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Summary

Time series classification has become increasingly dominated by deep learning models
that achieve high predictive performance but offer limited transparency. In safety-
critical and regulated domains, such as healthcare, industrial monitoring, and cyber-
physical systems, the lack of interpretability undermines trust, accountability, and
practical adoption. Existing explainability approaches are predominantly post-hoc: they
attempt to justify decisions after training, often producing explanations that are unstable
or weakly connected to the model’s actual reasoning process.

This thesis addresses the challenge of designing a classification framework in which
interpretability is not added after training, but embedded directly into the model itself.
The central idea is to express predictions in terms of human-understandable temporal
concepts. To this end, the thesis leverages Signal Temporal Logic (STL), a formal
language capable of describing time-dependent behaviours such as persistence, bounded
responses, and structured temporal patterns that naturally arise in real-world signals.

The main outcome of this work is STELLE (Signal Temporal Logic Embedding
for Logically-grounded Learning and Explanation), a neuro-symbolic framework that
connects continuous time series data with symbolic temporal concepts. Instead of
relying on external explanation methods, STELLE produces predictions and explanations
through the same internal mechanism. It supports both local explanations for individual
instances and global explanations that characterise class-level temporal patterns,
ensuring that explanations remain faithful to the classifier’s decisions.

Extensive empirical evaluation on univariate and multivariate benchmarks shows
that STELLE achieves competitive predictive performance while providing concise and
semantically meaningful explanations. The analysis highlights the trade-offs between
expressiveness, interpretability, and accuracy, and demonstrates that logically grounded
explanations can be integrated into modern learning architectures without sacrificing
effectiveness. Overall, this thesis contributes a principled approach to interpretable and
trustworthy time series learning.
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Chapter 1

Introduction

Time series data is fundamental to a wide range of safety-critical domains, including
medical diagnostics, autonomous and cyber-physical systems, industrial monitoring,
and environmental control. In these settings, decisions informed by data-driven
models can have direct consequences for human safety, regulatory compliance, and
economic stability. While modern deep learning architectures achieve state-of-the-
art performance in classifying and forecasting time series data, their black-box nature
poses a substantial barrier to real-world deployment. The opacity of such models
limits transparency and accountability, raises ethical and legal concerns under emerging
regulatory frameworks, undermines user trust, and prevents domain experts from
validating, contesting, or learning from model predictions.

The challenge of explainability is particularly acute for time series data. Unlike
images or text, where salient regions or tokens often have an intuitive semantic
interpretation, temporal patterns are inherently abstract and context-dependent.
Relevant information may be encoded in trends, oscillations, delays, persistence, or
ordered sequences of events that are not directly observable from individual time
points. Interpreting these patterns typically requires substantial domain expertise,
making it difficult for generic explanation methods to provide meaningful insight. As a
result, many existing Explainable AI (XAI) techniques for time series focus on post-hoc
explanations, such as saliency maps or attribution scores highlighting influential time
points or subsequences after a model has been trained. Although useful for exploratory
analysis, these approaches have been criticised for their instability, limited semantic
grounding, and, most importantly, their lack of guaranteed faithfulness to the model’s
true decision process.

These limitations have motivated increasing interest in models that are interpretable
by design, where transparency is embedded directly into the learning architecture
rather than imposed after the fact. In such models, predictions are produced through
intermediate representations that correspond to human-understandable concepts,
enabling explanations that are inherently aligned with the model’s internal reasoning.
However, designing interpretable architectures for time series remains particularly
challenging, as temporal concepts are rarely local or static. Instead, they are defined by
structured relationships over time, such as ordering, duration, recurrence, and temporal
constraints, which are difficult to capture using standard neural representations alone.

At the same time, purely symbolic approaches to time series analysis, while offering
transparency and formal guarantees, often struggle to scale to noisy, high-dimensional,
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and heterogeneous data. Hand-crafted rules or logical specifications may fail to
capture the variability and complexity of real-world signals, limiting their predictive
performance and adaptability. This creates a persistent tension between statistical
expressiveness and symbolic interpretability. For time series data, this tension is
especially pronounced: meaningful patterns are not defined solely by local signal values,
but by higher-level temporal relationships that unfold across multiple time scales.

Bridging this gap requires models that can learn directly from raw temporal data
while reasoning in terms of structured, human-understandable temporal concepts. Such
models must combine the representational power and scalability of deep learning
with the semantic clarity, compositionality, and verifiability of symbolic reasoning.
Addressing this challenge is essential for developing time series models that are not only
accurate, but also trustworthy, auditable, and suitable for deployment in safety-critical
environments.

1.1 Research Objective

The central objective of this thesis is to develop a time series classification framework
that reconciles high predictive performance with native interpretability. Rather than
treating explainability as an external diagnostic tool applied after training, the goal is to
design models in which explanations are an integral part of the decision-making process.
In particular, model predictions should be explained directly in terms of semantically
grounded temporal concepts that are meaningful to human users, enabling transparent
reasoning, verification, and insight extraction.

To this end, the thesis investigates how formal temporal logic can be systematically
integrated into modern learning architectures for time series. Temporal logic provides a
structured and expressive language for describing temporal patterns such as persistence,
ordering, recurrence, and bounded temporal constraints, which are central to many real-
world time series phenomena. By embedding time series data into a symbolic concept
space defined by temporal logic specifications, the proposed framework aims to bridge
the gap between continuous neural representations and discrete, human-interpretable
temporal abstractions.

A key objective is to enable the joint optimisation of predictive accuracy and
interpretability. This involves learning both how temporal concepts relate to raw time
series data and how these concepts contribute to the final classification decision. As
a result, explanations are not derived through post-hoc approximation methods, but
emerge directly from the model’s internal structure and learned parameters. This joint
optimisation ensures that explanations are faithful to the classifier’s actual reasoning
process, while remaining stable and semantically meaningful.

More broadly, this thesis seeks to contribute to the development of neuro-symbolic
approaches for time series analysis that combine the scalability and expressive power
of deep learning with the transparency, compositionality, and formal grounding of
symbolic reasoning. By focusing on time series classification, the work aims to
demonstrate that it is possible to achieve competitive performance on complex temporal
data while simultaneously providing explanations that are suitable for deployment in
safety-critical and high-stakes application domains.
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1.2 Contributions

This thesis makes the following main contributions:

« The STELLE Framework and STL - Based Trajectory Embedding.
We introduce STELLE (Signal Temporal Logic Embedding for Logically-
grounded Learning and Explanation), an interpretable-by-design neuro-symbolic
architecture for time series classification. At its core, STELLE relies on a novel
trajectory embedding kernel based on STL quantitative robustness, which maps
raw time series into a semantic concept space defined by temporal logic formulae,
thereby tightly coupling prediction and explanation within a single learning
framework.

« Integrated Local and Global Explanations. We develop an explanation
mechanism that produces both instance-level and class-level explanations from the
same model, without requiring additional post-hoc procedures.

« Extensive Empirical Evaluation. We conduct a comprehensive experimental
study across univariate and multivariate benchmarks, including ablation and
sensitivity analyses, demonstrating that STELLE achieves competitive accuracy
while producing concise and faithful symbolic explanations.

Publications

The body of work developed during this doctoral research is consolidated in the
STELLE framework, which unifies several years of research on time series explainability,
temporal logic, and concept-based reasoning. The journal submission listed below
represents the integrated and mature form of these contributions.

« [1] Irene Ferfoglia, Simone Silvetti, Gaia Saveri, Laura Nenzi, and Luca Bortolussi.
Guided by stars: Interpretable concept learning over time series via temporal logic
semantics, 2025.

A preliminary version of this research was published as:

« [2] Irene Ferfoglia, Gaia Saveri, Laura Nenzi, and Luca Bortolussi.  Ecats:
Explainable-by-design concept-based anomaly detection for time series. In
Tarek R. Besold, Artur d’Avila Garcez, Ernesto Jimenez-Ruiz, Roberto Confalonieri,
Pranava Madhyastha, and Benedikt Wagner, editors, Neural-Symbolic Learning and
Reasoning, pages 175-191, Cham, 2024. Springer Nature Switzerland. ISBN 978-3-
031-71170-1.

Several components presented in this thesis, including the expanded theoretical analysis,
extensive experimental evaluation, and the ablation and sensitivity studies, are original
to this work and were not included in the published or submitted manuscripts.
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Roadmap

This thesis is organised into two main parts.

Part I (Background and State of the Art) provides the theoretical and methodological
foundations necessary to contextualise the proposed research. Chapter 2 reviews the
evolution of machine learning, focusing on the rise of deep learning and the associated
challenges related to model complexity and interpretability. Chapter 3 introduces time
series analysis, covering fundamental definitions, classical approaches, and the state of
the art in time series classification. Chapter 4 examines the interpretability problem
in modern machine learning, discussing Explainable Artificial Intelligence, regulatory
perspectives, and existing explanation paradigms, with particular attention to time
series data. Chapter 5 introduces temporal logic, progressing from symbolic logic to
Signal Temporal Logic (STL) and its quantitative semantics. Chapter 6 discusses neuro-
symbolic artificial intelligence and concept-based models as a framework for integrating
statistical learning with symbolic reasoning. Part I concludes with Chapter 7, which
synthesises the reviewed literature and identifies the research gaps addressed in this
thesis.

Part II (Core Contribution) presents the main contributions of this thesis and is

organised into two complementary components: the proposed method and its empirical
evaluation. Chapter II introduces the STELLE framework in its entirety, formalising the
problem of logically grounded interpretable learning and presenting Signal Temporal
Logic (STL) as the underlying concept language. It details the construction and
selection of interpretable concept sets, introduces the trajectory-formula embedding
kernel for jointly representing STL formulae and time series trajectories, and describes
the STELLE architecture, including its embedding layers, discriminability mechanism,
concept relevance modelling, and interpretability-by-design properties. The chapter
further presents the explanation framework integrated into the model, covering the
extraction of local and global explanations and the post-processing steps adopted to
improve their readability and semantic clarity.
Chapter 9 reports the experimental evaluation of STELLE, including the datasets
considered, training protocols, baseline methods, and quantitative results on both
classification performance and explanatory quality. Chapter 10 presents ablation and
sensitivity studies, analysing the impact of key design choices related to concept
set construction, kernel formulation, architectural components, and explanation
mechanisms.

Finally, Chapter 11 concludes the thesis by summarising the main contributions,
discussing limitations, and outlining directions for future research.
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Chapter 2

The evolution of Machine Learning

The development of Artificial Intelligence (AI) has long been driven by the goal of
building machines capable of learning from data. Over several decades, this effort has
led not only to new algorithms, but also to a shift in how intelligence itself is understood,
going from systems governed by hand-crafted rules to models that infer patterns, make
predictions, and adapt based on experience. Machine Learning (ML) lies at the centre of
this shift, providing the theoretical foundations and practical methods that enabled Al
to move towards data-driven generalisation [3, 4, 5].

This chapter reviews the evolution of machine learning, from early symbolic approaches
and statistical methods to the rise of deep learning, which now plays a dominant role
in the field [6]. We outline the core principles shared by learning systems, highlight
the main historical milestones, and discuss the specialised architectures developed to
address increasingly complex data types. Placing these developments in context helps
clarify both the strengths of modern machine learning and the open challenges it
faces, in particular the tension between predictive performance and interpretability that
motivates the research presented in this thesis [7].

2.1 Core Principles

At its core, machine learning addresses the problem of generalisation, that is, learning
from a finite set of examples in a way that enables accurate predictions on previously
unseen data [8]. This goal is common to all machine learning approaches and
distinguishes learning systems from those that simply store or recall information.
Successful generalisation requires a model to capture the underlying structure of the
problem while remaining robust to the noise that is inevitably present in real-world
data [9].

This behaviour is mainly governed by the bias—variance trade-off, which characterises
a model’s tendency to underfit or overfit the training data [10]. Models that are
too simple fail to represent important patterns, resulting in underfitting and poor
performance on both training and test data. At the opposite extreme, overly flexible
models may fit the training data too closely, including noise, and consequently generalise
poorly. Designing effective learning algorithms therefore amounts to balancing model
expressiveness and robustness, so that the true signal is captured without overreacting
to random fluctuations [9, 11].
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Figure 2.1: A schematic timeline of major developments in machine learning,
highlighting key algorithmic milestones and shifts in dominant paradigms.

Different learning paradigms approach this challenge in distinct ways. In supervised
learning, models are trained using labelled data to learn a mapping from inputs to desired
outputs. Unsupervised learning removes this guidance, instead aiming to uncover latent
structure, regularities, or low-dimensional representations in the data. Reinforcement
learning addresses learning in a sequential setting, where an agent interacts with an
environment and improves its behaviour based on reward signals [12]. Despite their
differences, all three paradigms are united by the same objective, extracting knowledge
from experience that generalises beyond the observed data.

2.2 Historical Milestones

The history of machine learning is characterised by alternating periods of rapid progress
and enthusiasm, followed by phases of scepticism and reduced funding, commonly
referred to as “Al winters” [13]. These cycles were largely driven by the gap between
ambitious expectations and the practical limitations of available models, data, and
computational resources.

Figure 2.1 presents a high-level overview of key developments in machine learning,
illustrating major paradigm shifts and the emergence of influential methods over time.

The early period of the 1950s and 1960s saw the introduction of the Perceptron by
Frank Rosenblatt [14], a single-layer neural network capable of learning simple binary
classification tasks. Beyond its immediate algorithmic contribution, the Perceptron was
important as the first concrete instantiation of the connectionist paradigm, demonstrating
that learning could emerge from networks of simple computational units. This
initial optimism was, however, tempered by its inherent limitations. The influential
analysis of Minsky and Papert [15] showed that single-layer networks were unable to
represent basic non-linear functions, such as the XOR relation. This critique exposed a
fundamental architectural shortcoming and led to a decline in neural network research,
with attention shifting back towards symbolic, rule-based approaches that dominated
Al for much of the following decade.

The 1980s marked a revival of connectionist methods, driven largely by the
rediscovery and popularisation of the backpropagation algorithm [16]. Backpropagation
provided an efficient mechanism for training Multi-Layer Perceptrons (MLPs), enabling
networks to overcome the expressiveness limits of single-layer models and to learn more



2.3. THE DEEP LEARNING REVOLUTION 8

complex, hierarchical representations. During the same period, alternative learning
paradigms gained traction, including decision trees, valued for their interpretability and
ability to model non-linear decision boundaries through simple rules, and instance-
based methods such as k-nearest neighbours, which offered a flexible and intuitive non-
parametric approach to classification.

The 1990s and 2000s were dominated by kernel methods, most notably Support
Vector Machines (SVMs) [17]. Their success was largely due to the kernel trick, which
made it possible to handle highly non-linear problems by implicitly mapping data into
high-dimensional feature spaces without incurring prohibitive computational costs. In
parallel, ensemble methods such as Random Forests [18] became increasingly popular.
By aggregating many high-variance decision trees, typically through bagging and
random feature selection, these models achieved strong performance and robustness
via a form of collective averaging.

The most recent phase, beginning in the 2o010s, has been shaped by the rapid rise
of deep learning. This shift was enabled by several converging factors, including the
availability of large-scale labelled datasets (such as ImageNet [19]), advances in parallel
computing through GPUs, and architectural innovations like Rectified Linear Units
(ReLU) and Dropout that improved the stability of training deep networks. Deep neural
models achieved dramatic performance gains in a range of previously challenging tasks.
Notable examples include the success of Convolutional Neural Networks (CNNs) in image
recognition [20], where spatial hierarchies are learned directly from raw pixels, and the
application of Recurrent Neural Networks (RNNs) to sequential domains such as speech
recognition and machine translation.

2.3 The Deep Learning Revolution

While the theoretical foundations for deep learning, i.e., artificial neural networks
and the backpropagation algorithm, were established in the previous century, their
convergence with three critical enablers in the early 2010s catalysed the modern
revolution: massive datasets, specialised hardware, and software ecosystems.

Deep Learning is built upon the foundational concept of Artificial Neural Networks
(ANNSs). The field’s simplest unit, the Perceptron, performs a weighted sum of its inputs
and passes the result through a step function to produce a binary output. While powerful
for linearly separable problems, its limitations were stark. The advent of the multi-
layer perceptron, comprising an input layer, one or more hidden layers, and an output
layer, overcame this by enabling the learning of non-linear decision boundaries. The
critical algorithm that made training these networks feasible is backpropagation, which
efficiently calculates the gradient of the loss function with respect to each weight by
applying the chain rule, propagating error signals backwards through the network to
guide weight updates.

The training of deep networks is computationally intensive, relying on massive
matrix multiplications. The adoption of Graphics Processing Units (GPUs), with their
thousands of cores designed for parallel processing, provided a million-fold increase
in computational speed over CPUs, making the training of deep models practically
feasible. This hardware revolution was accompanied by the rise of open-source software
frameworks like TensorFlow [21] and PyTorch [22], which abstracted away the low-level
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complexities of gradient computation and provided robust, scalable environments for
research and development, democratising access to state-of-the-art tools.

A key component enabling non-linearity in these networks is the activation
function. Functions such as the logistic sigmoid and the hyperbolic tangent (tanh)
were historically common, but they are susceptible to the vanishing gradient problem
in deep architectures. This issue arises when gradients become progressively smaller
as they are propagated backwards through many layers, eventually approaching zero
and preventing the earlier layers from learning effectively. The Rectified Linear Unit
(ReLU) [23], which outputs the input directly if positive and zero otherwise, largely
mitigated this issue and became the default activation in many architectures due to its
computational simplicity and improved gradient flow.

Training deep neural networks also requires careful choices in both output activations
and optimisation strategies. In classification tasks, the softmax function is typically
employed in the final layer to transform raw scores into a normalised probability
distribution. Beneath this, learning is driven by variants of gradient descent. Although
standard stochastic gradient descent provides the conceptual foundation, modern deep
learning relies on adaptive methods such as Adam [24], which adjust learning rates
dynamically for each parameter to improve stability and convergence. Given the
expressive capacity of deep models, mitigating overfitting and stabilising training are
equally important. Dropout [25] introduces stochasticity by randomly deactivating a
proportion of neurons during training, encouraging the network to rely on distributed,
robust representations. Complementing this, batch normalisation [26] normalises
intermediate activations, smoothing the loss landscape and accelerating training by
reducing internal covariate shift. Together, these optimisation and regularisation
techniques underpin the practical success of contemporary deep learning.

The field has progressed through the development of specialised neural network
architectures designed for specific data modalities. The release of large-scale, labelled
datasets like ImageNet [19] was instrumental in this progress, providing the fuel for
complex models. For processing grid-like data such as images, convolutional neural
networks were revolutionary. Pioneered by LeCun et al. [27] for digit recognition, their
core operations (convolution and pooling) exploit translational invariance, allowing
them to hierarchically learn spatial features, from edges to complex objects. This
culminated in deep CNNs [20] that achieved outstanding performance on image
classification tasks. For sequential data like text or time series, recurrent neural networks
such as the Elman network [28], were designed with loops to persist information
across time steps. However, simple RNNs suffer from the vanishing gradient problem
when learning long-range dependencies. This was addressed by more complex gated
units, most notably the Long Short-Term Memory (LSTM) network [29] and the Gated
Recurrent Unit (GRU) [30], which use gating mechanisms to selectively remember or
forget information over long periods. Such gates selectively retain or erase information,
ensuring gradients can propagate over long time spans.

A paradigm shift occurred with the introduction of the attention mechanism [31],
which allowed models to dynamically focus on the most relevant parts of the input
sequence when producing an output. This concept was perfected in the Transformer
architecture [32], which relies solely on self-attention mechanisms, dispensing with
recurrence entirely. This design enables significantly greater parallelisation during
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training and has become the dominant architecture not only for natural language
processing but also for vision and multimodal tasks. Underpinning the success of
these architectures is the concept of representation learning, where models automatically
discover the hierarchical representations needed for feature detection or classification
from raw data. This is exemplified by embeddings [33] (dense, lower-dimensional vector
representations of discrete entities), autoencoders [34] (networks trained to reconstruct
their input through a compressed bottleneck layer), and more recently, contrastive
learning [35] (which learns representations by contrasting positive and negative data
pairs).

2.4 Fundamental challenges

The remarkable progress in machine learning, particularly in deep learning, has
unlocked unprecedented capabilities. However, this progress has also exposed and
amplified a set of fundamental challenges that continue to limit the applicability,
reliability, and trustworthiness of ML systems [5, 11]. These challenges are especially
pronounced in critical domains where decisions have significant consequences.

The interpretability crisis. The most widely discussed challenge stemming from
the deep learning revolution is the interpretability crisis [7, 36, 37]. As models have
grown more complex, from intelligible linear models and decision trees to deep neural
networks with millions or even billions of parameters, their internal workings have
become increasingly opaque, offering little visibility into how decisions are formed [38].
This opacity creates a critical barrier to adoption in fields like healthcare, finance, and
criminal justice, where understanding the why behind a decision is as important as the
decision itself [39]. It hinders debugging, complicates the detection of biased reasoning,
and undermines user trust, creating a central tension between model performance and
model transparency.

Data dependency and quality. The performance of modern ML models is heavily
dependent on the data they are trained on, giving rise to several related challenges

[40, 41, 42, 43]:

« Data hunger. Deep learning models typically require vast amounts of labelled
training data to achieve high performance, which can be expensive, time-
consuming, or simply impossible to acquire in certain domains (e.g., rare diseases).

« Data bias. Models can easily learn and amplify spurious correlations and
societal biases present in the training data. This leads to issues of fairness and
discrimination, where models perform poorly for under-represented subgroups.

« The Garbage In, Garbage Out principle.  Noisy, incorrectly labelled, or
unrepresentative data will inevitably lead to an unreliable and untrustworthy
model, regardless of the sophistication of the algorithm.
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Figure 2.2: Examples of common generalisation failures in machine learning.
Computational and environmental costs. The pursuit of state-of-the-art

performance has led to an exponential growth in model size and computational
requirements. Training large models, such as modern large language models, requires
immense computational resources, leading to high financial costs and a significant
environmental footprint due to the associated energy consumption. This creates
barriers to entry for smaller research institutions and raises ethical questions about the
sustainability of the field’s current trajectory [44, 45, 46].

Generalisation and robustness. A core aim of ML is to build models that generalise
well to unseen data. However, several issues complicate this [11, 47]:

« Overfitting. Complex models can memorise noise and specific examples in
the training data rather than learning the underlying pattern, causing poor
performance on new data (Figure 2.2a).

o Adversarial attacks. Models are often surprisingly fragile. Small, carefully crafted
perturbations to input data, imperceptible to a human, can cause the model to make
highly confident incorrect predictions, revealing a lack of robustness and posing
security risks [48].

« Out-of-distribution generalisation (OOD). Models frequently fail when faced with
data that comes from a different distribution than the training data (e.g., a model
trained on daytime images failing on nighttime images), highlighting a lack of true
reasoning and understanding [49] (Figure 2.2b).

The Challenge of Temporal Data

While machine learning and deep learning models have solved innumerable complex
problems, applying them to time series data presents a unique and formidable set
of challenges compared to working with static, independent data points [50]. The
core difficulty lies in the violation of the fundamental assumption of independence
and identical distribution (i.i.d.) that underpins many classical ML algorithms. In
time series, observations are inherently temporally dependent: the value at time ¢ is
almost always influenced by values at times ¢t — 1,¢ — 2, etc. This temporal structure
contains critical information (e.g., trends, seasonality, autocorrelation) that must be
explicitly modelled. Furthermore, time series can be plagued with non-stationarity,
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where their statistical properties (like mean and variance) change over time. Noise,
missing values, and the need to model variable-length sequences add further complexity.
Consequently, specialised architectures like LSTMs [29], with their gating mechanisms
to control information flow, and Temporal Convolutional Networks (TCNs) [51], which
use dilated causal convolutions, have been developed to directly capture these long-
range, hierarchical temporal dependencies [52, 53]. However, these deep learning
solutions often achieve performance at the expense of interpretability, making time
series learning a distinct and critically important area of research where the tension
between accuracy and transparency is acutely felt.

Concluding Remarks

The historical development of machine learning shows a steady increase in model
expressiveness, moving from rule-based systems to deep architectures capable of
capturing highly complex patterns. However, this increase in capacity has also made
models harder to analyse and validate. Questions of generalisation, robustness, and
interpretability have not disappeared; if anything, they have become more difficult to
address as models grow in complexity.

These issues become even more pronounced in sequential settings. Temporal
dependence, non-stationarity, and long-range interactions introduce challenges that
cannot be fully understood through general machine learning principles alone. For this
reason, the next chapter turns specifically to time series classification, examining the
distinctive characteristics of temporal data and clarifying why interpretability in this
domain requires dedicated methodological attention.



Chapter 3

Time Series Analysis

Time series data pervades modern science and industry, from financial markets and
climate systems to medical diagnostics and industrial sensors. Unlike static datasets,
time series encode temporal dynamics such as trends, seasonality, dependencies, and
non-stationarities, that require specialised analytical frameworks. This chapter provides
a comprehensive overview of time series analysis, beginning with foundational concepts
and classical statistical methods before surveying the state of the art in machine learning
approaches. We examine the unique challenges posed by temporal data, and we establish
the technical landscape within which the interpretability challenges addressed by this
thesis become particularly acute: as time series models have grown more powerful, they
have simultaneously become more opaque, creating an urgent need for transparent,
semantically grounded approaches to temporal reasoning.

3.1 Definition and properties

Time series data arises whenever observations are collected sequentially over time,
capturing the dynamic evolution of a process or system. This form of data is pervasive
across scientific and industrial domains, from finance and medicine to engineering and
environmental monitoring. Its defining characteristic is the inherent temporal ordering
of observations: the sequence is not arbitrary, and the relative position of each data point
carries essential information about the underlying dynamics.

As a consequence, time series typically exhibit temporal dependence, whereby the
value observed at time ¢ is statistically related to past observations (e.g., at t — 1,¢ —
2,...). Beyond this dependence structure, real-world time series often display additional
properties such as trend, corresponding to long-term increases or decreases in the signal,
and seasonality, characterised by regular and repeating patterns driven by temporal
cycles such as hours, days, or seasons. Moreover, many time series are non-stationary,
meaning that their underlying statistical properties—such as mean and variance—evolve
over time, posing significant challenges for both modelling and inference [54, 55].

Time series can be categorised along several dimensions. A primary distinction
is between univariate time series, which consist of a single observed value per time
stamp, and multivariate time series, which contain multiple, potentially interdependent
variables measured simultaneously [56, 57]. They can also be classified by their
sampling: regularly sampled series have equidistant time intervals (e.g., hourly stock
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prices, daily temperature), whereas irregularly sampled series have non-uniform time
gaps between observations (e.g., medical lab tests, network event logs). Finally, the
values themselves can be continuous (real-valued measurements like sensor data) or
symbolic (discrete symbols from a finite alphabet, often derived from preprocessing
continuous data) [58].

Modelling time series presents multiple distinct challenges. Missing data is a
frequent issue, whether due to sensor failure or irregular sampling, and must be
handled via imputation or model-based approaches. The presence of noise (random
variations or errors that obscure the underlying signal) requires robust modelling and
filtering techniques. Scaling multivariate series where variables have different units and
value ranges is often necessary. Furthermore, the high dimensionality of long and/or
multivariate series can lead to computational bottlenecks and the curse of dimensionality,
that is, the phenomenon where data becomes increasingly sparse as the number
of dimensions grows, making it difficult to find meaningful patterns and requiring
exponentially more data for reliable statistical inference, therefore necessitating efficient
algorithms and feature reduction [59, 60].

The applications of time series modelling are vast and often safety- or mission-
critical. In finance, time series analysis underpins tasks such as stock price forecasting,
market risk assessment, and algorithmic trading. In healthcare, it plays a central
role in electrocardiogram (ECG) analysis, sleep stage scoring, patient monitoring, and
epidemic forecasting. Industrial applications include predictive maintenance through
sensor-based fault detection and supply chain optimisation via demand forecasting. A
prominent modern example is Human Activity Recognition [61], where multivariate
time series collected from wearable or smartphone sensors are classified into activities
such as walking, running, or sitting.

These diverse application domains place stringent requirements on time series models,
demanding not only accuracy and scalability, but also robustness, interpretability, and
the ability to capture complex temporal dependencies.

3.2 Classical methods

Classical statistical methods provide a strong foundation for time series analysis.
Autoregressive (AR) models predict future values based on a linear combination of
past values. This concept was extended into the Autoregressive Integrated Moving
Average (ARIMA) framework [55], which incorporates differencing to handle non-
stationarity and moving averages of past forecast errors. For multivariate series, Vector
Autoregression (VAR) models capture the linear interdependencies between multiple time
series [62]. Hidden Markov Models (HMMs) [63] are a generative approach that assumes
the observed series is produced by a underlying, unobserved Markov process with a finite
number of states, making them highly effective for tasks like speech recognition. Kalman
filters [64] are another pioneering technique, providing an efficient recursive algorithm
to estimate the state of a dynamic system from a series of noisy measurements, with
extensive applications in tracking and control systems.

The limitations of these classical methods, particularly their often-linear assumptions
and difficulty capturing complex non-linear patterns, prompted a transition to machine
learning approaches. Early ML methods for time series included distance-based
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approaches for classification and clustering, using specialised metrics like Dynamic
Time Warping (DTW) [65] to compare series of different lengths and speeds. The
concept of shapelets (discriminative, phase-independent subsequences) was developed
for interpretable time series classification [66]. A common pipeline involved manual
feature extraction (e.g., deriving statistical properties like variance, Fourier coefficients),
which would then be fed into standard classifiers like SVMs or Random Forests.

While these classical and early machine learning approaches provide a strong
methodological foundation, the increasing complexity, scale, and non-linearity of real-
world time series data has driven the field towards more sophisticated modelling
paradigms, as surveyed in the following state of the art.

3.3 State of the Art

As discussed, Time Series Classification (TSC) is a central problem in machine learning,
with wide-ranging applications in finance, healthcare, industrial monitoring, and human
activity recognition. The proliferation of sensors and IoT devices has led to an explosion
of such data, making scalable and interpretable analysis more critical than ever. Unlike
static feature vectors, time series consist of ordered, and often multivariate, observations
that encode both temporal dependencies and dynamic patterns. This sequential
nature introduces unique challenges such as variable length, temporal distortions, non-
stationarity, and high dimensionality.

Distance-Based Approaches. One of the earliest and most widely used approaches
to TSC is based on distance measures. The k-Nearest Neighbour (k-NN) classifier
with Dynamic Time Warping (DTW) remains a remarkably strong baseline [67]. DTW
aligns sequences by allowing non-linear warping in the time dimension, enabling
robust classification in the presence of local misalignments, though its quadratic
complexity O(n?) limits scalability for long series. Numerous variations exist, such
as constrained DTW, weighted DTW, and derivative DTW, each addressing different
aspects of similarity. Other distance measures include Euclidean distance (fast but
alignment-sensitive) and Edit Distance with Real Penalty (ERP) [68], which generalises
edit distance for real-valued signals [67]. While distance-based approaches are simple
and effective, their scalability is limited by the need to compute pairwise distances, which
becomes prohibitive for large datasets. Ensemble methods built on these measures, such
as Proximity Forest [69], have been developed to improve accuracy and robustness while
mitigating the inherent limitations of single distance measures.

Feature-Based Approaches. To address scalability, feature-based methods transform
raw time series into discriminative representations that can be used with classical
machine learning algorithms. Feature engineering has included statistical summaries
(mean, variance, autocorrelation), frequency-domain features (Fourier or wavelet
transforms), and symbolic approximations such as Symbolic Aggregate approXimation
(SAX) and Symbolic Fourier Approximation (SFA) [70, 71]. More advanced methods
include shapelets [66, 72], discriminative subsequences that capture local patterns
strongly correlated with class labels. Shapelets provide intuitive interpretability
by explicitly linking subsequences to class membership, though discovering optimal
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shapelets can be computationally expensive.

Ensemble-based feature methods, such as the Hierarchical Vote Collective of
Transformation-based Ensembles (HIVE-COTE) and its successor HIVE-COTE 2.0 [73],
represent a significant advance by combining multiple heterogeneous representations
(including interval-based, shapelet-based, and spectral features) into a meta-ensemble,
achieving state-of-the-art accuracy for several years. Other notable methods include the
Random Interval Spectral Ensemble (RISE) [74] and the broadly adopted Random Forest
algorithm applied to extracted features.

Model-Based Approaches. Model-based methods learn generative or probabilistic
models tailored to time series. Hidden Markov Models (HMMs) have historically
been used for speech and biological sequence classification by capturing latent state
transitions. Autoregressive models (AR, ARIMA, VAR) and Gaussian processes have also
been applied for both forecasting and classification [75]. These methods excel when the
generative assumptions match the data but often struggle with complex or noisy real-
world signals.

Deep Learning Approaches. The availability of large benchmark datasets (e.g.,
UCR/UEA archives [76]) has catalysed the rise of deep learning for TSC, shifting the
paradigm from hand-crafted features to learned representations. Convolutional Neural
Networks (CNNs) can capture local temporal motifs, while Residual Networks (ResNets)
and InceptionTime architectures [50] provide hierarchical feature extraction. Recurrent
Neural Networks (RNNs) and Long Short-Term Memory (LSTM) networks model
sequential dependencies but are often outperformed by CNNs in practice. More recently,
self-attention mechanisms and Transformers have shown promise for capturing long-
range temporal dependencies [77, 78] though their quadratic complexity has led to
efficient adaptations like Informer [79] and PatchTST [80] for longer sequences. Other
notable architectures include TapNet [81], which incorporates attentional prototypes,
and the highly accurate convolution-based ensemble MultiRocket [82]. Despite their
accuracy, deep models face significant drawbacks: they often require large datasets, are
computationally expensive, and often lack interpretability, which limits their adoption
in domains where transparency is critical.

Embedding-Based and Representation Learning Methods. A recent trend
involves embedding-based methods, which map time series into fixed-length vector
representations suitable for standard classifiers. Techniques include autoencoder-
based embeddings, random convolutional kernels, and contrastive self-supervised
learning frameworks [83, 84]. These approaches enable scalable learning by decoupling
representation learning from classification, and they can generalise across domains
with transfer learning. Embedding approaches are particularly attractive for large,
heterogeneous datasets, though they inherit the black-box nature of the underlying
representation [85] as the learned embeddings, while powerful, are not inherently
interpretable.
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Summary and Open Challenges

Time series classification has evolved through several methodological paradigms,
ranging from early distance-based techniques to modern ensemble methods and deep
representation learning approaches. Distance-based methods provide strong and
conceptually simple baselines, but often suffer from poor scalability when applied to
long or high-dimensional series. Feature-based approaches, which rely on manually
engineered descriptors, offer a degree of interpretability but are highly dependent on
careful feature design and domain expertise. Model-based techniques are grounded in
solid statistical theory, yet their underlying assumptions can be restrictive and limit
their applicability to complex real-world data. In contrast, deep learning methods
achieve state-of-the-art accuracy by learning rich hierarchical representations directly
from data, but they are typically opaque, computationally demanding, and difficult
to interpret. Embedding-based approaches offer a flexible and scalable alternative
by transforming time series into fixed-dimensional representations, although they
frequently lack transparency and provide limited insight into the decision process.

Despite the wide range of techniques developed for time series classification, the
methods that achieve the highest empirical performance are predominantly deep
learning or embedding-based models. While effective, these approaches tend to trade
interpretability for accuracy, offering limited visibility into the internal mechanisms
that drive their predictions. This opacity poses significant challenges in application
domains where accountability, safety, and trust are critical, and where understanding
the rationale behind a decision is as important as the decision itself.

As a result, the choice of an appropriate classification method remains inherently
application-dependent, requiring a careful balance between predictive performance,
scalability, and interpretability. Addressing this trade-off remains an open challenge
in the field and directly motivates the exploration of neuro-symbolic approaches. By
incorporating structured symbolic representations, such as temporal logic, into learning-
based models, neuro-symbolic methods aim to combine the expressive power of modern
data-driven techniques with transparent, semantically grounded explanations.
However, while neuro-symbolic approaches offer a promising direction, they also raise
fundamental questions about what interpretability should mean in practice. Before
proposing a concrete framework, it is necessary to examine more carefully how
explanation has been defined and operationalised in machine learning. The next chapter
therefore shifts focus from classification methods to the broader landscape of explainable
and interpretable Al, clarifying the conceptual foundations on which a temporally
grounded approach must build.



Chapter 4

The Interpretability Crisis and
Explainable Al

The unparalleled performance of deep learning has come at a cost: a profound crisis of
interpretability. As opaque models are increasingly deployed in safety-critical domains,
their inability to explain their reasoning has evolved from a technical limitation into a
fundamental barrier to trust, accountability, and adoption. This tension between power
and understanding has given rise to the critical field of Explainable Artificial Intelligence
(XAI).

Within this field, two closely related concepts, interpretability and explainability, are
often used interchangeably, yet they capture distinct goals [7].

« Interpretability refers to the degree to which a human can directly understand the
internal mechanics of a model without the need for additional explanatory tools. It
is an intrinsic property of the model itself (e.g., linear models or decision trees).

« Explainability refers to the degree to which the reasoning of a more complex
or opaque model can be made understandable through post-hoc techniques, often
through the use of external methods that approximate its internal logic (e.g.,
saliency maps, feature attributions, rule extraction).

Both are essential in high-stakes applications: interpretability ensures that models can
be audited at design time, while explainability provides insight into complex models
already deployed.

4.1 History of XAI

The concern for model understanding has a clear historical context. The era of symbolic
AL or Good Old-Fashioned AI (GOFAI) [86], was characterised by systems built on
explicit rules and logical paradigms. These systems, such as decision trees and rule-
based classifiers, were interpretable by design: a user could trace a line of reasoning back
through a chain of rules to understand why a specific conclusion was reached. The shift
towards statistical machine learning and, most notably, the rise of deep learning, revived
what is often referred to as the black box problem. The strength of these modern models,
their ability to learn intricate, non-linear patterns from vast amounts of data, is precisely
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what makes them opaque. Their complex, high-dimensional internal representations are
profoundly difficult for a human to decipher, creating a tension between performance
and understanding.

Early machine learning techniques often prioritised interpretability. Decision trees
[87] provide a transparent, flowchart-like structure where a classification decision can
be traced along a path of clear, human-readable conditions. Similarly, rule-based systems
generate a set of “if-then” rules that are immediately understandable to a domain expert.
The trade-off was that these models often lacked the predictive power and flexibility
to capture the complexity present in real-world data, leading to the adoption of more
powerful but less transparent alternatives. At this stage, the drive for interpretability
was largely driven by technical and academic interest in understanding model behaviour.

In the current era, the motivations for Explainable Al (XAI) have moved beyond
technical curiosity to become a matter of practical, ethical, and legal necessity. This is
driven by the widespread adoption of machine learning in safety-critical domains such
as healthcare, finance, and autonomous systems, which has raised profound concerns
about the opacity of modern models. Deep learning architectures, while highly accurate,
are often criticised for their lack of interpretability, owing to the complexity of their
internal representations. This opacity hinders trust, prevents effective debugging, and
complicates compliance with emerging regulatory frameworks like the EU’s Al Act
[88], which mandates transparency and accountability for high-risk Al systems, making
explainability a legal requirement rather than just a technical desire. This regulatory
pressure, initially sparked by the GDPR and alongside a broader push for trustworthy Al
[89], has made explainability a prerequisite for deployment. Consequently, stakeholders,
including developers, regulators, and end-users, require assurances that models are
making decisions for the right reasons, are free from harmful biases, and can be audited.
To address these concerns, the research fields of Explainable Artificial Intelligence and
Interpretable Machine Learning have emerged.

4.2 Regulatory Drivers of Explainability: GDPR and
EU AI Act

Explainability in Al is not merely a technical desideratum but also a legal imperative
especially in the European Union, where two landmark regulations define the landscape.
The General Data Protection Regulation (GDPR), which entered into force in 2018,
already imposes clear transparency obligations on automated decision-making systems.
Article 22 establishes the “right not to be subject to a decision based solely on automated
processing, including profiling, which produces legal effects concerning him or her or
similarly significantly affects him or her”, and Recital 71 further emphasises that such
safeguards should include “the right to obtain an explanation of the decision reached”.
While legal scholars debate whether this constitutes an explicit “right to explanation”
[90], it is widely acknowledged that GDPR obliges data controllers to provide affected
individuals with meaningful information about the logic and consequences of automated
decisions. This requirement is particularly salient in domains such as lending, hiring,
healthcare, and criminal justice, where opaque models can directly impact fundamental
rights.
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The EU AI Act [88] builds upon this foundation, representing the first comprehensive

regulatory framework targeting artificial intelligence as a distinct class of technology.
Published in the Official Journal of the EU in July 2024 and entering into force on 1
August 2024 [91], the Act introduces a risk-based framework categorising Al systems
into unacceptable, high-risk, limited-risk, and minimal-risk applications.
Provisions are phased in over time [92]: from February 2025, systems deemed
“unacceptable risk” (such as social scoring or real-time biometric surveillance in
public spaces) are prohibited; from August 2025, governance mechanisms, enforcement
structures, and obligations for general-purpose Al (GPAI) come into effect; and
by August 2027, full requirements for high-risk Al systems, including conformity
assessments, risk management systems, and explainability obligations, will be
enforceable. Crucially, Articles 13 and 14 of the AI Act require that high-risk
systems be accompanied by transparent documentation, traceability mechanisms, and
human-machine interfaces that provide “meaningful information” about their logic,
capabilities, and limitations. Violations of these obligations can incur substantial
penalties, including fines of up to €35 million or 7% of global turnover, underscoring
the centrality of compliance [93].

Taken together, the GDPR and the AI Act position explainability as a cornerstone
of trustworthy Al within Europe [90, 94, 95]. This regulatory framework elevates the
standard for algorithmic transparency: explanations can no longer be ad hoc post-hoc
rationalisations, unstable attribution maps, or vague visual cues. Instead, they must be
structured, formal, and capable of satisfying both technical and legal scrutiny. For the
research community, this means that explainability must be pursued not only as a means
of building user trust or debugging models, but also as a compliance obligation tied to
verifiability, contestability, and accountability [96]. This shift highlights the need for
approaches that provide logically faithful explanations, motivating the use of temporal
logics such as Signal Temporal Logic (STL), whose formal semantics align naturally with
the requirements of European regulatory frameworks.

4.3 Taxonomy of XAI Methods

The field of Explainable AI (XAI) encompasses a broad range of techniques designed to
make machine learning systems more transparent, trustworthy, and accountable. Two
methodological paradigms dominate this landscape: the first is post-hoc explainability,
which produces explanations after a model has been trained, typically for architectures
that are not inherently interpretable. The second approach involves designing
interpretable-by-design models, which integrate transparency directly into their
architecture, often trading predictive performance for greater human comprehensibility.
Across both paradigms, explanations can target either local or global aspects of the
model, where local explanations clarify the reasons behind a single prediction, while
global explanations describe the model’s overall behaviour across the dataset.

The following subsections present this taxonomy, with an emphasis on their
application and limitations in the context of time series data.
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4.3.1 Local vs Global Explanations

Local explanation methods focus on the decision for an individual instance. In time series
tasks, these explanations typically highlight influential subsequences, time points, or
learned concepts relevant to a specific prediction [97, 98]. Examples include gradient-
based saliency maps [99], SHAP values [100], LIME approximations [101], attention-
weight visualisations and instance-level prototype matches.

Their primary limitations are instability (small input perturbations can produce different
explanations [102]) and weak semantic grounding, especially when domain context is
required to interpret highlighted segments [103].

Global explanation methods characterise model behaviour at a system level, capturing
patterns or rules that hold across the dataset. In the time series domain, examples
include symbolic rules or event primitives approximating decision boundaries [104],
global feature importance rankings, prototype sets representing typical class behaviours,
learned concept spaces and global concept trends.

These explanations offer high-level insights (e.g., “a rising trend followed by a sharp
drop signifies anomaly”), but may oversimplify complex decision functions.

4.3.2 Post-hoc Explainability Methods

Post-hoc XAI methods explain a model after it has been trained and without altering
its architecture. They often rely on proxy analyses such as feature attributions,
surrogate models, rule extraction and perturbation analysis to rationalise the behaviour
of otherwise opaque models. Examples include the aforementioned gradient-based
saliency maps, LIME, SHAP, and rule extraction from deep neural networks, and
surrogate decision trees and counterfactual explanations.

Despite their widespread use, post-hoc methods face several criticisms. First, they
are not guaranteed to faithfully represent the model’s true internal logic, leading to what
Lipton [36] calls the “interpretability fallacy”. Second, explanations can vary across runs,
introducing inconsistency. Third, the semantic relevance of highlighted subsequences
is often unclear without domain expertise [103]. For example, attribution heatmaps
may signal “important” regions in a sensor signal without explaining why those regions
matter, limiting their utility in safety-critical contexts. In short, post-hoc methods often
answer where a model focuses, but struggle to explain what or why.

Gradient-based attribution methods. A widely used family of post-hoc explanation
techniques relies on gradients of the model output with respect to its inputs or internal
representations. The core idea is that the gradient encodes local sensitivity: features
(or latent variables) with large partial derivatives have a stronger influence on the
prediction. Classical saliency maps compute the gradient of the output score with respect
to the input, highlighting regions or time points to which the model is most sensitive
[99].

However, raw gradients can be noisy and unstable, particularly in deep networks
with saturating nonlinearities. Integrated Gradients (IG) [105] was proposed to address
these issues by attributing importance through a path integral of gradients between a
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baseline input and the actual input. Formally, the attribution for feature 7 is defined as
1
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where 2’ is a reference baseline and f is the model output. Integrated Gradients
satisfies desirable axioms such as completeness and sensitivity, providing more stable
and theoretically grounded attributions than single-point gradients.

In the context of time series and concept-based models, gradient-based attribution
can be applied not only to raw inputs but also to intermediate representations, such
as learned features, concepts, or symbolic robustness scores. This enables explanations
that go beyond identifying influential time points, instead quantifying how strongly each
intermediate concept contributes to the final decision. Nevertheless, as with other post-
hoc methods, gradient-based explanations remain local and may not directly correspond
to semantically meaningful reasoning without additional structure or constraints.

dao,

4.3.3 Interpretable-by-Design Models

Interpretable-by-design models aim to make the decision process itself transparent by
construction. Instead of explaining after the fact, they structure the model around
components that can be directly inspected by humans.

Examples include:

« Linear models and decision trees. Explicit parameters and rule structures provide
a clear linkage between input features and outcomes. However, their limited
expressivity makes them ill-suited for high-dimensional or nonlinear time series
data.

* Rule-based and symbolic classifiers. These rely on handcrafted or automatically
extracted symbolic representations (e.g., event primitives [104]) to capture
temporal patterns such as peaks, trends, or abrupt changes. These offer strong
human interpretability but may require domain expertise for rule definition and
validation.

« Shapelet-based models. These identify discriminative subsequences whose presence
or similarity to the input explains classification decisions [66, 72]. Modern deep
shapelet methods learn shapelets jointly with the classifier.

+ Concept-based models. Decisions are expressed in terms of semantically meaningful
concepts, originally in vision (e.g., TCAV [106]) and now extended to time series
via prototypes, symbolic abstractions, or human-defined concepts [103, 107]. These
support queries like “Is this prediction influenced by the concept of irregular
heartbeat?”

Interpretable-by-design models generally provide higher
transparency and accountability than post-hoc approaches, but often at the expense of
predictive performance, particularly on noisy, high-dimensional, or multivariate time
series [37]. Furthermore, the requirement for human-specified concepts or primitives
introduces potential bias, as the space of human-interpretable patterns may not fully
capture the data’s latent structure.
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4.4 XAl for Time Series Data

Compared to computer vision and natural language processing, explainability for time
series is still a developing field. A central challenge is that raw time series data lack
obvious semantics: unlike image patches or words, subsequences of numerical readings
may not have inherent meaning without contextual knowledge. This complicates the
mapping between algorithmic explanations and human understanding.

Specialised methods have therefore emerged:

« Attribution-based approaches. These methods aim to identify which parts of a
time series contribute most strongly to a model’s prediction, typically by assigning
relevance scores to time points, variables, or learned representations. They often
adapt gradient-based techniques, such as saliency maps, Layer-wise Relevance
Propagation (LRP), or Integrated Gradients, as well as attention-based mechanisms
[97]. While such approaches can provide fine-grained localisation of influential
segments, their outputs may be difficult to interpret or validate without substantial
domain expertise, and they do not necessarily guarantee faithful explanations of
the model’s underlying reasoning.

« Prototype and clustering methods. These approaches provide interpretability by
associating predictions with representative trajectories or subsequences, effectively
grounding explanations in example-based reasoning [103]. This resonates with
human reasoning strategies, which often rely on comparison to familiar examples.

* Rule extraction frameworks. These methods attempt to build global, symbolic
explanations. Temporal rules, logical constraints, or parametrised primitives can
capture higher-level dynamics, enabling interpretable reasoning across multiple
time scales [104].

« Hybrid pipelines. These combine local and global explanations, for example by first
using saliency maps to identify important subsequences and then abstracting them
into symbolic rules or prototypes [98]. Such hybrid strategies hold promise for
bridging low-level attribution with high-level human reasoning.

Recent surveys emphasise that XAI for time series remains young and fragmented,
with no widely accepted benchmarks for evaluating explanation quality [103]. Open
challenges include defining faithful yet human-meaningful evaluation metrics, handling
multivariate and irregularly sampled data, and extending interpretability to real-time
and streaming applications. As time series analysis becomes increasingly critical
in medicine, finance, and IoT, addressing these gaps will be vital for trustworthy
deployment.

The Case for Symbolic Logic

For domains where correctness, accountability, and compliance are paramount, post-
hoc explainability may be insufficient [7]. Explanations that rely solely on feature
attributions or surrogate models are often non-deterministic, difficult to verify, and lack
the guarantees required in high-stakes environments [37]. By contrast, symbolic logic
frameworks offer several unique advantages:
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« Mathematical rigour and verifiability. Logical specifications can be formally
reasoned about, verified, and even subjected to automated consistency checks,
ensuring that explanations are not only interpretable but also correct by
construction.

« Conciseness and semantic clarity. Symbolic rules can express temporal phenomena
in human-readable forms (e.g., “event A always precedes event B within 10
seconds”), providing immediate interpretability that aligns closely with human
reasoning.

« Regulatory and ethical alignment. Many application domains are subject to
regulations that require transparency and accountability (e.g., GDPR’s “right to
explanation” [90], see Section 4.2). Logical rules satisfy these demands more
directly than statistical attribution maps.

« Compositionality. Symbolic logic supports the modular combination of rules,
enabling the construction of complex explanations from simpler primitives. This
property is crucial for multi-scale or multivariate time series, where different
variables may interact in structured ways.

Within this family, Signal Temporal Logic (STL) has emerged as a particularly
suitable framework for time series. STL provides an expressive language for describing
temporal properties over real-valued trajectories [108, 109]. Its dual semantics, Boolean
(satisfaction/violation) and quantitative (robustness degree), make it possible to both
check whether a property holds and assess how strongly it holds. This flexibility
allows STL to encode domain-specific safety constraints (e.g., “temperature must remain
below 80°C during operation”) while also quantifying tolerance margins. Recent work
has applied STL to requirement mining, control synthesis, and symbolic classification
[110, 111], demonstrating its utility for extracting global rules that characterise system
behaviour.

However, these approaches typically remain limited to global explanations, offering

insights into system-wide dynamics but not into individual classification decisions. The
work presented in this thesis extends this paradigm by embedding STL directly into
the classification pipeline, enabling both local and global explanations that are logically
faithful. This integration bridges the gap between symbolic reasoning and data-driven
learning, ensuring that explanations are not only human-readable but also guaranteed
to be consistent with the model’s decision process.
Seen from this perspective, interpretability in time series is ultimately a question of
representation. Capturing temporal dependencies in a form that is both mathematically
rigorous and meaningful to domain experts requires an explicit temporal language, such
as Signal Temporal Logic. The following chapter introduces its syntax and semantics,
laying the groundwork for its later integration into a learning framework.



Chapter 5

Temporal Logic

The ability to formally describe and reason about the behaviour of systems that
evolve over time has long been a central challenge in computer science and artificial
intelligence. Traditional logical frameworks, such as propositional and first-order logic,
are powerful tools for representing static facts and relationships, but they fall short when
it comes to expressing how events unfold dynamically. Temporal logic was developed to
address this gap, providing a formal language for specifying properties of sequences of
states or signals. By incorporating operators that explicitly capture the passage of time,
temporal logics make it possible to reason about safety, liveness, causality, and ordering
of events in ways that conventional logic cannot [112].

The origins of temporal logic in computer science can be traced to Pnueli’s seminal
work in the late 1970s, where it was introduced as a specification language for concurrent
programs [113]. Since then, temporal logic has become a cornerstone of formal
verification, enabling the rigorous analysis of hardware, software, and cyber-physical
systems. Over the years, several variants have emerged, each balancing expressivity and
computational tractability: Linear Temporal Logic (LTL) for reasoning over single infinite
traces, Computation Tree Logic (CTL) for branching-time models, and Signal Temporal
Logic (STL) for continuous, real-valued signals.

To illustrate the power of temporal logic, consider a monitoring task in an industrial
or medical setting where an anomaly must always be followed by an alert within a strict
time bound. Using STL as example, this requirement can be expressed compactly as

G( anomaly — F|g alert),

which reads: “It must always be the case that if an anomaly occurs, then within five
seconds an alert is raised” Such a specification is not only mathematically precise
but also intuitively interpretable, showing how temporal logic bridges the gap between
formal reasoning and human understanding [114].

Beyond formal verification, temporal logic has recently found new relevance in
machine learning. As interest grows in interpretable and trustworthy AI, temporal
logics provide a natural bridge between raw sequential data and human-understandable
rules. In particular, STL is well suited to time series analysis, offering both Boolean
and quantitative semantics that capture not only whether a temporal property holds,
but also the degree to which it is satisfied or violated [115]. This makes temporal
logic a promising foundation for explainable machine learning methods that demand
transparency, accountability, and robustness.
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This chapter introduces the main families of temporal logics, with a special focus on
STL. We begin by briefly revisiting the foundations of symbolic logic, before moving to
modal and temporal logics and their evolution in computer science. We then provide
a detailed overview of STL, including its syntax, semantics, and robustness measures,
along with illustrative examples. Finally, we discuss how temporal logic has been
applied in learning and explainability, highlighting its potential to serve as a rigorous
and interpretable framework for Al models operating on time-dependent data.

5.1 Foundations of Symbolic Logic

Symbolic logic forms the backbone of formal reasoning in artificial intelligence and
computer science. It provides a precise language for representing knowledge, specifying
rules, and deriving valid conclusions. Unlike natural language, which is often
ambiguous, symbolic logic ensures that statements can be expressed and interpreted
without confusion, making it a cornerstone for automated reasoning systems [116, 117].

At its most basic level, propositional logic operates with simple declarative statements,
called propositions, that can either be true or false. These propositions are combined
using logical connectives such as and (M), or (V), not (—), and implies (—). For example,
the statement “If it rains, then the ground will be wet” can be expressed as p — ¢, where
p represents “it rains” and ¢ represents “the ground is wet”. Propositional logic is widely
used in areas like circuit design, rule-based systems, and automated verification [118].

While propositional logic is powerful for reasoning about simple statements, it
quickly reaches its limits when more complex relationships are needed. This gap
is filled by first-order logic (FOL), which extends propositional logic by introducing
quantifiers and predicates. Quantifiers such as V (for all) and 3 (there exists) allow
us to express generalisations and existence claims. For instance, the statement “All
humans are mortal” can be represented as Va (Human(x) — Mortal(x)). This added
expressivity makes FOL a far richer language, capable of describing objects, properties,
and relationships between them [119, 120]. As a result, FOL has become central to
knowledge representation, automated theorem proving, and database theory.

The importance of symbolic logic in Al goes beyond abstract reasoning. Early

Al systems relied heavily on symbolic representations to encode expert knowledge
and perform problem solving. While these systems faced scalability challenges, their
transparency set them apart from modern black-box approaches. In recent years,
symbolic logic has experienced renewed interest through neuro-symbolic approaches,
which aim to combine the reasoning strengths of logic with the pattern-recognition
power of neural networks [117]. This integration promises to deliver Al systems that are
both powerful and explainable, aligning well with growing demands for accountability
in intelligent technologies.
Through both propositional and first-order systems, symbolic logic provides the formal
foundation for representing and reasoning about knowledge in Al Its ability to express
precise rules and relationships makes it particularly valuable for applications requiring
clarity and correctness. These foundations will serve as the basis for the temporal and
modal logics introduced in the following sections.
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5.2 Modal Logics and Their Evolution

While propositional and first-order logic provide powerful tools for reasoning about
static facts and relationships, they are less suited for domains where statements must
be qualified by modalities such as necessity, possibility, knowledge, or time. To address
this, modal logics were developed as extensions of classical logic that incorporate modal
operators, most notably [] (necessarily) and ¢ (possibly). For example, the statement
“It is necessary that p” is written as [p, while “It is possible that ¢” is expressed as Qg
[121, 122].

The roots of modal logic trace back to Aristotle’s exploration of necessity and
possibility, but its modern formalisation emerged in the early 20th century through the
work of C. I. Lewis, who introduced systems of strict implication and the family of modal
logics known as S1-S5 [123]. These early systems laid the groundwork for capturing
different notions of modality depending on the intended interpretation. For example, S5
assumes that if something is possible, then it is necessarily possible, which aligns with
reasoning about possible worlds that are all mutually accessible.

In the mid-20th century, Kripke’s relational semantics revolutionised the study of
modal logic by introducing possible worlds semantics, where the truth of a modal
statement is evaluated relative to an accessibility relation between worlds [124]. This
framework unified many different modal systems and allowed for precise modelling
of concepts such as knowledge, belief, obligation, and temporal change. For instance,
epistemic logic extends modal logic to reason about what agents know (K,p for “agent
a knows p”), while deontic logic applies modal operators to capture obligations and
permissions.

Among the most influential descendants of modal logic are the temporal logics, which
were introduced to reason formally about the ordering of events in dynamic systems.
Temporal logic gained prominence in computer science through the seminal work of
Pnueli [113], who in 1977 proposed Linear Temporal Logic (LTL) as a tool for specifying
and verifying concurrent programs. This contribution not only provided a rigorous
language for capturing time-dependent properties (such as safety and liveness) but also
laid the foundation for model checking, a cornerstone of formal verification [125].

Since then, modal logics have continued to evolve into specialised frameworks
tailored to different application domains, including dynamic logic for reasoning about
programs, epistemic and doxastic logics for multi-agent systems, and probabilistic modal
logics for reasoning under uncertainty [126]. This evolution illustrates how modal logics
serve as a bridge between abstract logical theory and practical tools for verification,
specification, and knowledge representation.

5.3 Temporal Logics in Computer Science

With the foundational ideas in place, temporal logics became central to computer science
as formal tools for specifying and analysing the behaviour of systems that evolve over
time. Building on Pnueli’s introduction of Linear Temporal Logic, research in this area
expanded rapidly, developing a range of operators and semantic frameworks tailored to
the needs of concurrent and reactive systems.

Temporal logics differ not only in their syntax, but also in how they model time. The
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central distinction is between linear-time and branching-time frameworks. In linear-time
logics such as LTL, time is viewed as a single infinite sequence of states representing one
possible execution of a system, and properties are evaluated along that single path. In
contrast, branching-time logics such as Computation Tree Logic (CTL) interpret time as
a tree of possible futures. From any given state, multiple execution paths may unfold,
and formulae quantify over these alternatives. This distinction reflects two modelling
perspectives: reasoning about individual executions (linear time) versus reasoning about
the structure of all possible executions (branching time).

Temporal logics refine propositional reasoning by introducing operators which
allow practitioners to express safety, liveness, and ordering constraints over execution
traces [127]. These logics underpin many of the algorithms and tools used in formal
verification, most notably model checking [125].

LTL extends propositional logic with temporal operators such as:

« X (“next ¢”): ¢ holds at the next time step,

« Fy (“eventually ¢”): ¢ holds at some point in the future,

« Gy (“globally ©”): ¢ holds at all future times,

« U9 (“p until ¥”): ¢ holds continuously until ¢ becomes true.

For example, the property “every request is eventually followed by a response” can be
formally expressed as G(request — F response).

In parallel, CTL was developed to reason about branching time structures, where
multiple possible futures can unfold from a given state [125]. CTL combines temporal
operators with path quantifiers: A (for all paths) and E (there exists a path). For
instance, the CTL formula AG(EF recover) specifies that from every reachable state,
along every possible execution path, there exists a future state where recovery occurs.
The distinction between LTL and CTL reflects two different perspectives on time: linear,
where the future is a single path, and branching, where multiple futures are possible.

These temporal logics quickly became cornerstones of formal verification,
particularly through their integration with model checking. Clarke, Emerson, and Sistla
demonstrated in 1986 that model checking with temporal logic specifications could
be automated efficiently for finite-state systems [125]. This breakthrough led to the
widespread adoption of temporal logic in hardware and software verification, where it
remains a standard method for specifying safety (“something bad never happens”) and
liveness (“something good eventually happens”) properties.

Since their introduction, temporal logics have been extended in many directions.
Variants such as CTL* combine the expressiveness of both LTL and CTL, while
extensions like probabilistic temporal logic capture stochastic behaviours [128]. More
recently, temporal logics have been adapted to cyber-physical systems and machine
learning, where they serve as formal specification languages for complex time-
dependent behaviours [108, 129]. These developments illustrate the central role of
temporal logic as a bridge between abstract logical reasoning and practical system
verification.

The difference between linear and branching logics is also reflected in their semantic
models. LTL formulae are typically interpreted over traces, i.e., infinite sequences of



5.4. SIGNAL TEMPORAL LoGIcC 29

states generated by a system. In contrast, CTL formulae are evaluated over Kripke
structures, which explicitly represent states and transitions between them, thereby
capturing the branching structure of computation. From an algorithmic perspective,
temporal logic specifications are often translated into automata, enabling automated
model checking by verifying language inclusion between system behaviour and the
automaton corresponding to the negated specification.

5.4 Signal Temporal Logic

While Linear Temporal Logic and Computation Tree Logic are powerful for reasoning
about discrete systems, they are limited when dealing with real-valued, continuous-
time signals, such as those generated by sensors in cyber-physical systems. To
address this, Signal Temporal Logic (STL) was introduced as an extension of temporal
logic tailored to continuous signals [108]. STL enriches the temporal framework by
allowing predicates over real-valued trajectories and by introducing both Boolean and
quantitative semantics [129]. This makes STL particularly suited for applications in
verification, monitoring, and, increasingly, interpretable machine learning.

5.4.1 Signals and Syntax

Definition 5.4.1 (Signal). A signal (or trajectory) is a function x : 7 — D, where
T C Ry is the time domain, and D C R U {—00, +0o0}. When D = B = {0, 1}, the
signal is Boolean; otherwise, it is quantitative (real-valued).

In practice, we typically consider multidimensional signals  : 7 — R” such that
x = (x1,...,x,), with each z; a primary signal representing a component of the system
state. Intuitively, a signal encodes the time evolution of a system. Although the time
domain 7 may be unbounded in theory, in practice signals are observed or simulated
over finite intervals.

Definition 5.4.2 (STL Syntax). The syntax of STL formulae ¢ is given by:

p:=T|m| @1 Apa|p1 Upyes

where T is the Boolean constant true, 7 is an atomic predicate, - and A are standard
Boolean connectives, and U, ; is the bounded until operator with interval [a, b] C Rx,.

Other operators can be derived from these primitives. Disjunction follows from De
Morgan’s law:

1V P2 := (201 A ).

Similarly, the bounded eventually and always operators are defined as:

Flone = TUpye, Guye = Fuye.

Predicates 7 are defined over signals by evaluating real-valued functions. Specifically,
given a trajectory x and predicate 7, we define 7(x)(t) = (fr(x(t)) > 0), yielding a
Boolean signal. Notably, f.(x(t)) is called secondary signal.
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Figure 5.1: Abstract syntax tree representation of the STL formula

The root node corresponds to the top-level conjunction. Internal nodes represent logical
and temporal operators (globally G and eventually F), while leaf nodes correspond to
atomic predicates over the signal x. The tree structure makes explicit the compositional
nature of STL formulae, enabling recursive evaluation, robustness computation, and
structural manipulation.

A convenient way to represent propositional formulae is by means of their Abstract
Syntax Tree (AST), where each node represents either an operator (such as conjunction,
negation, or a temporal operator) or a leaf predicate. The tree structure mirrors the
compositional nature of the logic: complex formulae are built by recursively combining
simpler subformulae according to syntactic rules, as illustrated in Figure 5.1. This
tree representation is not just a syntactic convenience: it provides a natural basis for
algorithmic manipulation, including evaluation, optimisation, and learning. Many STL-
based tools exploit the tree structure to recursively compute robustness values, traverse
subformulae during monitoring, or generate candidate formulae during specification
mining.

5.4.2 Boolean and Quantitative Semantics

Definition 5.4.3 (STL Boolean Semantics). The Boolean satisfaction relation F for an
STL formula ¢ over a signal « at time ¢ is recursively defined as:

m(x(t) =T

(z,1) ¥ »

|=gol/\cp2 (x,t) E o1 A(x,t) F o

Fo1Upype < Heft+at+b]: (zt)F e AV €[t t), (z,t") E ¢

)

(1) F
(x,1) F
(1) F
(x,1)
(@, 1)

rT e

Y

)

A trace x satisfies ¢ globally, written x F ¢, if and only if (x,0) F .

Boolean semantics provide a qualitative yes/no answer about satisfaction. However,
for real-valued signals, this can be brittle: small perturbations near a threshold may flip
satisfaction, ignoring the degree of violation.
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To address this, STL introduces robust semantics, which assign a real-valued
robustness score to each formula evaluation [129]. This measures not only whether
a signal satisfies a property but also by how much.

Definition 5.4.4 (STL Robust Semantics). The robustness, or quantitative satisfaction,
of ¢ over signal x at time ¢, denoted p(p, x, t), is recursively defined as:

p(ﬂ',w,t) = fﬂ(m(t))
p(_\gD,.’B,t) = - p(gp,a:,t)
p(gol/\gpg,a:,t) = min (P(%Olywat):p(‘;%,w,t))
U(l ) 7t = ( I ) 7t, ) i ) 7t// )'
Ple1 U2, 2,1) t’E[rtrj‘%?g-l-b] i (p(g@ z,t) t”rél[gl)p(w1 v ))

Throughout this thesis, unless otherwise stated, all STL formulae are evaluated at
the initial time instant. Accordingly, we omit the explicit time argument in the notation
and write p(yp, ) as shorthand for p(¢, x,0). Similarly, Boolean satisfaction « F ¢ is
understood to mean (x,0) F . This convention simplifies notation without loss of
generality and is standard in the analysis of complete signal traces.

Robust semantics are not merely a refinement of Boolean satisfaction, as they
are crucial in practical settings. Real-world signals, especially in cyber-physical
systems or medical applications, are inherently noisy and subject to measurement
uncertainty. Purely Boolean evaluation leads to brittle behaviour, where arbitrarily
small perturbations may flip satisfaction. Quantitative robustness provides a notion of
stability: if p(¢, ) > ¢ > 0, then small perturbations of magnitude less than e will
not change the truth value. This continuity property is fundamental for monitoring,
optimisation, learning, and controller synthesis, where gradients or margins are required
rather than binary outcomes.

The difference between Boolean and quantitative semantics can also be illustrated
with a simple predicate such as x(¢) > 0. Under Boolean semantics, the signal
value x(t) = 0.001 satisfies the predicate, while x(t) = —0.001 violates it, even
though the two values are nearly indistinguishable. Quantitative semantics, however,
assign robustness values p = 0.001 and p = —0.001, respectively. The sign
determines satisfaction, while the magnitude reflects the distance from the threshold.
This additional information becomes essential when reasoning about noisy or uncertain
measurements.

5.4.3 STL in Machine Learning

Although Signal Temporal Logic was originally introduced for monitoring and verifying
cyber-physical systems, its ability to capture temporal patterns over real-valued signals
has increasingly attracted interest within machine learning. The key strength of STL lies
in the fact that its formulae are inherently interpretable: they encode properties in a form
that can be directly understood by humans, while still being mathematically rigorous.
This makes STL an ideal candidate for explainable and trustworthy models, especially
in domains such as healthcare, robotics, and industrial monitoring, where both accuracy
and accountability are critical.
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One important application of STL in machine learning is specification mining, the
process of automatically extracting logical formulae that describe recurring patterns
in data. For instance, from physiological time series such as ECG signals, STL can be
used to derive rules like “every QRS spike must be followed by a return to baseline
within 0.2 seconds” [130]. These rules are not only interpretable but also provide
testable hypotheses for domain experts, bridging the gap between raw data and human
understanding. Beyond healthcare, similar approaches have been applied to industrial
sensor data, where STL can formalise compliance with operational constraints and detect
deviations that correspond to faults or anomalies [131].

Another promising direction is the direct use of STL formulae within classification
pipelines. Instead of relying solely on black-box features, STL operators can be combined
into logical decision rules that separate classes. For example, a classifier might rely on
the property that “an anomaly signal must always be followed by a recovery within ten
time steps” to distinguish between safe and unsafe trajectories [111]. Such approaches
provide both predictive power and intrinsic interpretability, since each decision is
grounded in a temporal rule that can be verified or contested. Moreover, since STL
supports both Boolean and quantitative semantics, classifiers can not only determine
whether a condition is satisfied, but also measure by how much it is satisfied or violated.
This robustness degree adds a further layer of explanatory richness, since it quantifies
the margin of safety or severity of violation [129].

Recent developments have also begun to integrate STL into neuro-symbolic learning,
where logical constraints are embedded within neural architectures. By guiding learning
with STL specifications, such models can combine the flexibility of deep learning with
the interpretability and verifiability of symbolic reasoning [114]. This hybrid paradigm
shows particular promise in safety-critical domains, where it is not sufficient for a
model to perform well on average but it must also provably comply with temporal
requirements.

However, existing integrations of STL into learning architectures remain fragmented.

Many approaches either use logic as an external constraint imposed during training,
or focus exclusively on global rule extraction without addressing instance-level
explanations. As a result, the interaction between symbolic structure and data-driven
optimisation is often partial rather than fully unified.
These limitations suggest that simply incorporating logical constraints is not sufficient.
What is needed is a framework in which temporal logic is not an auxiliary component,
but an integral part of the representation and decision process. The next chapter
therefore examines neuro-symbolic and concept-based models more broadly, analysing
how symbolic reasoning can be embedded within learning systems and identifying the
structural gaps that remain.



Chapter 6

Neuro-Symbolic Al

The history of artificial intelligence has long been characterised by a fundamental divide
between two competing paradigms. Symbolic Al (or Good Old-Fashioned Al) [86], which
dominated from the 1950s through the 1980s [132, 133], was rooted in logical rules,
explicit representations, and structured reasoning. These models offered transparency
and rigour but struggled with the ambiguity, noise, and perceptual complexity of
real-world environments. In parallel, connectionism, exemplified by artificial neural
networks, was explored as early as the 1950s [14] but remained marginal until the
deep learning revolution of the 2010s [6]. Neural systems demonstrated remarkable
capacity in perception, language, and pattern recognition, yet provided little insight into
how predictions are produced, lacking the interpretability, compositionality, and logical
consistency of their symbolic counterparts.

Early attempts to bridge this divide emerged in the 1980s and 1990s, often combining
connectionist architectures with rule-based reasoning [134, 135]. However, these
hybrids remained loosely coupled, with limited theoretical foundations and practical
impact.

6.1 Modern Neuro-Symbolic AI and Concept-Based
Models

The modern revival of neuro-symbolic Al (NeSy) [136] has been driven by advances
in deep learning, knowledge representation, and differentiable programming [137].
Contemporary NeSy research is no longer centred on loosely coupled hybrids, but on
architectures where neural and symbolic components interact in a deep, bi-directional
manner, combining the strengths of neural networks (robust pattern recognition,
scalability) with the advantages of symbolic reasoning (interpretability, generalisation,
logical consistency).
A prominent example is the family of concept bottleneck models [138]. In these
architectures, a neural network maps raw input data into a layer of human-
understandable concepts. A transparent, often symbolic, model (e.g., a linear classifier
or rule set) then produces the final prediction using these concepts. This setup forces the
model to reason through an interpretable latent space, enabling explanation, debugging,
and human intervention.

The relevance of neuro-symbolic Al to interpretability is direct and profound.
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Rather than explaining a black-box model post-hoc, NeSy approaches embed symbolic
structure into the architecture itself, providing models whose internal reasoning is more
structured, auditable, and aligned with human conceptual frameworks. Consequently,
neuro-symbolic Al is positioned not merely as a technical curiosity but as an essential
frontier in the development of trustworthy, reliable, and ultimately more intelligent
systems [139].

Motivations and Key Principles

The motivation for neuro-symbolic Al lies in addressing fundamental shortcomings
of purely neural systems. Deep learning models, despite their success, often require
massive datasets, fail to generalise out-of-distribution, and are criticised for their
opacity. Symbolic approaches, conversely, provide clear reasoning chains and enable
compositionality but struggle with high-dimensional, noisy inputs. The integration of
the two aims to achieve:

« Interpretability and transparency. The symbolic component provides a foundation
that allows the Al to explain its decisions and reasoning processes in a human-
understandable way. This directly addresses the black box problem and is a key
driver for XAI;

« Compositional generalisation. The model can reason over knowledge symbolically,
allowing it to generalise from fewer examples than a pure neural net [140];

« Data efficiency. Incorporating structured prior knowledge reduces the dependence
on large labelled datasets;

« Trustworthiness and robustness. Using symbolic constraints enforces consistency
with domain knowledge or safety rules;

« Debuggability and intervention. The symbolic logic acts as a constraint, providing
error handling and users to diagnose and correct model behaviours through
semantically meaningful intermediates.

6.2 A Clearer Taxonomy of Neuro-Symbolic
Integration

Neuro-symbolic artificial intelligence encompasses a broad family of approaches that
seek to combine the expressive power and learning capacity of neural networks with
the structure, compositionality, and semantic grounding of symbolic reasoning. Despite
this shared objective, existing neuro-symbolic systems differ substantially in how and
where symbolic knowledge is integrated within the learning pipeline. To clarify these
differences, it is useful to organise neuro-symbolic methods along two complementary
dimensions: when symbolic components are introduced relative to learning, and what
functional role they play within the system.
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When symbolic knowledge is integrated. A first axis distinguishes neuro-symbolic
approaches according to the stage at which symbolic information interacts with the
learning process.

Pre-learning integration refers to approaches in which symbolic knowledge is used
to construct features, representations, or constraints before model training [117,
141]. Examples include the use of logical rules to engineer input features, symbolic
abstractions that discretise raw data, or hand-crafted event representations for temporal
data. In these cases, the learning algorithm operates entirely in a transformed space, and
the symbolic component does not adapt during training.

In-learning integration characterises models in which symbolic and neural
components interact during learning [142, 143]. This includes architectures where
symbolic structures influence gradient-based optimisation, guide representation
learning, or form explicit intermediate layers. Hybrid systems in this category often
embed symbolic objects into continuous spaces, impose differentiable logical constraints,
or structure the model around interpretable intermediate representations. Because
symbolic information is present throughout training, these approaches allow mutual
adaptation between neural representations and symbolic structure.

Post-learning integration encompasses methods in which symbolic reasoning is
applied after a neural model has been trained [135, 144]. Typical examples include
rule extraction from trained networks, symbolic approximation of decision boundaries,
or formal verification and constraint checking applied to a fixed model. While these
approaches can provide valuable insights or guarantees, the symbolic component does
not influence the learned representation itself.

The functional role of symbols. A second, orthogonal axis distinguishes neuro-
symbolic methods by the role played by symbolic knowledge within the system.

In some approaches, symbols act as constraints or priors, restricting the space
of admissible solutions [145, 146]. Logical rules may enforce consistency, encode
physical laws, or rule out implausible predictions. Here, symbols shape learning
indirectly, by penalising violations or guiding optimisation, rather than serving as
explicit representational units.

Other methods use symbols as targets or auxiliary supervision. In these settings,
neural networks are trained to predict symbolic outputs (e.g., logical labels, events,
or predicates), which may then be composed or reasoned over by a separate symbolic
module. The symbolic layer operates downstream of perception, often assuming that
the predicted symbols are correct.

A third and increasingly influential role is that of symbols as intermediate
representations [106, 138]. In this case, symbolic entities form an explicit bottleneck or
latent space through which information must pass in order to reach the final prediction.
These representations are typically human-interpretable and semantically meaningful,
allowing decisions to be expressed directly in terms of symbolic concepts rather than
opaque latent features. Concept-based models belong to this category and are discussed
in detail in the following section.

Finally, symbols may be used purely as explanatory artefacts, providing post-hoc
interpretations of a model’s behaviour without constraining or structuring the learning
process itself. While such explanations can be useful for inspection or debugging, they
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do not guarantee faithfulness to the model’s internal reasoning.

6.3 Architectures of Neuro-Symbolic Systems

Different architectural strategies have been developed for integrating symbolic
reasoning with neural learning. Some approaches inject symbolic knowledge directly
into neural training as constraints or regularisers, embedding logical structure into
the optimisation objective. Others adopt a modular design in which perception and
reasoning are separated: neural components extract structured representations from
raw data, and symbolic reasoners operate on these intermediate abstractions [137]. A
third line of work develops differentiable logic frameworks, where symbolic rules are
relaxed into smooth operators that can be optimised end-to-end [147]. Reinforcement
learning has likewise been extended with neuro-symbolic constraints, enabling agents
to incorporate logical rules while learning policies in complex environments.

Despite this variety of architectures, a central obstacle persists: the representational

gap [148]. Neural networks operate in continuous, high-dimensional vector spaces, with
internal states encoded as tensors (multidimensional arrays of floating-point numbers).
Symbolic Al by contrast, relies on discrete, explicit structures such as logical rules (e.g.,
AN B = C), knowledge graphs, and symbolic predicates. This mismatch leads directly
the gradient problem: neural networks learn via backpropagation, and therefore require
each computational component to be differentiable so that gradients can be propagated
via the chain rule.
Symbolic logic, however, is inherently non-differentiable: a logical statement is either
true or false, and therefore yields no gradient to compute. This incompatibility
forces system designers into a trade-off between softening symbolic rules to enable
optimisation at the cost of logical guarantees [149], and maintaining discrete symbolic
reasoning, which preserves rigour but complicates joint learning [150].

Importantly, while symbolic components are traditionally non-differentiable, the use
of quantitative semantics and differentiable surrogate representations enables gradient-
based analysis of the decision process.

6.3.1 Concept-Based Models

A particularly influential line of research within interpretable neuro-symbolic Al is
concept-based modelling. These models introduce human-understandable concepts
as intermediate variables between raw input and final prediction. The most
prominent example is the concept bottleneck model (CBM) [138], in which a neural
network first predicts a set of predefined concepts and then uses those concepts for
classification. Figure 6.1 illustrates the pipeline: an image of a bird is mapped to
semantically meaningful attributes (e.g., “wing colour”, “beak length”), which act as the
interpretability bottleneck before the final prediction.

This design offers three advantages. First, it provides transparency: predictions can be
explicitly traced to concept activations. Second, it enables intervention: users can adjust
concept predictions to see how outputs change, helping identify spurious correlations
and correcting errors. Third, the structure aligns naturally with symbolic reasoning
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Figure 6.1: Concept bottleneck model architecture. A CNN extracts human-interpretable
concepts (e.g., wing colour, undertail colour, beak length) from raw input, which then
serve as an interpretability bottleneck for downstream classification. This design enables
transparent prediction paths and human intervention at the concept level.

frameworks, since concepts serve as discrete predicates that can be combined into rules
or constraints.

Beyond CBMs, a variety of concept-based approaches has emerged. Interactive
concept bottleneck models allow human users to provide concept labels during inference
to refine predictions [151]. This turns the bottleneck into a collaborative interface
rather than a static module. Other works incorporate concepts into memory-based
architectures. Concept-based memory reasoning [152] augments neural networks
with symbolic rule evaluation over stored concept representations, enabling verifiable
decision paths and stronger guarantees. A complementary direction moves away
from predefined concept sets entirely. Explanation bottleneck models generate natural
language explanations that act as the bottleneck for prediction [153]. Instead of
attributes, the intermediate layer consists of textual rationales, providing human-aligned
reasoning while remaining trainable end-to-end. Recent surveys highlight concept-
based reasoning as a middle ground between uninterpretable neural models and brittle
purely symbolic systems [154]. The shared theme is to restructure neural computation
around semantic entities humans use to describe and reason about phenomena.

Positioning concept-based approaches. Viewed through the taxonomy introduced
above, concept-based models occupy a distinctive position within the neuro-symbolic
landscape. They are characterised by in-learning integration, where symbolic concepts
are embedded directly into the model architecture, and by the use of symbols as
intermediate representations rather than mere constraints or post-hoc explanations
[155, 156]. This design choice enables interpretability by construction: predictions are
mediated by concept activations that retain semantic meaning throughout training and
inference.

This perspective highlights a key distinction between concept-based neuro-symbolic
models and approaches that rely on symbolic reasoning only before or after learning.
Rather than explaining a black-box model retrospectively, concept-based architectures
seek to align learning, reasoning, and explanation within a single, unified framework.
The implications of this design choice, particularly for sequential and temporal data, are
examined in the next section.
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Architecture and Limits

While the literature presents CBMs primarily as interpretable pipelines, their defining
characteristic is architectural. CBMs explicitly factorise prediction through a concept
space. Given an input x € X and label y € ), prediction is decomposed as

PN c(x) Jat, 7,
where c(z) = (¢1(z),...,cc(x)) denotes concept activations. This concept bottleneck
enforces that all information relevant for prediction is mediated by semantically
meaningful variables.

Concepts may be hard, taking binary values that align with logical predicates, or soft,
taking continuous values that encode degrees of presence or confidence. Soft concepts
are particularly important in noisy or continuous domains, where crisp symbolic
boundaries are inappropriate. In either case, the bottleneck ensures that explanations
arise intrinsically from the model’s computation rather than from post-hoc analysis.

Despite these advantages, existing CBMs face several limitations. Many rely on
manually defined or annotated concept sets, which may be incomplete or expensive
to obtain. Concept prediction modules can suffer from entanglement or information
leakage, undermining the intended separation between representation and decision.
Moreover, most CBMs have been developed for static data modalities, where concepts
correspond to spatial attributes or object properties.

Extending CBMs to sequential and temporal data introduces additional challenges.
Temporal concepts often involve ordering, duration, and logical composition of events,
which are difficult to express using simple attribute-based concepts. Existing approaches
typically resort to subsequences, prototypes, or latent embeddings, which provide
limited semantic grounding. These limitations motivate the exploration of concept
representations that are formally defined and naturally suited to temporal reasoning.

Explainability and Trustworthiness

One of the central motivations behind concept-based models in neuro-symbolic Al is
improved explainability. Because predictions must pass through an interpretable layer,
CBMs allow domain experts to inspect whether the model’s internal reasoning matches
scientific, clinical, or operational expectations. For example, in medical imaging, a
pneumonia classifier could reveal that its decision relies on interpretable radiological
features such as “lung opacity” or “pleural effusion”. This makes it easier to validate (or
contest) the model’s behaviour and detect shortcut learning. In high-stakes settings,
concept-level explanations often better align with domain ontology than pixel-level
heatmaps.

Neuro-symbolic extensions further strengthen these guarantees. ~When concept
activations are treated as symbolic predicates, verification tools can ensure that decisions
satisfy domain-specific rules before deployment [152]. This connects concept-based Al
with broader responsible Al goals, including robustness, fairness, and accountability. For
instance, models can be checked to ensure they do not rely on prohibited concepts (e.g.,
demographic attributes) or violate safety constraints.
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Applications and challenges

Concept-based and neuro-symbolic models have been successfully applied across a
range of domains:

« Healthcare. CBMs support interpretable diagnosis by mapping raw signals (e.g.,
images, ECG, or lab values) to medically grounded concepts. Symbolic constraints
can enforce clinical guidelines or consistency rules.

« Robotics. Neuro-symbolic planning integrates learned perceptual concepts with
symbolic task or motion specifications, enabling robots to reason about goals,
constraints, and safety while retaining flexible perception.

« Natural language understanding. Concept-based abstractions help neural models
exhibit compositional generalisation, consistency, and improved reasoning over
relational structures.

« Scientific discovery. Hybrid models combine neural perception with symbolic rule
extraction, enabling identification of interpretable relationships or governing laws
from complex data.

Despite substantial progress, several open challenges remain. First, concept-based

models often face a predictive performance trade-off. By constraining the model to
operate through concepts, performance may drop when the predefined concept set is
incomplete, ill-chosen, or too coarse. Recent work seeks to mitigate this through learned
concept spaces or hybrid bottlenecks. Second, scalability is a persistent issue. Neuro-
symbolic reasoning becomes computationally demanding when dealing with large
symbolic knowledge bases or long-horizon reasoning tasks. Efficient neurosymbolic
architectures, pruning methods, and differentiable approximations remain active
research directions. Third, integration frameworks remain fragmented. Different
communities (XAI, knowledge representation, deep learning, cognitive science) propose
heterogeneous architectures that lack a unifying theory. This complicates benchmarking
and comparison across approaches.
Finally, there is increasing interest in meta-cognition: enabling models not only to
reason about data but to reason about the structure, quality, and uncertainty of their
own reasoning processes [147]. This direction is especially relevant for neuro-symbolic
systems, where both concepts and rules may require explicit confidence estimates or
provenance tracking.

Taken together, these challenges indicate that the integration of symbolic
reasoning and statistical learning remains structurally unresolved. Existing approaches
demonstrate feasibility, but a coherent and principled framework that reconciles
expressiveness, scalability, and interpretability is still lacking.



Chapter 7

Summary and Identified Research
Gaps

The preceding chapters have outlined the foundations that support this thesis: time
series classification, explainable and interpretable machine learning, temporal logics for
reasoning over dynamic data, and the emerging neuro-symbolic paradigm centred on
concept-based models. Together, these domains reveal both substantial progress and
persistent limitations that continue to restrict the transparency, reliability, and practical
deployment of learning systems, particularly in safety-critical applications.

Time series classification has evolved from distance-based and feature-engineered
approaches to modern deep learning architectures capable of modelling complex
temporal dependencies. Although these models often achieve excellent predictive
performance, they remain largely opaque and computationally demanding. Moreover,
post-hoc explanation techniques, now pervasive in practice, are frequently unstable,
weakly faithful to the underlying model, or misaligned with domain semantics.
Intrinsically interpretable models, including concept-based approaches, alleviate some
of these issues but commonly rely on predefined, rigid concept vocabularies or lack the
expressiveness needed to describe temporal phenomena.

Temporal logics such as Signal Temporal Logic offer a principled, expressive
language for reasoning about time. Their Boolean and quantitative semantics make
them promising tools for interpretable machine learning, yet integration with modern
learning pipelines has been limited. Existing methods typically rely on handcrafted
formulae, limited search spaces, or post-hoc rule extraction, none of which scale well
or guarantee alignment with the classifier’s internal reasoning. Neuro-symbolic Al aims
to bridge these gaps by combining neural perception with symbolic reasoning, but most
work focuses on static data or high-level tasks, leaving time series analysis relatively
underexplored.

These considerations point to a set of concrete, interconnected research gaps:

1. A lack of unified frameworks that jointly optimise predictive accuracy, interpretability,
and computational efficiency for time series. Existing models tend to prioritise one
or two of these properties at the expense of the others, preventing widespread
adoption in real-world settings.

2. A shortage of explanation methods with formal grounding. Post-hoc explanations
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often lack guarantees of faithfulness or stability, while symbolic approaches are
either manually designed or too restrictive to reflect the classifier’s reasoning.

3. Limited integration of STL within contemporary learning architectures. Although STL
is expressive and semantically rich, current methods seldom use it as a learnable
explanatory layer or as part of an end-to-end training pipeline.

4. Concept-based models with limited temporal expressivity.  Existing concept
vocabularies are typically static, predefined, and poorly matched to the structure
of time series, making them unsuitable for capturing temporal abstractions.

5. Insufficient neuro-symbolic approaches tailored to sequential data. Despite growing
interest in neuro-symbolic AL, most frameworks target static vision or language
tasks, leaving a gap in approaches that unify temporal logic, learned concepts, and
data-driven classification.

The STELLE framework introduced in this thesis is designed precisely to address
these gaps. By embedding STL semantics directly into the learning process through
robustness-based embeddings, STELLE provides a unified model that learns temporal
concepts aligned with discriminative prototypes. These concepts form an interpretable
latent space through which all predictions must pass, ensuring that explanations are not
merely post-hoc approximations but intrinsic components of the model’s reasoning. In
linking STL and neuro-symbolic interpretability into a coherent architecture, STELLE
fills a crucial gap in the literature: it demonstrates that time series classifiers can be
simultaneously accurate, efficient, and transparently grounded in formal temporal logic.
This contribution advances the broader goal of trustworthy Al for temporal data, offering
a practical and semantically principled alternative to the black-box models that dominate
the field.
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Chapter 8

STELLE

The preceding chapters examined the evolution of machine learning, the challenges of
time series classification, and the limits of current explainability and neuro-symbolic
approaches. Together, they highlighted the absence of a framework in which temporal
logic is fully integrated into the learning process.

Machine learning for time series classification has advanced considerably in recent
years, fuelled by increasingly expressive neural architectures capable of modelling
complex temporal dependencies. Despite their success, these models typically offer
limited insight into the temporal patterns that drive their decisions. Post-hoc
explanation techniques such as saliency maps or perturbation-based analyses attempt
to address this limitation, yet they often lack semantic clarity and may fail to reflect
the true internal reasoning of the model. In domains where safety, accountability, and
domain expertise play a central role, such opacity poses a significant barrier to adoption.

This tension between accuracy and interpretability motivates the development of
frameworks that integrate symbolic reasoning directly into the learning process. A
particularly promising direction emerges from the use of Signal Temporal Logic (STL), a
formal language that allows one to express rich temporal specifications over real-valued
signals, introduced in Section 5.4. STL provides both Boolean and quantitative semantics:
the latter measures not only whether a temporal condition is satisfied, but also the degree
to which it is satisfied. This quantitative view aligns naturally with machine learning,
where continuous scores and differentiable computations are essential.

However, despite its relevance, STL has seen limited integration within modern
time series learning pipelines. Existing approaches grounded in temporal logic often
focus on property mining, verification, or task-specific rule extraction. These methods
typically operate as post-processing stages or require substantial domain knowledge to
design meaningful STL specifications. Conversely, deep learning models rarely exploit
structured temporal concepts during training, and instead rely on latent representations
whose relation to temporal rules remains opaque.

The STELLE framework introduced in this thesis addresses this gap. It is built upon
the idea that interpretable concepts should be temporal, symbolic, and grounded in the
semantics of the data. To this end, STELLE constructs a large and diverse set of candidate
STL formulae, interprets them as human-readable temporal concepts, and embeds both
formulae and trajectories into a shared space where similarity is defined through STL
robustness. This enables a classifier that is inherently concept-based, in the spirit of
prototype and concept learning, yet explicitly grounded in formal temporal logic.
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The goals of this part of the thesis are threefold:
1. to motivate the integration of STL semantics into concept-based learning;

2. to provide a comprehensive and detailed description of the STELLE framework,
including its architecture, theoretical underpinnings, and practical implementation;

3. to evaluate the quality of the resulting classifiers and explanations through
extensive experiments, including comparisons with STL-based baselines, ablation
studies, and sensitivity analyses.

Compared to previous work, STELLE contributes a unified approach where
classification and explanation emerge from the same semantic space. Local explanations
identify the most influential temporal concepts underlying each decision, while global
explanations capture the common temporal signatures of each class, both in the form
of STL rules. These explanations are symbolic, simplified, and directly interpretable,
offering a level of transparency uncommon in contemporary time series classifiers.

Running Example. To clarify the mechanics of the framework, we introduce a simple
univariate time series that will be reused throughout this chapter. Consider a trajectory
x € R, indexed over discrete time steps t = 0, ...,49. The signal remains close to
zero for most of its duration and exhibits a pronounced peak around time step ¢t = 20,
as shown in Figure 8.1.

We consider two illustrative STL formulae:

01 = Fps05/(z > 2)

which requires the signal to exceed the threshold value 2 at least once within the interval
[15,25], and
P9 = G[0’50] (I < 15)

which enforces that the signal remains globally below 1.5 throughout its evolution.
Intuitively, the trajectory strongly satisfies (1, due to the peak in the highlighted
interval, and violates ¢,. These two simple concepts will serve as a concrete reference
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Figure 8.1: Example univariate time series used as a running illustration in Chapter 8.
The shaded region corresponds to the interval [15, 25, and the dashed horizontal line
denotes the threshold value 2. The peak within the highlighted interval satisfies the
temporal property Fi5 25 (z > 2).



8.1. PosiTioNING STELLE WITHIN THE LITERATURE 45

when illustrating robustness computation, kernel embedding, discriminability, and
explanation extraction.
st

8.1 Positioning STELLE within the Literature

Time Series Classification (TSC) lies at the intersection of pattern recognition, dynamical
systems analysis, and modern machine learning. The task of learning a mapping
between multivariate temporal trajectories and categorical outcomes is central to
domains such as healthcare monitoring, finance, and human activity recognition. As
previously discussed in Section 3, over the last decade the field has evolved from
distance-based similarity measures and handcrafted features to deep architectures
capable of capturing complex temporal dependencies. However, this performance leap
has come at the expense of interpretability: the reasoning behind predictions often
remains opaque.

The STELLE framework (Symbolic Temporal Explainable Latent Logic Embedding)
is conceived at the confluence of three active research streams: (i) Explainable AI for
time series, (ii) neural-symbolic reasoning and the learning of temporal logic formulae,
and (iii) concept-based and interpretable representation learning. This chapter reviews
these literatures to clarify how STELLE extends and differentiates itself from prior work,
highlighting its contribution as a logic-grounded, concept-based model for interpretable
time series learning.

8.1.1 Time Series Classification

Traditional approaches to TSC rely on comparing entire time series through distance-
based methods (e.g., Dynamic Time Warping, DTW), computing summary statistics to
use as fixed-length feature vectors, or leveraging characteristic subsequences, known
as shapelets, to represent discriminative temporal patterns [157, 158]. These methods
typically produce interpretable models, as the reasoning can be traced back to specific
features or subsequences. However, they often struggle to capture multivariate
interactions, nonlinear dependencies, and long-term temporal structure.

Deep learning approaches have since become state-of-the-art for TSC [159].
Convolutional Neural Networks (CNNs) and Recurrent Neural Networks (RNNs) learn
complex temporal dependencies directly from data, while hybrid architectures such
as Temporal Convolutional Networks (TCNs) and attention-based models extend their
temporal receptive field. Transformer architectures [32] further advanced this direction
by using self-attention to model long-range dependencies without recurrence. This
paradigm has culminated in the development of foundation models for time series [160],
capable of learning general-purpose temporal representations across heterogeneous
datasets and downstream tasks.

Despite their flexibility and predictive power, these models are often opaque. They
prioritise performance over interpretability, offering limited insight into which temporal
features drive predictions. This trade-off has motivated a growing body of research in
explainable artificial intelligence (XAI) for temporal data.
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8.1.2 Explainable AI for Time Series Classification

Explainable Al for time series largely adapts techniques developed in other data
domains, including computer vision and tabular data, to sequential settings [161, 162].
Attribution-based methods are among the most widely used: they aim to identify
time points or subsequences that most influenced a model’s prediction, often through
gradient-based or perturbation-based analysis. Perturbation approaches, for instance,
systematically alter parts of the input sequence and observe changes in model output,
while gradient-based methods compute relevance scores using backpropagation.

Attention-based explanations, by contrast, incorporate attention mechanisms
directly into the classifier [163, 164, 165]. The attention weights can then be interpreted
as measures of temporal relevance, highlighting the portions of the sequence that
contributed most to the prediction. Recent extensions target multivariate settings,
designing architectures that simultaneously learn to attend to important time intervals
and relevant variables [166, 167].

Beyond temporal attribution, other interpretability strategies have emerged.
Prototype-based models provide interpretable representations by identifying class-
representative trajectories, while symbolic and counterfactual approaches focus on
generating human-readable explanations. For instance, Baldan and Benitez [168]
propose prototype-based latent representations of trajectories, and Refoyo and Luengo
[169] introduce sparse, subsequence-level counterfactual explanations indicating
minimal changes required to alter a classification. Ensemble-based frameworks have
also been used to identify robust, medically relevant features in multivariate TSC tasks
[170]. de Graaff et al. [171] present a functional decomposition method aligning latent
behaviour with meaningful subsequence dynamics, and symbolic frameworks such as
EMeriTAte+DF [172] demonstrate that hybrid numeric-event reasoning can enhance
both verifiability and explainability.

Toolkit developments such as tsinterpret [173] and systematic evaluations
of perturbation robustness [174] highlight a growing interest in benchmarking and
standardising time series XAl However, recent surveys [175, 176, 177] stress the lack
of time-series-specific frameworks that combine interpretability with formal guarantees.
While the above methods enhance the transparency of deep models, they generally
produce post-hoc and non-verifiable explanations.

In contrast, STELLE embeds interpretability within its architecture by grounding
explanations in the formal semantics of Signal Temporal Logic. STL provides a well-
defined language for expressing temporal relationships (e.g., “whenever variable x
exceeds threshold 6, variable y falls below #, within At seconds”). By representing
explainable concepts as STL formulae, STELLE ensures that explanations are not only
interpretable but also logically verifiable and consistent across model evaluations.

8.1.3 Learning Temporal Logic Formulae as Time Series
Classifiers

Learning temporal logic formulae directly from data has received increasing attention
as a means of bridging symbolic reasoning and machine learning. Pioneer works
[110, 111, 178] cast the TSC problem as a data-driven requirement mining task, in which
classifiers are constructed from STL properties mined from labelled trajectories. Related
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symbolic approaches, such as those by Kadous [179], explored parameterised event
primitives to extract rule-based classifiers from time series, anticipating more recent
advances in symbolic temporal reasoning.

Recent efforts in neural-symbolic (NeSy) modelling have advanced this idea in two
main directions. A first line of research combines decision tree frameworks with STL-
based decision nodes, where activation functions approximate robust semantics and
neural networks are used to guide tree splits [180, 181]. A second line translates
the syntax tree of a temporal logic formula directly into a neural network, where
neurons correspond to logical operators and activation functions are designed to emulate
robustness-based truth values [182, 183].

These models achieve interpretability by explicitly encoding logical structure but
typically yield global explanations: a single STL formula or decision tree that describes
an entire class. In contrast, STELLE natively computes local explanations, identifying
logic-based concepts most relevant to a given instance. From these local explanations,
global summaries can be naturally inferred, enabling a multi-scale interpretability that
balances precision with generality. Furthermore, STELLE evaluates a fixed set of human-
interpretable STL formulae directly on the input trajectories, mapping both STL concepts
and trajectories into a shared latent space where relevance weights can be assigned. This
design encourages diversity and conciseness in the explanations, while maintaining a
strict logical grounding.

8.1.4 Concept-Based Models for Time Series Data

Concept-based interpretability aims to explain model decisions in terms of human-
understandable, semantically coherent concepts rather than raw features. In the time
series domain, such models are comparatively rare. Jastrzebska et al. [184] use concepts
obtained by clustering raw time series, sometimes integrating domain knowledge, to
perform interpretable classification and data analysis. Prototype-based approaches
[185, 186, 187] similarly identify representative trajectories that serve as conceptual
anchors for each class.

Other methods extend the Concept Activation Vector (CAV) framework to TSC
[188], using human-defined concepts to probe network sensitivity. Symbolic abstraction
through interpretable rule sets and logical primitives [179] has also been explored, but
typically relies on handcrafted templates or predefined event grammars, limiting their
flexibility.

To the best of our knowledge, STELLE is the first approach to propose a neural-
symbolic, concept-based architecture for TSC in which temporal logic concepts are
automatically inferred from data, without human intervention. By mapping STL
formulae and trajectories into a shared embedding space, STELLE enables concept-level
reasoning that is both data-driven and formally interpretable.

8.1.5 Learning Meaningful Representations of Time Series

The quest for meaningful and compact representations of time series has been central
to machine learning for decades. Classical methods such as DTW combined with
dimensionality reduction [189] or shapelet-based transformations [66, 190] offered
interpretable yet limited embeddings. More recently, contrastive and self-supervised
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techniques like TS2Vec [191] and LETS-C [192] have achieved universal, task-agnostic
representations by focusing on predictive generalisation. However, these embeddings
prioritise utility over interpretability, making them unsuitable for domains requiring
human-understandable insights.

Emerging directions in self-explainable and graph-based temporal models [193],
and verbalised spatio-temporal explanations [194], suggest a growing interest in
incorporating interpretability into the representation learning process. In this context,
STELLE proposes a concept-aligned embedding space defined by the evaluation of
interpretable STL formulae. By structuring the embedding space around logical
semantics, it unifies classification and explanation within a single, interpretable
representation framework.

8.1.6 Synthesis

The evolution of time series learning reveals a clear trajectory: from interpretable but
rigid symbolic models, to flexible yet opaque neural networks, and now toward hybrid
approaches combining both. Despite numerous advances, existing frameworks tend to
fall short in one or more dimensions: they are either post-hoc and non-verifiable, limited
to global symbolic descriptions, or dependent on handcrafted abstractions.

STELLE bridges these divides by unifying neural representation learning with
symbolic temporal logic reasoning. It grounds explainability in the formal semantics
of STL, ensuring verifiability, while employing attention-based neural embeddings to
capture contextual relevance and diversity. The resulting framework delivers both local
and global interpretability, reconciling data-driven flexibility with logical rigour. In
doing so, STELLE defines a new paradigm for interpretable, verifiable, and concept-based
time series learning.

8.2 STL as Concept Language and Concept Set
Construction

Signal Temporal Logic provides a formal, interpretable, and expressive language for
describing temporal properties of real-valued signals [108, 109]. Its quantitative
semantics enable a principled measure of how strongly a temporal condition holds,
making STL particularly well suited for integration with machine learning models that
operate on continuous scores. In the context of concept-based learning, STL serves as
a semantically grounded space of human-interpretable temporal concepts represented
by well-structured logical formulae. This chapter presents STL as the concept language
adopted by STELLE, and describes in detail how the concept set is constructed through
a probabilistic grammar, redundancy-aware selection mechanisms, and dataset-specific
scaling procedures.

8.2.1 STL as a Concept Space

In STELLE, each STL formula ¢ constitutes an interpretable temporal concept. The
robustness value p(p,x), as defined in Section 5.4, is interpreted as the response of
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concept ¢ when the model processes an input trajectory x. This viewpoint offers several
key advantages.

1. Semantic grounding. Each concept has an explicitly defined temporal meaning
grounded in the formal syntax and semantics of STL. The meaning of a formula
is invariant across datasets, feature scalings, or architectures.

2. Continuity. The quantitative semantics provide a smooth, real-valued measure of
satisfaction that is suitable for gradient-based optimisation and compatible with
neural learning objectives.

3. Compositionality. STL formulae can capture complex temporal patterns through
systematic composition of atomic predicates, Boolean operators, and temporal
operators, enabling the concept set to span a broad range of interpretable structures.

4. Temporal sensitivity. STL captures timing, ordering, persistence, and magnitude in
a single formalism. Concept activations therefore encode temporal relations rather
than static or purely local features.

Embedding both trajectories and formulae into a shared robustness-based space
yields a concept-learning process that is intrinsically interpretable: the model does
not discover latent representations but instead reasons directly using explicit temporal
structures.

From a structural perspective, this construction relies on minimal assumptions
about the input signals. Trajectories are assumed to be real-valued and discretely
time-indexed, so that STL robustness can be evaluated over finite intervals. No
assumptions are made regarding stationarity, smoothness, periodicity, linear dynamics,
or parametric generative models. In particular, the framework does not presuppose
any specific distribution over trajectories, nor does it require differentiability or
continuity of the signals beyond what is needed for numerical robustness computation.
Temporal properties are evaluated pointwise and over bounded intervals, making the
approach agnostic to the underlying data-generating mechanism. As a consequence,
STELLE remains applicable across heterogeneous domains, provided that signals admit
quantitative STL semantics.

Running example. To make this interpretation concrete, consider the running
example introduced at the beginning of this chapter (Figure 8.1). Let

901 = F[15’25](ZL' > 2) 902 = G[0,50}(£L' < 15)

The robustness value p(p1,x) is positive, since the signal exceeds the threshold
within the specified interval, and its magnitude reflects the margin by which this
exceedance occurs. Conversely,p(p2, X) is negative, as the trajectory violates the global
amplitude constraint.

This simple example illustrates how STL formulae operate as temporal concepts: each
robustness value quantifies the degree to which a semantically meaningful temporal
property is exhibited by the trajectory. Concept activations are therefore not abstract
latent features, but structured evaluations of explicitly defined behavioural conditions.
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Suitability of STL for Interpretable Time Series Learning

STL is particularly suitable for interpretable time series learning due to:

« Transparency. Each formula presents a clear, human-readable temporal condition.

« Faithfulness. Robustness values are tightly coupled to the logical semantics of STL,
ensuring that the model’s internal signals correspond to meaningful behavioural
patterns.

« Expressiveness. Temporal operators allow formulae to specify timing, duration,
recurrence, ordering, and persistence, which are difficult to represent with shape-
based or threshold-based features.

« Modularity. Formulae can be simplified, combined, or transformed without losing
interpretability, and their structure is directly reflected in their semantics.

However, challenges arise when sampling large sets of formulae or evaluating
robustness for complex trees. STELLE mitigates these limitations through principled
grammar constraints, redundancy-aware concept selection, and efficient robustness
computation.

8.2.2 Concept Set Construction

The STL concept set must satisfy several properties that ensure both interpretability and
usefulness for learning:

« Interpretability. Formulae are kept shallow, with bounded temporal operators and
low syntactic complexity to support human understanding.

« Behavioural diversity. The concept set should span a rich variety of temporal
patterns, avoiding excessive redundancy whilst maintaining discriminative power.

« Coverage of temporal patterns. Concepts should collectively represent the main
variability modes present in the dataset, capturing the characteristic behaviours
of different classes.

« Computational tractability. Formulae must remain pliant to efficient robustness
computation, avoiding excessively deep nesting or overly large temporal intervals.

These principles guide the construction pipeline described below, which
balances expressiveness against interpretability through grammar-based generation and
redundancy-aware selection.
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Probabilistic Grammar and Sampling

The STL concept set is generated using a probabilistic grammar inspired by the
procedure in Saveri et al. [195]. Formula trees are grown recursively by sampling
production rules with fixed probabilities, which allows the grammar to introduce
substantial variability while still enforcing constraints on maximum depth, number of
nodes, and number of variables appearing in predicates. These constraints prevent the
generation of overly complex or unintelligible formulae, and ensure that the resulting
temporal patterns remain interpretable. The grammar itself may produce a large and
diverse pool of candidate concepts, spanning a wide range of temporal behaviours.
Algorithm 1, in Appendix A, reports the grammar-based template generation procedure.
Starting from a base set of atomic propositions, increasingly complex STL formula
templates are constructed by recursively applying unary temporal and logical operators
(e.g. F, G, —) and binary operators (e.g. A, V, U). The recursion is bounded by a
maximum number of syntactic nodes and by a constraint on the number of signal
dimensions that may appear in each formula. At each expansion step, production
rules are sampled according to fixed probabilities, yielding a stochastic yet controlled
exploration of the formula space.

Each generated template is subsequently instantiated over a grid of parameter values,
producing a large pool of concrete STL formulae. Since this pool may contain many
behaviourally redundant concepts, a selection step is applied based on the similarity of
robustness signatures computed over a representative set of trajectories. Only formulae
that are sufficiently dissimilar from those already selected are retained, resulting in a
compact, semantically diverse, and interpretable concept set. Full details of the template
generation and selection procedure are provided in Appendix A.

However, grammar-based sampling also tends to introduce redundancy, as many
syntactically distinct formulae can behave very similarly when evaluated over the same
dataset. To address this, every generated formula is evaluated on a reference set of
trajectories 7 to obtain a robustness profile,

r(@) = (ple,1),...,p(0,Tm)), T ET

which effectively summarises the behaviour of the formula over the dataset. Formulae
with highly correlated robustness profiles are considered behaviourally redundant. In
practice, two formulae ¢ and 1) are treated as duplicates when the cosine similarity
between their robustness vectors exceeds a predefined threshold, cos(r(¢),r(¢)) >
1 — 9, and only one of them is kept. This step ensures that the final concept set achieves
behavioural diversity rather than merely syntactic variation.

Redundancy filtering relies on both behavioural similarity and structural simplicity.
When multiple formulae exhibit nearly identical robustness profiles, indicated by cosine
similarity exceeding 1—4, only the structurally simplest formula is retained, as measured
by node count. This ensures that the concept set remains compact whilst preserving
behavioural diversity: syntactically complex formulae that behave identically to simpler
alternatives do not contribute additional interpretability and are therefore discarded.
The result is a concept set where each formula represents a distinct temporal behaviour
and is expressed in its most readable form.

To connect this construction to the running example, the formulae ¢ = Fyi505(2 >
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2) and 3 = Gyp50)(¢ < 1.5) can be viewed as two candidate concepts sampled from the
grammar and retained after redundancy filtering. Although simple, they illustrate how
distinct temporal structures, such as local threshold exceedance versus global amplitude
constraint, correspond to structurally different formula trees. In practice, the grammar
generates a much richer and more diverse concept set, but the same construction

principles apply.

Finally, a practical consideration concerns differences in dataset length and sampling
rate. The grammar samples temporal interval endpoints from a fixed normalised
range [0, 100], independent of any specific dataset. When applying these formulae to
trajectories of different lengths, the interval endpoints are rescaled proportionally to the
signal duration. For instance, a formula with interval [10, 30] applied to a trajectory
of length 200 time steps becomes [20, 60] after rescaling. This approach ensures that
temporal operators maintain consistent semantic interpretation across datasets with
different temporal resolutions, allowing the same concept set to generalise across
varying signal lengths without requiring dataset-specific grammar modifications.

Importantly, this design avoids introducing implicit assumptions about absolute time
scales or fixed sampling frequencies. Temporal properties are defined in relative, rather
than dataset-dependent, units, so that a constraint expressing, for example, an early,
mid, or late behavioural transition retains its meaning irrespective of the concrete
sequence length. As a result, STELLE does not assume homogeneous signal duration
across samples, nor does it rely on fixed temporal horizons. The only requirement is
that trajectories admit a consistent discrete time index, enabling robustness evaluation
after proportional rescaling. This scale-consistent formulation supports cross-dataset
generalisation while preserving the semantic integrity of the temporal concepts.

8.3 Trajectory Embedding Kernel

A central component of the proposed framework is the construction of a shared semantic
space in which trajectories and STL formulae can be compared directly. This is made
possible through a trajectory embedding kernel inspired by an existing kernel for
STL formulae proposed in the literature. In this chapter, we first revisit the STL
kernel introduced in prior work, which provides a functional-analytic foundation for
embedding logical formulae into a Hilbert space based on their robustness semantics.
We then introduce the trajectory embedding kernel that extends this concept to raw
time series data, enabling joint reasoning over trajectories and temporal logic concepts
within a unified and interpretable space.

Motivation

The goal of STELLE is to build a concept-based classifier whose internal representations
are grounded in STL semantics. This requires representing both trajectories and
formulae in a common embedding space where distances and similarities reflect
behavioural alignment with respect to temporal properties.

The original STL kernel [196] provides a mechanism for embedding STL formulae into
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a continuous space using robustness values. Each formula ¢ is mapped to the functional
plp,): T =R,

which assigns to every trajectory 7 € 7T the robustness p(¢, 7). To define inner products
between such functionals, it is necessary to introduce a probability measure iy over the
trajectory space 7, which specifies how agreement between behaviours is aggregated
across trajectories. This viewpoint allows STL formulae to be compared via an inner
product in L?(T, o).

For concept-based learning, however, it is equally important to embed trajectories
into the same semantic space. The key idea is therefore to treat trajectories as functionals
as well, defining for each reference trajectory 7 a smooth similarity functional p,
that plays a role analogous to robustness. This parallel construction allows us to
define a kernel between any trajectory and any STL formula through their behavioural
interaction with the entire trajectory space under 1.

Thus, the trajectory—formula kernel extends the original STL kernel and enables
a unified representation of both symbolic and numerical objects, preserving
interpretability without requiring black-box learned embeddings.

8.3.1 A Kernel for STL Formulae

We recall the definition of the STL kernel introduced in Bortolussi et al. [196]. Robustness
allows each STL formula ¢ to be interpreted as a functional

p(@?) :T%Rv T'_>p<9077—)7

mapping trajectories to real-valued robustness scores. The similarity between formulae
can then be captured through an inner product structure analogous to the scalar product
of finite-dimensional vectors. Just as the scalar product between vectors is large
when they “agree” on many components, a functional inner product can be defined to
measure agreement over the space of trajectories. However, unlike finite-dimensional
vectors where each component is weighted equally, integrating over uncountably many
trajectories requires imposing a probability measure (i on the trajectory space 7. This
measure serves two purposes: it makes the integral well-defined, and it encodes a
preference over which trajectories are deemed important for comparison. The original
authors define 1 to favour “simple” trajectories, using total variation as a measure of
simplicity. This ensures that the kernel emphasises behavioural similarity over smooth,
representative trajectories rather than pathological or overly complex signals. Given
this measure, the similarity between two formulae ¢ and v is defined as:

F(p,) = (o, ), p(a), ) = / oo, 7) plo,7) dpio(7). (8.)

TET

This construction embeds STL formulae into the Hilbert space L?(T, 1), where inner
products quantify behavioural similarity: the kernel is large when ¢ and ¢ behave
similarly over high-probability trajectories, and negative when they systematically
disagree.

It is important to stress that jiy does not encode any dataset-specific distributional
assumptions, nor does it incorporate class labels or empirical statistics from the training
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set. The measure serves a purely functional-analytic role: it renders the integral well-
defined and induces a notion of behavioural similarity over the space of admissible
trajectories. Although 1 favours trajectories with bounded total variation, this bias
reflects a preference for structurally simple signals in the abstract trajectory space 7,
rather than an assumption about the generative process underlying the observed data.
Consequently, the kernel construction does not presuppose stationarity, Gaussianity, or
any parametric form of the data distribution. It defines similarity in semantic terms via
robustness agreement, rather than in statistical terms tied to a specific dataset.

This kernel provides the theoretical foundation for STELLE by establishing a
continuous, semantics-preserving embedding of logical formulae. The trajectory
embedding kernel derived next builds on this functional viewpoint.

Kernel transformations for concept selection. In practice, the kernel values
computed via Equation 8.1 are subject to two transformations before being used for
concept selection. First, the kernel is normalised to obtain

k(, 1)
VE(p, @) k()

which ensures that similarity values lie in a bounded range and removes scale effects
introduced by formulae with large robustness magnitudes. Second, the normalised
kernel is exponentiated using a Gaussian transformation:

7. dg-l (907 2/})

k(p, ) = exp (—— ,

202

k(p,0) =

where d3,(p,%) = k(p,0) + k¥, ) — 2k(p,) is the squared distance in the
reproducing kernel Hilbert space (RKHS), and 0? > 0 controls the bandwidth of the
transformation. This exponential mapping amplifies differences between moderately
similar formulae, enhancing contrast in the similarity structure and promoting
behavioural diversity during redundancy filtering in concept selection. Normalisation
stabilises the selection process by reducing sensitivity to outliers, whilst exponentiation
selectively sharpens distinctions amongst formulae with intermediate similarity. The
combined effect produces concept sets with richer temporal diversity, as demonstrated
empirically in Chapter 10, where we analyse the impact of these transformations on
classification performance.

It is important to note that these kernel transformations are applied exclusively
within the concept selection and post-processing stages of the framework. The
STL kernel is not used during model training, nor does it influence gradient-
based optimisation or classifier parameter updates. As a result, normalisation and
exponentiation affect only the structure of the symbolic concept space, specifically how
redundancy and diversity among STL formulae are assessed, without impacting the
learning dynamics or decision boundaries of the classifier.

8.3.2 Trajectory Embedding Kernel

While the STL kernel embeds logical formulae into L?(7T, o), STELLE requires that
raw trajectories also inhabit this same semantic space. This unified embedding is



8.3. TRAJECTORY EMBEDDING KERNEL 55

essential for concept-based learning: it allows the model to compare trajectories directly
with STL formulae, measure their behavioural alignment, and construct interpretable
representations where both symbolic specifications and numerical data are treated
as first-class objects. Without such an embedding, trajectories and formulae would
remain in fundamentally different mathematical spaces, preventing the direct interaction
necessary for logically grounded classification.

To achieve this unification, a trajectory-dependent functional p, is defined for every
trajectory 7 € T, playing a role analogous to the robustness functional p(¢, -) for STL
formulae. This construction enables the definition of a trajectory—formula kernel that
extends the original STL kernel whilst preserving its theoretical properties.

Similarity functional for trajectories

For a fixed reference trajectory 7 € T, the similarity functional p, : 7 — R is defined
through a normalised distance measure. Let

d (&) = 1I§ — 73

denote the squared L? distance between trajectories £ and 7. The similarity functional
is then constructed as
d-(£)

/07'(6) )

3

where ¢ > 0 is a scaling parameter that controls the behaviour of the functional across
three dimensions:

« Locality. Smaller ¢ causes p.(§) to decay more sharply with distance, emphasising
nearby trajectories;

« Smoothness. Larger ¢ produces smoother similarity profiles, reducing sensitivity to
small perturbations;

« Numerical stability. Appropriate choice of € prevents degenerate gradients when
¢ ~ 7 and avoids overflow for distant trajectories.

This definition mirrors the interpretation of STL robustness: just as p(¢, £) quantifies
how strongly trajectory ¢ satisfies temporal property ¢, the quantity p,(£) quantifies
how close ¢ is to the reference trajectory 7. Both p, and p(¢p,-) are thereby treated as
elements of the same functional space L?(T, o).

Normalisation of robustness values. Because d.(£) may vary significantly across
trajectories or datasets, the similarity functional p, is normalised before computing
kernel values. Following the same approach as for STL formulae (Section 8.3.1), we

apply
pr(€)

Vo) (@O

where [|p(®c, §)||2 represents the norm of the concept activation vector for trajectory
&. This normalisation prevents scale imbalances when comparing trajectory similarity

24(3)
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p- (&) to formula robustness p(p, ) within the shared embedding space, ensuring that
both types of functionals contribute proportionally to kernel computations.

Importantly, unlike the formula kernel, we do not apply exponential transformation
to p, values. Whilst exponentiation enhances contrast amongst formulae during concept
selection (Section 8.3.1), exponentiating trajectory similarities introduces unnecessary
amplification of small differences between trajectories, potentially creating a noisier
embedding space without corresponding gains in discriminative power. The ablation
studies in Chapter 10 demonstrate that normalisation alone produces stable, well-
calibrated trajectory embeddings, and that additional exponential transformations
degrade classification performance by over-emphasising local variations that do not
reflect meaningful temporal distinctions.

Selection of c. The scaling parameter ¢ plays a crucial role in determining the effective
resolution of the embedding. If ¢ is too small, the kernel becomes overly sensitive to
minor differences between trajectories, leading to overfitting and poor generalisation.
Conversely, if ¢ is too large, the kernel fails to distinguish between genuinely different
behavioural patterns.

In this work, ¢ is initialised to 1 and subsequently treated as a learnable parameter. Its
value is optimised jointly with the remaining model parameters through an explicit term
in the training objective, allowing the model to adapt the effective scale of the embedding
to the data. This formulation avoids manual tuning of ¢ and provides a principled
mechanism for balancing sensitivity to behavioural differences with robustness to noise.

Trajectory—-Formula Kernel

Once both trajectories and formulae are associated with functionals in L*(7, ), the
inner product structure naturally extends to define a trajectory—formula kernel. For a
trajectory 7 and an STL formula ¢, the kernel is given by

k(r,p) = /5 _orl)pli.€) o). (8.2

This definition inherits the functional-analytic properties of the STL kernel and provides
a principled measure of behavioural alignment between trajectories and temporal
specifications.

The trajectory-formula kernel satisfies three essential properties:

1. Shared semantic space. Both trajectories and STL formulae are embedded into
the same Hilbert space L*(T, j19), enabling direct comparison and concept-based
reasoning. This unification is fundamental to STELLE’s architecture: it allows the
model to measure how strongly a trajectory exhibits a particular temporal property,
expressed as a kernel value rather than an abstract latent representation.

2. Behavioural grounding. The kernel k(T,p) measures similarity not through
superficial features but through the way both 7 and ¢ interact with the entire
trajectory space under 1. Two objects are close if they behave similarly across
T atrajectory 7 has high kernel value with a formula ¢ if trajectories similar to
7 tend to satisfy ¢ strongly. This captures a notion of behavioural alignment that
respects the semantics of temporal logic.
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Figure 8.2: Visualisation of the shared embedding space L*(T, o) where both
trajectories (blue circles) and STL formulae (red squares) are embedded as functionals.
Objects cluster according to behavioural similarity: trajectories and formulae that
interact similarly with the trajectory space under ji are positioned nearby. Dashed lines
indicate high kernel values k(7, ), representing strong behavioural alignment. The
axes represent projections onto basis formulae ®; and ®,, illustrating how the space is
interpretable through temporal logic concepts.

3. Inherited theoretical guarantees. As a direct extension of the original STL kernel,
the trajectory—formula kernel inherits positive definiteness and the structural
properties of the L? inner product. This ensures that distances and similarities
computed in the embedded space are well-defined, stable, and consistent with the
functional-analytic framework.

Figure 8.2 illustrates this shared semantic space, where trajectories and formulae
cluster according to their behavioural profiles over 7. Trajectories that exhibit similar
temporal patterns are positioned near the formulae that characterise those patterns,
providing an intuitive geometric interpretation of the concept-based representation.

Running example. To relate this construction to the running example introduced
earlier, consider the trajectory 7 and the STL formulae

Y1 = F[15725] ([L’ > 2) G[()’g,o] (27 < 15)

The kernel value k(7, o) is large because trajectories that are behaviourally close to
7 under (i also tend to exhibit a threshold exceedance within the interval [15,25].
By contrast, k(T, 9) is small (or negative), reflecting the systematic violation of the
global amplitude constraint by trajectories similar to 7. The trajectory—formula kernel
therefore measures behavioural alignment across the trajectory space rather than mere
pointwise satisfaction on a single signal.

Computational realisation. Whilst the trajectory—formula kernel is defined through
the integral in Equation 8.2, STELLE does not explicitly evaluate this integral during
training or inference. Instead, the kernel structure is realised through Monte Carlo
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approximation: a finite set of N sample trajectories {1, ...,&n} is drawn from pg, and
the kernel is approximated as

1 N
NZ 9051

This approximation converges to the true kernel value as N — oo by the law of large
numbers, and in practice N = 5,000 provides sufficient accuracy whilst remaining
computationally tractable.

For a set of C' STL formulae ® = {1, ..., ¢} and a trajectory 7, the embedding of
7 into the concept space is then given by the vector

k(1,®) = (k(,¢1), ..., k(1,00)) " € R, (8.3)

which quantifies the behavioural alignment of 7 with each temporal concept in ®. This
embedding forms a key element to the STELLE framework, described in Chapter 8.4.

8.3.3 Comparison with Alternative Embeddings

The trajectory embedding kernel differs fundamentally from existing approaches. Deep
embeddings produced by neural encoders such as CNNs, RNNs, and Transformers
are undeniably useful, yet they lack symbolic structure, do not align with formal
semantics, and require post-hoc explanations to make their representations interpretable
[7, 50, 77]. Shapelet methods, while effective at identifying discriminative subsequences
in time series, cannot express temporal relationships such as ordering, duration,
nesting, or logical combinations of patterns [66, 197]. Similarly, motif-based distances
capture repeated patterns in sequences but do not provide semantic grounding
or support robustness-based reasoning about temporal behaviour [198, 199]. The
trajectory—formula kernel is unique in that it embeds trajectories and logical formulae
into the same space, with similarity defined through behavioural profiles over 7. This
design preserves interpretability by construction, enabling direct semantic comparison
between trajectories and specifications while maintaining the formal guarantees
of temporal logic. Unlike black-box embeddings, the kernel provides transparent
reasoning about temporal patterns, and unlike pattern-matching methods, it supports
compositional semantics that can express complex temporal relationships.

8.4 The STELLE Architecture

This chapter presents the full architecture of STELLE (Signal Temporal Logic Embedding
for Logically-grounded Learning and Explanation). The model performs time series
classification through concept-based reasoning grounded in the semantics of Signal
Temporal Logic (STL). Its design maintains interpretability at every stage: trajectories
are embedded into a concept space defined by STL formulae, discriminability is assessed
through robustness-based atypicality, and concept relevance is learned explicitly.
The final classifier operates on these interpretable representations, ensuring that
explanations follow directly from the model’s internal computations.
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Figure 8.3: STELLE architecture. Input trajectories x are embedded via STL concepts
formulae ®, creating #(x). This gets scaled, creating v(x), and integrated with class-
specific scores G(x) for classification § and generation of local explanations, which can
be aggregated into global explanations.

8.4.1 Overall Architecture

The STELLE pipeline consists of four main components, as depicted in Figure 8.3: the
trajectory embedding, the discriminability mechanism, the learned concept relevance
module, and the classifier head. Given an input trajectory x, the system first computes
its robustness activations with respect to a predefined STL concept set, constructed
following the procedure described in Chapter 8.2. These activations form a concept-
level representation of the trajectory, which is then modulated through a concept
relevance layer that selects or attenuates concepts. A discriminability mechanism
further highlights atypical concept activations that are informative for classification.
The resulting representation is passed to a lightweight multilayer perceptron (MLP) that
outputs class scores.

The architecture is intentionally modular, with each component contributing
to interpretability: robustness-based embeddings ensure symbolic grounding, the
discriminability mechanism emphasises deviations in concept behaviour, the relevance
layer exposes which concepts the model considers important, and the classifier head
remains shallow enough for its influence to be traceable.

8.4.2 Trajectory Embedding Layer

The first stage of the architecture transforms the raw trajectory into concept activations.
Let ® = {¢1,...,pc} denote the fixed set of STL concept formulae. For an input
trajectory X, the trajectory embedding (introduced in Chapter 8.3.2) is defined as

H(x, ®) = H(x) = (k(x,01), - k(x,00)) €RC, (8.4)

as per Equation 8.3, which maps x into the shared semantic space induced by the
trajectory—formula kernel. Each coordinate is the kernel similarity of the trajectory
into a human-interpretable temporal formula. This yields a symbolic, interpretable
representation where every dimension corresponds to a well-defined STL concept.
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8.4.3 Discriminability Mechanism

While the trajectory embedding captures how strongly each temporal concept is
satisfied, not all concepts are equally informative for distinguishing between classes.
The discriminability mechanism quantifies, in a principled and statistically grounded
way, how atypical a concept’s robustness value is for each class, thereby turning raw
robustness into class-specific evidence.

Let 7 C T denote the set of training trajectories belonging to class k, and define

Bri = EXN% [,0(%‘, X)] ) Ok,i = SthNﬂc [P(%‘, X)] )

as the empirical mean and standard deviation of robustness values for concept ¢; within
class k. For a new trajectory x, the discriminability of ¢; with respect to class k is defined
as the normalised deviation from the robustness statistics of the other classes:

Ok+;i T €a

G; , K FE (8.5)
where e > 0 is a very small constant (typically 10~®) that ensures numerical stability
by preventing division by zero when oy ; is negligible.

Interpretation. Large values of GF(x) indicate that the observed robustness p(¢;, x)
is unusually high or unusually low compared to what is typical for class k, providing
evidence against that class. Conversely, small values signal that the concept behaves as
expected for class £, providing supportive evidence.

This mechanism is closely related to statistical hypothesis testing: it assesses the
atypicality of a concept relative to class-conditional robustness distributions. However,
unlike classical tests, the mechanism is fully differentiable, class-aware, and performed
directly at the level of temporal logic concepts rather than raw features. As a result,
STELLE attributes class evidence to interpretable temporal properties, ensuring that
discriminability remains transparent, faithful, and semantically grounded.

Running example. To clarify the role of discriminability, consider again the running
example trajectory 7 and the concept ¢1 = Fp595(x > 2). Suppose that, over the
training data, the empirical robustness statistics for ¢, are

to1 =0.7, o001 =0.1 for class 0,

and
pi1=—0.6, o17=0.2 for class 1.

If the example trajectory satisfies p(¢1,7) = 0.8, its robustness lies close to the typical
value observed for class 0 and far from that of class 1. The discriminability mechanism
therefore assigns a high score to ¢; for class 0 and a low (or negative) score for class 1.

In contrast, consider vy = Giosg(x < 1.5), which the trajectory violates with
negative robustness. If both classes exhibit similarly negative robustness values for
9, its deviation from class means will be small for all classes, and the resulting
discriminability score will be low. In this case, the concept is activated but not class-
informative.
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This example highlights the conceptual distinction between activation and
discriminative value. Robustness measures whether a temporal property holds for
a specific trajectory; discriminability measures whether that property meaningfully
separates classes. Only concepts that are both activated and statistically distinctive
contribute strong class-specific evidence.

8.4.4 Learned Concept Relevance

While discriminability quantifies how strongly each concept supports or contradicts
a class, not all concepts are equally important for every trajectory. STELLE therefore
learns a relevance vector that adaptively modulates the contribution of each temporal
concept to the final decision.

Given the trajectory embedding 7 (x) defined in Equation 8.4,

the model computes a temperature-scaled relevance score

v(x) = — € RY, T >0, (8.6)

where the temperature parameter 7' controls the scale of the relevance modulation.
Dividing H(x) by T" uniformly rescales all concept activations, amplifying or attenuating
their relative contrast without inducing sparsity. Smaller values of 7" increase the
separation between strongly and weakly activated concepts, while larger values produce
a more uniform modulation. In practice, 7' ensures scale compatibility between
trajectory-dependent activations and downstream discriminability scores, contributing
to numerical stability during training.

Modulation of class-specific evidence. The relevance vector interacts
multiplicatively with the discriminability matrix through a Hadamard product:

z(x) = 7(x) © G(x) € [0, 00) ¥,

thereby amplifying discriminative concepts and suppressing irrelevant ones. Each entry

z¥(x) combines:

« how strongly ¢, activates on x (via ), and
« how atypically it behaves for class k (via §),

yielding a concept-level score of class-specific evidential strength.
To produce a bounded, signed representation that reflects both positive and negative
support, the model applies a Softsign activation:

u

z(x) = s(z(x)) € (—1,1)9*K, s(u) = e

The resulting matrix z(x) is finally flattened and passed to the classifier head,
completing a pipeline in which concept activation, discriminability, and relevance
interact in a fully interpretable and logically grounded manner.
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Why Softsign? Softsign is selected for three key reasons:

1. Symmetry. It preserves both positive and negative evidence, a crucial requirement
for concept-level interpretability.

2. Smoothness. It is differentiable everywhere, ensuring stable optimisation.

3. Controlled compression. Large values are gently compressed, preventing dominance
by extreme discriminability scores.

Alternative nonlinearities would break these interpretability guarantees:

« ReLU would zero-out all negative evidence, preventing the model from expressing
that a concept contradicts a class.

« Sigmoid would map everything to (0, 1), eliminating the distinction between
supportive and opposing concepts and collapsing interpretive structure.

Softsign therefore provides the right balance: it preserves the polarity of concept
evidence, stabilises the scale of concept interactions, and maintains the mathematical
semantics of the relevance-discriminability combination.

8.4.5 Classifier Head

After relevance modulation and Softsign normalisation, the matrix z(x) € (—1,1)9*¥

encodes the concept-level evidential structure for all classes. For classification, this
matrix is flattened into a single vector:

Zgat(X) € (—1,1)9%,

which serves as the input to a compact MLP.

The classifier head is deliberately kept shallow, typically one or two hidden layers
of modest width, to preserve a transparent relationship between concept-level evidence
and final logits. Instead, the architecture relies on the expressiveness of the STL concept
space and the discriminability-relevance mechanism. The MLP’s role is purely to
integrate these signals in a stable and controlled manner.

Let F: RYF — [0, 1] denote the classifier. The final logit vector is:
U(x) = F (2ga1(x)) ,
and the predicted class is obtained via the softmax operator:

g = arg max U (x).

Regularisation. Standard techniques such as weight decay or dropout may be used
inside the MLP without interfering with the interpretability of concept relevance, as
these regularisation methods operate solely on the classifier head and do not affect the
semantics of the concept-level representation z(x). In practice, mild L, regularisation is
preferred for its simplicity and stability.

Overall, the classifier head acts as a lightweight aggregator: it consolidates concept-
level evidence while ensuring that the final prediction remains directly traceable to
interpretable STL components.
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8.4.6 Interpretability by Design

Interpretability is woven into the architecture rather than imposed through post-hoc
analyses. Each component contributes to this goal:

* Robustness-based embeddings ensure that the model operates in a semantic space
defined by formal temporal concepts.

« The discriminability mechanism highlights atypical temporal behaviours that
support or contradict each class, providing intuitive diagnostic evidence.

« Learned relevance scores expose which concepts are important for the model,
enabling transparent inspection of per-class and per-instance behaviour.

o The shallow classifier head preserves traceability between concept activations and
predictions.

This stands in marked contrast to post-hoc interpretability methods, which attempt to
explain decisions after training by approximating the influence of features or perturbing
inputs. Such approaches may fail to reflect the true internal logic of the model. In
STELLE, explanations are derived directly from the model’s computation, ensuring
faithfulness, transparency, and stability. Because each component remains grounded in
the semantics of STL, the resulting explanations take the form of human-interpretable
temporal statements rather than abstract vectors or saliency maps.

Overall, the  architecture  realises  the  objective  of  concept-
based interpretability without sacrificing classification performance, demonstrating that
logical expressiveness and modern learning techniques can be integrated into a unified,
semantically meaningful system.

8.5 Explanation Framework

The STELLE architecture supports interpretable time series classification by expressing
explanations in terms of human-readable temporal logic concepts. Explanations
in STELLE arise naturally from the model’s internal symbolic operations: concept
activations derived from robustness, discriminability scores quantifying concept
atypicality per class, and integrated gradients tracing the influence of each concept
on the final logits. This chapter describes how these components are combined to
extract faithful local explanations for individual trajectories and global explanations that
characterise entire classes.

8.5.1 Local Explanations

Local explanations describe why the model assigns a specific class to an input trajectory.
In STELLE, a prediction is produced by combining three distinct factors: (i) which
temporal concepts are relevant for the specific trajectory, (ii) how discriminative these
concepts are with respect to each class, and (iii) how the classifier combines this
information to produce its final decision.
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Accordingly, local explanations are constructed by explicitly modelling and
integrating these three effects.
Specifically, STELLE relies on:

1. Concept relevance y(x), which identifies which temporal concepts are activated by
the trajectory x;

2. Class discriminability G(x), which measures how atypical each activated concept
is for each class;

3. Classifier sensitivity, which captures how variations in concept activations affect
the classifier’s output.

The first two quantities are intrinsic to the symbolic embedding. The third must
be recovered from the classifier itself: we therefore estimate it using gradient-based
attribution, allowing us to analyse the model’s behaviour directly in the concept space
rather than in raw signal space.

These components interact within the latent concept space

z(x) = 7(x) © G(x) € [0, 00)**,

where z; ;(x) quantifies how strongly concept ¢; supports class k for trajectory x.
This representation preserves the original semantics of robustness while exposing how
evidence is accumulated across concepts and classes. To extract explanations, this
latent representation is further weighted by the gradient-based attributions, yielding a
concept-class activation matrix that integrates activation strength, discriminability, and
gradient-based importance for the final classification.

Attribution through Integrated Gradients

To quantify classifier sensitivity at the level of temporal concepts, we apply Integrated
Gradients (IG) (introduced in Section 4.3.2) to the latent representation z(x).

Although several attribution methods can in principle be used in our setting,
we adopt Integrated Gradients for two main reasons. First, IG satisfies desirable
axioms such as sensitivity and implementation invariance, which ensure that concept
attributions are stable and reflect genuine functional dependencies rather than artefacts
of parametrisation. Secondly, IG proves particularly robust in concept-based models,
where gradient saturation or bounded activations may distort relevance estimates: the
integration path mitigates such issues by capturing contributions across multiple scales
of activation.

Let the classifier head be a function

F:RYK -0, 1)%,

mapping the flattened latent matrix to class probabilities, and let F}, denote the logit or
probability associated with class k.

For an input x with latent representation z(x), we define a baseline z’ (set to the zero
vector) and compute, for each concept index 7,

Wi = (zi(x) — zé)/ OF (e + C;(Zf(x) =2) 4o

0
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This yields a smooth and faithful estimate of the influence of concept 7 on Fj.

A key design choice is that the gradients are applied to the unbounded representation
z(x), not to the bounded Softsign-transformed z(x). This choice prevents saturation:
the Softsign function compresses large values, which would otherwise mask differences
in magnitude that are meaningful for attribution. By computing IG on z(x),
explanations remain faithful to the quantitative relationships encoded by robustness and
discriminability.

The resulting attribution weight W}, ; measures how changes in the activation of concept
¢; would affect the confidence assigned to class k.

A Discriminative Scoring Mechanism

While IG quantifies how each concept influences the model logits, local explanations
must also capture how distinctive each concept is for the target class. To this end, we
compute a concept—class activation matrix by combining raw concept activations with
their class-specific relevance weights:

A(x) =2z(x) ®©W € [0, 00)9*K,

where z(x) € RY contains the non-normalised concept activations, and W € RE*¢

is the matrix of IG attributions. Thus, A, ;(x) reflects the contribution of concept ¢; to
classifying x as class k, after integrating both activation strength and relevance.

To identify the concepts that best distinguish class k from the alternatives, we
compute a discriminative score

r<X>k = A:,k’(x) 7 1 A:,k* (X) : (8'7)

A concept receives a large score when its class-k activation differs substantially from the
mean activation across all other classes. In other words, r(x); measures distinctiveness,
complementing IG, which measures influence.
Alternative aggregation strategies, such as subtracting the maximum activation (rather
than the mean) or using the raw activation A. ;(x) directly without comparison, are
explored in Section 10.6.1.

This combination ensures that selected concepts are not only impactful for the
model’s decision, but also genuinely characteristic of the target class.

Running example. Returning to the running example introduced earlier, consider
the trajectory 7 and the concepts

o1 = Fps5(r > 2) 2 = Gy (r < 1.5).

Suppose the model predicts class 0 for 7. The concept ¢ is strongly activated (positive
robustness), statistically characteristic of class 0, and receives a high attribution weight
Wo.1 from Integrated Gradients. Conversely, 9 is weakly discriminative and receives
negligible attribution.
As a result, the combined activation
Ay o(7) = 210(7) Won

)
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is large, whereas A, o(7) remains small. The explanation mechanism therefore identifies
1 as the dominant temporal property supporting the prediction.

Selecting the most Influential Concepts

To ensure that local explanations remain concise, readable, and focused on the most
informative temporal patterns, only a subset of the extracted concepts is retained.
STELLE supports two complementary selection strategies, both operating on the
relevance scores r:

« Fixed-budget selection. Given a budget 7 € N, retain the 7 concepts with highest
relevance scores r.

« Cumulative relevance selection. Sort the relevance scores in descending order and
take the smallest prefix whose cumulative sum reaches a target ratio 3, € (0, 1] of
the total relevance mass.

The cumulative relevance threshold 7, is applied during the initial concept extraction
stage, where candidate STL formulae are ordered according to their relative importance
and a preliminary subset is retained. At this stage, the selection is solely driven by
ranking and does not yet impose any constraints on how well the retained concepts
jointly characterise the target class. Additional mechanisms governing the construction
and refinement of the final explanation are introduced later, during a dedicated post-
processing step.

The effect of the parameter 7; is analysed in Section 10.6.2.

The resulting set of selected concepts is denoted

“FX = {Splu s 7S0‘]:x|}'

Each element of F corresponds to a temporal logic concept that is both influential for
the model’s decision on x and discriminative for the predicted class.

Each selected concept ¢; € JFx is then refined into a more concise and human-
readable STL expression through the logic-aware post-processing procedure described
in Section 8.5.3. This refinement step yields a simplified concept ¢ and, accordingly, an
updated concept set

Fre=A{#h - oy

After post-processing, the refined concepts are combined into a final local explanation
expressed in conjunctive form:

EE(X7Q): /\ 90;7

o,EFL

where ¢ denotes the predicted class. Each conjunct represents an individual temporal
property that the model considers both relevant for the specific trajectory and indicative
of the target class.

The resulting formula provides a sufficient explanation of the prediction: whenever
all conditions in E(x, ) are satisfied, the model is likely to assign the same class . This
construction therefore yields compact, faithful, and semantically grounded explanations
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directly aligned with the model’s internal reasoning. Finally, the resulting explanation
formula is further refined through a data-aware simplification step, described in
Section 8.5.3, which leverages empirical properties of the dataset to remove redundancies
and improve readability while preserving semantic and discriminative consistency.

Importance parameter imp,. During the post-processing stage used to construct
a local explanation from a set of candidate STL formulae, we introduce the importance
parameter imp, to control the minimum level of separability required of the explanation.
In particular, imp, specifies the fraction of data points that the extracted explanation
is allowed to leave out of the classification. Setting imp, = 0 enforces maximal
fidelity, requiring the explanation to separate all relevant points, regardless of the
resulting formula complexity. Higher values of imp, relax this requirement, allowing
the explanation to cover only a subset of points and thereby favouring simpler formulae
with fewer nodes. In this way, imp, provides an explicit and interpretable mechanism
for trading off explanatory simplicity against exact class separation, by constraining the
minimum proportion of points that must be correctly classified by the explanation. The
effect of this parameter is analysed in Section 10.6.2.

Together, 7t and imp, regulate explanation complexity at complementary stages: the
former controls relevance-based pruning during candidate extraction, while the latter
acts as a stopping criterion during post-processing to ensure sufficient separability.

8.5.2 Global Explanations

While local explanations justify predictions for individual trajectories, global
explanations describe the characteristic behaviours of entire classes. Global explanations
do not depend on the model’s predictions but are constructed using the true training
labels, ensuring alignment with the dataset’s semantics rather than with model-specific
biases.

For class k, we collect all local explanations produced for trajectories with true label
k:

Fr ={Eu(x,k) | X € Tivain, y(x) = k}.

Each explanation contributes a single STL formula, already expressed in conjunctive
form, that was highly discriminative for that class at the instance level. We use the
training set to construct global explanations because these trajectories were available
during model training and thus their local explanations reflect patterns the model
learned to associate with each class. The resulting global explanations are then validated
on the test set by measuring their separation percentage, ensuring they generalise
beyond the training distribution.

Division Analysis

The goal of division analysis is to identify which formulae from the local explanation
pool remain discriminative at the global, class-level scale. A formula is considered
discriminative for class £ if its robustness values on class-k trajectories are systematically
different from (i.e., fall outside the range of) robustness values observed on all other
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classes. This ensures that the formula captures a temporal property that is characteristic
of class k and not shared by other classes.

Formally, we construct a division matrix DF indicating whether a formula behaves
outside the robustness range of all non-class-£ trajectories:

D _ L, if p(py, %) ¢ [minegy—10) p(05, X), MaXxgy-1() (5, %)),
iy

0, otherwise.

where y~ (k) = {x € Tiamn | y(x) = k} denotes the set of all training trajectories
belonging to class k. Entry ij = 1 indicates that trajectory x; from class k exhibits
a robustness value for formula ¢; that is distinct from all trajectories in other classes,
meaning that ¢; successfully separates x; from the rest of the dataset. A formula with
high column sum in D* is thus a strong discriminator for class k.

We seek the smallest set of formulae F';, C Fj, that covers at least a target fraction
of class-k trajectories, leading to a minimum-cost set cover problem:

miani -cost(p;) st. DFe> Yol T, ¢ €{0,1},

where Ty = {X € Tivain | y(X) = k} is the set of class-k training trajectories, | 7| is its
cardinality, and 7, € (0, 1] specifies the desired coverage fraction (e.g., 7, = 0.9 requires
covering at least 9o% of class-k trajectories). Here, cost(p;) measures the syntactic
complexity of formula ¢; (e.g., node count), and the constraint DFc > f_yg\ﬁ] ensures that
the selected formulae jointly cover at least the target fraction of trajectories, allowing
simpler approximate explanations by relaxing the requirement for perfect coverage.

The optimisation is solved via a o-1 Integer Linear Programme (ILP). If infeasible, a
greedy heuristic selects formulae that maximally increase coverage while minimising
redundancy.

Global Symbolic Characterisation

The final global explanation for class & is expressed as a disjunction:

Eg(k): \/ Pis

PiEF],

meaning that a trajectory satisfying any of the selected ; typically belongs to class k.
This provides an interpretable summary of the underlying temporal behaviour of the
class.

Crucially, this construction allows the global explanations to be incrementally refined
in an online manner: as new trajectories become available, coverage relations can be
updated without retraining, ensuring that (k) remains representative of the evolving
data distribution.

As in the local case, the final selected formulae undergo logic-aware and data-aware
simplification to maximise readability while preserving discriminative and semantic
consistency.
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Similarly to the local setting, a global importance parameter imp, is introduced to
control the maximum fraction of trajectories that the global explanation is allowed to
leave unclassified. By bounding the proportion of points that may be excluded, imp,
explicitly regulates the trade-off between symbolic compactness and global coverage,
enabling concise yet representative class-level explanations.

8.5.3 Post-processing and Readability

The STL formulae extracted by the explanation module are semantically faithful but
may contain redundancies, overly conservative thresholds, or unnecessary syntactic
structure that hinders interpretability. To address this, we apply a comprehensive
post-processing pipeline that enhances both readability and discriminative clarity. The
procedure operates on three complementary levels: logical simplification, threshold
adjustment, and data-aware rewriting. Together, these mechanisms ensure that the final
explanations are concise, human-readable, and maintain consistency with the model’s
learned behaviour. Further details and proofs are provided in Appendix C.

Logical simplification

This component rewrites formulae purely on the basis of their structure, without
reference to data. It removes double negations, flattens nested Boolean operators, merges
adjacent temporal intervals, and collapses redundant constructs such as

P Np =, G1(Gs(p) = Gra(p).

This step systematically reduces structural complexity while maintaining exact semantic
equivalence.

Example. The original expression
ﬂ<G[0,20](G[5,10]($0 < 03)))
is first simplified structurally to
_'G[5,30]($0 < 0~3)7
and subsequently rewritten, using standard dualities, as
F530/ (o > 0.3).

This transformation removes nested operators, compresses intervals, and yields a
significantly clearer and more intuitive behavioural description.

Threshold adjustment and polarity correction

Extracted formulae may not be perfectly aligned with the robustness landscape observed
across classes. To improve discriminative power, we analyse how each formula’s
robustness varies across the dataset. For a formula ¢ selected for an input x, let
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Ttarget = P, X) denote its robustness on the target sample, and let R, be the multiset
of robustness values across trajectories belonging to other classes.

If most opposing-class robustness values exceed 7., the polarity of ¢ is
flipped so that the formula becomes positively aligned with the target class. After
polarity correction, we adjust the threshold to the midpoint between 7,4 and the
closest opposing robustness value below it, thereby enhancing discriminability whilst
preserving temporal structure. Thanks to the linearity of robustness with respect to
uniform threshold shifts (proved in Appendix C), this procedure is mathematically well-
behaved.

Formally, if all predicate thresholds are shifted uniformly by ¢, the robustness satisfies
p'(p,m,t) = p(p,7,t) — 9, for all trajectories 7, times ¢, and all STL operators. This
property ensures that threshold movement alters only the decision boundary, not the
temporal semantics of the formula.

Example. Consider a formula ¢ = Gjgsq (2o > 1.2) extracted for a Class o trajectory
with robustness .5t = 0.35. Suppose the robustness values on Class 1 trajectories are
Ropp = {0.42,0.51,0.38,0.47, . .. }. Since the majority of opposing values exceed 7"target,
the formula incorrectly separates the classes: it is more strongly satisfied by Class 1 than
by Class 0. We therefore flip its polarity to obtain

(p/ = _\G[0750](J)0 Z 12) = F[o’g)o](l'o < 12),

which now correctly characterises Class o through the eventual violation of the threshold
constraint. Next, we identify the closest opposing robustness value below 7arget, say
0.28, and shift the threshold to their midpoint: § = (0.35 + 0.28)/2 — 0.35 = —0.035.
Applying the uniform shift yields

QO// = F[0750} (JIO < 1165),

with adjusted robustness p/(¢”,x) = 0.35 — (—0.035) = 0.385. This threshold
adjustment maximises the margin between target and opposing robustness values,
improving the formula’s discriminative power whilst preserving its temporal structure.

Data-aware simplification

Beyond structural rewriting, we incorporate empirical information from the dataset.
Crucially, this step is performed strictly at the end of the post-processing pipeline, after
all logical simplifications and threshold adjustments have been applied. Each atomic
predicate is evaluated across all relevant trajectories. Predicates that are always true
(resp. always false) are replaced by the Boolean constants T and L. Subsequent Boolean
simplifications then remove redundant constructs such as

TAp— p, LVe—=oe.

Temporal operators whose subformulae collapse to constant truth values are simplified
accordingly, enabling semantic pruning that cannot be captured by syntactic rules alone.
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Example. Consider the formula
Y= F[O,GO}(xvel > 10) A G[O,IOO] (xpres < 50)

Evaluation over the dataset reveals that the pressure signal x,s is physically constrained
and never exceeds 4.2 across all observed trajectories. Consequently, the atomic
predicate (7,5 < 5.0) evaluates to true for all time points and all samples, allowing
us to replace it with T. The formula is thus rewritten as

F (0,60 (Tvel > 10) A Gio,100(T)-
Recognising that G(T) = T and ¢ A T = 1), the expression collapses to
F[O,GO} (xvel > 10)

This reduction eliminates empirically vacuous constraints, ensuring the final
explanation focuses solely on the discriminative features that actually vary across the
data distribution.

8.5.4 Putting it all together

The entire post-processing pipeline, composed by threshold shift, logical simplification,
and data-aware rewriting, is summarised in Algorithm 4, and all simplification rules are
listed in Table C.1, both found in Appendix. Each method contributes independently to
the removal of redundancies and the sharpening of decision boundaries. The resulting
formulae preserve semantic faithfulness to the model’s internal reasoning while offering
concise, human-readable descriptions of temporal behaviour.

Thus, the final explanations remain both interpretably symbolic and consistent with the
empirical structure of the data, enabling end users to trust and validate the behavioural
patterns learned by the model.



Chapter 9

Experimental Evaluation

In this chapter, we present an extensive empirical evaluation of STELLE, aimed at
assessing both its predictive performance and its interpretability across a diverse
range of time series classification tasks. Our experiments are designed to examine
three complementary aspects: (i) generalisation across heterogeneous domains, (ii)
the capacity to provide semantically meaningful explanations, and (iii) comparative
performance with respect to both state-of-the-art data-driven and symbolic baselines.

The selected benchmarks differ substantially in dimensionality, signal length, class
cardinality, and temporal structure. They include short univariate physiological traces,
high-dimensional multivariate motion recordings, and spatial trajectories arising from
a safety-critical maritime scenario. This diversity is intentional: STELLE does not
assume stationarity, fixed temporal horizons, homogeneous sampling frequencies, or
dataset-specific generative models. Its only structural requirement is that trajectories
admit a discrete time index and quantitative STL robustness evaluation. Evaluating the
framework across such heterogeneous settings therefore provides a direct empirical test
of its claim to structural generality and scale-consistent temporal reasoning.

We begin by introducing the benchmark datasets used in our study, which encompass
a variety of domains, signal dimensionalities, and classification complexities. These
include large-scale archives such as UEA and UCR, as well as a targeted, real-world
maritime surveillance scenario. Following this, we describe the training protocol
and experimental setup adopted to ensure reproducibility and fair comparison across
methods. Finally, we detail the baseline models employed for quantitative and
qualitative comparison, including both modern deep learning methods and interpretable
approaches grounded in Signal Temporal Logic (STL).

9.1 Datasets

The selection of datasets aims to capture the diversity of real-world time series
scenarios, ranging from benchmark archives widely used in the literature to application-
specific domains that highlight STELLE’s interpretability. In particular, we include
both univariate and multivariate datasets, as well as binary and multiclass problems,
to comprehensively assess the model’s generality. This combination allows us to
evaluate STELLE'’s capacity to extract temporal logic explanations under varying signal
complexity and semantic richness.
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Figure 9.1: (a) Naval surveillance scenario [200], where normal trajectories are shown
in blue, and anomalous signals are shown in green and magenta. (b) Examples of
trajectories from the naval surveillance case study. The blue and red trajectories belong
to normal and anomalous behaviours, respectively.

Maritime Surveillance Dataset. We evaluate STELLE on a binary, multivariate time
series classification task derived from a maritime surveillance scenario described by
Kong et al. [200] (see Figure 9.1). In this setting, the goal is to detect anomalous vessel
behaviours based on their planar trajectories. Normal vessel trajectories proceed directly
from open sea towards the harbour, while anomalous trajectories exhibit one of two
behaviours: (i) veering towards a nearby island before reaching the harbour, or (ii)
approaching other vessels in the channel between the peninsula and the island before
returning to the open sea. The dataset contains 2000 trajectories in total, of which 1000
labelled as normal and 1000 as anomalous. Each trajectory is represented as a two-
dimensional signal with 61 timepoints, capturing spatial coordinates over time. This
dataset provides a concise yet challenging test bed for assessing temporal logic models
in the context of safety-critical anomaly detection.

UCR Univariate Archive. To further evaluate STELLE in settings comparable with
interpretable symbolic baselines, we also consider a selection of datasets from the
UCR Time Series Classification Archive [201]. The UCR archive contains hundreds of
univariate, typically multiclass datasets spanning domains such as electrocardiography;,
image outlines, sensor data, and simulated signals. Compared with the UEA archive,
UCR datasets are univariate and generally of lower dimensionality, which allows for a
more direct comparison with symbolic and neuro-symbolic methods that learn temporal
logic or rule-based models. This benchmark thus highlights STELLE’s interpretability
and symbolic reasoning abilities in addition to its predictive accuracy.

For this setting, we curated a compact yet diverse subset of datasets from the UCR
archive, focusing on problems that are commonly used to evaluate interpretable and
symbolic time series models. In particular, the selected datasets correspond to those
employed in the STL-based benchmarks considered in this work (see Section 9.3.2).
Their inclusion is therefore directly motivated by comparability with existing symbolic
and neuro-symbolic approaches. The datasets cover a broad range of temporal
characteristics, including short and long sequences, balanced and highly imbalanced



9.1. DATASETS 74

Table 9.1: Summary of the UCR univariate time series datasets used in the experimental
evaluation. The dataset type denotes the domain of the recorded signals.

Dataset TrainSize TestSize Length #Classes Type
ECGz2o00 100 100 96 2 ECG
ECGs5000 500 4500 140 5 ECG
EOGVerticalSignal 362 362 1250 12 EOG
Epilepsy2 8o 11420 178 2 EEG
GunPoint 50 150 150 2 HAR
GunPointOldVersusYoung 135 316 150 2 HAR
NerveDamage 163 41 1500 3 EMG
SharePricelncrease 965 965 60 2 FINANCIAL

train-test splits, and both binary and multiclass classification tasks. Beyond domains
already represented in the multivariate benchmark, this selection introduces additional
application areas such as image outline classification (IMAGE), electrooculography
(EOQG), electromyography (EMG), and financial time series analysis (FINANCIAL). This
subset enables a focused evaluation of STELLE under conditions where symbolic
reasoning and explanation quality are particularly relevant, while keeping the overall
experimental workload manageable. Table 9.1 reports the main characteristics of the
datasets considered.

UEA Multivariate Archive. We additionally evaluate STELLE on a subset of
multivariate time series classification (MTSC) tasks from the University of East Anglia
(UEA) Time Series Archive [202]. This benchmark collection includes over thirty
datasets covering a wide range of real-world domains such as physiological monitoring,
human motion capture, speech and spectrographic data, and environmental sensor
readings. Each dataset varies considerably in dimensionality, sequence length, and
number of classes, making it a particularly challenging benchmark for assessing the
generality and robustness of time series classifiers. The UEA archive serves as the de
facto standard for evaluating MTSC algorithms, given its diversity and the established
reporting of standardised accuracy metrics. In this work, it is used to demonstrate
STELLE’s ability to handle complex, high-dimensional temporal dependencies while
maintaining interpretability.

To construct a representative yet computationally tractable benchmark, we selected

the first ten datasets in alphabetical order from the archive, excluding DuckDuckGeese,
which was omitted due to its extremely high dimensionality (over 1000 variables)
exceeding the available computational resources.
Table 9.2 summarises the key characteristics of the selected datasets, including their
short identifiers, size, sequence length, number of classes, and signal dimensionality.
The Type column indicates the application domain of each dataset: MOTION (motion
capture), ECG (electrocardiography), HAR (Human Activity Recognition), SPECTRO
(spectrographic signals) and EEG (electroencephalography).
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Table 9.2: Summary of the UEA multivariate time series datasets used in the
experimental evaluation. Each dataset is identified by a short two-letter code (ID). The
dataset type denotes the domain of the recorded signals.

Dataset ID TrainSize TestSize Length #Classes Type Channels
ArticularyWordRecognition AW 275 300 144 25 MOTION 9
AtrialFibrillation AF 15 15 640 3 ECG 2
BasicMotions BM 40 40 100 4 HAR 6
Cricket CR 108 72 1197 12 HAR 6
ERing ER 30 270 65 6 HAR 4
Epilepsy EP 137 138 207 4 HAR 3
EthanolConcentration EC 261 263 1751 4 SPECTRO 3
HandMovementDirection HD 160 74 400 4 EEG 10
Handwriting HW 150 850 152 26 HAR 3
Libras LI 180 180 45 15 HAR 2

9.2 Training Protocol

Following an initial round of hyperparameter tuning performed on a representative
subset of datasets, several hyperparameters were fixed globally across all experiments.
These include the batch size and the learning rates used for both ¢ and the temperature
parameter 7', from Equation 8.5 and 8.6, respectively. We also fixed 7, for explanation
extraction and all parameters involved in concept creation.

For the remaining hyperparameters, due to the highly diverse nature of the datasets,
we fine-tuned them individually for each dataset to ensure fairness and optimal
performance. All experiments were run on computational clusters with GPU allocations
of up to 20 GB and CPU memory allocations ranging from 20 GB to 50 GB, depending
on dataset size. All reported performance metrics are averaged over 5 cross-validation
folds, with 3 independent random seeds per fold. This protocol is adopted to mitigate
the effects of data partitioning and stochastic optimisation, and to provide stable and
reproducible performance estimates. Moreover, it matches the evaluation protocol used
for the results reported in [158], ensuring fair and directly comparable performance
reporting.

All source code and scripts for reproducing our experiments are publicly available at
https://github.com/ireneferfo/STELLE.

9.3 Baselines

We evaluate STELLE against two complementary groups of baseline methods. The
first group consists of established time series classification approaches that prioritise
predictive performance and represent the current state of the art across a range of
modelling paradigms. The second group comprises interpretable methods based on
Signal Temporal Logic or similar temporal languages, which explicitly aim to learn
symbolic temporal descriptions from data. This separation allows us to assess STELLE
both in terms of classification accuracy relative to strong non-symbolic competitors and
in terms of interpretability relative to logic-based and neuro-symbolic approaches.
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9.3.1 Time Series Classification Baselines

To contextualise the performance of STELLE, we compare it with a diverse set of state-of-
the-art time series classification (TSC) methods. These cover deep learning, transform-
based, distance-based, and symbolic or feature-based approaches, as summarised below.

Deep learning methods. We consider representative neural architectures including
InceptionTime [77], ResNet [159], and TapNet [81]. In addition, we include the
ensemble-based HIVE-COTE 2.0 components, namely HC1 [203] and HC2 [204], which
currently define the state of the art in large-scale TSC. While such ensembles achieve
exceptional accuracy, they typically rely on hundreds of heterogeneous classifiers whose
aggregated decisions reduce transparency, and are therefore not considered intrinsically
interpretable or rule-based.

Transform-based methods. These include ROCKET [205], Arsenal, and DrCIF [204],
which employ random convolutional kernels and interval-based feature transformations
to achieve both scalability and accuracy. ROCKET extracts thousands of features
from randomly generated convolutional kernels, while DrCIF extends interval-based
features; although both improve expressiveness, the stochastic generation of features
limits interpretability. Such methods are well-suited for large archives like UEA due to
their efficiency and robustness.

Distance-based methods. We include the canonical nearest-neighbour
classifiers using dynamic time warping iNN-DTW-D, 1NN-DTW-I, and iNN-DTW-A,
which account for dependent, independent, and affine-invariant alignment variants,
respectively [189]. These serve as traditional baselines representing interpretable yet
non-parametric approaches.

Symbolic and feature-based methods. Finally, we compare against symbolic and
interval-feature-based classifiers such as TSF [206], CIF [207], TDE [208], STC [197],
MrSEQL [209], MUSE [210], cBOSS [211], and RSF [212]. STC applies Rotation Forest to
shapelet features, improving accuracy at the cost of interpretability; RSF and related
methods extend feature sets to capture more complex temporal dependencies (e.g.,
through randomised dilations in RDST), but such randomisation reduces semantic
clarity. These approaches provide a degree of interpretability through symbolic
representations or engineered interval features, though they lack explicit temporal-
logical semantics: their representations do not directly express temporal properties such
as ordering, duration, or persistence in a formally grounded language.

For all UEA datasets, we use the accuracy and performance metrics reported in Ruiz
et al. [158], which provides the most extensive benchmark currently available for the
multivariate archive.

9.3.2 STL-Based Baselines

In addition to standard TSC methods, we compare STELLE against several interpretable
approaches based on Signal Temporal Logic (STL). These methods aim to derive symbolic,
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human-readable formulae that capture temporal patterns directly from data.

Early contributions such as LoTuS by Bombara and Belta [213] introduced a

decision-tree-based algorithm for learning STL formulae both offline and online. LoTuS
iteratively partitions the input space using STL predicates, producing a tree whose leaves
correspond to interpretable temporal logic rules. Although primarily demonstrated
on maritime trajectory monitoring tasks, its general framework set the foundation for
subsequent STL learning systems.
Building on this foundation, Aasi et al. [214] proposed BCDT, a boosted ensemble of
STL decision trees that improves predictive performance through weighted voting while
retaining logical interpretability. BCDT enhances robustness and expressivity compared
to single-tree models, though at the cost of reduced transparency due to ensemble
complexity. Later, Aasi et al. [215] extended this paradigm with an incremental learning
strategy, enabling STL classifiers to update their formulae as new temporal segments
arrive—an important step toward continual and streaming TSC scenarios.

Evolutionary approaches have also emerged, most notably BUSTLE [216], which

formulates STL synthesis as an optimisation problem solved via evolutionary search.
BUSTLE discovers temporal specifications that maximise classification accuracy or
robustness on labelled trajectories, offering greater flexibility than tree-based models and
supporting more complex STL operators. However, evolutionary methods are typically
computationally intensive and may require domain-specific fitness functions.
In parallel, Li et al. [114] proposed NN-TLI, a hybrid neuro-symbolic framework
that integrates neural networks with STL learning. NN-TLI uses deep encoders to
extract features from time series, which are then mapped to STL predicates through
differentiable constraints, bridging the gap between data-driven representation learning
and logic-based interpretability.

Recent research has further generalised STL learning to multiclass settings. Aguilar
et al. [217] presented a specification-mining approach that estimates STL parameters for
multiclass classification tasks, effectively extending temporal reasoning beyond binary
discrimination. Similarly, Yan et al. [218] introduced NSTSC, a neuro-symbolic model
combining convolutional encoders with STL-based reasoning layers to produce global,
human-readable formulae on the UCR dataset. Most recently, Wang et al. [219] proposed
RRL, which incorporates weighted STL (wSTL) templates into a reinforcement learning
setup, enabling rule discovery that balances interpretability and accuracy. Finally, Wang
et al. [220] introduced TEMPORALRULE, a modern STL-based classifier that learns reliable
and intuitive temporal logic rules using efficient gradient-guided search, achieving state-
of-the-art performance on several UCR benchmarks. Most existing models, however,

rely predominantly on the Always (G) and Eventually (F') operators, neglecting the use
of Until (U) to capture richer temporal dependencies between predicates. This limitation
restricts expressiveness and hampers their ability to represent sequential dependencies
central to real-world temporal reasoning.

Together, these STL-based baselines illustrate the progression of interpretable time
series learning from symbolic rule mining and decision trees to hybrid neuro-symbolic
systems. Importantly, all of these methods provide only global, class-level explanations
in the form of STL formulae, and do not generate instance-specific explanations for
individual trajectories. They therefore provide a meaningful context for assessing
STELLE’s unique combination of formal semantics, scalability, and explanatory power,
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whilst also enabling direct comparison of global explanatory quality.

9.4 Evaluation Metrics

To comprehensively evaluate both predictive performance and interpretability, we
employ a set of quantitative metrics spanning classification, explanation efficiency and
readability, and computational efficiency.

For predictive performance, we report accuracy to characterise the model’s behaviour
across different types of prediction errors.

For explanation evaluation, we analyse both local and global separability. For
each local explanation FEy(x,k), separability quantifies how well the explanation
distinguishes between the target trajectory’s class and all other classes. Specifically,
for a target trajectory x we compute:

Sep( s ) — L) £ simn(p( e 4). 7)) # sign(p(Eie ).} o0

#{y(r) & k}

where FEy(x,k) denotes the local explanation extracted for class k, 7 represents
trajectories from the training dataset Ty.4in, and y : 7 — N maps trajectories to the
target label. This represents the percentage of trajectories from the opposite class whose
robustness sign differs from that of the target trajectory, where 7 denotes a trajectory
from the set of all trajectories not belonging to class k. A high separability value indicates
that the explanation generalises well to unseen samples of the same class and excludes
those from other classes.

We report the mean standard deviation of local separability under different filtering
conditions: (i) only for correctly classified samples (reflecting explanation reliability),
(ii) only for misclassified samples, analysed from two distinct perspectives: explanations
generated with respect to the true class and with respect to the predicted class.
Explanations generated with respect to the true class reveal whether the model’s
reasoning aligns with actual class characteristics, measuring how well the explanation
captures the true class’s distinguishing features. Low separability here indicates a
misalignment between the model’s reasoning and ground truth. On the other hand,
explanations generated with respect to the predicted class expose the flawed logic used to
justify incorrect decisions, revealing what misleading patterns or correlations the model
relies on when making errors. Analysing both perspectives provides comprehensive
insight into explanation failure modes and model robustness.

For global explanations, we compute class separability both per-class and overall. The
per-class separability for class k is given by:

_ TP, +TN,

Sepy(Ey(K)) =~

where TP, and T'Nj, respectively denote trajectories of class k that satisfy the class
explanation E, (k) and trajectories of other classes that do not satisfy it. This separability
score is closely related to metrics used in prior STL-based classification work: in the
binary case, it corresponds exactly to the complement of the misclassification rate
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(MCR), that is, Sep;, = 1 — MCRy,.. We therefore interpret separability as the proportion
of correctly handled trajectories under the class-level explanation.
The overall separability is obtained by micro-averaging across all classes:

> o (TP + TNy)
>, totaly,

representing the total proportion of trajectories correctly classified by their respective
class explanations.

We evaluate both measures under three conditions: the entire test set, only correctly
classified samples, and only misclassified samples. This allows us to analyse how
consistently the explanations reflect the model’s decisions.

Finally, to assess interpretability and efficiency, we measure readability in terms of
the number of syntactic nodes per formula. Together, these metrics provide a balanced
assessment of both model performance and the interpretability-efficiency trade-off.

Sep =

9.5 Analysis on Maritime Surveillance Dataset

We evaluate the classification performance of STELLE across all datasets considered
in this study, including the maritime monitoring dataset, univariate benchmarks from
the UCR archive, and multivariate datasets from the UEA archive. The objective
of this analysis is to assess whether the proposed architecture maintains robust
predictive accuracy across a wide range of temporal settings, spanning low-dimensional
univariate signals and high-dimensional multivariate trajectories characterised by
complex temporal dependencies. Performance is reported using standard accuracy
metrics and is compared against relevant baselines to contextualise STELLE’s predictive
behaviour. All results reported in this section correspond to mean performance over 5
folds and 3 random seeds.

Beyond predictive accuracy, we assess the explanatory behaviour of STELLE in scenarios
where the extracted explanations can be meaningfully interpreted and compared. This
evaluation focuses on the maritime multivariate dataset and on the univariate datasets
from the UCR archive, where domain knowledge and signal characteristics allow for
qualitative and quantitative analysis of symbolic explanations. We compare global
explanations with those produced by STL-based baselines, as these methods provide
only class-level characterisations and do not support instance-specific explanations.
Additionally, we report results for the UEA multivariate dataset to demonstrate
scalability, though no direct interpretable comparison is provided as the selected STL
baselines do not report results for these benchmarks.

For the maritime surveillance task, STELLE achieves near-perfect classification
performance, with an average accuracy of 99.7% across five folds and three random
seeds. For clarity, we recall that classification accuracy and misclassification rate (MCR)
are complementary metrics, related by Accuracy = 1 — MCR; consequently, a zero
MCR corresponds to 100% accuracy, while non-zero MCR values indicate imperfect
separation. Throughout this section, accuracy refers to the predictive performance of
a trained classifier, whereas MCR denotes the error rate induced by directly applying a
symbolic specification to partition the dataset.
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Table 9.3: Reported results of STL-based baselines and STELLE on the maritime
surveillance dataset. Values are quoted directly from the original publications. Accuracy
values correspond to predictive models (where applicable), while MCR reflects rule-
induced misclassification. Runtimes are approximate averages as reported in the cited
works.

Method Accuracy (%) MCR (%) Runtime (min)
STELLE 99.7 = 0.2 0.125 35 + 2.3
BUSTLE [216] - 0.0 6.2
BCDT [214] - 0.01 33
NN-TLI [114] - 0.0 0.2
Aguilar et al. [217] - 0.008/0.002/0.006* 172 &£ 0.05

* MCR values reported per class, respectively Class o, 1 and 2, where Classes 1 and 2 refer to
the two types of anomalies present in the dataset.

Table 9.3 summarises the results of representative STL-based baselines as reported
in their original publications. Because these approaches were evaluated on distinct
datasets and experimental protocols, the listed values should be interpreted qualitatively,
illustrating the typical performance and computational characteristics of symbolic
temporal-logic learners rather than serving as directly comparable metrics.

Aasi et al. [214] reported that BCDT achieved training and test misclassification
rates below 0.01% across several time series tasks, while retaining interpretability
through boosted STL ensembles. BUSTLE [216] achieved perfect or near-perfect class
separation (MCR = 0%) in benchmark datasets, with moderate runtime on the order
of a few minutes. The neural hybrid NN-TLI [114] obtained comparable separation
with negligible MCR and minimal runtime (=~ 0.2 min per model). The multiclass
framework of Aguilar et al. [217] similarly reported per-class misclassification rates
below 0.1%, albeit with substantially higher computational cost (= 172 min), due to
exhaustive parameter-space exploration.

Overall, these published results confirm that existing STL-based classifiers achieve
near-perfect symbolic separation on this maritime benchmark. However, as these
models perform rule-based rather than learned classification, their MCR values are not
directly comparable to the predictive accuracy achieved by STELLE. We therefore regard
them mainly as qualitative baselines to compare STELLE’s interpretable rule synthesis.

9.5.1 Explanatory Performance

Figure 9.2 visualises the maritime surveillance dataset by plotting the two recorded
variables as functions of time across all trajectories. Presenting the data in the temporal
domain highlights characteristic evolution patterns and class-dependent behaviours
that are less evident in the standard xy—z; projection typically used to introduce the
dataset, depicted in Figureg.1. This representation provides a more suitable context for
interpreting temporal logic explanations, as it allows the extracted STL formulae to be
directly inspected against the underlying time-resolved signal dynamics.
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Figure 9.2: Maritime surveillance dataset visualised over time. Each trajectory is shown

as a function of time for both recorded variables, illustrating the temporal evolution of
normal and anomalous behaviours.

Local explanations

We now analyse instance-level explanations produced by STELLE on the maritime
surveillance dataset. These explanations associate individual predictions with compact
STL formulae that characterise how a specific trajectory differs from those of the
opposite class.

Figure 9.3 reports a representative local explanation for a trajectory predicted as
normal, extracted using an importance threshold imp, = 0.1. An identical explanation is
obtained when no relevance threshold is applied (imp, = 0.0), we therefore report only
one instance, as thresholding does not affect the selected formula nor its discriminative
behaviour in this case. The target trajectory is shown in blue, overlaid on the trajectories
from the other class in the dataset, and is explained by the STL formula

G((Q?o > 5947) \Y F[16,38]<x0 < 1306))

This formula captures a global temporal constraint on the primary signal z, stating that
the trajectory either remains above a high baseline throughout its evolution, or exhibits a
pronounced drop within a specific temporal window. Both behaviours are characteristic
of regular vessel motion in this dataset and effectively distinguish the target trajectory
from anomalous patterns.

For the anomalous class, Figure 9.4 presents two representative local explanations,
each corresponding to a distinct anomaly pattern observed in the dataset. These
behaviours are captured by the following STL formulae:

= (20 > 37.92 Upz 35 20 < 60.89),
= (20 > 13.42 U 24 < 32.75).

Crucially, both explanations take the form of a negated temporal transition. In the
maritime context, this signifies a failure to execute a standard navigation manoeuvre.
While a regular vessel is expected to traverse specific spatial corridors in sequence (e.g.,
proceeding from an outer zone to an inner channel), these formulae detect trajectories
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always ( ( x_0 >= 59.47 or eventually[16,38] ( x_0 <= 13.06) ) )
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Figure 9.3: Local explanation for a representative normal trajectory in the maritime
dataset. The target trajectory (blue) is shown together with the trajectories from the
other class (grey), along with the corresponding STL explanation. Dashed lines indicate
the thresholds appearing in the formula.

that violate this protocol, either by deviating from the required path before reaching the
next checkpoint, or by failing to complete the transit within the expected time window.
To understand the discriminative mechanism, consider the positive counterpart of the
first formula: (zo > 37.92 Upsss 29 < 60.89). This pattern describes normal vessel
behaviour: the signal maintains xy > 37.92 from the start, and at some point within the
time interval [13, 35], transitions to satisfy xy < 60.89, representing a controlled spatial
transition executed within the expected temporal window. For normal trajectories, the
precondition xy > 37.92 holds within the considered time interval, after which the
vessel enters the target corridor where zy < 60.89. In contrast, anomalous trajectories
violate this pattern by transitioning prematurely. The first condition ceases to hold
before time step 13, meaning the vessel deviates from the required spatial zone too early,
and consequently xy < 60.89 is not satisfied within the prescribed interval. The negation
thus captures precisely this temporal violation: anomalies are characterised not by the
absence of a transition, but by its occurrence outside the normative time window.
Although structurally similar, the two formulae operate over different spatial ranges and
temporal scopes, identifying distinct types of infractions (e.g., a “stalled” approach versus
a spatial deviation). This illustrates the ability of STELLE to generate instance-specific
explanations that adapt to different failure modes, rather than relying on a single global
characterisation of anomalies.

We acknowledge that the specific threshold values (e.g., 37.92, 60.89), jointly with
the formulae’s structure, could be simplified for improved readability. Making these
parameters learnable during training represents a promising direction for future
work that could yield more human-friendly formulae whilst preserving discriminative
accuracy.

Both explanations identify violations of expected ordered temporal transitions in the
signal z(, corresponding to abnormal changes in vessel behaviour. Although structurally
similar, the two formulae operate over different value ranges and temporal scopes,
reflecting heterogeneous anomalous dynamics within the same class. This illustrates
the ability of STELLE to generate instance-specific explanations that adapt to different
failure modes rather than relying on a single global characterisation of anomalies.
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Explanation: not ( ( x_0 >= 37.92 until[13,35] x_0 <= 60.89 ) ) Explanation: not ( ( x_0 >= 13.42 until x_0 <= 32.75))
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Figure 9.4: Local explanations for two representative anomalous trajectories in the
maritime dataset. Each subplot corresponds to a different anomaly pattern and is
associated with a distinct STL explanation capturing abnormal temporal behaviour in
the primary signal.

Table 9.4: Local explanation quality and complexity metrics. Values show mean + std
over all test instances.

Class N Nodes Separation (%) Perfect Sep. High Quality

) 200 5.84 +2.35 99.3+5.0 188 (94.0%) 198 (97.7%)
1 198 4.22+1.14 100.0£0.0 198 (100.0%) 198 (100.0%)

Perfect separation: = 100%; high quality: > 90% separation.

Overall, the extracted formulae highlight interpretable temporal relations between
the underlying signals and remain compact enough to be visually inspected alongside
the trajectories. These examples demonstrate how STELLE provides faithful, instance-
level symbolic explanations that expose the temporal mechanisms driving individual
predictions, capabilities unavailable in class-level STL learning approaches. Additional
examples of local explanations are reported in Appendix D.

Local explanation analysis. We extracted local explanations for all test instances
across both classes, obtaining 200 explanations for Class o (Regular) and 198 for Class 1
(Anomaly). The explanations exhibit exceptional discriminative power: 94% of Class o
explanations and 100% of Class 1 explanations achieve perfect separation ( Sep = 100%),
indicating that the identified temporal patterns completely distinguish their respective
classes from all others. Nearly all explanations (97.7% for Class o, 100% for Class 1) meet
the high-quality threshold of 9o% separation (Table 9.4). The 12 Class o explanations
below this threshold correspond to misclassified instances, where lower separation
reflects prediction uncertainty.

Structural diversity analysis reveals that the two classes are distinguished by
fundamentally different temporal behaviours, as reported in Table 9.5. Class o
explanations exhibit moderate structural diversity (16.0% unique structures), with
the most common patterns being: (1) persistent bounded oscillations Gy (x >
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Table 9.5: Most common temporal patterns in local explanations. Each pattern
represents a distinct class-characteristic behaviour.

Class Pattern Structure Count %

Persistent bounded oscillation: Gy o) (x Za A Gy (x < b)) 37 18.5

Eventual crossing with constraint: F; (x <aUpy x> b) 36 18.0
0

Global disjunctive constraint: G((z > a) V Fig,j(z <)) 33 16.5

Bounded range constraint: G(z < a Az > b) 32 16.0

Forbidden unbounded ordering: — (ac >aUzxz < b) 107  54.0
1

Forbidden bounded ordering: — (x >aUpy o< b) 82 41.4

a N Gy (x < b)), accounting for 18.5% of explanations; (2) eventual threshold
crossings with temporal constraints F; (:v <aUpgyr 2> b), 18.0%; and (3) global
disjunctive constraints G((x > a) V Fpylz < b)), 16.5%. In contrast, Class 1
explanations show remarkable structural concentration (3.5% unique structures), with
95.4% conforming to just two negated Until patterns that forbid specific temporal
orderings: — (93 >aUx < b) (54.0%) and its bounded variant — (:B > aUpy z < b)
(41.4%). This asymmetry reveals a fundamental difference in how the two classes are
distinguished: Class o exhibits diverse positive temporal patterns involving persistence,
transitions, and disjunctive constraints, whilst Class 1 is predominantly characterised
through the negation of specific temporal orderings (Until patterns), suggesting that
Class 1 trajectories deviate from sequential behaviours expected in standard navigation
protocols.

Explanation complexity remains low across both classes, with mean node counts
of 5.84 £ 2.35 for Class o and 4.22 + 1.14 for Class 1. This difference is statistically
significant (Welch’s ¢t-test, ¢ = 8.72, p < 0.001), reflecting the greater structural diversity
of Class o patterns. Post-processing did not reduce complexity in this case (0% reduction),
indicating that the generated explanations were already in simplified form. The
compactness of these formulae ensures immediate interpretability by domain experts
whilst maintaining perfect discriminative power. Although separation percentages differ
slightly between classes (99.3% vs 100%), this difference is not statistically significant
(Welch’s t-test, p = 0.067), confirming that both classes achieve equivalently strong
discrimination.

Global explanations

We next consider class-level explanations obtained by aggregating concept relevance
across trajectories. Table 9.6 reports global explanations for each class under two
relevance thresholding strategies: (i) imp, = imp, = 0, and (ii) imp, = imp, = 0.1.
When imp = 0, no relevance-based filtering is applied and all concepts with non-zero
relevance are retained, yielding more complex STL specifications that combine a larger
number of temporal constraints. In contrast, enforcing a positive threshold retains only
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Table 9.6: Global STL explanations for the maritime dataset under different relevance
thresholds. Separation indicates the percentage of trajectories correctly separated by
robustness sign.

Class imp* Sep (%) Nodes STL formula

o 00 98.5 13 (z0 > 41.58 U Gg 05 (20 < 33.7)) V ((wo > 40.13 Upy3 35 o <
56.68) A F(zg < 29.67) A zg > 64.33)

o 01  99.75 8 ((wo > 40.13 Upy3 35 wo < 58.68) A F(xg < 29.67)) Ao > 64.33

1 00 1000 12 F(G(zo > 31.2)) V (=(zo > 47.01 Upyz 35 20 < 51.8) A (1 >
21.67 Ugg 14 71 < 26.55))
1 01 1000 12 F(G(zo > 31.2)) V (=(zo > 47.01 Upyz 35 20 < 51.8) A (21 >

21.67 Ujg 14) 21 < 26.55))

* imp = imp, = imp,.

the most influential concepts, resulting in more compact explanations.

Quantitatively, both settings achieve very strong class separation in terms of
robustness values. With imp = 0, global explanations consist of larger formulae (up
to 13 nodes) and achieve separation percentages close to perfect (e.g., 98.5% for class o
and 100% for class 1). When a positive threshold imp = 0.1 is applied, the resulting
explanations are substantially simpler, reducing formula size from 13 to 8 nodes for
class o, while maintaining, and in some cases improving, separation (up to 99.75% and
100%, respectively).

The fact that thresholded explanations can yield equal or slightly better separation
than unfiltered ones is not contradictory. = When all relevant concepts are
retained, the resulting conjunctions and disjunctions may include weakly informative
or redundant temporal patterns whose robustness contributions partially cancel
out across trajectories. = Removing low-relevance concepts acts as a form of
structural regularisation, sharpening the dominant temporal relations that consistently
discriminate between classes. As a result, relevance thresholding improves readability
and robustness without substantially compromising, and occasionally even enhancing,
discriminative power.

Overall, these results highlight a clear trade-off between explanatory completeness
and interpretability. While imp = 0 preserves the full set of learned temporal
constraints, enforcing a modest relevance threshold yields explanations that are
markedly easier to inspect and reason about, while remaining strongly aligned with
the underlying class separation. Crucially, the fact that these global formulae achieve
high separation rates is in line with the model’s predictive accuracy (99.7%) confirms
that STELLE’s high performance is not a “black box” artifact, but is directly grounded in
the verifiably distinct temporal patterns captured by the explanations.
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Table 9.7: Global explanations extracted by STL-based baselines for the maritime dataset.
Some methods provide a single formula that is satisfied by the normal trajectories and
violated by the others, whilst others, including STELLE, produce separate per-class
characterisations. Note that Aguilar et al. [217] treat the dataset as a three-class problem
(distinguishing between two anomaly types); the explanations for both anomaly classes
are here combined via disjunction (V) to enable direct comparison with the binary
formulation used by other methods.

Model Rule
BCDT [214] Flos 53 (20 < 30.85) A Gpaag) (21 > 21.31) A (z0 > 11.10))
BUSTLE [216] G160 ((22.04 < 2y < 40.74) A (4.01 < 20 < 56.26))

NN-TLI [114] ‘ G[9714] (33'1 > 2337) AN F[GO,GO] (.CEO < 2796)

regular (I‘l > 2244) U[407245} (Io < 2737)
anomaly: ((xl > 20.63) Upg 75 (20 < 42)) Vv
((fﬂl > 2969) U[1107130] (.I'o < 615))

Aguilar et al. [217]

Comparison with STL-based baselines

Table 9.7 reports the class-level STL explanations learned by existing STL-based
methods, including BCDT, BUSTLE, NN-TLI, and the approach of Aguilar et al. [217],
together with the global explanations produced by STELLE. All baseline methods
report misclassification rates close to zero on this dataset, indicating strong predictive
performance at the symbolic level.

However, a direct semantic comparison between these specifications and those
learned by STELLE requires careful consideration of how temporal parameters are
treated. In particular, the STL formulae reported by Aguilar et al. [217] include temporal
intervals (e.g., [40,245]) that exceed the effective signal horizon of the dataset (61
samples). Such intervals may arise from unconstrained temporal parameter optimisation
or implicit time-scale normalisation, and, while not detrimental to classification
accuracy, they make the resulting temporal semantics difficult to interpret with respect
to the observed trajectories.

More broadly, baseline methods tend to optimise a single compact specification
directly for classification performance. By contrast, STELLE constructs global
explanations by aggregating relevance-weighted concepts learned during training.
This design choice can yield explanations that are slightly longer, as they explicitly
combine multiple interpretable temporal patterns to account for heterogeneous
behaviours within each class. Importantly, this additional structure reflects explanatory
completeness rather than unnecessary complexity.

9.6 Analysis on Univariate UCR Datasets

The set of STL-based baselines considered for the UCR univariate benchmarks differs
from those used in the maritime case study. This discrepancy is due to the availability
of published results rather than a selective evaluation choice. In particular, RRL,
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Table 9.8: Classification accuracy comparison between STELLE and interpretable STL-
based baselines on a subset of UCR datasets. The column “Meangr;” indicates the
average performance of all baseline classifiers for each dataset, providing a reference
for comparative ranking. “Mean,,” reports the average accuracy of common non-
interpretable baselines (HC2, InceptionTime, ROCKET, etc.) from the 2024 UCR
bakeoff [221]; cells are left empty for datasets not included in that benchmark. “TR”
abbreviates TemporalRule. STL baseline results are taken from Wang et al. [220]. For

clarity, the best result for each dataset and overall (excluding the mean columns) is shown
in bold.

Dataset RRL NSTSC TR | Meangy;, Mean,, STELLE
ECGz2o00 0.78 0.87 0.89 0.85 0.87 0.8
ECGs000 0.92 0.93 0.94 0.93 0.92 0.92
EOGVerticalSignal 0.25 0.37 0.46 0.36 0.69 0.58
Epilepsy2 0.75 0.93 0.95 0.87 - 0.95
GunPoint 0.81 0.96 1.0 0.92 0.98 0.92
GunPointOldVersusYoung 1.0 1.0 1.0 1.0 0.99 1.0
NerveDamage 0.46 1.0 1.0 0.82 - 1.0
SharePricelncrease 0.59 0.66 0.69 0.65 - 0.62
Mean 0.70 0.84 0.87 0.80 0.89* 0.85

* The overall mean for Meany,, is computed over the available datasets only.

NSTSC, and TemporalRule report per-dataset classification accuracy on the specific UCR
benchmarks considered here, as documented in Wang et al. [220], enabling a direct and
fair comparison under matched experimental conditions.

By contrast, other interpretable methods evaluated in the multivariate maritime setting,
including BUSTLE, BCDT, NNLI, and the approach of Aguilar et al. [217], do not provide
per-dataset results for these UCR benchmarks in their original publications. In the case
of Aguilar et al. [217], only cumulative performance metrics over the UCR archive are
reported, without dataset-level breakdowns, which prevents meaningful inclusion in
Table 9.8.

Re-implementing or re-evaluating these methods outside their originally reported
settings would introduce additional sources of variability and potentially compromise
comparability. We therefore restrict each experimental comparison to baselines for
which authoritative, dataset-specific results are available, following established practice
in the literature.

To contextualise these results, we introduce an aggregate reference score that is
not intended as a direct baseline comparison. Specifically, an additional column,
Mean,,, reports the average accuracy of standard non-interpretable baselines (e.g.,
HC2, InceptionTime, ROCKET) from the 2024 UCR bakeoff [221]. This provides an
approximate upper-bound performance reference for each dataset, without implying
experimental equivalence.

For three datasets (Epilepsyz, NerveDamage, and SharePricelncrease), these values are
unavailable, as the datasets were excluded from the 2023 bakeoff due to deprecation
or quality filtering in later UCR releases. Nevertheless, they are retained here as they
are commonly used in prior STL-based studies, including those defining the baselines
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Figure 9.5: Visualisation of the ECGzoo dataset. Each time series traces the electrical
activity of a single heartbeat, classified as either Normal or Myocardial Infarction.
Unlike standard projections, presenting the data in the temporal domain highlights the
evolution patterns and characteristic deviations in wave shape and timing targeted by
the STL explanations.

considered, thus preserving comparability with earlier interpretable approaches.

Overall, STELLE achieves competitive performance across all datasets, with a mean
accuracy of 0.85, closely aligned with the average performance of the interpretable
baselines (0.87) and within a small margin of the non-interpretable bakeoff mean (0.89).
On several datasets, STELLE matches the strongest STL-based methods: it achieves
perfect accuracy on GunPointOldVersusYoung and NerveDamage, matching NSTSC and
TemporalRule, and reaches 0.95 on Epilepsyz, equal to the best reported baseline. On
ECG5000, STELLE attains 0.92, in line with both the STL baseline mean and the bakeoff
average, and only marginally below the best result of 0.94.

On datasets where STELLE does not achieve the highest accuracy, the performance
gap remains modest and follows a consistent pattern. Lower accuracy is observed
primarily on datasets with higher input dimensionality or weaker temporal regularities,
such as EOGVerticalSignal and SharePricelncrease. In these settings, discriminative
information is distributed across many channels or exhibits substantial stochastic
variability, rather than being organised around stable temporal patterns. As a result,
it is less amenable to representation through a fixed set of semantically meaningful STL
concepts. By contrast, on low-dimensional physiological and motion datasets, where
class distinctions are governed by consistent and interpretable temporal behaviours,
STELLE matches or exceeds competing interpretable baselines.

These trends are consistent with the design philosophy of STELLE. By constraining
concept complexity and favouring shallow, semantically meaningful STL formulae, the
framework prioritises interpretability and stability of explanations. In datasets where
class separation relies on relatively simple and temporally local patterns, this inductive
bias proves effective.

9.6.1 Explanatory Performance

As we did for maritime trajectories, we analyse univariate time series from the UCR
archive to demonstrate the versatility of our approach across different domains.
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Figure 9.6: Example of local explanations for two correctly classified representative
trajectories in the ECG2o0o dataset. The top panel shows a Normal heartbeat (Class
o, blue) characterised by a specific recovery transition. The bottom panel shows a
Myocardial Infarction heartbeat (Class 1, red) characterised by suppressed amplitude
constraints.

Figure 9.5 visualises the ECGzoo dataset, which traces the electrical activity of the
heart during individual beats. The data distinguishes between normal heartbeats (Class
o) and those indicative of Myocardial Infarction (Class 1). Plotting these signals in the
temporal domain highlights the subtle morphological differences, such as variations in
peak amplitude and wave duration, that define the Myocardial Infarction condition,
providing a direct visual basis for the temporal logic constraints identified by our
method.

Local Explanations

We now analyse instance-level explanations produced by STELLE on the ECG2oo0
dataset. These explanations associate individual predictions with compact STL formulae
that characterise how a specific heartbeat morphology differs from those of the opposite
class. The top panel of Figure 9.6 reports a representative local explanation for a
heartbeat classified as Normal (Class o). The target trajectory is shown in blue, overlaid
on the trajectories of the Myocardial Infarction class (grey), and is explained by the STL
formula
(ZL‘O S 269) U[26727} (l‘o Z —011)

This formula captures a specific temporal transition in the cardiac cycle. It dictates that
the electrical signal must remain bounded (zy < 2.69) until it successfully recovers to
a baseline level (vo > —0.11) within the strict temporal window ¢t € [26,27]. This
precise timing of the recovery phase effectively distinguishes the normal rhythm from
the Myocardial Infarction beats, which often exhibit delayed or distorted repolarisation
patterns.

For the Myocardial Infarction class (Class 1), the bottom panel of Figure 9.6 presents a
representative local explanation. The anomalous behaviour is captured by the following
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Table 9.9: Local explanation quality and complexity metrics for ECG200. Values show
mean + std. Note the significant drop in separation quality for misclassified instances
compared to Class o (p < 0.001).

Group N Nodes Separation (%) diversity ratio
Class o (Correct) 24 4.00£2.08 99.93+0.24 0.33
Class 1 (Correct) 62 6.714+2.66 97.98 +4.28 0.65

Misclassified 14 5214249 93.24 +9.62 0.86

STL formula:
G[8751] (ZEO S 026) VAN G[20744] (ZL’O S —066)

This explanation identifies the pathology through the absence of normal peak activity.
It imposes two concurrent global constraints: the signal must remain below 0.26
throughout the broad interval ¢t € [8,51], and strictly below —0.66 during the core
interval ¢ € [20,44]. By enforcing these low-amplitude thresholds, the formula
characterises the “flattened” morphology typical of the infarcted heartbeat, explicitly
distinguishing it from the healthy class which consistently violates these bounds with
high-amplitude peaks.

Overall, the extracted formulae highlight interpretable
temporal relations, specifically the contrast between the timed transitions of healthy
beats and the amplitude suppression of Myocardial Infarction ones. These examples
demonstrate how STELLE provides faithful, instance-level symbolic explanations that
expose the temporal mechanisms driving individual clinical predictions.

Local explanation analysis. We extracted local explanations for the entire test set of
the ECG2o00 dataset, obtaining 24 explanations for correctly classified Class o (Normal)
instances, 62 for correctly classified Class 1 (Myocardial Infarction) instances, and 14 for
misclassified instances.

Asreported in Table 9.9, the explanations for correctly classified samples demonstrate
high discriminative validity. Class o explanations achieve nearly perfect separation
(99.9 + 0.2%), whilst Class 1 explanations maintain very high performance (98.0 +
4.3%). In contrast, explanations for misclassified trajectories, extracted with reference
to the true class, exhibit a significant drop in discriminative quality (93.2 £+ 9.6%).
The difference in separation quality between correctly classified Class o instances and
misclassified ones is statistically significant (Mann-Whitney U = 248.5,p < 0.001),
confirming that the model’s explanatory confidence degrades when prediction reliability
is compromised.

Structural diversity analysis (Table 9.10) reveals fundamental differences in how the
model characterises the two classes. We quantify this using the diversity ratio, defined
as the proportion of unique logical structures (ignoring specific numerical thresholds)
relative to the total number of explanations; a lower ratio indicates high consistency,
whilst a value near 1.0 implies that each instance requires a unique ad-hoc formula. The
Normal class (Class 0) shows high structural consistency (diversity ratio 0.33), with 62.5%
of explanations conforming to just two patterns: a timed transition Uy, 4t (37.5%) or
a disjunctive amplitude constraint (z < a V z > b) (25.0%). This suggests that healthy
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Table 9.10: Most common temporal patterns in local explanations for ECG20o0. Class o is
defined by consistent timing and amplitude templates, whereas Class 1 and Misclassified
instances are characterised by high diversity and complex nested operators.

Group  Pattern Structure Count %

Timed transition: (z < a Uy, 4,) = > b) 9 37-5

Classo  Disjunctive amplitude: (z < a V z > b)

(o)

25.0

Global bounded range: Gy, 4,)(z <aAx > ) 4 16.7

Nested eventuality: (F¢ U ¢) A G(F¢) 7 11.3

Class 1 Global disjunction: Gy, 4,)(z > aVx < b) 4 6.5

Other unique complex structures 51 82.2

. Disjunctive amplitude: (x < a V z > b) 3 21.4
Misclass.

Other unique complex structures 11 78.6

heartbeats are recognised through a predictable template of timing and amplitude
variance. Conversely, the Myocardial Infarction class (Class 1) exhibits high structural
diversity (diversity ratio 0.65), with 40 unique structures across 62 instances. The most
common pattern (11.3%) is a complex nesting of eventualities and global constraints,
reflecting the heterogeneous nature of myocardial infarction, which manifests through
diverse distortions in wave morphology rather than a single unified signature.

The misclassified instances show the highest structural entropy (diversity ratio 0.86),
with 12 unique structures found in just 14 samples. This implies that when the model
errors, it fails to identify robust features, instead generating ad-hoc, structurally unique
formulae to fit the specific trajectory.

Complexity metrics further validate these findings. Myocardial Infarction (Class 1)
explanations are significantly more complex (mean nodes 6.71) than Normal (Class o)
ones (4.00), a difference confirmed by Welch’s t-test (t = —4.93, p < 0.001). This
reinforces the observation that distinguishing specific infarction patterns requires more
elaborate logic than defining the standard healthy rhythm.

Global explanations

We next consider class-level explanations obtained by aggregating concept relevance
across the ECG2oo dataset. Unlike the Maritime setting, where anomalies shared
consistent patterns, our local analysis revealed high structural diversity in the
pathological class. Consequently, we focus our global analysis on the thresholded
setting (imp, = imp, = 0.1). This strategy is chosen to rigorously filter out the
heterogeneous, instance-specific patterns found in the local stage, isolating only those
dominant temporal constraints that are universally valid across the entire class.

Table 9.11 reports the extracted global formulae. For the Normal class (Class o), the
method identifies a robust signature characterised by bounded amplitude stability. The
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Table 9.11: Global STL explanations for the ECG2o0 dataset with relevance threshold
imp = 0.1. The low separation for Class 1 reflects the high structural diversity of
anomalies, which prevents aggregation into a single coherent formula.

Class Sep (%) Nodes STL formula
(o} 853 7 G’[20’44] (.’L‘O S 028) V G[30,41}(—1.37 S ZIo S 221)
1 531 4 xo > —2.57 Ulpy 53) F38,00) (70 < 4.68)

extracted formula is a disjunction of two global constraints:
G[20744]<J]0 S 028) V G[30741]<—1.37 S Zo S 221)

This specification achieves a separation of 85.3%, successfully capturing the regularity
of a healthy heartbeat, which must remain within specific amplitude corridors during
the critical phases of the cardiac cycle.

In contrast, the global explanation for the Myocardial Infarction class (Class 1) yields
a separation of only 53.1%, effectively failing to distinguish the class globally. This
result, while quantitatively poor, is structurally instructive. As shown in the local
analysis (Table 9.10), pathological heartbeats exhibit extreme structural diversity (82.2%
of patterns fall into “other unique complex structures”). Because there is no single
“anomalous template” shared across all patients, the aggregation of relevance scores
dilutes the disparate local signals. The resulting formula, a generic Until property,
represents the only weak pattern common to the set, confirming that Class 1 is defined
by structural variability rather than the presence of a unified global signature.

Crucially, the contrast between the model’s high predictive accuracy and the low
separability of the global Class 1 formula demonstrates that STELLE is not limited by the
expressiveness of a single global rule. Instead, the architecture successfully leverages its
kernel-based embedding to resolve the structural heterogeneity of the anomalous class,
achieving accurate classification even when no unified symbolic template exists.

Comparison with STL-based baselines

Table 9.12 reports the global explanations generated by state-of-the-art STL-based
methods for the ECG2oo dataset. A fundamental distinction lies in the explanation
structure. Existing methods such as RRL, NSTSC, and TemporalRule typically formulate
the problem as binary classification via a single discriminant rule. They learn one
formula ¢ that characterises the positive class, implicitly defining the negative class
simply as —. This approach assumes a symmetry in discriminative power that often
does not hold in practice, particularly for asymmetric domains where anomalies are
structurally diverse. By contrast, STELLE generates independent global explanations
for each class, enabling it to reveal when a class is coherent (like Normal heartbeats)
versus when it is a heterogeneous collection of errors (like Myocardial Infarction).
Regarding interpretability, a critical limitation of baselines like RRL and NSTSC is
their treatment of temporal data. As shown in Table 9.12, these methods generate
formulae that are merely logical combinations of predicates at individual, often
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Table 9.12: Examples of global explanations extracted by STL-based baselines for the
ECGz00 dataset. In the formulae generated by TemporalRule [187], ¥ indicates the
derivative, while 2% indicates the raw values.

Model Rule

(.1'29 > —1835) A (l’gg > —0455) VAN (.1'83 > —0305) A (1'87 > —0485)
RRL [219] /\($94 > —0250) VAN (1‘3 < 3260) A (3744 < 0824) A (1’69 < 0662)
/\(JZ’74 < 0841) AN (3:'75 < 0872) VAN (.’1;’76 < 1205) VAN (.I'77 < 0796)

NSTSC [180] (232 < —2.220) A (237 < —0.839) A (235 < —0.406) A (239 < —0.144)

TemporalRule [220] (2P < 0.16) Upa oy (0.41 < 2P < 0.91)

disconnected, time points (e.g., checking xs» and x94 independently). Consequently,
the resulting explanations are lengthy and fragmented, and they lack inherent temporal
continuity. To derive a meaningful temporal property, such as a persistent interval or a
trend, one would need to post-process these static checks to manually merge adjacent
points with high weights.

While TemporalRule [187] improves upon this by employing STL operators, it
presents different interpretability challenges. As seen in Table 9.12, TemporalRule relies
on the Until operator (U) applied to signal derivatives (z”). While mathematically
expressive, the reliance on derivative thresholds (e.g., 2P < 0.16) rather than raw
amplitude abstracts the explanation away from the visual morphology of the ECG.
Clinicians typically diagnose based on visible shapes (e.g., ST-elevation) rather than rates
of change, making derivative-based rules less intuitive for domain experts.

STELLE, conversely, inherently learns temporal operators over continuous intervals
(e.g., Gpou4)). It directly captures the duration and evolution of the signal without
requiring the user to mentally reconstruct the timeline from scattered time points. This
yields compact formulae that operate on the raw signal values and offer immediate
clinical interpretation, such as identifying explicit amplitude bounds maintained over
a specific phase of the cardiac cycle.

9.7 Analysis on Multivariate UEA Datasets

Table 9.13 reports classification accuracy results on the UEA multivariate archive,
comparing STELLE with a broad range of state-of-the-art time series classification
methods. For readability, methods are split across two tables, while mean accuracy and
global rankings are computed jointly across all approaches.

We do not include a direct comparison with STL-based baselines on the UEA multivariate
archive. In this case, we report baseline accuracies from the large-scale benchmark
of Ruiz et al. [158] and evaluate STELLE under the same protocol, without re-running
symbolic methods. Moreover, most existing STL-based classifiers are limited to binary
settings. Only a small subset supports multiclass classification, whereas all UEA datasets
considered here are multiclass. For this reason, comparisons with STL-based approaches
are restricted to datasets where directly comparable results are available.
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Table 9.13: Classification accuracy comparison between STELLE and state-of-the-art
time series classification methods on the UEA multivariate archive. For readability,
methods are split across two tables, while performance statistics are computed jointly
across all approaches. Reported values correspond to classification accuracy, with best
results highlighted in bold. The column “Mean” indicates the average accuracy across
datasets for each method. The row “Rank” reports the ranking of each method based
on mean accuracy, computed across all methods appearing in both tables (ties share the
same rank). Abbreviations used are: DTW-D (1NN-DTW-D), DTW-I (1NN-DTW-I), and
DTW-A (1NN-DTW-A). Performance metrics are sourced from Ruiz et al. [158].

Dataset DTW-D ROCKET STC TapNet HC2 DrCIF DTW-I Arsenal RISE MrSEQL STELLE

AW 0.99 1.0 098 0.97 1.0 0.98 0.94 1.0 0.96 0.99 0.95
AF 0.24 0.25 0.32 0.3 0.28 0.23 0.35 026 0.24 0.37 0.36
BM 0.95 0.99 0.98 0.99 0.99 1.0 0.72 0.99 1.0 0.95 0.99
CR 1.0 1.0 0.99 0.97 1.0 0.99 0.96 1.0 098 0.99 0.96
ER 0.93 0.98 084 0.8 0.99 098 0.91 0.98 0.82 0.93 0.84
EP 0.96 0.99 099 0.96 1.0 0.99 0.67 0.99 1.0 1.0 0.94
EC 0.3 0.45 0.82 0.29 0.79 0.67 0.31 0.48 0.49 0.6 0.32
HD 0.3 0.45 0.35 0.32 0.4 046 0.27 0.45 0.28 0.35 0.47
HW 0.61 0.57 029 0.33 0.56 0.34 0.34 0.55 0.18 0.54 0.2
LI 0.88 0.91 084 084 0.93 091 0.79 0.89 0.82 0.387 0.75

Mean 0.72 0.76 0.74 0.69 0.79 0.76 0.63 0.76  0.68  0.76 0.73
Rank 14 5 10 18 2 5 21 5 20 5 13

Dataset MUSE InceptionT HC1 cBOSS ResNet TSF TDE DTW-A CIF RSF Mean STELLE
AW 0.99 0.99 0.98 0.98 0.98 0.95 0.98 0.99 0.98 0.98 0.98 0.95

AF 0.74 0.22 0.29 0.3 036 0.3 0.3 0.22 0.25 0.28| 0.31 0.36
BM 1.0 1.0 1.0 0.99 1.0 1.0 0.99 1.0 1.0 1.0  0.98 0.99
CR 1.0 0.99 0.99 0.98 0.99 0.93 099 1.0 0.98 0.97 0.98 0.96
ER 0.97 0.92 0.94 0.84 0.87 0.9 0.94 0.93 0.96 092 0.92 0.84
EP 1.0 0.99 1.0 1.0 0.99 0.97 1.0 0.97 0.98 0.96| 0.97 0.94
EC 0.49 0.28 0.81 04 0.29 0.45 0.53 0.3 0.73 0.34 0.49 0.32
HD 0.38 0.42 0.38 0.29 0.35 0.49 0.38 0.31 0.52 0.32 0.37 0.47
HW 0.52 0.66 0.5 0.49 0.6 0.36 0.56 0.61 0.35 0.37| 0.47 0.2
LI 0.9 0.89 09 08 094 08 088 088 0.92 0.76 0.87 0.75
Mean 0.8 0.74 0.78 0.71 0.74 0.72 0.76 0.72 0.77 0.69 0.73 0.73

Rank 1 10 3 17 10 14 5§ 14 4 18 - 13
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Across several datasets, many methods achieve near-perfect accuracy, particularly on
problems such as ArticularyWordRecognition (AW), BasicMotions (BM), Cricket (CR), and
Epilepsy (EP). These results indicate pronounced ceiling effects, under which differences
between classifiers are necessarily small and should be interpreted with caution, as
marginal accuracy variations may not correspond to meaningful differences in predictive
behaviour.

When considering mean accuracy across all datasets, ensemble- and interval-based
classifiers occupy the top ranks, reflecting their strong performance on heterogeneous
multivariate time series. Within this global comparison of 21 methods, STELLE achieves
a mean accuracy of 0.73, corresponding to a global rank of 13. Its performance
is comparable to that of several established shapelet-, interval-, and kernel-based
approaches, and exceeds that of simpler distance-based baselines such as DTW-1.

A more detailed analysis reveals that STELLE’s performance is closely linked

to dataset characteristics.  In particular, datasets with very limited training
data, such as AtrialFibrillation (AF) and ERing (ER), pose significant challenges,
as learning both discriminative decision boundaries and stable concept relevance
patterns requires sufficient supervision. Performance also degrades on datasets
with a large number of classes when class-specific temporal dynamics are highly
heterogeneous, as observed for Handwriting (HW) and Libras (LI). In contrast, datasets
such as ArticularyWordRecognition remain comparatively easier due to stronger class
separability and more consistent temporal structure.
Sequence length further influences performance. STELLE tends to achieve stronger
results on short-to-medium length time series, while very long and noisy signals, such
as those in the EthanolConcentration (EC) dataset, are more difficult to capture using
a fixed set of temporal logic concepts. Additionally, STELLE performs more robustly
on structured motion and activity recognition datasets than on physiological signals,
including ECG and EEG data, which usually exhibit substantial inter-subject variability
and less consistent temporal patterns.

Overall, instances in which STELLE performs significantly worse than the strongest
accuracy-focused methods are not arbitrary, but correspond to specific dataset regimes
characterised by limited data, high variability, or complex and heterogeneous dynamics.
In contrast, when class distinctions are driven by shared and repeatable temporal
relations that can be naturally expressed using symbolic temporal concepts, STELLE
remains competitive with established state-of-the-art classifiers.

9.7.1 Explanatory Performance

We extend our analysis to three representative multivariate datasets from the UEA
archive: BasicMotions (BM), ERing (ER), and Epilepsy (EP). These datasets were selected
to evaluate STELLE under conditions prioritising classification accuracy (imp, = imp, =
0)

Local explanations

Table 9.14 reports the complexity of the generated local explanations in terms of
syntactic node counts. A striking pattern emerges when distinguishing between
correctly classified trajectories and misclassified ones. Explanations for correctly
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Table 9.14: Readability statistics of local explanations for UEA datasets (Post-processing).
“C” denotes correctly classified samples; “Pred IC” and “True IC” refer to misclassified
samples explained wrt the predicted and true labels, respectively. Values are Mean +
Std.

Syntactic Nodes Distinct Variables
Dataset C Pred IC True IC C Pred IC True IC
BasicMotions 9.07+11.2 19.0+11.3 14.3+4.7 2.08 4.00 3.67
ERing 3.78+£2.16 4.74+232 4.69+3.0 1.30 1.59 1.51
Epilepsy 920+£9.71 9.67+6.18 34.0%+31.9 1.58 2.33 2.00

classified instances (C) remain concise and semantically coherent across all datasets (e.g.,
3.78 nodes for ERing). In contrast, explanations for misclassified instances, whether
extracted with respect to the predicted (Pred IC) or true (True IC) label, are substantially
more complex (e.g., rising to 34.0 nodes for Epilepsy True IC). This observation mirrors
the findings in the ECG200 analysis: when the model is confident and correct, it relies
on simple, robust temporal features. When it errs, or attempts to justify a class not
supported by the data, it resorts to elaborate, high-complexity formulae to fit the internal
representation. Post-processing proves effective across the board, reducing formula
length without altering the underlying feature set, as evidenced by the stable variable
counts.

Figure 9.7 illustrates this capability qualitatively using the ERing dataset. The figure
displays two representative local explanations. The first identifies a suppression pattern
in the first channel:

while the second captures a distinct activity spike in the second channel during a specific
interval:
F[30’40} (.1'1 2 216)

These formulae are compact, human-readable, and geometrically faithful, with the target
trajectories (red) clearly exhibiting the threshold violations described by the logic.

Global explanations

We next consider the class-level explanations obtained by aggregating these local
concepts. Table 9.15 summarises the performance of the global classifiers. The
separability scores remain high (e.g., 71.8% for Epilepsy), indicating that the aggregated
logic successfully captures discriminative patterns. Notably, the faithfulness metrics
are strong: Specificity is consistently high (> 93%) and Precision is robust (> 80%),
confirming that the global explanations provide a selective and accurate proxy for the
black-box model’s decision boundaries.

Figure 9.8 reports the global explanation for Class 2 of the ERing dataset. Unlike the
atomic local rules, the global formula reveals the multi-modal nature of the class through
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Pred: 2, True: 2 - Explanation: eventually[30,40] ( x_1 >= 2.156) Pred: 2, True: 2 - Explanation: x_0 <= -1.9464

Figure 9.7: Local explanations for two representative trajectories in the ERing dataset.
The target trajectories (red) are distinguished from the other classes (grey) by clear
temporal signatures: a global suppression on channel x (left) and a localised spike on
channel z; (right).

Table 9.15: Quality of Global Explanations for UEA datasets. “Sep” denotes Separability
on all data. Recall, Specificity (Spec), and Precision (Prec) measure faithfulness to the

black-box model.

Dataset Sep (%) Nodes (Post) Recall Spec  Prec
BasicMotions  60.6% 30.2+26.8 50.0% 97.5% 87.0%
ERing 71.4% 8.7+ 3.2 66.7% 98.7% 98.9%
Epilepsy 71.8% 101.8 £52.0 74.6% 93.9% 80.5%

a disjunctive structure:

F[12719] (.1'1 Z 184) V
(G[29’38]<1}2 < —033) N G[20722](F[3,33} (1’3 < —005) N T3 > 156))

This formula indicates that there are distinct temporal “pathways” to Class 2: a trajectory
may qualify via an early spike in x;, or through a complex conjunction of constraints
on x, and z3. This ability to discover and represent intra-class variance as logical
disjunctions is a key advantage of STELLE, allowing it to generalise over the diverse
behaviours identified in the local analysis.

Crucially, the high specificity (>93%) and precision (>80%) of these global formulae
confirm that whilst the aggregated logic may not capture every instance of a class,
the patterns it does identify are highly trustworthy. This indicates that STELLE
prioritises correctness over coverage in its global explanations, ensuring that the
extracted rules describe valid, high-confidence temporal signatures rather than over-
generalised approximations.



9.7. ANALYSIS ON MULTIVARIATE UEA DATASETS

98

Figure 9.8: Global explanation for Class 2 in the ERing dataset.

Class 2: ( (not ( ( x_1 <= 1.4518 until[1,inf] x_1 >= 0.8226 ) ) or ( x_0 <= -0.8575 and always[9,10] ( x_1 <=-0.7893) ) ) or x_0 <= -1.3644 )

Amplitude

Amplitude

Amplitude

Amplitude

Channel 0

10 20 30 40 50 60
Time Points
Channel 1
\ / e
10 20 30 10 50 60
Time Points
Channel 2

30
Time Points
Channel 3

40

50

60

b

30
Time Points

40

50

60

The disjunctive

formula captures multiple valid temporal patterns (pathways) that characterise the class,
covering the variance observed in the target trajectories (red) relative to the other classes

(grey).



Chapter 10

Ablation and Sensitivity Studies

The STELLE framework comprises several interacting components, each designed
to contribute to both predictive performance and interpretability. = Whilst the
complete architecture has been motivated through theoretical considerations and design
principles established in previous chapters, it is essential to validate empirically that each
component fulfils its intended role and that design choices are well-justified.

This chapter presents a comprehensive suite of ablation and sensitivity studies
conducted to evaluate the contribution of individual components, assess the impact of
architectural decisions, and examine the robustness of the framework to hyperparameter
variations. The studies are organised into four main categories: concept set design
(Section 10.3), kernel formulation (Section 10.4), architectural components (Section 10.5),
and explanation mechanisms (Section 10.6). All experiments were conducted on a
controlled synthetic dataset, enabling precise interpretation of results and isolation of
individual effects.

10.1 Experimental Protocol

All ablation and sensitivity studies reported in this chapter were performed on
a synthetic dataset specifically designed to exhibit known temporal patterns with
controllable characteristics. The dataset construction, statistical properties, and ground-
truth temporal structures are detailed in Section 10.1.1. The use of synthetic data offers
several advantages for ablation studies: temporal patterns are known a priori, concept
ground truth can be established, experimental conditions are fully controlled, and results
can be interpreted without confounding factors inherent in real-world data.

For each ablation study, we maintain consistency in training protocol, evaluation
metrics, and computational resources, varying only the specific component or
hyperparameter under investigation. Unless otherwise stated, all models are trained
using the same optimisation procedure, random seeds are fixed for reproducibility, and
results are averaged over runs with 3 different seeds to account for stochastic variation.
For each test, we explored three learning rates n € {107%,1075,107%} to ensure that
performance differences were not artefacts of suboptimal optimisation.

Following the evaluation protocol established for all ablation studies, we assess the
model’s performance by to two criteria in order of priority:

1. Classification accuracy. Test set accuracy, averaged over three random seeds
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Figure 10.1: Examples of synthetic multivariate time series used for ablation studies
(difficulty level 5). Each trajectory contains five variables over 100 time steps across
three classes, illustrating class-dependent temporal patterns, noise levels, and trend
components.

2. Explanation conciseness. We compare the average number of nodes in post-
processed local explanations as a measure of interpretability

Only local explanations are evaluated in this study, with cumulative relevance target
ratio 7, = 0.8 and importance parameter imp, = 0, to retain maximal explanation
separability (Section 8.5.1). Global explanations are not considered here, as they are
derived through aggregation of local explanations and therefore inherit the properties
of the underlying local explanation mechanism.

10.1.1 Synthetic Dataset

To systematically evaluate model behaviour under controlled conditions, we conduct
the ablation studies on a synthetic multivariate time series dataset generated using a
custom simulation framework. Examples of the generated trajectories are shown in
Figure 10.1. The generator is designed to produce richly parametrised trajectories whose
class structure, temporal dynamics, and noise properties can be smoothly adjusted
through a difficulty parameter ranging from 1 (easiest) to 10 (hardest). Each trajectory
x € R™T with n variables and 7" time points is constructed through a compositional
process combining:

« Periodic components: class-specific base frequencies with variable-dependent
modulation and configurable phase coherence across channels;

« Harmonic structure:  higher-order frequency components with decaying
amplitudes;
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o Class-dependent trends: linear, quadratic, or exponential drift patterns that vary by
class and variable;

« Non-periodic patterns: class-specific shape functions (Gaussian, rectified sinusoid,
or polynomial) whose contribution is inversely related to periodicity strength;

« Noise processes: additive Gaussian noise in both time and frequency domains.

The difficulty parameter controls class separability through ten correlated
mechanisms: class separation (reducing inter-class distance), within-class variance
(increasing intra-class spread), temporal noise magnitude, frequency-domain noise,
periodicity strength (weakening distinctive periodic patterns), frequency variation
(reducing consistency within classes), drift strength, outlier probability, phase coherence
(reducing cross-variable synchronisation), and trend complexity. These parameters are
interpolated linearly between difficulty levels. Complete parameter specifications and
generation pseudocode are provided in Appendix B.

For all ablation experiments, we employ the mid-range difficulty setting (difficulty 5),
which produces moderately challenging but learnable classification tasks. The synthetic
dataset consists of 500 training trajectories and 100 test trajectories, each of length
T = 100 time steps, with n = b5 variables per trajectory and K = 3 balanced
classes. Training and test sets are generated independently using identical difficulty
parameters but different random seeds (seeds o and 1 respectively), ensuring that
evaluation assesses generalisation rather than memorisation. Class labels are assigned
uniformly at random, and class-specific parameters (base frequency, amplitude scaling,
phase offset, and shape parameter) are deterministically derived from the class index
to ensure reproducibility. This controlled synthetic setup allows us to isolate the
contribution of specific architectural components and to analyse the model’s robustness
across a wide spectrum of temporal behaviours whilst maintaining full knowledge of the
ground-truth generative process.

Difficulty calibration. To validate the difficulty parametrisation, we trained four
baseline classifiers, ResNet, LSTM, Random Forest, and Logistic Regression, across all
ten difficulty levels. Figure 10.2 shows that test accuracy decreases monotonically
with increasing difficulty for all methods, confirming that the generative parameters
successfully modulate task complexity. At difficulty 1, all deep learning baselines
achieve near-perfect accuracy (> 99.6%), whilst at difficulty 10, performance
degrades to the 87 — 90% range, representing a substantial but not insurmountable
classification challenge. The linear classifier exhibits the steepest decline, dropping from
99.8%t087.4%, indicating that higher difficulty levels introduce non-linear temporal
patterns that cannot be captured through simple feature aggregation.

Table 10.1 reports additional diagnostic metrics for selected difficulty levels. Centroid
separation decreases from 23.90 (difficulty 1) to 6.31 (difficulty 10), whilst the Davies—
Bouldin index increases from 1.33 to 3.77 at difficulty 9, reflecting progressively
overlapping class distributions. The anomalous negative Davies-Bouldin value at
difficulty 10 (—2.97) indicates extreme cluster degeneracy, suggesting that at the hardest
setting, class boundaries become highly irregular and standard clustering metrics may
no longer apply. Nevertheless, classifiers still achieve ~ 90% accuracy at this level,
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demonstrating that discriminative patterns remain learnable despite severe geometric
overlap.

We selected difficulty 5 as the anchor point for ablation studies because it represents
a balanced setting where: (1) classification remains feasible (92 —93% baseline accuracy)
but non-trivial, allowing architectural differences to manifest; (2) all baseline methods
perform comparably, avoiding ceiling or floor effects; and (3) class separation metrics
indicate moderate overlap (centroid separation ~ 9.80, Davies—Bouldin ~ 4.30) that
requires robust temporal reasoning. This setting ensures that ablation results reflect
genuine architectural contributions rather than artefacts of overly simple or excessively

difficult data.

1001 % £ Model
.§§\T —@— RESNET
+ LSTM
,
98 \| —e— RF
e, —o— LINEAR

RN

a 1
> ) { o,
B 2 " | | \
3 l \. ’
%)
< 90 b 1 ‘l‘
o————©.
RS T BT
88 } |
1 ()
86
84
1 2 3 4 5 6 7 8 9 10
Difficulty

Figure 10.2: Test accuracy of baseline classifiers across difficulty levels. All
methods exhibit monotonic performance degradation, confirming successful difficulty
calibration. Error bars show standard deviation over five independent seeds. ResNet
and LSTM show the most robust behaviour, maintaining > 90% accuracy even at
difficulty 10, whilst Random Forest and Linear classifiers degrade more steeply.

Table 10.1: Diagnostic metrics for difficulty calibration on test set (mean =+ std over five
seeds).

Difficulty ResNet LSTM Random Forest  Linear  Centroid Sep. Davies-Bouldin
Acc. (%) Acc. (%) Acc. (%) Acc. (%) (ratio) (index)

1 (easiest) 100.0£0.0 100.0£0.0 100.0+0.0 99.8£04 23.90+0.78 1.33 £0.10
2 99.6 £0.5 97.8+1.3 99.6 £ 0.5 99.2£0.7 15.89+0.35 2.52+£0.08
3 98.2+16 944+3.0 98.2+1.2 96.4£3.0 12.05+0.77 3.51+£0.23
4 96.4+£12 944426 95.4+2.1 942+19 9.74£1.11 4.16 £0.28
5 (medium) 93.4+21 928+1.7 92.6+24 91.8+1.6 9.80=£0.60 4.30 £0.26
6 926+1.9 91.2+29 89.2+3.2 93.6+1.0 10.92+1.09 3.97+0.26
7 944+15 92.0+2.6 89.4£2.1 90.4+2.0 11.28+1.28 3.65+0.24
8 91.4+£27 914429 88.2+2.3 92.6 £0.5 10.55+1.49 3.51+0.26
9 904+22 89.6+3.7 88.2+4.1 90.8 £3.3 9.18 £1.64 3.77£0.60
10 (hardest) 90.2+25  90.0+3.0 88.8+3.1 874+£29 6.31 +2.03 —2.97 £ 0.42*

* Negative Davies—Bouldin index at difficulty 10 indicates degenerate clustering structure,

likely due to extreme overlap between classes.
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10.2 Analytical Dimensions of the Study

The analyses presented in this chapter are organised to investigate STELLE along
three complementary dimensions: representational capacity, decision mechanism,
and explanation structure. While the experimental protocol defines how results are
measured, this section clarifies what conceptual aspect of the model each group of
experiments is intended to stress.

First, the concept set design (Section 10.3) experiments analyse the representational
capacity of the STL embedding space. By varying the number of concepts, their class-
specificity, the number of variables per formula, and the similarity threshold, we assess
how the structure of the symbolic basis affects both predictive performance and the
division metrics. These studies examine whether performance gains arise from richer
semantic expressiveness or from redundancy in the concept space.

Second, the kernel formulation (Section 10.4) and architectural components
(Section 10.5) analyses evaluate the role of the decision mechanism. Here, we isolate how
robustness aggregation, scaling choices, and architectural modules contribute to class
discriminability. These experiments test whether the observed performance depends
critically on specific modelling decisions or whether the framework remains stable under
controlled modifications.

Finally, the explanation mechanisms experiments (Section 10.6) investigate the
stability and coherence of the extracted explanations. Since STELLE is designed to
balance predictive accuracy with interpretability, it is necessary to evaluate not only
classification performance but also the behaviour of global and local division metrics
under structural changes.

This structure clarifies the role of each group of experiments and supports a
systematic interpretation of their outcomes.

10.3 Concept Set Design

The STL concept set forms the semantic foundation of STELLE’s interpretability. The
quality, diversity, and size of this concept set directly influence both the expressiveness
of the model’s internal representations and the computational cost of training and
inference. This section examines four key design choices related to concept construction
and selection. We begin by analysing how the size of the concept set affects performance
and explanations, before comparing two strategies for distributing concepts across
variables.

Unless otherwise specified, all experiments in this section use the default STELLE
configuration described in Chapter 8, varying only the component under analysis.

10.3.1 Concept Set Size

The size of the concept set |®c| represents a fundamental trade-off in STELLE’s
design. Larger concept sets provide greater expressiveness and finer-grained temporal
distinctions, potentially improving both classification accuracy and explanation
specificity. However, they also increase computational cost during training and
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inference, and may introduce redundancy if behavioural diversity does not scale
proportionally with set size.

Experimental Setup

We  trained STELLE models with concept set sizes |®(] €
{50, 100, 500, 1000, 2000, 3000, 4000, 5000}. All other architectural parameters were
held constant, including the discriminability mechanism, concept relevance temperature
t = 1.0, and classifier head architecture. Training proceeded for 2000 epochs with early
stopping based on validation accuracy.

Results and Discussion

Increasing the size of the concept set has a mild but noticeable effect on performance.
accuracy tends to stabilise at slightly higher values as |®¢| grows, and performance
becomes more consistent across different learning rate configurations. Smaller concept
sets (50—100 concepts) exhibit greater variability: whilst they can occasionally achieve
competitive accuracy, they are also more prone to underperformance depending on
hyperparameter selection. Larger concept sets (|®-| > 1000) produce more stable
results, suggesting that a sufficiently diverse concept vocabulary reduces sensitivity to
optimiser hyperparameters and makes training more reliable.

However, the improvements are modest: models with 3000-5000 concepts do not
significantly outperform those with 500—-1000 concepts. Several runs in the mid-range
already approach the upper performance bound observed across all configurations,
and adding thousands of additional concepts does not consistently yield further gains.
This diminishing-return effect is reflected in the weak but positive correlation between
concept-set size and accuracy (r = 0.24), shown in Figure 10.3a. Concept-set
size therefore contributes to performance but is not the dominant factor shaping
discriminability.

A more substantial effect emerges in explanation structure and stability. As shown
in Figure 10.3a, concept-set size correlates negatively with the number of nodes in the
explanations (r = —0.17), while accuracy correlates more strongly and negatively with
explanation complexity (r = —0.41). Together, these trends indicate that larger concept
sets indirectly promote simpler explanations by increasing the likelihood of including
concepts whose robustness patterns align cleanly with class boundaries.

Concept construction time increases almost linearly with |®¢|, as illustrated in
Figure 10.3b. The growth is substantial: generating 50 concepts takes on the order
of 6-8 seconds, whereas producing 5000 concepts requires between 650 s and 1200 s
depending on sampling mode. While these costs are incurred only once, they underscore
the practical trade-off between temporal coverage and computational overhead.

Overall, the effect of concept-set size can be summarised as follows: larger concept
sets increase temporal coverage and stabilise accuracy, while also improving explanation
quality by reducing structural complexity and variability. Yet these benefits plateau
beyond a few thousand concepts, at which point additional construction time outweighs
the marginal performance and interpretability gains.
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Figure 10.3: (a) Correlation matrix showing the relationships between concept-set size,
classification accuracy, and the number of nodes in the explanations. Concept-set size
exhibits a weak positive correlation with accuracy and a weak negative correlation
with explanation complexity, while accuracy correlates more strongly with simpler
explanations. (b) Concept construction time as a function of concept-set size |D¢|.
Times grow approximately linearly with the number of concepts, reflecting the cost of
generating increasingly complex temporal patterns.

10.3.2 Class-Specific vs Unified Concept Sets

When constructing STL formulae for multivariate time series with n variables, two
strategies are available. The unified approach (“all”) generates the full set |®¢|
of formulae by randomly sampling the variable indices appearing in each atomic
predicate. The variable-specific approach (“one”) instead constructs |®c|/n base
formulae referencing a single variable (e.g., ¢) and then systematically replicates each
formula once for every variable, substituting the corresponding index. Both strategies
produce concept sets of the same total size but differ fundamentally in how they
distribute concepts across variables.

The variable-specific strategy ensures balanced coverage: each temporal pattern
appears exactly once for each variable, which can be advantageous when variables
encode qualitatively different behaviours. The unified strategy increases diversity
by sampling variables independently for each formula, but this may lead to uneven
representation across variables.

Experimental Setup

We compared the two strategies across the full grid of concept-set sizes (50-5000) and
learning rates used in the all experiments. All other hyperparameters were kept fixed.
We also measured concept construction time for both strategies (Figure 10.3b), as the
replication step in the variable-specific approach introduces a different computational
pattern compared to fully random generation.

Results and Discussion

The two strategies achieve very similar classification performance across all concept-set
sizes and learning rates. accuracy varies mostly with |®¢| and the learning rate, not
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with the construction strategy itself. Although the unified strategy obtains a slightly
higher average accuracy (86.67% vs.86.46%) this difference is not statistically significant
(paired t-test, p = 0.852), indicating that both strategies perform equivalently in
practice.

Overall, the data shows that the choice of construction strategy has negligible impact
on predictive performance. This is consistent with earlier findings that STELLE’s
discriminative power depends primarily on the robustness-induced semantics induced
by the concept set, rather than the specific allocation of variables within each STL
formula.

While accuracy is largely unaffected, the two strategies differ more noticeably in

explanation structure.
Across runs, formulae originating from the unified strategy tend to require fewer post-
processing steps and exhibit slightly lower complexity. In contrast, formulae from the
variable-specific strategy show higher variability in readability and, in several runs,
higher overall complexity. This effect is not uniform across all concept-set sizes, but the
trend is visible. as the variable-specific approach produces more structurally complex
explanations on average.

A plausible interpretation is that the unified strategy generates a wider variety of
mixed-variable temporal patterns, increasing the likelihood of discovering formulae
whose robustness profiles align smoothly with class-level differences. In contrast, the
variable-specific method produces sets of tightly related formulae (differing only in
variable index), which may over-emphasise variable-specific characteristics and thus
require more structural corrections during post-processing.

Concept construction time differs substantially between the two strategies
(Figure 10.3b). For all concept-set sizes, the unified approach is consistently faster.
The gap widens as |P¢| increases: for 5000 concepts, unified generation requires
approximately 660 s, whereas variable-specific replication takes over 1200 s. Thus, while
both strategies ultimately produce equally expressive concept vocabularies, the variable-
specific method is noticeably more expensive to construct at scale.

10.3.3 Number of Variables per Formula

STL formulae may reference one, two, or more signal variables in their atomic predicates.
Univariate concepts (ny.s = 1) capture temporal patterns within individual channels,
bivariate concepts (nyns = 2) express relationships between pairs of variables, and
multivariate concepts (ny,s > 3) encode higher-order interactions. This subsection
examines how restricting or expanding the number of variables allowed in generated
concepts affects the discriminative ability of STELLE, the computational cost of
concept construction, and the complexity of the resulting explanations. The reported
concept generation time includes the robustness-computation stage, which is integral to

STELLE’s construction pipeline and accounts for most of the computational expense.

Experimental Setup

We generated concept sets of 1000 formulae using the variable-specific method under
three configurations, enforcing 7y, € {1,2,3} as the maximum number of variables
appearing in each formula.
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Whilst a fixed concept-set size may appear disadvantageous for higher n,, values,

as formulae are distributed across more variable combinations, this choice reflects
a practical constraint: in real applications, the concept budget is typically fixed by
computational or interpretability requirements. Our goal is therefore to assess how
effectively the model exploits different types of temporal relationships under equal
representational capacity, rather than to evaluate performance under optimal coverage
conditions for each configuration.
For each configuration, we evaluated multiple learning rates and similarity thresholds
while keeping all other architectural parameters fixed. For every run, we recorded
classification accuracy, concept-generation time, and explanation readability, i.e., the
number of nodes in the final explanation, before post-processing.

Results and Discussion

The upper panel of Figure 10.4a reports the relationship between the number of variables
per formula and classification accuracy. Across all runs, accuracy remains remarkably
stable regardless of n., . Both univariate and bivariate concepts achieve accuracies
predominantly in the 85-90% range, while multivariate concepts (ny.;s = 3) occasionally
produce isolated peaks at 95% and, in a single configuration, 100%. These peaks,
however, do not represent a consistent improvement, as most multivariate runs fall back
within the same accuracy band as the lower-dimensional settings. This indicates that, for
the present dataset, temporal shape characteristics are sufficiently discriminative even
without modelling higher-order cross-channel interactions.

The middle panel of Figure 10.4a shows that the computational cost of concept
generation does not increase with the number of variables per formula. In fact, the
Nyars = 2 configuration systematically yields the lowest generation times, while the
univariate and multivariate settings are slightly slower but broadly comparable. This
suggests that allowing additional variables in atomic predicates does not introduce a
meaningful overhead during concept construction.

Lastly, the bottom panel of Figure 10.4a summarises explanation readability before
post-processing. Readability exhibits high variability across all three settings, with
minimum values around 12-16 nodes and occasional increases to 20-30. Crucially,
no monotonic relationship emerges between n,,; and formula complexity. Increasing
the number of variables does not consistently simplify explanations, nor does it
systematically make them harder to read. These results indicate that explanation
complexity is driven more by the robustness landscape of individual formulae than by
the dimensionality of the underlying predicate space.

These results further support the conclusion that temporal structure, rather than
cross-variable interaction, is the primary source of discriminative signal for this
classification task.

10.3.4 Effect of the Similarity Threshold ¢

The parameter ¢ regulates similarity-based filtering during concept selection. Values
below one impose a minimum dissimilarity between retained formulae, promoting
diversity and reducing redundancy, whereas ¢ = 1 disables the filter and allows the
full set of generated formulae to be used. This subsection examines how varying ¢
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Figure 10.4: Ablation results on concept construction design choices. (a) Effect of
restricting STL concepts to use 1, 2, or 3 variables. For each value of n,,s, we report
accuracy, concept-generation time, and the size of the explanations. (b) Effect of the
similarity threshold ¢ used for diversity filtering during concept selection. Lower values
of ¢t enforce stronger dissimilarity and reduce redundancy, while ¢ = 1 disables filtering.
Each panel shows individual runs as scatter points and the mean trend as a solid line.

affects the size and structure of the concept vocabulary, and in turn the classification
accuracy, the computational cost of concept construction, and the complexity of the
resulting explanations. The reported concept generation time includes the robustness-
computation stage, which is integral to STELLE’s construction pipeline and accounts for
most of the computational expense.

Experimental Setup

We evaluated STELLE across similarity thresholds ¢ € {1.00,0.99,0.98,0.97,0.96,0.95}
while also varying the learning rate and the number of variables per formula. All other
components of the architecture were kept constant, including the number of concepts,
fixed at 1000, created by using the variable-specific method. For each configuration we
measured predictive performance, concept-generation time, and the number of nodes in
the raw explanation, before being postprocessed.
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Results and Discussion

The effect of the similarity threshold on accuracy is summarised in the top panel of
Figure 10.4b. Across all configurations, accuracy remains remarkably stable. No value
of ¢ yields a consistent advantage, and disabling the filter (¢ = 1) does not reduce
performance. These results indicate that the discriminative temporal patterns captured
by the concept set are robust to moderate levels of redundancy.

The middle panel of Figure 10.4b shows a clear and monotonic relationship between

the similarity threshold and concept-generation time. Lower thresholds (¢t < 1)
consistently lead to longer runtimes. This occurs because stricter dissimilarity
constraints cause a larger portion of candidate formulae to be rejected as too similar,
forcing the construction procedure to explore additional candidates until the target
number of concepts is reached. As a result, concept generation becomes slower the
more aggressively similarity filtering is enforced.
The case ¢ = 1 behaves differently. Here, similarity filtering is disabled, so every sampled
formula is accepted without comparison. However, when ¢ < 1, robustness values
must be computed incrementally during formula generation to enable similarity-based
filtering, and these values are cached for subsequent use. In contrast, when t = 1,
no intermediate robustness computation is required, but all robustness values must be
computed in a single batch at the end of the generation process. This deferred batch
computation introduces a fixed overhead that prevents ¢ = 1 from achieving the lowest
runtime, despite the absence of filtering operations. Consequently, the fastest generation
times occur at moderate thresholds (¢ ~ 0.7-0.9), where filtering overhead remains low
but robustness caching still provides computational benefits.

Finally, the bottom panel of Figure 10.4b displays explanation readability. Readability
values vary within a similar range across all thresholds, with no clear trend indicating
that stronger filtering leads to simpler or more complex explanations.

Taken together, these findings show that the similarity threshold ¢ has only a marginal
effect on classification accuracy, computational efficiency, and explanation complexity.
While the threshold does influence the internal composition of the concept set, its
downstream impact on STELLE’s behaviour is limited. This provides further evidence
of the robustness of the model with respect to the structure of the concept vocabulary.

10.3.5 Summary of Findings

The experiments on concept set design show that the structure and composition of the
STL basis primarily influence interpretability metrics, while predictive accuracy remains
comparatively stable across moderate configurations. Increasing the number of concepts
improves global and local division up to a saturation point, beyond which gains become
marginal. Class-specific concept sets enhance discriminability but may introduce
redundancy, whereas unified sets favour compactness at the cost of slightly reduced
separation. The number of variables per formula and the similarity threshold further
regulate the trade-off between semantic expressiveness and compactness. Overall,
performance improvements arise from meaningful semantic coverage rather than from
sheer expansion of the concept space.
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10.4 Kernel Formulation

The kernel framework of STELLE consists of two components, both introduced in
Chapter 8.3: a formula—formula kernel, used exclusively during concept generation to
ensure diversity among candidate STL formulae, and trajectory—formula kernel, which
is used to embed trajectories into the concept space and forms the actual input to the
classifier. Both kernels admit lightweight transformations, such as normalisation and
exponentiation, that influence the scale and distribution of similarity values. Although
these operations do not change the logical structure of STL formulae or the post-
processing mechanism, they may affect both which concepts are selected and how
effectively the model can learn from them. This section evaluates these effects.

Unless otherwise specified, all experiments in this section use the default STELLE
configuration described in Chapter 8, varying only the component under analysis.

10.4.1 Normalisation and Exponentiation

Normalisation and exponentiation play different functional roles depending on whether
they are applied to the formula—formula kernel or to the trajectory—formula kernel. The
parameters suffixed with “_kernel” act on the formula—formula similarities used during
concept selection: they indirectly shape the concept vocabulary by changing which
formulae are judged too similar and therefore filtered out. The parameters suffixed
with “_rhotau” instead act directly on the trajectory—formula similarities that define
the embedding of each trajectory. These transformations influence the geometry of the
embedded space, the magnitude of gradients during optimisation, and ultimately the
model’s discriminative performance. Since the structure of the explanations depends
only on the selected concept set and the post-processing algorithm, and not on the
numerical scaling of p, values, we focus our analysis on predictive accuracy rather than
readability.

Experimental Setup

We evaluate all combinations of four binary operations: normalize_ kernel,
exp_kernel, normalize_rhotau, and exp_rhotau. For each configuration, we
train STELLE with three random seeds and three learning rates, keeping all other
parameters fixed. The concept set is regenerated whenever kernel-side parameters
are modified, ensuring that their influence on concept diversity is correctly captured.
Trajectory—formula transformations (_rhotau) are applied after concept generation
and therefore influence only trajectory embeddings.

Results and Discussion

Figure 10.5 reports the main effects of the four transformations on average accuracy.
Two consistent trends emerge.

First, normalisation is broadly beneficial on both kernels. —Normalising the
formula—formula kernel stabilises similarity values during diversity filtering, making
the selection process less sensitive to outliers and yielding more consistent concept
sets. Normalising the trajectory—formula kernel has an even clearer positive effect.
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Figure 10.5: Main effects of normalisation and exponentiation on accuracy. Each
panel shows the mean accuracy obtained when toggling one of the four scaling
operations. Error bars denote one standard deviation over seeds and learning rates.
Normalisation consistently improves performance; exponentiation is beneficial only on
the formula-formula kernel and detrimental on the trajectory—formula kernel.

Although the p, values are not fed directly to the classifier, they form the basis of
the trajectory embedding from which relevance weights, prototype distances, and
ultimately class scores are computed. When these values lie within a stable numerical
range, all downstream computations such as concept relevance calculations, distance
evaluations, and gradient updates, become more stable. Across seeds and learning rates,
configurations using normalised p, values achieve consistently higher accuracy.
Second, exponentiation has asymmetric effects across different kernel components.
When examining the main effects in isolation (Figure 10.5), exponentiating either the
formula—formula kernel (exp_kernel) or the trajectory—-formula kernel (exp_rhotau)
does not consistently improve performance. However,
the interaction analysis (Figure 10.6) reveals that the optimal configuration combines
normalisation and exponentiation for the formula-formula kernel with normalisation
but no exponentiation for the trajectory-formula kernel (norm=1, exp=0 for both
kernels, norm=1, exp=1 for formula-formula only).
This suggests that exponentiation plays different roles depending on where it
is applied. Exponentiating the formula-formula kernel (exp_kernel) selectively
increases contrast among moderately similar formulae, producing concept sets
with more diverse temporal patterns when combined with normalisation. In
contrast, exponentiating p, values appears to introduce unnecessary amplification of
small trajectory differences, potentially creating a noisier embedding space without
corresponding gains in discriminative power.
The apparent contradiction between the marginal effects (which show no clear benefit
to exponentiation) and the best configuration (which uses exponentiation for the
formula kernel) highlights the importance of interaction effects in kernel design. Whilst
the isolated impact of exponentiation is modest, its contribution within the right
architectural context proves beneficial. We therefore adopt the configuration norm=1,
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exp_kernel=1, exp_rhotau=0 for subsequent experiments, reflecting the interplay
between normalisation and selective exponentiation across different kernel components.

10.4.2 Kernel Regression as a Diagnostic Ablation

Whilst other experiments evaluate STELLE in terms of classification accuracy and
explanation quality, they do not directly assess the adequacy of the underlying
trajectory—formula kernel on which the framework is built. Since STELLE relies on
this kernel to embed trajectories and STL formulae into a shared semantic space, its
performance is inherently constrained by how well the kernel captures meaningful
relationships between temporal logic concepts and data.

This ablation study investigates whether datasets on which STELLE performs less
favourably correspond to regimes where the kernel itself provides a poor approximation
of formula semantics. The core hypothesis is that reduced classification accuracy is not
necessarily due to limitations of the classifier or explanation pipeline, but may instead
reflect a mismatch between the chosen kernel (and associated reference measure i) and
the structure of the data.

To probe this hypothesis, we frame a set of auxiliary kernel regression tasks defined
directly at the level of STL formulae. In these tasks, the kernel is used to predict the
behaviour of previously unseen formulae based on their similarity to known formulae,
evaluated under different targets such as average robustness across the dataset, or
Boolean satisfiability with respect to the training signals. These tasks provide a direct
diagnostic of how well the kernel preserves semantic relationships between formulae
and data.

By comparing kernel regression performance across datasets and analysing its
correlation with STELLE’s classification accuracy, this study aims to identify whether
poor predictive performance arises in settings where the kernel is intrinsically ill-
suited. A strong correlation would indicate that STELLE degrades precisely when
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the kernel fails to model formula behaviour reliably, suggesting that such failures are
expected given the kernel choice. This analysis further motivates the exploration of
alternative kernel formulations or dataset-adaptive choices of 14, as potential directions
for improvement.

Experimental Setup

We consider a set of datasets spanning both high and low STELLE classification accuracy,
namely those introduced in Chapter 9.1. A set of STL formulae is generated using the
same procedure and parameters adopted throughout the thesis, and temporally rescaled
to match the length of the corresponding signals. Kernel regression is then performed
at the level of STL formulae using the same trajectory—formula kernel employed by
STELLE. For each dataset, the available formulae are split into a training set and a held-
out test set. The kernel is used to predict the behaviour of each test formula as a weighted
combination of training formulae, where weights are obtained by solving a regularised
kernel regression problem.

We evaluate multiple regression targets, namely average robustness across all
trajectories in the dataset and Boolean satisfiability with respect to the training signals.
Regression performance is quantified using mean squared error and R?, and analysed
in relation to STELLE’s classification accuracy on the same dataset. In addition, the
distribution of prediction errors is examined to characterise systematic kernel failure
modes.

Results and Discussion

The quantitative results of the kernel regression ablation are summarised in Table 10.2.
We report the coefficient of correlation (R?) and Mean Squared Error (MSE) for
the prediction of average formula robustness (p) and satisfiability (). To facilitate
the analysis of correlations, the datasets are grouped by their associated STELLE
classification accuracy.

Target Complexity: Robustness vs. Satisfiability. A definitive trend observed
across all datasets is the disparity in performance between predicting continuous
robustness values and binary satisfiability. As shown in Table 10.2, the regression R?
for satisfiability is universally negative, indicating that the kernel fails to capture the
sharp decision boundaries associated with Boolean truth. Conversely, the prediction
of average robustness yields significantly higher R? scores (e.g., 1.00 for Maritime,
0.97 for BasicMotions). This confirms that the trajectory—formula kernel is inherently
suited to the smooth landscape of quantitative semantics (robustness) rather than the
discrete landscape of logic. Consequently, the remainder of this discussion focuses on
the robustness regression metric as the primary diagnostic tool.

Correlation with Classification Performance. The results largely support the
hypothesis that the kernel’s ability to model formula semantics is linked to classification
success. For datasets where STELLE achieves near-perfect accuracy, such as Maritime,
GunPointOldVersusYoung, and BasicMotions, the kernel regression task is also solved
with high precision (R? > 0.96). This suggests that in these domains, the kernel
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successfully maps syntactically similar formulae to semantically similar behaviours,
creating a coherent embedding space that facilitates both regression and classification.

Conversely, datasets with lower classification accuracy often exhibit poor regression
performance. For instance, AtrialFibrillation (accuracy 0.36) and Handwriting (accuracy
0.20) yield negative R? values (—4.96 and —0.01, respectively). In these cases, the kernel
fails to generalise: the behaviour of unseen formulae cannot be reliably predicted from
training examples. This implies that the kernel metric ;o may be ill-suited to the signal
topology of these specific datasets, leading to a “semantic mismatch” that hampers the
entire pipeline.

Regime of Semantic Separability. An interesting deviation is observed in the
EthanolConcentration dataset. Here, the kernel regression performs almost perfectly
(R? =~ 1.00, MSE ~ 0), yet STELLE’s accuracy remains low (0.32). This indicates a
regime where the kernel is mathematically well-behaved, successfully capturing the
relationship between formula structure and signal output, but the classes themselves
may not be distinguishable via temporal logic features. In other words, a good kernel
is a necessary condition for success, but it is not sufficient if the underlying physical
phenomenon lacks discriminative temporal patterns.

Outliers and Numerical Sensitivity. Finally, we note specific cases such as Epilepsyz
and NerveDamage, where high classification accuracy coexists with extremely poor
regression scores (R? < —1). This likely points to a difference in task difficulty: the
classifier (SVM) only requires the data to be linearly separable in the kernel space,
whereas regression requires the kernel to support smooth interpolation across the
entire manifold. The failure of regression here suggests that while the kernel space
is fragmented or non-smooth (making prediction hard), the classes remain sufficiently
disjoint to allow for accurate categorisation.

10.4.3 Summary of Findings

The kernel formulation plays a central role in preserving class discriminability
within the STL embedding space. Variants that weaken or simplify robustness
aggregation consistently reduce division metrics and, in some cases, predictive accuracy.
These results indicate that the quantitative robustness semantics are not merely a
feature transformation, but a structural component enabling separation in the joint
embedding space. The stability of performance under moderate kernel adjustments
confirms robustness of the framework, while degradations under simplified formulations
highlight the importance of preserving semantic alignment between trajectories and
formulae.

10.5 Architectural Components

To understand which components of STELLE’s architecture are responsible for its
predictive power and interpretability, we evaluate several ablated variants obtained
by selectively disabling or modifying key elements of the embedding pipeline.
These variants isolate the contribution of trajectory embedding, robustness-based
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Table 10.2: Kernel regression performance across representative UCR datasets. The table
compares STELLE classification accuracy against the kernel’s ability to predict formula
properties (R? score). Datasets are grouped by high, mixed, and low classification
performance.

Dataset STELLE Acc. Robustness R Robustness MSE Satisfiability 122
High accuracy Regime

Maritime 1.00 1.00 0.00 —1.00
GunPointOldVersusYoung 1.00 1.00 0.00 —4.00
BasicMotions 0.99 0.97 0.00 —2.98
GunPoint 0.92 0.39 0.20 —1.86
Mixed / Anomalous Regime

Epilepsy2 0.95 —4.3 x 10° 3.6 x 10* —4.1 x 10°
NerveDamage 1.00 —35.01 1.66 —85.97
EthanolConcentration 0.32 1.00 0.00 —4.04
Low accuracy Regime

Libras 0.75 —9.86 1.05 —22.75
SharePricelncrease 0.62 0.75 0.13 —-2.71
AtrialFibrillation 0.36 —4.96 0.33 -9.14
Handwriting 0.20 —0.01 0.03 —7.08

discriminability mechanism, and hybrid interaction terms. The comparison focuses on
four dimensions: mean accuracy, training time, explanation complexity, and test-time
cost. The results are summarised in Figure 10.7.

All experiments in this section use the default STELLE configuration described in
Chapter 8, varying only the component under analysis, unless otherwise specified.

Experimental Setup

All architectural variants were trained under identical conditions, using the same STL
concept set, hyperparameter search space, and evaluation protocol adopted in the main
experiments. The ablations isolate the contribution of each structural component of the
STELLE architecture by selectively removing, replacing, or restructuring the trajectory
embedding or discriminability streams. The following variants were considered:

« Anchor. In this setting, trajectories are not embedded directly into the STL
concept set through the trajectory—formula kernel. Instead, both trajectories and
STL concepts are embedded into a shared anchor set consisting of predetermined
reference formulae. Each input trajectory is represented through its similarities
to the anchors, computed via p., (), and each STL concept is mapped to the
same space by evaluating the formula—formula kernel (introduced in Section 8.3).
The final embedding of a trajectory into the concept space is obtained indirectly
by composing these two anchor-based representations. Theoretically, such
an anchor factorisation could provide a more stable and globally consistent
behavioural coordinate system, acting as a fixed basis that captures representative
temporal patterns across the dataset. This may, in principle, reduce sensitivity
to optimisation noise and produce smoother embeddings. However, the lack of
adaptivity and the doubled computational overhead limit its practical effectiveness.
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« No GG(x). Here, the discriminability mechanism is removed entirely. In this variant,
the model no longer evaluates class-specific atypicality of concept activations,
relying solely on robustness-based embeddings H(x) to discriminate among
classes. Theoretically, this could be advantageous if robustness values were already
well-separated across classes, since eliminating G(x) reduces computational cost
and removes a potential source of noise amplification. In practice, however, the
embedding alone is insufficiently informative for challenging datasets.

« Robustness only. The classifier operates directly on raw robustness values p(y;, ),
effectively turning STELLE into a purely symbolic robustness-based classifier.
This setting tests the hypothesis that the temporal concepts themselves, without
any geometric or statistical refinement, may already encode separability. Such a
formulation is theoretically appealing due to its simplicity and complete semantic
transparency, but it often suffers from noisy robustness landscapes that hinder
reliable discrimination.

« Robustness as G(x). In this variant the discriminability mechanism is replaced with
robustness values while the trajectory embedding H (x) is preserved. This assesses
whether the kernel-based representation of trajectories suffices to distinguish
classes, even when class-specific atypicality is not explicitly modelled, but some
information on raw robustness is still exploited. This variant is theoretically
motivated by the possibility that the stream of H (x) may dominate discrimination,
allowing the other to be simplified.

« Robustness as H(x). The trajectory embedding layer is replaced by direct
robustness values while the discriminability mechanism G(x) remains intact.
This explores whether the discriminability mechanism alone can compensate
for the absence of the trajectory—formula kernel by identifying atypical concept
activations even when the embedding is removed. Again, this variant theoretically
motivated by the possibility that one stream may dominate discrimination.

« STELLE. The complete architecture, combining trajectory embeddings derived
from the trajectory—formula kernel and the discriminability mechanism that
highlights atypical temporal patterns. This configuration preserves the full
interplay between semantic grounding, class-dependent deviation analysis, and
structural refinement, and therefore serves as the reference against which all
ablated models are compared.

For every configuration, explanation complexity is measured before post-processing,
capturing the intrinsic syntactic size of the extracted formulae before any logical
simplification or threshold adjustment takes place.

Results and Discussion

The architectural ablations reveal clear differences in predictive performance,
computational behaviour, and explanation complexity, with STELLE emerging as the
most reliable and balanced configuration (Figure 10.7).

In terms of accuracy, STELLE outperforms all other variants, reaching 93.33%, with
corresponding gains in sensitivity and specificity. The next best-performing variants,
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Figure 10.7: Comparison of architectural variants of STELLE. The four panels show
mean accuracy, mean training time, mean explanation complexity (number of nodes
in the formula before post-processing), and mean test-time cost, computed across seeds.
STELLE achieves the best overall trade-off, combining the highest accuracy with efficient
training and the lowest explanation complexity. Robustness is abbreviated as “Robs”.
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Robustness Only, Robs as trajectory embedding H(x), and Robs as discriminability
mechanism (G(x), all achieve 9o% accuracy. This confirms that robustness values alone
contain meaningful discriminative information, but the full hybrid design of STELLE
provides a richer representation. The Anchor and No G(x) variants further illustrate
the importance of the learned embedding streams: fixing the prototype-based structure
reduces accuracy to 88.33%, while removing the discriminability mechanism G(x)
altogether causes accuracy to collapse to 61.67%.

Training time behaviour also varies substantially, largely driven by differences in
convergence rates under our validation-based early stopping protocol. The Robs as
H (x) variant was exceptionally costly (nearly 18,500s), indicating that raw robustness
values induce a rough optimisation landscape that forces the model to train for vastly
more epochs to stabilise. In contrast, STELLE converges rapidly (~500s), demonstrating
that the kernel-based embedding provides a smoother geometry that facilitates efficient
learning compared to the raw robustness baselines (approx. 1,500s).

STELLE itself incurs a higher training time (around 4,100 seconds) compared to most
ablated variants, a natural consequence of integrating both components: trajectory
embedding H(x) and discriminability mechanism G(x). Crucially, this additional
computation leads to clear gains in accuracy and a pronounced reduction in explanation
complexity.

The Anchor architecture offers an instructive contrast. Its training time appears
relatively low, but its end-to-end runtime is substantially higher once concept generation
is included. Because the Anchor variant requires computing two robustness sets, one for
the standard concept set and one for the anchor set, the preprocessing cost is effectively
doubled. This overhead does not appear in the training time plot, which measures only
the learning phase, but it materially affects the practical runtime and reduces the model’s
appeal despite its moderate accuracy.

Explanation complexity, measured before post-processing, also separates the
architectural choices. STELLE produces the simplest explanations (mean number of
nodes 16.3), demonstrating that its hybrid structure enables concise discriminative
patterns without redundant temporal constraints. In contrast, the Robustness Only
variant yields the most complex explanations (mean 28.4), supporting the intuition that
raw robustness values are noisier and force the model to assemble larger formulae
to achieve separation. The robustness-replacement hybrids similarly generate more
complex explanations, while the Anchor variant produces moderately compact but still
less concise formulae relative to STELLE.

Test time behaviour follows similar trends. The No G(x) model is the fastest at
inference, but its accuracy is too low for practical use. STELLE maintains efficient
inference (around 2.8 seconds on average), comparable to or faster than variants with
similar accuracy. The slowest configuration is again Robs as H(x), reflecting the
instability and computational overhead already seen during training,.

Taken together, these ablations confirm that the interplay between the trajectory
embedding H(x), the discriminability mechanism G(x), and robustness semantics is
essential. STELLE offers the best combination of accuracy, explanation simplicity, and
test time efficiency. Removing or altering any of these components either diminishes
discriminative power, increases training or inference costs, or leads to substantially
more complex symbolic explanations. These results demonstrate that the full STELLE
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architecture is not only the most effective but also the most computationally balanced
design among all tested variants.

10.5.1 Summary of Findings

The ablation of architectural components reveals that STELLE’s performance does
not rely on architectural complexity alone, but on the interaction between semantic
embedding and discriminative aggregation. Removing or modifying individual modules
leads to measurable reductions in division metrics, even when accuracy remains
relatively stable. This suggests that certain components contribute primarily to
explanation coherence rather than to raw predictive performance. The results support
the view that interpretability in STELLE emerges from structural integration of
robustness information rather than from post-hoc explanation layers.

10.6 Explanation Mechanisms

Whilst the classifier’s architecture determines predictive accuracy, the quality of
STELLE’s explanations depends on several design choices in the explanation pipeline.
The ablation studies in this section evaluate each component independently. Unlike
the other ablations, which examine classification performance, these analyses focus
exclusively on explanation quality. Crucially, all experiments use a fixed, pre-
trained classifier, ensuring that observed differences arise solely from the explanation
mechanism rather than from changes in predictive behaviour.

We investigate two aspects of the explanation pipeline: the effect of the
aggregation strategy on the distinctiveness of extracted concepts, and the influence of
hyperparameters such as 7; and imp, on the balance between readability and coverage.
The ablation studies focus on how these design choices shape the structure, compactness,
and discriminative power of the resulting explanations. The findings provide insights
into which components are critical for maintaining explanation quality and which
hyperparameter regimes yield stable, compact, and discriminative temporal statements.

All experiments in this section use the default STELLE configuration described in
Chapter 8, varying only the component under analysis.

10.6.1 Aggregation Strategies

This ablation study investigates the role of the aggregation strategy used to compute
the instance-level discriminative score r(x) for explanation extraction. The aggregation
operator determines how activations associated with the target class are contrasted
against those of competing classes, and therefore directly influences which concepts are
deemed most distinctive. The goal of this analysis is to assess how different aggregation
choices affect explanation quality, independently of the underlying predictive model.

Experimental Setup

We consider three aggregation strategies for computing r(x). The first corresponds to
the original formulation introduced in Equation (8.7), in which the activation of class
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k is contrasted against the mean activation across all alternative classes. Two variants
are evaluated for comparison: a max strategy, where the class-k activation is contrasted
against the maximum activation among competing classes, and a none strategy, which
relies directly on the raw class-£ activation without explicit comparison. All other
components of the architecture and training procedure are kept fixed. Explanation
quality is assessed using the readability score computed as the average number of nodes
before post-processing.

Results and Discussion

The results indicate that the mean and max aggregation strategies produce very similar
readability scores, suggesting that both approaches lead to explanations of comparable
compactness. In contrast, the none variant consistently yields higher readability values,
corresponding to less concise explanations. This highlights the importance of explicitly
contrasting class-k evidence against alternative classes when extracting discriminative
explanations.

Although the mean and max strategies behave similarly in practice, the mean
aggregation is theoretically more consistent with the intended notion of concept
distinctiveness. By subtracting the average activation over all competing classes, the
discriminative score captures how strongly a concept separates the target class from
the entire decision context, rather than from a single competing class. This formulation
mitigates sensitivity to isolated or outlier activations and provides a more stable estimate
of distinctiveness, particularly in multiclass settings. For this reason, and given its
empirical equivalence to the max variant, the mean aggregation is adopted as the default
strategy for explanation extraction in the remainder of this work.

10.6.2 Effect of Local Explanation Parameters

This ablation study investigates the effect of the cumulative relevance threshold 7,
and the importance parameter imp, on the quality of the extracted local explanations.
These two hyperparameters operate at distinct stages of the explanation pipeline and
serve complementary roles. The threshold ¥; is applied during the initial extraction
phase, where candidate STL formulae are ranked according to their relevance scores
and a preliminary subset of high-scoring concepts is retained. At this stage, selection is
purely ranking-based and no post-processing or coverage constraints are enforced, such
that 7; solely controls how much of the relevance mass is considered for explanation
construction. Subsequently, candidate formulae are processed in descending order
of relevance and iteratively incorporated into the explanation set. During this post-
processing phase, the importance parameter imp, enforces a minimum level of local
separability by specifying how many data points the explanation must correctly divide.
If this requirement is not met, additional formulae from the relevance ranking are
included until the constraint is satisfied. As a result, 4; governs relevance-based pruning
during candidate extraction, while imp, acts as a coverage-based stopping criterion
during explanation refinement. The aim of this analysis is to assess how sensitive local
separability and explanation readability, measured in terms of node count, are to these
hyperparameters and to identify regimes that yield stable and compact explanations.
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Figure 10.8: Effect of the relevance threshold ¢; and the importance parameter imp, on
explanation quality. (left) Readability, measured as the mean number of nodes in the
extracted local explanations (shaded areas denote standard deviation). When imp, = 0,
explanations are longer and less stable, while enforcing imp, > 0 yields consistently
more compact and stable explanations, independently of ¢;. (right) Local separability,
measured as the percentage of correctly divided points. Perfect separability is achieved
when imp, = 0, whereas enforcing a positive importance threshold results in slightly
lower but stable separability across all values of ¢;. Values may extend beyond 100% due
to variance, although separability itself is bounded.

Experimental Setup

We evaluate a grid of values for 7, € {0.10,0.15,...,1.00} and imp, €
{0.000,0.001,0.01,0.1, 0.2, 0.3}, while keeping all other components of the architecture
fixed. Explanation quality is measured through the mean number of nodes, reported
together with its standard deviation. This setup allows us to isolate the individual and
combined effects of 7; and imp, on explanation compactness.

Results and Discussion

The results reveal a clear and highly consistent pattern across both readability and
local separability metrics. When imp, = 0, explanations exhibit substantially higher
readability values for all choices of ¢;, accompanied by large variance (Figure 10.8).
This indicates that, in the presence of a strict coverage constraint, a larger number of
concepts are retained, leading to longer and less stable explanations. In this regime, local
separability is maximised, with explanations achieving near-perfect division of the data
(Figure 10.8).

Introducing a strictly positive importance threshold (imp, > 0) leads to a sharp
reduction in readability, with explanations becoming significantly more compact and
markedly more stable. Notably, once imp, is active, readability remains constant
across all tested values of ;, indicating that the importance constraint dominates the
explanation extraction process. A similar behaviour is observed for local separability:
enforcing imp, > 0 results in a modest decrease in division performance compared to
the unconstrained case, but this value remains stable across the entire range of .

Across both plots, variations in ?; have no observable effect once a positive
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importance threshold is enforced, except for very small values where minor fluctuations
can be observed. Overall, these results indicate that imp, acts as the primary
control mechanism governing the trade-off between explanation simplicity and fidelity,
effectively inducing a transition between exact but complex explanations and simpler,
more compact ones. In contrast, ¢ plays a secondary filtering role and does not require
fine-tuning within the tested range.

This behaviour is consistent with the distinct roles of the two parameters. Since
operates at an early ranking stage, its effect is largely subsumed once the post-processing
constraint imposed by imp, becomes active: regardless of the exact relevance threshold,
additional concepts are iteratively incorporated until the required level of separability is
achieved. As a consequence, variations in ¢;, do not materially alter the final explanation,
provided that a sufficient pool of candidate concepts is available. Nevertheless,
remains a useful parameter, as it bounds the initial search space and prevents low-
relevance concepts from being considered during post-processing. This contributes to
computational efficiency and guards against the inclusion of spurious patterns, even
though fine-grained tuning of ¢, is not required in practice.

10.6.3 Summary of Findings

The analysis of the explanation mechanisms highlights the importance of structurally
integrating explanation within the decision process. Variations in the extraction and
aggregation procedures primarily affect global and local division metrics, revealing
differences in explanation stability and class separation at the symbolic level. The
results show that coherent explanatory patterns are preserved only when robustness
information is consistently aligned with the discriminative objective. Simplified
mechanisms reduce separation clarity, confirming that interpretability in STELLE is not
an automatic by-product of classification, but the result of deliberate architectural design
choices.

10.7 Overall Interpretation and Design Implications

The analyses presented in this chapter help clarify how the different components of
STELLE contribute to its overall behaviour. Rather than identifying a single dominant
factor, the results show that performance emerges from the interaction between the
semantic structure of the concept space, the robustness-based embedding, and the
explanation mechanism.

The experiments on concept set design indicate that the organisation of the STL basis
has a direct impact on separation in the embedding space. Increasing the number of
concepts or allowing greater structural diversity generally improves division metrics,
but only up to a point. Beyond that regime, the gains become limited. This suggests that
what matters is not the size of the concept set itself, but the extent to which it captures
relevant and non-redundant semantic patterns.

The study of the kernel formulation confirms that quantitative robustness plays a
central role. When robustness aggregation is simplified or altered, separation between
classes becomes less stable. This shows that the embedding induced by robustness
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is not interchangeable with a generic feature mapping, but is structurally tied to the
discriminative properties of the model.

The architectural ablations further indicate that some components mainly affect the
quality and stability of explanations rather than predictive behaviour alone. In other
words, maintaining clear symbolic separation requires specific structural choices, even
when classification accuracy appears relatively stable.

Finally, the analysis of the explanation mechanisms highlights that explanation
quality is not an automatic consequence of prediction. Stable and coherent symbolic
explanations depend on preserving alignment between robustness evaluation and class-
specific scoring.

Overall, the results support the design choice of integrating symbolic representation,
robustness semantics, and discriminative learning within a unified framework. The
model is relatively robust to moderate variations in hyperparameters, but more sensitive
to modifications that disrupt this integration. This suggests that the effectiveness of
STELLE lies less in architectural complexity and more in the consistency between its
representational and decision-making components.
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Conclusion

This thesis presented STELLE, a framework for time series classification that embeds
Signal Temporal Logic (STL) directly into the learning process. By mapping raw
trajectories and logic formulae into a shared semantic space, STELLE demonstrates that
high classification accuracy does not require sacrificing formal interpretability. Unlike
post-hoc methods, which attempt to approximate the reasoning of opaque “black box”
models after training, STELLE treats interpretability as a fundamental architectural
constraint. Its representations are constructed directly from logical concepts, ensuring
that the generated explanations are not merely plausible rationalisations, but faithful
descriptions of the model’s internal decision-making.

A primary theoretical contribution is the trajectory—formula kernel, which extends
the existing STL kernel framework to unify symbolic specifications and numerical data.
This mathematical structure allows the model to measure the similarity between a
continuous signal and a discrete logic rule via robustness semantics. Consequently,
trajectories and formulae become directly comparable within a unified Hilbert space,
providing a principled foundation for concept-based learning.

Architecturally, STELLE employs a transparent pipeline where a discriminability
mechanism quantifies behavioural deviations and a learned relevance layer modulates
feature importance for a linear classifier. This design facilitates the direct extraction of
concise, readable local and global STL explanations without complex post-processing.
Empirical benchmarks confirm that STELLE achieves performance competitive with
state-of-the-art neural networks. Importantly, ablation studies and sensitivity analyses
validate that this performance is robust, proving that deep learning-level accuracy can
be achieved alongside the rigorous transparency of formal logic.

Crucially, the framework directly addresses the core limitations identified in the
state-of-the-art analysis. Where post-hoc explainability methods approximate opaque
decision boundaries, STELLE guarantees faithfulness by deriving predictions and
explanations from the same semantic representation. Where deep time series models
rely on latent embeddings without formal grounding, STELLE anchors representation
learning in STL robustness semantics and, where prior symbolic approaches often
produce rigid global rules with limited scalability, STELLE integrates temporal logic
within a differentiable architecture capable of handling multivariate and multiclass
settings. In doing so, the framework does not merely combine neural and symbolic
components, but restructures their interaction around a shared formal foundation.
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11.1  Contributions

This thesis introduces the STELLE framework, demonstrating that high predictive
accuracy in time series classification doesn’t need to come at the cost of formal
interpretability. The impact of this work is defined by three primary contributions:

« A functional-analytic foundation for temporal reasoning. We establish a principled
method for embedding raw time series data into the same Hilbert space as STL
formulae. By extending the STL kernel framework to trajectories, we ensure that
symbolic specifications and numerical data can be directly compared within a
rigorous mathematical structure. This kernel acts as the computational engine of
the framework, preserving behavioural alignment through robustness semantics.

o The STELLE architecture. We introduce a unified classification pipeline that
integrates concept activation, discriminability analysis, and learned relevance. By
treating interpretability as an architectural constraint rather than an afterthought,
STELLE ensures faithfulness by construction: the explanations arise directly from
the model’s internal computations. This contrasts sharply with prevalent post-hoc
approaches, which merely approximate the decision boundaries of opaque models.

+ An end-to-end framework for human-readable explanations. Beyond the internal
representation, we contributed a complete mechanism for extracting and
simplifying logical rules. By applying robustness-induced threshold shifts,
logic- and data-aware simplifications, these outputs are transformed from raw
mathematical expressions into concise, readable temporal formulae suitable for
domain experts.

11.2 Limitations

Whilst STELLE represents a significant step towards interpretable temporal learning,
the current framework remains subject to some constraints:

« Dependency on concept coverage. The quality of STELLE’s explanations depends
fundamentally on the expressiveness of the STL concept set. Currently, the
framework operates with a generic pool of formulae. If a critical temporal pattern
is not represented in this initial set, the model cannot express it. While the
current approach is domain-agnostic, future work could significantly enhance
interpretability by explicitly integrating domain knowledge. Allowing experts to
insert into the concept pool meaningful templates would narrow the semantic gap
between raw data and explanation.

o Evaluation of explanation quality. Evaluating “interpretability” is inherently
difficult. While we use proxy metrics like rule coverage and node count, these do
not guarantee that a human finds the explanation helpful. True utility is subjective
and context-dependent. To validate practical usefulness, a possible solution would
be incorporate user studies with domain experts, moving beyond statistical proxies
to qualitative feedback on decision support.
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» Multivariate interactions. Complex interactions between multiple variables are
naturally difficult to formalise and harder for humans to understand. While
restricting the number of variables per formula limits expressiveness, it is a
necessary constraint to prevent the logic from becoming unreadable.

11.3 Open Research Directions

The STELLE framework opens several promising avenues for future research:

« Differentiable logic and parameter learning. Currently, the framework relies on
fixed, discretised thresholds for STL formulae. A powerful extension would be to
make the temporal and value parameters of these formulae fully differentiable. By
treating thresholds and time windows as learnable weights within the optimisation
loop, the model could fine-tune decision boundaries. This would significantly
reduce the combinatorial search space and allow the system to discover precise,
data-driven cut-offs that the current discretisation might miss.

« Interactive refinement with domain experts. Because STELLE’s “language” is
symbolic, it offers a unique interface for human-in-the-loop learning. Unlike neural
weights, which are abstract, an expert can read a learned formula and explicitly
correct it (e.g., “this time window is too short”). Future work could develop active
learning protocols where the model proposes a rule, the human critiques it, and the
system updates its constraints accordingly.

« Semantic transfer learning. Logic is arguably more robust to domain shifts than raw
statistical features. A temporal rule describing a mechanical fault (e.g., “pressure
drops 5 seconds after vibration peaks”) may hold true across different machines,
even if the sensor noise profiles differ. Investigating whether STELLE’s logic-based
embeddings allow for zero-shot or few-shot generalisation across datasets is a high-
potential future path.

« Counterfactual generation. The kernel used by STELLE naturally supports
distance-based reasoning. This could be leveraged to generate counterfactuals
automatically: given a time series classified as ’A’, what is the minimal perturbation
required to satisfy the formula for class 'B’? This would provide actionable
debugging insights, moving beyond “why was this classified?” to “what needs to
change?”

STELLE provides concrete evidence that the tension between predictive performance
and formal interpretability is not necessarily inevitable. Rather than positioning
logical reasoning and statistical learning as competing paradigms, this thesis shows
that they can be integrated within a shared mathematical framework. By grounding
representation learning in temporal logic semantics, STELLE reduces the reliance on
post-hoc approximations, avoids the rigidity of purely symbolic rule-based models, and
maintains competitive predictive accuracy without giving up semantic clarity.
Challenges remain, particularly with respect to scalability, concept coverage, and the
evaluation of explanations from a human perspective. Nevertheless, the central message
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of this work is clear: interpretability should be embedded into the design of learning
systems, not appended after training. The framework presented here offers one concrete
step in that direction, contributing to the development of more transparent and reliable
approaches to time series analysis.
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Appendix A

Concept Generation

This appendix reports the full procedure used to generate, instantiate, and select STL
concepts. The material complements the high-level description provided in Section 8.2.2
and is included for completeness and reproducibility.

Template generation. To construct a flexible and interpretable vocabulary of
temporal logic concepts, a large collection of STL formula templates is generated
through grammar-based enumeration, exploiting Parametric Signal Temporal Logic
(PSTL) [222]. PSTL extends STL by parameterising both the time bounds of temporal
operators and the thresholds of inequality predicates. Given a PSTL template and a
parameter configuration, a fully specified STL formula is obtained by instantiating all
free parameters.

Formula templates are constructed recursively by applying logical and temporal
operators up to a maximum of M = 5 syntactic nodes. To preserve interpretability,
the number of distinct signal dimensions appearing in each formula is constrained to
Nvars € {1,2,3}. Atomic propositions take the form of simple threshold inequalities
over individual signal components.

Template generation proceeds incrementally, starting from atomic propositions and
expanding previously generated formulae using unary operators (e.g. F, G, —) and
binary operators (e.g. A, V, U), subject to the imposed syntactic constraints. The full
grammar-based enumeration procedure is reported in Algorithm 1.

Each template ¢ is instantiated over a finite grid of parameter configurations

P = {ph oo 7p|P|}7

yielding a pool of fully specified STL formulae ¢(p). Parameter grids are defined
independently for temporal bounds and predicate thresholds.

Robustness evaluation. Allinstantiated formulae are evaluated over a representative
set of trajectories

’T: {7‘1,...,7"7—‘}
using the quantitative STL semantics. This yields a robustness matrix
SGRWD'X‘T'v S(Zvj) :p(@(pi),Tj),

where each row of S represents the robustness signature of a formula across the
trajectory set.
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Redundancy-based concept selection. Since the initial pool of instantiated
formulae may contain behaviourally redundant concepts, a selection procedure is
applied to obtain a compact and diverse concept set. Candidate formulae are considered
sequentially and compared to the currently selected concepts using cosine similarity
between robustness signatures. A formula is retained if its similarity to all previously
selected concepts is below a fixed threshold ¢ € (0, 1]. This procedure incrementally
builds a set of formulae whose robustness profiles are sufficiently distinct.

When multiple candidate formulae exhibit high similarity to existing concepts,
preference is given to syntactically simpler formulae, retaining the structurally minimal
representative. The selection process terminates once the desired number of concepts is
reached.

The resulting concept set provides a compact, semantically diverse, and interpretable
basis for embedding, classification, and symbolic explanation.

Algorithm 1 Algorithm for generating STL formulae templates

minipage=scale=0.95
Require: M, Ny
Ensure: all_phis
all_phis + []
all_phis.append(generateAtomicPropositions())
for2 <m < M do
> retrieve templates with m — 1 nodes
prev_phis <—getPhisGivenNodes(m — 1)
>F, G, —
unary_ops <—expandbyUnaryOperators(prev_phis)
all_phis.append(unary_ops)
> all pairs (I,r) : l+r=m,l <r
1_list, r_list «—getPairsGivenSum(m)
for (I,7) € [L list, r_list] do
l_phis<—getPhisGivenNodes(l)
r_phis<—getPhisGivenNodes(r)
>A,V,U
binary_ops¢—expandbyBinaryOpeators(l_phis, r_phis)
all_phis.append(binary_ops)




Appendix B

Synthetic Data Generation

This appendix provides a complete specification of the synthetic trajectory generation
process used in the ablation studies (Section 10.1.1). The generator is designed to produce
controllable multivariate time series with tunable class separability, enabling systematic
evaluation of model behaviour under varying task difficulty.

B.1 Generation Algorithm

The synthetic data generator constructs multivariate time series trajectories through a
compositional process that combines periodic, harmonic, trend, and noise components.
Algorithm 2 presents the complete generation procedure.

The difficulty scale employs a two-sided interpolation scheme anchored at difficulty 5.
For difficulties d € {1, 2, 3,4}, continuous parameters are computed as:
d—1

0(d) = beasy + ——

4 (05 - eeasy) )

where 0., denotes the difficulty 1 endpoint value and 05 denotes the difficulty 5 value.
For difficulties d € {6,7,8,9,10}, parameters are computed as:

d—5
6(d) = 05 + 5 (Ohara — 05)

where 0},,,4 denotes the difficulty 10 endpoint value.

Categorical parameters (harmonics, trend type) follow discrete transition rules
specified in Table B.1. This interpolation scheme ensures smooth difficulty progression
whilst maintaining difficulty 5 as a reference point for all ablation experiments.

B.1.1 Parameter Specifications

Table B.1 specifies the endpoint and reference values for all generative parameters. These
values were determined through iterative calibration to ensure monotonic accuracy
degradation across baseline classifiers whilst maintaining appropriate task complexity
at each difficulty level.

Each generative parameter affects class separability through a specific mechanism:
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Table B.1: Difficulty-dependent parameter specifications. Difficulties 1-4 interpolate
between easy and difficulty 5; difficulties 6-10 interpolate between difficulty 5 and hard.

Parameter Symbol  Diff. 1 (easy) Diff. 5 (medium) Diff. 10 (hard)
Class separation QSep 3.0 1.5 0.4
Within-class variance Ovar 0.05 0.3 0.6
Temporal noise std. BOtemp_noise 0.05 0.2 0.45
Fourier noise std. Ofourier noise 0.0 0.125 0.3
Periodicity strength Operiod 1.0 0.7 0.3
Frequency variation Ofreq var 0.05 0.35 0.7
Drift strength Odrift 0.01 0.06 0.15
Outlier probability Ooutlier 0.0 0.04 0.1
Phase coherence 0 coherence 1.0 0.65 0.2

Categorical parameters:

Use harmonics Onarmonics True True False (d > 7)
Number of harmonics On harm 3 2 1
Trend type* Otrend_type linear linear exponential

* Trend type follows: linear for d € {1,...,7}, quadratic for d € {8,9}, exponential for
d = 10.

» Class separation (0s.p). Directly scales the amplitude differences between classes,
controlling geometric distance in feature space.

« Within-class variance (0,,;). Controls stochastic variation within each class,
increasing intra-class spread and overlap.

« Temporal noise (Oiemp noise)- Additive Gaussian noise in the time domain, degrading
signal-to-noise ratio.

« Fourier noise (Ofousier noise)- Complex noise added in the frequency domain,
disrupting spectral structure.

» Periodicity strength (Operioa). Weight assigned to periodic components. Lower values
reduce the dominance of class-characteristic frequencies.

« Frequency variation (Ofeq var). Random perturbations to base frequencies within
each class, reducing temporal consistency.

« Drift strength (0anse). Magnitude of non-stationary trend components, introducing
class-dependent directional shifts.

 Outlier probability (Qoumier).  Fraction of trajectories subjected to extreme
transformations, simulating label noise or distributional contamination.

 Phase coherence (Oconerence)- Probability that phases are synchronised across
variables. Lower values destroy multivariate dependencies.

« Harmonics (Oharmonicss On harm). Number of higher-order frequency components.
Richer harmonic structure aids discriminability.



B.2. OBSERVED ACCURACY RANGES 159

Table B.2: Observed test accuracy ranges by difficulty level. Values represent mean
over five seeds across four baseline classifiers (ResNet, LSTM, Random Forest, Logistic
Regression).

Difficulty 1 2 3 4 5
Accuracy range (%) 99.8-100.0 97.8-99.6 94.4-98.2 94.2-96.4 91.8-93.4
Difficulty 6 7 8 9 10

Accuracy range (%) 89.2-93.6 89.4-94.4 88.2-92.6 88.2-90.8 87.4-90.2

o Trend type (Oirend type). Functional form of drift (linear, quadratic, exponential). More
complex trends are harder to model.

This multi-faceted approach ensures that difficulty reflects diverse aspects of time
series classification complexity rather than a single confounding factor.

B.2 Observed Accuracy Ranges

Table B.2 reports the test accuracies achieved by baseline classifiers across all difficulty
levels, averaged over five independent seeds. These results confirm successful
calibration: accuracy decreases monotonically for all methods, with clear separation
between difficulty endpoints. The accuracy ranges demonstrate that the generator
produces tasks spanning from near-perfect classification (difficulty 1) to moderately
challenging scenarios (difficulty 10), whilst maintaining learnable patterns at all
difficulty levels. Difficulty 5 represents a balanced intermediate setting with baseline
accuracies in the 92 — 93% range, making it suitable for ablation studies where
architectural differences can manifest without ceiling or floor effects.

Figure 10.2 (main text) demonstrates that the difficulty scale generalises across diverse
architectural paradigms: deep learning models (ResNet, LSTM), ensemble methods
(Random Forest), and linear classifiers all exhibit monotonic performance degradation.
This cross-model consistency validates that difficulty reflects intrinsic dataset properties
rather than model-specific biases.

Reproducibility Details
All experiments use the following fixed configuration:
+ Training set: N = 500 trajectories, random seed s = 0
 Test set: N = 100 trajectories, random seed s = 1
+ Trajectory dimensions: n = 5 variables, 7" = 100 time points
« Number of classes: K = 3 (balanced)

« Difficulty level: d = 5 (medium difficulty)
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Both PyTorch and NumPy random number generators are initialised with the
specified seeds to ensure full reproducibility. The implementation is available at ht tps:
//github.com/ireneferfo/STELLE.


https://github.com/ireneferfo/STELLE
https://github.com/ireneferfo/STELLE
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Algorithm 2 Synthetic Trajectory Generation

Require: Number of trajectories [V, number of variables n, time points 7', number of classes K,

difficulty level d € {1, ..., 10}, random seed s

Ensure: Trajectory matrix X € RV*"*T label vectory € {0,..., K — 1}V

1:

2:

B A A

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:

23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:
37
38:
39:
40:
41:
42:
43:
44:
45:
46:
47:

Initialise: Set random seeds, X < 0, ¢ < linspace(0, 1,7")

Get parameters: 6 < GETDIFFICULTYPARAMS(d) > Table B.1
Sample labels: y < Uniform({0,..., K — 1}, N)

Define class parameters:

fork € {0,...,K — 1} do

fr < 2.0+ 1.5k > Base frequency

ap, < 1.0 +0.30gep - £ > Amplitude

bk < 21k /K > Phase offset

Y < k/max(1, K — 1) > Shape parameter € [0, 1]
forie {1,...,N} do

k <+ vy > Class of trajectory ¢

isOutlier +— Bernoulli(fyytier)

Sample class-conditional parameters:

f — fk ' (1 + avar '/\/(0, 1)) ' (1 + afreqivar 'N(Oa 1))

a < ag - (14 0y - N(0,1))

forve {l,...,n} do
fo < f-(1+0.1v/max(1,n)) > Variable-specific frequency
Determine phase:
if Uniform(0, 1) < € oherence then

¢+ ¢ +0.2v > Coherent phase
else

¢ < Uniform(0, 27) > Random phase
Build base signal: s + 0 ¢ R”
5 <= 5 + Operiod - @ - Sin(27 ft + @) > Primary periodic

if 0harmonics then
forh e {2,...,0h harm + 1} do
5 < 5+ 0.50period - (a/h) - sin(2wh fit + ho)

Add non-periodic component:

w 4= 1 — Bperiod > Non-periodic weight
if ¢ < 0.33 then

g < exp(—(t — 0.5)2/0.1) > Gaussian shape
else if ¢, < 0.67 then

g < | sin(57t)| > Rectified sinusoid
else

g < 4t(1 —1) > Polynomial shape

S« st+w-a-g
Add trend: s < s + CoMmPUTETREND(t, v, k, 0) > Algorithm 3
Add temporal noise: s < 5 + Gtemp noise - N(0,1I7)
if 0f0urier_noise > 0 then
Add frequency-domain noise:

§ ¢+ RFFT(s) > Real FFT

8 = 8+ Ogourier_noise - (N(0,1) +iN(0,1))

s < IRFFT(5,T) > Inverse real FFT
if isOutlier then

s+ s-(1+2N(0,1)) + 3N (0,1) > Outlier transformation
Xm“ — S

return X,y
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Algorithm 3 Trend Computation

Require: Time vector ¢ € R, variable index v, class k, parameters ¢
Ensure: Trend signal 7 € R

1 ¢4+ g - v (k+1) >> Scaling coefficient
2: if Orend type = ‘linear’ then

3: T c-1

4 else if Oyeng ype = quadratic’ then

5: T+ c-t?

6: else if Oyend type = ‘exponential’ then

7: T+ c- (exp(t) — 1)

8: else > ‘none’
9: T+ 0

return 7

—
Q




Appendix C

Formulae Manipulation and
Post-processing

This appendix provides the full technical details of the post-processing operations
applied to STL formulae during explanation generation. These procedures refine
the symbolic expressions extracted from the model, ensuring they are semantically
consistent, class—discriminative, and syntactically minimal. The appendix includes:

1. threshold-shift methods based on robustness landscapes,
2. logical and structural simplification rules,
3. data-aware reductions based on empirical predicate evaluations, and

4. proofs of semantic properties supporting the manipulations.

All definitions follow the STL syntax and robustness semantics introduced in
Section 5.4.

C.1 Threshold Adjustment and Polarity Correction

Given an STL formula ¢ extracted as part of a local or global explanation for a trajectory
x and target class ¢, we refine its decision boundary by analysing robustness patterns
across classes. The goal is to enhance interpretability and discriminativeness without
modifying temporal structure.
Let
Marget = P(9, %), R ={plp,7) : 7 € Ti},

where 7 is the set of trajectories belonging to class k. The robustness values of all
opposing classes form
Ropp = | Ri
k#j
We then examine whether the target robustness lies above or below the opposing
distribution. If the majority of values in Ry, lie above r¢aget, the formula’s polarity is
reversed:

2 — e, 74target — _Ttargeta Ropp <~ {_T re Ropp}-
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Algorithm 4 Postprocess formulae based on robustness separation

Require: Set of formulae @, target class g, input trajectory x, trajectories by class
{7‘17 - ,TK_1}
Ensure: Postprocessed formulae '
P 0
for o € ® do
Ttarget — p(SO, X)
fork=0to K —1do
if k # ¢ then
Ry + [p(e,7) for 7 € T]
else
Ry < [Ttarget]
Ropp <= Uk;ﬁgj Ry,
Ne = F#{r € Ropp | 7 < Ttarget}
Ns — F#{r € Ropp | 7 > Trarget}
if n. > n_ then
Y=
rtarget A _Ttarget
Ropp <= [—7 [ 7 € Ropp
Telosest <— Max{” € Ropp | 7 < Ttarget }

S < (Ttarget + rclosest)/2
¢’ < RescaleThresholds(p, —s)

if p(¢’,x) < 0 then
()0/ . _‘SOI
append ¢’ to ¢

return ¢’

To create a sharper discriminatory boundary, we compute the robustness value 7¢josest
of the opposing class that is nearest but still below 7(,gct, and shift the formula’s
predicate thresholds by:

s = _( target + 7ﬁclosest)-

2

Thresholds are uniformly adjusted by —s; if this adjustment results in negative
robustness for x, the formula is negated (preserving consistency). A complete
specification is provided in Algorithm 4.

C.2 Linearity of Robustness under Threshold Shifts

We provide the full proof of the proposition invoked in the main text, which establishes
that uniformly adjusting all thresholds in an STL formula by a constant § induces
a linear shift of —0 in the robustness values computed over any trajectory. This
property enables us to normalise robustness distributions, such as centring a collection
of values {p1, p2, . . ., pn } computed over different trajectories, by modifying the formula
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thresholds.

Preposition. By uniformly modifying the thresholds of the variables in an STL formula

¢ by a constant ¢, the robustness values p(y, 7, t) for any trajectory 7 will shift linearly
by —4.

Proof. We now provide proof of this statement for all STL. By proving that the
Preposition holds true for every Atom and STL operator, the proof comes naturally for
more complex structures.

Step 1: Atomic Predicates
Consider the atomic predicate 7(x) = (f-(x) > 0) and a trajectory .
Its robustness value is:

p(m, 7,t) = f=(7(1))

If we adjust the threshold by a constant 9, this corresponds to modifying the predicate
to

m(x) = (f2(x) + 0> 0) = (folz) = —0)

The new robustness value becomes:

p,(ﬂ',T, t) = fﬁ(T(t)) —0= p(ﬂ',T, t) —0

Thus, a uniform adjustment by ¢ decreases the robustness linearly by —d.

Step 2: Temporal operators
Next, let’s consider the impact on more complex formulae built from atomic predicates.

Let’s start from Negation, whose definition is:

p(ﬂ<p7 T, t) = —,O(CP, T, t)

The a uniform adjustment by § results in:

pl(_'(p7 T, t) = - (p((p7 T, t) - 5)
= —p(p,7,t) +0
= p(=p,7,t) +6

This shows that the robustness shifts linearly by —d.
For Conjunction, defined as
ple1 A 2, 7,t) = min (p(@1, 7, 1), p(@2, 7, 1))
after uniform adjustment becomes:
p(p1 A2, 7,t) = min (p(p1, 7, 1) = 6, p(p2, 7, 1) — 0)
Since min(a — §,b — ) = min(a, b) — J, we have:

P'(p1 A2, T, t) = plor A g, T, 1) =6
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Again, the robustness shifts linearly by —d.

To prove the property for the Until operator, we again start from its definition

p(1 U 02, T, ) =

max (mln (p(QOQ, T, t/), min p(gph T, t,/)>)

t' €[t+a,t+b] e[t t']

After uniform adjustment:
P (01002, T, 1) =
max (min (p(goQ, 7,t') — 0, min p(p1,7,t") — 5))

t' €[t+a,t+b] " e[t,t]

Simplifying using properties of max and min:

P (01002, T, 1) = p(1 Ul 02, 7, 1) — 0

Hence, the robustness again shifts linearly by —d.

Finally, the proof for Eventually and Globally comes naturally from their definitions
and the properties of max and min.

This concludes the proof that for any formula ¢, the uniform adjustment of thresholds
by a constant  consistently shifts linearly the robustness value p(y, 7, t). [

C.3 Logical and Data-Aware Simplifications

A summary of the simplifications applied can be found in Table C.1.

Logical simplifications. This simplification procedure applies structural
equivalences to STL formulae. Double negation is eliminated via =(—¢) — ¢, while De
Morgan laws transform — (¢ A1) into = V =) and —(p V ¢) into —p A —1). Redundant
binary expressions are collapsed using ¢ A ¢ — @ and ¢ V ¢ — . The simplifier also
reduces combinations like o A (¢ V 9) and ¢ V (¢ A ) to .

Temporal nesting is flattened. Considering / and .J as two generic temporal intervals,
G;(Gs(¢)) becomes Gy ;(p), and similarly F;(F;(¢)) — Fri;(¢). When both
children of an until operator are equal, the formula ¢ U; ¢ simplifies to ¢. This
procedure does not depend on data and only rewrites formulae based on their syntactic
structure.

Data-aware simplifications. This method uses the evaluation of atomic predicates
over a trajectory set 7 to simplify STL formulae contextually. Each atom m(x) is
evaluated across all considered trajectories and at all time steps. If the predicate holds
(resp. fails) for all samples at a given ¢, it is marked as true (resp. false). Otherwise, it is
marked as undefined at that time step.

Given this truth map, each subformula is recursively reduced. An atom that is
uniformly true (resp. false) is replaced by T (resp. _L). Boolean simplification is then
applied, collapsing expressions like T A ¢ to ¢ and L V ¢ to .
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Logical simplifications

Table C.1: STL formulae simplifications

Data-aware simplifications

Original Simplified
—(=) @

—(z <c¢) x>c
=(F1(p)) G1(—¢p)
~(Gi(p))  Fi(—p)
(p1 Vi) 1 Ay
“(P1Ap2) 1V g
pAp ¥

YV ¥
eA(@VY) ¢
eVpAY) ¢
PA(PAY) ©AY
eV(pVY) oV
Gi(Gs(p) Grial(p)
Fr(Fs(¢)  Fris(e)
Uy @

Original Simplified
—True False
—False True
True A ¢ ©
False A ¢ False
True V ¢ True
False V ¢ %
Gio,00)(True) True
Gio,0)(False) False
F(0,0)(True) True
F(o,«)(False) False
¢ Ujpp True %

@ Uy True,a # 0 G q¢p
¢ Uj False False
True U; ¢ F;(p)
False Uj ¢ False




Appendix D

Additional Results

This appendix presents a comprehensive collection of local explanations generated by
the proposed framework across different domains. The objective is to demonstrate
the versatility of the method in extracting interpretable Signal Temporal Logic (STL)
formulae that characterise instance-level behaviours.

We provide supplementary visualisations for two distinct datasets: the multivariate
Maritime surveillance dataset and the univariate ECGzoo medical dataset.

D.1 Maritime Local Explanations

This section visualises local explanations generated for the Maritime dataset. As detailed
in the main text, this dataset consists of multivariate time series data where variables x
and z; correspond to the planar coordinates (latitude and longitude) of vessels entering
the harbour.

Figures D.1 and D.2 display representative trajectories alongside their computed STL
explanations. The plots illustrate how the method captures specific geometric corridors
and temporal windows that define the safe and typical behaviour of maritime traffic,
distinguishing it from anomalous patterns.
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—=—= Thresholds —— Anomaly  —— Target: Regular
(always ( { x_1 <= 29.11 or x_1 >= 30) ) and always[16,inf] { { x_0 >= 38.45 and... ( always ( { x_0 >= 57.46 or eventually[16,38] ( x_0 <= 15.07 ) } ) and (...
always[28,35] (x_0 <=44.03)))) eventually[18,inf] { x_0 <= 32.43 Juntil[3,12] x_0 >=62.4))

o 10 20 30 40 50 60 0 10 20 30 40 50 60
Time points Time points
{ eventually[18,inf] { x_0 <= 28.74 } until[3,12] x_0 >= 66.08 ) always[16,inf] [ ( x_0 >= 39.75 and always[28,35] ( x_0 <= 42.72)))

o 10 20 30 40 50 60 0 10 20 30 40 50 60
Time points Time points
always[16,inf] { { x_0 >= 41.43 and always[28,35] ( x_0 <= 41.04)}) ( eventually[18,inf] ( x_0 <= 26.7 }until[3,12] x_0 >= 68.12 )

1] 10 20 30 40 50 60 0 10 20 30 40 50 60
Time points Time points
(not { (x_0 >= 39.57 until[13,35] x_0 <= 59.24 } ) and always { ( x_1 <= 3549 and x_1... always[16,inf] ( { x_0 >= 41.37 and always[28,35] (x 0 <=41.1)})
>=23.88)))

75
Xg 50
25
0
40

X1 B
30
20

30
Time points Time points

Figure D.1: Local explanations for regular (Class o) maritime trajectories. The target
trajectory is highlighted in blue, while the opposing anomalous class is shown in grey.
The extracted STL formulae identify the standard entry corridors and spatial bounds
that characterise safe harbour access.
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—--- Thresholds = —— Regular —— Target: Anomaly

not ( { x_0 == 38.42 until[13,35] x_0 <= 60.38) ) not ( { x_0 == 38.4 until[13,35] x_0 == 60.4) )

T T T T T T T T T T T T

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time points Time points
not { { x_0 >= 38.34 until[13,35] x_0 <=60.47)) not ( ( x_0 >= 37.96 until[13,35] x_0 <= 60.84 ) )

0 10 20 30 40 50 60 0 10 20 30 40 S0 60
Time points Time points
not ( { x_0 >= 14,98 until x_0 <= 31.19) ) not ( { x_0 >= 13.73 until x_0 <= 32.44) )

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time points Time points
not { { x_0 >=14.31 until x_0 <= 31.86) ) not { { x_0 >= 12.81 until x_0 <= 33.36) )

0 10 20 30 40 50 60 0 10 20 30 40 50 60
Time points Time points

Figure D.2: Local explanations for anomalous (Class 1) maritime trajectories. The target
trajectory is highlighted in red. The formulae capture specific deviations from the
standard path, such as spatial violations or abnormal temporal ordering of waypoints.
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D.2 ECGz2o0 Local Explanations

We further examine the explanations generated for the ECG200 dataset, which traces the
electrical activity of the heart during individual beats. The task involves distinguishing
between Normal heartbeats (Class o) and those indicative of Myocardial Infarction (Class
1).

Figures D.3 and D.4 present the time-resolved signals and their associated logical

explanations. In this context, the STL formulae serve to identify morphological features,
such as peak amplitude stability or the timing of the recovery phase, that are clinically
relevant.
For normal heartbeats (Figure D.3), the explanations typically enforce specific amplitude
ranges and transition timings consistent with a healthy cardiac cycle. Conversely, for
pathological cases (Figure D.4), the formulae highlight the absence of expected peaks or
the presence of abnormal plateaus that characterise the infarction.
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—— Target Trajectory = —— Opposite Class  ---- Thresholds

((x_0 <=3.82until[26,27] x_0 >=-1.24 ) and always[20,44] (x_0 <=-0.71)) (x_0 <= 2.69 until[26,27] x_0 >=-0.11)

o "2 7 T4 " Te T8 o 20 40 60 80
(always[12,31] (( x_0 <= 0.98 and x_0 >=-1.32 ) ) and ( always ( X_0 <= 2.49)... ( (always[27,30] ( x_0 >=-1.03 ) until[6,inf] Xx_0 <= 0.81 ) and not ( ( eventually (...
until[19,29] x 0 >=-0.19) ) x 0 >=-0.94 ) until[30,40] x 0 <=0.1)))
4 , 4

2 2
Xo Xo

0 0

-2

-2

(x 0<=-0.780rx 0>=1.84)

Figure D.3: Local explanations for Normal (Class o) heartbeats. The blue line represents
the target healthy beat, distinguished from the Myocardial Infarction class (grey
background) by formulae that capture the characteristic high-amplitude peaks and
proper temporal evolution of the wave.
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—— Target Trajectory = —— Opposite Class  ---- Thresholds

( not ( ( eventually ( x_0 <=0.21) until[46,inf] x_0 >= -0.41) ) and always ( ( x_0 >=...
(always ( x_0 >=-1.09 ) or eventually[42,51] (x 0 <=-1.9)) -0.51 0r x_ 0 <=-0.77)))

N

o

| 2 /
* //\’M—/JW\—\ Xo /\\ W\/\M/\/
- | oA /
-7

T T T T T T T T T T T T T T T T T T T v T T T T T T T Y T T T T T T T

0 20 40 60 80 0 20 40 60 80

(always[8,51] ( x_0 <= 0.42 ) and always[26,27] ( ( x_0 <= 0.37 until[3,inf]... ( eventually[26,27] ( not ( ( x_0 <= 1.11 until[3,inf] eventually[24,28] ( x_0 >= 0.61)...
eventually[24,28] (x 0 >=1.35)))) )) ) and ( eventually ( x_0 <= -0.31) until[46,inf] x 0 >=0.11))
2 /\ 2 /\
Xo b \ "/\‘W Xo o ; \v'\‘\\ s = o 3
2 W =2 \\\'\./
o T2 " T4 7 Te ' " s o "2 " Ta " " Te 7 "8 7

( ( eventually ( x_0 <= -0.3) until[46,inf] x_0 >= 0.11 ) and eventually[26,27] ( not (...

always[24,67] ((x 0>=0.530rx 0<=0.31)) (x_0 <= 0.95 until[3,inf] eventually[24,28] (x 0 >=0.78)))) )
LA L[}
Xo : W Xo : T
0 R V\'\"\»—\/ . 0 N \\ // S— =
-2 -2 v\.\/
0 20 40 60 80 0 20 40 60 80

( ( eventually ( x_0 <= -0.54 ) until[46,inf] x_0 >= 0.35 ) and always[34,inf] (...

(always[8,51] ( x_0 <= 0.26 ) and always[20,44] ( x_0 <= -0.66 ) ) eventually ((x_ 0 >=-0.62 and x 0 <=-0.19))))
4
2 /\ 2
Xo ~ e Xo

0 N Vad N o~ 0
. W 5

—— — —— —— o — —— — — —

0 20 40 60 80 0 20 40 60 80

Figure D.4: Local explanations for Myocardial Infarction (Class 1) heartbeats. The red
line traces the pathological beat. The generated explanations identify these anomalies
through constraints that describe the suppressed amplitude or distorted morphology
typical of the condition.
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