recap the noiseless expression of optical elements in order
to set the main notation used in the following sections. A phase
shifter is an optical element that acts on a single photon mode by
changing the phase of the photon state. Its action can be described
by the Hamiltonian [151,152]

ĤP = ≠~ÊP̂, P̂ = â†â, (5.2)

where â and â† are respectively the annihilation and creation op-
erators of a photon in a single mode. By solving the Schrödinger
equation one arrives at the unitary evolution operator ÛP = ei◊P̂,
where ◊ = Ê·(t≠t0) = Ê·�t. Thus, the evolution of the annihilation
and creation operators is given by

ÛPâ†Û†
P

= ei◊â†, ÛPâÛ†
P

= e≠i◊â. (5.3)

The beam splitter acts on two photon modes and can be defined
through the Hamiltonian [151,152]

ĤB = ≠~Ê

2 B̂(„), B̂(„) = e≠i„â0â
†
1 + ei„â†

0â1, (5.4)

where the indices of the annihilation and creation operators refer
to photon modes 0 and 1. The unitary evolution operator is ÛB =
ei ◊

2 B̂(„), with ◊ = Ê�t; the annihilation/creation operators evolve as
follows:

ÛBâ†
0Û†

B
= cos (◊/2)â†

0 + ie≠i„ sin (◊/2)â†
1, (5.5)

ÛBâ†
1Û†

B
= iei„ sin (◊/2)â†

0 + cos (◊/2)â†
1, (5.6)

ÛBâ0Û†
B

= cos (◊/2)â0 ≠ iei„ sin (◊/2)â1, (5.7)
ÛBâ1Û†

B
= ≠ie≠i„ sin (◊/2)â0 + cos (◊/2)â1. (5.8)

It is possible to express in a compact way these latter transforma-
tions by defining unitary matrices that act on vectors of creation
operators (â†

0, â†
1)T or annihilation operators (â0, â1)T . The matrix

for creation operators reads

ÛB =
Q

a cos (◊/2) ie≠i„ sin (◊/2)
iei„ sin (◊/2) cos (◊/2)

R

b , (5.9)

while that for annihilation operators is Û †
B
.
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5.2.2 Noisy phase shifter

A natural way to describe the e�ects of photon losses on a given
mode 0 in the noisy gates formalism is to consider the system in
contact with an environment that absorbs photons. By following
the protocol described in Chapter 4 we have to choose the oper-
ators in Eq. (1.19): the Hamiltonian operator is the phase shifter
Hamiltonian in Eq. (5.2) on mode 0, i.e. P̂0 = â†

0â0, while we choose
â0 as Lindblad operator L̂. By using Eq. (4.10), the corresponding
expression for the noisy gate reads

N̂0 = Û0e
≠ ‘2

0
2 D̂0ei‘0Ŝ0, (5.10)

where Û0 = ei◊P̂0, D̂0 = s t
t0 ds(â†

0(s)â0(s) ≠ â2

0
(s)) and

Ŝ0 = s t
t0 dW(s)â0(s). The time dependent creation operator reads

â†
0(s) = Û†

0(s, t0)â†
0Û0(s, t0) = e≠i◊(s,t0)â†

0 (5.11)

similarly to Eq.(5.3). Thus we can write

D̂0 = �tâ†
0â0 + (DC ≠ iDS)â2

0
, Ŝ0 = (IC ≠ iIS)â0 (5.12)

where DC = s t
t0 ds cos 2◊(s, t0), DS = s t

t0 ds sin 2◊(s, t0),
IC = s t

t0 dW(s) cos ◊(s, t0), IS = s t
t0 dW(s) sin ◊(s, t0). The latters

are Gaussian stochastic processes with means E
Ë
IC

È
= E

Ë
IS

È
= 0,

variances V
Ë
IC

È
= s t

t0ds cos2 ◊(s, t0), V
Ë
IS

È
= s t

t0ds sin2 ◊(s, t0) and
covariance E

Ë
ICIS

È
= s t

t0ds cos ◊(s, t0) sin ◊(s, t0).
However, at this point a di�culty arises because N̂0â

†
0N̂†

0 cannot
be expressed explicitly as a unitary matrix acting on the creation
operators, as in Eqs. (5.3) and (5.9).
In order to avoid such problem we consider a larger physical system
consisting of two photon modes: mode 0 is the physical mode where
the phase shifter acts, while mode 1 is a virtual mode that we exploit
to model photon losses. The idea is to model the environment as
a beam splitter between the two modes, and then trace out the
virtual mode. In such a way, the e�ective action on the system
is that the photon is absorbed with some probability. In this new
configuration, we choose B̂01 = â0â

†
1 + â†

0â1 as Lindblad operator L̂;
the latter can be obtained from the expression for B̂(„) in Eq. (5.4)
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by setting „ = 0. This Lindblad operator acts as a virtual beam
splitter that can shift photons from mode 0 to the virtual mode 1.
The resulting noisy phase shifter is of the form in Eq. (4.10) without
the deterministic term due to the fact that the Lindblad operator
B̂01 that we chose is Hermitian. Then we can write

N̂01 = Û0e
i‘0Ŝ01, (5.13)

where Û0 = ei◊P̂0 and Ŝ01 = s t
t0 dW(s)B̂01(s).

At this point we need to compute the form of the stochastic operator
Ŝ01. We notice that

B̂01(s) = Û†
0(s, t0)B̂01Û0(s, t0)

= e≠i◊(s,t0)P̂0â0e
i◊(s,t0)P̂0â†

1 + e≠i◊(s,t0)P̂0â†
0e

i◊(s,t0)P̂0â1

= ei◊(s,t0)â0â
†
1 + e≠i◊(s,t0)â†

0â1

= cos ◊(s, t0)(â0â
†
1 + â†

0â1) + i sin ◊(s, t0)(â0â
†
1 ≠ â†

0â1)
= cos ◊(s, t0)B̂01 ≠ sin ◊(s, t0)Ĉ01

(5.14)

where in the third line we used Eq.(5.3) with the adjoint unitary
evolution and we define Ĉ01 = i(â†

0â1 ≠ â0â
†
1), which can be obtained

from B̂(„) in Eq.(5.4) by choosing „ = fi/2.
Then the stochastic operator reads

Ŝ01 = ICB̂01 ≠ ISĈ01, (5.15)
where IC = s t

t0 dW(s) cos ◊(s, t0) and IS = s t
t0 dW(s) sin ◊(s, t0). The

latters are the same stochastic integrals defined before.
Finally, by exploiting the fact that at second order in ‘ one has
e‘(Â+B̂) = e‘Âe‘B̂ , from Eq. (5.13) we get

N̂01 = Û0e
i‘0ICB̂01e≠i‘0ISĈ01. (5.16)

Through Eq. (5.16) one can compute the evolution of creation and
annihilation operators under the action of a noisy phase shifter. As
seen before, we can express compactly these transformations with
unitary matrices that act on vectors of creation operators. In the
case of the noisy phase shifter we have

N̂01 =
Q

aei◊ 0
0 1

R

b ·
Q

a cos (‘0IC) i sin (‘0IC)
i sin (‘0IC) cos (‘0IC)

R

b ·
Q

acos (‘0IS) ≠ sin (‘0IS)
sin (‘0IS) cos (‘0IS)

R

b ,

(5.17)
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whereas N̂ †
01 acts on annihilation operators. In Eq. (5.17) the pa-

rameter ‘0 is connected to photon loss probability p0 on mode 0 as
‘0 =

Ò
≠ log (1 ≠ 2p0)/2 where p0 = (1 ≠ e≠2�t/T )/2 and ‘2

0
= �t/T ,

with T the characteristic time of photon losses. We choose such time
dependence for p0 because by taking the average over the processes
IC and IS one has E[sin2(‘Ik)] = (1 ≠ e≠2‘2

0)/2 = p0 with k = C, S.
Moreover, we are not interested in the regime in which there is more
than 50% of loss probability.
By tracing out the virtual mode we get the expression for the noisy
phase shifter

N̂0 = ei◊ cos (‘0IC) cos (‘0IS) (5.18)

5.2.3 Noisy beam splitter

For the beam splitter we consider modes 0 and 1 as physical modes
and mode 2 as virtual mode. The Hamiltonian operator we choose
is that in Eq. (5.2) with „ = 0, ie B̂01 = â0â

†
1 + â†

0â1. As Lindblad
operators we choose B̂02 = â0â

†
2 + â†

0â2 and B̂12 = â1â
†
2 + â†

1â2. The
corresponding noisy beam splitter reads

N̂012 = Û01e
i‘0Ŝ02+i‘1Ŝ12, (5.19)

where Û01 = ei ◊
2 B̂01 and Ŝj2 = s t

t0 dWj(s)B̂j2(s) with j = 0, 1. In
Eq. (5.19) the parameters ‘j are defined as ‘j =

Ò
≠ log (1 ≠ 2pj)/2

analogously to the noisy phase shifter case. By performing a sim-
ilar calculation to Eq.(5.14) where now one uses the beam splitter
relations in Eqs. (5.5),(5.6),(5.7) and (5.8) with the adjoint unitary
evolution, the expressions for B̂j2(s) are

B̂02(s) = cos
Q

a◊(s, t0)
2

R

bB̂02 ≠ sin
Q

a◊(s, t0)
2

R

bĈ12, (5.20)

B̂12(s) = cos
Q

a◊(s, t0)
2

R

bB̂12 ≠ sin
Q

a◊(s, t0)
2

R

bĈ02, (5.21)

where Ĉj2 = i(â†
jâ2 ≠ âjâ

†
2). The stochastic operators are then:

Ŝ02 = IC0B̂02 ≠ IS0Ĉ12, (5.22)
Ŝ12 = IC1B̂12 ≠ IS1Ĉ02, (5.23)
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where ICj = s t
t0 dWj(s) cos ◊(s, t0) and ISj = s t

t0 dWj(s) sin ◊(s, t0).
The latter Gaussian processes have the same variances and covari-
ances computed before for the case of phase shifter. Finally we can
express Eq.(5.19) as

N̂012 = Û01e
i‘0IC0B̂02e≠i‘0IS0Ĉ12ei‘1IC1B̂12e≠i‘1IS1Ĉ02 , (5.24)

and the corresponding action on creation operators is given by

N̂012 =

Q

ccca

cos ◊/2 i sin ◊/2 0
i sin ◊/2 cos ◊/2 0

0 0 1

R

dddb ·

Q

ccca

cos (‘0IC0) 0 i sin (‘0IC0)
0 1 0

i sin (‘0IC0) 0 cos (‘0IC0)

R

dddb ·

Q

ccca

1 0 0
0 cos (‘0IS0) ≠ sin (‘0IS0)
0 sin (‘0IS0) cos (‘0IS0)

R

dddb ·

Q

ccca

1 0 0
0 cos (‘1IC1) i sin (‘1IC1)
0 i sin (‘1IC1) cos (‘1IC1)

R

dddb ·

Q

ccca

cos (‘1IS1) 0 ≠ sin (‘1IS1)
0 1 0

sin (‘1IS1) 0 cos (‘1IS1)

R

dddb .

(5.25)
By tracing out the virtual mode we get the expression for the noisy
beam splitter

N̂01 =
Q

a cos ◊/2 i sin ◊/2
i sin ◊/2 cos ◊/2

R

b ·
Q

acos (‘0IC0) 0
0 1

R

b ·
Q

a1 0
0 cos (‘0IS0)

R

b ·
Q

a1 0
0 cos (‘1IC1)

R

b ·
Q

acos (‘1IS1) 0
0 1

R

b .

(5.26)

5.3 Imperfect single-photon sources, lossy optical guides
and detection

As explained in section 5.1, photon generation, propagation of pho-
tons inside optical guides and detection are also a�ected by errors.
We now describe how to account for such errors with our formalism.

5.3.1 Imperfect single-photon sources

A quantum dot undergoing decoherence processes generates non
perfect indistinguishable photons. In the case of dual rail encod-
ing, the only relevant property is the photon path, i.e. through
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which optical guide the photon is traveling. Then, in this setup, the
only way to understand whether two photons are distinguishable, if
we consider only non-coherent errors, is when the associated qubit
state is not completely pure. This can be described by consider-
ing depolarizing errors arising at the sources and inherited by the
photons.
To model imperfect single-photon sources we apply at the begin-
ning of the optical circuit a layer of fictitious optical elements to
each mode that simulate the depolarizing errors. Such optical el-
ements can be built by applying again the noisy gates formalism.
Here we focus on single qubit depolarizing channel, but one could
straightforwardly extend the approach to multi-qubit depolarizing
channel.
Depolarizing for a single spin state can be described by the Lind-
blad operators X̂,Ŷ and Ẑ. We can map such operators to operators
defined in terms of creation and annihilation operators on the phys-
ical modes, thus acting on photons of the circuit. We notice for
example that by solving the Schrödinger equation with the beam
splitter Hamiltonian in Eq.(5.4) with „ = 0 and ◊ = fi, one gets a
unitary on the creation operators that acts as an X̂ gate on a qubit
in the dual rail encoding (see Eq.(5.9)). Similarly a Ŷ is obtained
with „ = fi/2 and ◊ = fi. The operator Ẑ is obtained by solving the
Schrödinger equation with the phase shifter Hamiltonian in Eq.(5.2)
with ◊ = fi applied to mode 1. For these reasons, to describe depo-
larizing errors, we can use Eq.(7.9) without Hamiltonian operator
and with the Lindblad operators B̂01, Ĉ01 and P̂1. The resulting
noisy gate is:

N̂(dep)

01 = ei‘dŜ
(x)
01 ei‘dŜ

(y)
01 ei‘dŜ

(z)
01 , (5.27)

where Ŝ(x)

01 = B̂01Wx(t, t0), Ŝ(y)

01 = Ĉ01Wy(t, t0) and Ŝ(z)

01 = P̂1Wz(t, t0).
The corresponding unitary on the creation and annihilation opera-
tors becomes:

N̂ (dep)

01 =
Q

a cos (‘dWx) i sin (‘dWx)
i sin (‘dWx) cos (‘dWx)

R

b ·
Q

acos (‘dWy) ≠ sin (‘dWy)
sin (‘dWy) cos (‘dWy)

R

b ·
Q

a1 0
0 ei‘dWz

R

b .

(5.28)

Here the parameter ‘d has the same definition of the loss parameter
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but now it is related to depolarizing probability pd. Moreover we
stress that, despite the similarity with the noisy gate of lossy optical
elements, the e�ects of Eqs. (5.27), (5.28) are di�erent because
modes 0 and 1 are both physical modes, there are not virtual modes.

5.3.2 Lossy optical guides and detection

In Sec. 5.2 we have dealt with optical elements a�ected by photon
losses, however photons inside optical guides and detectors are also
subject to this kind of noise. Then, as in the case of noisy phase
shifter we can consider two photon modes 0, 1, respectively phys-
ical and virtual mode, with Lindblad operator B̂01 but this time
we use Eq. (7.9) without Hamiltonian operator. A straightforward
calculation leads to:

N̂(loss)

01 = ei‘Ŝ01, (5.29)
where Ŝ01 = B̂01W(t, t0) and ‘ =

Ò
≠ log (1 ≠ 2p)/2 with p the loss

probability inside the optical guide or the detector. Consequentially
we have:

N̂ (loss)

01 =
Q

a cos (‘W) i sin (‘W)
i sin (‘W) cos (‘W)

R

b . (5.30)

By tracing out the virtual mode we obtain:

N̂ (loss)

0 = cos (‘W). (5.31)

5.4 Comparison with other approaches

In the literature, there are two main approaches for simulating
photon losses: fixed-loss model [163–165] and beam splitter loss
model [165–168]. The former one was developed when the number
of lost particles can be e�ectively controlled; indeed it is based on
the assumption that initially there are n photons and exactly n ≠ l
of them are lost. The loss is simulated by tracing out n ≠ l of the n
photons fl̂Õ = Trn≠l(fl̂) and by using the fact that Trn≠l(Û¢nfl̂Û†¢n) =
Û¢n Trn≠l(fl̂)Û†¢n. Thus, it does not matter whether losses occurred
before or after the implemented linear transformation. However, a
simulation method that describes a fixed number of lost photons is
limited since in real optical circuits this number is a random vari-
able.
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In the second approach, the beam splitter loss model is based on
the idea of adding a virtual mode to the physical mode and apply-
ing a beam splitter (see Eq. (5.9) with „ = 0) with a reflectance
equal to the loss probability: R = p. Since the relation between
reflectance and the angle ◊ of a beam splitter is cos(◊/2) =

Ô
1 ≠ R

and sin(◊/2) =
Ô

R, then one gets
Q

a
Ô

1 ≠ p i
Ôp

i
Ôp

Ô
1 ≠ p

R

b , (5.32)

where the probability of losing a photon is exactly |outÈ01|10Íin |2 = p.
This approach is very close to what we derived for lossy optical
guides and detection in Sec. 5.3.2, because Eq. (5.30) is the stochas-
tic version of Eq. (5.32). Indeed, in our case the probability of losing
a photon is |outÈ01|10Íin |2 = sin2(‘W) and by taking the average over
the Wiener process one has E[sin2(‘W)] = (1 ≠ e≠2‘2)/2 = p.
This analogy is limited only to lossy optical guides and detectors.
Indeed, the stochastic processes appearing in the expressions for
noisy optical elements in Eq. (5.17) and (5.25) are not independent
from the parameters of the corresponding optical elements. There-
fore our approach is not reducible to the beam splitter loss model:
as a result of including the noise into the gates, each noisy optical
elements has its own lossy behaviour (even if the error probability
is the same for all elements). Experimentally the dependence of
photon losses on the parameters of optical elements is small and the
usual assumption to perform simulations is that photon loss is inde-
pendent from the angles of beam splitters and phase shifters [144].
However, we already proved in [30], for the case of superconducting
devices, that relaxing this assumption, namely that of separating
the noise and unitary evolution, provides a more accurate noise
simulation tool.
Regarding the treatment of imperfect photon sources, di�erent ap-
proaches exist in the literature. In [169], the authors considered a
parametrized quantum dot able to simulate the creation of pairs of
entangled photon in a mixed state. Another example is the mod-
eling used in [170] where an imperfect quantum-dot based single-
photon source is modeled by a statistical mixture of Fock states. In
this work we deal with single-photon sources thus, following the lat-
ter approach, we implemented the stochastic unraveling of a single
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qubit depolarizing Kraus map as shown in Eq. (5.28), that equiv-
alently outputs a mixed Fock state of the qubits. In general one
could use n qubits depolarizing channels to take into account multi
photon distinguishability [146].

5.5 Testing the protocol

In the following section we test the performances of our noisy gates
method. First, in subsection 5.5.1 we simulate the e�ects of im-
perfect photon sources and photon loss on the X gate and on the
preparation of the Bell state in the gate based quantum comput-
ing (GBQC) framework. Then, in subsection 5.5.2 we perform
the same simulation in the measurement based quantum comput-
ing (MBQC) framework [171, 172] reproducing the X gate. Finally
in subsection 5.5.3 we build a noisy variational quantum algorithm
(VQA) [60, 173] to solve the max 2-cut problem [174–176] and we
study its performances in di�erent noise scenarios.

All the optical circuits we implement are written in the standard
triangular Reck decomposition [177], except for the VQA ansatz.
As computational backend for the simulations we used the SLOS
backend [178] in Perceval [170] and measurements in MBQC frame-
work are handled with the MBQC module of Paddle Quantum [179].
Moreover, the transpilation required to obtain the optical circuits
in subsections 5.5.1 and 5.5.2 are performed by using the Qiskit-
Converter functionality of Perceval.

To simulate the e�ect of imperfect photon sources, we add to the
optical circuit a layer of fictitious optical elements modeling de-
polarization, see Eq. (5.28), for each couple of modes. To simulate
photon losses, each optical element of the original circuit is replaced
with the corresponding noisy one, see Eqs. (5.18) and (5.26), and
for losses at detection we add a layer of lossy channel for each mode
as in Eq. (5.31). The corresponding noisy optical circuit is schemat-
ically depicted in Fig. 5.5.1.
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Figure 5.5.1: Schematic depiction of how we simulate a generic noisy optical
circuit. On the left in yellow, a layer of fictitious optical elements models de-
polarization for each couple of modes. In the blue area, each optical element of
the original circuit is replaced with the corresponding noisy one and for losses at
detection we add a layer of lossy channel for each mode, shown here in yellow on
the right.

5.5.1 X gate and Bell state in the gate based framework

We simulate the X gate and Bell state preparation with our ap-
proach, eventually obtaining the output density matrix fl̂ng. If ‡̂ is
the noiseless output density matrix, we compare these two states
by computing the Hellinger distance Hng = H(fl̂ng, ‡̂) defined in
Eq. (4.26). We repeat these simulations for diverse type of noise
(depolarizing and photon loss) and di�erent error probabilities.
The results of the simulations are shown in Figs. 5.5.2 and 5.5.3.

All results shown are normalized with respect to the postselec-
tion/heralding probability. In Fig. 5.5.2, panel (a) shows the ef-
fect of depolarization that is to bring the system to the completely
mixed state, with fl00 = fl11 = 1/2. The e�ect of photon losses,
shown in panel (b), is to decrease fl11, as expected: in this case the
state is not normalized as the action of losses is non unitary, see
also Eqs. (5.18), (5.26) and (5.31). The combined action of depo-
larization and photon losses is shown in panel (c): the e�ects of
depolarization are lowered by the presence of photon losses. Panel
(d) displays the Hellinger distances of the three simulations with re-
spect to the ideal result. For the circuit preparing the Bell state in
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Figure 5.5.2: X gate in the gate based framework. Panels (a), (b), (c) show
the values of the entries fl00 (blue) and fl11 (orange) of the density matrix for
the X gate, as the error probabilities increase. Panel (a) takes into account
only imperfect photon sources (modeled as depolarization), panel (b) photon loss
errors and panel (c) the combination of the two. Panel (d) shows the Hellinger
distances between the outcomes of the simulations in (a) (grey), (b) (green), (c)
(red) and the ideal result of the X gate. On the top, the circuit for the X gate in
GBQC and the corresponding optical circuit.
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Figure 5.5.3: Bell state in the gate based framework. Panels (a), (b), (c) show
the values of the entries of fl00 (blue) and fl11 (orange), fl22 (green), fl33 (red) of
the density matrix for the Bell state. The order of the di�erent noise sources
considered is the same as for the X gate Fig.5.5.2. Panel (d) shows the Hellinger
distances between the outcomes of the simulations and the ideal result of the Bell
state, colors have the same meaning as for panel (d) of Fig.5.5.2. On the top the
circuit for the Bell state in GBQC is shown, and on the bottom the corresponding
optical circuit.
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Fig. 5.5.3, the e�ect of depolarization, shown in panel (a), is again
to bring the system to a mixed state. In general, for two qubits the
equal probability of the maximally mixed state is 1/4, however in
this case depolarization is applied not only on system qubits but
also on ancillary qubits, necessary to implement the CX gate; this
leads to a mixed state di�erent from the maximally mixed state for
two qubits.
The e�ect of photon losses in panel (b) is way larger than for the X
gate; the reason is that the optical circuit to realize the Bell state
has a significantly higher depth and a larger number of modes as can
be seen by comparing the optical circuits in Figs. 5.5.2 and 5.5.3.
Panel (c) shows that photon losses are dominant in this case, as
the plot is very close to panel (b). Panel (d) displays the Hellinger
distances of the three simulations with respect to the ideal result.

5.5.2 X gate in the measurement based framework

The framework of dual rail encoding of linear optics quantum com-
puting is suitable to implement alternative scheme for quantum
computation, in particular measurement based quantum comput-
ing (MBQC). Such a scheme involves the generation of particular
entangled states called cluster states and appropriate single qubit
measurement to drive the computation. These two stages involve
photon generation, manipulation and detection thus, as for GBQC,
MBQC is a�ected by photon losses and imperfect photon sourcing.
To test the robustness of MBQC against such noises, we focus on
the realization of X gate. The simplest implementation of the X
gate is schematically depicted as

|0Í X = s1

|0Í H RXY ((≠1)1+s1fi) = s2

|0Í H Xs2Zs1X |0Í

(5.33)

Qubit 1 is prepared in the state |0Í, while qubits 2,3 are both pre-
pared into the |+Í state. Qubit 1 is entangled with 2, and qubit 2
is entangled with 3 via CZ gates; The output state at this stage is
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Figure 5.5.4: X gate in the measurement based framework. Panels (a), (b), (c)
show the values of the entries fl00 (blue) and fl11 (orange) of the density matrix for
the X gate in the MBQC framework as the error probabilities increase. Panel (a)
takes into account only imperfect photon sources (modeled as depolarization),
panel (b) photon loss errors and panel (c) the combination of the two. Panel
(d) shows the Hellinger distances between the outcomes of the simulations in (a)
(grey), (b) (green), (c) (red) and the ideal result of the X gate. On the top, the
circuit required to prepare the cluster state for the X gate in MBQC is shown,
and at the bottom the corresponding optical circuit is displayed. Measurements
for the MBQC are not shown.
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called cluster state. Then the first qubit is measured in the X basis
and the measurement outcome s1 is recorded. Qubit 2 is measured
in the XY plane with an angle ◊ = (≠1)1+s1fi and the measure-
ment outcome s2 is recorded. After these two measurements, the
state of qubit 3 is X̂s2Ẑs1X̂ |0Í = X̂s2Ẑs1 |1Í. Thus the initial |0Í is
flipped to |1Í up to byproduct Pauli operators. We notice that a
generic rotation around the X axis of angle – is realized by taking
◊ = (≠1)1+s1–. The corresponding optical circuit that implements
the cluster state for the X gate and the e�ect of noise are shown in
Fig. 5.5.4.
As in the previous section, the e�ect of depolarization is to bring the
system to the completely mixed state (panel (a)) and the e�ect of
photon losses (panel (b)) is to decrease fl11; panel (c) reports the ef-
fect of both depolarization and photon losses. As one can notice by
comparing the order of magnitude of the error probabilities of Figs.
5.5.2, 5.5.3 and Fig. 5.5.4, the impact of noise in the MBQC frame-
work is way stronger due to the larger number of modes and optical
elements in the MBQC optical circuit. For example, to perform the
GBQC X gate, two modes and one beam splitter are enough, while
for the MBQC X gate cluster state in the Reck decomposition one
needs 14 modes and 116 optical elements.
We notice that all the CZ gates are implemented by adding four
additional modes to herald the success of the gate. This extra an-
cillary cost is not always required, and most e�cient layouts can be
found but for the only purpose of testing our method, we did not
further optimize the photonic circuits.

5.5.3 Variational quantum algorithm applied to the max 2-cut
problem

We now focus on a VQA algorithm applied to the MAX 2-CUT
problem. The MAX 2-CUT problem is a well known optimization
problem that requires to find a cut dividing the vertices of a graph in
two complementary subsets, such that the number of edges crossed
by the cut is maximized. Given a graph G = (V, E), with V =
{1, . . . , N} and E = {Èi, jÍ} the sets of vertices i and edges Èi, jÍ,

102



the goal is to maximize the following objective function

ĤC =
ÿ

Èi,jÍ

1
2(1 ≠ ẐiẐj). (5.34)

We focus on a graph with V = {1, 2, 3, 4} and
E = {È1, 2Í È2, 3Í È3, 4Í È4, 1Í}, thus a square graph with four nodes.
The problem is equivalent to minimizing the cost Hamiltonian:

ĤC =
ÿ

Èi,jÍ
ẐiẐj; (5.35)

for this cost Hamiltonian, the optimal, or exact, energy is E0 =
≠4, corresponding to the cut giving V1 = {1, 3} and V2 = {2, 4}
as complementary subsets of V . This is the target energy of the
optimization of the variational ansatz.
We choose a specific ansatz Ûansatz(◊) for the optimization shown in
Fig. 5.5.5. The output of each simulations is a density matrix fl̂.
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Figure 5.5.5: Optical circuit ansatz for the VQA solving the MAX 2-CUT on a
square graph.

The cost function for the optimization is the energy calculated
as E = Tr

3
fl̂(◊)ĤC

4
, where fl̂(◊) = |Â(◊)Í ÈÂ(◊)| and |Â(◊)Í =

Ûansatz(◊) |0Í¢4. We choose a number of samples Nsamples = 500
and initial parameters are chosen randomly. The classical optimizer
method used to update the parameters is the gradient-free method
COBYLA [180].
We study the convergence of the optimization in the noiseless case,
in the presence of depolarization with p = 10≠4, 10≠3, 10≠2, in the
presence of loss with p = 10≠4, 10≠3, 10≠2 and under the combined
action of depolarization and loss with p = 10≠4, 10≠3, 10≠2. We
restrict the analysis to such orders of magnitude of the error proba-
bility, because for p < 10≠4 the e�ects of noises on the ansatz circuit
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are negligible and for p > 10≠2 results might not be reliable since
our approach is perturbative, as shown in Chapter 4, as the error
probability approaches 1.
The results are shown in Fig. 5.5.6.

Figure 5.5.6: Panels (a), (c), and (e) show the optimization of the variational
energy as a function of the number of optimization steps obtained with the sim-
ulations. Each curve is obtained by simulating the variational ansatz starting
from random parameters. For visualization purposes, all panels start from the
50th optimization step. In each (a), (c) and (e) panels the red line is the exact
energy E0 = ≠4, the blue curve is the optimization in the noiseless case (which is
the same curve in all plots), the orange, green and grey curves are obtained with
an error probability of 10≠4, 10≠3, 10≠2 respectively. Figures (b), (d), and (f)
show the relative errors |(E0 ≠ E)/E0| as a function of the training steps. Colors
of the curves have the same meaning of the upper panels. A 0.1% relative error
threshold is here highlighted with a red shaded region for better visualization.
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p = 10≠4 p = 10≠3 p = 10≠2

Depolarization 0.9927 0.9846 0.9831
Photon Loss 0.999998 0.999985 0.997180
Dep and Loss 0.9875 0.9808 0.7835

Table 5.5.1: Values of the approximation ratio for di�erent types of noises and
for increasing order of magnitude of the error probability.

The noiseless optimization converges to the optimum value, showing
that the ansatz works. Panels (a) and (b) show the simulations in
the presence of depolarization: as expected, the higher the error
probability, the higher the deviation from the exact energy. When
p = 10≠4, the variational algorithm is still able to output an estimate
E with a ≥ 1% relative error. In case of photon losses, shown in
panels (c) and (d), the ansatz seem to be more resilient: for p = 10≠4

and p = 10≠3 the relative error is below 0.1% and for p = 10≠2 the
relative error is below 1%. The combined action of photon losses and
depolarization, shown in panels (e) and (f), is to further decrease
the accuracy of the optimization as all relative errors are above 1%.
We report the approximation ratios, defined as R = Ef/E0 where
Ef is the final energy for di�erent noises and di�erent orders of
magnitude of the error probability in Table 5.5.1. The best approx-
imation ratios are obtained with the simulations considering photon
losses only.

5.6 Conclusions

We have extended the noisy gates approach [30] to simulate noisy
optical circuits, within the second quantization framework (see sec-
tions 5.2 and 5.3), which is the one commonly used in the dual
rail encoding for linear optics quantum computing. The simula-
tion method is applicable both to GBQC and MBQC, as shown
in sections 5.5.1 and 5.5.2. In section 5.5.3 we have shown that
the simulations are suitable to describe variational problems when
noises are present.
When considering quantum computing on linear optics, the situa-
tion is not yet as mature as for other quantum platforms. Linear
optical quantum computing, which utilizes photons for quantum in-
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formation processing, faces unique challenges in designing e�cient
and expressive ansatz circuits. The absence of non-linear interac-
tions in linear optics limits the complexity of quantum computa-
tions that can be performed. Consequently, creating ansatz designs
that can e�ectively encode and manipulate quantum information in
linear optics remains an ongoing research challenge. MBQC was
proposed as a solution to these issues.
For this reason, the next natural target of this work is to under-
stand the practical applicability of a noisy native MBQC algo-
rithm, such as the Quantum Approximate Optimization Algorithm
(QAOA) [181] formulated in the MBQC framework for the max
K-cut problem in [176].
Another important goal is to compare our simulations with the out-
put of optical devices available in the cloud, for example the one
recently provided by Quandela [145]. These targets will be the sub-
ject of future research.
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Chapter 6

Linear-friction many-body equation
for dissipative spontaneous
wave-function collapse

As mentioned in Section 1.4.2, an acknowledged challenge within
collapse models is the energy divergence due to the collapse mech-
anism. Although the rate of energy increase is extremely small,
e.g. for the CSL this is of the order of 10≠15 K/yr for a free nu-
cleon with ⁄ = 10≠16 s≠1 at rC = 10≠7 m [8], and the interaction
with the external noise field is expected to violate energy conser-
vation solely for the system, one does not expect that the noise
field will convey energy indefinitely to the system. To address this
concern, dissipative extensions of collapse models were proposed as
a solution [182, 183], implying the existence of a fundamental and
universal damping mechanism which can be probed by mechanical
systems with very low dissipation [184–186]. Here we construct and
study the simplest universal dissipative GKLS master equation for
many-body systems based on a di�erent mechanism with respect to
that previously proposed, namely the linear-friction of the current
of the many-body system [187]. In the following we show that our
choice of the Lindblad collapse operator, which is independent from
the details of the considered system, leads to the dissipation of the
current and of the mean energy.
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6.1 Dissipative extension - an exercise

Before introducing our dissipative extension of the DP and the CSL
models, it is instructive to understand the elementary Lindblad form
of friction. We start by considering the master equation for a single
free particle of Hamiltonian Ĥ = p̂2/2m with a decoherence term
of the form

Dfl̂ = ≠D

~2
[x̂, [x̂, fl̂]]. (6.1)

This can be considered as a minimal model for the spontaneous
measurement of x̂. It yields a spatial decoherence at rate D/~2.
Equivalently, it implies a momentum di�usion with di�usion con-
stant D/2, yielding a constant heating at power P = 3D/m. A way
to include dissipation is to replace the Hermitian Lindblad generator
x̂ with the non-Hermitian operator [5, 188]:

L̂ = x̂ + i
~—

4m
p̂, (6.2)

where — will turn out to be the inverse equilibrium temperature.
Correspondingly, the Lindbladian term of the master equation takes
the form

Dfl̂ = 2D

~2

3
L̂fl̂L̂† ≠ 1

2
{L̂†L̂, fl̂}

4
. (6.3)

By expanding L̂, we find

Dfl̂ = i

~

C

D
—

4m
{x̂, p̂}, fl̂

D

≠

≠ D

~2

Q

a[x̂, [x̂, fl̂]] + i
~—

2m
[x̂, {p̂, fl̂}] + ~2—2

16m2
[p̂, [p̂, fl̂]]

R

b,
(6.4)

where we can cancel the first Hamiltonian term with a counterterm
in Ĥ. The first term of the second line generates the heating power
P as before. The second term yields to the standard mechanical
friction via the Heisenberg equation D†p̂ = ≠2—D

m p̂. The second
term imposes a relaxation mechanism also for p̂2. For the mean
kinetic energy we get

d
dt

=
Ĥ

>

t
= 3D

m
≠ 2—D

m

=
Ĥ

>

t
. (6.5)
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This is the balance expressed in Eq. (1.59) with power P = 3D/m
and positive dissipation rate � = 2—D/m. We get a finite equilib-
rium energy

=
Ĥ

>

Œ
= 3

2
—≠1. We conclude that the e�ective temper-

ature is T = 1/(kB—). Fortunately, it is known that the equilibrium
state of the master equation with the dissipator in Eq. (6.4) is the
exact Gibbs state [5, 188]:

fl̂— Ã e≠—p̂2/2m, (6.6)

hence 1/(kB—) is not only an e�ective temperature but the true one.

6.2 The many-body master equation of linear friction

Now we introduce our model. In analogy with the single particle
linear friction in the previous section, we replace the Hermitian
Lindblad generator µ̂(x̂) in the dissipator of Eq. (1.46) with a non-
Hermitian operator of the form

L̂(x) = µ̂(x) ≠ i
~—

4 ÒxĴ(x), (6.7)

whose Fourier representation is

L̂k = µ̂k + ~—

4 kĴk, (6.8)

and where we introduced the current

Ĵ(x) = ≠i
~
2

3
Â̂†(x)ÒxÂ̂(x) ≠ ÒxÂ̂†(x)Â̂(x)

4
, (6.9)

with Â̂(x) being the (fermionic) annihilation field operator.
We note that the anti-Hermitian part of L̂(x) needs to be a scalar,
like the Hermitian part µ̂(x). Indeed, one cannot just take the
current Ĵ(x), but needs to take its divergence. With this choice for
the Lindblad generator, the master equation becomes

Dfl̂ = 1
~2

⁄
d3x

⁄
d3y D(x ≠ y)

A

L̂(x)fl̂L̂†(y) ≠ 1
2{L̂†(x)L̂(y), fl̂}

B

= 1
~2

⁄ d3k

(2fi)3
Dk

A

L̂kfl̂L̂†
k ≠ 1

2{L̂†
kL̂k, fl̂}

B

.

(6.10)
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By merging the latter expression with the definition in Eq. (6.7),
we get

Dfl̂ = ≠ 1
2~2

⁄
d3x

⁄
d3y D(x ≠ y)

Q

a i

~

S

U~
2—

4 {µ̂(x), ÒyĴ(y)}, fl̂

T

V

+ [µ̂(x), [µ̂(y), fl̂]] ≠ i~—

2 [µ̂(x), {ÒyĴ(y), fl̂}]

+ ~2—2

16 [ÒxĴ(x), [ÒyĴ(y), fl̂]]
R

b

= ≠ 1
2~2

⁄ d3k

(2fi)3
Dk

Q

a i

~

S

U~
2—

4 {µ̂≠k, kĴk(y)}, fl̂

T

V

+ [µ̂≠k, [µ̂k, fl̂]] ≠ i~—

2 [µ̂≠k, {kĴk, fl̂}]

+ ~2—2

16 [kĴ≠k, [kĴk, fl̂]]
R

b,

(6.11)
where the three terms of D are respectively responsible for the de-
coherence in mass density µ̂, the damping of the current Ĵ (dissi-
pation), and the decoherence in the (divergence) of the current Ĵ,
respectively. The corresponding Heisenberg equation of motion for
an arbitrary observable Ô can be obtained from the adjoint of the
master equation d

dtÔ = i
~ [Ĥ, Ô] + D†Ô, where

D†Ô = ≠ 1
2~2

⁄
d3x

⁄
d3y D(x ≠ y)

Q

a i

~

S

U~
2—

4 {µ̂(x), ÒyĴ(y)}, Ô

T

V

+ [µ̂(x), [µ̂(y), Ô]] + i~—

2 {ÒyĴ(y), [µ̂(x), Ô]}

+ ~2—2

16 [ÒxĴ(x), [ÒyĴ(y), Ô]]
R

b

= ≠ 1
2~2

⁄ d3k

(2fi)3
Dk

Q

a i

~

S

U~
2—

4 {µ̂≠k, kĴk(y)}, fl̂

T

V

+ [µ̂≠k, [µ̂k, Ô]] + i~—

2 {kĴk, [µ̂≠k, Ô]}

+ ~2—2

16 [kĴ≠k, [kĴk, Ô]]
R

b.

(6.12)
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6.2.1 Damping of the current

It is central to this work to confirm that the second term in Eq. (6.12)
is indeed a damping of the current. The corresponding contribution
to the evolution of Ĵ(x) is given by

d
dt

Ĵ(x)|2 = ≠ i—

4~
⁄

d3y
⁄

d3yÕ D(y≠yÕ){ÒyĴ(y), [µ̂(yÕ), Ĵ(x)]}. (6.13)

We can calculate the commutator of the second quantized (fermionic)
density and current:

[µ̂(yÕ), Ĵ(x)] = ≠i~ÒyÕ

3
”(yÕ ≠ x)µ̂(x)

4
. (6.14)

Inserting it in Eq. (6.13) and integrating the latter by parts, we get

d
dt

Ĵ(x)|2 = ≠—

4
⁄

d3yÒx ¢ ÒyD(y ≠ x){Ĵ(y), µ̂(x)}, (6.15)

where ¢ indicates the tensor product. We expand the anti-commutator
of the fermionic density and current:

1

2
{µ̂(x), Ĵ(y)} = m”(x≠y)Ĵ(x)≠i~

2 m
3
Â̂†(x)ÒyÂ̂†(y)Â̂(x)Â̂(y) ≠ H.C.

4

(6.16)
and we find that

d
dt

Ĵ(x)|2 = ≠’ Ĵ(x) + i
1
Ŷ(x) ≠ H.C.

2
, (6.17)

where ’ is the friction rate and

Ŷ(x) = —~m

4
⁄

d3yÒx ¢ ÒyD(y ≠ x)Â̂†(x)ÒyÂ̂†(y)Â̂(x)Â̂(y). (6.18)

The latter contributes only when multiple fermions are present,
while it vanishes when applied to a single fermion state. As a first
order approximation, we neglect Ŷ(x) contributions.
Then, the current e�ectively decays with a friction rate

’ = ≠—m

2 DÕÕ(x)|x=0, (6.19)

which depends crucially on the parameter ‡ that regularizes D(x)
at x = 0, see expressions in Eq. (1.54). In Appendix D, we show
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that, in the case of a single particle, Eq. (6.17) holds with no ap-
proximations.
Since the methods to infer exact analytic features of the dissipative
master equation are limited, we turn to the special single particle
case. In such a case the mechanism of dissipation is transparent,
and exact analytic calculations are possible. Moreover, in the case
of both the standard CSL and DP models, i.e. with no dissipa-
tion included, the heating rate is independent from the presence of
interactions or external potentials. This has been well addressed
in [189]. The inclusion of dissipative e�ects however raptures this
simple feature in dense interactive fermionic matter. To include in-
teraction and fermionic exchange one should employ perturbative
methods such those used in [190], which can be applied indepen-
dently of the Hamiltonian structure. However, this goes beyond the
scope of the manuscript. Nonetheless, as long as our single fermion
approximation is valid the thermodynamics remains trivial as in the
non-dissipative case, while the rates and the equilibrium tempera-
ture are calculable exactly as for single fermions.

6.3 Single particle dissipative mechanism

In case of the single particle, it is most convenient to work in the
Fourier representation of the mass density and the current:

µ̂k = meikx̂, Ĵk = 1

2
{p̂, eikx̂}. (6.20)

Then, the Lindblad generator, leading to the many-body dissipator
D shown in Eq. (6.11), reduces to simple alternative forms:

L̂k =
Q

am ≠ ~2k2—

8 + ~k—

4 p̂
R

b eikx̂,

= eikx̂
Q

am + ~2k2—

8 + ~k—

4 p̂
R

b .

(6.21)

Let us see how the kinetic equation of the momenta di�ers from that
of the standard DP and CSL in Sec. 1.4.2. We use both forms in
Eq. (6.21) of the Lindblad generator in the dissipator in Eq. (6.10),
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to yield

dfl(p̂)
dt

= 1
~2

⁄ d3k

(2fi)3
Dk

Q

ca

Q

am ≠ —~2k2

8 + —~k
4 p̂

R

b
2

fl(p̂ ≠ ~k)

≠
Q

am + —~2k2

8 + —~k
4 p̂

R

b
2

fl(p̂)
R

db.

(6.22)

This is equivalent with a classical kinetic equation, therefore p in-
stead of p̂ can be written. According to this kinetic equation, the
momentum jumps like p æ p + ~k at probability rate

m2

~2

d3k

(2fi)3
Dk

A

1 + —

8m
[p2 ≠ (p ≠ ~k)2]

B2

. (6.23)

This jump rate, unlike in standard DP and CSL, is not isotropic, and
the anisotropy can generate the desired friction. Nevertheless, the
above rate is subtle. Consider for simplicity a momentum trans-
fer of ~k = ûŸp where 0 Æ Ÿ Æ 1, where upper and lower signs
correspond to damping and heating respectively. The di�erence be-
tween damping and heating rates is proportional to the following
expression:
Q

a1 ≠ —~2k2

8m
+ Ÿ

—p2

4m

R

b
2

≠
Q

a1 ≠ —~2k2

8m
≠ Ÿ

—p2

4m

R

b
2

= Ÿ
—p2

m

Q

a1 ≠ —~2k2

8m

R

b .

(6.24)
Damping dominates as long as —(~2k2/8m) < 1 and heating takes
over otherwise. Earlier, when we defined E‡ in Eq. (1.58), we no-
ticed that the range of k is 1/‡, hence (~2k2/4m) ≥ E‡. Accordingly
for damping, the largest value of 1/— is about 2E‡. The forthcom-
ing analytic calculation shows that, indeed, there is an exact critical
value of 1/— above which dissipation gives way to heating.

6.3.1 Derivation of the asymptotic e�ective temperature

In order to prove that the model exhibits the expected dissipative
mechanism described in Eq. (1.59) for

=
Ĥ

>
=

e
p̂2

f
/2m, we derive

the time-derivative of
e
p̂2

f
. Since the dynamics of p̂ is semi-classical,

we can derive the time-derivative of the equivalent semi-classical
mean Èp2Í. According to the above discussion, the expression in
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Eq. (6.23) is the rate of random jumps p æ p + ~k, each of which
leads to a change of ~2k2 + 2~kp for p2. Hence, we can write

d
dt

e
p2

f
= m2

~2

⁄ d3k

(2fi)3

⁄
d3pDkfl(p)◊

(~2k2 + 2~pk)
A

1 + —

8m
[p2 ≠ (p ≠ ~k)2]

B2

.

(6.25)

We temporarily set ~ = 1 and introduce a2 = (—/4m). We then
rewrite the following expression

(k2 + 2pk)
1
1 ≠ 1

2
a2k2 ≠ a2kp

2
2

= k2(1 ≠ a2k2 + 1

4
a4k4) + a2(3a2k2 ≠ 4)(kp)2 + ...

∆ k2(1 ≠ a2k2 + 1

4
a4k4) + a2k2(a2k2 ≠ 4

3
)p2,

(6.26)

where the ellipsis stands for odd powers of k to be cancelled when
integrating, and we replaced (kp)2 by 1

3
k2p2 also because of the

isotropy of Dk in the integral. We insert in Eq. (6.25) the bottom
line of the above expansion and perform the integral in p. We get
the balance equation (1.59), where the power P and the dissipation
� rates are respectively

P = m

2
⁄ d3k

(2fi)3
Dkk2

Q

a1 ≠ —~2

4m
k2 + —2~4

64m2
k4

R

b ,

� = —m

3
⁄ d3k

(2fi)3
Dkk2

Q

a1 ≠ 3—~2

16m
k2

R

b ,

(6.27)

where we have restored ~ and a2 = —/4m. The obtained result
shows that the energy of the system is dissipated, as expected,
through the anisotropic process described by Eq. (6.23). Moreover,
we show in Appendix D, that such a result is independent of the
specific form of the state fl̂ and is valid beyond the assumption of
having fl̂ = fl(p̂)
The integrals in Eq. (6.27) can be calculated analytically for the
two models. They respectively read

P DP = ~mG

4
Ô

fi‡3

A

1 ≠ 3
4x2

— + 15
64x4

—

B

,

�DP = —
~mG

6
Ô

fi‡3

A

1 ≠ 9
16x2

—

B

.
(6.28)
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and
P CSL = 3m“~2

32fi3/2‡5

A

1 ≠ 5
4x2

— + 35
64x4

—

B

,

�CSL = —
m“~2

16fi3/2‡5

A

1 ≠ 15
16x2

—

B

,

(6.29)

where we defined the dimensionless parameter

x2

— = 2—E‡ = ~2—

2m‡2
, (6.30)

which is the ratio of the elementary energy transfer E‡ defined in
Eq. (1.58) to 1/(2—), the latter being the equilibrium thermal kinetic
energy at high temperatures. Note that, according to the mapping
in Eq. (1.48), the relation P CSL = ≠(~“/4fiG)ˆP DP/ˆ(‡2) holds, and
similarly between �CSL and �DP. The dissipative rates � become
negative if x2

—, which is proportional to the parameter —, is larger
than a critical value, which is di�erent for the two models.
It is in order now to interpret our results, shown in Eqs. (6.27)–
(6.29), that exhibit the dissipation mechanism postulated by the
balance Eq. (1.59). The equilibrium energy is obtained as

=
Ĥ

>

Œ
=

P/�. Following the equipartition theorem, we define the e�ective
temperature as T = 2

3

=
Ĥ

>

Œ
/kB and we introduce the parameter

T— = 1/— in place of —. Then, we have x2

— = 2E‡/T—, and we can
express the e�ective temperatures of the two models as

T DP = T—
1 ≠ 3

2
(E‡/kBT—) + 15

16
(E‡/kBT—)2

1 ≠ 9

8
(E‡/kBT—) , (6.31)

and
T CSL = T—

1 ≠ 5

2
(E‡/kBT—) + 35

16
(E‡/kBT—)2

1 ≠ 15

8
(E‡/kBT—) . (6.32)

In the regime kBT— ∫ E‡, the e�ective temperature T asymptot-
ically coincides with the parameter T—, which justifies our choice
of parametrizing the dissipator in Eq. (6.11) by — = 1/T—. When
lowering the parameter temperature T—, the e�ective temperature
T is also lowering. But the dissipation rate � is also decreasing
and at a point the e�ective T is no longer lowering together with
T—, but it is growing again and becomes infinite when the dissipa-
tion rate reduces to zero, i.e. at kBT— = (9/8)E‡ in the DP model
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and at kBT— = (15/8)E‡ in the CSL model. Below these critical
temperatures, the negative dissipative rate � is contributing to a
higher heating power P rather than balancing it. This e�ect follows
from what we noticed about the subtlety of momentum jump rate
in Eq. (6.23). The standard DP and CSL models correspond to
T = T— = Œ, where dissipative rates � vanish, the powers P reduce
to the expressions in Eq. (1.55). The kinetic energy

=
Ĥ

>

t
goes to

infinity and, from a theoretical viewpont, this looks unphysical.

6.3.2 Environmental e�ects

In practice, however, we face a di�erent situation. The predicted
powers in Eq. (1.55) are extremely small and are typically masked
by the environmental e�ects (see experimental investigations sum-
marised in [47]). Clearly, studying experimentally a system under
the action of a collapse mechanism, but otherwise isolated, is im-
possible. Indeed, there will be always a coupling of the system with
its surrounding environment. This might be the residual gas in the
vacuum chamber, the blackbody radiation or the noises (e.g., seis-
mic or electronic) that shake, and thus heat, the experiment (see for
instance [191, 192]). As a matter of fact, current laboratory e�orts
of isolation are not yet able to exclude the values T = T— = Œ nei-
ther for the DP or the CSL model, however unphysical they would
theoretically be.
For this reason, we now consider the case of a system undergo-
ing simultaneously to the dissipative collapse mechanism and the
interaction of an external thermal environment. Let TE be the tem-
perature of the environment, and let us define the power PE and the
dissipative rate �E model the environmental e�ect on our particle,
where 3

2
kBTE = PE/�E is satisfied. One can straightforwardly derive

the evolution of the mean energy of the system, which reads:
d
dt

ÈHÍt = P + PE ≠ (� + �E) ÈHÍt , (6.33)

According to the equipartition theorem, the asymptotic (equilib-
rium) temperature of our particle is Te� = 2

3
k≠1

B

=
Ĥ

>

Œ
, i.e.:

Te� = �T + �ETE

� + �E

, (6.34)
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where T = 2

3
k≠1

B P/� is the e�ective temperature obtained in Eqs. (6.31)–
(6.32) of the collapse noise and TE = 2

3
k≠1

B PE/�E is that of the ther-
mal environment. The relation in Eq. (6.34) is fundamental when
it comes to experiments. Indeed, it provides the experimental re-
quirement to be reached in terms of �E and TE to be able to measure
the temperature T of the collapse noise.

6.4 Conclusions

We introduced a simple and universal dissipative extension of the
DP and the CSL models. Contrary to previous attempts [182,183],
our model modifies the collapse operator by adding (instead of a
multiplying) a new term leading to dissipative e�ects. A similar
method has been considered for a di�erent gravity-related model
in [193]. Such a term is proportional to the divergence of the cur-
rent and is parametrized by the constant — [cf. Eq. (6.7)]. We
demonstrate that the model dissipates the current and leads to the
thermalisation of the system’s energy to the asymptotic value of=
Ĥ

>

Œ
= 3

2
kBT , where the expression for T is given in Eq. (6.31) for

the DP model and in Eq. (6.32) for the CSL model.
We find a threshold temperature T0, which is defined as

T0 = ~2

mkB‡2
, (6.35)

and is determined by the cuto�-length ‡ of the DP and the CSL
models. For kB/— much higher than T0, the system’s mean energy
asymptotically converges to 1/(2—), which suggests that — can be
interpreted as the inverse temperature of the collapse noise. Nev-
ertheless, for generic values of —, the latter enters non-trivially in=
Ĥ

>

Œ
. The noise temperature T becomes di�erent from kB/— when

the latter approaches T0 from above. At a certain point, the noise
temperature T inverts its trend with respect to kB/— and increases
to infinity at T0. It is thus impossible to draw a clear one to one
connection between the temperature T of the collapse noise and
the parameter —. In general, the temperature of the collapse noise
does not coincide with —≠1/kB, and the latter plays the role of a
parameter in the master equation that is detached from its familiar
statistical mechanical interpretation.
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Chapter 7

Experimental bounds on
linear-friction dissipative collapse
models from levitated optomechanics

In Chapter 6 we presented a new approach to the introduction of
dissipation in collapse model. Such an approach has not been tested
yet. Thus in the following chapter we derive the first experimental
bounds on linear-friction dissipative DP (dDP) and CSL (dCSL)
models from levitated optomechanics [194] characterised by ultralow
damping [185, 186, 195]. In particular, for the dDP model, values
of the temperature T— of the collapse field lower than 10≠13 K and
6 ◊ 10≠12 K are excluded respectively for values of the localisation
length smaller than 10≠6 m and 10≠8 m. On the other hand, for the
dCSL model, the entire parameter space is excluded for T— lower
than 6◊10≠9 K. Finally, we compare the approach recently proposed
in [187] with those previously suggested in [182, 183], and conclude
that they can be in principle experimentally distinguished.

7.1 Dissipative dynamics of the center of mass of a
N -particle system

We compute the dynamics of the center of mass of a rigid system
made of N particles. For convenience, we work in the Fourier rep-
resentation showed in Eq. (6.10) where the Lindblad operators are
those in Eq. (6.8). The Fourier representation of the mass density
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and of the current for a N -particle system is

µ̂k = m
Nÿ

j=1

eikx̂j , Ĵk = 1
2

Nÿ

j=1

Ó
p̂j, eikx̂j

Ô
. (7.1)

In general the position and momentum operators in Eq. (7.1) can
be written as

x̂j = x̂ + x(0)

j + �x̂j, p̂j = m

M
p̂ + p(0)

j + �p̂j, (7.2)

where x̂ and p̂ are the position and momentum operators of the
center of mass, x(0)

j and p(0)

j are the classical equilibrium position
and momentum of the j-th particle with respect to the center of
mass, and �x̂j and �p̂j are the relative fluctuations, and M is the
total mass of the system. Under the assumption of a rigid body,
the relative fluctuations are negligible, namely �x̂j = �p̂j = 0.
By substituting Eq. (7.2) into Eq. (7.1) and by assuming that the
spread of the wavefunction of the center of mass is much smaller
than ‡, we can Taylor expand the mass density and the current for
small fluctuations of x̂, finding

µ̂k ƒ µk + ikµkx̂, (7.3a)

Ĵk ƒ Jk + µk

M
p̂ + ikJkx̂ + ik

2M
µk{p̂, x̂}, (7.3b)

where µk = m
qN

j=0
eikx(0)

j and Jk = qN
j=0

p(0)

j eikx(0)
j are respectively

the classical mass density and current of the system in the Fourier
representation. We notice that for a rigid body p(0)

j = 0 thus Jk = 0.

7.1.1 Linearized master equation

For the sake of simplicity, we reduce the problem in one dimension,
namely x̂ = (x̂, 0, 0) and p̂ = (p̂, 0, 0). Moreover, by assuming small
k (i.e., |k| π 1/‡) we neglect all the terms of order higher than O(k2)
and substitute the latter expressions for the mass density and the
current in Eq. (6.10). In such a way, we obtain the following master
equation for the motion of the center of mass in the linear limit

d
dt

fl̂cm = ≠ i

~ [Ĥ, fl̂cm] + ÷
A

L̂fl̂cmL̂† ≠ 1
2{L̂†L̂, fl̂cm}

B

, (7.4)

where L̂ = x̂ + i–p̂ with – = �c/2÷~ and where
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�c = ~2—÷

2M
, ÷ = 1

~2

⁄ d3k

(2fi)3
k2

xDk|µk|2, (7.5)

are respectively the dissipation and the di�usion rates with k =
(kx, ky, kz). For the purpose of this work, we can consider the case
of a system being a continuous and homogeneous sphere of radius
r. For such a case, we have

µ(x) = 3M

4fir3
◊(r ≠ |x|), (7.6)

where ◊ is the Heaviside function. Then, ÷ takes the following form

÷DP =GM 2R0

~
Ô

fir6

5
≠3r2 + 2R2

0
+ e≠(r2/R2

0)(r2 ≠ 2R2

0
) +

Ô
fir3 erf(r/R0)

6
,

(7.7)
for the dDP model and

÷CSL = ⁄
3e≠(r2/r2

C)M 2r2

C

m2
0r6

5
r2 + 2r2

C + er2/r2
C(r2 ≠ 2r2

C)
6
, (7.8)

for the dCSL model.

7.2 Application to Langevin equations of a mechanical
oscillator

In the present section, we explore the dissipative dynamics of the
center of mass of a one-dimensional mechanical oscillator in order
to set experimental bounds on dDP and dCSL free parameters. To
include the e�ects of dissipation in the Langevin equations for the
mechanical oscillator [196], we use the unitary stochastic unravelling
(see Section 1.2.3) [14,184] of Eq. (7.4)

d|ÂtÍ =
C

≠ i

~Ĥdt + L̂dB̂†
t ≠ L̂†dB̂t ≠ ÷

2L̂†L̂dt
D

|ÂtÍ , (7.9)

where B̂t is equipped with the following statistical features: E[dB̂t] =
0, E[dB̂tdB̂†

t ] = ÷dt and E[dB̂†
t dB̂†

t ] = E[dB̂tdB̂t] = E[dB̂†
t dB̂t] = 0.

From Eq. (7.9), one can build the Langevin equation for a generic
operator Ô via

d
dt

Ô = i

~ [Ĥ, Ô] + ÷
A

L̂†ÔL̂ ≠ 1
2{L̂†L̂, Ô}

B

+ b̂†
t [Ô, L̂] + b̂t[L̂†, Ô],

(7.10)
where b̂t =dB̂t/dt.
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7.2.1 Langevin equations of one-dimensional mechanical oscilla-
tor

Finally, by using Eq. (7.10) with Ô = x̂, p̂ and Ĥ = p̂2/2M +
MÊ2

0
x̂2/2, we find the following modified Langevin equations for a

one-dimensional mechanical oscillator of mass M and frequency Ê0

dx̂

dt
= p̂

M
≠ �c

2 x̂ ≠ ~–ŵx, (7.11a)
dp̂

dt
= ≠MÊ2

0
x̂ ≠

3�c

2 + “m

4
p̂ + › ≠ ~ŵp, (7.11b)

where x̂ is the position operator for the center of mass of the os-
cillator, p̂ is the corresponding momentum. The parameter “m is
the dissipation rate due to the environment and › his stochastic ef-
fect. We define the noises ŵx = b̂†

t + b̂t and ŵp = i(b̂†
t ≠ b̂t). We

notice that the addition of a collapse-induced dissipative mecha-
nism has changed both the equation for the position and for the
momentum. Notably, this raptures the proportionality between the
velocity dx̂/dt and the momentum p̂. However, from the experi-
mental perspective, the relevant quantity to consider is the second
derivative of the position operator, which reads

d2x̂

dt2
= ≠�2

0
x̂ ≠ (�c + “m)dx̂

dt
+ N̂ , (7.12)

where �2

0
= Ê2

0
+ �c

2
(�c

2
+ “m) and N̂ = ≠(�c

2
+ “m)~–ŵx + ›

M ≠ ~ŵp

M ≠
~–dŵx

dt . Thus, we have that �c + “m is the total dissipation rate of
the center of mass. This means that the e�ect of the inclusion of
collapse-induced dissipation is to change the total dissipation rate
of the mechanical oscillator by a quantity �c.

7.2.2 Steady-state density noise spectrum

Following the same procedure as that presented in [184], one can
derive the corresponding steady-state density noise spectrum [14,
197]. By starting from Eq. (7.12), one obtains

S(Ê)=
~Ê“m

M coth
3

~Ê
2kBT

4
+ ÷

5
�

2
c(2“m+�c)

2

16÷2 + �
2
cÊ2

4÷2 + ~2

M2

6

1
Ê2

0 + �c
2

1
�c
2

+ “m

2
≠ Ê2

2
2 + Ê2(�c + “m)2

, (7.13)
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where the first term quantifies for the environmental e�ects, while
the second accounts for the collapse-induced ones. Fundamentally,
the Lorentzian profile of S(Ê) has a width half-height being equal
to �c + “m.

7.3 Experimental bounds

Now we are able to set experimental bounds on dDP and dCSL free
parameters. We focus on levitated optomechanics, which provides
promising platforms for testing fundamental physics and quantum
mechanics [198–200]. In particular, experiments with low dissipa-
tion are of our interest. We notice that it is challenging to estab-
lish bounds on the parameter �c from Eq. (7.13) since it appears
in di�erent contributions to S(Ê). In contrast, the task becomes
straightforward when examining Eq. (7.12). Indeed, owning the
fact that the total dissipation rate in Eq. (7.12) is �c +“m, we know
that experimentally measured dissipative rate “exp will provide an
estimation of the upper bound for �c. Such an estimation is con-
servative since the value of “m is fully neglected. Then, by using
the expression for �c in Eq. (7.5) and defining T— = 1/kB— as the
temperature of the collapse field, we find

“exp Ø �c = ~2÷

2M

1
kBT—

, (7.14)

where kB is the Boltzmann constant. Since for the dDP model, ÷DP

in Eq. (7.7) is a function of R0 only, we can bound the possible
values of T— as a function of R0. Conversely, for the dCSL model
÷CSL in Eq. (7.8) is a function of two free parameters (⁄ and rC).
Thus, we study how the bounds on ⁄ with respect to rC change when
varying the values of T—. Specifically, one has

T— Ø ~2÷DP

2MkB“exp

, ⁄ Æ 2MkBT—“exp

~2÷̄CSL

, (7.15)

where ÷̄CSL = ÷CSL/⁄. To be quantitative, we use the experimen-
tal data from three recent experiments in levitated optomechanics,
which are those of Pontin et al. [185], Vinante et al. [201] and Dania
et al. [195]. The first and last experiment use linear Paul traps to
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Figure 7.3.1: Experimental bounds for the dDP model. Blue, orange and green
shaded areas represent the excluded values of the collapse parameters, respec-
tively, from the experiments of Pontin et al., Vinante et al. and Dania et al.. The
black point represents the proposal by Diósi of R0 = 10≠15 m and T— ≥ 3 K being
the CMB temperature.

levitate a silica nanoparticles of mass and linewidth respectively be-
ing M = 9.6◊10≠17 kg, “exp = 2fi ◊48 µHz and M = 4.3◊10≠17 kg,
“exp = 2fi ◊80 nHz. Conversely, Vinante uses a lavitated micromag-
net of mass M = 6.1 ◊ 10≠10 kg from which one infers a linewidth
“exp = 2fi ◊ 9 µHz at zero pressure. The experiments of Pontin
and Vinante were already used to set bounds on an earlier dissi-
pative version of the DP and CSL model, while that of Dania has
not yet been exploited for collapse model testing. We show the ex-
perimental bounds on the dDP and dCSL respectively in Fig. 7.3.1
and Fig. 7.3.2. Here, the blue, orange and green shaded areas cor-
respond to the excluded values of the collapse parameters by the
experiments of Pontin et al., Vinante et al. and Dania et al.
In Fig. 7.3.1 we show the excluded values of T— for the dDP model
when varying R0. For comparison, we also report (black dot) the
values of Diósi proposal of R0 = 10≠15 m matched with T— ≥ 3 K
being the temperature of the cosmic microwave background (CMB).
This choice is based on the hypothesis of a cosmological origin of
the collapse mechanism, and thus one would expect a value of T—
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Figure 7.3.2: Experimental bounds for the dCSL model. Blue, orange and green
shaded areas represent the excluded values of the collapse parameters, respec-
tively, from the experiments of Pontin et al., Vinante et al. and Dania et al..
Each panel considers di�erent values of T—, left-to-right, top-to-bottom, these are
1 K, 10≠4 K, 10≠6 K and 10≠9 K. The grey area is excluded for theoretical rea-
sons [202]. The grey bar is the Adler proposal of the CSL parameters [203] and
the black point is the GRW proposal [204].

of this order of magnitude. We notice that below T— ≥ 10≠13 K
and T— ≥ 6 ◊ 10≠12 K all the values of R0 respectively smaller than
10≠6 m and 10≠8 m are excluded, this includes the mesoscopic regime
where one would expect a collapse.
In Fig. 7.3.2 we show the bounds on the dCSL parameters ⁄ and
rC for four values of T— = 1 K, 10≠3 K, 10≠5 K and 10≠7 K. The
gray region is excluded theoretically as it would not guarantee an
e�ective collapse of macroscopic quantum superpositions [202]. The
grey bar, which is the Adler proposal [203] for the CSL parameters,
is excluded for each value of T— reported, while the GRW proposal
[204] is excluded for T— = 10≠5 K and below. We notice that all the
parameter space is excluded for temperatures lower than 6◊10≠9 K.

7.4 Comparison with the previous dissipative model

Here we compare the linear friction (LF) dissipative model, intro-
duced in Ref. [187] and shown in Chapter 6, with the previously
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proposed dissipative collapse models [182, 183]. The latter have
a mathematical structure similar to the collisional dynamics of a
test particle interacting with a low-density gas in the weak cou-
pling regime [205]. Thus, for simplicity, we refer to these as col-
lisional dynamics (CD) models. For such a comparison, we com-
pute the asymptotic temperature of the center of mass of the me-
chanical oscillator, which in both frameworks can be derived from
their respective master equations. Indeed, given an arbitrary oper-
ator Ô, one can compute the evolution of its expectation value as
d

dt

=
Ô

>

t
= Tr

3
Ô d

dt fl̂cm

4
. The equation with Ô = Ĥ is not in a closed

form, however we can write the system of three di�erential equations
for Ô = V̂ , K̂ and {x̂, p̂}, where K̂ = p̂2/2M and V̂ = MÊ2

0
x̂2/2.

Under the assumption of a reaching a stable condition at the ther-
mal equilibrium, we can set all the derivatives to zero and find
the asymptotic values of

=
K̂

>

Œ
and

=
V̂

>

Œ
, from which we obtain

=
Ĥ

>

Œ
=

=
K̂

>

Œ
+

=
V̂

>

Œ
. Then, we define the temperature of the

system by exploiting the equipartition theorem for single harmonic
oscillator

=
Ĥ

>

Œ
= kBT .

In the LF framework, we have

d
dt

=
V̂

>

t
= ≠�c

=
V̂

>

t
+ Ê2

0

2 È{x̂, p̂}|{x̂, p̂}Ít + �2

cMÊ2

0

8÷
,

d
dt

=
K̂

>

t
= ≠�c

=
K̂

>

t
≠ Ê2

0

2 È{x̂, p̂}Ít + ~2÷

2M
,

d
dt

È{x̂, p̂}Ít = ≠�c È{x̂, p̂}Ít + 4
=
K̂

>

t
≠ 4

=
V̂

>

t
,

(7.16)

which correspond to

T = T— + ~2Ê2

0

16k2
BT—

, (7.17)

both for the dDP and the dCSL model. We notice that Eq. (7.17)
does not depend on the free parameters of the model except for
the dissipation parameter — = (kBT—)≠1. When T— is high, the
asymptotic temperature T coincides with the collapse temperature
T—. Indeed, in the limit of T— æ Œ (— æ 0, i.e. �c æ 0), the last
term of the first expression in Eq. (7.16) can be neglected and the
only important collapse term is the last one in the second expression.
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Figure 7.4.3: Comparison between the linear friction dDP and the collisional dy-
namics dDP models. In panel (a) the solid black curve represents the asymptotic
temperature T of the LF-dDP model as a function of the dissipation parameter
T—, while the green curves show the asymptotic temperature T̃ of the CD-dDP
model as a function of the dissipation parameter T‰ for di�erent values of R0. For
R0 = 1 m, T and T̃ coincide in the black curve. Panel (b) shows the contour plot
of the function T (T—) ≠ T̃ (T‰) = 0 where the solid green line is for R0 = 10≠7 m
and the dash dotted green line is for R0 = 10≠10 m.

In such a way one recovers the predictions of the standard collapse
model without dissipation, for which one has T = Œ. Also in the
limit of T— æ 0, the asymptotic temperature T goes to infinity.
Indeed, in such a limit, is the last term in the second expression
of Eq. (7.16) that can be neglected, and the last term in the first
expression becomes the relevant one. The latter leads to an infinite
increase to the mean potential energy, and thus to

=
Ĥ

>

Œ
= Œ.
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In the CD framework, one has

d
dt

=
V̂

>

t
= Ê2

0

2 È{x̂, p̂}Ít + �̃2

cMÊ2

0

8÷̃
,

d
dt

=
K̂

>

t
= ≠2�̃c

=
K̂

>

t
≠ Ê2

0

2 È{x̂, p̂}Ít + ~2÷̃

2M
,

d
dt

È{x̂, p̂}Ít = ≠�̃c È{x̂, p̂}Ít + 4
=
K̂

>

t
≠ 4

=
V̂

>

t
,

(7.18)

whose corresponding asymptotic temperature reads

T̃ = �̃cMÊ2

0

8÷̃kB

+ ~2÷̃

2M �̃ckB

+ �̃3

cM

16÷̃kB

. (7.19)

The latter depends on two parameters ÷̃ and �̃c that play the role,
respectively, of ÷ and �c in the LF framework [184]. To be specific,
we have �̃c = 4÷̃‡2‰(1 + ‰)m0/M with ‡ = R0 or rC and where
‰ = ~2/8m0‡2kBT‰ is the dissipation parameter of the CD model
and T‰ is the associated temperature of the collapse field (analogous
to T— in the LF framework). The coe�cient ÷̃ takes the following
form

÷̃DP =
Ô

fi erf
A

r

R̃0

B

+ GM 2R0Ô
fir3

S

WU
R1

r

Q

ae
≠ r2

R2
1 ≠ 3

R

b + 2R3

1

r3

Q

a1 ≠ e
≠ r2

R2
1

R

b

T

XV,

(7.20)
for the CD-dDP model with R1 = R0(1 + ‰), and

÷̃CSL = 3⁄M 2r3

C

RCm2
0r4

S

WU1 ≠ 2
A

RC

r

B2

+ e
≠ r2

R2
C

Q

a1 + 2R2

C

r2

R

b

T

XV, (7.21)

for the CD-dCSL model with RC = rC(1 + ‰). Notably, in the CD
framework, T̃ depends on all the free parameters of the CD model.
In the limit T‰ æ Œ (‰ æ 0), one recovers the standard collapse
model with T̃ = Œ. In the opposite limit, for T‰ æ 0 (i.e. �̃c æ Œ),
the last term of the first expression of Eq. (7.18) is the relevant one,
while the last of the second expression can be neglected. Then,
following the same reasoning as in the LF framework, one has T̃ =
Œ. Table 7.4.1 presents a direct comparison between the parameters
of the two models.
In Fig. 7.4.3 we compare LF-dDP and CD-dDP models, where the
experimental values considered are the mass and the radius of the
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Figure 7.4.4: Comparison between the linear friction dCSL and the collisional dy-
namics dCSL models. In panel (a) the solid black curve represents the asymptotic
temperature T of the LF-dCSL model as a function of the dissipation parameter
T—, while the green curves show the asymptotic temperature T̃ of the CD-dCSL
model as a function of the dissipation parameter T‰ for di�erent values of rC. For
rC = 1 m, T and T̃ coincide in the black curve. Panel (b) shows the contour plot
of the function T (T—) ≠ T̃ (T‰) = 0 where the solid green line is for rC = 10≠7 m
and the dash dotted green line is for rC = 10≠10 m. We fix ⁄ = 10≠16 s≠1.

nano-particle from Dania et al. [195]. In panel (a) we show in black
the plot of T as a function of T— and in green the plots of T̃ as a
function of T‰ for various values of R0. We notice that T and T̃
coincide for R0 = 1 m. As R0 decreases, the di�erence between T
and T̃ increases.
More interestingly if we assume that both the models reach the
same asymptotic temperature, namely T = T̃ , then we can link
the two dissipation parameters T— and T‰ and display how they are
related. Thus, in panel (b) of Fig. 7.4.3 we show the plot of the
function T (T—)≠ T̃ (T‰) = 0. The solid green line is for R0 = 10≠7 m
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and the dash dotted one for R0 = 10≠10 m. In general the relation
between T— and T‰ is non-linear and it does not lead to a one-to-one
relation. However, in some regimes, we have a linear behaviour and
we can compare the two collapse temperatures T— and T‰ directly.
For example T— = 1 K corresponds to T‰ = 10≠7 K for R0 = 10≠7 m
(solid line) and to T‰ ≥ 10≠10 K for R0 = 10≠10 m (dashed line).
We show the same analysis for LF-dCSL and CD-dCSL models in
Fig. 7.4.4 where we used the same colouring and dashing as in
Fig. 7.4.3, and where we set ⁄ = 10≠16 s≠1 corresponding to the
GRW point at rC = 10≠7 m. We notice that the LF-dCSL and CD-
dCSL models lead two di�erent predictions. This is exemplified by
the GRW point, which in the CD-dCSL model is excluded for col-
lapse temperatures T‰ below 10≠9 K (see Ref. [201]. On the other
hand, focusing on the top right branch of the solid line in Fig. 7.4.4b,
the value of T‰ = 10≠9 K corresponds to T— = 10≠2 K for which the
GRW point is not excluded [cf. Fig. 7.3.2]. This means that the two
frameworks, LF and CD, can be in principle discriminates experi-
mentally. A similar example can be showcased in the comparison
of the LF-dDP and CD-dDP models. Notably, the relation between
T‰ and T— for the dDP and dCSL models show the same behaviour
[cf. Fig. 7.4.3b and Fig. 7.4.4b].
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Linear Friction (LF) model Collisional Dynamics (CD) model

L̂k = µ̂k + ~—
4 kĴk

ˆ̃Lk = m
qN

j=1 eikx̂j e≠2‡2[(1+‰)kp̂j+2k2p̂2
j ]

Dk = exp(≠‡2k2) ◊

Y
]

[
~2“ (CSL)
4fi~G/k2 (DP)

D̃k = exp
1
≠‡2k2(1 + ‰)2

2
◊

Y
]

[
~2“ (CSL)
4fi~G/k2 (DP)

� = ~2÷
2MkBT—

�̃ = ~2÷̃
2MkBT‰

1
1 + ~2

8m0‡2kBT‰

2

÷ = 1
~2

s d3k
(2fi)3 k2

xDk|µk|2 ÷̃ = 1
~2

s d3k
(2fi)3 k2

xD̃k|µk|2

T = T— + ~2Ê2
0

16k2
BT—

T̃ = T‰

1+ ~2
8m0‡2kBT‰

+ ~2Ê2
0

16k2
BT‰

1
1 + ~2

8m0‡2kBT‰

2
+ ~6÷̃2

128M2k4
BT 3

‰

1
1 + ~2

8m0‡2kBT‰

23

Table 7.4.1: Comparison between the parameters of the Linear Friction and Collisional Dynamics dissipative models. Here ‡ = R0,
rC for DP and CSL respectively, “ = (

Ô
4fi‡)3⁄/m2

0 and ‰ = ~2/8m0‡2kBT‰. µ̂k and Ĵk are defined in Eq. (7.1).
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7.5 Conclusions

Our mechanism to introduce dissipation in collapse models, con-
versely to a previously proposed one (indicated as Collisional Dy-
namics (CD) dissipative model), is based on the linear-friction of
the current being linear in the current of the many-body system
(thus, named as Linear Friction (LF) dissipative model). LF is
easier to investigate, as evidenced in Table 7.4.1, which enables a
comparison of the parameters of the two models. LF model has not
yet been tested, opens a promising avenue for new investigations
in the collapse models framework. We focus on establishing the
first experimental bounds for linear-friction dissipative DP (dDP)
and CSL (dCSL) models, using data from levitated optomechan-
ical experiments. The results reveal significant exclusions of the
parameter space, with collapse temperatures below T— ≥ 10≠13 K
and T— ≥ 6 ◊ 10≠12 K for dDP model and all parameter space for
dCSL model is excluded for temperatures below T— ≥ 6 ◊ 10≠9 K.
Finally, we compare the two models. We find the relations between
the respective collapse temperature under the assumption that the
collapse process leads the system to thermalisation. We conclude
that they can in principle be discriminated experimentally.
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Conclusions and outlook

This thesis has investigated various aspects of quantum system dy-
namics, from the simulation of open quantum systems and noisy
quantum devices to the theoretical extension of spontaneous wave-
function collapse models. These e�orts, spanning computational
and theoretical approaches, aimed to address challenges at the inter-
section of quantum information science and fundamental quantum
mechanics.
The first part of the work focused on a novel quantum algorithm
for simulating the Gorini-Kossakowski-Lindblad-Sudarshan (GKLS)
master equation. By employing a single ancilla qubit to represent
the environment, the proposed approach demonstrated significant
e�ciency in resource management, making it particularly suitable
for near-term quantum computing platforms. For future research
the next step is to implement the algorithm on real quantum com-
puters, coupled with error mitigation techniques to counteract the
impact of noise. Further, one could explore the inclusion of non-
Markovian e�ects, for example by relaxing the assumption of reset-
ting the bath qubit after each time step.
The thesis also explored the impact of noise on variational quantum
eigensolvers (VQEs) applied to the J1–J2 Heisenberg model. By de-
signing an equivariant quantum circuit that respects these symme-
tries, the study demonstrated how noise a�ects the variational state,
breaking the desired symmetry properties. However, through noise
mitigation techniques as Zero Noise Extrapolation (ZNE), it was
possible to restore these symmetries and recover accurate results.
This opens promising avenues for future studies for example gener-
alizing the approach to more complex systems, including those with
long-range interactions or two-dimensional structures, where phase
transitions remain an active area of research.
The second part of the work addressed the critical issue of noise in
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quantum computers, introducing the "Noisy Gates" method. This
approach, rooted in the framework of stochastic di�erential equa-
tions, provided a more detailed and realistic simulation of quantum
circuits by considering the interplay between noise and gate opera-
tions. Its application to both superconducting and optical systems
highlighted its versatility and potential to improve classical simula-
tions of noisy quantum devices. Further developments of the Noisy
Gates approach are possible by refining the noise model and extend-
ing it to account for correlated errors and cross-talk in order achieve
even more accurate simulations. The method also holds potential
for improving error mitigation techniques, particularly in optimizing
pulse parameters to minimize noise impact, which could be tested
on current quantum hardware.
In the final part, we explored extensions of spontaneous wave func-
tion collapse models, focusing on a dissipative mechanism charac-
terized by linear friction. The model was also tested through com-
parisons with experimental data in levitated optomechanics o�ering
meaningful constraints on the free parameters of collapse models.
Future work will focus on refining these models and exploring their
applicability to various experimental settings, potentially leading to
more precise experimental tests of quantum collapse models.
To conclude while we are aware of the challenges that surround
the investigations presented in this thesis, we are excited about the
potential insights and developments these research directions could
reveal, setting the stage for new advances in the field of quantum
mechanics.
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Appendix A

Appendix of chapter 2

A.1 Perturbative solution of the QSDE

To derive the approximate solution of the QSDE in the main text we
use a perturbative method known as small noise expansion [11]. The
following derivation is performed by using the generic expression for
dB̂t and dB̂†

t , but the same results apply when substituting their
finite expression and the prescriptions introduced in the main text.
For simplicity, let us consider the QSDE with one single Lindblad
operator,

d|�tÍ =
S

U ≠ i

~Ĥdt + ‘
1
L̂dB̂†

t ≠ L̂†dB̂t

2
≠ ‘2

2 L̂†L̂dt

T

V |�tÍ , (A.1)

where ‘ = Ô
“. The generalization to 22n ≠ 1 Lindblad operators

again being straightforward, and let us set the following perturba-
tive expansion:

|�sÍ =
---�0

s

f
+ ‘

---�1

s

f
+ ‘2

---�2

s

f
+ . . . (A.2)

Substituting the latter into Eq.(A.1) and equating terms with the
same power of ‘, up to second order we have the following system
of QSDEs:

d
---�0

t

f
= ≠ i

~Ĥ
---�0

t

f
dt

d
---�1

t

f
= ≠ i

~Ĥ
---�1

t

f
dt +

1
L̂dB̂†

t ≠ L̂†dB̂t

2 ---�0

t

f

d
---�2

t

f
= ≠ i

~Ĥ
---�2

t

f
dt +

1
L̂dB̂†

t ≠ L̂†dB̂t

2 ---�1

t

f
≠ 1

2L̂†L̂
---�0

t

f
ds,

which has to be solved with the initial conditions |�0

0
Í = |�0Í and---�j

0

f
= 0 for j > 0 . The zero-th order di�erential equation is the
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deterministic equation given by the Hamiltonian evolution alone,
hence its solution is simply |�0

t Í = Ût |�0Í. The solution of the first
order QSDE is: ---�1

t

f
= ÛtŜt |�0Í , (A.3)

where we introduced Ŝt := s t
0
(L̂sdB̂†

s ≠ L̂†
sdB̂s) with L̂s = Û †

s L̂Ûs.
Last, the solution to the second order QSDE is

---�2

t

f
= ≠Ût

⁄ t

0

51
2L̂†

sL̂sds ≠ (L̂sdB̂†
s ≠ L̂†

sdB̂s)Ŝs

6
|�0Í . (A.4)

Then, the solution at order ‘2 is given by |�tÍ = N̂ |�0Í + O(‘3),
where the evolution operator is N̂ = ÛN̂ Õ, with

N̂ Õ = Î + ‘Ŝt ≠ ‘2

2
⁄ t

0
L̂†

sL̂sds + ‘2

⁄ t

0

1
L̂sdB̂†

s ≠ L̂†
sdB̂s

2
Ŝs. (A.5)

In order to express the solution in the form given in the main text,
we make use of the following equality obtained by using the Itô
rule [11, 14]

⁄ t

0

1
L̂sdB̂†

s ≠ L̂†
sdB̂s

2
Ŝs = 1

2

S

UŜ2

t +
⁄ t

0
dsL̂†

sL̂s ≠ Ĉt

T

V, (A.6)

where Ĉt = 1

2

s t
0

Ë
Ŝs, L̂sdB̂†

s ≠L̂†
sdB̂s

È
. By substituting this expression

into Eq.(A.5), we have to second order:

N̂ Õ = Î + ‘Ŝt + ‘2

2 Ŝ2

t ≠ ‘2Ĉt = e‘Ŝt≠‘2Ĉt + O(‘3). (A.7)

We can neglect the term ‘2Ĉt which in principle contributes to or-
der ‘2; this is legitimate because it is a nested Itô integral of non
anticipating functions [11,14], and hence its stochastic average is 0.
In this way we obtain the same expression in Eq. (2.2).

A.2 Approximation error due to the perturbative ex-
pansion

We derive an estimate of the upper bound on the approximation
error due to the perturbative expansion used in the main text. To
estimate the bound we adopt the superoperator norm ÎEÎ

1æ1
©
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supÎÔÎ1
=1

....E(Ô)
....
1

[34, 57] where
....Ô

....
1

© Tr
3Ò

Ô†Ô
4

and E( · ) is
a generic superoperator. Moreover we use the fact that a formal
solution of the GKLS equation in interaction picture can be written
as fl̂S(t + �t) = Û(�t)T

5
e

s t+�t
t dsD(s)

6
fl̂S(t)Û †(�t), where T[ · ] is the

time ordering operator.
The approximation error is quantified by assuming a m-locality
condition, namely by considering the decomposition of D(s) into
D(s) = qK

j Dj(s) where each Dj(s) acts non trivially on a subset
of m < n qubits. Each of Dj(s) has a maximum of 22m ≠ 1 Lind-
blad operators. For simplicity we assume that all the parameters
“k have the same order of magnitude “k = “. We define the unitary
superoperator U(�t)(fl̂S) = Û(�t)fl̂SÛ †(�t). Given the the approx-
imate expression of the density matrix we found in the main text
the upper bound on the approximation error can be computed as
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Ë
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Ë
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(A.8)

where we use the fact that “�t π 1, thus supsœ[t,t+�t] ÎD(s)Î1æ1�t Æ
1 and the inequalities ÎE1 + E2Î1æ1

Æ ÎE1Î1æ1
+ÎE2Î1æ1

, ÎE1E2Î1æ1
Æ

ÎE1Î1æ1
ÎE2Î1æ1

.
Now by considering the m-locality condition on D(s) described
above, one can write ÎD(s)Î

1æ1
Æ K maxj ÎDj(s)Î

1æ1
.
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Thus, ÎDj(s)Î
1æ1

can be expressed as

ÎDj(s)Î1æ1 = sup

ÎÔÎ1=1
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...
1

2

Æ 2“
22m≠1ÿ

k=1
sup
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(A.9)

where we use the inequalities
....ÂB̂

....
1

Æ
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....
1

....B̂
....Œ

,
....ÂB̂

....
1

Æ
....Â
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ÈÂ| Â†Â |ÂÍ. Moreover

we exploit the fact that....L̂k,j(s)
....
2

Œ
= supÎ|ÂÍÎ=1 ÈÂ| Û †(s, t)L̂†
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. Finally by inserting Eq. (A.9)

in Eq. (A.8) one finds
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K(22m ≠ 1) max
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....L̂k,j

....
2
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“�t

42

. (A.10)

K that in general takes the value n!/m!(n ≠ m)! scales polinomially
as the system size n goes to infinity and read

K ≥ nm

m!em
≥ O(nm), (A.11)

where we use the Stirling formula.

A.3 Derivation of the master equation of the system
assuming the finite representation of bath oper-
ators

We show how to recover the GKLS equation for the system density
matrix fl̂S in the case of finite representation of the bath operators.
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We substite the finite representation of the bath operators in the
main text inside Eq.(1.31) to get

dfl̂S =EC

S

WU ≠ i

~ [ĤS, fl̂S]dt ≠ “
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XV.

(A.12)

By using the fact that (‡̂±
E)2 = 0, P̂0 = |0ÍE È0|E = ‡̂≠

E ‡̂+

E and
P̂1 = |1ÍE È1|E = ‡̂+

E ‡̂≠
E and that EC [dW ] = 0, Eq. (A.12) becomes

dfl̂S = ≠ i

~ [ĤS, fl̂S]dt ≠ “
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(A.13)

The GKLS master equation is recovered by using the prescriptions
in Section 2.2. Since |�Í = |ÂÍS |0Í

E
the P̂1 term give a zero contri-

bution and TrE

1
|�Í È�| P̂0

2
= |ÂÍS ÈÂ|S È0|E P̂0 |0ÍE = |ÂÍS ÈÂ|S.

A.4 Total approximation error of a single time step

Given the implementation of the algorithm in Sec. 2.3 in this ap-
pendix we compute the total approximation error Á for a single
time step �t. Here we define Û1(s ≠ t) = rK

–=1
e≠ i

~Ĥ–(s≠t) the first
order Trotter-Suzuki product formula [59] and D1(s) = Û †

1(s ≠
t)DÛ1(s ≠ t). In the following we use the Zassenhaus formula

138



Û(s ≠ t) = Û1(s ≠ t)e≠ 1
2

qK
–<— [Ĥ–,Ĥ— ](s≠t)2 + o((s ≠ t)3) [206].
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Û †

(�t) ≠ Û1(�t)
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(A.14)

At this point we exploit the Zassenhaus formula truncated at second
order Û(s ≠ t) ƒ Û1(s ≠ t)R̂(s ≠ t), where
R̂(s ≠ t) = e≠ 1

2
qK

–<— [Ĥ–,Ĥ— ](s≠t)2 ƒ Î ≠ 1

2
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[ĥ–,j, ĥ—,jÕ](s ≠ t)2. In the latter we defined Ĥ– =
Ê

qJ
j=1

, ĥ–,j where J is a constant whose value depends on the system
Hamiltonian under study, ĥ–,j are generic m-local operators and for
simplicity we choose the same frequency Ê for each Ĥ–. By defining
the superoperator U1(�t)(fl̂S) = Û1(�t)fl̂SÛ †

1(�t) and by plugging
the above expressions in Eq. (A.14) we can further bound Á as
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(A.15)

A.5 Sampling error analysis

As it is known in the literature [207–209], the estimate of the ex-
pectation value of an observable Ô with finite number of realization
of the stochastic processes have a sampling error of the form

÷ = |ÈÔÍ ≠ ÈÔÍNr | = �Ô(“, �t)Ô
Nr

(A.16)
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where ÈÔÍ = Tr
3
Ôfl̂S(t + �t)

4
is the expected value in the limit of

infinite samples, where
fl̂S(t + �t) = EC

Ë
TrE(N̂(�t) |�(t)Í È�(t)| N̂ †(�t))

È
and ÈÔÍNr =

Tr
3
Ôfl̂Nr(t + �t)

4
is the estimate with Nr total number of samples

of the classical stochastic processes where
fl̂Nr(t + �t) = 1

Nr

qNr
k TrE(N̂k(�t) |�(t)Í È�(t)| N̂ †

k(�t)). The value
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1
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qNr
k Tr2(Ô TrE(N̂k(�t) |�(t)Í È�(t)| N̂ †

k(�t)))≠ÈÔÍ2

Nr
which is up-

per bounded by (see [207])

�Ô2(“, �t) Æ ÈÔ2ÍNr ≠ ÈÔÍ2

Nr
ƒ ÈÔ2Í ≠ ÈÔÍ2. (A.17)

It can be shown [207] that for global operators Ô the following
relation holds Ú

ÈÔ2Í ≠ ÈÔÍ2 ≥ ÈÔÍ, (A.18)
thus by using Eqs. (A.16) and (A.17) we get

ÈÔÍ ± ÷ Æ ÈÔÍ
Q

a1 ± 1/
Ô

Nr

R

b, (A.19)

showing that the numbers of samples needed to reach a target ac-
curacy does not depend on the dimension of the system.
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Appendix B

Appendix of chapter 3

B.1 Initial states

B.1.1 Singlet state |„0Í

The initial state representing factorized singlet pairs, as given in
Eq. (3.6), is easily prepared on a quantum computer. Simultane-
ously for each singlet pair 2r ≠ 1, 2r, we prepare the state |1, +Í
using Pauli X and Hadamard H gates, followed by a CNOT gate
(refer to Fig. B.1.1). In general, we dub Ûs the unitary transfor-
mation responsible for generating the product of singlet state on N
qubits.

exp(i�1Ĥ1) exp(i�2Ĥ2)

XX Y Y ZZ

XX Y Y ZZ

XX Y Y ZZ

XX Y Y ZZ

XX Y Y ZZ

XX Y Y ZZ

XX Y Y ZZ

|0� X H

|0� X

|0� X H

|0� X

=

|0�

Us

|0�

|0�

|0�

W state

|0� Ry(�1) X

Us

|0�

|0� Ry(�2)

|0�

|0� Ry(�3)

|0�

|0�

|0�

2

Figure B.1.1: Circuit Ûs for preparing the |„0Í state on 4 qubits.

B.1.2 Triplet state |„1Í

The triplet states in Eq. (3.7) are not two-site transalation invariant.
To get the invariant state |„1Í in Eq. (3.8) we use a particular class
of entangled states called W states [210]. The W state for n qubits
is the superposition of all the possible n-qubit states with just a
single qubit in the state |1Í

---W (n)
f

= 1Ô
n

1
|10 . . . 0Í + |01 . . . 0Í + · · · + |00 . . . 1Í

2
. (B.1)
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W state

|0� Ry(�1) X

Us

|0�

|0� Ry(�2)

|0�

|0� Ry(�3)

|0�

|0�

|0�

exp(i�1Ĥ1) exp(i�2Ĥ2)

XX Y Y ZZ

XX Y Y ZZ

XX Y Y ZZ

XX Y Y ZZ

XX Y Y ZZ

XX Y Y ZZ

XX Y Y ZZ

AA =

UA U †
A

UA RZ(�) U †
A

2

Figure B.1.2: Circuit for preparing the |„1Í state on 8 qubits.

As an example for the preparation of |„1Í, we consider the case of
N = 4 qubits. We set qubits 2 and 4 in the state |00Í and qubits 1
and 3 in the W state, that reads

---W (2)
f

13
= 1Ô

2
1

|10Í
13

+ |01Í
13

2
. (B.2)

Then, the total state is expressed as
---W (2)

f

13
|00Í

24
= 1Ô

2
1

|1000Í + |0010Í
2

, (B.3)

where in the right-hand side of Eq. (B.3) the states of single qubits
are indexed in ascending order. By applying the unitary Ûs to the
state in Eq. (B.3) we get

1Ô
2

1
|tÍ

12
|sÍ

34
+ |sÍ

12
|tÍ

34

2
= 1Ô

2

3---„̃1

1

f
+

---„̃2

1

f4
, (B.4)

where the right-hand side of Eq. (B.4) is |„1Í for N = 4 qubits. Thus
in general, to get |„1Í all odd indexed qubits are prepared in the W
state and this transformation is followed by the singlet preparation
Ûs on all qubits. An example of the resulting circuit for eight qubits
is shown in Fig. B.1.2, where the preparation of the W state is per-
formed e�ciently with the techniques described in Ref. [211]. The
angles Ïi in Fig. B.1.2 are defined as Ïi = 2 arccos

1
1/

Ô
n ≠ i + 1

2

where i is the index of the qubit.

B.2 Kraus maps

We report the Kraus maps used for the noisy simulations in Chapter
3.
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Figure B.2.3: Schematic depiction of the noise model. In panel (a) we show
quantum channels associated to a generic single-qubit gate U and in panel (b)
those associated to CNOT gates.

The Kraus map of single-qubit depolarization is in Eq. (1.34) [42,
43]. We assume a behaviour in time of the form p· = (1 ≠ e≠“d·)
for a characteristic time Td = 1/“d [212]. The Kraus map of the
single-qubit relaxation is in Eq. (1.37) [42, 43]. Here, p(1)

· = (1 ≠
e≠·/T1) is the probability of reset to |0Í and T1 the relaxation time.
Additionally, we introduce p(z)

· = (1 ≠ p(1)

· ) · p(pd)

· , where p(pd)

· = (1 ≠
e≠·/Tpd) is the probability of pure dephasing with Tpd = T1T2/(2T1 ≠
T2) and T2 the decoherence time. The time scales T1 and T2 are
related as T2 Æ 2T1 [212].
The circuits used in our simulations are transpiled into the native
gate set of IBM devices, i.e., {RZ(–), X,

Ô
X, CNOT}, where – œ

[≠fi, fi] is a rotation angle. Typically the duration of the execution
of CNOT gate is 10 times larger with respect to the single-qubit
gate time. We set the noise time scales as T1 = T2 = Td ¥ 10≠4 s,
compatible with the average values of current IBM devices [44] (see
Fig. B.2.3).
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Appendix C

Appendix of chapter 4

C.1 Small noise expansion

In this appendix, we show how the approximate solution in Eq.
(4.10) can be rigorously derived to order O(‘2). We use of a per-
turbative method known as small noise expansion or asymptotic
perturbative expansion [11]. For simplicity, let us consider the SSE
in Eq. (1.19) with one single Lindblad operator and ‘ = Ô

“,

d |ÂsÍ =
Q

a ≠ i

~Ĥsds + i‘L̂dWs ≠ ‘2

2 L̂†L̂ds

R

b |ÂsÍ , (C.1)

the generalization to d2 ≠ 1 Lindblad operators with d = 2n being
straightforward, and let us set the following ansatz:

|ÂsÍ =
---Â0

s

f
+ ‘

---Â1

s

f
+ ‘2

---Â2

s

f
+ . . . (C.2)

Substituting this ansatz into Eq.(C.1) and equating terms with the
same power of ‘, up to second order we get a system of SDEs:

d
---Â0

s

f
= ≠ i

~Ĥs

---Â0

s

f
ds

d
---Â1

s

f
= ≠ i

~Ĥs

---Â1

s

f
ds + iL̂

---Â0

s

f
dWs

d
---Â2

s

f
= ≠ i

~Ĥs

---Â2

s

f
ds + iL̂

---Â1

s

f
dWs ≠ 1

2L̂†L̂
---Â0

s

f
ds, (C.3)

which must be solved with the initial conditions |Â0

0
Í = |Â0Í. The

zero-th order di�erential equation is the deterministic one given by
the Hamiltonian evolution alone, hence its solution is simply |Â0

sÍ =
Ûs |Â0Í. The first order SDE is an example of a time-dependent
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Ornstein-Uhlenbeck process [11]: the solution is
---Â1

s

f
= iÛsŜs |Â0Í , (C.4)

where we defined Ŝs = s s
0

dW· L̂· . Finally, the solution to the second
order SDE is

---Â2

s

f
= ≠Ûs

⁄ s

0

31
2L̂†

sL̂sds + L̂sŜsdWs

4
|Â0Í , (C.5)

where L̂s = Û †
s L̂Ûs. Then, the solution at order ‘2 is given by

|Â1Í = N̂ |Â0Í + O(‘3), where the evolution operator is N̂ = ÛgN̂ Õ,
with

N̂ Õ =
S

UÎ + ‘Ŝ1 ≠ ‘2

⁄
1

0

31
2L̂†

sL̂sds + L̂sŜsdWs

4T

V. (C.6)

In order to evaluate the solution in the form given in the main text,
we make use of the following equality:

⁄ ·

0
dWsL̂sŜs = 1

2

Q

aŜ2

s +
⁄ ·

0
dWs[L̂s, Ŝs] ≠

⁄ ·

0
dsL̂2

s

R

b (C.7)

obtained by using the Itô rule [11] for each entry of the stochas-
tic matrices. Substituting this expression into Eq.(A.5), we get to
second order:

N̂ Õ = Î + i‘Ŝ1 ≠ ‘2

2

Q

aŜ2

1
+

⁄
1

0
ds

3
L̂†

s ≠ L̂s

4
L̂s + C

R

b =

= eD̂geŜg + O(‘3),

where D̂g, Ŝg and Ĉ = s
1

0
dWs

Ë
L̂s, Ŝs

È
are the same quantities defined

in Section 4.2.

C.2 Comparison of the approximations

Here we focus on the main di�erences between the approximation
made in the standard approach (see Section 1.3.2) versus the one
considered in the noisy gates approach in Section 4.2.
Given the following Lindblad master equation

d
dt

fl̂t = ≠ i

~ [Ĥt, fl̂t] + “Lfl̂t, (C.8)
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where Lfl̂t = L̂fl̂tL̂†≠ 1

2
{L̂†L̂, fl̂t}, let’s move to the interaction picture

by defining ‰̂t = Û †
t,t0fl̂tÛt,t0 and ‰̂t0 = fl̂t0. Then

d
dt

‰̂t = “L(t)‰̂t, (C.9)

where L(t)‰̂t = Û †
t,t0Lfl̂tÛt,t0.

The formal solution of Eq. (C.9) is

‰̂t = T
S

Ue“
s t

t0
dsL(s)

T

V‰̂t0, (C.10)

where T [·] is the time ordering. Thus in the Schrödinger picture we
can write the formal solution of Eq. (C.8) as

fl̂t = Ût,t0T
S

Ue“
s t

t0
dsL(s)

T

Vfl̂t0Û
†
t,t0. (C.11)

- Standard approximation - The main approximation that can be
found in the literature is to separate the Hamiltonian dynamics
from the noise one [42,43]. This choice is based on the observation
that in general in quantum devices Ê >> “, where Ê is the pulse
frequency of the Hamiltonian. Thus, the noise dynamics can be seen
as frozen with respect to the faster Hamiltonian one. It means that
in Eq. (C.11) one assumes

L(t) ƒ L (C.12)

getting
fl̂t ƒ Ût,t0e

“L·(t≠t0)fl̂t0Û
†
t,t0. (C.13)

We notice that indeed in Eq. (C.13) the two dynamics are indepen-
dent.

- Noisy gates approximation - Also in this case the approximation
is based on Ê >> “, but we assume that “ is not small enough to
completely separate the dynamics. An example of this can be seen
in the devices of IBM where the noise evolution can be influenced
in a non-negligible manner by the pulse of the drive Hamiltonian
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[213, 214]. Thus we make a first order approximation over “ in Eq.
(C.11)

T
S

Ue“
s t

t0
dsL(s)

T

V ƒ Î + “
⁄ t

t0
dsL(s), (C.14)

and we get

fl̂t ƒ Ût,t0

Q

aÎ + “
⁄ t

t0
dsL(s)

R

bfl̂t0Û
†
t,t0. (C.15)

In Eq. (C.15) the noise depends on the Hamiltonian dynamics
through L(s). We stress that the perturbative solution of the SDE
in the noisy gates approach reproduce density matrices of the form
of Eq. (C.15).

C.3 Noise gates for Spam and Relaxation on idle qubits

In this section we address SPAM and relaxation noises on idle
qubits, where the corresponding noise gates can be derived ex-
actly [7, 12, 215]. We do not consider depolarization error on idle
qubits, because this channel is used to model incoherent gate infi-
delities.

C.3.1 Noise gate for SPAM

The Kraus map of SPAM is in Eq.(1.33). Assuming a behaviour in
time of the form p = (1≠e≠2t/T )/2 for a characteristic time T = “≠1,
one gets the corresponding Lindblad master equation

d
dt

fl̂t = “(X̂ fl̂tX̂ ≠ fl̂t). (C.16)

The associated stochastic di�erential equation is

d|ÂtÍ =
S

Ui
Ô

“X̂dWt ≠ “

2dt

T

V |ÂtÍ . (C.17)

This equation is analytically solvable with standard methods [11,12],
and thus we can exactly evaluate the corresponding noise gate as

N̂ SPAM(t, t0) = ei
Ô

“X̂W (t,t0), (C.18)

where W (t, t0) := s t
t0dWs. In this case, the noise gate happens

to be unitary, thus we can interpret it as a stochastic Schrödinger
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evolution due to the presence of the Wiener process W (t, t0). In
the simulations we can directly sample W (t, t0) from a Gaussian
distribution with mean E[W (t, t0)] = 0 and variance E[W 2(t, t0)] =
t ≠ t0.

C.3.2 Noise gate for relaxation

The Kraus map of relaxation is in Eq.(1.34). Defining “1 = 1/T1,
“pd = 1/Tpd, the corresponding GKLS equation is

d
dt

fl̂t = “1‡̂
+flt‡̂

≠ ≠ “1

2 {P̂1, flt} + “pd

4 (Ẑfl̂tẐ ≠ fl̂t), (C.19)

and the relative Itô equation reads:

d|ÂtÍ =dŴ |ÂtÍ , (C.20)

where

dŴ = i
Ô

“
1
‡̂+dWt,1 ≠ “1

2 P̂1dt + i
Û

“pd

4 ẐdWt,2 ≠ “pd

8 dt. (C.21)

With this stochastic term the Itô equation is analytically solvable
[10] and we get the following non-unitary noisy gate

N̂ relax(t, t0) =

Q

cccccccca

ei–W̄2(t,t0) iS(t, t0)ei–W2(t,t0)

0 e≠ “1
2 (t≠t0)e≠i–W2(t,t0)

R

ddddddddb

, (C.22)

where we defined for simplicity – :=
Ò

“pd/4, and

S(t, t0) = Ô
“1

⁄ t

t0
e≠ “1

2 (s≠t0)e≠2i–W2(s,t0)dWs,1 (C.23)

is a complex stochastic Itô process. In principle, such a term is
problematic in view of a simulation, since it is not easy to sample.
To understand this, look for instance at the real part,

SR(t, t0) = Ô
“1

⁄ t

t0
e≠ “1

2 (s≠t0) cos
Q

a2–W2(s, t0)
R

bdWs,1; (C.24)

this is an Itô integral of a stochastic function, and it is not easy to
derive its probability distribution; thus, sampling S(t, t0) may be
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problematic. We can avoid such a di�culty by adequately substi-
tuting N̂ relax(t, t0) with some modified noisy gate, which is equivalent
to the former once the average is carried out, in the sense that Eq.
(1.37) still holds even if the new noisy gate is not a solution of the
unraveling (C.21) anymore. For instance, it is straightforward to
verify that this holds for the following choice:

˜̂N relax(t, t0) =

Q

cccccccca

ei–W2(t,t0) iS̃(t, t0)e≠i–W2(t,t0)

0 e≠ “1
2 (t≠t0)e≠i–W2(t,t0)

R

ddddddddb

, (C.25)

with the definition

S̃(t, t0) = Ô
“1

⁄ t

t0
e≠ “1

2 (s≠t0)dWs,1; (C.26)

i.e., one always has that

E
Ë
N̂ relax |ÂÍ ÈÂ| N̂ relax†È

= E
Ë ˜̂N relax |ÂÍ ÈÂ| ˜̂N relax†È

. (C.27)

The di�erence is that now the process S̃(t, t0) is just the Itô inte-
gral of a deterministic function, hence we know that it must have
a Gaussian statistics [11], which makes it more convenient for a
simulation.
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Appendix D

Appendix of chapter 6

D.1 Single particle dissipative mechanism in the Heisen-
berg picture

We re-derive here the results appearing in Sections 6.2 and 6.3 in
Heisenberg picture for a generic state fl̂. In particular, we show that
the second term of D in Eq. (6.11) leads to the dissipation of the
current, and that the energy follows the balance equation displayed
in Eq. (1.59). For the sake of simplicity, we focus on the case of
a single particle. In such a case, the explicit forms of the Fourier
transform of the mass density µ̂k and the current Ĵk, are

µ̂k = meikx̂, Ĵk = 1
2{p̂, eikx̂}. (D.1)

From these and from Eq. (1.53), one can compute their commutator
and anticommutator, which respectively read

[µ̂q, Ĵk] = ≠m~qei(k+q)x̂ = ≠~qµ̂k+q

{µ̂q, Ĵk} = mei(k+q)x̂1
2p̂ + ~(k + q)

2
= 2mĴk+q.

(D.2)

The dynamics of the current due to the second term in Eq. (6.11)
is given, equivalently, by the following two expressions

d
dt

Ĵ(x)|2 = ≠ i—

4~
⁄

d3y
⁄

d3yÕ D(y ≠ yÕ){ÒyĴ(y), [µ̂(yÕ), Ĵ(x)]} (D.3)

= ≠ —

4~
⁄ d3kÕ

(2fi)3
e≠ikÕx

⁄ d3k

(2fi)3
Dk{kĴk, [µ̂≠k, ĴkÕ]}. (D.4)

By employing the second of these expressions, and merging it with
Eq. (D.2), one straightforwardly finds

d
dt

Ĵ(x)|2 = ≠’ Ĵ(x), (D.5)
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where
’ = —m

2
⁄ d3k

(2fi)3
Dkk2, (D.6)

and shows explicitly that the contributions due Ŷ(x) in Eq. (6.17)
vanishes exactly in the single fermion case. Similarly, one computes
the following commutators of µ̂k and Ĵk with Ĥ = p̂2

2m :

[µ̂k, Ĥ] = ≠eikx̂

2 (~2k2+2~kp̂) and
5
kĴk, Ĥ

6
= ≠~eikx̂

4m
(~k2+2kp̂)2,

(D.7)
from which one obtains

[µ̂≠k, [µ̂k, Ĥ]] = ≠m~2k2, (D.8)

{kĴk, [µ̂≠k, Ĥ]} = 2~(kp̂)2 + ~3k4

2 , (D.9)
5
kĴ≠k,

5
kĴk, Ĥ

66
= ≠3~2k2(kp̂)2

m
≠ ~4k6

4m
. (D.10)

Owning that, for any spherically symmetric kernel Dk = Dk, the
following holds
⁄

dkDk(kp̂)2 =
⁄

dkDk(kp̂ cos ◊)2 = p̂2
4fi

3
⁄

dkDkk4 =
⁄

dkDk

Q

ak2p̂2

3

R

b ,

(D.11)
we can substitute (kp̂)2 with (k2p̂2)/3 [this has been used also in
Eq. (6.26)]. Then, from Eq. (6.12) we obtain the dynamics for the
Hamiltonian:

D†Ĥ = P ≠ �Ĥ, (D.12)
where the explicit form of P and � is given in Eq. (6.27). We
underline that such an equation is state independent, thus it can
be straightforwardly used to evaluate the expectation value of the
energy for any state, also beyond the assumption of fl̂ = fl(p̂), which
has been considered in the main text.
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