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1 Introduction

Among the key quantities of theoretical astroparticle physics are particle interaction rates in
the early universe. These rates are fundamental in determining observables such as the relic
density of dark matter (DM), the baryon asymmetry of the universe, the number of relativistic
degrees of freedom, and the expected thermal background of gravitational waves. The precise
calculation of these rates, however, can be technically challenging. For instance, for effectively
massless particles, infrared (IR) divergences arise. Moreover, at finite temperatures, a naive
perturbative approach becomes unreliable when soft momenta1 are involved. These problems
can be addressed by the so-called Hard Thermal Loop (HTL) resummation of soft particle
propagators (and vertices) appearing in the production process, as was realized over three
decades ago [1–6]. However, the full interaction rate involves both hard and soft particle
propagators, meaning the HTL resummation is not reliable everywhere. A simple approach
to resolve this issue is to introduce a matching scale k⋆ with gT ≪ k⋆ ≪ T , below which
HTL-resummed propagators are used, while above, bare propagators are sufficient [6–8].
While the approach seems reliable for hard momenta, it can result in negative interaction
rates at momenta below the soft scale (p < gT ), which is clearly unphysical [3, 7–14].

Our motivation to address this problem is twofold: (i) at the fundamental level, it is
highly desirable to obtain a formalism that yields physical production rates for arbitrary
particle momenta. After all, the momentum distribution is observable if the produced particles
do not thermalize afterward, such as in freeze-in DM scenarios. (ii) On the practical side,
this distribution is crucial for obtaining structure formation limits on warm DM candidates

1When we speak of soft momenta in the context of a gauge theory with a gauge coupling g, we refer to
momenta of p ∼ gT .
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such as sterile neutrinos and keV-mass ALPs [15–30]. For example, to evaluate constraints
from the Lyman-α forest on keV ALPs, the average DM momentum is an important input
value [13]. It can differ significantly from that of a thermal distribution and is also sensitive
to contributions from the soft momentum region. Furthermore, the precise form of the
phase-space distribution in momentum space might be relevant for predictions of the amount
of dark radiation; see, for instance, [31–34].

Recently, ref. [32] addressed the problem of negative rates in the context of thermal ALP
production beyond the simple matching scheme described above. They proposed an improved
subtraction scheme, based on methods from [35, 36], which mitigates and delays the onset
of negative rates. Additionally, they introduced a tuned mass scheme, inspired by [37, 38],
which assigns a mass proportional to the Debye mass to problematic t-channel propagators.
A suitable multiplicative prefactor is chosen to match the HTL-resummed result in the small
coupling and large ALP momentum limit, ensuring positive interaction rates for all momenta.

In this article, we follow a different approach based on the full form of the 1PI-resummed
propagators instead of relying on the HTL-approximated versions. This method has been
applied to various particle production scenarios in the context of DM [10, 11, 39–43] and
leptogenesis [44, 45]. It allows us to use the resummed propagators at every momentum scale,
avoiding any matching or subtraction procedure. This convenience comes at a cost: in general,
the full form of the 1PI-resummed propagator, unlike the HTL-resummed version, is gauge-
dependent. However, this problem is absent if only Abelian gauge theories are considered.
For this reason, our analysis deals with particle production from interactions with Abelian
gauge bosons. Specifically, we choose the frequently discussed scenario of an Axion-Like
Particle (ALP) interacting with the hypercharge gauge boson to illustrate our findings.

The other key difference in our method of treating the negative rate compared to previously
discussed methods is that we consider resummations for both gauge boson propagators
appearing in the ALP self-energy.2 This is necessary, as we determine the production rate of
soft ALPs. In contrast to the case of hard ALPs, both gauge bosons can be soft, requiring
resummation. Our approach can also be motivated from first principles in the 2PI-effective
action approach to non-equilibrium phenomena [46–49]. There, the leading term in the
loop expansion of the ALP self-energy is exactly given by the gauge boson loop with both
propagators being 1PI-resummed, and this is what we aim to calculate here.

In this article, we present two results for the ALP production rate. First, we discuss the
rate emerging from using HTL-resummed propagators for all momenta, which, of course, is
inaccurate for hard gauge boson momenta. Afterward, we perform the calculation using the
full form of the 1PI-resummed propagator, finding that the dominant double spacelike gauge
boson contribution from the HTL-approximated result persists. However, contributions from
two timelike gauge bosons, strongly suppressed in the HTL approximation, can overcome
the double spacelike contribution by another order of magnitude.

The paper is structured as follows: in section 2, we introduce the ALP model considered
in this work. In section 3, we present the form of the ALP self-energy and discuss the gauge
boson self-energies in their different forms. In section 4, we present results from our numerical

2The ALP production is proportional to the imaginary part of the ALP self-energy, which, at leading order
in the expansion of the DM self-energy, is given by a gauge boson loop.
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solutions to the ALP production rate and illustrate the phenomenological impact of our
findings on structure formation constraints. Finally, in section 5, we conclude.

2 Model specification

We consider a simple Dark Matter model, in which an ALP a is coupled to an abelian gauge
boson via the following Lagrangian

L = 1
2∂µa∂

µa+ 1
2m

2
aa

2 − 1
4BµνB

µν − ciαi

8πfa
aBµνB̃

µν . (2.1)

Here, αi = g2i /(4π) is the gauge coupling, Bµν indicates the field strength of the abelian
gauge field and B̃ = 1

2ϵB is its dual. In the rest of the paper, we will refer to the latter as
“photon”. When referring to the thermal vector mass, we will write mV . In fact, we will
mostly have in mind the gauge boson Bµ of the unbroken hypercharge U(1)Y symmetry
and thus will set αi = α1 and ci = c1 in the following. The reason for this is dictated by
phenomenology: it is a known fact that, in order for our ALP to match the observed DM
relic abundance, it will mostly be produced at very high temperatures, much above the EW
scale [13].3 Nevertheless, we stress that the discussion of this paper is independent of this
choice, and could be applied as well to the SM photon or any other dark U(1) field. Other
couplings to the SM fields are possible, but we choose to ignore them. ALP couplings to
non-abelian gauge bosons are for instance discussed in [8, 11, 32, 39] and ALP couplings
to fermions can be found for example in [13, 50].

As mentioned in the introduction, the ALP photon coupling may become problematic
when computing production rates: when hard and soft regions are treated separately and
then matched together as in refs. [3, 7], negative interaction rates appear at low momenta, a
situation which is clearly unphysical [8, 9, 13]. This is the case in which the techniques of
our paper become relevant, and we thus limit ourselves to this scenario. Note, however, that
this unphysical behavior also arises in the context of graviton [14] or sterile neutrino [36]
production from the thermal bath.

The phenomenologically relevant quantity when describing the time-evolution of particle
species in the early universe is the distribution function f(p, t) that depends on the absolute
value of the ALP three momentum p = |⃗p | and time t. The time evolution of the distribution
function is goverened by a Boltzmann-type equation

[
∂

∂t
−Hp

∂

∂p

]
f(p, t) = C(p) . (2.2)

3The production in this model is UV dominated, due to the dimension-5 operator mediating interactions
with the SM plasma, and thus the abundance is proportional to the reheating temperature Trh, which we
assume to be larger than the electroweak scale. Note that, in order to comply with indirect detection bounds,
the ALP needs to have a coupling of order c1α1/(8πfa) ∼ 10−18 GeV−1 and the reheating temperature should
not be far from MPl [13]. This constrain does not apply when the ALP couples to an abelian gauge boson of a
dark sector instead of SM gauge fields or if not all of observed DM relic density is produced via ALP freeze-in.
All of our findings apply regardless of the specific scenario.
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P

K

Q

= + + + . . .

Figure 1. Feynman diagrams for the ALP self-energy Π<(P,ma) and for the resummed photon
propagator.

Here H is the Hubble constant and C(p) it is the collision term. It can be related to the
self energy of the particle species under consideration via [41, 51, 52]

C(p) = Π<(P )
2p0

= ϵ(p0)
p0(1− ep0/T )

ImΠR(P ), (2.3)

where Pµ = (p0, p⃗) is the ALP four momentum which satisfies the on-shell condition
p0 =

√
p2 +m2

a. Furthermore, ϵ(p0) is the sign function and we use the (+,−,−,−) signature
for the metric tensor throughout this work. The non-time ordered (Wightman) self energy
of the ALP Π< can be derived from a functional derivative of the 2PI-effective action with
respect to the appropriate two-point function (see for instance [53] or [49] for more details),
and is related to the imaginary part of the retarded self energy ΠR via eq. (2.3).

Thus far, the collision term in eq. (2.3) is formally exact to all orders in the gauge coupling
and to order O(f−2

a ) in the feeble ALP coupling. This assumes that the ALP self-energy
is evaluated to all orders in its perturbative expansion, using the exact propagators of the
theory. However, this is practically not achievable such that we employ two approximations
when deriving the ALP self energy:

1. We truncate the perturbative expansion of the ALP self energy at leading order such
that it is given by the photon-loop shown in figure 1. Note that the only contribution
arising at two-loop level, obtained by inserting an ALP in the photon loop, is suppressed
by two powers of the feeble ALP coupling ∼ c1α1T/(8πfa) as long as Trh ≪ fa, such that
the first relevant corrections to the one-loop self-energy only arise at three-loop level.

2. We approximate the photon propagators using one-loop 1PI-resummation. The one-loop
photon self energy is computed using the propagators of the free theory, as indicated in
the second line of figure 1.

In figure 2, we illustrate, up to the three-loop level using bare propagators, the classes of
scattering diagrams corresponding to cuts of the ALP self-energy that are included in our
calculation. Note that figure 2 does not depict all possible cuts; in particular, it omits cuts
associated with virtual corrections to 1 ↔ 2 and 2 ↔ 2 processes.
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1 loop, included

2 loops, included

3 loops, included

3 loops, not included

1 → 2, 2 → 1
B → Ba
BB → a

2 → 2
ψiψ̄i → Ba
ψiB → ψia

2 → 3, 3 → 2
ψiψj → ψiψja
ψiψ̄iψj → ψja

2 → 3, 3 → 2

ψiψ̄i → BBa
ψiB → ψiBa
BB → ψiψ̄ia
ψiψ̄iB → Ba
ψiBB → ψia

Figure 2. The first three rows illustrate the perturbative expansion of the ALP self-energy within
our approximation scheme, expressed in terms of free-theory propagators up to three-loop order.
These rows also depict the corresponding decay and scattering processes associated with the cuts
of the ALP self-energy, all of which are thus included in our resummation scheme. In contrast,
the final row shows the class of three-loop diagrams and their associated scattering processes that
are not included in our calculation. Section 3 discusses the conditions under which each class of
processes dominates the interaction rate. The ψi denote all Standard Model matter fields charged
under U(1)Y : ψi = {QL, uR, dR, eL, eR, H}, where QL and eL represent the three generations of quark
and lepton doublets, uR, dR, and eR are the right-handed up-type quarks, down-type quarks, and
leptons respectively, and H is the Higgs doublet.
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This approximation scheme captures part of the leading-order contributions to the ALP
production rate in the soft-momentum regime g41T < p < g21T , which, as discussed in section 3
arises from 2 ↔ 3 scatterings. For harder momenta (p > g21T ), all leading-order contributions
are included. We will discuss the contributing processes in more detail in section 3.

Before we proceed to calculate Π< in the next section, we express eq. (2.2) in terms of
comoving momenta p→ p/T and the time-variable z = ma/T . Under the assumption that
the entropy degrees of freedom are constant, we can use dT/dt = −HT , and together with
the definition of C(p) we arrive to the following relation

∂f(p/T, z)
∂z

= 1
2p0zH

Π<(p/T, z) . (2.4)

The preceding expression illustrates that the time evolution of each comoving momentum mode
can be treated independently such that the ALP distribution function f(p/T, z) can simply
be found by integrating over Π<(p/T, z) according to eq. (2.4) for each comoving momentum.

3 Thermal ALP production at finite temperature

In this section, we compute the ALP collision term according to eq. (2.3). The ALP Wightman
self-energy Π<(P ) is given by a gauge boson loop as illustrated in figure 1, where both photon
propagators are 1PI-resummed. Then, following [11], the ALP self-energy results in

Π<(P ) = c21α
2
1

8f2aπ2
∫

d4K

(2π)4
ϵµναβϵµ

′ν′α′β′
KαQβKα′Qβ′D<

µµ′(K)D<
νν′(Q) . (3.1)

Again, α1 = g21/(4π) is the hypercharge gauge coupling. Moreover, D<
µµ′(K) denotes

the 1PI-resummed Wightman propagator of a gauge boson and Q = P −K. The retarded
one-loop-resummed gauge boson propagator, whose imaginary part is related to the Wightman
propagator via Im(DR

µν(K)) = − 1
2fB(k0)D

<
µν , can be written as [51]:

DR
µν(K) = i

[
Pt

µν

K2 − π0(K)− πt(K) +
P l

µν

K2 − π0(K)− πl(K) +
PK

µν

K2

]
. (3.2)

Here, the polarizations are conveniently decomposed into transverse (orthogonal to K),
longitudinal (orthogonal to K and parallel to k⃗), and parallel to K. The quantity π0 denotes
the retarded vacuum self-energy of the gauge boson, while πt/l represent the transverse and
longitudinal components of the finite-temperature part of the retarded self-energy. The gauge
boson Wightman propagator is then expressed through the spectral densities ρt/l [11]

D<
µν(K) = fB(k0)

[
Pt

µνρt(K) + P l
µν

k2

K2 ρl(K) + ξ
KµKν

K2

]
, (3.3)

where ξ parametrizes the gauge dependence. Here, fB(k0) is the Bose-Einstein distribution:

fB(k0) =
1

ek0/T − 1
. (3.4)

– 6 –
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The spectral densities have the following form:

ρt = −2 Im π0 + Im πt

(K2 − Reπ0 − Reπt)2 + (Im π0 + Im πt)2
, (3.5)

ρl = −2K
2

k2
Im π0 + Im πl

(K2 − Reπ0 − Reπl)2 + (Im π0 + Im πl)2
. (3.6)

Here we have already decomposed the thermal photon self-energies into their real and
imaginary part. By combining eq. (3.3) and eq. (3.1), and introducing the identity 1 =∫
d4Qδ(K +Q− P ) to simplify the angular integrations, the subsequent index contractions

yield the following expression [11]

Π<(P ) = CΠ
f2ap

∫ ∞

−∞
dk0

∫ ∞

0
dk

∫ |p+k|

|p−k|
dq kqfB(k0)fB(p0 − k0) [Ilt + Itt] , (3.7)

where we introduced the constant

CΠ = c21 α
2
1

8(2π)5 (3.8)

and

Ilt = (ρt(K)ρl(Q) + ρl(K)ρt(Q))
[
(k + q)2 − p2

] [
p2 − (k − q)2

]
, (3.9)

Itt = ρt(K)ρt(Q)
[((

k0
k

)2
+
(
q0
q

)2
)
((k2 − p2 + q2)2 + 4k2q2) + 8k0q0(k2 + q2 − p2)

]
.

(3.10)

The terms Ilt/tt refer to the longitudinal-transverse and double-transverse polarization modes
of the two-photon contributions.

Until now, the expressions derived are independent of the specific form of the photon
self-energy. Importantly, we find that the expression in eq. (3.7) is gauge independent, since
the gauge-dependent polarization parallel to the photon four-momentum cancels and the
longitudinal and transverse components of the self-energy tensors πl/t are as well gauge
independent.

In this paper, we perform the calculation in two ways: first using HTL-approximated
propagators, and then using the full form of the 1PI-resummed propagators. While the
resulting HTL propagators offer a simpler analytic form and are easier to compute, they are
not reliable for hard momenta, requiring the use of matching or subtraction schemes to ensure
accuracy. Previous works have used methods such as mixed propagators, HTL resummed for
soft momenta, and free propagators for hard momenta to address this limitation [3, 7–14].
However, this procedure results in the negative ALP production rate. On the other hand,
calculating the one-loop photon self-energy without approximation — what we refer to as the
‘1PI’ case in the following — is valid and accurate across all momentum scales. Thus, we
expect the full form of the 1PI-resummed propagator to result in a more reliable prediction
for particle production rates from abelian gauge bosons. For comparison we also give the
results obtained using HTL-resummed propagators even outside their range of validity.

– 7 –
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To illustrate the differences between the spectral functions in eqs. (3.5) and (3.6) under
the HTL approximation, we examine the photon self-energy, which has been extensively
studied in the literature4 (e.g., [10, 55–57]):

πl(K) = −K
2

k2
g21 (NSHS(K) +NFHF(K)) ≃ −2m2

V

K2

k2

(
1− k0

2k log k0 + k

k0 − k

)
, (3.11a)

πt(K) = −πl(K)
2 + g21

2 (NSGS(K) +NFGF(K)) ≃ m2
V

k20
k2

(
1− k0

2k log k0 + k

k0 − k

)
. (3.11b)

The first equality corresponds to the full 1PI-resummed self-energies, without any approx-
imation. The symbol ≃ indicates the use of the HTL approximation. The coefficients
NS = ∑

i∈s Y
2

i = 1/2 and NF = ∑
i∈f Y

2
i = 10 encode the number of scalar (S) and

fermionic (F) degrees of freedom in the SM weighted by their hypercharge Yi and enter in
the thermal vector mass m2

V = 1
6g

2
1T

2(N +NS +NF/2). The explicit forms of the integrals
HS/F(K) and GS/F(K) are provided in eqs. (A.4a), (A.3a), (A.6a), and (A.5a) for their imag-
inary parts, and in eqs. (A.9), (A.8), (A.11), and (A.10) for their real parts. Furthermore,
the retarded vacuum self-energy π0 is detailed in eq. (A.2). For the HTL computation we can
neglect this contribution. However, it is important that we include the vacuum contribution
when using the full form of the self-energies.5

In the following, we exploit the simpler form of the HTL self-energy to discuss some
qualitative features of ALP production from abelian gauge bosons and provide an overview
of the conceptual differences between the two methods. Note that the imaginary part of
the photon self-energy in eq. (3.11) is obtained from the analytic continuation k0 → k0 + iϵ.
For the transverse contribution, we find

Im πt ≃
m2

V

2
K2

k2
k0
k
πΘ(−K2) Reπt ≃ m2

V

k20
k2

(
1− k0

2k log k0 + k

k0 − k

)
, (3.12)

while the longitudinal component results in

Im πl ≃ −m
2
V

2
K2

k2
k0
k
πΘ(−K2) Reπl ≃ −2m2

V

K2

k2

(
1− k0

2k log k0 + k

k0 − k

)
. (3.13)

From these expressions, we observe an important fact: due to the form of the logarithmic
contribution in eq. (3.11), the imaginary parts of the self-energies are non-zero only in the
regime K2 < 0, or equivalently in the spacelike regime.

The fact that the HTL imaginary part vanishes for timelike momentum, i.e. K2 > 0,
translates into a well-defined particle pole in this regime, similar to the behavior in vacuum
but displaced from the lightcone by the presence of a thermal mass. This can be observed
in figure 3. The key difference between the HTL spectral densities and those from the
1PI-resummed propagator is that the clearly defined pole in the HTL approximation acquires
a width in the full theory and a continuum structure emerges throughout the spectrum,
which relaxes kinematic constraints that are present for the HTL spectral density if only
timelike gauge bosons are involved in the production process. For spacelike momentum the

4We neglect ALP contributions to the photon propagator (see e.g. [54]) since they are suppressed both by
the tiny ALP photon coupling and the small ALP abundance.

5Practically, we only include the imaginary part of the vacuum photon self-energy π0 in our numerical
calculations, which is necessary to ensure that the photon spectral function obeys sign

(
ρl/t (K)

)
= sign

(
k0).

We neglect the real part of π0 that has to be renormalized as usual at T = 0. We have verified that it has a
negligible impact on the results when the renormalization scale is identified with the temperature µ = T .
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10
-6

10
-4

10
-2

1

(a) HTL transversal.

10
-6

10
-4

10
-2

1

(b) HTL longitudinal.

10
-6

10
-4

10
-2

1

100

(c) 1PI transversal.

10
-6

10
-4

10
-2

1

1000

(d) 1PI longitudinal.

Figure 3. The left column illustrates the transversal 1PI-resummed photon spectral density ρt,
eq. (3.5), in the HTL approximation (top) and its full form (bottom). The right column shows the
longitudinal 1PI-resummed photon spectral density ρl, eq. (3.6), in the HTL approximation (top) and
its 1PI-resummed form (bottom). The HTL spectral densities are given by δ-functions at timelike
momentum indicated by the blue line. We set the hypercharge coupling g1 = 0.35.

structure of the HTL approximated and the full form of the 1PI-resummed spectral densities
are similar and feature a continuum, which mainly differs at large spacelike momenta k ≫ gT

and alter the rate of hard ALPs that are not the primary interest of this study. For example,
this difference is quantified in [41] where a feebly interacting DM candidate produced via
decays or scatterings of a massive gauge-charged parent particle is analyzed.

The clear distinction within the HTL spectral density between the timelike and spacelike
momenta significantly impacts the expected results and also gives us an indication of what
to expect when considering the full form of the 1PI-resummed propagators. Therefore, we
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must study the following three regions separately:

• Timelike-Timelike (TT) interaction: both photon momenta are timelike, interpreted as
a particle-particle interaction.

• Timelike-Spacelike (TS) interaction: one photon momentum is timelike and the other
is spacelike, interpreted as a particle-plasma interaction. This interaction has two
symmetric contributions.

• Spacelike-Spacelike (SS) interaction: both photon momenta are spacelike, which can be
interpreted as a plasma-plasma interaction.

In the following, we discuss these regimes with a special emphasis on the small ALP
momentum limit p ≪ mV , where we provide an estimate of the scaling of each individual
contribution with p.

Timelike-Timelike (TT) contributions. In the HTL approximation, the gauge boson
propagator has a vanishing width, which relates this regime to 1 → 2 processes, as shown in the
first line of figure 2. The gauge bosons acquire a momentum-dependent thermal mass, differing
for transverse and longitudinal components. In the large momentum limit, the transverse
thermal mass is given by mT = mV , while the longitudinal components mass is exponentially
suppressed, mL ≈ 0. Since ALP freeze-in via gauge bosons proceeds at high temperatures,
the ALP mass can be neglected. Therefore, 1 → 2 proceses involving two transverse gauge
bosons and an ALP are kinematically forbidden in the HTL approximation. Decays of a
transverse gauge boson into an ALP and a longitudinal gauge boson are possible but only
relevant at temperatures close to the ALP mass, which is not important for this discussion.

The situation is fundamentally different when considering the full form of the photon
self energies, as they develop a finite imaginary part such that the kinematic constraints are
relaxed. Assuming p≪ mV , we can find an approximate solution to eq. (3.7), which for the
dominant contribution from two transverse gauge bosons yields

Π<
TT(p) = CTT(mV )

p0 p ≳ pc

p2 p ≲ pc ,
(3.14)

where pc marks the momentum scale where the scaling behavior of Π<
a,TT changes and it

can be estimated as the gauge boson width at zero momentum ΓTT = ImΠ/k0 at the
particle pole, i.e. k0(k = 0) ≈

√
2/3mV . Moreover, CTT(mV ) is a prefactor detailed in

the appendix that contains a one-dimensional integral that needs to be solved numerically.
As long as pc < p ≪ mV , the ALP self-energy from TT-type contributions is momentum
independent, while all other contributions are at least power-law suppressed with p. Hence, as
we demonstrate in our numerical results, TT-type contributions can constitute the dominant
part of the ALP interaction rate for soft ALP momenta. This kinematic regime can be
identified with s-channel 2 ↔ 2 or 2 ↔ 3 scatterings, as illustrated in figure 2.

– 10 –



J
H
E
P
0
6
(
2
0
2
5
)
1
6
0

Timelike-Spacelike (TS) contributions. At hard ALP momenta and large temperatures,
TS-type contributions, which can be identified with t-channel 2 ↔ 2 scatterings (second line
if figure 2), dominate the ALP interaction rate. On the contrary, for small ALP momenta
p ≪ mV , their contribution is exponentially suppressed. Using HTL approximated gauge
boson propagators, we can estimate the ALP self-energy as

Π<
TS(p) ≈

CΠT

f2a
16π2m2

V p exp
(
−m2

V

4pT

)
. (3.15)

This result can safely be applied when considering the full form of the propagators, as it is
dominated from contributions arising from two almost lightlike gauge bosons, where HTLs
are accurate. Consequently, this contribution is negligible when considering the production
of ALPs with momenta p ≪ mV .

Spacelike-Spacelike (SS) contributions. At hard ALP momenta, SS-type contributions,
which can be associated with t-channel 2 ↔ 3 scatterings (third line in figure 2), are subleading
to TS-type contributions due to a larger suppression with the gauge coupling. However,
at momenta p ≪ mV , we find an approximate solution of the ALP self-energy using HTL
resummed propagators

Π<
SS(p) ≈ 93CΠT

2

f2a
m

2
3
V p

4
3 , (3.16)

where the numerical coefficient is chosen to reflect our numerical findings while the scaling
with p and mV can be found analytically, as we detail in appendix B. Our findings also
apply to the case where the full form of the gauge boson propagator is considered, as this
contribution is dominated by gauge bosons with momenta k ≪ mV where HTLs are reliable.
As a result, SS-type contributions dominate the ALP interaction rate at soft momentum
when HTL resummed propagators are considered. Note that a similar effect was also found
in ref. [58], see figure 3 therein. However, for the full form of the 1PI-resummed propagator,
SS-type contributions can be subleading compared to TT-type contributions as long as p ≳ pc.
Below this momentum scale they eventually constitute the dominant contribution again.

Before proceeding to our numerical results, we would like to comment on the shortcomings
and potential improvements of our work. Above we have pointed out that 2 ↔ 3 scatterings
can constitute the leading order contribution to the ALP interaction rate at soft momenta
p ≲ m2

V /T , due to a kinematic suppression of (t-channel) 2 ↔ 2 scatterings for p ≲ m2
V /T .

These scatterings arise first at three-loop level in a perturbative expansion of the ALP
self-energy. As we illustrated in figure 2, our 1PI resummations do not include all classes
of three-loop diagrams corresponding to 2 ↔ 3 scatterings such that we only capture parts
of the leading order contribution. Specifically, we do include 2 ↔ 3 scatterings involving
soft ALP emission from virtual photons, e.g. ff → ffa, as illustrated in the second line of
figure 2. However, we do not include soft ALP emission from external photons, for instance
the process fγ → fγa, which correspond to two-loop corrections to the photon self-energy
or vertex corrections of the ALP self-energy at three-loop level as illustrated in the last
line of figure 2. This is similar to the case of soft dilepton emission, where ref. [59] noted
that the 1PI resummation in ref. [60] overlooked this contribution. Furthermore, the last
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class of diagrams in figure 2 can feature gluon lines in the two-loop photon self-energies.
At momenta p ≲ g2T , this might further enhance the importance of the omitted diagrams
since g3 > g1. That said, our production mostly occurs around T ∼ Trh where g3 ∼ g1 if
Trh ≫ MZ such that we expect an order O(1) correction from gluon exchanges. Finally,
since both the 2-loop photon self-energies and the Landau-Pomeranchuk-Migdal-resummed
(LPM-resummed) photon self-energy (see for instance [61, 62]) scale as ∼ g4 at hard-timelike
momentum, we also expect the LPM-resummed photon self-energy to yield a leading order
contribution to the ALP interaction rate for p ≲ g2T . Such a contribution would correspond
to the resummation of 2 ↔ 4, 3 ↔ 5, etc. processes.6 However, while we acknowledge the
importance of these class of diagrams, their inclusion would lead to significantly more complex
numerical calculations. Hence, we have decided to leave this ambitious extension — to reach
full leading order accuracy also for g4T ≲ p ≲ g2T — for future work. Nevertheless, the
results discussed in the following, capture all leading order effects for p > g2T and do not
rely on a matching procedure around the scale p ∼ gT , which lead to a negative interaction
rate as pointed out in refs. [3, 7–14].

4 Results

In this section, we present our results on the ALP self-energy Π< in eq. (3.1), which is directly
related to the ALP momentum distribution f(p) (see eq. (2.4)). For our analysis, we set
the hypercharge gauge coupling to g1 = 0.35.7

We begin by discussing the ALP self-energy Π<(P ) using gauge boson propagators in
the HTL approximation. After performing all the integrals in eq. (3.7) numerically, we
obtain Π< as a function of the absolute value of the ALP three-momentum p, and the
ALP mass normalized to the temperature z = ma/T . When calculating the production
rate for a fixed ALP momentum p, we observe that the rate approaches a constant value
for z ≲ p. This behavior is illustrated in figure 4 for each kinematic regime for a fixed
momentum p = T . Since ALP freeze-in mediated by a coupling to gauge bosons proceeds via
a higher-dimensional operator, the production is dominated by large temperatures around the
reheating temperature. Therefore, in our further analyses, we present results exclusively for
z = 0, as these results accurately describe the dominant contribution to the ALP distribution
function, provided zrh ≪ pmin/T , where pmin/T = 10−3 represents the minimal momentum
considered in our analysis.

HTL ALP self-energy. In figure 5, we present the results for the HTL ALP self-energy
at z = 0, which will later be compared to the results obtained using the 1PI-resummed
photon propagators. We emphasize that positive results for the ALP production rate are
obtained across all momenta, thereby avoiding the unphysical negative rates for p < g1T

previously identified when employing a matching procedure used, for instance, in [3, 7–14].
6Note that an LPM rate involving a collinear ALP and gauge bosons in 1 + n ↔ 2 + n processes, which

would be expected to contribute at leading order to the interaction rate at hard ALP momentum, does not
exist due to the derivative nature of the ALP interaction. See, for instance, footnote 1 in [11] or appendix B
of [14].

7As the primary objective of this work is to investigate particle production rates at soft momentum and
identify the dominant kinematic regimes, we neglect the running of the couplings involved.
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Figure 4. Wightman self-energy of the ALP Π<(p, z) using the HTL approximation for fixed ALP
momentum p = T . We can observe how all the different contributions tend to follow a constant
when ma < p.
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Figure 5. ALP self energy Π< using the HTL approximation for z = 0. Solid lines correspond to
the longitudinal-transversal (Ilt) contribution and dashed lines to the double transversal contribution
(Itt), see eq. (3.9).

Additionally, as expected, the contributions from two timelike (TT) photons are subleading.
Indeed, as shown in figure 5, the double transverse contribution vanishes, while the transverse-
longitudinal contribution (solid red line) is always negligible. At hard momentum, p ≳ g1T ,
the dominant contribution arises when one photon is spacelike and the other is timelike (TS),
corresponding to 2 ↔ 2 scatterings, as represented by the green lines. However, at smaller
momenta, TS-type contributions scale as Π<

a ∼ p exp
(
−m2

V /(pT )
)

and are therefore negligible.
Finally, at small momentum, p ≲ 0.1T ∼ g21T , contributions from two spacelike photons

(SS), corresponding to 2 ↔ 3 scatterings, scale as Π< ∼ p4/3 and dominate the interaction rate.
We stress that this contribution arises exclusively when both propagators are resummed and
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Figure 6. ALP self energy Π< using 1PI-resummed photon propagators for z = 0. Solid lines
correspond to the Longitudinal-Transversal (Ilt) contribution and dashed lines to the double transversal
contribution (Itt), see eq. (3.9).

exceeds the contributions otherwise present by more than one order of magnitude, see also [58].
Although these results demonstrate that the interaction rate calculated using HTL-resummed
propagators remains positive for all momenta, this approach becomes unreliable when hard
photon momenta are involved. This scenario cannot be neglected, as the ALP interaction
rate is determined by an integral over all photon momenta.

1PI ALP self-energy. In figure 6, we present the ALP interaction rate obtained from
the 1PI-resummed photon propagators, instead of relying on methods that combine HTL-
resummed and free-theory propagators. At hard ALP momentum, we find qualitative
agreement between the ALP self-energy calculated using HTL-resummed photon propagators
and the 1PI-resummed result. The self-energy remains dominated by TS-type contributions
differing from the HTL-resummed result by O(10%).8 At soft momentum, both SS-type and
TS-type contributions accurately reproduce the HTL-resummed result. This is expected,
as SS-type contributions at soft ALP momentum are dominated by soft photons, while
TS-type contributions mainly involve hard, nearly lightlike photons. In both cases, the HTL
approximation remains well justified. On the contrary, TT-type contributions significantly
differ from the HTL-resummed result, since the photon propagator picks up a non-zero width
when accounting for the 1PI-resummed photon self-energies, which relaxes the kinematic
suppression present otherwise. Furthermore, even for soft ALP momentum, TT-type con-
tributions receive their dominant contributions from two hard photons — a regime where

8For large ALP momenta p > T , we calculated the interaction rate of TS-type contributions replacing the
1PI-resummed propagator with its HTL approximated version at timelike momentum. This was done as it
simplifies the numerical integral by removing a numerical integration over a sharply peaked function. While it
is possible to perform a numerical treatment that includes the 1PI-resummed propagator in this kinematic
regime (as done, for example, in [41]), such a calculation is very time-consuming. Since hard ALP momenta
are not the primary focus of this work, we have opted not to pursue it. We stress that for all other kinematic
regimes the 1PI-resummed photon propagator has been considered in the numerical evaluation.
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HTLs become unreliable. As discussed in the previous section, we find that Π<
TT(P ) ∼ 1

remains constant for a soft ALP momentum, as long as the ALP momentum p still exceeds
the photon width ΓTT ∼ − ImΠT (K)/k0. For p < ΓTT, we find Π<

TT ∼ p2, such that TT-type
contributions can constitute the dominant contribution for ΓTT ≲ p≪ mV . This is precisely
what we observe in figure 6 for p ≲ 10−2T ≈ g41T . For the parameters we have chosen, we
find ΓTT ≈ 5 · 10−4T below which TT-type contributions are more strongly suppressed with
p than SS-type contributions such that the latter eventually dominate for even smaller ALP
momentum. In figure 9(b) in the appendix, we present a plot of the evolution of the ALP
self-energy for the transverse TT-type contribution including momenta p < 10−3T .

In summary, based on our calculation9 we find that the production rate of ALPs from
photons varies significantly across different momentum regimes, with different channels
providing the dominant contribution depending on the ALP momentum:

(i) p ≳ g1T: TS-type configurations dominate the interaction rate.

(ii) g2
1T ≲ p ≲ g1T: SS-type configurations become increasingly relevant and provide a

non-negligible contribution to the interaction rate.

(iii) g4
1T ≲ p ≲ g2

1T: SS-type contributions, well described by HTL-approximated photon
propagators, primarily drive the interaction rate, as TS-type contributions become
exponentially suppressed, while TT-type contributions play a noticeable role.

(iv) p ≲ g4
1T: TT-type contributions, only present when considering the 1PI-resummed

photon propagator, dominate the interaction rate.

ALP distribution function and impact on Lyman-α. With the ALP interaction rate
at hand, we can now solve the ALP evolution equation and construct our observables of
interest. To obtain the ALP distribution function, we integrate eq. (2.4) over z:

f(p) = maCΠ
2cHf2a

∫ z0

zrh
dz

Π<
a (p, z)

z2
√
p2 + z2

. (4.1)

with

cH =

√
4π3
45

√
geffm

−1
Pl , (4.2)

where mPl ≈ 1.22×1019 GeV is the Planck mass. The integral limits are given by z0 = ma/T0,
where T0 is the temperature today, and zrh = ma/Trh, where Trh is the reheating temperature.
From eq. (2.4), in combination with the results for the photon self-energy discussed above,
it is evident that the production rate is dominated by z → 0 contributions. We have
only obtained numerical results for the ALP interaction rate at z = 0 when considering
the 1PI-resummed photon propagator. While the interaction rate in the high-temperature
limit is sufficient to obtain an accurate result for ultraviolet freeze-in, in our numerical

9We remind the reader that our calculation captures only part of the leading-order contribution to the
interaction rate for p ≲ g2

1T . A follow-up work will address the missing contributions to provide a complete
leading-order result.
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Figure 7. ALP distribution function. The dashed lines correspond to the calculation using the
HTL-resummed propagator and the solid ones with the 1PI-resummed one. The dashed vertical grid
lines correspond to the momentum scales p = g4

1T , p = g2
1T and p = g1T .

implementation, we modify eq. (4.1) by adding the expected exponential suppression for
temperatures T < ma, and we evaluate

f(p) = maCΠ
2cHf2a

∫ z0

zrh
dz

Π<
a (p, 0)

z2
√
p2 + z2

e−z . (4.3)

In figure 7, we illustrate and compare the ALP distribution function obtained using the
1PI-resummed photon propagator (solid lines) with that obtained using the HTL-resummed
photon propagator (dashed lines). As expected, both approaches yield a positive distribution
function across all momentum scales. Furthermore, the results for hard momentum agree
at the O(10%) level. The main difference arises at soft momentum, where the result using
the 1PI-resummed propagator is dominated by TT-type contributions, which are strongly
suppressed in the HTL approximation. The latter leads to an ALP distribution function
dominated by SS-type contributions at soft momentum. Additionally, we stress that TS-
type contributions, which can be identified with t-channel diagrams that in the free theory
indicate the need for resummation and for which the matching procedure (as outlined in
references [6–8]) is typically performed, are subdominant at momenta p ≪ mV .

We conclude this section by comparing our results for the ALP distribution functions with
those from previous work [13]. The comparison is illustrated in figure 8. Our approach, using
1PI-resummed and HTL-resummed propagators (black solid and dashed lines, respectively),
consistently produces positive interaction rates across all momentum scales, including the soft
momentum regime (p < g1T ). In contrast, the method based on matching HTL-resummed and
free-theory propagators (orange line, labeled “Cut”) results in unphysical negative interaction
rates in this region. This “Cut” method, as used in [13], matches HTL-resummed and free
propagators at an intermediate scale g1T ≪ k∗ ≪ T , following [7]. For hard momenta
(p ≳ T ), all methods show good agreement.10

10We have corrected a missing factor of 1/2 in the results of ref. [13].
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Figure 8. Comparison of the ALP distribution function obtained with the methods in this work (solid
and dashed black lines) to the results of [13] (orange line). The vertical dashed gray lines indicate the
characteristic momentum scales g1T , g2

1T , and g4
1T .

To assess the impact of these differences on phenomenologically relevant quantities, we
examine the number density, n ∼

∫
p2fa(p), and the average ALP momentum, defined as

⟨p⟩ =
∫
dp p3fa(p)∫
dp p2fa(p)

. (4.4)

For the number density, we find the following ratios:
n1PI
nHTL

= 0.97 , n1PI
nCut

= 1.09 . (4.5)

The average ALP momentum, calculated by numerically solving the distribution function
for momenta p/T ∈ [10−3, 10] and extrapolating beyond this range using an exponential
suppression f(p) ∼ exp(−p/T ), yields the following values:

⟨p/T ⟩1PI = 3.06 , ⟨p/T ⟩HTL = 3.17 ,
⟨p/T ⟩Cut = 3.14 , ⟨p/T ⟩BE = 2.70 . (4.6)

The average ALP momentum differs by O(1 − 10%) across methods. The subscript “BE”
refers to the average momentum of a particle species following a Bose-Einstein distribution
and is given as in indication for the average ALP momentum in thermal equilibrium.

It is important to study the impact of the newly obtained distribution functions on
the lower bounds on the ALP mass as a warm dark matter (WDM) candidate. A rigorous
analysis would require comparing the matter power spectrum obtained with our distribution
to that of a thermal relic DM with the same mass. Here we adopt a simpler approach, which
is valid as long as the distribution fa(p) does not deviate too much from a thermal one. The
ALP free-streaming length can be approximated as [63]

λfs ≃ 2 a0
aNR

tNR , (4.7)
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where the suffix NR indicates the time at which the ALP becomes non-relativistic, defined
as ⟨p⟩ = ma. One thus easily sees that

λfs ∝ T−1
NR ∝ ⟨p⟩/T

ma
. (4.8)

Thus, a percent level decrease in ⟨p⟩/T with respect to the results of ref. [13] translates
into a correspondingly weaker lower bound on the mass of ALPs as WDM. The impact
of avoiding the unphysical results at low p is limited, thanks to the fact that the average
is dominated by larger momenta.

5 Conclusions

In this article, we analyzed the production rate of an Axion-Like Particle (ALP) coupled
to an abelian gauge boson with a gauge coupling g, placing special emphasis on soft ALPs,
i.e. those with momenta p ≲ gT . While our results are general and apply to any model
of this kind, including QED or a dark photon, we specifically focused on the vector boson
Bµ of U(1)Y throughout this work.

Previous studies have addressed infrared divergences arising in t-channel diagrams by
resumming the problematic gauge boson propagator in the so-called Hard Thermal Loop
(HTL) approximation. The HTL-resummed propagator provides a reliable approximation
to the full form of the 1PI-resummed propagator when the gauge boson four momentum
K is either soft K ≲ gT , or nearly lightlike K2 ≲ g2T 2. However, the production of ALPs
involves gauge bosons across the entire momentum range. As a result, the HTL resummed
propagator becomes unreliable when applied outside its domain of validity. Thus, prior
approaches typically use the free-theory propagator outside the HTL regime or implement a
subtraction scheme, where the kinematic regions satisfying the HTL conditions are subtracted
from the free-theory interaction rate, and the HTL-resummed contribution is added back.
Although this subtraction scheme is accurate for hard ALP momentum, it leads to unphysical,
negative interaction rates at soft ALP momenta.

Here, we address this issue by considering the full form of the 1PI-resummed gauge boson
propagator, which is valid and reliable across all momentum scales. This approach eliminates
the need for any matching or subtraction procedures to calculate the ALP interaction rate.
Importantly, our results demonstrate that this method yields positive interaction rates for
all momenta. This represents an improvement over methods that rely on HTLs, offering
a more accurate prediction for ALP production.

Our calculation of the ALP production rate is based on the imaginary part of its retarded
self-energy at the one-loop level and includes two new important kinematic configurations for
soft ALPs: ALP production from two soft, spacelike gauge bosons (SS-type) and production
from two hard, timelike gauge bosons (TT-type). Notably, these contributions require the
resummation of both gauge boson propagators in the ALP self-energy. In particular, TT-type
contributions only arise when the full form of the 1PI-resummed propagator is used, as
the finite gauge boson width is necessary to lift the kinematic constraints that otherwise
strongly suppress this contribution. Both the SS- and TT-type contributions are power-
law suppressed at small ALP momentum, in contrast to contributions from one timelike
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and one spacelike gauge boson (TS-type), which dominate at hard momentum but become
exponentially suppressed at small ALP momentum. As a result, SS-type contributions, which
scale as p4/3 with the soft ALP momentum in the ALP self-energy, become significant for
p ≲ gT , and dominate when p ≲ g2T . At even smaller momentum scales, p ≲ g2T , TT-type
contributions become increasingly important and eventually dominate the production rate
for p ≲ g4T . Neglecting SS- and TT-type contributions for soft ALP momenta appears to
underestimate the interaction rate by more than one order of magnitude. Nevertheless, we
stress that this behavior needs to be confirmed by a consistent leading order computation
for g4T ≲ p ≲ g2T , which must also account for the diagrams shown in the last row of
figure 2, as discussed at the end of section 3.

Although these corrections are crucial for soft ALPs, their impact on phenomenological
observables like number density or average momentum is limited, as soft momenta are sup-
pressed in integrated quantities. For instance, we observe a modest reduction (increase) in the
average ALP momentum (ALP number density) when using the full 1PI-resummed propagator
compared to calculations relying on free gauge boson propagators for hard momenta.

The results presented in this work offer a framework for calculating ALP production
rates across a wide range of momentum scales. While our approach does not strictly apply to
ALP momenta p < g4T , where the quasiparticle description breaks down and hydrodynamics
become necessary, it provides positive and physically meaningful interaction rates in the
range g4T ≲ p ≲ gT . This represents an important step toward achieving full leading-
order accuracy in this momentum regime, as discussed in section 3. Extending this work
to achieve full leading-order accuracy in this regime represents an exciting challenge for
future research. The same holds for ALPs coupling to non-Abelian gauge bosons, where
two-loop vertex corrections to the ALP self-energy, no longer suppressed by the feeble ALP
coupling, must be incorporated.
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A Abelian gauge boson self-energy

In this section, we provide a detailed presentation of the procedure and expressions required for
calculating the ALP self-energy, employing the complete form of the resummed Wightmann
propagator in eq. (3.3).

We decompose the propagator into different polarization components: transverse, lon-
gitudinal, and parallel to K = (k0, k⃗), i.e. the gauge boson four-momentum. The Lorentz
structures of the corresponding spectral propagators are:

Pt
µν = −η̃µν + K̃µK̃ν

−k2
(A.1a)

P l
µν = −ηµν + KµKν

−K2 − Pt
µν (A.1b)

PK
µν = −KµKν

K2 (A.1c)

where η̃µν = ηµν − UµUν , and K̃µ = Kµ − (K · U)Uµ. The vector U represents the four-
velocity of the plasma.

As stated in the main text, when we do the full calculation we need to add the vacuum
photon self-energy π0 to ensure that the spectral density has the proper sign, sign(ρl/t(K)) =
sign(k0). The photon self-energy in vacuum results in

Im π0 =
g2K2

48π2 (2NF +NS)Θ(K2) , Reπ0 =
g2K2

48π2 (2NF +NS) log
(
−K2

µ

)
. (A.2)

We only include the imaginary part of it in our numerical results calculations since we verified
that the real part is negligible when the renormalization scale is chosen as µ = T .

It is as well necessary to use the integrals HS, HF, GS and GF appearing in the eqs. (3.11)
in their non-approximate form. Specifically, we are interested in their real and imaginary
parts. The latter is analytical and yields

ImHF=
∫ ∞

0

dp

2π2 fFD(p)
[
2pk0

k
πΘ(−K2)+π

k
(p−k+

0 )(p+k−0 )Θ(p−k−0 )Θ(−p+k+
0 )

−π
k
(p+k+

0 )(p+k−0 )Θ(p+k+
0 )Θ(−p−k−0 )

]
(A.3a)

=θ(K2)
[
k(Li2[−e−k−

0 ]+Li2[−e−k+
0 ])+2(−Li3[−e−k−

0 ]+Li3[−e−k+
0 ])

2kπ Θ(k0)

+k(Li2[−e
k−

0 ]+Li2[−ek+
0 ])+2(Li3[−ek−

0 ]−Li3[−ek+
0 ])

2kπ Θ(−k0)
]

+Θ(−K2)k(Li2[−e
−k+

0 ]−Li2[−ek−
0 ])+2(Li3[−e−k+

0 ]+Li3[−ek−
0 ])

2kπ , (A.3b)

ImHS=
∫ ∞

0

dp

2π2 fB(p)
[
2pk0

k
πΘ(−K2)+π

k
(p−k+

0 )(p+k−0 )Θ(p−k−0 )Θ(−p+k+
0 )

−π
k
(p+k+

0 )(p+k−0 )Θ(p+k+
0 )Θ(−p−k−0 )

−k4π(Θ(p+k+
0 )Θ(−p−k−0 )+Θ(p−k−0 )Θ(−p+k+

0 ))
]

(A.4a)
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=θ(K2)

−k
2
(
k+log −1+e

k
−
0

−1+e
k

+
0

)
+4k(Li2[e−k+

0 ]+Li2[e−k−
0 ])+8(−Li3[e−k+

0 ]+Li3[e−k−
0 ])

8kπ Θ(k0)

+
k2
(
log
[

1−e
k

+
0

1−e
k

−
0

])
+4k(Li2[ek−

0 ]+Li2[ek+
0 ])+8(Li3[ek−

0 ]−Li3[ek+
0 ])

8kπ Θ(−k0)



−Θ(−K2)
k2
(
k+w+log 1−e

k
−
0

−1+e
k

+
0

)
+8k(Li2[e−k+

0 ]−Li2[ek−
0 ])+16(Li3[e−k+

0 ]+Li3[ek−
0 ])

16kπ ,

(A.4b)

ImGF=
∫ ∞

0

dp

2π2 fFD(p)
[
4p−πK

2

2k (Θ(p+k+
0 )Θ(−p−k−0 )−Θ(p−k−0 )Θ(−p+k+

0 ))
]

(A.5a)

=Θ(K2)
[
− (k−k0)(k+k0)(k+log[1+ek−

0 ]−log[1+ek+
0 ])

4kπ Θ(k0)

+(k−k0)(k+k0)(k+log[1+ek+
0 ]−log[ek+ek+

0 ])
4kπ Θ(−k0)

]

−Θ(−K2) (k−k0)(k+k0)(k+k0+2(log[1+ek−
0 ]−log[ek+ek+

0 ]))
8kπ , (A.5b)

ImGS=
∫ ∞

0

dp

2π2 fB(p)
[
4p+πK

2

4k (Θ(p+k+
0 )Θ(−p−k−0 )−Θ(p−k−0 )Θ(−p+k+

0 ))
]

(A.6a)

=Θ(K2)
[
− (k−k0)(k+k0)(k+log[−1+ek−

0 ]−log[1−ek+
0 ])

8kπ Θ(k0)

+(k−k0)(k+k0)(−log[1−ek−
0 ]+log[1−ek+

0 ])
8kπ Θ(−k0)

]

−Θ(−K2) (k−k0)(k+k0)(k+k0+2(log[1−ek−
0 ]−log[−1+ek+

0 ]))
16kπ . (A.6b)

In these equations, we have used k+0 = (k0 + k)/2 and k−0 = (k0 − k)/2, and

fFD = 1
1 + ek0

, (A.7)

is the Fermi-Dirac distribution.
The real parts of the integrals are more complicated to evaluate since they have a part

that only can be calculated numerically. For that we integrate the analytical part and
identify the numerical parts:

Re(HF) =
1
12

(
1− k0

k
log

∣∣∣∣∣k+0k−0
∣∣∣∣∣
)
+ 1

2π2kI3+(k0, k) , (A.8)

Re(HS) =
1
6

(
1− k0

k
log

∣∣∣∣∣k+0k−0
∣∣∣∣∣
)
+ 1

2π2kI3−(k0, k) +
k

8π2 I2−(k0, k) , (A.9)
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Re(GF) =
1
6 + K2

4π2kI2+(k0, k) , (A.10)

Re(GS) =
1
3 − K2

8π2kI2−(k0, k) , (A.11)

with

I2±(k0, k) = a±(k+0 )− a±(k−0 ) , (A.12)

I3±(k0, k) = k+0 k
−
0

[
a±(k+0 )− a±(k−0 )

]
+
[
b±(k+0 )− b±(k−0 )

]
+
(
k+0 + k−0

) [
c±(k+0 )− c±(k−0 )

]
, (A.13)

and

a±(y) =
∞∫
0

dp log
∣∣∣∣p+ y

p− y

∣∣∣∣ fB/FD(p) , (A.14)

b±(y) =
∞∫
0

dp p2 log
∣∣∣∣p+ y

p− y

∣∣∣∣ fB/FD(p) , (A.15)

c±(y) =
∞∫
0

dp p log
∣∣∣p2 − y2

∣∣∣ fB/FD(p) . (A.16)

We tabulate the values of the integrals a±, b±, and c± with 2000 (10000 for c±) logarithmic
steps between y ∈ [10−6, 104.5], using analytic approximations outside of this interval.

Once we have these integrals we can evaluate the spectral densities in the eqs. (3.5)
and (3.6) and numerically solve the ALP self-energy.

B Approximate solutions to the ALP self-energy

In this appendix, we provide a brief derivation of the estimates for the scaling behavior of
different kinematic configurations in the soft ALP momentum limit, p ≪ mV .

B.1 Approximate solutions: double-spacelike

The double-spacelike contribution is given by eq. (3.7), evaluated at spacelike K and Q. Here,
we estimate the scaling behavior in the p0 = p ≪ mV limit of the dominant contribution
involving two transverse gauge bosons. We find that, as long as k0, k ≲ mV ,11 our integral
is dominated by configurations with k0 ≪ k. In this limit, the spectral propagator is well
approximated by HTLs and takes the form

ρT (K) = πm2
V

k0

k5

1− (k0
k

)2
m4

V π
2 + 16m2

V k
2 − 4k4

4k4 +O

(k0
k

)4


≈ πm2
V

k0

k5

1− (k0
k

)2
m4

V π
2

4k4 +O

(k0
k

)4
 , (B.1)

11k0, k ≳ mV contributions are power-law suppressed at the level of the spectral propagator and cannot be
Bose-enhanced since p ≪ mV .
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where we assumed k ≪ mV in the last line. For fixed k0, the spectral propagator is then
maximized (again, expanding in k0 ≪ k) for

kmax =
(
11π2m4

V

20

) 1
6 (
k0
) 1

3 . (B.2)

Thus, for the estimate of the double-spacelike contribution, we assume the integral to be
dominated by momenta k ∼ O (kmax). The distribution functions appearing in the ALP
self-energy can be Bose-enhanced as long as k0 ≲ O(p), and thus, we expect the dominant
contribution to arise from those energies.

Additionally, the integration over the momentum q is restricted to the domain |p− k| ≤
q ≤ |p+ k|, and since kmax ≫ p, we can approximate the integral over q as the width of the
integration interval times the integrand evaluated at q = k. This implies that the second
spectral propagator, ρT (Q), can also be evaluated using eq. (B.1), since q0 = p0−k0 ∼ O(p) ≪
q. Finally, the square bracket in eq. (3.9) must be expanded in p≪ k. Eventually, we find

Π<
a,SS(p≪ mV ) ≈

2pc1α1
f2a8(2π)5p

∫
O(p)

dk0
∫

O(kmax)

dk π2m4
V

k0

k5
p0 − k0

k5
8k4p2T 2

k0 (p0 − k0)

≈ κI
c1α1

f2a8(2π)5
24
5

(20
11

) 5
6
π

1
3T 2m

2
3
V p

4
3 , (B.3)

where κI is a (constant) numerical factor parameterizing the inaccuracy of our estimate. We
find good numerical agreement when choosing κI = 8, resulting in

Π<
a,SS(p≪ mV ) ≈ 93 c1α1

f2a8(2π)5
T 2m

2
3
V p

4
3 . (B.4)

We can observe this behavior by looking at the blue lines in figure 9(a).

B.2 Approximate solutions: double-timelike

Here, we give the soft momentum limit p = p0 ≪ mV of the ALP self-energy in eq. (3.7) for
K2, Q2 > 0 and two transverse gauge bosons, which constitute the dominant contribution to
the interaction rate. For a lightlike ALP momentum P , this contribution is only sizable if
the full form of the gauge boson self-energy is considered, since the imaginary part of the
self-energy vanishes in the HTL approximation. As the full form of the self-energy has a
complicated analytic structure, or in the case of the real part is only given in terms of a
one-dimensional integral, a purely analytic estimate of this quantity is hardly possible. Thus,
we rely on an approximate method (see for instance section 4.2 of [64]) that extends the
k0-integration in eq. (3.7) into the complex plane. Then, using the residue theorem, we find
the result of the k0 integration by extracting the complex poles in k0 of the two spectral
propagators ρT (K) and ρT (Q), which in the limit of a narrow width

ΓTT = − ImΠT (K)
k0

≪ k0 , (B.5)
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Figure 9. Scaling estimates for the ALP production rate Π<
a (P ) from two transverse gauge bosons

(dotted lines) are compared to the full numerical counterpart (solid lines). In the left panel, we show
the three different kinematic regimes SS, TS and TT. In the right panel we only show the TT regime
but extending the computation until p/T = 10−5, such that the change in the scaling behavior at
p = ΓTT ≈ 5 · 10−4 becomes visible. The estimates are represented by dotted lines.

are approximately given by the solution k0pole(k) to K2 = ReΠT (K) and must be found
numerically.12 Effectively, to leading order in a vanishing width ΓTT, we then find

Π<
a,TT(p) = 2CΠ

f2ap

∫ ∞

0
dk

∫ |p+k|

|p−k|
dq
∑

i

π
ρT (P −Ki)

k0i
fTT

(
k0i , k, q

0, q, P
)
, (B.6)

with

fTT
(
k0, k, q0, q, P

)
= fB(k0)fB(p0 − k0)kq

×

(k0
k

)2

+
(
q0

q

)2

((k2 − p2 + q2) + 4k2q2) + 8k0q0(k2 + q2 − p2)

 ,
(B.7)

and k0i ∈
{
k0pole,−k0pole

}
. We find that the integral is dominated by momenta k ≳ g T ≫ p,

which again allows us to approximate the q-integration as

Π<
a,TT(p≪ gT ) = 4πp CΠ

f2ap

∫ ∞

0
dk
∑

i

ρT (P −Ki)
k0i

fTT
(
k0i , k,−k0 + p, k ± p, P

)
. (B.8)

We expand in small p ≪ k and find

fTT
(
k0pole, k,−k0 + p, k ± p, P

)
≈ 8k4p2fB

(
k0pole

)
fB
(
−k0pole

)
. (B.9)

The scaling behavior of ρT (P−Ki) crucially depends on the size of p
ΓTT(k0

pole)
since it determines

if the spectral propagator is evaluated near its peak. If p≪ ΓTT(Kpole), we can approximate

ρT (P −Ki) ≈ − 2
ImΠT (−Ki)

, (B.10)

12For sufficiently large momentum k ≫ g T , the solution is simply given by the dispersion relation k0
pole =√

k2 + m2
V .

– 24 –



J
H
E
P
0
6
(
2
0
2
5
)
1
6
0

which is independent of p. Conversely, for p ≳ ΓTT(Kpole)

ρT (P −Ki) ≈ − 2 ImΠT (P −Ki)[
(P −Ki)2 − ReΠT (P −Ki)

]2 ≈ − ImΠT (−Ki)
2p2

(
k0i − k

)2 , (B.11)

we find ρT ∼ p−2. Since the width obeys ΓTT(Kpole) ≤ ΓTT(k = 0), we can estimate the
ALP momentum from which we can safely apply ρT (P −Ki) ∼ p−2, as pc = ΓTT(k = 0).
Overall, this implies

Π<
a,TT(p) ≈

32πCΠ
f2a

∫ ∞

0
dk
∑

i
k4fB

(
k0i

)
fB
(
−k0i

)
×


−ΓTT(−Ki)

2(k0
i −k)2 p ≳ pc

− 2
ΓTT(−Ki)(k0

i )
2 p

2 p ≲ pc .
(B.12)

For the choice of gY = 0.35, NF = 10 and NS = 1/2, we find pc ≈ 5 · 10−4T . Since the
minimal momentum presented in our numerical analysis is pmin = 10−3T , we expect the ALP
self-energy to be momentum-independent for sufficiently small momenta. When extending
our analysis to smaller momentum p < 10−3T , we found the predicted p2 scaling of the ALP
self-energy, as can be observed in figure 9(b).

The integral in the expression above must be solved numerically. Nevertheless, we have
identified the p-dependence of the ALP self-energy and therefore of the production rate
in this kinematic regime.

B.3 Approximate solution: one timelike, one spacelike

Here we identify the scaling of the ALP interaction rate from one timelike and one spacelike
gauge boson with a soft momentum p ≲ mV . As for the double-spacelike contribution, we
carry out the estimate using HTL resummed propagators and considering two transverse
gauge bosons. For timelike momentum K, the HTL resummed spectral propagator takes the
form of a δ-function and imposes k0 = ±k0pole(k), which is a solution to K2 = ReΠT (K). A
spacelike Q = P −K with a lightlike P ≪ mV requires hard momenta

k ≳
m2

V

4p , (B.13)

such that both momenta K and Q are almost lightlike, justifying the use of HTL resummed
propagators. In this limit, again approximating the integral over q by evaluating the integrand
at q = k and multiplying by p, the ALP self-energy results in

Π<
a,TS(p) ≈ p

CΠ
f2ap

∫ ∞
m2

V
p

dk
∑

i

π
ρT (P −Ki)

k
fTS

(
k0i , k, q

0, q, P
)
. (B.14)

The spectral function can be approximated as

ρT (P −Ki) ≈ −π4
1
p

m2
V

k3
, (B.15)

and

fTS
(
k0i , k, q

0, q, P
)
≈ 32fB(k)fB(−k)k4p2 , (B.16)
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such that

Π<
a,TS(p) ≈ −CΠ

f2ap
16π2m2

V p
2
∫ ∞

m2
V

p

dk fB(k)fB(−k) (B.17)

≈ CΠ
f2a

16π2Tm2
V p exp

(
−m2

V

4pT

)
. (B.18)

Clearly, this kinematic regime is subdominant at momenta p ≲ g2T . We can observe this
exponential suppression in figure 9(a).
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