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1
I N T R O D U C T I O N

Nature has always constituted a fundamental reference point for human existence,
and numerous scientific disciplines have sought to draw inspiration from it. In con-
trast, computers and modern technology are often perceived as distant from natural
phenomena. Nevertheless, the study of natural processes offers valuable insights that
can inform the design of computational models.

This thesis adopts the framework of Natural Computing, an area of research con-
cerned with computation inspired by mechanisms observed in nature. In particular,
we focus on Reaction Systems, a bio-inspired computational model introduced nearly
two decades ago. Our analysis addresses this model from the perspectives of com-
putational Complexity (Part i), Computability (Part ii), and Cryptography (Part iii).

Parts i to iii constitute the main core of the thesis devoted to Reaction Systems,
while Part v presents the work done in a second line of research on Fine-Grained
Complexity applied to pattern matching on degenerate strings and intersection of
regular expressions.

1.1 part i

Reaction Systems (RSs) are a growing and now established computational model,
introduced by A. Ehrenfeucht and G. Rozenberg [107, 108], that take inspiration
from the chemical reactions occurring inside living cells. A set of entities or chemi-
cal species is transformed by one or more reactions and, like in real life, a reaction
for which all reactants are present and all inhibitors are absent will generate all the
expected products. RSs have some characteristics that distinguish them from other
bio-inspired models. First of all, there is no permanence: an entity that is not used by
any reaction will not remain in the system, but it will disappear. Second, RSs operate
on a qualitative basis, meaning that the presence of a reactant in a given state implies
that it is available in sufficient quantity for all reactions that require it, thus avoiding
conflicts over shared resources. Other related models waiving this assumption have
been proposed in the literature, see e.g. [12, 18, 22, 64, 170, 194, 210, 211, 213, 261].
Nevertheless, the computational power of the simpler qualitative model has been
demonstrated by several studies [8, 27, 38, 39, 84, 160, 158] showing that RSs can
be effectively used to simulate various biological processes. Concerning theoretical
aspects, their properties have been studied from the point of view of the complex-
ity of the dynamics [19, 20, 23, 35, 111, 123, 124, 125, 148, 253]; from the causality
perspective [34, 36, 58]; by introducing in a natural way additional restrictions and
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2 introduction

extensions [26, 60, 56, 183, 241]; by classifying and simulating them [181, 251, 252];
and by relating them with other computational models [106, 166, 218].

Although the conventional framework for RSs does not limit the number of re-
actants and inhibitors involved in each reaction, an alternative branch of research
concentrates on systems with constrained resources. Ehrenfeucht et al. [110] first in-
vestigated how bounding the number of reactants and inhibitors in the reactions can
affect the kinds of functions that a RS can define. Manzoni et al. [181] then classified
resource-bounded systems in such a way that the reaction functions enjoy specific
properties within each class: in particular, they identified the class of inhibitorless
RSs, in which all reactions have an empty set of inhibitors; the class of reactantless
RSs, in which the set of reactants is always empty; and the class of RSs, later named
additive [19], in which each reaction only uses at most one reactant and no inhibitors.
Dennunzio et al. [100] studied the complexity of reachability in several subclasses
of inhibitorless and reactantless systems; Azimi et al. [26] studied how to list all
steady states of a system whose reactions have a small quantity of both reactants
and inhibitors; Teh et al. [253] studied the evolvability problem in reactantless and
inhibitorless systems. Chapters 3 to 5 in Part i of this thesis are based on [19, 20, 23]
where we investigate the computational complexity of various problems related to
fixed points, cycles and attractors in reactantless, inhibitorless and additive RSs.

Table 1 summarizes the problems studied in Part i, and we can notice that, de-
spite these restrictions on the resources, the complexity of the considered problems
is not necessarily reduced. For example, deciding whether a state is part of a cycle
is PSPACE-complete in the general case, and it remains so in both the resource-
bounded classes (Corollary 5.4.3 and Theorem 5.2.7). This is not always the case: for
instance, deciding whether two RSs have the same result function is coNP-complete
in the unconstrained case, while it is in P for reactantless and inhibitorless RSs
(Corollary 3.5.6 and Corollary 3.5.4). Furthermore, there exist problems for which
the complexity for reactantless RSs is not always the same as for inhibitorless RSs:
e.g., deciding on the existence of a fixed point is in P for inhibitorless RSs [139],
whereas it is an NP-complete problem in reactantless RSs (Theorem 3.3.1). Finally,
we show that some particular dynamical behaviours can not be obtained, e.g. no
global 3-cycle attractor (like the one in Figure 8 in Chapter 2) can exist in the dynam-
ics of a reactantless RSs or in the dynamics of an inhibitorless RSs (Proposition 5.3.5
and Lemma 5.1.5).

Most of the reductions in this part of the thesis are from the most fundamen-
tal problems in the corresponding complexity class (e.g. sat for NP-hardness and
tautology for coNP-hardness), even though we also show non-trivial reductions
between different problems and classes of RSs (see Theorem 5.3.6).

Furthermore, for the class of additive RSs, we prove that all the problems consid-
ered in Chapter 3 are in P. The proofs rely on a reduction to a graph representation
of RS called the influence graph. As a future research direction, it would be interesting
to use the influence graph to decide the complexity of the problems regarding cycles
that are left open in Chapter 5. Regarding fixed points, it remains an open problem
to figure out the complexity of deciding whether there exists a fixed point attractor
for inhibitorless RSs.



1.2 part ii 3

Problem RS(∞,∞) RS(0,∞) RS(∞, 0) RS(1, 0)

A given state is a fixed point attractor NP-c [123] NP-c [20] NP-c [20] P [19]

∃ fixed point NP-c [123] NP-c [20] P [139]

∃ common fixed point NP-c [123] NP-c [20] NP-c [20] P [19]

sharing all fixed points coNP-c [123] coNP-c [20] coNP-c [20] P [19]

∃ fixed point attractor NP-c [123] NP-c [20] Open P [19]

∃ common fixed point attractor NP-c [123] NP-c [20] NP-c [20] P [19]

sharing all fixed points attractors ΠP
2-c [123] ΠP

2-c [20] ΠP
2-c [20] P [19]

∃ fixed point not attractor ΣP
2-c [20] ΣP

2-c [20] ΣP
2-c [20] P [19]

∃ common fixed point not attractor ΣP
2-c [20] ΣP

2-c [20] ΣP
2-c [20] P [19]

sharing all fixed points not attractors coNP-c [20] coNP-c [20] coNP-c [20] P [19]

resA = resB coNP-c [20] P [20] P [20]

res bijective coNP-c [124] P [20] P [20]

A given state is a global attractor PSPACE-c [124] P [23] P [23]

∃ global fixed point attractor PSPACE-c [124] P [23] P [23]

∃ global cycle attractor
of length at least k

k = 2 PSPACE-c [101] PSPACE-c [23] ∄ [23]

k > 2 PSPACE-c [101] ∄ [23] ∄ [23]

A given state is part of a cycle PSPACE-c [124] PSPACE-c [23] PSPACE-c [23] Open

∃ common cycle PSPACE-c [124] PSPACE-c [23] PSPACE-c [23] Open

sharing all cycles PSPACE-c [124] PSPACE-c [23] PSPACE-c [23] Open

reachability PSPACE-c [100] PSPACE-c [100] PSPACE-c [100] Open

Table 1. Computational complexity of the problems studied in Part i of this thesis for dif-
ferent classes of RSs. NP-c, coNP-c, ΣP

2-c, ΠP
2-c and PSPACE-c are shorthands for

NP-complete, coNP-complete, ΣP
2-complete, ΠP

2-complete and PSPACE-complete, re-
spectively; RS(∞,∞), RS(0,∞), RS(∞, 0) and RS(1, 0) denote unconstrained, reac-
tantless, inhibitorless and additive RSs, respectively (see Definition 2.1.1 for a formal
declaration). The highlighted cells contain the original results from the papers pre-
sented in Part i.

1.2 part ii

Since the states of a RS are subsets of a finite set of entities, their dynamics can only
contain a finite number of distinct configurations, making computational universal-
ity unattainable for them. A natural way to preserve the fundamentals of RSs, while
making them a universal computational model, is to allow multiplicity for the en-
tities. More than a decade ago, the first significant step in this direction was taken
by Okubo et al. [211] with the introduction of Reaction Automata (RA) and with
the successive streamlining of studies on the topic, see [207, 208, 211, 212, 261]. In
RA, a state is a multiset of entities (thus allowing an infinite set of possible states),
and reactions are modified to require multisets of reactants and products. A reaction
can happen in a state only if the multiset of reactants is contained in the state and
none of the inhibitors has nonzero multiplicity: since several reactions can compete
for the resources of a state, their relative dominance must be established through
predetermined criteria known as manners. RA are further specified by a fixed initial
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state, receive input words over a fixed alphabet, and can accept such words based
on a given set of final states.

Figure 1. Summary of the properties among the types of automata studied in Part ii. The
arrow between RA and Pure Reaction Automata (PRA) should be interpreted as
“PRA are RA without permanence”; and similarly in the other cases. The three
different types of lines distinguish the three different properties: non-permanence
(solid line), absence of inhibitors (dashed line) and determinism (dotted line).

Chapter 6 is based on [18], where we continue the study of RA by providing sev-
eral new results and connections to other models. First of all, we define the maximally
reactive (mr) manner: a different criterion w.r.t. the standard maximally parallel (mp)
manner for selecting the competing reactions. We also introduce a new kind of RA,
called Pure Reaction Automata (PRA). They differ from those introduced in [261]
in how the outcome of a reaction is defined: while classical RA have permanence
(i.e. the entities that are not used are preserved), in PRA the entities that are not
used by any reaction are lost. This makes PRA more similar, in this aspect, to RSs,
where non-permanence is a defining characteristic. The main results of Chapter 6

are: PRA working in mr manner accept any recursively enumerable language; and
the subset of Deterministic Pure Reaction Automata (DPRA) working in mr manner
can compute any recursive function. Future work includes clarifying how different
update manners affect the computational power of RAs, both pure and non-pure;
and exploring the role of determinism under time and space constraints.

Whenever a new Turing-complete computational model is introduced, a natural
question arises: how much can we restrict the model while keeping universality un-
changed? Chapter 7 aims towards an answer: in a similar fashion as in Part i, we
study the class of Chemical Pure Reaction Automata (CPRA), which is the inhibitor-
less subclass of PRA (i.e. no inhibitors are present in the reactions). The non-pure
counterpart for CPRA are Chemical Reaction Automata (CRA), the class of inhibitor-
less RA with permanence that have been introduced and studied in [209, 210, 213].
The class of CPRA thus combines the characterising properties of CRA and PRA. See
Figure 1 for a visual representation of the relations between the classes of reaction
automata considered in Part ii. Our main results in Chapter 7 are: CPRA working in
mp manner accept any recursively enumerable language; instead, in the determinis-
tic setting, Deterministic Chemical Pure Reaction Automata (DCPRA) are not Turing
complete as language acceptors. The proof of the latter result relies on Dickson’s
Lemma, a standard result in commutative algebra [85] and the fact that the result
function of CPRA is monotonic (as for inhibitorless RS [181]). In particular, Dickson’s
Lemma is used to prove that the space of multisets with a fixed topology is compact.
Although the proof is non-standard and interesting per se, it remains open which re-
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lation exists between the class of languages recognised by DCPRA and the Chomsky
hierarchy. Figure 2 summarizes the results obtained in Part ii.

DCPRAmp RAmp RAw
mp PRAw

mr

RE

DCPRAλ
mp CRAλ

mp CPRAλ
mp

Th.7.2.2

Prop.6.1.1 Th.6.2.2

[209, Th.1]

[211, Th.1]

Th.7.2.2

Th.7.3.1

Figure 2. Summary of the results in Part ii. The arrow ↪→ indicates strict inclusion between
the sets of languages. RE represents the set of recursively enumerable languages.
DCPRAmp, CPRAmp, CRAmp, RAmp are the sets of languages recognized by
DCPRA, CPRA, CRA, and RA, respectively, working in maximally parallel mp
manner. PRAmr is the set of languages recognized by PRA working in maximally
reactive mr manner. The apex w means weakly accepted, and the apex λ means
accepted in λ-input mode (see Definitions 6.1.5 and 7.1.8).

1.3 part iii

In Part iii, we aim to build a connection between RSs and cryptography. By their in-
trinsic nature, RSs can encode Boolean functions in Disjunctive Normal Form (DNF)
[136]: we will call Boolean Reaction Systems (BRSs) the RSs encoding Boolean func-
tions. Even though the DNF encoding of Boolean functions is one of the standard
encodings for Boolean logic formulae, together with the Conjunctive Normal Form
(CNF) and the Algebraic Normal Form (ANF), in the literature, this encoding has
not been used for the representation of Boolean functions satisfying strong crypto-
graphic properties. The aim of Chapter 8 is to discover some properties of the DNF
in relation to some cryptographic tools, such as the Walsh transform, that lead to
a lower bound on the number of variables a clause must contain in the DNF of
functions which are highly nonlinear, even with the balancedness constraint.

The nonlinearity of a Boolean function measures the Hamming distance of the
function from the set of all linear functions; furthermore, a function is balanced
whenever the function’s truth table has an equal number of ones and zeros. These
two properties are fundamental for the design of hard-to-decrypt block and stream
ciphers, and finding functions with these properties is a well-established line of re-
search [102]. Since the search space grows super-exponentially in the number of
inputs, the problem becomes a hard optimization problem. Three main approaches
are used in the literature: algebraic constructions, random generation, and (meta-)
heuristic methods. Random generation is impractical due to the prohibitive size of
the search space. In contrast, algebraic constructions scale to many different func-
tion sizes, but they produce the same Boolean functions when using the same start-
ing conditions, and finding new constructions can be far from trivial. Within meta-
heuristic strategies, Evolutionary Computation (EC) has proven to be highly effec-
tive [223], primarily through Genetic Algorithms (GA) [169] and Genetic Program-
ming (GP) [171]. A major limitation of existing EC methods lies in their function en-
coding: GA methods rely on bitstring encoding of the function’s truth table, which
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Strategy Encoding

Genetic Programming

⊕

⊕

x1 ¬

x2

∨

x1 ∧

⊕

x1 x2

x3

¬

x2

Genetic Algorithm [0, 0, 0, 1, 1, 1, 0, 0]

Evolutionary
Boolean Reaction System

({x1}, {x2}, {True})
({x2, x3}, {x1}, {True})

Table 2. Three different encodings for the Boolean function f : F3
2 → F2 given by f(x) =

(x1⊕¬x2)⊕ (x1∨ ((x1⊕x2)∧x3)∨¬x2); 00011100 is the bitstring (of length 23) rep-
resenting its truth table. In DNF, f can be written as (x1∧¬x2)∨ (¬x1∧x2∧x3); the
corresponding BRS is given by the reactions ({x1}, {x2}, {True}), ({x2, x3}, {x1}, {True}).
The DNF of any function f can also be represented via a tree with the root labeled
by ∨, and its sons always labeled by ∧ (see Figure 27).

grows exponentially with the number of variables, whereas GP methods employ
complex operator trees that are difficult to interpret (see Table 2 for an illustration).

In Chapter 9, we overcome these limitations by using an encoding based on DNF
and RSs, since the DNF of a Boolean function can be bounded to polynomial size
and is easily interpretable. The first work on RS-based evolutionary strategies was
presented in [180]. Inspired by this work, we introduce Evolutionary Boolean Re-
action Systems (EvoBRS), an original evolutionary framework specifically designed
to evolve individuals represented through BRS. The design of its key components is
guided by the analysis described in Chapter 8, whose results inform the definition of
the EvoBRS operators. Our analysis shows competitive and better results, in terms of
success rate, with respect to the state-of-the-art GA-based methods in the literature
(see Figure 3). We implemented the algorithm in C++, providing faster execution and
accommodating a larger fitness evaluation budget.

1.4 appendix

The appendix of the thesis is not devoted to RSs, but it is included in the manuscript
to illustrate the work on a second line of research followed during the PhD studies.
We present two works [17, 21] that use an emerging theory of complexity: Fine-
Grained Complexity [61]. This theory aims to provide lower bounds for problems
that already lie in P. The lower bounds are conditioned on famous conjectures like
the Strong Exponential Time Hypothesis (SETH) [157]. A fine-grained reduction can
be seen as a tool to prove nk-hardness for problems solvable in O(nk) time. In Ap-
pendix A, we apply this technique to prove quadratic lower bounds for problems of
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Figure 3. Bentn is the problem of finding Boolean functions on n variables with the highest
possible linearity. With the additional constraint of balancedness, the problem is
called Bal n. EvoBRS is compared with the best GA-algorithms in [182], and the
final distributions, across 30 independent runs, are represented in the boxplots. The
maximum possible nonlinearity value for each of the instances is boxed.

pattern matching between degenerate strings. Elastic Degenerate (ED) strings and
Elastic Founder (EF) graphs are examples of degenerate strings widely studied in
the literature. See Figure 4 for a schematic representation.

Figure 4. Example of the structure of a ED string and EF graph. The symbol □ represents
any letter of a given alphabet and ϵ is the empty word.

We considered some subclasses of those degenerate strings based on their applica-
tions in Bioinformatics. For each possible pair of classes (X, Y), we investigated the
problem of matching a string of type X into a string of type Y and established either
a non-trivial upper bound or a quadratic lower bound conditioned on SETH.

Elastic Degenerate (ED) strings can be thought of as a particular kind of regular
expressions called homogeneous. A regular expression is homogeneous if, given its
representation as a rooted tree whose inner nodes correspond to operators and leaves
correspond to letters of the alphabet, the inner nodes at any fixed level all correspond
to the same operator (see Figure 5).

A complete study of homogeneous regular expression pattern matching has been
completed in [30, 63]. In Appendix B, we consider all combinations of types of depth-
2 homogenous regular expressions and classify the time complexity of nonemptiness
intersection. We interestingly show that there exists a quadratic conditional lower
bound for testing the intersection of a “concatenation of +s” expression with a “con-
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◦

+

b

b +

c

+

c

a

◦

|

a b

b c c |

a b c

b+bc+c+a [a|b]bcc[a|b|c]

Figure 5. Example of two homogenous regular expressions. The one on the left is of type
“concatenation of +s”; the right one is of type “concatenation of ORs”. Further-
more, note that the regular expression [a|b]bcc[a|b|c] is a particular kind of degen-
erate string. Finally, the intersection of the two regular expressions, defined as the
intersection of the languages they encode, is the string bbcca.

catenation of ORs”. Furthermore, this is the only “hard” (i.e. quadratic) case that
does not involve the Kleene star operator.
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I N T R O D U C T I O N T O R E A C T I O N S Y S T E M S D Y N A M I C S

This chapter introduces all the basic notions regarding Reaction Systems (RSs) that
will be used in this part of the thesis. Introduced nearly two decades ago by Ehren-
feucht and Rozenberg [107], RSs are an abstract computational model inspired by
the chemical reactions occurring in living cells. The notion at the heart of this model
is that the biochemical processes within a cell can be simulated using a limited collec-
tion of entities that represent various substances, alongside a set of rules that mimic
reactions. A reaction is characterized by its reactants, inhibitors, and products, and it
occurs when the set of entities currently present in the cell (i.e. the system’s state)
includes all reactants and lacks any inhibitors, resulting in the reaction’s products.
Whenever a set of reactions occurs in a certain state, the system’s subsequent state is
determined by the union of the products of all those reactions. This process defines
a dynamical system whose points are given by all the possible subsets of entities, i.e.
all possible states of the RS (Figure 6). Determining the computational complexity of
deciding the occurrence of various behaviours of such dynamical systems has been
the object of a great deal of research work [28, 34, 37, 99, 101, 125, 204] , as well as
several other related questions [65, 66, 90, 163].

Reaction System: Discrete dynamical system:

(∅, {♠,♡}, {♡})
({♡}, {♠}, {♠,♡})

{♡}

{♠} ∅

{♠,♡}

Figure 6. A simple example of a RS with the associated discrete dynamical system. The enti-
ties are ♠ and ♡.

Chapter organization. While Section 2.1 is devoted to the standard definitions,
Section 2.2 details a description of Reaction Systems and their dynamics in terms of
logical formulae which will be useful to prove most of the results in the following
chapters.

11
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2.1 basics notions on reaction systems

Given a finite set S of entities, a reaction a over S is a triple (Ra, Ia,Pa) of subsets of S;
Ra is the set of reactants, Ia the set of inhibitors, and Pa the nonempty set of products.
In this thesis, the reactants and inhibitors of a reaction are allowed to be empty sets
as in the original definition of reaction systems [107]. The set of all reactions over S
is denoted by rac(S). A RS A = (S,A) where S consists of the finite set of entities S,
called the background set, and a set A ⊆ rac(S) of reactions over S.

Any subset of S is a state of the RS; a reaction a is enabled in a state T when Ra ⊆ T
and Ia ∩ T = ∅, and the set of all the reactions of A enabled in T is denoted by
enA(T). The result function resa : 2S → 2S of a reaction a, where 2S denotes the
power set of S, is defined as

resa(T) :=

Pa if a is enabled in T

∅ otherwise.

The definition of resa naturally extends to sets of reactions: given any T ⊆ S and
A ⊆ rac(S), we define resA(T) :=

⋃
a∈A resa(T). Consistently, the result function

resA of the whole RS A = (S,A) is defined to be equal to resA, i.e. the result function
of the whole set of reactions of the RS. In this way, any RS A = (S,A) induces a
discrete dynamical system with state set 2S and next state function resA. Such a
dynamical system can be represented with a directed graph with vertex set 2S and
with edges (T , resA(T)) for all T ∈ 2S. See Figure 7 for an example.

Example 2.1.1. Consider the RS A = (S,A) with background set S = {♠,♡,♢} and set
of reactions A = {a = ({♠}, {♡}, {♡}),b = ({♡}, {♠}, {♢}), c = ({♢}, {♡}, {♠}))}. Let T =

{♠,♢} a state, then T enables reaction a since {♠} ⊆ T and {♡} ∩ T = ∅; furthermore
T enables reaction c since {♢} ⊆ T and {♡}∩ T = ∅. Collecting all together, the result
of A on T is given by the union of Pa = {♡} and Pc = {♠}, thus resA(T) = Pa ∪ Pc =

{♠,♡}. The complete dynamics of A is shown in Figure 7.

{♠} {♠,♢} {♠,♡}

{♡,♢} {♢} ∅

{♡} {♠,♡,♢}

Figure 7. Graph representation of the dynamical system of the RS A = (S,A)
with background set S = {♠,♡,♢} and set of reactions A =

{({♠}, {♡}, {♡}), ({♡}, {♠}, {♢}), ({♢}, {♡}, {♠}))}. Arrows connect each state T with
resA(T).

In this thesis, we are interested in the dynamics of RSs, that is, the study of the
successive states of the system under the action of the result function resA starting
from some initial set of entities. The orbit or state sequence of a given state T of a RS A

is defined as the sequence of states obtained by subsequent iterations of resA starting
from T , namely, the sequence (T , resA(T), res2A(T), . . . ). Note that since S is finite, for
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any state T the sequence
(
resnA(T)

)
n∈N

is always ultimately periodic. In particular,
the orbit of a state T is a cycle of length k (or k-cycle) if there exists k ∈ N such that
reskA(T) = T , and reshA(T) ̸= T for every h < k. In the special case where k = 1, i.e.
resA(T) = T , T is said to be a fixed point. Note that fixed points of A correspond to
self-loops in the graph representation of its dynamical system. For example, in the
RS of Figure 7 the state T = ∅ is a fixed point, and the state T = {♢} belongs to a
cycle of length 3.

Any set of cycles forms an invariant set for A: a set of states U ⊆ 2S such that
∪U∈U{resA(U)} = U. Conversely, any invariant set for A is a set of cycles [124]. A
local attractor for A is an invariant set U such that there exists an external state T /∈ U

with resA(T) ∈ U. An invariant set U is a global attractor if for all states T ∈ 2S there
exists k ∈ N such that reskA(T) ∈ U, i.e. U is eventually reached from every possible
state of A. When a global attractor U consists of only one state T , we say that T is
a global fixed-point attractor. If a local attractor U consists of only one state T , we say
that T is a fixed-point attractor. A fixed point not attractor is a fixed point that is not
an attractor, i.e. it is not reachable from any state other than T itself. Finally, U is a
global cycle attractor if all the states in U belong to the same cycle (see Figure 8 for an
example).

{♡}

{♠} ∅

{♠,♡}

Figure 8. A global 3-cycle attractor in the dynamics of the RS A = (S,A) with background
set S = {♠,♡} and reactions A = {(∅, {♠,♡}, {♡}), ({♡}, {♠}, {♠,♡})}. Arrows connect
each state T with resA(T).

Remark 2.1.1. It is important to clarify that the results obtained in this part of the
thesis are limited to RSs where there is no interaction with an external environment
(i.e. they are closed). Formally, we deal only with context-independent RSs, where the
next state of the system is entirely determined by the current state. This is different
from RSs with context, where additional entities could be added at each time step
according to a given sequence C0,C1, . . . ⊆ S of contexts. More on that in Chapters 6

and 7.

We now recall the classification of RSs in terms of the number of resources em-
ployed per reaction [181].

Definition 2.1.1 ([181]). Let i, r ∈ N. The class RS(r, i) consists of all RSs hav-
ing at most r reactants and i inhibitors for each reaction. We also define the (par-
tially) unbounded classes RS(∞, i) =

⋃∞
r=0RS(r, i), RS(r,∞) =

⋃∞
i=0RS(r, i), and

RS(∞,∞) =
⋃∞

r=0

⋃∞
i=0RS(r, i).

We will call RS(0,∞) the class of reactantless RSs, and RS(∞, 0) the class of in-
hibitorless RSs. See Figure 9 for an example of a reactantless RS and an inhibitorless
RS.
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{♠,♡}

∅ {♠}

{♡}
(a) Dynamics of the reactant-

less RS given by the reaction
(∅, {♠,♡}, {♠}).

{♡} {♠}

∅ {♠,♡}

(b) Dynamics of the inhibitor-
less RS given by the reac-
tion ({♠},∅, {♠,♡}).

Figure 9. A global 2-cycle attractor (9a) and a global attractor consisting of two fixed points
(9b). No global 3-cycle attractor (like the one in Figure 8) can exist in the dynamics
of the reactantless RS (Lemma 5.1.5) or in the dynamics of the inhibitorless RS
(Proposition 5.3.5).

Class of RSs Subclass of 2S → 2S

RS(∞,∞) all

RS(0,∞) antitone

RS(∞, 0) monotone

RS(1, 0) additive

RS(0, 0) constant

Table 3. Functions computed by restricted classed of RSs.

Definition 2.1.2 ([181]). Let A = (S,A) and A ′ = (S ′,A), with S ⊆ S ′, be two RSs,
and let k ∈N. We say that A ′ k-simulates A if and only if, for all T ⊆ S and all n ∈N,
we have

resnA(T) = resknA ′ (T)∩ S.

Definition 2.1.3 ([181]). Let X and Y be classes of RSs, and let k ∈ N. We define
the binary relation ⪯k as follows: X ⪯k Y if and only if for all A ∈ X there exists a
reaction system in Y that l-simulates A for some l ⩽ k. We say that X ⪯ Y if and only
if X ⪯k Y for some k ∈ N. We write X ≈k Y if X ⪯k Y and Y ⪯k X, and X ≈ Y for
X ⪯ Y ∧ Y ⪯ X. Finally, the notation X ≺ Y is shorthand for X ⪯ Y ∧ Y ⪯̸ X.

The relation ⪯ is a preorder and the relation ≈ induces exactly five equivalence
classes [181, Theorem 30]:

RS(0, 0) ≺ RS(1, 0) ≺ RS(∞, 0) ≺ RS(0,∞) ≺ RS(∞,∞). (1)

We remark that this classification does not consider the number of products as
a parameter because RSs can always be assumed to be in singleton product normal
form [60]: any reaction (R, I, {p1, . . . ,pm}) can be replaced by the set of reactions
(R, I, {p1}), . . . , (R, I, {pm}) that produce the same result.

The five equivalence classes in (1) have a characterisation in terms of functions
over the Boolean lattice 2S [181], listed in Table 3. Recall that a function f : 2S → 2S is
antitone if X ⊆ Y implies f(X) ⊇ f(Y), monotone if X ⊆ Y implies f(X) ⊆ f(Y), additive
(or an upper-semilattice endomorphism) if f(X ∪ Y) = f(X) ∪ f(Y) for all X, Y ∈ 2S.
We say that the RS A = (S,A) computes the function f : 2S → 2S if resA = f. Since
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a function f : 2S → 2S is additive if and only if f = resA for some A ∈ RS(1, 0), we
will refer to RSs in class RS(1, 0) as the additive RSs, whose dynamical properties are
exploited in Chapter 4.

2.2 logical description

In this section, we recall a logical description of RSs and formulae related to their
dynamics (see [123] for its first introduction). This description is sufficient for prov-
ing membership in many complexity classes. For the background notions of logic
and descriptive complexity, we refer the reader to the classical book of Neil Immer-
man [156].

Each of the problems studied in this thesis can be characterised by a logical for-
mula. A RS A = (S,A) with background set S ⊆ {0, . . . ,n− 1} and |A| ⩽ n can be
described by the vocabulary (S, RA, IA, PA), where S is a unary relation symbol and
RA, IA, PA are binary relation symbols. The intended meaning of the symbols is the
following: the set of entities is S = {i : S(i)} and each reaction aj = (Rj, Ij,Pj) ∈ A is
described by the sets Rj = {i ∈ S : RA(i, j)}, Ij = {i ∈ S : IA(i, j)}, and Pj = {i ∈ S :

PA(i, j)}. We will also need some additional vocabularies: (S, RA, IA, PA, T), where T
is a unary relation representing a subset of S, (S, RA, IA, PA, T1, T2) with two addi-
tional unary relations representing sets, and (S, RA, IA, PA, RB, IB, PB) denoting two
RSs over the same background set.

The following formulae, introduced in [123], describe the basic properties of A.
The first is true if a reaction aj is enabled in T :

enA(j, T) ≡ ∀i(S(i)⇒ (RA(i, j)⇒ T(j))∧ (IA(i, j)⇒ ¬T(j)))

and the following is verified if resA(T1) = T2 for T1, T2 ⊆ S:

resA(T1, T2) ≡ ∀i(S(i)⇒ (T2(i)⇔ ∃j(enA(j, T1)∧ PA(i, j))).

Notice that enA and resA are both first-order (FO) formulae. We define the
bounded second-order quantifiers (∀X ⊆ Y)φ and (∃X ⊆ Y)φ as a short-hand for
∀X(∀i(X(i) ⇒ Y(i)) ⇒ φ) and ∃X(∀i(X(i) ⇒ Y(i))∧φ). We can use the following
formulae (given in [123]) to describe the problems in Chapter 3:

fixA(T) ≡ resA(T, T)

reachA(T) ≡ (∃U ⊆ S)(resA(U, T)∧¬resA(T, U))

attA(T) ≡ fixA(T)∧ reachA(T)

fixgeA(T) ≡ fixA(T)∧¬reachA(T)

res_eqA,B ≡ (∀T ⊆ S)(∀V ⊆ S)(resA(T, V)⇔ resB(T, V))

bijA ≡ (∀T ⊆ S)(∀U ⊆ S)(∀V ⊆ S)(resA(T, V)∧ resA(U, V)⇒ eq(T, U)),

where eq(T ,U) ≡ (∀i(S(i) ⇒ (T(i) ⇔ U(i))). We say that a formula is SO∃, SO∀, or
SO∀∃ if it is logically equivalent to a formula in the required prenex normal form.

Following [124], in order to formulate the problems regarding cycles and global
attractors, we need a stronger logic: a second-order logic with a transitive closure
operator SO(TC). We denote the transitive closure of a formula φ(X, Y) with two
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Problem Formula Logic class

∃ fixed point (∃T ⊆ S)fixA(T) SO∃
∃ common fixed point (∃T ⊆ S)(fixA(T)∧ fixB(T)) SO∃
sharing all fixed points (∀T ⊆ S)(fixA(T)⇔ fixB(T)) SO∀
A given state is a fixed point attractor attA(T) SO∃
∃ fixed point attractor (∃T ⊆ S)attA(T) SO∃
∃ common fixed point attractor (∃T ⊆ S)attA(T)∧ attB(T) SO∃
sharing all fixed points attractors (∀T ⊆ S)(attA(T)⇔ attB(T)) SO∀∃
∃ fixed point not attractor (∃T ⊆ S)fixge(T) SO∃∀
∃ common fixed point not attractor (∃T ⊆ S)(fixgeA(T)∧ fixgeB(T)) SO∃∀
sharing all fixed points not attractors (∀T ⊆ S)(fixgeA(T)⇔ fixgeB(T)) SO∀
resA = resB res_eqA,B SO∀
res bijective bijA SO∀
A given state is a global attractor globA(T) SO(TC)

∃ a global fixed point attractor (∃T ⊆ S)globA(T) SO(TC)

A given state is part of a cycle cycleA(T) SO(TC)

∃ common cycle (∃T ⊆ S)cycleA(T) SO(TC)

sharing all cycles sharecycleA,B SO(TC)

Table 4. Problems studied in Chapters 3 and 5 with the associated formulae and logic classes.

free second-order variables by φ⋆(X, Y). We can use the following formulae (given in
[124]) to describe the problems in Chapter 5:

pathA(T, U) ≡ res
⋆
A(T, U)

globA(T) ≡ fixA(T)∧ (∀U ⊆ S)pathA(U, T)

cycleA(T) ≡ ∃U(resA(T, U)∧ pathA(U, T))

resA,B(T, U) ≡ resA(T, U)∧ resB(T, U)

pathA,B(T, U) ≡ res
⋆
A,B(T, U)

cycleA,B(T) ≡ (∃U ⊆ S)(resA,B(T, U)∧ pathA,B(U, T))

sharecycleA,B ≡ (∀T ⊆ S)(cycleA(T)∨ cycleB(T)⇒ cycleA,B(T)).

In Table 4, we give the logic formulae associated with the problems considered in
Chapter 3 and Chapter 5.

Remark that existential second-order logic SO∃ characterizes NP (Fagin’s theo-
rem [156]); universally quantified second-order logic SO∀ gives coNP; second-order
logic with one alternation of existential and universal quantifiers SO∃∀ gives ΣP

2; in a
dual way, second-order logic with one alternation of universal and existential quan-
tifiers SO∀∃ gives ΠP

2; second-order logic with a transitive closure operator SO(TC)
gives PSPACE [156].
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In this chapter, we classify the computational complexity of deciding on the occur-
rence of behaviours related to fixed points, attractors and result functions in the
special classes of reactantless and inhibitorless RSs. Even though these problems had
been extensively studied in the unconstrained case [101], they remained unexplored
in these restricted classes. The main results of this chapter are summarized in Table 5.

Problem RS(∞,∞) RS(0,∞) RS(∞, 0)

A given state is a fixed point attractor NP-c [123] NP-c (Thm. 3.2.2) NP-c (Thm. 3.2.1)

∃ fixed point NP-c [123] NP-c (Thm. 3.3.1) P [139]

∃ common fixed point NP-c [123] NP-c (Cor. 3.3.2) NP-c (Thm. 3.4.1)

sharing all fixed points coNP-c [123] coNP-c (Thm. 3.3.10) coNP-c (Thm. 3.4.3)

∃ fixed point attractor NP-c [123] NP-c (Thm. 3.3.3) Unknown

∃ common fixed point attractor NP-c [123] NP-c (Cor. 3.3.4) NP-c (Cor. 3.4.2)

sharing all fixed points attractors ΠP
2-c [123] ΠP

2-c (Cor. 3.3.9) ΠP
2-c (Thm. 3.4.5)

∃ fixed point not attractor ΣP
2-c (Cor. 3.3.7) ΣP

2-c (Thm. 3.3.5) ΣP
2-c (Cor. 3.4.6)

∃ common fixed point not attractor ΣP
2-c (Cor. 3.3.8) ΣP

2-c (Cor. 3.3.6) ΣP
2-c (Cor. 3.4.7)

sharing all fixed points not attractors coNP-c (Cor. 3.3.12) coNP-c (Cor. 3.3.11) coNP-c (Cor. 3.4.4)

resA = resB coNP-c (Thm. 3.5.1) P (Cor. 3.5.6) P (Cor. 3.5.4)

res bijective coNP-c [124] P (Cor. 3.6.10) P (Cor. 3.6.5)

Table 5. Computational complexity of the problems studied in this chapter for different
classes of RSs. NP-c, coNP-c, ΣP

2-c and ΠP
2-c are shorthands for NP-complete, coNP-

complete, ΣP
2-complete and ΠP

2-complete, respectively; RS(∞,∞), RS(0,∞) and
RS(∞, 0) denote unconstrained, reactantless and inhibitorless RSs, respectively (see
Definition 2.1.1). Light-blue cells contain the results presented in this chapter.

Chapter organization. In Section 3.2, we study the problem of deciding whether
a given state is a fixed point attractor in both constrained models. In Sections 3.3
and 3.4 we study the complexities of fixed point problems in reactantless, resp. in-
hibitorless, RSs. In Section 3.5 we study the problem of deciding whether two RSs
have the same result function. In Section 3.6 we consider the problem of deciding
whether the result function is bijective. Finally, in Section 3.7 we discuss our results
and suggest future research directions.

This chapter is based on the following publication: R. Ascone, G. Bernardini, L. Manzoni. Fixed
points and attractors of Reactantless and Inhibitorless Reaction Systems. In: Theoretical Computer Sci-
ence, 2024 [20].
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3.1 tools for the reductions

The hardness proofs we give in this chapter are obtained via reductions from sat,
validity [214] or ∀∃sat [249]. In Definition 3.1.1 we introduce a few sets of entities
corresponding to a Boolean formula in CNF or DNF that will be used in such proofs.

Definition 3.1.1. Given φ a Boolean formula in CNF or DNF with clauses
C = {φ1, . . . ,φm} over the variables V = {x1, . . . , xn}, we define the additional
set of entities V := {xj : xj ∈ V}. The elements of the power set of V and V are in
a natural bijection: thus for any X ⊆ V , X denotes the set {x : x ∈ X} ⊆ V . Further-
more, we will denote by pos(φr) ⊆ V the variables that occur non-negated in φr and
neg(φr) ⊆ V the variables that occur negated in φr. With the identification above
we will also have pos(φr) ⊆ V and neg(φr) ⊆ V . In addition, we will use card suit
symbols {♠,♡,♢,♣} to denote extra entities that do not belong to any of the sets
defined above.

In the reductions provided in several proofs in this chapter, we will represent any
assignment for a Boolean formula φ as a subset of entities X ∪ V \X, where X ⊆ V
is the subset of variables that are assigned value true and V \ X is the subset of
variables that are assigned value false. In general, when interpreting sets of entities
as assignments, the elements of V represent variables that are assigned value true,
and the elements of V variables that are assigned value false. For instance, the
inclusion pos(φr) ⊆ X can be interpreted as all variables non-negated in φr are set to
true; pos(φr) ∩ V \X ̸= ∅ as there exists a non-negated variable in φr that is set to false;
neg(φr) ∩ V \X = ∅ as none of the variables that occurred negated in φr is set to false;
and similarly for all the other cases. Furthermore, X∪V \X ⊨ φ (resp. X∪V \X ⊭ φ)
denotes that the assignment satisfies (resp. does not satisfy) φ.

3.2 a given state is a fixed point attractor

In this section, we study the problem of deciding whether a given state is a fixed
point attractor. The problem is NP-complete for RS(∞,∞) [123, Theorem 4]; we
prove that it remains so also for reactantless and inhibitorless reaction systems.

Theorem 3.2.1. Given A ∈ RS(∞, 0) and a state T ⊆ S, it is NP-complete to decide whether
T is a fixed point attractor.

Proof. The problem is in NP (see Table 4). In order to show NP-hardness, we give
a reduction from sat [214]. Given a Boolean formula φ = φ1 ∧ · · ·∧ φm in CNF
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over the variables V = {x1, . . . , xn}, we define a RS A with background set S :=

V ∪ V ∪C∪ {♠}, where C,V ,V ,♠ are as in Definition 3.1.1, and reactions

({x},∅, {φj}) for 1 ⩽ j ⩽ m and x ∈ pos(φj) (2)

({x},∅, {φj}) for 1 ⩽ j ⩽ m and x ∈ neg(φj) (3)

({xi, xi},∅, {♠}) for 1 ⩽ i ⩽ n (4)

({xi,φj},∅, {♠}) for 1 ⩽ i ⩽ n and 1 ⩽ j ⩽ m (5)

({xi,φj},∅, {♠}) for 1 ⩽ i ⩽ n and 1 ⩽ j ⩽ m (6)

({φj},∅, {φj}) for 1 ⩽ j ⩽ m (7)

({♠},∅, {♠}). (8)

Reactions (7) imply that T := C is a fixed point for A. Furthermore, consider a state
T ′ ̸= C such that resA(T ′) = C. It must hold T ′ = X1 ∪ X2 with X1 ⊆ V , X2 ⊆ V

and X1 ∩X2 = ∅, as otherwise ♠ would be generated by one of the reactions of type
(4), (5), (6) or (8). Furthermore, consider φj ∈ resA(T ′) for any 1 ⩽ j ⩽ m: since
T ′ ∩ C = ∅, then either X1 ∩ pos(φj) ̸= ∅ or X2 ∩ neg(φj) ̸= ∅ because at least
one of the reactions of type (2) or (3) with φj in the product must be enabled. We
can thus construct an assignment satisfying φ from T ′ = X1 ∪ X2. We remark that
if X1 ∪ X2 ⊊ V , the variables in V \ (X1 ∪ X2) are irrelevant to the satisfiability of φ,
thus they can be assigned any value. Therefore, we proved that if C is an attractor
then φ is satisfiable.

The converse follows immediately, since if X ⊆ V is the subset of variables that are
given a true value in an assignment that satisfies φ, then X ∪ V \X enables at least
one reaction of type (2) or (3) for each clause, thus resA(X ∪ V \X) = C. We obtain
that T = C is a fixed point attractor if and only if φ is satisfiable. The mapping
φ 7→ (A, T) is clearly computable in polynomial time; hence deciding if a given fixed
point T is an attractor is NP-hard.

We highlight that all the reactions used in the proof of Theorem 3.2.1 involve at
most two reactants, implying that the problem is NP-complete even for the more
restricted class RS(2, 0). Note, however, that if we are given a fixed point of A, it is in
P to decide whether it is a special kind of attractor: namely if it can be reached from
one of its subsets or from one of its supersets, as we prove in the following remark.

Remark 3.2.1. Let A = (S,A) ∈ RS(∞, 0) and T be a fixed point for resA. If there
exists T ′ ⊊ T such that resA(T ′) = T , then for all x ∈ T \ T ′

T = resA(T ′) ⊆ resA(T \ {x}) ⊆ resA(T) = T ,

thus T is reachable from T \ {x}; and if there exists T ′′ ⊋ T such that resA(T ′′) = T ,
then for all x ∈ T ′′ \ T

T = resA(T) ⊆ resA(T ∪ {x}) ⊆ resA(T ′′) = T ,

thus T is reachable from T ∪ {x}. To decide whether T is an attractor of the form T ′

and T ′′ it thus suffices to check, for all x ∈ S, whether T is reachable from T \ {x} or
T ∪ {x}, and it thus requires polynomial time.

Theorem 3.2.2. Given A ∈ RS(0,∞) and a state T ⊆ S, it is NP-complete to decide whether
T is a fixed point attractor.
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{♢} {♠} {♣,♠}

{♣} {♣,♢,♠} ∅ {♣,♢}

{♢,♠}

Figure 10. Graph representation of the dynamics given by the reactions (14), (15), (16) over
the subset of the background set {♣,♢,♠}.

Proof. The problem is in NP (see Table 4). In order to show NP-hardness, we give
a reduction from sat [214]. Given a Boolean formula φ = φ1 ∧ · · ·∧ φm in CNF
over the variables V = {x1, . . . , xn}, we define A a RS with background set S :=

V ∪ V ∪C ∪ {♣,♢,♠}, where each set is as defined in Definition 3.1.1, and the set of
reactions is

(∅, {x,♣,♠}, {φj}) for 1 ⩽ j ⩽ m and x ∈ pos(φj) (9)

(∅, {x,♣,♠}, {φj}) for 1 ⩽ j ⩽ m and x ∈ neg(φj) (10)

(∅, {xi, xi,♣,♠}, {♠}) for 1 ⩽ i ⩽ n (11)

(∅, {φj}, {♠}) for 1 ⩽ j ⩽ m (12)

(∅,S \ (C∪ {♣}),C) (13)

(∅, {♢,♠}, {♣}) (14)

(∅, {♣,♠}, {♣}) (15)

(∅, {♣,♢}, {♣,♢,♠}) (16)

By reactions (13) and (14), T := C ∪ {♣} is a fixed point for A. Let T ′ ̸= C ∪ {♣}
such that resA(T ′) = C ∪ {♣}, then C ⊆ T ′, otherwise ♠ ∈ resA(T ′) because of the
reactions of type (12). In order to have resA(T ′) ∩ {♣,♢,♠} = {♣}, T ′ must either
satisfy T ′ ∩ {♣,♢,♠} = {♣} or T ′ ∩ {♣,♢,♠} = {♢} (see Figure 10). We prove by
contradiction that the first case cannot occur: indeed, in this case, the only reactions
enabled by T ′ are (13) and (14). Since adding any element of V ∪ V to T ′ would
disable (13) and we have C ⊆ resA(T ′), we deduce that we would have T ′ = C∪ {♣},
a contradiction. Therefore T ′ must be of the form X1 ∪ X2 ∪C ∪ {♢}, where X1 ⊆ V
and X2 ⊆ V . If we had X1 ∪ X2 ⊊ V then we would also have ♠ ∈ resA(T ′) because
one of the reactions (11) would be enabled; thus it must hold X1 ∪X2 = V .

If x ∈ X1 ∩X2 then neither x nor x will be able to generate any φj because of reac-
tions (9) and (10), and its value is therefore irrelevant to the satisfiability of φ; how-
ever, since C ⊆ resA(T ′), for each φj ∈ C it must hold either (X1 \X2)∩ pos(φj) ̸= ∅
or (X2 \ X1) ∩ neg(φj) ̸= ∅. Therefore, we proved that if C ∪ {♣} is an attractor then
φ is satisfiable with an assignment of the type X1 \ (X1 ∩X2)∪X2 \ (X1 ∩X2), where
the variables in (X1 ∩ X2) can be assigned any value. The converse follows immedi-
ately, since if X ⊆ V are the variables set to true in an assignment satisfying φ, then
X ∪ V \X ∪ C ∪ {♢} is a state attracted by C ∪ {♣}. We obtain that T = C ∪ {♣} is a
fixed point attractor if and only if φ is satisfiable. The mapping φ 7→ (A, T) is com-
putable in polynomial time, hence deciding if a given fixed point T is an attractor is
NP-hard.
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3.3 fixed points for reactantless rss

In this section, we prove NP-hardness, coNP-hardness, ΣP
2-hardness and ΠP

2-hardness
for problems of fixed points in the class of reactantless RSs.

The problem of deciding if there exists a fixed point is NP-complete for RS(∞,∞)

[123, Theorem 2]; the following theorem shows that it remains difficult also in
RS(0,∞).

Theorem 3.3.1. Given A ∈ RS(0,∞), it is NP-complete to decide if A has a fixed point.

Proof. The problem is in NP (see Table 4). In order to show NP-hardness, we reduce
sat [214] to this problem. Given a Boolean formula φ = φ1 ∧ · · · ∧ φm in CNF
over the variables V = {x1, . . . , xn}, we define a RS A with background set S :=

V ∪ V ∪ {♠}∪ {♣} (the sets are as in Definition 3.1.1) and the reactions

(∅, neg(φj)∪ pos(φj), {♠}) for 1 ⩽ j ⩽ m (17)

ai :=(∅, {xi}, {xi}) for 1 ⩽ i ⩽ n (18)

ai :=(∅, {xi}, {xi}) for 1 ⩽ i ⩽ n (19)

(∅, {♣}, {♣,♠}) (20)

(∅, {♠}, {♣}). (21)

Given a state T ⊆ S, let TV = T ∩ V and TV = T ∩ V . When xj ∈ TV ⇔ xj /∈ TV
for every j, then TV ∪ TV encodes an assignment of φ in which the variables having
true value are those in TV and the variables having false value are those in TV . In
this case we say that T is a well-formed state of A and the reactions of type (18),(19)
preserve TV ∪ TV , i.e. TV ∪ TV ⊆ resA(T). Instead, if T is not a well-formed state then
we distinguish two cases:

• if ∃xi, xi ∈ TV ∪ TV then xi, xi /∈ resA(T), since neither ai nor ai is enabled;

• if ∃xi, xi /∈ TV ∪ TV then xi, xi ∈ resA(T), since both ai and ai are enabled.

In both cases, T ̸= resA(T); so if T is a fixed point, T is a well-formed state. For
well-formed states, we can also give an interpretation of the reactions of type (17):
they evaluate each disjunctive clause (which is not satisfied if and only if no positive
variables are set to true and no negative ones to false) and generate ♠ when φ itself
is not satisfied by TV ∪ TV .

Consider the dynamic of the reaction system restricted to a well-formed state Y ⊆
V ∪ V . If Y does not satisfy φ then there are no fixed points among the well-formed
states containing Y because of the following (the arrows represent function resA):

Y

Y ∪ {♣,♠} Y ∪ {♠}

Y ∪ {♣}

Instead, if Y satisfies φ, then Y ∪ {♣} is a fixed point since:

Y ∪ {♠} Y ∪ {♣,♠} Y Y ∪ {♣}
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In particular, A has a fixed point if and only φ is satisfiable. The mapping φ 7→ A is
computable in polynomial time, hence deciding on the existence of fixed points for
reactantless RSs is NP-hard.

As an immediate consequence of Theorem 3.3.1 we obtain that deciding if there ex-
ists a state that is a common fixed point of two reactantless reaction systems remains
NP-complete.

Corollary 3.3.2. Given A,B ∈ RS(0,∞) with a common background set S, it is NP-
complete to decide whether A and B have a common fixed point.

Proof. The problem is in NP (see Table 4). By Theorem 3.3.1, when A = B the prob-
lem is NP-complete.

With a small adaptation of the proof of Theorem 3.3.1, deciding if a fixed point
attractor exists is still an NP-complete problem. The NP-completeness for RS(∞,∞)

is proved in [123, Corollary 3]; the following theorem proves it for the case of reac-
tantless RSs.

Theorem 3.3.3. Given A = (S,A) ∈ RS(0,∞), it is NP-complete to decide if A has a fixed
point attractor.

Proof. The problem is in NP, as highlighted in Table 4. In order to show NP-hardness,
we reduce sat [214] to this problem. Given a Boolean formula φ = φ1 ∧ · · ·∧φm

in CNF, we construct the same reaction system A of Theorem 3.3.1 and we substi-
tute reaction (20) with (∅, {♣}, {♣}). In this way, if Y ⊆ V ∪ V is a well-formed state
satisfying φ we have:

Y ∪ {♣,♠} Y

Y ∪ {♣}

Y ∪ {♠}

which means that Y ∪ {♣} is a fixed point reachable from Y or Y ∪ {♠}. In the other
cases (either a well-formed state not satisfying φ or a not well-formed state), T ⊆ S
is never a fixed point, as in the proof of Theorem 3.3.1. Since the mapping φ 7→ A is
computable in polynomial time, deciding on the existence of a fixed points attractor
for reactantless RSs is NP-hard.

Corollary 3.3.4. Given A,B ∈ RS(0,∞) with a common background set S, it is NP-
complete to decide whether A and B have a common fixed point attractor.

Proof. The problem is in NP (see Table 4). By Theorem 3.3.3, when A = B the prob-
lem is NP-hard.

In contrast, if we consider the existence of a fixed point not attractor the problem
is in ΣP

2; the following theorem proves the ΣP
2-hardness.

Theorem 3.3.5. Given A ∈ RS(0,∞), it is ΣP
2-complete to decide if A has a fixed point

which is not an attractor.
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Proof. The problem is in ΣP
2 (see Table 4). Consider the converse problem, i.e. decide if

all fixed points are attractors. In order to show ΠP
2-hardness of the latter, we construct

a reduction from ∀∃sat [249]. Given a quantified Boolean formula (∀V1)(∃V2)φ over
V = {x1, . . . , xn}, with V1 ⊆ V , V2 = V \ V1 and φ = φ1 ∧ · · · ∧ φm quantifier-
free and in CNF, let ♡S := {♡i : 1 ⩽ i ⩽ n} be a set of extra entities that are
not contained in V ∪ V ∪ C and V ,V ,C are as in Definition 3.1.1. In other words,
we want to prove that for any assignment for the variables in V1, there exists an
assignment for the variables in V2 that satisfies φ if and only if all fixed points of
a suitably defined RS are attractors. We thus define a RS A with background set
S := V ∪ V ∪C∪♡S ∪ {♣,♢,♠} and the reactions

(∅, {x,♣,♠}, {φj}) for 1 ⩽ j ⩽ m and x ∈ pos(φj) (22)

(∅, {x,♣,♠}, {φj}) for 1 ⩽ j ⩽ m and x ∈ neg(φj) (23)

(∅, neg(φj)∪ pos(φj)∪ {♣,♠}, {♠}) for 1 ⩽ j ⩽ m (24)

(∅, {xi,♣,♠}, {♡i}) for 1 ⩽ i ⩽ n (25)

(∅, {xi,♣,♠}, {♡i}) for 1 ⩽ i ⩽ n (26)

(∅, {xi, xi,♣,♠}, {♠}) for 1 ⩽ i ⩽ n (27)

(∅, {φj}, {♠}) for 1 ⩽ j ⩽ m (28)

(∅, {♡i}, {♠}) for 1 ⩽ i ⩽ n (29)

(∅, {x}, {x}) for x ∈ V1 (30)

(∅, {x}, {x}) for x ∈ V1 (31)

(∅,S \ (C∪♡S ∪ {♣}∪ V1 ∪ V1),C∪♡S) (32)

(∅, {♢,♠}, {♣}) (33)

(∅, {♣,♠}, {♣}) (34)

(∅, {♣,♢}, {♣,♢,♠}). (35)

To study the dynamics of A we first analyze the form of its fixed points.

Claim 1. If T is a fixed point of A, then ♣ ∈ T , ♢ /∈ T and ♠ /∈ T .

Proof. If we had ♢ ∈ T , then the only reaction that can produce ♢, i.e. reaction (35),
is not enabled, thus ♢ /∈ resA(T) = T , a contradiction. If we had ♠ ∈ T and ♣ /∈ T ,
then {♣,♢} ⊆ resA(T) = T by reaction (35), a contradiction. If we had ♠ ∈ T and
♣ ∈ T , no reaction that can produce ♣ would be enabled (reactions (33), (34), (35)), a
contradiction. Therefore, it must hold ♢ /∈ T and ♠ /∈ T ; if in addition we had ♣ /∈ T ,
then reaction (35) would be enabled and thus we would have {♣,♢,♠} ⊆ resA(T) = T ,
a contradiction. For a visual representation of the dynamics of reactions (33), (34),
(35) see Figure 10. The statement follows. ■

Claim 2. The fixed points of A are the states of type

TU := C∪♡S ∪U∪ V1 \U∪ {♣}, (36)

for any U ⊆ V1.

Proof. Let T be a fixed point for A; by Claim 1 and looking at the products of
the reactions it must be T ⊆ C ∪ ♡S ∪ V1 ∪ V1 ∪ {♣} with ♣ ∈ T . Moreover, if we
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had C ∩ T ⊊ C then at least one of the reactions of group (28) would be enabled,
thus it would be ♠ ∈ resA(T) = T , a contradiction. If we had ♡S ∩ T ⊊ ♡S then
at least one of the reactions of group (29) would be enabled, thus we would have
♠ ∈ resA(T) = T , a contradiction. By reactions (30), (31) and (27), arguing as in the
proof of Theorem 3.3.1, we get that T must be a well-formed state for V1 ∪ V1, i.e.
x ∈ T ∩ V1 if and only if x /∈ T ∩ V1. Therefore, T is of type (36) with U = T ∩ V1.
Finally, we can immediately check that if a state is of type (36), then it is a fixed point
because of reactions (30), (31), (32) and (33). ■

We are now interested in studying when a fixed point TU, for a given U ⊆ V1, is an
attractor. Let T ′ ̸= TU such that resA(T ′) = TU. If it was C∩ T ′ ⊊ C then at least one
of the reactions of group (28) would be enabled, thus it would be ♠ ∈ resA(T ′) = T ,
a contradiction; and if it was ♡S ∩ T ′ ⊊ ♡S then at least one of the reactions of group
(29) would be enabled, thus it would be ♠ ∈ resA(T ′) = T , a contradiction. Therefore
it must be C∪♡S ⊆ T ′.

Claim 3. If T ′ ̸= TU and resA(T ′) = TU then ♣ /∈ T ′, ♢ ∈ T ′ and ♠ /∈ T ′.

Proof. If we had ♠ ∈ T ′ then reactions (22), (23) and (32) would not be enabled, thus
we would have C∩ resA(T ′) = ∅, a contradiction since C ⊆ TU = resA(T ′). Therefore
we obtain ♠ /∈ T ′. If we had ♣ ∈ T ′ we divide two cases:

• if ♢ ∈ T ′ then none of the reactions (33), (34), (35) would be enabled, therefore
we would have ♣ /∈ resA(T ′) = TU, a contradiction.

• if ♢ /∈ T ′, the only way to get C ⊆ resA(T ′) would be with reaction (32), since
(22), (23) are not enabled if ♣ ∈ T ′. Therefore to enable (32), we must have
T ′ ⊆ C ∪♡S ∪ {♣} ∪ V1 ∪ V1, and since C ∪♡S ⊆ T ′, as previously remarked,
we obtain T ′ = C ∪♡S ∪ {♣} ∪U1 ∪U2 for some U1 ⊆ V1 and U2 ⊆ V1. Since
resA(T ′) = TU contains a well-formed state for V1 ∪ V1, then U1 ∪ U2 must
be a well-formed state for V1 ∪ V1. In this case we would obtain resA(T ′) =

C ∪♡S ∪ {♣} ∪U1 ∪U2, hence we would have U1 = U, U2 = V \U and thus
T ′ = TU, a contradiction.

Therefore ♣ /∈ T ′. Finally, if ♢ /∈ T ′ then {♣,♢,♠} ⊆ resA(T ′) = TU (35), a contradic-
tion. The statement follows. ■

We obtain that if T ′ ̸= TU is an attractor for TU then it must be of the form T ′ =

C∪♡S ∪ {♢}∪X1 ∪X2 for some X1 ⊆ V and X2 ⊆ V : this follows from C∪♡S ⊆ T ′

and from Claim 3. In this case, reaction (32) is not enabled, thus the fact that C∪♡S ⊆
resA(T ′) = TU will only depend on how X1 ∪ X2 is constructed. We consider two
cases:

• if ∃xi, xi ∈ X1 ∪ X2 then ♡i /∈ resA(T ′), since neither the i-th reaction of (25)
nor the i-th reaction of (26) are enabled;

• if ∃xi, xi /∈ X1 ∪X2 then ♠ ∈ resA(T ′), since the i-th reaction in (27) is enabled.

Therefore X1 ∪ X2 must be a well-formed state for V ∪ V , and thus X2 = V \ X1. We
now prove that T ′ being an attractor for TU implies satisfiability of φ, obtained via
an assignment that extends the assignment U∪V1 \U of the variables in V1. We can
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interpret X1 ∪ V \X1 as an assignment for φ, as in the proof of Theorem 3.3.1. If we
had X1 ∪V \X1 ⊭ φ, then one of the reactions (24) would be enabled, thus we would
have ♠ ∈ resA(T ′), a contradiction. Therefore, if T ′ is an attractor for TU it must hold
X1 ∪V \X1 ⊨ φ, thus all clauses are satisfied, i.e. each φj ∈ C is generated by at least
one reaction of type (22) or (23). We obtain, using also reactions (30) and (31),

resA(T ′) = C∪♡S ∪ {♣}∪ {x : x ∈ X1 ∩ V1}∪ {x : x ∈ X2 ∩ V1} (37)

Since resA(T ′) = TU, comparing (37) and the definition of TU (36) we find that
U = X1 ∩ V1 and V1 \U = V \X1 ∩ V1. This means that if TU is an attractor there
exists an assignment X1 ∪V \X1 satisfying φ where all variables in U are set to true
and all variables in V1 \ U are set to false. The converse is also true, i.e. if there
exists an assignment X ∪ V \X such that X1 ∩ V1 = U and φ is satisfied then TU is
reached by C ∪♡S ∪ {♢} ∪ X ∪ V \X. Therefore, we proved that any assignment for
the variables in V1 can be extended to a complete assignment that satisfies φ if and
only if all fixed points of A are attractors. Or in other words, all the fixed points of
A are attractors if and only if (∀V1)(∃V2)φ is valid.

The mapping φ 7→ A is computable in polynomial time, hence deciding if all the
fixed points of A are attractors is ΠP

2-hard. Therefore, deciding if A has a fixed point
which is not attractor is ΣP

2-hard.

Corollary 3.3.6. Given A,B ∈ RS(0,∞) with a common background set S, it is ΣP
2-

complete to decide whether A and B have a common fixed point which is not an attractor.

Proof. The problem is in ΣP
2 (see Table 4); by Theorem 3.3.5, when A = B the problem

is ΣP
2-complete.

Since the problems are ΣP
2-complete for RS(0,∞), we have that they are also ΣP

2-
complete for RS(∞,∞), as stated by the following corollaries.

Corollary 3.3.7. Given A = (S,A) ∈ RS(∞,∞), it is ΣP
2-complete to decide if A has a

fixed point which is not an attractor.

Corollary 3.3.8. Given A,B ∈ RS(∞,∞) with a common background set S, it is ΣP
2-

complete to decide whether A and B have a common fixed point which is not an attractor.

We now study the problem of deciding if two reaction systems share all their fixed
point attractors.

Corollary 3.3.9. Given A,B ∈ RS(0,∞) with a common background set S, it is ΠP
2-

complete to decide whether A and B share all their fixed point attractors.

Proof. The problem is in ΠP
2 (see Table 4). In order to show ΠP

2-hardness, we reduce
∀∃sat [249] to this problem. Consider the RS A in the proof of Theorem 3.3.5; we just
need to construct a RS B over the same background set as A such that all the fixed
points attractors of B are of the form TU for any U ⊆ V1. Therefore we define the
reactions of B to be the reactions (28), (29), (30), (31), (32), (33), (34) and (35) from the
proof of Theorem 3.3.5. We remark that Claims 1 and 2 can be applied to B, therefore
all the fixed points of B are the states TU for any U ⊆ V1. Furthermore, all the fixed
points of B are attractors and coincide with the ones of A. The mapping φ 7→ (A,B)

is computable in polynomial time, hence deciding if two RSs share all their fixed
point attractors is ΠP

2-hard.
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We now study the problem of deciding whether two RSs share all their fixed points.
The problem is coNP-complete for RS(∞,∞) [123, Theorem 3], and this is also true
for reactantless RSs, as proved in the following theorem.

Theorem 3.3.10. Given A,B ∈ RS(0,∞) with a common background set S, it is coNP-
complete to decide whether A and B share all their fixed points.

Proof. The problem lies in coNP (see Table 4). In order to show coNP-completeness,
we reduce validity [214] to this problem. Given a Boolean formula φ = φ1 ∨ · · ·∨
φm in DNF over the variables V = {x1, . . . , xn}, we define a RS A with background
set S := V ∪V ∪ {♡}∪ {♣} (where the sets are as in Definition 3.1.1) and the reactions:

(∅, neg(φj)∪ pos(φj)∪ {♣}, {♡}) for 1 ⩽ j ⩽ m (38)

(∅, {xi}, {xi}) for 1 ⩽ i ⩽ n (39)

(∅, {xi}, {xi}) for 1 ⩽ i ⩽ n (40)

(∅, {♡}, {♡,♣}). (41)

As in the proof of Theorem 3.3.1, if T is not a well-formed state then T is not a fixed
point. Reactions of type (38) evaluate each conjunctive clause (which is satisfied if
and only if no positive variables are set to false and no negative ones to true) and
generate ♡ when φ itself is satisfied by T ∩ (V ∪ V). Consider the dynamic of the
reaction system restricted to a well-formed state Y ⊆ V ∪ V . If Y does not satisfy φ
there are no fixed points since:

Y ∪ {♡} Y Y ∪ {♡,♣} Y ∪ {♣}

where the arrow represent the function resA. Instead, if Y satisfies φ, Y ∪ {♡} is a
fixed point since:

Y ∪ {♡} Y Y ∪ {♡,♣} Y ∪ {♣}.

Finally, the fixed points of A are the well-formed states Y ∪ {♡} such that Y ⊨ φ. Now,
let B be defined by the following reactions:

(∅, {xi}, {xi}) for 1 ⩽ i ⩽ n

(∅, {xi}, {xi}) for 1 ⩽ i ⩽ n

(∅, {♣}, {♡})
(∅, {♡}, {♡,♣}).

In a similar way as above, the fixed points of B are the states Y ∪ {♡} where Y ⊆ V ∪V
is well-formed. We can conclude that A and B share all fixed points exactly when
all assignments satisfy φ, i.e. φ is a tautology. Since the mapping φ 7→ (A,B) is
computable in polynomial time, the problem is coNP-hard.

Note that in the proof of Theorem 3.3.10, the fixed points of A and B are not
attractors: this implies the following result.

Corollary 3.3.11. Given A,B ∈ RS(0,∞) with a common background set S, it is coNP-
complete to decide whether A and B share all their fixed points which are not attractors.
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Since the problem is coNP-complete for RS(0,∞), we have that it is also coNP-
complete for RS(∞,∞), as stated by the following corollary.

Corollary 3.3.12. Given A,B ∈ RS(∞,∞) with a common background set S, it is coNP-
complete to decide whether A and B share all their fixed points which are not attractors.

3.4 fixed points for inhibitorless rss

In this section, we prove NP-hardness and coNP-hardness for problems of fixed
points in the class of inhibitorless RSs.

The problem of deciding the existence of a fixed point is entirely trivial for
RS(∞, 0) thanks to the Knaster-Tarski theorem, as first remarked in [181]. On the
contrary, the following theorem shows that it is NP-complete to decide whether two
inhibitorless RSs have a common fixed point.

Theorem 3.4.1. Given A,B ∈ RS(∞, 0) with a common background set S, it is NP-
complete to decide whether A and B have a common fixed point.

Proof. The problem is in NP (see Table 4). In order to show NP-hardness, we reduce
sat [214] to this problem. Given a Boolean formula φ = φ1 ∧ · · · ∧ φm in CNF
over the variables V = {x1, . . . , xn}, let ♡S := {♡i : 1 ⩽ i ⩽ n} be a set of extra
entities that are not contained in V ∪ V . We define a RS A with background set
S := V ∪ V ∪♡S ∪ {♠} (with ♠ ̸∈ V ∪ V ∪♡S and V ,V as in Definition 3.1.1) and the
reactions

(neg(φj)∪ pos(φj)∪♡S,∅, {♠}) for 1 ⩽ j ⩽ m (42)

({xi}∪♡S,∅, {♡i, xi}) for 1 ⩽ i ⩽ n (43)

({xi}∪♡S,∅, {♡i, xi}) for 1 ⩽ i ⩽ n (44)

({xi, xi}∪♡S,∅, {♠}) for 1 ⩽ i ⩽ n (45)

({♠}∪♡S,∅, {♠}). (46)

Note that for all Y ⊆ V ∪ V , and for every Z♡ ⊊ ♡S it holds

resA(Y ∪Z♡) = resA(Y ∪Z♡ ∪ {♠}) = ∅ = resA(∅) (47)

because no reaction is enabled. We thus consider states T ⊆ S such that ♡S ⊆ T .
For every Y ⊆ V ∪ V , we define ♡Y := {♡i : xi ∈ Y ∨ xi ∈ Y} ⊆ ♡S. Note that
♡Y = resA(Y ∪ ♡S) ∩ ♡S = resA(Y ∪ ♡S ∪ {♠}) ∩ ♡S, so when ♡Y ⊊ ♡S, the states
Y ∪♡S and Y ∪♡S ∪ {♠} reach ∅ in two steps. In particular, if T ̸= ∅ is a fixed point
then it must be of the form T = Y ∪ ♡Y or T = Y ∪ ♡Y ∪ {♠} with Y ⊆ V ∪ V and
♡Y = ♡S. We remark that ♡Y = ♡S means that xi ∈ Y or xi ∈ Y for all 1 ⩽ i ⩽ n. We
divide two cases:

(i) Y is not a well-formed state. Since ♡Y = ♡S, there exist xi, xi ∈ Y, so ♠ is
generated by one of the reactions of type (45). We obtain that Y ∪♡S ∪ {♠} is a
fixed point reachable from Y ∪♡S.

(ii) Y is a well-formed state. If Y ⊨ φ then no reaction of type (42) is enabled, so
Y ∪♡S is a fixed point (not reachable from any other state). Also in this case,
Y ∪♡S ∪ {♠} is a fixed point, thanks to reaction (46). On the other hand, if Y ⊭ φ
then Y ∪♡S ∪ {♠} is a fixed point reachable from Y ∪♡S.
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Now, consider the RS B given by the following reactions:

(∅,∅,♡S) (48)

({xi},∅, {xi}) for 1 ⩽ i ⩽ n (49)

({xi},∅, {xi}) for 1 ⩽ i ⩽ n. (50)

The fixed points of B are the states Y ∪♡S for all Y ⊆ V ∪ V . We can conclude that
A and B share a fixed point exactly when there exists an assignment satisfying φ,
i.e. φ is satisfiable. Since the mapping φ 7→ (A,B) is computable in polynomial time,
the problem is NP-hard.

We next show that determining whether two inhibitorless RSs have a common
fixed point attractor is NP-complete. The proof is an adaptation of the proof of The-
orem 3.4.1.

Corollary 3.4.2. Given A,B ∈ RS(∞, 0) with a common background set S, it is NP-
complete to decide whether A and B have a common fixed point attractor.

Proof. The problem is in NP (see Table 4). Following the proof of Theorem 3.4.1, we
just need to ensure that the fixed points of A are attractors, so we delete reaction (46)
from the reactions of A. In this way, when Y ⊊ V ∪ V and Y ⊨ φ, we have that

resA(Y ∪♡S ∪ {♠}) = Y ∪♡S = resA(Y ∪♡S),

thus Y ∪♡S is a fixed point reachable from Y ∪♡S ∪ {♠}. We can conclude that A and
B share a fixed point attractor exactly when there exists an assignment satisfying φ,
i.e. φ is satisfiable. Since the mapping φ 7→ (A,B) is computable in polynomial time,
the problem is NP-hard.

We now consider the problem of deciding if two RSs share all their fixed points
and prove that, like in the case of reactantless RSs, this problem is coNP-complete.

Theorem 3.4.3. Given A,B ∈ RS(∞, 0) with a common background set S, it is coNP-
complete to decide whether A and B share all their fixed points.

Proof. The problem lies in coNP (see Table 4). In order to show coNP-completeness,
we reduce validity [214] to this problem. Given a Boolean formula φ = φ1 ∨ · · ·∨
φm in DNF over the variables V = {x1, . . . , xn}, let ♡S := {♡i : 1 ⩽ i ⩽ n} be a set
of extra entities. We define a RS A with background set S := V ∪ V ∪♡S ∪ {♡} (with
♡ /∈ V ∪ V ∪♡S and V ,V as in Definition 3.1.1) and the reactions

(neg(φj)∪ pos(φj)∪♡S ∪ {♡},∅, {♡}) for 1 ⩽ j ⩽ m (51)

({xi}∪♡S,∅, {♡i, xi}) for 1 ⩽ i ⩽ n (52)

({xi}∪♡S,∅, {♡i, xi}) for 1 ⩽ i ⩽ n (53)

({xi, xi}∪♡S,∅, {♡}) for 1 ⩽ i ⩽ n. (54)

For every Y ⊆ V ∪ V , we define ♡Y := {♡i : xi ∈ Y ∨ xi ∈ Y} ⊆ ♡S. As in the proof
of Theorem 3.4.1, if T ̸= ∅ is a fixed point then it must be of the form T = Y ∪♡Y or
T = Y ∪♡Y ∪ {♡} with ♡Y = ♡S. We divide two cases:
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(i) Y is not a well-formed state. Then, since ♡Y = ♡S, there exist xi, xi ∈ Y, so ♡
is generated by one of the reactions of type (54). We get that Y ∪♡Y ∪ {♡} is a
fixed point reachable from Y ∪♡Y .

(ii) Y is a well-formed state. Then, if Y ⊨ φ, a reaction of type (51) is enabled by
Y ∪ ♡Y ∪ {♡}, so Y ∪ ♡Y ∪ {♡} is a fixed point (not reachable from any other
state). In this case, also Y ∪♡S is a fixed point since reactions of type (51) are
not enabled. On the other hand, if Y ⊭ φ then Y ∪♡S is a fixed point reachable
from Y ∪♡S ∪ {♡}.

Now, consider the RS B given by the following reactions:

({♡}∪♡S,∅, {♡}) (55)

({xi}∪♡S,∅, {♡i, xi}) for 1 ⩽ i ⩽ n (56)

({xi}∪♡S,∅, {♡i, xi}) for 1 ⩽ i ⩽ n (57)

({xi, xi}∪♡S,∅, {♡}) for 1 ⩽ i ⩽ n. (58)

With a similar analysis as above, for every well-formed state Y ⊆ V ∪ V the states
Y ∪♡S, Y ∪♡Y ∪ {♡} are fixed points (not attractors), and for every not-well-formed
state Y ⊆ V ∪ V such that ♡Y = ♡S the state Y ∪♡Y ∪ {♡} is a fixed point reachable
from Y ∪ ♡S. We can conclude that A and B share all fixed points exactly when
all assignments satisfy φ, i.e. φ is a tautology. Since the mapping φ 7→ (A,B) is
computable in polynomial time, the problem is coNP-hard.

Corollary 3.4.4. Given A,B ∈ RS(∞, 0) with a common background set S, it is coNP-
complete to decide whether A and B share all their fixed points that are not attractors.

Proof. The problem is in coNP (see Table 4). The coNP-hardness follows from the
same construction of Theorem 3.4.3.

In contrast, deciding whether two inhibitorless RSs share all their fixed points that
are attractors is ΠP

2-complete.

Theorem 3.4.5. Given A,B ∈ RS(∞, 0) with a common background set S, it is ΠP
2-complete

to decide if A and B share all their fixed point attractors.

Proof. The problem is in ΠP
2 (see Table 4). In order to show ΠP

2-hardness, we reduce
∀∃sat [249] to this problem. Given a quantified Boolean formula (∀V1)(∃V2)φ over
V = {x1, . . . , xn}, with V1 ⊆ V , V2 = V \ V1 and φ = φ1 ∧ · · ·∧φm quantifier-free
and in CNF, let V ′

1 = {x ′ : x ∈ V1} and ♡S := {♡i : 1 ⩽ i ⩽ n} be extra sets of entities.
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We define A a RS with background set S := V ∪ V ∪ V ′
1 ∪ C ∪ ♡S ∪ {♣,♠} (see also

Definition 3.1.1) and the reactions

({x},∅, {φj}) for 1 ⩽ j ⩽ m and x ∈ pos(φj) (59)

({x},∅, {φj}) for 1 ⩽ j ⩽ m and x ∈ neg(φj) (60)

(neg(φj)∪ pos(φj),∅, {♠}) for 1 ⩽ j ⩽ m (61)

({xi},∅, {♡i}) for 1 ⩽ i ⩽ n (62)

({xi},∅, {♡i}) for 1 ⩽ i ⩽ n (63)

({xi, xi},∅, {♣}) for 1 ⩽ i ⩽ n (64)

({x},∅, {x ′}) for x ∈ V1 (65)

(C∪♡S,∅,C∪♡S) (66)

(C∪♡S ∪ {x ′},∅, {x ′}) for x ′ ∈ V ′
1 (67)

(C∪♡S ∪ {xi},∅, {♣}) for 1 ⩽ i ⩽ n (68)

(C∪♡S ∪ {xi},∅, {♣}) for 1 ⩽ i ⩽ n (69)

({♣},∅, {♣}) (70)

({♠},∅, {♣}). (71)

We first note that for any T ⊆ S \ {♣} we have resA(T ∪ {♣}) = resA(T)∪ {♣}. We start
by determining the fixed points of A. We notice that if T is a fixed point then it must
be T = resA(T) ⊆ C ∪♡S ∪ V ′

1 ∪ {♣,♠}, because this is the union of the products of
all reactions. Furthermore, the only way for ♠ to be part of the product is through
reactions (61) which use reactants in V ∪V that are never part of a fixed point, as we
already noticed.

For the same reason, the only reactions that can give rise to a fixed point are (66),
(67), (70) and thus we deduce that all the fixed points of A are ∅, {♣}, and those
of the form C ∪ ♡S ∪U ∪ {♣} or C ∪ ♡S ∪U, with U ⊆ V ′

1. The states ∅, {♣} and
C ∪♡S ∪U ∪ {♣} are all attractors, so we now focus on understanding when a state
of the form C∪♡S ∪U is a fixed point attractor for a given U ⊆ V ′

1.
Let T ̸= C ∪♡S ∪U be a state such that resA(T) = C ∪♡S ∪U. Since ♣ /∈ resA(T),

neither (70) or (71) can be enabled, thus ♣ /∈ T and ♠ /∈ T . We obtain that T is of the
form

T = TV ∪ TV ∪ TV ′
1
∪ TC ∪ T♡S

where TV := T ∩ V and analogously for TV , TV ′
1
, TC and T♡S

. If we had TC = C and
T♡S

= ♡S, then we would also have TV = TV = ∅ as otherwise ♣ ∈ resA(T) would be
generated by at least one of reactions of type (68) or (69). Thus, in this case, we would
have C ∪♡S ∪U = resA(T) = C ∪♡S ∪ TV ′

1
= T , which is a contradiction. Therefore

it must hold TC ⊊ C and T♡S
⊊ ♡S, and, collecting all together, the reactions of type

(66), (67), (68), (69), (70) and (71) are not enabled.
We further remark that as in the previous proofs, TV ∪ TV must be a well-formed

assignment for φ. Furthermore if TV ∪ TV ⊨ φ then resA(T) = C ∪ ♡S ∪ {x ′ : x ∈
TV ∩ V1}. We can also remark that ♠ ∈ resA(T) if and only if there exists a φj ∈ C
that is not satisfied by the assignment corresponding to TV ∪ TV . We deduce that
C∪♡S ∪U is a fixed point attractor if and only if there exists an assignment X∪V \X

such that X ∩ V1 = {x : x ′ ∈ U} and X ∪ V \X ⊨ φ, i.e. an assignment satisfying φ
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that extends the assignment for the variables in V1 in which the only variables set to
true are {x : x ′ ∈ U}. Therefore, we proved that any assignment for the variables in
V1 can be extended to a complete assignment that satisfies φ if and only if all fixed
points of A are attractors. We conclude that all fixed points of A are attractors if and
only (∀V1)(∃V2)φ is valid.

We now finally consider a RS B with background set S and reactions (66), (67),
(70). All the fixed points of B are attractors and coincide with the ones of A. The
mapping φ 7→ (A,B) is computable in polynomial time, hence deciding if two RSs
share all their fixed point attractors is ΠP

2-hard.

Corollary 3.4.6. Given A ∈ RS(∞, 0) it is ΣP
2-complete to decide whether A has a fixed

point which is not an attractor.

Proof. The problem is in ΣP
2 (see Table 4). Consider the converse problem, i.e. decid-

ing if all fixed points are attractors. The ΠP
2-hardness of the latter follows from the

construction of the RS A in the proof of Theorem 3.4.5. Therefore our problem is
ΣP
2-complete.

Corollary 3.4.7. Given A,B ∈ RS(∞, 0) with a common background set S, it is ΣP
2-

complete to decide whether A and B have a common fixed point which is not an attractor.

Proof. The problem is in ΣP
2 (see Table 4); by Corollary 3.4.6, when A = B the problem

is ΣP
2-complete.

3.5 equal result function

In this section, we study the problem of deciding if two RSs have the same result
function. This problem lies in coNP and is complete in general RS.

Theorem 3.5.1. Given A,B ∈ RS(∞,∞) with the same background set S, it is coNP-
complete to decide whether resA = resB.

Proof. The problem lies in coNP (see Table 4). In order to show coNP-completeness,
we reduce validity [214] to this problem. Given a Boolean formula φ = φ1 ∨ · · ·∨
φm in DNF over the variables V = {x1, . . . , xn}, build the RS A consisting of the
background set S := V ∪ {♡} (with ♡ /∈ V , and pos(φr) ⊆ V and neg(φr) ⊆ V

the set of variables that occur non-negated and negated in φr, respectively) and the
following reactions:

(pos(φj), neg(φj), {♡}) for 1 ⩽ j ⩽ m. (72)

For any state T ⊆ S, T ∩V encodes a truth assignment of φ. In this way, the reactions
of type (72) evaluate each conjunctive clause and produce the element ♡ if the clause
(and thus the whole formula φ) is satisfied. Then the RS behaves as follows:

resA(T) =

♡ if T ∩ V ⊨ φ

∅ if T ∩ V ⊭ φ.

Now let B be the constant RS defined by the reaction (∅,∅, {♡}) alone.
By construction, resA = resB when all assignments satisfy φ. Since the map φ 7→

(A,B) is computable in polynomial time, deciding if resA = resB is coNP-hard.
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Since in the previous proof the RS B is constant, the problem of deciding if the
result function of a RS is a non-empty constant is coNP-complete in unconstrained
RSs. In contrast, deciding if a result function is empty can be done in polynomial
time.

Corollary 3.5.2. Given A ∈ RS(∞,∞), it is coNP-complete to decide if resA is a non-
empty constant function; however, deciding if resA = ∅ is in P.

Proof. The first part of the statement follows directly from the proof of Theorem 3.5.1.
Note that given a RS A = (S,A) and a reaction a = (Ra, Ia,Pa) ∈ A, there exists a
state T ⊆ S that enables a if and only if Ra ∩ Ia = ∅. Since resA = ∅ if and only if
any reaction is not enabled by all states, we just need to check that Ra ∩ Ia ̸= ∅ for
all a ∈ A.

We remark that the same problem for Boolean Automata Network in parallel mode
is coNP-complete for any fixed output value.

We now study the same problem for inhibitorless RSs.

Proposition 3.5.3. Given A = (S,A),B = (S,B) ∈ RS(∞, 0), if

resA(Ra) ⊆ resB(Ra) ∀a ∈ A, (73)

then resA(T) ⊆ resB(T) for all states T ⊆ S.

Proof. Let T ⊆ S such that T ̸= Ra for all a ∈ A. By definition we have

resA(T) =
⋃

a∈A:Ra⊊T

resa(T) =
⋃

a∈A:Ra⊊T

resa(Ra) =
⋃

a∈A:Ra⊊T

resA(Ra).

By monotonicity of resB, if Ra ⊆ T then resB(Ra) ⊆ resB(T), so using (73) we obtain

resA(T) ⊆
⋃

a∈A:Ra⊊T

resB(Ra) ⊆ resB(T) .

Corollary 3.5.4. Given A,B ∈ RS(∞, 0) with a common background set S, it is in P to
decide whether resA = resB.

Proof. Applying Proposition 3.5.3 twice, it is possible to verify in polynomial time
that resA(T) ⊆ resB(T) and resB(T) ⊆ resA(T) for all states T ⊆ S.

With a proof similar to the one of Proposition 3.5.3, we obtain the following result
for reactantless RSs.

Proposition 3.5.5. Given A = (S,A),B = (S,B) ∈ RS(0,∞), if

resA(S \ Ia) ⊆ resB(S \ Ia) ∀a ∈ A, (74)

then resA(T) ⊆ resB(T) for all states T ⊆ S.
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Proof. Let T ⊆ S such that T ̸= S \ Ia for all a ∈ A. By definition we have

resA(T) =
⋃

a∈A:Ia∩T=∅
resa(T) =

⋃
a∈A:Ia∩T=∅

resa(S\ Ia) =
⋃

a∈A:Ia∩T=∅
resA(S\ Ia).

If Ia ∩ T = ∅ then T ⊆ S \ Ia and, since resB is antitone, we have resB(T) ⊇ resB(S \

Ia). Using (74), we obtain

resA(T) ⊆
⋃

a∈A:Ia∩T=∅
resB(S \ Ia) ⊆ resB(T) .

Corollary 3.5.6. Given A,B ∈ RS(0,∞) with a common background set S, it is in P to
decide whether resA = resB.

3.6 bijective result function

In this section, we study the problem of deciding if the result function of a RS is
bijective. This problem is coNP-complete for RS(∞,∞) [124, Theorem 7]. In this
section, we prove that for inhibitorless and reactantless RSs, the problem is in P.

3.6.1 Bijective Inhibitorless RSs

Proposition 3.6.1. Given S a finite set and f : 2S → 2S monotone and bijective, then
|f(T)| = |T | for all T ⊆ S.

Proof. Fix T ⊆ S and set k := |T |, n := |S|. Given T1, T2 ⊆ S such that T1 ⊊ T ⊊ T2 then,
since f is monotone and injective, it holds

f(T1) ⊊ f(T) ⊊ f(T2). (75)

We can deduce two facts from (75) and the injectivity of f:

(i) f(T) strictly contains 2k − 1 distinct subsets of S.

(ii) f(T) is strictly contained in 2n−k − 1 distinct subsets of S.

Now suppose towards a contradiction that m := |f(T)| < k; then f(T) can strictly
contain at most 2m − 1 < 2k − 1 different subsets of S, contradicting (i). On the other
hand, if m > k then f(T) is strictly contained in 2n−m − 1 < 2n−k − 1 different
subsets of S, and this contradicts (ii). We thus conclude that m = k, i.e. |f(T)| =
|T |.

The first consequence of Proposition 3.6.1 is that bijective monotonic functions are
completely determined by their values on the singletons.

Corollary 3.6.2. Given S a finite set and f : 2S → 2S monotone and bijective, then for all
T ⊆ S

f(T) =
⋃
x∈T

f({x}). (76)
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Proof. Since f is injective (thus, in particular, it is injective on singletons), we have
| ∪x∈T f({x})| = |T |; and by Proposition 3.6.1 we have | ∪x∈T f({x})| = |f(T)|. By mono-
tonicity of f, ∪x∈T f({x}) ⊆ f(T); therefore, since the two sets have the same cardinality,
they are equal.

Proposition 3.6.3. Given f : 2S → 2S injective on singletons such that f(∅) = ∅, |f({x})| =
1 for all x ∈ S and Equation (76) holds for all T ⊆ S, then f is monotone and injective.

Proof. Monotonicity follows directly from Equation (76). To prove injectivity, con-
sider T1 ̸= T2, then there exists x ∈ T1, x /∈ T2. Since f is injective on singletons,
f({x}) ̸= f({y}) for all y ∈ T2. Then f({x}) ∈ f(T1) and f({x}) /∈ f(T2), so in particular
f(T1) ̸= f(T2).

Remark 3.6.1. Given A ∈ RS(∞, 0) such that resA is injective then resA is additive,
by Proposition 3.6.3 and Corollary 3.6.2. This means that A can be 1-simulated by a
RS in RS(1, 0) obtained deleting the reactions of A with more than two entities in the
reactants.

The following sufficient and necessary conditions for a result function of an in-
hibitorless RS to be bijective follow from Propositions 3.6.1 and 3.6.3 and Corol-
lary 3.6.2.

Corollary 3.6.4. Given A = (S,A) ∈ RS(∞, 0), resA is injective if and only if the following
three conditions are satisfied:

1. resA(∅) = ∅, |resA({x})| = 1 for all x ∈ S;

2. resA is injective on singletons;

3. for all (R,∅,P) ∈ A, it holds resA(R) =
⋃

x∈R resA({x}).

Proof. (⇒) Follows directly from Proposition 3.6.1 and Corollary 3.6.2.
(⇐) Arguing as in the proof of Proposition 3.5.3, we obtain that for all T ⊆ S,

resA(T) =
⋃

a∈A:Ra⊆T

resA(Ra) =
⋃

a∈A:Ra⊆T

⋃
x∈Ra

resA({x}).

By Condition 1 and 2, every element x ∈ T belongs to some reaction of the form
({x},∅,Px) ∈ A with |Px| = 1, so we obtain resA(T) =

⋃
x∈T resA({x}). The conclusion

follows from Proposition 3.6.3.

Given an inhibitorless RS, we can check the three conditions of Corollary 3.6.4 in
polynomial time, obtaining the following.

Corollary 3.6.5. Given A ∈ RS(∞, 0), deciding whether resA is bijective is in P.

3.6.2 Bijective Reactantless RSs

We can develop results dual to Subsection 3.6.1 in the context of reactantless RSs.

Proposition 3.6.6. Given S a finite set and f : 2S → 2S antitone and bijective, then |f(T)| =

|S \ T | for all T ⊆ S.



3.6 bijective result function 35

Proof. We first prove that the result holds for T = ∅ and T = S. Suppose by contradic-
tion that |f(∅)| < |S|, then f(∅) ⊊ S and, by antitonicity, for all T ⊆ S, f(T) ⊆ f(∅) ⊊ S;
thus S does not have a preimage, a contradiction assuming f bijective. We deduce
that f(∅) = S. Suppose by contradiction, that |f(S)| > 0, then f(S) ⊋ ∅ and, by
antitonicity, for all T ⊆ S, f(T) ⊇ f(S) ⊋ ∅; thus ∅ does not have a preimage, a
contradiction assuming f bijective.

Fix ∅ ⊊ T ⊊ S and set k := |T |, n := |S|. Given T1, T2 ⊆ S such that T1 ⊊ T ⊊ T2
then, since f is antitone and injective, it holds

f(T1) ⊋ f(T) ⊋ f(T2). (77)

We can deduce two facts from (77) and the injectivity of f:

(i) f(T) strictly contains 2n−k − 1 distinct subsets of S.

(ii) f(T) is strictly contained in 2k − 1 distinct subsets of S.

Now suppose towards a contradiction that m := |f(T)| < n− k; then f(T) can strictly
contain at most 2m − 1 < 2n−k − 1 different subsets of S, contradicting (i). On the
other hand, ifm > n−k then f(T) is strictly contained in 2n−m− 1 < 2k− 1 different
subsets of S, and this contradicts (ii). We thus conclude that m = n− k, i.e. |f(T)| =
|S \ T |.

The first consequence of Proposition 3.6.6 is that bijective antitone functions are
completely determined by their values on sets of the type S \ {x}.

Corollary 3.6.7. Given S a finite set and f : 2S → 2S antitone and bijective, then for all
T ⊆ S

f(T) =
⋃

x∈S\T

f(S \ {x}). (78)

Proof. Since |S \ {x}| = |S|− 1, by Proposition 3.6.6, we have |f(S \ {x})| = 1. Since f is
injective, for any x,y ∈ S, f(S \ {x}) ̸= f(S \ {y}), thus we have | ∪x∈S\T f(S \ {x})| =

|S \ T |; and by Proposition 3.6.6 we have | ∪x∈S\T f(S \ {x})| = |f(T)|. By antitonicity
of f, for all x /∈ T , T ⊆ S \ {x} implies f(T) ⊇ f(S \ {x}), thus ∪x∈S\T f(S \ {x}) ⊆ f(T);
therefore, since the two sets have the same cardinality, they are equal.

Proposition 3.6.8. Given f : 2S → 2S such that

1. f(∅) = S, f(S) = ∅ and |f(S \ {x})| = 1 for all x ∈ S;

2. f(S \ {x}) ̸= f(S \ {y}) for all x,y ∈ S;

3. Equation (78) holds for all T ⊆ S.

Then f is antitone and injective.

Proof. Antitonicity follows directly from Equation (78). To prove injectivity, consider
T1 ̸= T2, then there exists x ∈ T1, x /∈ T2. By Condition 2, f(S \ {x}) ̸= f(S \ {y})

for all y ∈ S \ T1. Then f(S \ {x}) /∈ f(T1) and f(S \ {x}) ∈ f(T2), so in particular
f(T1) ̸= f(T2).
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The following sufficient and necessary conditions for a result function of a reac-
tantless RS to be bijective follow from Propositions 3.6.6 and 3.6.8 and Corollary 3.6.7.

Corollary 3.6.9. Given A = (S,A) ∈ RS(0,∞), resA is injective if and only if the following
three conditions are satisfied:

1. resA(∅) = S, resA(S) = ∅, |resA(S \ {x})| = 1 for all x ∈ S;

2. resA(S \ {x}) ̸= resA(S \ {y}) for all x,y ∈ S;

3. for all (∅, I,P) ∈ A, it holds resA(S \ I) =
⋃

x∈I resA(S \ {x}).

Proof. (⇒) Follows directly from Proposition 3.6.6 and Corollary 3.6.7.
(⇐) We need only to prove that for all T ⊆ S, Equation (78) holds for f = resA.

Arguing as in the proof of Proposition 3.5.5, we obtain that for all T ⊆ S,

resA(T) =
⋃

a∈A:Ia∩T=∅
resA(S \ Ia) =

⋃
a∈A:Ia∩T=∅

⋃
x∈Ia

resA(S \ {x}).

By Conditions 1 and 2, for each x ∈ S \ T the state S \ {x} must enable a reaction
of the form (∅, {x},Px) ∈ A with |Px| = 1, so we can rewrite resA(T) as resA(T) =⋃

x∈S\T resA(S \ {x}). The conclusion follows from Proposition 3.6.8.

Given a reactantless RS, we can check the three conditions of Corollary 3.6.9 in
polynomial time, obtaining the following.

Corollary 3.6.10. Given A ∈ RS(0,∞), deciding whether resA is bijective is in P.

3.7 conclusions

We have determined the computational complexity of an extensive set of decision
problems regarding the dynamical behaviour of reactantless and inhibitorless RS.
This analysis contributes to providing a more comprehensive understanding of how
problem complexity varies across different models. Our findings reveal that the sim-
plification of models does not uniformly reduce complexity: most of the analyzed
problems retain the same complexity as in the unconstrained model in both reac-
tantless and inhibitorless RSs, some become simpler in both the constrained settings,
and some others are equally difficult in unconstrained and reactantless systems but
become polynomially decidable in inhibitorless systems.

We leave as an open problem to determine the computational complexity of decid-
ing on the existence of a fixed point attractor in inhibitorless RSs.



4
F I X E D P O I N T S A N D AT T R A C T O R S O F A D D I T I V E R E A C T I O N
S Y S T E M S

In this chapter, we study the complexity of the problems presented in Chapter 3 in
the context of additive RSs. The key tool our results rely on is a variation of the so-
called influence graph, a graph representation of the reactions of a RS that was first
introduced in [59]. In particular, we determine the computational complexity of the
considered problems by designing highly non-trivial polynomial-time reductions to
various problems on the influence graph and by then providing polynomial-time
solutions to these problems. The main contributions of this chapter are summarized
in Table 6.

Problem RS(∞,∞) RS(0,∞) RS(∞, 0) RS(1, 0)

A given state is a fixed point attractor NP-c [123] NP-c [20] NP-c [20] P (Cor. 4.3.3)

∃ fixed point NP-c [123] NP-c [20] P [139]

∃ common fixed point NP-c [123] NP-c [20] NP-c [20] P (Cor. 4.2.6)

sharing all fixed points coNP-c [123] coNP-c [20] coNP-c [20] P (Cor. 4.2.4)

∃ fixed point attractor NP-c [123] NP-c [20] Unknown P (Cor. 4.3.15)

∃ common fixed point attractor NP-c [123] NP-c [20] NP-c [20] P (Cor. 4.3.16)

sharing all fixed points attractor ΠP
2-c [123] ΠP

2-c [20] ΠP
2-c [20] P (Cor. 4.3.17)

∃ fixed point not attractor ΣP
2-c [20] ΣP

2-c [20] ΣP
2-c [20] P (Cor. 4.3.8)

∃ common fixed point not attractor ΣP
2-c [20] ΣP

2-c [20] ΣP
2-c [20] P (Prop. 4.3.13)

sharing all fixed points not attractor coNP-c [20] coNP-c [20] coNP-c [20] P (Cor. 4.3.12)

Table 6. Computational complexity of the problems studied in this chapter for different
classes of RSs. RS(∞,∞), RS(0,∞), RS(∞, 0), and RS(1, 0) denote unconstrained,
reactantless, inhibitorless and additive RSs, respectively (see Definition 2.1.1). High-
lighted cells contain the results proved in this chapter.

Chapter organization. In Section 4.1, we provide basic notions on the influence
graph and introduce the notation used throughout. In Section 4.2, we study problems
related to the existence of fixed points. In Section 4.3, we study problems related to
the existence of fixed points that are either attractors or not attractors. Finally, in
Section 4.4 we discuss the obtained results.

This chapter is based on the following publication: R. Ascone, G. Bernardini, L. Manzoni. Fixed points
and attractors of Additive Reaction Systems. In: Natural Computing, 2024. [19].
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∅ {b} {c} {b, c}

{a} {a,b} {c,a}

{a,b, c}

Figure 11. Graph representation of the dynamical system of A = (S,A) with background set
S = {a,b, c} and set of reactions A = {(∅,∅, {a}), ({a},∅, {b, c}), ({c},∅, {c})}.

4.1 influence graph for additive rss

Recall that the additive class is given by RSs whose result function is additive (see Ta-
ble 3) and whose reactions have no inhibitors and at most one reactant. See Figure 11

for an example of an additive RS. We also remark that if a function f : 2S → 2S is
additive, then it is also monotone, i.e. X ⊆ Y ⊆ S implies f(X) ⊆ f(Y). Therefore, since
∅ ⊆ T holds for every state T ⊆ S, it always holds f(∅) ⊆ f(T). In the example of
Figure 11, the fact that resA(∅) = {a} implies that the endpoint of every edge in the
graph must be a state containing the entity a and therefore the states ∅, {b}, {c}, {b, c}
have in-degree zero.

Definition 4.1.1. Let A = (S,A) ∈ RS(1, 0). The influence graph of A is the directed
graph GA = (VA,EA) such that VA := S∪ {∅G}, where ∅G /∈ S is a vertex represent-
ing the empty state, and there is a directed edge (x,y) ∈ EA if and only if one of the
following holds: (i) x,y ∈ S and y ∈ resA({x}); or (ii) x ∈ S with resA({x}) = ∅ and
y = ∅G; or (iii) x = ∅G and y ∈ resA(∅).

Remark 4.1.1. Constructing GA requires a time polynomial in the number of entities
and reactions. In contrast, computing the graph representation of the dynamical sys-
tem associated with A requires evaluating the result function resA over all possible
states, i.e. all the subsets of S, thus requiring exponential time.

Note that Definition 4.1.1 is a slight variation of the definition of influence graph
given in [59]. The difference is that, in this variant, reactions may have an empty set
of reactants, thus GA has the extra vertex ∅G.

Remark that additive RSs are equivalent to the so called Disjunctive Boolean Net-
works [132]. Since the rationale of interaction graph for BANs is similar to that of the
influence graph for RSs, the results and techniques of this chapter can be applied in
the framework of Boolean Networks.

{c}

∅G {a}

{b}

Figure 12. Influence graph GA of the RS A from Figure 11.
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We denote by Vu ⊆ VA the set of vertices that are reachable from u in the influence
graph GA: clearly, Vu can be computed in linear time with a breadth-first search
starting from u. In the following sections, we will sometimes treat Vu as a state
of the RS given by the union of the entities represented by its vertices; since ∅G

represents the empty set, whenever ∅G ∈ Vu, when interpreting Vu as a subset of S
we can simply ignore this vertex.

Remark 4.1.2. Additive RSs, while conceptually simple, do not only exhibit trivial
dynamics. For example, the construction in [100, Theorem 4] that proves that sup-
reachability is NP-complete even for additive RSs includes a way of iterating over all
possible assignments of a Boolean formula and verifying its satisfiability, construct-
ing an additive RS whose dynamics can arguably be considered non-trivial.

4.2 fixed points of additive rss

In this section, we study the complexity of deciding on the existence of fixed points
of different kinds in an additive RS A. To this aim, we make use of the influence
graph GA: recall that any subset of vertices of GA represents a single state of the RS.
Let C ⊆ VA be the set of vertices that are in some cycle of GA: since u is in a cycle if
and only if it is reachable from itself, we formally define C := {u ∈ VA | u ∈ Vu}. We
begin noticing the following.

Lemma 4.2.1. Let A ∈ RS(1, 0) and let GA = (VA,EA) be the influence graph of A. For
any vertex u ∈ VA, if u ∈ C then Vu is a fixed point of A.

Proof. Let u = ∅G. If ∅G ∈ C, then it must be resA(∅) = ∅, as otherwise, if it was
resA(∅) = X ̸= ∅, X would be produced from any state and ∅G would have no
incoming edges by Definition 4.1.1. Thus if ∅G ∈ C it must be V∅G

= {∅G}. Let us
now suppose u ̸= ∅G. We need to show that resA(Vu) = Vu. Consider v ∈ Vu, thus
v is reachable from u: let n be the length of a path from u to v. This implies that
there is a path of length at most n+ 1 from u to any vertex w ∈ resA({v}), and thus
resA({v}) ⊆ Vu for all v ∈ Vu. By additivity, we obtain resA(Vu) =

⋃
v∈Vu

resA({v}) ⊆
Vu.

To show the other inclusion, let v ∈ Vu, v ̸= u. Since there exists a path from u

to v, there exists a vertex w ∈ Vu such that (w, v) ∈ EA, and thus v ∈ resA({w}).
Therefore Vu \ {u} ⊆ resA(Vu). Since u ∈ C, there also exists a vertex z ∈ Vu such
that (z,u) ∈ EA, thus u ∈ resA(Vu). Collecting all together, Vu ⊆ resA(Vu).

In other words, Lemma 4.2.1 states that when a vertex u belongs to a cycle, the
vertices that are reachable by u give rise to a fixed point in the dynamic of the RS.

In particular, since resA is additive, the union of multiple Vu’s that are fixed points
is a fixed point. In the next proposition, we show that the converse is also true. To do
so, for any fixed point T ̸= ∅ of a RS A we define the set CT := T ∩C. In other words,
CT is the subset of elements of T that are part of some cycle in the influence graph,
although they are not necessarily all part of the same cycle. For instance, inspect
Figure 13 and let T = {u1,u2,u3}. Then CT = {u1,u2,u3}, u1 is in a distinct cycle
from u2 and u3 and their union does not induce a cycle in GA.
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Proposition 4.2.2. Given A = (S,A) ∈ RS(1, 0) and ∅ ⊊ T ⊆ S a fixed point, then

T =
⋃

u∈CT

Vu

Proof. Given any u ∈ T we have, by monotonicity and by the definition of fixed point,
resnA({u}) ⊆ T for all n ∈N. Note that since resnA({u}) corresponds to all the vertices
of the influence graph GA that are reachable from u in n steps, we have Vu ⊆ T . In
particular, we also have⋃

u∈CT

Vu ⊆ T .

Now, suppose for a contradiction that

W :=
⋃

u∈CT

Vu ⊊ T .

Let x ∈ T \W. Since x ∈ T , there exists y ∈ T such that x ∈ resA({y}). If y ∈ W
then y ∈ Vu for some u ∈ CT , so y is reachable from u and x too, which implies
x ∈ Vu ⊆ W, a contradiction. Then y /∈ W. Furthermore, if y = x then x ∈ CT , and
so x ∈W, a contradiction. Putting all together, for all x ∈ T \W there exists an edge
(y, x) ∈ EA for some y ̸= x and y ∈ T \W. It follows that every vertex in the subgraph
T \W has a positive indegree, therefore it must contain a cycle [120, Corollary 3.8c];
in turn, this means that there exists a vertex z ∈ T \W such that z ∈ Vz, so z ∈ W, a
contradiction. The statement follows.

Given A ∈ RS(1, 0), let us define

FA :=

{
{Vu | u ∈ C,u ̸= ∅G} if resA(∅) ̸= ∅
{Vu | u ∈ C,u ̸= ∅G}∪ {∅} otherwise

An example of set FA is in Figure 13. Proposition 4.2.2 and Lemma 4.2.1 imply the
following theorem.

Theorem 4.2.3. Let A = (S,A) ∈ RS(1, 0) and T ⊆ S, then T is a fixed point of A if and
only if T = ∪Vu∈WVu for some non-empty subset W of FA. In particular, A has a fixed
point if and only if FA ̸= ∅.

Since computing sets Vu requires polynomial time, it immediately follows that
computing FA and thus deciding on the existence of a fixed point is in P. Note that
the last statement also follows directly from the Knaster-Tarski Theorem [139], since
resA is additive (and therefore monotonic) for A ∈ RS(1, 0).

Remark 4.2.1. If Vu ∈ FA then Vu cannot be obtained as a union of other elements of
FA. Indeed, suppose for a contradiction that Vu =

⋃n
i=1 Vui

with Vui
∈ FA, Vui

̸= Vu

for all i = 1, . . . ,n. If u ∈ Vui
⊆ Vu for some i, then there exists a path from ui to u,

implying that for every v ∈ Vu there exists a path from ui to v, i.e. v ∈ Vui
, therefore

Vui
= Vu, a contradiction. Thus u ∈ Vu (because u ∈ C) but u /∈ ∪ni=1Vui

, hence the
thesis.
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u1 u4 u5

∅G u2 u3 u6 u8

u7

Figure 13. The influence graph of the RS A with background set S = {u1,u2, . . . ,u8} and set
of reactions A = {({u1},∅, {u1,u2}), ({u2},∅, {u3}), ({u3},∅, {u2}), ({u4},∅, {u3}),
({u5},∅, {u6,u7}), ({u6},∅, {u7}), ({u7},∅, {u8}), ({u8},∅, {u5})}. In this case FA =

{Vu1
,Vu2

,Vu5
,∅G}; note that Vu2

= Vu3
and Vu5

= Vu6
= Vu7

= Vu8
; u4 /∈ Vu4

thus Vu4
/∈ FA.

Corollary 4.2.4. Given A,B ∈ RS(1, 0) with a common background set S, it is in P to
decide whether A and B share all fixed points.

Proof. It suffices to construct the influence graphs GA and GB in polynomial time
and to compute FA and FB with a breadth-first visit of the graphs. To decide if A

and B share all the fixed points it is then enough to check whether FA = FB, as by
Theorem 4.2.3 they generate all fixed points of A and B, respectively.

By Theorem 4.2.3, deciding on the existence of a common fixed point for A and
B reduces to the problem of deciding whether there exists a nonempty subset of
elements of FA and a nonempty subset of elements of FB such that their respective
unions give the same set of entities. Formally, we introduce the following problem,
that we coin Maximum Common Subset Union (MCSU):

input : a finite set H and two collections of subsets of H: {Ai}i∈I and {Bj}j∈J

output : subsets of indices I ′ ⊆ I and J ′ ⊆ J such that
⋃

i∈I ′ Ai =
⋃

j∈J ′ Bj ⊆ H is
of maximum size

MCSU can be solved in polynomial time using the simple Algorithm 1, in which
we denote AI ′ :=

⋃
i∈I ′ Ai. In the beginning, Algorithm 1 computes the union of all

the subsets in the respective collections and takes the intersection of the two unions.
Clearly, any subset Ai containing an element which is not in this intersection cannot
be part of a solution, and likewise for subsets Bj: this condition is checked at lines 5

and 7, where subsets containing elements outside the intersection are removed from
the respective collections.

This process is then iterated by taking the union of the survived subsets in each
collection and again the intersection of these unions (line 8). The algorithm termi-
nates when there are no longer elements outside the intersection of the unions, i.e.
the two unions are the same (line 3). Theorem 4.2.5 proves the correctness of this
procedure.

Theorem 4.2.5. Algorithm 1 is correct.

Proof. Keeping track of the set of indices at each iteration, we obtain two sequences

I = I1 ⊇ I2 ⊇ I3 ⊇ · · · ⊇ In
J = J1 ⊇ J2 ⊇ J3 ⊇ · · · ⊇ Jn
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Algorithm 1 Max Common Subset Union

Input: {Ai}i∈I and {Bj}j∈J two collections of subsets of a finite set H
Output: I ′ ⊆ I and J ′ ⊆ J such that AI ′ = BJ ′

is of maximum size
1: Ā← AI \ (AI ∩BJ), B̄← BJ \ (AI ∩BJ)

2: I ′ ← I, J ′ ← J

3: while Ā∪ B̄ ̸= ∅ do
4: for all i ∈ I ′ do
5: if Ai ∩ Ā ̸= ∅ then I ′ ← I ′ \ {i}

6: for all j ∈ J ′ do
7: if Bj ∩ B̄ ̸= ∅ then J ′ ← J ′ \ {j}

8: Ā← AI ′ \ (AI ′ ∩BJ ′
), B̄← BJ ′

\ (AI ′ ∩BJ ′
)

9: return I ′, J ′

with n the number of iterations made by the algorithm. We remark that at each
iteration Ā ∪ B̄ = AI ′△BJ ′

, therefore the algorithm stops at iteration n if and only
if AIn△BJn = ∅, i.e. AIn = BJn . Since at each iteration either |In| or |Jn| decreases,
the sequences will eventually stop when In = Jn = ∅. To prove correctness, we
first verify that if the algorithm stops when I ′ = J ′ = ∅ then there does not exist a
nonempty solution to MCSU. Suppose for a contradiction that In = Jn = ∅, and yet
there exist I ⊇ Ĩ ̸= ∅ and J ⊇ J̃ ̸= ∅ such that AĨ = BJ̃. Let then k be the last iteration
such that Ik ⊇ Ĩ and h the last iteration such that Jh ⊇ J̃.

Without loss of generality, suppose k ⩽ h. We note that going from Ik to Ik+1 we
lose at least an index that was in Ĩ, i.e. Ik ⊇ Ĩ ⊉ Ik+1, otherwise k would not be the
last iteration such that Ik ⊇ Ĩ. So there exists i ∈ Ĩ ⊆ Ik such that i /∈ Ik+1 and thus,
by line 5, there exists x ∈ Ai ⊆ AĨ that is not in the current intersection, thus, in
particular, x /∈ BJk . Thus x /∈ BJh , since k ⩽ h ⇒ Jk ⊇ Jh. On the other hand, Jh ⊇ J̃
then BJh ⊇ BJ̃ = AĨ so x ∈ AĨ ⊆ BJh , which is a contradiction.

Similarly, we can prove that the size of the unions of the two output collections is
maximum. Suppose there exists Ĩ ⊆ I and J̃ ⊆ J such that AĨ = BJ̃ and |BJ̃| = |AĨ| >

|BJn | = |AIn |. As above, let k the maximum such that Ik ⊇ Ĩ and h the maximum such
that Jh ⊇ J̃. If k = n, then In ⊆ Ĩ, thus AĨ ⊆ AIn , a contradiction since |AĨ| > |AIn |.
In a similar manner, if h = n we get a contradiction. Therefore k < n and h < n, and
we can conclude as in the first part of this proof.

A naive implementation of Algorithm 1 applied to S, FA and FB requires time
O(|S|3), as FA and FB each consist of at most |S| subsets, each containing at most |S|
entities, and the algorithm performs at most |I|+ |J| ⩽ 2|S| iterations. This implies the
following result.

Corollary 4.2.6. Given A,B ∈ RS(1, 0) with a common background set S, it is in P to
decide whether A and B have a common fixed point.

4.3 fixed points attractors and not attractors of additive rss

In this section, we focus on the problem of deciding on the existence of (common)
fixed points that are either attractors or not attractors. We start by giving a character-
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ization of the fixed points attractors of an additive function from the power set of a
finite set into itself.

Lemma 4.3.1. Let f : 2H → 2H be an additive function, H a finite set, and T a fixed point
for f. If T is an attractor then there exists T ′ ⊆ H such that either T ′ ⊆ T or T ′ ⊇ T and
f(T ′) = T .

Proof. Let T ′′ ⊆ H such that f(T ′′) = T . If T ′′ ⊆ T , we have the statement, so consider
T ′′ ⊈ T . Define T ′ := T ∪ T ′′ ⊋ T and by additivity of f we get f(T ′) = f(T ′′)∪ f(T) =
T .

Definition 4.3.1. If a fixed point T is reachable from a state T ′ ⊊ T (resp. from T ′ ⊋ T ),
we say that T is reachable from below (resp. reachable from above).

The following lemma applies the characterization of Lemma 4.3.1 to additive RS
in each of the two possible cases. The proof is analogous to Remark 3.2.1.

Lemma 4.3.2. Let T be a fixed point for resA, where A = (A,S) ∈ RS(1, 0). If T is reachable
from below (resp. from above) then there exists x ∈ T (resp. x /∈ T ) such that T is reachable
from T \ {x} (resp. from T ∪ {x}).

Proof. If there exists T ′ ⊊ T such that resA(T ′) = T , then for all x ∈ T \ T ′

T = resA(T ′) ⊆ resA(T \ {x}) ⊆ resA(T) = T ,

i.e. T is reachable from T \ {x}. The proof for when T is reachable from above can be
obtained entirely analogously.

Corollary 4.3.3. Given A ∈ RS(1, 0), it is in P to decide whether a given state T is a fixed
point attractor.

Proof. Deciding whether a given state T is a fixed point requires polynomial time
(see [20]). By Lemmas 4.3.1 and 4.3.2 it then just suffices to check if the states T \ {x}
for any x ∈ T or T ∪ {y} for any y /∈ T are attracted by T .

Lemma 4.3.4. Given a fixed point T of an additive function f : 2H → 2H, for all X ⊆ T we
have that T \ f(X) ⊆ f(T \X).

Proof. Since T = f(T) = f(X∪ (T \X)) = f(X)∪ f(T \X) we have the thesis.

The following lemma provides a sufficient condition for the union of two fixed
points to be an attractor: an example is given in Figure 14.

Lemma 4.3.5. Let f : 2H → 2H be an additive function, H a finite set, and T1 ̸= T2 two
fixed points for f. If there exists x ∈ T1, x /∈ T2 such that

f(T2 ∪ {x}) = T2

then T1 ∪ T2 is a fixed point attractor reachable from below.
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Figure 14. Example for Lemma 4.3.5 with T1 = {e, f}, T2 = {a,b, c,d} and x = e. In this
case, we can also switch the role of T1, T2 and choose x = d since T1 ∪ {d}

reaches T1. Note that T1 corresponds to Vf = {e, f,∅G} and T2 corresponds to
Va = {a,b, c,d,∅G}.

Proof. Consider T2 ∪ (T1 \ {x}) ⊊ T1 ∪ T2. Using Lemma 4.3.4 and the additivity of f,
we obtain

T1 ∪ T2 = f(T1 ∪ T2) ⊇ f(T2 ∪ (T1 \ {x}))
= T2 ∪ f(T1 \ {x})
⊇ T2 ∪ (T1 \ f({x})︸ ︷︷ ︸

⊆T2

) = T1 ∪ T2 .

We conclude that T1 ∪ T2 is reachable from (T2 ∪ T1) \ {x}.

The next proposition gives another sufficient condition for a fixed point to be an
attractor.

Proposition 4.3.6. Let f : 2H → 2H be an additive function, H a finite set, and T ′ a fixed
point. If there exists a fixed point attractor T ⊆ T ′ then T ′ is also an attractor.

Proof. We consider two cases.
Case (i). T is reachable from below, i.e. there exists x ∈ T such that f(T \ {x}) = T .

Then we can write

T ′ \ {x} = T ′ \ {x}∪ T \ {x}

and then, using the additivity of f and Lemma 4.3.4,

T ′ ⊇ f(T ′ \ {x}) = f(T ′ \ {x})∪ T ⊇ (T ′ \ f({x})︸ ︷︷ ︸
⊆T

)∪ T = T ′,

therefore f(T ′ \ {x}) = T ′.
Case (ii). T is reachable from above, i.e. there exists x /∈ T such that f(T ∪ {x}) = T .

If x ∈ T ′ then T ′ ∪ T = T ′ is an attractor by Lemma 4.3.5. If instead x /∈ T ′, then
f({x}) ⊆ T ⊆ T ′ and we obtain

f(T ′ ∪ {x}) = T ′ ∪ f({x}) = T ′,

i.e. T ′ is reachable from T ′ ∪ {x}.

Inspect Figure 13 for an example: Vu2
is an attractor from above, as well as Vu1

⊃
Vu2

, since it contains a fixed point attractor (Proposition 4.3.6); Vu5
is an attractor

from below; and ∅ is the only fixed point which is not an attractor. The next lemma
provides a simple sufficient condition for all fixed points to be attractors.
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Lemma 4.3.7. Let H be a finite set and f : 2H → 2H an additive function. If ∅ is not a fixed
point, then every fixed point is an attractor.

Proof. Let T be a fixed point. By monotonicity, fn(∅) ⊆ T for all n ∈N. If T = fk(∅)

for some k (k ⩾ 1 by hypothesis), then T is reachable from fk−1(∅). Otherwise, if
fn(∅) ⊊ T for all n ∈ N, let m ∈ N be the minimum index for which the following
sequence stabilizes:

∅ ⊊ f(∅) ⊊ · · · ⊊ fm−1(∅) ⊊ fm(∅) = fm+1(∅).

Let T ′ := T \ fm(∅)∪ fm−1(∅) ⊊ T , then f(T ′) ⊆ T and by additivity and Lemma 4.3.4
we obtain

f(T ′) = f(T \ fm(∅))∪ fm(∅) ⊇ T \ fm+1(∅)∪ fm(∅) = T .

Therefore T is reachable from T ′.

Given any A = (S,A) ∈ RS(1, 0), we can draw the following observations on the
existence of a fixed point T ⊆ S which is not an attractor. First, a direct implication of
Proposition 4.3.6 is that T cannot contain any fixed point attractor and in particular,
in the decomposition T =

⋃
u∈CT

Vu given by Proposition 4.2.2 each Vu must be not
an attractor; moreover, by Lemma 4.3.7, ∅ must be a fixed point and, by Proposition
4.3.6, it must not be an attractor as well.

If we now define FNA
A := {Vu ∈ FA | Vu not attractor}, we have obtained a way

to decide in polynomial time on the existence of fixed points that are not attractors,
summarized by the following result.

Corollary 4.3.8. Given A = (S,A) ∈ RS(1, 0), it is in P to decide if there exists a fixed
point which is not an attractor.

Proof. We just need to check whether FNA
A ̸= ∅.

The next result provides a sufficient condition to rule out the existence of fixed
points which are not attractors.

Proposition 4.3.9. Let H be a finite set and f : 2H → 2H an additive, non-injective function.
If H is a fixed point for f, then it is also an attractor.

Proof. Since f is not injective, there exist X1,X2 ⊆ H such that f(X1) = f(X2) and
X1 ̸= X2. We can suppose X2 ̸= ∅. Let H ′ := H \ (X1∪X2), then H ′∪X1 = H \X2 ⊊ H.
Furthermore, by Lemma 4.3.4 we have that f(H ′ ∪ X1) = f(T \ X2) ⊇ H \ f(X2), and
f(X1) ⊆ f(H ′ ∪X1) since X1 ⊆ H ′ ∪X1. Collecting all together, we obtain

f(H ′ ∪X1) ⊇ H \ f(X2)∪ f(X1) = H \ f(X2)∪ f(X2) = H,

thus f(H ′ ∪X1) = H, i.e. H is reachable from H ′ ∪X1 = H \X2.

The following proof can be viewed as a particular case of Proposition 3.6.1.

Proposition 4.3.10. Given H a finite set and f : 2H → 2H additive and bijective, then
|f({x})| = 1 for all x ∈ H.
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u1

u2 u5

∅G u6

u3 u4

Figure 15. Example of union of elements in FNA
A = {Vu2

,Vu5
,∅} that gives a fixed point

attractor Vu1 = Vu2
∪ Vu5

= {u2,u3,u4,u5,u6} reachable from {u1}∪ Vu1 .

Proof. Suppose for a contradiction that there exists x ∈ H such that k := |f({x})| > 1.
Given any subset T ⊋ {x}, since f is injective then f({x}) ⊊ f(T) ⊆ H. Therefore we
obtain a bijection between the subsets of H containing {x} and the ones containing
f({x}). This is a contradiction because there are 2|H|−1 subsets of the first type and
only 2|H|−k < 2|H|−1 of the second type.

We remark that given an additive function f : 2H → 2H and T ⊆ H a fixed point
for f, if the restriction of f to T f|T : 2T → 2T is not injective then T is an attractor by
Proposition 4.3.9. Therefore, given any additive RS A, for every Vu ∈ FNA

A , Vu ̸= ∅,
the restriction resA|Vu

must be injective, which means that |resA({x})| = 1 for all
x ∈ Vu by Proposition 4.3.10. Since Vu is weakly connected by definition, we obtain
the following.

Lemma 4.3.11. Given any Vu ∈ FNA
A , the vertices of Vu form a cycle in GA. Furthermore,

for any Vu1
,Vu2

∈ FNA
A , it holds Vu1

∩ Vu2
= ∅.

We further remark that, although the single elements of FNA
A are not attractors by

definition, unions of its elements might be. To find out which unions of elements of
FNA
A are fixed points attractors it suffices to check, for each entity x /∈ ⋃

Vu∈FNA
A
Vu,

whether

resA({x}) ⊆
⋃

Vu∈FNA
A

Vu,

and if so, consider the smallest subset W ⊆ FNA
A such that resA({x}) ⊆ ⋃

Vu∈W Vu.
Since the elements of FNA

A are disjoint by Lemma 4.3.11, W simply consists of the
Vu ∈ FNA

A that can be reached with an edge outgoing from x and can thus clearly be
computed in polynomial time.

Then Vx :=
⋃

Vu∈W Vu is a fixed point attractor reachable from Vx ∪ {x}. It follows
that deciding whether two RSs share all fixed points that are not attractors requires
polynomial time, as stated by the following corollary.

Corollary 4.3.12. Given A,B ∈ RS(1, 0) with a common background set S, it is in P to
decide whether A and B share all fixed points which are not attractors.

Proof. It suffices to check whether FNA
A = FNA

B and whether the fixed points attractors
given by unions of elements of FNA

A (resp. of FNA
B ) are the same.

We next consider the problem of deciding whether two additive RSs have a com-
mon fixed point which is not an attractor.
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Proposition 4.3.13. Given A,B ∈ RS(1, 0) with a common background set S, it is in P to
decide whether A and B have a common fixed point which is not an attractor.

Proof. The first step of a polynomial-time procedure to solve the problem is to verify
the following necessary condition: there exist a nonempty set of fixed points that are
not attractors of A and a set of fixed points that are not attractors of B such that
the respective union gives the same set of entities. This condition gives rise to an
instance of the MCSU problem and can thus be verified in polynomial time using
Algorithm 1 with input S, FNA

A and FNA
B . Then, either the output is the empty set

(in which case the two RSs do not have any common fixed points which are not
attractors) or we obtain two subsets {VA

i }i∈I ⊆ FNA
A and {VB

j }j∈J ⊆ FNA
B such that

V :=
⋃
i∈I

VA
i =

⋃
j∈J

VB
j

and V is the maximal common state given by the union of fixed points that are not
attractors.

The next step is to check whether V contains a common fixed point which is not
an attractor. Any common fixed point that is potentially not an attractor is given
by a subset of the elements of {VA

i }i∈I whose union is the same as the union of a
subset of the elements of {VB

j }j∈J. Computing these sets naively would require time
exponential in the number of elements in {VA

i }i∈I and {VB
j }j∈J; however, we can

compute them in polynomial time by making use of an auxiliary graph constructed
as follows (recall that the elements of {VA

i }i∈I and {VB
j }j∈J are disjoint cycles by

Lemma 4.3.11).
Let us denote by uA and uB the vertices corresponding to entity u in GA and

in GB, respectively; and let VA := {uA | uA ∈
⋃

i∈I V
A
i } and VB := {uB | uB ∈⋃

j∈J V
B
j }. We construct an auxiliary undirected graph GC = (VA ∪ VB,E) whose

vertices are connected as follows: for each element u ∈ V there is an edge connecting
the corresponding element in uA ∈ VA and uB ∈ VB. Furthermore, connect the
elements of VA (resp. VB) replacing the directed edges of the cycles in {VA

i }i∈I (resp.
in {VB

j }j∈J) with undirected edges. An example is in Figure 16.
Consider then the connected components of GC. We observe that any union of

cycles T ′
A of the A-side of GC which is in a bijection with a union of cycles of the

B-side T ′
B is such that T ′

A ∪ T ′
B is a union of connected components of GC; and

conversely, by construction, given any connected component T , there is a bijection
between the vertices in the A-side of T and those in its B-side, and both the A-side
TA and the B-side TB of T are unions of cycles.

It follows that the connected components of GC correspond to minimal subsets
of elements of {VA

i }i∈I and {VB
j }j∈J whose unions are in a bijection; and thus to

determine whether there is a common fixed point which is not an attractor it suffices
first to compute the connected components of GC, which can be done in linear time;
and then to check whether there exists a connected component TA ∪ TB of GC such
that TA (resp. TB) does not contain any fixed point attractor of the form Vx.

Proposition 4.3.14. Given A = (S,A) ∈ RS(1, 0) and T a fixed point attractor then either
(i) there exists Vu ⊆ T attractor or (ii) there exists x /∈ ⋃

Vu∈FNA
A
Vu such that Vx ⊆ T .
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Figure 16. The graph Gc in the construction of the proof of Proposition 4.3.13. The solid
edges are those corresponding to the edges in the cycles of {VA

i }i∈I and {VB
j }j∈J;

the dashed edges connect the pairs of corresponding entities.

Proof. Consider the decomposition T =
⋃

u∈CT
Vu of T given by Proposition 4.2.2.

By Proposition 4.3.6, if any of the Vu’s in this decomposition is an attractor, then we
are in case (i) of the statement. Suppose then that for all u ∈ CT , it holds Vu ∈ FNA

A .
Then T cannot be reached from below since for every x ∈ T , there exists exactly one
Vũ such that x ∈ Vũ, as the Vu’s are disjoint by Lemma 4.3.11, and thus, since Vũ is
not an attractor, implying that resA(Vũ \ {x}) ⊊ Vũ, it holds

resA(T \ {x}) =
⋃

u∈CT

resA(Vu \ {x}) ⊊
⋃

u∈CT

Vu = T .

By Lemma 4.3.1 it follows that T must be reachable from above. Let thus x /∈ T be
such that resA({x}) ⊆ T . We need to show that we are in case (ii), i.e. x /∈ ⋃

Vu∈FNA
A
Vu

and Vx ⊆ T . To prove that x /∈ ⋃
Vu∈FNA

A
Vu, suppose for a contradiction that there

exists a Vũ ∈ FNA
A such that x ∈ Vũ, and thus resA({x}) ⊆ Vũ. There are two possible

cases. If Vũ ⊆ T then x ∈ T , which is a contradiction. Otherwise, if Vũ ⊈ T , it must
be Vũ ∩ T = ∅, because by Lemma 4.3.11 the elements of FNA

A are disjoint; it thus
follows that resA({x̃})∩ T = ∅, which is again a contradiction. Thus x /∈ ⋃

Vu∈FNA
A
Vu

and resA({x̃}) ⊆ ⋃
u∈CT

Vu ⊆
⋃

V∈FNA
A
V ; by the minimality of Vx, we finally obtain

V x̃ ⊆ ⋃
u∈CT

Vu = T .

Given any additive RS A, let FA
A := {Vu ∈ FA | Vu attractor} ∪ {Vx | x /∈ ∪V∈FNA

A
V}.

By Proposition 4.3.14, any fixed point attractor of A contains at least an element from
FA
A. Since the latter can be computed in polynomial time, we obtain the following

corollaries.

Corollary 4.3.15. Given A ∈ RS(1, 0), it is in P to decide if there exists a fixed point which
is not an attractor.

Proof. We just need to check whether FA
A ̸= ∅.

Corollary 4.3.16. Given A,B ∈ RS(1, 0) with a common background set S, it is in P to
decide whether A and B have a common fixed point attractor.
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Proof. For every pair V ∈ FA
A and W ∈ FA

B we can check in polynomial time, using
Algorithm 1, if there exists a common fixed point attractor containing V and W.

Corollary 4.3.17. Given A,B ∈ RS(1, 0) with a common background set S, it is in P to
decide whether A and B share all fixed points attractors.

Proof. For all fixed points attractors to be shared, it must hold FA
A = FA

B; and further-
more, since adding any fixed point (be it attractor or not) to a fixed point attractor
results in a fixed point attractor, it must also hold FNA

A = FNA
B . Both these conditions

can be checked in polynomial time.

From the proof of Corollary 4.3.17 and Corollario 4.2.4, we finally obtain the fol-
lowing result.

Corollary 4.3.18. Given A,B ∈ RS(1, 0) with a common background set S, if they share all
fixed point attractors then they share all fixed points.

4.4 conclusions

We have considered all the problems related to fixed points and attractors that were
studied in Chapter 3 for unconstrained, reactantless and inhibitorless RSs, and we
have fully determined their computational complexity in the context of additive RSs.
In doing so, we have provided several reductions from these problems to problems
on a polynomially computable graph representation of RSs that might be useful
in the future for investigating other problems related to RSs. Furthermore, since
additive RSs are equivalent to the so-called Disjunctive Boolean Networks [132], the
results and techniques of this chapter can be applied in the framework of Boolean
Networks.





5
C Y C L E S A N D G L O B A L AT T R A C T O R S O F R E A C TA N T L E S S A N D
I N H I B I T O R L E S S R E A C T I O N S Y S T E M S

In this chapter, we study the computational complexity of deciding on the existence
of fixed points and cycles that are also global attractors (i.e. they can be reached
from every other state) in inhibitorless and reactantless RSs. All these problems were
shown to be PSPACE-complete in unconstrained RSs [124]. We demonstrate that
in the absence of reactants or inhibitors, some particular dynamical behaviours can
not be obtained, e.g. a global cycle attractor of length greater than 2. Nevertheless,
some problems remain PSPACE-complete in both the resource-bounded classes, e.g.
deciding whether a given state is part of a cycle. The main contributions of this
chapter are summarized in Table 7.

Problem RS(∞,∞) RS(0,∞) RS(∞, 0)

A given state is a global attractor PSPACE-c [124] P (Cor. 5.3.3) P (Cor. 5.1.3)

∃ global fixed point attractor PSPACE-c [124] P (Cor. 5.3.4) P (Cor. 5.1.4)

∃ global cycle attractor
of length at least k

k = 2 PSPACE-c [101] PSPACE-c (Thm. 5.3.6) ∄ (Lemma 5.1.5)

k > 2 PSPACE-c [101] ∄ (Pro. 5.3.5) ∄ (Lemma 5.1.5)

A given state is part of a cycle PSPACE-c [124] PSPACE-c (Cor. 5.4.3) PSPACE-c (Thm. 5.2.7)

∃ common cycle PSPACE-c [124] PSPACE-c (Thm. 5.4.4) PSPACE-c (Thm. 5.2.9)

sharing all cycles PSPACE-c [124] PSPACE-c (Thm. 5.4.4) PSPACE-c (Thm. 5.2.8)

Table 7. Computational complexity of the problems studied in this chapter for different
classes of RSs. PSPACE-c is a shorthand for PSPACE-complete. RS(∞,∞), RS(0,∞)

and RS(∞, 0) denote unconstrained, reactantless and inhibitorless RSs, respectively
(see Definition 2.1.1). Highligthed cells contain the results proved in this chapter.

Chapter organization. In Sections 5.1 and 5.3, we study the existence of a global
fixed-point attractor or a global cycle attractor in inhibitorless, resp. reactantless, RSs.
In Sections 5.2 and 5.4 we prove PSPACE-hardness for problems concerning cycles
in the class of inhibitorless, resp. reactantless, RSs. Finally, in Section 5.5 we discuss
the obtained results.

This chapter is based on the following publication: R. Ascone, G. Bernardini, L. Manzoni. Cycles and
global attractors of Reactantless and Inhibitorless Reaction Systems. In: Theoretical Computer Science,
2025, [23].
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5.1 global attractors of inhibitorless rss

In this section, we study the complexity of deciding the existence of a global fixed-
point attractor or a global cycle attractor in inhibitorless RSs.

5.1.1 Existence of a global fixed-point attractor

We begin with a simple observation that immediately follows from the definition of
global fixed-point attractors.

Observation 5.1.1. A RS with a global fixed-point attractor cannot have any other
fixed points or cycles.

In particular, Observation 5.1.1 implies that if a global fixed-point attractor exists, it
is unique. Proposition 5.1.1 characterizes global fixed-point attractors for monotone
functions.

Proposition 5.1.1. Let S be a finite set of n elements, f : 2S → 2S a monotone function and
T a fixed point for f consisting of t elements. Then, T is a global fixed-point attractor for f if
and only if ft(∅) = T = fn−t(S).

Proof. ⇒ Consider the sequence ∅ ⊊ f(∅) ⊊ · · · ⊊ fm(∅) = fm+1(∅): we have
|fm(∅)| ⩾ m. If it held fm(∅) ⊊ T , a fixed point would exist different from T ,
and therefore, T would not be a global attractor by Observation 5.1.1. Thus it
must be fm(∅) = T ; since t = |T | = |fm(∅)| ⩾ m, from the monotonicity of f
we derive the following facts:

∅ ⊆ ft−m(∅)⇒ fm(∅) ⊆ ft(∅);

∅ ⊆ T ⇒ ft(∅) ⊆ ft(T).

Collecting all together, we obtain T = fm(∅) ⊆ ft(∅) ⊆ ft(T) = T , implying
that ft(∅) = T . Consider now the sequence S ⊋ f(S) ⊋ · · · ⊋ fk(S) = fk+1(S):
we have |fk(S)| ⩽ n− k. If it held fk(S) ⊋ T , then there would exist a fixed
point different from T , and therefore, T would not be a global attractor by
Observation 5.1.1. We obtain that fk(S) = T ; since t = |T | = |fk(S)| ⩽ n− k,
from the monotonicity of f we derive the following facts:

S ⊇ fn−k−t(S)⇒ fk(S) ⊇ fn−t(S);

S ⊇ T ⇒ fn−t(S) ⊇ fn−t(T).

Collecting all together, we obtain T = fk(S) ⊇ fn−t(S) ⊇ fn−t(T) = T , implying
in particular that fn−t(S) = T .

⇐ We need to prove that T = ft(∅) = fn−t(S) is a global attractor. Consider
any state ∅ ⊊ T ′ ⊊ S: by monotonicity, it holds that T = ft(∅) ⊆ ft(T ′) and
fn−t(T ′) ⊆ fn−t(S) = T . We divide two cases.

Case (i): t ⩽ n− t. Since T ⊆ ft(T ′), then it holds fn−2t(T) ⊆ fn−2t+t(T ′) ⇒
T ⊆ fn−t(T ′) ⊆ T , and therefore T ′ reaches T in at most n− t steps.

Case (ii): t > n− t. Since T ⊇ fn−t(T ′), then f2t−n(T) ⊇ f2t−n+n−t(T ′)⇒ T ⊇
ft(T ′) ⊇ T , therefore T ′ reaches T in at most t steps.
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Proposition 5.1.1 immediately gives a criterion for deciding the existence of a
global fixed-point attractor for monotone functions, formalised in Corollary 5.1.2.

Corollary 5.1.2. Given S a finite set of n elements, and f : 2S → 2S monotone, there exists
a global fixed-point attractor if and only if ft(∅) = fn−t(S) for some 0 ⩽ t ⩽ n.

Proposition 5.1.1 and Corollary 5.1.2 can be directly applied to inhibitorless RSs,
whose result functions are always monotone. We obtain the following results.

Corollary 5.1.3. Given a RS A = (S,A) ∈ RS(∞, 0) and a state T ⊆ S, deciding if T is a
global fixed-point attractor of A is in P.

Proof. Since resA is monotone [181], we can apply Proposition 5.1.1. Therefore, T
is a global attractor for A if and only if restA(∅) = T = resn−t

A (S) where t and n
are the cardinalities of T and S, respectively. For any state U ⊆ S, resA(U) can be
computed in polynomial time: it suffices to check which reactions are enabled in U
by intersecting their reactants and inhibitors with U, and then take the union of the
products of the enabled functions. To decide if T is a global attractor, we only need
to evaluate resA at most |S| times; thus, the problem is in P.

Corollary 5.1.4. Given a RS A = (S,A) ∈ RS(∞, 0), deciding on the existence of a global
fixed-point attractor for A is in P.

Proof. Since resA is monotone [181], we can apply Corollary 5.1.2: there exists a
global attractor for A if and only if restA(∅) = resn−t

A (S) for some 0 ⩽ t ⩽ n, where
n is the cardinality of S. We conclude as in Corollary 5.1.3.

5.1.2 Existence of a global cycle attractor

We start by giving a result that immediately follows from the Knaster-Tarski theo-
rem [139] and excludes the existence of a global cycle attractor of length greater than
one in the case of monotone functions. In particular, this implies that no global cycle
attractor of length k ⩾ 2 can exist in the dynamics of inhibitorless RSs, as their result
function is always monotone (see Table 3).

Lemma 5.1.5. Let f : 2S → 2S be a monotone function. Then no global k-cycle attractor
exists for any k ⩾ 2. Moreover, if U is a global attractor invariant set, then at least one of the
cycles in U is a fixed point.

Proof. By the Knaster-Tarki theorem, monotone functions always have a fixed point,
therefore a global k-cycle attractor cannot exist for k > 1 by Observation 5.1.1. For
the same reason, if U is a global attractor invariant set, then at least one of the cycles
in U is a fixed point.

The rest of this section provides results on the existence of global attractors con-
sisting of two fixed points for monotone functions (thus for inhibitorless RSs). These
results will be useful in Section 5.3 to prove the complexity of deciding on the exis-
tence of global cycle attractors in reactantless RSs. In Lemma 5.1.6, we prove that for
any monotone function, a global attractor consisting of two fixed points must have a
particular form.
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Lemma 5.1.6. Let f : 2S → 2S monotone and U = {T1, T2} a global attractor consisting of
two fixed points, then U = {fn(∅), fm(S)}, with n,m ⩾ 0 such that fn(∅) = fn+1(∅) and
fm(S) = fm+1(S).

Proof. Let n,m ⩾ 0 such that fn(∅) = fn+1(∅) and fm(S) = fm+1(S). By mono-
tonicity, fn(∅) ⊆ Ti ⊆ fm(S) for i = 1, 2. Suppose towards a contradiction that the
inclusions are both strict: then fn(∅) and fm(∅) would be fixed points that cannot
be attracted by U, a contradiction. We obtain the statement.

Lemma 5.1.6 implies that any global attractor consisting of two fixed points in a
RS A ∈ RS(∞, 0) must be of the form {resnA(∅), resmA (S)}. However, this character-
ization is not strong enough to give a polynomial time algorithm, and in Proposi-
tion 5.1.7 we prove that, in the special case where ∅ and S are fixed points, deciding
if {resnA(∅), resmA (S)} is a global attractor for A is coNP-hard. The proof extends an
idea from Theorem 3.4.3.

Proposition 5.1.7. Given A = (S,A) ∈ RS(∞, 0) such that ∅ and S are fixed points, it is
coNP-hard to decide if U = {∅,S} is a global attractor.

Proof. To show coNP-hardness, we reduce validity [214] to this problem. Given a
Boolean formula φ = φ1 ∨ · · ·∨φm in DNF over the variables V = {x1, . . . , xn}, let
V := {xj : xj ∈ V} and ♡S := {♡i : 1 ⩽ i ⩽ n}. We define pos(φr) ⊆ V the set
of variables that occur non-negated in φr and neg(φr) ⊆ V the set of variables that
occur negated inφr. We then define a RS A with background set S := V ∪V ∪♡S∪ {♢}
and reactions

(neg(φj)∪ pos(φj)∪♡S,∅, {♢}) for 1 ⩽ j ⩽ m (79)

({xi}∪♡S,∅, {♡i, xi}) for 1 ⩽ i ⩽ n (80)

({xi}∪♡S,∅, {♡i, xi}) for 1 ⩽ i ⩽ n (81)

({xi, xi}∪♡S,∅, {♢}) for 1 ⩽ i ⩽ n (82)

({♢}∪♡S,∅,S). (83)

Note that ∅ and S are fixed points; furthermore, any T ⊆ S, it falls in one of the
following cases:

1) ♡S ⊈ T . In this case, resA(T) = ∅, since no reaction is enabled;

2) ♢ ∈ T and ♡S ⊆ T . In this case, reaction (83) is enabled and thus resA(T) = S;

3) T is of the form Y ∪♡S, with Y ⊆ V ∪ V .

Thus ∅ is reached from any state that does not fully contain ♡S, and S from any
state containing both ♡S and ♢. Let us now focus on the states falling in case (3). For
any Y ⊆ V ∪ V , we define ♡Y := {♡i : xi ∈ Y ∨ xi ∈ Y} ⊆ ♡S. The following subcases
can happen:

3.1) ∃ i such that both xi, xi ∈ Y. In this case, the i-th reaction of Group (82) is
enabled by Y ∪ ♡S, thus ♢ ∈ resA(Y ∪ ♡S); if ♡S ⊆ resA(Y ∪ ♡S) or ♡S ⊈
resA(Y ∪♡S), then resA(Y ∪♡S) is either in case (1) or (2) above, implying that
res2A(Y ∪♡S) ∈ {S,∅}.
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3.2) ∃ i such that both xi, xi /∈ Y. Then ♡S ⊈ resA(Y ∪ ♡S) since none of the i-th
reactions in Groups (80), (81) are enabled, therefore, by case (1), res2(Y ∪♡S) =

∅.

3.3) xi ∈ Y ⇔ xi /∈ Y for every 1 ⩽ i ⩽ n. In this case, Y = X ∪ V \X for some
X ⊆ V , thus it encodes an assignment for φ where the variables in X are
assigned true value and the variables in V \ X are assigned value false. Note
that being φ in DNF, it is satisfied if and only if at least one φi is satisfied;
moreover, any clause φi, being a conjunction of variables, is satisfied if and
only if all of its negated variables are assigned value false and all of its non-
negated variables are assigned value true. Therefore, the assignment implied
by X∪V \X satisfies φ if and only if X∪V \X∪♡S enables one of the reactions
from the Group (79). Hence, if Y = X ∪ V \X satisfies φ then ♢ ∈ res(Y ∪♡S),
implying res2(Y ∪♡S) = S. If instead Y does not satisfy φ then res(Y ∪♡S) =

Y ∪♡S by reactions of Groups (80) and (81).

We conclude that {∅,S} is a global attractor for A if and only if all the assignments
satisfyφ, i.e.φ is a tautology. Since the mappingφ 7→ A is computable in polynomial
time, the problem is coNP-hard.

Note that the proof of Proposition 5.1.7 also implies that even the simpler problem
of deciding if ∅ and S are the only fixed points for A ∈ RS(∞, 0) is coNP-complete,
as shown in Corollary 5.1.8.

Corollary 5.1.8. Given A = (S,A) ∈ RS(∞, 0) such that ∅ and S are fixed points, it is
coNP-complete to decide if ∅ and S are the only fixed points.

Proof. The problem is in coNP because there exists a simple non-deterministic algo-
rithm which guesses a state T and then verifies in polynomial time that it is a fixed
point different from ∅ and S. The coNP-hardness follows from the same reduction
as Proposition 5.1.7.

Corollary 5.1.8 holds even in the general case, where the fixed points are different
from ∅ and S, as stated in Corollary 5.1.9.

Corollary 5.1.9. Let A = (S,A) ∈ RS(∞, 0) and ∅ ⊊ T1 ⊊ T2 ⊊ S be fixed points such
that T1 = resnA(∅) and T2 = resmA (S) for some integer n,m ⩾ 0. It is coNP-complete to
decide if T1 and T2 are the only fixed points.

Proof. Let A = (S,A) ∈ RS(∞, 0) such that ∅ and S are fixed points. We construct
B = (S ′,B) ∈ RS(∞, 0) where S ′ = S ∪ {♡,♠} and B = A ∪ {(∅,∅, {♡})}. Since
resA(∅) = ∅ and resA(S) = S, then resB({♡}) = {♡} and resB(S ∪ {♡}) = S ∪ {♡}.
Furthermore, ∅ and S are the only fixed points for A if and only if T1 and T2 are the
only fixed points for B with T1 = {♡} = resB(∅), T2 = S ′ \ {♠} = resB(S ′).

In Section 5.2 (Theorem 5.2.4), we will prove that the problem of deciding if {∅,S}
is a global attractor is indeed PSPACE-complete.
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5.2 cycles of inhibitorless rss

In this section, we prove PSPACE-hardness for problems concerning cycles in the
class of inhibitorless RSs.

Remark 5.2.1. Most of the problems studied in this article were proven to be in
PSPACE [124] for the general class of all RSs RS(∞,∞), as explained in Section 2.2.
In the following, we will thus only focus on the completeness of such problems.

Let M be any single-tape deterministic Turing machine using m tape cells during
its computation; let Σ be the tape alphabet, Q the set of states, and δ : Q× Σ →
Q×Σ× {−1, 0,+1} the transition function of M. Following the work in [100], we will
define a RS M = (S,A) ∈ RS(∞, 0) simulating M.
Entities. The set of entities of M is

S := SΣ ∪♡Σ ∪ SQ ∪ {♢Q}∪ {♠j : 1 ⩽ j ⩽ m}

where ♡Σ := {♡j
Σ : 1 ⩽ j ⩽ m}, SΣ := {aj : a ∈ Σ, 1 ⩽ j ⩽ m} and SQ := {qj : q ∈

Q, 1 ⩽ j ⩽ m}. The entities have the following meanings:

aj : the symbol a ∈ Σ is written on cell j;

♡j
Σ : an alphabet symbol is written on cell j;

qj : the current state is q ∈ Q and the head is on cell j;

♠j : the head is not located on cell j;

♢Q : a state symbol is present in the configuration.

In this way, the generic configuration where M is in state q ∈ Q, the tape head is
on cell i, and the tape contains the string x = x1 · · · xm, is encoded as the following
state, where (xj)j denotes that the symbol xj on cell j:

T = {(xj)j : 1 ⩽ j ⩽ m}∪♡Σ ∪ {qi,♢Q}∪ {♠j : 1 ⩽ j ⩽ m, j ̸= i}. (84)

We call a state of this form valid, in contrast to invalid states that do not encode a
configuration of M. This construction differs from the one proposed in [100] by the
symbols ♡Σ ∪ {♢Q}, which will be used to control the dynamics of M when the RS
is in an invalid state.
Example. Consider a Turing machineMworking in spacem = 4 and the configuration
where M is in state q, the tape head is located on cell 3, and the tape contains the
string abba. The state of the RS M that encodes such a configuration of M is then
T = {a1,♡1

Σ,b2,♡2
Σ,b3,♡3

Σ,a4,♡4
Σ,♠1,♠2,q3,♢Q,♠4}.

Reactions. Let us denote ♡ := ♡Σ ∪ {♢Q} and ♠ := {♠j : 1 ⩽ j ⩽ m}. Each transition
δ(q,a) = (q ′,a ′,d) of M, with q,q ′ ∈ Q, a,a ′ ∈ Σ, and d ∈ {−1, 0,+1}, is encoded
by the following two sets of reactions:

({qi,ai}∪♡,∅, {q ′
i+d,a ′

i,♡i
Σ,♢Q}) for 1 ⩽ i ⩽ m (85)

({qi,ai}∪♡,∅, {♠j : 1 ⩽ j ⩽ m, j ̸= i+ d}) for 1 ⩽ i ⩽ m. (86)
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If the tape head of M is on cell i, then the i-th reaction from Group (85) produces
the entity encoding the new state q ′ and the new tape head position i+ d of M, the
symbol written on cell i and the flag symbols ♡i

Σ,♢Q; and the i-th reaction from
Group (86) produces the symbols ♠j for all tape positions different from the new
head position i+ d, encoding that the head is not on those cells after the transition.
Furthermore, the following reactions preserve the encoding of the tape cells where
the head is not located, which are precisely those for which ♠j has been produced
before:

({♠i,ai}∪♡,∅, {ai,♡i
Σ}) for 1 ⩽ i ⩽ m. (87)

Note that the reactions in Groups (85), (86), (87) are the same as in [100, Section 3]
with the addition of flag symbols. We now add novel reactions, whose role is to send
invalid states to S, whenever multiple alphabetic symbols referring to the same tape
cell or multiple state symbols are present simultaneously:

({ai,bi}∪♡,∅,S) ∀a,b ∈ Σ for 1 ⩽ i ⩽ m (88)

({qi, rj}∪♡,∅,S) ∀q, r ∈ Q for 1 ⩽ i, j ⩽ m. (89)

Furthermore, S must be reached whenever a state symbol qi is present at the same
time as the symbol ♠i because this would indicate that the tape head is not on the
cell the state it corresponds to:

({qi,♠i}∪♡,∅,S) ∀q ∈ Q for 1 ⩽ i ⩽ m. (90)

Finally, we remark that ∅ and S are fixed points; moreover, if T is valid then resM(T)

is also valid and encodes the next configuration ofM. Let us now study the dynamics
of invalid states and start with the following useful remark.

Remark 5.2.2. The set of reactants of all reactions fully contains the set ♡; this en-
sures that resM(T) = ∅ for any state T such that

T ∩♡Σ ⊊ ♡Σ ∨ ♢Q /∈ T .

Lemma 5.2.1. If T ⊆ S is an invalid state, then T reaches either ∅ or S.

Proof. Let T ⊊ S be a general state such that ♡ ⊆ T , otherwise by Remark 5.2.2 we
have the thesis. We denote

TΣ := SΣ ∩ T , TQ := SQ ∩ T , T♠ := ♠∩ T ,

thus we can write T = ♡∪ TΣ ∪ TQ ∪ T♠.
If T is valid, by Equation (84) it must be TQ = {qk} for some q ∈ Q and 1 ⩽ k ⩽ m,

thus |TQ| = 1. Whenever |TQ| > 1, then a reaction of type (89) is enabled, therefore it
would be resM(T) = S; and whenever TQ = ∅ then no reaction of type (85) is enabled,
thus either (i) resM(T) = S if some reactions from Group (88) are enabled or (ii)
♢Q /∈ resM(T), implying by Remark 5.2.2 that res2M(T) = ∅. Thus, in the rest of the
proof we only consider invalid states such that TQ = {qk}. In the case where ♠k ∈ T♠,
then the k-th reaction from Group (90) is enabled, implying resM(T) = S; and if
T♠ ⊊ ♠ \ {♠k}, then there exists ♠l ∈ ♠ \ (T♠ ∪ {♠k}), thus the l-th reaction of Group
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(87) is not enabled and ♡l
Σ /∈ resM(T) (if no reactions of Group (88) are enabled,

otherwise resM(T) = S), implying by Remark 5.2.2 that res2M(T) = ∅. Thus, we
restrict the rest of the proof to invalid states such that TQ = {qk} and T♠ = ♠ \ {♠k}.
Let us focus on TΣ. We divide two cases in which T would not be valid:

1 . if there exists i such that ai,bi ∈ TΣ for some a,b ∈ Σ, the i-th reaction in (88) is
enabled, thus resM(T) = S;

2 . if there exists i such that ai /∈ TΣ for all a ∈ Σ, then:

2a . if i = k, no reaction of type (85) is enabled, thus ♡k
Σ /∈ resM(T);

2b . if i ̸= k, no reaction of type (87) is enabled, thus ♡i
Σ /∈ resM(T);

therefore in both cases res2M(T) = ∅.

The only remaining case is when for all 1 ⩽ i ⩽ m there exists a unique a ∈ Σ such
that ai ∈ TΣ; but since we restricted to the case where TQ = {qk} and T♠ = ♠ \ {♠k},
this implies that T is a valid state. We have proved that if T is not a valid state the
orbit starting from T reaches ∅ or S.

We are ready to prove Theorem 5.2.2 and Lemma 5.2.3, which are analogous to
Lemma 1 and Theorem 1 from [124] for inhibitorless RS.

Theorem 5.2.2. Let M be a single-tape Turing machine with input a string x over Σ and a
unary1 integer m ⩾ |x|. Then, there exist an inhibitorless RS M = (S,A) ∈ RS(∞, 0) and
a state X ⊆ S such that M reaches its final state q(f) in t steps on input x using at most m
tape cells if and only if restM(X) = S.

Proof. We modify the construction of the proof of Lemma 5.2.1 so as to be able to
detect when M exceeds m tape cells. To this aim, we augment SQ with {q0,qm+1 :

q ∈ Q}. In this way, whenever one of these elements is generated by a reaction from
Group (85) (thus the head of the machine exceeded the array of m cells it is using
for the computation), at the next step in M no reaction from Group (85) is enabled.
This implies that ♢Q is not generated and by Remark 5.2.2 we reach ∅. We also add
a further group of reactions to ensure that if the computation on the Turing machine
stops in the final state q(f), in the RS we reach S:

(q
(f)
i ,∅,S) for 1 ⩽ i ⩽ m. (91)

Let TI be the valid state that encodes the initial configuration of M with input x.
Taking X = TI we have the thesis.

The following lemma will be crucial to prove the next results. Fixed k ⩾ 1 an
integer, it shows how to construct an inhibitorless RS with a cycle of length Ω(2k)

using only a polynomial (in k) number of reactions and entities.

Lemma 5.2.3. Given any integer k ⩾ 1, there exists an inhibitorless reaction system Ck =

(Sk,Ak) ∈ RS(∞, 0) with |Sk| = O(k) such that any state either reaches a cycle of length
Ω(2k) or is attracted by ∅ and S.

1 That is, an integer represented in base 1 rather than in base 2, thus encoded by m 1-bits instead of
log2m 0/1 bits.
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Proof. Let C = ({w, r}, {0, 1,▷}, δ) be the deterministic Turing machine given by the
following transition function:

δ(w, 1) = (w, 0,→) (92)

δ(w, 0) = (r, 1,←) (93)

δ(w,▷) = (r,▷,−) (94)

δ(r, 1) = (r, 1,←) (95)

δ(r, 0) = (r, 0,←) (96)

δ(r,▷) = (w,▷,→). (97)

We defined the transition function as δ : Q×Σ→ Q×Σ× {←,−,→}, with the clear
identification of the set {←,−,→} with the set {−1, 0,+1}.

The machine C implements a counter that, for any given input integer k, incre-
ments a binary number with k digits one by one, starting from 0 and stopping when
it exceeds 2k− 1. The binary number is stored in the k cells to the right of the symbol
▷ in reverse order, that is, the least significant digit is on the right. For instance, the
string ▷10100 represents the number 5; ▷01100 the number 6. In this process, when
C reaches the configuration with k ones on the tape (i.e. the counter hits 2k − 1), it
writes 0 in the k cells after ▷ and stops when it reads a white space in the (k+ 1)-th
cell2.

Given C and a fixed integer k, we construct an inhibitorless RS Ck ∈ RS(∞, 0) that
simulates C over k tape cells to the right of the symbol ▷. We define Sk as

Sk := SΣ ∪♡∪ SQ ∪ {♠j : 0 ⩽ j ⩽ k}∪ {⟲}

where SΣ := {0j, 1j : 1 ⩽ j ⩽ k} ∪ {▷0}, SQ := {wj, rj : 0 ⩽ j ⩽ k}, ♡Σ := {♡j
Σ : 0 ⩽ j ⩽

k}, and ♡ := ♡Σ ∪ {♢Q}. Thus |Sk| = 6k+ 7 = O(k). The initial configuration of C is
represented by the following state in Ck:

TI = {▷0, 01, . . . , 0k}∪♡Σ ∪ {r0,♢Q}∪ {♠i : 1 ⩽ i ⩽ k}.

To define the reactions of Ck, consider the groups of reactions constructed at the
beginning of Section 5.2. To encode Rules (93), (95), (96), we add to Ck the corre-
sponding Groups of reactions (85), (86). Furthermore, since we want to force the
symbol ▷ to be always at the first cell of the tape, to encode Rules (94) and (97) we
use the following reactions:

({w0,▷0}∪♡,∅, {r0,▷0,♡0
Σ,♢Q})

({w0,▷0}∪♡,∅, {♠j : 1 ⩽ j ⩽ m})

({r0,▷0}∪♡,∅, {w1,▷0,♡0
Σ,♢Q})

({r0,▷0}∪♡,∅, {♠0,♠j : 2 ⩽ j ⩽ m}).

We must also control the dynamics of Ck whenever C overflows: we thus need to
construct a reaction specific to when we are at position i = k with input symbol 1

2 To visualize a similar counter, in which the binary number is stored to the left of some flag
symbol without being reversed, visit https://ideonexus.github.io/Explorable-Explanations/math/
binarycountingmachine/.

https://ideonexus.github.io/Explorable-Explanations/math/binarycountingmachine/
https://ideonexus.github.io/Explorable-Explanations/math/binarycountingmachine/
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and state w, i.e. exactly one step before overflowing. Hence to encode Rule (92) we
construct the following reactions:

({wi, 1i}∪♡,∅, {wi+1, 0i,♡i
Σ,♢Q}) for 1 ⩽ i < k (98)

({wi, 1i}∪♡,∅, {♠j : 1 ⩽ j ⩽ k, j ̸= i+ 1}) for 1 ⩽ i < k (99)

({wk, 1k}∪♡,∅, {⟲, 0k,♡k
Σ}∪♠) (100)

({⟲}∪♡Σ,∅, TI). (101)

We also add the group of reactions (87) to preserve the tape. Recall that if T is a
valid state then resCk

(T) encodes the next configuration of C. Because the reaction
(100) generates the symbol ⟲ instead of ♢Q and the reaction (101) produces the
initial configuration TI, the states {resmCk

(TI) : m ∈N} form a cycle. The length of the
cycle is Ω(2k) because for each binary number x1 · · · xk from 0 to 2k − 1 we reach a
configuration of the type

{▷0, (x1)1, . . . , (xk)k}∪♡Σ ∪ {r0,♢Q}∪ {♠i : 1 ⩽ i ⩽ k}. (102)

Remark that the way we defined the reactions guarantees that a valid state always
contains ▷0.

Claim 4. Any valid state T always reaches the cycle starting from TI.

Proof. If T encodes a configuration with state w, the computation either overflows
or reaches a configuration with state r; whenever the state is r, the computation
always goes back to ▷ preserving the tape, thus reaches a configuration of the type
(102). ■

Finally, to control invalid states, we add the following reactions (which are never
enabled by valid states) that are analogous to the reactions (88), (89), (90):

({ai,bi}∪♡,∅,Sk) ∀a,b ∈ {0, 1,▷} for 0 ⩽ i ⩽ k (103)

({qi,q ′
j}∪♡,∅,Sk) ∀q,q ′ ∈ {w, r} for 0 ⩽ i, j ⩽ k (104)

({qi,♠i}∪♡,∅,Sk) ∀q ∈ {w, r} for 0 ⩽ i ⩽ k (105)

({qi,⟲}∪♡,∅,Sk) ∀q ∈ {w, r} for 0 ⩽ i ⩽ k (106)

where in Group (106) we treat ⟲ as a state of C.

Claim 5. Any invalid state reaches either ∅, Sk or TI.

Proof. Let T ⊆ Sk be any invalid state of Ck. If T ∩ ♡Σ ⊊ ♡Σ then no reaction is
enabled, so we get resCk

(T) = ∅. Analogously to the proof of Lemma 5.2.1, we study
what happens for T = ♡Σ ∪ TΣ ∪ TQ ∪ T♠ ∪ T♢Q

, where T♢Q
= T ∩ {♢Q} and TQ = T ∩

(Q∪ {⟲}). Consider the case where T♢Q
= ∅. In this case, no reaction can be enabled,

except for (101): if T enables (101) we have resCk
(T) = TI, otherwise resCk

(T) = ∅.
Now consider the case where T♢Q

= {♢Q}, therefore T = ♡∪ TΣ ∪ TQ ∪ T♠. If |TQ| > 1

then resCk
(T) = Sk, thus we divide into three cases.

• If TQ = ∅, if a reaction of Group (103) is enabled then resCk
(T) = Sk, otherwise

(SQ ∪♠)∩ resCk
(T) = ∅, since no reactions from Groups (85), (86) are enabled.

Therefore, resCk
(T) could only enable reactions of Group (103); we conclude

that either res2Ck
(T) = ∅ or resCk

(T) = Sk.
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• If TQ = {qk} for some k, then we proceed similarly to the proof of Lemma 5.2.1.

• If TQ = {⟲}, then resCk
(T) = TI ∪ resCk

(♡∪ TΣ ∪ T♠). If a reaction from Group
(103) is enabled by ♡ ∪ TΣ ∪ T♠ then resCk

(T) = Sk. So suppose that none
of them is enabled, then only reactions from Group (87) are enabled, thus
resCk

(♡ ∪ TΣ ∪ T♠) ⊆ ♡Σ ∪ SΣ. If resCk
(♡ ∪ TΣ ∪ T♠) ∩ SΣ ⊈ TI, then at the

next step one reaction of Group (103) is enabled. We conclude that in this case
we either reach TI or Sk. ■

The thesis follows.

We are now ready to prove the hardness of the problems in Table 7. From
Lemma 5.1.6, we know that for A ∈ RS(∞, 0) a global attractor given by two fixed
points must be of the form U = {resnA(∅), resmA (S)} for some integer n,m ⩾ 0; we
prove that determining if one such U is a global attractor is PSPACE-complete. We
start by proving in Theorem 5.2.4 that already determining whether the special case
U = {∅,S} is a global attractor is PSPACE-complete.

Theorem 5.2.4. Given A = (S,A) ∈ RS(∞, 0) such that ∅ and S are fixed points, it is
PSPACE-complete to decide if {∅,S} is a global attractor.

Proof. We prove the hardness of the problem by a reduction from the following
PSPACE-complete problem: given a deterministic Turing machine M, a string x

and a unary integer m, does M accept x without using more than m tape cells?
Let M = (Q,Σ, δ) be a single-tape deterministic Turing machine with input x and
a unary integer m ⩾ |x|. We construct a RS M = (SM,AM) ∈ RS(∞, 0) using The-
orem 5.2.2. Let k be an integer such that m · |Q| · |Σ|m ⩽ 2k and construct a RS
C = Ck = (SC,AC) ∈ RS(∞, 0) as in Lemma 5.2.3. Let SM be the background set of
M and SC be the background set of C, such that SM ∩ SC = ∅. The entities in SM
(resp. SC) and the states over M (resp. C) will be denoted with TM (resp. TC). Let
A = (S,A) ∈ RS(∞, 0) such that S = SC ∪ SM and A = A ′

C ∪A ′
M where A ′

C is the
set of reactions AC from Lemma 5.2.3 (replacing Sk by S in reactions (103), (104),
(106)) and A ′

M is the set of reactions AM from Theorem 5.2.2 modified as follows:
the entity ♢C

Q ∈ SC is added to the reactants of all reactions and SM is replaced by
S in reactions (88), (89), (90), (91). Furthermore, we replace the reaction (101) of A ′

C

with the following reaction

({⟲C}∪♡C
Σ,∅, TCI ∪ TMI ) (107)

where the state TMI represents the initial configuration of M. In this way, whenever
the counter overflows, implying that ♢C

Q does not appear and ⟲C is generated, none
of the reactions of M is enabled, thus reaction (107) resets C and M to the initial state.

We now study the dynamics of A. We will denote by resC(T) (resp. resM(T)) the
result function of A restricted to A ′

C (resp. to A ′
M). Let T = TC ∪ TM ⊆ S given by the

union of two valid states of C and M. Since the background sets of the two reaction
systems are disjunct, we have that resA(TC ∪ TM) = resC(TC) ∪ resM(TM). Recall
that by Claim 4, there exists t ∈ N such that restC(T

C) = TCI . If the computation of
M starting from the configuration TM halts, then we reach the state S; otherwise, if
M does not halt or uses more than m tape cells (thus TM reaches ∅), the counter
overflows and both M and C are reset to the initial state TCI ∪ TMI . Finally, since
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the counter resets after that all possible configurations over m cells of M have been
possibly reached, we have that TCI ∪ TMI is part of a cycle if and only if M does not
halt or uses more than m cells; furthermore, TCI ∪ TMI reaches S if and only if M halts
with input x using at most m tape cells. If we can prove that, whenever we have
an invalid configuration of C or M, the state reaches ∅,S or TCI ∪ TMI , we obtain the
thesis.

Now suppose that TM is an invalid state for M, then TM either reaches ∅ or S. In
the former case, the dynamics is completely controlled by TC, thus either we reach
∅ or S, or we enter in the loop of TCI , thus everything is reset to TCI ∪ TMI . We must
study the case where TM is a valid state but TC is invalid. In this case, if TC reaches S
then TC ∪ TM reaches S; if TC reaches TCI then either TM carries on the computation
until the counter overflows or TM reaches the final state; if TC reaches ∅, then ♢C

Q is
no longer present, implying that the computation of TM stops and TM ∪ TC reaches
∅.

We conclude that M accepts x using less than m tape cells if and only if {∅,S} is
a global attractor for A. Since the map (M, x, 1m) 7→ A is computable in polynomial
time by the constructions of Lemma 5.2.3 and Theorem 5.2.2, we have that deciding
if {∅,S} is a global attractor for an inhibitorless reaction system is PSPACE-hard.

The following two corollaries can be derived from Theorem 5.2.4.

Corollary 5.2.5. Let A = (S,A) ∈ RS(∞, 0) and ∅ ⊊ T1 ⊊ T2 ⊊ S be fixed points such
that T1 = resnA(∅) and T2 = resmA (S) for some integer n,m ⩾ 0. It is PSPACE-complete
to decide if {T1, T2} is a global attractor.

Proof. Given A = (S,A) ∈ RS(∞, 0) such that ∅ and S are fixed points, we can
construct B = (S ′,B) ∈ RS(∞, 0) as done in Corollary 5.1.9. It follows that {∅,S} is a
global attractor for A if and only if {resB(∅), resB(S ′)} is a global attractor for B.

Corollary 5.2.6. Given A = (S,A) ∈ RS(∞, 0), deciding if there exists a global attractor
given by two fixed points is PSPACE-complete.

Proof. Let A = (S,A) ∈ RS(∞, 0) such that ∅ and S are fixed points. If A has a global
attractor given by two fixed points, it must be {∅,S}, as if we have a global attractor,
all the fixed points and cycles must belong to it; see Observation 5.1.1. Therefore,
A has a global attractor given by two fixed points if and only if {∅,S} is a global
attractor. Since the former problem is PSPACE-complete by Theorem 5.2.4, we have
the thesis.

We now move on to prove that the problems of deciding whether (i) a given state is
part of a cycle, (ii) two RSs have the same set of cycles, and (iii) two RSs have at least
one cycle in common are all PSPACE-complete when restricted to inhibitorless RSs.
These results, respectively stated in Theorems 5.2.7, 5.2.8 and 5.2.9, are all almost
straightforward implications of Theorem 5.2.4.

Theorem 5.2.7. Given A = (S,A) ∈ RS(∞, 0) and a state T ⊆ S, it is PSPACE-complete
to decide whether T is part of a cycle.

Proof. We reduce from the same PSPACE-complete problem we used in the proof
of Theorem 5.2.4: given a deterministic Turing machine M, a string x and a unary
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integerm, doesM accept xwithout using more thanm tape cells? By constructing in
polynomial time a RS A as in the proof of Theorem 5.2.4 and choosing T = TCI ∪ TMI ,
we find that T belongs to a cycle if and only if M does not halt or uses more than m
cells.

Theorem 5.2.8. Given A,B ∈ RS(∞, 0) over the same background set S, it is PSPACE-
complete to decide whether they share all their cycles.

Proof. We reduce again from the PSPACE-complete problem of deciding, given a
deterministic Turing machine M, a string x and a unary integer m, if M accepts x
without using more than m tape cells. Following the reduction of Theorem 5.2.4, we
construct the map (M, x, 1m) 7→ (A,B), where B has (S,∅,S) as its only reaction. In
this way A and B share all cycles if and only if the only fixed points of A are ∅ and
S, and this happens if and only if M accepts x using at most m tape cells.

Theorem 5.2.9. Given A,B ∈ RS(∞, 0) over the same background set S, it is PSPACE-
complete to decide whether they share a common cycle.

Proof. Once again, we reduce from the PSPACE-complete problem of deciding,
given a deterministic Turing machine M, a string x and a unary integer m, if M
accepts x without using more than m tape cells. Let M = (Q,Σ, δ) be a single-
tape deterministic Turing machine with input x and a unary integer m ⩾ |x|. We
construct a RS A = (S,A) ∈ RS(∞, 0) as in Theorem 5.2.4. We add to the back-
ground set of A a new symbol ♣ /∈ S. Let B = (S ∪ {♣},B) ∈ RS(∞, 0), where
B = A ∪ {(S,∅,S ∪ {♣}), (∅,∅,♡C

Σ ∪♡M
Σ )}. In this way, ∅ and S are fixed points of A

but not of B. Recall that A has a cycle given by valid states different from ∅ and S if
and only if M halts for x within m tape cells. Since A and B coincide on valid states,
we deduce that A and B share a common cycle if and only if M with input x halts
within m tape cells.

5.3 global attractors of reactantless rss

5.3.1 Existence of a global fixed-point attractor

We begin this section by characterizing global fixed-point attractors when the func-
tion is antitone. Corollary 5.3.2, analogously to Corollary 5.1.2 for the monotone case,
will then provide a criterion to decide the existence of a global fixed-point attractor
for antitone functions in polynomial time.

Proposition 5.3.1. Let S be a finite set, f : 2S → 2S antitone and T a fixed point for f. Then,
T is a global fixed-point attractor for f if and only if T is a global fixed-point attractor for f2.

Proof. ⇒ Since T is a fixed point for f, it is also a fixed point for f2. We need to
prove that T is a global attractor for f2, but since for every state T ′ ⊆ S there
exists t ∈N such that ft(T ′) = T , then (f2)t(T ′) = f2t(T ′) = f2(T) = T .

⇐ Consider T a global fixed-point attractor for f2. Then it must hold that f(T) =
T , as otherwise, f(T) ̸= T would imply that f2(f(T)) = f(T) and thus f(T)
would be a fixed point for f2 different from T , which is a contradiction by
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Observation 5.1.1. f(T) = T implies that T is also a global fixed-point attractor
for f, because for every T ′ ⊆ S, T ′ reaches T in t steps through f2, thus T ′

reaches T in 2t steps through f.

Corollary 5.3.2. Given S a finite set and f : 2S → 2S antitone, a global fixed-point attractor
for f exists if and only if there exists a global fixed-point attractor for f2.

Proposition 5.3.1 and Corollary 5.3.2 can be applied straightforwardly to result
functions of reactantless RSs, leading to the following two results.

Corollary 5.3.3. Given a RS A = (S,A) ∈ RS(0,∞) and a state T ⊆ S, deciding if T is a
global fixed-point attractor of A is in P.

Proof. Since resA is antitone [181], Proposition 5.3.1 applies. Therefore, T is a global
attractor for A if and only if T is a global fixed-point attractor for res2A. Since res2A is
monotone, we can proceed as in the proof of Corollary 5.1.3, and decide whether T
is a global attractor simply by evaluating resA at most 2|S| times.

Corollary 5.3.4. Given a RS A = (S,A) ∈ RS(0,∞), deciding whether there exists a global
fixed-point attractor of A is in P.

Proof. Since resA is antitone [181], Corollary 5.3.2 applies, which implies that there
exists a global fixed-point attractor for resA if and only if there exists a global fixed-
point attractor for res2A. We conclude as in Corollary 5.3.3.

5.3.2 Existence of a global cycle attractor

We begin this section by showing, in Proposition 5.3.5, that a global k-cycle attractor
cannot exist for any antitone function for any k > 2: see also Example 5.3.1.

Proposition 5.3.5. Let U be a global cycle attractor for an antitone function f : 2S → 2S,
then there exists T ⊆ S such that either U = {T } or U = {T , f(T)}.

Proof. Let f2(U) := {f2(U) : U ∈ U}; this is a global attractor invariant set for f2.
Suppose U is a (2k+ 1)-cycle for some k ⩾ 0: then f2(U) is also a (2k+ 1)-cycle. Since
by Lemma 5.1.5 every global attractor invariant set for a monotone function must
contain a fixed point, and since f being antitone implies f2 being monotone, it must
be k = 0, and thus U = f2(U) = {T } must be a global fixed-point attractor for f2.
Suppose now U is a (2k)-cycle for some k ⩾ 1: then f2(U) consists of two k-cycles.
Since one of the two cycles must be a fixed point by Lemma 5.1.5, it must be k = 1

and thus U = {T , f(T)} for some T ⊆ S.

Example 5.3.1. Let S = {a,b} and f : 2S → 2S given by:

f(∅) = {a,b}; f({a}) = ∅; f({b}) = {a}; f({a,b}) = ∅.

f is clearly antitone and in the dynamics, we have a global 2-cycle attractor {∅,S}: see
Figure 17a. Consider now f2 : 2S → 2S, given by

f2(∅) = ∅; f2({a}) = {a,b}; f2({b}) = ∅; f2({a,b}) = {a,b}.

f2 has a global attractor consisting of two fixed points; see Figure 17b. ⌟
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{b} {a}

∅ {a,b}

(a) A global 2-cycle attractor.

{b} {a}

∅ {a,b}

(b) A global attractor consisting of two fixed
points.

Figure 17. Representation of the dynamics of Example 5.3.1.

From the proof of Proposition 5.3.5, we deduce that an antitone function f : 2S →
2S has a global 2-cycle attractor if and only if f2 : 2S → 2S has a global attractor
consisting of two fixed points.

The rest of this section is devoted to proving that deciding whether a reactant-
less RS has a global 2-cycle attractor reduces to the problem of Theorem 5.2.4 for
inhibitorless RSs, and it is, therefore, PSPACE-complete as well. We begin with an
example illustrating the workings of the reduction we later provide in Theorem 5.3.6.

Example 5.3.2. Let S = {a,b} and A = (S,A) an inhibitorless RS where A =

{({a},∅, {a,b})}. As already seen in Example 5.3.1, in the dynamics of A there are
two fixed points that form together a global attractor:

{b} {a}

∅ {a,b}

as in the dynamics of Figure 17b. We want to construct a reactantless RS that can
reproduce the dynamics of A for states ∅ ⊊ T ⊊ S and transform the global attractor
of A, consisting of two fixed points, into a global 2-cycle attractor. We thus construct
B = (S ′,B) where S ′ = {a,b,♡,♠} and B is given by the following reactions:

(∅, {a,♡}, {a,♡})
(∅, {b,♡}, {b,♡})
(∅, {a,♠}, {a,b,♠})
(∅, {a,b,♡}, {a,b,♡,♠})
(∅, {a,b,♠}, {a,b,♡,♠})
(∅, {♡,♠}, {a,b,♡,♠}).

It is straightforward to verify that resB({b,♠}) = {a,♡} and resB({a,♠}) = {b,♡},
thus

res2B({b,♠}) = ∅ and res2B({a,♠}) = {a,b,♠}.

Note that in the original inhibitorless RS A we have resA({b}) = ∅ and resA({a}) =

{a,b}, thus B can reproduce the dynamics of A in two steps starting from the states
{a,♠} and {b,♠} and going through the states {a,♡} and {b,♡}. The last three reac-
tions of B ensure that there is a global 2-cycle attractor, as all the states except for
{a,♠}, {b,♠}, and {b,♡} reach the 2-cycle {∅,S ′} in one step, which makes it a global
2-cycle attractor. The dynamics of B is represented in Figure 18.
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{b,♠} {a,♡} {♡}

{a,♠} {b,♡} {a,b,♠} {♠}

{a,b,♡} ∅ {a,b,♡,♠} {a,b}

{a,♡,♠} {b}

{b,♡,♠} {♡,♠} {a}

Figure 18. Dynamics of the RS B in Example 5.3.2.

In Theorem 5.3.6, we extend and generalize the construction of Example 5.3.2 to
any A ∈ RS(∞, 0) to reduce the problem of deciding whether U = {∅,S} is a global
attractor in inhibitorless RSs to the problem of deciding the existence of a global
2-cycle attractor in reactantless RSs.

Theorem 5.3.6. Given A = (S,A) ∈ RS(0,∞), deciding if there exists a global 2-cycle
attractor is PSPACE-complete.

Proof. Given A = (S,A) ∈ RS(∞, 0) such that ∅ and S are fixed points, we want to
construct in polynomial time a RS B ∈ RS(0,∞) such that {∅,S} is a global attractor
for A if and only if there exists a global 2-cycle attractor for B. We reduce from
the problem of deciding if U = {∅,S} is a global attractor in inhibitorless RSs (see
Theorem 5.2.4). We construct a reactantless RS B := (S ′,B), with S ′ := S∪ {♡,♠} and
B is given by the following reactions:

(∅, {s,♡}, {s,♡}) for s ∈ S (108)

(∅,Ra ∪ {♠},Pa ∪ {♠}) for a = (Ra,∅,Pa) ∈ A (109)

(∅,S∪ {♡},S∪ {♡,♠}) (110)

(∅,S∪ {♠},S∪ {♡,♠}) (111)

(∅, {♡,♠},S∪ {♡,♠}). (112)

Claim 6. All states of B of the forms {♠}, {♡}, S ∪ {♡}, S ∪ {♠}, T , and T ∪ {♡,♠}, for
all T ⊆ S, reach {∅,S ′} in one step. Furthermore, resB(∅) = S ′ and resB(S ′) = ∅.

Proof. We immediately note that for any T ⊆ S we have resB(T) = S ∪ {♡,♠} = S ′

since reaction (112) is enabled, and resB(T ∪ {♡,♠}) = ∅ since no reaction is enabled.
By reactions (110) and (111), we also have resB({♠}) = resB({♡}) = S ∪ {♡,♠} =

S ′. Furthermore, since resA(∅) = ∅, then Ra ̸= ∅ for each a ∈ A, thus S ∪ {♡}
does not enable any reaction of Group (109), thus resB(S ∪ {♡}) = ∅, as well as
resB(S ∪ {♠}) = ∅. Finally, since all the reactions are enabled by ∅, and no reaction
is enabled by S ′ = S∪ {♡,♠}, we have that resB(∅) = S ′ and resB(S ′) = ∅. See also
Figure 19 for a visual representation of the dynamics. ■

Claim 7. The states {♠}, {♡}, {♡,♠}, S, S ∪ {♡}, T , and T ∪ {♡,♠}, for all ∅ ⊊ T ⊊ S,
cannot be reached from any states.
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T ∪ {♠}

S∪ {♠} (S \ T)∪ {♡} {♡}

S∪ {♡} {♠}

∅ S∪ {♡,♠}

{♡,♠} S

T ∪ {♡,♠} T

resA

resA

resA

Figure 19. Dynamics of the RS B in the reduction of Theorem 5.3.6. The states T , T ∪ {♡,♠},
T ∪ {♠} and (S \ T)∪ {♡} are a synthetic representation of the 2S− 2 states (one fore
each ∅ ⊊ T ⊊ S) of each type. The boxes around states T ∪ {♠} and (S \ T) ∪ {♡}
hide the more refined dynamics for those states; dashed arcs represent the three
existing possibilities for the dynamics of the states belonging to the boxes, as
described after Claim 7.

Proof. From the definition of RS, there are no reactions of the type (Ra,∅,∅), because
in any case, they do not affect the dynamics of A. Therefore enA(T) = ∅ if and only if
resA(T) = ∅. This implies that Group (109) of the reactions of B does not contain any
reactions of the form (∅,Ra ∪ {♠}, {♠}), implying that the state {♠} cannot be reached
from any state. With a similar reasoning we deduce that also states {♡}, {♡,♠}, S, and
T for all ∅ ⊊ T ⊊ S cannot be reached from any state.

Furthermore, none of the states of the form T ∪ {♡,♠} with ∅ ⊊ T ⊊ S can be
reached from any state: indeed, suppose for a contradiction that resB(T ′) = T ∪ {♡,♠}
for some T ′ ⊆ S ′ and ∅ ⊊ T ⊊ S. In order to obtain ♡ in the product, T ′ must enable
some reactions from Group (108); and to obtain ♠, it must also enable reactions from
Group (109). This implies ♡,♠ /∈ T ′, thus T ′ ⊆ S and thus, by Claim 6, resB(T ′) =

S ∪ {♡,♠}, which is a contradiction because by hypothesis T ⊊ S. Finally, S ∪ {♡}
cannot be reached from any state U because this would require all and only the
reactions from Group (108) to be enabled in U, which can happen only if U = {♠};
but then reaction (110) is enabled as well, and indeed resB({♠}) = S ′ by Claim 6. ■

It remains to determine the dynamics for the states of the form T ∪ {♠} and T ∪ {♡}
for some ∅ ⊊ T ⊊ S. Because of the reactions from Group (108), we obtain

resB(T ∪ {♠}) = (S \ T)∪ {♡}; (113)

and because of the reactions from Group (109), in turn we have

resB((S \ T)∪ {♡}) =

resA(T)∪ {♠} if enA(T) ̸= ∅

∅ otherwise,
(114)
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since (S \ T)∪ {♡} enables (∅,Ra ∪ {♠},Pa ∪ {♠}) if and only if (S \ T)∩Ra = ∅, which
is the case if and only if Ra ⊆ T and thus T enables (Ra,∅,Pa) in A. As remarked in
Claim 7, we have that resA(T) = ∅ if and only if enA(T) = ∅, which is true if and
only if resB((S \ T)∪ {♡}) = ∅. We have obtained the following formula:

res2B(T ∪ {♠}) =

resA(T)∪ {♠} if enA(T) ̸= ∅

∅ otherwise.
(115)

Therefore, iterating (115), if resiA(T) /∈ {∅,S} for all i = 1, . . . ,k− 1 we obtain

res2kB (T ∪ {♠}) =

reskA(T)∪ {♠} if reskA(T) ̸= ∅

∅ otherwise.
(116)

Note that the states of the form T ∪ {♡} with ∅ ⊊ T ⊊ S coincide with the states
of the form (S \ T) ∪ {♡}; in particular, any such state T ∪ {♡} is reached from (S \

T) ∪ {♠} by Equation (113), and reaches either ∅ or resA(S \ T) ∪ {♠} according to
Equation (114). In Figure 19, the states of the form T ∪ {♡} and T ∪ {♠} are compactly
represented as boxed states, and their dynamics are not completely represented for
the sake of readability.

We observe that the only candidate global 2-cycle attractor for B is {∅,S ′}, as it is
a 2-cycle by Claim 6 and it is the only candidate global attractor by Claim 7 and the
discussion below its proof. The next claim gives us the thesis.

Claim 8. The state {∅,S} is a global attractor for A if and only if {∅,S ′} is a global
attractor for B.

Proof. ⇒ Let ∅ ⊊ T ⊊ S: in this case, we already proved in Claim 6 that T and
T ∪ {♡,♠} reach {∅,S ′} in one step. We need to prove that T ∪ {♠} and T ∪ {♡}
reach {∅,S ′}. By hypothesis, ∃k ∈ N such that reskA(T) ∈ {∅,S}. Let k be the
minimum number that satisfies this property, implying that resiA(T) /∈ {∅,S}
for i = 1, . . . ,k− 1. Since by hypothesis reskA(T) ∈ {∅,S}, there are two cases:
if reskA(T) = S, then, by Equation (116), res2kB (T ∪ {♠}) = S∪ {♠}, implying that
res2k+1

B (T ∪ {♠}) = resB(S∪ {♠}) = ∅ (by Claim 6). Otherwise, reskA(T) = ∅ and
thus res2kB (T ∪ {♠}) = ∅ by Equation (116). In any case, T ∪ {♠} reaches {∅,S ′}
in at most 2k+ 1 steps. For the state T ∪ {♡}, we can reduce to the previous case
using Equation (114). Together with Claim 6, we obtain that if {∅,S} is a global
attractor for A then {∅,S ′} is a global attractor for B.

⇐ Let ∅ ⊊ T ⊊ S: by hypothesis, there exists k ∈ N such that reskB(T ∪ {♠}) ∈
{∅,S ′}. Let k be the minimum number that satisfies that property. We want to
prove that T is always attracted by {∅,S}. We define two cases, depending on
whether k is even or odd.

1) k = 2m. We have resiA(T) /∈ {∅,S} for all i = 1, . . . ,m− 1 as otherwise
k = 2m would not be the minimum. We can apply Equation (116) and
obtain

res2(m−1)
B (T ∪ {♠}) = resm−1

A (T)∪ {♠}.
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Applying Equation (113) to this result, we also obtain

res2(m−1)+1
B (T ∪ {♠}) = res2m−1

B (T ∪ {♠}) = S \ resm−1
A (T)∪ {♡}.

Since ∅ ⊊ resm−1
A (T) ⊊ S, we have ∅ ⊊ S \ resm−1

A (T) ⊊ S, thus re-
action (111) is not enabled by (S \ resm−1

A (T)) ∪ {♡}, implying in turn
that ♡ /∈ res2mB (T ∪ {♠}), and thus res2mB (T ∪ {♠}) ̸= S ∪ {♡,♠}. But
since res2mB (T ∪ {♠}) ∈ {∅,S ′} then res2mB (T ∪ {♠}) = ∅. Suppose now
for a contradiction that resmA (T) ̸= ∅: then it would also be res2mB (T ∪
{♠}) = resB((S \ resm−1

A (T)) ∪ {♡}) ̸= ∅, a contradiction. We deduce that
resmA (T) = ∅, thus T is attracted by {∅,S}.

2) k = 2m + 1. As before, resiA(T) /∈ {∅,S} for i = 1, . . . ,m − 1. Thus we
have res2m−1

B (T ∪ {♠}) = (S \ resm−1
A (T)) ∪ {♡}. Since res2mB (T ∪ {♠}) =

resk−1
B (T ∪ {♠}) ̸= ∅ then resmA (T) ̸= ∅. Thus res2mB (T ∪ {♠}) = resmA (T) ∪

{♠}. Suppose for a contradiction that resmA (T) ⊊ S, then, by Equation (113),
res2m+1

B (T ∪ {♠}) = S \ resmA (T)∪ {♡} /∈ {∅,S ′}, a contradiction by the defi-
nition of k. We deduce that resmA (T) = S, thus T is attracted by {∅,S}.

Summing up, we proved that if {∅,S ′} is a global attractor for B then {∅,S} is
a global attractor for A. ■

Claim 8, together with Claim 6, directly implies that there exists global 2-cycle
attractor for B if and only if {∅,S} is a global attractor for A. We also remark that
the map A 7→ B can be constructed in polynomial time. By Theorem 5.2.4, deciding
whether {∅,S} is a global attractor is PSPACE-complete, thus the thesis follows.

5.4 cycles of reactantless rss

In this section, we prove PSPACE-hardness for problems concerning cycles in the
class of reactantless RS. To this aim, we will reduce from the same problems studied
in Section 5.2 for inhibitorless RSs. We start by recalling a result from [100] that
will prove useful in showing that deciding whether a state is part of a cycle for
inhibitorless RS is PSPACE-hard.

Lemma 5.4.1 ([100]). Let A = (S,A) ∈ RS(∞, 0) be such that
⋃
{Pa : a ∈ A} = S and

resA(S) = S. Then, there exists B = (S ′,A ′) ∈ RS(0, 1) such that, for any T ⊆ S, the
following condition holds:

∀t ∈N res2tB (T) = restA(T) ∧ S ⊆ res2t+1
B (T).

Furthermore, the map A 7→ B can be computed in polynomial time.

From now on we will follow the same reduction as in [100, Theorem 9].

Remark 5.4.1. Given any A = (S,A) ∈ RS(∞, 0) we can always construct another
RS in RS(∞, 0) having the same behaviour of A and satisfying the hypothesis of
Lemma 5.4.1. Indeed, let A ′ = (S ′,A ′) ∈ RS(∞, 0) be such that S ′ := S ∪ {♠} for
some ♠ /∈ S, and A ′ := A ∪ {(S ′,∅,S ′)}. Therefore, since (S ′,∅,S ′) ∈ A ′ we have⋃
{P ′

a : a ′ ∈ A ′} = S ′ and resA ′(S ′) = S ′. Furthermore, resA(T) = resA ′(T) for all
T ⊆ S.
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Theorem 5.4.2. Given A = (S,A) ∈ RS(0, 1) and a state T ⊆ S, it is PSPACE-complete
to decide whether T is part of a cycle.

Proof. The proof is entirely analogous to that of [100, Theorem 9]: we reduce from
the problem of deciding whether T is part of a cycle in inhibitorless RSs.

Given A = (S,A) ∈ RS(∞, 0), we first construct another RS A ′ = (S ′,A ′) ∈
RS(∞, 0) from A using Remark 5.4.1; we then construct A ′′ ∈ RS(0, 1) from A ′ using
Lemma 5.4.1. Notice that the map A 7→ A ′′ can be computed in polynomial time.

Given a state T ⊆ S, we have restA(T) = T for some t ∈N if and only if res2tA ′′(T) =

T . Furthermore, it holds that res2s+1
A ′′ (T) ̸= T for all s ∈N, since ♠ ∈ S ′ ⊆ res2s+1

A ′′ (T)

but ♠ /∈ S and, in particular, ♠ /∈ T . Therefore, T is part of a cycle in the RS A ′′ if
and only if the same happens in A. Hence, by Theorem 5.2.7, deciding if T is part of
a cycle for RS(0, 1) is PSPACE-hard.

Since RS(0, 1) is a subclass of RS(0,∞), we have the following result.

Corollary 5.4.3. Given A = (S,A) ∈ RS(0,∞) and a state T ⊆ S, it is PSPACE-complete
to decide whether T is part of a cycle.

The reduction of [100, Lemma 8], does not apply to the problems of sharing cycles,
thus we need a new construction, provided in Theorem 5.4.4.

Theorem 5.4.4. Given A,B ∈ RS(0,∞) over the same background set S, it is PSPACE-
complete to decide if (1) A and B share all their cycles, and (2) A and B have a common
cycle.

Proof. Given A = (S,A) ∈ RS(∞, 0), we construct A ′ := (S ′,A ′) ∈ RS(0,∞), with
S ′ := S ∪ S where S := {s : s ∈ S}, i.e. the entities in S are in a one-to-one correspon-
dence with those of S. In the following, given T ⊆ S we denote by T := {s : s ∈ T } ⊆ S.
The following reactions give the set A ′:

(∅, {s}, {s}) for s ∈ S
a ′ := (∅,Ra,Pa) for a = (Ra,∅,Pa) ∈ A.

Clearly, A ′ is a reactantless RS. Given a state V ∪U ⊆ S ′, where V ⊆ S and U ⊆ S,
we notice that

resA ′(V ∪U) = resA(S \U)∪ S \ V , (117)

since an entity s ∈ S is generated if and only if s /∈ V , and a ′ ∈ A ′ is enabled if and
only if U ∩ Ra = ∅ ⇔ Ra ⊆ S \U ⇔ Ra ⊆ S \U, i.e. the reaction a ∈ A is enabled
by S \U. Furthermore, note that applying two times the reaction (117) to V ∪ S \U,
since S \ (S \ V) = V , we obtain:

res2A ′

(
V ∪ S \U

)
= resA(V)∪ S \ resA(U). (118)

Let now B = (S,B) ∈ RS(∞, 0) be over the same background set S as A; we
construct B ′ = (S ′,B ′) ∈ RS(0,∞) in much the same way as we did to construct A ′.

Claim 1. A,B share all their cycles if and only if A ′,B ′ share all their cycles.
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⇒ Suppose A,B share all their cycles and let
{
Ci ∪ S \Di : i ∈ Zk

}
be a cycle for

A ′, i.e. resA ′

(
Ci ∪ S \Di

)
= Ci+1 ∪ S \Di+1 for all i ∈ Zk, where i+ 1 must

be interpreted modulo k. From Equation (118), we get the following relations:

∀i ∈ Zk, Ci+2 = resA(Ci) and Di+2 = resA(Di)

and from Equation (117) we obtain that, for all i ∈ Zk, Ci+1 = resA(Di), thus
Di+2 = Ci+1. Therefore we can rewrite the cycles as {Ci ∪ S \Ci−1 : i ∈ Zk}.
We divide two cases as follows.

(i) If k is even, then C0,C2, . . . ,Ck−2 and C1,C3, . . . ,Ck−1 are two cycles of A.
By hypothesis, they are also cycles of B, therefore

{
Ci ∪ S \Ci−1 : i ∈ Zk

}
is a cycle for B ′.

(ii) If k is odd, then C0,C2, . . . ,Ck−1,C1,C3, . . . ,Ck−2 is a cycle of A, and we
can conclude as in (i).

We thus proved that every cycle of A ′ is also a cycle of B ′. The same proof
holds if we change the roles of A ′ and B ′, so we obtain the thesis.

⇐ Suppose A ′,B ′ share all their cycles and let {Ei : i ∈ Zm} be a cycle for A.
Consider the cycle in the dynamics of A ′ containing E0 ∪ S \ E0. This cycle is
given by m blocks of the following type:

· · · → Ei ∪ S \ Ei → Ei+1 ∪ S \ Ei → · · ·

for all i ∈ Zm. By hypothesis, this is also a cycle for B ′, therefore

resB ′

(
Ei ∪ S \ Ei

)
= Ei+1 ∪ S \ Ei ∀i ∈ Zm

and by Equation (117), we obtain that Ei+1 = resB(Ei) for all i ∈ Zm, i.e.
{Ei : i ∈ Zm} is a cycle for B. Therefore every cycle of A is also a cycle of
B. The same reasoning also holds if we exchange the roles of A and B, so we
obtain the thesis.

With similar reasoning as in Claim 1, it is also possible to prove the following
claim.

Claim 2. A and B have a common cycle if and only if A ′ and B ′ have a common
cycle.

We finally remark that the map (A,B) 7→ (A ′,B ′) can be constructed in polynomial
time. By Theorems 5.2.8 and 5.2.9, the problems considered are PSPACE-hard for
RS(∞, 0), thus by Claims 1 and 2 the thesis follows.

5.5 conclusions

We have provided a complete landscape of the complexity of problems related to
the existence and identification of cycles and global attractors in reactantless and
inhibitorless RSs. Specifically, we proved that the problems of deciding whether a
given state is a global attractor and whether there exists a fixed point attractor in
a given RS, which are PSPACE-complete in general RSs, become polynomial when
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they are restricted to the reactantless or inhibitorless case. Furthermore, again in
contrast with the general case, no global cycle attractor of length at least 2 can exist
in an inhibitorless RS, and no such a cycle of length strictly greater than 2 exists
in a reactantless RS; and it is PSPACE-complete to decide whether a global cycle
attractor of length exactly 2 exists in a reactantless RS. Finally, we proved that the
problems of deciding if a state is part of a cycle and comparing the cycles of two
rRSs (do they have a common cycle? Do they have exactly the same cycles?) remain
PSPACE-complete even when they are restricted to the inhibitorless and reactantless
case. It remains open to study the complexity of the latter problems in the case of
additive RSs, where we expect the hardness to reduce, as shown in Chapter 4 for
other problems. Finding other classes besides additive RSs where those problems
exhibit lower complexity is also of theoretical interest.



Part II

C O M P U TA B I L I T Y O F P U R E R E A C T I O N A U T O M ATA





6
P U R E R E A C T I O N A U T O M ATA

In this chapter, we introduce the new class of Pure Reaction Automata (PRA), and
study a new update manner in the context of Reaction Automata (RA), called max-
imal reactive (mr) manner. PRA differ from the standard model in that they do not
have permanence: the entities that are not consumed by the reactions happening
at a certain state are not conserved in the result states. The introduction of a new
model of RA raises the question of its computational power compared to the already
existing models. Our results can be summarised as follows.

1. The set of languages accepted by PRA working in a maximal reactive manner
contains the set of languages accepted by standard RA working in the same
manner (Theorem 6.2.1), as well as the set of languages accepted by RA work-
ing in a maximal parallel (mp) manner (a manner already investigated by [261])
(Theorem 6.2.2). See Figure 20 for a graphical summary of these results.

2. The restricted class of deterministic PRA can compute any recursive function
from Nk to N (Theorem 6.3.8).

RE RAmp RAw
mp

PRAw
mr

RAmr RAw
mr

[211, Th.1] Prop.6.1.1

Th.6.2.2

Prop.6.1.1
Th.6.2.1

Figure 20. Graphical summary of the results of Section 6.1.1. RE represents the set of recur-
sively enumerable languages. RAX, PRAX are the set of languages recognized
by RA, PRA working in manner X ∈ {mp,mr}. The apex w stands for weakly
accepted (see Definition 6.1.5). The dashed arrow 99K denotes language set inclu-
sion.

Chapter organization. Section 10.2 compares RA and P automata. Section 6.1 re-
calls the preliminary notions on RA. Section 6.2 defines and investigates the compu-
tational power of PRA as language acceptors, while Section 6.3 examines the compu-
tational power of a restricted class of PRA as devices for computing partial recursive
functions. Section 6.4 summarises the results and some directions for future research.

This chapter is based on the following publication: R. Ascone, G. Bernardini, E. Formenti, F. Leiter, L.
Manzoni. Pure Reaction Automata. In: Natural Computing, 2024, [18].
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6.1 preliminaries

Let S be a finite alphabet. We denote by S∗ the set of words over S, that is, all finite
sequences of elements of S, with ε ∈ S∗ denoting the empty word consisting of zero
letters. A multiset over S is defined as a function V : S → N such that V(a) ∈ N is
the multiplicity of a ∈ S in the multiset; S# denotes the set of all multisets over S.
Given V and W two multisets over S, we can define a partial order given by multiset
inclusion and the following multiset operators:

- inclusion: V ⩽W if V(a) ⩽W(a) ∀ a ∈ S;

- sum: (V +W)(a) := V(a) +W(a) ∀ a ∈ S;

- intersection: (V ∩W)(a) := min{V(a),W(a)} ∀ a ∈ S;

- difference: (V −W)(a) := V(a) −W(a) ∀ a ∈ S (only defined for W ⩽ V);

- symmetric difference: (V △W)(a) := (V +W)(a) − (V ∩W)(a) ∀ a ∈ S.

We also define a belonging relation for multisets: given V ∈ S# and a ∈ S, a ∈ V if
and only if V(a) ⩾ 1, i.e. a letter belongs to V if and only if it has positive multiplicity.
This allows us to define the set underlying a multiset V ∈ S# as the set of letters with
nonzero multiplicity:

set(V) := {a ∈ S | a ∈ V}.

The following properties follow immediately for any V ,W ∈ S#:

set(V +W) = set(V)∪ set(W), set(V ∩W) = set(V)∩ set(W).

Furthermore, V ⩽W, implies set(V) ⊆ set(W), but the converse is not true: e.g. given
V = {a,a,b} and W = {a,b, c}, it holds set(V) ⊆ set(W) but V ̸⩽W.

A set U ⊆ S naturally corresponds to a multiset VU such that VU(a) = 1 if a ∈ U
and VU(a) = 0 otherwise. In particular, for each a ∈ S, we will often denote the
multiset V{a} simply by a. We will denote the empty multiset by 0 ∈ S#. The total
number of elements in a multiset V ∈ S is defined as ∥V∥ := ∑

a∈S V(a).

Remark 6.1.1. The following map:

S# −→N|S|

V 7−→ (V(a1), . . . ,V(an))

is an isomorphism of monoids; we will denote such isomorphism by S# ∼= N|S|.

6.1.1 Reaction Automata

In this section, we recall the definition of RA given by [261] and we introduce a new
policy for enabling reactions.

Definition 6.1.1 (Reaction). Given an alphabet of reactants S, a reaction over S is a
triple a = (Ra, Ia,Pa), where Ra ∈ S# is the multiset of reactants, Ia ⊆ S is the set of
inhibitors and Pa ∈ S# is the multiset of products. The set of all reactions over S is
denoted by rac(S).
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A crucial assumption in the RS model is that if a reactant is present at a certain
state T ∈ S#, then its quantity is always enough for all the reactions that use it to take
place, provided the respective inhibitors are not present. In other words, reactions do
not conflict even if they share some resources. This assumption is no longer in place
in the model of RA, for which there is only a certain quantity of each of the reactants.
It is therefore necessary to specify a criterion (called a manner) that decides which
of several conflicting reactions take place. In this chapter, we focus on two manners,
provided in Definition 6.1.2. Before defining such manners, we need to introduce a
few operations and relations among reactions.

Let a = (Ra, Ia,Pa), b = (Rb, Ib,Pb) ∈ rac(S); we define the sum of the two reactions
a + b := (Ra + Rb, Ia ∪ Ib,Pa + Pb). Furthermore, we define a partial order over all
possible reactions over S: a ⩽r b if and only if Ra ⩽ Rb and Ia ⊆ Ib. In other words,
a reaction is greater than another when it is more restrictive, i.e. it requires more
reactants and there are more elements capable of disabling it. With this relation,
we get that a =r b if and only if Ra = Rb and Ia = Ib, but we do not impose
any conditions on the products: in particular, it could hold a =r b with Pa ̸= Pb.
We remark that this partial order is different from the one proposed by [109] for
reactions within RSs.

Given a finite set A ⊆ rac(S), we denote by ⟨A⟩ the abelian semigroup generated
by the elements of A:

⟨A⟩ := {λ1a1 + · · ·+ λnan | ai ∈ A, λi ∈N ∀i = 1, . . . ,n}.

Note that any element of ⟨A⟩ is a reaction that can be interpreted as a multiset
of reactions from A, where the coefficients λ1, . . . , λn give the multiplicity of each
reaction. We will thus denote a multiset of reactions that are enabled in a certain
state as a single reaction from ⟨A⟩.

Definition 6.1.2 (Manners). Let a = (Ra, Ia,Pa) ∈ rac(S) and T ∈ S#, we say that a is
enabled in T if Ra ⩽ T and Ia ∩ set(T) = ∅. Given A a finite set of reactions over S and
a ∈ ⟨A⟩ enabled in T , then:

1. a is enabled in T in a maximally parallel manner (mp) if there exists no c ∈ ⟨A⟩
such that a + c is enabled in T , i.e. a is maximal w.r.t. addition;

2. a is enabled in T in a maximally reactive manner (mr) if there exists no b ∈ ⟨A⟩
such that a <r b and b is enabled in T , i.e. a is maximal w.r.t the partial order
⩽r.

We denote by EnX
A(T) the set of reactions from ⟨A⟩ enabled in T in manner X ∈

{mp,mr}.

Remark 6.1.2. The notion of mp manner given in Definition 6.1.2 is equivalent to the
one given by [261]. Indeed, given α,β ∈ A#, consider the corresponding elements
a, b ∈ ⟨A⟩, identified by α 7→ ∑

d∈A α(d)d ∈ ⟨A⟩. If β > α is enabled by T , then
c = b − a is such that a + c = b is enabled by T ; the viceversa is obtained in a similar
way.

Remark 6.1.3. At first sight, the definitions of manners mp and mr are hard to tell
apart. However, the two criteria are distinct, and in particular, mr is stronger than
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mp in the sense that Enmr
A (T) ⊆ Enmp

A (T) for any A ⊆ rac(S) and any state T . In
other words, if a reaction a ∈ ⟨A⟩ is enabled in a maximally reactive manner, it is
also enabled in a maximally parallel manner. Indeed, the existence of c ∈ ⟨A⟩ s.t.
a + c is enabled in T would imply that a reaction greater than a is enabled in T ,
leading to a contradiction. The converse is not always true: see Example 6.1.1.

In RSs, the state resulting from a set of reactions is simply defined as the union of
the products of all the reactions. In RA, the reactants that are not consumed by the
reactions that take place remain in the resulting states. We make this concept precise
in Definition 6.1.3.

Definition 6.1.3 (Result). The result of a set of reactions A on a state T in a manner
X is a set of states, denoted by ResXA(T), defined as follows:

ResXA(T) = {Pa + (T − Ra) | a = (Ra, Ia,Pa) ∈ EnX
A(T)}.

When EnX
A(T) = ∅, we define ResXA(T) = {T }, that is, if no multiset of reactions from

⟨A⟩ is enabled in T , then T remains unchanged.

Example 6.1.1. Let S = {w1,w2,♡}, A = {a1 = (w1,∅,♡), a2 = (w1 +w2,∅,w2)},
and consider a state T = w1 + w2. Then the set of reactions enabled in T in a
maximally parallel manner is Enmp

A (T) = {a1, a2}, as ∄c ∈ ⟨A⟩ such that a1 + c is
enabled in T ; and the set of reactions enabled in T in a maximally reactive manner is
Enmr

A (T) = {a2}, because a2 >r a1 and thus a1 is not mr-enabled. The corresponding
results in the two manners are thus Resmp

A (T) = {♡+w2,w2}, Resmr
A (T) = {w2}.

We are now in a position to formally define RA.

Definition 6.1.4 ([261]). A reaction automaton (RA) A is a five-tuple A =

(S,Σ, A,D0, f), where S is a finite set of reactants, called the background set of A;
Σ ⊆ S is the input alphabet of A; A ⊆ rac(S) is a finite set of reactions over S; D0 ∈ S#

is the initial multiset; and f ∈ S is a special symbol which indicates the final state.

Definition 6.1.5. Consider a RA A = (S,Σ, A,D0, f), a word w = w1 · · ·wn ∈ Σ∗ and
a manner X ∈ {mp,mr}. An interactive process in A with input w in manner X is an
infinite sequence π = D0, . . . ,Di, . . . whereDi+1 ∈ ResXA(wi+1 +Di) for 0 ⩽ i ⩽ n− 1

Di+1 ∈ ResXA(Di) for i ⩾ n.

By IPX(A,w) we denote the set of all interactive processes in A with input w in
manner X. We say that a process π strongly accepts w if there exists m ⩾ n = |w| such
that f ∈ Dm and EnX

A(Dm) = ∅ (see also Example 6.1.3). By AIPX(A,w) we denote
the set of all processes π ∈ IPX(A,w) such that π strongly accepts w. The language
strongly accepted by A is defined as

LX(A) = {w ∈ Σ∗ | AIPX(A,w) ̸= ∅}.

The set of languages strongly accepted by RA working in manner X is denoted by
RAX: L ∈ RAX if and only if there exists a RA working in manner X that strongly
accepts L.
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We say that a process π weakly accepts w if there exists m ⩾ n = |w| such that
f ∈ Dm and Dk = Dm for all k ⩾ m (see also Example 6.1.4). By AIPw

X(A,w) we
denote the set of all processes π ∈ IPX(A,w) such that π weakly accepts w. The
language weakly accepted by A is defined as

Lw
X(A) = {w ∈ Σ∗ | AIPw

X(A,w) ̸= ∅}.

The set of languages weakly accepted by RA working in manner X is denoted by
RAw

X.

We will sometimes represent an interactive process π with the following “arrow
notation”, which extends the notation proposed by [261]:

π : D0
a1−−→
w1

D1
a2−−→
w2

D2
a3−−→
w3

· · ·Dn−1
an−−→
wn

Dn
an+1−−−→ Dn+1

an+2−−−→ · · ·

whereDi−1
ai−−→
wi

Di meanswi is the input letter at stateDi−1, ai ∈ ⟨A⟩ is the reaction

enabled in Di−1 +wi which takes place, and Di ∈ ResXA(wi +Di−1).

Example 6.1.2. Ifw = ε the empty word, then |w| = n = 0, thus an interactive process
accepting strongly ε is of the form D0

a1−→ D1
a2−→ D2

a3−→ · · ·Dm −→ Dm −→ Dm · · · ,
where Dm does not enable any reaction.

Note that in Definition 6.1.5 we call strong the acceptance condition proposed
by [261]; the weak notion of acceptance will be needed for the definition of PRA
(see Section 6.2).

In Proposition 6.1.1 we show that the weak acceptance criterion extends the strong
criterion in the following sense: given an automaton that strongly accepts a certain
language, it is always possible to construct another automaton that weakly accepts
the same language. Examples 6.1.3 and 6.1.4 provide intuition on this result before
we formally prove it in Proposition 6.1.1: Example 6.1.3 provides an automaton ac-
cepting words with the strong criterion, while Example 6.1.4 constructs another au-
tomaton that accepts exactly the same language as in Example 6.1.3 but using the
weak criterion.

Example 6.1.3. Given an input alphabet Σ = {a,b}, a background set S =

{a,b, s0, s1, f} and a set of reactions A = {a1 = (s0+a,∅, s1), a2 = (s1+b,∅, s0), a3 =

(s0,∅, f), a4 = (b,∅,b)}, let A = (S,Σ, A, s0, f) be a RA working inmrmanner that ac-
cepts words with the strong criterion. We show that the language strongly accepted
by A is Lmr(A) = {(ab)n : n ∈ N}. Consider the input word w = abab ∈ Σ∗, we
obtain the following process:

s0
a1−→
a
s1

a2−→
b
s0

a1−→
a
s1

a2−→
b
s0

a3−→ f.

The computation stops since Enmr
A (f) = ∅. A trivial extension of this argument

proves that {(ab)n : n ∈N} ⊆ Lmr(A).
To show the other inclusion, observe that a word w /∈ {(ab)n : n ∈ N} if and only

if at least one of the following cases happens: (i) aa occurs in w; (ii) bb occurs in w;
(iii) w starts with b; (iv) w ends with a. In case (i), when the second consecutive a
is fed to the process, it ends up in the state s1 + a: the computation stops because
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Enmr
A (s1 + a) = ∅, but since f /∈ s1 + a, w is not strongly accepted. In case (ii),

after reading the second consecutive b, the process reaches the state s0 + b: then
s0 + b

a3+a4−−−−→ b+ f and Enmr
A (b+ f) = {a4}, thus the process keeps looping in this

state and w is not strongly accepted because Enmr
A (b+ f) ̸= ∅. The same happens in

case (iii), when b is added to the initial state s0. Finally, in case (iv), after reading the
last a, the process ends up in state s1: the computation stops because Enmr

A (s1) = ∅,
but since f /∈ s1, w is not strongly accepted. We can thus conclude that Lmr(A) =

{(ab)n : n ∈N}.

Note that using the weak notion of acceptance instead of the strong one for the
reaction automaton A of Example 6.1.3 would imply {(ab)n : n ∈ N} ⊊ Lw

mr(A),
since for example the string w = b /∈ {(ab)n : n ∈ N} is weakly accepted by the
following process:

s0
a3+a4−−−−→

b
b+ f

a4−→ b+ f
a4−→ · · · .

Example 6.1.4 shows that it is anyway possible to construct another RA B such that
Lw
mr(B) = {(ab)n : n ∈N}.

Example 6.1.4. Given an input alphabet Σ = {a,b} and a background set S =

{a,b, s0, s1,♠,♣, f} let B = (S,Σ, B, s0 +♣, f) be a RS working in mr manner and
using the weak acceptance criterion, with B consisting of the following reactions:

a♠1 = (s0 + a, {♠}, s1 +♠) a♣1 = (s0 + a, {♣}, s1 +♣)
a♠2 = (s1 + b, {♠}, s0 +♠) a♣2 = (s1 + b, {♣}, s0 +♣)
a♠3 = (s0, {♠}, f+♠) a♣3 = (s0, {♣}, f+♣)
a♠4 = (b, {♠},b+♠) a♣4 = (b, {♣},b+♣)
r♠ = (♠,∅, 0) r♣ = (♣,∅, 0) .

We show that B weakly accepts the same language that is strongly accepted by A in
Example 6.1.3. Consider w = ab ∈ {(ab)n : n ∈N}. We obtain the following process:

s0 +♣
a♠1 +r♣−−−−→

a
s1 +♠

a♣2 +r♠−−−−→
b

s0 +♣
a♠3 +r♣−−−−→ f+♠ r♠−→ f.

The computation stops since Enmr
B (f) = ∅, thus Resmr

B (f) = {f} and w is weakly ac-
cepted. Consider now the string w = aa /∈ {(ab)n : n ∈N}. We obtain the following
process:

s0 +♣
a♠1 +r♣−−−−→

a
s1 +♠ r♠−→

a
s1 + a

and the computation stops since Enmr
B (s1 + a) = ∅; aa is not weakly accepted be-

cause f /∈ s1 +a. Similarly, it is easy to see that any string in case (i) of Example 6.1.3
is not weakly accepted. Consider the string w = b /∈ {(ab)n : n ∈ N}. We obtain the
following process:

s0 +♣
a♠3 +a♠4 +r♣−−−−−−−→

b
b+ f+♠ a♣4 +r♠−−−−→ b+ f+♣ a♠4 +r♣−−−−→ b+ f+♠ → · · ·
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The states b+ f+♣ and b+ f+♠ keep alternating, so the string is not weakly ac-
cepted. Similarly, one can prove that any string starting with b (case (iii) of Example
6.1.3) is not weakly accepted. Working out the other cases in a similar fashion, it is
easy to show that Lw

mr(B) = {(ab)n : n ∈N}.

In Example 6.1.4 we were able to simulate the processes of A using the following
rule: for any step m, if EnX

A(Dm) = ∅ then the computation stops also in B; if,
instead, EnX

A(Dm) ̸= ∅, then the computation in B keeps alternating between states
containing ♠ and states containing ♣. The proof of the following Proposition 6.1.1
relies on a generalization of this argument.

Proposition 6.1.1. Given any reaction automaton A = (S,Σ, A,D0, f) working in a manner
X ∈ {mp,mr}, there exists a reaction automaton B working in manner X such that LX(A) =

Lw
X(B).

Proof. Let A = (S,Σ, A,D0, f) and let ♠,♣ /∈ S be two symbols that are not in the
alphabet of A. We define B = (S ∪ {♠,♣},Σ, B,D0 + ♣, f) the RA such that B :=

A♠ ∪A♣ ∪ {r♠, r♣}, where

A♠ = {a♠ = (R, I∪ {♠},P+♠) | a = (R, I,P) ∈ A}

A♣ = {a♣ = (R, I∪ {♣},P+♣) | a = (R, I,P) ∈ A}

r♠ = (♠,∅, 0)

r♣ = (♣,∅, 0) .

Given a =
∑n

j=1 λjaj ∈ ⟨A⟩ we define ca =
∑n

j=1 λj, a♠ =
∑n

j=1 λja
♠
j ∈ ⟨A♠⟩ and

similarly a♣ =
∑n

j=1 λja
♣
j ∈ ⟨A♣⟩.

We want to prove that B weakly accepts the same language that is strongly ac-
cepted by A. Given a process π ∈ IPX(A,w)

π : D0
a1−−→
w1

D1
a2−−→
w2

D2
a3−−→
w3

. . . Dn−1
an−−→
wn

Dn
an+1−−−→ Dn+1 · · ·

if n is even, there is a one-to-one correspondence with the process π̄ ∈ IPX(B,w)

π̄ : D0 +♣
a♠1 +r♣−−−−→
w1

D1 + ca1♠
a♣2 +ca1 r♠
−−−−−−−−→

w2

D2 + ca2♣
a♠3 +ca2 r♣
−−−−−−−−→

w3

· · ·

· · ·Dn−1 + can−1
♠

a♣n+can−1
r♠

−−−−−−−−→
wn

Dn + can♣
a♠n+1+can r♣−−−−−−−−→ · · · .

If n is odd, a process corresponding to π can be obtained similarly. Since ♠,♣ are not
present in any of the reactant sets of A♠ and A♣, the reaction r♠ (respectively, r♣) is
enabled as many times as the multiplicity of ♠ (respectively, ♣) in any given state;
this is independent of the manner X ∈ {mp,mr} we are working with. In particular,
any process in IPX(B,w) ends in a state Dm s.t. Dk = Dm for all k > m if and
only if at some step no reactions are enabled (as otherwise, ♠ and ♣ would keep
alternating). Therefore AIPX(A,w) is in a bijection with AIPw

X(B,w). We conclude
that LX(A) = Lw

X(B).

Corollary 6.1.2. RAmr ⊆ RAw
mr and RAmp ⊆ RAw

mp.
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Proof. Follows directly from Proposition 6.1.1.

Corollary 6.1.3. Every recursively enumerable language is weakly accepted by a reaction
automaton working in a maximally parallel manner.

Proof. Follows from Proposition 6.1.1 and [211, Corollary 1].

We thus proved that the weak acceptance criterion extends the strong criterion.
This will be useful in the next section to demonstrate the computational power of
PRA.

6.2 pure reaction automata

In this section, we introduce a different kind of reaction automata, which differs from
the model introduced by [261] by how the result of a reaction is defined: instead of
transferring the reactants that are not consumed by the reactions in the result states,
we define the next states to consist only of the products of the reactions, similar to
what is done in reaction systems. We make this concept formal in Definition 6.2.1.

Definition 6.2.1 (Pure result). The pure result of a finite set of reactions A on a state
T in a manner X is

R̂es
X

A(T) = {Pa | a = (Ra, Ia,Pa) ∈ EnX
A(T)},

and we define R̂es
X

A(T) = {0} when EnX
A(T) = ∅.

Example 6.2.1. Let S = {w1,w2,♡}, A = {a1 = (w1,∅,♡), a2 = (w1 +w2,∅,w2)}

and consider a state T = w1 +w2 as in Example 6.1.1. Recall that Resmp
A (T) = {♡+

w2,w2} (since Enmp
A (T) = {a1, a2}); in contrast, the pure result of T in mp manner

is R̂es
mp

A (T) = {♡,w2}. In particular, reaction a1 does not consume the reactant w2

that is present in T : the pure result of a1 only consists of ♡ and w2 is lost, while in
Example 6.1.1 w2 was preserved in the result.

We name this new kind of reaction automata Pure Reaction Automata (PRA). We de-
fine interactive processes in PRA in much the same way as standard RA, as specified
by Definition 6.2.2.

Definition 6.2.2. Let M = (S,Σ, A,D0, f) be a PRA, w = w1 · · ·wn ∈ Σ∗ and
X ∈ {mp,mr}. An interactive process in M with input w in manner X is an infinite
sequence π = D0, . . . ,Di, . . . whereDi+1 ∈ R̂es

X

A(wi+1 +Di) for 0 ⩽ i ⩽ n− 1

Di+1 ∈ R̂es
X

A(Di) for i ⩾ n.

Exactly as for RA, we say that π weakly accepts w if there exists m ⩾ n = |w| such
that f ∈ Dm and Dk = Dm for all k ⩾ m. We also define IPX(M,w), AIPw

X(M,w),
and Lw

X(M) in the same way as for RA. The set of languages weakly accepted by PRA
working in manner X is denoted by PRAw

X.
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Example 6.2.2. Given an input alphabet Σ = {a,b}, a background set S =

{a,b, s0, s1, f} and a set of reactions A = {a1 = (s0, {b}, s1), a2 = (s1 + b,∅, s0), a3 =

(s0, {a,b}, f), a4 = (f,∅, f)}, let M = (S,Σ, A, s0, f) be a PRA working in mr manner.
We show that the language (weakly) accepted by M is Lw

mr(M) = {(ab)n : n ∈ N}.
Consider the input word w = abab ∈ Σ∗, we obtain the following process:

s0
a1−→
a
s1

a2−→
b
s0

a1−→
a
s1

a2−→
b
s0

a3−→ f
a4−→ f

a4−→ · · · .

Therefore the string abab is accepted. Note that the pure result of reaction a1 applied
at states s0 +a consists only of s1, even if a is not consumed by the reaction. We also
remark that the step s0

a3−→ f generates f instead of s1 because a3 >r a1 and thus
Enmr

B (s0) = {a3}. A trivial extension of this argument proves that {(ab)n : n ∈ N} ⊆
Lw
mr(M). Consider now the string w = aa /∈ {(ab)n : n ∈N}, as in Example 6.1.4. We

obtain the following process:

s0
a1−→
a
s1 −→

a
0 −→ 0 −→ · · ·

and the computation stops since Enmr
B (s1 + a) = Enmr

B (0) = ∅, thus aa is not ac-
cepted. Working out the other cases listed in Example 6.1.3 similarly, it is easy to see
that Lw

mr(M) = {(ab)n : n ∈N}.
Note that a non-pure automaton with the same sets of reactions, initial state and

final element would not accept, e.g., the string ab ∈ {(ab)n : n ∈ N} since the only
interactive process with input ab is:

s0
a1−→
a
s1 + a

a2−→
b
s0 + a

a1−→ s1 + a −→ s1 + a · · ·

and the computation stops without accepting ab since, as previously remarked,
Enmr

B (s1 + a) = ∅.

Theorem 6.2.1. Given any reaction automaton A = (S,Σ, A,D0, f) working in a maximally
reactive manner, there exists a pure reaction automaton M working in a maximally reactive
manner such that Lw

mr(A) = Lw
mr(M).

Proof. We define a PRA M = (S ∪ S ′,Σ, A ′,D0, f) operating in a maximally reactive
manner such that:

• S ′ = {x ′ | x ∈ S} is a set in a bijection with the elements of S (a “copy” of S).
From now on, given a multiset X over S, X ′ will be naturally defined as the
multiset consisting of the copies of the elements of X;

• Σ is the same input alphabet as A;

• A ′ = Ap ∪Ac, where Ap = {(x,∅, x+ x ′) | x ∈ S} and Ac = {(R+R ′, I ′,P+ P ′) |

(R, I,P) ∈ A};

• D0 is the same initial state as A;

• f ∈ S is the same final element as A.

Claim 9. For any state W of A, it holds W ∈ Resmr
A (V) if and only if W +W ′ ∈

R̂es
mr

A ′ (V + V ′).
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Proof. Given a reaction a ∈ A, we denote the corresponding reaction in Ac by a ′. We
prove the two implications.

⇒) If W ∈ Resmr
A (V) then ∃a = (Ra, Ia,Pa) ∈ Enmr

A (V) such that Pa + V − Ra = W.
Consider a ′′ := a ′ + (V − Ra,∅,V − Ra +V

′ − R ′
a) = (V + R ′

a, I ′a,W +W ′) ∈ ⟨A ′⟩.
Clearly, V + V ′ enables a ′′; we want to show that it is mr enabled. Suppose
for a contradiction that there exists b ′′ ∈ ⟨A ′⟩ such that b ′′ >r a ′′ and b ′′ is
enabled by V + V ′, then b ′′ is of the form b ′′ = b ′ + (R,∅,R+ R ′) for some
b = (Rb, Ib,Pb) ∈ ⟨A⟩ and some R ∈ S#. Looking at the reactants, we have that
V + V ′ ⩾ Rb + R ′

b + R ⩾ V + R ′
a, which implies Rb + R = V ⇒ Rb ⩽ V and

R ′
b ⩾ R ′

a. Furthermore, looking at the inhibitors, we obtain that I ′b ⊇ I ′a, thus
b >r a and b is enabled by V . Since a is mr enabled we get a contradiction,
thus a ′′ ∈ Enmr

A ′ (V + V ′), hence W +W ′ ∈ R̂es
mr

A ′ (V + V ′).

⇐) If W +W ′ ∈ R̂es
mr

A ′ (V + V ′) then ∃a ′′ = a ′ + (R,∅,R+ R ′) ∈ Enmr
A ′ (V + V ′), for

some a ∈ ⟨A⟩ and R ∈ S#, such that Pa + R = W. We notice that V − Ra = R,
as otherwise for any x ∈ V − Ra − R the reaction a ′′ + (x,∅, x+ x ′) would be
enabled by V +V ′ and would be strictly greater than a ′′, in contradiction to the
fact that a ′′ is mr enabled. Clearly, a ∈ ⟨A⟩ is enabled by V . We now prove it
is also mr enabled. Suppose for a contradiction that there exists b ∈ ⟨A⟩ such
that b >r a and b is enabled by V , then b ′′ := b ′ + (V −Rb,∅,V −Rb +V

′ −R ′
b)

would be enabled by V + V ′ and b ′′ >r a ′′, a contradiction. Finally we can
conclude that a ∈ Enmr

A (V), hence Pa + V − Ra =W ∈ Resmr
A (V). ■

Let us now make some considerations about the workings of M. Consider any
state V , let R be s.t. (R, I,P) ∈ A for some I and P and (R ∪ R ′) ⊆ V + V ′; then, for
any x ∈ R, the corresponding reaction (x,∅, x+ x ′) ∈ Ap cannot be mr enabled, as it
is smaller than (R+ R ′, I ′,P+ P ′) ∈ Ac. Thus a reaction (x,∅, x+ x ′) ∈ Ap will only
be applied in two cases: either (i), the multiplicity of x in V is greater than that of
x ′, thus there is at least one “spare” x that will not be used by any reaction from Ac;
or (ii), there is no (R ∪ R ′) ⊆ V + V ′ such that (R, I,P) ∈ A. Note that case (i) can
only happen in the initial state D0, in which there are no elements from S ′, or when
x is added to a state because it is a letter of an input word: this is because every
state other than D0 is the product of some reaction in ⟨A ′⟩, thus, by definition, it is
of the form P + P ′ for some P ∈ S#. Case (ii) ensures that if x is not consumed by
any reaction from ⟨Ac⟩, then it is conserved in the next state by a reaction from Ap,
simulating what would happen in the RA A when a reactant is not consumed by any
reaction from A.

Consider now an input word w = w1 · · ·wn ∈ Σ∗. We notice that when a letter
wi of w is added to the (i − 1)-th state of a process in M, it immediately reacts
through the corresponding reaction (wi,∅,wi +w

′
i) ∈ Ap because it occurs case

(i) above. This helps us to find the desired correspondence between processes of
A and processes of M accepting w. Let π = D0,D1, . . . ,Di, . . . ∈ IPmr(A,w): the
corresponding process E0,E1 . . . ,En ∈ IPmr(M,w) is obtained as follows. E1 := D0+
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D ′
0 +w1 +w

′
1 ∈ R̂es

mr

A ′ (D0 +w1) since the only reactions that are enabled are those
in ⟨Ap⟩. In the next steps we have, by Claim 9 and the observations here above:Ek+1 = Dk +D ′

k +wk+1 +w
′
k+1 ∈ R̂es

mr

A ′ (Ek +wk+1) ∀k = 1, . . . ,n− 1

Ek+1 = Dk +D ′
k ∈ R̂es

mr

A ′ (Ek) ∀k ⩾ n.

Hence the processes of M mimic those of A with one step of delay, i.e. π ′ :=

D0,E1, . . . ,Ei, . . . ∈ IPmr(M,w). If π ∈ AIPw
mr(A,w) then there exists m ⩾ |w|

such that Dk = Dm for all k ⩾ m and f ∈ Dm; this holds true if and only if
Ek = Em+1 for all k ⩾ m+ 1 and f ∈ Em+1. Therefore π ∈ AIPw

mr(A,w) if and only
if π ′ ∈ AIPw

mr(M,w). Since the accepting condition is the same, and a state maintain-
ing f in A must correspond to a state maintaining f in M, we have that AIPw

mr(A,w)
is in a natural bijection with AIPw

mr(M,w), and hence we obtain the thesis.

We next prove in Theorem 6.2.2 that for any RA working in mp manner, there
exists a PRA working in mr manner that weakly accepts the same languages. Exam-
ple 6.2.3 shows that this result cannot be achieved using the same construction as
in the proof of Theorem 6.2.1, thus we will provide a more involved reduction, an
example of which is laid out in Example 6.2.4.

Example 6.2.3. Given Σ = {w1,w2}, S = {w1,w2,♡} and A = {a1 = (w1,∅,♡), a2 =

(w1 +w2,∅,w2)}, let A = (S,Σ, A,w1,♡) be a RA working in mp manner. Consider
the PRA M = (S ∪ S ′,Σ, A ′,w1,♡) as in the proof of Theorem 6.2.1, thus with A ′ =

{a ′
1, a ′

2} ∪ {ax = (x,∅, x + x ′) | x ∈ S}. Then w2 belongs to the language weakly
accepted by A in a maximally parallel manner, i.e.w2 ∈ Lw

mp(A) (see Definition 6.1.5),
but it does not belong to the language accepted by A in a maximally reactive manner,
i.e. w2 /∈ Lw

mr(M).
Indeed, as seen in Example 6.1.1, the set of reactions from A enabled in state

T = w1 +w2 in a maximally parallel manner is Enmp
A (w1 +w2) = {a1, a2}, thus

the result is Resmp
A (w1 +w2) = {♡+w2,w2} and w2 is accepted by the interactive

process D0 +w2 = w1 +w2
a1−→ ♡+w2 → ♡+w2 → · · · ∈ AIPw(w2,A).

In contrast, since the set of reactions enabled in T = w1 +w2 in a maximally
recative manner is Enmr

A (w1 + w2) = {a2} (see Example 6.1.1), then the result is
Resmr

A (w1 +w2) = {w2}, thus by Claim 9 we obtain that the set of reactions from M

enabled in T +T ′ = w1+w
′
1+w2+w

′
2 in a maximally reactive manner is Enmr

A ′ (w1+

w ′
1 +w2 +w ′

2) = {a ′
2} and the pure result is R̂es

mr

A (w1 +w ′
1 +w2 +w ′

2) = {w2 +

w ′
2}. Therefore there is only one process with input w2, namely: D0 +w2 = w1 +

w2

aw1
+aw2−−−−−−→ w1 +w ′

1 +w2 +w ′
2

a ′
2−→ w2 +w ′

2

aw2−−→ w2 +w ′
2

aw2−−→ · · · ; since ♡ /∈
w1 +w ′

2, this is not an accepting process, thus w2 is not in the language weakly
accepted by M in a maximally reactive manner, i.e. w2 /∈ Lw

mr(M).

Example 6.2.4. Consider A = (S,Σ, A,w1,♡) the RA from Example 6.2.3. We make
two copies of each element of the background set, the i-th copy being in a natural
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correspondence with reaction ai: Si = {wi
1,wi

2,♡i} for i ∈ {1, 2}. Let A ′ consist of the
following reactions over S∪ S1 ∪ S2:

a ′
1 := (w1 +w

1
1,∅,♡+♡1 +♡2)

a ′
2 := (w1 +w2 +w

2
1 +w

2
2,∅,w2 +w

1
2 +w

2
2)

ax := (x,∅, x+ x1 + x2) for all x ∈ S.

We define the PRA M ′ = (S ∪ S1 ∪ S2,Σ, A ′,w1,♡). We have that Enmr
A ′ (w1 +w1

1 +

w2
1 +w2 +w

1
2 +w

2
2) = {a ′

2, a ′
1 + aw2

} since a ′
2 and a ′

1 + aw2
are not comparable and

are both maximal. Therefore we obtain the following accepting process with input
w2:

D0 +w2 = w1 +w2

aw1
+aw2−−−−−−→ w1 +w

1
1 +w

2
1 +w2 +w

1
2 +w

2
2

a ′
1+aw2−−−−−→ ♡+♡1 +♡2 +w2 +w

1
2 +w

2
2

a♡+aw2−−−−−→ ♡+♡1 +♡2 +w2 +w
1
2 +w

2
2

a♡+aw2−−−−−→ · · · .

We have obtained that w2 ∈ Lw
mr(M

′). In the proof of the following theorem, we will
extend this construction.

Theorem 6.2.2. Given a reaction automaton A = (S,Σ, A,D0, f) working in a maximally
parallel manner, there exists a pure reaction automaton M working in a maximally reactive
manner such that Lw

mp(A) = Lw
mr(M).

Proof. Let A = {a1, . . . , ak}. We make k = |A| copies of each element of the
background set, the i-th copy being in a natural correspondence with reaction ai:
Si = {xi | x ∈ S} for each i = 1, 2, . . . , |A|. We define a PRA M = (S ∪ S ′,Σ, A ′,D0, f)
working in a maximally reactive manner such that:

• S ′ := S1 ∪ · · · ∪ Sk;

• Σ is the same input alphabet as A;

• A ′ := Ap ∪Ac, where

Ap := {(x,∅, x+ x1 + x2 + · · ·+ xk) | x ∈ S}
Ac := {a ′

i := (Rai + R
i
ai , I

i
ai ,Pai + P

1
ai + · · ·+ P

k
ai) | ai = (Rai , Iai ,Pai) ∈ A};

• D0 is the same initial state as A;

• f is the same final element as A.

Furthermore, for any T ∈ S# we define T ′ :=
∑k

j=1 T
j ∈ (S ′)#, where T j consists of

the j-th copy of every element of T . In particular, x ′ denotes x1 + x2 + · · ·+ xk for
any x ∈ S.

Claim 10. W ∈ Resmp
A (V) if and only if W +W ′ ∈ R̂es

mr

A ′ (V + V ′).

Proof. We prove the two implications.
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⇒) If W ∈ Resmp
A (V) then ∃a =

∑k
j=1 λjaj ∈ Enmp

A (V) such that Pa + V − Ra = W.
Consider a ′′ :=

∑k
j=1 λja

′
j + (V − Ra,∅,V − Ra + V

′ − R ′
a) ∈ ⟨A ′⟩, then V + V ′

enables a ′′; we want to show that it is mr enabled. Let b ′′ ∈ ⟨A ′⟩ such that
b ′′ >r a ′′ and suppose for a contradiction that b ′′ is enabled by V +V ′. We have
that b ′′ =

∑k
j=1 µja

′
j + (R,∅,R+ R ′) for some b =

∑k
j=1 µjaj ∈ ⟨A⟩ and some

R ∈ S#, thus looking at the reactants we obtain R = V − Rb. Furthermore, since
b ′′ >r a ′′, there exists i such that λi < µi, thus a + (µi − λi)ai ⩽r b is enabled
by V , a contradiction since a is enabled in maximally parallel manner. Finally,
we can conclude that a ′′ ∈ Enmr

A ′ (V + V ′), hence W +W ′ ∈ R̂es
mr

A ′ (V + V ′).

⇐) If W +W ′ ∈ R̂es
mr

A ′ (V + V ′) then ∃a ′′ = a ′ + (R,∅,R + R ′) ∈ Enmr
A ′ (V + V ′),

for some a ∈ ⟨A⟩ and R ∈ S#, such that Pa + R = W. Note that V − Ra = R,
as otherwise, for any x ∈ V − Ra − R, the reaction a ′′ + (x,∅, x+ x ′) would be
enabled by V + V ′ and strictly greater than a ′′, in contradiction to the fact that
a is maximally enabled. We immediately remark that a ∈ ⟨A⟩ is enabled by V .
We want to prove that is mp enabled. Let c ∈ ⟨A⟩ such that a + c is enabled
by V , then (a + c) ′′ >r a ′′ is enabled by V + V ′, a contradiction. Finally we can
conclude that a ∈ Enmp

A (V), hence Pa + V − Ra = Pa + R =W ∈ Resmp
A (V). ■

We conclude as in Theorem 6.2.1.

Corollary 6.2.3. RAmr ⊆ RAw
mr ⊆ PRAw

mr and RAmp ⊆ RAw
mp ⊆ PRAw

mr.

Proof. Follows directly from Theorems 6.2.1 and 6.2.2 and Corollary 6.1.2.

Corollary 6.2.4. Every recursively enumerable language is weakly accepted by a pure reac-
tion automaton working in a maximally reactive manner.

Proof. Follows directly from Corollary 6.1.3 and Theorem 6.2.2.

6.3 computing functions with pure reaction automata

In this section, we introduce a new angle to investigate the computing power of PRA.
Inspired by existing work on chemical reaction networks (see [72, 77]) we will show
that PRA can be seen as machines to compute partial functions from Nk into N. For
more details on partial recursive functions and related computability issues, we refer
the reader to [162].

Definition 6.3.1. Given a partial function ϕ : Nn ⇀ N, consider an alphabet Σ :=

{a1, . . . ,an} so that Σ# ∼= Nn. A PRA M = (S,Σ, A,D0, f) computes ϕ in a manner
X ∈ {mp,mr} if:

• when ϕ(x1, . . . , xn) is defined, it holds ϕ(x1, . . . , xn) = y if and only if when
the linear combination x1a1 + · · ·+ xnan is added to the initial state D0 for
any process D0 + x1a1 + · · ·+ xnan, . . . ,Dk, . . . there exists k ∈ N such that
Dk = Dm∀m ⩾ k,yf ⩽ Dk, (y+ 1)f ≰ Dk;

• ϕ(x1, . . . , xn) is undefined if and only if all processes starting from D0 + a1 +

· · ·+ xnan satisfy ∀k ∈N : Dk ̸= Dk+1, i.e. none of the processes stabilizes.
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In other words, a PRA computes a partial function ϕ if and only if, interpreting
(x1, . . . , xn) ∈Nn as the coefficients of a linear combination of the elements in Σ and
adding this combination to the initial state, one of the following happens: if ϕ is not
defined for (x1, . . . , xn), no process that starts from there stabilizes; otherwise, any
process stabilizes on a state that contains fwith multiplicity y, where ϕ(x1, . . . , xn) =
y.

We will focus on a special class of PRA, specified in Definition 6.3.2, such that there
is exactly one process that can start from each possible initial state. Throughout this
section, we assume that all PRA operate in a maximally reactive manner.

Definition 6.3.2. Given M = (S,Σ, A,D0,Sf) a PRA working in a manner X ∈
{mp,mr}, we say that M is deterministic (DPRA) if and only if for any reachable

state V , the pure result R̂es
X

A(V) consists of one element only.

The next lemmas provide a few examples of partial functions that can be computed
with DPRA working in a maximally reactive manner.

Lemma 6.3.1. There exists a DPRA computing the sum function ϕ : Nn → N,
ϕ(x1, x2) := x1 + x2.

Proof. Let Σ := {a1,a2}, S := {a1,a2, f} and A := {b1 = (a1,∅, f), b2 = (a2,∅, f),
b3 = (f,∅, f)}. M := (S,Σ, A, 0, f) is clearly deterministic and it computes ϕ as, for
any (x1, x2) ∈N2, adding x1a1 + x2a2 to the initial state 0 gives rise to the process

x1a1 + x2a2
x1b1+x2b2−−−−−−−→ (x1 + x2)f

(x1+x2)b3−−−−−−−→ (x1 + x2)f −→ · · · .

Lemma 6.3.2. There exists a DPRA computing the difference function ϕ : Nn ⇀ N,
ϕ(x1, x2) := x1 − x2.

Proof. Clearly, ϕ(x1, x2) is defined if and only if x1 ⩾ x2. Let Σ := {a1,a2}, S :=

{a1,a2,a ′
1,a ′

2,♢, f} and let A consist of the following six reactions:

b1 = (a1,∅,a ′
1)

b2 = (a2,∅,a ′
2 +♢)

b3 = (a ′
2,∅,a2)

b4 = (a ′
1,∅, f)

b5 = (a ′
1 + a

′
2 +♢,∅, 0)

b6 = (f,∅, f).

We claim that M := (S,Σ, A, 0, f) computes ϕ. Indeed, let (x1, x2) ∈ N2 such that
x1 ⩾ x2, then adding x1a1 + x2a2 to the initial state 0 gives rise to the process

x1a1 + x2a2
x1b1+x2b2−−−−−−−−−−−→ x1a

′
1 + x2a

′
2 + x2♢

(x1−x2)b4+x2b5−−−−−−−−−−−→ (x1 − x2)f
(x1−x2)b6−−−−−−−→ (x1 − x2)f −→ · · · .
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On the other hand, if (x1, x2) ∈N2 is such that x1 < x2, then the process becomes

x1a1 + x2a2
x1b1+x2b2−−−−−−−−−−−→ x1a

′
1 + x2a

′
2 + x2♢

(x2−x1)b3+x1b5−−−−−−−−−−−→ (x2 − x1)a2
(x2−x1)b2−−−−−−−→ (x2 − x1)a

′
2 + (x2 − x1)♢

(x2−x1)b3−−−−−−−→ (x2 − x1)a2 −→ · · · ,

thus the process gets stuck in an unstable configuration. Note that the proof relies
heavily on maximal reactivity: b5 >r b3 + b4 since a ′

1 + a
′
2 +♢ > a ′

1 + a
′
2. The role

of the element ♢ is precisely to make b5 maximal in this case.

We will prove that the class of functions that DPRA operating in mr can compute
is universal, in the sense of Church-Turing’s Thesis. We start with the following basic
lemma.

Lemma 6.3.3. The constant function equal to 0, the successor function and the projection
functions can be computed by a DPRA.

Proof. Constant function. The constant function C0 : Nk → N, C0(x1, . . . , xk) :=

0 ∀(x1, . . . , xk) ∈Nk is computed by the DPRA M = (Σ∪ {f},Σ,∅, 0, f). It is straight-
forward to verify that x1a1+ · · ·+ xkak gives rise to the process x1a1+ · · ·+ xkak →
0→ 0→ · · · .

Successor function. The successor function S : N → N, S(x) := x + 1 ∀x ∈ N,
is computed by the DPRA M = (S,Σ, A,▷, f), where S = Σ ∪ {▷, f}, Σ = {a} and
A = {(▷,∅, f), (a,∅, f), (f,∅, f)}. It is straightforward to verify that ▷+ xa gives rise
to the process ▷+ xa→ (x+ 1)f→ (x+ 1)f→ · · · .

Projection functions. Given k,n ∈ N with 1 ⩽ n ⩽ k, the projection function Pkn :

Nk → N, Pkn(x1, . . . , xk) := xn ∀(x1, . . . , xk) ∈ Nk, is computed by the DPRA M =

(S,Σ, A, 0, f) where S = Σ ∪ {f}, Σ = {a1, . . . ,ak} and A = {(an,∅, f), (f,∅, f)}. It is
straightforward to verify that x1a1 + · · ·+ xkak gives rise to the process x1a1 + · · ·+
xkak → xnf→ xnf→ · · · .

Note that so far we have not made use of inhibitors in the reactions; however, they
will become crucial in proving the following results.

Remark 6.3.1. If a process within a DPRA reaches the state Dk = 0, then Dk+1 = 0.
Furthermore, by determinism, if Dk = Dk+1 then Dk+m = Dk for all m ∈ N, thus
to decide whether the process stabilizes it suffices to find the smallest k ∈ N such
that Dk = Dk+1.

Definition 6.3.3 (Normalized DPRA). A DPRA M = (S,Σ, A,D0, f) operating in a
maximally reactive manner which computes a partial function ϕ is called normalized
if the following two conditions hold:

1. there exists h ∈ S such that, whenever ϕ(x1, . . . , xk) = y, the process D0 +

x1a1 + · · · + xnan, . . . ,Dk, . . . stabilizes in a state of the type P + h + yf, for
some P ∈ S#;

2. h and f are not present in the multiset of reactants of any reaction in A.
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A normalized DPRA computing ϕ will be denoted by M(ϕ,h, f).

The following lemma proves that to determine the computational power of DPRA
as function acceptors, it suffices to study normalized DPRA.

Lemma 6.3.4. Given any DPRA computing a partial function ϕ, there exists a normalized
DPRA computing ϕ.

Proof. Given M = (S,Σ, A,D0, f) computing ϕ, Σ = {a1, . . . ,an}, S = Σ ∪
{s1, . . . , sm, f}, we define M̂ = (Ŝ,Σ, A ′,▷+♢+♠,g) as follows:

• Ŝ := S0 ∪ S1 ∪ S2 ∪ S3 ∪ Σ ∪ {▷,g,g1,h,□,♢,♠, #1, #3}, where Si := {si : s ∈ S}
for all i ∈ {0, 1, 2, 3};

• Σ is the same input alphabet as M;

• A ′ := Ain ∪A0 ∪A♠ ∪Af, where

Ain :=


(a,∅,a0 + a1 + #1) for each a ∈ Σ,

(▷,∅,D0
0 +D

1
0 + ∥D0∥#1 +♠)

(♢, {□},♢)

A0 :=

(R0, I0 ∪ S1 ∪ {□},P0 + P1 + ∥P1∥#1) for each (R, I,P) ∈ A

(R0, I0 ∪ S2 ∪ {□},P0 + P2) for each (R, I,P) ∈ A

A♠ :=



(#1 + a1, {□}, #3 + a3) for each a ∈ S
(a2, {□},♠) for each a ∈ S
(a3, {□},♠) for each a ∈ S
(a2 + a3 + #3, {□}, 0) for each a ∈ S

Af :=



(#1 + f1, {♠,□},g)

(♢,S2 ∪ {♠,□,▷},□)

(g,∅,g+ g1)

(□,∅,□+ h)

• ▷+♢+♠ is the new initial state;

• g is the new final element.

Before analyzing the processes within M, let us give an intuition about the role of
each group of reactions and each symbol in Ŝ. The reactions of type A0 mimic the
reactions of M: at every step of the process, they produce two copies of the state that
would have been reached by the process in M. One of the copies always consists of
elements from S0, the second copy consists of elements from S1 in the first step, from
S2 in the second step, and they keep alternating because the two groups of reactions
in A0 are inhibited by elements from S1 and S2, respectively. We call the steps in
which elements from S1 are produced of type 1; the steps in which elements from S2
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are produced are of type 2. In steps of type 1, the reactions from the first group also
produce the symbol #1 with a multiplicity equal to the number of elements from S1

that are produced; #1 is thus a counter for the elements from S1 in the next state.
The first two groups of reactions from Ain only happen at the beginning of the

computation (indeed ▷ symbolizes starting the computation), their role being to
produce two copies, consisting of elements from S0 and S1, respectively, of all the
input elements and a copy of the initial state of M, so as to allow the reactions from
A0 to take place; they also produce the symbol ♠, which must be produced as long
as the computation has not reached a stationary state. The last reaction produces the
symbol ♢, whose role is explained later, at every step, until there is a signal for the
computation to stop.

The reactions in the first group of A♠ have the role of transforming every element
from S1 in the current state into its copy from S3 in the next state, producing also
a counter #3 that will have the same multiplicity as #1. The rest of the reactions are
used to compare the elements from S2 with those from S3 in the current state: the
symbol ♠ is produced as long as they differ, and it is no longer produced as soon
as they are equal. This comparing mechanism heavily relies on maximal reactivity,
because it always holds (a2 + a3 + #3, {□}, 0) >r (a2, {□},♠) + (a3, {□},♠) for any
a ∈ S: this implies that if the elements from S2 are a copy of those from S3, none
of the reactions from the second and third group of A♠ will be maximally enabled
(note that #3 will be present in the exact same quantity as the multiplicity of the
elements from S3) thus ♠ will not be produced. The role of the #3 counters is really
important since they give a way to prioritize the last group of reactions in A♠.

The reactions from Af are needed to produce the last states at the end of the
computation. The first two take place as soon as♠ is no longer present in a state, thus
when the computation needs to stop. If f was generated by the last reaction when
the process stops in the original automaton M, then f1 is present as well (together
with the right multiplicity of the counter #1), thus the first reaction from Af takes
place: indeed, it is always greater than the first reaction from A♠ (because its set
of inhibitors also contains ♠), thus it is enabled in a maximal reactive manner. The
second reaction from Af is maximally enabled as well (it is strictly greater than the
last reaction from Ain) thus it produces □, while ♢ is no longer produced. The role
of □ is to disable all the reactions from A0; the role of ♢ is to enable the reaction that
produces □ whenever needed. Finally, the last two reactions from Af are enabled,
and they produce h and y copies of g+ g1.

Let us now analyze the processes within M̂. Given π = D0 + x1a1 + · · · +
xnan, . . . ,Dk, . . . a process in M, we denote X0 := D0+x1a1+ · · ·+xnan. We obtain
the following process for M̂:

▷+♠+♢+ x1a1 + · · ·+ xnan −→ X0
0 +X

1
0 + ∥X0∥#1 +♠+♢

−→ D0
1 +D

2
1 +X

3
0 + ∥X0∥#3 +♢

−→ D0
2 +D

1
2 + ∥D2∥#1 + ∥X0 △ D1∥♠+♢

−→ · · · .

Suppose π stabilizes, then by Remark 6.3.1 there exists a k such that Dk = Dk+1 but
Dk−1 ̸= Dk. We first consider the case in which Dk ̸= 0.
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If k is odd, we have:

D0
k +D2

k +D3
k−1 + ∥Dk−1∥#3 +♢ −→

−→ D0
k +D1

k + ∥Dk∥#1 + ∥Dk △ Dk−1∥♠+♢
−→ D0

k +D2
k +D3

k + ∥Dk∥#3 +♢
−→ D0

k +D1
k + ∥Dk∥#1 + ∥Dk △ Dk∥︸ ︷︷ ︸

=0

♠+♢

−→ □+D0
k +D2

k +D3
k − yf3 + ∥Dk − yf∥#3 + yg+ yg1 +♢

−→ □+ h+ yg+ yg1 −→ □+ h+ yg+ yg1 −→ · · · .

If k is even, we obtain the same process as above, except it starts from the second
row. Note that if Dk = 0, thus Dk−1 ̸= 0, then the computation in M stops returning
the value y = 0. We divide again two cases:

• if k is odd then D3
k−1 + ∥Dk−1∥#3 +♢ → ∥Dk−1∥♠+□ → □+ h → □+ h →

· · · ;

• if k is even then ∥Dk−1 △ Dk−2∥♠+♢ → ♢ → □→ □+ h→ □+ h→ · · · .

Recall that Condition 1 of Definition 6.3.3 requires the state on which the process
stabilizes to be of the form P + h + yf. In all the previous cases, this condition is
satisfied with P = □+ yg ∈ Ŝ# and f = g1.

If, instead, the process π in M does not stabilize (and in particular, we have that
Dk ̸= 0 for all k), then ♠ will never disappear, thus □ will never be generated, and
thus the corresponding process in M̂ will never stabilize as well.

Building on Lemma 6.3.4, we can prove that DPRA compute a much larger class
of partial functions.

Lemma 6.3.5. Given ϕ : Nk ⇀ N and ψi : Nn ⇀ N for all i ∈ {1, . . . ,k}, all computable
by DPRA, the composition function κ : Nn ⇀ N defined by

κ(x1, . . . , xn) := ϕ(ψ1(x1, . . . , xn), . . . ,ψk(x1, . . . , xn))

is also computable by a DPRA.

Proof. Let Σ = {a1, . . . ,an} and ΣN = {bN1 , . . . ,bNk } be two disjoint sets such that
Σ# ∼= Nn and (ΣN)# ∼= Nk; we additionally define Σi = {aij : aj ∈ Σ} for all i ∈
{1, . . . ,k}. We consider N := N(ϕ,hN, fN) = (SN,ΣN, AN,DN

0 , fN) the normalized
DPRA computing ϕ and Mi := M(ψi,hi, fi) = (Si,Σi, Ai,Di

0, fi) the normalized
DPRA computing ψi for all i = 1, . . . ,k; furthermore, we assume that the respective
background sets SN, S1, . . . ,Sk are disjoint, and we will label the corresponding
reactions and elements with the same apex. We denote K := (S,Σ, A,D0, fN) the
DPRA defined by:

• S := SN ∪ S1 ∪ · · · ∪ Sk ∪ Σ ∪ {▷M,▷N,□M,□N}, where ▷M,▷N,□M,□N are
new elements;

• Σ := {a1, . . . ,an} is the input alphabet;
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• A := Ain ∪Ac ∪AN
□ ∪A1

□ ∪ · · · ∪Ak
□, where

Ain :=



(▷M,∅,D1
0 + · · ·+Dk

0),

(▷N,∅,DN
0 ),

(□N,∅,□N)

(ai,∅,a1i + · · ·+ aki ) for each i ∈ {1, . . . ,n}

Ac :=

(h1 + · · ·+ hk +□N, {□M},▷N +□M)

(fi,□N,bNi ) for each i ∈ {1, . . . ,k}

AN
□ :=

{
(RNa , INa ∪ {□N},PNa ) for each (RNa , INa ,PNa ) ∈ AN

Ai
□ :=

{
(Ria, Iia ∪ {□M},Pia) for each (Ria, Iia,Pia) ∈ Ai

}
∀i ∈ {1, . . . ,k};

• D0 := ▷M +□N is the initial state;

• fN is the same final element as N.

We want to analyse the process starting with ▷M +□N + x1a1 + · · ·+ xnan. At the
first step, only the reactions in Ain are enabled; thus k copies of each of the input
elements are generated (one for each of the alphabets Σi), as well as the initial states
D1

0, . . . ,Dk
0 of M1, . . . ,Mk. The element □N is preserved. Now each of the Mi is

simulated by the reactions in Ai
□, and □N is preserved by the third reaction of Ain

until the reaction (h1 + · · · + hk + □N, {□M},▷N + □M) >r (□N,∅,□N) from Ac

becomes enabled, i.e. when the computation of all Mi terminates and produces all
the elements hi (note that here it is crucial to operate in a mr manner). Recall that by
Condition 2 from Definition 6.3.3, none of the elements hi are present in any reactant
multiset, thus no combination of the reactions from Ai

□ can be greater than the first
reaction from Ac. When this reaction takes place, □N is replaced by ▷N +□M, thus
the reactions (▷N,∅,DN

0 ) and (fi,□N,bNi ) produce the initial state and the input for
N, while □M will block any reactions in A1

□, . . . , Ak
□.

Finally, in the successive computation, there will be no element of S1 ∪ · · · ∪ Sk left,
and N will start its computing process using, as desired, the outputs of the other k
machines as inputs.

Lemma 6.3.6. Given ϕ : Nk+2 ⇀ N and ψ : Nk ⇀ N, both computable by DPRA, the
primitive recursion ρ : Nk+1 ⇀ N defined by

ρ(0, x1, . . . , xk) := ψ(x1, . . . , xk)

and

ρ(y+ 1, x1, . . . , xk) := ϕ(y, ρ(y, x1, . . . , xk), x1, . . . , xk) ∀y ⩾ 1

is also computable by a DPRA.

Proof. Let Σk = {a1, . . . ,ak} such that Σ#
k

∼= Nk and let a,a0 /∈ Σk be two ex-
tra symbols. We define two additional alphabets ΣM := {aM1 , . . . ,aMk } and ΣN =

{aN,aN0 ,aN1 , . . . ,aNk }, so that (ΣN)# ∼= Nk+2.
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We consider N := N(ϕ,hN, f) = (SN,ΣN, AN,DN
0 , f) the normalized DPRA com-

puting ϕ and M := M(ψ,hM, f) = (SM,ΣM, AM,DM
0 , f) the normalized DPRA com-

puting ψ; furthermore, we assume that the respective background sets SN, SM are
disjoint except for the final element, i.e. SN ∩ SM = {f}; we will label the correspond-
ing reactions and elements with the same apex. We define R := (S,Σ, A,D0, f ′) the
DPRA such that:

• S := SN ∪ SM ∪ Σ ∪ Σ ′
k ∪ {▷,▷M,▷N,□M,□N,□M

in,□N
in,⟲N, #, # ′, f ′}, where

Σ ′
k = {a ′

1, . . . ,a ′
k};

• Σ := {a,a1, . . . ,ak} is the input alphabet;

• A := Ain ∪Am ∪Ac ∪AN
□ ∪AM

□ , where

Ain :=



(▷,∅,▷M)

(▷M, {□M,□M
in},D

M
0 +□M

in)

(▷N, {□N,□N
in},D

N
0 +□N

in)

(f ′, {□N,□N
in},a

N
0 )

(# ′, {□N,□N
in},a

N)

(a ′
i, {□

M,□M
in},a

M
i ) for each i ∈ {1, . . . ,k}

(a ′
i, {□

N,□N
in},a

N
i ) for each i ∈ {1, . . . ,k}

Am :=



(ai,∅,ai + a ′
i) for each i ∈ {1, . . . ,k}

(a,∅,a)

(□N,∅,□N)

(□M,∅,□M)

(□N
in,∅,□N

in)

(□M
in,∅,□M

in)

(#,∅, # + # ′)

(f,∅, f ′)

Ac :=



(hM + a,∅,⟲N)

(hN + a,∅,⟲N +□N)

(⟲N +□N,∅,□M +▷N)

(⟲N +□N
in +□N,∅, # + # ′ +▷N)

AN
□ :={(RNa , INa ∪ {□N},PNa ) : (RNa , INa ,PNa ) ∈ AN}

AM
□ :={(RMa , IMa ∪ {□M},PMa ) : (RMa , IMa ,PMa ) ∈ AM};

• D0 := ▷+□N is the new initial state;

• f ′ is the new final element.
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First, we note that the reactions in Am are inhibitorless. Thus, they will occur, main-
taining the respective elements and generating a copy of them using the alphabet Σ ′

k,
whenever their reactants are present, as they do not conflict with any other reaction.
The elements from Σ ′

k will be later translated into the corresponding elements from
ΣM or ΣN, depending on the phase of the process, by the last two reaction groups
from Ain.

We now explain how the machine works. In the initial state ▷+□N +ya+ x1a1 +

· · ·+ xkak, the reaction

(▷,∅,▷M) + y(a,∅,a) +
k∑

i=1

xi(ai,∅,ai + a ′
i)

is maximally enabled; in particular, it generates ▷M, which in the next step enables
the generation of the initial state of M. Moreover, the element □M

in is generated and
later preserved via the reaction (□M

in,∅,□M
in) ∈ Am, preventing the initial state of M

from being generated multiple times. The process that would take place in M is then
simulated with the reactions from AM

□ ; whenever M terminates, it produces a single
element hM. We remark that ya is preserved in any state via (a,∅,a) ∈ Am, then
we have to consider two cases.

y = 0 . No reaction from Ac nor AN
□ is enabled , so the system reaches a stable state

and the result is the same as the result given by M with input (x1, . . . , xk).

y ⩾ 1 . The reaction (hM + a,∅,⟲N) is enabled (being strictly greater than one in-
stance of (a,∅,a), thus reducing the multiplicity of a, which is initially equal to
y, by 1); in the next step, the reaction (⟲N +□N,∅,□M +▷N) will take place,
thus eliminating □N and introducing □M, whose role is to block all reactions
from AM

□ (simulating M) and to enable the reactions from AN
□ (simulating

N). At this point, the initial state of N is generated by reactions in Ain, re-
ceiving as input (0,ψ(x1, . . . , xk), x1, . . . , xk), as the reaction (f ′, {□N,□N

in},a
N
0 )

transfers the output of M to the second coordinate of ϕ, and since # is not
present, and consequently # ′ neither, the first coordinate is 0. The process
will continue until N eventually produces an output. If a is no longer present
(y − 1 = 0), the output will be ϕ(0,ψ(x1, . . . , xk), x1, . . . , xk), as desired; if a
is still present (y > 1), the reaction (hN + a,∅,⟲N +□N) will take place, and
as a consequence, the whole simulation of N will be reinitialized by □N. The
only reactions that will take place are those from Am maintaining and copy-
ing the input, the reaction (f,∅, f ′) saving the output of N, and the reaction
(⟲N +□N

in +□N,∅, # + # ′ +▷N) that will reinitialize N in the next step. Since
it will receive the multiplicity of # ′ as the first coordinate, the multiplicity of
f ′ as the second one and then the rest of the saved input, the machine will
then calculate ϕ(1,ϕ(0,ψ(x1, . . . , xk), x1, . . . , xk), x1, . . . , xk). This process will
repeat until the occurrences of a are exhausted (recall that its multiplicity de-
creases by 1 at every iteration), so we have proved that R computes ρ, the
primitive recursion operator of ϕ and ψ.
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Lemma 6.3.7. Given ϕ : Nk+1 ⇀ N, computable by a DPRA, the minimization operator
µϕ : Nk ⇀ N defined by

µϕ(x1, . . . , xk) :=

z if ϕ(z, x1, . . . , xk) = 0 and ϕ(y, x1, . . . , xk) > 0 for all y < z

⊥ otherwise

where ⊥ means that the operator is undefined, is also computable by a DPRA.

Proof. We consider, with the same notation as in the previous lemmas, N :=

N(ϕ,hN, fN) = (SN,ΣN, AN,DN
0 , fN) the normalized DPRA computing ϕ, with

ΣN = {aN0 ,aN1 , . . . ,aNk }. We define M := (S,Σ, A,D0, f ′) the DPRA given by:

• S := SN ∪ Σ∪ {▷,□N,□N
in, f, f ′};

• Σ := {a1, . . . ,ak} is the new input alphabet;

• A := Ain ∪Am ∪Ac ∪AN
□ , where

Ain :=


(▷, {□N,□N

in},D
N
0 +□N

in)

(f, {□N,□N
in},a

N
0 )

(ai, {□N,□N
in},a

N
i ) for each i ∈ {1, . . . ,k}

Am :=


(ai,∅,ai) for each i ∈ {1, . . . ,k}

(f ′,∅, f+ f ′)

(□N
in,∅,□N

in)

Ac :=

(hN + fN,∅,□N)

(□N +□N
in,∅, f+ f ′ +▷)

AN
□ :={(RNa , INa ∪ {□N},PNa ) : (RNa , INa ,PNa ) ∈ AN};

• D0 := ▷ is the new initial state;

• f ′ is the new final element.

Much like in previous proofs, the reactions from Am maintain the input elements.
We now analyze the process of M starting from the state ▷+ x1a1 + · · ·+ xkak. At
the beginning of the computation, using the first reaction from Ain, the initial state
of N is generated, receiving an input with 0 as the first coordinate: indeed, the value
of the first coordinate is given by the multiplicity of aN0 , which at the first step is not
produced because f is not present in the initial state. Then N is simulated with the
reactions from AN

□ . If N terminates and produces hN, there are two possible cases.

1. fN is not present. Then, since neither f ′ is present, the state remains unchanged,
and hence the result is 0.

2. fN is present. This indicates that N has returned a non-zero value, so the re-
action (hN + fN,∅,□N) takes place, inhibiting every reaction from AN

□ and
enabling (□N +□N

in,∅, f ′ + f+▷) in the next step. Since the former reaction
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is greater than (□N
in,∅,□N

in), the element □N
in is not generated and the re-

action generating the initial state of N is enabled again, receiving as input
(1, x1, . . . , xk), because now f is present with multiplicity 1, thus aN0 is gener-
ated with multiplicity 1. This process is iterated until N eventually outputs 0:
at each iteration, the multiplicity of f ′ is increased by 1 (as well as those of f,
via the second reaction from Am, and of aN0 via the second reaction from Ain),
thus when the process terminates, the result is precisely the multiplicity of f ′.

We proved that M computes the minimization operator of ϕ.

We have arrived at the main result of this section.

Theorem 6.3.8. The class of partial functions computed by deterministic pure reaction au-
tomata operating in a maximally reactive manner coincides with the class of general recursive
functions.

Proof. By Lemma 6.3.3, deterministic pure reaction automata can compute the ba-
sic functions: namely, the constant function equal to 0, the successor function and
the projection functions. Furthermore, the partial functions computed by determinis-
tic pure automata are closed under composition (Lemma 6.3.5), primitive recursion
(Lemma 6.3.6) and minimization (Lemma 6.3.7), therefore they coincide with the
class of general recursive functions.

6.4 conclusions

In this chapter, we introduced and studied a new criterion, the maximally reactive
manner, for selecting the reactions that take place in a computation step of a reac-
tion automaton. We also defined a new variant of RA, the Pure Reaction Automata,
where there is no permanence, mimicking (in this aspect) the behaviour of RSs. We
studied the relation between pure and classical RA working in a maximally reactive
manner, showing that the absence of permanence is not a strong limitation: for every
reaction automaton working in a maximally parallel (or maximally reactive) manner
recognizing a certain language, there always exists a PRA working in a maximally
reactive manner recognizing the same language. When seen as devices for comput-
ing partial functions, deterministic PRA working in a maximally reactive manner are
able to compute all general recursive functions.

An interesting direction for future research is to further investigate the relation
between the different manners since the choice of one or the other can potentially
change the computational power of a RA (pure or not). The choice of different man-
ners could also give rise to interesting results for the chemical version of RA, in
which the set of inhibitors is constrained to be empty, as we will show in Chapter 7.
The role of determinism is also to be further explored since it can be another fac-
tor that impacts the computational power of RA, possibly also determining which
kinds of functions can be computed under time and space (size of the multisets)
constraints. RSs were also explored with additional extensions and restrictions, like
adding a duration for reactions or forcing each reaction to have only one reactant or
one inhibitor. Similar questions can be asked about RA: what is their effect on the
computational power? Can we still obtain universality in all cases?





7
C H E M I C A L P U R E R E A C T I O N A U T O M ATA

In this chapter, we continue the study presented in Chapter 6 and introduce a new
class of Reaction Automata, called Chemical Pure Reaction Automata (CPRA). CPRA
combine characteristics of Chemical Reaction Automata (CRA), introduced in [209],
with those of the PRA. Just like PRA, CPRA lack permanence: result states consist
solely of the reaction products, with any unconsumed reactants being discarded.
We determine the computational power of the proposed model as a language ac-
ceptor, both in the deterministic and non-deterministic setting. Our results can be
summarised as follows (see Figure 21).

1. Deterministic CPRA are not Turing complete (Theorem 7.2.2). To prove this
result, we make an unusual and somewhat surprising use of Dickson’s Lemma,
a standard result in commutative algebra.

2. Non-deterministic CPRA are strictly more powerful than deterministic CPRA.
In particular, the set of languages accepted by CPRA in the maximally parallel
manner contains the set of languages accepted by the standard CRA of [209]
working in the same manner (Theorem 7.3.1).

DCPRAmp

RE CRAλ
mp CPRAλ

mp

DCPRAλ
mp

Th.7.2.2
[209, Th.1] Th.7.3.1

Th.7.2.2

Figure 21. Graphical summary of the results of this chapter. RE represents the set of recur-
sively enumerable languages. DCPRAmp, CPRAmp, CRAmp are the set of lan-
guages recognized by DCPRA, CPRA, CRA working in maximally parallel (mp)
manner. The apex w means weakly accepted (see Definition 7.1.8). The arrow ↪→
denotes language set strict inclusion.

Chapter organization. In Section 7.1, we introduce some preliminary definitions
related to CRA and the definition of a specific topology over the states that will be
used in the technical sections. In Section 7.2, we consider deterministic CPRA and
prove that they are not Turing complete. In Section 7.3, we study non-deterministic
CPRA and prove that they are strictly more powerful than deterministic CPRA. In
Section 7.4, we state some open problems and draw conclusions over our results.
This chapter is based on the following publication: R. Ascone, G. Bernardini, F. Leiter, L. Manzoni.
Chemical Pure Reaction Automata in Maximally Parallel Manner. In: Journal of Membrane Computing,
2025, [22].
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7.1 preliminaries

7.1.1 Topology on Multisets

In this section, we define a topology on S# and we prove that, under this topology,
every subset of S# is compact. These results will be useful in Section 7.2 to determine
the computational power of deterministic chemical pure reaction automata.

Definition 7.1.1. Given V ∈ S#, we define UV := {W ∈ S# | V ⩽ W}, and T the
topology over S# generated by the family B := {UV | V ∈ S#}.

Remark 7.1.1. The family B is a base for the topology T. Indeed, B covers S# since
S# = U0; and given any UV ,UW ∈ B, the intersection UV ∩UW is equal to UT where
T(a) = max{V(a),W(a)} for all a ∈ S. Moreover, note that V ⩽W implies UV ⊇ UW .

Given S = {x1, . . . , xn} a finite alphabet of n letters, let K[S] = K[x1, . . . , xn] be
the ring of polynomials in n variables x1, . . . , xn over the field K and let Π(S) =

Π(x1, . . . , xn) be the set of all monomials in K[S].

Remark 7.1.2. The following map:

S# −→ Π(S)

V 7−→ x
V(x1)
1 · xV(x2)

2 · . . . · xV(xn)
n =: xV

is an isomorphisms of monoids. Furthermore, we have that V ⩽W if and only if xV

divides xW .

N

N

UV

UW

2

4

6

1

Figure 22. Visual representation, under the isomorphism of Remark 7.1.2, of the open sets
corresponding to V = 2a+ 4b 7→ (2, 4) ∈N2 and W = 6a+ b 7→ (6, 1) ∈N2.

Definition 7.1.2 (monomial ideal). An ideal I ⊆ K[x1, . . . , xn] is monomial if there
exists A ⊆Nn such that I is generated by the family of monomials {xα | α ∈ A}, and
it is denoted by I = ⟨xα : α ∈ A⟩.

We next report, for completeness, two results by Cox et al. we rely upon.
Lemma 7.1.1 can be found at p70 of [85] (therein it is called Lemma 2); Theorem 7.1.2
is Theorem 5 at p74 of [85].
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Lemma 7.1.1 ([85]). Let I = ⟨xα : α ∈ A⟩ be a monomial ideal, then a monomial xβ lies in
I if and only if xβ is divisible by xα for some α ∈ A.

Theorem 7.1.2 (Dickson’s lemma [85]). Let I = ⟨xα : α ∈ A⟩ ⊆ K[x1, . . . , xn] be a
monomial ideal, then there exists α1, . . . ,αk ∈ A such that I = ⟨xα1 , . . . , xαk⟩.

As a corollary of Dickson’s Lemma, we prove the following result.

Theorem 7.1.3. Let X ⊆ S#, then for every open covering of X given by elements of the basis
B, there exists a finite subcovering of X.

Proof. Let U = {UV | V ∈ Y ⊆ S#} ⊆ B be a covering of X. By Dickson’s Lemma,
the monomial ideal I = ⟨xV : V ∈ Y⟩ equals ⟨xV1 , . . . , xVk⟩ for some V1, . . . ,Vk ∈ Y.
We claim that {UV1

, . . . ,UVk
} is a finite subcovering of X. Indeed, given W ∈ X there

exists V ∈ Y such that W ∈ UV , thus V ⩽W. As pointed out in Remark 7.1.2, V ⩽W
if and only if xV divides xW . By Lemma 7.1.1, we have xW ∈ I = ⟨xV1 , . . . , xVk⟩,
hence (again applying Lemma 7.1.1) we get that xW is divisible by xVi for some
i = 1, . . . ,k. Therefore W ⩾ Vi, i.e. W ∈ UVi

.

Corollary 7.1.4. Every subset of S# is compact for the topology T.

Corollary 7.1.5. Given a sequence of multisets {Vn}n∈N ⊆ S#, there exist N,M ∈N,N ⩾
M, such that VN ⩾ VM.

Proof. The family of open sets {UVn
}n∈N is a covering for {Vn}n∈N. Since by Corol-

lary 7.1.4 every subset is compact, there exists a finite subcovering {UVN1
, . . . ,UVNk

}

of {Vn}n∈N. Then, given any N > maxi=1,...,kNi, there exists i ∈ {1, . . . ,k} such that
VN ∈ UVNi

, i.e. VN ⩾ VNi
.

7.1.2 Chemical Reaction Automata

A chemical reaction is a reaction (as defined in Chapter 6) without inhibitors. To sim-
plify notation we will just identify a reaction a = (Ra,∅,Pa) with the tuple (Ra,Pa).

Definition 7.1.3 (Chemical reaction). Given an alphabet of reactants S, a chemical
reaction over S is a pair a = (Ra,Pa), where Ra ∈ S# is the multiset of reactants and
Pa ∈ S# is the multiset of products. The set of all chemical reactions over S is denoted
by crac(S).

All the definitions of Section 6.1.1 have a counterpart for chemical reactions. For
the sake of rigour, we will restate the definitions that differ the most from those of
Section 6.1.1.

Let a = (Ra,Pa), b = (Rb,Pb) ∈ crac(S). A partial order over all possible chemical
reactions over S can be naturally defined as a ⩽r b if and only if Ra ⩽ Rb. We also
define the sum of the two chemical reactions as a + b := (Ra + Rb,Pa + Pb). Given
a finite set A ⊆ crac(S), we denote by ⟨A⟩ the Abelian semigroup generated by the
elements of A.

Definition 7.1.4. Given a = (Ra,Pa) ∈ crac(S) and T ∈ S#, a is enabled in T if Ra ⩽ T .
Furthermore, given A a finite set of chemical reactions over S and a ∈ ⟨A⟩ enabled
in T , then a is enabled in a maximally parallel manner (mp) if there exists no c ∈ ⟨A⟩
such that a + c is enabled in T , i.e. a is maximal w.r.t. addition. Enmp

A (T) denotes the
set of reactions from ⟨A⟩ enabled in a state T in mp manner.
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Definition 7.1.5 ([209]). The result of a set of chemical reactions A on a state T in mp
manner is the set of states

Resmp
A (T) = {Pa + (T − Ra) | a = (Ra,Pa) ∈ Enmp

A (T)}.

In the case where Enmp
A (T) = ∅, Resmp

A (T) is undefined.

Definition 7.1.6 ([209]). A chemical reaction automaton (CRA) A is a tuple A =

(S,Σ, A,D0,Sf), where S is a finite set of reactants, called the background set of A;
Σ ⊆ S is the input alphabet of A; A ⊆ crac(S) is a finite set of chemical reactions over
S; D0 ∈ S# is the initial multiset; and Sf ⊆ S# is a set of final multisets.

Definition 7.1.7. Consider a CRA A = (S,Σ, A,D0,Sf) and a word w = w1 · · ·wn ∈
Σ∗. An interactive process in A with input w in mp manner is an infinite sequence
π = D0, . . . ,Di, . . . whereDi+1 ∈ Resmp

A (wi+1 +Di) for 0 ⩽ i ⩽ n− 1

Di+1 ∈ Resmp
A (Di) for i ⩾ n.

IPmp(A,w) denotes the set of all such interactive processes in A with input w. We
say that a process π accepts w if there exists m ⩾ n = |w| such that Dm ∈ Sf. By
AIPmp(A,w) we denote the set of all processes π ∈ IPmp(A,w) such that π accepts
w. The language accepted by A is defined as

Lmp(A) = {w ∈ Σ∗ | AIPmp(A,w) ̸= ∅}.

The set of languages accepted by CRA working inmpmanner is denoted by CRAmp:
a language L ∈ CRAmp if and only if there exists a chemical reaction automaton
working in mp manner that accepts L.

Remark that the acceptance condition for CRA and RA differs. In the former case,
we must reach a given multiset from a chosen set of multisets of final states Sf;
instead, in the latter case, we only need to produce a given element f.

The following definition extends Definition 7.1.7 to the case where the symbols of
the input word may be interleaved with an arbitrary number of gaps, modelled as
an extra symbol λ /∈ Σ.

Definition 7.1.8. Let Σλ = Σ ∪ {λ} and w = w1 · · ·wn an input word over Σ. An
interactive process π is said to be in λ-input mode when it allows as input a se-
quence of characters from Σλ b1, . . . ,bm such that m ⩾ n and the symbols of
w form a subsequence of b1, . . . ,bm interleaved with occurrences of λ: more for-
mally, ∃ 1 ⩽ i1 < i2 < . . . < in ⩽ m such that bij = wj ∀j = 1, . . . ,n and
bi = λ ∀i ∈ [1,m] \ {i1, i2, . . . , in}. The notation IPλ

X(A,w), AIPλ
X(A,w), LλX(A) and

CRAλ
X naturally extends the corresponding notation of Definition 7.1.7 to λ-input

mode.

An ordinary interactive process, where no λ-input is used, will be said to be real-
time to distinguish from λ-input mode processes.

Okubo et al. [209] proved that the computational power of chemical reaction au-
tomata working in mp manner in λ-input mode is equivalent to that of Turing ma-
chines: we report this result in Theorem 7.1.6 for completeness (RE denotes recur-
sively enumerable languages).

Theorem 7.1.6. [209, Theorem 1] CRAλ
mp = RE.
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7.2 deterministic chemical pure reaction automata

In Definition 6.2.1 of the previous chapter, we introduced a different notion of result,
where the reactants that are not consumed by the reactions are lost. An analogous
definition holds in the chemical reaction setting.

Definition 7.2.1 (Pure result). The pure result of a finite set of chemical reactions A
on a state T in mp manner is

R̂es
mp

A (T) = {Pa | a = (Ra,Pa) ∈ Enmp
A (T)},

and if Enmp
A (T) = ∅, R̂es

mp

A (T) is undefined.

Example 7.2.1 (Pure result). Let A = {r1 = (a,b), r2 = (b+ a,a)} ∈ crac({a,b}) and
T = 2b+ a, then Enmp

A (T) = {r1, r2}, thus R̂es
mp

A (T) = {b,a}. In contrast, Resmp
A (T) =

{3b,b+ a}.

We name this new kind of reaction automata Chemical Pure Reaction Automata
(CPRA). We define interactive processes in CPRA in much the same way as stan-
dard CRA as specified by Definition 7.2.2.

Definition 7.2.2. Let M = (S,Σ, A,D0,Sf) be a CPRA, w = w1 · · ·wn ∈ Σ∗. An
interactive process in M with input w in mp manner is an infinite sequence π =

D0, . . . ,Di, . . . whereDi+1 ∈ R̂es
mp

A (wi+1 +Di) for 0 ⩽ i ⩽ n− 1

Di+1 ∈ R̂es
mp

A (Di) for i ⩾ n.

Exactly as for CRA, we say that π accepts w if there exists m ⩾ n = |w| such that
Dm ∈ Sf. We also define IPmp(M,w), AIPmp(M,w), and Lmp(M) in the same way as
for CRA. The set of languages accepted by CPRA working in mp manner is denoted
by CPRAmp.

The definition of λ-input mode process (Definition 7.1.8) holds also in the pure
case. In particular, given a CPRA M and w input word, we will use the following no-
tations IPλ

mp(M,w), AIPλ
mp(M,w), Lλmp(M). The set of languages accepted by CPRA

working in mp manner with λ-input mode is denoted by CPRAλ
mp. We will some-

times represent an interactive process π with the following “arrow notation”, as in
the previous chapter:

π : D0
a1−−→
w1

D1
a2−−→
w2

D2
a3−−→
w3

· · ·Dn−1
an−−→
wn

Dn
an+1−−−→ Dn+1

an+1−−−→ · · ·

whereDi−1
ai−−→
wi

Di meanswi is the input letter at stateDi−1, ai ∈ ⟨A⟩ is the reaction

enabled in Di−1 +wi which takes place, and Di ∈ R̂es
mp

A (wi +Di−1).
The restricted class of deterministic CPRA, formalized in Definition 7.2.3, requires

that the pure result of any reachable state consists of one state only.

Definition 7.2.3. Given M = (S,Σ, A,D0,Sf) a CPRA working in mp manner, we say
that M is deterministic (DCPRA) if and only if for any reachable state V , the pure
result R̂es

mp

A (V) consists of one element only.
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The set of languages accepted by DCPRA working in mp manner is denoted by
DCPRAmp, while DCPRAλ

mp denotes the languages accepted with λ-input mode.
We remark that the notion of determinism given by Definition 7.2.3 differs from the
notion given by Okubo et al. [210] for CRA, as their definition is too restrictive for the
objects of our study. Note that any CPRA with the reactions defined in Example 7.2.1
is not deterministic. In contrast, Example 7.2.2 showcases a simple deterministic
CPRA according to Definition 7.2.3.

Example 7.2.2. Given a background set S = {a,b, s0, s1, f,♣}, an input alphabet Σ =

{a,b}, and a set of chemical reactions A = {r1 = (s0 + a, s1), r2 = (s0 + b,♣), r3 =

(s1 + b, s0), r4 = (s1 + a,♣), r5 = (♣,♣), r6 = (f, f)}, let A = (S, {a,b}, A, s0 + f, {f}) be
a CPRA working in mp manner. It is possible to show that A is deterministic and
that the language accepted by A is Lmp(A) = {(ab)n | n ⩾ 0}. Indeed, if we consider
the input word w = abab ∈ Σ∗, we get the accepting process:

s0 + f
r1+r6−−−→
a

s1 + f
r3+r6−−−→
b

s0 + f
r1+r6−−−→
a

s1 + f
r3+r6−−−→
b

s0 + f
a6−→ f.

Instead, if we choose w = abba ∈ Σ∗, we get the process:

s0 + f
r1+r6−−−→
a

s1 + f
r3+r6−−−→
b

s0 + f
r2+r6−−−→
b
♣+ f

r5+r6−−−→
a
♣+ f

r5+r6−−−→ ♣+ f
r5+r6−−−→ · · ·

which clearly does not accept abba since f+♣ is not a final state.

In this section, we investigate the computational power of DCPRA and prove that
this class is not Turing complete. Observe that RSs can be seen as a simpler kind of
PRA in which the multiplicities of reactants are not considered. We can thus think of
inhibitorless RSs (Definition 2.1.1) as a simpler version of the CPRA. A consequence
of [181, Prop. 20] is that the result function for inhibitorless RSs is monotone (Table 3).
In Lemma 7.2.1, we extend this result for CPRA working in mp manner.

Lemma 7.2.1. Let A be a set of chemical reactions over S#, D,D ′ ∈ S# be two multisets
such that D ⩽ D ′, R̂es

mp

A (D) = {P}, R̂es
mp

A (D ′) = {P ′}, then P ⩽ P ′.

Proof. Let a = (Ra,P) ∈ Enmp
A (D). Since D ′ ⩾ D, a is also enabled by D ′. Since

the reactions happen according to the mp manner (see Definition 7.1.4) there exists
a ′ = (Ra ′ ,P ′) ∈ Enmp

A (D ′) and c ∈ ⟨A⟩ ∪ {(0, 0)} such that a ′ = a + c. We conclude
that P ′ = P+ Pc, thus P ′ ⩾ P.

Remark 7.2.1. Lemma 7.2.1 does not hold if we apply the standard notion of re-
sult (Definition 7.1.5) instead of pure result (Definition 7.2.1). Indeed, let A =

{(a,a), (3b,b)} be two chemical reactions over S = {a,b} and consider states D ′ =

a+ 3b and D = a+ 2b. Then Resmp(D) = {a+ 2b} = {D} and Resmp(D ′) = {a+ b},
thus a+ 2b > a+ b despite being D < D ′.

Theorem 7.2.2. Given any deterministic pure chemical reaction automaton A, it is always
possible to determine in a finite number of steps, for any finite input, whether A will halt.

Proof. Let A = (S,Σ, A,D0,Sf) be a DCPRA working in mp manner and π =

D0,D1, . . . ,Di, . . . ∈ IPmp(A,w) a process, where w = w1 · · ·wn ∈ Σ∗ is the in-
put word. Since there is a finite number of final states, we describe an algorithm that
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N

N

D

D ′

R(D)

R(D ′)

Figure 23. Visual representation of Lemma 7.2.1.

works for a single, fixed final state F, and then notice that it can be applied separately
for each of the final states of A to obtain the statement. Consider the map

R : S# −→ S#

T 7−→ R(T) ∈ R̂es
mp

A (T).

R is well defined on the elements of π because A is deterministic; in particular, it
holds that R(Dk) = Dk+1 for all k ⩾ n = |w|. By Lemma 7.2.1, if R is well defined for
two multisets D ⩽ D ′, then R(D) ⩽ R(D ′) (see Figure 23).

Let us now describe the halting algorithm. Given the sequence Dn,Dn+1, . . . , by
Corollary 7.1.5 we can always find two integers N ⩾ M such that DN ⩾ DM. Thus
R(DN) ⩾ R(DM), which translates to DN+1 ⩾ DM+1. By induction, DN+k ⩾ DM+k

until k reaches N ′ = N−M, where we get DN+N ′ ⩾ DM+N ′ = DN ⩾ DM. This
implies that any state Dk reached by the process later than DN must belong to
UDM+d

for some d ∈ [0,N ′]: more precisely,

Dk ⩾ DM+((k−N) mod N ′) ∀k ⩾ N, i.e. Dk ∈ UDM+((k−N) mod N ′) . (119)

We call Dk ⩽ Dk+N ′ ⩽ . . . the chain obtained from Dk as per Equation 119. The
existence of such chains guarantees that the algorithm only needs to inspect a fi-
nite number of states to decide whether the DCPRA halts. Indeed, there are the
following two cases. (1) If F /∈ UDk

(i.e. F ≱ Dk) for any k ∈ {M, . . . ,N− 1}, then
π /∈ AIPmp(A,w) and we can immediately halt the algorithm. Otherwise, (2) there
exists k ∈ {M, . . . ,N− 1} such that F ∈ UDk

(i.e. F ⩾ Dk): let I = {M1, . . . ,Mj} ⊆
{M, . . . ,N− 1} be the subset of such indices, i.e. F ⩾ Dk for all k ∈ I. Consider now
I1 = {M1 +N

′, . . . ,Mj +N
′} the set of indices of the successors in the chains starting

from Dk, for all k ∈ I. If F = Dh for some h ∈ I1 ∪ I, then π ∈ AIPmp(A,w), thus
we can halt the algorithm. Therefore, assume F > Dh for all h ∈ I1. There are two
subcases.

(i), for some index Mk +N ′ ∈ I1, we find DMk+N ′ = DMk
: this indicates that the

process entered in a loop, thus π /∈ AIPmp(A,w) and we can halt the algorithm. (ii),
DMk+N ′ > DMk

for every Mk ∈ I1. In this case, we iterate the procedure described
for case (2) on I2 (the successors of the chains corresponding to the indices of I1), that
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DM

DM+1

DM+2

DM+3

DM+N′−1

DN

DN+1

DN+2

DN+3

DN+N′−1

Figure 24. Example of multisets {DM,DM+1, . . . ,DM+N ′−1} whose corresponding open sets
bound the dynamics of the automaton.

is, we check if F is equal to any of those elements or it is found in any of the relative
U’s, we verify we have not entered a closed loop and then we proceed considering
I3. Remark that at every iteration we get closer to F, since we have strictly greater
multisets at each step, and thus the maximum number of possible iterations is less
than ∥F−DMk

∥1 for all Mk ∈ I1.
Since the DCPRA has only a finite number of final states, by applying this proce-

dure separately for every possible final state we obtain the statement.

Observe that Theorem 7.2.2 implies that the halting problem associated with the
class of DCPRA working in mp is decidable. We deduce that this class of automata
cannot be Turing complete, or equivalently, the set of languages accepted by DCPRA
cannot coincide with the class of all recursively enumerable languages. We have
arrived at the main result of this section.

Theorem 7.2.3. DCPRAmp ⊊ RE and DCPRAλ
mp ⊊ RE, i.e. the class of DCPRA work-

ing in mp manner is not Turing complete.

7.3 non-deterministic chemical pure reaction automata

In this section, we study the computational power of non-deterministic CPRA work-
ing inmpmanner. Our main result, given in Theorem 7.3.1, is that the computational
power of pure chemical reaction automata working inmpmanner is the same as stan-
dard CRA working in the same manner, implying that CPRA are strictly more pow-
erful than the deterministic CPRA studied in Section 7.2. We begin with an example
of non-deterministic computations in CPRA.

Example 7.3.1. Given a background set S = {a,b, s0, s1,a ′}, an input alphabet Σ =

{a,b}, and a set of chemical reactions A = {r1 = (s0 + a, s0 + a ′), r2 = (s0 + a ′ +

b, s1), r3 = (s1 + a ′ + b, s1), r4 = (a ′,a ′)}, let A = (S, {a,b}, A, s0, {s1}) be a CPRA
working inmp. It is possible to show that A accepts the context-free language {anbn |
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∄ s0

a ′ s0 + a ′ s1 ∄

2a ′ s0 + 2a ′ s1 + a ′ a ′
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+
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Figure 25. Schematic representation of all possible processes of the CPRA of Example 7.3.1,
which accepts the language {anbn | n > 0}. The notation T r−→

∗
T ′ means that,

regardless of whether the input symbol is a,b or λ, the reaction enabled by T is r.

n > 0}, both in real-time and in λ-input mode, i.e. Lλmp(A) = Lmp(A) = {anbn | n >

0}. Indeed, consider e.g. the input word w = aabb ∈ Σ∗. We obtain the following
accepting process:

s0
r1−→
a
s0 + a

′ r1−→
a
s0 + 2a

′ r2+r4−−−→
b

s1 + a
′ r2−→

b
s1.

Note that the non-determinism of the CPRA is relevant e.g. the third step, in which
T = s0+ 2a

′ receives in input the symbol b: we have that Enmp
A (T +b) = {r2+ r4, 2r4}

thus R̂es
mp

A (T + b) = {2a ′, s1 + a ′}. Furthermore, it can be easily verified that any λ
symbol added to aabbwould force a non-accepting process: e.g. inserting a gap after
the first a would make the process loop over the state T ′ = a ′, as Enmp

A (s0 + a
′) =

{r4} = Enmp
A (a ′).

Consider now w = aab /∈ {anbn | n > 0}. It is easy to verify that no process
reaches the final state s1, e.g. w corresponds to the following two processes with
real-time input:

s0 s0 + a
′ s0 + 2a

′ s1 + a
′ a ′ a ′ · · ·

2a ′ 2a ′ · · ·

r1
a

r1+r4
a

r2+r4
b

2r4
b

r4 r4 r4

2r4 2r4

Figure 25 summarizes all possible processes in A for every possible input.

Using a structure similar to the proof of Theorem 6.2.1, we can prove the following
results.

Theorem 7.3.1. Given any chemical reaction automaton A = (S,Σ, A,D0,Sf) working in
mp manner, there exists a chemical pure reaction automaton M working inmp manner such
that Lλmp(A) = Lλmp(M).
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Proof. Let M = (S ∪ S ′ ∪ {♠},Σ, A ′,D0,S ′f) be a CPRA operating in a maximally par-
allel manner such that:

• S ′ = {x ′ | x ∈ S} is a set in a bijection with the elements of S (a “copy” of S).
From now on, given a multiset X over S, X ′ will be naturally defined as the
multiset consisting of the copies of the elements of X;

• Σ is the same input alphabet as A;

• A ′ = Ap ∪Ac ∪Ar ∪ {(♠,♠)}, where Ap = {(x, x + x ′) | x ∈ S}, Ac = {(R +

R ′,P+ P ′) | (R,P) ∈ A} and Ar = {(R ′,♠) | (R,P) ∈ A};

• D0 is the same initial state as A;

• S ′f = {D+D ′ | D ∈ Sf} is the new set of final states.

Remark that by reaction (♠,♠), we know that ♠ is preserved whenever generated,
therefore, in order to reach a final state in S ′f, ♠ should never be generated, i.e.
reactions from ⟨Ar⟩ should never be enabled. We formalize this idea in the following
claim.

Claim 11. For any state W of A, it holds W ∈ Resmp
A (V) if and only if W +W ′ ∈

R̂es
mp

A ′ (V + V ′).

Proof. Given a reaction a ∈ ⟨A⟩, we denote the corresponding reaction in ⟨Ac⟩ by a ′

and the corresponding reaction in ⟨Ar⟩ by a♠. We prove the two implications.

⇒) If W ∈ Resmp
A (V) then ∃a = (Ra,Pa) ∈ Enmp

A (V) such that Pa + V − Ra = W.
Consider a ′′ := a ′ + (V − Ra,V − Ra + V

′ − R ′
a) = (V + R ′

a,W +W ′) ∈ ⟨A ′⟩.
Clearly, V + V ′ enables a ′′; we want to show that it is mp enabled. First, we
remark that a ′′ + c is not enabled by V +V ′ for any c ∈ ⟨Ap ∪Ac ∪ {(♠,♠)}⟩. If
a ′′ + b♠ is enabled by V + V ′, then R ′

a + R
′
b ⩽ V ′, thus a + b is enabled by V ,

a contraddiction since a is mp enabled. We conclude that a ′′ ∈ Enmp
A ′ (V + V ′),

hence W +W ′ ∈ R̂es
mp

A ′ (V + V ′).

⇐) If W +W ′ ∈ R̂es
mp

A ′ (V + V ′) then ∃a ′′ = a ′ + (R,R+ R ′) ∈ Enmp
A ′ (V + V ′), for

some a ∈ ⟨A⟩ and R ∈ S#, such that Pa ′′ = W +W ′. Since ♠ /∈ W +W ′, there
can be no reaction from ⟨Ar⟩ in the decomposition of a ′′ as a sum of reactions
from ⟨Ap⟩, ⟨Ac⟩, and ⟨Ar⟩. We notice that V − Ra = R, as otherwise for any
x ∈ V − Ra − R the reaction a ′′ + (x, x + x ′) would be enabled by V + V ′, in
contradiction to the fact that a ′′ is mp enabled. Remark that a ∈ ⟨A⟩ is enabled
by V . We now prove it is also mp enabled. Suppose for a contradiction that
there exists b ∈ ⟨A⟩ such that a + b is enabled by V , then a ′′ + b♠ would be
enabled by V +V ′, a contradiction since a ′′ is mp enabled. Finally, we conclude
that a ∈ Enmp

A (V), hence Pa + V − Ra =W ∈ Resmp
A (V). ■

Claim 12. For any state W of A and any input letter a ∈ Σ, it holds W ∈ Resmp
A (V)

if and only if W +W ′ + a+ a ′ ∈ R̂es
mp

A ′ (V + V ′ + a).

Proof. The statement follows from the previous claim and the fact that whenever
r ∈ Enmp

A ′ (V + V ′), we have r + (a,a+ a ′) ∈ Enmp
A ′ (V + V ′ + a). ■
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Consider now an input word w = w1 · · ·wn ∈ Σ∗
λ. Let π = D0,D1, . . . ,Di, . . . ∈

IPλ
mp(A,w): the corresponding process in MD0,E1 . . . ,En ∈ IPλ

mp(M,w) is obtained

as follows. If w1 = λ, then E1 := D0 +D ′
0 ∈ R̂es

mp

A ′ (D0) since the only reactions
that are enabled are those in ⟨Ap⟩. If w1 ̸= λ, then E1 := D0 +D ′

0 +w1 +w ′
1 ∈

R̂es
mp

A ′ (D0 +w1), by the second claim. Therefore in the next steps of the process we
have:Ek+1 = Dk +D ′

k +wk+1 +w
′
k+1 ∈ R̂es

mp

A ′ (Ek +wk+1) if wk+1 ̸= λ
Ek+1 = Dk +D ′

k ∈ R̂es
mp

A ′ (Ek) if wk+1 = λ or k ⩾ n.

Hence the processes of M mimic those of A with one step of delay, i.e. E1 contains
D0, E2 contains D1, and so forth. If π ∈ AIPλ

mp(A,w) then there exists m ⩾ |w| such
that Dm ∈ Sf; this holds true if and only if Em+1 ∈ S ′f. Therefore π ∈ AIPλ

mp(A,w)
if and only if π ′ ∈ AIPλ

mp(M,w), and hence we obtain the thesis.

The following corollary, showing the computational universality of CPRAλ
mp, fol-

lows directly from [209, Theorem 1] and Theorem 7.3.1.

Corollary 7.3.2. CPRAλ
mp = RE.

7.4 conclusions

We have investigated the computational power of both deterministic and non-
deterministic chemical pure reaction automata working in mp manner as language
acceptors, and proved that, while non-deterministic CPRA are Turing complete,
DCPRA are not.

Several research questions remain open and are worthy of being investigated fur-
ther. First of all, while we proved that DCPRA are not universal, their exact compu-
tation power is unknown. Hence, it would be interesting to see the relation between
the class of languages recognised by DCPRA and the Chomsky hierarchy: does that
class correspond to (or is neatly contained between) some level of the hierarchy or is
it incomparable with it?

As a second question, there appears to be some relation between CPRA working
in mp manner and Petri nets, similar to what happens with CPRA working in the
sequential manner. Can this relation be formalised and, possibly, show that chemical
(pure) reaction automata and their variations represent the “chemical version” of
Petri net?

Recently, an additional working mode, the maximally reactive manner, was intro-
duced in the previous chapter (Definition 6.1.2). Thus, it would be interesting to in-
vestigate the computational power given by this new manner of execution for CPRA
and DCPRA. It seems likely that adapting the proof of Theorem 6.2.2 in the chemical
reaction setting, we could get CRAλ

mp ⊆ CPRAλ
mr. In particular, exploring the effect

of different ways in which the reactions are selected and the interplay with determin-
ism can increase our understanding of where the computational power of chemical
pure reaction automata comes from.

Finally, the proposed working modes have some analogies with the existing deriva-
tion modes for P systems. Thus, it would be an interesting research direction to see
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which modes can be “ported” to CPRA and DCPRA, and their influence on compu-
tational universality. In particular, a general framework to talk about working modes
across multiple natural computing models is still absent, but it would be a worth-
while addition to the field.
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B E N T B O O L E A N F U N C T I O N S I N D N F

In this chapter we study the Disjunctive Normal Form (DNF) of maximal nonlinear
Boolean functions. The nonlinearity of a Boolean function is defined as the Ham-
ming distance of the function from the set of all linear functions. In even dimensions,
functions achieving maximal nonlinearity are called bent functions. We show a novel
result: a bent function over n variables cannot contain any clause with less than
n/2 variables in any of its DNF representations, see Theorem 8.2.2. See Table 8 for
some examples of non-bent functions. A similar result, Theorem 8.2.5, also holds in
the case of highly nonlinear balanced functions, where the number of ones equals
the number of zeros in the truth table. These two properties, nonlinearity and bal-
ancedness, are crucial for cryptographic applications [68] and the theoretical results
in this chapter will be useful later in Chapter 9 for designing a competitive evolu-
tionary algorithm based on RSs that generates highly (balanced) nonlinear Boolean
functions.

function type

n ⩾ 6 (xi ∧ xj)∨φ(x)

n ⩾ 6 (xi ∧¬xj)∨φ(x)

n ⩾ 6 (¬xi ∧¬xj)∨φ(x)

n ⩾ 8 (xi ∧ xj ∧ xk)∨φ(x)

n ⩾ 8 (xi ∧ xj ∧¬xk)∨φ(x)

n ⩾ 8 (xi ∧¬xj ∧¬xk)∨φ(x)

n ⩾ 8 (¬xi ∧¬xj ∧¬xk)∨φ(x)

Table 8. Example of non-bent functions. The function φ is any Boolean function over n vari-
ables.

Chapter organization. In Section 8.1, we introduce all the basic definitions related
to Boolean functions needed in the proofs of the main results in Section 8.2. In Sec-
tion 8.3, we discuss the obtained results.

This chapter is based on the following publication: R. Ascone, G. Bernardini, L. Manzoni, G. Pietropolli.
A Novel Bio-Inspired Encoding for Evolving Cryptographic Boolean Functions. In: Swarm and Evolu-
tionary Computation (Submitted).
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8.1 boolean functions

This section covers the preliminary definitions and results related to Boolean func-
tions used throughout this part of the thesis. The treatment is far from being exhaus-
tive. The interested reader is referred to Carlet’s book [68] for an in-depth discussion
of Boolean functions and their properties relevant to cryptography.

Let F2 = {0, 1} denote the finite field with two elements, where addition corre-
sponds to the XOR operation of two bits a,b ∈ F2 (denoted as a⊕ b) and multipli-
cation corresponds to the logical AND (denoted by the concatenation ab). For any
n ∈ N, the set of all n-tuples of bits is denoted by Fn

2 . The scalar product of two
vectors x,y ∈ Fn

2 is defined as x · y =
⊕n

i=1 xiyi.
A Boolean function of n variables is a mapping f : Fn

2 → F2. A natural way to
uniquely represent such a function is by its truth table, which is the 2n-bit vector Ωf

that specifies, for each possible input x ∈ Fn
2 in lexicographic order, the correspond-

ing output value f(x). The Hamming weight wH(f) of f is defined as the number of
ones in Ωf.

Another unique representation of a Boolean function is the Walsh transform, which
measures the correlations between a Boolean function f and linear functions, i.e.
those that are defined as an XOR of a subset of the input variables. Formally, given
f : Fn

2 → F2, the Walsh transform is the mapping Wf : Fn
2 → Z defined as:

Wf(a) =
∑
x∈Fn

2

(−1)f(x)⊕a·x (120)

for all a ∈ Fn
2 . The coefficient Wf(a) determines the correlation between f and the

linear function a · x.
A function f : Fn

2 → F2 is called balanced if wH(f) = 2n−1, meaning that its truth
table contains an equal number of zeros and ones. Balancedness is a fundamental
cryptographic property of Boolean functions used in the combiner and filter model
of stream ciphers: unbalanced functions present a statistical bias in their output that
can be exploited in distinguishing attacks [68].

Another critical property of Boolean functions in cryptography is their nonlinearity,
which measures the Hamming distance of the function from the set of all linear
functions. The nonlinearity of a Boolean function can be expressed in terms of the
Walsh transform:

nl(f) = 2n−1 −
1

2
max
a∈Fn

2

|Wf(a)|. (121)

The nonlinearity of any Boolean function with n inputs satisfies:

nl(f) ⩽ 2n−1 − 2
n
2 −1. (122)

The above inequality is also called the covering radius bound.
A Boolean function can be considered highly nonlinear if its nonlinearity is close

to the covering radius bound in its class. Functions with high nonlinearity are cru-
cial for resisting fast correlation attacks in stream ciphers [193]. Moreover, functions
with higher correlation to linear ones are more susceptible to affine approximation
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n 6 7 8 9 10

nl 26 (28) 56 116 (120) 240 492 (496)

#Bn 1.8 · 1019 3.4 · 1038 1.2 · 1077 1.3 · 10154 1.8 · 10308

Table 9. Best known nonlinearities for balanced Boolean functions up to n = 10 variables,
along with the search space sizes. For even number of variables, the nonlinearity of
bent functions is reported within parentheses.

attacks. In particular, the functions whose nonlinearity equals the maximal value
2n−1 − 2

n
2 −1 are called bent. Bent functions exist only for even values of n (since

the Walsh transform only gives integer values), and moreover they are not balanced
(since Wf(0) = ±2n

2 ̸= 0). Consequently, bent functions, being unbalanced, cannot
be directly used in the design of stream ciphers, as we have remarked above.

When taking balancedness into account, the question of the maximum nonlinearity
achievable by a Boolean function becomes more complicated. The optimal value is
known only up to n = 7 variables, but beyond that it is still an open question. The
problem is further exacerbated by the fact that the number of Boolean functions
grows super-exponentially in n. Therefore, it is unfeasible to perform an exhaustive
search of all Boolean functions of 6 or more variables.

Table 9 summarizes the best known nonlinearity values for balanced functions,
from n = 6 up to n = 10 variables, along with the search space sizes. For even n, the
table reports within parentheses the nonlinearity corresponding to the bent case.

Disjunctive Normal Form

We can represent Boolean functions via logical formulas, which combine input vari-
ables through the logical operators AND, OR, and NOT. A literal refers to either
an input variable or its negation, while a clause is a conjunction (AND) of literals,
with its size defined as the number of literals it contains. DNF is a particular rep-
resentation of a logical formula structured as a disjunction (OR) of clauses. When
working with the DNF representation, we use the following notation: ∧ (AND), ∨
(OR) and ¬ (NOT). Any Boolean function can be represented in DNF, unfortunately
not in a unique way, i.e. different logical formulas can rise to the same Boolean func-
tions. Nevertheless a logical formula in DNF can be easily converted in a Boolean
circuit [86].

8.2 dnf of bent boolean functions

In this section, we present new results regarding the DNF representation of Boolean
functions with maximal nonlinearity. These theoretical findings are reported because
they form the foundation for the design of the evolutionary algorithm detailed in the
next chapter.

We start by recalling a useful identity between the Walsh transform and the Ham-
ming weight of a Boolean function. Let ℓa(x) = a · x, for any a ∈ Fn

2 , the following
holds

Wf(a) = 2
n − 2wH(f⊕ ℓa). (123)
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Equation (123) tells us that the correlation between f and the linear function ℓa
can also be expressed in terms of the Hamming distance between their truth tables.
Equation (123) implies in particular the following.

Remark 8.2.1. A Boolean function f is balanced if and only if Wf(0) = 0, where 0 is
the zero vector of Fn

2 .

Furthermore, the spectral radius Wmax(f) of f is the maximum absolute value as-
sumed by the Walsh transform, i.e. maxa∈Fn

2
|Wf(a)|. Thus we can express the non-

linearity as nl(f) = 2n−1 − 1
2Wmax(f).

Let Ck,i(x) = x1 ∧ · · · ∧ xi ∧ ¬xi+1 ∧ · · · ∧ ¬xk be a conjunction of the first k
variables of x where the first i variables are not negated and the rest are negated.

Remark 8.2.2. The following hold.

1. If i < k and x is such that xk = 0, then Ck,i(x) = Ck−1,i(x).

2. If i = k and x is such that xk = 1, then Ck,i(x) = Ck−1,i−1(x).

We can compute the Hamming weight of f as wH(f) =
∑

x∈Fn
2
f(x), where we are

interpreting f as a function from Fn
2 to N, thus for any 1 ⩽ k ⩽ n, we can split the

summation as

wH(f) =
∑
xk=0

f|xk=0(x) +
∑
xk=1

f|xk=1(x) (124)

where
∑

xk=1 (resp.
∑

xk=0) denotes the sum over all x ∈ Fn
2 s.t. xk = 1 (resp.

xk = 0). From now on, we assume, like in Equation (124), that each summation is
over integer numbers, thus boolean inputs are identified with 0 and 1 in Z. Given a
vector a ∈ Fn

2 and any 1 ⩽ i ⩽ n, we define pi(a) = ⊕i
j=1aj, i.e. pi(a) is the parity

of the number of ones in the vector (a1, . . . ,ai) ∈ Fi
2.

The following lemma is at the heart of all the next proofs, where we prove that
adding a clause to a given function impose a restriction on the Walsh transform, i.e. a
certain linear combination (with coefficients +1 and −1) of some values of the Walsh
transform must be equal to −2n.

Lemma 8.2.1. Given φ : Fn
2 → F2 and any 1 ⩽ k ⩽ n, 0 ⩽ i ⩽ k, let f : Fn

2 → F2 be
defined as f(x) = φ(x)∨Ck,i(x). Then∑

a=(a1,...,ak,0,...,0)∈Fn
2

(−1)pi(a)Wf(a) = −2n. (125)

Proof. We prove Equation (125) by full induction on k, that is, we prove that the
statement being true for some k and all n implies that it is true for k+ 1 and all n.

base case : k = 1 . We consider the case where i = 0, i.e. f(x) = φ(x)∨ (¬x1). We
first notice that

wH(f) =
∑
x1=0

1+
∑
x1=1

φ(x) = 2n−1 +
∑
x1=1

φ(x). (126)

Let e1 = (1, 0, . . . , 0) ∈ Fn
2 . Notice that in this case, ℓe1

(x) = 1 if and only if
x1 = 1, implying in particular that f(x)⊕ ℓe1

(x) = 1 if either x1 = 0, or x1 = 1
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and φ(x) = 0. Furthermore, note that for any two boolean values a and b, it
holds that a∨ b = a⊕ b⊕ ab. We thus have

f(x)⊕ ℓe1
(x) = (φ(x)∨ (1⊕ x1))⊕ x1

= (φ(x)⊕ 1⊕ x1 ⊕ (1⊕ x1)φ(x))⊕ x1 = 1⊕ x1φ(x).

Thus, wH(f⊕ ℓe1
) =

∑
x1=0 1+

∑
x1=1 (1⊕φ(x)). Combining this with Equa-

tion (126), we obtain that

wH(f) +wH(f⊕ ℓe1
) = 2 · 2n−1 +

∑
x1=1

(1⊕φ(x)) +
∑
x1=1

φ(x)

= 2 · 2n−1 + 2n−1 = 3 · 2n−1

since
∑

x1=1 (1⊕φ(x)) and
∑

x1=1φ(x) together sum up to 2n−1. Finally, by
applying Equation (123) we get:∑

a=(a1,0,...,0)∈Fn
2

(−1)0Wf(a) = Wf(0) +Wf(e1)

(Eq. 123)
= 2 · 2n − 2(wH(f) +wH(f⊕ ℓe1

))

= 2 · 2n − 2 · 3 · 2n−1 = −2n.

The case i = 1 follows similarly.

inductive case : k − 1 ⇒ k . Consider the case i < k (the case i = k follows simi-
larly). We define A = {a = (a1, . . . ,ak, 0, . . . , 0) ∈ Fn

2 } and we want to evaluate∑
a∈A(−1)pi(a)wH(f ⊕ ℓa). By applying Equation (124) and Remark 8.2.2.1,

and since xk = 1 implies that Ck,i(x) = 0, we have that

wH(f⊕ ℓa) =
∑
x∈Fn

2

f(x)⊕ a · x

(Eq. 124)
=

∑
xk=0

(φ(x)∨Ck,i(x)⊕ a · x) +
∑
xk=1

φ(x)⊕ a · x

(Rk. 8.2.2.1)
=

∑
xk=0

(φ(x)∨Ck−1,i(x)⊕ a · x) +
∑
xk=1

φ(x)⊕ a · x.

Given any a ∈ A, we denote a0 = (a1, . . . ,ak−1, 0, . . . , 0) ∈ A and a1 =

(a1, . . . ,ak−1, 1, 0 . . . , 0) ∈ A, and we split A in the two sets A0 = {a0 : a ∈ A}
and A1 = {a1 : a ∈ A}: note that A0 ∪A1 = A. Then the sum of wH(f⊕ ℓa)
over A0 is:∑

a0∈A0

(−1)pi(a)wH(f⊕ ℓa0) =

=
∑

a0∈A0

(−1)pi(a)
∑
xk=0

(φ(x)∨Ck−1,i(x)⊕ a0 · x)+

+
∑

a0∈A0

(−1)pi(a)
∑
xk=1

φ(x)⊕ a0 · x.
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Whereas, the sum of wH(f⊕ ℓa) over A1 is:∑
a1∈A1

(−1)pi(a)wH(f⊕ ℓa1) =

=
∑

a1∈A1

(−1)pi(a)
∑
xk=0

(φ(x)∨Ck−1,i(x)⊕ a1 · x)+

+
∑

a1∈A1

(−1)pi(a)
∑
xk=1

φ(x)⊕ a1 · x

=
∑

a0∈A0

(−1)pi(a)
∑
xk=0

(φ(x)∨Ck−1,i(x)⊕ a0 · x)+

+
∑

a0∈A0

(−1)pi(a)
∑
xk=1

φ(x)⊕ a0 · x⊕ 1.

The last equality holds since when xk = 0 then a0 · x = a1 · x, and when xk = 1

then a1 · x = a0 · x⊕ 1. Since∑
xk=1

((φ(x)⊕ a0 · x⊕ 1) + (φ(x)⊕ a0 · x)) = (127)

=
∑
xk=1

¬(φ(x)⊕ a0 · x) + (φ(x)⊕ a0 · x) =
∑
xk=1

1 = 2n−1,

we obtain that∑
a∈A

(−1)pi(a)wH(f⊕ ℓa) = (128)

(Eq. 127)
= 2

∑
a0∈A0

(−1)pi(a)
∑
xk=0

(φ(x)∨Ck−1,i(x)⊕ a0 · x)+ (129)

+
∑

a0∈A0

(−1)pi(a)2n−1.

Let πk : Fn
2 → Fn−1

2 , πk(x) = (x1, . . . , xk−1, xk+1, . . . , xn) and ιk : Fn−1
2 → Fn

2 ,
ιk(x) = (x1, . . . , xk−1, 0, xk, . . . , xn−1). Remark that πk(ιk(x)) = x for any x ∈
Fn−1
2 . Consider the function f ′ : Fn−1

2 → F2, f ′(x) = φ(ιk(x))∨Ck−1,i(ιk(x)).
Since the form of f ′ is the same form as f but with Ck−1,i instead of Ck,i, the
inductive hypothesis applies. Given any b ∈ Fn−1

2 , we have that

wH(f ′ ⊕ ℓb) =
∑

x∈Fn−1
2

f ′(x)⊕ b · x

=
∑

x∈Fn−1
2

φ(ιk(x))∨Ck−1,i(ιk(x))⊕ b · x

=
∑

x∈Fn
2 :xk=0

(φ(x)∨Ck−1,i(x)⊕ ιk(b) · x).

Therefore, since ιk(πk(a0)) = a0 for any a0 ∈ A0, we always have that∑
x∈Fn

2 :xk=0

(φ(x)∨Ck−1,i(x)⊕ a0 · x) = wH(f ′ ⊕ ℓπk(a0)). (130)
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Furthermore, since f ′ is over n− 1 variables, for any b ∈ Fn−1
2 Equation (123)

gives us

2wH(f ′ ⊕ ℓb) = 2n−1 −Wf ′(b). (131)

By applying Equations (128), (130), and (131), we get:∑
a∈A

(−1)pi(a)wH(f⊕ ℓa) =

(Eq. 128,130)
=

∑
a0∈A0

(−1)pi(a)2wH(f ′ ⊕ ℓπk(a0)) +
∑

a0∈A0

(−1)pi(a)2n−1

(Eq. 131)
=

∑
a0∈A0

(−1)pi(a)(2n−1 −Wf ′(πk(a
0))) +

∑
a0∈A0

(−1)pi(a)2n−1

=
∑

a0∈A0

(−1)pi(a)2n −
∑

a0∈A0

(−1)pi(a)Wf ′(πk(a
0))

=
∑

a0∈A0

(−1)pi(a)2n −
∑

b∈πk(A0)

(−1)pi(b)Wf ′(b)

=
∑

a0∈A0

(−1)pi(a)2n −
∑

b=(b1,...,bk−1,0,...,0)∈Fn−1
2

(−1)pi(b)Wf ′(b)

= 2n
∑

a0∈A0

(−1)pi(a) − (−2n−1),

where the last equality holds by the inductive hypothesis. Finally, we obtain
Equation (125):∑

a∈A

(−1)pi(a)Wf(a) =

=
∑
a∈A

(−1)pi(a)2n − 2
∑
a∈A

(−1)pi(a)wH(f⊕ ℓa)

= 2n
∑
a∈A

(−1)pi(a) − 2

 ∑
a0∈A0

(−1)pi(a)2n + 2n−1


= 2n

2 ∑
a0∈A0

(−1)pi(a)

− 2n

2 ∑
a0∈A0

(−1)pi(a)

− 2n

= −2n,

where
∑

a∈A(−1)pi(a) = 2
∑

a0∈A0
(−1)pi(a) since i < k and thus the value of

ak does not influence the result of (−1)pi(a).

We now focus on bent functions, where the number of variables n is even. The
following results establish a lower bound on the size of the clauses in the DNF
representation of a Boolean function for it to be bent:

Theorem 8.2.2. Given any φ : Fn
2 → F2, n even, and given C(x) a conjunction of at most

k < n
2 literals, the function f(x) = C(x)∨φ(x) is never bent.
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Proof. Up to renaming the variables, we can assume w.l.o.g. that C(x) = Ck,i(x) for
some 0 ⩽ i ⩽ k. By Lemma 8.2.1 and the triangle inequality, we deduce that∑

a=(a1,...,ak,0,...,0)∈Fn
2

|Wf(a)| ⩾ 2
n.

Recall that Wmax(f) = maxa∈Fn
2
|Wf(a)|, therefore

2n ⩽
∑

a=(a1,...,ak,0,...,0)∈Fn
2

|Wf(a)| ⩽ 2
kWmax(f)

thus Wmax(f) ⩾ 2n−k. Therefore, by the definition of nonlinearity:

nl(f) = 2n−1 −
1

2
Wmax(f) ⩽ 2

n−1 − 2n−k−1 < 2n−1 − 2
n
2 −1.

Corollary 8.2.3. In any DNF representation of a bent function f : Fn
2 → F2, all clauses

have a size of at least n
2 .

In the next statement, we demonstrate that the bound of Corollary 8.2.3 is sharp.
Specifically, we show the existence of bent functions with clauses of size n

2 in their
DNF representation.

Proposition 8.2.4. For each even n ∈ N, there exist bent functions f : Fn
2 → F2 with at

least a clause of size n
2 in their DNF representation.

Proof. Given an even integer n, we define inductively qn(x) = qn−2(x)⊕ xn−1xn
where q2(x) = x1x2. The function qn is a quadratic bent function, thus also fn(x) =
¬qn(x) = qn(x) ⊕ 1 is a quadratic bent function: we prove by induction that fn
has a clause of size n

2 in its DNF representation. Remark that fn(x) = qn(x)⊕ 1 =

qn−2 ⊕ xn−1xn ⊕ 1 = fn−2 ⊕ xn−1xn and a⊕ b = (a∧¬b)∨ (¬a∧ b).

base case : n = 2 . Since ¬q2(x) = x1x2 ⊕ 1 = ¬x1 ∨ ¬x2, in the base case the
statement holds.

inductive case : n − 2 ⇒ n . By the definition of fn, we have

fn(x) = fn−2(x)⊕ xn−1xn

= (fn−2(x)∧¬(xn−1 ∧ xn))∨ (¬fn−2(x)∧ xn−1 ∧ xn)

= (fn−2(x)∧¬xn−1)∨ (fn−2(x)∧¬xn)

∨ (¬fn−2(x)∧ xn−1 ∧ xn)

= g1(x)∨ g2(x)∨ g3(x).

By the inductive hypothesis we know that fn−2 has a DNF representation
fn−2(x) = C1 ∨ · · ·∨ Cm with at least a clause Ci of size n−2

2 . Starting from
this DNF representation, we can build a DNF representation for fn contain-
ing a clause of size n

2 . Indeed, g1(x) = fn−2(x)∧ ¬xn−1 = (C1 ∧ ¬xn−1)∨

· · ·∨ (Cm ∧¬xn−1) is a DNF representation of g1 with at least a clause of size
n−2
2 + 1 = n

2 . The same argument applies to g2. We can finally choose any
DNF decomposition of g3 to get a DNF representation of fn where there exists
a clause of size n

2 .
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Finally, we show that a similar result as Theorem 8.2.2 applies to balanced Boolean
functions with maximal nonlinearity, for all n ⩽ 15 (odds n included).

Theorem 8.2.5. Given any φ : Fn
2 → F2 and n ⩽ 15, let C(x) be a conjunction of at most

k < ⌈n2 ⌉ literals such that the function f(x) = C(x)∨φ(x) is balanced. Then, f does not
have the maximal known nonlinearity value.

Proof. Up to renaming the variables, we can assume w.l.o.g. that C(x) = Ck,i(x) for
some 0 ⩽ i ⩽ k. Recall that by Remark 8.2.1 f is balanced if and only if Wf(0) = 0.
Using Lemma 8.2.1, we get that

2n ⩽
∑

a=(a1,...,ak,0,...,0)∈Fn
2

|Wf(a)| ⩽ (2k − 1)Wmax(f)

thus Wmax(f) ⩾ 2n

2k−1
. Therefore, since k ⩽ ⌈n2 ⌉− 1, we get

nl(f) = 2n−1 −
1

2
Wmax(f) ⩽ 2

n−1 −
2n−1

2k − 1
⩽ 2n−1 −

2n−1

2⌈
n
2 ⌉−1 − 1

.

To conclude, when we evaluate the right-hand side for n ⩽ 15, we always obtain a
smaller value than the best-known nonlinearity value (see [68, Table 3.1]).

Corollary 8.2.6. In any DNF representation of a maximally nonlinear balanced function
f : Fn

2 → F2, n ⩽ 15, we can not have a clause of size less than ⌈n2 ⌉.

8.3 conclusions

In this chapter, we studied the DNF of bent and highly nonlinear balanced Boolean
functions. The DNF is not the standard representation used for cryptographic func-
tions; in the literature, the most used representation is Algebraic Normal Form
(ANF). Any function in ANF is represented by a polynomial over F2, using ⊕ and
∧ as product and sum, e.g. (x1 ∧ x2 ∧ x3)⊕ (x2 ∧ x3). The ANF is always unique,
and the degree of the maximal monomial is called algebraic degree of the function.
Corollary 8.2.3 seems to be dual to the fact that the algebraic degree of bent func-
tions is at most n

2 [68, Section 6.1.8]. A future research topic would be to understand
what happens for other representations, for instance, CNF. Finally, all the results in
this chapter rely on the technical Lemma 8.2.1, which could be used to prove other
interesting questions on Boolean functions.





9
E V O L U T I O N A RY B O O L E A N R E A C T I O N S Y S T E M S

In this chapter, we use the results from Chapter 8 to solve the complex optimization
problem of discovering Boolean functions that are highly nonlinear, also under the
constraint of balancedness. The difficulty of this problem lies in the search space
growing super-exponentially in the number of variables (see Table 9). Evolution-
ary approaches, including Genetic Algorithms (GA) and Genetic Programming (GP)
have been successfully applied to overcome this difficulty. The major drawback of
these methods is that they evolve functions through encodings that are either expo-
nential in the input size or hard to interpret. To address this problem, we propose
Evolutionary Boolean Reaction Systems (EvoBRS): an optimization method based on
RSs. One best quality of EvoBRS is that, unlike the existing GA and GP approaches, it
uses a compact and easily interpretable function representation: Disjunctive Normal
Form (DNF), in turn encoded as a special type of RSs (see Figure 26).

Figure 26. A representation of the relation between a Boolean formula in DNF and RSs.

Chapter organization. In Section 9.1 we introduce the problem we will study. In
Sections 9.2 and 9.3 we formally define Boolean RSs and the evolutionary algorithm
(EvoBRS) relying on them. In Sections 9.4 and 9.5 we present the experiments con-
ducted and the results obtained. Finally, in Section 9.6 we discuss the results and
future directions.

This chapter is based on the following publication: R. Ascone, L. Mariot, L. Manzoni, G. Pietropolli.
Evolving Cryptographic Boolean Functions with Reaction Systems. In: The Genetic and Evolutionary
Computation Conference (short paper at GECCO 2025) [24] and R. Ascone, G. Bernardini, L. Manzoni, G.
Pietropolli. A Novel Bio-Inspired Encoding for Evolving Cryptographic Boolean Functions (Submitted).
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9.1 introduction

Designing Boolean functions satisfying strong – and often conflicting – crypto-
graphic properties like nonlinearity, balancedness, and correlation immunity is a
challenging task [68, 206]. Functions enjoying properties of this kind serve as key
components in block and stream ciphers to resist attacks and ensure secure en-
cryption; their search is a complex combinatorial optimization problem, as the num-
ber of candidates increases super-exponentially in the number of variables. Finding
new ways to generate cryptographic Boolean functions is thus an active research
area, with applications spanning several domains [43, 165, 240, 262]. Three main ap-
proaches are used in the literature to generate Boolean functions for cryptographic
applications: algebraic constructions [68, Section 6.1.15], random generation, and
(meta-) heuristic methods [102]. Algebraic constructions have the merit of working
for many different function sizes; however, they produce the same Boolean functions
when using the same starting conditions, and finding new constructions can be far
from trivial [102]. Random generation is impractical due to the prohibitive size of
the search space [197]. Among metaheuristic strategies, EC has demonstrated strong
potential [223], the two main paradigms being GA [169] and GP [171].

The major drawback of existing EC approaches is represented by the function
encodings they rely upon: GA methods use a bitstring encoding of the function’s
truth table, whose size is exponential in the number of variables, while GP methods
use complex, hard-to-interpret trees of operators (see Figure 27 for an example).

The main goal of this chapter is to address these limitations by proposing a novel
encoding to evolve Boolean functions that is at the same time polynomial in size and
easily interpretable. Our encoding consists of the direct translation of the DNF of
a special type into RSs. The main advantage of RS-based strategies is that they do
not require the definition of a problem-specific set of functional or terminal symbols,
and individuals can be directly read and understood by humans.

The evolution of general RS has been first explored by Manzoni et al. [180], who
proposed the paradigm of Evolutionary Reaction Systems (EvoRS) and reported
promising results for several real-world binary classification problems. Inspired by
this work, we introduce EvoBRS, an original evolutionary framework specifically de-
signed to evolve individuals represented through the newly defined class of Boolean
RS, that encode Boolean functions in DNF. To suitably design the key components
of EvoBRS, we apply the comprehensive investigation of the theoretical properties of
the DNF representation of cryptographic Boolean functions presented in Chapter 8,
and use these insights to design the EvoBRS operators.

We apply our paradigm to two well-established problems related to the design
of cryptographic Boolean functions: generating highly nonlinear balanced Boolean
functions and bent Boolean functions, called the Bal and Bent problems, respec-
tively, formally defined as follows:

Balanced highly non-linear Boolean functions (Bal)
Input: n ∈N

Output: a n-variable Boolean function f : Fn
2 → F2 such that f is balanced and

has maximum nonlinearity.
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Bent Boolean functions (Bent)
Input: n ∈N

Output: a n-variable Boolean function f : Fn
2 → F2 such that f has maximum

nonlinearity, i.e. f is bent.

To validate our approach, we conducted an extensive set of experiments across
multiple problem instances. We compare our results with a recent study [182], which
investigates multiple GA variations and introduces improved evolutionary opera-
tors. Beyond performance measures like nonlinearity and balancedness, we analyse
the structural properties of the evolved solutions and show that EvoBRS not only
generates Boolean functions with strong cryptographic properties but also produces
compact and diverse solutions, highlighting the benefits of RS-based representations.

We remark that the main goal of our work is to provide a compact, easy-to-
interpret model (as well as to unveil nontrivial connections between the seemingly
unrelated domains of RS and Boolean functions), rather than maximizing the success
rate of our method. We thus refrain from comparing our results with GP-based meth-
ods, which by design trade interpretability for a higher success rate (to the best of
our knowledge, not yet matched by any GA-based methods). Nevertheless, we high-
light that EvoBRS outperforms the state-of-the-art GA-based methods also in terms
of success rate, while offering a compact, polynomially bounded output encoding.
We provide a user-friendly C++ implementation of the algorithm, which allows a
faster execution and a larger fitness evaluation budget.

9.1.1 Related Work

We begin by reviewing the main EC paradigms employed to generate Boolean func-
tions: for a more comprehensive analysis, we refer the reader to the survey [102].
Various representations for Boolean functions have been proposed in the literature,
and, building upon them, different metaheuristic approaches have been developed
to explore the corresponding search spaces.

Bitstring encoding is the most straightforward and common approach, where a
candidate Boolean function over n variables is encoded as a string of bits of length
2n, corresponding directly to its truth table. This encoding is particularly suitable
for many metaheuristics, especially GA, which can operate directly on bitstrings.
The first effort in this direction employed a GA in 1997 [195], followed by progres-
sively advanced GA-based algorithms [3, 25, 44, 78, 188, 196]. Other EC paradigms,
including Particle Swarm Optimization [185], have also been explored in this con-
text [187] relying on bitstring encoding. However, direct mappings to truth tables
suffer from the curse of dimensionality as the number of variables increases, making
this representation hardly scalable for large n.

Symbolic representations partially mitigate the scalability issues associated with
bitstring encoding, although at the cost of reduced interpretability. Evolutionary Al-
gorithms (EA)s that employ symbolic representations, such as GP, are commonly
applied in this context. A GP individual representing a Boolean function typically
takes the form of a syntax tree, where terminal nodes (leaves) correspond to the n
Boolean variables, and internal nodes represent binary operators such as AND, OR,
NOR, XOR, XNOR, NAND, or other more complex operators. GP and its variants,
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⊕

⊕

x1 ¬

x2

∨

x1 ∧

⊕

x1 x2

x3

¬

x2

∨

∧

x1 ¬

x2

∧

¬

x1

x2 x3

(x1 ⊕¬x2)⊕ (x1 ∨ ((x1 ⊕ x2)∧ x3)∨¬x2)

Tree-based symbolic encoding

(x1 ∧¬x2)∨ (¬x1 ∧ x2 ∧ x3)

DNF encoding

Bitstring encoding

Truth table: [0, 0, 0, 1, 1, 1, 0, 0]

Figure 27. Three different encodings of the 3-variable function f(x) = (x1 ⊕ ¬x2) ⊕ (x1 ∨

((x1 ⊕ x2)∧ x3)∨¬x2). In DNF, f can be written as (x1 ∧¬x2)∨ (¬x1 ∧ x2 ∧ x3);
00011100 is the bitstring (of length 23) representing its truth table. The DNF of
any function f can also be represented via a tree with the root labeled by ∨, and
its sons always labeled by ∧. Observe that the height of a DNF tree is always
bounded by 3; in contrast, the height of a general tree encoding using more op-
erators (like those used in GP methods) is unbounded, and can be particularly
large due to phenomena like bloating [102]. The uniformity of DNF trees ensures
human-readable solutions without limiting the number of possible Boolean func-
tions they can represent.

including Cartesian GP [199] and linear GP [57], have shown good performances
in evolving Boolean functions [70, 149, 150, 151, 152, 198, 224, 237]. Another line
of research has focused on evolving secondary Boolean constructions rather than
designing entirely novel ones [69, 71, 190, 191, 222]. Nonetheless, it remains uncer-
tain whether these evolved constructions are genuinely novel, as metaheuristics of-
ten produce numerous candidate solutions requiring exhaustive validation to assess
their novelty [102]. Additionally, the size of these constructions is often unbounded,
leading to non-interpretable results and a considerable bloat in many cases [71, 102].

Other representations of Boolean functions proposed in the literature include inte-
ger encoding [226] and floating-point encoding [225], though these are rarely used
and suffer from similar scalability problems as bitstring encoding. Figure 27 shows
an example of a Boolean function represented through bitstring and symbolic encod-
ing, together with an example of the DNF encoding proposed in this work.

9.2 boolean reaction systems

RSs can be used to represent Boolean functions in DNF form [136]. A RS A univocally
represents the DNF of a function f if it is of the following form. The background set
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of A consists of the set of literals X = {x1, . . . , xn} appearing in the DNF plus an
extra entity denoted ‘True’. Each reaction univocally corresponds to a clause C of
the DNF and is of the form (R, I, {True}) with R, I ⊆ X, i.e. the product set always
consists of the single entity True, which in contrast, is never part of the reactants nor
the inhibitors. The set of reactants R contains all and only the literals that appear
non-negated in C; the set of inhibitors I contains all and only the negated literals of
C. We define the size of a reaction (R, I, {True}) as |R∪ I|. We call RSs of this form BRS.

The states of a BRS not including the entity True are into a one-to-one correspon-
dence with all possible assignments to the literals in X: in particular, a state T ⊆ X
uniquely encodes the assignment such that xi = 1 if and only if xi ∈ T , for all
i = 1, . . . ,n. This encoding implies that a reaction is enabled by a state T if and only
if the corresponding clause is satisfied by the assignment encoded with T : see also
Example 9.2.1 and Figure 26. Thus, the production of the entity True corresponds to
the output of the Boolean function being 1: in other words, f is 1 for an assignment
encoded with a state T iff True ∈ resA(T).

Note that the encoding described above is unique and, as such, the reduction
can be reversed so that a Boolean function in DNF can univocally be reconstructed
from any BRS. In particular, the usual requirement R ∩ I = ∅ in RSs corresponds to
requiring that no clause of the DNF contains xi ∧¬xi for any i = 1, . . . ,n. We will
call balanced any BRS representing a balanced function; and similarly, a BRS is bent if
it encodes a bent function.

Example 9.2.1. Consider the Boolean function f : F3
2 → F2 in DNF:

f(x) = C1(x)∨C2(x)∨C3(x)

= (x1 ∧¬x2 ∧¬x3)∨ (x2 ∧¬x1 ∧¬x3)∨ (x2 ∧ x3 ∧¬x1).

Function f is univocally encoded by the BRS A = (S, {r1, r2, r3}), where S =

{x1, x2, x3, True} and the reactions are

r1 = ({x1}, {x2, x3}, {True})

r2 = ({x2}, {x1, x3}, {True})

r3 = ({x2, x3}, {x1}, {True}).

In this way, any state T ⊆ {x1, x2, x3} encodes an input for f where xi = 1 iff xi ∈ T ,
e.g., the state T = {x1, x2} corresponds to the assignment x1 = 1, x2 = 1, x3 = 0.
The symbol True represents that the output of f is 1. For instance, the reaction r1 =

({x1}, {x2, x3}, {True}) is not enabled by the state T = {x1, x2}, since C1 = (x1 ∧¬x2 ∧

¬x3) is not satisfied by the assignment x1 = 1, x2 = 1, x3 = 0. In general, each
reaction ri corresponds to the clause Ci, and ri is enabled by a state T iff Ci is
satisfied by the assignment associated with T : in particular, f is 1 with input encoded
by state T iff True ∈ resA(T). See Figure 26 for a visual interpretation.

9.3 evolutionary boolean reaction systems

In this section, we propose a new algorithm, Evolutionary Boolean Reaction Sys-
tems (EvoBRS), specifically designed for the representation and evolution of Boolean
functions through BRS.
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function type associated reaction

n ⩾ 6 (xi ∧ xj)∨φ(x) ({xi, xj},∅, {True})

n ⩾ 6 (xi ∧¬xj)∨φ(x) ({xi}, {xj}, {True})

n ⩾ 6 (¬xi ∧¬xj)∨φ(x) (∅, {xi, xj}, {True})

n ⩾ 8 (xi ∧ xj ∧ xk)∨φ(x) ({xi, xj, xk},∅, {True})

n ⩾ 8 (xi ∧ xj ∧¬xk)∨φ(x) ({xi, xj}, {xk}, {True})

n ⩾ 8 (xi ∧¬xj ∧¬xk)∨φ(x) ({xi}, {xj, xk}, {True})

n ⩾ 8 (¬xi ∧¬xj ∧¬xk)∨φ(x) (∅, {xi, xj, xk}, {True})

Table 10. Example of non-bent functions in Table 8 where the last column highlights the
reactions that must be avoided to construct a BRS capable of representing a bent
function.

Recall that a framework for evolving general RSs was originally proposed in [180];
our method, however, is fundamentally different, as the individuals we evolve are
constrained to be BRS (see Section 9.2). To maintain this constraint, we define spe-
cialized operators, as well as novel fitness measures which are evaluated on the
Boolean functions represented by the BRS. Our algorithm tailors the evolution to the
requirements of the Bent and Bal problems and incorporates the theoretical results
of Chapter 8. Indeed, in light of the correspondence between BRS and the DNF rep-
resentation of Boolean functions, Theorem 8.2.2 immediately gives a lower bound
on the size of reactions required for a BRS to represent a bent function. To increase
the likelihood of generating individuals that are bent or close to being bent, we thus
impose that the size of reactions during the initialization phase is at least n

2 . For
instance, for n ⩾ 6, a function such as (xi ∧ xj)∨φ(x) cannot be bent for any i and j.
The results for small values of n are summarized in Table 10. Similarly, we can use
Theorem 8.2.5 to refine the generation process for individuals in the Bal problem.
For example, Corollary 8.2.6 implies that, for n = 7, no balanced BRS containing a
reaction of size 3 can have maximal nonlinearity.

In the following subsections, we provide all the details of this new evolutionary
paradigm.

Inizialization

Termination criteria

Selection+Elitism

Renewal

Crossover

Reaction change

Simplification

Figure 28. The execution cycle of EvoBRS.



9.3 evolutionary boolean reaction systems 129

Figure 29. Example of two balanced BRS A and B over S = {x1, . . . , x5, True}. The reaction
system A4 whose reactions are A3 ∪B4 ∪A5, is balanced.

Initialization

To define the initial population for EvoBRS, each BRS individual requires both
a background set and a set of reactions. For a problem of dimension n (i.e.
to generate n-variable functions), the background set of each BRS is defined as
S = {x1, . . . , xn, True}. Each reaction is represented as a triplet of sets of the form
(R, I, {True}). To initialize the reactions, we rely on the two parameters init_size_min
and init_size_max, which set the lower and upper bounds for the number of reac-
tions allowed in each BRS. Furthermore, we randomly generate reactions of size
at least ⌈n2 ⌉: this additional constraint is motivated by Theorems 8.2.2 and 8.2.5 as
explained earlier.

Crossover

We define a new crossover operator, which is applied with probability pc. Given
two BRS, A = (S,A) and B = (S,B), let Ai (resp. Bi) be the set of all reactions of
size i of A (resp. B). For each possible size i, it generates an offspring of two BRS:
Ai = (S, (A \Ai) ∪ Bi) and Bi = (S, (B \ Bi) ∪Ai), i.e. it swaps all the reactions of
size i of A and B. An example of this crossover (with i = 4) is shown in Figure 29.

This crossover is particularly effective for the Bal problem, as balanced parents
are more likely to produce balanced offspring when only blocks of reactions of the
same size are exchanged, as we observed from preliminary tests. Moreover, since
we initialize individuals with reactions of size at least ⌈n2 ⌉, the amount of possible
offspring is bounded by n, and all offspring have reactions of size at least ⌈n2 ⌉. Thus,
the offspring does not violate Theorem 8.2.2 or Theorem 8.2.5.

Mutations

We define two types of mutations that operate on BRS. The first, called renewal, re-
places an existing BRS with a completely new one, generated in the same way as
the individuals during the initialization process. Each individual has a probability
pren of undergoing this mutation. Renewal is a strong mutation that introduces new
genetic material in each cycle to increase diversity and help explore the search space,
especially in the early stages of evolution. To balance this, the second mutation is
less disruptive, changing fewer reactions to allow for a more gradual evolution.
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The second mutation, called random reaction change, modifies an existing BRS
A = (S,A) by replacing up to one third of its reactions with new reactions of the
same size. The number of reactions to be replaced is chosen uniformly at random.
Each individual has a probability pm of being affected by this mutation. As with
the crossover, this mutation ensures that the resulting BRS remains consistent with
Theorems 8.2.5 and 8.2.2.

Simplification

This operator reduces the number of reactions in BRS by removing some reactions
from each system. The simplification operator is always applied to the new indi-
viduals generated in the evolution cycle. We say that a reaction a covers a reaction
b when all states T enabling b enable a as well (see [108]). In the context of BRS,
it can be proven that a = (Ra, Ia, {True}) covers b = (Rb, Ib, {True}) if and only if
Ra ⊆ Rb and Ia ⊆ Ib. Thus if a covers b, then the size of a is smaller than the size
of b, and in particular, the products of b are always consistent with the products
of a, implying that the presence of a in a RS makes b redundant. To eliminate this
redundancy, the simplification operator transforms each BRS A = (S,A) into a new
BRS B = (S,B), where B ⊆ A is obtained from A by removing the covering reactions.
Although it would perhaps seem more natural to remove the covered reactions in-
stead of the covering ones, we notice that this choice would actually work against
the evolutionary process. Instead, by removing covering reactions, we can release
space for reactions of a bigger size, thus keeping more diversity in the reactions.
For example, fixed n = 6 and a reaction a = ({x1, x2, x3}, {x4}, {True}) of size k = 4,
a covers ({x1, x2, x3, x5}, {x4}, {True}) or ({x1, x2, x3}, {x4, x5}, {True}) (and many more).
If we kept a instead, all of the covered reactions would never be used.

Fitness

We define two distinct fitness functions, tailored to the specific problem we are in-
vestigating. The fitness values are evaluated on the function represented by the BRS
individuals. The goal for evolving bent BRS is to maximize nonlinearity. Thus, we
define the fitness function as:

fitbent(f) = nl(f) +
2n − #maxvalues

2n

where nl(f) represents the nonlinearity of the function f, and the term
1 − #maxvalues

2n represents the normalized number of instances in which the Walsh
transform (see Eq. 120) of f attains its largest value. A small number of instances
attaining this maximum value makes it easier for the algorithm to progress to the
next higher nonlinearity value.

For highly nonlinear balanced functions, we use a more complex fitness func-
tion [71]:

fitbal(f) = −unbal+ δunbal

(
nl(f) +

2n − #maxvalues
2n

)
= −unbal+ δunbal fitbent(f),
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where unbal is the unbalancedness, defined as the smallest number of bits in the
truth table that need to be flipped to make f balanced. The negative sign penalizes
unbalancedness, ensuring that balancedness is prioritized during the optimization
process. The delta function δunbal takes the value one when unbal = 0 (i.e. f is
balanced) and zero otherwise. This mechanism ensures the fitness function initially
focuses on creating a balanced population before shifting its focus to maximizing
nonlinearity.

EvoBRS Cycle

At the beginning, the initial population is generated. Then, the evolutionary cycle
(illustrated in Figure 28) begins. The process starts with selection, where elitism
preserves the best individuals to maintain high-quality solutions in the population.
After selection, the renewal mutation is applied. Next, parents are chosen via tour-
nament selection for crossover, followed by the application of the random reaction
change mutation. The cycle ends with simplification. Then, syntactic duplicates (BRS
with identical reaction sets) are eliminated to prevent equivalent solutions from per-
sisting in the population. At the end of each generation, we check whether the stop-
ping criteria have been met, either reaching the maximum number of fitness evalua-
tions or fitness achieving the maximal nonlinearity thresholds (reported in Table 9).
If not, the process repeats.

9.4 experimental methodology

In this section, we present the experimental settings for running the EvoBRS al-
gorithm, as well as the algorithms we use for comparison. Our code is imple-
mented in C++ to ensure computational efficiency and is publicly available at
https://github.com/roccoasc1/evobrs.

Algorithms Selected for Comparison

In [182], the authors conduct a comprehensive evaluation and comparison of dif-
ferent GA methods for solving the Bal and Bent problems. Their study includes
a detailed statistical analysis and introduces new balanced crossover operators that
improve results for the Bal problem. To assess the performance of EvoBRS, we fo-
cus on the best-performing GA algorithms identified in that work. Specifically, we
consider three GA algorithms, i.e. OP, CB, and MoO, named after their crossover
strategies: one-point, counter-based, and map-of-ones crossover, respectively. While
OP employs a standard crossover commonly used in Boolean frameworks, CB and
MoO use balanced crossovers designed to evolve balanced functions.

For our comparison, we adopt the same framework used in the original pa-
per [182], including the evolution cycle, evolutionary operators, fitness functions,
and hyperparameters, which were already fine-tuned by the authors.

Experimental Settings

Table 11 summarizes the problems evaluated in our experiments. The second column
specifies the problem instances for each category, identified by the number of vari-

https://github.com/roccoasc1/evobrs
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Problem Instance init_size_min init_size_max Fit evaluations

Bal

n = 6 80 100 105

n = 7 120 160 5 · 105

n = 8 240 320 5 · 106

Bent

n = 6 80 100 105

n = 8 240 320 107

n = 10 320 480 5 · 107

Table 11. Problem instances, initialization sizes and number of fitness evaluations.

ables n. The third and fourth columns provide the minimum and maximum initial
sizes of the BRS individuals (init_size_min and init_size_max), which are the only
parameters of the algorithms that change depending on the input dimension.

In all experiments, we used a population size of npop = 100 individuals. We use a
tournament size of nt = 4. We scaled the number of fitness evaluations depending
on the input n, since the search space grows super-exponentially (see Table 9). Fit-
ness evaluations are used as a stopping criterion to ensure a fair comparison, with
all methods terminated after the same number of evaluations. A random reaction
change mutation was applied to each individual with a probability of 0.8, a renewal
mutation with a probability of 0.1, and crossover with a probability of 0.2. Elitism
preserved the best five individuals for the next generations.

We conducted 30 independent runs for each problem instance to ensure statisti-
cally significant results. For comparisons, we used the Wilcoxon rank-sum test to
assess statistical significance, with the null hypothesis of equality.

9.5 experimental results

This section presents the results of the experimental campaign. The first part (Sec-
tion 9.5.1) focuses on performance, while the second (Section 9.5.2) addresses the
diversity and interpretability of the solutions generated.

9.5.1 Performances and comparison with other algorithms

Figures 30 and 31 summarize the results for the Bal and Bent problems, respectively.
In both figures, different instances are shown in separate rows. The left panels report
the progression of the average nonlinearity of the best individuals over fitness evalu-
ations, while the right panels show the final nonlinearity distribution, both based on
30 runs. The boxplot graph for the Bal 6 instance also shows p-values from pairwise
statistical tests to highlight the significance of differences. The bold p-value (with a
value of 0.046) highlights the only case in which EvoBRS significantly outperformed
the opponent for this instance. For the other problem, p-values (all on the order of
10−11) are omitted, as they consistently confirm that EvoBRS significantly outper-
forms the competitors.
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Figure 30. Progression of the average nonlinearity achieved by the best individual in the
population for an increasing number of fitness evaluations (left) and the final dis-
tribution (right) represented as a boxplot across 30 independent runs for the Bal

problem for n = 6, 7, 8. Since in the Bal6 instance the four distributions look sim-
ilar, we ran a pairwise Wilcoxon rank-sum test with equality as null hypothesis
between EvoBRS and each of the other methods, and decorated the boxplot with
the resulting p-values. The same tests run for Bal7 and Bal8 always returned
p-values on the order of 10−11; we omitted these values from the figure for clar-
ity. The maximum possible nonlinearity value for each of the instances is boxed:
EvoBRS reached the maximum value in every single run on Bal6, in 27 out of 30

runs on Bal7, and in 21 out of 30 runs on Bal8.

For all Bal instances, our method reaches the known theoretical maximum nonlin-
earity (26, 54, and 116 for n = 6, 7, and 8, respectively). This occurs consistently (30
out of 30 runs) for n = 6, whereas in the other two cases, such consistency would
likely be achieved with additional fitness evaluations. The average nonlinearity is
higher than that of all the other methods in the comparison. While for n = 6 other
approaches can also reach the maximum nonlinearity, for the other two instances all
GA-based approaches fail to do so (with one exception for n = 7: see Figure 30).
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Figure 31. Average nonlinearity of the best individual per iteration (left) and final distribu-

tions across 30 runs (right) for the Bent problem with n = 6, 8, 10. We ran a pair-
wise Wilcoxon rank-sum test with quality as the null hypothesis between EvoBRS
and each of the other methods: the resulting p-values in all cases were on the order
of 10−11, thus indicating statistically significant differences in the performance of
EvoBRS and all the other methods. The maximum possible nonlinearity value for
Bent6 is boxed: EvoBRS reached the maximum value in 12 out of 30 runs on this
instance, while none of the other methods could reach it. The maximum value for
the other instances is not shown as it was never reached by any of the methods,
including EvoBRS.

Moreover, for all instances, EvoBRS starts with a lower initial nonlinearity than the
other methods. The higher initial values of the GA algorithms result from their ini-
tialization: they generate balanced individuals, a straightforward task in a GA rep-
resentation (i.e. creating a string with equal numbers of 0 and 1 [182]) but more
challenging with a BRS representation and, in general, with compact encodings.

Focusing on the Bent problem, for n = 6 EvoBRS reaches the maximum theo-
retical nonlinearity of 28, which is not achieved by any of the competitors. For the
other instances, although EvoBRS achieves high nonlinearity, it does not reach the
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n Bal n Bent

6 20.41 ± 2.14 6 19.86 ± 2.37
7 44.29 ± 2.43 8 94.89 ± 3.10
8 95.37 ± 2.74 10 426.09 ± 4.65

Table 12. Mean (± standard deviation) of the semantic distances for the best individuals
generated by EvoBRS, across all problems and instances considered.

maximum bound (120 for n = 8 and 496 for n = 10). However, the left panels of
the plots show that the fitness of EvoBRS continues to increase throughout the evo-
lution, suggesting that higher fitness evaluation budgets could further improve the
results. In all the instances considered, EvoBRS outperforms the baselines from the
early stages of the evolution, and maintains consistent fitness growth, whereas other
methods tend to stagnate in local optima: see Figure 31.

Overall, EvoBRS performs better for the Bal problem than for the Bent problem.
For the Bal problem, it reaches the maximum nonlinearity for all instances, unlike
for the Bent problem, despite the latter using more fitness evaluations. The cause
likely lies in the relative sizes of the optimal solution spaces. In particular, for a
given number of variables, there are more balanced functions than functions with the
weight of a bent function (Section 8.1). This gives an advantage to the evolutionary
strategy, as the landscape of balanced functions might be better connected than the
space of functions with a bent weight.

9.5.2 EvoBRS solutions interpretability and diversity

We now closely examine the functions generated by EvoBRS, focusing on inter-
pretability and diversity. Interpretability is crucial to understand and validate the
solutions, while diversity ensures that different runs produce alternative functions,
offering multiple equally valid solutions to the same problem.

We assess interpretability in terms of structural simplicity and semantic trans-
parency. A Boolean function in our BRS representation is expressed as a disjunction
of reactions, each corresponding to a set of input assignments for which the out-
put is True. This clause-level representation allows direct, human-readable mapping
between the formula and the conditions under which it evaluates to True, without
the need to traverse nested logical operators. For example, in the Bal problem with
n = 6, one evolved solution is:

({x5, x6}, {x2, x3}, {True}) ({x4, x5}, {x1, x6, x3}, {True})

(∅, {x2, x4, x5, x6}, {True}) ({x2, x4}, {x1, x3, x5}, {True})

({x1, x2}, {x5, x6}, {True}) ({x1, x6, x3, x4}, {x2}, {True})

({x5, x2, x3}, {x1}, {True}) ({x1, x2}, {x6, x3, x4}, {True})

({x1, x3, x5}, {x4}, {True}) ({x5, x1, x3, x4}, {x6}, {True})

({x2, x3}, {x4, x5}, {True})
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Figure 32. Heatmaps showing the permutation distances between the best EvoBRS individ-
uals from each experiment for the BAL problem (up) and the BENT problem
(bottom). The lighter the color, the more diversity in the solutions.

This function contains only 11 reactions, each involving 4–5 variables. For instance,
the clause ({x5, x6}, {x2, x3}, {True}) corresponds to all the assignments where x2 =

x3 = 0, x5 = x6 = 1 and x1 and x4 could take any value. In this way, given any
assignment of the variables, it is straightforward to check whether it satisfies any of
the reactions above. For example the assignment x1 = x2 = 1 and x3 = x4 = x5 =

x6 = 0 satisfies both ({x1, x2}, {x5, x6}, {True}) and ({x1, x2}, {x6, x3, x4}, {True}). This
kind of reasoning is not possible when the function is written using more nested
logic operators, as usually happens for the solutions obtained via GP (see Figure 27).

Other studies employing GP report that even after logic minimization, expres-
sions for n = 6 remain too complex for manual interpretation [71]. On the other
hand, when using GA methods, finding the minimal DNF representation from a
truth table is an NP-hard problem [9, 255]. Our approach circumvents this issue
by directly generating compact and easily implementable solutions (thanks to the
simplification operator), thus eliminating the need for post-processing. Indeed, the
circuit complexity required to physically implement our Boolean functions remains
low. Specifically, the circuit depth, defined as the longest path from input to out-
put, is limited to 3, while the circuit size, measured as the number of gates, is at
most O(n · init_size_max). For a detailed discussion on circuit complexity, we refer
to [257].

We also crucially investigate whether EvoBRS produces multiple alternative,
equally valid Boolean functions or consistently converges to similar ones, as discover-
ing new constructions is a relevant task in cryptography [102]. To do so, we measure
semantic similarity between evolved functions using Hamming distance. Recall that
given two Boolean functions f and g, their Hamming distance dH(f,g) is wH(f⊕ g),
i.e. the number of input x ∈ Fn

2 such that f(x) ̸= g(x) [68]. We first perform pairwise
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comparisons among all solutions in each experiment and verify that none of them is
identical. To quantify the magnitude of this pairwise difference, we report the mean
(± standard deviation) for both problems and all instances in Table 12. In all cases,
the mean is close to 2n−1, indicating that the functions differ by about half of their
total length (which is 2n).

While the Hamming distance captures semantic diversity, it does not account for
the equivalence of functions under input variable permutations. To address this, we
compute the permutation distance between each pair of functions f and g. The permu-
tation distance is defined as minσ∈Sn

dH(f,g ◦ σ), where Sn is the group of permu-
tations of n. Results are shown in Figure 32, with the Bal problem on the left and
the Bent problem on the right. Each heatmap can be seen as the adjacency matrix of
a weighted undirected graph with 30 nodes, each representing the best solution for
one of the 30 experiments. The weight on an edge between two nodes is the permu-
tation distance between the two corresponding solutions: the distance is zero only
if the BRS are semantically equivalent under any input permutation. These results
confirm that none of the solutions generated by EvoBRS are identical and that they
remain highly diverse, even when evaluated using this stricter permutation distance.

9.6 conclusions and future directions

We presented EvoBRS, an evolutionary framework based on Boolean reaction sys-
tems for the design of cryptographic Boolean functions. Unlike traditional bitstring
or tree-based representations, EvoBRS directly encodes Boolean functions in Disjunc-
tive Normal Form, providing compact human-readable solutions without requiring
post-processing or logic minimization.

Our experimental analysis on two canonical problems, Bal and Bent Boolean
function generation, shows that EvoBRS consistently reaches the theoretical maxi-
mum nonlinearity in the Bal case, and produces highly nonlinear solutions in the
Bent case, outperforming all the state-of-the-art GA methods we compared against.
Furthermore, our diversity analysis confirmed that EvoBRS consistently finds se-
mantically distinct functions across different runs, even when accounting for input
variable permutations.

This work provides the first extensive analysis demonstrating the potential of com-
pact and interpretable representations for Boolean function evolution. Considering
the promising results, our work opens the door to multiple future developments
such as the exploration of higher-dimensional cases. An interesting direction is also
extending RS-based representations to encode Boolean functions from Fn

2 → Fm
2 .

Given the good results presented in this paper for m = 1, this extension could pro-
vide a novel approach for designing Substitution-boxes (S-boxes), which are key
components in modern symmetric-key ciphers [205].
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C O N C L U S I O N S A N D F U T U R E W O R K

In this final chapter, we present some relations between RSs and other natural com-
puting models, and propose some main open problems that arise from the study
conducted in this thesis.

10.1 part i and automata networks

As shown by Formenti et al. [123], there is a close relation between RSs and Boolean
Automata Networks (BANs) with fully synchronous update mode. Indeed, given a
RS, we construct one automaton and one Boolean variable for each entity. By the
definition of result function, an entity t is produced if and only if there exists a
reaction enabled with t in the products. Furthermore, the enabling of a reaction can
be encoded via a conjunction of literals (positive literals correspond to reactants,
negative ones to inhibitors). Thus, we can build a BAN where each automaton is
defined through a DNF formula and whose dynamics (with the fully synchronous
update mode) is isomorphic to the dynamics of the RS we are reducing from. An
example of this correspondence is shown in Figure 33.

(∅, {♠,♡}, {♡}) f♡(x) = (¬x♡ ∧¬x♠)∨ (x♡ ∧¬x♠)

({♡}, {♠}, {♠,♡}) f♠(x) = x♡ ∧¬x♠

{♡}

{♠} ∅

{♠,♡}

10

01 00

11

Figure 33. Representation of a RS and the associated BAN. The enabling of the reaction
(∅, {♠,♡}, {♡}) (resp. ({♡}, {♠}, {♠,♡})) is in a one-to-one correspondence to the
satisfiability of ¬x♡ ∧¬x♠ (resp. x♡ ∧¬x♠).

In [133], the authors proved the following interesting result on Automata Net-
works:

Metatheorem [133]. Any nontrivial property of the function computed by an automata
network has high computational complexity.

141
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There, “high computational complexity” means NP-hard, coNP-hard or even
PSPACE-hard. A similar result was proved for limit sets for Cellular Automata by
Kari [164]. These kinds of results are called Rice-Like, since they semantically look
similar to the famous Rice’s theorem [233]. Looking at the column regarding the class
RS(∞,∞) of general RSs in Table 1, we can notice that every problem is either NP-
hard or coNP-hard (assuming no collapses in the polynomial hierarchy). A natural
question arises:

Rice-Like theorem for Reaction Systems

Open problem 1: Does a Rice-Like theorem for the dynamical properties of Re-
action Systems hold?

The answer is negative for the classes of resource-bounded RSs studied in Part i

(see the other columns in Table 1), but it would be interesting to understand if there
exists a general rule to detect the hardness of the problems in a Rice-like flavour.
Furthermore, it would be interesting to complete the picture in Table 1 by solving
the few cases left open.

10.2 part ii and p automata

A well-studied model that resembles RA is P automata (see, e.g., [89, 91, 92, 128]),
the automata-like version of P systems [216, 217], where multisets of objects are sub-
divided into multiple regions (or membranes). Those objects evolve according to a
series of rules that move the objects between the different regions and rewrite them.
These rules are applied according to a given computational model, like sequential
or maximally parallel (where conflicts are possible). One important difference w.r.t.
RA is the subdivision of the space into cell membranes that actively participate in
the computation and are essential to expand the computational power of the mod-
els [247]. As an example, consider the membrane nesting depth for P systems with
active membranes with charges and its influence in the complexity classes that dif-
ferent depths characterise [173, 174, 246]. RA can be seen as a “degenerate” case of
P automata, where only one region is present and only rules of a particular kind
are admitted. While investigating different derivation modes for the selection of re-
actions (or rules) to be applied is a new research direction for models related to
RSs, it is a well-developed field of study for P systems. In particular, asynchronous
and sequential derivations already exist for P systems in addition to the most com-
mon maximal parallelism criterion, which itself can be declined in different ways.
Of particular interest is the case of maximal parallelism when the P system is used
as a generator for numbers of Parikh sets [6], which has some similarity with the
derivation modes for PRA studied in Part ii. For more details, we refer the reader to
the ample literature on the topic of derivation modes for P systems [6, 7, 126, 127].
Furthermore, non-permanence in P systems has been studied in [218].

It would be interesting to characterize PRA for each possible known derivation
mode, even without the constraint of chemical reactions. Pursuing this research di-
rection could also benefit the P automata community, while clearly revealing the
sources of computational power in PRA.
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Computational capability of Pure Reaction Automata

Open problem 2: Characterize the languages recognized by all variants of PRA
under different update rules.

10.3 part iii and cellular automata

Cellular Automata (CA) constitute a natural computing model introduced by Ulam
and Von Neumann in [203]. For sure, it is the most famous and oldest among the
computationally bioinspired models. Among the many applications of CA, cryp-
tography has represented a significant share in recent years [161, 186], with ex-
amples ranging from CA-based pseudorandom number generators to stream ci-
phers, and from hash functions to public-key encryption schemes and secret shar-
ing schemes [184]. A different direction w.r.t. combinatorial design [189] is the study
of CA-based evolutionary algorithms to generate cryptographic functions [192]. In
particular, CA have been used to solve even more specialized versions of the prob-
lem considered in Part iii, i.e. problems with more constraints on the function’s
properties. It would be worthwhile to try to solve those problems with the EvoBRS
framework.

Cryptography and Reaction Systems

Open problem 3: Study further applications of RS in cryptography.

10.4 natural computing and fine-grained complexity

In Part v, we will present some applications of Fine-Grained-Complexity. To the best
of the author’s knowledge, this theory has never been applied in a natural computing
framework. It would be of interest to apply this technique in the context of natural
computing, in any of the paradigms discussed in this final section.

Fine-Grained Complexity in Natural Computing

Open problem 4: Apply Fine-Grained Complexity Theory to problems in natural
computing models.
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A P P E N D I X





A
PAT T E R N M AT C H I N G W I T H E L A S T I C - D E G E N E R AT E S T R I N G S
A N D E L A S T I C - F O U N D E R G R A P H S

In this chapter we study Elastic Degenerate (ED) strings and Elastic Founder (EF)
graphs, here collectively named variable strings. Those objects are two representa-
tions of acyclic components of pangenomes which extend the well-known notion of
indeterminate string. Recent studies have focused extensively on algorithmic tasks
involving these structures and other forms of variable strings that they generalize.
Among such tasks, the basic operation of matching a pattern into a text, a fundamen-
tal toolkit for pangenomic data analysis, deserves special attention. In this chapter,
(1) we establish a clear taxonomy across ED strings and EF graphs, categorizing
types of variable strings from the simplest linear (solid) string to the most complex
general cases (see Figure 34); (2) we consider the problem Match(X,Y) of matching
a solid or variable pattern of type X into a variable text of type Y, and investigate
its time complexity when X and Y are chosen from types of variable strings in the
taxonomy of (1). For all possible X and Y, we either provide a non-trivial, often
sub-quadratic, upper bound for Match(X,Y), or we prove a quadratic conditional
lower bound, taking as a reference the existing quadratic conditional lower bounds
for Match(solid,ED) and Match(solid,EF).

Figure 34. The landscape of variable strings considered in this chapter. The leftmost column
depicts degenerate strings in increasing order of generality; the rightmost column
shows an analogous progression for founder graphs. Squares represent characters,
ε denotes the empty string.

This chapter is based on the following publications: R. Ascone, G. Bernardini, A. Conte, M. Equi, E.
Gabory, R. Grossi, N. Pisanti. Pattern matching with Elastic-Degenerate strings and Elastic-Founder
graphs. In: Algorithms for Molecular Biology (accepted). Extended version of [17].
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a.1 introduction

Analysing an ever-increasing number of genome sequences and determining which
genome to select as a reference are two major challenges in genomic data analy-
sis. Recently, these challenges have converged into a powerful approach: using a
pangenome – rather than a single genome – as a reference. According to [83], a
pangenome is indeed “any collection of genomic sequences to be analyzed jointly
or to be used as a reference”. The new -omics science pangenomics thus imposed
a paradigm shift: in several analysis tasks, and in particular for species like hu-
mans that enjoy a widespread availability of sequencing data as well as a grow-
ing awareness of genomic variants, the simple linear genomic sequence is being
replaced by more complex graph-like structures [118, 215]. Unlike a linear refer-
ence, a pangenome reference allows a simultaneous and compact representation
of variations and commonalities among the underlying sequences. The most gen-
eral pangenome representations are edge- and/or node-labeled directed graphs [29],
such as the variation graphs [75, 112, 134] (with their haplotype aware version [244])
and sequence graphs [232]. Simpler acyclic alternatives to these representations are
Elastic-Degenerate strings [143, 155] (ED strings) and the slightly more haplotype-
aware Elastic Founder graphs [236] (EF graphs), as well as their non-elastic versions
Generalised Degenerate strings [10, 11, 201] (GD strings) and Founder graphs [179] (F
graphs).

Figure 34 shows the taxonomy of variable strings, from the simplest solid string
(top) to the most general variable strings (bottom-left and bottom-right). 1-D strings
are also known in the Bioinformatics literature as indeterminate strings. They have
been extensively employed and investigated [2, 5, 13, 14, 55, 88, 95, 97, 103, 104,
135, 147, 153, 154, 178, 227, 228, 238, 239, 245] as they naturally represent the IU-
PAC encoding [159] of DNA and RNA nucleotides subsets and can be used to
highlight SNPs (Single Nucleotide Polymorphisms, i.e. substitutions of single let-
ters in the DNA sequence). A wide literature exists also for strings with wildcards
[40, 41, 42, 79, 121, 141, 142] that can be seen as a special case of 1-D strings. The
class k-D generalises 1-D in that all variants have length k ⩾ 1, while the class GD
only requires the variants at any locus to be of the same length, without requiring
them to have the same length all over. GD strings thus represent gapless multiple
sequence alignments of fixed width, e.g. high-scoring local alignments of multiple
sequences. Finally, ED strings allow variants of any size at any locus, including
the empty string, which allows explicitly representing short INDELs (insertions and
deletions of letters in the genomic sequence). ED strings correspond to the VCF file
format [93] for genomic variants. The same taxonomy holds for founder graphs with
the addition of edges that connect variants of adjacent segments according to haplo-
type information and the further difference that EF graphs cannot contain the empty
string. The term variable string collectively refers to ED strings, EF graphs, and any
of their above-mentioned special cases.

In contrast with more general representations like variation and string graphs, ED
strings support both theoretically [15, 46, 49] and practically [67, 76, 143, 230, 231]
fast on-line exact and approximate pattern matching [45, 47, 48] when the pattern
is a solid (i.e. non-variable) string. Nevertheless, conditional lower bounds for this
problem [31, 49] and the problem of indexing ED strings [137] rule out the ex-
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istence of even faster methods. Efficient algorithms also exist to decide whether
the intersection of the sets of sequences represented by two ED strings is non-
empty [129, 130, 131] (intersection query). ED strings cannot be efficiently indexed,
but filtering methods [219, 220, 221] could be applied to their k-mers, that can be effi-
ciently indexed [172]. Furthermore, GD strings support fast dynamic-programming-
based alignment [140, 201, 200] for approximate matching with a solid string and
linear-time answer to intersection queries [10, 11].

For EF graphs, efficient off-line pattern matching algorithms are known under spe-
cific conditions which can be ensured with a linear-time construction from a gapless
multiple sequence alignment (for F graphs), or a near-linear time construction from
a general multiple sequence alignment (for EF graphs) [114, 117, 179, 234, 235, 254].
Here, “near-linear time” means that the time complexity is linear when parametrised
in the maximum number of variations appearing in a single locus of the EF graph.

While the main advantage of variable strings is their supporting provably efficient
and accurate methods, their limitation is in their expressivity: both ED strings and
EF graphs are acyclic structures that can only express mismatches and INDELs, and
cannot adequately represent structural genomic variation such as repetitions, translo-
cations, or inversions. A main challenge in computational pangenomics is to balance
the pangenome representations’ accuracy and expressivity and the efficiency of the
methods for their construction and analysis: variable strings are a trade-off between
expressive power and efficiency.

This chapter aims to provide a clear taxonomy and a time-complexity landscape
of matching problems in variable strings. More formally, we analyse the complexity
of the problem, denoted Match(X, Y), of matching a solid or variable pattern of type
X in a variable text of type Y: the types of variable strings we consider for the pattern
and text are in Figure 34. For instance, Match(1-D,k-F) is the problem of finding
occurrences of a 1-D pattern within a k-F graph.

our results For the problem of matching a solid pattern of size M into an
ED or EF text of size N, it is known from the literature that an algorithm with
complexity O(M1−εN) or O(MN1−ϵ) with ϵ > 0 would contradict the Strong Expo-
nential Time Hypothesis (SETH) [31, 46, 49, 114, 138], and the contradiction holds
even if such complexity is achieved at query time after a polynomial-time index-
ing step [113, 115, 137]. Quadratic-time algorithms are known [49, 76]. Moreover,
strongly sub-quadratic algorithms are known for Match(solid,1-D) [81] and for
Match(1-D , 1-D) [153], in the latter case restricted to constant-size alphabets.

As a consequence, our reference bound is quadratic: given two types X and Y of
strings (variable or solid), either this is proved as a lower bound for Match(X, Y),
or a better algorithm – an upper bound – should be exhibited. We aim to paint
a complete picture of the complexity of this task for all types X of patterns and
all types Y of variable texts, investigating both lower and upper bounds. All our
results are anticipated in Section A.2 and summarised in Tables 13 and 14, where
columns correspond to the pattern and rows correspond to the text. Note that, due
to space constraints, in the tables we writeΩ((MN)1−ϵ), for every ϵ > 0, to denote the
quadratic lower bound, but in fact, all our lower bound results prove both bounds
Ω(M1−ϵN) and Ω(MN1−ϵ) (for every ϵ > 0).
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Pattern

Text
1-D k-D GD ED

solid

[81] Thm. A.2.1 Thm. A.2.3 Thm. A.2.11

O(n+n log2m) O(N+N log2m) O(mn+N) Ω((mN)1−ϵ)

(a) Complexity of matching a solid pattern in several types of degenerate strings, in increas-
ing order of generality.

Pattern

Text
1-F k-F F EF

solid

Thm. A.2.2 Thm. A.2.4 [114]

O(
√
m(|E|+N+n log2m)) O(mn+N+ |E|) Ω((m|E|)1−ϵ)

(b) Complexity of matching a solid pattern in several types of founder graphs, in increasing
order of generality.

Table 13. Complexity charts for problem Match(solid, Y), where Y ranges over columns.
Symbols M and N denote the total size of the pattern and the text, respectively,
while m and n denote the respective number of segments (see Section A.2). For
graphs, |E| denotes the number of edges. Green cells are for truly subquadratic
O(NM1−ϵ) (for some ϵ > 0) upper bounds, yellow cells indicate that the upper
bounds are subquadratic whenever N/n = ω(1), and red cells are for a quadratic
lower bound Ω((MN)1−ϵ) (for every ϵ > 0) conditioned on SETH, even when
the alphabet is of constant size and the length of the variants in each segment is
O(1) (our bounds are even tighter, check the referred results for details). A truly
subquadratic upper bound for Match(solid,1-D) was already known. A quadratic
conditional lower bound for Match(solid,ED) was also known, as it is directly
implied by [30, Theorem 10], but this result only holds when the maximum variant
length in the ED text of length n is ω(logn). In Theorem A.2.11 we prove that the
lower bound applies also to cases where the maximum variant length is O(1). All
the other results are novel.

a.2 definitions and summary of the results

We start with basic definitions and notation on solid strings following [87]. Given
an ordered alphabet Σ whose elements are called letters, we denote by Σn the set
of strings T = T [1] . . . T [n] (also called solid strings) of length |T | = n over Σ, and
by Σ∗ the set of all possible strings of any length, including the empty string ε. By
T1T2 or T1 · T2 we denote the concatenation of two strings T1 and T2, i.e. T1T2 =

T1[1] . . . T1[|T1|]T2[1] . . . T2[|T2|]. For any string T and integer k > 0, Tk denotes the
concatenation of k copies of T . For any 1 ⩽ i ⩽ j ⩽ n, T [i . . j] is the fragment of T
starting at position i and ending at position j. The fragment T [i . . j] is an occurrence
of the underlying substring P = T [i] . . . T [j]; we say that P occurs at position i in T ,
and that P is a factor of T . A prefix of T is a fragment of the form T [1 . . j] and a suffix
of T is a fragment of the form T [i . .n]. Given a string T over Σ, we call suffix tree
of T the compacted trie of all suffixes of T · $, where $ ̸∈ Σ. The suffix tree of a
string T [1 . .n] occupies O(n) space and it can be constructed in O(n) time for integer
alphabets of size |Σ| = O(nO(1)) [119, 258]. Unless specified otherwise, in this chapter
we assume that Σ = [0,σ] with σ = nO(1); note that, without this assumption, the
time complexity of some of our algorithms is increased by logarithmic factors.



A.2 definitions and summary of the results 151

Pattern

Text
1-D k-D GD,ED

1-D
[153] O(n+
n logm)

Thm. A.2.5
Ω((MN)1−ϵ)

Cor. A.2.13
Ω((MN)1−ϵ)

k-D
Thm. A.2.6

Ω((MN)1−ϵ)
Thm. A.2.7

Ω((MN)1−ϵ)
Cor. A.2.14

Ω((MN)1−ϵ)

GD,ED
Cor. A.2.12

Ω((MN)1−ϵ)
Cor. A.2.14

Ω((MN)1−ϵ)
Cor. A.2.14

Ω((MN)1−ϵ)

(a) Degenerate pattern, degenerate text

Pattern

Text
1-F k-F F,EF

1-D
Thm. A.2.8

Ω((MN)1−ϵ)
Cor. A.2.15

Ω((MN)1−ϵ)
Cor. A.2.15

Ω((MN)1−ϵ)

k-D
Cor. A.2.15

Ω((MN)1−ϵ)
Cor. A.2.15

Ω((MN)1−ϵ)
Cor. A.2.15

Ω((MN)1−ϵ)

GD,ED
Cor. A.2.15

Ω((MN)1−ϵ)
Cor. A.2.15

Ω((MN)1−ϵ)
Cor. A.2.15

Ω((MN)1−ϵ)

(b) Degenerate pattern, founder text

Pattern

Text
1-D k-D GD,ED

1-F
Thm. A.2.9

Ω((MN)1−ϵ)
Cor. A.2.16

Ω((MN)1−ϵ)
Cor. A.2.16

Ω((MN)1−ϵ)

k-F
Cor. A.2.16

Ω((MN)1−ϵ)
Cor. A.2.16

Ω((MN)1−ϵ)
Cor. A.2.16

Ω((MN)1−ϵ)

F,EF
Cor. A.2.16

Ω((MN)1−ϵ)
Cor. A.2.16

Ω((MN)1−ϵ)
Cor. A.2.16

Ω((MN)1−ϵ)

(c) Founder pattern, degenerate text

Pattern

Text
1-F k-F F,EF

1-F
Thm. A.2.10
Ω((MN)1−ϵ)

Cor. A.2.17
Ω((MN)1−ϵ)

Cor. A.2.17
Ω((MN)1−ϵ)

k-F
Cor. A.2.17

Ω((MN)1−ϵ)
Cor. A.2.17

Ω((MN)1−ϵ)
Cor. A.2.17

Ω((MN)1−ϵ)

F,EF
Cor. A.2.17

Ω((MN)1−ϵ)
Cor. A.2.17

Ω((MN)1−ϵ)
Cor. A.2.17

Ω((MN)1−ϵ)

(d) Founder pattern, founder text

Table 14. Complexity chart for problem Match(X, Y), where X ranges over rows and Y over
columns of each table. The yellow cell in the upper-left corner indicates that the
upper bound holds only for constant-size alphabets, as it has an exponential depen-
dency on the alphabet size. Red cells denote a quadratic lower boundΩ((MN)1−ϵ)

(for every ϵ > 0) conditioned on SETH, which holds even when the alphabet is of
constant size and the length of the variants in each segment is O(1) (our bounds
are even tighter, check the referred results for details). Orange cells denote that the
quadratic lower bound only holds for variable strings in which the length of the
variants in the segments is ω(logn): it is an open problem whether these lower
bounds also hold when the length of the variants is O(logn). Letters in the time
complexities are as in Table 13. All the results in this table are novel, except for the
subquadratic upper bound for Match(1-D,1-D) that was already known.

An elastic-degenerate (ED) string T over an alphabet Σ is a sequence T = T [1] · · · T [n]
of n finite sets, called segments, where each T [i] is a subset of Σ∗; we call |T | = n

the length of T . The size |T | = N of T is the total number of characters in T , i.e.
N = Nε +

∑n
i=1

∑
S∈T [i] |S|, where Nε is the total number of empty strings in the

segments of T ; the cardinality B of T is the total number of strings in all segments,
i.e. B =

∑n
i=1 |T [i]|. We call the set V of distinct strings that appear in at least one

segment of T its vocabulary. We also denote by Ni and Bi the size and the cardinality
of segment T [i], respectively; finally, for any 1 ⩽ i ⩽ j ⩽ n, T [i . . j] denotes the
fragment T [i] · · · T [j] between segments i and j of T .

If for every i the strings in T [i] have all the same length ki (called the width of T [i]),
we say that T is a generalised degenerate (GD) string. If in addition all segments T [i]
have the same width k, T is a k-degenerate string (k-D, in short). In the special case
k = 1, T is known in the literature as a degenerate or indeterminate string. Finally, if for
every i it holds that Bi = 1, then we have a solid string. A schematic representation
of these classes is in Figure 34.
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Figure 35. An ED string (center) and an EF graph (right) built from the same set of strings
(left). Note that the strings on the left are a subset of the languages of the ED
string and the EF graph.

Figure 36. A k-D string S and the 1-F graph H obtained applying the transformation of
Remark A.2.1. L(S) consists of the three length-4 strings in its only segment; L(H)
consists of the 8 length-4 strings ACTA, ACAC, ACAG, GCTA, GCAC, GCAG, CTAC, CTAG,
thus it contains 5 spurious strings with respect to L(S), including the highlighted
one.

An elastic founder (EF) graph is a pair G = (T ,E), where T is an ED string s.t. the
empty string ε is not an element of any of its segments1, and E =

⋃n−1
i=1 Ei, where

Ei is the set of edges from T [i] to T [i + 1], which can be identified with a subset
of the Cartesian product [1,Bi] × [1,Bi+1]. G is a founder graph, F graph in short
(resp. a k-founder graph, k-F in short) if T is a GD (resp a k-D) string. G[i . . j] =

(T [i . . j],
⋃j−1

ℓ=i Eℓ) is the fragment of G between T [i] and T [j]. The size of G is N+ |E|,
i.e. the sum of the size of the underlying ED string T and the total number of edges
of G. Figure 35 shows an ED string of length n = 7 and size N = 17, and an EF graph
with n = 3, N = 26, |E| = 6, and hence total size 32.

The language L(T) of an ED string T consists of all the strings that can be obtained
by concatenating one string per segment, maintaining their order: L(T) = {S1 · · ·Sn :

Si ∈ T [i] ∀ i ∈ [1,n]}. The language of an EF graph G is defined analogously, but only
strings that are connected by an edge can be concatenated: L(G) = {S1 · · ·Sn : Si ∈
T [i] ∀ i ∈ [1,n] and (Si,Si+1) ∈ Ei ∀ i ∈ [1,n − 1]}. We remark that if T is an ED
string (resp. EF graph), then in general L(T) may contain strings of different sizes,
whereas if T is any among 1-D, 1-F, k-D, k-F, GD, F, then all strings in L(T) must
have the same size.

For example, the language of the EF graph of Figure 35 consists of the 5 strings
shown on the left; the language of the ED string includes in addition the strings
{AGCATTAGATAC, AGCATTAGTAC, AGCGATTAGATAC}, thus consists of 8 strings in total.

Remark A.2.1. A common logical pitfall is to believe that it is possible to transform
all non-elastic variable strings (GD strings, F graphs, k-D strings and k-F graphs) to
equivalent 1-F graphs by splitting each segment into multiple segments (one contain-
ing the first letter of each string in the original segment, one containing the second
letter, and so on) and adding appropriate edges to preserve letter sequences. How-
ever, the language of the 1-F graph obtained with this procedure is generally larger
than that of the original variable string. Figure 36 exemplifies this issue when trying
to transform a k-D string into a 1-F graph.

1 We keep this distinction from ED strings to match the existing literature.
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Figure 37. Representation of two possible occurrences of an ED string P into an EF graph T .

Recall that by variable strings we collectively refer to ED strings, EF graphs, and any
of the special cases introduced above. In general, we say that there is an occurrence
of a variable pattern P in a variable text T ending at T [j] if there exists 1 ⩽ i ⩽ j such
that a string in the language of P occurs as a substring of a string t = ti · ti+1 · · · tj ∈
L(T [i . . j]), with tk ∈ T [k] ∀ k ∈ [i, j], ending within the last occurrence of tj in t.
In Figure 35, the solid pattern CTAGA occurs in ED ending at position 6, and in EF
ending at position 3. Figure 37 visually represents two occurrences of an ED pattern
in an EF text. We provide more technical definitions of variable pattern matching,
specialised for the different cases studied in this chapter, in Sections A.3 and A.4.

Pattern Matching on Variable Text: Match(X, Y)
Input: A solid or variable pattern P of type X and a variable text T of type Y
Output: All positions j such that a string in L(P) occurs in T ending at T [j]

Strings X and Y can be any of the types of variable strings mentioned above. Fol-
lowing the existing literature [143], the output of Match only specifies the end-
ing segments of the occurrences, giving no information about the specific positions
within the segments. In particular, if multiple occurrences of the pattern end within
the same text segment, Match reports the segment only once. This convention is
justified by the fact that the size of the language of a variable string, and hence the
number of occurrences of a pattern, can be exponential in the input size. We say that
Match has constant alphabet if the alphabet Σ of both the pattern and the text is of
constant size.

In the rest of this section, we summarize the results that we will prove in
Sections A.3 and A.4, consisting of upper and lower bounds for the problem
Match(X, Y) for several choices of pattern type X and text type Y. We recall that
we denote by m and M, respectively, the length and the size of the pattern; by n and
N, respectively, the length and the size of the text; and by E the edges of an (elastic)
founder graph text.

upper bounds In Section A.4, we give two truly sub-quadratic algorithms for
Match(X, Y) when the pattern is solid and the text is either a k-D string or a k-F
graph.

Theorem A.2.1. Match(solid,k-D) can be solved in O(N + kn log2(mk )) = O(N +

N log2m) time.

Theorem A.2.2. Match(solid,k-F) can be solved in O(
√
m(|E|+N+n log2m)) time.

In Section A.3, we consider the cases where the pattern is solid and the text is
either a GD string or an F graph. In these cases, a mn term appears in the time
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complexity of the algorithms we propose. Consequently, these algorithms are sub-
quadratic only when N/n = ω(1), and it is an open problem whether strongly sub-
quadratic algorithms exist when N/n = O(1).

Theorem A.2.3. Match(solid,GD) can be solved in O(mn+N) time.

Theorem A.2.4. Match(solid,F) can be solved in O(mn+N+ |E|) time.

lower bounds When both the pattern and the text are variable strings, we show
conditional lower bounds for Match(X, Y). The quadratic conditional lower bound
Match(1-D, 1-D) given in [153], which we discuss in more detail in Section A.5,
holds only for non-constant alphabets, while a truly subquadratic algorithm ex-
ists for constant-size alphabets. All the other lower bounds we present hold even
for constant-size alphabets. However, the reductions underlying Theorems A.2.5
and A.2.6 and Corollaries A.2.12 and A.2.13 only work when the length k of the
strings in every segment is ω(logn), where n is the length of the text, thus they
do not rule out the existence of subquadratic-time algorithm when k = O(logn).
This is in contrast with the rest of the reductions, which all apply even when
k = O(1) and thus are, in this sense, stronger. In particular, Theorem A.2.7 proves
that Match(k-D,k-D) requires at least quadratic time even when k = 2. The condi-
tional lower bounds we prove rely on a famous conjecture: the Orthogonal Vectors
Hypothesis (OVH), which is, in turn, implied by the Strong Exponential Time Hypoth-
esis (SETH) [157, 259]. See Conjecture A.5.1 in Section A.5.

Theorem A.2.5. No algorithm can solve Match(1-D,k-D) on constant alphabet for every
k in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Theorem A.2.6. No algorithm can solve Match(k-D,1-D) on constant alphabet for every
k in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Theorem A.2.7. No algorithm can solve Match(2-D,2-D) on constant alphabet in
O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Theorem A.2.8. No algorithm can solve Match(1-D,1-F) on constant alphabet in
O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Theorem A.2.9. No algorithm can solve Match(1-F,1-D) on constant alphabet in
O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Theorem A.2.10. No algorithm can solve Match(1-F,1-F) on constant alphabet in
O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Theorem A.2.11. No algorithm can solve Match(solid,ED) on constant alphabet in
O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, for any ED string such that the differ-
ence in the lengths of the strings in any segment is at most 1, and the length of all such
strings is at most 4, unless OVH is false.
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Since a pattern of type 1-D is a special case of k-D, GD and ED (and k-D is a
special case of GD and ED), and since 1-F is a special case of k-F, F, and EF, the
lower bounds above propagate along the taxonomies for P and/or T . Therefore, we
have the following corollaries. Corollaries A.2.12 and A.2.13 directly follow from
Theorems A.2.5 and A.2.6, thus only hold for the general cases where the maximum
length of the strings in the segments isω(logn); in contrast, Corollary A.2.14 follows
from Theorem A.2.7, thus it applies even to the restricted case where the maximum
length of any string in any segment is 2.

Corollary A.2.12. No algorithm can solve Match(1-D,Y) for Y = k-D, GD, ED on con-
stant alphabet in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Corollary A.2.13. No algorithm can solve Match(X,1-D) for X= k-D, GD, ED on con-
stant alphabet in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Corollary A.2.14. No algorithm can solve Match(X,Y) for X = k-D, GD, ED and Y =

k-D, GD, ED on constant alphabet in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless
OVH is false.

Corollaries A.2.15, A.2.16 and A.2.17 below follow from Theorems A.2.8, A.2.9
and A.2.10, respectively.

Corollary A.2.15. No algorithm can solve Match(X,Y) for X= 1-D, k-D, GD, ED and
Y= 1-F, k-F, F, EF on constant alphabet in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0,
unless OVH is false.

Corollary A.2.16. No algorithm can solve Match(X,Y) for X = 1-F, k-F, F, EF and Y =

1-D, k-D, GD, ED on constant alphabet in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0,
unless OVH is false.

Corollary A.2.17. No algorithm can solve Match(X,Y) for X=1-F, k-F, F, EF and Y= 1-F,
k-F, F, EF on constant alphabet in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless
OVH is false.

a.3 matching a solid pattern in a GD or F text

We start by formally defining an occurrence of a solid pattern in a GD string or an F
graph. Let T ℓ,r[i . . j] be obtained from T [i . . j] by removing a prefix of length ℓ from
all the strings of T [i] and a suffix of length r from all the strings of T [j], for some
ℓ < ki and r < kj (an example is in Figure 38).

Definition A.3.1. Let T be a GD string or an F graph. A solid pattern P has an
occurrence ending at position j in T if ∃i ∈ [1, j] s.t. there exist ℓ ∈ [0,ki − 1] and
r ∈ [0,kj − 1] such that P ∈ L(T ℓ,r[i . . j]). We call ℓ and kj − r the starting and ending
offset of the occurrence, respectively.

In Theorem A.2.3, we show that the O(m2n+N)-time algorithm proposed in [143]
for matching a solid pattern of lengthm in an ED text of length n and sizeN requires
only O(mn+N) time when applied to GD texts.
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Figure 38. Two occurrences of a solid pattern in a GD string. The starting offset of the left-
most occurrence is 1, and its ending offset is k3 − 2 = 2; the starting and ending
offsets of the second occurrence are 2 and k5 − 1 = 2, respectively.

Theorem A.2.3. Match(solid,GD) can be solved in O(mn+N) time.

Proof. Consider the pattern-matching algorithm of [143] for ED texts. The algorithm
first constructs the suffix tree TP of the pattern P in a preprocessing step; then it reads
the text T segment by segment, from left to right. For any segment T [i] of width ki,
the algorithm solves the following 4 sub-problems: (i) If ki ⩾ m, does P occur in a
string from T [i]? (easy case) (ii) Compute every suffix of a string t ∈ T [i] that matches
a prefix of P (suffix case); (iii) Compute every prefix of a string t ∈ T [i] that matches
a suffix of P (prefix case); (iv) If ki < m, find the strings t ∈ T [i] that are factors of
P (anchor case). All occurrences of P are then computed from the solutions to these
four problems. The easy and the suffix/prefix case can be solved both for ED and
GD texts in O(N+m) time by using any standard pattern-matching algorithm (e.g.
KMP [167]) and TP, respectively (see [143] for details).

We now focus on the anchor case for a segment T [i] and show that, in the case
of GD texts, it can be solved in time O(Ni +m) by solving an instance of the Active
Prefixes (AP) problem [46]. AP applied to segment T [i] takes as input a bit-vector
U of length m s.t. U[j] = 1 iff the prefix P[1 . . j] matches a suffix of a string from
L(T [1 . . i− 1]); it outputs a bit-vector U of size m such that U[j+ ki] = 1 iff U[j] = 1
and P[j+ 1 . . j+ ki] ∈ T [i] (in other words, some string from T [i] occurs in P starting
at position j+ 1: see Example A.3.1). To solve AP it thus suffices to compute all the
occurrences of all the strings of T [i] in P and check whether they extend some active
prefixes stored in U, namely, if they start at some position j+ 1 with U[j] = 1. The
strings in T [i] are all of the same length ki, thus no two of them can occur at the
same position in P. We have the following crucial observation.

Observation A.3.1. The cumulative number of occurrences in P of all the strings
from a GD segment T [i] is bounded by m.

Observation A.3.1 implies that all such occurrences can be computed and stored
in an auxiliary bit-vector OCCi of size m in O(Ni+m) time, using TP. U can then be
obtained by left-shifting OCCi by one position, taking its bit-wise AND with U, and
shifting the result vector by ki positions to the right. Solving the anchor case for every
segment thus takes O(N+mn) time. Note that the difference in the time complexities
of AP for GD texts and ED texts is because, in the latter case, Observation A.3.1 does
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not hold, since the number of occurrences of the strings from T [i] in P can only be
bounded by m2.

Example A.3.1. Consider T and P as in Figure 38. The input of AP applied to T [2] is
U = [1, 1, 0, 0, 0]; the output is V = [0, 1, 1, 0, 0]. This is because the prefix of length 1
of P, which is a suffix of the first string of T [1], and the prefix of length 2 of P, which
is a suffix of the second string of T [1], can be extended by string b of T [2].

We next adapt the algorithm of Theorem A.2.3 to solve pattern matching on F

graphs.

Theorem A.2.4. Match(solid,F) can be solved in O(mn+N+ |E|) time.

Proof. Let G = (T ,E) be a founder graph of length n, size N and cardinality B,
and let P be a solid pattern of length m. We denote by T [i][j] the j-th string of T [i],
j ∈ [1,Bi] (recall that Bi is the cardinality of segment i, and their sum over all i gives
the total number B of strings in the segments of T ), assuming any fixed order; an
edge (j, j ′) ∈ Ei−1 thus connects string T [i− 1][j] to T [i][j ′]. We process separately
the occurrences of P that span only one segment (easy case), only two segments,
or more. The easy case is trivially solved in O(m +N) time using any linear-time
pattern-matching algorithm. Let us now focus on the other two cases.

Analogously to the suffix and prefix subproblems listed in the proof of Theo-
rem A.2.3 we precompute, for each string in each segment, the length of all suffixes
that are equal to some prefix of P, and of all prefixes that are equal to some suffix
of P. While in the case of GD text, it suffices to store the lengths of all such overlaps
cumulatively for each segment, in the case of founder graphs, due to the presence of
edges, we need to retain this information separately for each string in each segment.
We thus compute two binary arrays bi,j and ei,j for each string T [i][j], each of the
same length ki, s.t. bi,j[ℓ] = 1 if and only if the suffix of length ℓ of T [i][j] is equal to
a prefix of P, and ei,j[ℓ] = 1 if and only if the prefix of length ℓ of T [i][j] is equal to a
suffix of P. All such arrays can be constructed in O(m+N) total time using e.g. the
suffix trees of P and of its reversal, and occupy total space O(N). See Figure 39.

Occurrences spanning only two segments. We consider all pairs of consecutive seg-
ments T [i], T [i+ 1] such that ki + ki+1 ⩾ m (the only candidates for occurrences of
this kind). For each edge (j, j ′) ∈ Ei, let pj be the length of the longest suffix of T [i][j]
that overlaps a prefix of P, i.e. the largest index of bi,j set to 1, and let sj ′ be the
length of the longest prefix of T [i+ 1][j ′] that overlaps a suffix of P, i.e. the largest
index of ei+1,j ′ set to 1. The following observation characterises the occurrences of P
spanning T [i], T [i+ 1] (see also Example A.3.2).

Observation A.3.2. P has an occurrence spanning T [i], T [i+ 1] iff there exists an edge
(j, j ′) ∈ Ei such that P occurs in the concatenation of the suffix of length pj of T [i][j]
and the prefix of length sj ′ of T [i+ 1][j ′], which are equal, respectively, to P[1 . .pj]
and P[m− sj ′ + 1 . .m].

The main tool we use to spot these occurrences is a data structure to efficiently
answer the following queries: given any pair of positions 1 ⩽ s ⩽ p ⩽ m, return the
set occ of occurrences of P in the concatenation P[1 . .p]P[s . .m] of its prefix of length
p and suffix of length m− s+ 1. A classical data structure to answer these queries
is the border tree [144]; recently, Pissis [229] introduced a data structure alternative



158 pattern matching with ed strings and ef graphs

to border trees that can be constructed in O(m/ logσm) time and answers queries
in O(1 + |occ|) time. After constructing the data structure of [229] for P, we thus
process each pair T [i], T [i + 1] such that ki + ki+1 ⩾ m, and apply the following
algorithm, whose correctness follows from Observation A.3.2: for each (j, j ′) ∈ Ei,
query the border data structure with indices pj,m− sj ′ + 1. If the returned set occ is
nonempty, break and return an occurrence of P in G ending at position i+ 1. Each
such query takes O(1+ |occ|) time [229], and |occ| ⩽ m. Since we stop asking queries
as soon as we find a nonempty set of occurrences, the total time for T [i], T [i+ 1] is
O(|Ei|+m), implying time O(|E|+mn) to process the whole G.

Occurrences spanning at least three segments. This case is analogous to the anchor
case of Theorem A.2.3, and can only happen when the second of the (at least three)
segments has a width smaller thanm. We process the segments of G from left to right
and maintain an array V of size m that keeps track of the prefixes of P that match
up to a certain segment (partial occurrences): however, now V is an array of integers,
rather than a simple bit-vector, and it only keeps track of partial occurrences that
span at least one full segment (thus excluding prefixes of P that match a proper
suffix of some string from some segment: these shorter partial occurrences will be
treated differently, as we explain in the following).

Let Vi−1 denote the state of V after processing a segment T [i− 1] (Vi−1 = 0m if
ki−1 > m or i = 1). When processing segment T [i] (assuming ki < m), our task is
to compute the next state Vi s.t. Vi[ℓ] = j iff P[1 . . ℓ] is a suffix of some string from
L(G[1 . . i]) that ends with the whole string T [i][j], and Vi[ℓ] = 0 otherwise. Note
that the values of Vi are uniquely defined: see Observation A.3.3. In particular, this
implies that the first ki − 1 positions of Vi, corresponding to partial occurrences that
do not contain an entire string from T [i], are always 0. Further, note that positions
between ki and min{ki + ki−1 − 1,m} of Vi correspond to partial occurrences of P
that contain an entire string from T [i] but not from T [i− 1]. We compute Vi[ki . .ki +
ki−1− 1] and Vi[ki+ ki−1 . .m] using two different procedures (the second sub-array
is empty in the case ki + ki−1 > m).

To process T [i], we first compute an array OCCi of size m such that OCCi[ℓ] =

j iff T [i][j] occurs in P starting at position ℓ; by Observation A.3.1, OCCi is well
defined and can be computed in O(Ni +m) time using the suffix tree TP. Note that
OCCi contains all potential extensions of partial occurrences of P with whole strings
from T [i]. We use the following crucial observation, which is a direct consequence of
Observation A.3.1.

Observation A.3.3. Any partial occurrence of P ending at T [i− 1] can be extended
by at most one occurrence of one string from T [i].

In particular, the partial occurrence represented by Vi−1[ℓ] = j can only be ex-
tended by the unique string from T [i] occurring in P at position ℓ+ 1, if any. This
implies that it suffices to check the following necessary and sufficient conditions to
compute Vi[ki + ki−1 . .m]: for each position ℓ ∈ [ki + ki−1,m], we set Vi[ℓ] = j ′ iff
OCCi[ℓ− ki + 1] = j ′, Vi−1[ℓ− ki] = j and (j, j ′) ∈ Ei−1. To verify these conditions,
collect all triplets (j, j ′, ℓ) such that Vi−1[ℓ− ki] = j and OCCi[ℓ− ki + 1] = j ′, for
all ℓ ∈ [ki + ki−1,m], and sort them lexicographically together with all the pairs
from Ei, using radix sort. Then, scan the resulting sorted list and set Vi[ℓ] = j ′ iff a
triplet (j, j ′, ℓ) is immediately preceded by the pair (j, j ′). Since there is at most one
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triplet for each value of ℓ, this requires O(m+ |Ei|) total time per segment and thus
O(mn+ |E|) time over the whole G.

We set Vi[ki] = j if and only if T [i][j] occurs in P starting at position 1. Let us
now focus on computing Vi[ki + 1 . .ki + ki−1 − 1]. This portion of Vi corresponds
to partial occurrences of P matching a proper suffix of some string from T [i − 1]

and extended with an occurrence of some string from T [i] stored in OCCi[2 . .ki−1].
Note that we cannot use the same technique as for Vi[ki + ki−1 . .m], because two
strings from T [i − 1] can have equal suffixes. Instead, we scan OCCi[2 . .ki−1]: if
OCCi[ℓ] = j ′ ̸= 0, we check, for all (j, j ′) ∈ Ei−1, whether bi−1,j[ℓ− 1] = 1, and set
Vi[ℓ+ ki − 1] = j ′ if this is the case. In other words, we check, for each occurrence
of T [i][j ′] starting at P[ℓ], whether the suffix of length ℓ − 1 of some of the strings
from T [i − 1] connected to T [i][j ′] is equal to P[1 . . ℓ − 1]. See also Example A.3.3.
This procedure has a total cost O(Ni−1 +m) because each position of each bi−1,j is
accessed at most once; and each time we read an edge, we access exactly one position
of one array b, thus we read at mostNi−1 edges. This implies a total time O(N+mn)

over all segments.
Finally, to check whether some partial occurrence represented by Vi−1[ℓ] = j for

ℓ ∈ [m− ki + 2 . .m] can be extended to a full occurrence of P with a proper prefix
of some string from T [i], it suffices to check, for each edge (j, j ′) ∈ Ei−1, whether
ei,j ′ [m− ℓ+ 1] = 1. This requires O(N+mn) total time because each position of each
array e is accessed at most once. We obtain a total time complexity of O(N+mn+

|E|).

Figure 39. Arrays bi,j and ei,j (used in the proof of Theorem A.2.4) for an F graph of length
3 and a solid pattern of length 12. Highlighted in blue is a suffix/prefix overlap
of length 3 and the corresponding entry of b1,1; in green, a prefix/suffix overlap
and the corresponding entry of e3,1. Arrays e1,· and b3,· are not shown as they
may not start or end any occurrence of P.

Example A.3.2. Consider the instance of Figure 39. To find occurrences of P span-
ning the first two segments only, we consider one edge (j, j ′) at a time, compute the
lengths pj and sj ′ from b1,j, and e2,j ′ and check whether P occurs in the concatena-
tion of P[1 . .pj] and P[m− sj ′ + 1 . .m], as described in the proof of Theorem A.2.4.
Consider the edge (1, 1), connecting T [1][1] and T [2][1]. We have p1 = 6 (as this is the
largest index of b1,1 set to 1, i.e. the length of the longest prefix of P which is also
a suffix of T [1][1]) and s1 = 5 (the largest index of e2,1 set to 1). P does not occur in
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the concatenation of P[1 . . 6] = abbabb and P[8 . . 12] = bbabb, thus no occurrence of
P uses edge (1, 1).

Now consider edge (2, 1). The longest suffix of T [1][2] that is also a prefix of P is
of length p2 = 10; and the longest suffix of P that is also a prefix of T [2][1] has length
s1 = 5. P occurs in the concatenation of P[1 . . 10] and P[8 . . 12], i.e. abbabbabba · bbabb,
thus an occurrence of P ending at segment T [2] is reported. The algorithm will not
examine the rest of the edges; therefore, although the pattern also occurs in the
concatenation P[1 . . 7] · P[8 . . 12] = abbabba · bbabb, corresponding to edge (3, 1), this
extra occurrence will not count towards the complexity of the algorithm.

Example A.3.3. Consider again the instance in Figure 39, and focus on the occur-
rences of P spanning the three segments, which are computed as described in the
proof of Theorem A.2.4. We have V1 = [0, 0, 0, 0, 0, 0, 0, 0, 0, 2, 0, 0] as the whole string
T [1][2] matches the prefix of length 10 of P. We know that the first k2 − 1 = 5 posi-
tions of V2 are 0, as they correspond to (possible) partial occurrences of P that do
not contain a whole string from T [2]. We have OCC2 = [2, 1, 0, 2, 1, 0, 2, 0, 0, 0, 0, 0] be-
cause T [2][1] occurs in P starting at positions 2 and 5 and T [2][2] occurs in P starting
at positions 1, 4 and 7. Since k1 + k2 = 15 > m = 12, no occurrence of P can contain
an occurrence of a whole string from T [1] and from T [2]. Since OCC2[1] = 2, we set
V2[6] = 2. To compute V2[7 . . 12], we scan OCC2[2 . . 10] from left to right. Reading
OCC2[2] = 1, we need to check the edges incoming to the first string of T [2] – in this
case, edges (1, 1), (2, 1) and (3, 1) – and access the first position of the corresponding
array b. For edge (1, 1), we have b1,1[1] = 0, thus we do not update any value of V2;
for edge (2, 1), we have b1,2[1] = 1, thus we set V2[7] = 1 to indicate that there is a
partial match of P[1 . . 7] ending with an occurrence of the whole string T [2][1]. The
same information is also captured by the edge (3, 1) because b1,3[1] = 1. OCC2[3] = 0

does not trigger any update of V2; reading OCC2[4] = 2, we check the only edge in-
coming to T [2][2], which is (2, 2): since b1,2[3] = 0, no value of V2 is updated. Reading
OCC2[5] = 1, we check again edges (1, 1), (2, 1) and (3, 1), find out that b1,2[4] = 1,
and thus set V2[10] = 1. The rest of the positions of OCC2 do not cause any further
update of V2, which at the end of this procedure is V2 = [0, 0, 0, 0, 0, 2, 1, 0, 0, 1, 0, 0].

a.4 matching a solid pattern in a k-D or k-F text

In this section, we investigate the complexity of the pattern-matching problem in
cases where the pattern is solid and the text is either a k-D string or a k-F graph.

The problem of finding all the occurrences of a solid pattern of length m in a 1-D
string of length n > m and size N can be seen as an instance of the Subset Match-
ing problem, defined by Cole and Hariharan [80]. This problem asks, given a 1-D
text and a 1-D pattern, to find all the locations in the text where each segment of
the pattern is a subset of the corresponding segment of the text; an O(n log2m)-
time deterministic algorithm exists [81]2. In this section, we leverage this result
to prove sub-quadratic upper bounds for Match(solid,1-F), Match(solid,k-D)

2 The upper bound explicitly proved by the authors in the cited paper is O(N log2N); however, some
observations made by the same authors in [80, Section 4] that lead to better bounds apply, and indeed
the authors state that Subset Matching can be solved deterministically in O(n log2m) time both in the
abstract of [81] and in their later work [82].
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and Match(solid,k-F) by reducing each of these problems to several instances of
Match(solid,1-D).

Theorem A.2.1. Match(solid,k-D) can be solved in O(N + kn log2(mk )) = O(N +

N log2m) time.

Proof. Let P be a solid pattern of length m and T a k-D string of length n, cardinality
B and total size N. In a preprocessing step, we compute all suffix/prefix and prefix/-
suffix overlaps of P and each string in the vocabulary of T . More precisely, for each
segment T [i] we compute two binary arrays bi and ei of length k such that bi[j] = 1
if and only if a suffix of length j of one of the strings in T [i] is equal to a prefix of P,
and ei[j] = 1 if and only if a a prefix of length j of one of the strings in T [i] is equal to
a suffix of P. The arrays bi and ei occupy O(kn) = O(N) words of space and can be
computed in O(N) time by e.g. building the generalised suffix tree of all the strings
in all segments of T .

Consider the case m ⩾ 2k− 1, which implies that each occurrence of P contains at
least 1 full string from some T [i]. Let Pk denote the set of length-k substrings of P
and let h(s) denote the lexicographic3 rank of s ∈ Pk, to be used as a unique ID for s.
The values h(s) can be computed and stored in O(m) time and space by constructing
the suffix tree of P and annotating the nodes at string depth k (possibly making them
explicit) with their rank, obtained with a lexicographic traversal of the tree.

Using these values, we construct k instances of Match(solid,1-D), one per each
possible starting offset of occurrences of P in T . The pattern P(ℓ) of the ℓ-th instance,
ℓ ∈ [0,k − 1], is obtained from P by splitting it into consecutive non-overlapping
fragments of length k: the first fragment starts at position ℓ + 1 and the possible
remaining suffix of length m− ℓ− k⌊m−ℓ

k ⌋ is discarded. Each of such fragments is
then replaced by its ID. The length of P(ℓ) is thus ⌊m−ℓ

k ⌋, and the cumulative space
occupied by all such instances for all ℓ ∈ [0,k− 1] is O(m). The text T (ℓ) of the ℓ-th
instance is obtained from T by replacing each string s ∈ T [i] by its ID, for all i ∈ [1,n],
as follows. If s ∈ Pk and h(s) occurs in P(ℓ), then s is replaced by h(s); otherwise,
(thus if h(s) does not occur in P(ℓ) or s does not occur in P), s is discarded4. Each
T (ℓ) has length n and total size O(min{B,nm

k }), therefore they collectively occupy
O(kB) = O(N) space. See Figure 40 for an example of this construction.

The k patterns can be constructed all at the same time by traversing the suffix
tree of P in O(m) total time. The k texts can be constructed simultaneously by using
the suffix tree of P, further annotated as follows. At each node v at string depth k
(which are all and only the nodes annotated with some ID h(s)), we store the list of
values ℓ such that ℓ = i mod k for some leaf i descending from v (that corresponds
to the suffix starting at position i). Thus ℓ is in the list of v if and only if the length-
k substring corresponding to v is one of the fragments P is split into to build P(ℓ).
Since these nodes partition the leaves, and the number of descending leaves bounds
the size of each list, such lists collectively occupy O(m) space and can be computed
in O(m) time with a single tree traversal. Armed with this annotated suffix tree, to
construct the k texts we simply search each string of T in the tree and write the value

3 Note that any other total order would also work for this purpose.
4 Note that, applying this procedure, some of the segments of T(ℓ) might be empty. To avoid so, one can

use a special symbol $ different from all the IDs h(s) and place it in the otherwise empty segments of
T(ℓ).
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h(s) (if any) in the corresponding segment of all texts T (ℓ) such that ℓ is in the list of
the reached node. This procedure thus requires O(N) total time.

Figure 40. Illustration of the reduction described in the proof of Theorem A.2.1. Note that
P occurs twice in T , ending at T [3] with starting offset 0, and ending at T [4] with
starting offset 2. The first occurrence corresponds to an occurrence of P(0) in T (0)

ending at T (0)[3]. The second can be retrieved by the occurrence of P(1) in T (1)

ending at T (1)[3] using the pre-computed arrays b1 = [1, 0, 1] and e4 = [0, 1, 0]:
indeed, b1[1] = 1 and e4[2] = 1, indicating that the suffix of length 1 of some
string from T [1] is equal to a prefix of P and a prefix of length 2 of some string
from T [4] is equal to a suffix of P, respectively, which complete the occurrence.

We now show that each occurrence of P in T that fully contains at least a string
from a segment of T (which is always the case when m ⩾ 2k− 1) corresponds to an
occurrence of some P(ℓ) in T (ℓ) for some ℓ ∈ [0,k− 1]. We treat the other occurrences
separately, as we will detail at the end of the proof. The key observation is that if an
occurrence of P in T starts at offset q = k− ℓ+ 1 in T [i] and ends at offset r in T [j],
then the following hold: (i) a string from each of the segments T [i+ 1], . . . , T [j− 1]
occurs consecutively in P starting from position ℓ + 1; (ii) a prefix of length ℓ of
P matches a suffix of some string in T [i]; and (iii) a suffix of length r matches a
prefix of some string in T [j]. Observation (i) implies, by construction, an occurrence
of P(ℓ) in T (ℓ) starting at position i+ 1; moreover, Observations (ii) and (iii) imply
that bi[ℓ] = ej[r] = 1. This gives us the following algorithm. For each possible offset
ℓ = 0, 1, . . . ,k− 1:

1. find the occurrences of P(ℓ) in T (ℓ);

2. for each occurrence T (ℓ)[i . . j] (note that j = i − 1 + ⌊m−ℓ
k ⌋), check if it corre-

sponds to an occurrence of P in T by checking whether bi−1[ℓ] = ej+1[r] = 1

and report an occurrence T [i− 1 . . j+ 1] if this condition holds.

Note that when ℓ = 0 we only need to check whether ej+1[r] = 1 and the correspond-
ing occurrence is T [i . . j+ 1]; and symmetrically, if r = 0, we only check if bi−1[ℓ] = 1,
the occurrence being T [i− 1 . . j]. For a fixed ℓ, Step (1) can be done in O(n log2(mk ))
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time using the algorithm from [81] for subset matching; and Step (2) requires O(1)

time per occurrence. Since each P(ℓ) can occur in at most n positions, the total time
for step (2) over all ℓ = 0, 1, . . . ,k− 1 is O(kn) = O(N); and the total time for Step (1)

is k ·O(n log2(mk )).
Finally, we can find all the occurrences of P in T that do not fully contain a string

from some segment (which can only happen if m < 2k− 1) in O(N) total time. These
occurrences either (i) span exactly two consecutive segments of T , or (ii) are entirely
contained in some string of some segment. To find all occurrences of type (ii) in
O(N) time it suffices to run e.g. KMP [167]. To find the occurrences of type (i), we
scan each array bi: for each j ∈ [1,k] s.t. bi[j] = 1, we check whether ei+1[m− j] = 1

and report an occurrence ending in segment i+ 1 if this is the case. This requires
O(kn) total time for all i ∈ [1,n− 1].

Let us now consider the case where the text is a k-F graph. Let P be a solid string
of length m over an alphabet Σ, let ℓ be an integer which divides m, and let us write
P = P1 . .Pd where |Pi| = ℓ for i = 1 . .d. We define the ℓth spread of P as the string
sprℓ(P) =

∏d−1
i=1 Pi · $ · Pi+1, where $ ̸∈ Σ. In other words, each fragment of length ℓ

Pi is repeated twice, separated by a gadget letter $, except for the first and last one.

Example A.4.1. Let P = GTTCGTTATATG. One has spr3(P) = GTT · $ · CGT CGT · $ ·
TAT TAT · $ · ATG. Let P ′ = CGTATTATT. One has spr3(P ′) = CGT · $ · ATT ATT · $ · ATT.

Given a k-F graph G = (T ,
⋃n

i=1 Ei) of length n, we define its disentanglement as
the (2k+ 1)-D string D(G) = D1 . .Dn−1 where for every i = 1 . .n− 1, the set Di

contains every string t · $ · t ′ such that (t, t ′) ∈ Ei. An example is shown in Figure 41.

Figure 41. A k-F graph G (top) and its disentanglement D(G) (bottom). Pattern P =

GTTCGTTATATG occurs once in G (underlined), and pattern spr3(P) occurs once in
D(G) (also underlined). Patterns P ′ = CGTATTATT occur twice in G (in red and blue
respectively), and each occurrence can be detected in D(G) as in Theorem A.2.2
from the strings highlighted in red and blue.

We prove the following lemma.

Lemma A.4.1. Given a k-F graph G = (T ,E) and a solid string P of length m such
that k divides m, the string sprk(P) occurs in D(G) if and only if there exists i, j with
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P ∈ L(G[i . . j]), namely P occurs in G and can be constructed as a concatenation of entire
successive strings in T [i] . . T [j] that are connected by edges.

Proof. If P ∈ L(G[i . . j]) and P = P1 . .Pd is a factorisation of P in substrings of length
k, then for every ℓ = 1 . .d−1 one has Pℓ ∈ T [i+ ℓ−1], Pℓ+1 ∈ T [i+ ℓ] and (Pℓ,Pℓ+1) ∈
Ei+ℓ−1, which means that the set D(G)[i + ℓ − 1] contains the string Pℓ · $ · Pℓ+1,
and the concatenation of those strings for each ℓ is equal to sprk(P). Conversely,
observe that for every ℓ = 1 . .d− 1, one has sprk(P)[(ℓ− 1)(2k+ 1) + k+ 1] = $. If
sprk(P) occurs in D(G), since by construction the letter $ occurs only at position
k + 1 of each set in D(G), the occurrence has to start at the first position of a set,
and that means that sprk(P) ∈ L(D(G)[i . . j]) for some 1 ⩽ i ⩽ j ⩽ n (namely,
it occurs with starting and ending offset 0). This implies that for such i, j and for
each 1 ⩽ ℓ ⩽ d− 1 one has sprk(P)[(2k+ 1)(ℓ− 1) . . (2k+ 1)ℓ] ∈ D(G)[i+ ℓ− 1]. But
sprk(P)[(2k + 1)(ℓ − 1) . . (2k + 1)ℓ] = Pℓ$Pℓ+1, which means that Pℓ ∈ T [i + ℓ − 1],
Pℓ+1 ∈ T [i+ ℓ], and (Pℓ,Pℓ+1) ∈ Ei+ℓ−1. Since this holds for every 1 ⩽ ℓ ⩽ d− 1, we
deduce that P ∈ L(G[i . . j]).

Example A.4.2. Let P = GTTCGTTATATG, and P ′ = CGTATTATT as in Example A.4.1, and
let G = (T̃ ,E) be the k-F graph from Figure 41. The pattern P occurs once in G, ending
in the fourth segment (underlined occurrence in the figure). This corresponds to a
unique occurence of spr3(P) = GTT · $ · CGTCGT · $ · TATTAT · $ · ATG in D(G), ending in
the third segment. The string P ′ occurs twice in G (in red and in blue on the figure).
However, the string spr3(P ′) = CGT · $ · ATTATT · $ · ATT occurs only once in D(G) (in
red). This is because the blue occurrence has nonzero starting and ending offsets.

As illustrated in the above example, Lemma A.4.1 allows us, given a k-F G and a
pattern P whose length is a multiple of k, to use a (2k+1)-D string to detect the occur-
rences of P starting at the first position of a segment of G. We now extend this result
to arbitrary pattern length and starting position, in order to prove Theorem A.2.2.

Theorem A.2.2. Match(solid,k-F) can be solved in O(
√
m(|E|+N+n log2m)) time.

Proof. Let G = (T ,E) be a k-F graph of length n and P = P[1 . .m] be a solid pattern.
Let us first assume that k <

√
m. We construct the disentanglement of G, which is

a (2k + 1)-D string D(G). Let us assume that P occurs in G starting at position i
and ending at position j (we have i < j because k <

√
m and thus every occurrence

spans more than one segment). This means, by definition, that there exist strings
s, t and P1, . . ,Pj−i+1, with 0 ⩽ |s|, |t| < k, 0 < |P1|, |Pj−i+1| ⩽ k and |P2| = . . . =

|Pj−i| = k, such that s · P1 ∈ T [i], Pj−i+1 · t ∈ T [j] and Pℓ−i+1 ∈ T [ℓ] for every
i < ℓ < j, and such that P1 · · ·Pj−i+1 = P. The lengths of s and t are the starting and
ending offsets of the occurrence, respectively, which uniquely determine the string
sprk

|s|(P) := P1 · $ · P2 · sprk(P2 . .Pj−i) · Pj−i · $ · Pj−i+1. Let P̂ := s · P · t. We have

that P̂ ∈ L(G[i . . j]), which, by Lemma A.4.1, means precisely that sprk(P̂) occurs in
D(G). We can rewrite sprk(P̂) = s · sprk

|s|(P) · t, and we deduce that P occurs inGwith
starting offset |s| in some segment if and only if sprk

|s|(P) occurs in D(G) (observing
the occurrences of $ in the constructed strings, every occurrence of sprk

|s|(P) is always
part of an occurrence of s · sprk

|s|(P) · t, for some s, t of the right lengths). To find every
occurrence of P in G, we can then search for the k patterns sprk0(P), . . , sprkk−1(P) in
D(G).
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Notice that D(G) has size O(k|E|). To search for sprk0(P), . . , sprkk−1(P) we can apply
a modified version of the algorithm from Theorem A.2.1. The difference is that, while
in Theorem A.2.1 we need k searches for a single pattern (one for each possible
starting offset in the k-D string), here we are already given k distinct patterns, each
encoding a different possible starting offset in G, and we must search for occurrences
of each of such patterns in D(G) that start at the beginning of a segment and end
at the end of another one. Hence, we only need to compute the IDs for the length-
(2k+ 1) substrings of sprk0(P), . . , sprkk−1(P) that contain a $ at their k+ 1th position
(as they are the only substrings that can match a full string from a segment of D(G)).
This can be done simultaneously for all sprk0(P), . . , sprkk−1(P) in O(m) total time by
using the suffix tree of P. Indeed, each substring for which we need to compute an
ID consists of a substring of P of length 2k, with an extra central dollar. Similarly,
we can compute the IDs of all the strings from D(G) (and discard those that do not
occur in any of the patterns) in O(k|E|) total time.

In addition to the substring IDs, we construct arrays ei and bi in O(k|E|) time
(corresponding to the total size of D(G)), as in Theorem A.2.1. The search takes
O(n log2(mk )) time for each pattern; since each of the patterns is searched only once,
we obtain a total time of O(k|E|+ kn log2(mk )) = O(

√
m(|E|+n log2m)) for the cases

k <
√
m.

Now consider the case k ⩾
√
m. Observe that, in this case, we have n ⩽ N√

m
,

because it always holds that n ⩽ N
k . By simply applying the algorithm of Theo-

rem A.2.4 in this special case we obtain a time complexity in O(N
√
m+ |E| logm)) =

O(
√
m(N+ |E|)). Combining the two cases, the total time becomes O(

√
m(|E|+N+

n log2m)).

Example A.4.3. Consider again P ′ = CGTATTATT as in Example A.4.1 and the two
occurrences in the F graph shown in Figure 41. We can now detect its blue occurrence
in G by searching for spr31(P

′) = CG · $ · TATTAT · $ · TATTAT · $ · T, that occurs in D(G).

a.5 matching a variable pattern in a k-D or k-F text

In this section, we study the complexity of finding all the occurrences of non-solid
patterns in a k-D or k-F text. We begin by formally extending Definition A.3.1 to the
more general case where both P and T are either GD strings or F graphs.

Definition A.5.1. A pattern P of type GD or F has an occurrence ending at position
j in a text of type GD or F if ∃i ∈ [1, j] such that L(P) ∩ L(T ℓ,r[i . . j]) ̸= ∅ for some
ℓ ∈ [0,ki − 1] and r ∈ [0,kj − 1].

The case where both P and T are 1-D is well-studied in the literature. The def-
inition of indeterminate string given in [153] coincides with our definition of 1-D
string; in the same paper, the authors proposed an O(n logm)-time algorithm for
Match(1-D,1-D) in the case where the alphabet is of constant size [153, Lemma 17].
A similar algorithm for constant-size alphabets was also proposed in [243]. These
results were complemented in [153, Theorem 22] with a quadratic conditional lower
bound for cases where the alphabet is not of constant size.

This lower bound clearly applies also to Match(1-D,k-D) and Match(k-D,1-D)
when the alphabet size is not constant. In Section A.5.1, we prove that, in these cases,
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a quadratic conditional lower bound holds even when the alphabet has only three
letters. In Section A.5.2, we consider problems Match(1-D,1-F), Match(1-F,1-D),
Match(1-F,1-F). For all these cases, we prove a quadratic conditional lower bound for
constant-size alphabets. This implies that when the pattern is not solid and at least
one between the pattern and the text is a graph, the best we can hope to achieve is a
quadratic-time algorithm.

The conditional lower bounds we prove rely on a famous conjecture: the Orthogonal
Vectors Hypothesis, which is, in turn, implied by SETH [157, 259].

Definition A.5.2 (Orthogonal Vectors (OV)). Given two sets X, Y ⊆ {0, 1}d such that
|X| = |Y| = n and d = ω(logn), determine whether there exist x ∈ X and y ∈ Y such
that x and y are orthogonal, namely, x · y =

∑d
i=1 x[i] · y[i] = 0.

In the rest of the chapter, we will use the instance X = {x1 = 010, x2 = 100, x3 =

011}, Y = {y1 = 001,y2 = 010,y3 = 110} of OV as our running example. Note that
x2 = 100, y2 = 010 is a valid solution since x2 · y2 = 0.

Conjecture A.5.1 (Orthogonal Vectors Hypothesis (OVH)). No (deterministic or ran-
domized) algorithm can solve OV on vector sets X, Y ⊆ {0, 1}d, |X| = |Y| = n, in time
O(n2−ϵpoly(d)) for any ϵ > 0.

Here we summarize the general idea used in the proofs of this section. We start
with an instance of OV: X, Y ⊆ {0, 1}d such that |X| = |Y| = n. Then we construct
in O(nd) time a pattern P and a text T such that there is a match of P in T if and
only if there exists a pair of orthogonal vectors between X and Y. We will ensure
that the size of both P and T is O(nd). In this way, a subquadratic algorithm for
matching P in T would imply an O((nd)(nd)1−ϵ) = O(n2−ϵpoly(d)) time algorithm
for OV, which would contradict OVH. The reader familiar with the work of Backurs
and Indyk [31] might wonder if some of the reductions they proposed – in particular,
those proving SETH-hardness for pattern matching or membership testing with reg-
ular expressions of the type ·|· – may be directly applied or easily modified to prove
lower bounds for the problems in this section. We remark that this is not the case,
as the reductions in [31] rely heavily on the strings in each segment having different
lengths, while the segments of k-D strings and k-F graphs contain strings of equal
length.

a.5.1 Matching a 1-D pattern in a k-D text

We start by introducing a gadget that will be used in several reductions. Given a
vector y ∈ {0, 1}d, let Q(y) be a 1-D string with d segments Q(y)[h], 1 ⩽ h ⩽ d,
defined as

Q(y)[h] =

{
0

1

}
if y[h] = 0; Q(y)[h] =

{
0

}
if y[h] = 1.

A similar encoding of the vectors is often used in the reductions from OV: the key
property, which is clear by construction, is that a string x occurs in Q(y) only if it
encodes a vector orthogonal to y, as stated in the following lemma.



A.5 matching a variable pattern in a k-D or k-F text 167

Lemma A.5.2. Let x,y ∈ {0, 1}d, then the string x[1]x[2] · · · x[d] occurs inQ(y) if and only
if x · y = 0.

Theorem A.2.5. No algorithm can solve Match(1-D,k-D) on constant alphabet for every
k in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Proof. Let X, Y ⊆ {0, 1}d, |X| = |Y| = n be an instance of OV. We define a 1-D pattern
P and a k-D text T such that P occurs in T if and only if ∃ x ∈ X and y ∈ Y with
x · y = 0. We start by constructing pattern gadgets Q(yi), for each yi ∈ Y. We then
concatenate such gadgets into a single 1-D pattern using an extra character $ that
will force synchronisation with T :

P =
{

$
}
Q(y1)

{
$
}
· · ·

{
$
}
Q(yn).

We remark that the size of P is M = O(nd). To build the text T , we list all the vectors
from X in one segment W, surrounded by n− 1 segments of the form Z = {$0d} on
both sides:

T = {$
d times︷ ︸︸ ︷
0 · · · 0} · · · {$0 · · · 0}︸ ︷︷ ︸

n−1 times


$x1[1] · · · x1[d]

...

$xn[1] · · · xn[d]


W

Z

{$0 · · · 0} · · · {$0 · · · 0}︸ ︷︷ ︸
n−1 times

.

Clearly, T is a (d+ 1)-D string of size N = O(nd). The idea is that Z can match any
gadget Q(yi), while W allows matches only from gadgets encoding vectors that are
orthogonal to a vector in X (Lemma A.5.2). Since P has n gadgets of length d, any
occurrence of P in T must span a string in W (see Figure 42). Summing up, if P has
a match in T starting at T [i], then it must start at the first position of T [i] because
the $ symbol matches nowhere else. Then i must be less or equal than n, and the
intersection of L(Q(yn−i+1)) and L(W) must be non empty, implying that vector
yn−i+1 is orthogonal to some vector of X. Therefore, deciding if there exists a pair
of orthogonal vectors from X and Y can be reduced in O(nd) time to an instance of
matching a 1-D pattern P of size O(nd) in a (d+ 1)-D text T of size O(nd). If we
could find a match for P in T in O(N1−ϵM) or O(NM1−ϵ) time, then we could solve
OV in O((nd)(nd)1−ϵ) = O(n2−ϵ poly(d)) time, which would contradict OVH.

Theorem A.2.6. No algorithm can solve Match(k-D,1-D) on constant alphabet for every
k in O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Proof. The reduction is entirely analogous to that of Theorem A.2.5, except now we
define a 1-D text T =

{
$
}
Q(y1)

{
$
}
· · ·

{
$
}
Q(yn) and (d+ 1)-D pattern P = W of

length 1 containing all the vectors from X. We can conclude as before.

Remark that in both Theorems A.2.5 and A.2.6 we have k = ω(logn), where n is
both the number of vectors of OV and the length of the text; it remains open whether
there exist subquadratic algorithms when k = O(logn).
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Figure 42. Example of the pattern and text constructed from X = {010, 100, 011} and Y =

{001, 010, 110} in the proof of Theorem A.2.5. The highlighted paths represent an
occurrence of P in T , which identifies two orthogonal vectors: x2 = 100 ∈ X and
y2 = 010 ∈ Y. The dashed lines are drawn to emphasise the synchronisation
forced by the symbol $.

a.5.2 Matching a 1-F pattern in a 1-D text

In the following proofs, we will use a three-level strategy first introduced in [116,
117].

We start by defining two 1-D strings, P and T (one for the pattern and one for the
text), underlying all the 1-F graphs in the reductions of this section. Let X, Y ⊆ {0, 1}d,
|X| = |Y| = n be any instance of OV. T and P are over the constant-size alphabet
Σ = {0, 1,u,b, $}. The role of the letters u and b is to identify parts of the segments
that we will call their upper and bottom level. We build P as the concatenation of n
1-D string gadgets, one for each vector of X: given xi ∈ X, we define

p(xi) =


u

xi[1]

b

 · · ·


u

xi[d]

b

 .

We add the symbol $ at the beginning and end of the pattern to force the occurrences
to start/end in some specific parts of the text. The complete 1-D pattern then is

P = {$}p(x1)p(x2) · · ·p(xn){$}, (132)

thus |P| = nd+ 2 = O(nd) and |P| = 3nd+ 2 = O(nd) (see Figure 43 for an example).
T consists of three different 1-D strings: Tleft, T⊥ and Tright. The 1-D string Tleft

consists of a single segment {$} followed by n− 1 gadgets Uleft = {u}d−1

{
$

u

}
. In

a symmetric way, Tright consists of n − 1 gadgets Uright =

{
b

$

}
{b}d−1 followed by

{$}. The 1-D string T⊥ is built using a slight variation of the gadgets Q(yi) (see
proof of Theorem A.2.5) extended with a three-level structure. Given yj ∈ Y, we
define T⊥j [1] = {u} ∪Q(yj)[1] ∪ {b, $}, T⊥j [h] = {u} ∪Q(yj)[h] ∪ {b} for 2 ⩽ h ⩽ d− 1

and T⊥j [d] = {u, $} ∪Q(yj)[d] ∪ {b}. We define T⊥ as the concatenation of T⊥1 · · · T⊥n .
Finally, the full 1-D text T is the concatenation of Tleft, T⊥ and Tright (see Figure 44 for
an example):

T = {$}Un−1
left T⊥1 · · · T⊥nUn−1

right {$}. (133)
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We remark that the size of T is O(nd), since it is built from three 1-D strings each of
size O(nd).

Theorem A.2.8. No algorithm can solve Match(1-D,1-F) on constant alphabet in
O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Proof. Let X, Y ⊆ {0, 1}d, |X| = |Y| = n and Σ = {0, 1,u,b, $}. We build the pattern P
as in Equation (132). To build the 1-F text GT , we consider T as in Equation (133)
and we first separately construct three different 1-F graphs: Gleft =(Tleft,Eleft), G⊥ =

(T⊥,E⊥) and Gright =(Tright,Eright). The set of edges Eleft of Gleft contain every possible
edge between consecutive segments except for that of type (u, $), which has no edge
incoming to $. Symmetrically, the set Eright of Gright contains every possible edge
between consecutive segments except for the one of the form ($,b), which has no
edge outgoing from $.

To define E⊥, we first define the edges for each T⊥j . For these gadgets, we allow
all the edges of the form (u,u), (b,b) and (x,y) for any x,y ∈ {0, 1}. In this way, any
matching string of L(P) passing through T⊥j must follow the upper level identified
by letters u, the bottom level identified by letters b or the orthogonal level corre-
sponding to Q(yj) (recall that any string x ∈ {0, 1}d matches Q(yj) if and only if
x · yj = 0). To complete E⊥, for all consecutive segments T⊥i [d] and T⊥i+1[1] we build
two sets of edges: the first connects the upper level of T⊥i [d] (i.e. u and $) to the upper
and orthogonal level of T⊥i+1[1]; the second connects the orthogonal and bottom level
of T⊥i [d] with the bottom level of T⊥i+1[1] (i.e. b and $). Finally, GT = (T ,ET ) is the
union of Gleft, G⊥ and Gright where we add to ET all the edges from the last segment
of Tleft to the upper level and orthogonal level of T⊥1 [1] and all the edges from the
orthogonal and bottom level of T⊥n [d] to the first segment of Tright. We remark that
|ET | = O(nd), thus since |T | = O(nd), the size of GT is O(nd).

From the construction of the edges, we have that the only allowed edges from
$ are ($,u), ($, 0) and ($, 1) and the only allowed edges to $ are (0, $), (1, $) and
(b, $). Hence, the pattern must start either on the upper level or in Gleft and finish
either on the bottom level or in Gright. Since the bottom level (thus also Gright) can be
reached only after reading the orthogonal level, we deduce by Lemma A.5.2 that the
pattern has a match in GT if and only if xi matches with Q(yj) for some i, j, namely
xi · yj = 0. See Figure 43 for an example.

Theorem A.2.9. No algorithm can solve Match(1-F,1-D) on constant alphabet in
O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Proof. Let X, Y ⊆ {0, 1}d, |X| = |Y| = n and Σ = {0, 1,u,b, $}. We build the text T as in
Equation (133). To build the pattern GP = (P,EP), we consider P as in Equation (132)
and we construct the set of edges EP with the same criteria used for GT in the proof
of Theorem A.2.8. At the beginning of the pattern, we add the edges ($,u), ($, x1[1]),
and at the end we add the edges (xn[d], $) and (b, $). For each xi ∈ X, we add to p(xi)
all the edges of the form (u,u), (b,b) and (x,y) for any x,y ∈ {0, 1}. Furthermore,
from p(xi) to p(xi+1) we add the edges: (u,u), (u, xi+1[1]), (xi[d],b), (b,b). Clearly,
|EP | ⩽ 4nd = O(nd), thus the size of GP is |P|+ |EP | = O(nd). Furthermore, we can
deduce that the language of GP is L(GP) = {$u(i−1)d · xi · b(n−i)d$ : i = 1, . . . ,n}.
Remark that each xi is over the alphabet {0, 1}. Thus, because of the position of the
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Figure 43. Example of a 1-D pattern P and 1-F text GT constructed from X = {010, 100, 011}
and Y = {001, 010, 110} following the proof of Theorem A.2.8. Highlighted paths
show some occurrences of P in T , given by the string $uuu100bbb$ ∈ L(P) which
belongs also to L(T [4 . . . 14]) and L(T [7 . . . 17]). This corresponds to the fact that
x2 = 100 is orthogonal to y1 = 100 and y2 = 010.

Figure 44. Example of a 1-F pattern GP and a 1-D text T constructed from X = {010, 100, 011}
and Y = {001, 010, 110} following the proof of Theorem A.2.9, with occurrences of
GP in T highlighted.

symbol $, Lemma A.5.2 applies, that is, there is an occurrence of P in T if and only
if xi matches with Q(yj) for some i, j, namely xi · yj = 0. See Figure 44 for an
example.

Finally, the following result follows directly from a reduction that uses GT as in
the proof of Theorem A.2.8 and GP as in the proof of Theorem A.2.9.

Theorem A.2.10. No algorithm can solve Match(1-F,1-F) on constant alphabet in
O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

a.5.3 Matching a 2-D pattern in a 2-D text

This section considers the problem Match(2-D,2-D). Note that Theorem A.2.5 and
Theorem A.2.6 directly imply a quadratic conditional lower bound for the general
Match(k-D,k-D) problem. However, in the reductions underlying the two theorems,
the width k of the k-D string is O(d), i.e. linear in the length of the vectors of OV,
which in turn is ω(logn), where n is both the length of the text and the number of
vectors of OV. Therefore, in principle, those results do not rule out the possibility
that Match(k-D,k-D) can be solved faster than quadratically when e.g. k = O(1). In
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Theorem A.2.7, we prove this is not the case, as a quadratic conditional lower bound
holds already when k = 2 and the alphabet is of constant size.

The reduction is similar in spirit to those of Theorems A.2.5 and A.2.6 and relies
on the following gadgets. Let X, Y ⊆ {0, 1}d, |X| = |Y| = n be any instance of OV. We
construct a pattern P and a text T over the alphabet Σ = {0, 1,u,b, $}. To build P, we
first define n 2-D strings gadgets, one for each vector xi ∈ X:

p(2D)(xi) =


uu

xi[1]xi[1]

bb

 · · ·


uu

xi[d]xi[d]

bb

 .

P is obtained by concatenating these gadgets, and adding between p(2D)(xi) and
p(2D)(xi+1) the segment:

uu

uxi+1[1]

xi[d]b

bb

 .

Furthermore, at the beginning of the pattern, we append the segment

{
$u

$x1[1]

}
, and

at the end we append the segment

{
xn[d]$

b$

}
. The complete 2-D pattern then is

P =

{
$u

$x1[1]

}
p(2D)(x1)


uu

ux2[1]

x1[d]b

bb

p
(2D)(x2) · · ·


uu

uxn[1]

xn−1[d]b

bb

p
(2D)(xn)

{
xn[d]$

b$

}
,

(134)

thus |P| = O(nd) and |P| = O(nd) (see Figure 45 for an example). Note that this pat-
tern encodes exactly the edges in the construction of GP (see proof of Theorem A.2.9).

To build the text T , we introduce a variation of the gadget Q(y) used in Sec-
tions A.5.1 and A.5.2. Given a vector y ∈ {0, 1}d, let R(y) be a 2-D string with d+ 1
segments, defined as follows (see Figure 45 for an example):
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• for 1 < h < d+ 1:

R(y)[h] =


00

01

10

11

 if y[h− 1] = 0 and y[h] = 0;

R(y)[h] =

{
00

10

}
if y[h− 1] = 0 and y[h] = 1;

R(y)[h] =

{
00

01

}
if y[h− 1] = 1 and y[h] = 0;

R(y)[h] =
{
00

}
if y[h− 1] = 1 and y[h] = 1;

• for h = 1:

R(y)[1] =

{
00

11

}
if y[1] = 0; R(y)[1] =

{
00

}
if y[1] = 1;

• for h = d+ 1:

R(y)[d+ 1] =

{
00

11

}
if y[d] = 0; R(y)[d+ 1] =

{
00

}
if y[d] = 1.

The following result is analogous to Lemma A.5.2.

Lemma A.5.3. Let x,y ∈ {0, 1}d, then the string ρ(x) = x[1]3x[2]2 · · · x[d − 1]2x[d]3

occurs in R(y) if and only if x · y = 0.

Proof. Notice that the length of string ρ(x) and the length of the strings in L(R(y))

are both 2d+ 2. Thus, any occurrence of ρ(x) must span R(y) entirely from left to
right. Moreover, by simple case analysis, x[1]3 matches in R(y)[1]R(y)[2] if and only
if x[1] · y[1] = 0. The same holds for x[d]3, which matches in R(y)[d]R(y)[d + 1] if
and only if x[d] · y[d] = 0. For a generic substring x[h]2, one character must match in
R(y)[h] and the other in R(y)[h+ 1]. Every possible configuration of R(y)[h] always
has a 0 both in the first and in the second column, hence x[h]2 = 00 can always
match. For x[h]2 = 11, the match is not possible if R(y)[h] does not have any 1 in
the second column and R(y)[h+ 1] does not have any 1 in the first column, but this
can happen only if y[h] = 1. Summing up, the substring x[h]2 has an occurrence in
R(y)[h]R(y)[h+ 1] if and only if x[h] · y[h] = 0.

We are now able to build the text T . For each yj ∈ Y, we define T⊥j [1] = {uu} ∪
R(yj)[1] ∪ {bb, $$}, T⊥j [h] = {uu} ∪ R(yj)[h] ∪ {bb} for 2 ⩽ h ⩽ d and T⊥j [d + 1] =

{uu, $$}∪ R(yj)[d+ 1]∪ {bb}. The full 2-D text T is (see Figure 45 for an example):

T = {$$}Un−1
left T⊥1 · · · T⊥nUn−1

right {$$} (135)

where

Uleft = {uu}d

{
$$

uu

}
and Uright =

{
bb

$$

}
{bb}d .
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Figure 45. Example of a 2-D pattern P and 2-D text T constructed from X = {010, 100, 011}
and Y = {001, 010, 110} following the proof of Theorem A.2.7. Highlighted paths
show some occurrences of P in T , given by the string $u8130203b8$ ∈ L(P) which
corresponds to the fact that x2 = 100 is orthogonal to y1 = 100 and y2 = 010.

Since T⊥i , Uleft, Uright have all size O(d), then size of T is O(nd).

Theorem A.2.7. No algorithm can solve Match(2-D,2-D) on constant alphabet in
O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, unless OVH is false.

Proof. Let X, Y ⊆ {0, 1}d, |X| = |Y| = n and Σ = {0, 1,u,b, $}. We build the pattern
P as in Equation (134) and the text T as in Equation (135). Since any string in L(P)

must start and end with the symbol $, any occurrence of P in T must begin in the
middle of a segment containing the string $$. Moreover, because of its length, any
occurrence of P must either begin in the Uleft part or end in the Uright part. In the first
case, this implies that the occurrence must finish in the middle of a segment T⊥j [1],
and in the second case that it must start in the middle of a segment T⊥i [d+ 1].

From the fact that the pattern always occurs with offset 1 w.r.t. the text, we can
deduce that the only possible strings in L(P) that could match P are of the form:

{$u(i−1)(2d+2) · ρ(xi) · b(n−i)(2d+2)$ : i = 1, . . . ,n} ⊊ L(P).

This is true since at any matched character we are forced, by either the pattern or
the text, to follow a match with the same rules explained in Theorem A.2.8 and
Theorem A.2.9. Remark that ρ(xi) is over the alphabet {0, 1}. Thus, by Lemma A.5.3,
we conclude that there is an occurrence of P in T if and only if ρ(xi) matches R(yj)
for some i, j, namely xi · yj = 0. See Figure 45 for an example of this reduction.

a.6 matching a solid pattern in an ED text

In this section, we prove that a quadratic conditional lower bound for
Match(solid,ED) holds even for a severely restricted type of ED strings, in which
the length of the strings in each segment can differ by at most 1. Note that a quadratic
conditional lower bound for Match(solid,ED) for general ED strings already exists,
as it is directly implied by [30, Theorem 10]. The latter result is a reduction from OV
to the problem of determining if a string P can be derived from a regular expres-
sion of the form ·|· (composition of concatenation, or, concatenation), and it implies a
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lower bound for Match(solid,ED) by further applying the following simple reduc-
tion. Any regular expression of the form ·|· naturally corresponds to an ED string:
the first concatenation generates strings of characters, which are the terms of an or
operator and can be seen as strings belonging to the same segment of an ED string.
The second concatenation operator is emulated by concatenating the segments, thus
forming an ED string. We show this construction in the following example.

[a|bb] [aa|abb|abab] [bb|abab]→
{

a

bb

}
aa

abb

abab


{

bb

abab

}

Let T ′ be the ED string obtained by appending a segment with a single new char-
acter $ at the beginning and the end of the ED string we generated from the reg-
ular expression, and let P ′ = $P$. Through this reduction, any algorithm solving
Match(solid,ED) in subquadratic time could be used to determine if P can be de-
rived from T , contradicting the lower bound of [30, Theorem 10].

The result we present in this section is stronger than the lower bound implied
by [30, Theorem 10] in the sense that the ED strings constructed from instances of
OV through our reduction are way less general than those implied by the former
result. We start by recalling a definition originally given in [155].

Definition A.6.1 (Global elasticity). Given a degenerate string T = T [1] · · · T [n] let
|T [i]|max (resp. |T [i]|min) be the length of the longest (resp. shortest) string in T [i]. The
global elasticity of T is

∆(T) =

n∑
i=1

(|T [i]|max − |T [i]|min).

The quantity ∆ measures the difference between the length of the longest and the
shortest string in the language L(T) and thus it gives a global property of the ED
string. To obtain a measure of how much the lengths of the strings in the segments
of ED string vary locally, we introduce the following definition.

Definition A.6.2 (Local elasticity). Given a degenerate string T = T [1] · · · T [n], we
define the local elasticity of T as

∆loc(T) = max
i=1,...,n

(|T [i]|max − |T [i]|min).

By definitions A.6.1 and A.6.2, it holds that 0 ⩽ ∆loc(T) ⩽ ∆(T) and that ∆loc(T) =

0 if and only if ∆(T) = 0 , that is, if and only if T is a GD string. Intuitively, ∆loc(T)

measures “how far” is T from being a GD.
In the proof of [30, Theorem 10], the elastic degenerate string to which an instance

of OV is reduced has local elasticity O(d) and global elasticity O(nd), where d is
the length of the vectors of OV. In Theorem A.2.11, we prove that the quadratic
conditional lower bound holds even if we restrict to ED strings with ∆loc = 1 (thus as
close to GD strings as possible), on constant-size alphabet, and with global elasticity
O(n).
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Let us describe the gadgets we will use in our reduction. Let X, Y ⊆ {0, 1}d, |X| =
|Y| = n be any instance of OV. We will construct a solid pattern P and an ED text T
over the constant-size alphabet Σ = {0, 1, ♯, ♭, $}. To build P, we define n gadgets, one
for each vector of xi ∈ X:

α(xi) = xi[1]
3♯xi[2]

3♯ · · · ♯xi[d]3.

Then, we concatenate the gadgets in the following way:

P = $α(x1)♭3α(x2)♭3 · · · ♭3α(xn)$. (136)

It can be easily verified that ∥P∥ = |P| = O(nd).
To define the ED text T , we first define the following sets of strings, which will be

used as a tool to construct the segments of T :

Uup =


$$0

$$1

♭♭0

♭♭1




00♯0

00♯1

11♯0

11♯1



d−1
00♭

11♭



Umid =


$$00

$$11

♭♭00

♭♭11




0♯00

0♯11

1♯00

1♯11



d−1
0♭♭

1♭♭

0$$

1$$



Udown =


♭000

♭111




♯000

♯111



d−1
♭♭

$$

 .

We then define the universal gadget U such that U[h] = Uup[h]∪Umid[h]∪Udown[h] for
all 1 ⩽ h ⩽ d+ 1 (see Figure 46 for an example); we remark that ∆loc(U) = 1 and
∆(U) = 2. Note that U will not appear as-is in T : it will rather be used to define
the gadgets encoding the vectors from set Y. The following lemma will be useful
to prove the correctness of our reduction in Theorem A.2.11. We say that a string t
occurs in the up level of U (resp. mid, down level) if t occurs in Uup (resp. Umid,
Udown).

Lemma A.6.1. For every x ∈ {0, 1}d there exist exactly three disjoint occurrences of ♭α(x)♭
in U (one for each level).

Proof. Comparing the length of ♭α(x)♭ to the lengths of the strings in L(U), we de-
duce that any occurrence must start at U[1] and end at U[d + 1]. In U[1], we can
either match ♭x[1], ♭x[1]2 or ♭x[1]3. Since U[2] is a 4-D string, we can extend the previ-
ous partial occurrences in at most one way (see Observation A.3.3), that is: x[1]2♯x[2]
extends ♭x[1] in the up level, x[1]♯x[2]2 extends ♭x[1]2 in the mid level and ♯x[2]3 ex-
tends ♭x[1]3 in the down level. Iterating the above reasoning, we have the thesis. See
Figure 46 for an example.
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Figure 46. Occurrences of ♭α(x)♭ in U where x = 01001 (thus d = 5). The horizontal lines
divide the up, mid and down levels.

Lemma A.6.1 holds also for strings $α(x)♭ and ♭α(x)$.
We now construct a gadget T⊥i for each vector yi ∈ Y by means of the universal

gadget U: each of these gadgets will consist of d + 1 segments, each containing a
carefully selected subset of the strings from the segments of U. Gadget T⊥i , corre-
sponding to vector yi ∈ Y, is obtained from U using the same logic as gadgets R(yi)
defined in Section A.5.3: we remove some strings from the segments of Umid in such
a way that the remaining strings in the language of Umid represent the vectors or-
thogonal to yi. More precisely, given a vector y ∈ Y, let U⊥

mid(y) be a GD string with
d+ 1 segments, defined as follows:

• for 1 < h < d+ 1:

U⊥
mid(y)[h] =


0♯00

0♯11

1♯00

1♯11

 if y[h− 1] = 0 and y[h] = 0;

U⊥
mid(y)[h] =

{
0♯00

1♯00

}
if y[h− 1] = 0 and y[h] = 1;

U⊥
mid(y)[h] =

{
0♯00

0♯11

}
if y[h− 1] = 1 and y[h] = 0;

U⊥
mid(y)[h] =

{
0♯00

}
if y[h− 1] = 1 and y[h] = 1;

• for h = 1:

U⊥
mid(y)[1] =


$$00

$$11

♭♭00

♭♭11

 if y[1] = 0; U⊥
mid(y)[1] =

{
$$00

♭♭00

}
if y[1] = 1;
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• for h = d+ 1:

U⊥
mid(y)[d+1] =


0♭♭

1♭♭

0$$

1$$

 if y[d] = 0; U⊥
mid(y)[d+1] =

{
0♭♭

0$$

}
if y[d] = 1.

We define T⊥i [h] = Uup[h] ∪ U⊥
mid(yi)[h] ∪ Udown[h] for all 1 ⩽ h ⩽ d + 1 and

for all yi ∈ Y. The proof of the following lemma is entirely analogous to that of
Lemma A.5.3.

Lemma A.6.2. Let xi,yj ∈ {0, 1}d; then the strings ♭α(xi)♭, $α(xi)♭, and ♭α(xi)$ occurs
in the mid level of Tj if and only if xi · yj = 0.

For example, let y = 010 and x = 100, we have that

U⊥
mid(y) =


$$00

$$11

♭♭00

♭♭11


{
0♯00

1♯00

}{
0♯00

0♯11

}
0♭♭

1♭♭

0$$

1$$


and ♭α(x)♭ = ♭111♯000♯000♭ occurs in U⊥

mid(y) since x and y are orthogonal (see
Figure 47 for a visual representation of the match).

Finally, the complete text is defined as:

T = Un−1
left {♭}T⊥1 T

⊥
2 · · · T⊥n {♭}Un−1

right , (137)

where

Uleft =

{
$$$

♭♭♭

}{
000

111

}{
♯000

♯111

}d−1

and Uright =

{
000

111

}{
♯000

♯111

}d−1{
♭♭♭

$$$

}
.

Since T⊥i , Uleft, Uright have all size O(d), the size of T is O(nd). Furthermore, since
∆loc(Uleft) = ∆loc(Uright) = 0 and ∆loc(T

⊥
i ) = 1 for all i = 1, . . . ,n, then ∆loc(T) = 1

and ∆(T) = O(n). Armed with this reduction, we are ready to prove Theorem A.2.11.

Theorem A.2.11. No algorithm can solve Match(solid,ED) on constant alphabet in
O(M1−ϵN) nor in O(MN1−ϵ) time for ϵ > 0, for any ED string such that the differ-
ence in the lengths of the strings in any segment is at most 1, and the length of all such
strings is at most 4, unless OVH is false.

Proof. The correctness of our reduction relies on Lemmas A.6.1 and A.6.2 and the
following facts. (i) No occurrence of P in T can end within Un−1

left or start within

Un−1
right ; (ii) Any occurrence of P either starts within Un−1

left or in the first segment of

some gadget T⊥i , and ends either in Un−1
right or in the last segment of some gadget T⊥j ;

(iii) Consider a partial occurrence of P ending in the last segment of some gadget T⊥i ,
i ⩽ n− 1. If the occurrence ends matching some string in the up level of T⊥i , then
it can only be extended by strings in the up or mid level of T⊥i+1; if it ends with a
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Figure 47. Example of a solid pattern P and ED text T constructed from X = {010, 100, 011}
and Y = {001, 010, 110} following the proof of Theorem A.2.11: horizontal lines
divide the up, mid, and down levels. Dashed lines highlight the allowed matching
from T⊥i to T⊥i+1, which are forced by the construction of the pattern P. The high-
lighted path shows an occurrence of P in T , which corresponds to the fact that
x2 = 100 is orthogonal to y2 = 010.

match of some string in the mid or down level of T⊥i , then it can only be extended by
strings in the down level of T⊥i+1. Furthermore, any partial occurrence ending at the
segment {♭} right after Un−1

left can only be extended by strings in the up or mid level
of T⊥1 , and no partial occurrence ending with a string in the up level of T⊥n can be
further extended (see Figure 47).

Fact (i) holds because, by construction, P is strictly longer than the strings in the
languages L(Un−1

left ) and L(Un−1
left ). To prove Fact (ii), we notice that P always starts

with $ and the second letter is always 0 or 1. Since no string in the first segment of
any gadget T⊥i begins with 0 or 1, no partial occurrence of P starting within the last
segment of a gadget T⊥i can be extended to T⊥i+1 (nor to segment {♭}). Symmetrically,
the last two characters of P are always either 0 or 1 followed by $, and since no
string from the last segment of any gadget T⊥i ends with 0 or 1, no occurrence can
be completed with a $ in the first segment of T⊥i+1.

To prove Fact (iii) notice that, in the pattern, ♭♭♭ occurs always between α(xj) and
α(xj+1). Furthermore, if α(xj)♭ occurs in some segment T⊥i , then either (a) xj[d]♭
occurs in T⊥i [d+ 1] (the last segment of T⊥i ) and ♭♭xj+1[1] occurs in T⊥i+1[1] (the first
segment of T⊥i+1) or (b) xj[d]♭♭ occurs in T⊥i [d+ 1] and ♭xj+1[1] occurs in T⊥i+1[1]. By
construction (see Figure 47), Case (a) can only happen if α(xj)♭ occurs in the up level
and ♭♭α(xj+1) occurs in the up or mid level. Similarly, Case (b) can only happen if
α(xj)♭♭ occurs in the mid or down level and ♭α(xj+1) occurs in the down level.

By Fact (ii), and by the positions of the $ and ♭ symbols in T and P, any complete
occurrence of P must either start in the up or mid level of some T⊥i or start in
Un−1

left and extend to the up or mid level of T⊥1 . Similarly, it must either end in the

mid or down level of some T⊥j or in Un−1
right , which can only be reached from the

mid or down level of T⊥n . Combining this observation with Facts (i) and (iii) and
Lemma A.6.1, we obtain that any occurrence of P must entirely traverse the mid
level of some T⊥i , thus a substring of P containing some α(xj) occurs in the mid level
of T⊥i . By Lemma A.6.2, α(xj) occurs in the mid level of T⊥i if and only if yi and xj
are orthogonal.
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We conjecture that the reduction underlying Theorem A.2.11 can be tweaked to
prove a quadratic conditional lower bound for Match(solid,ED) in the case of a
binary alphabet and ∆loc = O(1). We leave this as an open problem.

a.7 open problems

This chapter classified the complexity of problem Match(X, Y) as either truly sub-
quadratic or at least quadratic (conditioned on SETH) for almost all combinations of
types of variable strings X and Y. The two main cases that remain open are when
X = solid and Y = GD, and when X = solid and Y = F. For these problems, cor-
responding to the yellow cells in Table 13, our algorithms, although subquadratic in
most cases, are quadratic in the worst case, and no lower bound is known. Further-
more, it remains to determine the time complexity of matching a 1-D pattern in a
k-D, GD or ED text when the maximum length of the strings in the segments of the
text is at most logarithmic in the text length; and symmetrically, the time complexity
of matching a k-D, GD or ED pattern in a 1-D text when the maximum length of
the strings in the segments of the pattern is at most logarithmic. Finally, it remains
to show whether the quadratic conditional lower bound for matching a solid pattern
in an ED text holds when the alphabet is binary and has constant local elasticity.





B
A R E D E P T H - 2 R E G U L A R E X P R E S S I O N S H A R D T O I N T E R S E C T ?

We study the basic regular expression intersection testing problem, which asks to
determine whether the intersection of the languages of two regular expressions is
nonempty. A textbook solution to this problem is to construct the nondeterministic
finite automaton that accepts the language of both expressions. This procedure re-
sults in a Θ(mn) running time, where m and n are the sizes of the two expressions,
respectively. Following the approach of Backurs and Indyk [31] and Bringmann,
Grønlund, and Larsen [62] on regular expression matching and membership test-
ing, we study the complexity of intersection testing for homogeneous regular expres-
sions of bounded depth involving concatenation, OR, Kleene star, and Kleene plus.
Specifically, we consider all combinations of types of depth-2 regular expressions
and classify the time complexity of intersection testing as either linear or quadratic,
assuming SETH. The most interesting result is a quadratic conditional lower bound
for testing the intersection of a “concatenation of +s” (◦+) expression with a “con-
catenation of ORs” (◦|) expression: this is the only hard case that does not involve
the Kleene star operator and is not implied by existing lower bounds for the sim-
pler membership testing problem. In Figure 48 there is a tree representations of a
◦+ and a ◦| regular expression; their intersection, defined as the intersection of the
languages they encode, is empty. If we add another c after the substring bc of the
second regular expression, we obtain a ◦| regular expression as in Figure 5, and in
this case the intersection is given by the string bbcca. Furthermore, note that the
◦| regular expressions are a particular kind of degenerate string, that we called 1-D
strings in Appendix A.

◦

+

b

b +

c

+

c

a

◦

|

a b

b c |

a b c

b+bc+c+a [a|b]bc[a|b|c]

Figure 48. Example of a regular expression of type ◦+ (left) and ◦| (right).

This chapter is based on the following submitted work: R. Ascone, G. Bernardini, A. Conte, V. Guerrini,
G. Punzi. Are Depth-2 Regular Expressions Hard to Intersect. Submitted to Journal of Computer and
System Sciences, 2025. doi:10.48550/arXiv.2507.03593 [21].
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b.1 introduction

A regular expression (regexp) A over an alphabet Σ is a formula that encodes a set
of strings over Σ, called the language of A, using the operators concatenation (◦),
OR (|), Kleene Star (∗) and Kleene plus (+), formally defined in Appendix B.2. The
regular expression intersection testing problem asks, given two regexps A and B, to de-
termine if the intersection of their languages is nonempty, that is, to decide whether
a string exists that can be generated by both expressions. Similar to other basic tasks
like regular expression pattern matching and membership testing, the intersection
testing problem has a multitude of applications, including web services [260], data
privacy [145], software security [175, 256], model checking [146], and satisfiability
modulo theories [33, 74, 176, 248].

Given two regular expressions A of size m and B of size n, a textbook solution to
intersection testing is to construct in linear time the nondeterministic finite automata
accepting the language of A and B, respectively, then to compute the automaton
accepting the intersection of the two languages in quadratic time O(mn), and decide
whether its language is nonempty in time O(mn). It is natural to wonder whether
there exist special types of regular expressions for which intersection testing can
be solved exponentially faster than in quadratic time, and if, on the contrary, for
some types it can be proved that no truly subquadratic algorithm exists unless some
popular hypotheses are falsified.

This question has been extensively considered in the literature for the related
problems of regular expression membership testing and pattern matching, asking,
respectively, if given a regexp A and a string t, the whole t or some of its frag-
ments can be generated from A. Backurs and Indyk [31] and Bringmann, Grønlund
and Larsen [63] accomplished a systematic classification of the time complexity of
homogeneous regexp pattern matching and membership testing as either quadratic
or strongly subquadratic. A regexp is homogeneous if, given its representation as
a rooted tree whose inner nodes correspond to operators and leaves correspond to
letters of Σ, the inner nodes at any fixed level all correspond to the same operator.
The depth of a homogeneous regexp is the depth of this tree, and its type is given by
the sequence of operators on a root-to-leaf path of maximal length: see Figure 48.

Since a string is a depth-1 regular expression of type ◦, membership testing with
a regexp of type t can be viewed as testing the intersection for types ◦ and t. This
implies that if membership testing with type t is SETH-hard, so is testing the inter-
section of type t with any other type u that begins with the ◦ operator. This chapter
systematically classifies the complexity of intersection testing for all types of homo-
geneous regexps of depth ⩽ 2 as either linear or quadratic, conditioned on the Strong
Exponential Time Hypothesis (SETH) [157].
Our results. Our main results are summarised in Tables 15 and 16 and provide a full
dichotomy for depth-2 homogeneous regexp intersection testing (blank cells are due
to the symmetry of the problem). The hardness results on the first row of Table 15 are
directly implied by the SETH-hardness of membership testing with regexps of type
◦∗ proved by Backurs and Indyk [31]. The same authors devised near-linear-time
algorithms for membership testing with all the other types of depth-2 homogeneous
regexps. Interestingly, we prove that testing the intersection of a regexp of type ◦|
with one of type ◦+ is SETH-hard, despite the existing linear-time algorithms for
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ab∗a∗b [a|b][b|c] ab+a+a [aba|ba] [abba]+ [baab]∗

◦∗ ◦| ◦+ |◦ +◦ ∗◦

ab∗a∗b ◦∗

[a|b][b|c] ◦|

ab+a+a ◦+

[aba|ba] |◦

[abba]+ +◦

[baab]∗ ∗◦

(t,u)-intersect.

Cor.B.2.2 Ω((mn)1−ϵ) [31]

Thm.B.3.6
Ω((mn)1−ϵ)

Thm.B.4.1
O(m+n)

Thm.B.4.1 O(m+n)

Thm.B.4.2 O(m+n)

Thm.B.4.3 O(m+n)

Thm.B.4.4
O(m+n)

Table 15. Classification of the time complexity of the (t,u)-intersection testing problem for
types t,u ∈ {◦∗, ◦|, ◦+, |◦,+◦, ∗◦}. The lower bounds assume SETH.

membership testing with these types. We prove this result with a highly nontrivial
reduction1 from an unbalanced version of the Orthogonal Vectors problem [62]. The
fact that regular expressions of type ◦+ have a form similar to those of type ◦∗
might lead one to think that a minor modification of the reduction proposed in [31]
for (◦∗)-membership testing would suffice to prove SETH-hardness for our problem.
However, although some of the gadgets and assumptions in our reduction are indeed
similar to those of Backurs and Indyk [31], their reduction relies heavily on the
possibility of repeating each letter of the regexp 0 times: so heavily that removing
this possibility leads to the existence of a linear-time algorithm for (◦+)-membership
testing. The lack of this possibility in our case thus requires entirely new techniques
that exploit the form of the regexp of type ◦|. Interestingly enough, it is easy to test
the intersection of two regexps of the same type ◦| or ◦+ in linear time; thus, the
quadratic conditional lower bound for (◦+, ◦|)-intersection testing stems from the
specific interplay of the two different types.

In addition to the cases mentioned above, we show that intersection testing is
solvable in linear time for all the other combinations of depth-2 homogeneous reg-
exps. The algorithms we propose are simple combinations of standard techniques.
We note, however, that they all solve the more general problem of computing the
whole intersection rather than just deciding whether it is nonempty.
Related work. The more general problem of testing the intersection of k ⩾ 2 regu-
lar expressions can be solved in time proportional to the product of the sizes of the
regexps by building the product automaton, and is known to be PSPACE-complete
when the number of expressions and their sizes are unbounded [168]. Recently, Su et
al. [250] and Chen et al. [73] proposed algorithms for this problem that avoid explic-

1 An alternative reduction from gapped subsequence with length constraints matching [94], also condi-
tioned on SETH, was proposed by an anonymous reviewer.
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[a+|b+|c] [a∗|b∗|c] [a|b|c]+ [a|b|c]∗ [a∗]+ [a+]∗

|+ |∗ +| ∗| +∗ ∗+
ab∗a∗b ◦∗
[a|b][b|c] ◦|
ab+a+a ◦+
[aba|ba] |◦
[abba]+ +◦
[aab]∗ ∗◦

[a+|b+|c] |+

[a∗|b∗|c] |∗
[a|b|c]+ +|

[a|b|c]∗ ∗|
[a∗]+ +∗
[a+]∗ ∗+

(t,u)-intersect.

Cor.B.2.1
O(m+n)

Thm.B.4.5
O(m+n)

Thm.B.4.6
O(m+n)

Table 16. Time complexity of (t,u)-intersection testing for all depth-2 types t and u ∈
{|+, |∗,+|, ∗|,+∗, ∗+}.

itly constructing the product automaton and often reduce the time and search space
in practice. Bala [32] showed that testing the intersection of an unbounded number
of regexps remains PSPACE-complete when it is restricted to regexps without + and
with two nested stars, and it becomes NP-complete when there are no nested stars.
Arrighi et al. [16] investigated the complexity of intersection testing for star-free lan-
guage classes. Fernau et al. [122] studied the complexity of intersection testing on
finite automata parameterised by the alphabet size and the maximum number of
states of the input automata. De Oliveira Oliveira and Wehar [98] proved that the
intersection of two DFAs with n states cannot be solved in O(n2−ϵ) for any ϵ > 0 as-
suming SETH. We remark that, since the automata constructed from regexps of types
◦| or ◦+ are deterministic (modulo a simple linear-time transformation described in
Theorem B.4.2), our conditional quadratic lower bound for (◦+, ◦|)-intersection test-
ing is a stronger result. Note that, in contrast, all the lower bounds in [31, 63] are for
regexp types that give rise to NFAs.

The closely related problems of regular expression pattern matching and member-
ship testing have been extensively investigated [50, 51, 52, 53, 54, 202], also in the
streaming model [105]. The classification of the time complexity of pattern matching
and membership testing with homogeneous regular expressions of [31, 63] has later
been refined by Abboud and Bringmann [1] and Schepper [242]. A great deal of
work has also been carried out in devising efficient algorithms for pattern matching
and intersection testing for specific kinds of homogeneous regexps, including depth-
2 expressions of type ◦| (also known in the literature as indeterminate, degenerate or
1-D strings) or |◦ (i.e. dictionaries of strings) and depth-3 expressions of type ◦|◦
(known as Elastic-Degenerate (ED) strings). Dictionary matching can be solved in lin-
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ear time with the classic Aho-Corasick algorithm [4]; indeterminate string matching
is well-studied [81, 96, 135, 147] and can be solved in time O(n log2m). To the best of
our knowledge, indeterminate string intersection has not been considered explicitly
in the literature, but a linear-time algorithm for intersecting the more general Gener-
alised Degenerate strings (concatenations of sets of strings of equal length) applies [11].
Several parameterised algorithms also exist to find occurrences of a string in an ED
text [15, 46, 49, 143]. Note that the roles of the string and the regexp are reversed with
respect to the usual regexp pattern matching; as observed in [17], the quadratic con-
ditional lower bound for membership testing of [31] implies a quadratic lower bound
also for this version of the problem. Intersection testing for ED strings has been con-
sidered in [129] where, among other results, the authors showed SETH-hardness of
the problem even when it is restricted to a binary alphabet.
Chapter organization. In Appendix B.2 we formally introduce the problem and the
notation used throughout the chapter and consider the intersection of a depth-1with
a depth-2 regexp. In Appendix B.3 we prove SETH-hardness for (◦+, ◦|)-intersection
testing. In Appendix B.4 we present linear-time algorithms for all the other cases.

b.2 preliminaries

A regular expression (regexp) over an alphabet Σ and an operator set O = {◦, |,+, ∗}
can be defined inductively as follows: c is a regular expression for any c ∈ Σ;
given A and B two regular expressions, then A ◦ B, A|B, A+ and A∗ are regu-
lar expressions. Each regular expression A determines a language over Σ, denoted
by L(A). In particular, given c ∈ Σ, A and B two regular expressions, we have:
L(c) = {c}, L(A ◦B) = {w1w2 : w1 ∈ L(A) and w2 ∈ L(B)}, L(A|B) = L(A) ∪L(B),
L(A+) = {w1 · · ·wk : k ⩾ 1 and w1, . . . ,wk ∈ L(A)}, L(A∗) = L(A) ∪ {ϵ}, where ϵ
denotes the empty string. We will sometimes omit the symbol ◦ and simply write
AB to denote the concatenation A ◦B.

We denote by ΣA ⊆ Σ the set of letters appearing in A. Given any regexp A and
integer k > 0, Ak denotes the concatenation of k copies of A. For any c ∈ Σ, we call
ck a run of letter c. Throughout the chapter, we assume that Σ is an integer alphabet
of polynomial size2, we denote by Σ∗ the set of all strings over Σ (including ϵ), and
Σ+ = Σ∗ \ {ϵ}. Furthermore, we denote by [k] the set of integers {1, 2, . . . ,k} and by
[k, ℓ] any interval of integers.

Any regexp has a representation as a rooted tree with leaves labelled by letters
from Σ and inner nodes labelled by operators. Each inner node has one or multiple
children, depending on the operator: nodes labelled with + or ∗ have exactly one
child, while nodes labelled with ◦ or | can have multiple children. We define the size
of a regexp as the number of leaves in its tree representation3. A regular expression
is homogeneous of type t and depth d if t = t1 · · · td ∈ {◦, |,+, ∗}d, at any level i of the
tree representation all inner nodes are labelled with the operator ti, and the depth
of the tree is d+ 1. We say that the type of any inner node at level i is ti. Note that

2 Without this assumption, some of our upper bounds are increased by logarithmic factors. The same
assumption was also implicitly made e.g. in [63, Lemma 4]

3 The size of a regexp is usually defined as the total number of nodes of the tree. We chose to count just
the leaves to simplify some expressions across the chapter: clearly, for trees of constant depth, the two
quantities are asymptotically the same.
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leaves can be at any level. We assume that ti ̸= ti+1; otherwise, we can merge the
two levels into a single level. For example, the regexp a+b[c|a] is not homogeneous
because both operators + and | label nodes at the first level of the tree representation;
examples of depth-2 homogeneous regexps of type ◦+ and ◦| are in Figure 48.

The (t,u)-intersection testing problem asks to decide if, given two homogeneous
regular expressions of type t and u, respectively, the intersection of the languages of
the two expressions is nonempty. Given two regular expressions A,B, we will use
the shorthand A⊓B to denote the language intersection L(A)∩L(B).

In this chapter, we study the computational complexity of the (t,u)-intersection
testing problem for all combinations of types t,u of homogeneous regular expres-
sions of depth 2. For completeness, we briefly report the computational complexity
of the intersection problem when one of the two homogeneous regexps is of depth
1. When the type of the depth-1 regexp is ◦ (thus it corresponds to a string), the
intersection testing problem coincides with the membership testing problem, whose
computational complexity has been fully determined for all kinds of homogeneous
regexps by Backurs and Indyk [31] and Bringmann, Grønlund and Larsen [63]. When
the depth-1 regexp is of type |,+ or ∗, the intersection problem with any other regular
expression can be solved in linear time with folklore algorithms.

Remark B.2.1. Given a regular expression A of depth 1 of type |,+ or ∗ and any
other regular expression B, we can determine in linear time whether A⊓B ̸= ∅.

Thus, let us focus only on homogeneous regular expressions of depth 2. We first
note that regular expressions of types ∗+ and +∗ are equivalent to regexps of type ∗.
Indeed, a regular expression of type ∗+ is of the form (c+)∗ = (c∗)+ = c∗ for some
c ∈ Σ. From Remark B.2.1, we immediately obtain Corollary B.2.1.

Corollary B.2.1. Problems (∗+, t)-intersection testing and (+∗, t)-intersection testing can
be solved in linear time for any type t of homogeneous regexp.

Backurs and Indyk [31] proved that, assuming SETH, the complexity of member-
ship testing with a regexp of type ◦∗ (a.k.a. (◦, ◦∗)-intersection) isΩ((mn)1−α) for all
α > 0. This result immediately implies the same conditional lower bound for the time
complexity of the intersection testing problem for the cases stated in Corollary B.2.2.

Corollary B.2.2. Problem (◦∗, t)-intersection testing for all types t ∈ {◦∗, ◦|, ◦+, |◦,
+ ◦, ∗◦} cannot be solved in time O((mn)1−α) for any α > 0 unless SETH fails.

b.3 seth-hardness of (◦+ , ◦ |)-intersection testing

Let A be of type ◦+ and size m and B be of type ◦| and size n. We define a position in
A or B as a node on the first level of their tree representation. Thus, for any position
i, A[i] is either a letter a or a+; B[i] is either a single letter or a set of letters. A
fragment A[i . . j] is the regular expression given by the concatenation of the positions
A[i]A[i+ 1] · · ·A[j] (a fragment of B is defined analogously). An alignment of a string
S ∈ L(A) with A is a monotonic surjective mapping ϕA of the positions of S to the
positions of A (i.e. i < j ⇒ ϕA(i) ⩽ ϕA(j) ) such that S[i . . j] ∈ L(A[ϕA(i) . .ϕA(j)])

for all i ⩽ j. Let k ⩽ n be the number of positions of B: since all the strings S ∈ L(B)

have length k, the alignment of S with B is defined by the identity function, that
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is, ϕB(i) = i for all i ∈ [k]. An alignment of B with A is defined as a monotonic
surjective mapping ψ of the positions of B to the positions of A such that B[i . . j] ⊓
A[ψ(i) . .ψ(j)] ̸= ∅ for all i ⩽ j ⩽ k. We say that a fragment B[i . . j] and a fragment
A[i ′ . . j ′] are aligned if i ′ = ψ(i) and j ′ = ψ(j).

Observation B.3.1. Any alignment ψ of B with A corresponds to a string S ∈ A⊓B.
This is because B[1 . .k] ⊓A[ψ(1) . .ψ(k)] ̸= ∅ and since ψ is surjective, this is equal
to B⊓A; and in particular, we have that S[i] = ci if A[ψ(i)] = ci or A[ψ(i)] = c+i .

Conversely, note that any string S ∈ A⊓B must have length k and must align with
both A and B: in this case, the alignment ϕA of S with A induces an alignment ψS

of B with A such that ψS(i) = ϕA(i) for all i ∈ [k]. See Figure 49 for an example.

Figure 49. Two alignments of A = y+x+yx+ and B = [x|y]xx[x|y|z][x|y]x, respectively corre-
sponding to strings S = yxxxyx (left) and T = yxxyxx (right), both highlighted in
B. Dashed lines separate positions of B that are mapped to the same position of
A.

We next show a quadratic lower bound for (◦+, ◦|)-intersection testing with a re-
duction from Orthogonal Vectors (OV).

Definition B.3.1 (Orthogonal Vectors). Given two sets A,B ⊆ {0, 1}d such that |A| =
M, |B| = N determine whether there exist α ∈ A and β ∈ B such that α and β are
orthogonal, namely, α ·β =

∑d
i=1 α[i] ·β[i] = 0.

Our reduction relies on the following restricted case of the Unbalanced Orthogonal
Vectors Hypothesis (UOVH), which is known to be implied by SETH [62].

Conjecture B.3.1 (Unbalanced Orthogonal Vectors Hypothesis). For no ϵ > 0 there is
an algorithm for OV, restricted to M = Θ(N) and d ⩽ No(1), that runs in time O(N2−ϵ).

Assumptions on the OV instance. We make the following assumptions on the OV in-
stance A = {α1, . . . ,αM},B = {β1, . . . ,βN} with M = Θ(N), which can all be ensured
via trivial linear-time modifications to any general instance.

1. M is an odd integer, N is an even integer, and M < N; furthermore, N ≡
0(mod 4) (can be obtained by adding multiple copies of some vectors of A
and/or B).

2. The length d of the vectors is odd (can be obtained by adding a 0 at the end of
all vectors in case they have even length).

3. All vectors of set A begin and end with a 1; all vectors of B begin and end with
a 0 (can be obtained by appropriately padding all the vectors at the beginning
and the end).
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4. A and B do not contain the vectors 1d, 0d, 10d−21, and 01d−20 (can be checked
with a linear-time scan).

5. α1 ̸⊥ βj and αM ̸⊥ βj for all j ∈ [N].

6. If there are i, j such that αi · βj = 0 then there are i ′, j ′ such that αi ′ · βj ′ = 0

and i ′ ≡ j ′(mod 2) (Assumption 3 in [31] justifies why this can be assumed
w.l.o.g.).

Gadgets. Our reduction uses the constant-size alphabet Σ = {x,y, $}. We begin by
showing how to encode the vectors of A with regexp gadgets of type ◦+. Coordinate
gadgets encode the entries of a vector with the following rationale: even positions
correspond to gadgets that only use the letter x, while the gadgets for the odd posi-
tions only use y. The size of a gadget is determined by the value of the corresponding
entry in the vector, namely, size-3 gadgets of the form ccc+ encode entries equal to
1, and size-1 gadgets of the form c+ encode 0 entries (where c ∈ {x,y} according to
the parity of the position of the vector). Formally, we thus define coordinate gadgets
CA(v,k) for v ∈ {0, 1} and k ∈ [d] as follows:

CA(v,k) :=



yyy+ for v = 1 and k ≡ 1(mod 2)

xxx+ for v = 1 and k ≡ 0(mod 2)

y+ for v = 0 and k ≡ 1(mod 2)

x+ for v = 0 and k ≡ 0(mod 2).

Vector gadgets a⊥i are then defined as the concatenation of the coordinate gadgets
for αi:

a⊥i := CA(αi[1], 1)CA(αi[2], 2) · · ·CA(αi[d],d).

Due to Assumptions 2 and 3, all such vector gadgets begin with yyy+ and end
with yyy+. To encode the vectors of B, we define coordinate gadgets which still
associate letter y with odd positions and letter x with even positions, but this time
size-1 gadgets encode the occurrences of 1, and size-3 gadgets the occurrences of 0;
since B is of type ◦|, the gadgets do not contain the operator + and the vectors of B
are encoded with solid strings. Formally, we define the coordinate gadgets CB(v,k)
for v ∈ {0, 1} and k ∈ [d] as follows:

CB(v,k) :=



y for v = 1 and k ≡ 1(mod 2)

x for v = 1 and k ≡ 0(mod 2)

yyy for v = 0 and k ≡ 1(mod 2)

xxx for v = 0 and k ≡ 0(mod 2).

Vector gadgets bj are then defined depending on the parity of j (given a fixed but
arbitrary ordering of the vectors of B):

bj :=

CB(βj[1], 1)CB(βj[2], 2) · · ·CB(βj[d],d) if j ≡ 1(mod 2)

yyyCB(βj[1], 1)CB(βj[2], 2) · · ·CB(βj[d],d)yyy if j ≡ 0(mod 2).
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Due to Assumptions 2 and 3, all gadgets bj with an odd j start and end with y3,
and those with an even j start and end with y6. We also define another two gadgets
of type ◦+

a⊥0 := (y+x+)⌊
d
2 ⌋y+, a⊥even := y6x+(y+x+)⌊

d
2 ⌋−1y6 (138)

and three additional gadgets of type ◦|

b0 :=
(
y3 [x|y]3

)⌊d
2 ⌋
y3; beven := y6x (yx)⌊

d
2 ⌋−1 y6; bodd := y3x (yx)⌊

d
2 ⌋−1 y3.

(139)

Finally, we define b($)
0 := b0 [y|$], b

($)
even := beven [y|$], and b($)

odd := bodd [y|$].

Example B.3.1. Let d = 5, consider the vectors α1 = 10011, α2 = 11001, β1 = 00010,
β2 = 01010, and denote by x3+ and y3+ the expressions xxx+ and yyy+, respec-
tively. The associated gadgets are a⊥1 = y3+x+y+x3+y3+; a⊥2 = y3+x3+y+x+y3+;
b1 = y3x3y3xy3; b2 = y6xy3xy6. Note that a⊥2 ⊓ b1 ̸= ∅, but a⊥1 ⊓ b1 = ∅: in-
deed, β1 is orthogonal to α2, but not to α1. Furthermore, a⊥0 = y+x+y+x+y+;
a⊥even = y6x+y+x+y6; b0 = y3 [x|y]3 y3 [x|y]3 y3; b($)

0 = y3 [x|y]3 y3 [x|y]3 y3 [y|$];
b
($)
even = y6xyxy6 [y|$]; and b($)

odd = y3xyxy3 [y|$].

Lemma B.3.2 is straightforward from the definitions of the vector gadgets a⊥i and
bj.

Lemma B.3.2. For any i ∈ [M] and j ∈ [N], a⊥i ⊓ bj ̸= ∅ (thus a⊥i aligns with bj) if and
only if αi ⊥ βj.

Since gadgets bj are strings, we have a⊥i ⊓ bj ̸= ∅ if and only if bj ∈ L(a⊥i ), thus
L(a⊥i ) contains the string bj for each vector βj orthogonal to αi. We remark that,
morally, a⊥0 and b0 encode the vector 0d, while bodd and beven encode the vector
01d−20. This is consistent with the fact that (i) b0 ∈ L(a⊥i ) and bj ∈ L(a⊥0 ) for all
i ∈ [M], j ∈ [N] (as 0d is orthogonal to any vector), and (ii) a⊥i does not align with
bodd or beven (as by Assumption 4, A does not contain the vector 10d−21, and thus
01d−20 ̸⊥ αi for all i ∈ [M]). Furthermore, since L(b0) contains a run of the letter y,
we can align a⊥0 with bk0 for any k ⩾ 1. We summarise these properties, which are
straightforward to verify from the gadget definitions, in Remark B.3.1.

Remark B.3.1. The following relations among the gadgets hold:

1. a⊥0 ⊓ (b0)kbj ̸= ∅ for all j ∈ [N] for all k ⩾ 0;

2. a⊥i ⊓ (b0)k ̸= ∅ for all i ∈ [0,M] for all k ⩾ 1;

3. a⊥i ⊓ (b0)kbj ̸= ∅ if and only if αi ⊥ βj for all k ⩾ 0;

4. a⊥0 ⊓ (b0)
kbeven(b0)

h ̸= ∅ and a⊥0 ⊓ (b0)
kbodd(b0)

h ̸= ∅, but a⊥i ⊓
(b0)

kbeven(b0)
h = ∅ and a⊥i ⊓ (b0)

kbodd(b0)
h = ∅ for all i ∈ [M], for all

h,k ⩾ 0;

5. a⊥even ⊓ beven ̸= ∅ but a⊥even ⊓ b0 = ∅ and a⊥even ⊓ bodd = ∅;
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6. a⊥even ⊓ bp ̸= ∅ if and only if p is even;

7. Since there are exactly d− 1 alternation of y and x in a⊥i for i ∈ [0,M], a⊥i can
align with at most one string bj (including beven or bodd if i = 0); for instance,
a⊥0 ⊓ bevenb0bodd = ∅.

For all cases of Remark B.3.1, given a regexp A of type ◦+ and B of type ◦|, the
following are equivalent: A ⊓ B ̸= ∅, A$ ⊓ B$ ̸= ∅, $A ⊓ $B ̸= ∅, $A$ ⊓ $B$ ̸= ∅.
This holds even if the symbol $ is replaced by [y|$] in the regexp of type ◦|, or b0 is
replaced by b($)

0 .

Full reduction. We concatenate the gadgets encoding OV sets A and B to construct
two regexps A, B of types ◦+ and ◦|, respectively. Each regexp is partitioned into
three fragments: A = ApreA

⊥Asuf and B = BpreB
⊥Bsuf. The pre and suf frag-

ments are designed to force the alignment of a fragment of A⊥ with a fragment of
B⊥ whenever we have a global alignment of A and B, which in turn will imply that
a pair of orthogonal vectors exists.
A⊥ and B⊥ are the central fragments of A and B, respectively. They contain the

gadgets a⊥i and bj, which do not appear anywhere else in A and B, and are defined
as follows:

A⊥ := a⊥1 $a⊥0 $a⊥2 $ · · · $a⊥M−1$a⊥0 $a⊥M (140)

B⊥ := b
($)
0 b1$b($)

0 b2$ · · · $b($)
0 bN−1$b($)

0 bN$. (141)

Remark B.3.2. All strings in the language of A⊥ contain 2M− 2 occurrences of $; all
strings in the language of B⊥ contain at least N and at most 2N occurrences of $.

The two regular expressions A and B are then defined as

A := ApreA
⊥Asuf (142)

Apre :=
(
a⊥0

)2M+N (
a⊥0 $

)N−1
a⊥even (143)

Asuf := $a⊥even
(

$a⊥0
)N−1 (

a⊥0

)2M+N
(144)

B := BpreB
⊥Bsuf (145)

Bpre := (b0)
2M+N

(
b
($)
0 b

($)
oddb

($)
0 b

($)
even

) 2M+N−2
4

(146)

Bsuf :=
(
b
($)
0 b

($)
oddb

($)
0 b

($)
even

) 2M+N−2
4

(b0)
2M+N . (147)

Remark B.3.3. All strings in the language of A have exactly 2M+ 2N− 2 occurrences
of $, and all strings in the language of B have at least N and at most 4N+ 4M− 4

occurrences of $.

Recall that by Assumption 1, N ≡ 0(mod 4) and 2M ≡ 2(mod 4) thus 2M +

N − 2 ≡ 0(mod 4). Suppose that the intersection of the languages of A and B is
not empty and consider a string U ∈ A ⊓B. By Remark B.3.3, U has exactly 2M+

2N− 2 occurrences of $. Lemma B.3.3 shows that the fragment U[sA . . eA] aligned
with $A⊥$ and the fragment U[sB . . eB] aligned with B⊥ must overlap, and thus a
fragment of A⊥ aligns with a fragment of B⊥: see also Figure 50.
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Figure 50. Visual representation of Lemma B.3.3. The blue lines are vertical to emphasise that
the alignment of U with B is the identity function.

Figure 51. Example of the alignment of a⊥even$a⊥1 $ with bp$b($)
0 , for an even p. Here d = 5,

α1 = 10011, βp = 00010, and βp+1 = 01010. Note that, coherently with Assump-
tion 5, a⊥1 does not align with bp nor with bp+1.

Lemma B.3.3. For anyU ∈ A⊓B, letU[sA . . eA] andU[sB . . eB] be the fragments aligned
with $A⊥$ and B⊥, respectively. Then [sA, eA]∩ [sB, eB] ̸= ∅.

Proof. By the definition of A, sA and eA are the positions of the N-th and the (N+

2M− 1)-th occurrence of $ in U, respectively. Thus the only way [sA, eA] ∩ [sB, eB]

could be empty is if the first N+ 2M− 1 occurrences of $ in U are all all aligned
within Bpre or symmetrically, if the last N + 2M − 1 occurrences are all aligned
within Bsuf. A simple counting argument shows that this is impossible. In fact, by
the definition of B, at most N+ 2M− 2 occurrences of $ can be aligned within Bpre;
and symmetrically, within Bsuf.

Lemma B.3.4. If A⊓B ̸= ∅ then there exists a pair of orthogonal vectors.

Proof. Since A ⊓B ̸= ∅, A can be aligned with B. The general idea is to prove that
for each possible alignment of A and B there exist i ∈ [M], j ∈ [N] such that a⊥i is
aligned with b($)

0 bj or bj, which by Remark B.3.1.3 and Lemma B.3.2 implies that
αi ⊥ βj. Let the intervals [sA, eA] and [sB, eB] be defined as in Lemma B.3.3. Since
the intersection of these two intervals is not empty, we study the following three
cases.

case sB ⩽ sA < eA ⩽ eB . Let us focus on how the extremities of $A⊥$, that is,
$a⊥1 and a⊥M$, can be aligned inside B⊥. In principle, the first $ could be either
aligned with an explicit occurrence of $ in B⊥ or with an “optional” occur-
rence in a set [y|$]. The second case would imply that $a⊥1 $ aligns with [y|$]bj$
for some j ∈ [N], which is a contradiction due to Assumption 5. Therefore,
it must be aligned with an explicit occurrence of $ in B⊥, which implies, in
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Figure 52. Example of the alignment a⊥even$a⊥1 $ and b($)
evenb

($)
0 with d = 5 and α1 = 10011.

particular, that the whole a⊥even$a⊥1 must be aligned within B⊥. Again by As-
sumption 5, $a⊥1 $ cannot align with $b($)

0 bj$ for any j ∈ [N]; furthermore, by
Remark B.3.1.6, a⊥even$ aligns with bp$ if and only if p is even. The whole
reasoning implies that a⊥even$a⊥1 $ must be aligned with bp$b($)

0 for some even
p (see Figure 51). A similar reasoning proves that a⊥M$a⊥even$ must be aligned
with b($)

0 bq$ for some even q.

Let us study what happens in the middle part of A⊥. Fixed any i ∈ [2,M− 1],
$a⊥i $ can only align with the following types of fragments of B⊥: $b($)

0

or $b($)
0 bj$ or [y|$]bj$. By Lemma B.3.2 and Remark B.3.1.3, the last two

cases can occur if and only if αi ⊥ βj. In contrast, $a⊥0 $ can align with
$b($)

0 or $b($)
0 bj$ or [y|$]bj$ without any implications on vector orthog-

onality. Now since a⊥even$a⊥1 $ is aligned with bp$b($)
0 for some even p,

a⊥even$a⊥1 $a⊥0 $ must be aligned with bp$b($)
0 bp+1$. Suppose for a contra-

diction that αi ̸⊥ βp+i for all i ∈ [M]. Then α2 ̸⊥ βp+2 implies that
a⊥even$a⊥1 $a⊥0 $a⊥2 $a⊥0 $ must be aligned with bp$b($)

0 bp+1$b($)
0 bp+2$, and in

particular, b($)
0 is aligned with a⊥2 $ and bp+2$ is aligned with a⊥0 $. Iterating

this process, we get that a⊥even$a⊥1 $a⊥0 $a⊥2 $a⊥0 $ · · · $a⊥M−1$a⊥0 $a⊥M$ is aligned
with bp$b($)

0 bp+1$b($)
0 bp+2$ · · · $b($)

0 bp+M−1$b($)
0 . This leads to a contradic-

tion because it would force a⊥even$ to align with bp+M$, which is impossible
since p+M is odd by Assumption 1. We conclude that a pair of orthogonal
vectors exists.

case sA < sB . Since B[sB] = y and A[eA] = $, we have sB ̸= eA. Since sA < sB,
the fragment a⊥even$a⊥1 $ must be aligned with some fragment of B starting
to the left of B⊥, i.e. in Bpre. In particular, a⊥even$a⊥1 $ can only align with
some occurrence of b($)

evenb
($)
0 (in the case where sA = sB − 1, it is aligned

with the last occurrence of b($)
even in Bpre and the first occurrence of b($)

0

within B⊥). Indeed, by Remark B.3.1.5, a⊥even$ can only align with beven$,
and by Remark B.3.1.4, a⊥1 does not align with b

($)
0 bodd: see Figure 52. In

principle, a⊥even$a⊥1 $a⊥0 $ could be aligned with b($)
evenb

($)
0 b

($)
oddb

($)
0 , and in par-

ticular, the last two positions of b($)
odd and the whole b($)

0 (except its last posi-
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tion) could be aligned with the last position of a⊥0 (which corresponds to y+:
see Equations 138, 139). However, this would imply that a⊥2 $ would have to
align with b($)

even, which is not possible by Remark B.3.1.4. By Remark B.3.1.7,
a⊥even$a⊥1 $a⊥0 $ cannot be aligned with b($)

evenb
($)
0 b

($)
oddb

($)
0 b

($)
even or any longer

fragment; therefore a⊥even$a⊥1 $a⊥0 $ must be aligned with b
($)
evenb

($)
0 b

($)
odd so

that a⊥2 $ can be aligned with b($)
0 . Proceeding with the alignment and iterating

this reasoning, we get that for any odd i such that a⊥i is aligned within Bpre,
a⊥i $a⊥0 $a⊥i+1$a⊥0 $ must be aligned with b($)

0 b
($)
oddb

($)
0 b

($)
even.

Therefore, for any even p, a⊥even$a⊥1 $a⊥0 $ · · · $a⊥p $a⊥0 $ must be aligned with

either (i) b($)
even(b

($)
0 b

($)
oddb

($)
0 b

($)
even)

p
2 or (ii) b($)

even(b
($)
0 b

($)
oddb

($)
0 b

($)
even)

p
2 b

($)
0 ,

implying that the smallest i such that a⊥i is aligned with a fragment
of B⊥ is always odd. Case (ii) occurs if and only if the last a⊥0 $ in
a⊥even$a⊥1 $a⊥0 $ · · · $a⊥p $a⊥0 $ aligns with b($)

evenb
($)
0 . This forces a⊥p+1$ to align

with b1$, which implies that αp+1 ⊥ β1 by Lemma B.3.2. So, suppose we are
in Case (i). We now study the alignment of a⊥p+1$a⊥0 $ · · · $a⊥0 $a⊥M$ (that is the
remaining part of A⊥). Suppose for the sake of contradiction that αp+i ̸⊥ βi

for all i ∈ [1,M− p]. Since αp+1 ̸⊥ β1, then a⊥p+1$ can only be aligned with

b
($)
0 because, by Remark B.3.1.3, if a⊥p+1$ ⊓ b($)

0 b1$ ̸= ∅ (thus a⊥p+1 ⊓ b0b1 ̸= ∅)
then αp+1 ⊥ β1. Therefore, under the assumption that αp+i ̸⊥ βi for each
i ∈ [1,M− p], the only possibility, by Remark B.3.1.1 and B.3.1.2, would be to
align a⊥p+1$a⊥0 $ · · · $a⊥0 $a⊥M$ with b($)

0 b1$ · · ·bM−p−1$b($)
0 . This would force

the alignment of a⊥even$ with bM−p$, which is not possible because M− p is
odd by Assumption 1.

case sB ⩽ sA . The case eA ⩽ eB has already been considered. If eB < eA, we
can proceed symmetrically to the case sA < sB. We briefly sketch the proof.
Suppose αi ̸⊥ βN, for all i. Then, b($)

0 bN$ must align with a⊥q $a⊥0 $, for
some q. We first prove the fragment a⊥q+1$a⊥0 $a⊥q+2$ · · · $a⊥0 $a⊥M$a⊥even must
align with a fragment of Bsuf and by Remarks B.3.1.2, B.3.1.4 and B.3.1.5,
q must be odd. Secondly, assuming that αi ̸⊥ βN−q+i for i ∈ [q], we get
that a⊥1 $a⊥0 $a⊥2 $ · · · $a⊥0 $a⊥q $a⊥0 $ aligns with b($)

0 bN−q+1$ · · · $b($)
0 bN$. This

forces the alignment of a⊥even$ with bN−q$, which is a contradiction since
N− q is odd.

Lemma B.3.5. If ∃ j ∈ [N] and i ∈ [M] such that αj ⊥ βi, then A⊓B ̸= ∅.

Proof. By Assumption 6, we have i ≡ j(mod 2). Consider the case i = j. We show that
in this case, A and B align, which implies that L(A)∩L(B) ̸= ∅. We start by showing
how Apre aligns with Bpre. Using Remark B.3.1, we can prove the following facts
straightforwardly:

• (a⊥0 )
k ⊓ (b0)h ̸= ∅ for all k ⩽ h;
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• (a⊥0 )
2 ⊓ b($)

0 b
($)
oddb

($)
0 b

($)
even ̸= ∅;

• (a⊥0 $)4 ⊓ b($)
0 b

($)
oddb

($)
0 b

($)
even ̸= ∅ and (a⊥0 $)3a⊥even$ ⊓ b($)

0 b
($)
oddb

($)
0 b

($)
even ̸= ∅.

Therefore, we can align Apre with Bpre in the following way:

We then show how to align A⊥ with B⊥. By Assumption 5 we have i ̸= 1, and by
Remark B.3.1.1 and B.3.1.2 we can align a⊥k $a⊥0 $ with b($)

0 bk$ for all k ∈ [1, i− 1].
Since αi ⊥ βi, by Remark B.3.1.3 we can align a⊥i $a⊥0 $ with b($)

0 bi$b
($)
0 bi+1$. Again

by Assumption 5 we have i ̸= M, thus we can align a⊥k $a⊥0 $ with b($)
0 bk+1$ for all

k ∈ [i+ 1,M− 1]. For k = M, we have to align a⊥M$a⊥even with b($)
0 bM+1, which is

possible by Remark B.3.1.6 since by Assumption 1 M is odd, thus M+ 1 is even.

Similarly to the first part of the proof, we can align Asuf with the remaining part
of B.

In the general case where i ≡ j(mod 2), i.e. |i− j| = p for an even p (see Assump-
tion 6), the proof is analogous: Figure 53 outlines an alignment of B with A when
j < i.

Since by construction the sizes of A and B are O((N+M)d) = O(Nd), we have
obtained Theorem B.3.6.

Theorem B.3.6. The (◦+, ◦|)-intersection testing problem cannot be solved in time
O((mn)1−α), for any α > 0, unless SETH fails.

b.4 linear-time algorithms

This section presents linear-time algorithms for solving the intersection testing prob-
lem for all combinations of types of depth-2 homogeneous regular expressions ex-
cept for those listed in Corollaries B.2.1 and B.2.2 and Theorem B.3.6.

Theorem B.4.1. The (◦|, t)-intersection testing problem can be solved in O(m+n) time for
any type t ∈ {◦|, |◦,+◦}.
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Figure 53. Scheme of an alignment of A and B in the case αi ⊥ βj with j < i and i ≡
j(mod 2): p ∈ [M] is such that p+ j = i (in particular, p is an even number).

Proof. Let A be a regexp of type ◦| of size m, and consider its tree representation. For
each node i on the first level, we denote by Ai the set of leaves descending from i.
We can represent A as the concatenation of these sets of letters A = A1 ◦A2 ◦ · · · ◦Ak.
Given B a regexp of type t and size n, we propose different solutions depending on
its type t.

t = ◦ | . We can represent B as a concatenation of sets of letters B = B1 ◦B2 ◦ · · · ◦Bh.
We have that A ⊓ B ̸= ∅ if and only if k = h and Ai ∩ Bi ̸= ∅ for all i ∈
[k], which can be checked in O(m+ n) total time by radix-sorting Ai together
with Bi for all i ∈ [k]. In particular, if A ⊓ B ̸= ∅ we can express A ⊓ B as
(A1 ∩B1) ◦ (A2 ∩B2) ◦ · · · ◦ (Ak ∩Bh), i.e. we can represent the intersection as
a regexp of type ◦| in O(m+n) time.

t = |◦ . In this case, B is of the form [T1|T2| · · · |Th] for some nonempty strings Tj.
Remark that if A⊓B ̸= ∅ then there exists Ti such that |Ti| = k. Therefore, with
a linear preprocessing we can discard the strings in B that have length different
from k. This leads to a set B ′ of strings all of the same length, which is known
in the literature as a segment of a Generalised Degenerate (GD) string [11].
Since regexps of type ◦| are known as indeterminate strings, which in turn are
a special case of GD strings, we can use the algorithm of [11] for GD strings
intersection to solve the problem in O(m+n) time.

t = +◦ . In this case, B is of the form [T ]+ for some nonempty string T of length n.
Remark that if A ⊓B ̸= ∅ then k = ℓn for some 1 ⩽ ℓ ⩽ k. Therefore, to solve
the intersection testing problem, we first check if k = ℓn, and then answer
a membership query for T ℓ and A using the linear-time algorithm proposed
in [31].
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Theorem B.4.2. The (◦+, t)-intersection testing problem can be solved in O(m+ n) time
for any type t ∈ {◦+, |◦,+◦}.

Proof. Let A be a regexp of type ◦+ and size m. The following transformations pre-
serve the language generated by A: c+cℓ ≡ cℓc+ and (c+)ℓ ≡ cℓ−1c+ for any c ∈ Σ
and ℓ ∈ N. From now on, we denote by cℓ+ the regexp cℓ−1c+. Applying the above
rule, we can rewrite A = aX1

1 ◦ . . . ◦ a
Xk

k where Xi ∈ {ℓi, ℓi+}, ℓi ∈ [m] and ai ̸= ai+1

for all i ∈ [k−1], k ⩽ m, and we can obviously represent each aXi

i with a pair (ai,Xi).
For example, the regexp b+bc+c+a of Figure 48 can be rewritten as b2+c2+a.

Given B a regexp of type t, we propose different linear-time algorithms depending
on t.

t = ◦+ . Let B be of type ◦+ and consider its decomposition B = bY1

1 ◦ . . . ◦ b
Yh

h .
We have A ⊓B ̸= ∅ if and only if k = h and aXi

i ⊓ b
Yi

i ̸= ∅ for all i ∈ [k]. A
necessary condition for the intersection of aXi

i and bYi

i to be nonempty is that
ai = bi = c; furthermore, we can divide the following cases, each of which can
be checked in O(1) time:

1. Xi = x,Yi = y. Then cx ⊓ cy = cy if and only if x = y (∅ otherwise);

2. Xi = x+,Yi = y. Then cx+ ⊓ cy = cy if and only if y ⩾ x (∅ otherwise);

3. Xi = x+,Yi = y+. Then cx+ ⊓ cy+ = cmax{x,y}+.

It then suffices to scan A and B in parallel and test the intersection of aXi

i with
bYi

i by checking Cases 1-3 to solve the problem in O(m+n) time. If A⊓B ̸= ∅,
it holds that A ⊓ B = (aX1

1 ⊓ bY11 ) ◦ (aX2

2 ⊓ b
Y2

2 ) · · · (aXk

k ⊓ bYk

k ), thus we can
express the intersection as a regexp of type ◦+.

t = |◦ . B is of the form [T1|T2| · · · |Th] for some nonempty strings Tj. Decomposing
each Tj into maximal runs of single letters and checking Cases 1 and 2 deter-
mines if Tj ∈ L(A) in O(|Tj|) time, thus solving (+◦, |◦)-intersection testing in
O(m+n) total time.

t = +◦ . B equals [T ]+ for some nonempty string T of length n. We decompose
T into maximal single-letter runs to obtain T = bℓ11 · · ·b

ℓh
h with ℓi ⩾ 1 and

bi ̸= bi+1 for i ∈ [h− 1], and consider the decomposition of A = aX1

1 · · ·a
Xk

k .
If h > k, there are strictly more single-letter runs in any string in L(B) than in
any string in L(A), which implies that the intersection is empty. Therefore, we
can assume that h ⩽ k. Let us first consider the case where b1 ̸= bh, that is, T
starts and ends with runs of different letters. We compare the decompositions
of A and T from left to right. Clearly, a necessary condition for the intersection
to be nonempty is that a1 = b1 and aj = bρ(j) for all j > 1, where ρ(j) =

((j− 1) mod h) + 1. In particular, let b
ℓρ(j)
ρ(j) = cy: if aXj

j = cx+, the intersection

is nonempty if and only if x ⩽ y; otherwise, if aXj

j = cx, it is nonempty if and

only if x = y (see Cases 1-2 above). If the intersection between aXj

j and b
ℓρ(j)
ρ(j)

is successful, we continue comparing aXj+1

j+1 and b
ℓρ(j+1)

ρ(j+1). The last step is to

compare aXk

k with bℓhh to decide if A⊓B ̸= ∅ (if ρ(k) ̸= h then the intersection
is for sure empty). Since k = O(n) in the worst case, this algorithm takes
O(m+n) time.
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Now consider the case b1 = bh, i.e. T starts and ends with the same letter.
The algorithm is the same as the previous case, except every time we need to
check the intersection of bℓhh with aXj

j for some j < k, we instead check the

intersection of aXj

j with bℓhh b
ℓ1
1 = bℓh+ℓ1

h , and move on to checking the intersec-

tion of aXj+1

j+1 with bℓ22 at the next step. This modification does not change the
complexity of the algorithm, which still requires O(m+n) time.

Theorem B.4.3. The (t,u)-intersection testing problem can be solved in O(m+n) time for
all types t,u ∈ {|◦,+◦}.
Proof. ( |◦ , |◦) . Both A and B are finite dictionaries of nonempty strings: A =

[S1|S2| · · · |Sk], B = [T1|T2| · · · |Th]. Therefore, testing if A ⊓B ̸= ∅ is equivalent
to checking whether Si = Tj for some 1 ⩽ i ⩽ k, 1 ⩽ j ⩽ h. This can be easily
done in O(m + n) time by radix-sorting the strings of A and B all together,
then comparing pairs of consecutive strings in the sorted sequence. Since, after
each string comparison, one of the two elements is discarded (unless the two
strings are equal, in which case we conclude that A ⊓B ̸= ∅), comparing the
strings letter by letter gives O(m+n) total time.

(+◦ , |◦) . Let A be a regexp of type +◦ and B of type |◦. Then, A is of the form
[T ]+ and B is of the form [T1|T2| · · · |Th] for some nonempty strings Tj. Since
Tj ∈ L(A) if and only if Tj = Tk for some k ⩾ 1, and this condition can
be verified in O(|Tj|) time with a linear scan of Tj, computing the intersection
requires O(m+n) total time.

(+◦ , +◦) . We have A = [T1]
+ and B = [T2]

+ for some nonempty strings T1, T2. We
say that a nonempty string D is a divisor of T if T = Di for some i ⩾ 1. A
sufficient condition for A ⊓B ̸= ∅ is that T1 = Di and T2 = Dj for the same
nonempty stringD (i.e.D is a common divisor), and in particular, [D]lcm(i,j)+ ⊆
A ⊓B. A necessary condition for A ⊓B ̸= ∅ is that i, j exist such that T i1 = T

j
2;

using Theorem 1 in [177], we can deduce that if this is the case, T1 and T2 have
a common divisor. Therefore, to decide whether the intersection is not empty,
it is sufficient and necessary to check if T1 and T2 have a common divisor. This
can be done in O(m+n) time using Theorem 2 in [177].

Theorem B.4.4. The (∗◦, t)-intersection testing problem can be solved in O(m+ n) time
for all types t ∈ {◦|, ◦+, |◦,+◦, ∗◦}.
Proof. Let A = [T ]∗ of type ∗◦, and define A ′ = [T ]+ of type +◦. For all regular
expressions B of type t ∈ {◦|, ◦+, |◦,+◦}, we have that ϵ /∈ L(B), therefore A ⊓B =

A ′ ⊓ B. Thus we can reduce (∗◦, t)-intersection to (+◦, t)-intersection for all types
t ∈ {◦|, ◦+, |◦,+◦} and obtain the statement from Theorems B.4.1, B.4.2 and B.4.3. The
remaining case of (∗◦, ∗◦)-intersection is trivial since ϵ ∈ A⊓B for all A,B of type ∗◦.
Furthermore, to compute explicitly the whole intersection, one can consider A ′, B ′

obtained for A, B by replacing the root label ∗ with +, and then apply the algorithm
for (+◦,+◦)-intersection described in Theorem B.4.3.

Intersection testing for the remaining types of regular expressions is always solv-
able in linear time, independently of the type of the other regexp, as proved in
Theorems B.4.5 and B.4.6.
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Theorem B.4.5. The (+|, t)-intersection testing problem and the (∗|, t)-intersection testing
problem can be solved in O(m+n) time for any type t of homogeneous regexp of depth 2.

Proof. Let A = [c1| · · · |cm]+ be of type +|. In this case we have L(A) = Σ+
A, and

analogously, when A is of type ∗|, its language is Σ∗
A. To solve intersection testing for

A of type +| or ∗| and any other homogeneous depth-2 regular expression B, it thus
suffices to check whether L(B) contains a string over the alphabet ΣA (including the
empty string if A is of type ∗|). Given a letter c in ΣA ∪ΣB, we can check in constant
time whether c belongs to ΣA by radix-sorting ΣA and ΣB together, keeping track
of which letters belong to either set and removing duplicates, and storing a map for
the rank of c in ΣA ∪ΣB. This provides an O(m+n)-time solution for all types listed
below (the types t ∈ {∗+,+∗} were already considered in Corollary B.2.1), as a linear
scan of B and/or of the sorted sequence ΣA ∪ ΣB then suffices to solve the problem.
We provide more details for the case where A is of type +|: the only difference when
A is of type ∗| is having to consider also the empty string ϵ.

t ∈ {+ | , ∗ |} . It suffices to scan the sorted sequence to check whether ΣA ∩ ΣB ̸= ∅.

t ∈ {◦+ , +◦ , ∗◦} . The intersection is nonempty if and only if ΣB ⊆ ΣA, which again
can be checked by scanning the sorted sequence once.

t = ◦∗ . The intersection is nonempty if all letters occurring in B without a ∗ (i.e.
direct children of the root in the tree representation) belong to ΣA.

t ∈ {|∗ , |+} . Here, B is a set of single-letter runs, it thus suffices to check whether
the letter of one of such runs is in ΣA.

t ∈ {◦ | , |◦} . In the first case, B is a concatenation of finite sets of letters, and it
suffices to check whether in each set there is at least one letter that belongs
to A. In the second case, B is a finite dictionary of nonempty strings, and it
suffices to check whether the alphabet of at least one of them is contained in
ΣA.

Theorem B.4.6. The (|+, t)-intersection testing problem and the (|∗, t)-intersection testing
problem can be solved in O(m+n) time for any type t of homogeneous regexp of depth 2.

Proof. Let A be of type |+. Then, A is of the form [T1| · · · |Tm], with Tj = cj or Tj = c+j
for some cj ∈ Σ (i.e. Tj is either a single letter or a single-letter run). Let ΣA =

{c1, ..., ck} be the set of letters used by A. Let us consider all possible types t for B.
The cases t ∈ {+∗, ∗+,+|, ∗|} were considered in Corollary B.2.1 and Theorem B.4.5.
Solutions for the other types follow.

t ∈ {|+ , |∗} . B is a disjunction of runs, it thus suffices to check whether ΣA ∩ΣB ̸= ∅,
proceeding as in Theorem B.4.5.

t = |◦ . B is a dictionary [S1| · · · |Sh], where each Si is a nonempty string. We can
proceed as in case (|◦, |◦) of Theorem B.4.3.

t = ◦ | . B is of the form B1 ◦ B2 ◦ · · · ◦ Bh, where each Bi is a set of letters. Let
Σ
(+)
A ⊆ ΣA be the set of letters that occur in A with a +: the intersection is

nonempty if and only if L(B) contains a run of length h of some letter in Σ(+)
A .
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To check this condition, we scan B maintaining a counter for each letter in ΣB

to find the subset Σ(h)
B of letters that occur h times, corresponding to all single-

letter runs of L(B). If Σ(h)
B is nonempty, we radix-sort it with Σ(+)

A and scan the
sorted sequence to find the answer in O(m+n) total time.

t = ◦∗ . B is a concatenation of symbols bi or b∗i with bi ∈ ΣB. Then, A ⊓B ̸= ∅ if
and only if either (i) there is only one letter b ∈ ΣB occurring in B without ∗,
and b ∈ ΣA; or (ii) no letter occurs in B without ∗, and ΣA ∩ ΣB ̸= ∅. Both of
these conditions can be trivially checked in O(m+n) time.

t = ◦+ . B can be made into the form bY1

1 · · ·b
Yh

h using the transformation in Theo-
rem B.4.2, where Yi ∈ {ℓi, ℓi+}, ℓi ∈ [m] and bi ̸= bi+1 for all i ∈ [h− 1]. Then,
A⊓B ̸= ∅ if and only if h = 1 and b1 ∈ ΣA.

t ∈ {+◦ , ∗◦} . B is of the form [T ]+, (resp. [T ]∗) for some nonempty string T . For the
intersection to be nonempty, we need that T = cℓ for some c ∈ ΣA, with the
further constraint ℓ = 1 if c appears in A without the operator + (resp. ∗). This
can be trivially checked in O(m+n) time.

Analogous solutions work for A of type |∗, the only difference being having to con-
sider the possibility that ϵ ∈ L(A).

b.5 conclusions

We have provided a full dichotomy for the complexity of intersection testing of depth-
2 homogeneous regular expressions, showing that in most cases the problem is solv-
able in linear time. Moreover, for such cases, we showed that the whole intersection
can be computed explicitly as either a regular expression or a set, still in linear time.
The main result presented in the chapter is that, even though (◦|, ◦) and (◦+, ◦)-
intersection testing are solvable in linear time, there exists a quadratic lower bound,
conditioned on SETH, for (◦+, ◦|)-intersection testing. A natural direction for future
investigation is to determine the complexity of intersection testing for homogeneous
regular expressions of higher depth, and, more generally, answer the question: given
a homogeneous regular expression of type t, for which types t ′ (if any) a conditional
quadratic lower bound for (t, t ′)-intersection testing exists?
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