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Introduction

Numerical simulations have established themselves as the third pillar of modern cosmol-
ogy, bridging the gap between theoretical models and increasingly precise astronomical
observations. Today, our understanding of the cosmos relies on the systematic compari-
son between these models and observational data. Numerical simulations play a central
role in this process by tracking the evolution of initial density fluctuations generated
during the earliest phases of cosmic evolution, within a specified cosmological model [1],
[2]. Initially amplified during cosmic inflation and subsequently shaped by gravitational
interactions over billions of years, these fluctuations give rise to the complex large-scale
structures observed today [3]. The filamentary cosmic web connecting galaxy clusters,
the dark matter haloes hosting individual galaxies, and the fine substructure revealed
through gravitational lensing all provide critical tests of cosmological models when con-
fronted with simulation results [4]. Figure 1 shows a representative slice of the Millennium
Simulation [5], included here as an illustrative example.

Such comparisons are essential in regimes where gravitational clustering has progressed
far beyond the linear approximation [2]. In this non-linear domain, numerical simulations
become the only viable means of predicting the detailed evolution of cosmic structures, as
no analytic method can reliably capture the detailed morphology of dark matter haloes
or the emergence of satellite substructure [1]. As a result, numerical simulations are
not merely complementary to theoretical analysis, but constitute a fundamental tool
for validating cosmological models and interpreting observations across a wide range of
scales [6].

Over the years, different cosmological models have been proposed to explain the origin
and evolution of the Universe. However, a number of astrophysical and cosmological
observations consistently support the so-called standard cosmological model [7]. These
include measurements of the cosmic microwave background (CMB), observations of type
Ta supernovae [8], [9], large-scale galaxy surveys [10], and gravitational lensing [11]. In this
model, the mass-energy content of the Universe is composed of about 70% of an unknown
form of Dark Energy (DE), which accounts for the accelerated cosmic expansion, by
about 25% of an unknown form of collisionless non-baryonic Dark Matter (DM), while
only the remaining ~ 5% is made of ordinary matter, called baryonic by astrophysicists.
The backbone of cosmological simulations is the dark matter distribution. Dark matter
is treated as a collisionless fluid governed by the Vlasov—Poisson equations [12] and is
typically represented by particles that move under their mutual gravitational attraction.
A small initial density perturbation is then evolved forward in time until the desired
epoch, measured in terms of redshift. The resulting distribution maps the gravitational
potential wells that form the scaffolding upon which the visible structure is assembled.

Baryonic matter accounts for most of the observable electromagnetic emission asso-
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Figure 1: Slice of the Millennium Simulation [5] showing the simulated cosmic web of
DM distribution. The bright yellow regions are the high density clusters that form at
the intersection of filaments. https://wwwmpa.mpa-garching.mpg.de/galform/virgo/
millennium/

ciated with galactic systems, galaxy clusters, and the intergalactic medium [12]. Unlike
dark matter, baryons interact electromagnetically and, therefore, undergo a rich variety
of physical processes. They radiate energy, are heated by shocks during gravitational
collapse, cool through atomic and molecular transitions, fragment into dense structures,
and ultimately fuel star formation. Stellar evolution, supernova explosions, and accre-
tion onto active galactic nuclei further inject energy and momentum into the surrounding
medium [13], [14].

Modern hydrodynamical simulations attempt to model this complexity by solving
the equations of fluid dynamics alongside gravity [15]. However, many relevant physical
mechanisms operate below the resolution limit of even the most advanced simulations. As
a consequence, additional sub-resolution models are required to describe processes such
as star formation, chemical enrichment, and feedback from supernovae and active galactic
nuclei, introducing further computational and modeling challenges [6].

Modern cosmology places increasingly stringent demands on numerical simulations.
High resolution, both in space and time, is needed to resolve the detailed internal struc-
ture of galaxies and clusters, capturing both the dark matter framework and the dynamics
of baryonic matter, while simulations must also cover large volumes to match the scale of
contemporary surveys, which now map billions of galaxies across the sky [6]. To explore
the variety of possible cosmic histories and constrain theoretical uncertainties, researchers
run ensembles of simulations in which the underlying cosmological and astrophysical as-
sumptions are systematically varied [1]. These ensembles quantify cosmic variance and
probe parameter degeneracies, situations in which different combinations of inputs can
produce similar large-scale structures, allowing researchers to identify which sets of as-
sumptions are most consistent with observations.

Building on this statistical approach, cosmologists have recently begun creating dig-
ital twins of specific observed regions of the Universe [16]. The term, borrowed from
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meteorology, refers to detailed virtual replicas that aim to reproduce particular cosmic
structures rather than exploring parameter space broadly. In cosmology, digital twins
start from observationally constrained initial conditions and systematically vary cosmo-
logical parameters to generate multiple evolutionary scenarios for the same region [17].
By comparing this catalog of virtual realizations to real observations, researchers can de-
termine which parameter combinations best reproduce the observed structures. In this
way, digital twins establish a direct bridge between theoretical models and the actual lo-
cal Universe, providing a powerful tool for testing cosmological theories and interpreting
complex observational data.

Despite advances in classical and hybrid simulation techniques, the combined require-
ments of high resolution, large volumes, and multiple realizations continue to push con-
ventional methods to their limits. In response, researchers are exploring more radical
solutions, including specialized hardware accelerators and quantum computing frame-
works.

Quantum computing remains largely in its developmental stage, yet it offers fundamen-
tally new ways to represent and process information. In a quantum computer, information
is stored in quantum states whose basic unit is the qubit, which can exploit superposi-
tion and entanglement to represent complex, highly correlated datasets [18]. This unique
computational paradigm may, in principle, reduce the resources and execution time re-
quired for high-resolution cosmological simulations, and facilitate the efficient generation
of multiple realizations of the same cosmic region—crucial for exploring parameter space,
quantifying uncertainties, and constructing digital twins [19].

Current devices operate in the noisy intermediate-scale quantum (NISQ) era [20], with
a moderate number of qubits, currently on the order of hundreds, and substantial error
rates. Nevertheless, these limitations should not discourage exploration: the develop-
ment of algorithms that leverage the scaling advantages of qubits, superposition, and
entanglement remains a key priority. Once fully fault-tolerant quantum computers are
realized, such algorithms could provide transformative improvements in simulation speed
and computational capacity.

Quantum computing has already demonstrated its potential in other fields, such as
quantum chemistry [21] where it has been used to simulate molecular systems that are
intractable for classical methods. These successes suggest that similar advantages could be
realized in cosmological applications, motivating the systematic exploration of quantum
algorithms for high-resolution simulations.

Building on these considerations, the aim of this Thesis is to explore the applicability
of quantum computing to cosmological simulations. Specifically, we investigate whether
quantum algorithms can offer computational speedups in the evolution of dark matter
perturbations, either through direct numerical integration or by acting as an accelerator
in the most computationally demanding parts of classical simulation codes.

This Thesis is organized as follows: Chapter 1 establishes the physical and computa-
tional framework for the formation of cosmological structures. It begins with the evolution
of density perturbations in the early Universe, examining their origin and their role in
shaping the large-scale distribution of matter. A concise overview of the main classes
of dark matter follows, with particular emphasis on the observational and theoretical
motivations for adopting cold dark matter (CDM) as the basis for this work.



4 CONTENTS

This chapter then introduces the Vlasov-Poisson (VP) equations, which govern the
evolution of CDM perturbations. The distinction between the linear regime of small
perturbations and the fully nonlinear regime is presented, highlighting the necessity of
numerical methods where analytical solutions are insufficient. A succinct survey of the
principal numerical approaches is provided, including direct integration of the VP system,
N-body methods, and the Schrédinger method. The emphasis is placed on the latter, as
it forms the foundation for the development of quantum algorithms intended to accelerate
simulations of collisionless dark matter.

Together, these elements define a coherent framework for understanding structure for-
mation, the rationale for focusing on CDM, and the computational strategies employed
to model its nonlinear evolution. This foundation supports the analysis and compar-
isons presented in subsequent chapters, including the exploration of quantum computing
approaches to cosmological simulations.

The second Chapter 2 provides an overview of the basic concepts of quantum comput-
ing that are relevant for the purposes of this Thesis. We begin by recalling the classical
paradigm of computation, using the Turing machine as a reference, and then outline how
the principles of quantum mechanics modify the fundamental components of an algorithm.
In particular, we discuss how the representation of information, the implementation of
logical operations, and the readout of results differ from their classical counterparts when
computation is carried out using quantum states.

The discussion resumes by introducing the circuit model of quantum computation,
which constitutes the standard framework for the formulation of quantum algorithms.
Hereafter, this model will be employed throughout. Within this setting, we introduce
the essential elements required in the remainder of this work, including qubits, unitary
evolution, quantum gates, measurement processes, and the impact of noise in realistic
devices. Explicit examples of qubit implementations on existing quantum hardware are
also presented, providing a concrete link between the abstract formalism and current tech-
nological realizations. The chapter is intentionally focused on these core concepts, which
form the conceptual basis for the developments presented in the subsequent chapters.

Chapter 3 examines the extent to which the Schrodinger method can faithfully repro-
duce the dynamics of the Vlasov—Poisson (VP) system. This analysis is pivotal to our
broader objective: exploiting the inherently quantum nature of the Schrodinger-Poisson
(SP) formulation to develop algorithms capable of efficiently evolving collisionless dark
matter. By establishing the regimes in which SP accurately captures VP dynamics, we
lay the groundwork for quantum-inspired or quantum-native simulations of cosmological
structure formation.

To this end, we develop a set of numerical solvers, including direct integrations of
the VP system, a particle-mesh N-body method, and a spectral solver for SP, tailored to
efficiently handle the challenges posed by cold dark matter initial conditions. In particular,
we introduce a novel regularization strategy that allows the direct VP solvers to operate
reliably even in the presence of stiff initial velocity fields, overcoming a major limitation
of previous methods. These results have been published in [22]. Through comparative
tests, we assess whether SP successfully reproduces the key features of VP evolution in the
case of a simple one-dimensional sinusoidal perturbation and a two-dimensional gaussian
collapse. We also verify if a direct VP solver provides additional information in these
scenarios, compared to a N-body approach. The results of these comparisons are part of
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a scientific article currently in production.

Chapter 4 introduces a first quantum algorithm for the solution of the SP equation,
based on a variational approach. The SP equation governs the dynamics of self-gravitating
cold dark matter, introducing nonlinearities through the gravitational potential. Mapping
this nonlinear, self-consistent problem onto a quantum device requires specialized algorith-
mic strategies. A classical-hybrid variational framework, inspired by Lubasch et al. [23],
is adapted here to the nonlinear context of cosmological simulations.

The evolution of the wavefunction is implemented using a variational time evolution
(VTE) method, tailored for grid-based problems. This approach allows for an exponential
reduction in memory requirements, encoding N spatial grid points into log,(N) qubits.
Based on Ollitrault et al. [24], the VTE algorithm is further extended to cases where the
potential is represented by a variational ansatz. Explicit quantum circuits are proposed to
evaluate the necessary matrix elements, with a circuit depth scaling polynomially in the
number of qubits and the number of measurements required for a given accuracy scaling
polynomially with the number of grid points N.

The chapter examines the behavior of spatial resolution as the SP dynamics approach
the classical limit (A/m — 0), revealing an empirical logarithmic relationship between
the number of qubits and the SP scale parameter //m.This analysis offers insight into
the resources required for SP simulations to reproduce classical behavior with acceptable
accuracy. These results have been published in [25].

This chapter establishes a variational quantum algorithm for the Schrodinger—Poisson
equation, providing a concrete framework for quantum simulations and representing a first
step toward developing quantum algorithms for the formation of cosmological structures.

Chapter 5 is devoted to the development of a quantum algorithm for the solution
of SP in the case of large systems. Building on the encouraging results obtained in
the previous chapter, we first focus on improving the VTE approach for SP, aiming to
overcome the primary limitations of the existing algorithm related to temporal evolution.
In this context, we identify the key challenges in scaling the algorithm to larger systems,
highlighting both computational bottlenecks and sources of numerical error.

In addition to refining the VTE method, we explore an alternative strategy that takes
advantage of the inherent linearity of quantum mechanics to solve the SP problem af-
ter linearization. This approach provides a complementary perspective and serves as a
benchmark for assessing the advantages and limitations of variational schemes. For both
strategies, our analysis is conducted with a critical perspective, emphasizing not only their
potential but also the intrinsic limitations and practical considerations that arise when
attempting to extend these methods to large-scale quantum simulations.

These investigations lay the groundwork for large-scale SP simulations, highlighting
the challenges that arise in developing a scalable quantum algorithm for SP.

Chapter 6 explores an alternative avenue for applying quantum computing to cos-
mological simulations of dark matter. Rather than directly simulating with a quantum
approach the gravitational instability of dark matter density perturbations, we focus
on leveraging quantum computing to accelerate the most computationally demanding
portions of classical codes. In this approach, the quantum device functions as a high-
performance accelerator, complementing classical computation.

We center our attention on the problem of neighbor search, a recurring and com-
putationally intensive task in cosmological simulations. The computational cost is not
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associated with the complexity of individual operations, but with the sheer volume of
data that must be processed.

The specific task we address is the Fixed Radius Neighbor Search (FRANS), where all
neighbors within a given fixed radius must be identified. Although this does not exactly
replicate the full cosmological scenario, it captures a representative and practically rele-
vant computational challenge. Our approach employs amplitude amplification techniques
to accelerate this search.

We present a detailed design of the quantum circuit for the neighbor search, analyzing
the implementation and computational cost of each component. Moreover, we proposed
a strategy to determine the optimal number of quantum measurements. We validate this
approach through numerical simulations using a toy model. Finally, we propose a strategy
to mitigate noise in the readout measurement process. The results are currently under
revision for publications.

This work establishes a conceptual foundation for integrating quantum computation
into selected parts of classical cosmological simulations, highlighting practical issues and
presenting the problem from a perspective that remains largely unexplored.

We conclude the Thesis with Chapter 6.7, where we reflect on the potential role of
quantum computing in cosmological simulations. In particular, we analyze the limita-
tions and possible developments for two alternative approaches: quantum computing as
a direct solver for the evolution of cosmological perturbations and quantum computing
as an accelerator for the computationally demanding components of classical simulation
codes. We examine the strengths and weaknesses of both approaches and provide what
we consider promising future developments.



Chapter 1

Background of Cosmic Structure
Formation

This chapter introduces the landscape of cosmological simulations of the Universe in the
ACDM model. We propose a quick review on the evolution of Dark Matter (DM) density
perturbations and their role in galaxy formation, describing the equations that govern the
process and the numerical methods used to solve it.

This chapter is organized into two main sections. In Sec. 1.1, we introduce the context
of the ACDM model, explain the nature and evolution of cosmological perturbations, and
discuss how the standard cosmological model is tested observationally. We also present
the fundamental equation governing the evolution of these perturbations in the Universe:
the Vlasov—Poisson (VP) equation.

In Sec. 1.2, we review the numerical methods commonly used to solve the VP equa-
tion, ranging from direct discretization to N-body techniques, and finally the Schrodinger
method. This latter approach will provide the foundation for developing our first quantum
algorithm.

1.1 Cosmic Density Perturbations

During the years, different cosmological models have been proposed to explain the origin
and evolution of the Universe. However, a number of astrophysical and cosmological
observations consistently point toward the definition of the so-called standard cosmological
model [7]. In this model, the mass-energy content of the Universe is made of about 70%
of an unknown form of Dark Energy (DE), which accounts for the accelerated cosmic
expansion, by about 25% of an unknown form of collisionless non-baryonic Dark Matter
(DM), while only the remaining ~ 5% is made of baryonic matter. In astrophysics, the
term baryonic refers to all ordinary matter that participates in the formation of stars,
planets, gas clouds, and other cosmic structures [26]. The inclusion of the electrons is
due to the fact that their contribution in mass is negligible respect to the total. It is
used primarily to distinguish DM from this visible, interacting matter. Viable models
of galaxy formation require dark matter to be cold (CDM), i.e., non-relativistic with
negligible streaming velocities compared to the speed of light. With further observational
evidence for DE to be consistent with a cosmological constant term (A) in the Einstein
field equations, all this leads to the definition of the standard ACDM cosmological model

7



[27]. While the exact nature of cosmic dark constituents remains so far elusive, it is
widely accepted that the gravitational instability of the tiny CDM density perturbations
imprinted in the primordial Universe drive the formation of cosmic structures, from the
kiloparsec (kpc) scales of the global cosmic web, to Gigaparsec (Gpc) scales relevant for
galaxy formation [12].

The prevailing hypoThesis for the origin of cosmological perturbations, which has
found strong support in observational data, posits quantum fluctuations of the inflation
field as the primordial source. Inflation is a hypothesized epoch in the very early Universe
during which the expansion rate was extraordinarily large and nearly exponential, resolv-
ing several conceptual challenges of the standard Big Bang model, such as the observed
homogeneity of causally disconnected regions. During this phase, small energy variations
arise spontaneously in the vacuum field according to the Heisenberg uncertainty principle
and are subsequently amplified by the rapid expansion, seeding the primordial density
perturbations that drive the formation of cosmic structures. As space expands exponen-
tially, each microscopic fluctuation is stretched to cosmic scales and crosses beyond the
causal horizon, where it becomes inaccessible to local physical processes. At this junc-
ture, the amplitude of each mode surpasses the maximum distance over which physical
information can propagate, causing its evolution to effectively freeze. Since the infla-
tionary background evolves slowly, perturbations generated at different epochs acquire
nearly identical amplitudes, yielding an almost scale-invariant power spectrum. After the
end of inflation, the field decays during reheating, converting its energy into standard
model particles. These frozen perturbations then manifest in the matter and radiation
fields. Subsequently, as the cosmological horizon expands and these modes re-enter the
causal domain, gravitational instability amplifies overdensities while suppressing under-
densities. The resulting perturbation field can be considered Gaussian in nature due to
the statistically independent quantum modes producing uncorrelated random amplitudes.

A better characterization of the perturbation is given by defining the dimensionless
density contrast

5(x, 1) = 2D = plt). (1.1)
p(t)
where p(x, ) is the local matter density and p(t) is the cosmic mean density at time ¢, both
defined in comoving coordinates r = a(t)x, where a accounts for the cosmic expansion.
It is possible to identify over-dense and under-dense regions of the cosmos by the sign of
0. The initial perturbation is modeled as a Gaussian random field with zero mean, and
in Fourier space is characterized by the Fourier modes

ik, t) = /d3x §(x,t)e k> (1.2)

Its statistical properties are completely described by the power spectrum P(k), defined
via the Fourier transform as

(5(k, 1) 8" (K, 1)) = (27)% 6p(k — K) P(k, 1),

where 0p is the Dirac delta function and (-) denotes an ensemble average. Intuitively,
P(k,t) measures the variance of fluctuations at a given scale k, with large k corresponding
to small-scale structure and small k£ to large-scale structure. Because the density field is



Gaussian, it is fully specified by this variance together with independent random phases
for each Fourier mode; all higher-order connected moments vanish [12]. This property
allows the field to be naturally decomposed into independent Fourier modes,

5(x, 1) = / (%3 5k, 1) e

In the early universe, the amplitude of these perturbations is small, || < 1. In this linear
regime, each mode evolves independently, growing proportionally to the linear growth
factor D(t), whose exact shape depends on the details of the cosmological model. Linear
theory thus allows precise predictions for both the evolution of large-scale structure and
the statistical properties of the density field.

Once § ~ 1, linear theory breaks down and the evolution enters the nonlinear regime [28].

Here, Fourier modes are no longer independent, and gravitational collapse leads to the
formation of bound structures [12], [29]. Over-dense regions undergo shell-crossing and
collapse into nodes and filaments, forming the sites where galaxies and clusters emerge,
while under-dense regions expand into cosmic voids [12]. These nonlinear interactions
produce the cosmic web of filaments and sheets observed in large-scale surveys and sim-
ulations [30], [31].
This regime is highly complex and is typically studied using N-body simulations, which
capture the full gravitational dynamics and mode coupling. By combining linear the-
ory on large scales and at early times with nonlinear modeling on small scales and at
late times, it becomes possible to describe in detail the evolution of DM perturbations
within a DE-dominated expanding background. Comparing these theoretical predictions
to observational data is crucial for shedding light on the nature of both DM and DE [32],
[33].

1.1.1 Dark Matter and Large Scale Structures

Dark matter can be classified according to how fast its particles move in the early Universe,
which affects how small structures can form. Three main categories are usually considered:
hot, warm, and cold dark matter.

CDM is composed of particles that are non-relativistic at early times. Their slow motion
allows even the smallest density fluctuations to grow, so that small clumps of matter
collapse first and gradually merge into larger galaxies and clusters. This hierarchical
bottom-up sequence of halo formation reproduces what is observed in the Universe.

The ACDM model, with cold collisionless dark matter, provides a successful frame-
work to understand the large-scale structure (LSS) of the Universe: it reproduces the
detailed pattern of the cosmic microwave background (CMB, the relic radiation from the
epoch of recombination), predicts the baryon acoustic oscillation (BAO) feature (a pre-
ferred scale left by sound waves in the early plasma) observed in galaxy clustering, and
matches measurements of weak gravitational lensing (the small distortions of background
galaxy shapes used to map the projected mass distribution). Moreover, the hierarchical
or bottom—up growth of the structure produces a halo mass function (the number density
of dark haloes as a function of mass) that agrees with the observed abundance of galaxy
groups and clusters when baryonic effects are included. These successes, verified by CMB,
large—scale surveys and N-body simulations, make ACDM the standard reference model
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for studies of cosmic structure formation. [7], [12], [27].

However, despite its successes on large scales, cold dark matter faces several challenges
on smaller scales [34]. For example, the core—cusp problem [35] refers to the discrepancy
between the steep central density “cusps” predicted by numerical simulations and the
shallower cores often inferred from observation of dwarf galaxies. The missing satellites
problem [36] arises because simulations produce more low-mass subhaloes than the ob-
served number of satellite galaxies, whereas the too-big-to-fail problem [37] points out
that the massive simulated subhaloes appear denser than the brightest observed satel-
lites. Many of these tensions can be partially mitigated by complex baryonic processes,
such as feedback from supernovae or active galactic nuclei, which can redistribute matter
and suppress star formation [34], [38], [39], although some discrepancies, particularly the
inner density structure of massive subhaloes, may persist even after accounting for such
effects [34], [35]. This motivates the consideration of alternative dark matter models, such
as fuzzy dark matter [40].

Beyond small scales, tensions also emerge when comparing different cosmological
probes. One prominent example is the Hubble tension: the value of the Hubble constant
estimated from the early Universe (via the CMB under ACDM assumptions) disagrees
with late-Universe direct measurements from supernovae [7], [41]. Similarly, a milder but
persistent discrepancy, sometimes called Sy tension, appears between the clustering am-
plitude predicted from the CMB and that inferred from weak-lensing surveys [42]. These
tensions may point to unaccounted systematics, more complex baryonic physics, or the
need for extensions to the standard cosmological model. Finally, the identity of particles
forming the dark matter remains unknown, as direct and indirect searches have yet to
produce a conclusive detection [43].

Beyond the cold dark matter paradigm discussed above, alternative scenarios have
been proposed based on the thermal properties of DM candidates. Hot dark matter
(HDM), for instance, consists of particles that remain relativistic when cosmologically
relevant modes cross the horizon. Standard Model neutrinos are a classic example. Due
to their high velocities, HDM particles tend to erase small-scale density fluctuations,
suppressing the growth of structure on these scales. This leads to a top-down scenario
in which only very large structures collapse first, with smaller structures forming later
through fragmentation [28], [44]. In contrast, cold dark matter allows small perturbations
to collapse first, leading to a bottom-up hierarchical formation of structures [45], [46].
Observations of galaxies and the cosmic microwave background indicate that HDM cannot
constitute the main form of dark matter.

Warm dark matter WDM corresponds to particles with intermediate thermal velocities
that erase perturbations below a characteristic cutoff scale. This reduces the number
of tiny galaxies compared to the cold dark matter case. A well-known candidate for
warm dark matter is the sterile neutrino with a mass of a few keV. WDM has been
proposed as an alternative to the CDM paradigm because it suppresses the formation of
low-mass galaxies while still matching observations on large scales [47]. In addition to
WDM, another class of dark matter models, self-interacting dark matter (SIDM), has been
suggested to address small-scale tensions. SIDM introduces non-gravitational scattering
between dark matter particles, which can flatten central density profiles and modify halo
structures [48].

We focus on cold dark matter for several reasons. First, it is the best-tested model on
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large scales and agrees well with most cosmological observations. Second, most theoretical
predictions and numerical simulations are designed for CDM, which allows for direct
comparisons with existing studies. Third, while alternative models (like WDM [49] or
SIDM [50]) can change the properties of very small galaxies, these effects are beyond the
focus of this work. Therefore, assuming dark matter is cold and collisionless provides a
solid and widely accepted framework for studying the formation of cosmic structures.

1.1.2 The Vlasov-Poisson equation

The focus of this Thesis is the nonlinear regime of structure formation; thus, it is necessary
to introduce the equations that formally govern the evolution of DM in this regime.

Under the fluid assumption, DM is described as a collisionless, self-gravitating fluid.
The phase-space distribution of massive fluid elements at time t is characterized by the
distribution function f(r,v,t), where r,v € RR?® represent the positions and velocities
of the fluid elements. The phase-space density f drdv within the 6D volume element
dr dv represents the probability of finding a fluid element at position r with velocity v.
The density field in configuration space is obtained by integrating over velocity space:
p(r,t) = [ f(r,v,t)dv.

The evolution of this collisionless fluid obeys a continuity equation in phase space,
df /dt = 0, expressed by the collisionless Boltzmann equation:

0

8_{+V.vrf_vr¢.vvf:0, (1.3)
where V. = (0,,0,,0.) and Vy = (0,,,0,,,0,,) are respectively the gradient in configu-
ration and in velocity space. The gravitational potential ¢ is determined by the Poisson
equation [51]:

Vip(r,t) = 47rG/f(r,v, t)dv = 4rGp(r,t). (1.4)

Direct discretization of the Poisson equation for the absolute mass density introduces
numerical ambiguities related to boundary conditions and the treatment of the homo-
geneous background density [52]. In practice, Fourier-based methods solve the Poisson
equation for the density contrast, which naturally arises when the equations are expressed
in comoving coordinates. This formulation removes the contribution of the uniform back-
ground density and leads to a well-defined discretization of the gravitational potential.

In an expanding universe, it is convenient to adopt comoving coordinates x = r/a(t)
and peculiar velocities v = a(t)%, where a(t) accounts for cosmic expansion. In this
framework, the distribution function evolves according to

af v

b = Vyf = Vof - Vi® =0, 1.5

Y VS -V (15)
where we have introduced ®(x, t), the peculiar gravitational potential, defined as the devi-
ation from the homogeneous background potential. This potential satisfies the modified
Poisson equation in comoving coordinates:

V20 = 4nGa® (p(x,t) — p(t)) = 4nGa’p §(x, 1), (1.6)
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where the source term is expressed in terms of the density perturbation §(x,t). The
factors of a(t) naturally account for the dilution of density and the scaling of velocities
due to cosmic expansion.

However, since the aim of this Thesis is not to produce accurate cosmological simu-
lations but rather to develop quantum algorithms, we adopt a simplified static universe
approximation with ¢ = 1. Within this approximation, density fluctuations grow slightly
faster, remain higher than in an expanding universe, and velocities are not damped by cos-
mic expansion. In contrast, in an expanding universe, the growth of structures is slowed,
matter densities are diluted over time, and physical velocities are reduced due to Hubble
friction. For the purposes of this Thesis, focused on algorithm development rather than
precise cosmological predictions, a static universe is a reasonable approximation, though
proper expansion should be accounted for in accurate cosmological simulations

Consequently, Eqgs. (1.5) and (1.6) reduce to the following system:

g—{+v-vxf—vx¢-vvf:0, (1.7)
Vip = 4nGp (p(x—_t) — 1) = 47Gpo(x,1). (1.8)

These equations serve as the foundational reference throughout this Thesis for describing
DM evolution and will collectively be referred to as the Vlasov-Poisson (VP) system.

1.1.3 Jeans Equations

Fluid-like equations can be obtained from VP leading to the so-called Jeans equations [12],
[53]. Integrating Eq. (1.7) in velocity space we obtain the continuity equation

dp B
5% + V- (pu) =0, (1.9)

where the zeroth velocity moment defines the mass density

p(x,t):/f(x,v,t)dgv, (1.10)

and the bulk velocity field is given by

1 3
u(x,t) = ;/vf(x,v,t)d v. (1.11)

The bulk velocity u(x, t) is defined as the mass-weighted average velocity at fixed position,
obtained by dividing the momentum density by the mass density, ensuring that u(x,t)
represents the velocity of the local center of mass. The continuity equation

dp
ot
expresses local conservation of mass and is an exact consequence of the Vlasov equation.
The first velocity moment (i.e, multiplying by v, and integrating over velocities [ dv)
yields
d(pu)
ot

+ V. (pu) =0, (1.12)

+V-(pu®u)=—pVV -V Py, (1.13)
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where P is the Jeans stress tensor,

(Pr)ij = /(Uz' — u)(v; — uy) f(x, v, 1) d®v = p ({viv;) — (v:)(v))). (1.14)

The stress tensor encodes the velocity dispersion about the mean flow and acts as an
effective pressure term. The Jeans equations form an infinite hierarchy, since the evolution
of P; depends on higher-order velocity moments. In general, this hierarchy cannot be
closed without additional assumptions.

Euler equation

A particular class of exact solutions of the VP system is obtained by considering a single-
speed distribution, where to each fluid element is associated only one velocity value.

f(x,v,t) = p(x,t)6(v —u(x,t)). (1.15)

In this case, all particles at a given position share the same velocity and the velocity
dispersion vanishes identically, implying P ; = 0. Substituting this ansatz into Eq. (1.13)
equations yields the pressureless Euler-Poisson (EP) system,

dp B
g—‘; +(u-V)u= -V, (1.17)
V20 = 47G(p — p). (1.18)

These equations are exact as long as the distribution remains single-valued in velocity
space. This regime is commonly referred to as the dust or cold limit of the Vlasov-Poisson
system, and is valid until shell-crossing occurs [28].

Shell-crossing

The term shell-crossing can be better understood in the context of the collapse of a
spherical density perturbation in a self-gravitating collisionless fluid [54]. As the Universe
expands and matter accretes, spherical shells collapse under gravity until they intersect,
leading to the formation of a singularity. The concept has since been applied to dark
matter [55], [56], whose collisionless nature makes such intersections particularly relevant.

More generally, shell-crossing occurs whenever the orbits of two or more fluid elements
intersect. After this phenomenon, the simple one-to-one correspondence between a fluid
element’s initial position and its velocity no longer holds, because multiple elements can
occupy the same location with different velocities. This breakdown of the mapping be-
tween position and velocity is a hallmark of multi-stream regions in collisionless systems,
and it complicates the description of the dynamics, since the phase-space distribution
becomes multi-valued at a given spatial point.

Isotropic Closure of Jeans equations

However, for generic initial conditions, the Vlasov evolution leads to multi-streaming as
particle trajectories cross in configuration space. This process results in the formation
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of caustics, where the density formally diverges, and the velocity field becomes multi-
valued. Beyond the first shell-crossing event, the single-speed ansatz breaks down, the
stress tensor P; becomes nonzero, and the pressureless EP description is no longer valid.
In this regime, one must revert to the full VP equations or to the unclosed Jeans hierarchy.

A commonly employed phenomenological approach consists in introducing an effective
pressure term in the momentum equation,

ou 1
G+ Vu= =YV - _VP(p) (1.19)

which corresponds to closing the Jeans hierarchy by assuming an isotropic stress tensor
of the form P; = P(p)I. While this closure can regularize shell-crossing singularities, it
provides only an approximate description of velocity dispersion and does not fully capture
the underlying phase-space dynamics.

1.2 Numerical methods

In the nonlinear regime, when |§| ~ 1 the evolution of cosmic density fluctuations becomes
strongly nonlinear, making exact analytical treatments impossible. Numerical simula-
tions, therefore, play a central role. Within the ACDM model this translates into finding
the solution of Egs. (1.7) and (1.8), once initial conditions on position and velocity of
the fluid-elements f(x,v,ty) are assigned to represent an ensemble realization of a given
cosmological model [57]. As such, the VP equations must be solved in 6D + 1 dimen-
sions. Moreover, the dependence of the distribution function on its current shape allows
for the insurgence of strongly nonlinear dynamical effects, requiring an adequate resolu-
tion in phase space. The combinations of these two factors imply that a direct numerical
integration of Eq. (1.7) requires an enormous amount of computational resources.

1.2.1 Eulerian Vlasov-Poisson solvers

Despite these challenges, numerous grid-based approaches have been developed to simulate
self-gravitating system dynamics. Notable examples include the pioneering splitting tech-
nique [58], the more versatile semi-Lagrangian schemes [59], and finite volume approaches
[60]. A comprehensive description of these techniques will be presented in Chapter 3; here
we confine our attention to the fundamental principles underlying these simulations.

In a Eulerian Vlasov-Poisson solver, the complete phase space is discretized using a
mesh structure. The spatial domain typically consists of a box of dimension L, partitioned
into equispaced N? cells representing a region of the universe. Periodic boundary condi-
tions are imposed to eliminate boundary effects and to treat the simulated domain as a
representative volume embedded in an effectively unbounded, statistically homogeneous
Universe. The velocity domain is discretized similarly into M? velocity bins spanning the
range Viin t0 Vinax, with vanishing boundary conditions applied.

The principal strength of this framework lies in its essentially noise-free nature: be-
cause no particle sampling is required, the scheme preserves intricate phase-space struc-
tures that would otherwise be obscured by discreteness effects inherent to N-body simu-
lations. However, they are substantially resolution-limited: the computational cost grows
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rapidly with the number of grid points in both position and velocity space, which restricts
the smallest scales that can be accurately resolved [61].

Most contemporary implementations follow the splitting scheme proposed by Cheng
and Knorr [58], where the Vlasov—Poisson system is treated as a sequence of advection
equations in configuration and velocity spaces:

of(x,v,t)
ot

— Vo(x,t) - Vyf(x,v,t) =0. (1.21)

+v-Vif(x,v,t) =0, (1.20)

of(x,v,t)
ot

The advection coefficients in Eq. (1.21) are determined by the solution of Poisson’s equa-
tion (1.8). Obtaining this solution requires computing the density field p(x,t) via the
velocity-space integration of f.

For periodic domains, the spectral method provides the most efficient solution strategy
for Poisson’s equation. The gravitational potential ¢(x) is obtained by Fourier transform-
ing the density field p(x) — p(k), applying multiplication by a discrete Green’s function
é’ ~ ~

o(k) = G(k)p(k),

and perform an inverse transform q/is(k) — ¢(x). The spectral approach proves particularly
well-suited for Poisson’s equation, as the Laplacian operator V? yields the simple-man
Green Function G o< —1/k? in Fourier space. However, in finite and discontinuous do-
mains the form of the Green’s function is different [52].

The foremost limitation remains the prohibitive memory requirements. As the mesh
must encompass the full six-dimensional phase space, the grid cell count scales as N2 N3,
rapidly becoming computationally intractable for cosmological applications. Even with
semi-Lagrangian techniques that permit relatively coarse velocity discretizations, Vlasov
solvers are typically confined to lower-dimensional configurations (e.g., one or two spatial
dimensions) or to idealized problems where fine phase-space resolution proves indispens-
able.

Notwithstanding these constraints, Eulerian Vlasov—Poisson methods constitute an
invaluable tool for investigating regimes where phase-space architecture plays a critical
role and particle noise must be suppressed. Their application to fully three-dimensional
cosmologically relevant scenarios remains computationally challenging, although proof-of-
concept studies have been performed [61].

1.2.2 N-body methods

A widely used approach to reduce the dimensionality of the problem is to model the ini-
tial DM distribution as an ensemble of collisionless massive fluid-elements interacting only
through self-gravity. This set formally obeys the Fuler-Poisson (EP) equations, a closure
of the VP equations obtained by asking the distribution function to be single-valued in
space[62]-[64]. These particles are sampled from a starting distribution describing the
cosmological initial conditions. Taking advantage from the isotropy and uniformity of the
Universe at large scales, one represents a specific region of it as a periodic cubic volume
populated by N, massive particles. The goal is to model the formation and evolution of
cosmic structures under the action of gravity, in an expanding background. To ensure
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that this volume captures the relevant statistical properties of the Universe, its size must
exceed the scale at which the matter distribution becomes homogeneous. Simulations
typically impose periodic boundary conditions so that the finite domain mimics an infi-
nite cosmos and so that Fourier-based techniques can be used efficiently.

Modern N-body methods differ primarily in how these forces are evaluated. In the fol-
lowing, we provide an introduction to the most widely known approaches.

Direct Summation

The simplest way to follow the nonlinear evolution of a cosmological fluid is to represent it
as a discrete set of particles and compute the gravitational forces between all pairs directly.
These are known as particle-particle (PP) methods. By advancing particle velocities and
positions in small timesteps using the computed accelerations, one can iteratively update
the system.

It is important to note that the particles do not represent actual discrete objects; they
are a numerical sampling of a continuous fluid. A practical issue with PP calculations
arises because the Newtonian force diverges as two particles approach each other. Re-
solving such close encounters would require prohibitively small timesteps and immense
computational resources, and formal divergences cannot be handled numerically.

This problem is commonly addressed by introducing a softening length h, which effec-
tively replaces each particle by an extended mass distribution of size ~ h. The modified
force between particles at positions q; and q; with equal mass m becomes

o 2 q; —q;
F,; =Gm 1 g qj|2)3/2. (1.22)

This prevents infinite forces at zero separation and suppresses unphysical two-body inter-
actions on scales below h. Consequently, the particle distribution cannot be trusted on
scales < h, but this is consistent with the goal of simulating a smooth fluid rather than
individual point masses.

For a simulation with [V, particles, direct summation requires evaluating pairwise
forces N,(N, — 1)/2 at each time step. This O(N]) scaling is the primary limitation
of PP methods: they become prohibitively slow for N, = 10° which is insufficient for
realistic large-scale structure simulations. This method is in fact not used anymore for
cosmological simulations, due to the unfavorable scaling.

Particle-Mesh and P>M methods

A widely adopted alternative to direct pairwise summation is the particle-mesh (PM)
approach, in which particle masses are first assigned to a regular grid in order to produce a
density p(x) that will be used to solve the Poisson’s equation on that mesh. Subsequently,
the acceleration on each particle is evaluated from the expression of the force on the grid,
via the same interpolation scheme used to assign the density values and their positions
are updated accordingly. Even in this scenario, before anything is done, the particles are
sampled from a distribution that represents the cosmological initial condition.
A compact description of the PM pipeline is as follows:
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1. Mass assignment. Particles at positions q; are deposited on the mesh using a
window function W, producing the grid density p(x). Let us define with N, the
number of particles in box of dimension L3 and N? gridpoints. N represent the
number of gridpoints used to discretize one side of the cosmological box and Az =
L/N is the resolution along one axis. Consequently the discrete vector position can
be written as x = n L/N. The expression of the density is given by

p(x) = M? % ZW(qZ — X).

Common choices for W are Nearest Grid Point (NGP), where each particle mass
is assigned to the cell where it resides; Cloud In Cell (CIC) where the kernel W is
a top-hat function; and Triangular Shaped Cloud (TSC) as suggested by the name
consist in a triangular shaped kernel.

2. Poisson solver The next step consists of solving Eq. (1.8) using the density field
p(x) obtained in the previous step. A typical approach employs a spectral method,
as discussed for Eulerian VP solvers. This yields the gravitational potential in
position space, defined on the same grid as p(x).

3. Force evaluation and interpolation. Grid forces F(x) follow from finite-differencing
or spectral differentiation of ¢,

F(x) = —Do(x).

and the forces on particles are obtained by interpolating the grid field back to
particle positions with the same kernel W:

F(a;) = ZW(% —x)F(x).

4. Position update Knowing the force on each particle, each position is updated
accordingly to the chosen time integration scheme. The most naive way is to update
the velocity of each particle first v; — v} = F(q;) At/m and then update its position

Because FFTs cost O(N,log N,) for N, = N? grid points, PM is vastly faster than
(’)(Ng) direct summation for large particle numbers. The trade-off is spatial resolution:
the mesh enforces a force resolution on scales comparable to a few grid cells, so PM alone
is inadequate when accurate short-range forces are required.

The particle-particle-particle-mesh (P3M) hybrid remedies this by combining the PM
long-range solver with an explicit short-range correction. One defines a short-range radius
rs (typically a few mesh units) and adds a direct pairwise correction for particle pairs with
separation |q; —q;| < rs. To avoid double counting the correction is constructed to cancel
the smoothed mesh contribution at small separations, or equivalently one can adopt a
modified short-range force law (analogous to gravitational softening). Because computing
many short-range pairs can be costly in clustered regions, a common optimization is to
precompute the short-range force as a function of radius on a finely spaced grid and obtain
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pair forces by interpolation from this lookup table. The long-range field is still obtained
by the PM/FFT procedure, so the scheme retains the PM scaling for the majority of the
computational work while recovering near-pair accuracy where it matters.

PM and P3M variants, with differing choices of assignment window, softening scale and
short-range cutoff, form the backbone of contemporary cosmological N-body simulations,
offering a flexible compromise between speed and small-scale fidelity.

Tree codes

A different strategy for improving force resolution while keeping computational costs
manageable is to employ a hierarchical decomposition of the simulation volume. Methods
based on this principle are collectively known as tree codes. The central concept is to
approximate the gravitational influence of distant particle groups by replacing them with
aggregate “pseudo-particles” that represent their collective mass distribution.

The standard implementation constructs a hierarchy of nested cells, known as the Barnes-
Hut tree [65]: the simulation domain is recursively subdivided into eight subcells (forming
an octree structure) whenever a cell contains more than one particle. Subdivision contin-
ues until each leaf node contains at most a single particle. With this hierarchy established,
forces on a given particle can be computed as efficiently as O(N, log N,) by modeling dis-
tant regions using coarse, high-level cells, while resolving nearby particles at finer tree
levels.

Although conceptually straightforward, tree codes introduce practical complexities,
particularly in maintaining consistent particle information throughout the tree structure.
They also require substantially more memory than particle-mesh approaches at compa-
rable resolution. The main obstacle to these implementations is again the computational
cost, particularly memory requirements.

1.2.3 The Schrodinger method

An alternative to N-body methods is provided by Schridinger method (SM), where the
Schrodinger-Poisson (SP) equation is solved instead of the VP system. In the limit where
the dynamic scale of the problem, i/m, becomes very small, the VP results can be
recovered. This method was proposed by Widrow and Kaiser in the 1990s [66], but
it did not attract widespread attention at the time, as their results were limited to one-
dimensional implementations. However, only recently, following a work by Mocz et al. [53]
that showed numerical correspondence between the 6D+1 VP and the 3D+1 SP equations
for cosmological simulations revived the interest in simulating and studying various forms
of dark matter, which can be modeled by the SP equation [1], [32], [67].

The SM maps the initial classical distribution f(x, v, %) to the quantum wavefunction
U(x,ty) by means of a nonlocal operation. Details about this procedure are given in [53];
here we just provide a brief overview of the method. We consider two primary scenarios.
In instances where the initial distribution function is characterized by a cold or single-
valued stream, meaning that a unique velocity corresponds to each point, it is possible
to directly reconstruct the phase S of the quantum wavefunction using the Madelung
representation

U(x,t) = v/p(x,t) exp{iS(x,t)/h}, (1.23)
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Figure 1.1: Mapping, M, of the classical N—body Vlasov problem into the corresponding
quantum Schrodinger Poisson formulation obtained through nonlocal manipulation (e.g, Husimi
smoothing [68]). Detail on the mapping M and its inverse are given in [53], [66].

where p = [ dvf(x,v,t) through the solution of the Poisson problem,
V.v=VS/m, (1.24)

where the scale i/m emerges as an effect of quantization.

In the scenario involving multi-streams or warm initial conditions, where a single grid
point may correspond to two or more different velocity values, the situation becomes more
complex. This complexity arises because the densities do not precisely coincide, and the
quantum wavefunction incorporates interference patterns. In this case, the mapping from
phase-space distribution function to wavefunction reads

U (z) oc Z V@, v)erm Tt RTitraniy Ny | (1.25)

where, we sum over sampled velocities v, each with an associated random phase ¢,qnd. €
[0,27) to ensure uncorrelated phases for each fluid velocity [53].
The wavefunction then evolves according to the SP system of equations

o R,
h—— = —— VU R 1.2
ih Fr QmV +mUV ; (1.26)
V2U = 4nG(p — p*). (1.27)

Here we have chosen to use a density contrast p — p* as the source of the gravitational
potential, where p* represents the average density over the volume considered.

The correspondence with the classical fluid description becomes explicit in the moment
we write the Egs. (1.26) for the wavefunction in Madelung representation (1.23). The
imaginary part of the equation return the continuity equation for p

dp B
% +V-(pv) =0, (1.28)
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where v is emerges naturally as defined in Eq. (1.24). The real part gives a modified
Hamilton—Jacobi equation for the phase S:

9  (VS)? AN

where the last term represents the quantum fluctuations of the amplitude of the wave-
function

A N
By taking the gradient of this equation, one obtains the evolution equation for the
velocity field:

(1.30)

g—‘t’ + (v V)v=-Vd-VQ, (1.31)

where —V (), acts as a repulsive force in regions of high density, counteracting gravitational
collapse, in a similar way of classical pressure, as shown in Eq. (1.19). For this reason,
(@ is commonly referred to as the quantum pressure term, although its origin lies not in
thermal fluctuations but in the quantum mechanical nature of the system itself. In the
limit & — 0, the quantum term vanishes, and the EP equation (1.17) is recovered.

We note that in this approach the aim of Eq. (1.26) is to describe a density field,
not a particle’s wavefunction. Note also that the constant A and m are not the Planck
constant and the mass of the particle but are related respectively to the quantum and
classical effects (see discussion below in Sect. 4.1 and in the Appendix A.1 for details
about the scale of the equation). In fact, by defining the quantum diffusion coefficient
A = h/m as the ratio between the quantum effects ad classical charge m we can rewrite the
Schrédinger Equation in (1.26) in a manner where the scale dependence is more explicit

oV (A, 1

Once the Schrodinger-Poisson evolution is completed, the distribution function can be
extracted from the final wavefunction using the Husimi procedure, which is a smoothed
version of the Wigner quasi-probability distribution. A similar approach can be found in
[69] for the solution of the Vlasov equation with electromagnetic fields in plasma physics
applications. In a 3D context, this operation can be seen as the spatial smoothing of the
wavefunction U with a Gaussian filter of width 7. Additionally, it involves a Fourier-like
transformation to extract momentum information,

U(w,p,t;n) = (%)3/2 (%7’2)3/4 (1.33)
x /dST\I/(r,t)eXp{ (—(w;n;)z —z’p'<r;w/2>>}.

The squared module of the wavefunction in Eq. (1.33) yields a result that closely approx-
imates the desired distribution function [53], [68].

In Fig. 1.1 a summary of what has been said in this subsection is presented, presenting
the SM method as an alternative approach to VP.
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As a side note, we remind that the SP equations have already been used in the numer-
ical study of cosmic structure formation to study the dynamics of the Fuzzy Dark Matter
(FDM) perturbations [70], [71]. This class of DM candidates emerges as the ultra-light
mass limit of a scalar bosonic field, whose particles are known as axions. In this case h
represents, in fact, the actual Planck constant and m the mass of the axion-like particles.
The characteristic scale of the problem is the ratio i/m: at smaller scales, the dynamics
is influenced by quantum effects such as quantum pressure, while at larger scales, this
effect becomes negligible and the classical Cold Dark Matter (CDM) limit is recovered.

1.3 Summary

In this chapter, we introduced the VP equation as the main model used to describe
the evolution of perturbations in the distribution of DM during the evolution of the
Universe. We highlighted the importance of numerical simulations of DM distribution as
the backbone of cosmological simulations. We also introduced the three main methods
used for the numerical solution of VP: The direct approach, the N-body method and the
Schrodinger method. We delved into the SM, noting how it should be possible to recover
VP in the small scales regime. However, the SM does not specify the exact scale on which
the correspondence is correct nor gives a specific error scaling of the approximation as
a function of A/m. In the next chapter, we aim to investigate this specific topic: how
accurate SP approximate VP, and how the exact scale i/m that enables this corresponce
to be correct. Moreover, our aim is to inquire about the accuracy of the N-body method
with respect to direct VP integration. In order to do so, we will develop a numerical
solver for all the three different methods and compare the results in different scenarios.



Chapter 2

Introduction to Quantum Computing

This chapter introduces the conceptual and physical foundations of quantum computation
that will be used throughout the rest of the Thesis. The goal is not to provide an
exhaustive treatment but to establish a clear and consistent framework for understanding
how quantum algorithms encode information, manipulate it, and extract computational
results. We aim to explain how quantum mechanics influences the three main parts of
computation: data encoding, operations, and data decoding.

We begin in Section 2.1 by recalling the classical model of computation. Starting from
Turing machines and Boolean circuits, we emphasize the input—output structure of algo-
rithms and the role of bits as carriers of information. This discussion motivates the search
for alternative computational paradigms and sets the stage for quantum computation by
highlighting the physical nature of information processing.

In Section 2.2, we introduce quantum information and the qubit as the fundamen-
tal unit of quantum computation. We discuss superposition and explain how quantum
registers store information in quantum states whose dimension grows exponentially with
the number of qubits. The section then introduces entanglement as a uniquely quantum
resource, showing how correlations between qubits arise and why they play a central role
in quantum algorithms.

Section 2.3 presents the circuit model of quantum computation. We describe how
quantum operations are represented as unitary gates acting on qubits, drawing a direct
analogy with classical circuits. Single- and multi-qubit gates are introduced, together
with the notion of a quantum register and ancillary qubits. Particular emphasis is placed
on the decomposition of complex operations into a set of native gates, which provides a
practical way to analyze circuit cost in terms of gate count and depth.

In Section 2.4, we move from the abstract circuit model to its physical limitations. We
introduce noise and decoherence as unavoidable consequences of imperfect isolation and
control, and explain how they constrain the depth and reliability of quantum circuits.
This discussion naturally leads to the distinction between near-term noisy devices and
fully fault-tolerant quantum computers. We also introduce the two main computational
regimes, related to state of hardware development. We discuss how the presence or absence
of quantum error correction influences algorithm design, resource requirements, and the
practical relevance of different classes of quantum algorithms.

Finally, Section 2.5 completes the computational cycle by addressing quantum mea-
surement. We explain how classical information is extracted from a quantum register,
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emphasizing the probabilistic nature of measurement, the collapse of the quantum state,
and the need for repeated circuit executions to estimate expectation values. This section
establishes a direct parallel with the output stage of a classical Turing machine and closes
the conceptual loop of quantum computation: initialization, evolution, and readout.

Together, these sections provide the minimal but complete framework required to
analyze quantum algorithms and their implementation, which will be the focus of the
following chapters.

2.1 Classical Computation and Its Limitations

Modern computer science is built on the precise and abstract notion of computation.
Before introducing quantum computation, it is essential to understand the classical com-
putational framework and the reasons that motivate the search for alternative models.

2.1.1 Turing Machines

At the heart of classical computation lies a simple but fundamental idea: a computation is
a process that transforms an input into an output by following a finite set of well-defined
instructions. This idea is formalized by the Turing machine model [72], which provides a
precise definition of what it means to execute an algorithm.

A Turing machine consists of three essential components. First, it has a tape that
serves as memory and initially contains the input of the computation, encoded as a finite
sequence of symbols. Second, it has a read—write head that can inspect one tape cell at
a time and modify its content. Third, it has a finite control, which stores a fixed set of
rules—also called the machine’s program or the instruction table.

The computation proceeds step by step. At each step, the machine reads the current
symbol on the tape and, based on this symbol and its internal state, applies one instruction
from its program. This instruction specifies three actions: which symbol to write on the
tape, how to move the head (left or right), and which internal state to transition to
next. Through this process, the Turing machine deterministically follows its instructions,
transforming the input into an output encoded on the tape.

From this perspective, a Turing machine captures the essential structure of any algo-
rithm: an algorithm is a finite list of instructions that, when applied systematically to an
input, produces an output. The specific physical realization of the machine is irrelevant;
what matters is the abstract notion of computation as rule-based information processing.

Despite its simplicity, the Turing machine is powerful enough to model any classical
algorithm. This observation underlies the Church—Turing Thesis, which asserts that every
function that can be effectively computed by an algorithm can be computed by some
Turing machine. As a result, the Turing machine serves as the foundational reference
model for classical computation and the theory of algorithms.

2.1.2 Boolean Circuits and Binary Information

While the Turing machine provides a fundamental and abstract description of computa-
tion, it is often useful to adopt a model that more closely resembles how computations
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are carried out in real hardware. This naturally leads to the Boolean circuit model of
classical computation.

In the circuit model, information is represented using bits, the basic units of classical
information. A bit can take only one of two possible states, commonly denoted as 0 and
1, which can also be interpreted as OFF and ON. Input data are encoded as a finite
string of bits, typically written in binary form as a sequence such as 0101 . ... This binary
encoding provides a uniform way to represent numbers, characters, and more complex
data structures.

A Boolean circuit operates on this input string by applying a finite sequence of logical
operations. These operations are implemented by logical gates, such as AND, OR, and
NOT, each of which computes a simple Boolean function on one or more input bits [73].
For example, an AND gate outputs 1 if and only if both of its input bits are equal to 1,
while a NOT gate flips the value of its input bit. By combining these elementary gates
into larger circuits, it is possible to compute arbitrarily complex functions.

The computation performed by a Boolean circuit follows a clear structure: an input
encoded in binary form is processed by a network of gates, and the result of the computa-
tion is produced as an output string of bits. Unlike the step-by-step evolution of a Turing
machine, a circuit computes its output through the parallel evaluation of its gates, which
makes the circuit model particularly useful for analyzing efficiency and resource usage.

From a physical perspective, Boolean circuits are realized in modern microprocessors
using electronic components such as transistors. At a very high level, a transistor can act
as an electrically controlled switch, allowing or preventing the flow of current depending
on the voltage applied to its control terminal. By arranging transistors into specific
configurations, it is possible to implement the basic logical gates of Boolean logic [74].

In this way, abstract logical operations are directly mapped onto physical processes:
voltage levels encode binary values 0 and 1, transistors implement logical rules, and the
coordinated activity of billions of such components enables classical computation at large
scales. Despite the enormous complexity of modern processors, their fundamental opera-
tion remains grounded in the manipulation of binary information through classical logical
gates.

Classical computation is fundamentally deterministic. Given a fixed input and a fixed
set of instructions, a classical algorithm always produces the same output. Whether the
computation is described in terms of a Turing machine or a Boolean circuit, the evo-
lution of the computational state is entirely determined by classical rules. Even when
randomness is introduced through probabilistic algorithms, this randomness reflects un-
certainty or external sampling, not a change in the underlying deterministic nature of the
computational model.

2.1.3 Physical Limits, and the Need for New Computational
Paradigms

At the heart of boolean computation lies classical physics. Bits are stored using macro-
scopic physical quantities, such as voltage levels, and logical operations are implemented
by electronic components whose behavior is accurately described by classical electrody-
namics. For many decades, this classical description has been sufficient for designing
faster and more powerful computing devices.
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As transistors have grown smaller and smaller, quantum mechanics has become un-
avoidable in understanding and engineering how devices behave. Phenomena such as
tunneling, discrete energy levels, and atomic-scale variability now shape the very design
of modern chips. Even so, these effects do not change the fact that classical comput-
ers operate on classical bits. Quantum behavior in the devices is carefully managed so
that processors continue to run familiar algorithms reliably. Meanwhile, the historic pace
of performance growth captured by Moore’s law, which observed that transistor counts
roughly doubled every two years, is slowing down. Further miniaturization is becoming
increasingly difficult, costly, and energy intensive, and simply making transistors smaller
can no longer guarantee faster or more powerful computers. Quantum computing offers
a different approach. Instead of relying on smaller components, it uses the principles of
quantum mechanics to store and manipulate information in ways that classical devices
cannot, opening the door to fundamentally new forms of computation.

From this perspective, quantum computation can be understood as a modification of
the classical computational framework at two fundamental levels. First, the way informa-
tion is stored must change: classical bits are replaced by quantum states, which can exist
in superpositions of classical values. Second, the operations that process information must
also change: the classical transition rules of a Turing machine or the logical gates of a
Boolean circuit are replaced by quantum operations that evolve quantum states according
to the principles of quantum mechanics.

These two changes—quantum information storage and quantum information process-
ing—define the essential departure from classical computation and open the door to com-
putational behaviors that do not have a classical counterpart.

2.2 Quantum Computation: Information and States

As discussed in the previous section, while classical computation relies on deterministic
bits and classical logic, quantum computation redefines both the fundamental units of
information and the operations that act on them, drawing directly from the principles of
quantum mechanics.

2.2.1 Qubits: The Basic Unit of Quantum Information

In quantum computation, the classical bit is replaced by the quantum bit, or qubit. Unlike
a classical bit, which can only take the values 0 or 1, a qubit can exist in a superposition
of both states simultaneously. Formally, the state of a qubit is written as

[¥) = al0) + Bl1),

where a and 3 are complex numbers that satisfy |a|? + |5|> = 1. Upon measurement on
the computational basis, the qubit is found in state |0) with probability |«|? and in state
|1) with probability |3|>. This probabilistic nature is intrinsic and reflects the fundamen-
tal difference between classical and quantum information.

Importantly, qubits are not static objects: they can be manipulated using carefully de-
signed operations that change their quantum state. These single-qubit operations allow
a qubit to move from one superposition to another or change its relative phase.
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A qubit can be physically realized in many different systems. Some common examples of
single qubits, together with how they are manipulated, include:

e Photon polarization: The logical states |0) and |1) are represented by horizontal
and vertical polarization. Single-qubit operations are implemented using waveplates
or polarizers, which rotate the polarization state and create superpositions [18], [75].

e Electron spin: A single electron trapped in a quantum dot or atom encodes the
qubit in its spin state. Magnetic fields and microwave pulses are used to rotate the
spin, preparing arbitrary superpositions of |0) (spin-up) and |1) (spin-down) [76].

e Atomic or ionic energy levels: Two energy levels of a trapped ion or a neutral
atom define the qubit. Laser pulses induce transitions between these levels, allowing
for precise control of the qubit state and the preparation of superpositions [77].

e Superconducting circuits: In devices such as transmon qubits, the two lowest
energy levels of a nonlinear superconducting oscillator represent |0) and |1). Mi-
crowave pulses are applied to perform rotations and phase shifts, enabling arbitrary
single-qubit operations [78].

Each of these systems allows a single qubit to be initialized, manipulated, and mea-
sured. Although a single qubit is the basic component of a quantum computer, it already
exhibits uniquely quantum behaviors such as superposition, which have no classical ana-
log.

It is important to note that a single qubit is just a building block of the full information
storage unit, much like a classical bit is a component of a classical register in a circuit.
By combining multiple qubits, we can construct quantum registers that store and process
quantum information in ways that extend beyond the classical possibilities. This naturally
leads to the concept of multi-qubit quantum states, which will be discussed in the next
subsection.

2.2.2 Quantum States, Superposition, and Entanglement

A single qubit, as we have seen, can exist in a superposition of the classical basis states
|0) and |1), and can be manipulated through single-qubit operations. Although this
represents a departure from classical bits, the full power of quantum computation emerges
when multiple qubits are considered together.

When two or more qubits are combined, they form a quantum register whose overall
state is described by a vector in a Hilbert space of dimension 2" for n qubits. Given two
single qubits in the state |0), we denote by the tensor product the global state

|0) ® |0) = |00) (2.1)

The general state can be written as

2n—1

) = Z a;li),

=0
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where the coefficients «; are complex numbers called probability amplitudes, satisfying
> . lail* = 1. Each basis state |i) corresponds to a distinct combination of classical bit
values. Actually, |i) is the binary representation of the integer i expressed on a n qubit
register. The generic expression for a two-qubit state is

1) = v |00) + aq [01) + a2 |10) + ag |11) (2.2)

Recall that this is a generic expression and the coefficient o; could assume any value,
provided that they respect the normalization rule >, |a;|* = 1.

Superposition as a Quantum Memory Resource

One of the most immediate consequences of superposition is its impact on how information
is stored. In classical computation, a register of n bits can represent exactly one of 2"
possible binary strings at any given time. The memory configuration is always definite:
each bit is either 0 or 1, and the register encodes a single classical value.

Quantum computation offers a fundamentally different form of information storage.
Because qubits can exist in superposition, a quantum register of n qubits can encode all 2"
classical configurations simultaneously, within a single quantum state. These configura-
tions are not stored as separate classical values, but as probability amplitudes associated
with the basis states of the quantum register. This property can be interpreted as a form
of enhanced memory capacity, made possible by quantum superposition.

To make this idea concrete, let us consider a quantum register composed of three
qubits. Classically, three bits can represent one of the 2% = 8 possible binary strings:

000, 001, 010, O11, 100, 101, 110, 111.

At any moment, a classical three-bit register stores exactly one of these strings.
In contrast, a three-qubit quantum register can be prepared in a superposition of all
eight classical configurations. A general three-qubit quantum state can be written as

|1) = a]000) + ay |001) 4 cp [010) + 3 |011) + g [100) + a5 [101) + ag [110) + a7 [111)
(2.3)
where the complex coefficients «; satisfy the normalization condition

7
D el =1
1=0

Each basis state |ijk) corresponds to one classical three-bit string, but the quantum
register encodes all eight possibilities at once through their associated probability ampli-
tudes. In this sense, a system of three qubits provides access to an exponentially large
configuration space using only three physical units of information.

An important point is that when qubits are in a superposition but not entangled, the
state of each qubit is independent of the others. Each qubit can evolve on its own, changing
its amplitudes and relative phase through single-qubit operations, without affecting the
state of the other qubits. In other words, in this scenario each operation is local. For
example, applying a rotation to the first qubit changes the amplitudes of all basis states
that differ in the first bit, while the second qubit remains unaffected.
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The exponential scaling of possible memory states with qubit number constitutes
one key resource that quantum algorithms are designed to harness. Complementing this
computational advantage is entanglement, a quintessential feature of quantum mechanics
that fundamentally distinguishes quantum from classical information processing.

Entanglement

The full potential of quantum computing is realized through the introduction of entan-
glement. When a two-qubit operation is applied, the quantum states become entangled,
rendering their subsequent evolution correlated rather than independent. As an illustra-
tive example, we present one of the Bell states [18], [79]:

1
V2

This is a maximally entangled state: the two qubits are now correlated, and measuring
one immediately determines the state of the other. If we measure one of the two qubits
in |0) we are sure to measure the other in the same state. In the same way, if we measure
one of the qubits in |1) the other qubit will surely be in |1). The creation of entanglement
happens only when a two- or multi-qubit operation is applied on the system

Entanglement is a uniquely quantum resource that enables correlations and inter-
ference patterns across multiple qubits, which classical computation cannot reproduce.
Together with superposition, it forms the foundation of quantum information processing
and underlies the exponential growth of the quantum state space. At the same time,
these same principles impose fundamental limitations on how quantum information can
be manipulated.

|60) = —=(100) +[11)), (2.4)

No-cloning Theorem

A particularly important example is the no-cloning theorem [18]. In classical computa-
tion, information can be copied freely: a classical bit string can be duplicated without
restriction, allowing data to be stored, transmitted, and reused arbitrarily. Quantum
information behaves very differently. There exists no physical process that can perfectly
copy an unknown quantum state.

To see why a universal quantum cloning machine is impossible, consider a qubit in an
arbitrary state

) = a]0) + 5 ]1).
Suppose there exists a unitary operation U that can clone an arbitrary state by acting on
the qubit and an ancillary state |0):

U} [0) = [9) |4) -

Now, for U to work as a universal cloner, it must also correctly clone the basis states
individually:
U0)[0) =10)10), U[1)[0) = [1)[1).

By linearity of quantum mechanics, the action of U on a superposition [¢)) = «|0) +
Bl1) is
U(a|0) + 511)) |0) = U [0) [0) + BU [1)[0) = |0} [0) + B [1) [1) .
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However, this is not equal to the perfectly cloned state

[¥) [) = (a|0) + B]1)) @ (a[0) + B 1)) = & [0) [0) + @B |0} [1) + Ber[1) [0) + 52 [1) [1).

Since the two expressions are generally different for arbitrary a and 3, there cannot exist
a universal unitary U that clones all quantum states. This illustrates the fundamental
impossibility of a universal quantum cloning machine.

The no-cloning theorem highlights a crucial aspect of quantum information: super-
position states cannot be treated as classical data objects. They cannot be copied and
distributed to create correlations. Instead, correlations between qubits must be generated
dynamically through multi-qubit operations, giving rise to entanglement. In this sense,
entanglement is not obtained by copying quantum information but by coherently coupling
qubits through controlled interactions.

This limitation has deep consequences for quantum computation. This explains why
quantum algorithms must rely on interference and entanglement rather than redundancy
and copying, and why quantum operations must be carefully designed to manipulate
the global quantum state as a whole. Superposition, entanglement, and the no-cloning
theorem define both the power and the constraints of quantum information processing.

In summary, single qubits form the basic building blocks, each capable of indepen-
dent evolution in superposition. Two-qubit (or more generally, multi-qubit) operations
can create correlations and entanglement, producing complex quantum states. This sets
the stage for discussing quantum operations, which, in analogy to classical logic gates,
manipulate qubits and quantum registers to perform computation.

2.3 Quantum Operations and the Circuit Formalism

Following the analogy with classical computation and Turing machines, once the infor-
mation has been prepared in an initial state, the next essential ingredient is the set of
operations that act on it. In quantum computation, these operations evolve quantum
states while respecting the principles of quantum mechanics.

In quantum mechanics, the state of a closed system is described by a normalized
vector, and its evolution must be both linear and reversible [18]. By ”closed system” we
mean a system that does not interact with the environment; for example, no measurement
or external disturbance occurs.

Aslong as the system remains closed, its evolution is described by unitary transformations.
A unitary operator U has the property

Ul =1,

which guarantees that the total probability is preserved during the evolution. In simpler
terms, unitary transformations are like rotations in a high-dimensional space: they change
the direction of the quantum state vector but never its length, ensuring that the state
remains properly normalized.

In quantum computation, unitary operations play the role of computational instructions:
they coherently manipulate the quantum register, transforming it step by step from an
initial state to a desired final state, without losing any information along the way.
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Quantum operations can act on different parts of the register. Single-qubit operations
modify the state of an individual qubit, changing amplitudes and relative phase without
directly affecting other qubits. It is important to point out that single-qubit unitaries are
local operators, acting as U ® I, and directly affect only the targeted qubit. However,
when the qubit is entangled with others, a local unitary changes the joint state and
can modify correlations, while leaving the reduced state of the other qubits and the
entanglement spectrum unchanged. Non-unitary local operations, such as measurements,
behave differently and can alter both the reduced states and the entanglement.

Multi-qubit operations act on two or more qubits simultaneously and are responsible
for creating correlations and entanglement. Both types of operation are essential for
exploiting the full power of quantum computation.

There exist different approaches to describe quantum computation. In this Thesis,
we focus on the digital approach, also known as the quantum circuit formalism. In this
framework, the evolution of the quantum system is represented as a sequence of operations
called quantum gates. There is a direct analogy with classical circuits: the wires corre-
spond to qubits, and the gates correspond to unitary operations applied to one or more
qubits. Complex algorithms are represented by connecting gates in sequence, forming a
quantum circuit.

It is important to stress that this is only a formalism to describe the evolution of the
system. While a classical circuit is built on a physical chip using physical gates, a quantum
gate does not correspond to a physical device like that in classical electronics; rather, it
represents an operation that is performed on the quantum state. It is a pure formalism;
the actual physical system is a quantum state, on which a series of operations are done
in sequence in order to obtain the final state. Circuit representation is a convenient
and intuitive way to describe these concepts, making it easier to design, analyze, and
communicate quantum algorithms.

Quantum circuits therefore provide a clear and visual way to represent the preparation
of quantum states, their evolution through unitary operations, and the final measurement.
This formalism will serve as the primary framework for discussing quantum algorithms
throughout this Thesis.

Quantum Registers

Before introducing specific quantum gates, it is useful to recall the circuit representation
and the notion of a quantum register. In the circuit formalism, each qubit in the quantum
register is represented by a horizontal line, or wire, which tracks the state of that qubit
throughout the computation. Thus, a quantum register of n qubits is represented by n
parallel wires, each corresponding to a single qubit.

Quantum gates correspond to unitary operations that act on one or more of these
qubits. A single-qubit gate acts on a single wire, modifying the state of that qubit
without directly affecting the others, while multi-qubit gates act on two or more wires,
creating correlations and entanglement. The sequence of gates along the wires defines the
evolution of the quantum register, from its initial prepared state to the final state that is
measured at the end of the computation.

For computational purposes, it is convenient to represent the basis states |0) and |1)
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as column vectors:

o=(1]. mw=[] (2.5)

These two states form what is called the computational basis. In this representation,
single-qubit gates correspond to 2 X 2 unitary matrices acting on these vectors. This
provides a concrete and consistent framework for describing quantum operations in the
circuit formalism.

2.3.1 Single-Qubit Gates

Single-qubit gates are the simplest quantum operations as they act on one qubit at a
time, changing its state. Despite their simplicity, they form the building blocks for more
complex operations and algorithms.

A natural starting point for single-qubit gates are the Pauli matrices, which form a
complete basis for 2 x 2 Hermitian operators. They are fundamental in quantum com-
putation because any single-qubit unitary operation can be expressed in terms of these
matrices (up to a global phase). The Pauli matrices are:

X =
1 0 1 0 0 —1

Each of these matrices corresponds to a basic type of qubit transformation:

Pauli-X gate.

The X gate is the quantum analog of the classical NOT gate. It flips the state of a qubit:
X0) =11,  X[1)=]0).
Pauli-Y gate.
The Y gate combines bit-flip and phase-flip operations. Its action is:
Y[0)=1i|1), Y1) =—i]0).

Pauli-Z gate.

The Z gate leaves the computational basis states unchanged but flips the phase of the |1)
component:

Z10) =10y,  Z[1)=—1).

Hadamard gate.

The Hadamard gate is widely used to create superposition:

HI0) = =(0)+ 1), HIL = (0} - 1)
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Its matrix form is:

H=_—
v2 \1 -1

It is crucial for generating superposition, enabling quantum parallelism in algorithms.

Parametrized single-qubit rotations.

In addition to discrete gates such as X, Y, Z, and H, it is often useful to describe single-
qubit operations that can be continuously varied. These are called parametrized rotations
and allow for precise control over the state of a qubit.

A rotation around a given axis n € {X,Y, Z} by an angle # is defined as the unitary

Ra(0) = e 2™,

In matrix form, the standard rotations around the principal axes are as follows:

0 0 cos? —isin?
Rx(0) =cos=I —isin= X = 2 2.
2 2 —1 sing cosg
0 0 cos? —sin?
Ry (0) =cos =T —isin-Y = 2 2,
2 2 sing cosg
Rz(0) =cos-1 —isin—-Z =
2 2 0 €i6/2

These rotations generalize the discrete Pauli gates: for example, Rx(7) = X, Ry (7) =
Y, and Rz(m) = Z. By tuning the rotation angle #, the amplitudes and phases of the
qubit can be continuously changed.
Moreover, it is possible to express any single-qubit unitary as a combination of three
rotations around two axes (commonly Z and Y):

U =e“Ry(¢)Ry (0)Rz(N),

with real parameters «, ¢,0, \. This decomposition shows that parametrized rotations
provide a complete and universal description of single-qubit operations, making them a
convenient tool for both theoretical analysis and hardware implementation.

2.3.2 Two-Qubit and Multi-Qubit Gates

While single-qubit gates control individual qubits, multi-qubit gates act on two or more
qubits simultaneously. These gates are essential for creating correlations between qubits,
generating entanglement, and implementing complex quantum algorithms.
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Figure 2.1: Quantum circuit state used for the production of the Bell’s state in Eq. (2.4).
It reads from left to right, first an Hadamard gate is applied to the top qubit, what follows
is a CNOT gate controlled by the top qubit and acting on the bottom one.

The CNOT gate

The Controlled-NOT (CNOT) or Controlled-X (CX) gate is the most common two-qubit
gate. It flips the state of a target qubit if and only if the control qubit is in the state |1).
In the computational basis {|00),|01),|10),|11)}, its matrix representation is

1 000

0100
CNOT =

0001

0010

An example of the CZ in a quantum circuit is shown in Fig. 2.2.
To illustrate its action, consider a two-qubit system as in Fig. 2.1. After the Hadamard
gate the system is in the state

1
[¥) = +) ®]0) = E(|O> +1)) ©10). (2.6)
Expanding the tensor product gives the following.
1 1
) = E(!@ ®10) +[1) ® [0)) = E(\Om +[10)).

Now we apply the CNOT gate with the first qubit as the control and the second qubit as
the target:
CNOT |00) =]00), CNOT|10) = |11).
Therefore, the resulting state is
1

V2
which is a maximally entangled Bell state, as in Eq. (2.4). This calculation illustrates
two key features of two-qubit gates: their ability to generate entanglement from initially

separable states, and their capacity to produce correlations that cannot be expressed as
tensor products of individual qubit states.

CNOT(|y)) = —=(]00) +[11)),

The Controlled-Z (CZ) gate.
The CZ gate applies a phase flip to the target qubit if the control qubit is in state |1):
CZ100) = |00), CZ]|01) =|01), CZ]|10)=|10), CZ]|11)=—|11).
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It can be implemented using a CNOT gate and two Hadamard gates on the target qubit:
Cth = (]I ® H) CNOth <]I ® H),

where ¢ is the control and t is the target. This decomposition shows the flexibility of
quantum circuits in constructing different two-qubit gates from simpler operations. An
example of the CZ in a quantum circuit is shown in Fig. 2.2.

Multi-Controlled Gates

Beyond two-qubit gates, quantum circuits often require operations controlled by multiple
qubits. These are called multi-controlled gates. A general multi-controlled gate applies
a unitary operation U to a target qubit if and only if all control qubits are in specified
states.

For example, the Toffoli gate (CCNOT) is a three-qubit gate with two control qubits
and one target qubit. It flips the target qubit only if both control qubits are in state |1):

Toffoli |a,b,c) = |a,b,c® (a-b)),

where a,b,c € {0,1} and @ denotes addition modulo 2.

In general, each control qubit can be set to trigger the operation when in state |1) or
|0). The notation is typically:

e e in a control qubit denotes the control by 1 (the gate is activated if the qubit =

).
e o in a control qubit denotes the control by 0 (the gate activates if the qubit = |0)).

Examples the Toffoli and Multi-Controlled-Gate (MCG) in a quantum circuit are shown
in Fig. 2.2.

For example, a controlled gate with two qubits where the first is control-by-1 and the
second is control-by-0 applies the operation U to the target only if the first qubit is |1)
and the second qubit is |0).

Multi-controlled gates can have an arbitrary number of controls. Any n-qubit multi-
controlled unitary can be decomposed into single-qubit and two-qubit gates (like CNOTs),
possibly using ancillary qubits to reduce the number of operations. This decomposition
is crucial in practice, because most quantum hardware natively supports only single- and
two-qubit gates.

2.3.3 Circuit Cost, Gate Decomposition, and Ancilla Qubits

After introducing single- and multi-qubit gates, it is important to discuss how these gates
are implemented in practice, how complex operations can be decomposed, and how this
affects the cost and feasibility of quantum circuits.
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(a) CNOT gate (b) CZ gate (c) Toffoli (CCNOT) (d) Multi-controlled R,.

Figure 2.2: Examples of two- and three-qubit gates in the circuit model. (a) Controlled-
NOT (CNOT) gate. (b) Controlled-Z (CZ) gate. (c) Toffoli gate (CCNOT). (d) Multi-
controlled R,.The first control is on |0), the second on |1)

Gate decomposition and universality. Multi-qubit operations, such as the Toffoli
Controlled-Controlled-NOT(CCNOT) gate or more general multi-controlled unitaries, are
typically not available as elementary operations on quantum hardware. Instead, they are
implemented by decomposing them into sequences of single- and two-qubit gates [80]. In
practice, a quantum processor supports only a limited collection of elementary instructions
that act directly on one or two qubits at a time; however, these are sufficient to construct
arbitrary quantum operations.

As an example, in superconducting quantum processors, only a restricted set of control
pulses can be applied to the physical system. These pulses define the native gate set, which
usually consists of single-qubit rotations and a two-qubit entangling gate such as the
controlled-Z (CZ), acting on the computational basis states |0) and |1). More complex
operations, including Toffoli or multi-controlled gates, must therefore be expressed as
sequences of these native gates.

This decomposition plays a central role in assessing the cost of a quantum circuit. By
rewriting an algorithm in terms of the native gate set, one can estimate the total number
of gates, the circuit depth, and the possible need for ancilla qubits. From a software
viewpoint, this process is analogous to a classical compiler: the high-level algorithm must
be transpiled into operations supported by the hardware. In addition, the qubit topology
must be taken into account. Many architectures do not allow direct two-qubit gates
between arbitrary pairs of qubits, so additional gates or routing operations are often
required to move quantum information, which can further increase the circuit depth and
overall resource requirements.

Ancilla qubits. Ancilla qubits are auxiliary qubits used to simplify the decomposition
of complex operations or to temporarily store intermediate results. They do not carry
algorithmic input or output but can make circuits more efficient in terms of gate count
or depth, at the price of additional qubits. They can be considered as extra qubit used
in order to decompose complex multi-qubits gates in a more efficient manner.

Circuit cost. The complexity of a quantum circuit can be quantified in terms of several
complementary metrics. One commonly used measure is the gate count, defined as the
total number of single- and multi-qubit gates applied. Another important quantity is the
circuit depth, corresponding to the length of the longest sequence of mutually dependent
gates; this is often interpreted as a measure of time complexity, as it is directly related to
the execution time of the circuit. Finally, the circuit width, or ancilla usage, quantifies the
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number of auxiliary qubits required and can be regarded as a measure of space complexity,
reflecting the amount of quantum resources needed.

Circuit cost is closely related to the physical limitations of current devices, as longer
circuits or circuits with many multi-qubit operations are more susceptible to errors. Care-
ful analysis of circuit resources is therefore essential for evaluating the feasibility of a
quantum algorithm on a given device.

Example: Toffoli decomposition. Consider a Toffoli gate with control qubits ¢y, co
and target . One standard decomposition uses single-qubit rotations on the target and
six CNOT gates between the control and target qubits. If an ancilla qubit a is available, it
can be used to reduce either the total number of CNOTSs or the circuit depth, depending
on the chosen decomposition [18], [80]. This example illustrates that multi-qubit gates
can always be expressed in terms of single- and two-qubit operations, which allows the
estimation of gate count, depth, and resource requirements for larger circuits.

Physical relevance. The discussion of gate decomposition and circuit cost highlights
an important connection between the abstract description of quantum algorithms and
their physical realization. While single-qubit operations act locally on the computational
basis states |0) and |1) and can usually be implemented with relatively high precision,
multi-qubit gates require coordinated control over several qubits and their interactions.
As a result, these operations tend to be slower and more sensitive to imperfections.

As quantum circuits grow in depth and complexity, errors introduced during gate
execution and the unavoidable interaction of the system with its environment accumulate.
This leads to decoherence, progressively degrading the quantum state, and limiting the
length of computations that can be reliably performed. Ancilla qubits can be employed
to optimize gate decompositions and reduce circuit depth, but at the cost of increasing
the total number of physical qubits involved.

For these reasons, the cost of a quantum circuit, measured in terms of gate count,
depth, and ancillary resources, is not just a theoretical notion, but a key factor in deter-
mining the feasibility of quantum algorithms. This naturally motivates a more detailed
discussion of noise, errors, and decoherence, which play a central role in both near-term
quantum devices and the development of fault-tolerant quantum computation.

2.4 Noise and Decoherence

In an ideal quantum computer, the evolution of a quantum register is fully described by
unitary operations acting on well-isolated qubits. In practice, however, a quantum system
can never be perfectly isolated from its environment. Uncontrolled interactions with
external degrees of freedom, as well as imperfections in the implementation of quantum
gates, introduce deviations from the intended evolution. These effects are collectively
referred to as noise.

Noise manifests itself in two closely related ways: through errors in the applied opera-
tions and through decoherence, the gradual loss of quantum coherence in the system [18],
[81]. Decoherence can be understood as the process by which a quantum state loses
its ability to exhibit superposition and interference, effectively acting more like a classi-
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cal probabilistic mixture. Since quantum computation relies crucially on superposition
and entanglement, decoherence represents one of the main obstacles to scalable quantum
computation.

A useful way to characterize decoherence is in terms of characteristic time scales. The
relazation time (1)) describes the tendency of a qubit to decay from the excited state
|1) to the ground state |0), while the dephasing time (T3) quantifies the loss of relative
phase coherence between |0) and |1). Both processes limit the time window during which
reliable quantum operations can be performed.

Typical values of 77 and T, depend on the qubit technology. For superconducting
qubits, 77 and T, are often in the range of microseconds [82]; while trapped-ion qubits
can reach much longer coherence times, in the order of seconds [83].

Noise affects quantum circuits cumulatively. Each gate introduces a small error, and
as the circuit depth increases, these errors add up, eventually overwhelming the useful
quantum signal. For this reason, the cost of a circuit—measured in terms of depth and
number of multi-qubit gates—is directly linked to its vulnerability to noise. In particular,
entangling operations are typically more sensitive to noise than single-qubit gates, making
them a critical bottleneck in many quantum algorithms.

2.4.1 NISQ and Fault-Tolerant Quantum Computing

The unavoidable presence of noise and decoherence fundamentally shapes how quantum
computers can be used in practice. Depending on how errors are treated, it is common
to distinguish between two computational regimes: Noisy Intermediate-Scale Quantum
(NISQ) [20] computing and fault-tolerant quantum computing [81].

NISQ devices operate with a moderate number of qubits and without full quantum
error correction. In this regime, quantum circuits must be executed within the limited
coherence time of the hardware, since errors accumulate as the circuit depth increases.
As a consequence, only relatively shallow circuits can be reliably run, and the cost of
multi-qubit gates becomes a critical constraint. Algorithms designed for NISQ hardware
therefore emphasize low-depth constructions, careful gate optimization, and often hybrid
quantum—classical approaches that reduce the required quantum resources.

Fault-tolerant quantum computing represents a different paradigm in which errors are
actively detected and corrected throughout the computation. Logical qubits are encoded
into many physical qubits using quantum error-correcting codes, allowing reliable oper-
ations even in the presence of noise, provided that physical error rates remain below a
certain threshold. Although this approach enables arbitrarily long and accurate com-
putations in principle, it introduces substantial overhead in terms of qubit count, gate
complexity, and circuit depth.

Understanding the distinction between theoretical and NISQ-focused quantum algo-
rithms is crucial for assessing their relevance and practical requirements. Some algorithms
are primarily of theoretical interest, assuming access to fault-tolerant resources, while oth-
ers are designed specifically to work within the constraints of NISQ) devices. Recognizing
where an algorithm lies on this spectrum helps framing the discussion of the algorithms
presented in this Thesis.

Specifically, we begin with a NISQ-oriented quantum algorithm in Ch. 4, tailored for
current intermediate-scale devices, to highlight the practical challenges such algorithms
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face. Later, we turn to algorithms that assume more fault-tolerant resources, including
one based on the linearization of the SP equations in Ch. 5 and the algorithm for neighbor
search in Ch. 6.

2.5 Measurements in Quantum Computing

In the classical Turing machine framework, computation ends when the machine produces
an output on its tape: the result is read directly as a string of bits. Similarly, in quan-
tum computing, after the quantum register has been initialized and evolved through a
sequence of quantum gates, the final step is to extract classical information by performing
measurements.

Measurement in quantum mechanics is fundamentally different from reading a classical
bit. Although classical bits have definite values at all times, qubits exist in superpositions
of [0) and |1). When a qubit is measured on the computational basis, its state |¢) =
a|0)+|1) collapses probabilistically to |0) with probability |a|? and to |1) with probability
|3|2. Importantly, this collapse is destructive: once measured, the qubit can no longer
retain the original superposition. Consequently, recovering information about the full
quantum state requires multiple repetitions of the same circuit.

Consider, for example, the maximally entangled two-qubit Bell state:

1

V2

If we measure the first qubit on the computational basis, we obtain |0) with probability
1/2 and |1) with probability 1/2. After the first measurement, the overall state collapses
accordingly: if we observe |0), the second qubit is immediately projected onto |0); if we
observe |1), the second qubit collapses to |1). To estimate the probabilities and correla-
tions in the Bell state, this procedure must be repeated many times, each time preparing
the same initial state and executing the same sequence of gates. The distribution of
outcomes over these repetitions allows us to reconstruct the statistical properties of the
state.

|[@7) = —=(100) + [11)).

This probabilistic approach introduces the concept of variance in measurement out-
comes. For N independent repetitions (or shots) of the circuit, the standard deviation
of the measured probabilities scales as 1/ V/N. Achieving the desired precision therefore
requires a sufficient number of repetitions, which must be carefully estimated when de-
signing a quantum algorithm to ensure that the potential quantum advantage is preserved.
An explicit example and a more detailed discussion of this aspect is provided in Chapter 5.

In practice, measurements are typically performed on the computational basis, but
more general measurements can be realized by applying additional gates to rotate the
basis before readout. The results are then recorded as classical bit strings that can be
further processed by classical algorithms to extract meaningful information. Measure-
ment, together with initialization and quantum gates, completes the full computational
cycle, providing a direct bridge between the abstract quantum evolution and the observ-
able results, and forming the quantum analog of the input-output process in a classical
Turing machine.
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2.6 Summary

This chapter provided a comprehensive introduction to the foundations of quantum com-
putation, establishing both the conceptual and practical framework necessary to under-
stand quantum algorithms.

We began by recalling classical computation, emphasizing Turing machines and Boolean
circuits, where information is encoded in bits, processed through logical operations, and
read out as definite outputs. Motivated by the physical limitations of classical devices
and the potential for new computational paradigms, we introduced quantum computation,
where the fundamental unit of information is the qubit.

Qubits can exist in superpositions of classical states, allowing a quantum register to
represent exponentially many configurations simultaneously. When qubits are entangled,
correlations arise that have no classical analog, enabling phenomena such as quantum
parallelism and interference, which underpin the power of quantum algorithms.

Quantum computation proceeds through sequences of unitary operations, or quantum
gates. Single-qubit gates manipulate individual qubits, while multi-qubit gates, such
as CNOT and Toffoli, create entanglement and correlations. Complex operations are
decomposed into sequences of gates from the device’s native set, which provides a practical
way to estimate circuit cost, including gate count, depth, and ancillary qubits. These
quantities are closely tied to susceptibility to noise and decoherence, which limit the
coherence time and accuracy of computations.

Noise and decoherence arise from environmental interactions and imperfections in
gate implementation, motivating the distinction between NISQ devices, which operate
with shallow circuits and partial error mitigation, and fault-tolerant quantum computers,
which employ error correction to perform arbitrarily long computations at the cost of
additional qubits and operations.

Finally, measurement collapses qubits into classical outcomes, completing the quantum
computation cycle. Due to the probabilistic nature of quantum measurement, multiple
repetitions are necessary to extract reliable information, with statistical variance decreas-
ing as the number of runs increases. Measurement thus bridges the quantum evolution of
the system to the classical information that algorithms ultimately seek to compute.

Together, these concepts — qubits, superposition, entanglement, gates, circuit de-
composition, noise, and measurement — provide a unified picture of how information is
represented, processed, and extracted in a quantum computer. This framework sets the
stage for studying quantum algorithms, analyzing their resource requirements, and assess-
ing their feasibility on both current NISQ devices and future fault-tolerant architectures.
Currently, only NISQ devices exist, with limited qubits and susceptibility to noise, while
fully fault-tolerant quantum computers remain a long-term goal. This distinction helps
determine which algorithms can be implemented today and which are relevant for future,
error-corrected systems.

For example, in Ch. 4 we introduce a variational algorithm to solve SP, where both the
quantum states and the circuits used in the evolution are constructed from the elementary
gates discussed earlier. Similarly, in Ch. 6 we present a quantum algorithm for neighbor
search, including a detailed analysis of how multi-controlled gates can be decomposed into
elementary gates. This allows us to evaluate the algorithm’s resource requirements and
feasibility on both NISQ devices and future fault-tolerant architectures, linking directly
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to the distinctions and considerations introduced in the previous sections.



Chapter 3

Comparison of Vlasov Solvers

In this chapter, we compare three numerical approaches for solving the VP system, with
particular emphasis on the SP method, which forms the basis for the development of a
quantum algorithm. The main objective is to assess under which conditions SP is able
to recover the VP dynamics. In addition, this framework allows us to examine how the
N-body solution compares with the direct integration of VP. To this end, we implement
two Eulerian VP solvers, a PM N-body solver, and a spectral solver for the SP system.

The chapter is organized into three sections. Section 3.1 presents a comprehensive
description of the numerical implementations, highlighting the specific design choices
and innovations introduced for this work. We detail the spectral and semi-Lagrangian
VP solvers. While a general overview of the PM method was provided earlier, here we
describe our implementation in depth, including practical strategies and numerical tech-
niques. Notably, we employ a Cloud-in-Cell interpolation scheme combined with leapfrog
integration. The pseudo-spectral SP method is also discussed, with the introduction
of a quantity analogous to the Reynolds number in VP, emerging naturally from the
Schrodinger framework.

Section 3.2 presents a series of numerical tests for the VP solvers, highlighting the
challenges posed by cold dark matter initial conditions. We trace the origin of these
challenges and demonstrate that CDM configurations generate shocks and stiffness in the
velocity field. Through careful analysis, we identify the source of the problem and propose
a viable solution, which is supported by an extensive set of numerical tests.

Section 3.3 provides a comparative analysis of the solvers using two representative
scenarios: a one-dimensional sinusoidal perturbation and a two-dimensional Gaussian
collapse. These examples show that, after appropriate coarse graining, the SP method
successfully reproduces the key features of VP evolution. This outcome not only validates
the Schrodinger approach in the classical context but also establishes a clear pathway for
its application in quantum computing frameworks aimed at simulating cold dark matter.

By the conclusion of this chapter it will be clear if SP can be used to simulate DM
distributions instead of VP, or as a viable alternative.

3.1 Numerical solvers

In this section, we describe the numerical solvers used in this Thesis to study the Vlasov-
Poisson system. We explain how the algorithms are implemented and discuss the practical

41
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considerations needed to achieve accurate and efficient simulations. The goal is to provide
a clear picture of the methods that will be applied in the analysis that follows.

3.1.1 Eulerian Vlasov-Poisson Solver

An Eulerian VP solvers evolve the phase-space distribution function on a smooth grid,
avoiding the sampling noise inherent in particle-based methods and allowing accurate
resolution of the fine filamentary structures that arise from collisionless stretching and
mixing. Unlike N-body approaches, they are not affected by spurious collisions or artificial
relaxation. The main limitation of this approach is the computational cost, which grows
rapidly due to the need to evolve the system in a six-dimensional phase space.

To integrate Egs. (1.7) and (1.8), we adopt the splitting scheme of Cheng & Knorr [58],
which separates the problem into two advections: one in velocity space and one in physical
space, described by Eqgs. (1.21) and (1.20). Each of these steps can be further reduced to
a sequence of one-dimensional advections along the respective directions. This decompo-
sition provides a natural framework for numerical implementation.

For temporal integration, we employ a second-order leapfrog scheme, which is widely
used in the literature for VP solvers. The integration is initialized with the velocity ad-
vection step, a choice that is purely conventional and does not affect the overall accuracy.
Following the procedure outlined in [61], the three-dimensional integration can be written
as

f(x,v,t+ At) = [D,,(At/2) D, (At/2) D, (At/2)] (3.1)
x [D, (A1) D, (A1) D.(AD)]
% [D.,.(At/2) D, (At/2) D, (At/2)]

where D;(t) denotes the advection operator along the dimension i over a time ¢. This ap-
proach resembles a kick-drift-kick (KDK) time-integration scheme and reduces the prob-
lem to a series of one-dimensional advections, which greatly simplifies implementation
and clarifies the structure of the numerical method.

For clarity and to streamline the discussion of the implementation, we focus on the
one-dimensional case in the following sections. In this case, the VP equations reduce to

Of(r.vt)  Of(zvt) 06 0f(xu.t)
o ' ar or v U (3:2)
VQQZS(J:?t) =« (P* - 1)’ (33)

with a = 47Gp and p* = p(x,t)/p, where p is the reference density of the universe. In
this one-dimensional setting, the advection steps correspond to simple one-dimensional
equations :

Of (x,v,t) of(z,v,t)
Y + v pe =0, (3.4)
of(x,v,1)  0¢ df(x,v,1)

ot ox ov

=0. (3.5)
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Conservation laws

Before examining the details of the implementation of VP solvers, we must first establish
criteria for evaluating their performance. A good numerical integrator should accurately
reproduce the evolution of the distribution function, which is not known a priori. Since
we lack an analytical benchmark, we need alternative metrics to assess the quality of the
solution. Is it proven, however, that the VP system verifies a certain set of conservation
properties. We will study the behavior of such proprieties to verify which numerical
integration method is best suited in our scenario. The properties we want to check are
the following:

e Maximum principle This property follows from the fact that the distribution func-
tion f is constant along the phase-space characteristics of VP. Since no sources or
sinks are present, f cannot create new extrema during its evolution, and its values
remain bounded by those of the initial condition.

0< f(X,V,t) < r(na>)< {fO(Xv V)}

e Conservation of L? norm, p € [1,00) The flow induced by VP is measure-preserving
in phase space. As a consequence, integrals of any power of the distribution function
over phase space are invariant in time, which implies the conservation of all LP norms
for 1 <p < 0.

ill = [ dxavisx vy (3)
e Total mass conservation. For any volume V' of phase space
M = / dxdv f(x,v,t). (3.7)
v
e Momentum conservation
P = / dxdvf(x,v,t)v. (3.8)
v
e Energy conservation
1
E = 5/ dxdv f(x,v,t) (v’ + ¢(x,t)) , (3.9)
1%

with ¢(x,t) from Eq. (1.8).

Numerical Scheme

Following a grid-based approach, the spatial domain of length L is divided into N grid
points with periodic boundary conditions, while the velocity domain is restricted to the
dynamic range [—Viax, Vinax] and discretized into M grid points. From a theoretical
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standpoint, all velocities should be allowed, which would lead to an infinite domain—
something that is clearly unfeasible in practice. Fortunately, in realistic applications, the
velocity domain is naturally bounded due to the attractive nature of the problem. This
allows the use of periodic boundary conditions in velocity, provided that |Vjax| is chosen
to be larger than the maximum velocity reached by the particles in the physical system.

The discrete representation of f(z,v,t) now takes the form of a matrix M x N. Conse-
quently, Eq. (3.5) gives us M advection equations for position, with each vector consisting
of N components

of of
E(Z'Z’,Uj,t) = —Uj a—x<Ii,Uj,t), (310)
and Eq. (3.5), N equations of M components for the velocity
of _do, | Of
Y (w;,v;,t) = e (x;) 5 (wi,v5,t), (3.11)

To go from f™ to f*™! we employ a leapfrog scheme, bringing the accuracy to O(At?);
by solving Eq. (3.11) for the half time step

[ (z,v) = f"(x,v — FAt/2) (3.12)
then solve Eq. (3.10) for a full time step
™ (z,v) = f*(x — vAt,v) . (3.13)
With f** we solve the Poisson equation (1.8) and find a new F' = —0,¢[f**]. As a final
step, we solve Eq. (3.11) for a second half time step.
[z, v) = f*(z,v — FAt/2) (3.14)

The two different solvers we will present here will follow this numerical scheme. The only
discriminating part between the two will be the approach chosen to solve the advection
equations.

Positive Flux and Conservative (FPC)

Among the various grid methods proposed for the solution of VP, the Positive Flux and
Conservative (FPC) approach [60] has proven to behave considerably well in different
scenarios, preserving positivity of the distribution function and the maximum principle.
We have chosen to display only the results obtained with the FPC method based on the
results presented in [84] and the fact that it has proven to be the best choice within the
pool of semi-Lagrangian method we tested from [85]. We will briefly summarize the FPC
approach for a single advection equation.

The FPC approach is part of a bigger family of semi-Lagrangian solvers based on the
same flux-balance principle. We start by writing the value f; = f(z;,v,t) as the mean
value in the cell

z;+Ax/2
Az :/ flz,v,t")dx . (3.15)
zi—Azx/2
The flux entering or exiting the cell is consequently defined as

xEAz/2
b, = / flz,v,t") dx, (3.16)

X(tn, tntl o+ Az /2)
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with X (", "1 x4+ Az/2) we refer to the value of the variable z if we trace the solution
back to the point (z; + Az/2,¢""!). In the simple case of Eq. (3.4), using the method of
the characteristics we get the following.

A
X", " 2+ Aw/2) =z, + Tx — v, At (3.17)

Finally, using Egs. (3.15), (3.16) we can find the expression for the distribution function
in the next timestep

[ =fi+ é (D_ — D). (3.18)

The main discriminant between all the flux-based solvers resides in the flux, the interpo-
lation process, and in the regularization techniques employed to ensure positivity.

In the FPC scheme, the interpolation of ® is based on a essentially non-oscillatory
(ENO) [86] reconstruction of the primitive functions of f. This approach eliminates spu-
rious oscillation, but might not behave well under shock effects. Let C; = [x;_1/2, %;41/2]
be the cell that contains the point x;. For positive advection velocity, an entering
flux ®, passes through z;,1/, following the characteristic of Eq. (3.17). In case of
positive advection, i.e., the advection coefficient is > 0 we define the quantity «; =
Tiy1jo— X (", ", x;41,2) € [0, Az] and the FPC closed-form expression of the flux reads

Jr

O [ TR At

1 i
D10 = Ar Z fe +
k=j+1

(3.20)

- ) )]

where fj, denotes cell averages, as in Eq. (3.15). In case the advection coefficient v; in
Eq. (3.4) or —9,¢ in Eq. (3.5) is negative, we have a; = xj 10 — X(t", 1", 2;41)0) €
[—Az, 0] and

z+1/2 A Z fk + o

k j+1

( Ax)( Am>(fj—fj—1)

The coefficients 5;“ and ¢ are slope limiters that preserve positivity and ensure the
reconstructed polynomial satisfies 0 < f, < f*°, where f* = max; f;. They are defined
by

e D=2 2 sy B2

, (3.22)

min| 1, 2/ ) Jir1 — fi >0,
min| 1, fz—f—l—_fzz) S — fi <0,
min|{ 1, M) . fi— fio1 >0,
o i ffz—l (3.24)

min| 1, m) , fz — fi—l < 0.
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These regulators rescale local slopes so that the high-order reconstruction remains consis-
tent, conservative, and strictly positive, thereby preventing the creation of non-physical
negative values during phase-space advection.

For the implementation of the VP solver, we combined FPC with the structure given
in 3.1.1. In doing so, it is important to remember that in order to advance in time, one
must solve the N or M advection equations, as shown in Egs. (3.10) and (3.11).

Spectral method

The spectral method proposed by [87] solves the one-dimensional Vlasov—Poisson and
Vlasov—Maxwell systems using a spectral approach. The distribution function fx(t, z,v)
is approximated by a partial sum of a Fourier series:

al ok
Pettan) = Y oo (<)), (3.25)
k=—N

where L is the domain length in the z-direction, and fk(t, v) are the Fourier coefficients.
These coefficients are computed from the discrete values of f sampled at the grid points
T as:

2mkx;

fk(t, v) = Zf(t, Tj,V)exp (2

), ke{-N,... N} (3.26)

By means of Egs. (3.25) and (3.26) the evaluation of the advection term in Eq. (3.12) can
be treated a phase shift applied in Fourier space. For each mode k, this shift is expressed
as:

Fi) = fu(tn, v)exp (—i%vAt) : (3.27)
where At is the time step. Thus, the algorithm proceeds via a split-step scheme. First, a
forward Fast Fourier Transform (FFT) is performed to compute the Fourier coefficients
fk from the spatial distribution f(z,v). Next, the phase shift is applied to evolve the
solution in Fourier space. Finally, an inverse FFT is used to reconstruct the updated
distribution function in the physical space.
The solver proceeds by combining the structure described in Section 3.1.1 with the spectral
method. A single time step is performed as follows:

1. Apply a Fourier transform along the v axis. Using the appropriate phase shift, solve
Eq. (3.11).

2. Perform a Fourier transform along the z axis. Using a phase shift, solve Eq. (3.10).

3. Return to the phase space (x,v) using a 2D inverse FFT to evaluate the potential.
Solve the Poisson equation, Eq. (3.3), in this space.

4. Transform again along the v axis to return to the frequency domain. Apply the
phase shift to solve Eq. (3.11).
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It is convenient to remain in the frequency domain for most of the computation,
returning to (z,v) only to evaluate the potential and save data.

One final remark regards the validity of the approach. In principle, the underlying
hypoThesis for the FFT is under periodic boundary conditions. This is not the case
in momentum space, where the velocity values are naturally bounded. However, if the
chosen maximum velocity V..« is much larger than the velocities actually present in the
system, i.e. |Viax| > max|v|, the use of periodic boundary conditions provides a good
approximation. Under this condition, the probability of particles reaching the boundaries
of the velocity domain is negligible, and the artificial periodicity does not significantly
affect the dynamics. In effect, the periodic boundary conditions emulate an unbounded
domain while keeping the computational problem tractable. This is analogous to the
numerical artifact of the zero padding at the border in the context of FFTs.

It should be noted, however, that if |V},,.| is not chosen appropriately and the velocities
of the system approach the boundaries, artificial wrap-around effects can occur, leading to
aliasing in the velocity space. Such effects can distort the computed distribution function
and introduce spurious interactions, so it is crucial to choose V., sufficiently large to
minimize these errors.

3.1.2 Spectral method for Schrodinger-Poisson

In a one-dimensional case the Schrodinger-Poisson equations reads as

0 A 1
— W =(-20*+ = v ; 2
i) = (~502+ U(0)) W) (3.28)
V2U(x,t) = a(|¥(x,t)]* — 1), (3.29)
where A\ = h/m is the quantum diffusion length scale and o = 47Gp an amplitude

coefficient for the potential. As explained in Ch. 1, a direct correspondence can be made
with VP when p is the mean density of the universe, and A — 0. Moreover, we identify
with |¥(z,t)|? the normalized density field p(z,t)/p. Remembering that this time we are
working with a complex wave function ¥(z) , we will make use of the pseudo spectral
method, as in [88] is shown to be the most reliable approach. From Eq. (3.28) we notice
how the definition of the Hamiltonian of the system naturally emerges as

A

@ _ (_%55 + %U(w,t}) | (3.:30)

In this way, we can rewrite Eq. (3.28) in the form i8,% = (H /). This system evolves
according to quantum mechanical laws with the time-evolution operator

0= exp{—i%dt} : (3.31)

Then, with a leapfrog scheme O is split into the kinetic and potential part. The kinetic
energy operator 7 = —(\/2)92 in momentum space becomes T = (A/2)k2, with k the
Fourier frequencies. The potential part we remember to be V = (1/A)U(x, t) solves the
Poisson equation. Identifying with W! = W(z;, ) the number associated with the value of
the wavefunction on the point of the grid x; at time ¢; the evolution scheme becomes the
following:
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e An FFT maps ¥! in the frequencies domain W% = FFT(0?)

e The first kinetic kick of At/2 is:

- A2 -

e An inverse FFT returns to position domain ¥* = FFT~ {7

e The potential U is then found using a Poisson solver to find the solution of Eq. (3.29)

where the source term is | U} |?

e The wavefunction is updated using U

. U
o = exp{—zXAt}\I/;‘ (3.33)

e Going back in momentum space to give the final kinetick kick advances to the next
timestep

AR?
¥ FFT1 <exp{ —iTAt}FFT (\pgw)) (3.34)

Note that when data storage is not required in the final step, the last kick can be extended
to length At. This avoids two unnecessary FFTs, reducing computational cost.

3.1.3 Particle mesh

To solve the Vlasov—Poisson system with the N-body approach, we implement a particle-
mesh code based on the Cloud-in-Cell (CIC) interpolation scheme. This is a straightfor-
ward, yet effective method that offers a good balance between implementation effort and
accuracy. We have described the general framework in Sec. 1.2.2; here we discuss the
specific numerical choices and implementation details.

The first step in an N-body method is to sample the positions and velocities of the
particles from the initial distribution fo = f(x,v,0). This sampling process introduces
Poisson noise that scales as 1/1/N,, where N, is the number of particles.

To reduce this shot noise, we employ a Sobol quasi-random generator instead of standard
pseudo-random numbers. Sobol sequences are designed to fill a space more uniformly
than purely random points, which helps to reduce the effective Poisson noise in the initial
particle distribution.

Each Sobol sequence produces points x,, = ( %1), x,(f), o ,x%d)) in [0, 1]¢ deterministically,
so that each new point fills the remaining largest gaps. For example, in one dimension,
the first point might be 0.5, the next two points 0.25 and 0.75, and the following points
0.125, 0.375, 0.625, 0.875, etc. This ensures that the points quickly cover the interval
evenly, avoiding large gaps or clustering typical of purely random sampling.
Mathematically, the n-th draw is generated using the binary expansion of the index n,

n =092+ b 2" + 522 + ..., b, € {0,1},
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together with a set of precomputed direction numbers h,(f ), which determine how each bit

contributes to the final point in dimension j. The j-th coordinate of the n-th point is
then

2@ = 0oh) ® 0 1Y @ bhY @ ..,

where @ denotes the bitwise XOR operation, and the direction numbers h,(j ) = mg ) /2F
are derived from a primitive polynomial on IF.
A primitive polynomial over IF; is a polynomial with coefficients 0 or 1, chosen such that
the generated sequence of binary numbers cycles through all possible patterns before
repeating. In practice, this ensures that the Sobol points are well-balanced and avoid
unwanted regularities. For example, for a 3-bit sequence in one dimension, a primitive
polynomial might generate the order of points as 0.5,0.25,0.75,0.125,0.375, 0.625, 0.875,
exactly filling in the gaps of the previous points.
By combining the binary representation of the index, the direction numbers, and the
primitive polynomials, the Sobol generator produces a sequence that is both determin-
istic and low-discrepancy. Each dimension 2 is generated independently in this way,
and the resulting set of points {x,} uniformly covers the phase space. This approach
significantly reduces sampling noise compared to purely random draws, improving the
accuracy of the initial condition representation while preserving the statistical properties
of the distribution.

Time integration is performed using a drift-kick-drift (D-K-D) leapfrog scheme. A
single time step proceeds as follows:

e First drift: advance the positions by half a time step using the current velocities:

1 1
g =g+ §U5At-

e Compute forces: evaluate the density p(q“%) using a CIC 1.2.2 interpolation
of the intermediate positions. Solve the Poisson equation, Eq. 3.3, to obtain the
potential. Compute the accelerations a; from the potential using finite differences
and deposit them on the particles using the same CIC scheme.

e Kick: update the velocities using the computed accelerations:

it = ol + a; At

e Second drift: advance the positions by another half time step using the updated
velocities:

—_

t41 _ t+s t+1 A4
4 =q -+ 5%’ .

This scheme maintains second-order accuracy in time while keeping positions and
velocities properly staggered, consistent with the standard leapfrog approach.
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3.1.4 Poisson Solver
The Poisson equation that we solve in the 1D scenario is presented in Eq. (3.29)
_ P
Ag(x) = « <—* — 1) , (3.35)
p

where a = 4nGp*. To numerically solve such an equation we employ the convolution
approach using the Fourier transform from [52].

Under periodic boundary conditions, the discrete Fourier transform (DFT) of the
density, p(k), is calculated using the fast Fourier transform (FFT). The corresponding
gravitational potential in Fourier space is expressed as:

O(k) = G(k)p(k), (3.36)
where G(k) is the Green’s function in Fourier space

. alAx?
G(k) = — .
(%) 4sin? (kAx/2)

(3.37)

3.2 Numerical Test of the Solvers

Before going into the real use-case simulation, we tested our solvers on known problems. In
this section, we perform numerical test for the VP solvers for different initial condition,
to verify the behavior of the integration scheme. All simulations are performed with
p* = G = 1. We have taken into account the evolution up to a single dynamical time

T =+/1/Gp* = 1. As maximum velocity, we use V. = 2L/T.

3.2.1 Details on numerical implementation

The test cases that we will consider for this work have a relatively small size and were
only conceived for the purpose of comparing the accuracy of three approaches, rather
than their computational performances. The bigger test-case presented will be a 2D VP
simulation with 64% x 128% grid points; nonetheless, we tried to optimize the codes as best
as possible, while keeping them in python for an easy readability and access. We have run
all simulations on an a laptop with the M2 processor, exploiting Python vectorization
and, where this was not enough, we used numba version 0.61.0 [89] for parallelization and
just-in-time (JIT) compilation to speed up the code. Numba translates selected Python
functions into optimized machine code at runtime, allowing them to run much faster
and, when used in parallel mode, to distribute computations across multiple CPU cores
efficiently. Both spectral methods employ in-place operation and pre-allocated arrays in
oderd to speed up execution time.

The code is written in Python, using numpy and scipy to implement the FPC scheme.
A significant portion of the code was vectorized using numpy, which improved runtime
performance. For the spectral method, we employed the PyFFTW which works exactly like
FFTW for C. We worked with pre-allocated arrays in order to optimize the performance.
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3.2.2 Timestep

As already anticipated, all the evolutions in this section are done up to a dynamical time
T = (G p)~"/? = 1. Neither the FPC scheme nor the spectral method strictly necessitates
the Courant-Friedrichs-Lewy CFL condition, however, for both schemes we have chosen
to allow the maximum displacement for a single timestep to be a fraction C' = 1/2 of the
cell to ensure a more stable solution [84].

We choose the starting timestep as in [61]:

(3.38)

At:C’-min{Atp: Ar Av }

S VAR -
178 2 max; |0, ¢;|

where the factor 1/2 comes from the fact that we do half timestep in the velocity inte-
gration. The position timestep is constant throughout the whole integration process and,
while At, might change, because of the dependence on the force, does not happen in our
simulations.

3.2.3 Maxwellian initial condition

The first scenario in which we aim to test the FPC and the spectral solver is represented
by a smooth initial distribution. We aim to verify the conservation laws mentioned in
Sec. 3.1.

A commonly used test for the accuracy of a chosen integration scheme for VP is the
evolution of the Maxwellian distribution [61], [84], [85]

* 2 2
flz,v,t) = \/% exp (—%) [1 + A sin (%x — g)} (3.39)
with A =1/2 and

2 _ drGp* _,
2 /L

Adjusting the ratio R = k/k; between the wave number k = 27/L and the Jeans wave
number k; we can move from linear to non-linear dynamics, specifically, by setting R =
1/2, we study the case of non-linear Landau damping.

The results are presented in Fig. 3.1, where we tested both integration schemes on
a grid composed of N = 512 by M = 1024 points, presenting the evolution of physical
observables that should be conserved by a VP system. As it is shown, all quantities
are preserved up to 107, with the only side notes concerning the fact that the spectral
method conserves energy up to 107% and the FPC the Ly norm up to 107°. We can
thus state that all the results hint towards the fact that both integration schemes work
correctly.

(3.40)

3.2.4 CDM Initial condition

Let us consider now the CDM case of a sinusoidal perturbation on the density:

2
plx,v,t =0) =1+ A sin (%x — g) , (3.41)
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Figure 3.1: Smooth initial condition : Evolution of physical observables (top row) and
norm (bottom row) as a function of time in a simulation of a VP system with N = 29,
M = 29 + 1. Starting from the top-left corner we find, Mass M (t), momentum P(t)
and energy FE(t); from bottom-left corner we find the Li, Ly and L — co norm of the
distribution function f(z,v,t). The red line is obtained using a spectral method, the blue
one using the FPC.
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Figure 3.2: Comparison of densities p(x) between VP results and a PM simulation (center
column). The VP simulation are run on a N x M = 1024 x 2049 grid, while the PM
simulation runs on 1024 grid points and 10° particles. The two column on left are CDM
simulation done with the FPC and Spectral method respectively and discontinuous initial
condition (Subsec. 3.2.4), while the two on the right evolves the smoothed initial condition
with R = 0.04 (Subsec. 3.2.5). The figure can be read row-wise or column-wise as on
each row we compare the density p(z) at the same time ¢ for different integration scheme,
while on each column we can follow the evolution of the density for a given integration
scheme.

where everything is still, in other words, the initial velocity distribution is given by a
Dirac’s delta 6(v — 0). Thus, our initial distribution function can be factorized in a
velocity part and a spatial density.

flz,v,t =0)=6(v,t =0)p(x,v,t =0). (3.42)

Repeating the analysis performed for the Maxwellian initial condition, we simulate
the evolution of a Vlasov-Poisson (VP) system on a 1024 x 2049 grid to ensure that
both the spectral method and the FPC scheme conserve the physical quantities outlined
in Sec. 3.1. The results are shown in Fig. 3.3, where we observe that the FPC scheme
conserves all quantities except for the norm Ly and the energy, with deviations limited to
10~%. As discussed in [84], the inclusion of slope correctors in the FPC scheme accelerates
the decay of the discrete norm Ls. However, when oscillations caused by nonlinear effects
are damped or smoothed through grid projection, the Ly norm stabilizes.

This behavior is not observed in the spectral method. Without any limiter, spurious
oscillations can cause the distribution function to become negative, resulting in violations
of L1 norm, momentum, and L., norm conservation.
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Figure 3.3: CDM stiff initial condition : Evolution of physical observables (top row) and
norm (bottom row) as a function of time in a simulation of a VP system with N = 219,
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If the analysis is restricted to the conservation of the aforementioned quantities, one
might conclude that the FPC scheme accurately reproduces the VP dynamics, while the
spectral method does not. However, this conclusion is misleading. Fig. 3.2 compares
the densities obtained using the FPC scheme and the spectral method with those from a
particle-mesh (PM) simulation, which serves as a reference. The first three columns reveal
that the FPC scheme (first column) produces anomalous density peaks at x = 0 and
x = 1/2. Furthermore, the density, p, appears smoother compared to both the spectral
method (second column) and the PM simulation (center column). This smoothing arises
from a combination of the stiff, discontinuous initial condition and the limiters applied in
the FPC scheme.

The discontinuity is most prominent along the velocity axis, where the function re-
sembles §(v). Analytical evolution would shift this function in accordance with Eq. (3.5),
resulting in §(v — FAt). To compute these values numerically, interpolation is required.
Fig. 3.4 illustrates how a delta function evolves under the FPC and spectral methods. In-
stead of propagating a delta function, §(v — F'At), as expected, the FPC scheme produces
a smoothed, truncated version, which accounts for the smoothing observed in p.

This issue does not arise in the spectral method, as the negative values retain infor-
mation about the shifted delta in Fourier space. However, the spectral method introduces
noise along with the desired information, and spurious oscillations cannot be suppressed
due to the absence of limiters.

In addition to smoothing the distribution function, the above phenomenon causes two
stationary density peaks to appear in the FPC results at v = 0 and F' = 0. These
two remain in fact stationary points during the whole evolution because the smoothed
density prevents the potential (and consequently the force, F') from growing large enough
to destabilize these points.

3.2.5 Smoothed initial condition

If the previous considerations are true, the main obstacle is Dirac’s delta in the initial
condition. We thus propose as an alternative to the stiff discontinuous CDM initial
condition a smoother version, which however does not change the core of the dynamics.
The Dirac’s delta can be seen as an extreme case of a Gaussian distribution as o — 0.
Thus we choose to recover the distribution function in Eq. (3.42) with small R = 0.004 to
obtain a softer version of the Dirac’s delta, where instead of having one point different from
zero we have three. In fact, from Eq. (3.40) we notice how choosing a small R corresponds
to almost zero variance. This small numerical artifact provides a better starting point for
both integration schemes at a small price: a very slight diffusion.

We report the results obtained on a 1024 x 2049 simulation in Fig. 3.5 and Fig. 3.2.

Compared with the results obtained in the previous section (Fig. 3.3), we immediately
observe significant improvements in the spectral method. The L; norm smoothly tran-
sitions from 1 to a maximum of 5, in contrast to the abrupt discontinuity observed in
Fig. 3.3. This behavior arises because smoothing the initial conditions eliminates the ini-
tial presence of negative values in the distribution function. For the same reason, Fig. 3.5
shows that momentum is conserved to a precision of 1074, compared to 1072 in the case
of discontinuous initial conditions. Additionally, the L., norm is effectively conserved by
the spectral method when the initial conditions are smoothed, as the relative variation is
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O(107%/10%) = O(107°). Finally, the L, norm exhibits an approximate variation of order
unity, corresponding to a relative variation of O(1072). This is significantly smaller than
the relative variation of O(1) observed for the discontinuous case (Fig. 3.3).

This improvement arises because the spectral method is highly sensitive to steep dis-
continuities and lacks mechanisms to regulate spurious oscillations. However, despite the
improvements introduced by the spectral method once the stiffness issue is resolved, no
clear-cut winner between the spectral and the FPC methods emerges from examining the
physical quantities shown in Fig. 3.5. Therefore, we turn our attention to the behavior of
the density function.

In Fig. 3.2, we can clearly see how smoothing has benefited both the FPC and the spec-
tral schemes. For the spectral method (rightmost column), oscillations are significantly
damped, and while negative densities persist, they are comparable to minor numerical
noise. The peak heights align almost perfectly with the PM results. A closer examination
reveals a slight diffusion effect due to the smoothed initial condition, as the function lacks
the sharp edges observed in its counterpart with discontinuous initial conditions (second
column).

Regarding the FPC scheme (second column from the right), we observe only minor
changes. The density is slightly less smooth, but the most notable improvement is that
the peak at = 0 has almost disappeared. This supports our hypoThesis that the primary
issue lies in the integration of a steep, discontinuous distribution function. Smoothing the
initial condition has effectively eliminated one of the peaked structures.

Even though the spectral method exhibits negative values, which are non-physical, the
overall physical observables are accurately reproduced when the smoothed initial condition
is evolved using the spectral method. The next step in our analysis will consider how the
regularization of the initial conditions impacts the negative values in the evolution. ——

3.2.6 The right smoothing choice

In this section we address two closely related questions: what is the minimum amount
of smoothing required to eliminate negative values in the density, and what is the cost
of this operation in terms of physical fidelity. We also assess how the resulting density
compares with the reference case.

We recall that replacing the Dirac delta in Eq. (3.42) with a narrow Gaussian regular-
izes the problem without altering its essential physical properties. Nevertheless, a more
systematic analysis of how this Gaussian should be chosen is warranted. A convenient
approach is to adopt the standard form of a Gaussian distribution and to express its
standard deviation in terms of the velocity resolution Aw:

1 v? C Av
p(v) = Wexp (_ﬁ) : 0=—c" (3.43)

The parameter C' encodes the width of the Gaussian in units of velocity cells Av. For
example, C' = 5 corresponds to a Gaussian spanning approximately five cells, while C' = 13
and C' = 20 describe progressively broader kernels.

We compare the resulting density and distribution function f for different values of C'
against those obtained from a Particle-Mesh (PM) reference solution. This comparison
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is carried out at two different resolutions in order to verify that the choice of C' is not
related to the specific discretization, as it is defined directly in terms of Av. The two
simulations employ grids of 1024 x 2049 and 512 x 1025 points, respectively.

The results are shown in Fig. 3.6, where we first examine the simulations with fixed
resolution. Increasing the smoothing parameter C' progressively regularizes the density:
for C' = 18, no negative values or oscillations are observed. However, this comes at the
cost of not capturing the right height of the density peaks.

Importantly, the optimal choice of C' is largely independent of resolution, since the
Gaussian width is defined relative to the velocity-space discretization Awv.

These findings provide practical guidance for CDM simulations using the VP solver.
If avoiding negative densities is the main concern, C' = 18 is appropriate; if accurate
reproduction of peak heights of PM is prioritized, C' = 13 offers the best compromise.
In general, C' = 13 captures the PM peaks faithfully while introducing only minimal
oscillations.

3.2.7 Summing up

In summary, we showed how VP solvers fail in correctly representing the evolution in
case of CDM-like initial conditions. The problems arise from the steep discontinuity in
the initial condition, which standard schemes cannot handle reliably. Introducing a min-
imal smoothing removes this numerical stiffness without affecting the physical dynamics.
With this adjustment, the spectral method accurately reproduces the density and distri-
bution function while maintaining good conservation properties, outperforming the FPC
scheme. We therefore use, in our comparison simulations, a gaussian of total width of
approximately C' = 13 gridpoints, together with a spectral integrator for discontinuous
VP problems. The velocity domain will contain, in order to avoid aliasing, double the
number of gridpoints than the spatial domain; i.e., if N gridpoints are chosen to represent
one of the spatial dimensions, the number of grid points for the velocity domain will be
2N — 1, in order to account for the presence of v = 0.

3.3 Numerical Comparison

In this section, we compare the results obtained with the three VP solvers: the direct spec-
tral method, PM, and SP. We assess convergence in two test cases: a one-dimensional
sinusoidal perturbation and a two-dimensional collapse. The primary goal is to identify
the scenarios in which the SP method accurately reproduces the correct VP results. Ad-
ditionally, we examine whether even in these simple settings there are dynamical features
that the PM method fails to capture.

3.3.1 One-dimensional sinusoidal perturbation

We start with the simple case of a one-dimensional sinusoidal perturbation, as defined
in Eq. (3.41), assuming an initially static configuration. A crucial assumption is that
the velocity field is single-valued, which allows the initial distribution function to be
represented by a Dirac delta, as in Eq. (3.42).
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The numerical setup is as follows. The spatial domain is discretized with N = 1024
points over a length L = 1, while the velocity space is sampled with 2N —1 points spanning
[—Vinax, Vinax), explicitly including v = 0. We set p = G = 1 and evolve the system up to
a final time 7" = 1. Based on previous analysis, we adopt a smoothing coefficient C' = 13
for the VP solver, effectively replacing Eq. (3.42) with a Gaussian of width 13 Aw.

We start our analysis with the smallest value of A that can be reliably resolved at
this resolution, A = 5 x 10~%. For smaller values, the dynamics are no longer accurately
captured. Figure 3.7 displays the density profiles at selected representative times. The
first row corresponds to the linear regime prior to shell crossing, where all three solutions
are in excellent agreement. This is followed by the collapse phase, still preceding shell
crossing. In this stage, the SP density peak is slightly lower, although the qualitative
agreement remains good.

The last three rows show snapshots taken after shell crossing. At this point, the two
density peaks associated with the perturbation cross each other, and the velocity field
ceases to be single-valued. This evolution is clearly visible in Fig. 3.8 and represents the
most critical and physically relevant phase of the dynamics. Again, in this section we
adopt the PM solution as the reference. In the case of simple dynamics with no free-
streaming, such as the one considered here, its accuracy is well established. As observed
in previous sections, the VP solver reproduces the PM results well, apart from numerical
oscillations associated with a shock-like phenomenon. The SP solver, in contrast, exhibits
small-scale quantum-like fluctuations. The amplitude of these fluctuations depends on
A; for fixed N, choosing too small a value of A leads to pronounced sub-grid effects that
hinder accurate resolution. Despite these fluctuations, the overall density profile remains
well captured.

In Figure 3.8 we compared the distribution functions obtained with the three solvers,
at the same time-frames as in Fig. 3.7. For the SP solver, the phase-space distribution is
constructed following the procedure described in Sec. 1.2.3, using a Gaussian smoothing
parameter 1 = 4 Az to regularize the initial velocity distribution (i.e., using a Gaussian
instead of a Dirac’s delta). The resulting distribution is slightly broader, indicating a
small velocity dispersion introduced by the convolution. In contrast, the VP solution
shows barely any smoothing, with effects arising solely from the regularization of the
initial condition.

Based on previous observations, our next goal is to determine the appropriate value
of A for a fixed N. We then choose Ngp > N to ensure that the dynamics is accurately
resolved. The resulting density is subsequently coarse-grained to map it back to a grid of
N points. For consistency, the reference VP and PM simulations were kept at N = 1024,
while A and Ngp were varied until a faithful representation of the dynamics was achieved.

Figure 3.9 shows the density profiles in the same time frames as in Fig. 3.7. In this
case, the SP solver is initially Tun on a grid of Ngp = 2! points with A\ = 2.5 x 107°. The
results are then recursively smoothed to obtain a representation on a grid of 1024 points.

This procedure reproduces the PM density remarkably well, with only negligible resid-
ual oscillations visible. The accuracy of SP in capturing the PM density highlights its
potential to effectively emulate VP dynamics in practice. These small oscillations are a
natural consequence of the quantum nature of the SP method and can be further reduced
by increasing the simulation resolution and applying additional smoothing. In this con-
text, the smoothing procedure plays a role analogous to softening or the choice of grid
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Figure 3.7: Evolution of density for a sinusoidal perturbation with three different solver
on 1024 grid points. The figure reads in columns. We compare a direct VP spectral
solver (left), a PM with 2!8 particles (center) and a solution of the SP equation with
A =5 x 107%. We smoothed the initial velocity distribution for the VP solution using a
gaussian of width C' = 13Aw, in place of a Dirac’s delta.
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size in classical N-body codes, helping to control numerical artifacts while preserving the
overall structure of the density field. This result demonstrates that SP can serve as a
practical and accurate tool to emulate classical dynamics.

It is also worth noting that the time frames do not perfectly coincide between SP
and PM. This discrepancy arises because the SP solver is run at higher resolution with a
different time step compared to the VP and PM simulations.

To examine the correspondence between the different methods in more detail, we
analyze how fluctuations affect the agreement. For this purpose, we take the logarithm of
densities and study the probability distribution of the logarithm. The results are shown
in Fig. 3.10, where the logarithms of the distributions are compared across different time
frames.

We focus on times around and after shell crossing, when oscillations are more pro-
nounced. In this regime, the PM and smoothed SP results are nearly identical, with the
minimal SP oscillations comparable to the sampling noise in the PM solution. In contrast,
VP exhibits significant oscillations in regions where the density is small.

We also tested two different initial smoothings, C' = 13 and C' = 18. Interestingly,
when analyzing the fluctuations, the choice C' = 18 appears to provide the best agreement
with the reference solutions.

In summary, for the case of an initially static sinusoidal perturbation, the SP solver
reproduces the solution accurately. The only requirement is to run at higher resolution and
then compute the coarse-grained density on a lower-resolution grid. The need for higher
resolution arises from the requirement to recover the correct small-scale structures.

The VP solver, on the other hand, requires regularization of the initial condition with
a Gaussian of width approximately C' = 13 if small oscillations are acceptable and C' = 18
if these oscillations are to be fully suppressed, at the cost of slightly lower density peaks.

In this analysis, we focus on the density rather than the full phase-space distribution,
as the velocity dynamics is relatively simple. There are no exotic phenomena in this setup
where SP fails and VP becomes strictly necessary. Such scenarios could arise in warm
dark matter simulations, where the initial velocity distribution is non-trivial [90].

On a side-note, the integration of WDM models is in general motivated by the need to
address small-scale structure issues, as discussed in Chapter 1. Analogously, alternative
dark matter models formulated directly in the SP framework, such as FDM, tackle similar
small-scale problems through the wave-like properties of ultralight axions rather than
through thermal velocity dispersion.

We performed a series of numerical tests, reporting the execution times in Tab. 3.1.
To obtain a VP result on a 2! = 1024-point grid, SP must be run on a 2'%-point grid
and subsequently smoothed. In terms of execution times, SP is more efficient than the
other approaches, whereas direct VP integration is the most demanding because of the
high dimensionality. Note that SP results require coarse-graining and higher-resolution
runs to recover the classical smooth solution.

Taking these factors into account, the PM method is the preferred classical approach
for this scenario, particularly because the chosen initial conditions favor PM. In CDM
systems, where the velocity distribution is sharply peaked, PM performs efficiently and
accurately. The SP approach can approximate the VP evolution, but requires higher
spatial resolution to capture the wavefunction dynamics faithfully. As a result, on classical
hardware, SP does not provide a clear advantage over PM for CDM.
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Figure 3.8: Evolution of the distribution function f for a sinusoidal perturbation with
three different solver on 1024 grid points. Each column represents the evolution of the
distribution function with a different solver, while each rows shares the same time. The
plots correspond to times {0.28, 0.5, 0.63, 0.87, 1.0}. We compare a direct VP spectral
solver (left), a PM with 2!8 particles (center) and a solution of the SP equation with
A =5 x 107*(left). We smoothed the initial delta distribution for the VP solution using
a gaussian of width C' = 13Aw.
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Figure 3.9: Evolution of density for a sinusoidal perturbation with three different solver
on 1024 grid points. The figure reads in columns. We compare a direct VP spectral

solver (left), a PM with 2!® particles (center) and a solution of the SP equation with
A = 2.5 x 1075 (right). We smoothed the initial delta distribution for the VP solution

using a gaussian of width C' = 13Av. The results of the SP simulations are obtained with

Ngp = 2%, The density is then coarse grained onto N = 2! grid. The time frames for

SP are slightly different from VP and PM.
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Figure 3.10: Evolution of density for a sinusoidal perturbation with three different solver
on 1024 grid points. The figure reads in columns. We compare a direct VP spectral solver
(first two column on the left, in black), a PM with 2'® particles (third column from the
left, in blue) and a solution of the SP equation with A = 2.5 x 107 (right-most column,
in green). We smoothed the initial delta distribution for the VP solution using a gaussian
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N = 219 grid. The time frames for SP are slightly different from VP and PM.
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N | N, A t (minutes)
vp | 2% 2.7
VP |2U 31.6
PM | 210 | 218 0.1
PM | 212 | 218 0.5
PM | 213 | 220 2.8
PM | 215 | 220 14.4
PM | 215 | 22 29.7
PM | 216 | 22 61.1
Sp |21 107 2.1
Sp | 216 1.2575 7.5

Table 3.1: Execution time of the different simulations of the one-dimensional sinusoidal
perturbation in 3.3.1. Simulations are run on a M2 laptop processor.

Nevertheless, for larger systems or higher-resolution studies where PM becomes memory-
limited, the VP-SP mapping offers a promising testing ground for quantum algorithms.
Quantum computers can exploit qubit superposition to efficiently represent the full Hilbert
space, enabling SP-based simulations to handle larger system sizes and finer resolution
than is feasible classically. In this sense, while PM remains the most practical choice
for classical CDM simulations, SP on a quantum computer provides a pathway toward
genuine computational advantage in regimes constrained by classical resources.

Finally, we aim to extend this analysis to the two-dimensional case.

3.3.2 Two dimensional collapse

We now turn to a two-dimensional density perturbation. As in the one-dimensional case,
the initial distribution can be factorized into a spatial density component and a velocity
component,

f(x,y,v5,vy,0) = p(x,y) dp(ve, vy) , (3.44)
where dp denotes the Dirac delta. As a representative example, we consider the collapse
of a spherically symmetric perturbation described by a Gaussian density profile,

(x—L/2)+(y—L/2)°
202 ’

p(z,y,0) = exp | — (3.45)

2mo?
with o = L/10.

The system is evolved in a square domain of size L x L, discretized with N = 64 grid
points along each spatial direction. As in the previous sections, we set L = G = p =1 and
evolve the system up to a final time 7" = 1. The velocity space is defined by pairs (v, vy)
with each component bounded by |v;| < Vijax, where Vi, = 2. This space is discretized on
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a square grid with 2N —1 points per direction, leading to a four-dimensional representation
of the distribution function with dimensions 64 x 64 x 127 x 127. To handle data sets of
this size efficiently, the arrays are stored on disk using the zarr library rather than fully
loaded into memory.

As in one dimension, the SP solver must be run at higher resolution and subsequently
coarse-grained to allow for a direct comparison with PM and VP. We pushed the SP
simulations up to resolutions as high as 2048 x 2048. However, the computational cost
grows rapidly. For this reason, we focus here on results obtained with N = 1024 and
A =5 x 107*, which already provide a meaningful comparison. As shown in Tab. 3.2, a
PM simulation on a 64 x 64 grid requires only 0.03 minutes, whereas SP on a 1024 x 1024
grid takes approximately two minutes. Increasing the SP resolution further would raise
the runtime to roughly twenty minutes, making a direct comparison with the very short
PM execution times impractical. Comparing these runs directly is misleading, since the
resolutions differ by a factor of 16, and obviously on a classical computer the run-times
weight in favor of the PM, with lower resolution. Actually, if PM and SP are compared at
the same resolution (e.g, 1024 gridpoints), SP can actually outperform PM. However, the
key point is that the SP approach, which requires higher resolutions, is to be considered
in the context of a possible advantage on quantum computers, where memory-efficient
handling via Hilbert-space methods can make high-resolution simulations feasible.

Figure 3.11 summarizes the results. In the first column, we show the radial density
profiles obtained with the three solvers; in the same rows, we display the corresponding
two-dimensional density maps p(z,y). In the first row, the perturbation is still collapsing,
and the three methods are in excellent agreement. The second row corresponds to the
collapse phase, during which the agreement remains good.

After collapse, a shell crossing occurs and the VP solution begins to develop slightly

negative density values. In subsequent snapshots, the SP and PM results continue to
agree well in terms of radial density profiles. This agreement is particularly important
because the PM solution serves as a reference in this relatively simple, spherically sym-
metric setup, allowing us to validate the accuracy of the SP approach.
However, differences start to appear in the two-dimensional density maps. In both SP and
VP simulations, numerical effects lead to a mild break of spherical symmetry: small devi-
ations from perfect symmetry emerge due to the different approaches used and boundary
effects. In particular, for periodic boundary conditions, the density can be artificially in-
fluenced by mass concentrations that appear on the opposite side of the domain, effectively
creating spurious interactions as if nearby matter were present beyond the boundaries.
These effects are likely amplified by the fact that the initial conditions were chosen too
close to the domain edges, so that the finite domain and the imposed boundary conditions
interact with the evolving density field, creating small but noticeable fluctuations.

3.4 Summary

In this study, we analyzed the performance of VP, PM, and SP solvers for cold dark matter
(CDM) simulations, focusing on initially static perturbations in one- and two-dimensional
dimensions. The VP approach retains full phase-space information, but is technically
demanding, requiring careful treatment to handle shock-like numerical issues. Although
VP can, in principle, provide highly accurate solutions, it is not strictly necessary for
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(first column) Comparison of the radial density profile of a 2D gaussian

perturbation as in 3.3.2 in case of direct VP solver, PM and SP. The results with SP are

obtained at higher resolution Ngp

1024 and then coarse grained into N = 64. PM

and SP are obtained with N = 64. The other columns represents respectively the density
profile for VP (second column), PM(third column) and SP(right-most column).
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N | N, A t (minutes)
VP | 64 13.2
PM | 26 | 213 0.03
PM | 210 | 218 2.8
SP | 1024 5x 1074 24
SP | 2048 10~* 23.4

Table 3.2: Execution time of the different simulations of the two-dimensional Gaussian
perturbation in 3.3.2. Simulations are run on a M2 laptop processor.

CDM, as PM already reproduces the dynamics with sufficient accuracy and minimal
computational cost, at least in these simple scenarios.

A central finding is that the SP solver can reliably simulate the evolution of CDM

perturbations. This requires performing the simulations at sufficiently high resolution
and subsequently smoothing the results onto the target grid. By doing so, small-scale
structures, determined by the parameter A, are accurately captured, and the solution
matches the expected dynamics.
Even though the resolution required by this approach is computationally demanding in
the classical scenario, quantum computing could in principle mitigate this requirement.
Thanks to the exponential memory advantages afforded by qubit superposition, quantum
algorithms may handle large Hilbert spaces more efficiently, potentially mitigating the
cost of a higher-resolution run for SP, instead of a PM.

For the scenarios studied here, SP and PM both perform well, while VP can develop
small numerical artifacts such as negative densities in post-collapse regions. Our analysis
confirms that SP faithfully represents the CDM dynamics when appropriate resolution
and smoothing are applied.

We have shown that it is possible to use SP to simulate dark matter as a viable
alternative to the PM and VP approaches. Specifically, SP provides a viable alternative
to the PM with the potential for further improvements through quantum computing. VP,
although powerful, is best reserved for cases requiring the full phase-space description or
when small-scale effects are critical.

In the next chapter, building on the key finding that SP can accurately solve the CDM
problem, we will explore a possible quantum algorithm to simulate its evolution.



Chapter 4

A Quantum Algorithm for
Schrodinger-Poisson

In this chapter, we explore the challenges arising in the implementation of cosmological
simulations on quantum devices. The dynamics is governed by the SP equation, where
a self-gravitating potential introduces nonlinearities in the problem. The mapping of the
nonlinear problem onto a quantum device is solved using a classical-hybrid variational
algorithm similar to the one proposed in Lubasch et al. [23]. The evolution of the wave-
function is carried out using a variational time evolution (VTE) approach, tailored for
nonlinear self-consistent problems defined on a grid, which allows for an exponential sav-
ing in computational memory resources through the encoding of N grid points in log, (V)
qubits. Building on [24], we adapt the VTE algorithm to the case where the potential
is given by a variational ansatz, proposing quantum circuits for the evaluation of the
required matrix elements whose depth scaling is polynomial with the number of qubits
and the number of samples required for a desired accuracy scales polynomially with the
number of grid points N.

We investigate the behavior of spatial resolution as the SP dynamics converges towards
the classical limit (h/m — 0). Our investigation will unveil an empirical logarithmic
correlation between the required number of qubits and the scale of the SP equation (h/m).

This chapter is structured as follows. In Section 4.1 we describe the mapping of the
cosmological SP equation on a quantum computer, including a discussion of the strategies
that must be adopted in the latter for the description of non-linear problems.

Section 4.2 is devoted to the description of the VTE algorithm for self-consistent
nonlinear problems, including a discussion on the quantum circuit implementation. Nu-
merical simulations for a one dimensional 5-qubit (i.e., 32 grid points) system will be given
in Section 4.3. The results include an analysis of the time-evolution obtained with differ-
ent choices of physical parameters interpolating between the pure quantum regime and a
classical, Ai/m — 0, limit. A study on the resolution convergence in this classical regime
is also presented. Finally, we discuss the computational costs of our quantum algorithm
and the conditions for potential quantum advantage. We draw our main conclusions in
Section 4.4

71
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4.1 The nonlinear SP equation on quantum comput-
ers

The correspondence between VP and SP, as treated in Sec. 1.2.3, opens up the possibility
of using quantum algorithms (QA) for the investigation of dark matter dynamics, as it
was already demonstrating that QA can reduce the scaling complexity for the solution of
quantum mechanical problems in many-body physics and quantum chemistry [91]-[93].
We propose a scalable quantum algorithm for the simulation of the time propagation of
non-linear Schrodinger-like equations of the form

0

—VU = H[U] ¥ 4.1
v = H[ (4.)
where H[VU] indicates the functional dependence of the Hamiltonian from the system
wavefunction. We consider a complex wavefunction W(x,t) (with x € IR?) defined in
such a way that |¥|? = p/p*. The following normalization emerges naturally from the
definition of the volume-mean density p*

1
= [dV|¥] =1 4.2
5 [avier =1, (1.2
The SP equation of interest (see diagram in Fig. 1.1) assumes the general form
2\I/(x t) = —5V2 + 1V[\IJ(X t)] ) U(x,t) (4.3)
"ot T 2 A ’ T '

with the self-interacting potential V[¥] defined as
VAV U] = V2V (x,t) = [P(x,1)]* — 1. (4.4)

Here A = h/m is the intrinsic scale of the problem and V[U] is a redefinition of the
self interacting potential U[V] that renders the Poisson equation dimensionless. We use
square brackets, e.g., V[U], to denote functional dependence. Details on how to recover
Egs. (4.3), (4.4) from Eq. (1.26) are given in Appendix A.1. This set of equations can be
seen as a time-dependant Schrodinger-like equation (TDSE), where the self-interacting
nature of the potential in Eq. (4.4) causes the dynamics of the system to be strongly
nonlinear. It features two main processes, whose intensity are regulated by the magni-
tude of \. We observe that if A — oo the potential term vanishes, leaving only the free
Schrédinger equation which leads to diffusion [94] (however, due to the imaginary coeffi-
cient iA/2, the Schrédinger equation cannot be strictly classified as a diffusion equation).
In this case we expect to see a spatial smoothing of the density distribution. In the op-
posite limit, when A — 0, the potential term dominates: this should cause the collapse of
the distribution followed by a series of peaks and caustics. As such, this can be seen as
the onset of the classical regime of gravitational instability [53].

While quantum computation proved to be efficient in solving linear partial differential
equations (PDEs) [95]-[97] problems arise when dealing with nonlinear equations due
to the intrinsic linearity of quantum mechanics [18], [80], [91]. Two main challenges
are associated with the non-linearity of Eq. (4.3). The first one is related to the fact
that quantum states are usually prepared and evolved through unitary operations. This



73

rotation entangling

0) 4 Ry(90) R, (¢s3) Ry (¢6)
10) 1 Ry(91) & Ry(¢4) & Ry(¢7)
‘O> T Ry(¢2) D Ry(‘bS) © Ry(¢8)

Figure 4.1: Example of a 3-qubit R,-CNOT ansatz circuit used for the wavefunction
|®) used to evaluate the potential according to Eq. (4.13). This circuit has 3 rotational
blocks U, and 2 entangling blocks U,,; with linear entanglement. The output function
is parameterized through the nine real parameters @ such that U(0) |0) = |®(8)); in this
case the number of parameters exceeds the Hilbert space dimension 2% = 8.

preserves the well-known probability-like normalization of the quantum register: (¢ |¢)) =
1. Thus, the physical wavefunction |¥), that solves Eq. (4.3), and the generic quantum
state on the quantum register |¢) live in two different Hilbert spaces. We will give more
details on this subject in Section 4.1.1. The second complication arises from the self-
consistency of the problem, which motivates the search for alternative time evolution
algorithms beyond standard Trotter-based expansions [98], [99].

For context, the Trotter decomposition (or Trotter-Suzuki expansion) is a widely used
method to approximate the time evolution of a quantum system. Suppose the Hamiltonian
can be split into two non-commuting parts, H = H4 + Hp. The exact evolution operator
over a small time step At is

U(At) = e HHAL
—iHAt —iHaAt

Since H4 and Hp do not commute, one cannot simply write e =e
The Trotter decomposition approximates the evolution as

e—zHAt ~ e—zHAAte—zHBAt + O(AtQ),

e—iHBAt

becoming more accurate as At decreases. Higher-order Trotter-Suzuki formulas can fur-
ther reduce the error, at the cost of deeper circuits [100].

While effective in many quantum simulations, Trotter methods face challenges when
the Hamiltonian depends on the evolving state itself, as in self-consistent problems. In
such cases, small approximation errors at each step can accumulate and feed back into the
Hamiltonian, potentially leading to inaccurate or unstable evolution over long times. This
motivates the development of alternative time evolution algorithms that can handle state-
dependent Hamiltonians more robustly, ensuring stability and accuracy even in strongly
self-consistent systems.

To address both issues, in this work we propose a variational time evolution algorithm
specifically adapted to the nonlinearity of the problem, which relies on the development
and the application of novel quantum circuits described in Sec. 4.2.

4.1.1 The quantum computing approach to the SP equation

A first attempt to solve the nonlinear SP equation was given by Mocz and Szasz [32].
Such a solution is fully variational and makes use of a finite difference optimization of the
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potential and of the system wavefunction evaluated at two subsequent time steps. The
variational nature of this approach also allows one to bypass the costly solution of the
Poisson equation in Fourier space in favor of a variational optimization of the potential
as implemented in a separate qubit register.

In this work, we propose a novel set of quantum circuits that enable the implemen-
tation of a different strategy based on an adapted variational time-dependent quantum
algorithm for the propagation of the variational parameters defining the system wavefunc-
tion (See Section 4.1.1). This enables a more rigorous implementation of the wavefunction
dynamics, avoiding the instabilities implicit in most VQE optimization procedures (e.g.,
slow convergence due to trapping in local minima and barren plateaus [101], [102]).

In particular, barren plateaus are regions of the variational parameter space where
the gradients of the cost function with respect to the parameters Vy vanish or become
exponentially small as the system size increases. They typically arise in deep or highly
entangled variational circuits, where the parameters are effectively randomized, causing
the cost function landscape to become almost flat. In these regions, classical optimizers
struggle to identify a meaningful update direction, leading to extremely slow convergence
or even stalling entirely. The presence of barren plateaus is a fundamental limitation
for many variational quantum algorithms, especially when scaling to larger systems, and
motivates the search for alternative methods, such as the Variational Time Evolution
(VTE) approach, that avoid reliance on gradient-based optimization over highly rugged
or flat landscapes. On the other hand, the VTE algorithm comes at the cost of evaluating
additional matrix elements for the solution of the equation of motion for the wavefunction
parameters.

Grid-based representation of the system wavefunction

A typical space discretization associated to problems in first quantization [23], [24], [32],
[98], [99] approximates the continuous space with a grid. In 1D, a line of length L is
divided in arbitrary N equidistant points. For each grid point x; we have V; ~ W(x;),
with 7 € {0,1,..., N — 1} and periodic boundary conditions ¥y = V.

With a n-qubit quantum register, one can generate a quantum state |1)) belonging to a
N-dimensional Hilbert space, where N = 2". Making use of the amplitude encoding, only
n = log, N qubits are needed to describe a N-point grid. A generic state |¢)) can hence
be represented on a quantum register as a superposition of computational basis states,

) = Y dylbin(i) (45)

where bin(j) is the binary representation of the grid position j and 1; € C is the associated
amplitude or weight, such that the probability distribution of measuring the different
basis states (i.e., different positions on the grid) is normalized as (¢[1)) = E;y:_ol ¥;* =
1. By combining this relation with the discretization of Eq. (4.2), we can establish a
correspondence between the approximated physical wavefunction on the grid point z; and
the corresponding coefficient of the j-th basis |bin(5)) in Eq. (4.5), such that ¥; = v/ Nv);.

The dynamics of the system wavefunction is described by means of a time-dependent
variational approach [103]. To this end, we define a quantum trial state |¢(0(t))), pa-
rameterized by a set of (time-dependent) variables @(t) = {0:(t), ..., 0, (t) }, which evolve
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Algorithm 1 alg: VTE for Self-consistent potential.

1=20 > Initialization
Yyy = Oy
while {¢;,} not converged do
V;o — ¢to
cost = [[Viy — [ |* + 1|
end while
fori=0,...,N; — 1 do:
evaluate My, ;(6;), Bi(6;, ¢v,) > V.T.E
0,,, «—M-6, =8B

wtm <~ 0ti+1

while {¢;,,,} not converged do > Pot. Opt.
‘/tiJrl — ¢ti+1
cost = ||Vti+1 - ’\I]ti+1’2 + 1H2
end while
end for

according to well-defined equations of motion [103]. The initial state is prepared through
a suitable choice of a parameterized unitary (quantum circuit) U(6(0)). An explicit cir-
cuit example is shown in Fig. 4.2. Using the previous relation between ¥; and 1;, we can
describe the time evolution of the physical state

(U(6(t))) = VN[(8(1))). (4.6)

using the updated parameters 6(t).

Variational time propagation with nonlinearities

The trial wavefunction [¢(0(t))) is evolved adapting the VTE algorithm proposed in
Ref. [24] to the case where the potential is self-consistent with the wavefunction and needs
to be re-evaluated at each timestep. In VTE, the dynamics is tracked on the manifold
spanned by the time-dependent parameters 0(t) used to describe the trial wavefunction.

For a system evolving under the action of a Hamiltonian H, we derive, from the
McLachlan variational principle [24], [103], a set of equations of motion (EOM) of the
form

M6 = B, (4.7)

where
My = Re {(09, ¥ | 09, V) — (0p, ¥ | U) (¥ | Op, V) } (4.8)
By, = Im {(p, U|H|V) — (05, ¥ | U) (U|H|T)} (4.9)

with
H[V] = <—%v2 + %vm) (4.10)

as defined in Eq. (4.3). The dependence of ¥ on the parameters 0(t) is implicit. Note that
to capture the exact evolution comprehensive of nonlinear effects, the terms in Eqs. (4.8)
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and (4.9) are rescaled according to Eq. (4.6). The main obstacle to the application of such
method is the evaluation of the term Im (9, V|H|¥) in Eq. (4.9). The difficulty stands in
the fact that the self-consistent potential does not have a standard form, but it depends
on the system wavefunction. The evaluation of this term is made possible by application
of the novel quantum circuit scheme discussed in Sec. 4.2.

Optimization of the potential

As anticipated in Sec. 4.1, the functional dependence of the potential on the system
wavefunction, ¥, brings a further level of complexity into the dynamics of the system.
While classically, the solution of the Poisson equation (4.4) for a generic wavefunction W
can easily be found using a spectral method in Fourier space [32], such strategy is not
practical on near-term quantum computers, as it would require rather deep circuits [104].
We instead resort to a variational approach. Hence, we introduce a second set of pa-
rameters ¢(t) = {dy (1), d(t)} = {dv(t), b1 (1), .. ,(bMp( )}, with M, being the number of
variational parameters. The parameters with the tilde are used in the preparation of the
trial wavefunction and are in fact angles of the rotations, as shown in Fig. 4.1. The pa-
rameter ¢, is used to encode the norm of the potential, that due to the nonlinear nature
of the problem is expected to change. This set of variational parameters allows for the
description of the quantum state

v () = b [25(6)) (4.11)

The potential can be obtained as

=

|y (¢ Zv =ov ) Vi(e) i), (4.12)

J

Il
o

where the index j in V;(¢(t)) labels the grid position x; associated to the bit string bin(j).
In Eq. (4.12) the parameter ¢y [32] ensures the normalization of the potential,

<<I>v(¢ ‘@ > Z Vi(o(t)2 =1, Vt. (4.13)

The potential can therefore be interpreted as a functional of the circuit parameters,
Vi(¢(t)). The parameters are iteratively updated to minimize the distance between the
parameterized potential and the one arising from Eq. (4.4):

ming (Z (V2V;(o) — |T,(6)]> + 1)2> . (4.14)

Jj=0

Details about the terms appearing in Eq. (4.14) are given in Appendix A. When the
optimization converges, the function V;(¢(t)) approximates the exact potential V'(x,t).
As the criterion expressed in Eq. (4.14) is equivalent to finding the set of parameters
that minimizes the distance between the trial state and the potential obtained using the
right hand-side of Eq. (4.4) ||[V(¢) — |¥(0)]* — 1|| . In practical implementations, the
convergence criterion is defined by the optimization strategy of choice. In this work we
employed gradient based methods, that, in general, stop when the gradient of the cost
function is less than a given threshold.
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Figure 4.2: Quantum circuits used to prepare: (a) the trial wavefunction; (b) the unitary
matrix Fj, that generates states like the one in Eq (4.19); (¢) the unitary matrix Fj; that
generates states like the one in Eq. (4.20).

4.2 The Algorithm

The problem of self-consistency is solved, as anticipated in Section 4.1, by alternating
the solution of the TDSE (VTE) and the optimization of the potential (Pot.Opt). The
intrinsic nonlinear nature of the SP equation is reconciled with the requirements of a
quantum circuit implementation imposing the correct normalization of the physical wave-
function and potential, as given by Eq. (4.6) and Eq. (4.12)), respectively. A scheme of
this algorithm is reported in Alg. 1, where {0;,} and {¢,,} refer to the parameters’ set
at time t;; ¢ € {0,1,..., N; — 1}. For conciseness, in Alg. 1 we use the following notation
U, =¥ (6,,).

4.2.1 Circuit implementation

The trial quantum states for both the wavefunction and the potential are implemented
using a heuristic local ansatz [19], [23], [24], [32], [99], [105] that alternates single qubit
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Figure 4.3: Quantum circuits for the evaluation of the VTE matrix elements in Eq. (4.8),
(4.9) through the measurement of the ancilla qubits (o,). The correspondence between
expectation value and measurement is reported under the respective scheme. The unitaries
Fy; and Fj, are both reported in Fig. 4.2. They are used to produce the wavefunction and
its derivatives. The Toffoli gate in panel (c) represents a Toffoli ladder: n Toffoli gates
linking the wavefunction and the potential register qubit per qubit. (d) F; ,51/ 9 denotes F, k
with different control states (|0) or |1)) and A is the adder circuit [23] (See Appendix A.3
for more details on the adder circuit).

rotation layers U™ (0) and entangling layers U™ (see example in Fig. 4.1)

D
U(8) = U (80) - [T Ug™ - Uz (6 (4.15)
¢=1
where D is the number of entangling layers and 8, a subgroup of parameters. In Fig 4.2,
we show the typical circuits used to encode the wavefunction [1/(0)), while Fig. 4.1 reports
the one used for the potential |®y(¢)). The latter consists of just Ry (#) rotations and
CX gates, since the target potential function is real-valued.

The quantum part of the evolution algorithm resides in the measurement of the ex-
pectation values in Egs. (4.8) and (4.9). In the following, we propose an efficient imple-
mentation of the circuits for the evaluation of the terms with derivatives in Egs. (4.8)
and (4.9). In particular, we provide a detailed procedure for the calculation of those
matrix elements that have a functional dependence on the non-linear potential, such as
(0o, LI H(V (D)) [¥).

Given the structure of the ansatz in Eq. (4.15) and 6 in the subset 8¢ , the derivatives
Op, leaves the unitary unchanged, with the exception of the target rotational layer:

n—1 .

TO v
U (0;) = ®exp{—§ajaéj} (4.16)

Jj=0

where 0; ; € 6; and a; € {X,Y, Z} is a Pauli matrix, generator of single qubit rotations.
Combining Eqs. (4.15), (4.16) and |¢(0)) = U(0) |E), one gets for the partial derivative
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O ,
05U (0)|E) = 00,1(6)) = —5Wi(0) Z) . (4.17)

for a generic quantum state |2). Here Wy (0) is a modified version of U(@) where the
single qubit rotation R, (6y) is preceded by its own generator [24], [106].

In the search for an efficient quantum circuit able to reproduce the matrix and vector
elements of the McLachlan equation of motion of Eq. (4.7), the main obstacle is to produce
a quantum state with the following structure:

1 - -
V) = =5 (T1(6) =) [0) + U2(8) [E) 1) (4.18)

where Uy, U, are generic unitaries and the second quantum register (single qubit) is used
to evaluate the value of the matrix element. In the specific case at study, these unitaries
should be expressive enough to enable a suitable parameterization of the wavefunction
and its derivatives (Eq. (4.17)). Given the structure of the circuit Wy, by controlling only
the Pauli matrix that implements the derivative, it is possible to prepare the quantum
states

Fy(0) ) [+) = —= (Wi(8) [E) [0) + U(6) [E) |1))

1
7
- % (2100, 10(8)) 0) + [12(8)) | 1) (4.19)
Foa(6) [E) |[+) = % (We(8) [Z) 0) + Wi(6) |E) 1))
= iV3(100,(0)) 0) + 20 6(0)) 1) ) (4.20)

for a given reference state |E) where Fy;(0) and Fj(0) refer to unitaries for the different
derivatives (see Fig. 4.2).

Fig. 4.3 summarizes all quantum circuits relevant for the evaluation of the terms in
Eq. (4.8), (4.9). A brief discussion on how to evaluate them on a QC will follow, starting
with the overlaps Im (0, 1| ¥) and Re (0y, | 9,10). One can notice from Egs.(4.19), (4.20)
that upon applying a H gate, measuring ({o,)) on the ancillary qubit returns the desired
quantities. Furthermore, there is no need to evaluate the real part to compute the product
of the overlaps in Eq. (4.8) since the term (9, | ¢) is purely imaginary. The circuits used
to do so are shown in Figs. 4.3a, 4.3b.

The potential part Im <89kw|‘~/(($)|¢ 89k1p]‘~/((]~5)\w>, is what actually connects the

solution of the TDSE and the Poisson equation. V(¢) is given in Eq. (4.12) and is
prepared using the parameters ¢ resulting from the minimization of Eq. (4.14). The
circuit in Fig. 4.3c is the one used for the evaluation of this linking term, where the series
of n Toffoli gates provides a pointwise multiplication between the wavefunction and the
potential registers (i.e., >, Vithy).

Concerning the term Im {(9y, 1| V?|¢) }, a few considerations are needed. For systems
of cosmological relevance, we expect accurate simulations to require a fine enough spatial
resolution to resolve all spatial features. Therefore, using a finite differences approach, as
also proposed in Ref. [23], can be justified as the discretization error should be irrelevant
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Table 4.1: State fidelity F (between the classical reference and the evolved state at t = 3)
for different VT'E simulations. Hyperparameters: Dy, and Dy, number of rotation layers
in the wavefunction and potential ansatz respectively; M, total number of parameters
in the wavefunction ansatz; Ny number of timestep used in the simulation; r. cutoff for
singular values, used determine the effective rank of the matrix M in Eq. (4.7) (more
information available in Scipy documentation [107]); e regularization factor added to the
diagonal of the matrix M in Eq. (4.8).

Dy, Dy M, N, Te € F

4-qubits 4 4 32 6 - 102 1077 1073 0.976
5-qubits 5 6 50 9-10° 10°% 1074 0.944
5-qubits 5 6 50 2-10* 1078 10~ 0.960
5-qubits 6 6 60 6-10° 1078 10~ 0.956

at higher resolutions. In this framework, an approximation of the Laplace operator is
given by

I {00,192 [0} = 5o I (000,01 0) — 2 @001 0) + (0,0 v))  (421)

with the positive (and negative) shifted wavefunctions [¢4) = ij;()l ;a1 |bin(4)), ob-
tained using the adder circuit A [23], whose action on the j-th base is |bin(j)) — |bin(j — 1)),
in combination with the unitary F(0) of Eq. (4.19) with different control state allows to
evaluate the shifted overlaps in Eq. (4.21). A scheme of the circuits needed to perform
these operations is presented in Fig. 4.3d.

See Appendix A.4 for more details about the functioning the circuits in Figs. 4.3d, 4.3c.

4.3 Results and Discussion

Before addressing the setup used in our simulation, some consideration about the char-
acteristic scales appearing in the SP equation and the corresponding units are needed.

Given the invariance of the SP Eqs (4.3), (4.4) under the following scaling transfor-
mation:

{x,t,9,\} = {ax, Bt, 71, a 2BA} (4.22)

A emerges as an intrinsic scale of the problem [53] as its scaling law combines changes in
both the spatial and time domain (i,e system with different box dimension or evolution
time will display different dynamics).

Concerning the dimension of the physical quantities appearing in the problem, we used
arbitrary unit. See Appendix A.1 for details on the arbitrary values chosen for the density
normalization p* and the constant G in the transition from Eq. (1.26) to Eqs.(4.3), (4.4).

As a final remark, we would like to emphasize that in this preliminary study all
simulations were performed in an idealized setting, without considering gate errors and
sampling shot noise.



81

- ! — 0 a4 Dy, = 4; N, = 200
N \

\ —— 7 Dy =4; N, =90

[ Ak i Dy = 5; N, = 60

AN —— classical

1 | | (T | | A

oh oh o O o oh Oh o o oh

Figure 4.4: Comparison between probability distributions at different times for a 5 qubits
system and A = 1. The left panel (a) is the classical reference, obtained with a spectral
method [32]. In the middle one (b) are presented the results obtained through a VTE
simulation (using the algorithm in Fig. 1). In the left (¢) we compare the classical prob-
ability distribution at ¢ = 3 with the results obtained from the VTE simulations with
different hyperparameters (more details in Tab. 4.1) . The one chosen for the simulation
in the middle panel (b) are N; =2-10* e =107, r, = 107%, Dy = 6, Dy = 6.

4.3.1 Numerical simulations

We consider a one dimensional system of length I = 8 with periodic boundary conditions.
As anticipated above, we use arbitrary units for both spatial coordinates and time variable.
The choice of L and the total time of the simulation is done in such a way that, once we
fix A = 1, the self interacting potential Eq. (4.4) exactly balances the diffusion associated
with the Schrodinger time-evolution. In order to compare our results with those from
Ref. [32], we used as initial condition a sinusoidal distribution of the form

U(z,0) = \/1 +0.6sin (%I) , (4.23)

evolved according to Egs. (4.3) and (4.4). This specific initial condition is a well-known
standard test case. It corresponds to one of the different Fourier components typically
found in initial distributions for the VP equations, like Gaussian random fields. It is
widely used as it makes it easy to observe the effects of shell-crossing.

For this proof-of-principle numerical implementation, the parameters 8y reproducing
the initial quantum state are obtained by optimizing the state fidelity F(¢)(8), 1)) between

the variational trial state |¢/(6)) and a target state ‘1Z> In this work we refer to F as

the state fidelity between two quantum states [108] (i.e., state normalization is 1). In the
situation where |¢);) and [1;) are pure states, we have F (i1, 1) = |(¢1|th2)]?. This value
will be also used to measure the convergence of the states obtained with the variational
method to the ones obtained classically. We point out that this has noting to do with
the convergence to the actual solution of the physical problem (i.e., does not take into
consideration the grid discretization error). The classical optimization of the potential
( Pot. Opt. in Algorithm 1 ) is performed using a combination of COBYLA (to start
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the optimization) and BFGS (to find the best solution) algorithms as implemented in
SCIPY v1.9.0. All simulations were performed in Qiskit [109] (version 1.3.0), within the
statevector framework, i.e., using a matrix representation of the quantum circuit and a
vector representation of the quantum state.

The equations of motion in Eq. (4.7) are integrated using an explicit Euler method
with fixed timestep for a total of N; steps. Here, it is important to mention that, in
general, the inversion of the matrix M in Eq. (4.8) may become ill-defined. In fact, the
equation can be rewritten in the form

My = (9, W] (I — W) (W]) |35, W) = (0, W] 11 |0, ) (4.24)

where Il is the projector onto the space orthogonal to that spanned by W. The matrix
M can be interpreted as the expectation value of a projector onto the subspace generated
by the derivatives of W with respect to its variational parameters. By definition, the
projection of a vector onto a subspace yields zero components for directions orthogonal
to that subspace. For instance, if {0y, U |¥) = 1, the derivative respect to 6; is parallel to
|W) and the corresponding row of M will be entirely zero. Consequently, M is likely to
contain zero rows or columns, leading to an ill-posed problem. In this context, we refer
to the matrix as ill-defined.

To reduce the resulting instabilities of the dynamics, we used the SCIPY least squares
solver [107] with a suitable choice of the corresponding hyperparameters: the cutoff r,
used to determine the effective rank of the matrix in Eq. (4.7) such that the singular
values smaller than 7. - A, are set to zero (here A,,,, is the singular value of largest
magnitude), and the regularization factor €, applied to the diagonal of the matrix M in
Eq. (4.8).

In order to determine the quality of the results, we should also consider the level of
expressivity of the variational ansatz, which is used to encode both the system wavefunc-
tion and the potential. Here, expressivity refers to the ability of the ansatz to represent
a wide range of quantum states, essentially measuring how well it can approximate the
target state. A more expressive ansatz can, in principle, capture more complex features
of the system, but may require more parameters and a more challenging optimization. To
achieve accurate results, one would, in principle, need a number of circuit parameters (t)
for the wavefunction that approaches the dimension of the Hilbert space. On the other
hand, the number of terms in the matrices and vectors used in the equations of motion,
Egs. (4.8) and (4.9), scale as le and M, respectively, as shown in Tab. 4.2, where M, is
the number of parameters. Reducing the number of parameters significantly reduces the
total number of circuit evaluations. This, however, translates in a lower accuracy of the
dynamics, as the ansatz may not enable a thorough description of the sector of interest of
the full Hilbert space. Similarly, a large number of parameters will enable a more accurate
description of the self-consistent potential, at the price of a more cumbersome (classical)
optimization process and an increased circuit depth.

To assess the quality of our implementation (including the adjustment of the hyperpa-
rameters), we performed two series of simulations. The first is a classical spectral method
based on FFT as in [32]. Results obtained from this approach will be used as a refer-
ence. The actual implementation of our proposed quantum algorithm consists, instead, of
repeated cycles of circuit optimization and VTE steps (Algorithm 1). When comparing
its outcomes with the exact ones (Fig. 4.4 and Tab. 4.1) we observe that the quantum
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Table 4.2: Number of different circuits used to evaluate the terms in Eq. (4.7) with the
respective number of qubits needed for the implementation. Here M, is the number of
variational parameter in the wavefunction ansatz and n = logo N the number of qubits
used for the discretization.

Term No. circuits No. qubits
Re (0, 1|09,|0p,, 1| 00,1) My(M, —1)/2 n+1

Im (p, 1[1)| Do, 1 [1) M, n+1

m (O, IV 10Ol VIe) M, on +1

Im (9, ¥ [¥+ |00, ¥ [¥1) 2M, on — 1

approach rightfully captures the qualitative behavior of the wavefunction, although the
probability distribution obtained from the VTE is not as smooth as the exact one. Most
notably, the VTE simulation does not preserve the symmetry of the solution. This be-
havior is intrinsic to the variational approach: the time evolution is transferred from the
actual wavefunction to a set of variational parameters. Since no physical constraints are
imposed on these parameters’ manifold to enforce the symmetry of the wavefunction,
they evolve according to Eqgs. (4.8)—(4.9), oblivious of such constraint. This ultimately
leads to the loss of symmetry of the wavefunction. In order to keep the symmetry of the
system with respect to the peak, this information should have been encoded in the vari-
ational ansatz of both, potential and wavefunction. However, we have chosen a generic
variational ansatz, without imposing reflection symmetry, in order to avoid bias in the
evolution toward a specific profile and to allow the wavefunction to develop according to
the initial condition itself.

4.3.2 Interpretation of the SP results

Fig. 4.5 shows the time evolution of the initial sinusoidal distribution, as given in Eq. (4.23),
over a time span of approximately 6 time units for two different choices of the parame-
ter A (left: A = 1, right: A = 0.25). The lower panels depict the same dynamics as a
two-dimensional surface plot of the time dependent wavefunction. The higher the value
of A, the larger the quantum nature of the dynamics; in fact, in the limit of A — 0, the
SP dynamics converges towards the classical VP dynamics [53]. Physically, the collapse
and splitting of the probability distribution (left panels in Fig. 4.5) is an effect of the
self-interacting potential. This is regulated by the scale of the problem A. However, as
stated in the preamble of Sect. 4.3, what really matters is not the absolute value of A, but
its value relative to the box size and time (e.g, if instead of L = 8 we had L = 1, we would
need to change A\ to A/64, accordingly). In the classical limit A/m — 0, the quantum
effects are suppressed, the potential cannot counter the diffusion anymore, and secondary
peaks arise, as in the classical VP solution. In this scenario, the effects of shell-crossing
are more pronounced. An example is shown in the right column of Fig. 4.5. Starting from
the initial sinusoidal distribution, the gravitational attraction induces the concentration
of matter density in a first peak (around time ¢ = 3), which then collapses due to the
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effect of gravity damping. This process repeats few more times, giving rise to a multitude
of sub-peaks as a result of repeated episodes of shell-crossing.

4.3.3 Scaling of required resources

The largest cosmological simulations describe nowadays the evolution of boxes having
a size of several Gigaparsecs, and using of the order of a trillion resolution elements
(particles) [110]. Although simulations of this size are beyond the reach of what can be
achieved on current quantum computers, the possibility of efficiently running large suites
of simulations with ~ 10'° particles each is still highly valuable for carrying out a number
of useful calibrations of observational quantities and exploring the parameter space of
cosmological models [111], [112]. We thus consider a situation of possible cosmological
interest to be a 3D simulation with resolution in grid points per dimension of 2048 = 211,
Thanks to the logarithmic encoding, a total of 232 grid points can be obtained with
Nt = 33 qubits. In Tab. 4.2 we report the number of qubits needed for every term of
Eq. (4.7) and the relative number of different circuits used. In this exploratory work, we
used a heuristic number of parameters M, and timesteps N; for our simulation. Thus
we are not in a position to provide an accurate estimate of the number of parameters,
or timesteps, required for a relevant cosmological simulation. What we can say is that
such simulation would require a maximum of 2n 4 1 qubits, used in the evaluation of the
potential term.

However, both PEC and PEA entail a substantial sampling overhead. In PEC, the
number of measurements required scales as

(4.25)

where 7 is the noise amplification factor, typically growing exponentially with circuit
depth, and € is the desired statistical error. Similarly, PEA relies on repeated executions at
amplified noise levels, leading to a polynomial or exponential increase in Ny,e.s depending
on the noise model.

From Table 4.1 we can retrieve some useful insights about the required timestep (to
ensure numerical stability) and the scaling of the target error with the system size. It is
worth mentioning that the following outtakes regard the scenario in which the EOM (4.7)
is integrated by an explicit first order Euler method.

Firstly, we note that to precisely describe the full Hilbert space, the number of parame-
ters M, should increase by a factor of two with the addition of each qubit. Furthermore,
increasing spatial resolution (number of qubits) necessitates a higher number of timesteps
to maintain the desired level of accuracy in describing the dynamics. This phenomenon
is analogous to what occurs in classical numerical integration problems, such as spectral
methods or N-body simulations. On the other hand, when the fidelity F is kept constant,
the expected number of timesteps N; decreases as the number of variational parameters
M, increases. This trend can be attributed to the fact that the equation being inte-
grated (Eq. (4.7)) operates within parameter space, whereas the original dynamics (i.e.,
the Hamiltonian in Eq. (4.10)) is only reflected in the vector term (as per Eq. (4.9)).
Moreover, the variational approach enables the use of a parameter count smaller than
the Hilbert space dimension. Consequently, capturing the same dynamics within a sub-
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Figure 4.5: Classical evolution of the 1-D probability distribution under the effect of the
gravitational potential, for different values of A\. Both simulations have been carried out
with a spectral method [32]. In the top row, probability distributions are shown at fixed
time frames. In the bottom row the same evolution is shown in 2-D perspective by a
heatplot: the x axis represents the spatial coordinate, while the y axis is used for the
time; the probability distribution magnitude is represented through a color gradient. The
difference between these two simulations is given by the intensity of the quantum pressure
term. In the left column (a) A = 1 and the quantum effect balances the diffusion; In the
right column (b), with A = 1/4 the dynamics is similar to the classical one (VP).
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Figure 4.6: (a) Convergence e (see Eq. (4.26)) as a function of the resolution, given by
the number of qubits n, for different values of A (scale for quantum effects). To match the
number of points between the two systems, extra points are taken onto the connecting
line between two adjacent points in the n qubits discretization. (b) Minimum number of
qubits required to obtain a fixed arbitrary fidelity C™® as a function of \.

manifold, which offers less flexibility in terms of parameter evolution, requires a finer
timestep.

In particular, to span the entire Hilbert space, we would need M, = 2N variational
parameters. As M, deviates from this value, our ability to capture dynamical fluctuations
diminishes, necessitating more timesteps to accurately track the wavefunction evolution.
This provides an explanation for the lower fidelity values observed in Table 4.1 when a
larger number of qubits is employed. In such cases, either M, or the number of timesteps
does not increase in alignment with the scaling necessary to maintain fidelity at a stable
level.

It is important to note further that this principle is applicable when M,, > M,,;,, where
M,,in represents the minimum number of variational parameters required to reproduce
the target function with a specified accuracy. This minimum parameter count can change
over the course of the wavefunction evolution on the basis of the complexity.

Space resolution and classical limit

In this preliminary study, we performed only numerical tests on relatively small-scale
systems for which numerical simulations of our quantum algorithm were possible with
the available computational resources. However, it is essential for us to confirm that the
resolution we employed is sufficient to accurately capture the dynamics of the system.
However, as we approach the classical limit, the space resolution needed to capture the
right dynamical behavior increases. This is clear in the left panel of Fig. 4.6, where the
convergence of the probability distribution is shown as a function of the spatial resolution
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Figure 4.7: Density distribution at a fixed time frame for different resolutions (i.e., number
of qubits n). On the top (a) and bottom panel (b) the scale X is set respectively to 1/2
and 1/16. One can notice how higher resolution is needed to resolve a more classical
system (lower \).
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for simulations with different scales \. We observed that with decreasing A accurate
results require a finer representation of the space coordinate. This is mainly due to the
appearance of peaked structures observed in the dynamics (see Fig. 4.5), which are harder
to resolve than in the case of smaller A values. It is worth mentioning that the increase
in space resolution also requires a corresponding decrease of the simulation time step
(Table 4.1).

In the right panel of Fig. 4.6 the resolution is shown as a function of the scale A for different
convergence values. From an empirical fit we showed that the number of qubits necessary
to resolve the dynamics of a system scales as O(log(\)). To quantify convergence, we
used the L, norm between the n qubit probability distribution f,, —in a fixed time frame
— mapped onto the 13 qubit grid and the 13 qubit probability distribution f,

C = fis — fullz, - (4.26)

In detail, the scaling law is fitted with a logarithmic function n(\,C1®) = Klog(\) +
q(C™)), where K = —1.44 and ¢(C(*®) is the resolution needed to obtain the desired
convergence factor C13) when A = 1. Here (¥ indicates a reference value of C§, chosen
a priori, which therefore does not depend on n.

To be able to determine from a qualitative point of view what value of C;3 is needed
to obtain convergence in resolution, we plotted in Fig. 4.7 the probability distribution
at a fixed time step, for different resolution and different \. Comparing the images of
this plot with the graphics in Fig. 4.6 tells us what convergence level is associated with
a numerical value of C;3. We observed that the right behavior can be captured as soon
as the various density distributions start overlapping. More precisely, this happens for 6
qubits when A = 0.5 and for 8 or 9 qubits when A = 0.625. It is fair to assume that a Lo
distance of @(107!) is enough to resolve the dynamic. We hence gather from both the fit
and the previous remarks that a one dimensional resolution of 11 qubits can be enough to
resolve a simulation approaching the classical limit with A up to O(107%). Moreover, it is
possible to show that for the simulations reported in Figure 4.4 with A = 1 a resolution
of 32 grid points (equivalent to 5 qubits) is sufficient to converge the primary features of
the dynamics.

Sampling and system size

In order to better assess the advantages of the algorithm over classical method, is im-
portant to study the number of measurements (NN;) needed to accurately evaluate the
elements in Eqs. (4.8) and (4.9). Measurements introduce a statistical noise in the solu-
tion of the equation of motion for the propagation of the wavefunction parameters, which
has an impact on the overall dynamics. Building on [23] we investigate the behavior men-
tioned above in the case of the newly introduced term (9p,v| H |¢). The potential part is
directly proportional to the measurement of the the ancilla qubit (o), thus the variance
of the measurements can be estimated by the following

£ = oy (m) Ly L (4.27)

where the value of o7 is intended in the limit of Ny — oo and the norm of the potential
¢y (n) scales with the number of qubits as 2"/2 (this can easily be seen applying the
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spectral method proposed in Ref. [32] to obtain the potential, where the wavefunction is
normalized as in Eq. (4.6)). The fact that the number of shots scales exponentially with
the number of qubits is related to the nonlinear nature of the problem. Precisely, it is
a consequence of the factorization of the physical wavefunction and the potential (recall
Egs. (4.5), (4.12)), where the normalization factor appears as an additional parameter
that depend on the number of grid points.

The kinetic part is given by a linear combination of three different sets of measure-
ments, see Eq. (4.21). The variance is estimated with a quadrature-sum as

24— (0fy)? = (0f )* +2(0f)?
Ex = £ . 4.28
UL N, (4.28)

Here, the factor 2*" emerges from the term 1/Az? required from the finite difference
method. We observe that in both situations the number of measurements required for an
arbitrary accuracy increases with the number of qubits.

4.4 Summary

In this section, we tackled the problem of simulating a many-body problem of collisionless
self-gravitating particles interacting only through a potential. In a cosmological context,
this describes, e.g., the case of gravitational instability of a cold dark matter fluid in an
expanding background. Our analysis builds on the possibility to recover the dynamics of
the Vlasov-Poisson (VP) equations by mapping it to a framework more suited for quantum
computing (QC), namely the Schrodinger-Poisson (SP) equations.

We proposed a variational time-evolution (VTE) algorithm for the solution of the
corresponding non-linear time-dependant Schrodinger-like equation (TDSE) in which, at
each time-step, the potential, which is a functional of the time-evolved system wavefunc-
tion, is obtained upon minimization of a suitable parameterized unitary in the quantum
register.

The proposed quantum algorithm was developed with the aim of scaling up to system
sizes, which are, in principle, much less favorable for classical computers than for quantum
computers. To this end, we used a compact (i.e., logarithmic) encoding of the spatial
grid (i.e., n qubits describing 2" grid points), while enabling the representation of any
self-consistent potential, which can be described by combining a parameterized unitary
circuit and classical normalization factors. In particular, working with a circuit depth
that scales polynomially with the number of qubits, we were able to reach a final state
fidelity of approximately 0.96 in a 5 qubits simulation. The corresponding wavefunction
is presented in Fig. 4.4. Concerning the scaling of the VTE circuit, the number of terms
required to evolve the wavefunction in a single timestep scales quadratically with the
number of variational parameters. However, the number of timesteps required to achieve
a given fidelity increases as the ratio between the number of variational parameters and
the Hilbert space dimension decreases, as shown in Tab. 4.1. This behavior might be
related to the heuristic ansatz used in our implementation (e.g, Figs. 4.1, 4.15).

In addition, the number of measurements required to reach a desired accuracy shows
a polynomial scaling with the number of grid points. We point out that this behavior
is not specifically related to our proposed VTE algorithm, but to the approach chosen



90 4

to tackle the nonlinear nature of the problem, namely factorizing the potential and the
wavefunction into unitary circuits followed by classical normalization.

Moreover, using classical simulations, we investigated how the required resolution
changes as we approach the classical limit A/m — 0 in a 1D scenario. The proposed
empirical log-scaling law opens up new interesting perspectives for the use of QC in the
propagation of the SP equation in more general settings, including the 3D case.

In this chapter we posed the foundations for a quantum algorithm able to solve the
dynamics of a self-gravitating collisionless fluid. While scaling up of the quantum approach
to system sizes that may be relevant for cosmological prediction in 3D seems is unlikely
before the advent of fault-tolerant quantum computing, there may be interesting studies
(e.g., the study of static and dynamic phase transitions) which may occur already in low
dimensions (1D) and that can become classically hard because of the complexity of the
quantum description of the SP equation (e.g., because of the growing entanglement). A
similar strategy was recently implemented in the domain lattice gauge theory (see [113]).

At the current state of development, our QC algorithm is clearly not competitive, in
terms of accessible dynamic range, with respect to classical methods, both in cosmology
and plasma physics, using near-term, noisy, QC with a number of qubits ~ 100 [114].

In the next chapter, we will focus on improving this algorithm in order to build a
suitable candidate to run simulation of the SP equation.



Chapter 5

Towards a Schrodinger-Poisson
algorithm for large scale simulations

The previous chapter introduced a promising variational algorithm and an only 5-qubit
test case, though without examining its performance in higher-resolution scenarios.

The purpose of this Chapter is to assess the algorithm’s behavior on such larger-scale
systems. To this end, an in-depth analysis of the principal challenges associated with the
scaling-up process is presented. Moreover, we propose an alternative approach to the SP
equations , based on linearization.

The Chapter is structured as follows: in Section 5.1 we analyze the resources required
for a mutli-dimensional implementation of the VTE algorithm for SP.

In Section 5.2, we detail the improvements implemented on the VTE algorithm. These
include the use of a more refined variational ansatz, a rigorous selection of the time
step, and an integration scheme based on Runge-Kutta methods, all aimed at enhancing
stability and accuracy.

Section 5.3 addresses the challenges encountered when scaling up the algorithm. We
identify the primary difficulty to be the construction of a suitable regularization scheme
for the matrix defining the temporal evolution in Eq. (4.8). For the scheme to be effective,
it must be system-independent while faithfully capturing the essential properties of the
dynamics.

Finally, Section 5.4 presents an approach based on the linearization of the SP system
using the Carleman method, which has been successfully applied in other contexts. This
analysis reveals one of the limitations of the linearization strategy: the large number of
terms required for a practical implementation. All results discussed in this chapter are
supported by numerical simulations, providing a quantitative basis for the comparison
between methods. Furthermore, they have not yet been published, as they are part of an
ongoing study.

5.1 Multidimensional approach

The resources required to implement the algorithm presented in the previous chapter
suggest promising potential for large-scale deployment. However, before proceeding with
further implementations, it is crucial to carefully consider potential challenges and draw-
backs that may arise when scaling up the problem.

91
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Let us begin by considering the bidimensional case. In this scenario a continuous
wavefunction evaluated in a specific point of the coordinates’ space ¥ (x,y) maps to a
coefficient ), ,, identified by the couple of integers (7,j). Now given that the box in
which we model the spatial coordinate is isotropic, we can model it as an L x L box such
that the grid corresponding to x is the same used for y; i.e with L = 1, N = 4 we have a
box given by [0,0.25,0.5,0.75] x [0,0.25,0.5,0.75]. In this way, we can write ¥, ,, =: ¥
with ¢ = 0;1;...; N — 1. It is easy to spot that we can build a correspondence between
the ordered couple (x,y) and an integer [ such that

(x,y)—1=2"z+y. (5.1)

This can be easily seen if we move the ordered couple (4, j) into binary domain. Then we
impose a hierarchical (positioning) order. We now can combine the bit string obtained
by the ordered binary couple and convert it to a decimal number [. We can generalize
the previous expression for a D—dimensional case.

Let us note that we are dealing with a D dimensional box, with a single dimension grid
composed by N = 2" points, with n the number of qubits. We can map the D dimensional
ordered couple (z1, 3, ...xx) into the integer | such that

N
1= ;2P0 (5.2)
=1

The previous consideration shows us how is possible to implement a multidimensional am-
plitude encoding. The hierarchical structure given to the indices in Eq. (5.2) translates in
the fact that the most significant qubits encodes one dimension while the least significant
qubits another one. Let’s take as an example a three dimensional box, where each block is
divided into 2° = 32 gridpoints. This can be implemented using a total of 15 qubits: the
first 5 encodes the X-coordinate, the middle 5 the Y, and the most significant 5 qubits
the Z-coordinate. This way, also the action of operation that acts selectively along one
axis can be decomposed accordingly, i.e, the operator V = V, ® V, ® V; this way, given
that the depth of V, scales as O(n), the required depth for V remains O(n).

In practice, when we will implement the kinetic energy it will be enough to work sepa-
rately on the three dimension X, Y, Z. On the other hand, given that the potential is a
function on the whole D-dimensional space, it is not possible to decompose its action on
each axis. The scaling will behave accordingly.

5.2 Improvements

For readability we write again Eqgs. (4.8) and (4.9) describing the time evolution of the
variational algorithm we aim to improve. The parameters that describe the evolution of
the wavefunction ¥ are obtained by solving the following problem

M6 = B, (5.3)
where

My = Re {(9p, ¥ | O, V) — (05, ¥ | W) (¥ | Oy, ¥)} (5.4)
Bi = Im {(9, U|H|¥) — (0p, ¥ | V) (V[H|T)} (5.5)
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This is a variational method based on the evaluation of the terms appearing in both
Egs. (4.8) (4.9). The time evolution is then obtained by the solution of Eq. (4.7).

5.2.1 Reference Timestep

Another important factor to consider before scaling-up is how the number of timesteps
increases with the dimension of the problem. In order to do so, we might need to make a
few considerations first.

The fact that we used a variational approach does not allow us for a physical estimation
of the timestep (e.g., CLF condition). We can, however, make a couple of considerations
to set the boundaries for the timestep. Our method is based on a linearization of the
problem at time ¢, during the evolution, to evaluate the parameter’s update factor. This
linearization occurs N; times during evolution. However, the problem in question is
physical in nature and has certain dynamical variables, such as the time scale of evolution
T =~ 1/y/Gp*. We can thus consider the maximum cell movement of a fluid element as
the ratio VAt, with V' = L/T. If we introduce a constant C' to mitigate this shift we
get that, using a numerical integration scheme, we would have that a particle moves at
maximum C' = VAt/Ax cells during a single timestep. From this assumption, we can
extract a reference timestep as

N (5.6)
V VGp* N
We can now compare the number of timestep a simulation takes in order to converge and
compare it with a reference timestep given in terms of cell movements, i.e, if a simulation
converges with a C' = 10~* we instantly know that is an overkill compared to the classical
simulation and the dynamic of the problem.

In the previous Chapter 4, the algorithm used as time integration method the first-
order Euler method. Although fairly straight-forward and simplistic, this scheme is not
optimal for more complex time integrations, as the local error scales with O(At?). Em-
ploying a more refined integration scheme, such as a fourth-order Runge-Kutta, could
reduce the overall number of timesteps required, aiding scalability, and improving the
algorithm’s precision. With the ansatz choice made in previous chapter 4 it has not been
possible to implement a Runge-Kutta scheme with adaptive timestep, because of noise
building up to unreasonable results. This makes sense because the evolution is carried on
the system’s parameters, and the initial layout of the circuit determines how they inter-
act with each other and how much they influence the output function. In other words, a
good initial ansatz determines in some way how robust the algorithm is to noise and how
well the wavefunction can be expressed during the evolution. In this sense a good ansatz
choice is related to the time integration, as a good time integration scheme must be noise
resilient.

5.2.2 Ansatz

For the reasons listed in Sec. 5.2.1, implementing an adaptive timestep method requires
identifying the best ansatz for our problem, one that is both noise-robust and sufficiently
flexible to capture the system’s evolution. While testing a range of ansatz to select the
optimal one is viable, it would require prohibitive time investment.
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Instead, we take the ansatz in Fig. 4.2 and explore variations in circuit connectivity
and rotational gates. We find that the best compromise between expressivity and noise
resilience is achieved with full entanglement, where each qubit connects to all others. This
aligns with our expectations: the problem is non-local, and evolving the entire system
enables all-to-all interactions.

With this ansatz choice, we can now use a 4'*-order Runge-Kutta integration scheme
with a self adapting timestep, where the error is evaluated up to the 5 order.

5.3 Scaling Challenges

We have shown that the qubit requirements for implementing the algorithm are manage-
able and that the number of variational parameters can be reduced to make the method
practical for realistic applications. Furthermore, the time-evolution procedure does not
exhibit barren plateaus. Despite these advances, several key challenges still prevent the
algorithm from scaling to larger systems. In this section, we examine these difficulties
and outline our attempts to address them.

5.3.1 Regularization problem

The main obstacle is the numerical instability of the time-evolution equation, Eq. (4.7).
Solving 0 requires inverting a discrete ill-posed problem, where even small perturbations
can lead to large deviations. This instability comes from the structure of the geometric
tensor in Eq. (4.8), which can be written as

M = (05, Y| (1 —Ily) |05, ¥}, (5.7)

where (1 — IIy) = Iy: project onto the subspace orthogonal to |¥(#)). As a result,
Eq. (4.7) belongs to a well-known class of ill-posed problems of the form

Mz = B. (5.8)

Such problems are unstable even in the continuum, and discretisation usually ampli-
fies this behavior, further aggravating the instability. This makes a robust regularization
strategy essential. In particular, we seek a method that remains reliable across different
initial conditions and does not require delicate parameter fine-tuning to function prop-
erly. The motivation is straightforward: for large systems, it is impractical to perform
multiple trial simulations solely to identify suitable parameters. In contrast, if there is a
regularization scheme that depends only on the intrinsic dynamics of the system and not
its size, then its parameters can be calibrated in smaller test simulations and subsequently
applied to larger runs.

In the previous chapter, we solved Eq. (4.7) using a routine from the scipy library. We
start the search for the optimal cutoff strategy by examining how this method operates
and what assumptions it implicitly relies on.

Truncated singular value decomposition (TSVD)

The scipy implementation is based on truncated singular value decomposition (TSVD),
a widely used technique for stabilising ill-conditioned linear systems.
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The singular value decomposition (SVD) of M is
M=UXZV', (5.9)

where U € R™*™ and V € R™*" contain the left and right singular vectors, and 3 stores
the singular values o1 > g9 > -++ > 0, > 0, with r = rank(M). These values quantify
how each component contributes to the matrix structure.

The TSVD regularization retains only the largest singular values k, producing the
approximation

M, = U, 2, V],

where Uy, and V; contain the first singular vectors k, and X the corresponding singular
values. This truncated matrix is the best rank-k approximation of M in the Frobenius
norm,
IM—M|lr= min |M—N|Eg. (5.10)
rank(IN)<k
By discarding the smallest singular values,typically the components most sensitive to
noise, TSVD improves stability and removes spurious contributions. Provided that the
cutoff is chosen appropriately, the regularized system can be solved as

: U/ . B
0;=> LV, (5.11)

g
k<r k

The central difficulty therefore lies in selecting a cutoff strategy that suppresses noise
without discarding genuinely relevant information. A poor choice of cutoff either fails to
stabilize the system or introduces bias into the evolution.

Without proper regularization, numerical errors rapidly accumulate, ultimately over-
whelming the physical signal and rendering the results meaningless. Thus, a reliable cutoff
strategy is essential for scalability. Ideally, it should depend neither on the system size
nor on specific initial conditions.

To investigate this, we begin with a small five-qubit system using the same initial
condition as in the previous chapter. This resolution captures all qualitative features
of the dynamics while remaining simple enough to allow systematic testing of different
regularization strategies.

In search of a Cutoff Strategy

The first step is to analyze the initial distribution of singular values, looking for jumps,
abrupt changes, or patterns that might indicate where to partition the sequence. In the
upper right panel of Fig. 5.1, we observe that the singular values form distinct clusters.
Specifically, there is one dominant value of O(10?%), followed by a relatively flat sequence
that decreases to around 1. Beyond this, smaller groups of values appear, clustered
together, until a sharp drop occurs near 10~*. From this pattern, we infer that the largest
singular value represents the primary contribution to the system’s evolution, whereas
the subsequent values contribute in descending order of relevance, organized into distinct
groups.

The same thing does not happen for a different ansatz, as can be seen in the top-left panel
of Fig. 5.1, where, however, the largest initial singular value remains.
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Figure 5.1: Top row: SVD of the initial quantum geometric tensor M for two different
ansatze. Bottom row: the same matrix shown as a color plot. The two captions correspond
to the ansatz used; here, the first two letters (rxrz or ryrz) indicate the type of rotational
gates used (parameterized RX, RY RZ rotations), the next term (cx or cz) specifies the
entangling gate, full indicates full entanglement, and depth4 denotes that the circuit
has 4 layers repeated.

A common strategy involves partitioning the sequence just before major transitions.
However, deciding which transition point to use as the cutoff point presents a challenge.
In Fig. 5.2, we illustrate the system’s behavior when the cut is applied at the last big,
discontinuity in the singular values. We notice that the system fails to capture nonlinear
effects, indicating a loss of critical information.

It is also important to note that the distribution of singular values changes at each
timestep, adding further complexity to the problem. With each step, noise has the po-
tential to grow increasingly significant and influence the system’s dynamics.

Looking at Fig. 5.1, we observe that different quantum circuits correspond to distinct
initial conditions. This is expected, since the matrix M depends solely on the chosen
parameters and the ansatz. However, despite these differences, the system’s evolution is
anticipated to exhibit common features, as all descriptions represent the same underlying
physical dynamics. In other words, the SVD of the matrix M may vary depending on the
circuit used to express the evolution, but at each timestep, we solve the linear system in
Eq. (5.3), where the information of the Hamiltonian is contained in B. Consequently, any
differences in initialization should diminish over time, provided that both descriptions
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Figure 5.2: (First row) Density distribution obtained with VTE algorithm at different
times. The regularization is done by taking only the singular values before the last
pronounced discontinuity. (Second row) Singular Values and cutoff line.

accurately reproduce the underlying system.

We utilize a variational approach to obtain a reference trajectory of singular val-
ues 7(t) = {G1,...,0n,} by determining, at each timestep, the parameter set that best
describes the classical wavefunction W(t) obtained from classical evolution, such that
U(6,)]0) = W(t). Specifically, we reinitialize the quantum wavefunction at each timestep
by identifying the parameter set that minimizes the fidelity F between a trial quantum

state |1(0)) and the quantum state corresponding to the classical wavefunction ‘z/jt>:
min F (¢, ¢(6)) = min(¢y| 4(6)) . (5.12)
{6} {6}

To mitigate the issue of the barren plateau during optimization, the quantum state of the
test is initialized using the set of parameters from the previous timestep, {6;_s}.

After determining the parameter set at time ¢, we perform an SVD to extract the
singular values ;. Repeating this procedure at each timestep allows us to construct an
approximate representation of the temporal evolution of the singular values, capturing
their behavior in an assumed exact evolution.

In Fig. 5.3, we present the evolution of ezact singular values at different time frames.
Initially, noticeable gaps between the singular values highlight distinct dynamics. How-
ever, as time progresses, these gaps diminish, with most singular values aligning along
a nearly uniform trend, except for the dominant largest value. In particular, after 60
iteration, singular values begin to decrease again while maintaining a linear structure.
This observation illustrates why cutoff strategies based on singular value discontinuities
fail: as the system approaches shell crossing, these discontinuities vanish.

To understand the impact of fixed cutoffs, we examine how the relevant singular values
evolve over time. Since their number changes dynamically, an adaptive cutoff strategy
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Figure 5.3: The value presented in this picture refers to quantum states obtained by
minimizing the fidelity between a trial quantum state and the classical reference at each
timestep. (left) Density function as a function of the position at different time steps.
(center) Singular values at different time steps. (right) Evolution of the conditioning
number of the martix M. This number is the ratio between the largest and the smallest
singular values, it defines the grade of ill-condition of the matrix.

appears essential to capture these variations. To test this hypoThesis, we first evaluate
the accuracy of fixed cutoff strategies, as they provide a useful benchmark for estimating
the error introduced when the cutoff is held constant. If fixed cutoffs yield acceptable
results, this would indicate that the number of significant parameters does not deviate
substantially from an optimal range.

Figure 5.4 shows the mean squared error (MSE) between the quantum state and the
classical reference state over time for different fixed cutoffs. The MSE is defined as

i(w rw )P) | -

k=

where the cutoff is imposed by fixing r, for example, by retaining only the first 39 singular
values .

To associate a qualitative interpretation with the MSE values, we wish to identify
when a simulation begins to diverge from the expected density. To this end, we step-
by-step monitor the density profile for several fixed cutoff choices. Figure 5.4 highlights
the divergence times for r = 33, r = 38, and r = 44, indicating that an error threshold
of approximately E ~ 1 marks the breakdown of a qualitatively accurate approximation.
Indeed, for all values below this threshold, the overall shape of the density distribution is
still captured correctly, despite the presence of some numerical noise.

Finally, Fig. 5.5 shows that no fixed cutoff yields a qualitatively accurate simulation
up to and beyond t = 3, regardless of the chosen value.

All simulations were performed with C' = 1/100 in roughly 10® time steps. However,
as shown in Fig. 5.6, increasing the number of time steps does not significantly improve
accuracy when fixed cutoffs are used. This occurs because the cumulative noise introduced
by a fixed cutoff strategy grows over time, negating any benefits gained from higher
temporal resolution.
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Figure 5.4: Comparison between reference density (dotted red line) and density obtained
with VTE using fixed cutoff method, where above each panel wenote how many singular
values have been considered. The simulation is done using C' = 0.01. In the label of each
panel we report the time frame and the associated M SE. This figure provides a visual
representation of how the density profiles relates to the corresponding M SE values.

Together, these findings confirm that a dynamic cutoff strategy is necessary. This
strategy should minimize abrupt changes in the number of significant singular values,
particularly before shell crossing, while simultaneously employing adaptive time steps to
balance the evolution of the system against the accumulation of noise.

The first example of dynamical cutoff strategy is the one implemented by the func-
tion 1stq in the module scipy.linalg. The cutoff threshold is determined by retaining
singular values o that satisfy ¢ > r.09, where 0y > 05 > --- > on and r. is an initial
parameter. Combined with the adaptive RK45 integration scheme, this approach pro-
duces reasonable results up to t = 3. Optimal performance is achieved with r, = 1078
and an absolute tolerance of 107, as shown in Fig. 5.7, using approximately N; ~ 2500
time steps.

Despite its success in small-scale simulations, this method requires extensive trial and
error to fine-tune 7. and absolute tolerance, making it impractical for larger systems. For
example, scaling to n = 30 qubits would render individual trial runs computationally pro-
hibitive, particularly without a reference density for comparison. This happens because,
when the number of qubits increases, so does the number of variational parameters, thus
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Figure 5.5: Mean Squared Error M SFE as a function of time for simulations with fixed
cutoff strategies but different cutoff. We consider the threshold M SE = 1 to be maximum
allowed error for a valid representation of the density.
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Figure 5.6: MSE for for simulations with different number of time steps with fixed cutoff
strategy. The C' in the legend refers to maximum cell displacement explained in section
Sec. 5.2.1. The simulations presented are regularized by taking only the first 39(left),
40(center) and 41(right) singular values. We have chosen these three examples because
they represent the range in which the fixed cutoff works better. The dotted line represent
the maximum allowed MSE for which the density manages to capture the qualitative
behavior of the target one.
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Figure 5.7: Density function at different times for two different simulations, the one on
the left uses a cutoff strategy based on the maximum singular value with r. = 1078,
while the one on the right uses the mean of the first five singular values (Eq.(5.14)) with
re =6 x 1076,

the quantum geometric tensor changes, and so does the structure of the problem: the
value 7. that proved to be effective for a simulation of 5 qubits might not work for a
simulation of 6 qubits.

To address these limitations, we propose a refined regularization strategy that instead
of relying solely on the largest singular value oy considers a function of the singular values
f(X) averaging the top five singular values, as depicted in Fig. 5.7. In this scenario, the
cutoff threshold € is defined by

e=rof()=r. Y % . (5.14)

Jj=0

The choice of taking the mean of the first five singular values is an attempt to find the
right f(X) that is more relevant to core aspects of the systems’ dynamics. However,
this attempt proved to be less effective than the approach using only the largest singular
value, yielding lower accuracy and requiring more time steps. This tells us that, in this
specific problem, the largest singular value is a feature more relevant than the mean of the
first five. This can been guessed also by looking at the approximately exact dynamic of
the singular values in Fig. 5.3, where the first singular value changes in magnitude while
remaining detached to all the others.

We point out again, that both density profiles shown in Fig. 5.7 are not symmetrical
with respect to the peak value. This is not an issue of the regularization method or the
variational algorithm, but rather of the ansatz chosen for both potential and wavefunc-
tion: in order for the system to preserve this property, it must be explicitly encoded
in the variational ansatz. Imposing this constraint, however could not obviate to the
regularization problem.

In fact, in our case, the small size of the system, allows for multiple trials in order to
find which function better capture the core feature of the system dynamics. On the other
hand, we will have to look for a strategy that is scale-independent.
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Other regularization methods, such as Tikhonov regularization [115], [116], were also
tested. By introducing a diagonal penalty term, this technique resembles SVD but remains
heuristic and fails to adapt to the time-dependent nature of our problem.

We further explored hybrid approaches, as the one suggested by Gavish and Donoho
[117], where to estimate a reference error to decide the magnitude of the correction,
both Tikhonov regularization and TSVD are applied. This approach should be able to
dynamically adjust the cutoff parameter. However, we verified that this approach is not
suitable for our situation, as the evolution did not converge in the first steps. We suppose
the reason resides in the fact that the problem itself has multiple solutions and some of
those, are simply numerical noise.

In conclusion, identifying a robust and scalable regularization method is inherently
challenging. Although promising in smaller scenarios, these approaches often falter as the
system scales, underscoring the need for innovative strategies capable of addressing both
accuracy and scalability.

In conclusion, what should be done is identify the key feature that better represents
the dynamic of the system, independent on the scale and on the initial condition, because
in a generic scenario it would not be advantageous to repeat all the process of finding
the best regularization strategy. This by itself might prove to be quite a demanding, but
not impossible task. However, as we will see, this will prove to be one among different
challenges to a large scale efficient implementation.

5.3.2 Measurement precision

To reliably estimate the algorithm’s performance in higher-dimensional systems, we must

account for measurement readout costs. Specifically, we determine how many measure-

ments are needed to evaluate the terms in Eqgs. (4.9) and (4.8). The most expensive terms

involve potential and kinetic energy. Note that the cost of measuring the kinetic energy in

Eq. (4.28) can be reduced using a Fourier-transform approach instead of finite differences,

eliminating the 1/Ax? prefactor. The potential measurement cost remains unchanged.
For a desired measurement precision e, inverting Eq. (4.27) gives

1—(o*
N = ¢3%, (5.15)
where ¢, represents the potential norm and scales as O(2%/2). The sampling of the
potential therefore exhibits unfavorable scaling for large systems and observables with
small expectation values ({¢*) — 0). In this regime, the required measurements scale as
O(2"¢7?).
For the matrix terms in Eq. (4.8), regularization imposes a cutoff threshold that sets a
maximum achievable precision €,,;,. Using singular values that are physically meaningful
standardizes the procedure. The required measurements then scale as ¢, /€2, where € is the
desired precision. For example, a cutoff point of 10~ implies O(¢, x 10%) measurements
per value, with ¢,(n) ~ O(2%2). Such a large number of measurements could pose
practical challenges in preserving a quantum advantage over classical algorithms, as the
overhead may offset the computational speedup.

However, these considerations do not apply to Eq. (4.9), as those terms do not require
regularization.



103

5.3.3 Timestep

A hybrid variational algorithm consists of both a classical and a quantum component. In
the specific case of the VTE, the integration scheme employed is entirely classical. At
each time step, the quantum computer is only tasked with measuring the quantities in
Eq. (4.14) and Eq. (5.3). The resulting linear system is then solved using a classically
chosen integration method. Consequently, the temporal evolution, and thus the total
number of time steps, is determined by a classical integration scheme. As an example, with
CFL condition the number of time steps scales as O(1/Ax) ~ O(27"). In other words,
there is no quantum advantage in terms of time stepping. In the VTE, the quantum
part is solely used to evaluate quantities required for the evolution; the time-stepping
procedure itself is not improved. In fact, whereas a classical algorithm may require O(V;)
time steps, the variational quantum approach can demand an even larger number.

This motivates the investigation of potential improvements in this aspect, such as
offloading the time integration, or part of it, to the quantum computer.

5.4 Linearization Approach

We have seen the strength and weaknesses of the VT'E approach; while on one hand the
limited depth variational circuits enables fast runs and is suited for NISQ devices, on
the other, the time integration remains classical, thus providing no advantage regarding
the number of timesteps. This implies that in a typical situation of interest, where the
required resolution grows, the number of calls to the quantum device increases linearly.
Each call has an overhead, thus a possible quantum advantage might be put in shadows.
We thus consider an alternative approach to the solution of SP. We are looking for a way
to offload the time integration to the quantum device. We expect that this would require
circuit with a greater depth, at least in the order of the number of timesteps O(V;).

Moving to a similar field, fluid dynamics, it has been shown that an approach based
on linearization of the original system might lead to quantum advantage [118]. The
work suggests employing a specific technique, called Carleman embedding. It has already
been used to simulate the Lattice Boltzmann system in the simplest scenario, showing
promising results [119]. Specifically, with one big quantum circuit, the authors are able
to retrieve the value of the density at a given time. Following the same path, we will try
to adapt the method to SP set of equations.

5.4.1 Carleman Embedding

The Carleman embedding transforms a finite-dimensional nonlinear system into an infinite-
dimensional linear system while preserving the intrinsic properties of the system. It does
this by deriving an evolution equation for every term in the original system. Each time a
new quantity is introduced, additional terms appear, typically products of existing ones,
and these higher-order terms require their own evolution laws. These laws are obtained
by comparing them with those already derived, creating a hierarchical cascade of terms.
In practice, this infinite series of linear equations is truncated at some chosen order, which
inevitably introduces a truncation error. Consequently, our goal will be the linearization
of SP, in order to obtain a linear system of equation, only then we will search for an
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effective quantum algorithm. We start by splitting Schrodinger into real v; = Ret and
imaginary part v, = Im1) so we can write

82;1 D 1

Bt = pdut U (516)
6’02 D 1

=22 pUn 517)

where A is Laplace operator V2. This is done to obtain a linear system that evolves
strictly in real quantities, since ¥ is a complex wave function while the potential is valued
in real terms. The next step to obtain a linear system is to find an expression that
describes the evolution of the gravitational potential. Instead of solving the Poisson
equation we introduce a smooth constraint + on the potential equation, similar to a
dissipation coefficient, this way we obtain a new set of equations for the potential U

U =~ [AU — a(v] +v; —1)] , (5.18)

where a = 47Gp*. Formally this set includes the version as in Eq. (4.4), we thus aim to
find the right value for + such that the potential is rightly represented.

5.4.2 Classical solutions

Let us first try solving the equations in (5.16),(5.17),(5.18) with a Runge-Kutta integrator.
This is a first trial without the Carleman decomposition and the system is, in fact, still
non-linear, allowing to set an upper-bound to the solution we can expect to obtain with
an infinite order Carleman approach. The only errors made in this scenario are attributed
to the new form of the potential equation (5.18).

We first consider the system treated in Chapter 4, where the box dimension is L = 8,
the diffusion D =1 and o = 4wGp* = 1; the evolution is carried out until £ = 3. We also
use this test to find the optimal v for Carleman implementations.

In Fig. 5.9 a comparison between the results obtained using a classical spectral method
and the one obtained from our decomposition, that combines the real and imaginary time
splitting with the soft constraint on the potential (Egs. (5.16), (5.17), (5.18)), is shown.
We obtain the right results with v large and positive. Observe in fact that Eq. (5.18) can
be seen as the heat equation with the non-homogeneous term yh(z) = v(z)? + v(z)3 — 1
and periodic boundary condition

U (x,t) + 70, U(x,t) = vh(x). (5.19)

As v increases, the solution of Eq.(5.18) converges faster to the forcing term, thus we
recover a more refined solution; this can be seen visually in Fig. 5.9 and numerically
in Fig. 5.8, where we have shown how the relative mean square error varies in time for
simulations with different ~.

The integration is obtained with Scipy’s solve_ivp module that uses a self adaptive
timestep.
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Figure 5.8: Error as function of time for simulation with different 7. The error is evaluated
comparing the density p with the one obtained using a spectral method that we consider
ezact. We used the mean squared residual relative error /), (p;/p; — 1), where p is the
exact solution.
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Figure 5.9: Density p as a function of space for different v at different time frames. The
figure is to be read in columns: In the first column from the left there is the reference
solution obtained with a spectral method for SP; the second column represents the results
obtained integrating Eqs. (5.18) for the potential with v = 1; in the third v = 10 and
in the last v = 10%. All the simulation are done in the same setup: 5 qubits, a diffusion
coefficient D = 1, a box dimension L = 8 and a = 1.

5.4.3 Second order Carleman Embedding

The Carleman approximation aims to map a nonlinear problem into one of the kind 9,v =
Cv, in order to do so we must define the evolution of every term in Egs. (5.16), (5.17), (5.18),
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in particular the quadratic terms. Thus, defining the new variables as components of v

v = Re{v)} (5.20)
ve = Im{¢} (5.21)
v3=U (5.22)
vy = U @ Re{t)} (5.23)
vy = U @ Im{e)} (5.24)
vs = Re{y} ® Re{v)} (5.25)
v7 = Im{¢} ® Im{e} (5.26)

we obtain the first version of the Carleman system, where we have chosen a truncation
at second order that drops all third order terms, i.e, neglect the terms like Uv?. The
full-explicit expression and how it is retrieved is presented in Appendix B.

O = _gA/UQ + %ng) (5.27)
OsUg = gAvl — %Bm (5.28)
Oyvs = v (Avs — aBvg — aBv; + a) (5.29)
Do = 4a0v1 + 7 (A ® 1) vy — 2(1 @ A)vs (5.30)
Oy = yaOvy + (A ® 1)vs + g(l ® A)vy (5.31)
Opvg = —g (v1 ® Avg + Ave ® v1) (5.32)
Oy = g (Av; @ v9 + V2 ® Avy) (5.33)

where B is an N x N? used to obtain the vector N containing the quadratic term and the
product of the wave function and the potential from their tensor products, for example
B, j i = 0, 0;, such that acting on vs = v3 ® v, returns the ¢—th component

B jk(vs)jx = Bijr(vs);j(va)r = (v3)i(v2)i- (5.34)

In the same manner O acts on a vector v with the purpose of obtaining 1 ® v which is
simply a matrix whose rows are the vector itself. This can be obtained by a rank 3 tensor:
a collection of Identity matrices.

We observe that to fully describe the evolution of the system two additional compo-
nents are needed

Vg = V1 & Uy (535)
Vg = V2 & U1 (536)

and their evolution

6751)8 == (Ul X AUl — AUQ & 1)2) (537)

aﬂ)g = (A’Ul XU —v2 R AUQ) (538)

SlieINlle
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5.4.4 Third order Carleman Embedding

The third-order Carleman construction follows the same hierarchical approach. We track
the time evolution of each term in the original nonlinear equations by applying the deriva-
tive rule to express new terms using quantities whose evolution is already known. The
key difference is that we truncate at third order, discarding all fourth-order and higher
contributions.

Consider terms of the form v; ® v; from equations (5.27)-(5.29). The product rule gives

8t(vi X Uj) = 8t(vi) X (% + V; X 8t(vj). (539)

Substituting the expressions for dyv;/; yields second-order terms plus third-order contri-
butions v; ® v; ® vg. Differentiating again,

O(v; @ v @ vg) = O(v;) ®V; @ vk +v; @ O(v;) ® Vg + V; @ Vj @ O (vy). (5.40)

We retain only first-order components of 0;v;, as higher-order components would generate
fourth-order terms that violate our truncation scheme. The explicit terms composing the
third-order Carleman matrix are given in Appendix B The Carleman vector consist in a
combination of 3 N-component vectors, 6 (N, N) tensors and 18 (N, N, N) tensors. We
can thus approximate the Carleman matrix to be a (3N + 6 N? + 18 N3)? matrix, only for
a third order approximation.

5.5 Numerical Simulations

To evaluate the Carleman embedding accuracy, we performed two simulations on a one-
dimensional box discretised into 32 equally spaced points. One used second-order trun-
cation, the other third-order. Both adopted a soft constraint with v = 100 and a Runge—
Kutta integrator with adaptive timestep. Figure 5.10 shows the relative error for both
truncation levels. We quantify error using the L., norm, comparing the Carleman solu-
tion ve with a reference state vyy, obtained by integrating the original nonlinear equations
(Sec. 5.4.2):

||UC - UNLHLoo __ IaXeo,N] |(Uc)i - (UNLM (5 41)

lvelra maxieo,n |(ve)i| '

Figure 5.11 shows how key physical quantities evolve under both truncation schemes, with
the nonlinear solution as a reference. The third-order approximation clearly outperforms
the second-order one. Together, Figs. 5.10 and 5.11 quantify the observed discrepan-
cies. However, even third-order truncation fails to achieve high-fidelity results for the
Schrodinger—Poisson system. The computational cost of Carleman linearization grows
exponentially with truncation order. Since our dynamics only extend to t = 0.3—before
strong nonlinear phenomena such as shell crossing emerge—significantly higher orders
would be needed, quickly becoming computationally prohibitive.

5.6 Conclusions

In this chapter, we explored potential improvements to the variational algorithm for solv-
ing the SP system introduced in Chapter 4. While adopting a more suitable ansatz and
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Figure 5.10: Relative error comparison for the real and imaginary part of ¢ as a function
of the time for different Carleman embeddings. The simulations are obtained with v = 100
on a 32 points grid. In the first column the results with a third order approximation; in
the second column the result with a second order. The error is obtained using Eq. (5.41).

an enhanced Runge-Kutta integration scheme with adaptive timestep did not allow us to
extend the simulation scale, the analysis provides valuable insights into the limitations of
current variational strategies for high-dimensional problems.

A key challenge lies in the regularization of the matrix in Eq. (4.8), which governs the
system’s temporal evolution. Various SVD-based regularization techniques were tested,
but no method proved simultaneously robust, general, and independent of the initial con-
ditions. Moreover, the number of measurements required to sample the known term scales
as O(2"¢ %), with € denoting the desired precision, highlighting the practical constraints
of the approach.

We also considered an alternative method based on the linearized SP system using
Carleman embedding, deriving second- and third-order truncations. Although these re-
sults were not immediately promising for large-scale simulations, they provide guidance
on which directions may be less effective for direct quantum implementations.

Overall, our analysis highlights the limitations of current variational approaches for
the SP system. In particular, the strong nonlinearity of the SP dynamics appears to
constrain the potential advantage of quantum computing for direct simulations, both for
variational and direct algorithms. At the same time, we do not rule out the possibility that
more sophisticated hybrid approaches could exploit quantum resources more effectively
in the future. Rather than closing any avenues, this work shifts the focus toward devel-
oping refined algorithms that may achieve a practical quantum advantage, as explored in
the following chapter for QFRANS. By identifying and understanding these limitations,
the study helps guide future efforts toward approaches that could realistically leverage
quantum computing for the SP system.
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Chapter 6

QFRANS: Quantum Fixed RAdius
Neighbor Search

In this chapter, we shift focus from direct dark matter simulations and propose a quantum
algorithm capable of accelerating the computationally intensive components of classical
cosmological simulations. Our attention is specifically directed toward the Fixed-RAdius
Neighbor Search (FRANS) problem. This module is a computationally demanding task,
usually both time- and memory-consuming that is present in many N-body methods, and
specifically in cosmological simulations. The main issue with this kind of algorithms,
from the perspective of HPC performance analysis, is the long execution time due to
cache misses. In this chapter, we aim to find a solution to the FRANS problem by em-
ploying our own version of the oblivious-fixed-point amplification algorithm [120], [121],
which is very adaptable to different initial states while being agnostic to the target state.
In Section 6.2 we introduce the problem and describe its difficulties when treated by a
classical computer. In Section 6.3 we describe the Grover’s algorithm and its Fixed-Point-
Search (FPS) and Oblivious-Amplitude-Amplification (OAA) versions. In Section 6.4 we
describe our quantum FRANS algorithm and we highlight the similarities and differences
with the previous algorithms. Hence, we explicitly show the quantum circuit and the gate
decomposition of the various operations, analyzing the computational complexity and the
gate complexity. Furthermore, we propose a stopping criterion based on Bayesian’s pos-
terior probability. In Section 6.5 we perform numerical tests to verify the goodness of our
stopping criterion. In Section 6.6 we introduce the bit-flip and the readout measurement
errors in our simulation, calculating the threshold for the amount of noise required to
preserve the quantum advantage of the algorithm, without introducing particular error
correction schemes. Finally, we draw the outlooks and the conclusions of this work in
Section 6.7.

6.1 Introduction

In computational science, a seemingly straightforward task has emerged as a fundamental
limitation: finding all particles within a fixed distance between each other. This Fixed-
RAdius Neighbor Search (FRANS) [122] is strictly related to N-body methods and forms
the computational backbone of numerous simulation methods across physics, chemistry,
and astronomy [123]-[127], yet consistently dominates runtime despite decades of algo-

111
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rithmic advancements.

The naive approach to finding all particles within a cutoff distance £ requires examining
every possible particle pair, resulting in O(N?) scaling that quickly becomes unfavorable
as the system size grows. Modern simulations employ specialized spatial data structures
such as uniform grids, Verlet lists [123], [126], [128], and hierarchical trees [65], [125],
which can reduce the complexity to O(N log N) by considering only a portion of all the
possible pairs.

Fast algorithms used to explicitly find all the particle pairs within the fixed-radius
scale as O(M + N), where M is the number of neighboring pairs, with a preprocessing
of O(Nlog N) and a O(N) space complexity [129]. Yet, in spite of the improved compu-
tational cost, this optimized neighbor search still constitutes the primary computational
expense across diverse scientific applications.

In the context of Molecular Dynamics (MD), Verlet lists or cell indices [123] are used
to evaluate interactions between atoms for the study of a wide range of phenomena such
as drug binding [130], [131], membrane dynamics [132], [133] and material science [134].
These data structure keeps track of the atoms that are spatially close, in order to avoid
considering atoms far beyond the interaction radius. The FRANS procedure and main-
tenance of these lists typically consumes from 30% to 60% of total runtime in large-scale
simulations [135], [136]. Another interesting field of MD concerns protein folding. Re-
search in this area focuses on how proteins evolve towards an equilibrium state (folding)
and interact with one another. A noticeable application is found in neuroscience, where
abnormal folding patterns often signal neurological diseases [137]. While earlier studies
relied on neighbor search [138], the field has evolved considerably with new approaches.
AlphaFold [139] stands out as a particularly valuable tool, serving as a detailed simulator
and providing a database of 200 million proteins’ structure. In this case, neighbor search
algorithms remain useful for homology detection [140], helping researchers identify struc-
tural similarities between proteins to trace evolutionary origins and primitive forms. These
methods also assess how well different proteins might interact based on their geometric
properties [141]. Non-equilibrium protein folding [142]-[144] is an open research field,
also related to neurological disorder [145], [146] and represents another area of interest
for neighbor search. Here environmental influences cause proteins to adopt conformations
outside thermal equilibrium. Since ground-state assumptions do not apply in these sys-
tems, different methods are used to model the folding mechanism such as coarse-grained
molecular dynamics simulations combined with FRANS.

In both cosmology and fluid dynamics, Smoothed Particle Hydrodynamics (SPH) [124]
can be used to simulate the evolution of fluids and gases. This approach represents
continuous media as discrete particles, each carrying fundamental properties such as mass,
momentum and energy. Particle interactions emerge through a weighting scheme that
employs localized kernel functions to determine the influence of neighboring particles. The
method achieves conservation of field quantities (e.g, pressure and density) by spatially
averaging contributions from all particles within the kernel’s smoothing length radius.
The evaluation of neighboring pair and interaction between particles takes up most of the
execution time [147]. The challenge becomes particularly acute in simulations with free
surfaces or multiphase flows, where particle distributions become highly non-uniform.

In the context of astrophysical N-Body simulations, SPH is used to simulate dust dynamics
using tree-based methods for the neighbor search part. It is common to consider in these
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scenarios the nearest n neighbors (typically n = 64) rather than all particles within a fixed
radius [148]. While this can introduce limitations to the convergence of the scheme [149],
it remains a practical approach.

For purely gravitational N-body simulations, hybrid Tree-Particle-Mesh methods are often
employed to achieve O(N log V) scaling, leveraging techniques such as space-filling Peano-
Hilbert ordering, Oct-trees, and multi-pole expansions. However, these methods do not
explicitly compute interactions for all neighbor pairs within a fixed radius, and thus do
not fully fall into the FRANS category. In both cases, the traversal of these spatial data
structures to identify nearby particles still dominates computational expense, consuming
most of simulation’s time in cosmological models with billions of bodies [125], [150]. Highly
clustered mass distributions — characteristic of galaxy formation — further amplify these
costs by necessitating frequent tree rebuilds.

What makes this problem particularly resistant to optimization is not merely its algo-
rithmic complexity, but rather the challenging computational patterns it creates. Specifi-
cally, the combination of a large data structure combined with the frequent and irregular
memory access patterns.

To facilitate the data transfer to and from the compute cores, modern computing
architectures are built around a memory hierarchy with components of growing size and
decreasing bandwidth, that performs best when data access follows predictable patterns.
We report as reference the data gathered from two modern supercomputers [151], [152]:
CPU registers — L1 cache, with 32 — 64 KiB per core; — L2 cache, with 512KiB —8 MiB
per core; — L3 cache, with 120 — 256 MiB per core; — main memory However, neighbor
search fundamentally involves unpredictable memory access and particles that are close
in space configuration might be stored far apart in memory, particularly after many
simulation time steps have caused the particles to move from their initial positions. This
creates numerous cache misses, as the processor constantly needs to fetch data from slower
memory tiers. For reference, in both SPH and MD the number of neighbors M depends
on the application, as high resolution simulations might require higher values. As an
example a high-resolution 3D SPH simulation requires approximately N = 10, with up
to 100 target neighbors per particle [153], while an MD simulation might require N = 10°
with the number of neighbors in the order of hundreds [126], [154], [155].

In Fig. 6.1 a toy model representing the cache miss problem is presented. When
searching for neighbors of particle B, the algorithm needs to access data for particles E,
G, and H that happen to be spatially nearby. However, due to limited cache memory
capacity, only particles within B’s sub-quadrant are currently stored in cache. To re-
trieve information for the remaining particles, the algorithm must fetch data from main
memory—a significantly slower operation. The frequent repetition of this process creates
substantial computational overhead and dramatically increases execution time. Thus, the
mismatch between physical proximity and memory proximity causes the FRANS to be the
bottleneck in many different scenarios. In practice, however, this issue can be mitigated
by reorganizing particle data in memory, with the possibility of placing spatially nearby
particles in contiguous memory locations.

At the dawn of quantum computing, Grover’s search algorithm [156] showed one of
the first example of a quantum algorithm that can run faster than any classical algorithm
designed for the same task. While the computational complexity of a classical search
is O(N), Grover’s algorithm can do the search with only O(v/N) steps, thus offering a
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Figure 6.1: Toy model illustrating the cache miss problem in neighbor search algorithms.
An evenly spaced grid contains eight particles distributed across four memory blocks
(indicated by red boundaries).Each particle’s data is stored in memory locations denoted
by matching colors. Note that spatially adjacent particles might be stored in different
memory locations.

quadratic advantage. After its appearance in the literature, Grover’s algorithm has been
analyzed and modified several times to match more specific tasks and to tackle the in-
herited issues of the original algorithm. Among those, we mention the Fixed-point search
(FPS) algorithms [120], [157], [158], thought to tackle the periodic increase and decrease
in the success probability of the search, and the Oblivious Amplitude Amplification algo-
rithms(OAA) [121], [159], [160] intended to overcome the issue of not knowing the target
state in advance. We will discuss both approaches later in the main text. In more recent
years, it has been shown how Grover’s search algorithm and all of its many versions belong
to the class of Quantum Singular-value Transform (QSVT) algorithms [161], [162], which
reveals the principles behind the most widely used (and cited) quantum algorithms.

6.2 The fixed-radius neighbor search

At the heart of many computational models in physics lies a conceptually simple yet
computationally intensive operation: determining which objects in space are close to one
another. This procedure, known as neighbor search, forms the foundation for virtually all
particle-based simulation methods across the physical sciences.

In its most fundamental form, the fixed-radius variant, neighbor search answers a
straightforward question: given a collection of particles distributed throughout space,
which particles lie within a fixed distance of each other? This critical calculation enables
the modeling of interactions that occur only between objects in close proximity—forces
that diminish rapidly with distance, collisions between bodies, or influence that spreads
within a limited radius.

The mathematical formulation is deceptively simple. For each particle ¢ in a system
of N particles, we must identify all other particles j such that the distance between them
d(r;,r;) is less than some threshold distance £. This distance threshold might represent
the cutoff radius of a potential energy function in MD, the smoothing length in fluid
simulations.

Despite its conceptual simplicity, this operation presents an extraordinary compu-
tational challenge. The most direct approach—checking every possible pair of parti-
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cles—would require examining N? distance calculations, a prohibitive scaling for systems
of scientific interest that may contain millions or billions of particles. Moreover, as parti-
cles move throughout a simulation, these neighborhood relationships continually change,
requiring repeated recalculation.

To address this challenge, researchers have developed sophisticated spatial data struc-
tures that organize particles based on their positions in space. Cell lists divide the sim-
ulation domain into a grid, allowing the search to focus only on particles in adjacent
cells. Verlet lists maintain a precomputed set of neighbors for each particle, including
a buffer zone to reduce update frequency. Tree-based methods hierarchically partition
space, enabling rapid elimination of distant regions from consideration.

These techniques reduce the theoretical complexity from O(N?) to O(N log N), rep-
resenting an enormous computational saving. Nevertheless, neighbor search still typically
accounts for 30 — 70% of total computation time in production simulations across disci-
plines [135], [136], [147]. The persistent challenge stems from a fundamental disconnect
between two different types of proximity: spatial proximity in the physical simulation and
memory proximity in the computing hardware.

When particles are close to each other in the simulation space, their data should
ideally be close to each other in the computer’s memory for efficient processing. However,
this alignment rarely occurs, especially as particles move throughout the simulation. A
particle’s neighbors in physical space are often scattered across distant memory locations,
forcing the processor to constantly fetch data from widely separated memory addresses.

Compounding this problem is the repetitive nature of the search operation. For each
of the N particles in the system, the algorithm must perform a separate neighbor search,
repeatedly accessing memory locations across the entire data structure.

The combined effect of these two factors — spatial-memory misalignment and repeated
broad memory access — frequently results in cache misses, where the processor must wait
to retrieve data from slower memory tiers rather than finding it in fast cache memory.
These waiting periods significantly increase actual execution time, often by an order of
magnitude or more compared to theoretical predictions.

Thus, the primary challenge in modern neighbor search implementations has shifted
from algorithmic complexity to hardware efficiency. Even algorithms with optimal the-
oretical scaling (O(NN)) can perform poorly in practice due to their incompatibility with
contemporary computing architectures and the true complexity now lies not in the math-
ematical operation count but in navigating the complex memory hierarchy of modern
processors to minimize data movement costs.

Estimating the impact of cache misses on the FRANS solution is a complex issue
that falls beyond the scope of this work. Such an assessment depends not only on the
algorithmic implementation but also on the underlying hardware architecture and spe-
cific software realization. Additionally, factors such as dataset size, memory management
strategies, and data distribution across computing resources vary significantly between
different versions and implementations. Nevertheless, to provide context on how this is-
sue impacts modern simulations, we present a simplified estimate.

Consider a large cosmological simulation with 10'° particles executed on Fugaku super-
computer [151]. Tt has been reported that in a 32% particles SPH simulation optimized
for single-node execution on Fugaku exhibits cache miss probabilities for L1 = 1.2% and
for L2 = 0.12% [163]. Building on these data, we aim to estimate cache behavior for a
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10'%particle simulation under a simplified capacity-dominated scaling model, where the
miss rate scales proportionally with the number of particles per node.

Fugaku comprises 158,976 compute nodes [151]. A reasonable allocation for a simulation
of this magnitude would utilize approximately one-tenth of the available nodes (~15,898
nodes) [164], with each node processing ~ 6.29 x 10° particles. Applying a naive linear
scaling law, the estimated miss rates increase to L1 ~ 23% and L2 ~ 2.4%.

These estimates provide a first-order approximation of cache behavior, assuming that the
per-particle data dimension remains independent of the working set size. However, for
larger datasets, a significantly greater fraction of particles resides in RAM compared to
the 323 particles-per-node case, thereby increasing the probability of accessing particles
stored in main memory rather than cache. This type of miss is particularly costly, as
retrieving data from main memory requires substantially more CPU cycles than cache ac-
cess. During such memory fetches, the entire computational pipeline stalls while awaiting
the memory refill operation.

Given these considerations, we regard our estimate as an upper bound on the actual
cache miss percentage. We emphasize that actual performance may differ substantially
depending on code-specific factors, particularly the strategies employed for managing and
accessing larger datasets in practice. For instance, codes written for molecular dynamics
do not translate well to the astrophysical domain due to fundamentally different data
layouts: Verlet lists are optimized for short-range interactions, whereas in cosmologi-
cal simulations data are clustered in distinct spatial regions separated by cosmic voids.
Moreover, state-of-the-art codes employ sophisticated techniques such as Peano-Hilbert
space-filling curves [157], [165] to ensure that spatially proximate data occupy adjacent
memory locations, thereby minimizing cache misses. However, the focus of this work is
not to compete with these highly optimized classical methods, rather, we aim to intro-
duce the fundamental elements of a quantum algorithm for the FRANS problem. The
purpose of this analysis is precisely to lay the groundwork for a quantum algorithm. Clas-
sical methods have been studied and refined for many years, and attempting to directly
compete with them at this stage would be unwise. Instead, our approach establishes the
foundations for a future scenario where the combination of technological development and
algorithmic design could potentially lead to a quantum advantage over classical routines.

6.3 Quantum search algorithms

In this section, we describe a few versions of the Grover’s algorithm as they are relevant
to this paper. In the original work, the N elements of a database D are encoded into a
quantum state |¢) and we want to select a specific target state |1)7). The initial state is
set as the uniform superposition of all possible states

1 :
|tho) = N ; i) (6.1)

The algorithm consists in applying to the state |1y) first an oracle operator O, which
is capable of recognizing the solution and whose action is to flip the sign of the target
state |ir), defined as
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O =1 —2[¢r) (i, (6.2)

and later applying the reflection operator Ro, which reflects the resulting state with respect
to the initial state [io), namely

Ry = 2|t) (] — 1. (6.3)
Conveniently, the algorithm can be represented in a two-dimensional space spanned
by the solution |¢7) and its orthogonal part [¢)1) in the initial state, defined such that

|1o) = cos BlibT) + sin O]r), (6.4)

where the angle 6§ = arcsin [ %] and M is the number of target states in the database.

The application of the Grover operator G = RO rotates the vector in the |Y7), [t) plane
by an angle 26 increasing the amplitude of the target state. By applying G a sufficiently

large number of times k ~ / %, the final state G*|1)y) will have the maximum amplitude

for the component |¢7).

Now we see that there are two main hurdles when one aims to apply the Grover’s
search algorithm to its database. First, if the value M is unknown, the risk is to apply
G too many times, with the result that the final state passes over the |i)7) axis and the
amplitude probability of measuring the target state reduces. This is known as the souffié
problem, since applying the Grover’s operator too few times undercooks the state, whereas
applying it too many times overcooks it, with the resulting deflation of the quantum cake.
This obstacle was overcome by the FPS algorithm [120], which increases monotonically
the probability of measuring a target state. Second, as expressed in Eq. (6.2), the target
state has to be known in order to construct the correct oracle operator O. Although this
may be sensible in the context of quantum simulation to construct a particular quantum
state, it loses its significance when the quantum algorithm is intended to search over a
classical database or to solve classical optimization problems. The OAA algorithm was
designed to overcome this problem. In the remainder of this section we are going to
summarize these two algorithms.

6.3.1 FPS algorithm

The FPS algorithm [120] introduces an ancilla qubit to reproduce a non-unitary dynamics
that damps out the oscillations of the results of Grover’s algorithm between the target
and non-target states. The algorithm uses a series of parametric rotations

COoS % —sin %
RZJ(a'L) = i @ o 9 (65)
sin g cos G

where the optimal value of the «; angles depends on the specifics of the problem. The
algorithm is presented in Fig. 6.2 and reads as follows

I [(J0)(0] @ T+ [1)(1]® Ro) (Ry(—ai) @T)) (10) (0] @ T +[1) (1| ® O) (R, (cs) ®1)) | \1>116ﬂog,
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ancilla [1) —— R, ()

|tho) =~

)

Figure 6.2: Circuit used for the amplitude amplification process. Based on Mizel search
algorithm. The parameter « is adjusted accordingly to the iteration. The measurement
on the ancilla qubit serves as control, if |0) is the outcome, it means that the quantum
register is ready for measurement, otherwise repeat the process, varying the angle «.

where the circuit is run a total number of K times depending on the result of a measure-
ment performed on the ancilla qubit as we see next.

The first step of the algorithm rotates the ancilla qubit to — sin |0) 4 cos $|1). The
second term performs a controlled operation which yields the state
e 0% n .
[T1) = —sin—-|0)|¢o) + cos —[1)(cos |y™) — sinlyr)). (6.7)
The application of the second single-qubit rotation R,(—a;) leads to
|Wy) = — sin ; sin 0|0)|¢7) + sin? %|1>|¢0> + cos? %|1>(COS Olyt) — sinfir) (65)

= —sin a; sin 8|0)|¢7) — cos oy sin 0]1)|1r) + cos O]1) ).

Now the action of the last controlled operation (|0)(0] ® I + |1)(1| ® Ro) on |Wy) is
given by

|W3) = — /Pit1]0)(|U7)) + /1 — pi+1|1>((ci cos 20 — s; cos o sin 20)|+) (6.9)

+ (¢;8in 20 + s; cos a; cos 20) [Yr))

where we have used p;1, = sin?q;sin®0, ¢; = cosf and s; = sinf. Finally, depending
on the outcome of the measurement performed on the ancilla qubit, we decide to stop
or continue the algorithm. In fact, if we measure the state |0) on the ancilla qubit, the
system collapses into the state |17). Conversely, if the outcome is |1), the system becomes
a new superposition of the states [1)7), |¢+).

At the i-th repetition, the superposition state associated with |1) is

|this1) = cipa| ") + s |vr), (6.10)

with the new coefficients defined as

¢; sin 20 + s; cos «; cos 26

S; =
i V1I—pip

¢; cos 20 — s; cos «; sin 26

C;
i V1I—pig

(6.11)
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fori=1,...,Kand
Pir1 = s;sin® oy, (6.12)

being the probability of measuring the ancilla qubit on |0).

Note that, depending on the choice for the sequence of the angles «;, the instanta-
neous probability p; may oscillates or even reduce at each iteration, but the cumulative
probability peum, that is the probability of getting the outcome |0) at least once after after
¢ iterations, is always non-decreasing. This is obtained by considering the probability of
the complementary event, i.e. not measuring the desired outcome in the first ¢ iterations.

Peum()) = 1= [ (1 = pjsa) fori=1,. K (6.13)
j=1
The average number of oracle calls before success is given by:

i—1

< Nealls >= ZZ X [pis1 H(l — pj+1)], (6.14)

7 j=1

where the term between squared brackets is the probability of having success exactly at
the ¢-th iteration.

A sensible choice of the «; leads the cumulative probability of success to rapidly grow
to 1. In the case of knowing beforehand the value of M, and consequently of 6, the best
choice is given by the constant critical value

1 —sin 26

1 +sin26)’ (6.15)

Q¢ = arccos (
which has been found to be the optimal angle dampening the oscillations of Grover’s
algorithm between target and nontarget states[120]. When M is not known in advance but
M < N, then the critical angle computed for M = 1 is an effective choice for a large set
of values of M near 1. It is noteworthy to mention that the quantum counting algorithm
has been proposed as a method to efficiently count the number of solutions that attain
specific requirements of a given quantum search problem or simply counting the total
number of solutions [166]. More recently, a new method has been proposed to estimate
M by exploiting the relationship between this value and the probability of measuring one
solution after a given number of iterations of the standard Grover’s algorithm [167].

We show next, for the case of M =1 and N = 1000, the evolution of the coefficients
¢i, s; together with the instantaneous and cumulative probabilities p;, peum(7) for different
choices of «;. In the case of using a constant critical angle, shown in Fig. 6.3c, the
probability of success at each iteration p; tends to increase. However, when the number of
target states M is not known but it is supposedly very large, an effective choice is given
by varying the angle in the following decreasing way

1 — sin(m/2i)

fori>1 6.16
em(njz) L (6.16)

ap =7/2, «; = arccos (
for which the dynamics is plotted in Fig. 6.3d. In Fig. 6.3b, we compare the cumulative
probabilities and the average number of oracle calls < n.s > before success (vertical
lines) for different choices of « (critical and decreasing) with the probability of classical
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random extraction (dashed line). Comparing the two different choices of «, the cost of
not knowing M weights at most by a factor of 1.5 in the average number of oracle calls.
Summing everything up, in Fig. 6.3a we compare the average number of oracle calls for
the case M =1 as a function of N for the critical and decreasing cases with respect to the
references /N/M and N/M. As expected, we find that the fixed point search algorithm

has a scaling O(y/N/M), an improvement with respect to the classical O(N/M) full stop.

_ac
£ —_—( N calls )y =24.21
a° —_———-
v 4
{ Neails )=32.31
classical
150 200
0.5
_________________ pcum N
— pi
S,
H i !
05+ '__: .::' ........ Ci
_l L R 1 L ey ol
0 50 100 150 200

Figure 6.3: In (a), the average number of oracle calls before success (using M = 1 and
changing the database size IV) for the constant critical value of ac = a; and for the variable
decreasing sequence, defined in (6.16) and referenced as ay. This is compared with the
references v/ N and N using a logarithmic scale on both the horizontal and vertical axes.
The fixed point search algorithm provides a quadratic advantage with respect to classical
search, for the considered angle’s schedules. In (b), a comparison between the cumulative
probabilities for the two choices with respect to a classical algorithm. The vertical lines
represent the average number of queries to the oracle for the respective cases. In (¢) and
(d) the time evolution of the coefficients in Eq. (6.11), the instantaneous and cumulative
probabilities p;, peum for the case M =1, N = 1000 with a¢ and «ay respectively.
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6.3.2 OAA algorithm

In order to apply either the Grover or the FPS algorithm, we need to know how to prepare
the oracle O as expressed in Eq. (6.2), which assumes some knowledge of the target state
|tr). Most of the times, we do not have all the pieces of information about the target
state, but some of its values, which are stored in a subspace that labels if the quantum
state is (or it is not) the target. Namely, we can think of a unitary operation U such that

U0)[g) = [0)V]e) +[@+) (6.17)

where |¢)7) = V|¢)) has the label qubit set to |0) and |®~) is a state orthogonal to |0)|¢7)
with different value of the label qubit. The OAA algorithm allows the amplification of the
state labeled by |0) regardless of the quantum state |1)7). This is a typical condition that
we encounter in block-encoding algorithms [161] where the relevant dynamics is labeled
by the |0) state.

We refer to the original paper [159] for the description of the algorithm. However, as a
caveat, we remind that the OAA algorithm is exact only if the V' operator is unitary [160],
otherwise introducing errors into the target state.

6.4 Quantum FRANS algorithm

In this section we present our Quantum algorithm for the FRANS problem (QFRANS),
which is obtained as an efficient and ad-hoc modification of the FPS algorithm. Later in
this section we present a full analysis of each component of the quantum circuit.

We consider a dataset X = {i, 2}, which collects the label i given to N particles
and the respective position ;. Our goal is to find all the pairs (7, j) such that the distance
d(i,7) is lower than the chosen fixed radius h.

The first part of the algorithm encodes two copies of the dataset in four quantum
registers, by using bit-encoding. In particular, two quantum registers with gy = [log, N|
qubits are used to encode the label of the particles, with the state |i) being the binary
representation of the integer ¢, while ¢; qubits are used to encode their position by dis-
cretizing the whole space into a 2%-points lattice, and letting the state |z;) to represent
the coordinates.

The preparation of the state is accomplished by employing the PREP operator, which
acts on the position and label registers as

|¢) = PREP|0)4,]0),, (6.18)

\/_Z’ q0 <11

where the suffix given to the ket details the number of qubits. QFRANS applies PREP
to both the particles register, yielding

|tho) = PREP @ PREP|0)4,(0)4,[0)4[0)q, = + Z |2) @ |24) q1 |$]> (6.19)

Once the dataset is encoded we evaluate the distance between all the points in the
dataset d;; = d(z;,x;). This can be done by introducing a set a; of ancillary qubits
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initialized in |0) and by applying a generic distance operator D on the two ¢1-qubits
registers

[91) = (Tog, ® D)[h0)[0)a, :—Z\ D)o 120 gy 1) g0 1did) gy |Dan (6.20)

an efficient implementation of the operator D in case of euclidean geometry is given
in Sec. 6.4.1.

The value |-),, of the ancilla qubits is not relevant at this stage of the calculation, but
we cannot discard it as it will be useful later.

Once the state is prepared, according to Grover’s algorithm and its FPS counterpart,
now we construct the oracle operator that applies a negative phase to the states where
dij < h.

Here resides the novelty of this work: we do not know what is our target state |¢r),
so we do not aim to build the oracle operator as described in Eq. (6.2), nevertheless we
build the oracle by constructing a diagonal operator which is able to invert the sign of all
the possible solutions.

O(h) = diag(~1,....,=1, 1.1 ). (6.21)
a/_/ H,_/
h times 2(a1+1) _p times

When applied to |¢) this yields

’¢2> - ]IQII0+¢]1 ® O ® I[(ll)|¢1>
IN-M M | M
= Z D00l Ti) a1 17} 00| dij) o | )a Z 12001 i) 1|7 a0 | di) e |)as
dij>h d”<h
= CoS QWH — sin 6|¢r), (6.22)

where M is the number of neighboring pairs and in the last line of Eq. (6.22) we restored
the convention that uses |¢1), |1r) and the relative angle 6.

Finally we build the reflection over the initial state |¢;), Ry, similar to Eq. (6.3) as

Ry = 2lwn) (en] — T = 0,(2)0)0] — D)0, = 0,20, (6.23)

where we defined U; = DU ,and Z as the expanded Z operation which inverts the sign
of the qubits different from |0). The application of R, to the quantum state leads to
lg) = }?1|@/)2> Upon this premises, we are able to build the QFRANS algorithm as
depicted in Fig. 6.4, which is analogue to the FPS algorithm, with an explicit state
preparation for the FRANS problem, and a modified oracle operator. Although those
differences, the result can be written as in Eq. (6.9), with
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Figure 6.4: The circuit for the QFRANS algorithm, which has to be repeated until the
state measured in the register ag is |0).

|\Il3> = ~VDk+1 \/g Z (|0>a0 |i>¢I0|xi>tI1 |j>fI0|dij>tI1">al)

dij<h
. N-—-M , .
+ /1= prg1 [1),, [(crcos 20 — s cos oy sin 26)4 / N Z (19 g0l T au |7 0| dijdan |V as)
dij>h
F (esin2d + s cosacos20)y 5 3 ()l lidaldishal o) | (6.24)

di;j<h

In the remaining of this section we analyze each of the components of the algorithm
separately.

6.4.1 State preparation

Here we describe the U; operator needed to encode and process the pieces of information
available in the database.

The fundamental premise of our algorithm relies on establishing a correspondence
between dataset elements X; and their integer representations x;. When working with
floating-point precision, this correspondence can always be achieved by defining a dis-
cretization grid based on the numerical precision of the computing system. With 64
qubits si possible to reproduce each number in the format float64, with precision 10716,
It is in fact possible to convert a floating point into an integer in a classical machine; the
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number of qubits necessary to reproduce such number are expressed by log, of the number
of classical bits. However, more sophisticated grid selection schemes can be tailored to
specific problem requirements and search radius £ to optimize performance.

To identify and mark the target states that satisfy the proximity condition in Eq. (6.30),
we must first determine the integer representation of the chosen distance threshold £. This
conversion is feasible precisely because we have established a bit-encoding scheme that
associates each dataset point with a unique integer value.

A critical requirement of our approach is that the input dataset must be evenly spaced,
or equivalently, that the data space can be accurately described using a regular grid
structure. Under this constraint, we can interpret the integer representation as the number
of discrete distance units required to span the threshold distance . For illustration,
consider the one-dimensional case where this relationship is expressed as:

h— [ﬂ | (6.25)

where Az represents the grid spacing. This discretization procedure effectively trans-
forms the original continuous proximity problem into an equivalent integer formulation:

d(l’i,l'j) < h, Tiy Xg, heN. (626)

Hence, We assume that both the label and the position of each particle are described by
integers. Note that the ceiling function in Eq. (6.25) is suitable to a proximity condition
that uses the inclusive inequality as in Eq. (6.26), whereas, for applications requiring a
strict inequality, the floor function should favorable.

The PREP operator

In the following we treat PREP as a black-box operator that is able to prepare the state |¢)
as defined in Eq. (6.18). The construction of PREP is often disregarded but it is actually
one of the hardest element to deal with. The quantum superposition of N states can
be obtained by employing a circuit with depth O(NN), thus exponential with the number
of qubits gy of the label register [168], [169]. This can be interpreted as the sequential
implementation of each particle directly on the quantum circuit, with the log N ancilla
qubits facilitating the decomposition of multi-controlled gates. Note that by using the
optimized algorithm of Ref. [168], we can implement PREP as two separate circuit, as
shown in Fig. 6.5. The first operator, L, defines the balanced superposition of N elements
in the register with gy qubits L|0)4, = \/LN S Vo'i). The second operator, E, assigns to
each particle its own position, Ei)g|0)g, = [1)ge|2i)q, -
This implementation of PREP allows us to use a reduced R operator, as we will see later.
One can drastically reduce the depth of the circuit by increasing its width, i.e. by
employing ancilla qubits [170]-[172], an approach that culminates with a circuit that
has width~ O(N) while keeping the depth~ O(log N). This constructs a register of N
ancilla qubits containing the information for initial state preparation, effectively forming
a database. Access to this repository scales logarithmically with the number of data
points N, enabled by a tree-based data access structure. In our case, since the initial
state has nearly uniform coefficients, the classical overhead for amplitude preparation
is both constant and efficient. In general, different algorithms play with the tradeoff



125

|
|O>q0 : |

Bl R0, e,

|0>¢10+¢]1 |¢>QO+Q1

10)

q1

Figure 6.5: A possible implementation of the PREP operator, where L creates a balanced
superposition of the labels of the particles and E assigns to each particle its position.

between depth and number of ancillas [171], while keeping the product of depth and width
constant. In order to build a functioning PREP operator, one should adapt the depth and
the width to the specifics of the quantum computer available. Neither of the approaches
at the extremes of this trade-off require all-to-all qubit connectivity; consequently, we do
not expect connectivity constraints to significantly impact the algorithm’s scaling.

Conversely, if the position of the particles follows some structure, that can be de-
scribed by a mathematical function, we can use matrix access oracles with depth scaling
approximately as ~ O(poly log N) [119], [172], [173].

The distance operator D

In a generic scenario, the distance operator Dis applied on a combination of two identical
states superpositions |¢) [¢)

DY w123y, 100 = D i)y, 1)y, o1 10)a, 1 (6.27)
i.j i.j

where |dz~j>q1 1 1s the state encoding the signed distance between the particle z; and z;.
The extra qubit ¢; + 1 is borrowed from the ancillary register and used to represent the
sign of the distance.

Consider a three-dimensional Euclidean space with L, distance

d(T’Z‘, T’j) = \/(ZL’Z — Z)?j)Q + (yz- - yj)2 + (ZZ — Zj)2 . (628)

The integer FRANS problem in Eq. (6.26) reduces to identifying particle pairs contained
within a sphere of radius h. However, in certain scenarios, such as cosmological simula-
tions [125], it is sufficient to determine whether particles fall within a cube of side length
h (Chebyshev distance). This approach effectively assigns particles to discrete spatial
cells, allowing one to quickly identify nearby particles without computing full Euclidean
distances. In these simulations, the number of cells is typically so large that calculat-
ing the Euclidean norm for each comparison provides little practical benefit in terms of
algorithmic logic, while significantly increasing computational cost. This is exactly the
approach used in classical simulations, where checking which particles occupy the same or
adjacent cubes efficiently determines potential interactions without evaluating all pairwise
distances. This approach decomposes the problem into three independent one-dimensional
searches along each Cartesian axis, where the distance equals the absolute difference of
the coordinates.

d(ri,rj) <em— |z, —xj| <h Ay —yjl <h A |zi— 2z <h. (6.29)
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This the case

Henceforth, we focus on the one-dimensional case, as the problem reduces to this
simpler scenario when employing the Chebyshev distance.

Before delving into details regarding the implementation of the absolute difference,
we must explain how negative integers are represented in binary. Negative integer values
are represented in binary form using two’s complement: the binary representation of the
integer is negated and 1 is added, with the most significant bit (MSB) encoding the sign.
For example, consider the integer 10 with binary representation 01010. We first negate
the value to obtain 10101, then add 1 to yield 10110, the binary representation of —10.
To recover the absolute value of a negative integer, we apply two’s complement again:
negate the bits to obtain 01001, then add 1 to recover 01010, corresponding to 10. Thus,
obtaining the absolute value requires negation followed by adding 1 when the distance is
negative.

In a quantum circuit, the difference between two binary values a and b is computed
using the inverse Ripple Carry Adder [174], which requires O(q;) CNOT gates and only 2
ancilla qubits: one for the carry of the subtraction and another as a clean ancillary qubit.
When a > b, the carry qubit remains in state |0) and yields the correct result. When
a < b, the carry qubit flips to |1), producing the two’s complement representation of a —b.
We thus treat the carry bit as the sign qubit and effectively as part of the distance.

To obtain the absolute value, when the sign qubit is |1), the incrementer s ap-
plied to the distance register, performing the addition of unity: +1 |di;) = |di; +1). This
controlled incrementer can be implemented with circuit depth O(qy) [175], [176]. Subse-
quently, the value is negated via a series of ¢ C'NOT gates, each controlled by the sign
qubit and acting on |d;; + 1).

However, instead of using the absolute difference between particles, we propose to

work with the signed difference. The negative values will be then disregarded as non-
target states by an appropriate choice of the oracle; this will be explained in Sec 6.4.2.
This operation is considerably simpler, requiring only the inverse adder and avoiding the
controlled operations. Moreover, the number of target states is reduced by half, as each
pair is counted only once.
Summing up, the choice of the Chebyshev distance over the Ly norm reduces the overall
depth of the distance operator ﬁ, as it allows the use of signed differences along each
spatial dimension. In this context, D comprises three inverse adder operators, one acting
along each spatial coordinate. This eliminates the squaring and summing operations
required by the Euclidean distance [177], thereby reducing the overall complexity of the
distance operator.

6.4.2 The oracle O

The oracle presented in Equation (6.21) represents the most naive implementation, as
it incorporates elements with zero distances. This becomes particularly valuable when
different particles are mapped to identical positions due to finite precision constraints. It
is also the cheapest option in terms of ancilla qubits, number of CNOT and circuit depth.

The most direct approach to implementing the oracle O employs the diagonal decom-
position method described in Reference [178]. However, this approach exhibits unfavor-
able scaling properties, with both the number of CNOT gates and circuit depth scaling
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as 0291, rendering it impractical for large-scale implementations.

An alternative approach would be to implement the oracle as a series of multi-controlled
Z gates (MCZ). In this scenario, we would require O(h) MCZ gates. Using the approach
described in [179], [180] the global scaling of the oracle would be O(hq ).

We can achieve a substantial improvement, reducing the complexity to O(q;), by
exploiting the inherent structure of our problem. In fact, we propose an oracle implemen-
tation that utilizes an integer comparator circuit (COMP), which requires ¢; — 1 clean
ancilla qubits and one additional qubit to store the comparison result d;; > h. When this
condition is satisfied, the target qubit is found in state |1). The comparator’s operation
can be formally expressed as COMP (Ew |dij) 1 \O)) = >4 |dij) g 41 |dij = h). Choos-
ing the most significant qubit as the sign bit, we create a natural filtering mechanism.
By adopting this choice, when we have a negative distance d;;, the sign qubit is set to
|1), which automatically makes the entire numerical value at least 2. Since all negative
values are now greater than 29' — 1, the comparator naturally excludes them without
any additional circuit. This elegant consequence of our sign bit placement simplifies the
overall implementation.

To optimize circuit complexity, we implement the inverse oracle —O rather than the
oracle defined in Equation (6.21). This is achieved through a phase kickback mechanism:
we first apply the quantum comparator to the distance register, then apply a Z gate to the
comparator’s target qubit, and finally reset the target qubit to |0) by applying COMP'.
This procedure introduces a negative phase to all elements whose distance satisfies d;; > h.
Using this approach the Oracle requires only ¢; clean ancilla qubits.

However, when one is faced with large datasets, e.g, N = 10? particles, we suggest to
employ a slightly different oracle

O(h):diag<1,—1,...,—1, 1,1 ) (6.30)
—— N —

h—1 times  2(a1+1) _} times

where we introduced a modification to exclude zero-distance values |0). This eliminates
comparisons between identical data points, reducing the number of solutions by N. In
practical applications, e.g, cosmological simulations where N ~ 10'°, this optimization
provides significant computational advantages.

Figure 6.6 illustrates the quantum circuit implementation of —O from Equation (6.30).
Zero values are excluded from the > marked states by replacing the standard comparator
COMP with COMP (—1), where —1 represents the inverse quantum incrementer based
on a logarithmic depth quantum adder [176]. To maintain linear scaling in both CNOT
count and circuit depth with respect to ¢, this modified approach requires 2¢; — log, ¢
clean ancilla qubits [175], which allows us to use the same ancilla qubits for both the
comparator and the incrementer.

In Fig. 6.7 we show a comparison of the depth and number of ancilla qubits required
to implement both version of the oracle. We have to consider also that the fewer the
number of target states M, the harder is to find them. Specifically the number of required
repetitions is expected to scale as O(N/v/M) (cf. Sec 6.3), as N? is the number of all the
possible pairs of the dataset with N elements.
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Figure 6.6: Quantum Oracle. The circuit realizes the inverse oracle —O defined in Equa-
tion (6.30). It is important for the circuit to work correctly that the sign qubit is the most
significant qubit. The target register stores the comparison result d;; > h. The operators
11 respectively add and subtract unity to the distance value; they can be implemented
with a logarithmic depth quantum adder [176]. Removing the incrementer 71 and decre-
menter —1 operators recovers the expression in Equation (6.21). The original oracle O
can be recovered by replacing the Z gate with —Z.

501 —e— No ZERO
—=— With ZERO
No ZERO: 3.35¢; — 3.35logy(q1) + 3.58
With ZERO: 2.00g; + 2.00

—e— No ZERO
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----- No ZERO: 48.66 q-1 + 24.99
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Oracle’s Depth
Total Number of Qubits

4 6 8 10 12 14 16 18 4 6 8 10 12 14 16 18
Number of qubits ¢; Number of qubits ¢;
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Figure 6.7: Depth (a) and total number of qubits (b) as a function of the number of qubits
q1- The green line refers to the oracle built using the comparator for the case including
Zero as in Eq. (6.30)); the blue line to the case without zero as in Eq. (6.21).



129

6.4.3 The reflection

The final step of the QFRANS algorithm requires performing an inversion around the
initial state [¢1). As demonstrated in Eq. (6.23) and illustrated in Figs. 6.4 and 6.8, this
can be achieved through the implementation of a single operator Z.
To maintain consistency with our circuit optimization strategy introduced in Section 6.4.2,
where we implemented the negative oracle —O rather than the positive version, we adopt
the same approach here by constructing —R; instead of R;. This design choice ensures
that the accumulated negative phases from both the oracle and reflection operators can-
cel out, ultimately producing results that are identical to the standard implementation
presented in Section 6.4. Under this modified framework, the required operator becomes
—Z =1 - 2|0) (0], which can be efficiently realized as a multi-controlled Z gate that
activates when all control qubits are in the |0) state.

Figure 6.8 presents an explicit representation of the Ry implementation. As established
in Section 6.4.1 and illustrated in Figure 6.5, PREP can be factorized as the product
of label creation operator L and element creation operator E. Consequently, following

application of 7 , the complete U operator need not be applied in all cases. When readout
measurements target only the labels of dataset elements, applying L suffices to create
the particle labels, whereas U would reconstruct a superposition of particle elements and
distances. However, when the ancilla measurement yields |1), correct algorithmic behavior
requires the full U operator. This is achieved by applying the remaining components E
and D to the appropriate registers.

The scaling of Ry is dominated by the PREP operator. In fact, [180], [181] shows
that is possible to implement a multi-controlled X gate using only 12n + O(1) qubits
and one dirty ancilla, where in the QFRANS scenario n = 2¢y. Consequentially, even
with an advantageous decomposition of the M C'Z, the implementation of Ry remains the

bottleneck of the algorithm, as the depth and complexity scales in the same manner as
PREP.

6.4.4 The readout measurement

The protocols described in Sec. 6.4.2 and Sec. 6.4.3 are repeated until the ancilla qubit is
measured in the state \O)ao. When this occurs, assuming error-free quantum hardware, the
system has collapsed into the target subspace corresponding to a valid solution. Repeating
the procedure allows one to sample multiple solutions.

We treat the total number of solution states M as an unknown random variable and
estimate it using Bayesian inference. Under the assumption N > M, we adopt a Poisson
prior distribution
MM e~ Ho

M!
where 119 = ), Mp(M) denotes the prior mean number of solutions. The initial value,
fo can be inferred from previous simulations or a priori physical considerations. In the
absence of such information, we set pg to the expected number of neighboring pairs in a

p(M) =

(6.31)

uniform particle distribution, (%)d N2,
For a given run j, let m; denote the number of oracle queries required before the
ancilla is first measured in the state |0), . For a problem with M solutions, the probability
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Figure 6.8: Explicit representation of the Ry operator. The part included by the red-
dashed line is applied only if the ancilla measurement is |1).

that the algorithm succeeds within m; oracle queries is given by the cumulative success
probability

mj
Peam(m; | M) =1 =[] (1 = pi(M)), (6.32)

i=1
where p;(M) is given in Eq. (6.12) denotes the instantaneous success probability at the
i-th iteration. The dependence on M enters through the Grover angle § = arcsin /M /N.
In addition to the time-to-success information, each run provides information on
whether the observed solution is new or has been previously sampled. Let K;_; be the
number of distinct solutions identified prior to run j. Assuming uniform sampling over

the M solutions, the likelihood associated with run j is

) if new ,
L;(M) = Pem(m; | M) x <

K 1\"
]541) , if known;

(6.33)

where the exponent v > 1 is included to speed up prior convergence to the right value of
M, giving more weight to the information about the novelty of the measured outcome.
Following Bayes’ rule, the posterior distribution after j runs is updated sequentially
as
p( | D)) = DI L D) (6.31)
2oy £i(M") p(M" | Dj 1)
where D; denotes the data collected up to run j. We remark that all the information
we can gathered from previous runs is contained in the posterior, containing both data
form the convergence behavior of the algorithm and from repeated sampling of known

solutions.
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To determine when the QFRANS sampling procedure should terminate, we adopt a
Bayesian stopping criterion based on the posterior probability that undiscovered solutions
still exist. We expect the posterior distribution P(M|D;) to converge towards a steep
distribution peaked on the true value of M; this information, combined with the the
number of distinct solutions observed after j runs K, should give us the certainty to have
measured all the possible outcomes. The algorithm stops when

P(M > K; | D;) = i p(M | D;) <e, (6.35)

M:Kj+1

here ¢ is a user-defined confidence threshold. The value of € should be chosen in accor-
dance with the selected convergence speed factor v: faster convergence requires a more
stringent condition (i.e, smaller £) to ensure that all admissible solutions are captured. It
should be noted that applying a power factor v > 1 to the likelihood effectively sharp-
ens the posterior, so it can no longer be interpreted as a strictly calibrated probability.
Consequently, € does not directly represent the true probability of unobserved solutions;
rather, it serves as a confidence threshold indicating when the posterior is sufficiently
concentrated around the most likely values of M. This criterion is similar to requiring
that the posterior probability mass is sufficiently concentrated around the true value of
M within a prescribed confidence level (i.e, more than P(My.,.|D;) > 1 —¢).

A final remark concerns the maximum number of queries allowed. In principle, one
could measure indefinitely; however, when implementing the algorithm, it is advisable to
set an upper limit on the number of queries. The algorithm is expected to converge in

(’)( N2/M ) queries. In practice, however, M is not known a priori, and only an estimate

or guess y; is available at the j-th iteration. To provide a more standardized and broadly
applicable procedure, we therefore propose to estimate the maximum number of allowed

queries according to
. | N2
Nmax queries(]) == |715 _“ . (636)
Hj

6.5 Numerical Tests

We aim to verify that the stopping criterion implemented in QFRANS is robust and allows
us to recover all solutions, regardless of the scenario or the chosen parameters, and in a
reasonable amount of iterations. To this end, we considered a 1 dimensional setup, where
6 particles are arranged in a box of dimension L = 8: « = {0; 1;3;4;6; 7}. We first choose
an integer smoothing length h = 1 such that M = 3 with neighboring result couple being
(20, 21); (T2, 3); (T4, T5).

In this setup, we aim to verify that convergence can be reliably achieved regardless of
the initial estimate of the number of solutions, 1. To do this, we select a (7, ) configura-
tion that ensures convergence within a reasonable number of steps and run 10 simulations
to assess the impact of different choices of jio. We then test the same configuration on a
modified problem, setting h = 2 (corresponding to M = 5), to confirm that the results
remain consistent.

In Tab 6.1 are show the results obtained with (v,e) = (3,4 x 107®). This choice of
parameters favors convergence speed over the guarantee of recovering all solutions in every
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Table 6.1: Mean number of found solutions and iterations for the cases with M = 3
and M = 5 with different initial guess py. We used a convergence speed and tolerance
(7,€) = (3,0.004). The means and errors are evaluated on a sample of 10 data.

M =3 M =5
140 Solution [teration Solution I[teration
1 2.80 £ 0.31 10.50 +£ 0.79 4.40 + 0.92 16.00 + 2.92
2 290+£0.23 11.50+0.52 4.80+0.46 18.20 4+ 1.84
8 2904+ 0.23 14.40 = 0.51 5.00 & 0.00 22.40 £ 0.56
16 3.00 &£ 0.00 16.20 &+ 1.08 4.80 + 0.46 23.40 + 2.01

case. With these parameters QFRANS finds all the solutions in most of the cases within
a restricted number of iterations. Although the test sample is too small for statistically
robust conclusions, we find that, regardless of the initial estimate pg, this (v,¢) configu-
ration recovers all solutions in nine out of ten cases, missing only one. Absolute certainty
(100%) is impossible, as it would require ¢ = 0. However, an appropriate choice of
can substantially increase the likelihood of recovering all solutions, at the cost of more
iterations.

An example of this behavior is reported in Tab. 6.2, for (v,€) = (2,1072). In this case,
all solutions are recovered more consistently, at the cost of a higher average number of
iterations compared to Tab. 6.1. Even with this different parameter choice, convergence
depends solely on the (v,¢) configuration.

At the same time, both case studies show that the initial choice of g determines
the maximum number of iterations required. This behavior originates from the stopping
criterion itself. In particular, the condition expressed in Eq. (6.35) is biased toward initial
priors that underestimate the total number of solutions, pg < M. Since only probabilities
with M > K are included in the calculation, the integration is effectively restricted to
the right tail of the probability distributions. As a consequence, posteriors that approach
the solution from above (i.e., ug > M) are penalized, as illustrated in Figs. 6.9 and 6.10.
In addition, a large overestimation of y reduces the number of available queries, thereby
increasing the likelihood of failure. Despite these effects, both configurations converge
within a reasonable number of iterations when the parameters are kept fixed.

Finally, a direct comparison of the posterior evolution in Figs. 6.9 and 6.10 highlights
the impact of a more aggressive choice of v. This effect is particularly evident for py = 16,
where a more conservative choice leads to a significantly slower convergence toward the
target state. In summary, this study shows that the (v,¢) configuration is the decisive
factor in recovering the solution, largely independent of the true number of solutions in
the problem.

6.6 Analysis of noise resilience

Today’s quantum hardware is affected by noise and implementing any search algorithm
in a scalable system is a significant challenge [182], [183]. Only recently, a novel noise
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Figure 6.9: Outcomes and posterior probabilities from a simulation with N = 36, M =5
and (,¢) = (3,0.004). The results are presented for different initial mean guesses f in
the prior distribution of Eq. (6.31). In the top row is shown the outcome of the readout,
listing name of the particles on the x axis and their respective occurrences. In the bottom
row the evolution of the posterior probability in Eq. (6.34) as s function of M; the function
peaks around M = 5.

Table 6.2: Mean number of found solutions and iterations for the cases with M = 3
and M = 5 with different initial guess po. We used a convergence speed and tolerance
(v,€) = (2,0.001). The means and errors are evaluated on a sample of 10 data.

140 Solution [teration Solution [teration

1 3.00+£0.00 15.20+ 0.31 5.00 &£ 0.00 25.00 4 0.00
2 2804046 16.00 £2.31 4.90 £+ 0.23 26.50 + 1.15
8 3.00£0.00 20.80 4+ 0.31 5.00 £ 0.00 31.90 £ 0.41
16  3.00 £ 0.00 2290 £ 0.23 5.00 £ 0.00 35.50 + 0.38
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Figure 6.10: Outcomes and posterior probabilities from a simulation with N = 36, M =5
and (7,€) = (2,1073). The results are presented for different initial mean guesses g in
the prior distribution of Eq. (6.31). In the top row is shown the outcome of the readout,
listing name of the particles on the x axis and their respective occurrences; all the target
states are found. In the bottom row the evolution of the posterior probability in Eq. (6.34)
as a function of M; the function peaks around M = 5.
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tolerant method has been developed to reduce the error threshold for Grover’s search by
optimizing the number of iterations [184].

In this section we employ a simple model in order to analyze the effect of the noise on
the result of the QFRANS algorithm assuming to have a quantum computer that can be
characterized only by a bit-flip readout error. This assumption, though quite restrictive,
can be used to characterize the noise resilience of the proposed algorithm. Therefore, we
consider that the state, after successful measurement of the ancilla qubit onto |1), has
collapsed into the correct target state |¢)7) and that noise affects the algorithm only in
the readout measurement part. We will see that this assumption does not change our
proposed strategy which does not rely on error correction codes.

The bit-flip channel noise flips the state of a qubit with a probability 1—p = error rate,
where p is the probability of getting the correct result. This error can affect the two regis-
ters that are actually measured, both with gy qubits, which give the labels corresponding
to the two particles. Starting from the states |i), ,|j), , the overall probability of suc-
cessfully measuring the exact indexes i and j is given by p?®. As a result, if we set a
tolerance value TOL for this probability, i.e. p?® > TOL, the error rate must satisfy the
following inequality:

error rate < 1 — TOL0 | (6.37)

Using reasonable values for the tolerance TOL = 0.99 and the number of qubits ¢y = 30
to encode a large database of N = 239 particles, the required error rate is in the order of
10~*. Within this simplified model, the proposed algorithm provides sufficiently accurate
results within currently available error rates. To improve the robustness of the proposed
algorithm to noise, post-readout classical measurement techniques can be employed. For
instance, if the full reflection operator is applied at the last iteration, measuring the state
of the distance register ¢; provides a direct method for error detection: an error has
occurred if the measured distance exceeds the integer smoothing length h. Moreover, a
mismatch between the position register ¢; and the label of the first particle can also reveal
erroneous circuit behavior, indicating that the readout should be rejected.

6.7 Discussion

One of the main bottleneck in N-body methods is the FRANS subroutine. This is due
to cache misses that arise when data that are close in space resides in distant memory
locations. In this chapter we looked for a possible solution using quantum computers.

Building on fixed-point amplitude amplification we developed QFRANS, a quantum
algorithm that finds all the elements whose distance is less than a fixed radius £ with
the use of an ancilla qubit that signals if the quantum state has reached the target. The
combination of the search algorithm and effective stoppage criterion based on Bayesian
interference allows for a sure recovery of all the target state once the learning rate ~
and the tolerance ¢ are chosen. We developed an explicit encoding of the data that, by
leveraging quantum superposition, simultaneously evaluates all the N? distances between
particles. This allows to recover with O(M log M) measures and a single quantum circuit
all the pairs of close neighbors, as opposed to classical FRANS algorithms that repeat the
search process for each particle with the risk of incurring in cache miss.

One of the novelty of this work resides in the oracle, which is efficiently implemented
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on a quantum circuit by using two comparators and with a depth scaling linearly with
the number of qubits. We proposed two different versions of such oracle, that can be
used in different scenarios. We introduced the possibility of using the Chebyshev distance
in place of the Euclidean one, bringing the complexity of the oracle to O(q;) where 2%
is the number of grid points used to discretize one dimension. Another central feature
of QFRANS is its stopping criterion based on Bayesian interference. By introducing
the learning rate + and the confidence threshold e, the Bayesian posterior can be made
to concentrate around the true number of solutions. With a suitable choice of these
parameters, the algorithm consistently recovers all—or nearly all-—admissible solutions
with high confidence, though at the cost of slower convergence. This approach provides a
practical and theoretically grounded way to balance speed and reliability, ensuring that
the target states are identified within the desired confidence level. Our algorithm is robust
against bit-flip errors in the readout measurements process thanks to the encoding of data
labels and distances that allows an easy-to-implement error detection. We proposed and
tested QFRANS on a 1D grid with a total of 36 possible outcomes. In our tests, we found
that convergence depends solely on the choice of (v,e) and not on the total number of
solutions. In particular, using (v,&) = (2,1073), we conducted a total of 80 trials and
recovered all solutions in all but two cases, which can therefore be considered outliers.

Even though we employed state of the art algorithms, state preparation represents
the major contribution to the circuit depth of our algorithm. For unstructured datasets,
current methods face a fundamental depth-width trade-off: implementations requiring
O(N) circuit depth utilize O(log N) ancilla qubits, while those achieving O(log N') depth
demand O(N) ancilla qubits, where N is the number of particles. Intermediate strate-
gies exist between these extremes, though all maintain the constraint depth x width =

O(NlogN).

The fixed-point algorithm necessitates /N?/M queries to achieve the target state,
which, when combined with the cost of implementing the oracle and diffusion operator,
yields overall depth O(M~'/2N?) with O(log N) ancilla qubits, or O((M log M)'/?N log N)
depth with O(V) ancilla qubits, depending on the encoding protocol. In addition we need
to count for the readout requiring O(M log M) measurements. Although at first glance
the computational complexity of QFRANS does not appear to offer substantial advan-
tages over the best classical methods (O(Nlog N)), a couple of considerations should
be weighed before drawing firm conclusions. The first concerns cache-misses in classical
FRANS codes. This issue primarily slows down execution time because the volume of
data the CPU must process is too large to be kept in cache and therefore resides in RAM.
Those classical codes are then heavily parallelized to reduce the amount of data streamed
to the CPU, which shortens run times and lowers overall complexity.

By analogy, the main obstacle to implementing QFRANS is the enormous cost of state
preparation. In particular, choosing to work with O(N) ancilla qubits and depth O(log N)
is equivalent to having a particles’ database with logarithmic access. If the algorithm were
parallelized, for example using domain decomposition, each QPU would handle only a
fraction of the total N particles rather than the entire set. This approach necessitates the
use of multiple QPUs, which can significantly reduce the computational load per device;
for instance, deploying 10 QPUs would decrease the per-QPU workload to N/10, thereby
enhancing scalability and enabling more efficient utilization of quantum resources. Once
again, QFRANS does not suffer from cache misses as there is no QRAM [185] and the
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burden falls entirely on the QPU. This will be analogous to a classical cache only imple-
mentation. Nevertheless, the limiting factor here is still the sheer amount of data, thus
for the moment, QFRANS should be regarded as a proof of concept, as well as a cache
only classical implementation.

In future research more efficient state preparation algorithms will be investigated. As
anticipated, a more detailed study on domain decomposition strategies may offer com-
putational advantages, though at the cost of requiring multiple circuit implementations.
Additionally, detailed studies of specific applications—such as cosmological simulations
or molecular dynamics may be used to validate the algorithm’s practical utility. Under-
standing error propagation and developing robust mitigation strategies will be considered
in future studies. QFRANS represents a promising foundation for quantum algorithms
addressing neighbor search problems. This work suggests that quantum computing may
offer genuine advantages in computational domains where classical methods face funda-
mental memory hierarchy limitations rather than purely algorithmic constraints.

In this Thesis, QFRANS is investigated primarily through quantum emulation, reflect-
ing the current limitations due to the limitation of both state preparation and quantum
hardware. The long-term goal, however, is to integrate quantum processors as accelerators
within hybrid high-performance computing systems. In such architectures, quantum de-
vices are not intended as standalone replacements for classical computation, but rather as
specialized coprocessors aimed at alleviating performance bottlenecks related to memory
hierarchy or data movement.



Conclusions

In this Thesis, we have examined the potential of quantum computing in cosmological sim-
ulations, with the primary aim of assessing whether quantum algorithms can contribute
to modeling dark matter (DM) evolution. To this end, we focused on two main avenues:
developing quantum methods for dark matter dynamics and using quantum computing to
accelerate the most computationally demanding aspects of traditional simulation frame-
works.

Schrodinger-Poisson and Vlasov-Poisson Simulations

To address the first objective, we built on recent work [53], which suggested that the evo-
lution of DM could be described using the Schrodinger equation. In the limit of a small
quantum diffusion scale, i/m — 0, the Schrodinger-Poisson (SP) equation should repro-
duce the dynamics of the Vlasov-Poisson (VP) system. This formulation makes the SP
system a natural candidate for quantum simulation. We investigated this correspondence
in the context of Cold Dark Matter (CDM) by comparing three approaches to solving
the VP equation: two methods based on direct VP integration (these two are part of the
same approach), a Particle-Mesh (PM) solver, and a spectral solver for the SP system.

In Section 3.2 We found that existing VP solvers are not well suited to CDM-like initial
conditions, where the velocity distribution is discontinuous and effectively described by
a Dirac delta function. This discontinuity leads to numerical difficulties in phase-space-
based methods. To overcome this issue, we employed a spectral approach in which a
very small velocity dispersion is introduced, transforming the delta-like distribution into a
narrow Gaussian. For example, on a line divided in 2048 grid points, the narrow Gaussian
has a width of approximately 13 grid points. This modification preserves the correct
physical evolution and reproduces the right density profile apart from minor numerical
oscillations in regions near zero valued-points. These results are published in [22].

Using this improved VP solver, we verified in Section 3.3 that the SP formulation
accurately reproduces both VP and PM results in the case of a one-dimensional sinusoidal
perturbation and a two-dimensional Gaussian collapse. Reaching this agreement requires
higher spatial resolution in SP simulations, followed by a coarse-graining to the scale
at which the comparison with VP has to be done. This procedure allows the quantum
diffusion scale i/m to be chosen sufficiently small, ensuring accurate physical evolution.
In practice, the one-dimensional spectral SP simulations required resolutions of up to
215 grid points before coarse-graining to a resolution of 2!° points, with a diffusion scale
h/m = 2.5 x 107°.

Building on these results, we also confirmed that, for the simple test cases considered
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here, the PM method provides reliable results for the simple CDM-like problems consid-
ered Section 3.3. In such tests, the phase-space structure is straightforward, and the VP
solver is not strictly necessary; in fact, VP performs less effectively under these simple ini-
tial conditions, which do not fully exploit its capabilities. Consequently, PM was treated
as the reference solution in these tests. However, it is important to emphasize that these
conclusions are limited to the simple scenarios studied here. More complex phase-space
configurations, such as those encountered in full cosmological simulations, could reveal
advantages of the VP approach that are not captured in these preliminary tests.

Quantum Algorithms for Schrodinger-Poisson

Having verified the conditions of application of the SP description for the evolution of a
self-gravitating collisionless fluid, we investigated the development of quantum algorithms
to solve the SP system. In Chapter 5, we proposed a variational algorithm [19] designed
for near-term quantum (NISQ) devices [20].

In the SP equation, the potential depends on the wavefunction itself, introducing a
non-linear aspect that cannot be directly handled by quantum computing, which oper-
ates linearly. There are various ways to address this issue, but in this work, we adopted a
simple approach: each timestep was divided into two operations, first solving the Poisson
equation to determine the potential and then evolving the wavefunction in time. This
strategy allowed us to implement the SP dynamics within the constraints of current quan-
tum algorithms. The gravitational potential was obtained using a standard variational
method from the literature, which minimizes the distance between the trial state and the
exact solution of the Poisson equation. The main innovation of the approach introduced
in this Thesis lies in the time evolution. Using a scheme derived from McLachlan’s vari-
ational principle [186], the problem is reduced to solving the linear system Mf = B(V),
with

M;; = Re {(9p, U | 05, V) — (0p, ¥ | W) (W | Op, V) } (6.38)
Bi = Im { {9, U|H|V) — (0, ¥ | V) (P[H|T)} (6.39)

where each element of M and B(V) is evaluated via quantum circuits presented in Sec. 4.2.
In this framework, we presented an original circuit design for computing the potential
term in (Op, V| H |¥), H being the Hamiltonian of the system. For a single timestep,
the algorithm requires a number of circuits that scales quadratically with the number
of variational parameters (Tab. 4.2). Using n qubits to represent 2" grid points and a
number of parameters M, < N, we found that circuits with a depth scaling linearly with n
can achieve a fidelity of approximately 0.96; results are reported in Fig. 4.4 and Tab. 4.1.
At the same time, the number of timesteps needed to reach this fidelity increases as the
number of variational parameters decreases. Furthermore, classical simulations revealed
an empirical logarithmic scaling law for the number of qubits required as the system
approaches the classical limit (A/m — 0), highlighting the potential efficiency of this
approach in larger-scale or more classical regimes. These results are reported in Fig. 6.3a
The results of this work have been published in [25].

In Section 5.3 we explored several techniques to regularize the matrix M, but none
proved fully successful. The challenge arises from the need to separate numerical noise
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from meaningful information, while the system itself continuously evolves over time. As a
result, we highlighted the challenge of developing a strategy that would allow the matrix
to be regularized in a manner independent of the specific resolution or initial conditions.
In addition, the number of measurements required to estimate B(V') scales as NO(1/£?),
where ¢ is the desired numerical precision and N the number of grid points.

In Section 5.4 we also explored an alternative strategy based on linearizing the SP
equations using Carleman embedding [187]. We applied a third-order Carleman truncation
to linearize the SP system, which resulted in a system of 27 linear equations. Although
this approach allowed us to formulate the problem in a linear framework, the accuracy
achieved did not suffice to describe the evolution of the SP equations, as shown in Fig. 5.11.
Extending the truncation to higher orders would require an exponentially larger number
of terms, making the method impractical with current techniques. These results highlight
the intrinsic difficulty of directly simulating the SP system on a quantum device. The
results of this work are currently under revision for publication.

Quantum Acceleration of Classical Codes

Given the limitations encountered in direct quantum simulation, In Chapter 6 we explored
the use of QC as an accelerator for classical cosmological codes. In large-scale cosmological
simulations, neighbor search routines represent a major computational bottleneck, as they
are central to both gravitational force calculations and Smoothed Particle Hydrodynamics
(SPH). This motivated the development of QFRANS, a quantum algorithm for the Fixed-
Radius Near Neighbor Search (FRANS).

QFRANS identifies all elements within a fixed search radius in a dataset of size N
using amplitude amplification. The algorithm presented in Sec. 6.4 requires a total of
O(N+VM) queries to find all M neighboring pairs. The depth of a single query scales
as O(log N) and requires N ancilla qubits. Each query consists of two components: the
oracle and a diffusion step. The overall scaling is dominated by the diffusion step, which
must apply the same unitary as used in the state preparation. In contrast, the oracle itself
exhibits favorable scaling, O(q;), where 29 corresponds to the number of grid points. In
realistic cosmological simulations, the number of particles can reach N ~ 10'°, which
implies an equally large number of qubits. Although this requirement can be partially
mitigated by spatial partitioning, as is commonly done in classical codes, it remains
far beyond the capabilities of current and near-term quantum hardware. Nevertheless,
QFRANS provides a valuable proof of principle and highlights how quantum acceleration
could target specific computational bottlenecks in classical simulations.

In summary, we have identified critical constraints that guide future research on both
direct quantum simulation of SP and quantum acceleration. In particular, our analysis
shows that direct simulation remains highly challenging due to the intrinsic difficulty of
encoding strong nonlinearities within a fundamentally linear quantum framework.

In the variational approach we employed, the main limitation is scaling, primarily
related to the regularization of the matrix for time evolution. Similarly, Carleman meth-
ods based on linearization encounter fundamental obstacles even before implementing the
actual quantum circuit, producing systems of linear equations of exponential size. From
our analysis, we conclude that even with alternative variational algorithms, to our knowl-
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edge, the number of timesteps remains constrained by the classical numerical integration
scheme chosen, mitigating any potential advantage gained in solving a single timestep.
This is an inherent feature of variational algorithms that do not offload the time evolu-
tion. However, even if a linearized system could be produced, its size would be enormous,
and the time integration of such a system would impose a prohibitive cost in both circuit
depth and number of qubits.

Although the circuit presented here for solving FRANS has practical limitations, par-
ticularly due to the resources required for preparing the initial state, we consider that
further investigations in this area are warranted, as the analysis was not as in-depth as
for direct simulation. Moreover, employing quantum computing as an accelerator appears
more practical, especially as cosmological simulations increasingly face bottlenecks related
to data access and memory movement rather than raw floating-point operations. In this
context, quantum acceleration could offer significant advantages.

Future Perspectives

Building on the insights gained in this Thesis, the most promising direction for future
research is the strategic use of quantum computing to accelerate the most computationally
demanding subroutines in classical cosmological simulations. This approach leverages the
strengths of quantum techniques without attempting a full quantum simulation of the SP
system, which remains highly challenging due to the embedding of strong nonlinearities
and the scaling limitations of variational and linearization methods.

Concrete targets for quantum acceleration include neighbor search algorithms and
long-range interaction computations. Quantum algorithms capable of efficiently iden-
tifying the M nearest neighbors would directly support SPH routines, while quantum
implementations of fast-multipole methods could accelerate long-range gravitational in-
teractions. Focusing on these computationally intensive subroutines allows quantum com-
puting to provide practical benefits within classical simulation frameworks.

Direct quantum simulation of the SP system remains highly challenging. As this Thesis
did not exhaust all possible approaches, some speculative directions could be explored in
future work. For example, hybrid strategies such as continuous-variables or open quantum
system techniques could be used to simulate limited portions of SP evolution.

Overall, this Thesis demonstrates that while fully quantum simulations of cosmolog-
ical dynamics remain beyond current reach, strategically applying quantum algorithms
to accelerate key subroutines offers a promising path forward. Continued exploration of
quantum acceleration has the potential to significantly enhance the efficiency and scal-
ability of large-scale cosmological simulations, opening new avenues for high-precision
modeling.



Appendix A

Supplement material for the
Schrodinger-Poisson quantum
algorithm

We start by showing in Sec. A.1 how to obtain the form of the Shrédinger-Poisson (SP)
equation used in the main text. In Sec. A.2 we show the explicit form of the cost function
used in the minimization process used for the solution of the Poisson equation and the
circuit necessary to build it. Sec.A.3 gives more detail about the adder circuit proposed
in [23]. Finally, in Sec. A.4, is given a proof of concept on how the circuit used in the
main text works.

A.1 Dimension Re-Scaling of Schrodinger-Poisson equa-
tion

Let us consider the Schrédinger-Poisson (SP) equation in a format similar to the one
presented in [53]: ,
OV he _
VU = 4nG(p —p),
where p is a reference density. If we chose it to be the average density over the volume,
the normalization of the wavefunction as given in the main text directly follows.
We can transform the potential so that

V2U = 47Gp (@ - 1> . (A.2)
p
If we now define |¥|? := p/p and ) := hi/m, Egs.(A.1) can be recast in the form
L W
EANNAS VAL R 8
o T TV P RUY (A.3)

VU = 47Gp(|V]* —1).
The potential we used in the simulation is redefined so that the Poisson equation is
adimensional. This is done defining a function V := U/q, so that

VAV = |2 -1, (A.4)
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with a = 47Gp. We have now to substitute U(V) in Eq. (A.3):

ov Ao o

i~ = VU 4+ VU,

o T v YRV (A.5)
VAV =¥ - 1.

Finally the equation we worked with is obtained if and only if

B 1 arG [F
a=1+< p=— il

e = 1 i plz)dr =1, (A.6)

where we used the definition of p. This sets the computational units as combinations of
G, p, L].

Is worth noticing that from a dimensional point of view, the first equation in Eq. (A.5)
holds only if the density p is defined in 3D. If this is not the case, a correcting factor is
needed. When we work in one dimension, we assume spherical symmetry, so that the
dependence of the functions involved is one dimensional, i.e. there is only dependence on
a radial coordinate r, but the density remains three-dimensional (i.e, [p(r)] = 1/L3).

A.2 Potential cost function

In the main text, the cost function used to find the solution of the Poisson equation,(see
Eq. (4.14) in main text) is a Euclidean norm of a vector

V2V ()~ [BOF + 1P = 3 (V2V;(@) — [0,(0) +1)° | (A7)

j=0

Developing this relation, grouping all terms and taking into consideration only those
explicitly dependent on ¢ we found

ming{ [V2V($)* - 2Re{V2V () - [W[*} + 2Re{V?V () - 1}},  (AS)

where we used for conciseness W =: ¥(6).

Due to the periodic boundary conditions (PBC) of the problem, the last term of the
previous equation vanish if we use a finite differences approach for the evaluation of
the Laplacian V2V, = (V1 — 2V, + V;_1)/Az?, where we omitted the parameters depen-
dence of V' just for brevity.

Let us focus in the first term of Eq.(A.8). Remembering the normalisation of the potential
(Eq. (4.12) in main text) and the PBC one finds that

N-1 ~ ~ ~ 2 N-1 N-1
Vign =2V + Vi) 267 - - - =
2:@( It Ax]4 : ) Ax‘g 1= ViVi | = (1= ViVigs
=0 j=0

j=0
This term can be computed using a circuit like the one in Fig. 4.3 in the main text, where

instead of F(@) one uses the unitary ansatz for the potential U(¢) (Fig. 4.1 in main

(A.9)
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text). This is possible because the potential is real valued, and by evaluating ((o,)) on
the ancilla qubit
N-1
L—(o:)=1=Y ViVji1. (A.10)

j=0

If two adder circuits A are used instead, from the previous relation is possible to retrieve
N-1
1 - Ej:O ViVita.
Switching to the second term in Eq.(A.8) and unraveling the Laplacian we find that
three terms need to be evaluated.

N-1
Vigr — 2V + Vi
S o P I A — (WY 0) — 2 (W] U+ (U V() (AL
j=0

where V4 are shifted version of the potential (analogous to the one in Eq. (4.21) in main
text). These three expectation value can be evaluated with a similar circuit to the one
in Fig. 4.3 in the main text, where instead of F(0) one uses the unitary ansatz for the
wavefunction U(@). The shifted potential is obtained with the adder circuit and its inverse.

A.3 Adder circuit

This circuit scheme is taken from [23]. Here we present it with some more detail on how
it works.

This unitary action on the j-th basis produces a negative shift A : |bin(j)) — |bin(j — 1)).
When this is applied to a generic wavefunction it results in a shift of the coefficient that
takes into consideration periodic boundary conditions A [¢)) = Z;.V:_Ol Yiv1 |bin(g)). In
this work, the action of the unitary A is controlled by an ancillary qubit.

The rationale behind its working principle is that, to produce the desired shift, (7)
first the least significant (LSQ) qubit have to be negated using one CX gate, (ii) then
is added to the second LSQ using a Toffoli controlled by the ancilla and the LSQ. (i)
Going up in the hierarchy, to the following qubit is added a product of the previous state.
This is repeated until the most significant qubit. To store the product of the previous
states are used n — 2 ancillary qubits. The loading process is carried out by n-2 Toffoli
gates, while the adding uses n—2 C'X gates and Two Toffoli. (iv) To finish the procedure,
the ancillary register needs to be set back to the initial state |0) using n — 2 Toffoli. The
implementation of the adder circuit requires a total of 2n — 2 Toffoli, n — 2 C'X gates and
n — 2 ancillary qubits. In Fig. A.1 is shown an example for the case of a 4 qubits system.
The unitary A~ produces a positive shift and is obtained reverting the adder (i.e, from
right to left).

A.4 Circuit proofs

This section gives an idea on how the circuits proposed in Fig. 4.3 of the main text work.
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qro — X

qri X

qro X

qrs X

qry X

Figure A.1: Example of an adder for a 5-qubits system. The first qubit on the top is the
control. The most significant qubit is the one at the bottom.

Potential

Consider the circuit used for the evaluation of (9, 1|V [¢). We refer to the the quantum
state before the application of the Toffoli ladder with

o - Ly, ~
200 = 75 2110) 90,6} [0) + 199) 14} 1), (A12)

where we used Eq. (4.17) of the main text and the fact that we can encode the wavefunc-

tion and the potential using parameterized circuits. If we omit the explicit parameters’
dependence we have that the wavefunction can be encoded as

N-1
) =Dy lbin(7)) . (A-13)
=0
and the potential (see Eq. (4.12) in the main text)
N-1
Dg) = 3V bin()) (A.14)
=0

With bin(j) we refer to the binary conversion of the decimal number j. The Toffoli gate
adds to the control qubit the product of the two control states.

\%:%@mmmm+iwwwmmmwmy (A.15)

7,0=0
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where we defined J(j,1) = dec(bin(j) + bin(l)) as the decimal conversion of the binary
sum of the indices j and [, with periodic boundary conditions (e,g. with N = 4, J (1,3) =
dec(01 + 11) = dec(00) = 0; with N =8, J(1,3) = dec(001 + 011) = dec(100) = 4). We
point out that .J (0,1) = 1. With this relation in mind one can write the quantum state
before the measurement as

N-1

=), =5 O | (2hn + Vi) 0)) = vamwbzm ) | bin0) 01y, (A16)

=0

where the sign + (or —) is used when the ancilla qubit in the state |0) (or |1)).
Evaluating ¢* with this quantum state is equivalent to find the probability of having
outcome 0 minus the one of outcome 1.

N-1
1 . *Y v *
PO/ =33 [4100]? + [l (V2 + Z 2 o) 2 (9 Vi — Vi) |- (A7)
We observe that V}? corresponds to f/}(j o)’ » this way V> + ZN ! V2 il Z;V 01 VJQU 0y

where the periodic boundary conditions assure us that, for a given [, thls is equivalent to
the squared module of the quantum state |®). Remembering now the normalization of
quantum states we can write

N-1

(ov) = P(0) — P(1) = —i Z(ak% Vithy — O Vi) = 2Im {Z O} lwl} . (A.18)

=0

Kinetic term

Consider Eq. (4.21) of the main text. The evaluation of the overlap (9, 1|1)|0p,¥|¢) is
easy and has already been tackled in the main text as well as in [24]. This subsection
analyzes the implementation of the circuits in Fig. 4.3 in the main text.

Let us consider the case in which the derivative is controlled by the ancilla qubit in the
state |0) (F] ,50) is used). Since the adder circuit (A.3) is controlled by the ancilla state |1),
the quantum state after its application is

—_

—
—

Jo = Vi - 2_: (20 Optp; [bin(5)) [0) + Yj1 [bin(7)) 1)) - (A.19)

The quantum state on which (0?) is evaluated is given by

N—

,_.

(20 Oy £ ;) [bin(5)) [0/1) . (A.20)

Jj=0

l\'JIH

Now, in a similar manner to what has been done in the case of the potential is easy to
find that

(0%) = P(0) - P(1) = 2Im {Z aw;wjﬂ} (A.21)
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Following the same procedure, but in the case when the derivative and the adder are
controlled by the same ancilla state (e.g, |1) if using F, k(l)) one find that the final state is

given by
N-1

(15 & 2i Optpjpn) bin(4)) [0/1) . (A.22)

N | —

’E>1 =

j:

Since the indices follow periodic boundary conditions, what really matter is the relative
shift between 1 and 0xp. We thus find that

(62) = P(0) — P(1) = 2Tm {Z akw;zpj_l} : (A.23)



Appendix B

Supplement material to the
Carleman linearization

Here we report the explicit form of the linearized Schrodinger-Poisson equation using
Carleman embedding. The results repersent the trunation at second and third order
respectiverly

B.1 Second order Carleman-SP system

This is the second order Carleman matrix for the Schrédinger-Poisson problem, is a (3N +
6N?) x (3N + 6N?) sparse matrix (The tensor product has dimension N?)

Oy = —gAvg + %B% (B.1)
OyUg = gAvl — %Bm (B.2)
Oz = v (Avs — aBvg — aBvr + «)

Oy = vaOv; +7 (A ® 1) vy — g(l ® A)vs (B.4)
Oys = yaOvg + y(A ® 1)vs + g(l ® A)vy (B.5)
O = —g [(1® A)vs + (A ® 1)vg] (B.6)
Oy = g (A ®1)vs+ (1 ® A)vg (B.7)
Oyvg = g [(1® A)vg — (A ® 1)vy] (B.8)
Oyvg = g [(A®1vs — (1@ A)vy] (B.9)

Notice in fact, that v4 = v3 ® v; and v5 = v3 ® Vs.

Moreover, B is an N x N? used to obtain the vector N containing the quadratic term
and the product of the wave function and the potential from their tensor products, for
example B; j, = 0;0;, such that acting on vs = v3 ® v, returns the ¢—th component

B ik (vs)jn = Bijnr(vs);(v2)r = (v3)i(v2)i - (B.10)
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In the same manner O acts on a vector v with the purpose of obtaining 1 ® v which is
simply a matrix whose rows are the vector itself. This Can be obtained by a rank 3 tensor:
a collection of Identity matrices.

B.2 Third order Carleman-SP system

The Carleman vector consist in a combination of 3 N-component vectors, 6 (N, V) tensors
and 18 (N, N, N) tensors. We can thus approximate the Carleman matrix to be a (3N +
6N?+18N3)? matrix, only for a third order approximation. The explicit terms composing
the third-order Carleman matrix are:
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D 1

atvél = 70502)1 + 7y (A 0y ]I) Vg — 5(]]: & A)’U5 + E(]I & B)’Ulg — ’)/(B X ]I)(U26 + ’020)
D 1

Orvs = 7aO0vy + y(A @ Tvs + 3(][ ® A)vy — 5(][ ® B)uig — (B @ 1) (va3 + va7)

Oyvg = —g [(1® A)vsg+ (A ®1)vg| + % [(B ®@MDv+ (I ® B)UM]

Dyvn — g (A ® s+ (10 A)vg] — % (B ® Doy + ([ ® Byor]
Opvg = g [(1® A)vg — (A 1)vg] + %[(B @Dy — (I® B)1)14]
Dy — g (A @ 1)g — (10 A)vy] — % [(B® v — (& Boss] .

dyvro = yAWyyy + g(A@)vlg — ABy) + 7 (0 @ Iy
Orvonr = ’YA(l)Ull + g(—A(z)Um + A(g)vu) +7a(0 @ Ivg
Opvia = YAWy, — g(—A@)vm + A(?’)vn) + va(O @ Tvg
Ovig = ’YA(l)Ul:a + g(—A(z)Un - A(3)Ulo) + ’YO‘(O & H)”?
1y = —gA(l)vls + 7A@y, + gA(?’)le) + va(I ® O)vg
o5 = gA(l)vw + 7A(2)v15 + gA(:s)vn) +yva(I ® O)vy
Orvie = —gA(l)vn + APy — gA(?’)vM) + va(I ® O)vg
Opv17 = gA(l)’Ulg + APy, — gA(g’)vm) + ya(I ® O)vg

D
8,51)18 - ’Y(A(l) + A(z))Ulg — EA(S)Ulg + ’)/OzOQU1

D
dvrg = Y(AD + APy 4 EA(g)vlg + yaO*v,

Opvgo = —§<A(1)Uz1 + APyyy + A(3)023)

Opvgy = g(A(l)vgo — APy — A(3)U25)

Oyvgg = g( — AWpgg + APy — A(S)Ugg)

OiUg3 = g( - A(l)v% — APy, + A(3)U20)

Opgy = g( — AWy + AP gy + A(g)vgg)

OiUgs = g(A(l)v% — A(2)1)27 + A(g)U21>

OiU9g = g(A(l)vgg + APy — A(3)1127)

Opg7 = g( — AWpgy + APy + A(?’)U%) (B.11)
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