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Are we Human?
Or are we Dancers?

My sign if vidal
My hands are cold

And I’m on my knees
Looking for the answers

Are we Human
Or are we Dancers?
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Abstract

This thesis presents four research papers that were published during my PhD period.
The main theme that links these publications is portfolio optimization, which has

been extensively investigated by analyzing models in the literature and exploring the
most recent trends. The thesis is divided into two parts.

In the first part, I begin with an introduction about heuristic algorithms, and I il-
lustrate some basics of the particle swarm optimizer (PSO). Then, in the presented
chapters, I propose several single-objective portfolio selection models considering dif-
ferent functions to maximize that extend the Sharpe ratio formulation to include the
information obtained from the third- and fourth-order moments of the distribution of
financial returns. Given the great interest of institutions, managers, and investors in the
practical application of these models, I consider several real-world constraints that in-
crease the complexity of the optimization problems. Consequently, I use meta-heuristic
swarm algorithms, starting from the PSO and getting to the latest state-of-the-art pro-
posals, developing novel ad-hoc algorithms to find feasible solutions for our portfolio
problems. Subsequently, I conduct experimental analyses using real-world data sets
from European and World equity market indexes. On the one hand, I analyze the solv-
ing capacity of the proposed algorithms, comparing them with some state-of-the-art
competitors. On the other hand, I evaluate the profitability of the proposed portfolio
strategies.

After a short introduction about the concept of sustainable investment, in the second
part of the thesis, my focus moves towards the topic of including the information related
to ESG (environmental, social, and governance) criteria in the asset allocation models.
To extend the classical mean-risk framework, I consider a tri-objective optimization
model that maximizes portfolio expected return and ESG score while minimizing a
risk measure. In addition, I expand my interest in the topic of behavioral finance,
specifically trying to understand how to integrate the concept of sustainable investing
within the behavioral finance paradigms. To do this, I consider a portfolio selection
model based on the cumulative prospect theory introduced by Kahneman and Tver-
sky in 1979. Moreover, I propose a bi-objective optimization problem that considers
two s-shaped utility functions as objectives. In addition, instead of considering the
ESG information using a deterministic score, I introduce the concept of sustainability
gross returns as the counterpart of financial returns on the sustainability side. In the
computational analyses, I investigate how adding the ESG information changes the
ex-post performance of the considered portfolio strategies, particularly focusing on the
possibility of having better risk control during periods of higher market volatility.
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Sommario

Lo scopo della presente tesi è presentare i risultati di quattro lavori che sono stati
pubblicati durante il tre anni di dottorato.

Il tema principale che lega le pubblicazioni è l’ottimizzazione di portafoglio, ar-
gomento che è stato ampiamente approfondito analizzando i modelli presenti nella
letteratura ed esplorando le tendenze più recenti. La tesi è divisa in due parti.

Nella prima parte, dopo un’introduzione generale sugli algoritmi euristici ed una
descrizione dell’algoritmo PSO (particle swarm optimizer), ho proposto diversi modelli
di selezione di portafoglio ad obiettivo singolo che utilizzano diverse funzioni da
massimizzare che estendono la formulazione dello Sharpe ratio al fine di incorporare
al suo interno anche l’informazione ottenuta dai momenti di ordine terzo e quarto
della distribuzione dei rendimenti finanziari. Visto il grande interesse da parte delle
istituzioni, dei manager, e degli investitori nell’applicazione pratica di questi modelli,
ho considerato diversi vincoli che hanno inevitabilmente reso la trattazione di tali
modelli più complessa. Di conseguenza, per trovare soluzioni ammissibili ai problemi
proposti, ho utilizzato degli algoritmi meta-euristici di tipo swarm, partendo dal PSO
(particle swarm optimizer) fino ad arrivare alle innovazioni più recenti, sviluppando dei
nuovi algoritmi costruiti ad-hoc per risolvere problemi pratici di portafoglio vincolati.
Successivamente, ho condotto delle analisi sperimentali utilizzando dati reali relativi al
mercato azionario a livello sia europeo che mondiale. Da una parte, è stata analizzata
la capacità risolutoria degli algoritmi proposti, confrontandola con quella di alcuni
competitor già presenti e ben noti in letteratura. Dall’altra, è stata comprovata la bontà
applicativa dei modelli proposti ed analizzata la profittabilità dei modelli di portafoglio
trattati.

Nella seconda parte della tesi, ho rivolto la mia attenzione verso l’incorporazione
dell’informazione legata ai criteri ESG (environmental, social, and governance) nei
modelli di allocazione del capitale. In un primo lavoro, nell’ottica di estendere la
classica architettura media-rischio, ho considerato un modello di ottimizzazione tri-
obiettivo che mira a massimizzare gli score ESG di portafoglio ed il rendimento atteso,
al contempo minimizzando il rischio. Successivamente, ho cercato di capire come in-
tegrare il concetto di investimento sostenibile all’interno dei paradigmi della finanza
comportamentale. Per fare ciò, ho considerato un modello di selezione di portafoglio
basato sulla cumulative prospect theory introdotta da Kahneman e Tversky nel 1979.
Nello specifico, ho analizzato un problema di ottimizzazione bi-obiettivo dove le fun-
zioni obiettivo da massimizzare sono due utilità di tipo s-shaped. Inoltre, invece che
considerare l’informazione ESG utilizzando uno score deterministico, ho considerato il
concetto di rendimenti di sostenibilità come controparte dei rendimenti finanziari sul
piano ESG. Nelle analisi sperimentali, ho investigato come l’aggiunta dell’informazione
ESG cambia le performanca finanziaria degli investimenti, concentrandomi in partico-
lare sulla possibilità di avere un miglior controllo del rischio nei periodi di maggior
volatilità del mercato.

Per finire, segnalo che la tesi non include una sezione finale, poiché ogni capitolo,
essendo un articolo indipendente, si chiude con una propria sezione conclusiva.
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Part I

Swarm optimization algorithms for
large-scale portfolio selection

1
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In the first part of the PhD thesis, we are going to introduce two works that represent
the core of the research activity. The first chapter, entitled“A hybrid level-based learning
swarm algorithm with mutation operator for solving large-scale cardinality-constrained portfolio
optimization problems", has been published in the journal Information Sciences (Elsevier)
in April 2023. The main point of novelty of this paper is the application of a recently
proposed optimization algorithm, called LLSO, for solving a large-scale instance of a
portfolio optimization problem that uses the modified Sharpe ratio as objective function.
We recall that this performance measure is a modification of the Sharpe ratio that is
coherent with agent preferences when the risk premia are negative.

The second chapter, “A constrained swarm optimization algorithm for large-scale long-run
investments using Sharpe ratio-based performance measures", has been published in Com-
putational Management Sciences (Springer) in June 2024, as part of the collection “New
challenges for optimization methods, models and applications for decision making in complex
environments - Stochastic, robust, distributionally robust optimization, artificial intelligence
and data analytics". In this paper, we propose two asset allocation models that use
as objective functions to optimize two modifications of the Sharpe ratio, namely the
adjusted for skewness Sharpe ratio and the adjusted for skewness and kurtosis Sharpe
ratio, that incorporate information from the third and the fourth moment of returns’
distribution in the portfolio selection process. Then, we use an ad-hoc version of the
LLSO to solve several instances of the proposed portfolio problems.

Before delving into the details of the first two chapters of the thesis, we will provide
a brief overview of the PSO algorithm, since it represents the foundation upon which
our proposed algorithms are built and thus it will be mentioned multiple times in the
following sections.

Basics of the particle swarm optimizer (PSO)

Ezugwu et al. (2021) distinguish between heuristic and meta-heuristic algorithms in
terms of their application range. The former type of solvers is very specific in the
search for solution and problem-dependent, while the latter is high-level problem-
independent and can be used in a broad range of optimization problems.

In the last decade, meta-heuristics have emerged as a powerful optimization tool in
many different disciplines, from engineering design to operations research, due to their
flexibility and extensive search capability within a limited computational budget. There
is a plethora of such algorithms (see the recent survey by Rajwar et al. (2023), in which
a set of 540 different meta-heuristic methods are analysed). In particular, we focus
on the so-called population-based stochastic algorithms that use a search operator
to gradually minimize (or maximize) the objective function value of the acceptable
candidate solutions while maintaining population diversity. The operator employs the
information present in the current set of candidate solutions to balance exploration and
exploitation. A very general form of this offspring generation process is the following
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(Kumar et al. (2023)):

y′ = y0 +
n∑︂

k=1

εk ⊙ fk(ya,k,yb,k)

where y′ ∈ Rd is the new generated solution, y0, ya,k, yb,k ∈ Rd are different solutions
corresponding to the current population, εk ∈ Rd is a vector of parameters, with d

representing the number of decision variables, fk is the k-th mutation function of the
search operator, with k = 1, . . . , n, and ⊙ denotes the element-wise product of two
vectors.

The rules we use to select the so-called base-point y0, parents ya,k, yb,k, scale vectors
εk, and mutation functions fk define a given meta-heuristic algorithm. For instance,
the particle swarm optimization algorithm by Clerc and Kennedy (2002), which is one
of the most used meta-heuristics in portfolio optimization problems (see Ertenlice and
Kalayci (2018)), mimicks the movements of a bird flock, or a fish schooling, that searches
for food. The PSO mechanism is based on the communication of information about
good solutions through the swarm. In this manner, the particles will tend to move
toward better areas in the search space. Let Pg =

{︁
y1(g), . . . ,yNpop(g)

}︁
be the set of

candidate solutions at a given generation g, with yj(g) ∈ Rd, j = 1, . . . , Npop, then the
PSO calculates the j-th trial solution of the next generation by employing the current
solution yj(g) as base-point and considering the following three mutation functions

f1(yj(g),yj(g − 1)) = yj(g)− yj(g − 1)

f2(yj(g),pbestj(g)) = pbestj(g)− yj(g)

f3(yj(g),gbest(g)) = gbest(g)− yj(g)

wherepbestj(g) represents the best solution corresponding to candidate j andgbest(g)

is the best solution among the pbestj(g), with j = 1, . . . , Npop. The corresponding
parameters vectors can be written as

ε1 = w ed

ε2 = c1 (r1,1, . . . , r1,d)
⊤

ε3 = c2 (r2,1, . . . , r2,d)
⊤

where w ∈ R denotes the inertia weight, ed ∈ Rd is a vector of ones, c1, c2 ∈ R are
the so-called acceleration factors, r1,i and r2,i are i.i.d. random numbers drawn from a
uniform distribution between 0 and 1, with i = 1, . . . , d. In particular:

• the inertia weight w controls the exploration and the exploitation steps of the
algorithm by scaling the contribution of the current vector of weight changes;

• pbestj(g) − yj(g) represents the so-called cognitive component and quantifies
how much displacement, starting at its current composition yj(g), the candidate
solution will need to reach its own best composition pbestj(g);
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• gbest(g) − yj(g), called social component, measures the distance of the particle
yj(g) to the best composition gbest(g) of the entire group of candidate solutions;

• c1 and c2 are positive acceleration coefficients used to weight the contribution of
the cognitive and social components, respectively.

Algorithm 1: Pseudocode of the PSO (for minimization).
Input : w, c1, c2, Npop, G
Output: ygbest

1 Set g = 0

2 Initialize the swarm Pg =
{︁
yj(g) ∈ Rd : j = 1, . . . , Npop

}︁
3 Calculate the objective function φ(·) at the trial solutions in Pg

4 Set pbestj(g) = yj(0), with j = 1, . . . , Npop

5 Find gbest(g) as the best solution among the pbestj(g)

6 while g < G do
7 for j = 1 to Npop do
8 Generate the mutated solution y′

j(g) using the mutation procedure
described above

9 Calculate the objective function φ at y′
j(g)

10 if φ(y′
j(g)) < φ(yj(g)) then

11 Set yj(g + 1) = y′
j(g)

12 else
13 Set yj(g + 1) = yj(g)

14 end
15 end
16 Set Pg+1 = {yj(g + 1): j = 1, . . . , Npop}
17 Calculate the objective function φ(·) at the solutions in Pg+1

18 Update pbestj(g) and gbest(g)

19 Set g = g + 1

20 end
21 Denote the solution with the lowest φ-value as ygbest
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1 A hybrid level-based learning swarm
algorithm with mutation operator
for solving large-scale cardinality-
constrained portfolio optimization
problems

This chapter presents a novel hybrid variant of the level-based learning swarm opti-
mizer (LLSO) for solving large-scale portfolio optimization problems. Since particle
swarm optimization (PSO) does not work efficiently as the problem size increases,
several authors have designed many variants to improve its performance for solving
large-scale optimization problems. In particular, the LLSO algorithm is inspired by
the teaching concept that teachers should treat students differently according to their
cognitive and learning abilities.

Regarding the model formulation, we extend the classical mean-variance framework
by maximizing a modified version of the Sharpe ratio subject to cardinality, box, and
budget constraints. These three constraints are simultaneously handled using a pro-
jection operator. Further, we implicitly control transaction costs through a rebalancing
constraint controlled by a suitable exact penalty function. In addition, we develop an
ad hoc mutation operator to modify candidate exemplars in the highest level of the
swarm.

We conduct some experiments on three public large-scale data sets. Firstly, we
empirically prove that including the mutation procedure improves the accuracy of the
solutions. Then, we compare our proposed solver with other variants of the LLSO
algorithm and two state-of-the-art swarm optimizers, pointing out the outstanding
performance of our hybrid LLSO both in terms of exploration capabilities and solution
quality. Finally, we assess the profitability of the portfolio allocation strategy in the last
five years using an investable pool of 1119 constituents from the MSCI World Index.

7



8 CHAPTER 1. A HYBRID LLSO WITH MUTATION OPERATOR

1.1 Introduction

The mean-variance portfolio selection problem developed by Markowitz underpins the
modern portfolio theory. According to this approach, the portfolio returns distribu-
tion’s mean and variance represents the investment profit and the risk, respectively. A
portfolio is efficient if it provides the maximum return for a given level of risk or, equiv-
alently, if it has the minimum risk for a given level of return. Therefore, the efficient
frontier is provided by the set of optimal mean-variance trade-offs in the risk-return
space.
In recent years, many developments of the basic model have been investigated (see,
for instance, Guerard (2010)). On the one hand, researchers have defined new risk
measures to describe better investor attitudes Kolm et al. (2014). On the other hand,
the issues linked to portfolio management have been addressed by introducing sev-
eral constraints to handle portfolio weights (a detailed list is given in Liagkouras and
Metaxiotis (2017)). In this context, some authors have studied the multi-objective for-
mulation of the mean-variance portfolio optimization problem, in which the expected
portfolio return is maximized and, at the same time, its variance is minimized (see, for
instance, Kaucic (2019)). The scope is to provide heuristics able to generate accurate
dotted representations of the set of efficient portfolios in a few iterations.
Instead, in the single-objective counterpart, one usually aims to approximate the effi-
cient frontier by minimizing the risk for different values of the desired mean return of
the portfolio. Another standard practice is to optimize a sum of the portfolio mean and
variance, weighted by a risk aversion parameter. In this case, one varies the sensitivity
of the investor to build up the set of optimal portfolios Crama and Schyns (2003).
A third formulation maximizes the so-called Sharpe ratio, defined the ratio between
the investment’s excess return with respect to a risk-free rate and its standard deviation,
in order to directly identify the best portfolio on the efficient frontier Zhu et al. (2011).
From a rational investor’s point of view, using the Sharpe indicator in periods of market
downturns is questionable because it leads to preferring riskier portfolios. A solution
to this issue is to multiply, instead of dividing, this quantity by the standard deviation
when the excess rate of return of the portfolio is negative (see Israelsen (2005)). In
this way, the performance measure is coherent with agent preferences even if the risk
premia are negative. A first application of this modified Sharpe ratio for a passive
portfolio optimization problem with an investable universe of almost fifty assets has
been proposed in Kaucic et al. (2020).

In this paper, we focus on using the modified Sharpe ratio for active investments
with an upper threshold on the portfolio size. We analyze the asset allocation problem
from the perspective of an institutional investor who operates in large equity markets
composed of hundreds or thousands of constituents and selects a restricted pool of
stocks to build up a portfolio with a suitable performance with respect to the benchmark.
In our portfolio design, we also consider the following standard real-world constraints.
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First, a budget constraint ensures that all the available capital is invested; next, bound
constraints prescribe lower and upper bounds on the fraction of capital invested in
each asset; finally, a turnover constraint implicitly controls the effect of the transaction
costs on the rebalancing phases. The resulting mixed-integer optimization problem
belongs to the general family of cardinality-constrained portfolio optimization problems
which are NP-hard, and finding possible optimal solutions becomes computationally
challenging Moral-Escudero et al. (2006). For this reason, on the one hand, exact
methods were proposed to supply optimal solutions, but they demand a significant
amount of computation time when the problem size increases (Shaw et al. (2008) and
Bertsimas and Shioda (2009)). On the other hand, heuristic approaches can identify
approximate and sometimes optimal solutions within reasonable computation time
even when the problem size is huge Woodside-Oriakhi et al. (2011).

Many other real-world and engineering applications can also be modeled as highly
constrained optimization problems (Das and Prasad (2015) and Singh and Das (2016)).
The lack of a universal optimizer Ho and Pepyne (2002) suggests the development
of efficient algorithmic designs which exploit the problem-specific features. For this
purpose, hyper-heuristic, memetic, and ensemble algorithms have been recently in-
troduced (see Caraffini et al. (2019) and Xue et al. (2022)). It is worth noting that
these meta-heuristics are all linked and address the same topic from different perspec-
tives. More specifically, the first type of solvers consists of different search algorithms
equipped by a coordination engine that selects and activates the various algorithms for
the problem at hand. The second class combines the benefits of ad hoc local search
heuristics and multi-agent systems in the algorithmic framework. Finally, an ensemble
of strategies involves multiple and complementary search techniques to handle the
optimization problem issues.

Within the context of memetic optimizers, swarm optimization algorithms, inspired
by the self-organizing interaction among agents, have become popular in portfolio se-
lection theory Ertenlice and Kalayci (2018). In particular, the particle swarm optimiza-
tion (PSO) algorithm has been widely employed to solve real-world financial problems
since its first proposal (Cura (2009), Zhu et al. (2011) and Corazza et al. (2021)) due
to its effectiveness in reaching optimal solutions. However, the algorithm above does
not work efficiently when the problem size is large, leading to population stagnation
and premature convergence Oldewage et al. (2020). To improve PSO performance for
large-scale optimization problems, several authors have designed many variants, such
as competitive swarm optimizer Cheng and Jin (2015), social learning particle swarm
optimizer Cheng and Jin (2015) and level-based learning swarm optimizer (LLSO) Yang
et al. (2018). In particular, the latter one has shown better exploitation ability in different
environments. For this reason, we propose its use to solve our portfolio optimization
problem. LLSO is inspired by the teaching concept that teachers should treat students
differently according to their cognitive and learning abilities. Based on that, the gen-
eral idea of the LLSO is to sort the swarm individuals in ascending order with respect
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to their fitness and then separate them into distinct levels. The best individuals are
stored at a higher level and are not updated, preserving the most valuable informa-
tion conveyed in the swarm. Unlike PSO, which uses the historically best positions
to update the particles, LLSO employs predominant particles in the current swarm to
guide the learning of the worst particles and to enhance the swarm diversity. Thus,
particles in lower levels have more individuals in the upper levels to learn from and
are focused on exploring the search space; those in higher levels mainly concentrate on
the exploitation task. Even though LLSO shows promising capabilities in dealing with
large-scale optimization problems, it is overly sensitive to its parameters. To mitigate
this influence, an adaptive variant, henceforth ALLSO, has been introduced in Song
et al. (2021), which takes advantage of a swarm aggregation indicator to estimate the
evolution state of the swarm. Two adaptive adjustment strategies are then applied to
identify the best configuration setting for each generation.

Due to the fact that the swarm optimization algorithms are usually blind to the
constraints, they have to be equipped with constraint-handling techniques Mezura-
Montes and Coello Coello (2011) to be effective in real-world applications. A class of
constraint-handling methods widely used in literature is represented by the penalty
function methods, where a penalty term reduces the fitness value of the infeasible
candidates. However, despite its simplicity, this method usually requires the definition
of problem-dependent parameters that significantly impact algorithm performance.
To overcome this issue, adaptive penalty techniques have been developed, in which
the parameters are automatically set by using information gathered from the violated
constraints at the current generation. We refer the reader to Barbosa et al. (2015) for a
more exhaustive overview of adaptive penalty techniques.

Therefore, to tackle the presented large-scale cardinality-constrained portfolio opti-
mization problem, our memetic algorithm combines an improved ALLSO with a novel
hybrid constraint-handling technique, in which we integrate a projection operator into
the self-adaptive penalty scheme developed by Costa et al. (2017). Moreover, to further
improve the algorithm’s exploitation power and the solutions’ quality, we introduce
a novel mutation procedure, applied to the best individuals in the first level, which
generalizes the one inspected in Kaucic et al. (2020).

Even though similar asset allocation models with real-world constraints have been
already studied in the literature, our work represents the first application of the LLSO
algorithm for solving a large-scale instance of the problem with the modified Sharpe
ratio as the objective function. In addition, to the best of our knowledge, this is the
first time such a hybrid constraint-handling technique and the mutation operator are
presented and involved in the level-based learning paradigm.

The contributions of the paper can be summarised as follows:

• we develop a memetic algorithm integrating the ALLSO with an ad hoc mutation
operator and a novel hybrid constraint-handling technique to solve large-scale
cardinality-constrained portfolio optimization problems;
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• we use a modified version of the Sharpe ratio as the objective function in active
portfolio optimization;

• we introduce a novel initialization procedure for population-based heuristics
to effectively address the low degree of feasibility in our portfolio rebalancing
problem;

• we validate the profitability of the investment strategy in the last five years using
a pool of 1119 assets from a global equity market index.

Let us now give a more precise overview of the paper’s contents. The following
section describes the investment framework, focusing on the portfolio optimization
problem. In Section 1.3, we introduce the developed solver. More precisely, we first
explain the adaptive LLSO and then detail the proposed methods, namely the novel
mutation operator and the hybrid constraint-handling technique. In the last part of the
section, we summarise the entire procedure. In Section 1.4, we show the experimental
results; in the last section, we depict the conclusions and future perspectives.

1.2 Portfolio design

1.2.a Investment framework
We consider a frictionless market in which no short selling is allowed, and all investors
act as price takers. Assuming that n assets represent the investable universe, a portfolio
is identified with the vector of assets weights x = (x1, . . . , xn) ∈ Rn, where xi ∈ R

denotes the proportion of capital invested in asset i, with i = 1, . . . , n. Let Ri be the
random variable which stands for the rate of return of asset i, with expected value µi.
Hence, the random variable Rp(x) =

∑︁n
i=1Rixi indicates the rate of return of portfolio

x. The expected rate of return of portfolio x is then defined as

µp(x) =
n∑︂

i=1

xiµi (1.2.1)

and its standard deviation, also called volatility, is given by

σp(x) =

⌜⃓⃓⎷ n∑︂
i=1

n∑︂
j=1

cijxixj (1.2.2)

where (C)ij = cij is the covariance between stocks i and j, with i, j = 1, . . . , n.
Since investors perceive large deviations from the portfolio mean value as damaging,
(1.2.2) represents the so-called portfolio risk.

In such a setting, the portfolio choice is made only with respect to the expected
portfolio rate of return and the portfolio risk, as stated in the following definition.
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Definition 1. Given two portfolios x,y, we say that x is preferred to y if and only if µp(x) ≥
µp(y) and σp(x) ≤ σp(y), with at least one strict inequality.

In other words, an investor prefers one portfolio to another if it has a higher expected
rate of return and lower risk. This decision making approach is known as mean-variance
analysis.

1.2.b Objective function

According to the mean-variance analysis, we can use the so-called Sharpe ratio to
identify the best investment among efficient portfolios. As stated before, it is defined
as the ratio between the excess return of an investment with respect to a risk-free rate,
rf , and its standard deviation

SR(x) =
µp(x)− rf
σp(x)

. (1.2.3)

This performance measure evaluates the compensation earned by the investor per unit
of both systematic and idiosyncratic risks (Caporin et al. (2014)). Thus, higher values
of SR indicate more promising portfolios.

From a theoretical point of view, this choice is justified by the fact that several widely
used performance measures are increasing functions of the Sharpe ratio (Schumacher
and Eling (2012) and Schumacher and Eling (2012)). Moreover, when the numerator
in (1.2.3) is positive, this indicator is coherent with the risk-return profile of a rational
investor. From a practical point of view, it can be easily calculated and its interpretation
is simpler than most of recently proposed complex performance measures Auer and
Schumacher (2013).

However, as pointed out in Israelsen (2005), the reliability of this performance mea-
sure decreases when the excess rate of return is negative. In that case, one would prefer
higher-risk portfolios using the Sharpe ratio. To overcome this issue, in our portfolio
selection problem we adopt as objective function the following modification of (1.2.3),
the so-called modified Sharpe ratio

MSR(x) =
µp(x)− rf

σp(x)sign(µp(x)−rf )
(1.2.4)

where sign(z) is the sign function of z ∈ R. Observe that if the portfolio excess return
is non-negative, the modified Sharpe ratio is equal to the Sharpe ratio. Otherwise,
it multiplies the portfolio excess return by the standard deviation. In this manner,
even in adverse conditions, portfolios with lower risk and higher excess return will be
preferred.
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1.2.c Constraints

In our portfolio model, we consider the following constraints.

• Budget. All the available capital needs to be invested. In terms of portfolio weights,
this translates to

n∑︂
i=1

xi = 1. (1.2.5)

• Cardinality. We assume that the portfolio includes up to k assets, where k ≤ n.
To model the inclusion or the exclusion of the i-th asset in the portfolio, a binary
variable δi is introduced as

δi =

{︃
0, if asset i is excluded
1, if asset i is included (1.2.6)

for i = 1, . . . , n. The resulting vector of selected assets is δ = (δ1, . . . , δn) ∈ {0, 1}n,
and the cardinality constraint can be written as

n∑︂
i=1

δi ≤ k. (1.2.7)

• Box. A balanced portfolio should avoid extreme positions and foster diversifica-
tion. Hence, we impose a maximum and a minimum limit for portfolio weights,
that is

δili ≤ xi ≤ δiui, i = 1, . . . , n (1.2.8)

where li and ui are the lower and the upper bounds for the weight of the i-th
asset, respectively, with 0 < li < ui ≤ 1 to exclude short sales.

• Turnover. To control the effect of the transaction costs in the portfolio rebalancing
phases, we consider a portfolio turnover constraint. Let x0 be a vector containing
the current portfolio positions Shen et al. (2014). Then, the portfolio turnover
constraint is

n∑︂
i=1

|xi − x0, i| ≤ TR (1.2.9)

where TR denotes the maximum turnover rate, which lies between 0 and 1. Note
that if TR = 0 rebalancing is not allowed, and more trades are allowed when TR
increases.

The pairs (δ, x) ∈ {0, 1}n × Rn that satisfy (1.2.5), (1.2.7), (1.2.8) and (1.2.9) form the
feasible set F . Then, our portfolio optimization problem can be written as

max
δ,x

MSR(x)

s.t. (δ,x) ∈ F .
(1.2.10)
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Remark 2. To simplify the following treatment, we reformulate our maximization problem into
the equivalent minimization problem

min
δ,x

f(x)

s.t. (δ,x) ∈ F
(1.2.11)

where f(x) = −MSR(x).

1.3 Optimization algorithm

1.3.a Adaptive level-based learning swarm optimizer
The algorithm evolves a swarm of NP candidate solutions using the so-called level-
based population structure Yang et al. (2018), according to which the evolution process
is defined as follows.

1. At each iteration g, the individuals in the swarm are first sorted ascending based
on their fitness and grouped intoNLg levels, each one containing LPg = ⌊NP/NLg⌋
particles. In the last level, there are ⌊NP/NLg⌋ + NP%NLg particles.1 Better
individuals belong to higher levels, and a higher level corresponds to a smaller
level index. Thus, L1 represents the best level, while LNLg is the worst one.

2. To preserve the most valuable information conveyed in the current swarm, indi-
viduals belonging to L1 are not updated and enter directly in the next genera-
tion. The p-th particle in level Ll, denoted by xl, p(g), where l = 3, . . . , NLg and
p = 1, . . . , LPg, is allowed to learn from two particles xl1, p1(g), xl2, p2(g) randomly
extracted from two different higher levels Ll1 and Ll2 with l1 < l2, and p1 and p2
are randomly chosen from {1, . . . , LPg}. For l = 2, we sample two particles from
L1 in such a way that xl1, p1(g) is better than xl1, p2(g) in terms of fitness function.
Thus, the update rule for particle xl, p(g) is given component-wise by

vl, pi (g + 1) = r1v
l, p
i (g) + r2

(︂
xl1, p1i (g)− xl, pi (g)

)︂
+ ϕgr3

(︂
xl2, p2i (g)− xl, pi (g)

)︂
(1.3.12)

xl, pi (g + 1) = xl, pi (g) + vl, pi (g + 1) (1.3.13)

for i = 1, . . . , n, where vl, pi (g) denotes the i-th component of the velocity of particle
p in level Ll at generation g, and r1, r2, r3 are real numbers randomly generated
within [0, 1]. The parameterϕg ∈ [0, 1] controls the influence of the less performing
exemplar xl2, p2(g) on vl, p(g).

Based on Song et al. (2021), both the parameters involved in the learning process at
generation g, namely NLg and ϕg, are adaptively adjusted based on the evolution state

1We denote by ⌊x⌋ the floor of x and by x%y the rest of the division of x by y.



1.3. OPTIMIZATION ALGORITHM 15

of the swarm by an aggregation indicator, which is defined as

s(g) =
f g − f (xgbest(g))

f (xgbest(g)) + ξ
(1.3.14)

where f g is the average fitness of the population at generation g, f (xgbest(g)) denotes
the historically global best fitness up to iteration g, and ξ is a small positive value to
avoid zero denominators.

Remark 3. When s(g) is high, particles are far from the current global best solution. Thus, the
swarm is in an exploration phase. On the contrary, when s(g) is low, particles are close to the
global best solution xgbest(g) and the swarm is in an exploitation phase.

To guarantee a control on the number of levels, NLg takes values in the set
{NLmin, . . . , NLmax}, where NLmin, NLmax ∈ N are predefined lower and upper
bounds. Moreover, to balance the level selection diversity and the exemplar diver-
sity, NLg can be modified only when the relative improvement of the global fitness
between generation g and generation g − 1, given by

t(g) =
f (xgbest(g − 1))− f (xgbest(g))

f (xgbest(g)) + ξ
, (1.3.15)

slows down or stops, which corresponds to the cases t(g) < t(g − 1) or t(g) = 0

respectively. The update of NLg then follows the rule

NLg =

{︄
2 ·NLg−1 if s(g) < δ̄
1
2
·NLg−1 if s(g) ≥ δ̄

(1.3.16)

where δ̄ is a threshold in terms of the aggregation indicator to control the adjustment
of NLg.

When NLg is out of the range, it is adjusted as follows

NLg =

⎧⎪⎪⎨⎪⎪⎩
NLrand if r < px

NLmax if r ≥ px and NLg > NLmax

NLmin if r ≥ px and NLg < NLmin

(1.3.17)

where NLrand is uniformly sampled from {NLmin, . . . , NLmax}, r is a real number
randomly generated within [0, 1], and px is a fixed probability employed to reset NLg.

The update for ϕg is designed in the following way

ϕg = 0.35 + 0.1 · 1

1 + 10 · s(g)
(1.3.18)

where s(g) is the value of aggregation indicator given in (1.3.14). For a theoretical
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justification of the formula in Eqn. (1.3.18) and the rationale behind choosing these
specific values, we refer the reader to the paper of Song et al. (2021).

A preliminary numerical analysis reveals that a clamping procedure, limiting the
magnitude of the velocity vl, p(g), provides a better exploration of the search space
compared to the traditional particle swarm optimization method, as evidenced by
Oldewage et al. (2017). This function can be written component-wise as

vl, pi (g) = min{max{vl, pi (g), vmin
i }, vmax

i } (1.3.19)

where vmin
i and vmax

i are the minimum and the maximum velocity allowed for compo-
nent i, with i = 1, . . . , n. In the experiments, recalling equation (2.3.6), we set vmax

i = ui
and vmin

i = −vmax
i .

1.3.b Mutation operator
Instead of directly moving the individuals of the first level to the next generation, we
propose to mutate them using an operator that combines two perturbation strategies
properly developed for our portfolio optimization problem.
More specifically, one technique is inspired by the swap operator proposed in Krink
et al. (2009) and works as follows. First, we fix the maximum allowed number of non-
null positions that could become zero, namely kswap

max . Then, for each particle x1, p(g)

in level L1 subject to swapping, we randomly sample from {1, . . . , kswap
max } the number

kswap of non-null positions that will be set to zero. At this point, for j = 1, . . . , kswap,
let aj and bj be two randomly chosen positions in x1, p(g), such that x1, paj

(g) = 0 and
lbj ≤ x1, pbj

(g) ≤ ubj . Thus, the modified individual, x̂1, p(g), is defined component-wise
as

x̂1, pi (g) =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
x1, pi (g), if i ̸= aj and i ̸= bj

laj +
x1, pbj

(g)− lbj

ubj − lbj
(uaj − laj), if i = aj

0, if i = bj.

(1.3.20)

In this paper, based on the preliminary experiments, kswap
max = ⌊0.05 · k⌋, where k repre-

sents the maximum number of assets included in the portfolio.

Remark 4. This generalisation, allowing multiple swaps at the same time, improves the search
capabilities of the original swap operator.

The other perturbation scheme focuses solely on the non-null components. For each
x1, p(g) to be mutated, let I1, p+ (g) = {i : x1, pi (g) > 0} then, for all i ∈ I1, p+ (g), we define
the interval

W 1, p
i (g) =

[︁
x1, pi (g)−∆i(g), x

1, p
i (g) + ∆i(g)

]︁
(1.3.21)

where ∆(g) =
(︂
1− g

gmax+1

)︂
(u− l), with gmax be the maximum allowed number of

iterations. The mutated component x̂1, pi (g) is randomly generated from the interval
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W 1, p
i (g) ∩ [li, ui]. For i /∈ I1, p+ (g), we set x̂1, pi (g) = 0. By narrowing the range over time,

this procedure increases the exploration around the particles in L1.

Remark 5. By construction, the solutions modified by both the perturbation operators have at
most k non-null positions and satisfy the box constraints.

For each particle in L1, the probability of applying the generalised swap operator
decreases as the iteration counter increases according to the following rule

pswap(g) =
1

1 + exp(−0.005 · g)
. (1.3.22)

In the initial stages, the proposed mutation favours the global search, using the gen-
eralised swap operator to identify the most promising subset of non-null decision
variables. With the progress of the generations, the role of the refinement operator
increases and, in the late stages, the algorithm focuses primarily on the local search.

The pseudo-code of the developed mutation procedure is reported in Algorithm 2.

Algorithm 2: Mutation procedure
Input : x1, p(g), l, u, kswap

max , g, ∆(g)
Output: x̂1, p(g)

1 Set x̂1, p(g) = x1, p(g)

2 Set I0 =
{︁
i : x1, pi (g) = 0

}︁
3 Set I+ =

{︁
i : li ≤ x1, pi (g) ≤ ui

}︁
4 Calculate pswap(g) according to (1.3.22)
5 if rand() ≤ pswap(g) then
6 kswap → {1, . . . , kswap

max }
7 for j = 1 to kswap do
8 aj → I0

9 bj → I+

10 x̂1, paj
(g) = laj +

x1, pbj
(g)− lbj

ubj − lbj
(uaj − laj)

11 x̂1, pbj
(g) = 0

12 end
13 else
14 for i in I+ do
15 lb = max

(︁
x1, pi (g)−∆i(g), li

)︁
16 ub = min

(︁
x1, pi (g) + ∆i(g), ui

)︁
17 x̂1, pi (g) → [lb, ub]

18 end
19 end
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1.3.c Solution coding and hybrid constraint-handling procedure
Let us introduce some notation. Let Ci denote a closed convex subset of R+, with
i = 1, . . . , n, and K = {i1, . . . , ik} be any subset of indices of I = {1, . . . , n} with
cardinality k ∈ N, so that I \K is its complement in I . For all x ∈ Rn, let xK be defined
component-wise as

xK, i =

{︃
xi, if i ∈ K

0, if i ∈ I \K (1.3.23)

and let πK : Rn → Rk be the projection such that πK(x) = (xi1 , . . . , xik).
We start by presenting the following proposition (in this regard, see also Zhang et al.

(2019)).

Proposition 6. Let y ∈ Rn, with n ≥ 2. Then, the optimal K for the problem

min
xK :xi∈Ci

1

2
∥xK − y∥2 (1.3.24)

is the set K∗ of indices corresponding to the k largest components of y.

The proof of this result is reported in Appendix A.
In other words, the proposition states that xK∗ is the vector with at most k non-null
components which has minimum Euclidean distance from y among all xK , withK ⊂ I

of cardinality k.
Thanks to this projection, which implicitly enforces cardinality fulfillment, we can
remove the vector of binary variables δ from the coding scheme of the solutions and
we reformulate the portfolio optimization problem (2.3.8) only in terms of xK∗ . To this
end, we introduce the set

B =

{︄
x ∈ Rn : xi = 0 or xi ∈ [li, ui] for i ∈ K∗, xi = 0 for i ∈ I \K∗,

n∑︂
i=1

xi = 1

}︄
,

(1.3.25)
that is the set of the points satisfying all the constraints apart from the turnover condi-
tion. Further, let ψ(x) represent the value of the turnover function at x, which is given
by

ψ(x) =
n∑︂

i=1

|xi − x0,i| − TR. (1.3.26)

Then, the constrained optimization problem can be rewritten as

min
x∈B

f(x)

s.t. ψ(x) ≤ 0.
(1.3.27)

The following proposition, whose proof is given in Appendix A, establishes the equiv-
alence between problem (1.3.27) and the mixed-integer optimization problem (2.3.8).
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Proposition 7. We assume that (δ∗, x∗) is a global solution to problem (2.3.8), then x∗
K∗ is

a global solution to problem (1.3.27). Conversely, if x∗ is a global solution to (1.3.27), then
(δ∗, x∗) is a global solution to (2.3.8), with

δ∗i =

{︄
1 if i ∈ K∗

0 otherwise.

As previously observed, the standard ALLSO algorithm can only deal with un-
constrained problems; thus, we propose to incorporate a hybrid constraint-handling
technique in order to solve problem (1.3.27).

The building block of our procedure is based on the following lemma.
Lemma 8. Let l = (l1, . . . , ln) and u = (u1, . . . , un) be such that li ≤ ui for i = 1, . . . , n. Let
y ∈ Rn and define [l, u] = {x ∈ Rn : li ≤ xi ≤ ui}. Then, the orthogonal projection of y onto
[l, u] is given component-wise by

P[l,u], i(y) = min{max{yi, li}, ui} (1.3.28)

with i = 1, . . . , n.
The derivation of the orthogonal projection P[l,u] can be found in Beck (2017). We

now provide the main result concerning the projection phase. We refer the reader to
Appendix A for the proof.
Proposition 9. Let y ∈ Rn, with n ≥ 2, and K∗∗ = {i ∈ K∗ : yi > 0}, with K∗ being the
optimal set in Proposition 6. Assume that B in (1.3.25) is non-empty. Then, the orthogonal
projection of y onto B is

PB(y) = π−1
K∗∗

(︁
P[πK∗∗ (l), πK∗∗ (u)](πK∗∗(y − η∗1)

)︁
(1.3.29)

where π−1
K (z) is the pre-image of z ∈ R|K∗∗| under πK and η∗ ∈ R is a solution of

k∑︂
i=1

P[πK∗∗ (l), πK∗∗ (u)](y − η1) = 1. (1.3.30)

Let Pg = {xp(g) ∈ Rn : p = 1, . . . , NP} be the swarm at generation g, with g =

1, . . . , gmax. Then, the proposed ALLSO variant maps the individuals in Pg, which
are updated using (1.3.12) and (1.3.13), onto the set B by means of the projector defined
in (1.3.29). The resulting mutated swarm is denoted by P̌g. Successively, we apply the
self-adaptive penalty approach by Costa et al. (2017) to handle the turnover constraint
and to guarantee the global optimality of solutions. More precisely, the objective func-
tion value at each projected individual in P̌g, namely f(x̌p), is normalized according to
the formula

f̂(x̌p) =
f(x̌p)− fmin

fmax − fmin
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where fmin = min
x̌p∈P̌g

f(x̌p) and fmax = max
x̌p∈P̌g

f(x̌p). Similarly, the corresponding normal-

ized constraint violation is given by

Ψ(x̌p) =

⎧⎨⎩
max{ψ(x̌p), 0}

ψmax
, if ψmax > 0

0, otherwise

where ψmax denotes the maximum of ψ(x̌p) over all the mutated solutions in P̌g which
do not satisfy the turnover constraint.

Finally, the penalty function is

F (x̌p) =

⎧⎪⎪⎨⎪⎪⎩
f̂ (x̌p) if ψ(x̌p) ≤ 0

f̂(ž) +RfΨ(x̌p) if ψ(x̌p) > 0 and f(x̌p) ≤ f(ž)

f̂(x̌p) +RfΨ(x̌p) if ψ(x̌p) > 0 and f(x̌p) > f(ž) ,

(1.3.31)

whereRf represents the feasibility ratio for P̌g, that is the percentage of individuals in P̌g

satisfying the turnover constraint. In (1.3.31), the reference point ž is a point belonging
to P̌g that satisfies the turnover constraint and has the lowest objective function value
found so far. As in Costa et al. (2017), if the population has no feasible points, f (ž) is
initially and temporarily set to fmax, so that f(x̌p) ≤ f(ž) for all x̌p ∈ P̌g and f̂(ž) = 1.
The value of f (ž) is updated only when the first feasible point is encountered.

We conclude this subsection by stating the following theorem, whose proof is omitted
since it is similar to the one presented in Costa et al. (2017).

Proposition 10. The problem
min
x∈B

F (x)

with F as in (1.3.31), is equivalent to the problem (1.3.27).

1.3.d Initialisation strategy and complete algorithm
Following the financial literature Bertsimas et al. (2022), we consider a portfolio opti-
mization problem of high dimensions if it involves more than 400 securities. For this
kind of problems, the common strategies of seeking a search space coverage by initial-
izing the particles uniformly throughout the space as well as by increasing the size of
the swarm are inefficient, because the search space grows exponentially with the di-
mension Van Zyl and Engelbrecht (2015). Moreover, the presence of highly constrained
feasible regions in the search space exacerbates even more the initialization issue Datta
and Deb (2015).

To effectively address the low degree of feasibility in our portfolio rebalancing prob-
lem due to the complexity of the turnover constraint, we propose a direct initialization
of the candidate solutions in a neighbourhood of x0.
Let dmin

i and dmax
i be the minimum and the maximum allowed weight changes for x0, i
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respectively, with i = 1, . . . , n. Let Dp denote the total portfolio weight allowed to be
re-allocated in x0 for defining the p-th candidate solution xp(0), with p = 1, . . . , NP .
Then, for each p,

1. we randomly select Dp within [0, TR/2];

2. we select a subset J− of k′ assets from the k assets with positive weight in x0, so
that

xpj(0) = x0, j − dj, for j ∈ J−

where dj is randomly sampled in
[︁
dmin
j , dmax

j

]︁
in such a way that

∑︁
j∈J− dj = Dp,

and xpj(0) = 0 or lj ≤ xpj(0) ≤ uj ;

3. we select a subset J+ of k′′ assets from the n − k assets with zero weight in x0,
with k′′ ≤ k′, so that

xpj(0) = x0, j + dj, for j ∈ J+

where dj is randomly sampled in [dmin, dmax] in such a way that
∑︁

j∈J+ dj = Dp,
and lj ≤ xj ≤ uj ;

4. for j ∈ I \ (J− ∪ J+), we set xpj(0) = x0, j .

The portfolios assembled using this scheme satisfy cardinality, box and turnover
constraints. In this way, the initialization strategy encourages the swarm to focus on
exploitation rather than exploration, thereby allowing it to identify promising solutions,
even in problems with high dimension and small feasible regions.
Regarding the initial velocities, we set them all equal to the zero vector, that is vp(0) = 0,
for p = 1, . . . , NP .

The pseudocode of the proposed LLSO variant with adaptive parameters update,
mutation of the particles in the first level and hybrid constraint-handling technique,
shortly ALLSO-MUT-H, is reported in Algorithm 3. It can be noticed that, setting
x0 = 0 and TR = 1, ALLSO-MUT-H can also tackle portfolio optimization problems
with no rebalancing. In this case, only the orthogonal projector is needed to move the
unfeasible solutions to the feasible region.
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Algorithm 3: ALLSO-MUT-H
Input : x0, l, u, k, TR, NLmin, NLmax, NP , δ̄, px, ξ
Output: xgbest

1 Set g = 0 and NLg = 20

2 Initialize the swarm Pg = {xp(g) : p = 1, . . . , NP} and the velocities vp(g)

3 for i = 1 to NP do
4 Project xp(g) onto B using (1.3.29)
5 Calculate the turnover violation using (1.3.26)
6 end
7 Calculate the penalty F for particles in Pg

8 Sort Pg by F value and divide it in NLg levels
9 Set xgbest(g) = x1(g)

10 while g < gmax do
11 g = g + 1

12 Set PL1 = {xp(g) : p ∈ L1}
13 for p = 1 to LPg do
14 Use Algorithm 2 to generate the mutated particle x̂1, p(g) from x1, p(g)

15 Project x̂1, p(g) onto B using (1.3.29)
16 Calculate the turnover violation using (1.3.26)
17 end
18 Set PL1

mut = {x̂p(g) : p ∈ L1}
19 Calculate the penalty F for PL1∪PL1

mut and update PL1 based on PL1
mut using F

20 Sort PL1 by the F value
21 Calculate the swarm aggregation indicator using (1.3.14) and update ϕg

using (1.3.18)
22 for p = LPg+1 to NP do
23 Update vp(g) using (1.3.12) and clamp it using (2.4.13)
24 Update xp(g) using (1.3.13)
25 Project xp(g) onto B
26 Calculate the turnover violation using (1.3.26)
27 end
28 Set P̌g be the set of updated particles
29 Calculate ϕ for Pg ∪ P̌g and update Pg based on P̌g using F
30 Sort Pg by F value
31 Calculate F for the set {xgbest(g),x

1(g)} and update xgbest(g)

32 Calculate the relative improvement t(g) of xgbest(g) using (1.3.15)
33 if t(g) < t(g − 1) or t(g) = 0 then
34 Update NLg using (1.3.16) and (1.3.17)
35 end

1.4 Experimental analysis

This section is divided into two parts. On the one hand, we point out the strengths
and weaknesses of using the proposed algorithm to tackle large-scale cardinality-
constrained portfolio optimization problems. On the other hand, we assess the prof-
itability of the investment strategy in a real-world case study by varying the size of
portfolios.
As a first task, we study the impact of the developed mutation operator on the LLSO-
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type algorithms, all equipped with our hybrid constraint-handling technique. For this
purpose, we compare the dynamic LLSO (DLLSO) Yang et al. (2018), the adaptive LLSO
(ALLSO) Song et al. (2021), and the reinforcement learning level-based particle swarm
optimization (RLLPSO) algorithm Wang et al. (2022). These are the most recent solvers
proposed in the literature, that employ the level-based learning paradigm into the PSO
framework. Their superiority in solution accuracy with respect to several state-of-the-
art algorithms has already been proved theoretically and empirically for unconstrained
optimization problems. Hence, we inspect the best variant of the LLSO-type algorithm
for our constrained optimization problems. To highlight the benefits of our hybrid self-
adaptive penalty approach, we compare the ALLSO-MUT-H with an ALLSO equipped
by our mutation operator and the exact ℓ1-penalty proposed in Corazza et al. (2021). At
the same time, we consider two other state-of-the-art swarm optimizers, namely PSO
and FA Yang (2010), both endowed with the adaptive penalty by Corazza et al. (2021).
It is worth noting that the self-adaptive method Costa et al. (2017) and the adaptive
penalty Corazza et al. (2021) guarantee the convergence to optimal solutions.
In the numerical experiments, we follow the suggestions in the reference papers to
set up the parameters of each algorithm, and the complete list of parameter values is
reported in Table 1.1.

Table 1.1: Parameter settings of the algorithms used in the comparisons.

Algorithm Parameter settings Reference
DLLSO S = {4, 6, 8, 10, 20, 50}, NP = 500, ϕ = 0.4 Yang et al. (2018)
ALLSO NLmin = 2, NLmax = 50, NP = 500, δ̄ = 0.01,

px = 0.01, ξ = 10−6 Song et al. (2021)
RLLPSO S = {4, 6, 8, 10, 20, 50}, NP = 500, ϕ = 0.4,

α = 0.4, γ = 0.8, ε = 0.9, ξ = 10−6 Wang et al. (2022)
PSO ωmin = 0.4, ωmax = 0.9, c1,min = c2,min = 0.5,

c1,max = c2,max = 2.5, Ratnaweera et al. (2004), Corazza et al. (2021)
FA α = 0.5, βmin = 0.2, γ = 1 Yang (2010)

1.4.a Algorithmic comparisons
For the algorithmic comparisons, we use three data sets from the OR-Library Canakgoz
and Beasley (2009), namely S&P 500, Russell 2000, and Russell 3000, which represent
large capital market indices. Table 1.2 summarizes the data sets employed in the
experimental analysis. The second and third columns report the number of assets
involved and the number of observations for each data set, respectively. The last
columns show the cardinality thresholds used in the experiments. In particular, we
explore the cases where k is 30%, 15%, and 5% of the size n of the corresponding
data set. Since the results are similar, in the following analysis we describe only the
outcomes for the cardinality threshold equal to 30% of the size of the corresponding
data set. The cases regarding the last two columns of Table 1.2 are addressed in the
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supplementary file. For calculating the expected rates of return, we adopt a historical
approach based on all the information available, consisting of 290 weekly prices for each
asset. Since our investable universes have more decision variables than observations,
the estimator of the associated covariance matrices is biased. We employ the shrinkage
estimator proposed in Ledoit and Wolf (2004) to reduce this effect. One can appreciate
the difference between these estimators for the three data sets in the supplementary
file.

For a fair comparison of the solvers, we adopt the following assumptions.

• All the algorithms have the same initial population of 500 individuals for each
test set.

• We set dmin
i = 0.0005 and dmax

i = 0.0050 in the initialization strategy.
• For each algorithm, we perform 30 independent runs with 2000generations, which

represents the terminal condition.

Moreover, all the portfolios from a given test set employ the following parameter
setting.

• The risk-free value in (1.2.4) is set to zero.
• The box thresholds in (2.3.6) are li = 0.001 and ui = 0.05 for each asset.
• Regarding the turnover constraint (2.3.7), TR is set equal to 0.20.
• The vector of current positions x0 in (2.3.7) is fixed for all the compared algo-

rithms and in all simulations by randomly sampling once from each set of feasible
portfolios.

Table 1.2: Data sets from Canakgoz and Beasley (2009) with the corresponding number of
weeks, the number of market constituents (n) used in the estimation of parameters, and the
cardinality thresholds.

Data set name Weekly prices Assets (n) Cardinality threshold (k)
⌊30% · n⌋ ⌊15% · n⌋ ⌊5% · n⌋

S&P 500 290 457 137 68 22
Russell 2000 290 1318 395 197 65
Russell 3000 290 2151 645 322 107

Mutation effects on LLSO variants

We recall that in the following analysis k is set always equal to 30% of the size of the
corresponding data set, and we refer the interested reader to the supplementary file for
the other cases.
Table 1.3 shows four performance metrics linked to the best objective function value
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over 30 runs, on the three public data sets. The best results are highlighted in bold font.
We note that the ALLSO-MUT-H outperforms the competitors in all the case studies,
presenting the lowest mean objective function value. Further, we remark that all the
inspected LLSO variants are able to find feasible solutions. Focusing on the mutation
benefits, we observe from Table 1.4 that the mutation has a significant impact on
the performance of solvers. Specifically, although mutation-based optimizers present
higher volatility than their counterparts, they always show lower results in terms of
minimum-maximum range of the best solutions.

Table 1.3: Statistics regarding the best values of the objective function over 30 runs.

Data set Statistics DLLSO-H DLLSO-MUT-H ALLSO-H ALLSO-MUT-H RLLPSO-H RLLPSO-MUT-H

S&
P

50
0 mean -0.1526 -0.1670 -0.1524 -0.1672 -0.1523 -0.1622

std 0.0004 0.0015 0.0003 0.0014 0.0004 0.0023
min -0.1532 -0.1718 -0.1529 -0.1698 -0.1532 -0.1662
max -0.1517 -0.1643 -0.1517 -0.1638 -0.1509 -0.1546

Ru
ss

el
l2

00
0 mean -0.1920 -0.2104 -0.1925 -0.2124 -0.1929 -0.2049

std 0.0010 0.0042 0.0011 0.0037 0.0013 0.0043
min -0.1932 -0.2193 -0.1946 -0.2196 -0.1963 -0.2146
max -0.1895 -0.2003 -0.1895 -0.2039 -0.1903 -0.1959

Ru
ss

el
l3

00
0 mean -0.2059 -0.2247 -0.2091 -0.2301 -0.2082 -0.2271

std 0.0011 0.0031 0.0015 0.0025 0.0010 0.0043
min -0.2085 -0.2328 -0.2120 -0.2352 -0.2111 -0.2358
max -0.2042 -0.2192 -0.2067 -0.2260 -0.2065 -0.2196

Table 1.4: Relative change of the mutated algorithms versus non-mutated counterparts. The
p-values for the paired t-tests are displayed in brackets. Note that in all cases the p-values are
under the significance level α = 0.05, indicating the rejection of the null hypothesis of equality
of the means, against the alternative left-sided hypothesis.

DLLSO-MUT-H ALLSO-MUT-H RLLPSO-MUT-H
Data set vs. vs. vs.

DLLSO-H (%) ALLSO-H (%) RLLPSO-H (%)
S&P 500 9.4432 9.7153 6.5109

(2.8638 · 10−30) (8.6384 · 10−31) (7.5328 · 10−20)
Russell 2000 9.5859 10.3564 6.2501

(6.2697 · 10−21) (2.7589 · 10−23) (3.2532 · 10−15)
Russell 3000 9.1309 10.0823 9.1097

(1.2435 · 10−23) (7.4039 · 10−29) (5.6022 · 10−20)

Figure 1.1 shows the convergence and the diversity analyses of the compared solvers
on the three data sets. From the first set of graphs, we note that the three mutated algo-
rithms are able to reach significantly lower objective function values, and the ALLSO-
MUT-H performs better than the others. Moreover, the algorithms without mutation
show population stagnation around 100 generations, meaning that they converge to a
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local minimum and are not able to further explore the search space. This is confirmed
by the results showed in the logarithmic scale plots of the diversity measures. We can
observe that the ALLSO-MUT-H and the DLLSO-MUT-H are able to escape from the
local minima, due to the oscillatory behaviour of the swarm diversity.

Figure 1.1: Convergence and diversity analyses on the three data sets. Graphs in the first row
show the behaviour of algorithms in terms of mean best value of the objective function, while
in the row below are displayed the logarithmic scale plots of the diversity scores.

Comparison with state-of-the-art swarm optimization algorithms

In the previous subsection, we have analysed the impact of the mutation on the capa-
bilities of LLSO-based algorithms, finding that the ALLSO-MUT-H is the more efficient
choice in terms of convergence and quality of solutions. We recall also that we adopt the
same parameter setup presented above in Table 1.1. We exhibit the statistics of the com-
parison in Table 1.5, where are displayed the percentage of feasible solutions provided
by the different solvers over the 30 runs; the mean of the constraint violation function
CV for the non-feasible solutions; the average value of the penalty function Fℓ1 over 30
runs. Notice that, the penalty function corresponds to the objective function when the
solutions are feasible. Looking at the results, we can argue that the ALLSO-MUT-H
reaches the best mean value of the penalty function in all the data sets, and it always
provides feasible solutions. This insight is confirmed by the convergence analysis plots
in Figure 1.2, which show the benefits of our constraint-handling technique in terms of
accuracy of solutions. Moreover, the diversity graphs suggest that our solver is the sole
algorithm able to exhibit exploration and exploitation phases alternatively.
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Table 1.5: Comparison with state-of-the-art swarm optimization algorithms implementing the
exact ℓ1-penalty framework proposed in Corazza et al. (2021).

Data set Statistics PSO-ℓ1 FA-ℓ1 ALLSO-MUT-ℓ1 ALLSO-MUT-H

S&
P

50
0 feasible sol. (%) 0 0 100 100

mean CV 3.1572 · 10−12 3.1572 · 10−12 0 0

mean Fℓ1 -0.1325 -0.1325 -0.1325 -0.1672

Ru
ss

el
l2

00
0

feasible sol. (%) 63 100 100 100

mean CV 1.1661 · 10−5 0 0 0

mean Fℓ1 -0.1717 -0.1639 -0.1639 -0.2124

Ru
ss

el
l3

00
0

feasible sol. (%) 83 100 0 100

mean CV 7.4015 · 10−12 0 0.0326 0

mean Fℓ1 -0.1862 -0.1291 -0.1487 -0.2301

Figure 1.2: Plots in the first row show the behaviour of the algorithms in terms of mean best
value of the penalty function, while in the second row are presented the logarithmic scale
graphs of the diversity.

1.4.b Real-world application

Data description and investment setting

The constituents of the MSCI World index, on 31st January 2022, form our investable
pool. The data set has been downloaded from DataStream and consists of monthly
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prices covering the period from January 2012 to January 2022 for a total of 121 months.
Stocks with missing observations were disregarded, and thus the final data set in-
cludes 1119 stocks. For the performance comparisons, we introduce a value-weighted
benchmark index with the same constituents and, as in the previous analysis, we set
rf = 0.

The portfolio design employs the following parameter setting. For the cardinality
constraint (2.3.5), we consider k ∈ {335, 167, 55, 22}, corresponding to k% = 30%, 15%,
5% and 2% of the pool size, respectively. As stated in the introductory part of Section
1.4.a, we recall that the box thresholds in (2.3.6) are li = 0.001 and ui = 0.05 for each
asset i, with i = 1, . . . , 1119, and the turnover rate in (2.3.7) is set equal to 0.20, as in
Kaucic et al. (2020).

We use a rolling time window procedure to rebalance optimal portfolios every month,
from January 2017 to January 2022, to point out the effects of the market changes on
the behaviour of the investments and, as a consequence, the total number of ex-post
dates is 61. We solve the corresponding problem instances by employing overlapping
60-months windows, which are updated every month by removing the oldest data and
including the latest information.

In each quoted window, as already pointed out above, we adopt a historical approach
to calculate expected rates of return, and to reduce the bias in the estimation of the
covariance matrix C, we take advantage of the shrinkage estimator proposed in Ledoit
and Wolf (2004). Let us denote by xt the optimal portfolio at the ex-post month t,
with t = 1, . . . , 61. Due to the time dependence of the considered investment plan, we
rewrite the turnover constraint (2.3.7) as follows

n∑︂
i=1

|xt,i − xt−,i| ≤ TR . (1.4.32)

In the previous equation, xt− = (xt−,1, . . . , xt−,n) represents the portfolio to be rebal-
anced Shen et al. (2014), which is defined for t = 2, . . . , 61 as

xt−, i =
xt−1, iR

g
t−1, i∑︁n

j=1 xt−1, jR
g
t−1, j

(1.4.33)

with the denominator being the gross portfolio return at month t − 1.2 At time t = 1,
we set xt− = 0 and TR = 1.

Let us assume a self-financing strategy with an initial wealthW0 = 10 000 000 $. Then,
we explicitly evaluate the magnitude of the trading through the cost function λ(xt,xt−)

introduced in Beraldi et al. (2021). As reported in Table 1.6, we consider the transaction
cost structure characterized by decreasing cost rates as the traded value increases.

2The gross return of asset i at month t is defined as Rg
i,t =

Si,t

Si,t−1
, where Si,t is the price of the i-th

asset at the end of month t.
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Table 1.6: Structure of transaction costs.

Trading segment ($) Fixed fee ($) Proportional cost (%)
0 – 7 999 40 0

8 000 – 49 999 0 0.5
50 000 – 99 999 0 0.4

100 000 – 199 999 0 0.25
≥ 200 000 400 0

Ex-post performance measures

The following measures (see Kaucic (2019) and Kaucic et al. (2020)) are considered to
evaluate the profitability of the investment strategies. Let routp,t be the ex-post portfolio
rate of return realized at time t, with t = 1, . . . , 61. First, we consider the so-called
ex-post Sharpe ratio, defined as

SRout =
µout

σout
(1.4.34)

where µout and σout are the mean and the standard deviation of the ex-post portfolio
rates of return, respectively.
The second measure employed in the analysis is the so-called Omega ratio, defined as
the ratio between the gains over a threshold level and the losses under a threshold level.
In this study, we set both thresholds equal to zero, that is

Omega =

∑︁61
t=1 r

out
p,t 1{routp,t >0}

−
∑︁61

t=1 r
out
p,t 1{routp,t <0}

(1.4.35)

where 1A is the indicator function on A.
The information gathered from these performance measures draws a complete picture
of the ex-post portfolio return distribution. In particular, the ex-post Sharpe ratio
describes the central part of the portfolio return distribution, while the Omega ratio
considers the behaviour of profits and losses.

Further, to measure the profitability of the investment at time t, we compute the net
wealth as

Wt = Wt−1

(︁
1 + routp,t

)︁
− λ(xt,xt−). (1.4.36)

Then, we compare the profitability of the investments using the so-called compound
annual growth rate, which in our case is calculated as

CAGR =

(︃
W61

W0

)︃ 12
61

− 1 (1.4.37)

where W0 represents the initial wealth and W61 is the final wealth.
To evaluate the capacity of a strategy to avoid high losses, we introduce the drawdown
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measure, which can be written

DDt = min

{︃
0,
Wt −Wpeak

Wpeak

}︃
(1.4.38)

where Wpeak is the maximum amount of wealth reached by the strategy until time t. In
particular, we consider the mean and the standard deviation of the drawdown measure
over time.

Finally, we propose to measure the effect of the costs on the available capital in the
out-of-sample period by

Λ% =
1

61

61∑︂
t=1

λ(xt,xt−)

Wt−1

· 100. (1.4.39)

Ex-post performance analysis

In the ex-post analysis, we investigate how the performance of the proposed asset
allocation model changes by varying the k parameter in (2.3.5).

First, we remark that, for any ex-post dates, the proposed hybrid LLSO variant iden-
tifies feasible solutions for all the portfolio sizes. The empirical results are summarised
in Table 1.7, where the number of assets of the considered strategies is also displayed.
Note that for each value of k, the proposed investments provide better performances
than the value-weighted benchmark. This result implies that introducing a cardinality
constraint in the portfolio model allows to choose a subset of the most profitable assets
in the investable pool.

In terms of the return-risk profile, strategies with k% = 30%, 15%, and 5% show
comparable performances, while the strategy with k% = 2% has a lower Sharpe ratio,
which is due to its large volatility. Similar conclusions can be made about the Omega
ratio, which expresses the gain-loss profile of the strategies. Despite better performance
with respect to Sharpe and Omega ratios, strategies involving portfolios with a larger
number of assets generate less wealth. Moreover, we observe that reducing cardinality
leads to more profitable portfolio strategies.

Concerning the drawdown measures, the 5% asset allocation model is the most con-
servative, while the one with k% = 2% is the worst. Thus, the performance deteriorates
by reducing portfolio size below a critical threshold.

As highlighted in the last two rows of Table 1.7 and in Figure 1.3, the impact of
transaction costs for strategies with small k is negligible. On the contrary, portfolios
with many assets have more fluctuations in the rebalancing phases, leading to higher
trading commissions with a significant impact on the wealth generated.

Summing up, we can infer that the strategy with k% = 5% shows the best balance
between risk-adjusted performance measures and capability to generate net profits.



1.5. CONCLUSIONS AND FUTURE WORKS 31

Table 1.7: Performance of the proposed cardinality-constrained portfolio allocation model for
different cardinalities in comparison to the benchmark.

k% 30% 15% 5% 2% Benchmark
num. assets 335 167 55 22 1119
Sharpe ratio 0.4917 0.4794 0.4467 0.2878 0.1731
Omega ratio 3.3269 3.2428 3.0360 2.0980 1.5388
CAGR 1.1148 1.6899 2.1118 2.2502 1.3460
std 0.0052 0.0052 0.0054 0.0077 0.0066
mean DD -0.0066 -0.0057 -0.0050 -0.0072 -0.0070
std DD 0.0070 0.0064 0.0060 0.0106 0.0089
mean λ ($) 16,046 10,713 6,571.7 3,121.9 –
Λ% 0.1536 0.1011 0.0610 0.0290 –

Figure 1.3: Ex-post evolution of net wealth of the benchmark and of the proposed cardinality-
constrained portfolio allocation model with different cardinalities.

1.5 Conclusions and future works

In this paper, we have developed a swarm optimization algorithm for solving a large-
scale cardinality-constrained portfolio optimization problem, where a modified Sharpe
ratio performance measure represents the objective function. We have considered
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four real-world constraints: cardinality, box, budget, and turnover constraints. Due
to the properties of the model inspected, we have proposed a variant of the LLSO
equipped with a hybrid procedure to manage the constraints efficiently. Moreover,
a novel mutation operator has been introduced to improve the accuracy of solutions.
Our solver capabilities have been compared with those of two variants of the LLSO
as well as other state-of-the-art swarm optimization algorithms endowed with an ℓ1-
penalty function. Numerical experiments on three publicly available large-scale data
sets showed the outperformance of our hybrid procedure. From the financial point
of view, we have analyzed the sensitivity of the portfolio model to the cardinality
constraint with data from the last five years of the MSCI World index. We have found
that portfolios of small size are more competitive with respect to the value-weighted
benchmark index, also in periods of market downturns. Specifically, the losses are
reduced, and the cost impact on the available capital is marginal compared to the
profits.

The developed algorithm has a direct application to solving financial management
problems. However, it could be easily modified for large-scale parameter optimiza-
tion, such as for training feed-forward neural networks. Moreover, since the projec-
tion paradigm has already been used profitably to tackle real-world problems in the
engineering field like sensor networks, radiation therapy treatment planning, comput-
erized tomography, magnetic resonance imaging, and optics to name a few, in our
future research we plan to extend our portfolio optimization model by including other
constraints. On the one hand, we will consider the so-called risk-budgeting constraints
to control the portfolio risk exposition explicitly. On the other hand, based on the
European Green Deal and the ESG Disclosure requirements for funds and investments,
we will add sustainable-policy constraints to guarantee a minimum level of ESG rating
to the investment. The inclusion of these new constraints in the optimization model
requires an adequate adaptation of the hybrid-constraint handling technique, by con-
sidering novel projection schemes. Another possible research direction to fill the gap
in handling the tail-risk is represented by the introduction of alternative performance
measures in the optimization framework, like the conditional value-at-risk and its re-
lated measures.
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Appendix A. Proofs of the main results

Proof. 6 We rewrite problem (1.3.24) in the following way

min
xK :xi∈Ci

{︄
1

2

∑︂
j∈K

(xj − yj)
2

}︄
+

1

2

∑︂
j∈I\K

y2j ,

that is equivalent to

min
xK :xi∈Ci

{︄
1

2

∑︂
j∈K

(xj − yj)
2

}︄
− 1

2

∑︂
j∈K

y2j +
1

2

∑︂
j∈I

y2j . (A.1)

We note that the last term in (A.1) does not depend on xj, j ∈ K, so we can focus our
attention on the first two terms, i.e.

min
πK(x):xi∈Ci

1

2
∥πK(x− y)∥2 − 1

2
∥πK(y)∥2 .

By contradiction, we suppose that there is a K ′ different from K∗, where we recall that
K∗ is the set of indices corresponding to the k largest components of y. At this point,
we define

f(πK(y)) := −1

2
∥πK(y)∥2 + min

πK(x):xi∈Ci

1

2
∥πK(x− y)∥2

and
g(t) := f((1− t)πK∗(y) + tπK′(y)) with t ∈ [0, 1] .

Then we have,

f(πK′(y))− f(πK∗(y)) = g(1)− g(0) =

∫︂ 1

0

g′(t) dt

and
g′(t) = ∇f((1− t)πK∗(y) + tπK′(y)) · (−πK∗(y) + πK′(y)) ,

where ∇f(πK(y)) = −πK(y) + πK(y) − πK(x
∗) = −πK(x∗) and πK(x

∗) =

argmin
πK(x):xi∈Ci

1

2
∥πK(x− y)∥2. Now, since Ci ⊂ R+, we have that ∇f(πK(y)) is non-positive

in all components. Moreover,−πK∗(y)+πK′(y) ≤ 0due to the fact thatπK∗(y) is the pro-
jection of y onto the set of its largest components. As a result, we obtain g′(t) ≥ 0, which
implies f(πK′(y)) ≥ f(πK∗(y)). This means thatK∗ must be the optimal choice.

Proof. 7 The proof of the first part of the proposition follows by defining x∗
K∗ such that

x∗
K∗ = δ∗ ⊗ x∗, where ⊗ stands for the Hadamard product.
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On the contrary, if x∗ solves (1.3.27), then x∗
K∗ = x∗. By taking

δ∗i =

{︄
1 if i ∈ K∗

0 otherwise

we deduce that (δ∗, x∗) solves (2.3.8).

Proof. 9 The result follows from Theorem 6.27 in Beck (2017), where the hyperplane is
represented by the budget constraint (2.3.4) and the box is [πK∗∗(l), πK∗∗(u)]. We recall
also that πK∗∗(z) = (zi1 , . . . , zik) with zij > 0 and ij ∈ K∗∗.

Appendix B. An approach based on an exact ℓ1-penalty
function

In this appendix we introduce a procedure based on the exact ℓ1-penalty function
for solving cardinality-constrained portfolio optimization problems. We adapt the
approach discussed in Corazza et al. (2021) to the algorithms used in the comparison
analysis of Subsection 1.4.a and thus we define the constraint violations as follows

CV1 =

⃓⃓⃓⃓
⃓

n∑︂
i=1

xi − 1

⃓⃓⃓⃓
⃓

CV2 = max

{︄
n∑︂

i=1

δi − k, 0

}︄

CV3 =
n∑︂

i=1

max {δili − xi, 0}

CV4 =
n∑︂

i=1

max {xi − δiui, 0}

CV5 =
n∑︂

i=1

|δi(1− δi)|

CV6 = max

{︄
n∑︂

i=1

|xi − x0,i| − TR, 0

}︄
.

In this manner, we introduce the exact ℓ1-penalty function

Fℓ1(x, δ; ε) = f(x) +
1

ε0
[ε1CV1 + ε2CV2 + ε3CV3 + ε4CV4 + ε5CV5 + ε6CV6] (B.1)

where ε = (ε0, ε1, . . . , ε6), with ε > 0 for all i.
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The initial parameters vector ε0 is set to ε0 = (ε00, ε
0
1, . . . , ε

0
6) = (10−4, 1, . . . , 1) ∈ R7,

where ε00 is chosen in order to privilege feasible solutions, and the other parameters are
equally penalized for all constraint violations.

The vector ε is updated by checking the decrease of the function f(x) and the violation
of the constraints. More precisely, on the one hand, every 5 iterations the entry ε0(g) is
updated according to the rule

ε0(g + 1) =

⎧⎪⎪⎨⎪⎪⎩
min{3 · ε0(g), 1} if f(x(g)) ≥ f(x(g − 1))

max{0.6 · ε0(g), 10−15} if f(x(g)) < 0.9 · f(x(g − 1))

ε0(g) otherwise.
(B.2)

On the other hand, every 10 iterations the entries εi(g), i = 1, . . . 6, are updated following
the scheme

εi(g + 1) =

⎧⎪⎪⎨⎪⎪⎩
min{2 · εi(g), 104} if CVi(g) > 0.95 · CVi(g − 1)

max{0.5 · εgi , 10−4} if CVi(g) < 0.9 · CVi(g − 1)

εi(g) otherwise,
(B.3)

with CVi the respective constraint violation linked to the εi parameter.

The above quoted strategy privileges optimality of solutions possibly at the expenses
of their feasibility, due to the fact that ε0(g+1) in (2.4.19) is increasing inFℓ1(x, δ; ε(g+1))

when the function value f(x(g)) increases. Moreover, to favour feasibility of solutions
possibly at the expenses of their optimality, the penalty parameter εi(g + 1) in (2.4.20)
is increased when the relative constraint violation in the g-th generation increases with
respect to the previous one.

The procedure is also equipped by a splitting and refining technique for the positions
of the particles. In particular, at each iteration, a particle p is split in its componentsxp(g)

and δp(g) that are updated separately. For the vector δp(g) we employ the following
updating rule

δpi (g + 1) =

{︄
1 if xpi (g) ∈ [li, ui]

0 otherwise

for i = 1, . . . , n. Then, δp(g+1) is kept fixed and Fℓ1(x, δ
p(g+1); ε(g+1)) is minimized

with respect to x, obtaining ˜︁xp(g + 1). Finally, ˜︁xp(g + 1) is refined getting

xpi (g + 1) =
˜︁xpi (g + 1)δpi (g + 1)∑︁n
i=1 ˜︁xpi (g + 1)δpi (g + 1)

, (B.4)

for j = 1, . . . , NP .
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Appendix C. Nomenclature

Symbol Description
n Number of assets in the investable universe
x n× 1 vector of asset weights
Ri Random variable representing the rate of return of asset i
µi Expected value of Ri

Rp(x) Random variable representing the rate of return of portfolio x

µp(x) Expected rate of return of portfolio x

C n× n covariance matrix of the n stocks
σp(x) Volatility (standard deviation) of portfolio x

SR(x) Sharpe ratio of portfolio x

MSR(x) Modified Sharpe ratio of portfolio x

k Maximum number (≤ n) of assets included in the portfolio
k% Fraction of assets making up the portfolio
δ n× 1 vector of binary variables denoting inclusion/exclusion from a portfolio
li Lower bound for the i-th portfolio weight, i = 1, . . . , n

ui Upper bound for the i-th portfolio weight, i = 1, . . . , n

x0 n× 1 vector containing the current portfolio positions to rebalance
TR Maximum turnover rate
NP Number of candidate solutions in the swarm
MAXGEN Maximum number of generations
NLg Number of levels in generation g

LPg Number of particles in each level at generation g

xl,p(g) n× 1 vector denoting the p-th particle in level Ll at generation g

vl,p(g) n× 1 vector denoting the p-th velocity in level Ll at generation g

ϕg Adaptive control parameter at generation g

s(g) Swarm aggregation indicator at generation g

t(g) Relative improvement between two consecutive generations
x̂l, p(g) n× 1 vector denoting the p-th mutated individual in level Ll at generation g

ϕ(x) Turnover constraint violation of candidate solution x

F (x) Penalty function value for candidate solution x

CVj Constraint violation for the j-th constraint in the exact ℓ1-penalty function approach
ε 6× 1 vector of the exact ℓ1-penalty function parameters
Fℓ1(x, δ; ε) Exact ℓ1-penalty function value for candidate solution x

Table 1.8: Table of notation.
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2 A constrained swarm optimization
algorithm for large-scale long-run in-
vestments using Sharpe ratio-based
performance measures

The objective of this chapter is to study large-scale portfolio optimization problems
in which the objective function to maximize consists in a multi-moment performance
measure that extends the Sharpe ratio. More specifically, we consider the adjusted for
skewness Sharpe ratio, which incorporates the third moment of the returns distribution,
and the adjusted for skewness and kurtosis Sharpe ratio, which exploits in addition the
fourth moment.

In the model formulation, we account for two types of real-world trading constraints.
On the one hand, we impose stock market restrictions through cardinality, buy-in
thresholds, and budget constraints. On the other hand, a turnover threshold restricts
the total allowed amount of trades in the rebalancing phases.

To deal with the complexity of the proposed asset allocation models, we embed
a novel hybrid constraint-handling procedure into an improved dynamic level-based
learning swarm optimizer (shortly, LLSO). A repair operator maps candidate solutions
onto the set characterized by the first type of constraints. Unlike the LLSO presented
in the previous chapter, this version employs an adaptive ℓ1-exact penalty function to
manage turnover violations.

The focus of the experimental part is to highlight the importance of including higher-
order moments in the performance measures for long-run investments, to capitalize
especially when the market is turbulent. We carry out empirical tests on two worldwide
sets of assets, namely the MSCI World and the MSCI Pacific. On the one hand, we aim
to pointing out the capabilities of the proposed dynamic LLSO algorithm in compari-
son to a state-of-the-art solver, which has been ad-hoc developed to solve cardinality-
constrained portfolio optimization problems. On the other hand, we illustrate the
scalability and effectiveness of the proposed portfolio strategies. The computational
analysis reveals that the inclusion of higher-order moments in the performance mea-
sures produces superior results in terms of net wealth with respect to the benchmark
and to the portfolio optimized through the standard Sharpe ratio. This is more evident
after the pandemic outbreak of 2020, where more market fluctuations are present.

43
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2.1 Introduction

In the portfolio selection problem, two phases are usually involved. The first one is
devoted to the selection of promising assets, the second one focuses on the allocation
of capital among them. In the modern portfolio theory, the so-called mean-variance
analysis developed by Markowitz (1952) represents a milestone paper, and it has gained
widespread acceptance as a practical tool for portfolio optimization among researchers
and practitioners (Guerard (2010)). In this model the mean return of a portfolio repre-
sents the profit measure, while the portfolio variance is the risk. Accordingly, a portfolio
is efficient if it provides the maximum return for a given level of risk or, equivalently, if
it has the minimum risk for a given level of return. The set of optimal mean-variance
tradeoffs in the risk-return space forms the efficient frontier. To guide the choice of an
investor among these efficient portfolios, Sharpe (1994) has introduced a performance
measure defined as the ratio between the excess return of an investment with respect
to a risk-free asset and its standard deviation. Sharpe ratios with higher values corre-
spond to more promising alternatives. In this manner, only the first two moments of the
returns distribution are involved in the portfolio selection problem. However, the issue
of whether higher moments should be considered to properly represent the investors’
behaviour has been widely debated in literature and it is still open. The pioneering
studies by Arditti (1967) and Samuelson (1970) have pointed out the importance of
the third-order central moment of the returns distribution in the portfolio allocation
process. In the same direction, Scott and Horvath (1980) have observed that a positive
preference for skewness and a negative preference for kurtosis, known as prudence and
temperance respectively (Kimball (1990)), properly explain the behaviour of investors.
Thus, to take advantage of the potential upside return represented by positive skew-
ness and the possible benefit given by small kurtosis, in the mean-variance framework,
two novel performance measures have been recently proposed in literature, namely
the adjusted for skewness Sharpe ratio (Zakamuline and Koekebakker (2009)) and the
adjusted for skewness and kurtosis Sharpe ratio (Pézier and White (2008)). The former
multiplies the classical Sharpe index by a factor linked to the portfolio skewness, while
the latter extends the Sharpe ratio by including a factor that incorporates both skewness
and kurtosis.

These two Sharpe ratio-based performance measures have been used for stock per-
formance evaluation (Nagy and Benedek (2021)) but, to the best of our knowledge, they
have not been applied as objective functions into the portfolio optimization process.
Therefore, we propose portfolio selection strategies which maximize the aforemen-
tioned performance measures, considering four types of real-world constraints. A
cardinality constraint is used to manage the portfolio size, buy-in threshold constraints
ensure that all the available capital is invested. To characterize the investment profile,
we introduce a set of bound constraints and a turnover threshold. In this manner,
thanks to the former constraints, we avoid both the concentration of money in a few
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assets and its splitting into too many assets. Further, due to the turnover bound, we
limit the possibility of portfolio changes over time. The proposed asset allocation prob-
lem is analyzed from the perspective of an institutional investor who operates in equity
markets with hundreds or thousands of constituents and selects a restricted pool of
stocks to build up an active portfolio.

The introduction of cardinality constraints in the portfolio design leads to optimiza-
tion problems for which finding optimal solutions becomes computationally challeng-
ing (Moral-Escudero et al. (2006)). For this reason, in recent years, swarm optimization
algorithms, inspired by the self-organizing interaction among agents, have become
popular for this topic. In particular, the particle swarm optimization (PSO) algorithm
has shown a good capability in solving small and mid-size portfolio allocation models
(Cura (2009); Zhu et al. (2011); Kaucic et al. (2020); Corazza et al. (2021)). This algorithm,
mimicking the swarm behaviour of social animals such as bird flocking, gathers the
information about good solutions through the swarm, and floats in the whole search
space to find the global solution of the problem (Wang et al. (2018)). However, PSO does
not work efficiently in solving high-dimensional optimization problems, due to the so-
called curse of dimensionality (Gilli and Schumann (2012); Oldewage et al. (2020)). To
overcome this issue, Yang et al. (2018) have developed a variant of the level-based learn-
ing swarm optimizer (LLSO), which exhibits superiority in achieving higher quality
solutions with respect to other competitors in the literature for large scale optimization
problems. The algorithm is based on the teaching paradigm where individuals are
divided into levels according to their fitness and they are treated differently. The most
performing candidates are stored in higher levels and guide the learning of the other
particles in the swarm.

In this paper, we adopt a dynamic variant of the LLSO algorithm to solve our port-
folio optimization problems, with a specific clamping and reversing procedure for the
particles update rule, to improve the exploration efficiency. Moreover, since the LLSO
is blind to the constraints, we equip it with a novel hybrid constraint-handling tech-
nique which works as follows. In order to deal with the cardinality constraint we use
a projection operator, that selects the largest components of the candidate solutions
and sets equal to zero the remaining ones. With this technique, we can relax the car-
dinality equality condition proposed in Kaucic and Piccotto (2022) as an inequality,
assuming that the number of stocks included in the portfolio is lower than or equal to a
fixed threshold. Furthermore, through this process, we transform the original mixed-
integer optimization problem into a problem involving only real variables. Then, buy-in
thresholds and budget constraints are handled using the repair operator proposed in
Meghwani and Thakur (2017). Finally, to control the turnover constraint, a ℓ1-exact
penalty function method is adopted, as in Corazza et al. (2021).

Summing up, the contribution of this work to the current literature is threefold. On
the one hand, it is the first time that the adjusted for skewness Sharpe ratio and the
adjusted for skewness and kurtosis Sharpe ratio measures are employed in the portfolio
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optimization problem. On the other hand, regarding the algorithmic novelties, we
propose an improved variant of the LLSO equipped with a novel ad-hoc constraint-
handling procedure which involves a repair operator as well as an ℓ1-exact penalty
function strategy. Moreover, from a practical point of view, we study the robustness of
the proposed multi-moment strategies by comparing their profitability in a long-run
setting, with almost 14 years of observations, involving also the recent phases of large
market fluctuation due to the COVID-19 pandemic and the Ukrainian crisis.

The remainder of the paper is organized as follows. In the next section we review
some literature related to our work. In Section 2.3 we introduce the investment frame-
work and the objective functions involved. Section 2.4 presents the improved LLSO
algorithm with the novel hybrid constraint-handling technique. Section 2.5 is devoted
to the experimental analysis while the conclusions and future works are reported in
Section 2.6.

2.2 Related works

In this section, we first survey the foremost contributions appeared in literature on
the multi-moment formulations of the portfolio optimization problem. Since a com-
plete review of the most recent population-based heuristics for large-scale optimization
problem can be found in Omidvar et al. (2022a) and Omidvar et al. (2022b), we focus
solely on the papers related to our study and concerning the PSO improvements.

2.2.a Multi-moment portfolio optimization models

In order to highlight the critical effects of prudence and temperance on investment
decisions, and to provide a more complete characterization of investor preferences,
many authors have revised the mean-variance framework by incorporating the third
and fourth moments when constructing a portfolio (see Jurczenko and Maillet (2006)
and references therein). Lai (1991) has introduced a new term in the objective function
for including skewness into the asset allocation problem. Konno et al. (1993) have
developed a model in which they maximize the third-order moment given a threshold
for portfolio expected return and for the variance. In addition, Liu et al. (2003) have
employed also a transaction costs constraint. Lai et al. (2006) have proposed a multi-
objective portfolio optimization problem which involves the first four central moments
of the portfolio return distributions.
The direct optimization of the third and the fourth moment terms in the problem for-
mulation has been shown to be computationally demanding, due to the difficulty in
obtaining reliable estimators for the co-skewness and co-kurtosis matrices, as high-
lighted in Kim et al. (2014). In some recent contributions, Chaigneau and Eeckhoudt
(2020) and Gao et al. (2022) have extended the mean-variance framework by consider-
ing alternative measures which incorporate prudence and temperance in risk exposure.
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Finally, several experimental investigations in the field of behavioural finance have been
carried out in the last years, pointing out the importance of prudence, temperance, and
higher-order preferences on the investors’ behaviour (see, among others, Colasante and
Riccetti (2020, 2021)).

2.2.b PSO enhancements for large-scale optimization

In literature, there are two major algorithmic approaches to solve the curse of di-
mensionality for PSO, namely decomposition-based and non decomposition-based
approaches. The first type of procedures separate a high-dimensional problem into
several small-dimensional instances using a divide-and-conquer strategy to reduce the
dimensionality. In this direction, Van der Bergh and Engelbrecht (2004) and Li and
Yao (2012) have proposed cooperative co-evolutionary particle swarm optimization al-
gorithm, which randomly divides the decision variables into subgroups and then uses
PSO to optimize each subgroup separately. The second type of algorithms directly
optimizes all the variables at the same time, employing a learning mechanism to prop-
erly balance diversity and convergence. In this context, several learning strategies have
been proposed recently. For instance, the competitive swarm optimizer (CSO, Cheng
and Jin (2015a)) compares two randomly chosen particles, and then the superior parti-
cle guides the update of the inferior one. Inspired by social animal behaviors, Cheng
and Jin (2015b) have proposed the social learning particle swarm optimizer (SL-PSO)
which first sorts particles by fitness and then worse individuals learn from the better
ones. Following the teaching concept that teachers should treat students in accordance
with their abilities, Yang et al. (2018) have developed the so-called level-based learning
swarm optimizer (LLSO). The optimal compromise between exploration and exploita-
tion of this learning technique guarantees more accurate solutions than the above cited
CSO and SL-PSO. For this reason, several extensions of LLSO have been developed.
The dynamic LLSO (Yang et al. (2018)) dynamically adjusts the number of groups in
which the particle swarm is divided based on the performance of the algorithm over
time. Due to the oversensitivity of the standard LLSO to the parameter setting, Song et
al. (2021) have proposed an adaptive variant in which the evolution state of the swarm
is adjusted on the information given by the swarm aggregation indicator. Similarly, the
reinforcement learning level-based particle swarm optimization algorithm by Wang et
al. (2022) introduces a reinforcement learning strategy to control the number of levels
and to improve the search efficiency.

2.3 Investment framework

In this study, we consider a frictionless market where short selling is not allowed and
all investors act as price takers. The investable universe is represented by n risky assets.
A portfolio is denoted by the vector of its assets weights x = (x1, . . . , xn) ∈ Rn. In
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our dynamic setting, portfolio weights are periodically rebalanced, with an investment
horizon of length h. We observe the market over a time window T = {0, 1, . . . , T} and
we adopt the following two-steps scheme for the investment strategy:

1. at time T the optimal portfolio composition is determined using a scenario-based
approach;

2. the same portfolio composition is retained until time T + h, assuming that the
stocks selected are still available at T + h.

The prices of the n risky assets are available for the time window T . Then, we define
the observed price of asset i at time t, t ∈ T and i = 1, . . . n with pi,t, and the realized
rate of return at time t, with t ≥ 1, as ri,t = pi,t/pi,t−1 − 1. Based on this information, we
aim to identify the optimal allocation at time T that guarantees the best performance
at time T + h.

Let now (Ω,F , P ) be the probability space on which we assume the random variables
are defined. We denote by:

• R
(h)
i the random variable representing the rate of return of asset i at future time

T + h, with expected value µi;

• R
(h)
x =

∑︁n
i=1 xiR

(h)
i the random variable that expresses the rate of return of port-

folio x at future time T + h.

We repeat this investment procedure over time, updating the observation window
T by eliminating the h oldest observations and adding the most recent ones. For
semplicity of notation, we will indicate the random rate of return of portfolio x at T +h,
R

(h)
x , by Rx.

2.3.a Sharpe ratio-based performance measures
In this section, we will introduce the three performance measures that we will consider
in our portfolio optimization problems.

Sharpe ratio

In the asset allocation problem proposed by Markowitz (1952), portfolio risk is rep-
resented by the volatility, given by σ(Rx) =

√︂∑︁n
i=1

∑︁n
j=1 cijxixj , where (C)ij = cij is

the covariance between stocks i and j, with i, j = 1, . . . , n. In this model, the portfolio
choice is made solely with respect to the expected rate of return µ of the portfolio x and
its risk, where a large portfolio volatility is perceived as damaging by the investors. As
mentioned in the introduction, the Sharpe ratio is then defined as

SR(x) =
µ− rf
σ(Rx)

(2.3.1)
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where rf is a risk-free rate. This performance measure can be interpreted as the
compensation earned by the investor per unit of risk. Thus, higher values of SR
indicate more promising portfolios and are preferred by rational investors.

Even if it has an easy interpretation, the Sharpe ratio presents some pitfalls. The first
is the choice of the risk-free rate used to define the excess rate of return. The debate
among scholars and practitioners is still open. For instance, Hitaj and Zambruno (2016)
consider rf = 0 as a reasonable value. Similarly, Amédée-Manesme and Barthélémy
(2022) set exogenously rf = 2%. Alternatively, Deguest et al. (2022) suggest the use of
1 month or 3 month maturity US Treasury Bills. Since these sovereign bonds exhibited
values close to zero during a large part of the investment period analyzed in this paper,
in the empirical part we follow Hitaj and Zambruno (2016) and set rf = 0.

Another problem related to this indicator is its incoherence with preference relations
in periods of market downturns, when the expected excess return of the portfolio is
negative. In these cases, a Sharpe ratio-oriented agent could select portfolios with
higher volatility. To overcome this issue, we consider only the first moment, that means
we prefer, among two portfolios with negative expected excess rate of return, the one
with the less expected loss.

Adjusted for skewness Sharpe ratio

As observed in the introduction, a possible drawback of the Sharpe ratio is that it
uses only the first two moments of the portfolio returns distribution, and does not
consider the potential upside return represented by positive skewness. For this reason,
Zakamuline and Koekebakker (2009) have derived an adjustment to the Sharpe ratio
for skewness, which depends on the investor’s utility function.

The proposed alternative performance measure is called adjusted for skewness
Sharpe ratio (ASSR), and is given by

ASSRb(x) = SR(x)

√︃
1 + b

S3(Rx)

3
SR(x) (2.3.2)

where b expresses the individual’s relative preference to the third moment of the returns

distribution, and S3(Rx) is the skewness, defined by E
[︃(︂

Rx−µ
σ(Rx)

)︂3]︃
.

The properties of this performance measure have been investigated by Cheridito and
Kromer (2013). In particular, we can note that theASSRb preserves the standard Sharpe
ratio for zero skewness, while it is higher if the skewness is positive. However, in order
to compute the ASSRb one needs to determinate the value of b, which depends on the
choice of the utility function. Thus, this performance measure is not unique for all
investors, but it is rather an individual performance measure. In this work, we will
set b = 1, meaning that we consider an investor with exponential utility, and we will
indicate the above quoted performance measure by ASSR.
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Adjusted for skewness and kurtosis Sharpe ratio

In order to account for both skewness and kurtosis, Pézier and White (2008) have
proposed the so-called adjusted for skewness and kurtosis Sharpe ratio (AKSR), that
is

AKSR(x) = SR(x)

[︃
1 +

S3(Rx)

3!
SR(x)−

(︃
K4(Rx)− 3

4!

)︃
SR(x)2

]︃
(2.3.3)

where K4(Rx) is the kurtosis, defined by E
[︃(︂

Rx−µ
σ(Rx)

)︂4]︃
.

According to this performance measure, an investor prefers portfolios with higher
skewness and dislikes portfolios with kurtosis values higher than 3, meaning that
leptokurtic portfolio distributions are penalized in order to avoid extreme events.

2.3.b Portfolio optimization model

Now, we introduce the family of constraints used to define the set of admissible port-
folios.

1) Budget constraint. We require that all the available capital is invested. In terms of
portfolio weights this translates into

n∑︂
i=1

xi = 1. (2.3.4)

2) Cardinality constraint. We assume that the portfolio includes up toK stocks out of
the n available, where K < n is a predefined number. To model the inclusion or
the exclusion of the i-th asset in the portfolio, an auxiliary variable δi is defined
as follows

δi =

{︃
1, if asset i is included
0, otherwise

for i = 1, . . . , n. The resulting vector of selected assets is δ = (δ1, . . . , δn). We can
write the cardinality constraint as

n∑︂
i=1

δi ≤ K. (2.3.5)

3) Box constraints. To avoid extreme positions and foster diversification, we introduce
a maximum and a minimum limit for the wealth allocation in the i-th stock
included in the portfolio. Let li and ui be respectively the lower and the upper
bound for the weight of the i-th asset, with 0 < li < ui ≤ 1, then we can write the
box constraints as

δili ≤ xi ≤ δiui, i = 1, . . . , n . (2.3.6)

Note that if an asset is not included in the portfolio, no capital is invested on it.
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4) Turnover constraint. In every rebalancing phase, the portfolio composition used in
the previous investment window, denoted byx0, is updated. Letx be the vector of
weights in the rebalanced portfolio and ˜︁x0 be the vector of re-normalized weights
associated to x0 (see Shen et al. (2014)), which is calculated component-wise as

˜︁x0,i = x0,i(ri + 1)∑︁n
j=1 x0,j(rj + 1)

and ri, i = 1, . . . , n is the rate of return of the i-th stock in the portfolio at the
moment of the rebalancing phase. Then, the portfolio turnover constraint is given
by

n∑︂
i=1

|xi − ˜︁x0,i| ≤ TR (2.3.7)

where TR denotes the maximum turnover rate, which lies between 0 and 1. It
can be noted that if TR = 0 rebalancing is not allowed, and as TR increases more
trades are allowed.

We indicate with X the feasible set comprising the pairs (δ,x) that satisfy (2.3.4),
(2.3.5), (2.3.6) and (2.3.7).
Summing up, our asset allocation model can be written as

max Φ(x)

s.t. (δ,x) ∈ X

where Φ(x) is one of the three Sharpe ratio-based performance measures introduced
in Section 2.3.a. As it is customary in the programming literature, we transform this
maximization problem into the equivalent minimization instance

min f(x)

s.t. (δ,x) ∈ X
(2.3.8)

where f(x) = −Φ(x).

Scenario generation technique

To solve the optimization problem (2.3.8), we use the following scenario-based gener-
ation technique. To estimate the values of the considered performance measures for a
given portfolio x, we need to simulate the distribution of the h-step ahead rate of return
Rx. To this end, we consider the historical rates of return of the n risky assets realized
on the time window [0, T ]. We assume that historical observations are good proxies for
the future rates of return. Then, we define a scenario as the set of the joint realizations
of the rates of return for the n assets in a given time period. Due to the good perfor-
mance of block bootstrapping techniques to preserve correlations between time series
(see, for instance, Guastaroba et al. (2009)), we adopt the so-called stationary bootstrap
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(Politis and Romano (1994)). This technique considers a random block size, that is a set
of consecutive scenarios with variable length, in order to bring some robustness with
respect to the standard block bootstrap, which uses fixed block size. The procedure
works as follows. First, we select the optimal average block size B∗ by the procedure
developed in Politis and White (2004). Then, we extract randomly from the observed
data frame a block of length B∗. We repeat this exercise until the extracted sample
reaches the desired size h, adjusting the last block length if the procedure exceeds the
desired number of periods.
After having a bootstrap sample of h rates of return for each asset i, denoted as ˆ︁Ri,t′ ,
with i = 1, . . . , n and t′ = 1, . . . , h, we calculate the simulated h-step ahead rate of return
of the i-th asset as ˆ︁Ri =

∏︁h
t′=1

(︂
1 + ˆ︁Ri,t′

)︂
and the simulated h-step ahead rate of return

of portfolio x as ˆ︁Rx =
∑︁n

i=1 xi
ˆ︁Ri. We repeat this procedure S times to have an estimate

of the empirical distribution of Rx. With an abuse of notation, let ˆ︁Rx(s) be the s-th
simulation of the h-step ahead rate of return of portfolio x. We can then calculate all
the quantities used to evaluate the Sharpe ratio-based performance measures. Indeed,
the sample mean of the empirical distribution is given by

ˆ︁µ =
1

S

S∑︂
s=1

ˆ︁Rx(s)

and the sample standard deviation is

ˆ︁σ =

⌜⃓⃓⎷ 1

S − 1

S∑︂
s=1

( ˆ︁Rx(s)− ˆ︁µ)2 .
Similarly, we estimate the skewness and kurtosis as follows

ˆ︁S3(Rx) =
1

S − 1

S∑︂
s=1

(︄ ˆ︁Rx(s)− ˆ︁µˆ︁σ
)︄3

and ˆ︁K4(Rx) =
1

S − 1

S∑︂
s=1

(︄ ˆ︁Rx(s)− ˆ︁µˆ︁σ
)︄4

.

2.4 Optimization algorithm

After introducing the LSSO paradigm, we present the dynamic LLSO with the proposed
improvements as well as the hybrid constraint handling technique.
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2.4.a Level-based learning swarm optimizer
The LLSO algorithm, developed by Yang et al. (2018), evolves a swarm P of NP
candidate solutions using the so-called level-based population strategy. This process
operates in accordance with the following two steps.

1. First, at each generation g the individuals inP are sorted ascending based on their
fitness and grouped intoNLg levels. Each level contains LPg = ⌊NP/NLg⌋ particles
and in the last one, there are ⌊NP/NLg⌋ + NP%NLg candidate solutions1. Better
individuals belong to higher levels, and a higher level corresponds to a smaller
level index. Therefore, we denote with L1 the best level and with LNL the worst
one.

2. Individuals belonging to the first level L1 are not updated and directly enter
into the next generation, because they represent the most valuable information
conveyed in the swarm at the current generation. On the contrary, the p-th particle
in level Ll, denoted by xl,p(g), where l = 3, . . . , NLg and p = 1, . . . , LPg, is allowed
to learn from two particles xl1,p1(g) and xl2,p2(g). These two individuals are
randomly extracted from two different higher levels Ll1 and Ll2 , with l1 < l2, and
p1, p2 randomly chosen from {1, . . . , LPg}. For l = 2, we sample two particles from
L1 in such a way that xl1,p1(g) is better than xl1,p2(g) in terms of fitness function.
Thus, the update rule for particle xl,p(g) is given by

vl,p(g + 1) = r1v
l,p(g) + r2(x

l1,p1(g)− xl,p(g)) + ψr3(x
l2,p2(g)− xl,p(g)) (2.4.9)

xl,p(g + 1) = xl,p(g) + vl,p(g + 1) (2.4.10)
for i = 1, . . . , n, where vl,p(g) is the so-called velocity of particle p in level Ll at
generation g, and r1, r2, r3 are three real numbers randomly generated within
[0, 1]. The initial velocities, at generation 0, are all set equal to the zero vector,
that is vl,p(0) = 0. The parameter ψ ∈ [0, 1] controls the influence of the less
performing exemplar xl2,p2(g) on vl,p(g + 1).

The algorithm repeats these two steps until a maximum number of generations,
MAXGEN , is reached.

Dynamic LLSO with clamping and reversion

Following the suggestions in Yang et al. (2018), we adopt a dynamic setting for the
number of levels NLg by designing a pool S = {l1, . . . , ls} containing s different can-
didate integers. Then, at each generation g, the algorithm selects one of the elements
of S based on their probabilities. At the end of the generation, the performance of the
algorithm with the current level number is recorded, in order to update the probability
of this level number for the next generation selection. To compute the probabilities of
the elements of S, a record list Υs = {γ1, . . . γs} is defined. Initially, each γi is set equal
to 1. Then, the element γi corresponding to the level number li in the current generation
is updated as follows

γi =
|F − F̃ |
|F |

(2.4.11)

1We denote by ⌊z⌋ the floor of z and by z%y the rest of the division of z by y.



54 CHAPTER 2. A SWARM ALGORITHM FOR LARGE-SCALE LONG-RUN INVESTMENTS

whereF is the global best fitness of the last generation, and F̃ is the global best fitness of
the current generation. Then, the i-th element of the probability vectorPs = {p1, . . . , ps}
is computed as

pi =
e7·γi∑︁s
j=1 e

7·γj
(2.4.12)

with i = 1, . . . , s. At each generation, based on Ps, an integer from the pool S is selected
as the level number following a roulette wheel scheme.

From now on, we will remove the dependency on the generation g if it will be clear
from context.

Based on the results of a preliminary analysis, we introduce a “clamping and re-
version" procedure to increase the exploration capability of the LLSO. The clamping
mechanism is applied component-wise to the velocity vector in (2.4.9) as follows

vl,pi = min{max{vl,pi , vmin
i }, vmax

i } (2.4.13)

where vmin
i and vmax

i are the minimum and the maximum velocity allowed for compo-
nent i, with i = 1, . . . , n. In the experimental part, recalling (2.3.6), we set the maximum
velocity as vmax

i = ui and the minimum velocity as vmin
i = −vmax

i . Moreover, when vl,pi
and xl,pi are both negative, we reverse and scale vl,pi as follows:

vl,pi = −r4 · vl,pi (2.4.14)

where r4 is a random number uniformly generated in [0, 1].

2.4.b Hybrid constraint-handling procedure

In the so-called construction phase, admissible portfolios have to satisfy cardinality,
buy-in threshold, budget and turnover constraints. However, the LLSO update proce-
dure is blind to these constraints. To overcome this issue, we equip the solver with a
hybrid constraint-handling procedure.

First, in order to assure the cardinality requirement, for each candidate solution xp,
the K largest components enter the corresponding portfolio, while zero weights are
assigned to the remaining n − K. In this manner, we implicitly remove the binary
variables from problem (2.3.8).

To guarantee the feasibility with respect to the bound constraints (2.3.6), we consider
the following projection

xpi = min {max {xpi , li} , ui} (2.4.15)

where p = 1, . . . , NP and i ∈ IpK = {i = 1, . . . , n : xpi > 0}. Note that |IpK |≤ K. Then,
we use the repair transformations developed in Meghwani and Thakur (2017) to also
satisfy the budget constraint (2.3.4). More precisely, for each p = 1, . . . , NP , assuming
that li and ui are such that

∑︁
i∈IpK

li < 1 and
∑︁

i∈IpK
ui > 1, we adjust the candidate
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solution xp component-wise:

xpi =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

li +
(xpi − li)∑︁

j∈IpK
(xpj − lj)

⎛⎝1−
∑︂
j∈IpK

lj

⎞⎠ , if
∑︂
j∈IpK

xpj > 1

xpi , if
∑︂
j∈IpK

xpj = 1

ui −
(ui − xpi )∑︁

j∈IpK
(uj − xpj)

⎛⎝∑︂
j∈IpK

uj − 1

⎞⎠ , if
∑︂
j∈IpK

xpj < 1

(2.4.16)

for all i ∈ IpK . As proved in Meghwani and Thakur (2017), solutions transformed
through (2.4.16) fulfill at the same time budget and box constraints.

Finally, to handle the turnover constraint, we use the ℓ1-exact penalty function ap-
proach as in Corazza et al. (2021). In particular, we define the constraint violation of
(2.3.7) as

CV = max

{︄
n∑︂

i=1

|xi − x̃0,i| − TR, 0

}︄
. (2.4.17)

Then, we introduce the ℓ1-exact penalty function

Fℓ1(x, ε0(g), ε1(g)) = f(x) +
ε1(g)

ε0(g)
CV (2.4.18)

where ε0 and ε1 are two positive real numbers, defined adaptively at each generation
g. Initially, ε0(0) = 10−4 and ε1(0) = 1 in order to privilege feasible solutions. This
parameters are then updated by checking the decrease of the objective function f(x)

and the violation of the constraints. More precisely, every 5 iterations ε0(g) is updated
according to the rule

ε0(g + 1) =

⎧⎪⎪⎨⎪⎪⎩
min{3 · ε0(g), 1} if f(x(g)) ≥ f(x(g − 1))

max{0.6 · ε0(g), 10−15} if f(x(g)) < 0.9 · f(x(g − 1))

ε0(g) otherwise
(2.4.19)

while, every 10 iterations, ε1(g) is updated following the scheme

ε1(g + 1) =

⎧⎪⎪⎨⎪⎪⎩
min{2 · ε1(g), 104} if CV (g) > 0.95 · CV (g − 1)

max{0.5 · ε1(g), 10−4} if CV (g) < 0.9 · CV (g − 1)

ε1(g) otherwise.
(2.4.20)

With this strategy, we privilege optimality of solutions possibly at the expenses of their
feasibility, due to the fact that ε0(g+1) in (2.4.19) is increasing inFℓ1(x, ε0(g+1), ε1(g+1))

when the function value f(x(g)) increases. Moreover, to favour feasibility of solutions
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possibly at the expenses of their optimality, the penalty parameter ε1(g + 1) in (2.4.20)
increases when the relative constraint violation in the g-th generation increases with
respect to the previous one.

Using the penalty approach, the constrained optimization problem (2.3.8) reduces
to an unconstrained one, in which we minimize Fℓ1 and thus it can be solved by the
proposed LLSO variant.

2.4.c Initialisation strategy

Due to the complexity of the problem and to the fact that the search space grows
exponentially with the dimension, the common strategies of seeking a search space
coverage by initializing the particles uniformly throughout the space are inefficient (see
Van Zyl and Engelbrecht (2015)). In particular, for our portfolio optimization problems,
the presence of the turnover constraint exacerbates even more the initialization phase.
To address this issue, we directly initialize the candidate solutions in a neighbourhood
of x0 as proposed by Kaucic et al. (2022). A brief description of the procedure follows.
Let dmin

i and dmax
i be the minimum and the maximum allowed weight changes for x0, i

respectively, with i = 1, . . . , n. Let Dp denote the total portfolio weight allowed to be
re-allocated in x0 for defining the p-th candidate solution xp(0) at generation 0, with
p = 1, . . . , NP . Then, for each p,

1. we randomly select Dp within [0, TR/2];

2. we select a subset J− of K ′ assets from the assets with positive weight in x0, so
that

xpj(0) = x0, j − dj, for j ∈ J−

where dj is randomly sampled in
[︁
dmin
j , dmax

j

]︁
in such a way that

∑︁
j∈J− dj = Dp,

and xpj(0) = 0 or lj ≤ xpj(0) ≤ uj ;

3. we select a subset J+ of K ′′ assets from the assets with zero weight in x0, with
K ′′ ≤ K ′, so that

xpj(0) = x0, j + dj, for j ∈ J+

where dj is randomly sampled in [dmin, dmax] in such a way that
∑︁

j∈J+ dj = Dp,
and lj ≤ xpj(0) ≤ uj ;

4. for j ∈ I \ (J− ∪ J+), we set xpj(0) = x0, j .

The portfolios assembled using this scheme satisfy cardinality, buy-in threshold and
turnover constraints. This initialization strategy encourages the swarm to focus on
exploitation rather than exploration, and allows to identify promising solutions, even
in problems with high dimension and small feasible regions.
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2.5 Computational analysis

2.5.a Data description and portfolio parameters
We select two equity investment universes that differ for the number of constituents and
for the geographic area, to highlight the scalability of the proposed portfolio strategies.
The first data set, called Pacific, consists of 323 assets selected among the constituents
of the MSCI Pacific Index at 28/07/2022. For the second data set, called shortly World,
we consider 1229 assets listed in the MSCI World Index at 28/07/2022.
We obtain the daily rates of return and the market values for each asset from Bloomberg,
covering the period 01/01/2008 to 28/07/2022 for a total of 3803 observations. For
comparison purposes, we build up an auxiliary market value-weighted benchmark for
each data set.

Table 2.1 reports a preliminary analysis concerning normality assumption for the
time series of rates of return in the two data sets. In both cases, the number of assets
exhibiting high skewness is around 20%, while those with large kurtosis is close to 90%.
The Jarque-Bera (J-B) test rejects the null hypothesis of normality at the 5% significance
level in almost half of both samples.

Table 2.1: Preliminary analysis on the normality assumption of the assets in the two data
sets. The first column reports the name of the data set considered, while the corresponding
percentage of assets with high skewness and large kurtosis is given in the second and third
columns, respectively. The last column displays the rejections percentage of the null hypothesis
of normality for the Jarque-Bera (J-B) test at 5% significance level.

Data set name |S3|> 0.5 K4 > 3 J-B rejections
Pacific 19% 88% 46%
World 22% 89% 53%

The goal of our computational analysis is twofold. On the one hand, we aim at
pointing out the capabilities of the proposed dynamic LLSO algorithm in compari-
son to a state-of-the-art solver, which has been ad-hoc developed to solve cardinality-
constrained portfolio optimization problems (see Corazza et al. (2021)). On the other
hand, we study the profitability of the proposed investment strategies focusing on the
impact of both portfolio size and amount of trades.

To this end, we consider an investment plan with monthly portfolio rebalancing. The
out-of-sample window is given by 126 months, covering the period from 02/01/2012 to
28/07/2022. For each month in the out-of-sample window, we generate 1000 scenarios
of monthly rates of return for the assets in each data set by using the stationary bootstrap
technique introduced above. The procedure employs an in-sample window of 1000
days, which is updated monthly by including the daily rates of return of the last month
and by removing the information about the oldest month.
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For the analysis, we set the buy-in thresholds li and ui equal to 0.001 and 0.2 respec-
tively, according to Kaucic and Piccotto (2022). We express the cardinality parameter
K as a fractionK% of the number of assets in a given data set, that isK = ⌊K% ·n⌋, and
pick up K% in the set {15%, 30%, 50%}. The turnover rate TR is in {10%, 20%, 40%}.
For each data set and each out-of-sample month, an instance of Problem (2.3.8) is then
obtained by fixing one of the three Sharpe-based performance measures, a value ofK%

and TR, for a total of 27 alternative investment schemes.
Finally, the role of the trades is analyzed ex-post through the cost function introduced

in Beraldi et al. (2021), with an initial wealth W0 = 10 000 000 $.

2.5.b Algorithm performance evaluation
In this subsection, we compare the performance of the proposed dynamic LLSO al-
gorithm with respect to the PSO developed by Corazza et al. (2021). The latter has
been showed to tackle efficiently non-smooth portfolio optimization problems with
real-world constraints.

For each data set, the test suite consists of the 27 instances of Problem (2.3.8) previ-
ously introduced and specified at three dates randomly drawn from the out-of-sample
window. For each sampled date and each portfolio optimization problem, we compute
the initial portfolio without including the turnover constraint. The next out-of-sample
month, we optimize the portfolio weights, accounting for the rebalancing constraint.
It is worth noticing that we select three different dates for the evaluations in order to
avoid the possible time dependence of the results.

The parameter settings for the considered algorithms follow the suggestions in the
reference papers. More specifically, for the dynamic LLSO we set ψ = 0.4 and the set
of candidate level numbers S = {4, 6, 8, 10, 20, 50}, as in Yang et al. (2018). For the PSO
variant by Corazza et al. (2021), we consider ωmin = 0.4, ωmax = 0.9, c1,min = c2,min = 0.5,
and c1,max = c2,max = 2.5. To guarantee a fair comparison, we set for both solvers the
maximum number of generations MAXGEN = 1000, and the swarm size NP equal to
300 for the Pacific data set and 500 for the World one. To obtain more robust results,
we run 30 times each test instance. The analysis have been implemented in MATLAB
2023a and carried out on a 3.3 GHz Intel Core i9-7900X workstation with 16 GB of RAM.
To prove the efficiency of the proposed algorithm, comparisons are made in terms of
run time, capability to identify optimal solutions which satisfy the constraints, and
accuracy in solving the optimization problems.

Due to the negligible impact of the turnover rate levels on the results, in the following
we show only the findings related to TR = 20%. Tables 2.2 and 2.3 display the average
computational time on 30 runs for the dynamic LLSO and the PSO. For both methods,
we can observe that the results remain relatively stable when transitioning from one date
to another, regardless of the cardinality threshold. However, the outcomes depend on
the employed objective function and the number of involved decision variables. In our
analysis the PSO exhibit a slightly lower average computational time. This difference
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can be attributed to the proposed hybrid constraint-handling technique.

Table 2.2: Average computational time in seconds on 30 runs for the two compared algorithms,
for the Pacific data set and the three ex-post dates, with TR = 20% and increasing values of
K%.

Pacific data set - LLSO
Date 1 Date 2 Date 3

K% SR ASSR AKSR SR ASSR AKSR SR ASSR AKSR
15% 97.98 162.23 233.07 103.16 164.91 237.26 94.77 148.86 214.20
30% 100.62 165.15 236.22 103.96 168.93 239.78 91.26 151.94 217.56
50% 100.83 165.83 235.90 104.14 168.95 240.60 91.52 152.00 217.91

Pacific data set - PSO
Date 1 Date 2 Date 3

K% SR ASSR AKSR SR ASSR AKSR SR ASSR AKSR
15% 80.51 125.99 193.27 82.882 127.37 195.91 79.041 119.62 181.70
30% 80.54 126.89 195.39 81.827 128.40 197.57 78.70 119.83 182.73
50% 80.55 127.40 195.57 81.604 127.90 196.56 79.08 120.50 182.88

Tables 2.4 and 2.5 show the average percentage of feasible solutions provided by the
two solvers over the 30 runs at the final generation. Analyzing the results of the Pacific
data set, it is evident that our LLSO is able to identify feasible solutions in almost
all the cases. Conversely, the PSO algorithm struggles to properly handle constraints
in the first test date, performing accurately in the other ones. Furthermore, the PSO
is heavily influenced by the complexity of the objective function and the increase of
portfolio size. As the number of decision variables increases, moving to the World case,
the difference between the algorithms becomes even more pronounced. Specifically,
for the cardinality threshold of 50%, the dynamic LLSO consistently finds optimal
solutions, while the PSO fails to identify feasible portfolios in any of the 30 runs.

Moreover, we validate the capabilities of the proposed LLSO over the PSO in solving
our test problems through a non-parametric statistical test. In particular, we focus
on the average of the best values of the ℓ1-exact penalty function (2.4.18), and we
conduct a Wilcoxon signed-rank test to determine if there is a significant difference in
the distributions of the values obtained by the two algorithms (Derrac et al. (2011)).
The results are given in Table 2.6, where R+ is the sum of ranks for the problems in
which LLSO outperformed PSO, andR− denotes the sum of the ranks for the opposite.
Based on the p-values reported on the last column of this table, we conclude that our
dynamic LLSO outperforms its competitor at the 5% significance level in all the case
studies.
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Table 2.3: Average computational time in seconds on 30 runs for the two compared algorithms,
for the World data set and the three ex-post dates, with TR = 20% and increasing values of K%.

World data set - LLSO
Date 1 Date 2 Date 3

K% SR ASSR AKSR SR ASSR AKSR SR ASSR AKSR
15% 307.78 357.05 418.34 305.47 361.52 421.76 284.03 334.24 387.68
30% 307.32 363.84 424.71 307.87 365.03 426.48 285.68 337.22 391.22
50% 307.52 365.38 424.22 308.85 365.99 426.91 286.77 337.59 392.12

World data set - PSO
Date 1 Date 2 Date 3

K% SR ASSR AKSR SR ASSR AKSR SR ASSR AKSR
15% 281.87 314.34 357.79 278.45 305.44 345.67 278.90 310.53 348.13
30% 281.39 315.74 358.73 273.24 304.48 345.08 278.90 310.73 355.27
50% 282.65 314.61 356.33 273.07 304.66 345.48 277.97 309.80 347.59

2.5.c Long-run sensitivity analysis

Ex-post performance metrics

In this subsection, we present the ex-post performance measures that we will use to
assess the profitability of the proposed investment strategies. Let routp,t be the ex-post
portfolio rate of return at the month of the out-of-sample window. We compute the net
wealth at time t as

Wt = (Wt−1 − ct)
(︁
1 + routp,t

)︁
(2.5.21)

where ct represents the transaction costs associated to the rebalancing at time t. Given
the optimal portfolio at time t, xt, and the re-normalized portfolio at time t − 1, ˜︁xt−1,
we define the portfolio cost as the sum of the trading costs of each constituent, that is

ct =
n∑︂

i=1

c(tsi,t)

where tsi,t = Wt−1|xt,i − ˜︁xt−1,i| is the so-called trade segment for asset i at time t, with
i = 1, . . . , n and t = 1, . . . , 126, and c(·) is given by

c(tsi,t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0 tsi,t = 0

40 0 < tsi,t < 8 000$

0.05× tsi,t 8 000$ ≤ tsi,t < 50 000$

0.04× tsi,t 50 000$ ≤ tsi,t < 100 000$

0.025× tsi,t 100 000$ ≤ tsi,t < 200 000$

400 tsi,t ≥ 200 000$ .

(2.5.22)
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Table 2.4: Percentage of optimal solutions that satisfy all the constraints, over the 30 runs for the
two compared algorithms for the Pacific data set and for the three ex-post dates, with TR = 20%
and increasing values of K%.

Percentage of feasible solutions found (%) - Pacific data set - LLSO
Date 1 Date 2 Date 3

K% SR ASSR AKSR SR ASSR AKSR SR ASSR AKSR
15% 100 100 100 100 98.89 98.89 98.89 97.778 100
30% 100 100 100 100 98.89 100 98.89 100 98.89
50% 100 100 100 100 100 100 100 97.78 98.89

Percentage of feasible solutions found (%) - Pacific data set - PSO
Date 1 Date 2 Date 3

K% SR ASSR AKSR SR ASSR AKSR SR ASSR AKSR
15% 33.33 33.33 0 100 100 100 100 100 100
30% 33.33 33.33 0 98.89 96.67 96.67 96.67 93.33 86.67
50% 0 0 0 96.67 96.67 95.56 61.11 64.44 55.56

According to (2.5.22), we divide the traded monetary amount into non-overlapping
intervals and apply a different cost percentage on the interval in which the traded
capital lies. This transaction costs structure reflects the main configurations proposed
nowadays by financial brokers (Beraldi et al. (2021)).

Next, we evaluate the attractiveness of the proposed asset allocation strategies
through the so-called compound annual growth rate (shortly CAGR), which is cal-
culated as

CAGR =

(︃
WTout

W0

)︃ 12
Tout

− 1 (2.5.23)

where Tout denotes the length of the out-of-sample window, while W0 and WTout repre-
sent the initial wealth and the wealth at the end of the investment period, respectively.
We also compute the monthly ex-post average rate of return and the ex-post standard
deviation

µout =
1

Tout

Tout∑︂
t=1

routp,t (2.5.24)

σout =

⌜⃓⃓⎷ 1

Tout − 1

Tout∑︂
t=1

(routp,t − µout)2 . (2.5.25)

Furthermore, to analyze more precisely the distribution of the ex-post returns, we
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Table 2.5: Percentage of optimal solutions that satisfy all the constraints, over the 30 runs for the
two compared algorithms for the World data set and for the three ex-post dates, with TR = 20%
and increasing values of K%.

Percentage of feasible solutions found (%) - World data set - LLSO
Date 1 Date 2 Date 3

K% SR ASSR AKSR SR ASSR AKSR SR ASSR AKSR
15% 98.89 100 98.89 98.89 95.56 98.89 97.78 100 98.89
30% 100 100 100 97.78 96.67 93.33 98.89 96.67 96.67
50% 100 100 100 100 100 96.67 100 100 98.89

Percentage of feasible solutions found (%) - World data set - PSO
Date 1 Date 2 Date 3

K% SR ASSR AKSR SR ASSR AKSR SR ASSR AKSR
15% 64.44 33.33 32.22 66.67 33.33 62.22 65.56 61.11 56.67
30% 33.33 33.33 0 33.33 33.33 32.22 0 0 0
50% 0 0 0 0 0 0 0 0 0

calculate the ex-post skewness and kurtosis

Sout
3 =

1

Tout − 1

Tout∑︂
t=1

(︃
routp,t − µout

σout

)︃3

(2.5.26)

Kout
4 =

1

Tout − 1

Tout∑︂
t=1

(︃
routp,t − µout

σout

)︃4

. (2.5.27)

To evaluate the capability of a strategy to avoid high losses, we introduce the draw-
down measure, which is defined as follows (Chekhlov et al. (2005))

DDt = min

{︃
0,
Wt −Wpeak

Wpeak

}︃
t = 1, . . . , Tout (2.5.28)

where Wpeak is the maximum amount of wealth reached by the strategy until time t.
Particularly, we focus on the mean, standard deviation, and maximum value of the
drawdown measure over time.

Finally, we measure the effect of the costs on the available capital in the out-of-sample
period as in Kaucic et al. (2020) by

Λ% =
1

Tout

Tout∑︂
t=1

ct
Wt−1

· 100 . (2.5.29)
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Table 2.6: Wilcoxon signed-rank test results for the two data sets at different dates. The null
hypothesis assumes that the distributions of the best values of the dynamic LLSO and the
PSO by Corazza et al. (2021) are equal, meaning there is no significant difference between the
solvers’ performance. The alternative hypothesis suggests that the dynamic LLSO consistently
outperforms the compared algorithm.

Data set Ex-post date R+ R− p-value
Pacific Date 1 378 0 2.97 · 10−6

Pacific Date 2 378 0 2.97 · 10−6

Pacific Date 3 273 105 0.0224
World Date 1 357 21 2.85 · 10−5

World Date 2 375 3 4.16 · 10−6

World Date 3 376 2 3.72 · 10−6

Results for the two data sets

In this subsection we present the results of the ex-post analysis. We start by highlighting
the relation between portfolio size, allowed trades in the rebalancing phases, and the
ex-post performance. Tables 2.7 and 2.8 report the findings for the three proposed
portfolio models employing the Pacific and the World data sets, respectively. In the last
row, we also include the results for the associated market value-weighted benchmark.
Overall, we can observe that the impact of costs, expressed as percentage of the total
wealth, does not exceed 0.057% for the Pacific data set, whereas it attains 0.15% in
the World case study. Therefore, the influence of transaction costs seems relatively
marginal for the smaller data set and becomes more pronounced for the larger data set.
Furthermore, it is worth noting that increasing the cardinality and turnover thresholds
leads to an expected rise in costs. Instead, if we fix TR and vary K%, we can notice the
quasi-linear growth of costs. On the contrary, with K% fixed, the cost increase is not
proportional to the twofold increase of the turnover levels. This is coherent with the
transaction cost structure defined in (2.5.22).

Regarding the Pacific data set, the ASSR and AKSR-based investment plans show
similar results in the ex-post analysis for all the choices of K% and TR, with the AKSR-
based strategy with K% = 15% and TR = 10% which outperforms the other tested
alternatives.

For the World data set, maximizing the ASSR with K% = 15% and TR = 10%

gives promising results in terms of ex-post returns, CAGR, and drawdown measures.
However, this investment strategy lacks of robustness, as it underperforms significantly
in all other parameter configurations compared to both the AKSR and SR strategies. As
in the Pacific case, the AKSR-based model appears to be the most resilient and viable
choice for the long-term investments.

Summing up, the optimal combination of the parameters is K% = 15% as cardinality
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threshold and TR = 10% as turnover rate. The comparison with the buy-and-hold
strategy with the auxiliary benchmarks points out that the proposed models, in both
the investable universes, outperform the benchmark in terms of profits, generating a
higher ex-post net wealth on the long-run. In addition, the multi-moment strategies
show less volatility and lower drawdown than the benchmark for the Pacific data set.
However, for the World data set, the ASSR and AKSR-based investments present higher
standard deviations and drawdowns.

Table 2.7: Results of the long-run sensitivity analysis for the three Sharpe ratio-based optimization
strategies with the Pacific data set. In the first two columns we report the value of the fraction K% of
assets making up the portfolio and the value of the turnover rate, TR, respectively. The other columns
show the results of the ex-post metrics presented in Section 2.5.c.

Pacific data set
K% TR µout σout Sout

3 Kout
4 mean DDt std DDt max DDt CAGR (%) Λ%

Sharpe ratio
15% 10% 0.0155 0.0524 -0.3363 3.8968 -0.0401 0.0604 -0.3221 18.1213 0.0168
15% 20% 0.0130 0.0510 -0.4092 3.9483 -0.0464 0.0630 -0.3312 14.6364 0.0246
15% 40% 0.0129 0.0527 -0.2663 4.2228 -0.0469 0.0660 -0.3500 14.2350 0.0364
30% 10% 0.0144 0.0511 -0.3447 4.0604 -0.0413 0.0615 -0.3402 16.5397 0.0258
30% 20% 0.0126 0.0495 -0.6337 3.8347 -0.0456 0.0688 -0.3646 14.0217 0.0346
30% 40% 0.0123 0.0509 -0.3258 3.6120 -0.0520 0.0697 -0.3407 13.4481 0.0482
50% 10% 0.0141 0.0517 -0.3131 4.3767 -0.0401 0.0632 -0.3462 15.9818 0.0362
50% 20% 0.0132 0.0508 -0.3919 3.6058 -0.0470 0.0655 -0.3339 14.5913 0.0448
50% 40% 0.0140 0.0521 -0.3356 3.8593 -0.0498 0.0705 -0.3556 15.4638 0.0576

Adjusted for skewness Sharpe ratio
15% 10% 0.0151 0.0530 -0.2048 4.1423 -0.0413 0.0605 -0.3186 17.4500 0.0173
15% 20% 0.0147 0.0526 -0.3414 3.6750 -0.0438 0.0602 -0.3200 16.8631 0.0227
15% 40% 0.0135 0.0526 -0.2439 4.2715 -0.0451 0.0660 -0.3476 15.0479 0.0350
30% 10% 0.0151 0.0523 -0.2658 3.8936 -0.0398 0.0596 -0.3309 17.5081 0.0245
30% 20% 0.0136 0.0505 -0.5488 3.6586 -0.0450 0.0648 -0.3387 15.4300 0.0324
30% 40% 0.0124 0.0513 -0.4045 3.6817 -0.0508 0.0697 -0.3527 13.4513 0.0466
50% 10% 0.0150 0.0532 -0.1995 4.3461 -0.0397 0.0618 -0.3391 17.1096 0.0351
50% 20% 0.0137 0.0522 -0.3742 3.7466 -0.0469 0.0673 -0.3503 15.2951 0.0422
50% 40% 0.0140 0.0532 -0.2455 4.0119 -0.0515 0.0709 -0.3538 15.3767 0.0569

Adjusted for skewness and kurtosis Sharpe ratio
15% 10% 0.0159 0.0531 -0.1289 4.2466 -0.0391 0.0581 -0.3081 18.6239 0.0170
15% 20% 0.0143 0.0526 -0.3342 3.6512 -0.0437 0.0608 -0.3180 16.3558 0.0231
15% 40% 0.0141 0.0526 -0.3061 4.1253 -0.0440 0.0653 -0.3433 15.9187 0.0343
30% 10% 0.0153 0.0525 -0.2646 4.0030 -0.0406 0.0607 -0.3351 17.6604 0.0248
30% 20% 0.0139 0.0504 -0.5317 3.6388 -0.0442 0.0645 -0.3407 15.7871 0.0324
30% 40% 0.0131 0.0520 -0.4019 3.6642 -0.0524 0.0721 -0.3573 14.4739 0.0449
50% 10% 0.0151 0.0526 -0.2434 4.2324 -0.0403 0.0626 -0.3423 17.2423 0.0346
50% 20% 0.0140 0.0517 -0.4260 3.7441 -0.0467 0.0677 -0.3502 15.6687 0.0416
50% 40% 0.0148 0.0535 -0.2355 3.9622 -0.0508 0.0705 -0.3521 16.5384 0.0544

Benchmark
– – 0.0074 0.0541 -0.1912 8.7070 -0.0794 0.0817 -0.3261 7.3157 –
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Table 2.8: Results of the long-run sensitivity analysis for the three Sharpe ratio-based optimization
strategies with the World data set. In the first two columns we report the value of the fraction K% of
assets making up the portfolio and the value of the turnover rate, TR, respectively. The other columns
show the results of the ex-post metrics presented in Section 2.5.c.

World data set
K% TR µout σout Sout

3 Kout
4 mean DDt std DDt max DDt CAGR (%) Λ%

Sharpe ratio
15% 10% 0.0161 0.0466 -0.2773 4.9703 -0.0291 0.0551 -0.2912 18.9178 0.0425
15% 20% 0.0140 0.0430 -0.7310 4.6233 -0.0285 0.0511 -0.2584 16.1381 0.0553
15% 40% 0.0148 0.0438 -0.3794 4.9213 -0.0291 0.0516 -0.2557 16.8147 0.0751
30% 10% 0.0150 0.0451 -0.4116 5.0116 -0.0285 0.0564 -0.3093 17.0248 0.0762
30% 20% 0.0142 0.0442 -0.5375 5.0115 -0.0280 0.0529 -0.2722 15.8571 0.0870
30% 40% 0.0153 0.0446 -0.2956 4.4928 -0.0264 0.0474 -0.2501 17.2135 0.1003
50% 10% 0.0156 0.0463 -0.2359 5.5967 -0.0272 0.0575 -0.3195 17.1385 0.1194
50% 20% 0.0155 0.0453 -0.1842 5.2368 -0.0258 0.0505 -0.2742 17.0534 0.1247
50% 40% 0.0145 0.0449 -0.1576 5.0796 -0.0281 0.0505 -0.2673 15.4072 0.1454

Adjusted for skewness Sharpe ratio
15% 10% 0.0177 0.0497 -0.1205 4.7322 -0.0290 0.0534 -0.2791 21.0693 0.0402
15% 20% 0.0138 0.0439 -0.4892 4.3779 -0.0306 0.0509 -0.2521 15.7652 0.0556
15% 40% 0.0149 0.0460 -0.1817 4.9571 -0.0302 0.0524 -0.2579 16.9092 0.0712
30% 10% 0.0156 0.0467 -0.4320 4.8426 -0.0297 0.0575 -0.3079 17.7964 0.0746
30% 20% 0.0142 0.0452 -0.4714 4.7642 -0.0294 0.0539 -0.2745 15.8234 0.0828
30% 40% 0.0152 0.0453 -0.2490 4.5258 -0.0264 0.0468 -0.2472 16.9971 0.0959
50% 10% 0.0154 0.0469 -0.1386 5.3080 -0.0279 0.0566 -0.3129 16.7302 0.1260
50% 20% 0.0152 0.0467 -0.0542 5.3984 -0.0267 0.0524 -0.2905 16.5561 0.1274
50% 40% 0.0138 0.0464 -0.0221 5.2357 -0.0290 0.0513 -0.2788 14.3094 0.1490

Adjusted for skewness and kurtosis Sharpe ratio
15% 10% 0.0167 0.0497 -0.2142 4.8412 -0.0305 0.0575 -0.3090 19.6955 0.0406
15% 20% 0.0146 0.0455 -0.5668 4.9556 -0.0318 0.0556 -0.2766 16.8653 0.0525
15% 40% 0.0151 0.0472 -0.1642 5.1791 -0.0316 0.0539 -0.2549 17.1044 0.0726
30% 10% 0.0159 0.0465 -0.3997 4.8263 -0.0297 0.0570 -0.3009 18.2756 0.0750
30% 20% 0.0154 0.0471 -0.2610 5.0832 -0.0290 0.0537 -0.2740 17.4193 0.0804
30% 40% 0.0160 0.0474 -0.0953 4.8810 -0.0269 0.0490 -0.2624 18.0243 0.0957
50% 10% 0.0151 0.0462 -0.2559 5.2358 -0.0276 0.0570 -0.3136 16.5143 0.1228
50% 20% 0.0154 0.0473 -0.0451 5.1902 -0.0276 0.0549 -0.3064 16.7104 0.1298
50% 40% 0.0149 0.0475 -0.0182 5.3073 -0.0287 0.0536 -0.2936 15.8154 0.1449

Benchmark
– – 0.0108 0.0381 -0.6071 3.8057 -0.0273 -0.2626 0.0541 12.8355 –

Pre- and post-COVID analysis

Figure 2.1 reports the evolution of the net wealth for the best three Sharpe ratio-based
portfolio strategies in each data set. The plot confirms the insights previously evi-
denced. All these investment strategies perform better than the auxiliary benchmarks.
In the Pacific case study, we can observe that the SR investment plan is the one with
the best performance until February 2020, date of the pandemic outbreak, at which it
realizes a very large drawdown. After this period, only the AKSR strategy seems to be
able to gain a great advantage of the market fluctuations in the last years. Similarly,
in the World data set, the three models have a comparable net wealth evolution until
February 2020. Then, the two multi-moment strategies perform better than the SR one,
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Figure 2.1: Evolution of the net wealth for the best three Sharpe ratio-based portfolio strategies
(K% = 15% and TR = 10%) in comparison to the market value weighted benchmark using the
assets in the two data sets.

with the ASSR being the most profitable.
In Table 2.9 we highlight the different behaviours of the auxiliary markets and the

proposed strategies before the above quoted date, namely pre-COVID period, and after
that date, namely post-COVID period. For both data sets, the distributions of the rates
of return in the pre-COVID period have a negative skewness while post-COVID rates of
return show symmetric distributions and positive skewness. Conversely, regarding the
benchmarks, the distribution of the rates of return presents a lower mean with negative
skewness in both market phases. We summarize the results in Figures 2.2 and 2.3 in
which, in both data sets, we can detect a positive value for the ex-post mean of the rates
of return with a reduced dispersion in the pre-COVID period, while in the post-COVID
epoch we can discover a lower ex-post mean of the rates of return with more dispersion
and fat-tails.

These findings substantiate that extending the Sharpe ratio model by incorporating
higher-order moments can yield financial performance benefits, particularly during
periods characterized by market instability.

2.6 Conclusions and future works

In this study, we have proposed a comparison of three long-run investment strategies
based on Sharpe ratio type performance measures on large-scale global market indices.
In particular, we have considered the standard Sharpe ratio and two extensions which
involve higher-order moments of the returns distribution. Furthermore, we have in-
cluded four real-world constraints, namely the cardinality, buy-in threshold, budget
and turnover constraints, in order to provide a complete control on the portfolio com-
position. To solve this family of optimization problems, we have developed a novel



2.6. CONCLUSIONS AND FUTURE WORKS 67

Table 2.9: Out-of-sample statistics for the distribution of the ex-post rates of return of the three
compared strategies with K% = 15% and TR = 10% and the benchmark for the two data
sets. Results refer to the period before and after 28 February 2020, the watershed date for the
COVID-19 pandemic outburst.

Pre-COVID Post-COVID
Strategy µout σout Sout

3 Kout
4 µout σout Sout

3 Kout
4

Pacific data set
SR 0.0177 0.0439 -0.8178 3.2845 0.0083 0.0749 0.2446 3.3132

ASSR 0.0165 0.0437 -0.7641 3.1747 0.0103 0.0773 0.3176 3.4553
AKSR 0.0170 0.0435 -0.7728 3.2698 0.0122 0.0780 0.3933 3.4518

Benchmark 0.0095 0.0526 -0.0977 11.7410 0.0004 0.0602 -0.3545 3.5086
World data set

SR 0.0174 0.0367 -0.7443 3.5505 0.0116 0.0711 0.1419 3.6941
ASSR 0.0183 0.0388 -0.6842 3.4463 0.0155 0.0766 0.2310 3.3632
AKSR 0.0177 0.0380 -0.6780 3.3421 0.0134 0.0780 0.1222 3.2992

Benchmark 0.0100 0.0324 -0.4454 3.6395 0.0135 0.0542 -0.7804 3.0798

swarm optimization algorithm equipped with an ad-hoc constraint handling technique
combining the global convergence properties of the ℓ1-exact penalty functions with a
repair operator.

The empirical findings are obtained on two large-scale data sets of the Pacific and
World areas, which include several hundreds of stocks, covering the last 14 years. We
have performed a sensitivity analysis for the portfolio size and for the limit of the trades
magnitude, in order to identify the best combination of these parameters in terms of ex-
post performance and management cost. Results show that portfolios with a reduced
number of constituents (15% of the investment pool) and with a two-sided turnover up
to 10% provide, on both data sets, better profits which are stable over time.

A more detailed analysis reveals that the inclusion of higher-order moments in the
performance measures produces superior results in terms of net wealth with respect to
the benchmark and to the portfolio optimized through the standard Sharpe ratio. This
is more evident after the pandemic outbreak of 2020, where more market fluctuations
are present.

In the future works, on the one hand, we plan to extend the above experimental
analysis to other markets and, on the other hand, we are interested in the possibility
to introduce similar multi-moment performance measures in a passive investment
framework.
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Figure 2.2: Density functions of the ex-post rates of return of the three strategies proposed in
Section 2.3.a for the Pacific data set in the pre-COVID period (in the first row) and post-COVID
epoch (in the second row). The vertical blue line represents the median of the distribution.

Figure 2.3: Density functions of the ex-post rates of return of the three strategies proposed in
Section 2.3.a for the World data set in the pre-COVID period (in the first row) and post-COVID
epoch (in the second row). The vertical blue line represents the median of the distribution.
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The second part of the PhD thesis contains the last two chapters. The third, entitled
“The role of ESG ratings in investment portfolio choices” has been published as a chapter in
the book “Enhancing Sustainability Through Non-Financial Reporting" edited by Albertina
Monteiro, Ana Pinto Borges, Elvira Vieira and published in October 2023. In this
chapter, we introduce a tri-objective asset allocation model that considers the portfolio
ESG score as a third function to maximize along with return and risk.

The fourth chapter, “Optimal portfolio with sustainable attitudes under cumulative prospect
theory”, is a research paper that has been published in the Journal of Applied Finance
and Banking in 2023. This paper is devoted to the presentation of several cumulative
prospect theory (shortly, CPT)-based portfolio strategies. In particular, employing the
concept of sustainable returns obtained from firms’ ESG scores, we propose a novel bi-
objective portfolio selection model that involves CPT-value functions for the financial
and sustainable returns as objectives to maximize simultaneously.

Before presenting the two works, we provide a general overview of the concept of
socially responsible investment.

Basics of sustainable investment

The issue of socially responsible investment (SRI), born in a relatively circumscribed
context and based on ethical or religious beliefs, has seen growing importance over
time, assuming different and more widely shared connotations. In particular, SRIs
were selected primarily for non-financial reasons, as opposed to traditional financial
theory, which assumes that investors seek the best combination of risk and return.
For example, Renneboog et al. (2008) emphasise that investors derive non-financial
utility from investing in SRI practices. To identify investments made into companies
and funds that produce a positive social and environmental impact while guaranteeing
financial returns, the Rockefeller Foundation, in 2007, formally used for the first time
the term “Impact investing” (we refer the interested reader to the book of Bugg-Levine
and Emerson(2011)). However, in a traditional view, a company that pursues goals
other than maximizing shareholder value, such as benefiting stakeholders not directly
connected to the company, risks reducing its value and creating costly conflicts of inter-
est. However, over time, the environmental issue and the consequent effects of global
warming started to have an increasing weight on the agendas of international political
authorities. The Paris Agreement on climate change and, among others, the UN Prin-
ciples for Responsible Investment (PRI), launched in 2006, and the UN 2030 Agenda
for Sustainable Development are the necessary premises for a different way of tackling
economic development, questioning the models which had hitherto been dominant.
Thanks to the large amount of resources they can mobilise, the institutional investors
and financial intermediates have been seen as possible “agents of change” towards a
more sustainable path for both the planet and the economic system, with inclusive
growth. The European Commission, with the Action Plan in 2018, has attributed spe-
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cific concerns to financial intermediaries to drive flows toward sustainable investment,
explicitly requiring portfolio managers to integrate factors relating to sustainability into
their process. The need to urgently allocate capital deriving from the financial services
sector (alongside those made available by public policies) is identified in the preamble of
Regulation (EU) 2019/2088 on sustainability-related disclosure in the financial services
sector (SFDR). Through this new regulation, the European Union (EU) tries to change
behaviour patterns in the financial industry, discouraging greenwashing and promot-
ing responsible and sustainable investments. Albeit with significant differences, in an
international context which shows a growing interest in sustainability issues, the EU is
particularly active in transforming principles into behaviour, with the introduction of
directives and regulations, both towards the world of investors and businesses. The EU
has introduced some rules and initiatives to improve corporate disclosure and align it
with the EU’s priority objective of sustainable transition (reinforced with the adoption
of the “Next Generation EU”). In particular, to raise transparency and comparability of
sustainability-related information for investors, the EU introduced the Non-Financial
Reporting Directive, the already mentioned Sustainable Finance Disclosure Regulation,
and the new Corporate Sustainability Reporting Directive. Further, some ad-hoc di-
rectives (the Markets in Financial Instruments Directive and the Insurance Distribution
Directive) require asset management firms and insurance companies to offer suitable
products to meet their customers’ needs and desires and to inform them of the sus-
tainability of the financial instruments. As part of impact investments, it is possible
to identify green, social, and sustainability bonds. In particular, a green bond can
be defined as “any type of bond instrument where the proceeds will be exclusively
applied to finance or re-finance, in part or in full, new or/and existing eligible green
projects”2, whereas social and sustainability bonds follow socially responsible goals.
The difference between the yield on a conventional bond and a green bond with simi-
lar characteristics is defined as ‘greenium’ (or green premium) (Agliardi and Agliardi
(2019)). More precisely, investors are disposed to accept a lower yield on a green asset
compared to the traditional one, mainly on the secondary markets, putting in evidence
strong investor demand in pro-environmental projects. This conclusion seems to be
confirmed by most of the literature analysed by MacAskill et al. (2021) on green bonds.

While Corporate Social Responsibility (CSR), SRI, and ESG concepts differ, they are
often used interchangeably. SRIs arise from excluding certain types of investments (and
issuers) from the construction of portfolios, particularly those that do not respond to
ethical considerations or do not follow socially responsible behaviour. CSR can instead
be defined as a general framework of sustainability and responsible cultural influence
of a company towards its shareholders. ESG is a measurable sustainability assessment.
The ESG rating purpose is to measure compliance with the objectives and principles

2ICMA, 2018. Green Bond Principles 2018: Voluntary Process Guidelines for Issuing Green
Bonds. Retrieved from. https://www.icmagroup.org/assets/documents/Regulatory/Green-Bonds/
Green-Bonds-Principles-June-2018-270520.pdf.

https://www.icmagroup.org/assets/documents/Regulatory/Green-Bonds/Green-Bonds-Principles-June-2018-270520.pdf
https://www.icmagroup.org/assets/documents/Regulatory/Green-Bonds/Green-Bonds-Principles-June-2018-270520.pdf
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of sustainability broadly and - consequently - the greater or lesser consistency of an
investment with the idea of impact investing. Liang and Renneboog (2020) link the
concepts of CSR and ESG, referring corporate social responsibility to the incorporation
of environmental, social and governance considerations into corporate management,
financial decision-making and investor portfolio decisions.

Nowadays, attention to ESG factors is relevant worldwide: Global Sustainable In-
vestment Alliance3 recently reported that 36% of total professionally managed assets
(around 35,3 trillion dollars) incorporate ESG factors. Many investors use ESG scores
(usually defined as ratings) to understand a firm’s sustainability and – consequently –
guide the allocation of their investments. These scores can be considered a framework
used to evaluate a company’s performance on specific environmental, social, and gover-
nance issues and transform the non-financial disclosure required, particularly by the EU
rules, in numerical terms. So, the importance of ESG ratings is evident; but the lack of
commonly unified standards for ESG measurement has led to considerable differences
in how ESG is measured and evaluated by different data vendors (Zumente and Lāce
(2021)). Berg et al. (2022), using a dataset of ESG ratings from six providers, identified
that the correlations between the ratings are 0.54 on average, ranging from 0.38 to 0.71.
As one of the consequences caused by this divergence in valuations, we suggest that
the prices of stocks and bonds are less likely to reflect ESG performance, as investors do
not have unique information. Depending on the rating agencies’ preferences, weights
of the constituting factors, and rating methodology, these rating inconsistencies repre-
sent a problem for the past and a challenge for future research (Liang and Renneboog
(2020)). A consequence of such a broad and growing interest in ESG investments is
the threat of a possible overvaluation of ESG products (Bofinger et al. (2022)), which
could be amplified by the effect of a growing investment demand - driven both by the
context regulatory and by the request of the new generation of investors - towards po-
tentially overvalued firms (Becker et al. (2022)). Different studies have been conducted
to prove the relationship between impact investment and the rate of return for bonds
and stocks (or mutual funds investing in green assets). In particular, the researchers
often are interested in examining whether green or socially responsible focused prod-
ucts outperform their benchmarks or the ‘traditional’ investment. Literature reviews
have been conducted on the link between ESG indicators and financial performance
or market trends. A considerable number of papers have highlighted either a positive
relationship (Clark et al. (2015); Verheyden et al. (2016)) or at least a non-negative
association (Friede et al. (2015)) between ESG measures and performance. Moreover,
if yield is one of the most studied aspects in the various analyses, risk represents an
equally important element in portfolio strategies. In the study by Fooladi and Hebb
(2022), it is highlighted that the discussion of whether SRI in the portfolios of CSR firms
can provide better risk-adjusted returns for investors is controversial (even if these firms

3GSIA. Global Sustainable Investment Review. (2020). Available online: https://www.
gsi-alliance.org/wp-content/uploads/2021/08/GSIR-20201.pdf.

https://www.gsi-alliance.org/wp-content/uploads/2021/08/GSIR-20201.pdf
https://www.gsi-alliance.org/wp-content/uploads/2021/08/GSIR-20201.pdf
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are all profitable).
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3 The role of ESG ratings in investment
portfolio choices

This third chapter introduces a model for constructing investment portfolios that inte-
grates environmental, social, and governance (ESG) ratings as an additional objective,
alongside the traditional focus on risk and return. We specifically examine two mod-
els that utilize different risk measures: variance and conditional value at risk (CVaR).
By using CVaR, we can take into account information about the tail of the returns’
distribution when optimizing the portfolio weights.

Then, the ε-constraint method is employed to find a set of optimal solutions for the
resulting tri-objective optimization model and obtain a dotted representation of the
corresponding efficient frontiers. Moreover, we present a technique for selecting the
optimal portfolio according to the investor’s profile and preference toward the three
objectives.

To assess the effectiveness of the proposed portfolio strategy, an empirical analysis is
carried out, considering the Refinitiv’s ESG ratings for 538 companies that are part of the
STOXX Europe 600 Index from January 2016 to December 2021. Results show that the
tri-objective portfolio selection model shows a reduction in the profit opportunities but
simultaneously a higher control on the risk, and in particular the CVaR-based strategies
yield superior ex-post results.
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3.1 Introduction and literature review

Several methods have been proposed in the literature to incorporate ESG information
into the portfolio optimization process.

Firstly, the introduction of a more formal definition of environmental, social, and
governance principles and the development of a standardized metric that assesses the
extent to which a company aligns with the ESG objectives help investors in selecting
the most promising assets in terms of sustainable and ethical practices, mimicking the
stock-picking strategies used by portfolio managers. Following this approach, Liagk-
ouras et al. (2022) used a screening procedure to identify a subset of ESG-compliant
stocks as constituents of a mean-variance portfolio. They showed that concerning
the UK stock market, selecting only firms that comply with the ESG standards leads
to portfolio strategies that provide subordinate risk-return combinations compared to
the available investment opportunities. Similarly, Pacelli et al. (2023) employed the
ESG score as an ex-ante criterion for selecting assets in the mean-CVaR optimization
problem. However, they obtained mixed empirical results, suggesting that sustainable
investment performance is still heterogeneous across the Global Industrial Classifica-
tion Standard (GICS) sectors. In a merging perspective between behavioral finance and
ESG investing, Kaucic et al. (2023b) studied several preselection techniques based on
stocks’ ESG scores in a CPT-based portfolio model. Using an investment pool from
the STOXX Europe 600 index, they assessed the profitability of the proposed strate-
gies and showed that investments’ financial performance is improved using ESG-based
stock-picking techniques.

Secondly, by defining portfolio ESG score as the weighted average of its constituents’
scores, an investor can impose a constraint for the minimum acceptable level of portfolio
ESG. Pedersen et al. (2021) have computed the ESG-efficient frontier, displaying the
highest possible Sharpe ratio for each ESG score. Then, they observed that, on a
theoretical basis, ethical investors should be willing to accept lower portfolio returns in
exchange for a more sustainable portfolio choice. De Spiegeleer et al. (2021) extended
the mean-variance model following this approach; their analysis, with assets in either
the STOXX Europe 600 and the Russell 1000 index, pointed out the impact of the
choice of the rating agency as well as the specific market universe and investment
period on the risk-return results. In the same framework, Morelli (2023), incorporated
a constraint on the selected parameter in the mean-CVaR model exploiting only the
environmental scores of the firms in the STOXX Europe 50 index. In this context,
results show that environmentally committed portfolios result in being more efficient
over the entire sample period under the CVaR-return profile, providing rewarding
investments combined with mitigation of the tail market risk.

The third approach consists in the extension of the bi-objective mean-risk frame-
work by directly including sustainability as a third criterion. In this direction, Garcia-
Bernabeu et al. (2019) formalised the preference relation of an ESG-aware mean-variance
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investor and introduced a multiobjective genetic algorithm to identify the surface of
optimal portfolios. Then, they analysed the range of values attainable and the trade-off
between return, risk, and sustainability for a set of institutional SRI open-end funds
from Morningstar. Then, Hilario-Caballero et al. (2020) developed a method that com-
bines two well-known multi-criteria decision tools, namely the stochastic multi-criteria
acceptability analysis (SMAA) and the technique for order preferences by similarity so-
lutions (TOPSIS), to provide robust solutions for this tri-objective framework. Xidonas
and Essner (2022) proposed a multi-objective minimax-based optimisation model to
build optimal ESG portfolios, maximising at the same time the risk performance of the
three ESG pillars. Cesarone et al. (2022) adapted the standard ε-constrained method
from mathematical programming to solve the tri-objective mean-variance-ESG opti-
mization problem, and investigated the possible effects of SRI regulatory developments
and ESG rating on the portfolio selection process over the past 15 years using data in-
volving five major equity market indices. Similarly to these works, Lindquist et al.
(2022) combined ESG scores with financial returns to generate an ESG-valued return
and applied this mixed measure in a general mean-risk optimisation framework. Then,
they considered an application to the optimisation of real estate investment trust (REIT)
portfolios, employing variance and CVaR to quantify the investment risk.

This work is structured as follows. Section 3.2 describes the proposed portfolio
optimization model, while Section 3.3 the method used for the resolution of the op-
timization model. Finally, the experimental part is in Section 3.4. Some concluding
remarks are given in Section 3.5.

3.2 Model description

In the optimal wealth allocation process among a finite number of risky assets, investors
have to recognise the sources of risk, then quantify and control them. This section pro-
vides an overview of the general mean-variance portfolio selection model (Markowitz
(1952)) and a further generalization of this approach that considers alternative portfo-
lio risk estimations. Then, the proposed portfolio selection model introduces, in the
mean-risk framework, a third dimension linked to sustainability.

3.2.a The mean-variance asset allocation framework

A simple and effective way to measure risk is to consider the deviations of the obser-
vations of a random variable from a reference point. Thus, one can measure portfolio
uncertainty using mean deviations, and quantify the risk with the standard deviation.
Formally, given a random variable Z, its standard deviation is defined as the square
root of the variance:

σ(Z) =
√︁
E((Z − E(Z))2) (3.2.1)



86 CHAPTER 3. THE ROLE OF ESG RATINGS IN PORTFOLIO CHOICES

This quantity measures the uncertainty associated with Z. Moreover, the standard de-
viation respects the properties given in the following axiomatic definition (Rockafellar
et al. (2006)):

• σ(Z) = σ(Z + c), for all Z and c ≥ 0 (shift invariance)
• σ(0) = 0, σ (λZ) = λσ (Z) for all Z and λ > 0 (positive homogeneity)
• σ (Z) ≥ 0 for all Z, with σ (Z) > 0 if Z is nonconstant (positivity)
• σ (Z + Y ) ≤ σ (Z) + σ (Y ) for all Z and Y (subadditivity).

Subadditivity property ensures that the standard deviation of a portfolio composed
of two positions is not higher than the two components’ volatility taken separately.
Thus, it means that diversification does not increase uncertainty. Since the presence of
the square root can lead to complex expressions when differentiated, the use of σ (Z) in
solving minimisation problems is not popular. However, if the square of the standard
deviation, called variance, is minimised, the resulting quadratic minimisation problem
is more easily solvable, and it is worth noting that minimising the standard deviation is
equivalent to minimising the variance. For this reason, the choice of variance as a proxy
for risk is more popular in asset allocation practice. In this framework, Markowitz (1952)
developed the so-called M-V analysis which represents the cornerstone of modern
portfolio theory. This theory suggests that portfolio choice should be based on the
information given by two quantities: the expected portfolio rate of return and the
portfolio variance. The main principle behind this paradigm can be formulated in two
ways.

1. Among all portfolios with a given lower bound on the expected rate of return,
find the ones with the lower variance.

2. Among all portfolios with the same upper bound on volatility, find the ones with
the highest expected rate of return.

Now, suppose that agents act their investment decisions over a one-period hori-
zon, and assume that the investment universe consists of n risky assets, with their
rates of return expressed by the random variables R1, . . . , Rn. The random variable
Rp (x) =

∑︁n
i=1 xiRi represents the rate of return of the portfolio x = (x1, . . . , xn)

⊤,
where ⊤ is the transpose operator. The portfolio expected rate of return is denoted by
µp (x) =

∑︁n
i=1 xiµi, where µ = (µ1, . . . , µn)

⊤ is the vector of assets’ expected rates of
return. Finally, σ2

p (x) =
∑︁n

j=1

∑︁n
i=1 xixjσi,j expresses portfolio variance, where σi,j is

the covariance between assets i and j. Note that, given the n× n covariance matrix Σ,
portfolio variance can also be expressed compactly as σ2

p (x) = x⊤Σx. In the proposed
portfolio design, short-selling is not allowed, and the set of feasible portfolios can be
expressed as follows:

∆ =

{︄
x ∈ Rn : xi ≥ 0, i = 1, . . . , n,

n∑︂
i=1

xi = 1

}︄
. (3.2.2)
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Hence, the M-V optimisation problem behind the first paradigm formulation is the
following quadratic programming problem:

min
x∈∆

x⊤Σx

s.t. x⊤µ ≥ µ∗ ,
(3.2.3)

where µ∗ is the lower bound on the portfolio expected rate of return. Further, the opti-
misation problem behind the second formulation of the M-V principle can be expressed
as a maximisation problem:

max
x∈∆

x⊤µ

s.t. x⊤Σx ≤ σ∗ ,
(3.2.4)

where σ∗ denotes the upper bound on the portfolio volatility.
A portfolio that is a solution of Problem (3.2.3) or Problem (3.2.4) is called efficient.

By varying µ∗ in (3.2.3) or σ∗ in (3.2.4) one can obtain the so-called efficient frontier in
the variance-mean plane. Analysing the shape of the efficient frontier, investors can
assess the trade-off between the portfolio expected rate of return and its variance, to
select a portfolio aligned with their risk tolerance and investment objectives.

Criticism of mean-variance optimization

The standard Markowitz’s formulation uses the variance as a proxy for the portfolio
risk. Even if it is considered a milestone in the field, the M-V approach presents two
well-known drawbacks.

• Variance is not a good choice for a risk measure since it penalises both the negative
and the positive deviation from the mean symmetrically. Hence, it does not
account for the asymmetric nature of risk, which concerns losses only. When
asset returns are heavily skewed, or portfolio returns distribution presents fat
tails, risks could be underestimated, and the M-V approach could lead to sub-
optimal portfolio choices.

• The M-V framework often identifies efficient portfolios concentrated in a small
subset of the investable universe. This feature is particularly evident when there
is a large number of assets. In particular, during times of financial crisis, a
concentrated and unbalanced portfolio could lead to substantial losses.

A solution is to replace the variance with an alternative measure to estimate the
uncertainty of a random variable, the downside semi-variance Markowitz (1959). Given
a random variable Z, this measure only accounts for the negative deviations from the
mean, and it is defined as follows:

σ(Z) =
√︂
E((Z − E(Z))2+) (3.2.5)
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where (Z − E (Z))+ = max (Z − E (Z) , 0). The use of this measure in the asset alloca-
tion practice has been studied extensively, and the interested reader may refer to the
works of Konno et al. (2002), and Markowitz et al. (1993).

3.2.b Extending the M-V model: the mean-risk approach
The mean-variance analysis can be significantly extended by replacing the variance
with a suitable risk measure to evaluate portfolio risk. In other words, a risk measure
quantifies the risk by associating a real number with a random payoff’s loss distribution.
Artzner et al. (1999) introduced the axiomatic definition of coherent risk measure,
considering R (Z) which assigns a real value to a random variable Z that should satisfy
the following properties:

1. R (Y ) ≤ R (Z) if Y ≥ Z almost surely (monotonicity)

2. R (0) = 0;R (λZ) = λR (Z), for all Z and λ > 0 (positive homogeneity)

3. R (Z + Y ) ≤ R (Z) +R (Y ), for all Z and Y (subadditivity)

4. R (Z + c) = R (Z)− c, for all Z and c ≥ 0 (invariance).

In this context, the M-V principle can be generalised using another risk measure
instead of variance. This approach is called mean-risk (M-R) analysis. Now, the choice
paradigm can be stated in the following two ways.

1. Among all portfolios with a given lower bound on the expected return, find the
ones that minimise the risk.

2. Among all portfolios with a given upper limit on the risk, find the ones with the
highest expected performance.

With an abuse of notation, we will indicate the risk measure of the portfolio rate of
return Rp (x) by using Rp (x). This notation evidences the dependence from the vector
of the portfolio weights x and simplifies the treatment. Hence, the M-R optimisation
problems can be formulated as follows:

min
x∈∆

Rp (x)

s.t. x⊤µ ≥ µ∗ ,
(3.2.6)

where µ∗ is the lower bound on the expected performance. An equivalent formulation
is the following:

min
x∈∆

x⊤µ

s.t. Rp (x) ≤ R∗ ,
(3.2.7)

where R∗ is the upper bound on portfolio risk. Similarly to what described above, a
representation of the mean-risk efficient frontier can be obtained by solving Problems
(3.2.6) and (3.2.7) with different lower and upper bounds µ∗ and R∗.
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Quantile-based risk measures

In the latest years, quantifying significant losses and dealing with tail events has become
a priority in banking and insurance due to the importance of the recently introduced
regulations for solvency capital requirement. For this reason, a class of risk measures
called quantile-based risk measures occupies a leading position in the risk management
sector. Measures such as value-at-risk (VaR) and conditional value-at-risk (CVaR) have
become very popular in portfolio optimisation problems. If one considers a random
variable Z that expresses a random payoff, and given the significance level α, with
α ∈ [0, 1], VaR can be defined as the threshold below which the payoff value falls with
probability α (the so-called tail probability):

V aRα(Z) = −inf
z
{z : P (Z ≤ z) ≥ α} . (3.2.8)

Although VaR is easy to use and intuitive, it presents some critical pitfalls. First,
it does not account for losses that exceed the VaR threshold. Second, it does not
respect subadditivity property, which is essential to guarantee that diversification does
not enhance the risk. To deal with these shortcomings, the conditional value-at-risk
(CVaR) has been introduced by Rockafellar et al. (2002). The CVaR of a random variable
Z at confidence level α is Mausser and Romanko (2018):

CV aRα(Z) = −E [Z|Z ≤ −V aRα(Z)] δα − V aRα(Z)(1− δα) , (3.2.9)

where δα = P (Z≤−V aRα(Z))
α

. Note that if Z has a continuous and strictly increasing
distribution function, then CV aRα (Z) = −E (Z|Z ≤ −V aRα (Z)). In this case, the
CVaR is a conditional expectation, namely the average of all losses greater or equal to
V aRα. It is worth noting that the CVaR risk measure satisfies all the above-presented
axioms and is thus a coherent risk measure. For this reason, it has become popular in
practical applications.

CVaR-based portfolio optimization

The mean-CVaR portfolio selection problem is a specification of the M-R model where
an agent seeks to maximise return while minimising CVaR. Conceptually, the minimum
CVaR portfolio with confidence level α is formulated as follows:

min
x∈∆

CV aRα(x)

s.t. x⊤µ ≥ µ∗ .
(3.2.10)

In this formulation, we indicate the conditional value-at-risk of the portfolio returns
distribution Rp (x) with CV aRα (x) to underline the dependence of this measure on
the portfolio weights and to simplify the treatment.
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3.2.c Inclusion of ESG issues in the mean-risk framework

The models introduced in the previous sections focus solely on financial features and
do not account for the increasing sensibility of political institutions, portfolio man-
agers, and investors toward socially responsible investing. For this reason, we propose
a tri-objective model, which extends the M-R analysis by including an objective of
sustainability. The proposed model maximises both the expected return and the ESG
assessment and - in the meantime - minimises the risk profile. We define the sustainable
grade of a given portfolio as the weighted value of portfolio constituents’ ESG scores.
More formally it can be calculated as:

ESGp (x) =
n∑︂

i=1

xiESGi (3.2.11)

where ESGi is the value of the ESG score for the i-th asset. Thus, ESGp (x) rep-
resents the sustainability propensity of portfolio x expressed in terms of ESG score.
The preference relation of the M-R principle can be extended through the following
formulation.

Definition 11. According to the mean-risk-ESG (M-R-ESG) portfolio selection model, a port-
folio x is preferred to a portfolio y if and only if µp (x) ≥ µp (y) , Rp (x) ≤ Rp (y), and
ESGp (x) ≥ ESGp (y), with at least one strict inequality.

It follows that the efficient frontier of the proposed mean-risk-ESG portfolio selection
model can be obtained by solving the following tri-objective optimisation problem:

min
x∈∆

(−µp(x),Rp(x),−ESGp(x)) . (3.2.12)

The choice of an appropriate portfolio risk measure Rp (x) in the model specification
is crucial since different measures may capture completely different characteristics of
the portfolio return distribution. For instance, the asset allocation problem when the
standard deviation is considered as a proxy for portfolio risk declines as follows:

min
x∈∆

(︁
−µp(x), σ

2
p(x),−ESGp(x)

)︁
. (3.2.13)

while the respective model that minimises CV aRα (x) is

min
x∈∆

(−µp(x), CV aRα (x) ,−ESGp(x)) . (3.2.14)
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3.3 Optimization method

3.3.a ε-constrained technique

In this section, we face the issue of how to practically find the efficient surface of
the mean-variance-ESG and mean-CVaR-ESG models. The standard ε-constrained
method (Ehrgott (2005)) allows us to reformulate Problem (3.2.12) into a single-objective
optimisation problem, which is more easily manageable. Let η and λ be the required
target levels of the portfolio expected return and sustainability score, respectively. The
resulting optimisation problem is the following:

min
x∈∆

Rp(x)

s.t. x⊤µ ≥ η

ESGp(x) ≥ λ .

(3.3.15)

This single-objective asset allocation model minimises the risk measure with paramet-
ric lower bounds on the portfolio return and ESG. Computing the solutions of Problem
(3.3.15) by appropriately varying η and λ leads to the determination of the mean-risk-
ESG optimal portfolios. Following a procedure similar to Cesarone et al. (2022) and
Lindquist et al. (2022), with this approach, one can obtain the M-R-ESG efficient port-
folios and represent them in the risk-expected rate of return for several fixed levels of
expected ESG thresholds.
Practically speaking, a suitable interval [λmin, λmax] for λ is set, where λmin =

ESGp (xminR), and λmax = ESGp(xmaxESG). More specifically, λmin is the sustain-
ability level of the portfolio that minimises the risk, xminR = argminx∈∆Rp (x), and
λmax is the maximum level of ESG obtainable from constructing a portfolio with the
n available assets, namely xmaxESG = argmaxx∈∆ESGp (x). Then, given a fixed ESG
level λ, an appropriate interval [ηmin(λ), ηmax(λ)] is determined. Notice that this interval
depends on the choice of the threshold λ. On the one hand, ηmin (λ) = µp (xminR (λ))

is the rate of return of the portfolio that minimises the risk with a given sustainability
requirement, namely the optimal solution of the following problem:

min
x∈∆

Rp(x)

s.t. ESGp(x) ≥ λ, .
(3.3.16)

On the other hand, ηmax (λ) = µp(xmaxµ(λ)) is the rate of return of the portfolio that
maximises the performance with a lower bound on the ESG score, which is the solution
of:

max
x∈∆

µp(x)

s.t. ESGp(x) ≥ λ, .
(3.3.17)
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Note that by solving Problem (3.3.15) with λ ∈ [λmin, λmax] and with η = ηmin (λ),
one can obtain the ESG-risk efficient frontier. More precisely, setting η = ηmin and
λ = λmin, the optimal solution is the global minimum risk portfolio. Furthermore,
setting λ = λmax, the frontier collapses in a single portfolio composed of the asset with
the highest ESG value. Finally, solving Problem (3.3.15) with λ ∈ [λmin, λmax] and with
η = ηmax (λ), the optimal solutions form the mean-ESG frontier.

3.3.b Scenario-based framework for portfolio optimisation

Let h indicate the investment horizon for the considered asset allocation problem on
a daily basis. In this work, we use a scenario-based generation technique to obtain
simulations for the random h-step ahead portfolio return Rp (x) to estimate the values
of the quantities involved in Problems (3.2.13) and (3.2.14). To this end, we consider the
historical daily rates of return of the n risky assets observed during the time window
[0, T ]. We further assume that historical observations are good proxies for future rates
of return.

More specifically, a scenario is defined as the set of h consecutive joint realisations
of the rates of return for the n assets in a given time horizon. In this context, block
bootstrapping techniques have shown good performance in preserving time series
correlations (Guastaroba et al. (2009)). Thus, we adopt the so-called stationary bootstrap
technique (Politis and Romano (1994)). This procedure considers a random block size,
that is a set of consecutive scenarios with variable length, in order to bring some
robustness with respect to the standard block bootstrap, which uses a fixed block size.
The procedure works as follows. First, an optimal average block size B∗ is selected
following the technique introduced by Politis and White (2004). Then, a block of B∗

consecutive daily observations is extracted randomly from the observed data frame.
Finally, we repeat this exercise until the extracted sample reaches the desired size h,
adjusting the last block length if the procedure exceeds the desired number of periods.
Through this technique, for each asset i there is a bootstrap sample R̂i,k of h rates
of return, with i = 1, . . . , n and k = 1, . . . , h. Then, the bootstrap-simulated h step
ahead rate of return of the i-th asset is calculated as R̂i =

∏︁h
k=1

(︂
1 + R̂i,k

)︂
. Given

a portfolio x, its h-step ahead rate of return is computed as R̂p (x) =
∑︁n

i=1 xiR̂i. To
obtain an estimation of the empirical distribution of Rp (x), this bootstrap procedure is
repeated S times. Let R̂s

p (x) be the s-th simulation of the portfolio returnRp (x). Then,
concerning Problem (11), the bootstrap estimators for µp (x) and σ2

p (x) are:

µ̂p (x) =
1

S

S∑︂
s=1

R̂
s

p (x) (3.3.18)
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and

σ̂2
p (x) =

⌜⃓⃓⎷ 1

S

S∑︂
s=1

(︂
R̂

s

p (x)− µ̂p (x)
)︂2

(3.3.19)

Regarding Problem (3.2.14), the CVaR expression in (3.2.9) can be estimated as an arith-
metic mean, following the procedure suggested by Kaucic et al. (2019) and Rachev et al.
(2008). Let R̂(1)

p (x) ≤ R̂
(2)

p (x) ≤ . . . ≤ R̂
(S)

p (x) be the sorted sequence of the bootstrap
simulations of the portfolio rates of return. Thus, the value-at-risk at confidence level
α can be defined as follows:

ˆ︁V aRα(x) = −R̂
(⌊αS⌋)
p (x) , (3.3.20)

where ⌊·⌋ denotes the floor operator. Then, after some algebra, one can obtain the
bootstrap simulated conditional value-at-risk, which is:

ˆ︂CV aRα(x) = − 1

αS

⎛⎝⌊αS⌋∑︂
s=1

R̂
s

p (x) + (αS − ⌊αS⌋) R̂
(⌊αS⌋)
p (x)

⎞⎠ (3.3.21)

3.3.c Portfolio selection based on agent’s preferences

The procedure described in sections 3.3.a and 3.3.b allow us to compute a set of efficient
solutions, called efficient frontier, denoted by P . The portfolio more compatible with
the investor’s attitude toward reward, risk, and sustainability is selected onP as follows.
First, the objective functions for each efficient portfolio x ∈ P are normalised using the
formulas: ˜︁µp (x) =

µp (x) − µmin
p

µmax
p − µmin

p

, (3.3.22)

˜︁Rp (x) =
Rmax

p −Rp (x)

Rmax
p −Rmin

p

, (3.3.23)

and
˜︁ESGp (x) =

ESGp (x)− ESGmin
p

ESGmax
p − ESGmin

p

. (3.3.24)

In the previous formulas, µmax
p = maxx∈Pµp (x), and µmin

p = minx∈Pµp (x); Rmax
p =

maxx∈PRp (x), and Rmin
p = minx∈PRp (x); ESGmax

p = maxx∈P ESGp (x), and
ESGmin

p = minx∈P ESGp (x). Notice that, with the normalization of Eqn. (3.3.23), a
higher value of ˜︁Rp is preferable, and ˜︁Rp is well-suited in a maximization problem. Next,
we introduce a vector that expresses the agent’s preferences wpref = (wµ, wR, wESG) ∈
[0, 1]3 such that wµ + wR + wESG = 1. Finally, the efficient portfolio tailored to the
investor’s financial reward/risk/ESG profile wpref can be obtained by solving the fol-
lowing single-objective problem that maximises the weighted sum of the normalised
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objective functions:

max
x∈P

{︂
wµ˜︁µp (x) + wR ˜︁Rp (x) + wESG

˜︁ESGp (x)
}︂
. (3.3.25)

3.4 Experimental part

The experimental analysis focuses on the European market because from 2015 the Euro-
pean Union, through Directive 2014/95/EU, has imposed the disclosure of companies’
non-financial information. In this context, the investable universe consists of a subset
of the STOXX Europe 600 Index constituents. We select a pool of stocks for which an
ESG score from the same provider is available during the whole period. Among all the
possible providers available in the market, we have decided to utilise Refinitiv’s ESG
scores since they are applied widely in the financial industry. These scores are based
on a company’s performance on over 400 ESG indicators across ten categories: climate
change, emissions, environmental product innovation, water resources, human rights,
labor practices, community development, supply chain, corporate governance, and
anti-corruption. The score provider uses company-reported data and third-party data
sources to assess ESG performance (including ESG controversies impacting the firms).
Each indicator’s weighting is determined through expert judgment, data analysis, and
consultation with industry experts and stakeholders. Refinitiv’s ESG scores are a per-
centile ranking, with 100 indicating the highest score and 0 indicating the lowest. The
scores are based on the relative performance of ESG factors within the company’s sector
(for environmental and social) and country of incorporation (for governance) and are
updated monthly. As a result, the dataset consists of the monthly rates of return and
the monthly ESG ratings from 01/01/2016 to 31/12/2021 for 538 firms, downloaded
from Refinitiv Datastream.

The empirical analysis consists of two stages. First, we investigate the relation among
reward, risk, and ESG scores for the istances (3.2.13) and (3.2.14) of the tri-objective op-
timisation problem (3.2.12). To achieve this goal, they consider a dotted representation
of the efficient frontiers for each ex-post month, employing the procedure detailed in
Section 3.3.a with 10 values for parameter λ and, for each value of λ, 10 suitable levels
of η (λ), for a total of 100 portfolios. Then, we analyse the ex-post performance of a set
of portfolios selected on the efficient frontiers, based on six typical attitudes toward the
reward, risk, and ESG criteria.

3.4.a Mean-risk-ESG efficient frontiers

We consider an investment plan with one-month horizon and employ a rolling window
scheme with 72 end-of-month investments from 29/01/2016 to 31/12/2021. For each
choice of the risk measure in Problem (3.3.15), and for each month, we exploit an in-
sample window of 1000 days to set up the financial parameters, that are µp, σ2

p and
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CVaRα. Then, we calculate the portfolio ESG score in (3.2.11) by using the stocks’ ESG
scores at the beginning of the corresponding ex-post month.

Case 1: mean-variance-ESG model

Regardless of the selected month, we note that, from a qualitative perspective, the
relationships between expected return, variance, and ESG score remain consistent over
time. Consequently, we discuss and provide a detailed commentary on the findings
pertaining to a particular month. Specifically, the 100 optimal portfolios at December
31, 2021 are displayed in Figure 3.1 on the left in the mean-variance-ESG tridimensional
space. On the one hand, this dotted representation reveals that there exists a clear trade-
off between portfolio reward, measured by the expected rate of return, and portfolio’s
sustainability attitude, indicated by the ESG score. The graph illustrates that portfolios
with higher rates of return tend to exhibit lower ESG scores, implying that pursuing
greater financial gains may involve compromising sustainability considerations within
the portfolio. On the other hand, one can observe the relation between portfolio rate of
return and portfolio variance. Indeed, portfolios with higher rates of return are typically
associated with higher risks, in line with the modern portfolio theory. This is because
the demand of higher financial reward may involve investing in riskier assets that
prioritise financial gains that could be more sensible to market fluctuations. To better
relate these findings to the sustainability principles, Figure 1 on the right reports the
projection of the 3D efficient frontier on the variance-mean plane for increasing levels
of the ESG threshold. It can be noted that, at the same level of variance, increasing the
ESG threshold leads to a reduction in portfolio profitability.

Case 2: mean-CVaR-ESG model

To analyse the robustness of the results in terms of increasing tail-risk severity, we
consider two different tail levels, α = 0.05 and α = 0.01. The first choice is the most
commonly used in practice, and it is also the suggested value by the solvency regula-
mentation, while the second choice represents a more prudential approach. Building
upon the methodology employed in Case 1, we investigate the interplay among port-
folio rate of return, CVaR, and ESG criteria during the final ex-post month. These
findings can be extended to the other months involved in the analysis, suggesting
consistent conclusions.

More specifically, Figure 3.2 and Figure 3.3 report on the left the dotted approxima-
tions of the mean-CVaRα-ESG frontiers with α = 0.05 and α = 0.01 respectively, and
on the right the corresponding projections on the CVaRα-mean plane for increasing
ESG thresholds. A first comparison reveals that the severity of tail-risk does not have
a significant effect on the frontier shape. As presented in Case 1, increasing the ESG
threshold, for fixed levels of CVaRα, leads to a decrease in the portfolio expected rate
of return. These results align with the existing literature, confirming that a higher sus-
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Figure 3.1: Dotted representation at 31/12/2021 of the mean-variance-ESG efficient frontier
on the left, and corresponding projection on the variance-mean plane on the right for different
values of the ESG threshold λ. The blue dotted line represents the mean-ESG frontier, while
the red one is the ESG-variance frontier.

tainability demand within the portfolio entails a trade-off in terms of financial reward.

3.4.b Ex-post investment analysis

In this section, we focus on the profitability of portfolios selected from the proposed
mean-risk-ESG efficient frontiers for different types of investors. Each agent described
in Table 3.1 exhibits a specific attitude toward the three criteria. In particular, these
preferences are encoded as a vector of non-negative weights that sum up to one, namely
wpref = (wµ, wR, wESG). Higher values of a weight mean higher interest toward the
corresponding criterion. The first three agents display a strong preference towards one
criterion while equally weighting the other two. The fourth preference combination
represents an investor who allocates equal weights to the three objectives. The fifth
agent makes decisions based on the M-R principle with a small interest in sustainable
criterion. Finally, Agent 6 pays great attention to both risk control and sustainability,
with a marginal focus on financial reward.

Ex-post performance metrics

We evaluate the attractiveness of the investment opportunities from different points
of view. In general terms, the random variable expressing the ex-post portfolio rate
of return is denoted by routp . Let routp,t , t = 1, . . . , 72 indicate the realised portfolio rates
of return for each strategy in the ex-post (also called out-of-sample) window from
29/01/2016 to 31/12/2021. The STOXX Europe 600 Index from the european stock
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Figure 3.2: Dotted representation at 31/12/2021 of the mean-CVaR0.05-ESG efficient frontier
on the left, and corresponding projection on the CVaR0.05-mean plane on the right for different
values of the ESG threshold λ. The blue dotted line represents the mean-ESG frontier, while
the red one is the ESG-CVaR0.05 frontier.

Agent wµ wR wESG

1 0.25 0.25 0.50
2 0.25 0.50 0.25
3 0.50 0.25 0.25
4 0.33 0.33 0.33
5 0.45 0.45 0.10
6 0.10 0.45 0.45

Table 3.1: Types of agents considered in the ex-post analysis based on different attitudes toward
the expected rate of return wµ, the risk measure wR, and the ESG score wESG.

market is employed as benchmark, and its rate of return in the out of sample period
is indicated with routb . Similarly, the realised ex-post benchmark returns are specified
as routb,t , t = 1, . . . , 72. At first, to measure the profitability of the analysed strategies,
we consider the annualised mean return (AMR) during the ex-post window. Then, we
examine the strategies’ performance with respect to the benchmark by assessing the
annualised excess mean return (AMER). Further, we conduct a t-test on the differences
between observed portfolio and benchmark returns within the ex-post window. To
evaluate the compensation earned per unit of portfolio variance during the investment
period, we consider the so-called Sharpe ratio (Sharpe (1966)). This measure is defined
as the ratio between the average of the realised rates of return, µout, and their standard
deviation, σout:

SR =
µout

σout
. (3.4.26)



98 CHAPTER 3. THE ROLE OF ESG RATINGS IN PORTFOLIO CHOICES

Figure 3.3: Dotted representation at 31/12/2021 of the mean-CVaR0.01-ESG efficient frontier
on the left, and corresponding projection on the CVaR0.01-mean plane on the right for different
values of the ESG threshold λ. The blue dotted line represents the mean-ESG frontier, while
the red one is the ESG-CVaR0.01 frontier.

Moreover, we account for a performance measure which is constructed on the basis of
conditional value-at-risk, the so-called Rachev ratio (Rachev et al. (2008)). It considers
the extra rates of return of the portfolio on the ex-post window, and it is defined as
follows:

RaRout
α1,α2

=
CVaRα1

(︁
routb − routp

)︁
CVaRα2

(︁
routp − routb

)︁ . (3.4.27)

This ratio is computed by dividing the conditional value-at-risk at level α1 of the ex-
post portfolio returns’ distribution on the right tail by the conditional value-at-risk at
level α1 on the left tail. These quantities are estimated using the formula (3.3.21) with
R̂

s

p (x) = routp,t − routb,t , and s = t. The Rachev ratio represents the reward potential
for positive returns compared to the risk potential for negative returns at a quantile
level defined by the user. In this analysis, we set α1 = α2 = 0.05 and indicate the
corresponding performance ratio with RaRout

0.05. Then, the diversification level of the
optimal portfolios is measured using the normalised diversification index (DI), given
by:

DI =
1

72

72∑︂
t=1

1−
∑︁n

i=1 (xi,t)
2

1− 1
n

, (3.4.28)

where xi,t is the weight of asset i at time t. This quantity is equal to 0 when all the
capital is concentrated in one single asset and is 1 for the equally-weighted portfolio.
Thus, highest diversified portfolios present an higher DI value. Moreover, to get an
impression of the transaction costs involved, we calculate the average turnover over the
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out-of-sample period:

TR =
1

72

72∑︂
t=1

n∑︂
i=1

|xi,t − xi,t−| , (3.4.29)

where xi,t− is the weight of asset i at ex-post time t immediately before the rebalancing
phase. A greater value of TR indicates a more expensive investment strategy. Finally,
we analyse the risk exposure for the three proposed models (3.2.13) and (3.2.14) with
α = 0.01 and α = 0.05 and the six considered agents using three measures: the ex-post
standard deviation σout, the conditional value-at-risk at the alpha level 0.05, CVaRout

0.05,
and the skewness of the out-of-sample returns distribution, Skewout.

Analysis of the best investment models

Table 3.2 and Table 3.3 present the results of the ex-post performance measures de-
scribed in Section 4.2.1 for the three considered models and for the agents whose pref-
erences are described in Table 3.1. The following points summarise the main findings
for the ex-post analysis of the considered investment strategies.

1. Strategies employing conditional value-at-risk yield superior ex-post performance
results in absolute terms (AMR) as well as in relative terms (AMER). For almost
all the considered agents, the ex-post portfolio rates of return of the CVaR models
exhibit statistically significant positive deviations from the benchmark. The only
instance where the mean-variance-ESG model slightly outperforms in terms of
AMR and AMER is for agent 5. In addition, all the considered strategies are
superior to the benchmark in terms of ex-post Sharpe ratio, with values at least
three times higher, meaning a better capability in terms of return-risk trade-off.

2. We analyse the relationships between the three objectives without introducing
additional portfolio restrictions, such as diversification and turnover constraints,
that could somehow affect the ex-post statistics. However, strategies that adopt
CVaR as a risk measure show superior diversification levels while ensuring lower
turnover. Additionally, regarding skewness, it is noteworthy to observe that only
the realised rates of return of Agent 6 (the most conservative profile regarding risk-
return-sustainability preferences) exhibit ex-post skewness of the same sign as the
benchmark. In all other cases, the proposed strategies have positive skewness,
suggesting a right-skewed distribution which implies potential profits in the right
tails.

3. Incorporating ESG criteria into the standard mean-risk framework could lead
to a reduction in tail-risk compared to the benchmark. As depicted in Table 3,
all the considered asset allocation models exhibit a lower realised conditional
value-at-risk than the benchmark.
However, contrasting results emerge when examining portfolio standard devi-
ation. Agents 3 and 5, representing profiles more inclined towards financial
performance in addition to risk-ESG considerations, display higher exposure to
standard deviation compared to both the benchmark and the other strategies
considered.

4. Agents 3 and 5 exhibit the best ex-post performance in absolute and relative terms.
Additionally, they demonstrate superior results in terms of the Rachev ratio. This
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fact implies that an investor with a profile more inclined towards return rather
than risk and sustainability considerations has the potential to achieve higher
profits than others. However, as highlighted in the previous point, they also
display higher ex-post standard deviations, being potentially more vulnerable to
sudden market fluctuations.

5. A highly promising investment profile that demonstrates excellent performance
across all considered measures is represented by Agent 4. This configuration
consistently exhibits the lowest values of ex-post standard deviation and ex-post
CVaR, regardless of the chosen risk measure in the multi-objective optimisa-
tion model. Additionally, it evidences good outcomes regarding diversification
(ranked as the second-best strategy) and turnover (in line with the other agents
but worse than Agent 6). The ability to contain variability and tail risk enables
this configuration to achieve outstanding results in the Sharpe ratio while main-
taining a Rachev ratio comparable to that of Agents 3 and 5, albeit with slightly
lower average rates of return.

Agent Risk AMR AMER p-value SR RaRout
0.05

1
σ2 0.1530 0.1035 0.1086 0.3228 1.8570

CV aR0.05 0.1854 0.1360 0.0431* 0.4322 1.9627
CV aR0.01 0.1798 0.1304 0.0479* 0.4252 1.9656

2
σ2 0.1737 0.1243 0.0493 0.4616 1.9376

CV aR0.05 0.2045 0.1550 0.0251* 0.5009 2.0755
CV aR0.01 0.2009 0.1514 0.0271* 0.4959 2.0640

3
σ2 0.3416 0.2922 0.0011** 0.5983 2.8373

CV aR0.05 0.4416 0.3922 0.0003** 0.5935 2.7423
CV aR0.01 0.4049 0.3555 0.0008** 0.5583 2.9789

4
σ2 0.2061 0.1567 0.0204* 0.5192 2.2592

CV aR0.05 0.2803 0.2309 0.0022* 0.6064 2.1930
CV aR0.01 0.2777 0.2283 0.0021* 0.6155 2.1657

5
σ2 0.3521 0.3027 0.0006** 0.6205 3.0140

CV aR0.05 0.3425 0.2931 0.0009** 0.5798 3.0260
CV aR0.01 0.3495 0.3001 0.0006** 0.6044 2.8550

6
σ2 0.1114 0.0620 0.2231 0.2552 1.8384

CV aR0.05 0.1312 0.0818 0.1393 0.3371 1.6957
CV aR0.01 0.1305 0.0811 0.1432 0.3316 1.6997

Benchmark 0.0494 - - 0.1040 -

Table 3.2: Ex-post performance measures for the three istances of Problem (3.2.12), correspond-
ing to each preference vector outlined in Table 3.1. The third column represents the average rate
of return, while the fourth column indicates the average excess rate of return over the STOXX
Europe 600 Index. The fifth column reports the p-value of the t-test assessing the differences
between ex-post portfolio returns and the benchmark. A single asterisk (*) denotes rejection of
the null hypothesis of mean equality at a 5% confidence level, while two asterisks (**) signify
rejection at a 1% confidence level. Lastly, the sixth and seventh columns display the ex-post
Sharpe and Rachev ratios.



3.4. EXPERIMENTAL PART 101

In conclusion, these findings point out the superiority of a well-balanced strategy
(represented by Agent 4), which displays equal preferences for the three portfolio
objectives. Moreover, while incorporating ESG criteria is crucial to reduce tail-risk,
relying solely on them (as for configurations 2 and 6) leads to mediocre outcomes.
Optimal financial results are achieved by Agents 3 and 5 who approach the standard
mean-variance framework, confirming the strength of the M-V model in investment
decision-making.

Agent Risk DI TR σout CVaRout
0.05 Skewout

1
σ2 0.7041 0.3564 0.0395 0.0626 0.1852

CV aR0.05 0.7500 0.2410 0.0358 0.0542 0.0903
CV aR0.01 0.7429 0.2177 0.0352 0.0545 0.1347

2
σ2 0.8413 0.3255 0.0313 0.0504 -0.2293

CV aR0.05 0.8780 0.2920 0.0340 0.0526 0.1736
CV aR0.01 0.8728 0.3069 0.0337 0.0536 0.1381

3
σ2 0.6576 0.6767 0.0476 0.0501 0.7494

CV aR0.05 0.6388 0.5440 0.0620 0.0748 0.7326
CV aR0.01 0.6352 0.5518 0.0604 0.0694 0.8596

4
σ2 0.7975 0.4400 0.0331 0.0485 0.0483

CV aR0.05 0.8223 0.3195 0.0385 0.0482 0.2787
CV aR0.01 0.8203 0.3526 0.0376 0.0476 0.2748

5
σ2 0.8397 0.3952 0.0473 0.0544 0.3290

CV aR0.05 0.8522 0.3331 0.0492 0.0553 0.4494
CV aR0.01 0.8481 0.3368 0.0482 0.0566 0.3862

6
σ2 0.7849 0.1092 0.0364 0.0646 -0.0597

CV aR0.05 0.8228 0.0970 0.0324 0.0591 -0.4122
CV aR0.01 0.8191 0.0984 0.0328 0.0598 -0.4056

Benchmark - - 0.0396 0.0927 -0.5204

Table 3.3: Ex-post performance measures for the three istances of Problem (3.2.12), correspond-
ing to each preference vector outlined in Table 3.1. The third and fourth columns provide
the average ex-post diversification index and the mean portfolio turnover. Then, the ex-post
standard deviation is displayed in column 5, while the sixth column focuses on the conditional
value-at-risk of the distribution of ex-post rates of return at the 0.05 significance level. In the
end, the last column presents the skewness of the portfolio returns’ distribution during the
out-of-sample window.

Ex-post net wealth evolution

To conclude this section, we assess the profitability of the different portfolio allocation
strategies for each preference configuration. To achieve this goal, they consider an
initial wealth allocation W0 = 1, 000, 000e. Then, we explicitly evaluate the magnitude
of the tradings through a transaction costs structure where the applied commissions
depend on the range of traded monetary amount, as in Beraldi et al. (2021) and Kaucic et
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al. (2023a). More precisely, the transaction cost structure is characterised by decreasing
cost rates as the traded value increases.

Figure 3.4 highlights the behavior of the six investment strategies in terms of the
produced net wealth for the two proposed investment models. The top graph displays
the net wealth evolution of the six considered preference behaviours for the mean-
variance-ESG model. The bottom left graph corresponds to the mean-CVaR0.05-ESG
model, while the bottom right graph shows the ex-post performance of the 6 agents
using the CVaR0.01 as a risk measure.

Figure 3.4: Ex-post net wealth evolution for the three models proposed and the six agents’ con-
figurations. Top figure shows the results for the mean-variance-ESG model. The figure on the
bottom left displays the net wealth evolution for the mean-CVaR0.05-ESG strategy. Finally, the
on the bottom right shows results for the mean-CVaR0.01-ESG model. The initial wealth invest-
ment is set equal to 1, 000, 000e, and the transaction costs structure considered is characterized
by decreasing cost rates as the traded amount increases.

As previously noted, configurations 3 and 5 demonstrate superior financial perfor-
mance than the other ones. Concerning the mean-variance-ESG model, Agents 3 and
5 show a similar net wealth evolution. However, when employing the CVaR-based
risk measure and specifically in the case of CVaR0.01, Agent 3 exhibits a substantial
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outperformance, attaining within a span of just five years a final wealth that is eleven
times greater than the initial investment. Moreover, the three plots confirm that, as
described formerly, CVaR-based models yield superior ex-post results. Overall, the
proposed asset allocation models outperform the STOXX Europe 600 Index and show a
remarkable trade-off between reward and risk. In particular, we highlight that config-
uration 3, which represents a balanced profile among risk, return, and sustainability,
exhibits excellent results in terms of net wealth, thereby it could be considered a viable
investment option.

3.5 Conclusions

The risk measures employed in the proposed tri-objective portfolio selection model
show a reduction in the profit opportunities but simultaneously a higher control on the
risk, following the literature. Consequently, the results show that ESG scoring can be
used for better risk control, especially during periods of high volatility. This finding
supports the broad debate among scholars and practitioners about ESG relevance and
disclosure in investment decisions.

The discussion leads organisations to disclose information about their efforts to pro-
mote sustainability concerning the environment, society, and the economy. As no-
ticed before, based on the increase in voluntary corporate non-financial disclosure, the
European Commission (EC) has decided to implement mandatory disclosure across
European countries. Introducing the European Union Directive 2014/95/EU, the EC
requires organisations to disclose non-financial and diversity information. The Di-
rective aims to increase transparency regarding social and environmental issues and
ensure consistent and relevant information across companies. It requires large un-
dertakings, public interest entities (PIEs), and organisations with over 500 employees
to report information on environmental, social, employee, human rights, diversity,
anti-corruption, and bribery matters.

Some studies (Clementino and Perkins (2021); Mervelskemper and Streit (2017); San-
tamaria et al. (2021)) showed the importance of assessing the combinations of quality
and quantity disclosures for ESG score, demonstrating the effectiveness of disclosure
measurements on ESG score. However, these studies are based on different disclosure
frameworks used by companies that could influence the ESG rating developed by var-
ious agencies. Indeed, the critical characteristic of the Directive is the lack of a specific
standard/guideline to prepare non-financial information. The Directive neither sug-
gests the content nor the reporting method for measuring, monitoring and managing
undertakings’ performance and their impact on society. Many empirical studies recog-
nise the failure of companies to include crucial information that investors and other
stakeholders consider essential under the new mandatory regime.

Furthermore, comparing the reported information across different companies can
be challenging, and data users often doubt their reliability. For these reasons, the
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European Commission revised the non-financial Directive, issuing in December 2022
the new Corporate Social Responsibility Directive. It requires target companies to
report ESG content applying a double materiality perspective in compliance with Eu-
ropean Sustainability Reporting Standards (ESRS). These standards provide a common
structure and content to disclose ESG factors, allowing stakeholders to better assess
companies’ ESG performance. We expect that applying the new ESRS standards could
harmonise the ESG scores and impact the investment portfolio allocation strategies.
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4 Optimal portfolio with sustainable
attitudes under cumulative prospect
theory

Since its introduction, the cumulative prospect theory (shortly, CPT) developed by Kah-
neman and Tversky in 1979 has emerged as a significant approach for understanding
the behavioral patterns of decision-makers in financial contexts.

Additionally, extreme recent events such as the COVID-19 pandemic and the Russian
invasion of Ukraine have highlighted the importance of corporate social responsibility
and sustainable principles. Consequently, the investment process is changing toward
more ethical choices.

In this chapter, we extend the classical optimization framework under the cumulative
prospect theory (CPT) in two directions. On the one hand, we consider an agent who
maximizes a financial CPT- based value function preselecting the assets to be included
in the portfolio based on their environmental, social, and governance (ESG) scores. On
the other hand, we first introduce the concept of sustainable returns obtained from
firms’ ESG scores. Then, assuming that investors present the same decision-making
behavior in approaching financial and sustainable returns, we develop a bi-objective
model that optimizes financial and sustainable CPT-value functions simultaneously.

Numerical results obtained on an investable universe from the constituents of the
STOXX Europe 600 show that introducing ESG information improves the portfolio’s
financial performance.
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4.1 Introduction

The portfolio selection process usually involves two stages. The first consists in analyz-
ing the most promising assets from a pool. The second focuses on the most desirable
combination of the selected securities, ending with a portfolio choice. The first theo-
retical framework developed to support investors’ decisions under uncertainty is Von
Neumann and Morgenstern’s representation theorem (Von Neumann and Morgenstern
(1947)), which represents the cornerstone of the so-called expected utility theory. Ac-
cording to this result, the choices of a rational investor can be described by a utility
function, which is concave since agents are usually assumed to be risk-averse. Fur-
thermore, when choosing among alternative investments, agents select the ones that
maximize their expected utility. In the same direction, (Markowitz (1952)) introduced
the so-called mean-variance (MV) analysis, which has become the foundation of the
modern portfolio theory. Following this principle, investors should maximize the ex-
pected return while retaining a given level of volatility. The MV framework can be
derived as a particular case of the expected utility maximization when a quadratic
utility function approximates the agent’s behavior in the risk-return trade-off. Over
the years, the expected utility theory has become the normative model of rational
choice, and the MV approach has been widely accepted as a practical tool for portfolio
optimization among researchers and practitioners (Guerard (2010)). However, several
financial paradoxes have evidenced that, beyond risk aversion, some behavioral aspects
deviate from the implications of expected utility theory (see, for instance, Allais (1953)
and Ellsberg (1961)). To solve these puzzles, Kahneman and Tversky (1979) have devel-
oped the so-called prospect theory (PT), which incorporates human psychology into
financial decisions and asserts that investors consider the deviations of their terminal
wealth from a subjective reference point as gains and losses. Agents react differently
for negative and positive outcomes, following a non-smooth, asymmetrical S-shaped
value function concave in the domain of gains (risk aversion) and convex in the domain
of losses (risk propensity). Later, Tversky and Kahneman (1992) refined the original
PT formulation and developed the so-called cumulative prospect theory (CPT). This
extension adds a transformation for the probability of the realizations of gains and
losses, which overweights small probabilities and underweights higher ones. Recently,
researchers have shown more interest in behavioral finance, applying the CPT theoreti-
cal framework to the asset allocation practice. (De Giorgi and Hens (2006)) have built up
a theoretical analysis of an asset allocation problem where they have maximized an S-
shaped utility function that generalizes the one introduced by Tversky and Kahneman.
The resulting optimization problem is non-smooth, and calculating its solutions can be
challenging. Thus, to overcome this problem, De Giorgi et al. (2007) have developed a
robust technique to compute optimal CPT-based portfolios. Pirvu and Schulze (2012)
have considered how PT-investors allocate their wealth in a single period between a
riskless bond and multiple risky assets. Hens and Mayer (2017) have compared the
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financial performance of the CPT-based asset allocation strategy to the classical mean-
variance portfolio. Consigli et al. (2019) have performed a sensitivity analysis of the
impact of CPT parameters on the mean-risk efficient frontier. It is worth mentioning
that the above-quoted papers rely on restrictive assumptions on the number of assets
and on the distribution of their returns to compute the solutions of the CPT-based port-
folio optimization problems. To avoid these issues, several authors have used stochastic
optimization algorithms that do not require any assumptions on the objective function
to optimize. In particular, genetic algorithms (GAs) have proved efficient for solving
portfolio selection problems. Some significant examples are the papers of Chang et
al. (2000), Yang (2006), Sefiane and Benbouziane (2012), and Rankovic et al. (2014),
which have used GAs to compute the optimal solutions of MV models. Moreover, GAs
have also been adopted for solving PT-based portfolio problems. Grishina et al. (2017)
have proposed several intelligent algorithms to obtain an accurate solution in opti-
mization problems involving the original PT. Gong et al. (2018) extended this research
by considering the re-weighted probabilities and introduced a hybrid optimization
method combining a bootstrap technique and a genetic algorithm. Environmental,
social, and governance (ESG) issues and non-financial disclosure have recently gained
considerable attention. In 2015, the European Union introduced Directive 2014/95/EU
to improve the quality of corporate non-financial disclosure. Therefore, political in-
stitutions, portfolio managers, and new generations of investors show an increasing
sensitivity toward investment choices’ impact on society and the environment. Debate
on green and sustainable transitions in finance and investments is growing. Several
studies have extended the traditional MV model by including a third criterion related to
sustainability (see Hirschberger et al. (2013) and Utz et al. (2014)). Jessen (2012) has in-
corporated investors’ ESG tastes into the Markowitz model by adding the weighted sum
of the constituents’ ESG scores as a constraint of the portfolio optimization problem.
Pedersen et al. (2021) have computed the ESG-efficient frontier, displaying the highest
possible Sharpe ratio for each ESG score. Then, they observed that ethical investors
should be willing to accept lower portfolio returns in exchange for a more sustainable
portfolio choice. Mimicking the stock-picking strategies used by portfolio managers to
select the most promising assets based on their financial performance, Liagkouras et
al. (2022) have developed a screening procedure to identify a subset of ESG-compliant
stocks as constituents of an MV portfolio. Then, they tested this approach through
a real-world application on the European market. In parallel with the above study,
Yu et al. (2021) have selected the most promising assets according to their ESG score
from the Chinese stock market to construct an ethical CPT-based portfolio. While these
literature contributions build on deterministic quantities of sustainability (e.g., the ESG
scores), Dorfleitner and Utz (2012) have introduced the concept of sustainable returns
obtained from firms’ ESG scores. An ethical investor would prefer positive sustain-
able returns rather than negative ones. Then, they implemented this novelty in the
MV portfolio selection framework. Later, Dorfleitner and Nguyen (2016) integrated
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the concept of sustainability returns into the utility theory setting. More specifically,
they have proposed an asset allocation model maximizing a convex combination of two
utility functions linked to financial and sustainable returns, respectively. There is a
gap in the current literature concerning the extension of CPT-based portfolio models to
account for investors’ ESG attitudes. This paper aims to fill this issue. On the one hand,
we propose two optimization models that extend the CPT-based portfolio selection
framework. In the first model, we adopt several preselection techniques that identify a
subset of ESG-compliant stocks based on their ESG scores. Then, we find the optimal
portfolio weights according to the CPT-based asset allocation strategy. This approach
generalizes the studies of Yu et al. (2021) and Liagkouras et al. (2022). In the second
model, we account for investors who could be sensitive to the ESG scores and the evo-
lution of these values over time. To formalize this insight, we propose a novel portfolio
design that involves CPT-value functions for the financial and sustainable returns as
objectives to maximize simultaneously. On the other hand, we present a real-world
case study that involves a set of securities from the constituents of the STOXX Europe
600 index, covering the period from 2015 to 2021. The choice to use a European market
index and to start the analysis in 2015 is coherent with the introduction of disclosure
rules in Europe and the increase of their importance, especially for listed companies
that have to follow specific and strong rules on non-financial disclosure. We perform
an ex-post analysis with a rolling window approach that covers the period from 2019 to
2021, involving the recent phases of market downturns due to the COVID-19 outbreak.
Following the literature, we exploit evolutionary computation to find the optimal port-
folio weights for our models. In particular, for the bi-objective case, we use a variant of
the GA suited for multi-objective portfolio problems, the so-called improved NSGA-II
(shortly, iNSGA-II), proposed in Kaucic et al. (2019).

We organize this paper as follows. Section 4.2 introduces the theoretical framework
and presents the proposed CPT-based asset allocation models. Section 4.3 describes
the GAs used to solve the optimization problems, whereas Section 4.4 presents the
experimental results of the out-of-sample analysis implemented on the European stock
market. Section 4.5 concludes with some remarks and future research directions.

4.2 Theoretical framework

4.2.a Financial and sustainable returns

This study considers a frictionless financial market where investors act as price takers,
and short selling is not allowed. The investable universe is represented by n risky
assets, and a portfolio is denoted by the vector x = (x1, . . . , xn)

⊤ of its asset weights.
We observe the market over a time window of T + 1 months {0, 1, . . . , T}. We denote
by p(i,t) the observed price at time t of asset i, where i = 1, . . . , n and t = 0, 1, . . . , T .
Then, the realized rate of return at time t for the i-th stock is defined as follows:
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ri,t =
pi,t
pi,t−1

− 1 (4.2.1)

where i = 1, . . . , n and t = 1, . . . , T . Next, we define the portfolio rate of return at
time t as Rp,t =

∑︁n
i=1 ri,t xi,t. Following the papers of Dorfleitner and Utz (2012) and

Arslan and Posch (2022), we introduce a performance ratio that uses ESG information
to obtain the sustainable counterpart of the financial rate of return. To this end, we
consider the so-called relative sustainability value, which is calculated as the ratio
between the company ESG score and the average ESG score of all companies in the
current investable universe, that is:

si,t =
ESGi,t

ESGt

(4.2.2)

with i = 1, . . . , n, t = 0, . . . , T and ESGt =
1
n

∑︁n
i=1ESGi,t. This ratio represents how

a company performs compared to the average in terms of ESG score. It is worth noting
that there is no uniformity among companies in publishing non-financial reports, so
firms’ ESG scores are not updated on the same date in a given year. To guarantee
a fair interpretation, we define the sustainability rate of return of firm i at time t by
comparing the sustainability performance score in t with the one of the previous year,
as follows:

sri,t =
si,t
si,t−12

− 1 . (4.2.3)

A company with a positive sustainability rate of return at time t reflects its capability
to improve its relative value (4.2.2) in a year. This fact is an indicator of a successful
implementation of an ESG-compliant business. Conversely, a negative value of (4.2.3)
could indicate the mismatching of a company with the market standards of ESG prac-
tices. Similar to the financial case, we also introduce the portfolio sustainability rate of
return at time t as:

srp,t =
n∑︂

i=1

sri,t xi,t. (4.2.4)

4.2.b Cumulative prospect theory

According to the PT approach developed by Kahneman and Tversky (1979), individual
preferences are modeled through a value function of the aggregate gains and losses from
a reference point zref ∈ R, which is usually fixed at the beginning of the investment
period. Thus, the investor decides the values of these outcomes according to the
following piecewise value function:



114 CHAPTER 4. OPTIMAL PORTFOLIO WITH SUSTAINABLE ATTITUDES UNDER CPT

v(z;α, β) =

{︄
(z − zref )

α, z ≥ zref

−β(zref − z)α, z < zref
(4.2.5)

with z ∈ R, 0 < α < 1, and β > 0. Specifically, they argued for distinct attitudes
among traders toward gains, represented by z−zref ≥ 0, and losses, given by z−zref < 0.

The concavity of (4.2.5) in the domain of gains and its convexity in the domain of
losses imply that investor behavior exhibits risk aversion towards gains and risk seeking
towards losses. Two weighting functions are then introduced to modify the outcome
probabilities to underweight higher outcomes and overweight smaller ones. Formally,
in the domain of gains, we have:

w+(u; δ
+) =

uδ
+

(uδ+ + (1− u)δ+)
1

δ+

(4.2.6)

while in the domain of losses:

w−(u; δ
−) =

uδ
−

(uδ− + (1− u)δ−)
1

δ−
(4.2.7)

where u ∈ [0, 1] is the probability of an outcome and δ+, δ− > 0. The scaling of these
probabilities is based on the following procedure. Given a random outcome Z, let
z = (z1, . . . , zn)

⊤ ∈ Rn be the vector of its realizations and let denote by N+ and N− the
number of positive and negative values in z. We sort the elements of z in ascending
order:

z(1) ≤ · · · ≤ z(N−) < 0 ≤ z(N−+1) ≤ · · · ≤ z(N) .

Then, we define the positive and negative re-weighted probabilities as:

π+,j =

⎧⎨⎩w+

(︂
N+−j+1

N
; δ+

)︂
− w+

(︂
N+−j
N

; δ+

)︂
, if j ∈ {1, . . . , N+ − 1}

w+

(︁
1
N
; δ+
)︁
, if j = N+

(4.2.8)

and

π−,j =

⎧⎨⎩w−

(︂
N+−j+1

N
; δ−

)︂
− w−

(︂
N+−j
N

; δ−

)︂
, if j ∈ {1, . . . , N+ − 1}

w−
(︁

1
N
; δ+
)︁
, if j = N+ .

(4.2.9)

Hence, according to the CPT, the utility value ofZ is the weighted average of the value
function (4.2.5) calculated in the positive and negative outcomes using the re-weighted
probabilities π+,j and π−,j :

V (z) =

N−∑︂
j=1

π−,j v(z(j);α, β) +

N+∑︂
h=1

π+,h v(z(N−+h);α, β)
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In the experimental section, we will adopt the same parameter setting as in Kahne-
man and Tversky (1979) and Tversky and Kahneman (1992), that is α = 0.88, β = 2.25

and zref = 0 for the value function (4.2.5), δ+ = 0.61, and δ− = 0.68 for the weight-
ing functions (4.2.6) and (4.2.7), respectively. Figure 4.1 displays the graphs of these
functions.

Figure 4.1: Cumulative prospect theory piecewise value function and weighting functions with
parameters as in Kahneman and Tversky (1979) and Tversky and Kahneman (1992).

4.2.c Portfolio optimization problems under CPT and ethical princi-
ples

In this part, we first present the standard CPT-based portfolio optimization model.
Then, we describe the two extensions we propose to include ESG criteria.

We consider the T observed portfolio rates of return {rp,t}(t=1,. . . ,T ) as realizations of
the random variableRp, which expresses the stochastic rate of return of portfolioxwith
a monthly investment horizon. Following the steps described in the previous section,
we calculate the vector of the re-weighted probabilities of the realized rates of return
π(r) = {π(r)

1 , . . . , π
(r)
T }. Then, the standard CPT-based portfolio optimization problem

can be written as:

max
x∈Rn

T∑︂
t=1

π
(r)
t v

(︄
n∑︂

i=1

xiri,t;α, β

)︄
s.t. xi ≥ 0, i = 1, . . . , n

n∑︂
i=1

xi = 1 .

(4.2.10)

Problem (4.2.10) does not explicitly account for the attitude of investors towards
firms’ sustainable targets. To overcome this issue, we present two novel asset allocation
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strategies that directly exploit ESG scores. In the first model, we consider a CPT-based
investor who preselects a subset of promising assets using ESG information to solve
problem (4.2.10). The other model extends the previous one by including, besides the
preselection based on ESG scores, a second CPT-value function for the sustainability
rates of return, as an additional objective to maximize, in order to take advantage of
the evolution of ESG scores over time.

CPT-based model with preselection using ESG scores

To include ethical goals in the asset allocation process, we adopt a stock-picking tech-
nique to preselect the subset of assets that go beyond a given ESG threshold θ. We
denote by UT (θ) the subset which includes k out of the n available assets with an ESG
score higher than the threshold θ at the end of the observed period T . Then, the
portfolio selection model can be reformulated as follows:

max
x∈X

V1(x) =
T∑︂
t=1

π
(r)
t v

⎛⎝ ∑︂
i∈UT (θ)

xiri,t;α, β

⎞⎠
s.t. xi ≥ 0, i ∈ UT (θ)∑︂

i∈UT (θ)

xi = 1 .

(4.2.11)

where X = {x ∈ Rk : i ∈ UT (θ)}. If we do not adopt a preselection, problem (4.2.11)
is equivalent to (4.2.10).

CPT-based model with financial and ethical objectives

Since the variations of the firms’ ESG scores over time could suggest the company’s
capability to implement an ESG-compliant business, an ESG-aware investor may also
be sensitive to this information. Assuming that investors present the same decision-
making behavior in approaching financial and sustainable returns, we define the fol-
lowing CPT-type value function for the sustainability rates of return:

V2(x) =
T∑︂
t=1

π
(s)
t v

⎛⎝ ∑︂
i∈UT (θ)

xisri,t;α, β

⎞⎠ (4.2.12)

where sri,t is the sustainability rate of return of asset i ∈ UT (θ) at time t and
π(s) = {π(s)

1 , . . . , π
(s)
T } is the vector of the re-weighted probabilities associated with

the sustainability rates of return. In this extended formulation of the portfolio opti-
mization problem, the agent simultaneously maximizes the value functions V1 and V2
with a preliminary ESG-based screening of the constituents. The resulting bi-objective
optimization problem is:
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max
x∈X

(V1(x), V2(x))

s.t. xi ≥ 0, i ∈ UT (θ)∑︂
i∈UT (θ)

xi = 1 .

(4.2.13)

In such a setting, portfolio choices are made according to the following preference
relation.

Definition 12. Given two portfoliosx(1),x(2), we say thatx(1) is preferred to (or non-dominated
by) x(2) if and only if V1(x(1)) ≥ V1(x

(2)) and V2(x(1)) ≥ V2(x
(2)), with at least one strict

inequality.

In this manner, an agent will prefer portfolios with higher financial and sustainable
values. The set of non-dominated solutions to problem (4.2.13) forms the so-called
Pareto front or efficient frontier, denoted by P . At this point, we can choose on P the
portfolio which best-fit investor’s attitude toward financial and sustainable objectives
as follows. First, the values of the two objective functions for each candidate portfolio
x in P are normalized using the formula:

V
(n)
j (x) =

Vj(x)− V min
j

V max
j − V min

j

where V min
j = minx∈P Vj(x) and V max

j = minx∈P Vj(x). Next, we define the vector
of preferences wpref = (wESG, wfin)

⊤ ∈ [0, 1]2 such that wESG + wfin = 1. Finally, we
calculate the weighted sum of the objective functions and maximize the result on the
set of efficient portfolios:

max
x∈P

{︂
wfinV

(n)
1 (x) + wESGV

(n)
2 (x)

}︂
. (4.2.14)

The solution to this single-objective problem identifies an efficient portfolio tailored
to the investor’s financial/ESG profile.

4.3 Description of the optimizers

In this paper, we consider two evolutionary algorithms to solve the above optimization
problems, which are nonlinear and non-smooth. More specifically, to tackle the single-
objective problems (4.2.10) and (4.2.11), we employ a genetic algorithm (GA), while
for the bi-objective one (4.2.13), we implement the iNSGA-II developed by Kaucic et al.
(2019). In Figure 4.2, we report the flowcharts of the two solvers. In both cases, an initial
set of candidate solutions, forming the so-called population, is randomly initialized and
is evolved through the following three steps.
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• Two sub-populations of parents are created by uniform selection. The first sub-
population is involved in the recombination phase, while the second is subject
to the mutation strategy. It is worth noting that the two sub-groups are not
disjointed. In this way, the same individual may enter into both the crossover
step and the mutation stage.

• The crossover is applied to the first sub-population of parents to give rise to a set
of offspring. This operator produces two children x1,x2 ∈ Rn for each pair of
parents x1,x2 ∈ Rn:

x1i = cix1i − (1− ci)x2i

x2i = cix2i − (1− ci)x1i
(4.3.15)

where ci is the scaling factor randomly chosen in [−1, 2] with i = 1, . . . , n. A
Gaussian mutation modifies the second sub-group of parents.

• The sub-populations of children are pickled together to forge the offspring pop-
ulation.

Due to the requirement of the entire investment, we also introduce a constraint-
handling procedure based on the repair mechanism developed by Liagkouras and
Metaxiotis (2015). First, in order to satisfy the non-negativity constraint, each candidate
solution x ∈ Rn is clamped in [0, 1]n as:

x̃i =

⎧⎪⎪⎨⎪⎪⎩
0 if xi < 0

1 if xi > 1

xi otherwise
(4.3.16)

where i = 1, . . . , n. Then, the projected vector x̃ is adjusted by normalization to
satisfy the budget constraint in the following way:

˜̃x =
x̃i∑︁n
j=1 x̃j

for i = 1, . . . , n . (4.3.17)

The above-quoted procedure makes feasible the individuals in the search space.
The main differences between the two algorithms are the following. In the GA, the
best individual at each generation represents a sub-optimal solution to the problem
under consideration. Instead, the iNSGA-II algorithm generates good approximations
of the Pareto front. To this end, iNSGA-II exploits a two-step ranking scheme. The
first ranking is based on the non-domination relation given in Definition 12. If the
individuals have the same position in that stage, one applies the second-level ranking,
which exploits a diversity-preserving mechanism, the so-called crowding distance.
The elitist individuals are chosen from the current population, and the offspring set
based on the ranking scheme. The candidates, saved in the following population,
corresponding to the higher level of non-domination fronts and the higher values of
crowding distance.
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Figure 4.2: Flowcharts of the two GAs used in the paper. On the left, the GA for the single-
objective problems, and on the right, the iNSGA-II for the bi-objective problem.
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4.4 Experimental part

Our analysis focuses on the European market due to the advanced disclosure rules
in this zone. More specifically, we consider a subset of the STOXX Europe 600 index
constituents as the investable universe. We obtain the monthly rates of return and the
monthly ESG ratings from 01/01/2015 to 31/12/2021 for 538 companies from Refinitiv
Datastream. The ESG scores are scaled between 1 and 100 and represent an assessment
of how the company operates on sustainability. The time window choice is motivated by
Directive 2014/95/EU, which has imposed the disclosure of non-financial information
for this type of company since 2015. In the first instance, our goal is to highlight the
role in portfolio choices of a preselection technique based on the sustainable score of
firms. In the second step, we analyze the benefits that derive from the inclusion in the
investment process of a criterion involving the dynamics of the ESG scores. To this
end, we consider an investment plan with a one-month horizon and employ a rolling
window scheme based on historical data. The out-of-sample window covers the period
from 31/11/2019 to 31/12/2021, for a total of 25 months. The procedure also exploits
an in-sample window of 47 months to set the model parameters.

4.4.a Ex-post performance measures

In the sequel, we introduce the ex-post performance measures that will be used to
assess the profitability of the proposed strategies. Let us denote by xt the optimal
portfolio at the ex-post month t, with t = 1, . . . , 25. Due to the time dependence of the
considered investment plan, we calculate the value of turnover as follows:

n∑︂
i=1

|xt,i − xt−1,i| (4.4.18)

where xt−1,i = (xt−1,1, . . . , xt−1,n) represents the portfolio to be balanced. Now, let
the routp,t be the ex-post portfolio rate of return realized at time t, with t = 1, . . . , 25. We
consider the so-called ex-post Sharpe ratio, defined as:

SRout =
µout

σout
(4.4.19)

where µout and σout are the mean and the standard deviation of the ex-post portfolio
rates of return, respectively. Further, we compute the net wealth at time t as:

Wt = Wt−1(1 + routp,t )− λ(xt,xt−1) (4.4.20)

where λ(xt,xt−1) is the cost function, whose structure is presented in Table 4.1.
Moreover, we use the so-called compound annual growth rate, which in our case is

calculated as:
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Trading segment (e) Fixed fee (e) Proportional cost (%)
0 – 7999 40 0

8000 – 49999 0 0.50
50000 – 99999 0 0.40

100000 – 199999 0 0.25
≥ 200000 400 0

Table 4.1: Structure of transaction costs.

CAGR =

(︃
WTend

W0

)︃ 12
Tend

− 1 (4.4.21)

where W0 represents the initial wealth and WTend
is the final wealth. Finally, we

measure the downside risk by the so-called peak-to-valley drawdown:

DDt = −min{0, Wt −Wpeak

Wpeak

} (4.4.22)

where Wpeak is the maximum amount of wealth reached by the strategy until time t.
In particular, we consider the maximum of the drawdowns over time.

4.4.b Analysis of the proposed models

The preselection strategies involved at the time of investment consider six levels of
sustainable-worthiness, as reported in Table 4.2. In particular, the NO ESG strat-
egy, without requiring any ESG information, represents the entire investable universe.
Conversely, the second strategy requires only the availability of the ESG score at the
investment time for the assets to be included in the portfolio. Strategies B and B+ con-
sist of a pool of companies with good ESG performance referring to their sector and an
above-average degree of transparency in publicly reporting ESG material. Finally, the
last two stock-picking levels translate excellent ESG performances of a firm compared
to its sector and a maximum degree of transparency in disclosing sustainable materials.

Stock-picking Description
NO ESG All firms in the dataset

ANY ESG Firms with an ESG score
B Firms with ESG score ≥ 58.3

B+ Firms with ESG score ≥ 66.7
A− Firms with ESG score ≥ 75
A Firms with ESG score ≥ 83.3

Table 4.2: Preselection strategies description.



122 CHAPTER 4. OPTIMAL PORTFOLIO WITH SUSTAINABLE ATTITUDES UNDER CPT

Financial-only CPT-based models

In models (4.2.10) and (4.2.11), agents first preselect the investment pool based on the
strategies introduced above. Then, they maximize the financial CPT-value function
V1. In Figure 4.3, we can observe the evolution of this objective for the different stock-
picking techniques. When we consider NO ESG and ANY ESG, we notice that the
corresponding optimal portfolios generate similar CPT-values. The other screening
procedures present significantly lower values. Overall, according to the literature, it is
worth noting that when the ESG threshold increases, the financial utility progressively
decreases.

Figure 4.3: Evolution of the financial CPT-value function over time.

Next, we assess the profitability of the different portfolio allocation strategies with an
initial wealth W0 = 1, 000, 000e. Looking at Table 4.3, one can infer that including an
ESG preference for the investable pool is a positive discriminant for a CPT-type agent
investing in the European market. More specifically, the best strategy is associated
with the ANY ESG screening, which presents a Sharpe ratio three times more than the
benchmark with controlled maximum drawdown and turnover. The portfolios derived
from NO ESG and A screenings are the second-best alternatives. The former shows a
higher SR value, while the latter controls better risk and turnover.
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NO ESG ANY ESG B B+ A- A Benchmark
SR 0.3130 0.4501 0.2914 0.1639 0.1317 0.2100 0.1638

CAGR (%) 6.5549 28.2080 -7.1879 -12.8220 -8.1606 4.1181 9.0256
Std 0.0978 0.0981 0.0651 0.0595 0.0553 0.0522 0.0539

Max DD 0.2922 0.2958 0.2910 0.2812 0.2480 0.2014 0.2303
Turnover 0.2891 0.2735 0.7386 0.7121 0.5976 0.5379 -

Table 4.3: Performance measures of portfolio allocation models (4.2.10) and (4.2.11) for the
different stock-picking strategies.

Figure 4.4 highlights the behavior of the six investment strategies in terms of the
produced wealth. The mere inclusion of the ESG criterion leads to an increase in
investment, especially after 2021, if we do not consider transaction costs. However,
focusing on the net wealth, only portfolios with NO and ANY ESG screenings still
outperform the index. This fact is a consequence of the low turnover level of these
portfolios.

Figure 4.4: Ex-post evolution of gross wealth (on the left) and net wealth (on the right) of the
proposed stock-picking strategies.

CPT-based models with financial and ethical objectives

Concerning the bi-objective model (4.2.13), Figure 4.5 shows for each preselection strat-
egy the corresponding efficient frontier at the end of each year in the out-of-sample
window. It is worth noting that the non-dominated fronts can be ranked in decreasing
order with respect to the ESG threshold of the screening. In particular, we can observe
the clustering of the efficient frontiers into three groups: ANY ESG, B and B+, A- and
A.

Similar to the single-objective instances, we assess the ex-post profitability of the
portfolio allocation strategies for three representative investor attitudes, whose vectors
of preferences are listed in Table 4.4. The first agent gives more importance to the
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financial criterion, while Agent 3 to the sustainable one. Finally, Agent 2 reflects a
moderate profile and perfectly balances financial and ESG preferences.

Weight of the financial preference Weight of the ESG preference
Agent 1 0.75 0.25
Agent 2 0.50 0.50
Agent 3 0.25 0.75

Table 4.4: Structure of the weights for the three considered agents.

The ex-post results for these ESG-aware agents are reported in Table 4.5. As in
the previous section, we consider an initial wealth W0 = 1, 000, 000e, with the same
transaction cost structure presented in Table 4.1. Each column refers to a specific ESG-
based preselection. We observe that as the relevance of the CPT-type value function for
the sustainability rates of return increases, the preselection threshold decreases to allow
a broader range of ESG variations over time. Conversely, if there is a greater financial
preference, the optimal ethical screening is attained at a higher ESG threshold.

We conclude this section by comparing the models presented above. In Figure 6,
the best-performing model in terms of final wealth corresponds to the financial-only
investor with the ANY ESG preselection criterion as it reaches 1, 700, 000e. The bi-
objective model for Agent 3 profile and preselection B+ is the second-best strategy
having as final wealth around 1, 300, 000e. We also stress the fact that for the same
period, the buy-and-hold strategy finally shows 1, 200, 000eas net wealth. Finally, the
strategy that envisages no inclusion of ESG criteria underperforms the buy-and-hold
strategy with a final wealth of 1, 140, 000e.

4.5 Conclusions

In this paper, we have presented two extensions of the classical cumulative prospect
theory framework. In the first model, we analyzed the impact of various ethical stock-
picking strategies on the financial CPT-value function. In a second formulation, we
have proposed a sustainable CPT-value function, which has been integrated into the
objectives of the optimization problem. The aim has been to also include in the val-
uation framework of an ESG-aware investor the variations of the firms’ ESG scores
over time. We have introduced a scaling procedure based on the investor’s preferences
toward financial and ESG criteria to select the suitable portfolio on the associated ef-
ficient frontier. Finally, we have assessed the profitability of the developed portfolio
allocation models using an investment pool from the STOXX Europe 600 covering 2019
to 2021. The results show that using a stock-picking procedure based on the ESG in-
formation improves the financial performance of the investment. Moreover, we have
considered the portfolio construction for three representative investor attitudes. The
ex-post analysis reveals that the bi-objective models with higher ESG preferences have



4.5. CONCLUSIONS 125

Figure 4.5: Efficient frontiers of model (4.2.13) at the end of each year.

ANY ESG B B+ A- A
Agent 1

SR -0.0399 0.0567 0.2218 0.1652 0.3592
CAGR (%) -37.9350 -23.4090 -10.3210 -4.5579 10.5370

Std 0.0552 0.0444 0.0470 0.0573 0.0408
Max DD 0.6595 0.4263 0.2616 0.1882 0.1041
Turnover 0.7305 0.9666 0.8976 0.7693

Agent 2
SR 0.1073 0.2117 0.3737 0.2232 0.2090

CAGR (%) -24.1850 -11.7920 3.6240 3.3902 4.3580
Std 0.0458 0.0471 0.0521 0.0672 0.0498

Max DD 0.4383 0.2330 0.1672 0.1815 0.1753
Turnover 0.7053 0.6048 0.5100 0.5462 0.3957

Agent 3
SR 0.3323 0.3308 0.3368 0.2978 0.0944

CAGR (%) 5.6427 9.1423 12.8160 10.3200 -1.8447
Std 0.0703 0.0712 0.0711 0.0646 0.0560

Max DD 0.1645 0.1483 0.1471 0.1457 0.1810
Turnover 0.2102 0.2001 0.1632 0.3874 0.2648

Table 4.5: Performance measures of the proposed portfolio optimization for the three represen-
tative agents.
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lower risk and better control of extreme losses with respect to the buy-and-hold strategy
and the single-objective CPT-based models. However, these findings could depend on
the selected provider’s ESG rating evaluation methodology and the geographical area
of the stocks employed in the investments. These factors offer an opportunity to de-
velop further research by considering other ESG providers and different international
markets.
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Conclusions

In this final section, I will briefly discuss the main findings of the works included in
this PhD Thesis. In the first paper, the introduction of a hybrid Level-Based Learning
Swarm Optimizer (LLSO) with mutation operators addresses challenges in a large-scale
portfolio optimization model that maximizes a modified version of the Sharpe ratio.
In the numerical experiments conducted on three publicly available data sets, on the
one hand, I showed the superior performance of the proposed algorithm with respect
to other state-of-the-art swarm optimization solvers in solving large-scale cardinality-
constrained problems. On the other hand, an analysis of the portfolio model’s sensi-
tivity to the cardinality constraint using data from the MSCI World index reveals that
smaller portfolios are more competitive than the value-weighted benchmark index and
exhibit greater resilience during market downturns. The second paper is an analysis
of three long-run investment strategies based on Sharpe-based performance measures
on large-scale global market indices. Specifically, I considered some extensions of the
classical Sharpe ratio that incorporate higher-order moments, in order to enhance the
value of considering skewness and kurtosis in portfolio performance evaluation. Using
the LLSO algorithm developed in the first work equipped with an ad-hoc constraint
handling technique, I first conducted a sensitivity analysis for the portfolio size and for
the turnover constraint, in order to identify the best combination of these parameters in
terms of ex-post performance and management cost. Overall, the best portfolio combi-
nation turned out to be the one with the 15% of the investment pool and with a turnover
of 10%. Then, I conducted a more detailed analysis of the portfolio performance before
and after the COVID-19 pandemic outbreak, evidencing that including higher-order
moments in the Sharpe ratio measure provides superior results in terms of net wealth
and leads to a better control of risk. Finally, in the third and fourth paper, the incorpora-
tion of ESG criteria into portfolio optimization models reveals that sustainable investing
can achieve competitive financial returns while enhancing risk control during market
turbulence. Moreover, behavioral finance models further emphasize the alignment of
ethical investment strategies with investor preferences.
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I believe that the results proposed in this PhD thesis could bridge theoretical ad-
vancements with practical applications, being useful for both academics and practi-
tioners. For the former, the proposed swarm algorithms represent a novel approach
for solving large-scale cardinality-constrained portfolio optimization problems subject
to real-world constraints. In particular, the hybridization of the standard swarm intel-
ligence algorithms with different constraint-handling mechanisms represents a point
of novelty in the current literature. For the latter, I think that the integration of ESG
factors into quantitative investment frameworks could be useful for institutional in-
vestors seeking to align financial objectives with sustainability goals. Moreover, in the
presented papers, I observed empirically that sustainable investment strategies not only
exhibit risk mitigation during volatile periods, but also are able to create financial value
with respect to their non-ESG counterparts.

However, despite showing very promising results, this PhD thesis presents also some
limitations and open questions that can be tackled in future research works. Firstly, it is
well known that the use of meta-heuristic algorithms is widely problem-dependent, and
a solver that performs well on one real-world problem may not yield the same results
on another. Therefore, there is a need in the literature to develop heuristics with strong
theoretical foundations that can be adapted to various practical problems. To achieve
this goal, a greater collaboration between practitioners, who utilize the outputs of these
algorithms, and researchers, who develop and refine the solvers, is crucial, in order
to ensure that the solutions found are practical and effective. Secondly, the proposed
portfolio models have been tested primarily on developed markets, and especially
Europe, since ESG criteria are more rigorously followed there due to the recent non-
financial disclosure. Hence, the results might differ when applied to other markets, and
to enhance the practical appeal of these models, it would be valuable to evaluate their
performance in other contexts, in particular the American market. This could provide
a broader understanding of the models’ applicability and robustness across different
regulatory environments and market conditions. Moreover, as ESG data becomes more
granular and standardized in all the principal markets, future work could explore
real-time, multi-source ESG indicators that could enhance decision-making precision.
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