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ABSTRACT

We construct solutions for the Shilomis model of ferrofluids in a critical space,
uniformly in the entropic relaxation time 7 € (0,79). This allows us to study the
convergence when 7 — 0 for such solutions.
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1. Introduction

Ferrofluids are among the wide variety of synthetic materials created in the twentieth century. A ferrofluid
is a liquid that presents ferromagnetic properties, i.e. it becomes strongly magnetizable in the presence of
an external magnetic field. Such a material does not exist naturally in the environment but it was created
in 1963 by NASA [44] with a very specific goal: to be used as a fuel for rockets in an environment without
gravity, hence the necessity to be pumped by applying a magnetic field.

Ferrofluids are colloidal (a mixture in which one substance of microscopically dispersed insoluble particles
is suspended throughout another substance) made of nanoscale ferromagnetic particles of a compound
containing iron, suspended in a fluid. They are magnetically soft, which means that they do not retain
magnetization once there is no external magnetic field acting on them.

The versatility of such material and its peculiar property of being controlled via a magnetic field made
it suitable to be used in a whole variety of applications: ferrofluids are for instance used in loudspeakers
in order to cool the coil and damp the cone [29], as seals in magnetic hard-drives [34], in order to reduce
friction [25] or enhance heat transfer [26,40]. We refer the interested reader to [45], the introduction of [33]
and references therein for a survey of potential applications of ferrofluids.

There are two systems of partial differential equations which are generally accepted as models for the
motion of ferrofluids, which are known under the name of their developer, the Shliomis model [42] and the
Rosensweig model [30]. The mathematical analysis of such systems is very recent, in [1-3] and [10] it is
proved that both Shliomis and Rosensweig model admit global weak and local strong solutions in bounded,
smooth subdomains of R3. The same authors then considered as well thermal and electrical conductivity as
well as steady-state solutions of various ferrofluids systems in [4-9] and [24]. In [38] and [18] it was proved
that the Rosensweig system for ferrofluids is globally well posed in dimension two.

In the present work we consider the Bloch-Torrey regularization of the Shliomis system for ferrofluids in
the whole three-dimensional space R3

po(atu—i—(u-V)u)—VAu—&—Vp:uo(M-V)H—&—% curl (M x H), (z,t) € R3 x Ry,
1 1
M + (u-V)M — cAM = 3 (curl u) x M — = (M — xoH) =3 M x (M x H), (z,t) € R® xRy,
T
div (H + M) = F, (z,t) € R3 x Ry,
divu =0, crl H =0, (z,t) € R®* x Ry,
(S1)

proposed by M. Shliomis in [43,41]. The function w represents the linear velocity of the fluid. If we denote
as Heyy the external magnetic field acting on the fluid F' = —div Heyt will be denoted as the external
magnetic force. The external magnetic field Hqy induces a demagnetizing field H and a magnetic induction
B=H+ M.

The parameter o > 0 comes in play when the diffusion of the spin magnetic moment is not negligible,
we refer the reader to [23], and indeed it has a regularizing effect since in such regime the system (S1) is
purely parabolic. The constant pg, v, g, 0, T, X0, 3 are positive constants with a physical meaning. For the
sake of readability we will consider the following normalization

po=po=0=1

This assumption is made in order to simplify the readability of the paper only, and does not entail qualitative
changes in the behavior of the solutions of (S1). On the other hand we will consider

v, Xo0,0,T > 0.
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We already mentioned why we consider ¢ > 0, while being v the kinematic viscosity of a fluid it is natural to
assume it strictly positive. Let us hence now focus our attention on the remaining two physical parameters:
7 and xg. The main scope of the present paper is in fact to describe the limit regimes of the solutions of
(S1) when 7 and xo tend to zero.

7: The parameter 7 is called the entropic relazation time of the system (S1), and roughly speaking it
describes the average time required by the system (S1) to recover a situation of equilibrium once it is
perturbed. The average relaxation time of commercial grade ferrofluids is of the order

1077,

whence, considering the smallness of such factor, it is reasonable to ask what happens to the solutions of
(S1) when 7 — 0. Despite the number of works on ferrofluids systems mentioned above there is though,
to the best of our knowledge, no systematic understanding of what this state of equilibrium might look
like. On a formal level when 7 is very small the dynamic of the term

1
— (M — xoH
7_( Xo )a

is predominant in the evolution of M, whence what is generally done in the literature is to consider the
approximation

which, if satisfied, compensates the magnitude of % (M — xoH). The main goal of the present work is
hence to provide a first rigorous description of the solutions of (S1) in the limit regime 7 — 0, and to
understand how and in which way small values of 7 can have stabilizing effects on the solutions of (S1).
In a nutshell, we prove that when 7 — 0

(M, H) =% (xoGF, GF), (1.2)

where G is a function depending upon the external magnetic field only, while

-0
u == U,

where U is the unique solution of the following Navier-Stokes system with hydrostatic-magnetic pressure

3tU+UVU*l/AU:7V(7T*XOPF),
div U =0,

where Pr depends only on the external magnetic force F', and in particular assumes the following
explicit form

1 2
Pr=——" _VIVAT'F|.
F 2(1 +X0)2 | ’

The derivation of such magnetic pressure is somewhat surprising and it will be discussed in detail later
in the manuscript.



Xo: The dimensionless parameter xq is called magnetic susceptibility and indicates whether a material is
attracted into or repelled out of a magnetic field. If the magnetic susceptibility is greater than zero, the
substance is said to be “paramagnetic”; the magnetization of the substance is higher than that of empty
space. If the magnetic susceptibility is less than zero, the substance is “diamagnetic”; it tends to exclude
a magnetic field from its interior. Since ferrofluids are magnetically soft materials their magnetization
is higher than that of the vacuum, hence the motivation that lead us to suppose xo > 0. Experimental
results show that for oil-based colloidals xo € [0.3 , 4.3], while for water-based colloidals 0 < xp < 1:
water-based ferrofluids are hence almost neutral to external magnetic forces.

The results provided and quickly illustrated here above formally justify the physical intuition of how the
parameters 7 and Yo influence the dynamics of (S1). Rigorously proving such results at a mathematical
level is though not so immediate. The singular linear perturbation

1
— (M — xoH
7_( X0 )a

which is reminiscent of singular perturbations arising in problems in geophysical fluid mechanics (cf. [28,
16,20] etc) is in fact of a different nature; it has no definite sign and more importantly it depends upon
the external magnetic field F. Being this the case the singular perturbation % (M — xoH) does not supply
a zero L? energy contribution as it happens for rotating fluids ([15,20]), compressible fluids ([28,17,31]) or
stratified fluids ([13,14,39,36,32,19,12]), whence it is not possible to construct global weak or local strong
solutions uniformly in 7 > 0 by means of energy methods as it is done in the examples mentioned above.

The way hence to construct a sequence (U T)Te(o,m) of solutions of (S1) passes through the understanding
of the physical properties of the singular perturbation %(M — xoH); in the geophysical fluid dynamics
setting mentioned above typically the singular perturbation induces hi-frequency oscillations on which it
is possible to prove dispersive estimates. In the present case the singular perturbation seems to produce a
damping effect, but it is not at all clear how such damping acts on the system; the singular perturbation
has in fact no definite sign in the unknowns u, M, H and hence we cannot immediately conclude in this way.

The problem is that the unknowns M and H are not suitable in order to describe the system (S1)
uniformly in 7. One part of the unknown is in fact effectively damped to zero while the other converges
toward a stationary state; we must hence find another set of unknowns which somehow explicit such problem.
If we define

P = 1gs — A" Vdiv, Q = A~ 'Vdiv,
it is rather easy to deduce from the magnetostatic equation div (M + H) = F that?
H=-QM+A"'VF. (1.3)
Using the relation (1.3) we can re-write the singular perturbation (M — xoH) as

1

1
~ (M = xoH) = = (1 4+ x0Q) M — %A*IVF. (1.4)

;
This singular perturbation presents two immediate characteristics which are not present in some classical
works on singular perturbation problems ([21,22,20,15,37], the list is far from being exhaustive);

2 Here we use the fact that curl H = 0.



o if the magnetic susceptibility xo is large, which is the case for oil-based ferrofluids as explained above,
the operator (1 4 x0Q) has not positive sign,

o the singular perturbation (1.4) is linear and non-homogeneous, case that, to the best of our knowledge,
has not yet been treated in the literature.

Instead we decide to tailor a specific approach to the problem; applying the operator P to the evolution
equation of M, and hence as well to the singular perturbation % (M — xoH), we deduce that

1 1
T T
It is hence clear that PM, the divergence-free part of M, is damped to zero in the evolution of the system

. . e 1
(S1). The next very natural step is to compute the second term of the Hodge decomposition of ~ (M — xoH)
which is

1 1+
—Q(M —xoH) = X0
T T

(QM - 135“)(0 VA‘1F> . (1.5)

In such setting we can hence deduce the new limit 7 — 0 formal balance

- Xo ]
OM = T oo +XOVA F,
which is much better than the balance (1.1) since now we obtain an asymptotic which depends only on the
external magnetic field F' and not on another unknown. We can as well recover the formal limit asymptotic
for H as well from the relation (1.3).

Despite a better understanding of the asymptotics as 7 — 0 we did not yet solve the main problem of
the mathematical construction of solutions uniformly in 7, the singular perturbation on the r.h.s. of (1.5)
has still sign not defined, and appears in the system (S1) applying the operator Q to the evolution equation
of M, i.e.

1
0 OM — c AQM + 1t Xxo (QM 1 jfo VA_1F> = Nonlinear terms . (1.6)
T X0

We remark at this point though that F' is not an unknown of the problem. We can hence subtract

T (0 — 0A) VATIF from both sides of (1.6) and defining the new unknown r = QM — T VAR

we can deduce the evolution equation for r

I+x0 X0
r =

oir —oAr + —
14 x0

(8t — JA) VA~!F + Nonlinear terms ,

Outer force f

which is now damped and diffused, and we can close our argument. In detail, the new evolutionary system
so obtained is of the form (here m = PM)

Oyu — vAu = Nonlinear terms ,
1
om—ocAm +—-m = Nonlinear terms , (1.7)
T
1
owr — oAr + 1t X0 r = Nonlinear terms  + f.
T

At this point we hence expect the unknown m,r in (1.7) to be exponentially damped to zero at a rate
O (e7¥/7). There are though two immediate obstructions to such deduction:
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o The external force f in the evolution equation is an O (1) function,
o There are terms on the r.h.s. of (1.7) which are O (1) functions for m,r — 0.

Whence despite the tendency of the evolution of m and r is to be quickly damped to zero there are
external forces in the system (1.7) which are genuinely bigger than 7 and which induce a higher order
growth on the unknowns m and r. It is in this context that slightly more involved parabolic estimates are
required (see Lemma 2.12 for the exact estimates used in this work) in order to see that m,r =% 0. A
downside of such approach is that we are not able to quantify the rate of convergence of m,r to zero as
7 — 0, due indeed to the perturbative effects induced by the O (1) perturbations.

Let us finally mention an unexpected stabilizing effect we remarked. We already mentioned and explained
in reasonable detail that the components m and r of (1.7) are subjected to a damping-in-time. Let us hence
now consider that we want to construct L‘%H ! solutions of (1.7) in a very similar fashion to what is done
for the more familiar incompressible Navier-Stokes equations. It is clear hence that if 7 is sufficiently small,
hence the damping coefficient is very large, for any ¢ > 0 the functions m (¢) ,r (t) are drawn to zero rather
vigorously so that we expect that they are “small”. This crude intuition lead us to think that we might as
well expect to construct global solutions for (1.7) imposing a smallness hypothesis on wug, the initial data
of the velocity flow, and 7: we can in fact construct global solutions substituting a smallness hypothesis
on mg, o with a smallness hypothesis on 7. Such result is attainable only if we construct solutions in the
critical space L‘%H1 and not in, say, L%’H% N LzTH%; the damping effect has no effects on the L%OH% norm.

1.1. Results and organization of the paper

The main goal of the present paper is to study the properties of the solutions of system (S1) when the
parameter T is small or converging to zero, indeed hence the first (and main) result of the present work
is an existence result which is uniform for 7 belonging to a suitable right-neighborhood of zero, whose size
depends on the magnitude of the initial data.

From now on given a Banach space X, any T € [0,00], k € N and p € [1, 0] we denote as W;f’pX the
space WkP ([0, T); X ) Given any Sobolev or Lebesgue space if the domain is not specified it is implicitly
assumed to be R, Given any s < d/2 we define the homogeneous Sobolev space H* (]Rd) as the closure of
So (]Rd) with respect to the norm

1/2

ol e ey = / €2 la()2de |

while for any s € R the non-homogeneous Sobolev space H* (Rd) is composed of the tempered distributions
v such that (1—1—@)3 v € L?(R%). Given any k € N and p € [1,00] we say that v € lef’pX if
dfv € LLX and v € WiPX if (1+0)F)v € LEX. Given a vector field V : R x Ry — R™ we will write
vV e Wkr ([0,T] H? (R™)) instead than writing V' € (WP ([0, JH? (R”)))m in order to simplify the
overall notation. The capital letter C' will always indicate a positive value independent by any parameter of
the problem whose value may implicitly vary from line to line while ¢ = min {v,c}.
Let us moreover suppose the external magnetic field F' belongs to the space®

FelLi, (R L) nwl? (Ry; H?). (1.8)
We underline that the external magnetic field is not an unknown of the problem, hence it is in no way
restrictive to assume that it is smooth and integrable.

3 Remark that in this case the Sobolev space H? is considered to be non-homogeneous.
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Theorem 1.1. Let ug € Hz,F € L} (Ry; L) N w2 (R4; H?). There exists a p,00 > 0, where p > 2o,
and a T =T,, > 0 defined as

loc loc

T = TQO = Ssup {t 2 0 ‘ ||FHL4([O,t];L2(]R3)) < 00 and F S W1’2 ([O,t) ,H2) } s (19)

sufficiently small so that

min {min {1/,0}1/2 , min {1/, 0}3/4}
C )

N

11 g2 < 00

and such that if we define

a)

b)

mo = (1— A'Vdiv) My, 19 = A™'Vdiv My — —2— VA'F,
14+ xo0

Let ug, mg,rg € H?2 be such that

1/4 1/4
luoll .y < S oy [(m0s70)l 1y < o p,
H?2 C H?2 C
and
(1 —i—><0)7/3 —4/3 43
o (1Pl e + 1P i) et (1.10)
Xo

Then, there exists a unique solution (u, M, H) of (S1) with initial data (ug, M) in the space CpH?= N
LiH'.

Let Uy = (ug,mo,r0) € H? arbitrarily large and T > 0 satisfy the relation (1.10), there exists a
T =Ty, € (0,T), where T is defined in (1.9), such that the system (S1) admits a unique solution with
initial data (uo, M) in the space Cp«H2 N Li H'.

Let ug € H?= be such that

J1/4
luoll 43 < == »» (1.11)
and mg,ro € H' arbitrary. Let T be sufficiently small so that
4 1 7/3 4/3
7 < min L , (1+x0)"" 0 (1.12)
C (llmollf +liroll3:) % v
ollzps +lroll ) 0’ (IF N 4 + 1Py 2)

Then there exists a unique solution (u, M, H) of (S1) with initial data (ug, My) in the space CrHz N
LiH".

d) Let ug € H? arbitrarily large and let T satisfy (1.12), there exists a T* € (0,T) such that the system
(S1) admits a unique solution with initial data (ug, Mo) in the space Cp« H2 N L4, H'
Remark 1.2.

The value T defined in (1.9) is well defined and strictly positive since the application

t = 1 Lao,02 ey -
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is continuous and non-decreasing in R} and zero when ¢t = 0. From now on when we write T" we will
always consider the value defined by (1.9). Let us remark that if F is sufficiently small in L* (R+; L2)
then T can be equal to infinity as well, transforming hence the results stated in the points a and c in
genuinely global-in-time results.

In the definition (1.9) we must include the hypothesis F € W%’QH2 only for the case in which 7" = co.
In fact a priori it may as well happen that ||FHL4(R+;L2) < oo, F € Wlif (R+;H2) but F' does not
belong to the space W12 (R+; HQ). In such setting we implicitly use the fact that F € W2 (R+; H2)
in setting the smallness hypothesis (1.10) and (1.12).

The points a and b in the statement of Theorem 1.1 can be rephrased as “global” existence for small
data and “local” existence for arbitrary initial critical data. Indeed the point a is a proper global-in-time
result only if T = oo where T is defined in (1.9): the hypothesis on T, which is a smallness hypothesis
on the norm of F', avoids that the external magnetic field F' pumps too much energy in the system. It
is in fact intuitive that, if M, H have to satisfy the magnetostatic equation

div(M + H) = F,

and F is “arbitrarily large” then the curl-free part of M + H will be arbitrarily large as well (in some
appropriate, non specified, topology). In such scenario M and H result to be hence “large” and it is not
possible to construct solutions via a fixed point theorem around a stationary state of (S1).

The points ¢ and d are again a “global” and “local” existence result. We focus now on the characteristics
of the point c. It is worth noticing that we impose a smallness hypothesis on the initial data for the
velocity field ug and for 7. We let hence My and Hy be arbitrarily large in H*; this effect is due to the
term % (M — xoH) in (S1). Roughly speaking such term provides a damping with damping coefficient
771 which we will exploit in order to damp the H' norm of My and H, sufficiently fast so that the overall
L4TH ! norm will result to be small, hence to possibility apply a fixed point theorem. It is also for this
reason that we construct solutions in the critical space L%«H ! instead that, say, the more natural critical
energy space L%OH 2N L%H 3. If we start with large H 2 data the damping effect does not influence the
overall L H?2 norm of the solution, hence a fixed point theorem based on the smallness of the norm
is not applicable in such setting when large initial data is considered, in fact My and Hy can even be
unbounded in H%, but they have to be finite in H' in order to apply the result in Theorem 1.1, c.

Let us remark again that in the point ¢ of Theorem 1.1 the only hypothesis assumes on mg, 7y is a
smallness hypothesis with respect to 7 in the space H?'. The data mg, 7o can even be unbounded in the
critical space H %; we are hence able to construct a global-in-time solution for the system (S1) imposing
a smallness hypothesis on the initial velocity flow ug only.

Since the points ¢ and d represent an unexpected dynamical effect for the system (S1) we will prove
explicitly only the point ¢, being the other points simple variations of this one.

Even if we restrain ourselves to the more familiar setting stated in the points a and b we construct
solutions in the critical space L4TH ! imposing initial data in F %; we construct hence potentially infinity
L? energy solutions for (S1). This work is, to the best of our knowledge, the first work in which infinite
L? energy solutions for ferrofluids systems are constructed. It is worth to remark that if we try to
construct solutions for (S1) using the natural L? energy of the system (see [1,10,38,18]) uniformly in 7
we deduce an estimate of the form

21Q

t
E(t)+ e, /D(t’) dt’ <
0
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where £ and D are the natural energy and dissipation of the system (S1). Energy methods are hence not
applicable in order to construct solutions of (S1) uniformly in 7 since the r.h.s. of the above inequality
blows-up as 7 — 0 and does not provide uniform estimates.

Theorem 1.1 is hence an existence result for solutions of (S1) which holds uniformly for T in a right
neighborhood (0,79) of zero. As we already explained in detail in the remark above the points ¢ and d deal
with stabilizing properties of solutions of (S1) when 7 is small. It is hence a natural question at this stage
to ask whether solutions of (S1) converge (and if they do, in which topology) to some limit flow.

It turns out that the term % (M — xoH) acts effectively as an exponential damping on the components
M, H; such damping effect is though not immediate to prove, and neither it is immediate to rigorously
deduce from the structure of the equations (S1). The precise statement is the following one:

Theorem 1.3. Let us consider the same hypothesis as in Theorem 1.1, ¢ and let us suppose moreover that
mo, o € Hz, let us consider any (small) e € (0,T), then

M0 X YA, i L% ((e7); BY)),
14+ xo0
) (1.13)
H 0 VA“IF, in L® ((E,T) ;H%> .
1+ xo
Moreover the following convergence holds true
uﬂ)'ﬁ, in L™ (({:‘,T);H%),
(1.14)

Vu 2% va, in L2 ((E,T) ;H%) :

where u s the solution of the following incompressible Navier-Stokes system with additional magnetic pres-

sure
o _ _ _ X0 —17]2
Ou+u-Vu—-vAu+Vp= ———— V’VA F| ,
2(1+ xo0)
div u =0, (1.15)
’ﬁ|t:0 = Up-
Remark 1.4.

o We want to underline that the convergence mentioned in Theorem 1.3 takes place only in the topology
(1.14); this is justified by the fact that when 7 — 0 a genuine damping effect is induced, whence we
cannot have immediate convergence (i.e. in L™ ((0, €) ;H%)) to the limit function.

o Let us denote respectively with M and H° the r.h.s. of (1.13), i.e.

1

MO X0 _
1+ x0

= VA~IFE.
1+ xo0

VA~LF, HY

If we let 7 — 0 in the equation for M appearing in (S1) and we denote @ = lim,_,o u consistently with
the notation of Theorem 1.3. It looks at a first glance that such limiting process on the equation for
M induces a nonlinear constraint which relates @ with the limiting flows M°, HY which are uniquely
determined by the external magnetic force F', whence 4 = @ (F') which could not satisfy (1.15) in (g, T)
making of the limit system an overdetermined problem. This is indeed not the case since despite the
following convergence holds true



T—0

M — yoH ==% 0,

in a sufficiently weak sense (say D’ (R® x (¢,T)))) we are unable to quantify the rate of convergence
toward zero of M — xoH as it has been already mentioned at page 6. Whence we do not actually know
to which element will the term

1
= (M —xoH),
o

converge. This can though be easily deduced, at least in a formal way; let us consider a ¢ €
D (R3 x (¢,T)), considering the convergences (1.13) and (1.14), and supposing there exists a f €
D' (R3 x (¢,T)) so that

LM~ xoH) 2o,
testing the equation (S1) with ¢ and letting 7 — 0 the limit equation solved by M (in D’) is
WM° + (- V)M° — s AM° — % (curl @) x M° = f,
whence the limit problem is consistently expressed. ¢
The present paper is structured as follows:

Section 2 is devoted to introduce some preliminary results which we use all along the paper. In particular
Section 2.1 consists of a series of bounds for linear parabolic equations with damping which will be very
important in the application of the fixed point theorem in Section 4.4.

In Section 3 we define a new set of unknowns for the system (S1) so that we can deduce a new system (see
(S2) for the detailed definition) which highlights and makes explicit the damping effect induced by the
singular perturbation 77! (M — xoH). Such procedure has been already outlined in the introduction,
in Section 3 we make this argument rigorous.

Section 4 is the core of the present article, in such section we prove Theorem 1.1 which is the most
technical result of the present paper. The proof of Theorem 1.1 consists in a fixed point argument,
which has to be performed carefully, and more importantly, has to be adapted to highlight the particular
properties of the system (S1) (most notably the damping effects induced by the singular perturbation
7L (M — xoH)).

Section 5 is devoted to the proof of Theorem 1.3. Using the result proved in Section 4 (i.e. Theorem 1.1,
an existence result uniform in 7) we prove at first that some part of the system is effectively damped
to zero in a critical norm away from ¢ = 0, next we use such convergence in order to prove that the
velocity flow converges toward the system (1.15).

2. Preliminaries

All along the present paper we will consider nonlinear interactions of (homogeneous) Sobolev functions.

It is well known that, in a more general context, the product of two distributions in, a priori, not well

defined, cf. [35]. In the context of Sobolev functions we can state the following elementary criterion:

Lemma 2.1. Let (s,t) € R? and d € N\ {0} be such that s,t < % and s+t > 0. The point-wise product
application maps continuously H* (RY) x H (R4) onto Hs+t—% (R?), i.e. if we consider u € H* (RY), ve
H! (Rd), there exists a C' > 0 depending only on the dimension d so that

10



[u U||Hs+t7%(Rd) <C HU”Hs(Rd) ||UHHt(]Rd) :
Remark 2.2. There exists a non-homogeneous counterpart of Lemma 2.1. ¢

Lemma 2.1 belongs to the mathematical folklore, and can be stated as well for periodic vector fields, cf.
[20]. Such result is widely used in the Navier-Stokes theory and goes under the name of product rules for
Sobolev spaces. All along the paper we will use continuously, even implicitly, the result stated in Lemma 2.1.

Definition 2.3. Let X be an abstract Banach space and T}, : X — X a p-linear map onto X. We define

1Tl = sup Ty (f1,--- 5 0p) -

Proposition 2.4. Let X be a Banach space and let T}, : XP? — X, p=1,2,3 a p-linear map onto X. Suppose
there exists an n € (0, %) such that

(T3] < n, (2.1)

and a positive real number r such that

1 1
0 <7 < min , . (2.2)
{swu y mw}

For any y € Bx (0, %), there exists a unique © € Bx (0,7) such that

x=y+T () + T (z,2) + T3 (x,2,2) .

Remark 2.5. Let us remark that we assume a smallness hypothesis (contractivity) on the linear operator T7.
Neglecting such hypothesis compromise irremediably the possibility of finding a fixed point via an iterative
argument. ¢

Proof. The proof of Proposition 2.4 is rather standard. Let us define inductively the sequence

{330 = Oa

Tn1 =Y+ T1 () + T2 (Tn, 2n) + Ts (Tn, T, Tn) -

We deduce immediately, thanks to (2.1) and (2.2) that if z,, € Bx (0,r) then
fomsill <

Next we prove that the sequence (z,),, is a Cauchy sequence in the topology of X, since

Tpt1 — Tn =11 (zn - l"n—l) + 15 (Inamn - xn—l) + T (xn - zn—laxn)

+ 13 (xnuxnaxn - xnfl) + T3 (xnvxn - xnfhxn) + T3 (xn - xnflvxnwrn) )

we deduce, using the hypothesis (2.1) and (2.2)
i1 =l < (n-+20 [Tl 4302 1Ts]]) o — 20all,
<2 H
- xn - iL'n, 9
4 1
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which holds for any n > 1 and which indeed implies that (z), is a Cauchy sequence in the Banach space
X, it is hence convergent. In order to prove uniqueness we suppose there exist two different x, z € Bx (0,r)
so that

x:y+T1 (x)+T2 (.’ﬂ,l’)+T3 (ZL’,.T,ZL'),
z=y+T1(2) +T2(2,2) + T3 (2,2, 2) .
We subtract the two equations here above so that we obtain
x—z=T(x—2)+Ta(x,x2—2)+Te (v —2,2)+ T3 (x,x,0 — 2) + T3 (v, 2 — z,2) + T3 (x — 2,2, 2) .

Taking norms on the above equality using the triangular inequality and the fact that ||z|| , ||z]] < r we deduce

lo = 21 < (n+20 T3l + 3% | T50)) o = 2],

which is obviously satisfied if and only if x = z, concluding. O
2.1. Estimates for linear parabolic equations

In the present section we prove some more or less well-known estimates for linear parabolic equations
which will be of the utmost importance in the development of the paper.

Let us consider two functions h, g defined on R, and let us consider a T' € (0,00]. We denote h x g =
1jo,77h * 10,719 Where * is the standard convolution.

In this section we will use continuously the Minkowsky integral inequality: let us consider (S1, 1) and
(Sa, p2) two o—finite measure spaces and let f : S; X So — R be measurable, then the following inequality
holds true:

/ / f,y) i (de)| pady)| < / (; F@ )P ua(dy) | o ().
S1 2

2 151

As an immediate application of the Minkowski integral inequality we can deduce the following result;

Lemma 2.6. Let 1 < p < p and f : X7 X Xo — R a function belonging to L (Xl;Lp/ (X2)> where
(X1;p1) , (Xo; pio) are measurable spaces, then f € LP' (Xo; LP (X1)) and we have the inequality
HfHLP'(Xz;LP(Xl)) < Hf”Lp(Xl;LP’(Xg)) :

Let us now consider the linear parabolic system with damping

oyw + yw — pAw = F,
{ ! (2.3)

W,y = wo.

The estimates that we prove in this section are in particular focused to show quantitative smoothing effects
on the solutions of (2.3) in terms of the parameters v and p.
The following result is classical, we refer to [11, Lemma 5.10, p. 210]:

12



Lemma 2.7. Let w be the unique solution of (2.3) in C ([0,T];S’ (R?)) of the Cauchy problem (2.3) when
v >0 with F € L2 ([0,T]; H*~* (R?)) and let wy € H* (R?). Then for each t € [0, T]

2 2 2 C 2
llw ()N 5= mey + ﬂ/ IVw ()]s ray At < lwoll e (ray + m I FM 7z o1 (me) »
0

C 1
il g o+t (gay < i lwoll g (may + i/ I L2 1 may | -

For our purposes we will require the bulk force F appearing in (2.3) to be in L;{/SIP7 whence Lemma 2.7
will not suffice in our context.

Lemma 2.8. Let q € [1,2], T € (0,00] and let us define

SQZ(Ié) e[o0,1],

and let us suppose F € L1 ([O,T] : H5 % (]Rd)) and let wy € H® (Rd) N Hs*2 (Rd), Let us denote with w
be the unique solution of (2.3) in C ([0,T];S’ (R?)) of the Cauchy problem (2.3) when ~ > 0. Then

min{ HwOHHs-%—%(]Rd) ||w0||HS (Rd) } n 1

71/4 s M1/4 /1/3/4 ||F||L%HS_S<1(R‘1)

<C

HwHL%.,HS+%(Rd)

Proof. Let us perform a H*® (Rd) estimate onto (2.3). We deduce the energy inequality

e @)+ 0 + p Vel < 1F (1) ] w(t)g],

S E @ gre=sq

N —
CL|Q

fw (D)l -+ -

Integrating the above relation in [0,¢], t € [0,T] we deduce the inequality

wll s

1 2 2 2
5 5w {Jw @l b+ [ @t +n [ 1V0 O & <5 loold+ 1P

t’e(o,) LT e

(2.4)
A standard interpolation of Sobolev spaces implies that

2(¢-1)

H'LU” L2Hs ?

R o 2
t

whence using the inequality

2(q—1)
||L2Hb )

3 C
2 H 2 2
< gl i+ 5 Vel 2 IF g e

IE g pre=sq 1wl <N E N pgre=sa ||w||

q
L;Z*l Estsq Lcpo

which inserted in (2.4) gives

13



t t
1 2 2 % 2 1 2 C L2
1w (@4 [ Iw @l e+ [ 190 @)1 a0 < 3 ol + 5 1 e
t'€(0,t) 5 K i

The above equation in particular implies that

C 1
fulgiess < iz (Roollae + =7z [Fllsgiena )

/
2.5
o ) (2.5)
Pollre < 2575 (1ol + 7 IFlgireen )
Let us now denote
Sy (0,1) g () = 0710 g (). (2.6)
Indeed the solution of equation (2.3) can be expressed in terms of the evolution semigroup S, as
t
B (E,1) = S, (€,8) o (€) + / S, (6t — ) E (6, (2.7)
0
An application of Holder inequality gives us the estimate, for ¢ € [0,T]
. / R Cy .
sup i (&,)] < i (&) + ————= |[F€)],
t/€(0,t) 2\ q La([0,t])
(v +mler)
whence an L2 (Rd’7 |€ |25 d§) estimate on the above inequality allows us to deduce
5 1/2
/ > ( sup (£,t’)l> a|
t'€(0,t)
12 (2.8)
< ol / HF@ . e
wol| 77 )
o 7+u|€| fdom
Whence we remark that
1/2 1/2
2 —1/2 2(s—sq) || £ 2
), ) <n P || B (e, ae
v +u |§ | r a ’
— 2
L2 (R, [¢l+=2ddg; La([0,T)))
We use hence Lemma 2.6 with p = ¢, p2 (d€) = [£]®7%) d¢ and p’ = 2 to deduce that
g (2.9)

< F Ts—s 5
£2(R4, |¢|¢—*a)de; La((0,T])) 1l g g0 oy

and we use again Lemma 2.6 in order to deduce
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[l oo s <V (2). (2.10)

Inserting the estimates (2.9) and (2.10) in (2.8) we deduce

1
ol < Co (il + 17 1Pl ncu (211)
Interpolating equation (2.5) and (2.11) we deduce that, for any ¢ € [0, 7]

Cq
s+2 < ,ul/p <||’UJ0HS 1/2 ”F”Lq HS—Sq(Rd)) ’
(2.12)

C, 1
lwllppgs < Ji/p (HwOHHs + e ||FL%.,H5541<]R‘1)> ’

Setting p = 4 in the first equation of (2.12) we almost obtain the claim, what remains to be proved is the
decaying effects on the initial data. Using Minkowski integral inequality and standard computations

5\ 1/4
IS (8)wo||L4THs+%(Rd): /(@/ €25t e~ 2t O FuIEl) g ()2 de | dt 7
- 1/2 1/2
< / €2 o ()2 / b)) ge |
\g 0 (2.13)
>+ 5 v
<| [ mere) .
\ia 21/ + p|€f”

|| OH e 4)  Jlw s
<C min{ ey [loolli ey .

1/4 ) /4

The next lemma describes the regularity of the solutions of (2.3) in the case in which the external force
is in L‘}H 1 whence we focus on the regularity induced by the damping yw and we do not consider any
space-smoothing effect induced by the heat propagator:

Lemma 2.9. Let wy € H® and let F € L%HS, then w solution of (2.3) is such that

1 1
L e L PR Sy By

Proof. The present proof is a slight modification of the proof of Lemma 2.8.
In the same way we deduced (2.8) we can argue that (here we set ¢ =2 and ¢ € [0, 7))

1/2

loll o e < lwoll e + / il I €, e

L2([0,t])

< lwoll g + 1/2 £ HL2 Hs -

15



Performing a H® energy estimate on (2.3) we deduce an estimate similar to (2.5);

C 1
lwll 25+ < 7z <|wo||Hs o |F||L§Hs> :

An interpolation now concludes the estimates. O

Lemma 2.9 in particular asserts that, if F' is sufficiently regular, the solution w of (2.3) is an o, (1)
function in L‘%FH 5. This is not completely surprising, in fact supposing that F' € L%H s=1 (let us remark
that such regularity is not the same one required in the statement of Lemma 2.9) a standard H® energy
estimate on the equation (2.3) shows that in fact w is O ('y*I) as 7y — 0o in L%HS, interpolating hence we
deduce that w is o, (1) in LELH? for p € [2,00) (if F is “sufficiently regular”). This is obviously not the case
when p = oo; the damping provided by the term ~w has no effect in ¢ = 0, we want though to quantify such
damping effects for strictly positive times.

Let us now set o, 7, > 0, and let us define the following function defined in R¢

2 2
my,, (x) = (%) . (2.14)
v+ |

Indeed to the function mJ , we can associate a Fourier multiplier

2 2
me (@) g=F ' (m, (€)§(&) = F! (—Elﬁ> 0 (€)
v+ ]

Lemma 2.10. Let g € L? (]Rd), then

. C 1
Hmy,,u (a)gHLQ(Rd) < W HgHLQ(Rd) + W Oy (1)7

where 04 (1) is a nonnegative function which tends to zero as y tends to infinity.

Lemma 2.10 in particular asserts that, fixed pu,a >0, mg , (9) 27 0 as a linear operator on L2 (R).

Proof. , |£|2 a ,
Hmv,u (8)9“1:2(]1{{&1) :/<m> 19 (§)]” d&,

&l” )aA 2 ( i )“A .
— + — d&=1I1,+1.
/ <w+um2 P [ () erae-m

lg|<yt/e g]>~1/4

Since g € L? and since mi?‘u < pu~% pointwise we can assert, by dominated convergence, that

Ivgﬂ_aov(l)a

2c

while since mZ37,

is strictly increasing in |£| we can assert that

1 2
I, < W ||9HL2(Rd),

concluding. O
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Definition 2.11. Given two Banach spaces X,Y we say that z € X +Y if there existsaxz € X andany € Y
so that z = x + y. Moreover

l2lxsy = sup {llallx +lylly |c€Xyey Ao+y==z].

Our aim is to use hence Lemma 2.10 in order to study the damping properties, when ~ is large, in
LEH* (RY) of the solutions of (2.3) when F'is an O (1) function in some suitable space.

Lemma 2.12. Let wo € H? and F € L%H‘é +L§/3L2, ie. F = Fy+F with F) € L%H‘é and Fy € L4T/3L2.
Let w be the unique tempered distribution which solves (2.3), then for each t € [0,T

1 1
1 _—Yt 1 —_— 1 P —_—
lw (@)l ;3 <C <e lwoll 3 + win {71/7,71/5] IIFHLZTHTH;/SLQ +— T2, a7} 0y (1>> , (2.15)

whence

lim [|w| =0, (2.16)

y—ro0 Lx((EaTﬁH%)
for any e > 0.

Remark 2.13. Indeed the limit in (2.16) holds in the timespan (e,7T) as it is clear from the estimate (2.15):
in t = 0 there is obviously no damping effect. ¢

Proof. By superposition we can write w = W + w; + ws, where

w (x’t) = S%,u (a7t) Wo ((E) )

wi () = / S, (0.t — 1) Fy (),

0
t

ws (x,£) = / S, (0t — ) Fy (. ¢) .
0

Indeed the following bound is immediate
W )5 = 1S (0, woll 3 < e ol

For w; we can argue as in (2.11) (here we set ¢ = 2) in order to deduce

1/2
[ A ‘2
will, oy < | [ —s ||B e al
ol <m[7+u|£|2 HE | oo gy
= [m} @072 1R | -

We apply Lemma 2.10 with o = 1 in order to deduce

C

”leLgOH% < S/ ”Fl”L%H*% + mow (1).
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For wy we repeat the same procedure which lead us to prove (2.11), setting ¢ = 4/3, we have
1/2

dg :

L4/3([0,t])

2

€l

”’LUQHL?CH; < /ﬁ H
(vﬂtlﬁl)

By (")

Fy
L

2
LE

We again use Lemma 2.10 with o = 1/2, next Lemma 2.6 and Plancherel theorem to deduce the final bound
required

C 1
Hw2||L?oH% < m HF2||L3/3L2 + mov (1. o

3. Reformulation of the system (S1)

As already mentioned the main goal in the present study is to study the dynamics of the system (S1)
when 7 is small or tends to zero. Intuitively one understands that, when 7 — 0 the term

1
; (M - XOH) )
is the leading order term (in 7) in (S1), whence we expect, when 7 is sufficiently close to zero, to have
the asymptotic development M — xyoH = O (7) in some suitable topology. To understand rigorously this
asymptotic is the mayor difficulty in the analysis of solutions of (S1).
Heuristically one expects the term % (M — xoH) to provide a damping effect on the components M, H,
solutions of (S1). The damping effect is though not immediately clear from (S1); the aim of the present

section is hence to provide a new reformulation of the system (S1) in some new, but equivalent, unknowns
which explicit the damping effect provided by the term L (M — yoH).

From the magnetostatic equation, the third equatior? of (S1), and since curl H = 0, we immediately
deduce that
H=-QM +Gr, Gr=VAT'F,
where Q@ = A~!'Vdiv.
Remark 3.1. Let us remark that if Gr = VA™!F and F has the regularity stated in (1.8) then
Gr e LAH N L2 H3, 0Gr € L2H". (3.1)

The regularity stated in (3.1) will be considered implicitly given from now on. ¢

Whence it is clear that, denoting P the Leray projector onto divergence-free vector fields, and denoting

that




We can hence define the new unknown

- X0
r=m—
1+ xo0

gF)

of which we can compute the evolution equation from (S1). The advantage of working with the variables
m,r instead than M, H resided in the fact that, for such, the damping induced by the term % (M — xoH)
is explicit.

We can hence compute the evolution equations for (u,m,r) form the ones of (u, M, H) (and vice-versa)
via the following reversible change of variables

u=u u=u
M=m+r+ —2 Gr m=PM
14+ xo s (32)
H=—-r+ g T:QM_lxo r
1+xo * X0

Thanks to the explicit change of unknown given in (3.2) it is rather simple to deduce the evolution of
(u, m,r) from (S1), and we obtain

1
ou+ (u-V)u—vAu+ Vp = <m+r+1ioxogp) -V(rJr 1+X0gF)

1 X0 1
+ —curl [{m+7r+ X | —r+ ,
2 [( 1+><ogF> ( 1+><ogF)}

3tm+% m—ocAm = —P |:U'V <m+r+ ljfoxogp)] +%P [(curl u) X (errJr 1ioxogp)]

X0 X0 1
P{<m+r+1+X0gF> . [(m+r+ 1+XogF> . <r+1+X0gF)]}7

or + 1‘:X0 r—oAr=-9Q [u~V(m+r+ X0 QF)] +;Q[(CUT1U)X <m+r+XogF)]

N 1+ xo0 d 1 ]+Xo
0 0
_Q{<m+r+1+><ogF) 8 [<m+r+ 1+XOgF> 8 (—r+1+x0gF) }

1 iOXo (5tgF - O’AQF) ;

div u = 0,

(u,m, )|,y = (w0, mo,70) -
(52)

From now on we will work with the system in the form (S2).

Remark 3.2. We would like to remark the fact that, despite the system (S2) seems at a firs sight much more
complex than the system (S1), there is in fact no relevant new technical difficulty in (S2).

In fact the nonlinearities appearing on the right hand side of (S2) belong at most to six classes which we
can study without problem and which are here enumerated’

4 Here and in the rest of the paper we use Einstein summation convention.
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e They can be of the form

B s = ( i N,S’Z (9 ) 9
NS (’U U) v ql,] ( )UJ =123

where quJS * are homogeneous Fourier multipliers of order one.
e They can be of the form

Ly (v) = (Ui qﬁ,lj)’z (9) Gj) Ly (v) = (Gi ql(?j)’e (9) Uj)

(=1,2,3" =1,2,3"

(k

form some function G (notably in (52) G' = Gr). Here again g; j),e’ k = 1,2 are homogeneous Fourier

multipliers of order one.
e Lastly they can be p-linear forms of the form

Np (v) = W8P ® G®(3*P)’

where we recall that given a w € R? we identify as w®? the canonical ¢g-linear form whose components
are elements of the form

q
H qu"
q'=1

In particular hence the components of N, (v) are of the form

P

3—p
H qu’ qu” :

q'=1q"=1
Whence we can assert that (S2) can be studied as a special system of the form

3
Ov + Muv — Az (0) v = Bys (v,v) + L1 (v) + L2 (v) + Z./\/p (v) + f, (3.3)

p=1

where M is a diagonal, nonnegative matrix and As (9) is an elliptic differential homogeneous operator of
order two and f is a bulk force. We will many times think of (S2) in the form (3.3) since there are much
less terms to consider, which qualitatively describe every nonlinear term appearing in (S2). 4

4. Existence of a unique solution in a critical functional space uniformly in 7 € (0, 7o)

In the present section we prove the main result of the paper, i.e. Theorem 1.1. The detailed result proved
is the following one, which implies the proof of Theorem 1.1 as explained in Remark 4.2;

Proposition 4.1. Let ug € H? and Or € Liloc (R+; Hl) N I/Vli)f (R+; H'N H3). There exists a p, o9 > 0 such
that p > 209 and a T = T,, € (0,00] (see (1.9)) so that

min {c!/2, ¢3/4
16l g < oo < AT m

N

where ¢ = min {v, o} such that, if;
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a) Let ug, mg,ro € H3 be such that

1/4 1/4
lwolly <=0 llmosro)l 4y < 2
H?2 C i g C
and
(1+ )(0)7/3 —4/3 4 /g
< L 4/3 (||gF||L2TH3 + ||gF||W;~2H1) QO/ , (4.2)
Xo

then there exist a unique solution (u, m,r) of (52) in the ball B (0,4p) of the space L%H1 which moreover
belongs to the space CrH=.

b) Letug,mg,ro € H: arbitrarily large and T > 0 satisfy the relation (4.2), there exists a T* =Tf; € (0,T)
such that the system (S2) admits a unique solution in the ball B (0,4p) of the space L. H' which
moreover belongs to the space CT*H%.

¢) Let ug € Hz

J1/4
luoll 43 < == »» (4.3)
and mo,ro € H' arbitrary. Let T be sufficiently small so that
4 1 7/3 4/3
7 < min i , (14 x0)"" 0 (4.4)
C (llmollf + lIroll3:) % v
olli +lrollz ) oxi® (19l s + 19l )

Then there exists a unique solution (u,m,r) of (S2) in the ball B (0,4p) of the space L:-H"' which
moreover belongs to the space CTH%.
d) Letug € Hz arbitrarily large and let T satisfy (4.4), there exists a T* € (0,T) such that the system (S2)

admits a unique solution in the ball B (0,4p) of the space L3 L H' which moreover belongs to the space
Cp«Hz.

Remark 4.2. Let us note that if we prove Proposition 4.1 than we prove as well Theorem 1.1 with the
substitution

(u,m,r) — (u, M,H),
defined explicitly in (3.2). ¢

Remark 4.3. We will prove only the point c since the other points are variations of the same argument which
are simple to the reader familiar with the construction of solutions for the Navier-Stokes equations via a
fixed point theorem. ¢

Remark 4.4. Let us point out that if we allow T' = oo in the statement of Proposition 4.1 (i.e. it suffices to
consider G to be “small” in L4TH 1) the points a and ¢ provide a global solution of (S2), in particular the
point ¢ provides a global solution imposing a smallness hypothesis on uy only in H z and assuming mg, 1o
be arbitrarily large or unbounded in Hz. ¢

The proof of the point ¢ of Proposition 4.1 is an application of the fixed point theorem stated in Propo-
sition 2.4; conceptually there is no great difference with the more familiar construction of a unique solution
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in a critical space for the incompressible Navier-Stokes equations, there are though two main difficulties

which we want to consider

o Indeed the nonlinear estimates for (S2) are more lengthy and complicated than the transport bilinear
form of the incompressible Navier-Stokes equations,
¢ Secondly, and more important in our context, we want to give a proof which provides an existence result

which is uniform-in-time with respect to the physical parameter 7 € (0, 7y) for some small 79 > 0.
The proof is hence divided as follows:

e In Section 4.1 we reformulate the system (S2) in a suitable mild form. Such passage consist mostly in
computations which have to be carried out in detail due to the many nonlinearities appearing in system
(52),

e In Section 4.2 we provide some nonlinear parabolic estimates for the six generic classes of nonlinearities
which compose all the nonlinear terms of Shilomis system (S2), as explained in Remark 3.2. Indeed the
linear parabolic estimates carried out in the introductory Section 2.1 will be the main tool in order to
prove the nonlinear estimates required,

o In Section 4.3 we apply the nonlinear parabolic bounds deduced in Section 4.2 to the mild form of (S2)
deduced in Section 4.1,

e Finally in Section 4.4 we apply the nonlinear bounds for the Shilomis system deduced in Section 4.3 in
order to apply the fixed point theorem stated in Proposition 2.4 and to deduce the existence of a unique

solution of (S2) in critical space.

Remark 4.5. Since the proof of Proposition 4.1 relies on a fixed point theorem it is known that such result
generally relies on a smallness hypothesis on which it is possible to construct a perturbative argument.
The smallness hypothesis appearing in Proposition 4.1 is rather unusual, hence we would like to comment

them:

> The smallness hypothesis on the initial velocity flow (4.3) is rather standard in the theory of Navier-
Stokes equations.

> The smallness hypothesis (4.1) can look peculiar in a first stance, but it is inevitable. It says in fact
that the external magnetic field cannot pump too much L‘%H ! energy in the system. This is reasonable
since in the equation (S2) there are terms of the form Gr - VG, if such term is arbitrarily large it will
break down any smallness condition on which the perturbative argument for Navier-Stokes equations is
based; relaxing (4.1) is hence impossible in our context.

> As a matter of facts the in the point ¢ we consider initial data mg,rg arbitrarily large in H?2 and H.
Such hypothesis may look as unreasonable at a first sight, but we want to make notice to the reader that
the smallness hypothesis (4.4) compensates to such lack of smallness for the initial data. In a nutshell it
says that if the damping coefficient is sufficiently large the H' norm of (m,r) is damped with sufficient
vigor so that (m,r) turns out to be “small” in the space L‘;H L without hence violating the smallness

principle on which any perturbative method is based.
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4.1. Reformulation of (S2) in an appropriate mild form

Lt us rewrite the system (S2) in the mild form

( ) So,, 8tu0 /S()l, 8t—t ( )dt
t

m(z,t) = S1 ,(9,t)mo ( / 14 (0t =t") Ny (2, t") dt, (4.5)
0
t

5 (0, t =t N, (x,t’)dt’+/sm_ﬁ 0,t —t') f (z,t")dt,

0

t
( ) Sl+xoaat7'0 +/
0

where

_ ) X0 . _ 1
Ny=-P(u Vu)+P{(m+r+1+XOQF) V( 7“+1+XOQF>:|

1 X0 1
- 1 _
+2Pcur {(m—l—r—i—l XogF) ><< 7“+1 XogF>}’

2, )]
“)l} o

_ _ X0 1
Ny, = ”P{u V(m—&—r—&-lJrXOQF)}—I—Q [curlu

(o
(w20 0) o) (_r+

(m+r+

/\/}Z—Q[U~V<m+r+ Xo gF)]+1 {curlu <m+r+ gF)]
1+ x0 2
—Q{(m+r+ Xo gF)X|:<m+T+ gF>><(—r+ )”
1+ xo0

f= (atgp ~ 0AGr ).

1—|—

We will now reformulate the integral system (4.5) in an even more generic form with which will be easier
to study. Let us now denote as U = (u, m, ), the system (4.5) can alternatively be written as

U(x,t) =8(0,t) Uy () + T [U] (z,t) + g (x,t), (4.7)

where
So. (0,t) ug ()
S@OHUy(x) = | Si,@0)molx) |, (4.8)
SH%’O_ (0,t) 10 (2)
while
3
= (ZE [U]> + Tons [Ul+ Tor (Ul + T [U] (4.9)
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where

/SO,V(@’t—ﬂ{—P (w-Vu) =P [(m+7)-Vr] —%P curl [ (m +r) xr]}(t’)dt’

Tans [U] = /tS

R

» (0, t—1) {—P [u-V (m+r)| + %7? [(curl u) x (m+r)}}(t’) dt’ ,

T

/smyg @t —t) {—Q [w-V (m+1)] + %Q [(curl ) x (m + 7“)]} () dt

(4.10)

1 t ! ] /! /!
mo/&),u(a,t—t){P[(m—i—(l—Xo)r)-VQF]+P[(m+(1+X0)r)d1V gF]}(t)dt

i
TislU) = 2[5y, @t ) {P [ VO] } () a ,
tO
- iOXOO/S”%Xyo 0,6 =){Q[u-VGr]} (') dt’

(4.11)
and let us remark how the operator 771 [U] acts as a derivative on the function Gr only, while the operator
T1,11 [U] is defined as

m/&)’” (8’t_t/){_ngiV(er(“FXO)T) —QF'V(m+(1+xO)T>}(t’)dt’
0
71,][ [U] = + XO O/ 1o t — t 7) [Curlu % gF}} (t/) 4+
1+X0 / t—t){Q[curlung]}(t’)dt’
0
(4.12)
We now define the p-linear operators T, [U];
0
T U] = 1+X0 / 100,81 |:ng((m+(1+XO)r)XgF)}}(t/)dt/ ’ (413
0
(1 f;o)Q O/S“%X’U 0.t =) {Q[Gr x ((m+ (14 x0)7) x Gr) | } () a¥

24



72 [U]

X0
= 1+ xo

/S%J @,t — ') {P [gF % (r m)] P [(m+r) x [(m + (14 xo0)7) X QF]”(t’)dt’

t
1 ioxO /S“f”vo 0t =%) {Q [gF X (rx m)} +Q [(m+7“) x [(m+ (14 x0) 1) X QF]H (") ar’
0
(4.14)
0
t
T3 U] = /S%,a (0,t—1t) {’P [(m+7’) X (rxm)}}(t’)dt’ (4.15)
0
t
/S@,g (0,t —t) {Q [(m+r) X (r x m)” (') at’
0
While finally we can define the outer force g as
t
% /SO,V (0,t—t")(Gp - VGp) (t')dt’
(1+ xo) J
0 g1
. =|o (4.16)
¢ g2
X0 , "
_1 + Xo ‘/S@,g (87t —t ) (atgF - O'AgF> (t )dt
0

Despite the long and tedious computations we can already understand why we decided to rewrite system
(4.5) in the abstract form (4.7). The integral operators defined explicitly in (4.10)—(4.15) are all of the
following form: a time convolution of a nonlinearity which falls within one of the six cases explained in
Remark 3.2 with one operator of the form S,, - (9) defined in (2.6).

4.2. Parabolic estimates for generalized Shilomis-type nonlinearities

It suffices hence to check that the nonlinear integral operator defined by the right hand side of (4.7)
is continuous in L%H 1in order to apply Proposition 2.4 and to deduce the existence of a fixed point
for the integral equation (4.5). Indeed to prove the continuity of each term in the nonlinearity given by
(4.9) would be a lengthy and tedious work. On the other hand we can exploit the observations deduced
in Remark 3.2: every term appearing in (4.6) belongs to one of at most six classes of nonlinearities, this
significantly simplifies the process.

Proposition 4.6. Let v,v1,v0,v3,G € L4TH1, let (v, p) € [0,00) x (0,00) and let Bys, L, Ny, j=1,2, p=

1,2,3 be as in Remark 5.2, then setting S, the propagator defined in (2.6) the following inequalities hold
true

L (1S5, (9) x¢ Bs (v1,v2)|[ g g < B/ o1l Lo g lv2ll g g s
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c
2 195, () %t £ ()| g o < 37 G g g 10l a2

3. ||S%u (a>*th<U17-~-a )HL4H1 X (H ||Uz||L4H1) ||G||L4H1

Proof. 1. Indeed S, , (0) % Bns (vi,v2) can be though as the unique solution of (2.3) when wy = 0
and F = Bs (v1,v2), hence applying Lemma 2.7 we deduce that ||S,, , (0) % Bxs (vl,v2)||L4 g <

N N
3/4 || Bxs (v1, vg)HLz fr—1/2- Moreover since every term in Bys is of the form v; g; ; ) vj where g; ]S o

homogeneous Fourler multiplier of order one applying Lemma 2.1 we deduce

IBNs (v1,v2) [l 2. 12 < C (HU1 ®Vullpz o172 + Vo1 ® UQHL%H*U?) :
<C Hvl||L4TH1 ||U2HL‘;H1 )
proving the first inequality.
2. Similarly as above S, ,, (0)*; L; (v) is the unique solution of (2.3) when wy = 0 and F = L, (v), whence

ey J j
1S5, (0) *¢ L; (U)HL‘;Hl < % L5 (U)HL%H—U?' Using again Lemma 2.1 we deduce

15 @)l -2 < € (IG© Vol g gse + VG @l g )

< CHG||L4TH1 HU||L4TH1 )

concluding the proof of the second inequality.
3. Similarly as above we can deduce the estimate

||S’Y7M (8) *t NP (’Ul’ RE) )||L4 m S 1/2 HN (’Ul’ ) Up)||L4T/3L2 )
using Lemma 2.8. Whence, since
N,y (v1,...,0p) ~ %P @ GEG—P)

using repeatedly Holder inequality and the continuous embedding H' < L8 we deduce

[Np (01, 0p) | aga ez < (H ||vz||L4H1> < |Gllshn - O

4.3. Bounds for the system (4.7)

As mentioned above the scope of the present section is to apply the nonlinear bounds proved in Section 4.3
to the Shilomis system in mild form (4.7). Such bounds will be provided systematically in the present section.
At first we need to estimate the contributions provided by the initial datum:

Proposition 4.7. Let ug € H?,mq,ro € H', then
C

1. ||SO7V (8) uO”L%-Hl < /4 HUOHH%;

2 |[sea@mol,, ., <OV Imolln,

cri/4

<~ ol

3. HS“%%U (a)TO‘LleHl (1+ xo)
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Proof. We apply respectively Lemma 2.7 to deduce the first inequality and Lemma 2.8 to deduce the second
and the third inequality. O

Next we bound the bulk force:

Proposition 4.8. Let Gr € L4 H' N L2H> N W%’QHl, and let T be

(1+x0)™"* —43 43
VI NE (HQFHLzTHs + ||gFHW;231) 0, (4.17)
0
then let us consider g defined as in (4.16), the following bound is true
9ll a1 < e0-
Proof. Let us define
fi=——Gr VGr,
(14 Xo)
___Xo ( — oA )
I2 T+ xo 0iGr — o AGF ) .
And let g1, g2 be defined as in (4.16), indeed
g1 = Sow (0) *t f1,
g2 = S@’U (8) *¢ f2.
Indeed g is the unique solution of the following Cauchy problem
{&tw —vAw = fi,
w|t:0 =0,
whence applying Lemma 2.7 we deduce
C xo
||91||L4;H1 < m GF - ng”L%H*% .
Lemma 2.1 and the fact that ||gFHL§H1 < 0o imply that
CXOQ%
91l Lg g < o) ot (4.18)
In order to bound g, we apply Lemma 2.9 with wy = 0 and F' = f5, obtaining the bound
CX073/4
looluge =[S @)t oy < S0 16PN+ 16 i)
which with the bound (4.17) implies that
Qo0
Hg2||L4TH1 < o (4.19)
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(14 x0)? 374

If o9 <
Qo 2C Yo

the bounds (4.18) and (4.19) imply that

loll g < 0 O

We prove now the nonlinear bounds; in order to do so we need to explicit the time-convolution form of
the nonlinearities defined in (4.10)—(4.15), let us hence define

~P (u-Vu) =P [(m+r)-Vr] —%Pcurl[(m—&—r)xr]

Bns, (U,U) .
Bys (UU) = | Brs,m (UU) | = —Plu-V(m+r)] + 3P [ (curl w) x (m+r)] , (4.20)
Bns.» (U,U)
—Qu-V(m+nr)]+ %Q[(curl u) X (m+1)]
s (Pl + (1= x0)7) - V6] +P [ + (1 -+ x0) ) div G
L1, (U)
- . __Xo w-
£ () = (cﬁll,T((g)>) = 2P [u- V6] ,
’ X
_1+O><oQ[u'ng]
(4.21)
1 .
201+ xo) (—QFdlv(m+(1+Xo)r) ng~V(m+(1+X0)T))
L2 (U) X0
Ly (U) = iZm((UU)) = 3+ XO)’P [curlu x Gp] . (4.22)
" X0 ’
30 + x0) Q [curlu x GF]
0
N (U)
N (U) = (Nf,m <U>) | T Plorx (v amxam e} | s
N (U)
oo (0 560
N (U U)
No (U, U) = | Naw, (U,U)
Ny, (U,U)
0
=| 1 IOXOP{QF x (r x m)} + . iOXOP[(m+T) X [(m+ (1+x0)7) X gF]} . (4.24)
2 0|gp x (rxm)| + 2 Q[(m+ 1) x [(m+ (1+ x0) ) x G

1+ xo0
28
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N37U(U,U,U)
N U.0,0) = | Now @.0,0) | = | P [m47) ¢ ()|
NB,T(U7U7U)

(4.25)

Q[(m+r) X (er)}

With such notation we can rewrite the operators defined in (4.10)—(4.15) in a time-convolution form

S0, (0) * Bxs,u (U, U) So,v (0) *¢ L1,u (U)
Tons[U]= | S1,(0) % Bxsun (UU) |, Tis[U]=| Si,(0)%Lim@) |,
Siixa , (8) %t Bys » (U, U) Siin , (9) % L (U)
SO v (8) ACQ,u (U) 507,, (8) *¢ Nl,u (U)
T U] = o ()%t Lo (U) |, TiUl=| S1,0@)*xNim(U) |, (4.26)
54170- (8) *¢ CQ,T (U) S@,O’ (5) *t Nl r (U)
() (8) NQﬁu(U,U) So’ (8)* Ngu(UUU)
T2[U] = ;, ()% Noym (UU) |, T[U]=| S14(9)*Nsm(U,UU)
Lxo o (0) %t Na . (U,U) Slt,XO,O' (0) x¢ N3, (U,U,U)

It is hence not a coincidence that the nonlinearities in (4.20)—(4.25) have the same notation as the

nonlinearities on which we provide the bounds in Section 4.2, setting in fact G = G and U = (u,m,r) we

can express the nonlinearity 7 [U] of (4.7) in the form (4.26) we can use the results of Section 4.2 in order

to prove the following result:

Proposition 4.9. Let ¢ = min {v, o}, and let HgF”L%,Hl < 00, then the following bounds hold true

C .
LT, [U]||L4TH1 < ezl ||UHL‘71,H1 Jorj=1,11,

¢ 2
2 N T2ns WUl < 7 1UN2g a0

C
3 Mo WUl < 172 o "0y 1o Jorp=1,2,3.
Proof. Thanks to the results stated and proved in Section 4.2 the proof of Proposition 4.9 is now immediate.

1. We know that 7; ; can be written in convolution form as it is done in (4.26), whence we use the estimates
proved in Proposition 4.6, 2 to deduce the bound
C
175 01 < 7 198 g0 10
but since ||QFHL%H1 < po we deduce the first bound.
2. Similarly as before we exploit the convolution formulation of 73 xs given in (4.26) and we use the bound
proved in Proposition 4.6, 1 to deduce
c 2
1Tos [Ulllpg i < 57 Ul g g -

3. As in the first two steps, but using the bound proved in Proposition 4.6, 3, we deduce that

C
1o Wllg i < 72 IG 11335 10Ny s forp=1,2,3,

29



but again since ||gFHL§,H1 < po we prove the last bound. O
4.4. The fixed point theorem
We can at this point apply Proposition 2.4 to the system (4.7). Let us define
y=350) U +y,
where S (9) Uy is defined in (4.8) and g is defined in (4.16). Next let us define
Ty(U) =T U+ Tu U+ T2 U],
where 71 1, 71,11 and Ty are respectively defined in (4.11), (4.12) and (4.13). Next
T (U,U) = Tons U] + T2 (U],
where T2 ns, T2 are defined in (4.10) and (4.14). Finally we define
T3 (U,U,U) = T3 [U).
In order to apply Proposition 2.4 we have to check the following three conditions
i The element y = S (9) Up + g belongs to the ball B4 z1 (0, p) for p small,
ii Each p-linear operator T}, p = 1,2,3 maps continuously (L%Hl)p to L4THl7
iii The norm of T} as a linear operator from L%H ! to itself is strictly smaller than 1/4.
We prove hence these conditions here below;
i A standard triangular inequality tells us that
19l a0 < 1S @) Uoll g g + gl s
whence, thanks to the results proved in Proposition 4.7 we can argue that if

J1/4

1+X0 4
[uoll ;2 < el

" 4 4 P
6C* (lImoll3: + lroll 3 )

then

I8 (0) Uollpapn <

NI

While if oo < § Proposition 4.8 assures us that H9HL4TH1 < p/2, proving the first claim.

ii Proposition 4.9 assures us that each p-linear operator 7, p = 1,2,3 maps continuously (L%«H 1)p to
L1H'.

iii We use again the result in Proposition 4.9 to deduce that

2C (1 + 00)
min {c!/2, ¢3/4} eo;
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whence we deduce that if

min{cl/2,63/4}

< )
Q0 3C

then ||T1]] < 1/4.

We can hence apply Proposition 2.4 to deduce the existence a unique solution to the equation in mild
form (4.7), which in turn implies the existence of a unique solution (u,m,r) € L4 H" to (S2).

The continuity w.r.t. the H 2 topology, i.e. that U € CrH %7 follows from standard considerations which
are analogous to the incompressible Navier-Stokes case, see [27]. O

5. Convergence as 7 — 0

In the previous section we proved that it is possible to construct solutions of (S2) in a critical functional
space independently of the parameter 7, when 7 is sufficiently small. In the present section we let 7 — 0
and we deduce the limit system solved by (u”,m”,r7) in the limit 7 — 0. Just for this section, since we
are interested to compute the asymptotic as 7 — 0, we explicate the dependence of the unknown on the
parameter 7. The result we prove is the following one.

Proposition 5.1. Let (ug,mo,70),Gr and 7 be as in the statement ¢ of Proposition 4.1, and let us moreover
assume that VGp € L2 Hz2. Then for any € > 0

T T T—0
e (5.1)

Moreover for each t € [0,T] the following energy bound holds true
t

S 1m™ @™ Oy + 7 [ ()7 @Iy e+ o [ 1(Tm (€)o7 )y 2t <
0 0

c
- p47 (52)
g

where p is the radius of the ball in which the solutions constructed in Proposition 4.1 live.
Moreover ™ ~=% @ in L (e,T); H3) and Vu™ 2% Vi in L2 ((5, T); H%), where u is the solution
of the following incompressible Navier-Stokes equations

O+ u-Vu—vAu+Vp= LQ Gr-VGr,

(1+ x0)
div u =0, (5:3)
U= = vo-

Remark 5.2.

o We want to point out that the systems (1.15) and (5.3) are equivalent. Indeed since Gr = VA~LF it is
not difficult to deduce that

Gr - VGr = % AN
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e Thanks to the result proved in Proposition 4.1 it is not surprising, performing an energy estimate, to
deduce that®

(r7,m™) =0(r), asT— 0.

”LQTH%

Unfortunately such convergence is not strong enough in order to deduce that u™ converges toward «
solution of (5.3) in the critical topology L*>° ((6, T) ;H%) NL? ((6, T) ;H%) (it though sufficient in order
to deduce that there is convergence in some weak sense). We must therefore prove that m™, r” converge
to zero in a stronger topology in order to prove convergence in critical norms, for this reason we have
to prove the particular convergence stated in (5.1). ¢

Proof. We will divide the proof of Proposition 5.1 in several steps
Step 1: Proof of (5.1).

We prove the result for m™ only being the procedure for r” identical. Let us rewrite the evolution
equation of m7, given in (52), as

1
om™ + - m" —ocAm” = F] + Fj, (5.4)

where

or oo o) o o 0]

T T T X0 T T X0 T 1
e (e tgen ) (e o) (o e[

Hence thanks to the result proved in Proposition 4.1 we know that there exists a 79 = 79 (ug, Mo, 7o)
and a T € (0,00] so that (u”,m7,r7) € L& H" uniformly for 7 € [0, 70]. Hence since by hypothesis
gr € L‘%H1 we deduce that

Fr e I2H'?  FJ e LY°L?

uniformly for 7 € [0, 79].
We can hence apply the estimate (2.15) of Lemma 2.12 setting v = 771, p = 0 and w = m™ we
deduce

¢ 1
T —= 1/8 T T
I ()3 <c(e Flmoll gy + 7 [T g ar-vve + 1FE g | + =70 <1>),

which indeed proves the statement (5.1) for m™. With the very same procedure we can prove the
bound

r1/8 - - 1
W [”Hl ||L2TH—1/2 + [|H3 HL4T/3L2 + pyZie= 1),

_14xp
I (), <C ( 2 g +
where

5 See the energy estimate (5.2) and its proof for a complete argument.
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Step 2:

Step 3:

1+ %0

T __ T T X0 T T X0 T 1
fz = Q{(m r +1+X0gF>X [(m o +1+X0gF)X< i +1+XogF>”’

which concludes the proof of (5.1).

Proof of (5.2).

We prove the bound for m” only being the procedure for 7 identical. Let us multiply the equation
(5.4) for v/—=A m™ and let us integrate in space, integrating by parts if it may be, we deduce the
energy inequality

- - Xo L - R (O
— Q{ (m +7r7 + QF)]—I—QQ[(curlu ) X (m +r +1+X0gF>}

]'d T T T
S m I + S ImT Gy + o VI3, < (7| V=Am™) 4+ (B | V=AmT) .
But indeed

(v <SR+ D)

! M pawpe S g g3 mollgd o

(FEIv=am")  <UFE e 7l

whence we deduce
1
Iy + LT+ DIy < NIy I s

therefore integrating in time

t

t
1 - 2 1 r 2 g T 2
3 I Oy + 7 [l @ at + 5 [ 1vm @), ¢
0

0

TN, oy + IS N s e I gy

It is hence easy to deduce using Lemma 2.1 that (here we denote U™ = (u™,m”,r7))

171 -3 <007 Nagrrs (107 g + 19 g )

for the construction given in Proposition 4.1 we know that ||U7|| Li < p, and moreover
||gFHL4TH1 < 0o < p by hypothesis, hence we deduce

12
IFTIE, oy < Ot
Similar computations lead us to deduce the bound || FJ
of the estimate (5.2).

Convergence toward the limit system (5.3).

||L4/3L2 < p?, whence we conclude the proof

Indeed under the smallness hypothesis on Gr and u stated in the point ¢ of Proposition 4.1 there
exists a unique @ bar solution of (5.3) in the space® CpHz N L4 H'. Let us now select a ¢ € (0,7)
so that

6 Let us remark that if T'= oo the solution is global.
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HuT ('75) - ’ﬁ(,e)HH% < M,

where n. <= 0 since the applications ¢ — lu™ (-, t)HHé and t — ||u (-, t)HH% are continuous. Next
let us denote as

by the aid of (52) and (5.3) we can compute the evolution equation satisfied by du”, i.e.
Opou” — VAT + VépT = —du” - VuT +u-Vou" + G7,

where the outer force G7 is defined as

X0
GT: T T _Av V T
(m +r +1+XOQF> ( rT 4

X0
X0 v
QF) 1+ xo)? Gr-VGr

1 X0 1
+ —curl T+ 4 x | —rT + . (5.5
2" Km ' 1+><ogF> ( ' 1+xOgF>} (5:5)

1+ xo

We rely now on the following technical lemma whose proof is postponed:
Lemma 5.3. The function G™ converges to zero as T — 0 in L? ((5, T); H’%)

We can hence endow the system with an appropriate initial data at time ¢ = ¢ in order to deduce
the following Cauchy problem satisfied by du7:

Dpou” — vASUT + VopT = —du” -VuT +1u-VouT + G, (x,t) eR3 x (,T),
div du” = 0, (z,t) € R? x (¢,T), (5.6)

ouTl,_.=u" (e) —u(,e), r € R®.

We can hence perform an H 2 energy estimate onto the system (5.6) deducing the following energy

inequality
1d r 2 T 2
S5 160 Oy + v IVau™ ()17 .
< ‘(M.vm ouT) s +‘(a.v(suw ouT) s +](GT | o) 1.
The following bounds are moreover immediate for any o > 0
T T T 2 C T 2
(G | oum) | S av Vo ()12, + 167 Iy
(u” - VuT | 6u7) 5| < av||VouT (1)]] +£H T (O 16w @)% (5.8)
u u u H% Ne1%4 u H% o u Jigt u H%’ .

— T T T C — T
(00U | 6u") | < av VoW @17y + 15 @ 60 (O3 -

1
2

Whence selecting o € (O, %), combining the inequalities of (5.7) and (5.8) and applying a standard
Gronwall argument we deduce the following bound for any ¢t € (e, T)
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t
lou (017, +V/||V5u 12,5 exp /HM 1y +lla ()L de” b ar
T 14 — 4 ’
<. exp / ™ ()3 + (1) o

¢ / 16T @)%,y exp / Ja ()1 5 + e @Il de” b ae (5.9)

defining hence
r 4 _ 4
Cur (¢, 1) = exp /Ilu )y + @@y dt”

and since u™,u € L4 H" we deduce that
(bur,ﬂ (t/at> > 17 q)uT,ﬁ (tlat) < K’U,T,’l_u

whence (5.9) can be rewritten in the following more compact form

v

Ku".ﬁ T
6w (B, +v / IV6u™ C< B (6 ) (5.10)

but |GT HL2 f-1/2 729 0 thanks to the result stated in Lemma 5.3, and since 7, =29 the right

hand side of (5.10) can be made arbitrarily small, proving hence the convergence. 0O

Proof of Lemma 5.3 Let us remark that we can rewrite the function G” as

T __ T T . T . Xo . T
G =(m"+1r7) V( r +1+XOQF) 1+X0gF Vr

1 1 1
_ §cur1 {(m +7r"T 4+ T ogF> } + §cur1 [(mf—krT) X (—rT—i— 1+XOQF>:| .

Eventually commuting derivatives on terms of the form Gr ® V (m”,r7), G™ can again be rewritten in the

following compact form
G =R ®q0)R +¢0)(R"®R")+R @p1(0)Gr+p2(0) (Gr @ R"),

where ¢, qo,p1,p2 are matrix-valued homogeneous Fourier multiplier of order one and R™ = m” or r7.
Hence using Lemma 2.1 and the Sobolev interpolation inequality || f|l ;71 S || f Hl_/ N\ ||1_/ ? we deduce

17 ® ar ) B oy by S O o (cryoin ) W W o eyt

a2 O) (R © B 1) < CNR g ey IV ey

IR @ p1 (9) Gl SO oyt 1997 o

Lz((e,T);H*%) (E,T);H%) ’
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and each of the above terms converge to zero as 7 — 0 thanks to the hypothesis assumed on Gp, the uniform
bound (5.2) and the convergence result (5.1). O
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