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1. Introduction

We consider the nonlinear Schrödinger equation (NLS) on the line

i∂tu = Hu + f (u), (t, x) ∈ R×R, with u(0) = u0 ∈ H1(R,C) and f (u) = g(|u|2)u (1)

where H = −∂2
x + V is a Schrödinger operator with V ∈ C1(R,R), that is real valued, with

|V(k)(x)| ≲ e−κ0|x| for k = 0, 1 and some κ0 > 0. We will assume that 0 is not a resonance
for H, that is

Hu = 0 with u ∈ L∞(R) =⇒ u = 0. (2)

It is well known that then H has a finite number of eigenvalues, that they are of dimension
one, and that for the continuous spectrum we have σe(H) = [0,+∞). We will assume that
H has exactly one single eigenvalue, which we denote by −λ, and we will assume −λ < 0.
We will denote by φ ∈ ker(H + λ) a corresponding eigenfunction with ∥φ∥L2 = 1, φ > 0
everywhere, with φ(x) ≲ e−|x|

√
λ [1].

We will consider the spectral decomposition

L2(R,C) = Span{φ} ⊕ Lc(H) (3)

denoting by Pu := ⟨u, φ⟩φ + ⟨u, iφ⟩iφ the corresponding projection on Span{φ} and
Pc = 1 − P where

(u, v) =
∫
R

u(x)v(x)dx and ⟨u, v⟩ = ℜ(u, v) for u, v : R → C , (4)

where v is the complex conjugate of v. We will also use the following notation.

• Given a Banach space X, v ∈ X and ε > 0, we set DX(v, ε) := {x ∈ X | ∥v − x∥X < ε}.

Mathematics 2024, 12, 3876. https://doi.org/10.3390/math12243876 https://www.mdpi.com/journal/mathematics

https://doi.org/10.3390/math12243876
https://doi.org/10.3390/math12243876
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://doi.org/10.3390/math12243876
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com/article/10.3390/math12243876?type=check_update&version=1


Mathematics 2024, 12, 3876 2 of 15

• For γ ∈ R, we set

L2
γ := {u ∈ S ′(R,C) | ∥u∥L2

γ
:= ∥eγ|x|u∥L2 < ∞}, (5)

H1
γ := {u ∈ S ′(R,C) | ∥u∥H1

γ
:= ∥eγ|x|u∥H1 < ∞}. (6)

• For s ∈ R, we set and κ ∈ (0, 1) fixed in terms of p and small enough, we consider

∥η∥Lp,s :=
∥∥⟨x⟩sη

∥∥
Lp(R) where ⟨x⟩ :=

√
1 + x2, (7)

∥η∥ΣA :=
∥∥∥∥sech

(
2
A

x
)

η′
∥∥∥∥

L2(R)
+ A−1

∥∥∥∥sech
(

2
A

x
)

η

∥∥∥∥
L2(R)

and (8)

∥η∥Σ̃ := ∥sech(κx)η∥L2(R). (9)

We assume that there is a p > 1 and a C > 0 such that, for k = 0, 1, 2, we have

|g(k)(s)| ≤ C|s|
p−1

2 −k for all s ∈ (0, 1]. (10)

The following can be proved as in [2] (Proposition 1.2).

Proposition 1 (Bound states). Let p > 0. Then there is an a0 > 0, an ε0 > 0, and a C > 0 such
that there is a unique Q[·] ∈ C1(DC(0, ε0), H1

γ0
) satisfying the gauge property

Q[eiθz] = eiθQ[z], (11)

such that there is an E ∈ C([0, ε2
0),R) such that

HQ[z] + g(|Q[z]|2)Q[z] = E(|z|2)Q[z], (12)

and for j = 1, 2,

∥Q[z]− zφ∥H1
a0
≤ C|z|p, ∥DjQ[z]− ij−1 φ∥H1

a0
≤ C|z|p−1,

∣∣∣E(|z|2) + λ
∣∣∣ ≤ C|z|p−1. (13)

Energy E and Mass Q are invariants of (1), where

E(u) =
1
2
⟨Hu, u⟩+

∫
R

G(|u|2) dx where G(0) = 0 and G′(s) ≡ g(s), (14)

Q(u) =
1
2
∥u∥2

L2(R). (15)

In this paper, we prove the following result. Near the origin H1(R), Problem (1) is glob-
ally well posed and there are constants δ0 > 0 and C0 > 0 such that, for ∥u0∥H1 < δ0,
∥u(t)∥H1 ≤ C0∥u0∥H1 for all times (see Cazenave [3]).

Theorem 1. There is an a > 0 such that, for any ϵ > 0, there is a δ > 0 such that, for ∥u0∥H1 < δ,
the solution u(t) of (1) can be written uniquely for all times as

u(t) = Q[z(t)] + η(t) with η(t) ∈ PcH1, (16)

such that we have

|z(t)|+ ∥η(t)∥H1 ≤ ϵ for all t ∈ [0, ∞), (17)∫ +∞

0
∥e−a⟨x⟩η∥2

H1 dt ≤ ϵ2 (18)

lim
t→+∞

∥e−a⟨x⟩η(t)∥L2(R) = 0 (19)
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and there is a r+ ≥ 0 such that
lim

t→+∞
|z(t)| = r+. (20)

Remark 1. Theorem 1 implies that, for a δ that is sufficiently small, there is a function ϑ : R → R
such that

lim
t→+∞

u(t)e−iϑ(t) = Q[r+] in L∞
loc(R). (21)

Equation (1) is one of the most classical nonlinear Hamiltonian PDEs. The Hamiltonian
is the nonlinear functional E, defined in Formula (14), which is a nonlinear real-valued
functional with domain in H1(R). The functional Q is invariant along the flow of (1)
because of a symmetry of the system and is variously called in the literature “mass” or
“charge.” The physical relevance of nonlinear Schrödinger equations is their ubiquitous
appearance in mean field approximations and in multiscale expansions (see [4]). It is clear
that, since (1) is nonlinear, we are not free to normalize the mass (or charge) of the solution.
This makes (1) very different from linear Schrödinger equations, where it is possible to
normalize a nonzero solution setting the mass to be equal to 1. This is not possible here. In
fact, for an equation like (1), it is very hard to say what is the asymptotic behavior in time
of solutions whose mass equals 1. In this paper, we are able to study only small solutions.

In Weder [5], there is a version of Theorem 1 for p > 2 but where the nonlinearity
is multiplied by an appropriately decaying function in x → ∞. The case of the cubic
nonlinearity if V(x) = −c0δ(x) was considered by Gong Chen [6] and by Masaki et al. [7],
where c0 > 0 and δ(x), the Dirac delta, concentrated in 0. We considered the cubic nonlin-
earity in [8] with a more general set of eigenvalues than the one considered here. In [8],
the nonlinearity could be different but needs to be sufficiently regular, and the regularity
depends on the ratio of the distances of the first excited state from the ground state and
from 0. Notice that, in [8] (Assumption 1.13), there is an additional repulsivity hypothesis
on a potential obtained after Darboux transformations, which is actually unnecessary. In
fact, it is not required if we replace the second virial inequality in [8] with a smoothing
estimate like the ones considered here.

Here we will focus only on the more delicate case 1 < p ≤ 2, where the nonlinearity
is stronger. In [2], we considered a special case of Theorem 1 with V(x) = −c0δ(x). We
improve that result because, in [2], we proved a version of (20) only for p > 2.

Equation (1) was considered first for dimension d = 3 by Soffer and Weinstein [9,10]
and Pillet and Wayne [11]. Of the subsequent literature up until 2020, we highlight
Gustafson et al. [12] for the case d = 3 and the adaption of [12] for d = 1, 2 by Mizu-
machi [13], while we refer the reader to our survey for a long list of references on the
asymptotic stability of ground states of the NLS up until 2020 [14]. Various papers have
been written recently proving dispersive estimates of small solutions in the case when H
has no eigenvalues (see [15–26]). The papers proving dispersive estimates (for a smaller
class of solutions), which appear harder to prove than Theorem 1, require a certain degree
of regularity for the nonlinearity. Notice that, in our H1(R) framework, all results must
be invariant by translation in time, a condition satisfied by Theorem 1, so it is not possible
to have a fixed rate of time decay ∥η(t)∥L∞(R) for all our solutions. Li and Luhrmann [21]
partially recover the result in [27] with methods that do not explicitly exploit the integrable
structure of the cubic NLS.

As in [28], our proof is based on the ideas of Kowalczyk et al. [29–32] where dispersion
is proved by means of two distinct virial estimates. As in [28], here we perform just the first,
high energy, virial estimate, while we substitute the second, low energy, virial estimate by a
Kato smoothing estimate. Very important to us has been the treatement of Kato smoothing
by Mizumachi [13,33]. The methods of Kowalczyk and our particular use of smoothing
estimates do not require much regularity of the nonlinearity and allow us to consider
Equation (1) for any p > 1. For an earlier example of this for a different model, using
both virial inequalities, see [34]. Our methods allow us to exploit the fact that, under our
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hypotheses on the Schrödinger operator H, at small energy, radiation disperses to infinity
more than small energy solutions of the constant coefficients linear Schrödinger equation.
The two classes of solutions are different (see [35,36]). Notice that, for H = −∂2

x and p ≥ 3
by Ozawa [37], for any η+ ∈ L2,2(R), the space defined in (7), and both for focusing and
defocusing equations, there is a solution u of (1) with ∥η(t)− eiS(t,·)eit∂2

x η+∥L2(R) ≤ O(t−α)

with α > 1/2 and for an appropriate real phase S(t, x), which is equal to 0 if p > 3. Since,

for |x| ≤ 1, we have eit∂2
x η+(x) = 1√

2it
ei x2

4t η̂+(0) + O(t−α) with α > 1/2, in the generic case
with η̂+(0) ̸= 0, we conclude that ∥η∥L2(R+ ,L2(|x|≤1)) = +∞. The fact that here we have (18)
is ultimately due to the fact that our H is generic and thus is better behaved in terms of the
Kato smoothing than −∂2

x, which is non-generic and has a resonance at 0. The second virial
inequality in various of the papers of Kowalczyk et al. and in [34] is also due to the fact
that certain linearized operators are generic in the framework of these papers.

Turning to open problems, we do not know how to prove Theorem 1 for low p’s in
dimension d ≥ 2. Another interesting problem would be to improve [38] and prove a
version of Theorem 1 on the line for a periodic potential V = q1 + q2 for q1 and a small
and rapidly decreasing q2 to 0 at infinity. Unfortunately, our proof relies on the fact that
the background is flat and V decays rapidly, whether exponentially as it is here or at a
sufficiently rapid polynomial decay.

Notation 1. We will use the following miscellanea of notations and definitions.

1. As in the theory of Kowalczyk et al. [31], we consider constants A, B, ϵ, δ > 0 satisfying

log(δ−1) ≫ log(ϵ−1) ≫ A ≫ B2 ≫ B ≫ 1. (22)

Here we will take A ∼ B3 (see Section 6 below), but in fact A ∼ Bn for any n > 2 would
make no difference.

2. The notation oε(1) means a constant with a parameter ε such that

oε(1)
ε→0+−−−→ 0. (23)

3. Given two Banach spaces X and Y, we denote by L(X, Y) the space of continuous linear
operators from X to Y. We write L(X) := L(X, X).

4. We have the following elementary formulas:

D f (u)X =
d
dt

f (u + tX)

∣∣∣∣
t=0

= g
(
|u|2

)
X + 2g′

(
|u|2

)
u⟨u, X⟩C. (24)

5. Following the framework in Kowalczyk et al. [31], we fix an even function χ ∈ C∞
c (R, [0, 1])

satisfying

1[−1,1] ≤ χ ≤ 1[−2,2] and xχ′(x) ≤ 0 and set χC := χ(·/C) for a C > 0. (25)

6. We set

C± := {z ∈ C : ±ℑz > 0}. (26)

2. Notation and Coordinates

We have the following ansatz, which is an elementary consequence of the Implicit
Function Theorem (see [2] (Lemma 2.1)).

Lemma 1. There is a c0 > 0 and a C > 0 such that, for all u ∈ H1 with ∥u∥H1 < c0, there is a
unique pair (z, η) ∈ C× Pc H1 such that

u = Q[z] + η with |z|+ ∥η∥H1 ≤ C∥u∥H1 . (27)
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The map u → (z, η) is in C1(DH1(0, c0),C× H1).

The proof of Theorem 1 is mainly based on the following continuation argument.

Proposition 2. There is a δ0 = δ0(ϵ) s.t. if

∥η∥L2(I,ΣA)
+ ∥η∥L2(I,Σ̃) + ∥ż + iEz∥L2(I) ≤ ϵ (28)

holds for I = [0, T] for some T > 0 and for δ ∈ (0, δ0), then, for I = [0, T], Inequality (28) holds
for ϵ replaced by oϵ(1)ϵ.

Notice that this implies that the result is true for I = R+. We will split the proof
of Proposition 2 in a number of partial results obtained assuming the hypotheses of
Proposition 2.

Proposition 3. We have

∥ż + iE(|z|2)z∥L2(I) ≲ δp−1ϵ, (29)

∥ż∥L∞(I) ≲ δ. (30)

Proposition 4 (Virial Inequality). We have

∥η∥L2(I,ΣA)
≲ Aδ + ∥ż + iE(|z|2)z∥L2(I) + ∥η∥L2(I,Σ̃) + ϵ2. (31)

Notice that Aδ ≪ A−1ϵ2 = oB−1(1)ϵ2 in (31).

Proposition 5 (Smoothing Inequality). We have

∥η∥L2(I,Σ̃) ≲ oB−1(1)ϵ. (32)

Proof of Theorem 1. It is straightforward that Propositions 3–5 imply Proposition 2 and
thus the fact that we can take I = R+ in all the above inequalities. This in particular
implies (18).

We next focus on the limit (19). We first rewrite our equation: entering the ansatz (27)
in (1) and using (12), we obtain

iη̇ + iDzQ[z](ż + iEz) = Hη + ( f (Q[z] + η)− f (Q[z])). (33)

Then we can proceed as in [28] considering

b(t) := 2−1∥e−γ⟨x⟩η(t)∥2
L2(R)

and by obvious cancellations and orbital stability, obtaining

ḃ =
〈[

e−2γ⟨x⟩, i∂2
x

]
η, η

〉
−

〈
DzQ[z](ż + iEz), e−2a⟨x⟩η

〉
(34)

+
〈

e−γ⟨x⟩i( f (Q[z] + η)− f (Q[z])), e−γ⟨x⟩η
〉
= O(δ2) for all times.

Since we already know from (18) that b ∈ L1(R), we conclude that b(t) t→+∞−−−−→ 0. Notice
that the integration by parts in (34) can be made rigorous considering that if u0 ∈ H2(R)
by the well known regularity result by Kato (see [3]), we have η ∈ C0(R, H2(R)

)
, and the

above argument is correct. By a standard density argument, the result can be extended to
u0 ∈ H1(R).
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We prove (20). Here, notice that, by orbital stability, we can take a > 0 such that we
have the following, which will be used below,

e−2a⟨x⟩|z| ≳ max{|Q[z]|, |Q[z]|2p−1} for all t ∈ R. (35)

Since Q(Q[z]) is strictly monotonic in |z|, it suffices to show that Q(Q[z(t)]) converges
to t → ∞. From the conservation of Q, the exponential decay of ϕ[ω, v, z], (19), and (18),
we have

lim
t→∞

(Q(u0)− Q(Q[z(t)])− Q(η(t))) = 0. (36)

Thus, our task is now to prove d
dt Q(η) ∈ L1, which is sufficient to show the convergence of

Q(η). Now, from (33), we have

d
dt

Q(η) = ⟨η, η̇⟩ = −⟨η, DzQ[z](ż + iEz)⟩+ ⟨η, i( f (Q[z] + η)− f (Q[z]))⟩

= I + I I.

By the bound of the 1st and the 3rd term of (28), we have I ∈ L1(R+). To show I I ∈ L1(R+),
we partition for s ∈ (0, 1) the line where x exists as

Ω1,t,s = {x ∈ R | |sη(t, x)| ≤ 2|Q[z(t)]|} and

Ω2,t,s = R \ Ω1,t,s = {x ∈ R | |sη(t, x)| > 2|Q[z(t)]|},

Then, we have

I I(t) = ∑
j=1,2

∫ 1

0
ds

∫
Ωj,t,s

⟨iD f (Q[z(t)] + sη(t))η(t), η(t)⟩C dx

=: I I1(t) + I I2(t).

For I I1, by (10) and (24), we have

|I I1(t)| ≲
∫ 1

0
ds

∫
Ω1,t,s

|⟨iD f (Q[z(t)] + sη(t))η(t), η(t)⟩C|dx

≲
∫ 1

0
ds

∫
Ω1,t,s

|Q[z(t)] + sη(t)|p−1|η(t)|2 dx ≲
∫
R
|Q[z(t)]|p−1|η(t)|2 dx

≲ ∥e−γ⟨x⟩η(t)∥2
L2(R) ∈ L1(R+).

Turning to I I2, by exploiting ⟨D f (sη(t))η(t), iη(t)⟩C ≡ 0, which can be easily checked from
(24), we write

I I2(t) = −
∫
[0,1]

ds
∫

Ω2,t,s

⟨D f (Q[z(t)] + sη(t))η(t)− D f (sη(t))η(t), iη(t)⟩Cdx

= −
∫
[0,1]2

dτds
∫

Ω2,t,s

〈
D2 f (τQ[z(t)] + sη(t))(Q[z(t)], η(t)), iη(t)

〉
C

dx.

Then by |sη(t, x)| > 2|Q[z(t)]|, and p ∈ (1, 2], we obtain the following, which completes
the proof of I I ∈ L1(R+) and (20):

|I I2(t)| ≲
∫
[0,1]2

dτds
∫

Ω2,t,s

|sη(t)|p−2|Q[z(t)]| |η(t)|2dx

≲
∫
[0,1]

ds sp−2
∫

Ω2,t,s

|η(t)|p−2|Q[z(t)]|p−1|η(t)|2−p |η(t)|2dx

≲ ∥e−a⟨x⟩η(t)∥2
L2(R) ∈ L1(R+).
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3. Proof of Proposition 3

Proposition 3 is an immediate consequence of (28) and the following lemma.

Lemma 2. We have the following estimate:

|ż + iE(|z|2)z| ≲ δp−1∥η∥Σ̃. (37)

Proof. Applying ⟨·, Θφ⟩ with Θ = 1, i to (33) we have the following, where the cancelled
terms are null by Lemma 1,

����⟨iη̇, Θφ⟩+ ⟨iDzQ[z](ż + iEz), Θφ⟩ =�����⟨Hη, Θφ⟩
−⟨ f (Q[z] + η)− f (Q[z])− D f (Q[z])η, Θφ⟩ − ⟨D f (Q[z])η, Θφ⟩.

We have

|⟨D f (Q[z])η, Θφ⟩| ≲ |z|p−1∥η∥Σ̃. (38)

Next, we claim

|⟨ f (Q[z] + η)− f (Q[z])− D f (Q[z])η, Θφ⟩| ≲ ∥η∥p
Σ̃

. (39)

We set for s ∈ (0, 1)

Ω′
1,t,s = {x ∈ R | 2|sη(t, x)| ≤ |Q[z(t)]|} and

Ω′
2,t,s = R \ Ω′

1,t,s = {x ∈ R | 2|sη(t, x)| > |Q[z(t)]|}

and split

⟨ f (Q[z] + η)− f (Q[z])− D f (Q[z])η, Θφ⟩ = I1(t) + I2(t) for

Ij(t) =
∫ 1

0
ds

∫
Ω′

j,t,s

⟨[D f (Q[z] + sη)− D f (Q[z])]η, Θφ⟩Cdx.

We then have

I1(t) =
∫
[0,1]2

dτ ds s
∫

Ω′
1,t,s

〈
D2 f (Q[z] + sτη)(η, η), Θφ

〉
C

dx

with

|I1(t)| ≲
∫
[0,1]2

dτ ds
∫

Ω′
1,t,s

φ|Q[z]|p−2|η|2−p+pdx ≲ ∥η∥p
Σ̃

.

We have the following, which completes the proof of (39) and with (38) yields (37):

|I2(t)| ≲
∫
[0,1]

ds
∫

Ω′
2,t,s

φ|η|pdx ≲ ∥η∥p
Σ̃

.

4. High Energies: Proof of Proposition 4

Following the framework in Kowalczyk et al. [31] and using the function χ in (25) we
consider the function

ζA(x) := exp
(
−|x|

A
(1 − χ(x))

)
and φA(x) :=

∫ x

0
ζ2

A(y) dy (40)
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and the vector field

SA := φ′
A + 2φA∂x. (41)

Next we introduce

IA := 2−1⟨iη, SAη⟩. (42)

Notice that |IA(t)| ≲ Aδ2 for any t ∈ R.

Lemma 3. There is a fixed constant C > 0 s.t. for an arbitrary small number

∥η∥2
ΣA

≤ C
[
İA + ∥η∥2

Σ̃
+ |ż + iEz|2

]
. (43)

Proof. From (33), we obtain

İA =− ⟨η̇, iSAη⟩ = −
〈

∂2
xη, SAη

〉
+ ⟨Vη, SAη⟩

− ⟨ f (Q[z] + η)− f (Q[z]), SAη⟩+ O
(
|ż + iEz|∥η∥Σ̃

)
.

From Kowalczyk et al. [31], we have

−
〈

∂2
xη, SAη

〉
≥ 2∥(ζAη)′∥2

L2 −
C
A
∥η∥2

Σ̃
. (44)

It is clear that

|⟨Vη, SAη⟩| = 2−1|⟨[SA, V]η, η⟩|| ≲ ∥η∥2
Σ̃

. (45)

We write
⟨ f (Q[z] + η)− f (Q[z])− f (η), SAη⟩+ ⟨ f (η), SAη⟩ =: B1 + B2.

Then

|B2| = |
〈

f (η)η − G(|η|2), ζ2
A

〉
| ≲

∫
R
|η|p+1ζ2

Adx

and we use the crucial estimate by Kowalczyk et al. [31]:∫
R
|η|p+1ζ2

Adx ≲ A2∥η∥p−1
L∞(R)∥(ζAη)′∥2

L2(R) ≲ A−1∥(ζAη)′∥2
L2(R). (46)

We claim

|B1| ≲ ∥η∥2
Σ̃
+ δ2∥(ζAη)′∥2

L2 . (47)

We consider

Ω1,t = {x ∈ R | |η(t, x)| ≤ 2|Q[z(t)]|} and (48)

Ω2,t = R \ Ω1,t = {x ∈ R | |η(t, x)| > 2|Q[z(t)]|},

and split accordingly

B1 = ∑
j=1,2

⟨ f (Q[z] + η)− f (Q[z])− f (η), SAη⟩L2(Ωj,t)
=: B11 + B12.
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We have

|B11| ≤
∫ 1

0

∫
Ω1,t

|⟨(D f (Q[z] + sη)− D f (sη))η, SAη⟩C|dxds

≲
∫

Ω1,t

ζ2
A|Q[z]|p−1|η|2dx +

∫
Ω1,t

ζ−1
A |φA||Q[z]|p−1|η|(ζAη)′ − ζ ′Aη|dx =: B111 + B112.

Then

B111 ≲ ∥η∥2
Σ̃

and, for a fixed small and preassigned δ2 > 0,

B112 ≲
∫

Ω1,t

ζ−1
A |φA||Q[z]|p−1|η|

(
|(ζAη)′|+ 1

A
ζA|η|

)
dx ≲ ∥η∥2

Σ̃
+ δ2∥(ζAη)′∥2

L2 .

We have

|B12| ≤
∫ 1

0

∫
Ω2,t

|⟨(D f (sQ[z] + η)− D f (sQ[z]))Q[z], SAη⟩C|dxds

≲
∫

Ω2,t

ζ2
A|η|p|Q[z]|dx +

∫
Ω2,t

ζ−1
A |ϕA||η|p−1|Q[z]||(ζAη)′ − ζ ′Aη|dx =: B121 + B122.

We have

B121 ≲
∫

Ω2,t

ζ2
A|η|p|Q[z]|2−p+p−1dx ≤

∫
R
|η|2|Q[z]|p−1dx ≲ ∥η∥2

Σ̃
.

We have similarly, for a fixed small and preassigned δ2 > 0 and completing the proof
of (47),

B122 ≲
∫

Ω2,t

ζ−1
A |φA||η||Q[z]|p−1

(
|(ζAη)′|+ 1

A
ζA|η|

)
dx ≲ ∥η∥2

Σ̃
+ δ2∥(ζAη)′∥2

L2 .

Proof of Proposition 4. Integrating inequality (3), we obtain (31).

5. A Review of Kato Smoothing

This section is mainly inspired by Mizumachi [13] and is based also on material
in [8,39]. Since 0 is not a resonance of H, by Lemma 1, p. 130 and Theorem 1 [1,5]
(Formula (2.45)), we have the following result about Jost functions.

Proposition 6 (Jost functions). For any k ∈ C+, there are functions f±(x, k) = e±ikxm±(x, k)
which solve Hu = k2u with

lim
x→+∞

m+(x, k) = 1 = lim
x→−∞

m−(x, k).

These functions, for x± := max{0,±x}, satisfy

|m±(x, k)− 1| ≤ C1⟨x∓⟩⟨k⟩−1
∣∣∣∣∫ ±∞

x
⟨y⟩|V(y)|dy

∣∣∣∣. (49)

For the Wronskian, we have [ f+(x, k), f−(x, k)] =
2ik

T(k)
, where T(k) = αk(1 + o(1)) near k = 0

for some α ∈ R and T(k) = 1 + O(1/k) for k → ∞ and T ∈ C0(R).
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For k ∈ C+, we have the following formula for the integral kernel of the resolvent
RH(k2) of H, for x < y, with an analogous formula for x > y:

RH(k2)(x, y) =

{
T(k)
2ik f−(x, k) f+(y, k) = T(k)

2ik eik(x−y)m−(x, k)m+(y, k) for x < y
T(k)
2ik f+(x, k) f+(−, k) = T(k)

2ik e−ik(x−y)m+(x, k)m−(y, k) for x > y .
(50)

Let now λ ≥ 0 and set k =
√

λ ≥ 0. Then the Formula (50) makes sense yielding the
kernel R+

H(λ)(x, y) of an operator, which is denoted by R+
H(λ). We can define similarly

Jost functions for ℑk < 0, which are of the form f±(x, k). In particular, R−
H(k

2)(x, y) =

R+
H(k2)(x, y) for k ≥ 0.

We have the following.

Lemma 4. For any s > 3/2 and τ > 1/2, there is a constant Csτ > 0 such that for any λ ≥ 0,
the following limit exists for

lim
a→0+

RH(λ ± ia) = R±
H(λ) in L

(
L2,τ(R), L2,−s(R)

)
and we have the bound (51)

sup
λ,a∈R+

∥RH(λ ± ia)∥L(L2,τ(R),L2,−s(R)) ≤ Csτ . (52)

Proof. The result is standard, and we sketch it for completeness. It is enough to consider
the + sign. For any λ ≥ 0, a > 0 (small), x < y, and ka =

√
λ + ia, we have

⟨x⟩−s|RH(λ + ia)(x, y)|⟨y⟩−τ ≲ ⟨x⟩−s(1 + x+ + y−
)
⟨y⟩−s ≲


⟨x⟩−s+1⟨y⟩−τ if y > x > 0;
⟨x⟩−s⟨y⟩−τ+1 if x < y < 0.
⟨x⟩−s⟨y⟩−τ otherwise.

(53)

We have an analogous estimate for x > y. It is then elementary to show that the latter
kernel ⟨x⟩−sRH(λ + ia)(x, y)⟨y⟩−τ ∈ L2(R×R), with a norm independent from a > 0 and
λ ≥ 0. Indeed, for z = λ ± ia, it is enough to consider∫

R
dx⟨x⟩−2s

∫
R
|RH(x, y, z)|2⟨y⟩−2τdy =

∫
R

dx⟨x⟩−2s
∫ x

−∞
|RH(x, y, z)|2⟨y⟩−2τdy

+
∫
R

dx⟨x⟩−2S
∫ +∞

x
|RH(x, y, z)|2⟨y⟩−2τdy. (54)

The second term on the right hand side is bounded using (53) by∫
x<y

⟨x⟩−2s⟨y⟩−2τ(1 + x+ + y−
)2dxdy ≤

∫
0<x<y

⟨x⟩−2s+2⟨y⟩−2τdxdy

+
∫

x<y<0
⟨x⟩−2s⟨y⟩−2τ+2dxdy +

∫
x<0<y

⟨x⟩−2s⟨y⟩−2τdxdy =:
3

∑
j=1

Ij.

Then

I1 ≤
∫
R
⟨x⟩−2S+2dx

∫
R
⟨y⟩−2τdy =: I4 < ∞ for s > 3/2 and τ > 1/2.

Similarly Ij < I4 for j = 2, 3. Similar estimates independent from λ > 0 and a > 0 hold for
the term in the first line on the right hand side of (54). This gives us also (52). The exact
same bound holds for the L2(R×R) norm of ⟨x⟩−sR+

H(λ)(x, y)⟨y⟩−τ . Furthermore,

lim
a→0+

⟨x⟩−sRH(λ + ia)(x, y)⟨y⟩−τ = ⟨x⟩−sR+
H(λ)(x, y)⟨y⟩−τ for all x, y
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and by Lebesgue’s dominated convergence, the above convergence holds in L2(R×R).
This yields the limit (51) for any λ ≥ 0.

Taking s = τ, we have the following.

Lemma 5 (Kato smoothing). For any s > 3/2, there is a constant cs > 0 such that

∥e−itH Pc f ∥L2(R,L2,−s(R)) ≤ cs∥ f ∥L2(R);

Proof. We sketch this well known result for completeness. Obtain g(t, x) ∈ S(R×R) with
g(t) = Pcg(t). By the limiting absorption principle, taking f such that f = Pc f(

e−itH f , g
)

L2(Rt×Rx)
=

1
2πi

∫ +∞

0

(
(R+

H(λ)− R−
H(λ)) f , ĝ(λ)

)
L2(Rx)

dλ.

Then, from Fubini and Plancherel, we have∣∣∣∣(e−itH f , g
)

L2(Rt×Rx)

∣∣∣∣ ≤ (2π)−
1
2 ∥(R+

H(λ)− R−
H(λ)) f ∥L2,−s

x L2
λ
∥g∥L2,s

x L2
t

= (2π)−
1
2 ∥(R+

H(λ)− R−
H(λ)) f ∥L2(R,L2,−s(R))∥g∥L2(R,L2,s(R)). (55)

By the Fathou lemma,

∥(R+
H(λ)− R−

H(λ)) f ∥L2(R,L2,−s(R)) ≤ lim inf
a→0+

∥(RH(λ + ia)− RH(λ − ia)) f ∥L2(R,L2,−s(R)).

Then we repeat an argument in [40] (Lemma 5.5). For ℑµ > 0, set K(µ) as the positive
square root of (2πi)−1[RH(µ)− RH(µ)] = π−1(ℑµ)RH(µ)RH(µ). Then∫

R+

∥(R+
H(λ)− R−

H(λ)) f ∥2
L2,−s(R)dλ ≤ lim inf

a→0+

∫
R+

∥(RH(λ + ia)− RH(λ − ia)) f ∥2
L2,−s(R)dλ

= 4π2 lim inf
a→0+

∫
R+

∥⟨x⟩−sK(λ + ia)K(λ + ia) f ∥2
L2(R)dλ

= 4π2 lim inf
a→0+

∫
R+

∥K(λ + ia)⟨x⟩−sK(λ + ia) f ∥2
L2(R)dλ

= −2iπ lim inf
a→0+

∫
R+

(
⟨x⟩−s(RH(λ + ia)− RH(λ − ia))⟨x⟩−sK(λ + ia) f , K(λ + ia) f

)
dλ

≤ 4πCss lim inf
a→0+

∫
R+

∥K(λ + ia) f ∥2
L2(R)dλ

= 4πCss

(
lim

a→0+
1

2πi

∫
R+

(RH(λ + ia)− RH(λ − ia)) f dλ, f
)
= 4πCss∥ f ∥2

L2(R).

Then, by (55), we obtain the following, which yields the lemma:∣∣∣∣(e−itH f , g
)

L2(Rt×Rx)

∣∣∣∣ ≤ cs∥ f ∥L2(R)∥g∥L2(R,L2,s(R)).

The following smoothing stems from Mizumachi [13].

Lemma 6. For any s > 3/2 and τ > 1/2, there is a constant csτ > 0 such that∥∥∥∥∫ t

0
e−i(t−s)H Pc(H)g(s)ds

∥∥∥∥
L2(R+ ,L2,−s(R))

≤ csτ∥g∥L2(R,L2,τ(R)). (56)



Mathematics 2024, 12, 3876 12 of 15

Proof. For g ≡ Pc(H)g supported in t ≥ 0, by Plancherel, taking the inverse Fourier
transform in t, we have∥∥∥∥∫ t

0
e−i(t−s)H g(s)ds

∥∥∥∥
L2(R+ ,L2,−s(R))

=
1√
2π

∥∥R+
H(λ)g∨(λ)

∥∥
L2(Rλ ,L2,−s(R))

≤ 1√
2π

sup
λ∈R

∥R+
H(λ)∥L2,τ→L2,−s∥g∨∥L2(R,L2,τ(R)) ≲ ∥g∨∥L2(R,L2,τ(R)) = ∥g∥L2(R+ ,L2,τ(R)).

6. Low Energies: Proof of Proposition 5

Setting v := χBη for B as in (22) and then w = Pcv from (33), we have

iẇ = Hw + Pc
(
χ′′

B + 2χ′
B∂x

)
η − iPcχBDzQ[z](ż + iEz) + PcχB( f (Q[z] + η)− f (Q[z])). (57)

Then we have the following, using the spaces in (7).

Lemma 7. For s > 3/2,we have

∥w∥L2(I,L2,−s(R)) ≤ oB−1(1)ϵ. (58)

Proof. By Lemma 5, for the first inequality and using w = Pcw, we have

∥eitHw(0)∥L2(R,L2,−s(R)) ≲ ∥w(0)∥L2(R) ≲ ∥η(0)∥L2(R) ≲ δ(= oB−1(1)ϵ).

Using Proposition 1 and Lemmas 2 and 6, taking τ ∈ (1/2, 1), we obtain

∥
∫ t

0
e−i(t−t′)H PcχBDzQ[z](ż + iEz)dt′∥L2(I,L2,−s(R)) ≲ ∥ż + iEz∥L2(I)∥DzQ[z]∥L∞(I,L2,τ(R))

≲ δp−1∥η∥L2(I,Σ̃) = oB−1(1)ϵ.

By Lemma 6,

∥
∫ t

0
e−i(t−t′)H Pc

(
χ′′

B + 2χ′
B∂x

)
ηdt′∥L2(I,L2,−s(R))

≲ ∥
(
2χ′

B∂x + χ′′
B
)
η∥L2(I,L2,τ(R)) ≲ Bτ−1∥sech

(
2
A

x
)

η′∥L2(I,L2(R))

+ Bτ−2∥1B≤|x|≤2Bsech
(

2
A

x
)

η∥L2(I,L2(R)) ≲ Bτ−1∥η∥L2(I,ΣA)

+ Bτ−1

∥∥∥∥∥
(

sech
(

2
A

x
)

η

)′
∥∥∥∥∥

L2(I,L2(R))
+ ∥η∥L2(I,Σ̃)

 = oB−1(1)ϵ,

where we used τ ∈ (1/2, 1) and (see Merle and Raphael [41] (Appendix C)),

∥u∥L2(|x|≤2B) ≲ B
(∥∥u′∥∥

L2(R) + ∥u∥Σ̃

)
.

Next we consider

∥
∫ t

0
e−i(t−t′)H PcχB( f (Q[z] + η)− f (Q[z])dt′∥L2(I,L2,−s(R)) ≤ I1 + I2 where

I1 = ∥
∫ t

0
e−i(t−t′)H PcχB f (η)dt′∥L2(I,L2,−s(R)) and

I2 = ∥
∫ t

0
e−i(t−t′)H PcχB( f (Q[z] + η)− f (Q[z])− f (η))dt′∥L2(I,L2,−s(R)).
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We have, by (22),

I1 ≲ ∥χB f (η)∥L2(I,L2,τ(R)) ≲ Bτ∥η∥p−1
L∞(I,L2(R))AA−1∥sech

(
2
A

x
)

η∥L2(I,L2(R))

≲ δp−1Bτ A∥η∥L2(I,ΣA)
= oB−1(1)ϵ.

We have

I2
2 ≲ B2τ

∫
I×R

χ2
B

∣∣∣∣∫ 1

0
[D f (Q[z] + ση)− D f (ση)]η

∣∣∣∣2dxdt.

Then, by |D f (Q[z] + ση)− D f (ση)| ≤ |D f (Q[z] + ση)|+ |D f (ση)| ≲ |Q[z]|p−1 + |η|p−1,

I2
2 ≲ B2τ

∫
I×R

χ2
B

(
|z|2p−2 + |η|2p−2

)
|η|2dxdt

≲ B2τ
(
|z|2p−2 + ∥η∥2p−2

L∞(I,L∞(R))

)
AA−1∥sech

(
2x
A

)
η∥L2(I,L2(R)) ≲ B2τ Aδp−1∥η∥L2(I,ΣA)

.

So we conclude the following, which completes the proof of (58):

I1 + I2 = oB−1(1)ϵ.

Proof of Proposition 5. We have, by Pη = 0,

v = χBη = Pcv + PχBη = w − φ⟨(1 − χB)φ, η⟩ − iφ⟨i(1 − χB)φ, η⟩

where φ(x) ≲ e−
√

λ|x| yields the pointwise estimate

|φ⟨(1 − χB)φ, η⟩+ iφ⟨i(1 − χB)φ, η⟩| ≲ e−
√

λB∥η∥Σ̃.

This and (58) yield ∥v∥L2(I,Σ̃) ≲ oB−1(1)ϵ. Next, from v = χBη, and thanks to the relation

A ∼ B3 set in (22), we have

∥η∥Σ̃ ≲ ∥v∥Σ̃ + ∥(1 − χB)η∥Σ̃ ≲ ∥v∥Σ̃ + A−2∥sech
(

2
A

x
)

η∥L2

≲ ∥v∥Σ̃ + A−1∥η∥ΣA (59)

Thus, by (31), we obtain the following, which implies (32):

∥η∥L2(I,Σ̃) ≲ ∥v∥L2(I,Σ̃) + A−1∥η∥L2(I,ΣA)

≲ oB−1(1)ϵ + A−1
(
∥ż + iEz∥L2(I) + ∥η∥L2(I,Σ̃)

)
≲ oB−1(1)ϵ + A−1∥η∥L2(I,Σ̃).
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