. mathematics

Article

On Small Energy Solutions of the Nonlinear Schrodinger
Equation in 1D with a Generic Trapping Potential with a
Single Eigenvalue

Scipio Cuccagna 1'* and Masaya Maeda 2

check for
updates

Citation: Cuccagna, S.; Maeda, M.
On Small Energy Solutions of the
Nonlinear Schrodinger Equation in 1D
with a Generic Trapping Potential with
a Single Eigenvalue. Mathematics 2024,
12,3876. https://doi.org/10.3390/
math12243876

Academic Editors: Nikolaos L. Tsitsas

and Alessio Pomponio

Received: 11 October 2024
Revised: 28 November 2024
Accepted: 1 December 2024
Published: 10 December 2024

Copyright: © 2024 by the authors.
Licensee MDPI, Basel, Switzerland.
This article is an open access article
distributed under the terms and
conditions of the Creative Commons
Attribution (CC BY) license (https://
creativecommons.org/licenses /by /
4.0/).

Department of Mathematics, Informatics and Geosciences, University of Trieste, Via Valerio 12/1,

34127 Trieste, Italy

2 Department of Mathematics and Informatics, Graduate School of Science, Chiba University, Chiba 263-8522,
Japan; maeda@math.s.chiba-u.ac.jp

*  Correspondence: scuccagna@units.it

Abstract: We prove in dimension d = 1 a result similar to a classical paper by Soffer and Weinstein,
Jour. Diff. Eq. 98 (1992), improving it by encompassing for pure power nonlinearities the whole range
of exponents p > 1. The proof is based on the virial inequality of Kowalczyk et al., J. Eur. Math. Soc.
(JEMS) 24 (2022), with smoothing estimates as shown in Mizumachi J. Math. Kyoto Univ. 48 (2008).

Keywords: nonlinear Schodinger equation; asymptotic stability; ground state

MSC: 35Q55

1. Introduction

We consider the nonlinear Schrodinger equation (NLS) on the line

i0u = Hu + f(u), (tx) € R xR, withu(0) =uy € H'(R,C) and f(u) = g(|u|*)u (1)
where H = —92 + V is a Schrodinger operator with V € C!(R, R), that is real valued, with
[V (x)| < el for k = 0,1 and some xy > 0. We will assume that 0 is not a resonance
for H, that is

Hu =0withu € L(R) = u = 0. )

It is well known that then H has a finite number of eigenvalues, that they are of dimension
one, and that for the continuous spectrum we have o, (H) = [0, +c0). We will assume that
H has exactly one single eigenvalue, which we denote by —A, and we will assume —A < 0.
We will denote by ¢ € ker(H + A) a corresponding eigenfunction with ||¢|[;2 =1, ¢ >0
everywhere, with ¢(x) < e~ lxIVA [1].

We will consider the spectral decomposition

L2(R,C) = Span{¢} @ L.(H) (3)

denoting by Pu :=
P. =1 — P where

(u, @)@ + (u,ip)ig the corresponding projection on Span{¢} and

(u,v) = /R u(x)o(x)dx and (u,v) = R(u,v) foru,v: R — C, 4)

where 7 is the complex conjugate of v. We will also use the following notation.
*  Given a Banach space X, v € X and ¢ > 0, weset Dx(v,¢) := {x € X | ||[v — x||x < ¢}.
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e Forvy e R, weset

1 1= {u € S'R,C) | ullz = Ile™ull2 < oo}, Q)

H} o= {u € 8'(R,C) | Jull g1 := lle”ul|p < co}. (6)

e Fors e R, wesetand x € (0,1) fixed in terms of p and small enough, we consider

Il = 142) ey where (x) i= VI 2 o
Il = SeCh<2x>’7, + A1 sech<2x>17 and (8)
A L2(R) A 12(R)

171l = lIsech(xx)7 | 12()- ©)

We assume that thereisa p > 1 and a C > 0 such that, for k =0, 1,2, we have
g9 (s)| < Cls|"7 * forall s € (0,1). (10)
The following can be proved as in [2] (Proposition 1.2).

Proposition 1 (Bound states). Let p > 0. Then thereisan ag > 0, an eg > 0, and a C > 0 such
that there is a unique Q[-] € C1(D¢(0,&9), H}m) satisfying the gauge property

Qlez] = e“Q[z], (1)
such that there is an E € C([0,€3), R) such that
HQz] + g(IQ[2)*)Qlz] = E(|z1*)Qlz], (12)
and for j = 1,2,

1Qlz) — 29l < Clal?, ID,QL) =¥ Mgl < ClzlP Y,

E(121%) + 2| < ClzlP . (13)
Energy E and Mass Q are invariants of (1), where

(Hu,u) + /R G(Ju|?) dx where G(0) = 0 and G'(s) = g(s), (14)

NI~

E(u) =

Q(u) = ||u||%2(R). (15)

N =

In this paper, we prove the following result. Near the origin H!(RR), Problem (1) is glob-
ally well posed and there are constants &, > 0 and Cy > 0 such that, for |lug||g < do,
le(t) |l g < Collug|| g for all times (see Cazenave [3]).

Theorem 1. There is an a > 0 such that, for any € > 0, there is a 6 > 0 such that, for |[ug||g < 6,
the solution u(t) of (1) can be written uniquely for all times as

u(t) = Q[z(t)] +n(t) with y(t) € PH', (16)
such that we have
z()[ + ln(D)][gn < € forallt € [0,00), (17)
oo —a(x) 112 dt < &2
| e e < e (18)

m le™ () 2y = 0 (19)
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and there isary > 0 such that
li =T,
A [z(8)] =7+ (20)
Remark 1. Theorem 1 implies that, for a 6 that is sufficiently small, there is a function ¥ : R — R
such that

Jim u(t)e 0 = Qlry] in L2 (R). 21)

Equation (1) is one of the most classical nonlinear Hamiltonian PDEs. The Hamiltonian
is the nonlinear functional E, defined in Formula (14), which is a nonlinear real-valued
functional with domain in Hl(R). The functional Q is invariant along the flow of (1)
because of a symmetry of the system and is variously called in the literature “mass” or
“charge.” The physical relevance of nonlinear Schrodinger equations is their ubiquitous
appearance in mean field approximations and in multiscale expansions (see [4]). It is clear
that, since (1) is nonlinear, we are not free to normalize the mass (or charge) of the solution.
This makes (1) very different from linear Schrodinger equations, where it is possible to
normalize a nonzero solution setting the mass to be equal to 1. This is not possible here. In
fact, for an equation like (1), it is very hard to say what is the asymptotic behavior in time
of solutions whose mass equals 1. In this paper, we are able to study only small solutions.

In Weder [5], there is a version of Theorem 1 for p > 2 but where the nonlinearity
is multiplied by an appropriately decaying function in x — co. The case of the cubic
nonlinearity if V(x) = —cod(x) was considered by Gong Chen [6] and by Masaki et al. [7],
where ¢y > 0 and 6(x), the Dirac delta, concentrated in 0. We considered the cubic nonlin-
earity in [8] with a more general set of eigenvalues than the one considered here. In [8],
the nonlinearity could be different but needs to be sufficiently regular, and the regularity
depends on the ratio of the distances of the first excited state from the ground state and
from 0. Notice that, in [8] (Assumption 1.13), there is an additional repulsivity hypothesis
on a potential obtained after Darboux transformations, which is actually unnecessary. In
fact, it is not required if we replace the second virial inequality in [8] with a smoothing
estimate like the ones considered here.

Here we will focus only on the more delicate case 1 < p < 2, where the nonlinearity
is stronger. In [2], we considered a special case of Theorem 1 with V(x) = —cod(x). We
improve that result because, in [2], we proved a version of (20) only for p > 2.

Equation (1) was considered first for dimension d = 3 by Soffer and Weinstein [9,10]
and Pillet and Wayne [11]. Of the subsequent literature up until 2020, we highlight
Gustafson et al. [12] for the case d = 3 and the adaption of [12] for d = 1,2 by Mizu-
machi [13], while we refer the reader to our survey for a long list of references on the
asymptotic stability of ground states of the NLS up until 2020 [14]. Various papers have
been written recently proving dispersive estimates of small solutions in the case when H
has no eigenvalues (see [15-26]). The papers proving dispersive estimates (for a smaller
class of solutions), which appear harder to prove than Theorem 1, require a certain degree
of regularity for the nonlinearity. Notice that, in our H'(R) framework, all results must
be invariant by translation in time, a condition satisfied by Theorem 1, so it is not possible
to have a fixed rate of time decay ||#(#)| .~ (r) for all our solutions. Li and Luhrmann [21]
partially recover the result in [27] with methods that do not explicitly exploit the integrable
structure of the cubic NLS.

As in [28], our proof is based on the ideas of Kowalczyk et al. [29-32] where dispersion
is proved by means of two distinct virial estimates. As in [28], here we perform just the first,
high energy, virial estimate, while we substitute the second, low energy, virial estimate by a
Kato smoothing estimate. Very important to us has been the treatement of Kato smoothing
by Mizumachi [13,33]. The methods of Kowalczyk and our particular use of smoothing
estimates do not require much regularity of the nonlinearity and allow us to consider
Equation (1) for any p > 1. For an earlier example of this for a different model, using
both virial inequalities, see [34]. Our methods allow us to exploit the fact that, under our



Mathematics 2024, 12, 3876

4of 15

hypotheses on the Schrodinger operator H, at small energy, radiation disperses to infinity
more than small energy solutions of the constant coefficients linear Schrodinger equation.
The two classes of solutions are different (see [35,36]). Notice that, for H = —92 and p > 3
by Ozawa [37], for any 774+ € L?>?(RR), the space defined in (7), and both for focusing and
defocusing equations, there is a solution u of (1) with ||5(t) — €' (t")eitaimr 2wy < O(t7%)

with « > 1/2 and for an appropriate real phase S(t, x), which is equal to 0 if p > 3. Since,

for |x| < 1, we have ey, (x) = \/%ei% 7+(0) + O(t~*) with & > 1/2, in the generic case
with 774 (0) # 0, we conclude that |[77]|2(g, 12(jx|<1)) = +0°. The fact that here we have (18)
is ultimately due to the fact that our H is generic and thus is better behaved in terms of the
Kato smoothing than —d2, which is non-generic and has a resonance at 0. The second virial
inequality in various of the papers of Kowalczyk et al. and in [34] is also due to the fact
that certain linearized operators are generic in the framework of these papers.

Turning to open problems, we do not know how to prove Theorem 1 for low p’s in
dimension d > 2. Another interesting problem would be to improve [38] and prove a
version of Theorem 1 on the line for a periodic potential V = g; 4 g for ¢ and a small
and rapidly decreasing g, to 0 at infinity. Unfortunately, our proof relies on the fact that
the background is flat and V decays rapidly, whether exponentially as it is here or at a
sufficiently rapid polynomial decay.

Notation 1. We will use the following miscellanea of notations and definitions.

1. Asin the theory of Kowalczyk et al. [31], we consider constants A, B, €, > 0 satisfying
log(6™1) > log(e ™) > A>B2>B>1. (22)

Here we will take A ~ B3 (see Section 6 below), but in fact A ~ B" for any n > 2 would
make no difference.
2. The notation 0,(1) means a constant with a parameter € such that

) e—0"

0(1 0. (23)

3. Given two Banach spaces X and Y, we denote by L(X,Y) the space of continuous linear
operators from X to Y. We write L(X) := L(X, X).
4. We have the following elementary formulas:

Df(u)X = % (u+ tX)’t_O = g(|u|2)X+2g’(|u|z)u<u,X>(c. (24)

5. Following the framework in Kowalczyk et al. [31], we fix an even function x € C® (R, [0,1])
satisfying
1) S X S g and xx'(x) < 0and set xc := x(-/C) fora C > 0. (25)
6. Weset

Ct:={zeC:£3z>0}. (26)

2. Notation and Coordinates

We have the following ansatz, which is an elementary consequence of the Implicit
Function Theorem (see [2] (Lemma 2.1)).

Lemma 1. Thereisacy > 0and a C > 0 such that, for all u € H' with ||u|| 1 < co, thereisa
unique pair (z,1) € C x P.H' such that

u = Qlz] +n with |z + |l < Cllulp- (27)
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The map u — (z,1) is in C1(Dpp (0,¢p),C x HY).
The proof of Theorem 1 is mainly based on the following continuation argument.
Proposition 2. There is a 5y = dy(€) s.t. if
nll25,) + 17l 2 ) + 12 +iEzll 2y < € (28)

holds for I = [0, T] for some T > 0 and for § € (0,dy), then, for I = [0, T|, Inequality (28) holds
for € replaced by o (1)e.

Notice that this implies that the result is true for I = R;. We will split the proof
of Proposition 2 in a number of partial results obtained assuming the hypotheses of
Proposition 2.

Proposition 3. We have

12 +3E(|2[*)z[l 2y S 7 e, (29)
2]l oo (1) S 0 (30)

Proposition 4 (Virial Inequality). We have
17l 21,2,0) S A8 + 12 +E(|2)zll 2y + Il 21 5) + €2 (31)
Notice that A5 << A~1e? = 05-1(1)€? in (31).
Proposition 5 (Smoothing Inequality). We have
Ill2005) S 051 (Ve (32)

Proof of Theorem 1. It is straightforward that Propositions 3-5 imply Proposition 2 and
thus the fact that we can take I = R, in all the above inequalities. This in particular
implies (18).

We next focus on the limit (19). We first rewrite our equation: entering the ansatz (27)
in (1) and using (12), we obtain

i+ iD:Q[z) (2 + iE2) = Hy + (F(Qlz] + 1) — F(QE])). (33)
Then we can proceed as in [28] considering
b(t) i= 27 e (1)
and by obvious cancellations and orbital stability, obtaining

b= < [e—27<X>,ia§] 17,17> - <DZQ[Z] (z+ iEz),e_2“<x>17> (34)

+ <e’7<">i(f(Q[z} +1) — f(Q[z])),e’7<">17> = O(4?) for all times.
Since we already know from (18) that b € L!(R), we conclude that b(t) 2% 0. Notice
that the integration by parts in (34) can be made rigorous considering that if ug € H?(R)
by the well known regularity result by Kato (see [3]), we have 7 € C°(R, H*(R)), and the

above argument is correct. By a standard density argument, the result can be extended to
Up € H! (R)



Mathematics 2024, 12, 3876

6 of 15

We prove (20). Here, notice that, by orbital stability, we can take a > 0 such that we
have the following, which will be used below,

e~2%) 2| > max{|Q[z]|,|Q[z]|*"~'} forall t € R. (35)

Since Q(Q|z]) is strictly monotonic in |z|, it suffices to show that Q(Q[z(t)]) converges
to t — co. From the conservation of Q, the exponential decay of ¢[w, v, z], (19), and (18),
we have

lim (Q(uo) — Q(Q[z(1)]) — Q(7(t))) = 0. (36)

t—00

Thus, our task is now to prove %Q(q) € L', which is sufficient to show the convergence of
Q(7). Now, from (33), we have

%Q(’?) = (n,1) = — (1, D=Q[z](z +1iE2)) + (n,i(f(Qlz] + 1) — F(Q[z])))
=I+1I.

By the bound of the 1st and the 3rd term of (28), we have I € L!(R ). Toshow II € L}(R.),
we partition for s € (0,1) the line where x exists as

Qups = {x € R lsy(t,x)] < 2|Qlz(1)]]} and
Qs = B\ Qs = {x € R | sy (t,%)] > 21QL=()]]},

Then, we have

- / ds/ (DF(Q[z(8)] + s (1)) (t), n(t)) ¢ dx

=12 Qjs
= TL(f) + I (¢).

For II;, by (10) and (24), we have
(1) < /ds/ (GDF(QL2(t)] + sn(H)n (), 1 (1)) cldx
N/ds/l 1QL(t)] +sn(t) "y (1) Pax 5 [ 1QE(In(t) ax
Sl (1) ey € LU (Ry).

Turning to 11, by exploiting (Df (sn(t))n(t),in(t))c = 0, which can be easily checked from
(24), we write

()=~ [ ds [ (DFQLEO] + sy ()n(t) = Dftsn(t))n(e)in(e)) e
-- /[O,Wdfds [, (DPAQUa0] + s (@I ), 1))

Then by [sn(t,x)| > 2|Q[z(t)]|, and p € (1,2], we obtain the following, which completes
the proof of IT € L!(R ) and (20):

REGIRS /[0,1]2 drds /nz,t,s s 21QL=(1)]] Iy (1) Pdx
S LB I ()P (o)

S e ()12 gy € L'(R+)-
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3. Proof of Proposition 3
Proposition 3 is an immediate consequence of (28) and the following lemma.
Lemma 2. We have the following estimate:
|2 +iE(|z*)z] < 67 inlls. (37)

Proof. Applying (-, ®¢) with ® = 1,1 to (33) we have the following, where the cancelled
terms are null by Lemma 1,

(i,09) + (iD:Q[z](2 +iEz), Op) = (HyO9)
—(f(Qlzl + 1) — £(Qlz]) — Df(Q[z])n, ©9) — (Df(Q[z])71, Og).

We have
[(Df(Qlz])n, ©9)| < I21" |15 (38)
Next, we claim
|[(£(Qlz] + 1) — £(Qlz]) — Df(Qlz])n, ©9)| < lIyllg- (39)
We set for s € (0,1)

Lis = {x € R|2lsy(tx)| < |Q[z(#)]|} and
Opps =R\ Oy = {x € R 2sy(t,x)| > [Q[z(1)]}

and split
(F(Qlz) + 1) — F(QLz)) ~ DF(Ql])7,09) = I (#) + () for
n=[las [ , (IDFQEI+51) = DFQIEDIn Op)cd
We then have
L) = /W drdss |  (D(QE) +st) (1), O ) dx
with ”

OIS [ avds [ glQRIP P ax S Il

1,t,s

We have the following, which completes the proof of (39) and with (38) yields (37):
LIS [ ds | Pdx < |||
1L(H)] S o % Q,M(PIUI x S nlls

O

4. High Energies: Proof of Proposition 4

Following the framework in Kowalczyk et al. [31] and using the function x in (25) we
consider the function

a0 = exp (Bl - x) ) and ga0) = ["B00 (40)
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and the vector field
Sa = ¢4 + 290y (41)
Next we introduce
Tp:=2""(in, San). 42)
Notice that |Z4(t)| < Ad? forany t € R.
Lemma 3. There is a fixed constant C > 0 s.t. for an arbitrary small number
1712, < C[Za+ Il + |2 +iE2?]. (43)
Proof. From (33), we obtain
Ta = (1,iSan) = —(3n,5an) + (Vi San)
— (f(Qlz] + 1) — f(Qlz]), San) + O(|z + iEz[1y )
From Kowalczyk et al. [31], we have
(3,541 > 20Can) I~ Sl (a4)
It is clear that
[(Vig, Sam)| =27 (IS4, VI )] < 13- (45)
We write
(f(Qlzl + 1) — f(Qlzl) = f(n), San) + (f (), San) =: By + Ba.
Then
Bal = 1{fnT = Gn), &3 )| S [ InlP e
and we use the crucial estimate by Kowalczyk et al. [31]:
10174 S A%ty | Can) ey S A7 1Ean) B ey (46)
We claim
1B1| S [1l13 + 0211 (Gam)'|I3- (47)
We consider
O = {x e R [5(t,x)| <2|Q[z(¢)]]} and (48)

O =R\ Oy = {x e R | |5(£, %) > 2|Q[z(1)]]},

and split accordingly

Bi= Y (f(QE]+ 1)~ fQE]) — £1), Sambiza,) = Bu + B

j=1.2
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We have

1
Bul < [ [, I(DF(QE +s1) = Df(sm)n, Sam)cldxds
s /QU CAIQUEIP™ P + /QU Ca'lpal QLI n|(Ean) — Canldx =: By + Buna.
Then

Bin1 < H’?Hzi

and, for a fixed small and preassigned é, > 0,

/ ]' !
Bua S [ Calloall QP ol (1Gan) |+ Ealnl ) S Il + 62 Can) B
We have
1
Bl < [ [ {(Df(sQle] + 1) ~ Df(sQlel))Qlel, San)cleeds
S J,,, GabnPIlEldx + [ 3 oallnl? QI €an) - Canldx = Bray + Biz
We have

Biu S [ GllPIQEIP P tdx < [ IyPIQE xS .
2,t

We have similarly, for a fixed small and preassigned J, > 0 and completing the proof
of (47),

/ 1 !
Bras 5 [ CalloallnIQEIP (1€any' + bl )ax < Il +allCan)' s

O

Proof of Proposition 4. Integrating inequality (3), we obtain (31). O

5. A Review of Kato Smoothing

This section is mainly inspired by Mizumachi [13] and is based also on material
in [8,39]. Since 0 is not a resonance of H, by Lemma 1, p. 130 and Theorem 1 [1,5]
(Formula (2.45)), we have the following result about Jost functions.

Proposition 6 (Jost functions). For any k € C, there are functions f+(x,k) = e m (x,k)
which solve Hu = k*u with

xgrfw my(x,k)y=1= xg@w m_(x,k).

These functions, for x* := max{0, £x}, satisfy

|m(x,k) = 1] < Cr(xT) (k)7

[ wivela)| )

For the Wronskian, we have [f (x, k), f—(x,k)] = TZ(II]:), where T(k) = ak(1+ 0(1)) near k =0

for some & € Rand T(k) =1+ O(1/k) fork — coand T € CO(R).
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Ry (K*)(x,y)

(x) °IRp (A +ia)(x, y) [ (y) "

For k € C, we have the following formula for the integral kernel of the resolvent
Ry (k?) of H, for x < y, with an analogous formula for x > y:

{

Letnow A > 0 and set k = v/A > 0. Then the Formula (50) makes sense yielding the
kernel R};(A)(x,y) of an operator, which is denoted by R};(A). We can define similarly

L) ik (x=) 1 _ (x, k) (v, k)

2i
_ TZ%) e kKW m. (x,k)ym_(y,k)

forx <y

(50)

forx >y.

Jost functions for Sk < 0, which are of the form fi (x,k). In particular, R;;(k*)(x,y) =
R (k) (x,y) for k > 0.
We have the following.

Lemma 4. Forany s > 3/2 and T > 1/2, there is a constant Cs¢ > 0 such that for any A > 0,
the following limit exists for

lim Ryr(A+ia) = Rjj(A) in £ (LZ'T(R), Lz"S(R)> and we have the bound ~ (51)
a—

sup [[Rp(A ia)llg(r2r(r),2-5(r)) < Gt (52)
/\,L’lGR+

Proof. The result is standard, and we sketch it for completeness. It is enough to consider

the + sign. Forany A > 0,a > 0 (small), x < y,and k, = VA +1ia, we have
<x>7s+1 y) " ify>x>0;
SEOTCTA+xT+y )y TS ) )T dfx <y <. (53)
(x) " (y) " otherwise.

We have an analogous estimate for x > y. It is then elementary to show that the latter
kernel (x) °Ry(A +ia)(x,y){y) " € L?(R x R), with a norm independent from a > 0 and
A 2> 0. Indeed, for z = A £1a, it is enough to consider

Lax™ [ Ry 2)Po) >y = [ dx)™ [ |Rutxy,2)Pm) " dy
+ [ax@ > [ R, ) P) >y,

The second term on the right hand side is bounded using (53) by

e

+

<x>725<y>7zr(1+x++y’)2dxdy§/ <x>725+2<y>72dedy

0<x<y

(x) 73 (y) T dxdy =

<x>72s<y>72’[+2dxdy +
x<0<y

x<y<0

3
; I;.

]

Then

L < / <x>*25+2dx/ (y) X dy =: I, < cofors > 3/2and T > 1/2.
JR R

Similarly I; < I for j = 2,3. Similar estimates independent from A > 0 and a > 0 hold for
the term in the first line on the right hand side of (54). This gives us also (52). The exact
same bound holds for the L2(R x R) norm of (x) °R};(A)(x,y){(y) *. Furthermore,

lm (x) Ry (A +ia)(x,y)(y)

a—0t

(x) °RE(A) (x,y)(y) " forallx,y
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and by Lebesgue’s dominated convergence, the above convergence holds in L?(R x R).
This yields the limit (51) forany A > 0. O

Taking s = 7, we have the following.
Lemma 5 (Kato smoothing). For any s > 3/2, there is a constant cs > 0 such that
e Pl 2 m 25 () < ©sllfll 2Ry

Proof. We sketch this well known result for completeness. Obtain g(t, x) € S(R x R) with
g(t) = P.g(t). By the limiting absorption principle, taking f such that f = P.f

(efitHf/g) e zim /()+°°((RE(A) - Rﬁ(/\))f/é?()\))LZ(Rx)dA.

Then, from Fubini and Plancherel, we have

( o itH f, g)

_1 —
< (277:) 2 ”(RE(/\) - RH(A))J[HL%*SL%HgHL%SL%

= (27)"2[|(Rf; (A) — Ry (M) fll2w 2@ 181 12,125 (m))- (55)

Lz(Rt XRX)

By the Fathou lemma,
IR (A) = Ry (M) fll2(r 12y < Liminf [ (Rpr(A+ia) = Rpg(A = 10)) fllp2 12 m))-

Then we repeat an argument in [40] (Lemma 5.5). For Su > 0, set K(u) as the positive
square root of (27ti) "Ry (u) — Ry(#)] = 71 (Su)Ry(#) Ry (1) Then

Jo VOREA) = Ry ) s ayh < liminf [ [ (Ris(A-+ia) = Ria (A —ia))f [ s 2

=4’ liminf | [[{x) °K(A +ia)K(A + ia) f[|72 ) dA

a—0+ JR,

29 . . _ . 2
=45 11ﬂrg(1)r+1f' v [IK(A +1ia)(x) SK(/\—I—la)fHLZ(R)dA

= —2itliminf | ((x)"*(Rg(A +ia) — Rg(A —ia))(x) °K(A +ia)f, K(A +ia) f)dA

a—0t JR,

.. : 2
< 47Cqq llgrg(l)r}f./]R+ IK(A +ia) f]| 72 (g dA

1 : .
= 47Css (ﬂlg& o /R+(RH(A +ia) — Ry (A — 1a))fdA,f) = 47Cos]|f 12 y-

Then, by (55), we obtain the following, which yields the lemma:

( o itH f, g)

< ol fll 2w 1811 2w r25 (R)) -

LZ(RtXRx) ‘
O

The following smoothing stems from Mizumachi [13].

Lemma 6. Foranys > 3/2and T > 1/2, there is a constant csr > 0 such that

£
/0 e =P (H)g(s)ds

[2(R4,[25(R)) < estllgllz(w 2 (r))- (56)
4, ,—S
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Proof. For ¢ = P.(H)g supported in t > 0, by Plancherel, taking the inverse Fourier
transform in t, we have

t .
/ e*l(tfs)Hg(s)ds
0

IR (M8 (M| r2(r, 125 (R))

PR, 2s®) VT |

< FSUP IRE M 2218 2w 2 ®)) S 118V 2w 2 w)) = I8lli2®, 127 (r))-

O

6. Low Energies: Proof of Proposition 5

Setting v := xp# for B as in (22) and then w = P.v from (33), we have
ith = Huw + Pe (x5 + 2xp3x ) — 1PexpD=Q[2) (2 +iE2) + Pexs (f(Ql2] + 1) — F(Q[2))). (57)
Then we have the following, using the spaces in (7).
Lemma 7. Fors > 3/2,we have
[l 21,125 (m)) < 0p-1(1)e. (58)
Proof. By Lemma 5, for the first inequality and using w = P.w, we have

HeitHw(O)”LZ(R,LZr*S(R)) S w02y S 17(0)llr2ry S 6(= 0p-1(1)e).

Using Proposition 1 and Lemmas 2 and 6, taking 7 € (1/2,1), we obtain

H/ (M P xpD.Ql2) (2 +iE2)dt || 21 12-5(r))y S 12 + Bz 121 1D2 QL2 | o 1 12 ()
ST 1||’7||L2(1,i) =og-1(1)e.
By Lemma 6,
||/ it= t)HPc (XE +2xB0x)ndt' || 2( 125 (m))
_ 2
S 11(2xB0x + xB) 1l 2127 (m)) S BT 1|SeCh<Ax> 7'l 22wy

_ 2 _
+ BT 2|1B<x<2359Ch<Ax)’?”LZ(LLZ(R)) S BT 1||77||L2(I,ZA)

S (SIEAD]

where we used T € (1/2,1) and (see Merle and Raphael [41] (Appendix C)),

+wmm@)=%4ma

L2(LL2(R))

allizjoi<am) S B[]l 120e) + lulls).
Next we consider
[ / (=P xp(f(Qlz] + 1) — F(QIz)AY || 21 12.-5(m)) < T1 + L2 where
L = ||/0 e_i<t_t/)HPcXBf(77)dt/HLZ(I,L%S(R)) and

L= /Ote_i(t_t/)HPcXB(f(Q[Z] +1) = f(QLz]) — f(1)at || 121 12-(r))-
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We have, by (22),

. B 2
IS O o) 5 By ey A4 e S s ey
SO A2 s, = 0p1 (Ve

We have

1 2
BB [ od|[ (DA(QE) + o) — Df(on)ly dxat

Then, by |Df(Q[z] +on) — Df (o) < [Df(Qlz] +om)| + Df ()| < 1QL]P~" + [P,

12<Bzr/ 2 (1212P-2 o (1272 || 2dxdt
2B | B (EP P I

2p—2 _
S B (|22 2 oy ) AA™ 1Hsech< >;7||L2 ) < BFAP Wl g,

O

So we conclude the following, which completes the proof of (58):
L+ =o051(1)e.
Proof of Proposition 5. We have, by Py =0,
v = xp = Pev+ Pxp = w — ¢((1 = x8)9, 1) —ig(i(l - x8)9, 1)
where ¢(x) S e~ VAl yields the pointwise estimate

9((1 = x8)o, 1) +ipli(1— xp)e, )| S eV |ylls.

This and (58) yield HvHLz(I $) S 0p-1(1)e. Next, from v = xp#, and thanks to the relation
A ~ B®setin (22), we have

I7lls < llollg + 110 =xp)nlls < llolly + A~ 2Isech< )77||L2
S lolg+ A s, (59)

Thus, by (31), we obtain the following, which implies (32):

||77||L2(1,)f) S ||v||L2(1,§) + A_1H77HL2(I,ZA)
Sopa(Ve+A7 (2 +iBzll 2y + Il 25 ) S 051 (e + A7 nll 25

O
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