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Abstract

We study a class of 2D solutions of a Bloch-Torrey regularization of the Rosensweig system in the whole
space, which arise when the initial data and the external magnetic field are 2D. We prove that such solutions
are globally defined if the initial data is in H k (Rz) k> 1.
© 2018 Elsevier Inc. All rights reserved.

1. Introduction

A ferrofluid is a liquid which presents ferromagnetic properties, i.e. it becomes strongly mag-
netizable in presence of an external magnetic field. Such material do not exist naturally in the
environment but it was created in 1963 by NASA [43] with a very specific goal: to be used as a
fuel for rockets in an environment without gravity, whence the necessity to be pumped applying
a magnetic field.

The versatility of such material and its peculiar property of being controlled via a magnetic
field made it suitable to be later used in a whole variety of applications: ferrofluids are for instance
used in loudspeakers in order to cool the coil and damp the cone [29], as seals in magnetic
hard-drives [33], in order to reduce friction [23] or enhance heat transfer [24], [39]. We refer the

E-mail address: sscrobogna@bcamath.org.
' This research is supported by the Basque Government through the BERC 2018-2021 program and by Spanish
Ministry of Economy and Competitiveness MINECO through BCAM Severo Ochoa excellence accreditation
SEV-2013-0323 and through project MTM2017-82184-R funded by (AEI/FEDER, UE) and acronym “DESFLU”.

https://doi.org/10.1016/j.jde.2018.08.043
0022-0396/© 2018 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2018.08.043
http://www.elsevier.com/locate/jde
mailto:sscrobogna@bcamath.org
https://doi.org/10.1016/j.jde.2018.08.043
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2018.08.043&domain=pdf

S. Scrobogna / J. Differential Equations 266 (2019) 2718-2761 2719

interested reader to [44], the introduction of [31] and references therein for a survey of potential
applications of ferrofluids.

Ferrofluids are colloidal” made of nanoscale ferromagnetic particles of a compound contain-
ing iron, suspended in a fluid. They are magnetically soft, which means that they do not retain
magnetization once there is no external magnetic field acting on them.

On a physical point of view ferrofluids (FF) are very different from magnetohydrodynamical
(MHD) fluids: the former are magnetizable fluids with very low electrical conductivity while
the latter are nonmagnetizables and electrically conducting. There are two generally accepted
models describing the evolution of a FF which are known under the name of their developers,
the Rosensweig model [30], and the Shiliomis model [40]. The mathematical analysis of such
systems is very recent, in [1], [2], [3] and [10] it is proved that both Shiliomis and Rosensweig
model admit global weak and local strong solutions in bounded, smooth subdomains of R3. The
same authors then considered as well thermal and electrical conductivity as well as steady-state
solutions of various ferrofluids systems in [4], [5], [6], [7], [8], [9] and [22]. We mention as well
the work [38] in which it is studied the behavior of critical solutions of the Shliomis model for
ferrofluids in the vanishing relaxation time limit T — 0.

In the present paper we will consider the following regularization of Bloch—-Torrey type of the
Rosensweig model for homogeneous micropolar fluids

po@iu+u-Vu)y—(n+¢)Au+Vp=puoM - -VH +2¢ curl Q,
00k (0 Q+u-VQ) —n'AQ —XVVdivQ=puo M x H+2¢ (curl u —2Q),

1
WM+u-VM—cAM=QxM—— (M — xoH),
T

divu =0,
curl H =0,

(ua , M? H)'t:o = (MOa QO’ MO’ HO) )

where the parameters pg, 17, £, o, &, ', X', o, T and xo have a physical meaning and are consid-
ered to be fixed and positive. The unknown u represents the linear velocity wile €2 represents
the angular velocity, M is the magnetizing field and H is the effective magnetizing field. The
equation

div(H+M)=F

will be often denoted as the magnetostatic equation. The parameter o > 0 comes in play when
the diffusion of the spin magnetic moment is not negligible, we refer the reader to [20], and
indeed it has a regularizing effect since in such regime the system (R) is purely parabolic.

The constant yq is a dimensionless value called magnetic susceptibility, for oil-based fluids
(see [34]) usually xo € [0.3,4.3] while for water-based fluids 0 < xo < 1. The critical value

2 A mixture in which one substance of microscopically dispersed insoluble particles is suspended throughout another
substance.
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xo = 0 implies that the medium is not magnetizable and hence there is not external magnet force
exerted on the fluid.
The equations (R) are derived under the following hypotheses (see [35])

The ferromagnetic particles suspended in the carrier fluid are spherical,
The ferromagnetic particles have the same size and mass,

The density of the ferromagnetic particles in the colloidal is homogeneous,
No agglomeration effects are considered.

vV vV VvV V

The equations (R) are considered in the whole three-dimensional space in R? x R, and we
assume that

F=F(x1,x2,1), (HD)

i.e. the external magnetic field is independent of the vertical variables. In such setting we are
going to consider special solutions of (R) of the form
u=(uj(x1,x2,1),uz(x1,x2,1),0),
Q2=1(0,0,w(x1,x2,1)), (H2)
M = (M (x1,x2,1), M2 (x1,x2,1),0).

With the hypotheses (H1) and (H2) the system (7R) becomes:

dhw
po@Ou+u-Vu)—(m+¢)Au+Vp=uoM-VH +2¢ o )
ok (B +u - Vo) —n'Aw = poM x H +2¢ (curl u — 2w),

—M, 1
BIM+u-VM—0AM=<M1 >a)—;(M—X0H), (Rap)

div(H + M) = F,
divu =curl H =0,
(I/t, CU, M, H)lt:() = (MO, U)O, MO, HO) .

The system (R,p) is the most natural interpretation of the three-dimensional Rosensweig sys-
tem (R) in a two-dimensional domain, or, rephrased differently, the system (Rop) represents the
evolution of (/?) stemming from genuinely 2D initial data and forced by a genuinely 2D external
magnetic field (hence the motivation of the hypotheses (H2) and (H1) respectively). Such config-
uration can describe a first approximation of a 3D setting for initial data and external magnetic
fields which are locally laminar. On a mathematical viewpoint the study of the system (7Rop) is
interesting because it provides a 2D counterpart for the (regularized) Rosensweig system (R),
whence it is natural in such setting to address the question of global existence of strong solu-
tions originating for arbitrary initial data, result which is well-understood in other incompressible
models (cf. [12] for incompressible Navier—Stokes equations, [32] for Q-tensor system). Let us
notice that the evolution assumption 2 = Q (x1, x2,¢) = (0, 0, @ (x1, x2, ¢)) holds if and only if
the initial data and F|,—_ satisfy respectively the consistency hypotheses (H2) and (H1); in such
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setting the flow is genuinely laminar and the angular component of the motion lies in the same
plane in which the fluid moves (namely the (x{, x»)-plane), whence the angular velocity assumes
the form 2 = (0, 0, w (x1, x2,1)).

Remark 1.1. We underline the fact that the symbols A, V do not represent the same operators
in (R) and (R2p); in the former they represent respectively the three-dimensional Laplacian and
gradient while in the latter they represent the bi-dimensional Laplacian and gradient. Only thanks
to the hypotheses (H1) and (H2) we can perform the identification of (R) and (R>p). In order
to avoid confusion we explicitly define here the operators appearing in ('Rop), even though they
are nothing but the standard three dimensional operators restricted onto the space of functions
satisfying the hypotheses (H1) and (H2). From now on the symbols A, V represent respectively
the operators

A=0?+02, v:(?é),

and the transport form is defined as
2
u-VA= uidA.
i=1
In the same spirit the vector product is identified as the bilinear form
(A,B)eR>xR?>+> Ax B=—AB,+ A2B] €R,
and the curl operator is the following operator
curl u = —0yu + 01uz,
while given any vector field v = (vy, v2)T we define as vt = (—vz, vl)T. ¢
2. Results and notation
2.1. Main result and organization of the paper

The following statement codifies the main result presented in this paper which concerns the
global well-posedness of solutions in the form (H2) for the system (Rop):

Theorem 2.1.Ler ug, wo, Moy, Hy € H* (R2) for some k > 1 such that div uy = 0 and
div (Mo (x) + Hy (x)) = F (x,0) and let Gr = A™'VF € u/]gf" (Ry; H*1(R?)), F €

leoc (R+; L? (Rz)). The system (Rop) admits a unique global strong solution in C (R+; H* (Rz))
which enjoys the following additional regularity

u,w, M, H e L® ([0, T1: H* (R2>) . Vu,Vo,VM,VHelL? ([0, T1: H* (Rz)) ,

foreach T > 0.
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Remark 2.2. The choice of an initial data in H¥ (Rz) , k > 1 1is due to technical reasons. We
expect to be able to prove global propagation of any Sobolev regularity when the initial data
belongs to L2 (Rz), obtaining an analogous result of what is already known for the 2D incom-
pressible Navier—Stokes equations. Such result will be the subject of future investigation®. The
proof of Theorem 2.1 provided in the present paper does not hold true in the case in which
k =0 (i.e. the initial data is L?) due to a lack of regularity-in-time induced by the Kelvin
force. ¢

As it is often the case in the study of existence and regularity for complex fluids the main
difficulty in the present paper is the global analysis of the perturbations induced by the many non-
linear interactions of (Rop). At first hence we study the natural L2 (Rz)—energy decay for smooth
solutions of Rop. Adapting the techniques of [10] to the present setting and exploiting some
cancellation properties it is hence possible to prove that smooth, decaying at infinity solutions
of (Rop) propagate globally L? (Rz) regularity. Unfortunately, contrarily to the incompressible
Navier—Stokes equations, such result is not sufficient in order to construct global-in-time L solu-
tions by mean of compactness methods. In fact a standard way to construct global weak solutions
is to prove that, given a sequence (Uy,),,,

(Uyp),  isboundedin L? ([0, T); Xo),
©0:Up), is bounded in L? ([0, T); X1),

fora p € (1,00), any T > 0 and X( < X1, hence if there exists some space X such that*

X0 € X — X,

it is possible to apply Aubin—Lions lemma [11] in order to deduce that the sequence (Up,),
is compact in L? ([0, T); X). Whence, if such bounds are proved to be true, a passage to the
limit as n — oo concludes the construction. In the case of Rosensweig system though, as it was
already remarked in [10], the Kelvin force F” = 1o M - VH is only L' ([0, T); H~"* (R?)), i.e.
the Kelvin force has not sufficiently regularity in-time in order to apply such technique. A way
to bypass such problem is hence to construct global weak solutions in H > (Rz); if such global
bounds can be attained we can mange hence to prove that F" € L? ([0, T); L? (R?)), whose
regularity in time is hi enough in order to deduce existence of global weak solutions by means of
compactness methods.

Next we investigate if these weak solutions constructed are sufficiently regular to deduce
global propagation of any Sobolev regularity. The answer is indeed affirmative, and the proof
of such result is performed via an iterative argument; given a k € N\ {0} we suppose that the
system (Rop) is globally well-posed in H/ (R?), j € {0, ..., k — 1} and we prove that the global
propagation holds true as well in H* (R?). Indeed if k =0 => H* = L? the propagation is true
thanks to the global L2-estimates. The main tool in order to prove such inductive argument are
the technical estimates performed in Lemma 5.4 and 5.5.

3 At the moment of the publication of the present work such result has been proved in [16]
4 In such notation Z € Y means that Z is compactly embedded in Y.
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The proof of Theorem 2.1 is divided in two parts such as in other works describing global
regularity of two-dimensional complex fluids systems (we refer for instance to [32], [28], [27],
[18], [17], [15]); at first, using a Galerkin approximation scheme, it is possible to prove the exis-
tence of global weak solutions. Next, assuming the initial data fulfills the regularity requirements
stated in Theorem 2.1, we prove that the system 7R>p propagates globally Sobolev regularity of
any order greater or equal than one.

The paper is structured as follows

e Section 2.2 is a brief introduction to more or less well-known technical results and notation
which will be used all along the present work.

e In Section 3 we perform some a priori estimates on sufficiently smooth and decaying at in-
finity solutions of (7Rop) in the same spirit as in [10] (and as well [1] and [32] for some
different systems). In detail we prove that such regularized solutions conserve globally L>
energy thanks to some cancellation properties first remarked in [10] in the framework of
bounded and smooth domains of R and here adapted to our framework. Next we prove in
Lemma 3.5 that as long as the hypotheses for the conservation of the L? energy are satisfied,

and if the initial data is more regular (namely H 2 (R2)), then the global propagation of en-
ergy can be extended to the H 2 (Rz) level as well. We focus to prove the global propagation
of the H? (Rz) energy since such step will be required in order to construct global weak

solutions in H 2~ (Rz) , & > 0, providing hence global weak solutions with high regularity.
e In Section 4 we construct global weak solutions of (/R2p) under the stronger hypotheses of
an initial data in H? (Rz). It is hence in this section that this higher regularity (compared to
classical Leray solutions, cf. [26] or [14]) assumption on the initial data is explained. The

Kelvin force F”" = 9 M - VH can be bounded in the space L (R+; H™> (R2)> only

loc
with the bounds provided by the global conservation of energy at a L? level only (i.e. with
the results of Lemma 3.2). Such time-regularity is hence not sufficient in order to apply
standard compactness theorems in functional spaces (such as the one in [11]), whence the
requirement of an initial data in H 2 (]R2), which is again non-restrictive since the goal is to
construct global strong solutions for (Rop).

e Lastly in Section 5 we prove that, considered an initial data in H* and an external magnetic
field F sufficiently regular, we can propagate globally-in-time such Sobolev regularity. Such
result is not a completely trivial deduction as it is pointed out in Remark 5.3; again the
Kelvin force F" lacks the commutation properties which are characteristics for transport
terms with isochoric velocity fields, whence a more careful energy bound, whose key feature
is an iterative proof relying on the technical Lemmas 5.4 and 5.5, is required.

2.2. Preliminaries and notation

From now on for any Lebesgue or Sobolev space whose (open) domain €2 C R is not explic-
itly defined it will be implicitly considered to be Q2 = R?.

For any k € N we denote as C¥ () the space of functions which are k times continuously
differentiable in the open set €2.

All along this paper given a v € 8’ we define as 0 the Fourier transform of v (we refer the
reader to the book [21] for a definition of the Fourier transform on the space of tempered distri-
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1

loc (Rz) we define the family of operators

butions S”). Let us consider now a v such that v € L
(AS)SG]R as

Av=F" (115 ®).

Using such family of operators we can hence define the nonhomogeneous fractional Sobolev

space H*® (Rz) as the space of tempered distributions v such that v € leoc (]R2) and such that

(1+A)YvelL? (R2>.

There exists as well an homogeneous counterpart of the fractional Sobolev space which consists
of all the tempered distributions 9 € L}  (R?) such that A*v € L? (R?). In order to avoid no-
tational confusion between homogeneous and nonhomogeneous Sobolev spaces we denote the
former as ASL? (Rz). For a much deeper discussion on homogeneous Sobolev spaces and their
properties we refer the reader to [12, Section 1.3] and references therein.

Given a vector field v = (vq, ..., vy) for any N € N we denote as Vv the Jacobian matrix of
vie.

Vv = (3”)1') i=12
j=L...N

It is of interest to notice that if we define
2 N 5
2
Vel =30 [ o oo
i=1 j=1

there exists a K > 0 such that for any v € AL? (Rz)

1
X [Aviige < Vvl < K |Avl2,

we shall use such property continuously in what follows and, by extension, we will identify for
any k € N the equivalent quantities

1

k
and Z ||8°‘v||22 ,
L2 |oe|=0 t

”(1 + Ak

where 0¢ is a differential operator of the form 0% = 8‘1)‘l 8‘2)‘ 2 where o = (a1, a2).

A point of interest is to understand how, given a o € R, the operator A° acts on a product
of tempered distributions. The following result, which belongs to the mathematical folklore (see
[19], [36] just to make an example), gives a very simple criterion:

Lemma 2.3. Let s, t real values such that s,t <1 and s+t > 0, and let ASu; € L? (Rz) L Aluy e
L? (R?), then A*T'~! (uyuz) € L* (R?).
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A space of great interest in Section 3 will be the fractional A 212 (Rz) space. In particular we
will require the following interpolation inequality whose proof is a straightforward consequence

of the continuous embedding of A2 L> (R?) in L* (R?) (see [12, Chapter 1]):
Lemma 2.4. Letu € H' (RZ), the following chain of inequalities holds true
1 1/ />
lull s < Cr A2, < Colulls 1Vl
Next we state the following interpolation inequality which will be useful

Lemma 2.5. Let v e H? (Rz). Then v € L™ (Rz) and there exists a C > 0 such that

” " 2.1
(82 . 2.1)

1
ol oo () < € Hmv L2(R?)

3
Azv

Indeed the fact that v € H> obviously implies that v € L by classical Sobolev embeddings.
What is important in Lemma 2.5 is the inequality (2.1) which allows qualitatively better control
on the L norm of v in terms of an interpolation between high and low order derivatives.

We provide a short proof of the classical result stated in Lemma 2.5 for the sake of clarity.
Proof. We can indeed decompose v as v = v4 + vA, where

va=F ! (Iggicard), v =F " (Lger-a)9).

Using a Bernstein inequality (see [12, Lemma 2.1, p. 52]) and the Sobolev embedding A 2L? —
L* we can argue that

lvallze S A" ]l e < AV

AT HL2 )

while for the hi-frequency part v4 we can argue in the following way

vwls [ el

{1§1>A}
1/
< / §17% s [ aT] . S AT AT ],
{1§1>A}
Setting hence
_ A%
[ A%l

we conclude. 0O
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And we state the following simple product rule, for a proof of which we refer the reader to
[12, Corollary 2.54, p. 90]

Lemma 2.6. For each s > 0 the space H® N L™ is an algebra and there exists a C > 0 such that
for each vy, vy € H* N L™

s+1

lorvallz < —— (lorllzoe B2lls + ol ozlzes )

A similar result holds for the homogeneous space ASL* N L™,
We will use these results repeatedly in the following.

Definition 2.7 (Hodge decomposition). Let v € L?, we can decompose v as v = Pv + Qu, where
div Pv =0, curl Qu =0, 2.2)
and
Pv:(le—R(@R)v, QU=R®R .

where R = (R1, R2) and R is the j-th Riesz transform (cf. [41] and [42]).

Remark 2.8. We will denote the Leray projector P and its orthogonal (in L?) complement Q
respectively as

P=1-A""Vdiv, 0 = A"'Vdiv,

following a common notation in the Navier—Stokes theory (see [25]). The operators P and Q are
continuous in L?, p e (1,00). ¢

Remark 2.9. Let us consider a Banach space X and let us set p € [1, oo], we say that
the sequence (u,),cn is uniformly bounded in Lf;c Ry; X),
if, fixed any T > O, there exists a positive constant cy depending on 7 > 0 only such that

lunllLrqo.ry:x) <cr foranyneN. ¢

We will denote as C a positive constant whose expression may depend upon the several phys-
ical parameters appearing in (Rop) and whose explicit value may implicitly vary from line to
line.
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3. Energy inequality and a priori estimates

In this section we perform some a priori estimates for smooth solutions of ('R,p) which decay
at infinity sufficiently fast to zero so that we can integrate by parts without boundary terms. We
moreover consider the external magnetic field F to be of zero average, and we formally define

Gr=A"'VF.
The main result we want to prove in this section is the following one

Proposition 3.1. Let ug, wg, My, Hy € H% (Rz) and let us suppose u,w, M, H € c? (Rz) is a
classical solution of (Rop) which decays at infinity sufficiently fast so that there is no boundary
term. Then if F € leoc (R+; L? (]R2)) and Gr = AT'VF ¢ Wll)’coo <R+; H? (R2)> then for any
T>0

, 0, M, H) € L™ ([o, T]: H? (R2>> . Vo M H)eL? ([o, T]: H? <R2)> .

The proof of Proposition 3.1 is divided in two steps; at first we prove that smooth, decaying at
infinity solutions of (Rop) conserve L? energy adapting the proof of [10] in our case, i.e. when
the domain is R?, next we use the propagation of the L? energy in order to prove that, when the
initial data belongs to H 2, such smooth and decaying solutions propagate the H " regularity as
well. The complete proofs of such results are performed in full detail in Appendix A, but we will
nonetheless explain the main feature and cancellations which make possible such propagation.

Let us define the following quantities:

- . o 1 1 1
¢ =min n,n/,a,&,— @ero wo+ =)}, —¢> (3.1
2 T\ 2 2 T
£(0) = po lluoll?> + po I1Holl > + pox lwoll7 > + | Moll3 - . (3.2)
EM =polulis+mo 1HIZ,+ pox loll7, + 1M1, . (3.3)
Ea () =VullZ, + Vol + VM7, + div MIIZ, + [HI7, + M1, (34)
C
fe®==1Grl3, +CIFI3, (3.5)
T

while we will denote as C a positive constant, whose explicit value may vary from line to line,
which depends upon the physical quantities pg, 1, ¢, 1o, &, 7', 0 and 7.
The first result is the following control of L? energy:

Lemma 3.2. Let ug, wo, Mo, Hy € L* and F,Gp,3,Gr € L} (Ry;L?). Let u,0,M,H €

loc
c? (Rz) be a classical, decaying at infinity, solution of (Rop) in the timespan [0, T] where T
is positive and possibly finite. Then

w. M, H, weL® ([o, T L2) , Vu. Vo, VM, H M e L? ([o, T L2) ,

and for each t € [0, T] the following inequality holds



2728 S. Scrobogna / J. Differential Equations 266 (2019) 2718-2761
| t
S0+ &) <O F.Gp). (3.6)
0

where

1
(U0, F.Gr) = 5 €O +C (IFll 20, r1:22) + 196 2o r2) + 180G 2o r12))-
3.7

It is a rather common feature, when it comes to estimate the L regularity of smooth solution
of nonlinear parabolic system, to look for suitable cancellations in the energy terms of higher
order. This procedure leads to the well-known cancellation

1 2
(u-Vu | u)Lz—E/u-V(IuI ) dx =0,

due to the incompressibility of the flow, which makes possible to prove the existence of global
solutions a la Leray for the incompressible Navier—Stokes equations in any dimension. We ob-
viously refer to seminal work of Leray [26]. Such simple trick can hence be used in relatively
simple systems describing hydrodynamical incompressible inhomogeneous flows, such as in [13]
or [37], in order to deduce immediately the existence of global L? energy solutions.

More refined cancellations can be used as well in more sophisticated systems describing
complex fluids, such as the already mentioned [32], [1] or [10], in order to obtain uniform L?
bounds for regularized solutions. We outline hence here the main cancellations required in order
to achieve such uniform bounds, leaving the detailed computations to Appendix A.1, in order
to, hopefully, provide a clear idea of the methodology adopted without the unnecessary burden
of the long, albeit inevitable, estimates which are involved. We remark that the cancellations ex-
plained in the following have been at first performed in [10] in the context of bounded, smooth,
three-dimensional domains.

Indeed the transport terms u - Vu, u-Vw, u-V M give a zero contribution in a L? estimate due
to the fact that we consider the velocity flow to satisfy the incompressibility condition div u = 0,
ie.

(u-Vu | u)2=0, (u-Vo | )2 =0, (u-VM | M);»=0,

exploiting the very same trick mentioned above. Moreover since the vector (—M»>, M1) is or-
thogonal to M the pointwise identity (—M»>, M) - M = 0 holds true, whence

(o), =

The only bilinear interactions which do not present an immediate cancellation are hence the
Kelvin force F™ = ugM - V H appearing in the equation describing the evolution of u in (R2p),
and the bilinear interaction uoM x H in the equation for w. The key observation is hence the
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following one: since curl H = 0 the vector field H can hence be written as the gradient of a
potential function ¢ g, with such the following chain of identities holds true”

(M-VH | u)Lzszi(?,'quﬁH uj di“:”:‘)—/a,M,»a@H uj=—(u-VM| H)p».

We can recover an analogous term as the r.h.s. of the above equation multiplying the equation of
M for H and integrating, in doing so we provide the cancellation required for the Kelvin force
F but we create an additional bilinear interaction

(Ca)el)=

Fortunately such interaction cancels with the term® (M x H | o) 1.2, which indeed is exactly the
second term of which we could not identify an immediate cancellation.

Next we state and prove the following simple lemma, which relates the regularity of the vector
field H in terms of the regularity of M. Despite the proof is immediate we will use continuously
such technical result in the rest of the paper.

Lemma 3.3. Let us fix a s € R and let M, G be such that ASM, A*Gp € L2, then there exists a
positive constant C such that

|aH ]2 < C (1AM + | A6 2)
|avH] 2 <€ (1AM + |A'GE ] 0).

Proof. Let us consider the magnetostatic equation div (M + H) = F, we can deduce hence that
H=-9OM+Gp, (3.8)
where Q is defined as
Qv = A~ 'Vdiv v,

and for any vector field v we have curl Qv = 0. The operator Q commutes with A®, and being
Q a Fourier multiplier of order zero it maps L? to itself, whence the claim follows. O

A first application of Lemma 3.3 is the following lemma, which provides a bound for the
Kelvin force F™ in H':

Lemma 3.4. The following bound holds true

(A M-V H) [ Au) | < CUVulle |47 ([VAM] o+ [VATGE] 12).

5 Here we use Einsteins summation convention.
6 One convinces himself performing the computations componentwise.
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Proof. Since for any s € R the operator ASv = F ! (|§ N ﬁ) is self-adjoint in L? we deduce that
(A% (M- VH) | ATu) | = VA'”(M-VH)-AVZW',

3

:V(M-VH).Audx

<Vullp2 IM-VH 2,

whence applying Lemma 2.3 and 3.3

IM-VH| 2 <C|APM|, |[APVH],,,
SC|APM| L (|APYM| 2+ |A7VGE| ). O

Now we can pass to the second step in the proof of Proposition 3.1, i.e. we provide global

H 3 (}Rz) bounds for smooth, decaying at infinity, solutions of (R,p). Let us hence define the
following quantities,

nten 01 x
2 27202t
F O = po | A% uo][ 32+ po [ A% wol|72 + [ A7 Mo,
F @ =po | A%ul >+ poxc | A0 o + AT M|
Fu )= | 87Vu| o+ [ A7Vl o+ [ATo] + [APVM |+ | A M
+[a%om];,,
1 C 1
O ()= [AVVGr |2 + = |8V Gr 2 + IVl [ Vull2.

c:min{

3.9)

which will be used in the statement of the following lemma:

Lemma 3.5. Let ug, wo, Mo, Ho € H”, F € L}, (Ry; L?) and Gr € W, (Rys HY). Let
u,w, M, H € C? (Rz) be a classical, decaying at infinity, solution of (Rop) in the timespan [0, T']
where T is positive and possibly finite. Then

A (u, 0, M) € L® ([0, T1: L2> : A (Vu, Vo, VM) € L™ ([0, Tl Lz) :

and for each t € [0, T] the following inequality holds
t
F (1) +2c/fd (t')dt' < (Uo, F,GF),
0

where U (Uo, F, GF) is defined as
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~ C
‘P(Uo,F,QF)=C]:(0)eXp{g v (Uo, F,QF)}

C
+C CXP{T ‘I’(Uo,F,gF)}HgFH 3
c L? ([O,T]QHZ)

C C
+2 eXp{g W (o, F, QF)} v (Uo, F,GF),
and V is defined in (3.7). Moreover

APH e L™ ([0, T1; LZ) , APVH e L? ([o, T1: L2) . (3.10)

The proof of Lemma (3.5) consists simply in performing A7°L? energy estimates on the
system Rop and using the regularity results stated in Lemma 3.2 and proved in Appendix A.l
to deduce a global energy bound. The detailed proof is postponed in Appendix A.2, and can be
skipped in a first stance, for the sake of the readability. Nonetheless one convinces himself that
such estimates work out fine considering the bound provided in Lemma 3.4: if we consider G
sufficiently regular’ the bound provided allows us to apply a Gronwall inequality and entails
global A"*L? regularity provided that || Vul|;2 € L120C (R4+), which is assured by Lemma 3.2.

At this point we can hence prove Proposition 3.1; denoting U = (u, w, M, H), considering
the inequality

_ 2 1/ 2
U1y3 gy =V WU + [ AP0
<Nl + AU s
and the results of Lemma 3.2 and 3.5 the claim of Proposition 3.1 follows.
4. The approximate system

The purpose of the present section is to build global weak solutions for the system (Rop)
for sufficiently regular initial data. We will use a Galerkin approximation method. Let us hence
define properly the concept of weak solution for the system (R2p);

Definition 4.1. We say that (u, @, M, H) is a weak solution of problem (R;p) if the conditions
below are satisfied

(i) The quad (u, @, M, H) belongs to L>(0, T; L>(R*)) N L*(0, T; H'(R?));
(i) The momentum equation of system (72,p) holds in the distributional sense: for any com-
pactly supported @1, in C*°([0, +00) X R?, R?) with divg; = 0,

t
po/u(t, x)-o1(t, x)dx + (n+ {)//Vu(s, x): Vi (s, x)dxds =

R2 0 R2

7 Let us recall that G F= ATIVF depends on the external magnetic field F only, whence it is not an unknown of the
system.
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t

~ o / wo(x) - 910, x)dx + / p / u(s, x) - By01 (s, x)dxds +
R? 0 R

t
+p0//u(s,x)®u(s,x):V(pl(t,x)dx—i—

0 R2
t t

+uo//(M(s,x) -VH(t,x)) ¢i1(s,x)dxds — 2¢ //a)(s, x) curleq (s, x)dxds,
0 Rr2 0 R2
for almost any # € (0, T').

(iii) The angular momentum equation of system (7R->p) holds in the distributional sense: for any
compactly supported @3 € C*®([0, +00) x R?)

pok/w(t,x)goz(t,x)dx + (7 + C)wa(t,x) Vo (t,x)dx =
R2 R2

t
= /pok/w(s,x)azwz(s,x)dxds + pok/wo(X)wz(O,X)der
0 R2 R2

t t
+4§p0//w(s,x)¢2(s,x)dxds :pok,oo//a)(s,x)u(s,x)~V<p2(t,x)dxds+

0 R2 0 R2
1

—i—,uo,oo//M(s,x) x H(t, x)p2(s, x)dxds + ZC/u(s,x) X Vo (s, x)dxds,
0 R2 R2
for almost any ¢ € (0, T).
(iv) The magnetizing equation and the magnetostatic equations hold in the distributional sense:

for any compactly supported @3 € C*®([0, +00) x R?, R?) and compactly supported ¢4 in
C>®(R?, R?)

t
/M(t, x) - 3(r, x)dx + (n+§)//VM(S, x) 1 Vs (s, x)dxds =
R2

0 R2
t

= //M(s, x) - @3(s, x)dxds +/M0(x)-g03(0,x)dx+

0 R2 R2

t t
+ //u(s,x) Q@ M(s,x): Vez(s, x)dxds + //w(s, X)M(s, x) X @3(s, x)dxds —

0 R2 0 R2
t

— % / /(M(s, x) — H(s, x)) - ¢3(s, x)dxds,

0 R2
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for almost any time # € (0, 7).
The solution is said to be global if the previous properties are satisfied for all fixed time 7' > 0.

We can now provide the detailed statement of the result we want to prove in the present
section:

Proposition 4.2. Let ug, wy, Mo, Hy € H? (R?) be such that
div ug =0, and div (Mo (x)+ Hp (x)) =F (x,0).

Let Fe L} (Ry;L%), Gr=VA~IF € WIL’COO (Ry; H”?), then there exists a unique global
weak solution (u, w, M, H) of (Rop) in the energy space

, 0, M, H) €C <R+; H%) , (Vu, Voo, VM, VH) € L2 (R+; H%) .

loc

Proof. Let us define the following truncation operator

Tpv=F"! (1{i<|5'<”}ﬁ (5)) ,

which localize a tempered distribution v away from low and high frequencies. With such we can
define the following sequence of approximating systems of (Rop):

B2y
00 Ortty + Tn (Un - Vun)) — (0 +¢) Auy + Vpy = po In (M, - VHy) +2¢ ( —62)?)(1) ) )

pok (01w + Ty (Uy - Vay)) — n/ACUn = poJn (My x Hy) +2¢ (curl uy, — 2wy) ,

—-M 1
oMy + Ty (up - VMy) — o AM, = T, << M]z,;n ) wn) - ; My, — xoH,), “.1)

div(Hy, + M) = Jn F,
div u,, =curl H, =0,

(un, wn, My, Hn)lt:() = (Juuo, Jnwo, TnMo, Ty Hp) .

We want to rewrite the above system in a purely evolutionary form, such as it was for instance
done in [32] for the Q-tensor system. To do so we have hence to incorporate the information
given by the equations

div(H, + M,) =T, F and div u, =curl H, =0,

in the evolution equation for u,, w, and M,,. Indeed using the relation (3.8) we can define H, as
a function of M,, and the external magnetic field as

H, = _QMn + g}’h (42)
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where indeed G, = VA~! 7, F. Whence, denoting as P the Leray projector onto divergence-free
vector fields, explicitly defined as

Pv=(1-Qv,
= (1-a7"vdiv)w,
we can write the approximated system (4.1) in a equivalent, purely evolutionary form:
20 (0t + P T, Py - VPup) ) = (+¢) Aty

=Ho P (M”'V(—QMn+Qn))+2;P< o )

—01wp
POK (81‘0)11 + T (Pun . vwn)) - n/Awn
= w0, (Mn x (—OM, + g,,)) +2¢ (curl Py — 2wy) 4.3)

My + Ty (Pu, - VM,) — o AM,

— 1
= (( o ) w) — = (My — %0 (~QM, +G)),
1,n T

(U, wp, Mn)|t=0 = (Jnuo, Tnwo, TnMop) .

Let us underline moreover that, being H, defined via the equation (4.2) the approximate
magnetostatic equation in such setting reads as

div(H, + M,)) =div M,, — div QM,, + div G,,,

but indeed div M,, = div OM,,, and since G, = A~V J,F it is immediate that div G, = J, F,
whence we recover the fourth equation of (4.1). Moreover since by hypotheses div ug = 0 and
the evolution equation of u, can be written in the abstract form d;u,, =P f (u,, x,t), for a
suitable f, it is hence assured that div [u, ()] = O for any ¢ in the (eventual) lifespan of u,,.

Let us now define the Hilbert space

1= en? (R2) | Supp f © B, 0\ B, )},

endowed with the H? (R2) scalar product.
Indeed denoting V,, = (u,, w,, M) we can say that the system (4.3) can be written in the
autonomous form

d
avnan(Vn)a

where F,, maps H,;/ * onto itself. We can hence regard system (4.3) as an ordinary differential
equation in H,ll/ ? verifying the conditions of Cauchy—Lipschitz theorem. Being so we deduce the
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existence of a sequence of positive maximal lifespans (7}), such that, for each n, the system
(4.3) admits a unique maximal solution

V,eC ([0, T,): HN H°°) .

The cancellation properties which allowed us to prove Lemma 3.2 hold for the system (4.3) as
well, whence following the same lines of the proofs of Lemma 3.2 and 3.5 we can prove similar
uniform energy bounds, namely the following result holds true:

Lemma 4.3.Let ug,wo, Mo € H", F € L} (Ry;L?), Gr € WIL’COO (Ry; H”) and let

div ug =0. Fixed any T > 0 there exists a positive constant ¢ = ¢ (T, 00,1, &, o, 1,1, 0, r)
independent of n and t € [0, T], such that

(Uun, wn, My)

1 < C,
L>® ([0,!];[‘]2)

Lz([O,t];H%)

N

| (Vun, Vo, V)

C
[

where c is defined in (3.9).

Considering hence the result stated in Lemma 4.3, fixed any positive, finite 7 > 0 we can
argue via a continuation argument in order to deduce that for each n the maximal lifespan of the
unique solution of (4.3) is equal to 7'. Since T is positive and arbitrary, we deduce that for each n

V,eC (R+; H,;/Z) .

Being moreover the energy bounds provided in Lemma 4.3 uniform we can hence infer
that the sequences (V,),, (VV,), are, respectively, uniformly bounded in L2 (Ry; H”*) and
L3 (Ry; H”?), from which we deduce, by interpolation, that the sequence

(V,), is uniformly bounded in L2, (R4 H3 (R?)).

This sort of uniform regularity is strong enough in order to provide a uniform bound for the

sequence (9; V), in a space of the form leoc (Ry; HY), where o < 3/2, possibly negative.

We already mentioned that the (approximated) Kelvin force F' = wo Jn (M,,
vV (—9M, + Q,,)) is the less regular term among all the nonlinear terms appearing in the system
(4.3), namely exploiting energy estimates only at a L? level (hence using the results provided by

Lemma 3.2) it is possible to prove only that F* belongs (uniformly in n) to LlloC Ry; H -3).

This time regularity is not sufficiently strong in order to apply standard compactness results, such
as Aubin-Lions lemma (cf. [11]). For this reason hence we introduced in Lemma 3.5 the uniform
H? (Rz) energy estimates: such control on a higher level of derivatives will hence allow us to
provide a uniform bound for the sequence (Fy') in the L{_(Ry: L?) topology, making hence
possible to apply Aubin—Lions lemma (cf. [11]).
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In order to bound the generic term F?' it suffices to remark that, given two vector fields (a, b) €
H? (R*) x H 2 (R?) the application

Ht (R) x mb (B) 12 (),
(a,b)—» aQ®b,

is continuous, hence we deduce that

” F ”LZ([O,T];LZ(RZ)) <C ”Mn”Lw([O,T];H% (Rz)) IV (=9OM,; + Gl

L2<[0,T];H%(R2)> '

< C || My 1
L® <[0,T];H2 (RZ))

X IV Myl 2( + Gl
L w

[o,T];H%(R2)) 1v°°<[O,T];H%(R2)>

< Q.

We implicitly used in the second inequality the fact that Q maps continuously H”” to itself. The
right hand side of the above equation can be bounded, uniformly in n, in terms of the initial data
thanks to the results stated in Lemma 4.3.

The remaining nonlinear approximate terms can be bounded using the global energy estimates
ata L? level. Letting V,, = (u,,, w,, M,;) we remark that every nonlinear term appearing in (4.3)
is either in the form

U, - Vv,
or either in the form
Vl’l ® Vl’lv

whence it suffices to provide bounds for these two types of nonlinearities.
Being u, divergence-free and using Lemma 2.3 and an interpolation of Sobolev spaces we
deduce the following bound

ln -V Vall 20,73 1-1) < ltn & Vall 120, 71;12) »

S [T ATA AT S o’
1 1 1
g ||Mn ”fw([O,T];LZ) ” Vn ||£zoc([0’T];L2) ”vun ||£22([0,T];L2)
1
XNV Vall 0 712y < 0

thanks to the results provided in Lemma 4.3.
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While for the other kind of nonlinearity

1V, ® Vn||L2([0,T];L2) < ||Vn||L00([(),T];L2) ||VV'1||L2([O,T];L2) < 0.

Applying hence Aubin—Lions lemma [11] we state that the sequence

3_
(ttn, Wn, Mp),en 1S compact in leoc <R+; H © (Rz)) ,Ve>0,

loc
which implies that there exists at least one
00 1 2 3
(.0, M) € Lig, (R H2) N L3 (R HE),

such that the sequence (u,, w,, M,),cn converges (up to relabeled subsequences if it may be) to

3_
(s 0ns My) 2225 (u, 0, M) in L2, (R+; H2® (R2)>, Ve > 0. (4.4)

loc

Such convergence is sufficiently strong in order to pass to the limit in the bilinear interactions in
(4.3).
To prove that the limit element (#, @, M) solves the system

2 (a,u +P (Pu- V”Pu)) —(+¢) Au

—odiw

=uo7>(M~V<—QM+gF>)+2;P( fae» )

POK (8;0) + (Pu - Va))) —n'Aw

= o (M x (—OM + QF)) +2¢ (curl Pu —2w), 4.5)

&M+ (Pu-VM)—cAM

=<‘A342>w—%<M—xO(—QM+gF»,
1

(uv (l), M)'t:o = (MO, CU(), MO) b
in a weak sense is a rather standard procedure, facilitated by the rather high regularity of the
convergence (4.4). Among all the nonlinear interactions the convergence which is less immediate

to prove is

n—oo

M, -VOM,, —— M -VOM.

Considering hence a test function ¥ € D (R x R?)
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/M,,-VQMnwdxdt—[M-VQMwdxdtZ/(Mn—M).VQMnwdxdz

+fM~VQ(Mn—M) ¥ dxdr,
=11,n +12,n-

Applying Holder inequality we deduce the bound

Il,n S, | M, — M”’leoc(RJr;Lﬁ;c) VoM, ||L12UC(R+;L120C) ||1//||LOO(R+;L4) .
Standard Sobolev embeddings and (4.4) imply that

1Mo = M2 (ot ) < 1My — Ml

loc

(R+2H1‘/Z) —0asn— oo,

0C

moreover since V@ is a pseudo-differential operator of order one we argue that
VOM , <M ) <C <00,
” Q n||L120c(R+’leoc) ~ ” n||Ll20c(R+’Hl£>c)

thanks to the results of Lemma 4.3, proving that I; , %0,
Similarly it can be proved that I, , — 0 as n — oo.
Defining hence

HZ_QM+QF9

is straightforward to prove that considering (u,w, M) the weak solution of (4.5), then
(u, w, M, H) solve weakly (Rop).

The proof that the solutions constructed above are unique in the energy space Ly, (R+; H' 2) N
leoc (R+; HS/Z) is postponed in Appendix A.3. O

5. Propagation of higher regularity

In this section we prove that given any initial datain H*, k € N it is hence possible to construct
global strong solutions for the system (72-p). The result we prove is the following one

Proposition 5.1. Let k > 1, uo, wo, Mo, Hy € H* (R?) such that div ug = 0 and let G €
WIL’COO (R+; Hk+1). The unique global weak solution U = (u, w, M, H) of (Rop) identified in
Proposition 4.2 enjoys the following additional regularity

Uec (R H (R?)), VU e Ly, (Res H* (R?)).
Remark 5.2. Indeed if k > 1 + £ + p where £ € N and p € [0, 1] the space H* (Rz) embeds

continuously in the Holder space C* (Rz), whence Proposition 5.1 implies the propagation of
smoothness. ¢
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Remark 5.3. In Proposition 4.2 we proved that U weak solutions of (/Rop) is such that
UeLd (Rt (R?)),

whence considering the embedding H > (Rz) — L™ (RZ) we conclude that U € leoc R4;
L™ (R?)).

Let us now consider u to be a solution of the two-dimensional incompressible Navier—Stokes
equations. If we suppose u to be in the space leoc (R+; L*>® (Rz)) it is rather easy to deduce that
such regularity for the unknown u is sufficient in order to immediately deduce global propagation
of H* (]R2) , k€N, k > 1 regularity for the Navier—Stokes incompressible equations. Being in

fact true that
la bll g S llall e 1Dl oo + llall oo 161 g
for a proof of which we refer to [12, Corollary 2.54, p. 90], we can argue that

)

|(u~Vu | u)HkI < |(u®u | Vu) gy«

v (5.1
< 5 IVl + C oo el

Hk»

and such kind of term can be absorbed and controlled with standard parabolic energy estimates.
For the system (Rop) though the global propagation of high-order regularity is not such an

immediate deduction. We explain such defect of regularity considering only the perturbations

generated by the Kelvin force

F" =g M -VH.

Let us recall in fact that in the Kelvin force the vector field M is not divergence-free, hence
the commutation of derivatives performed in (5.1) cannot be done in such setting. Performing
similar computations as the ones above one convinces himself that, setting W = (M, H), one
must have at least W € L2 (Ry; L (R?)) N L} (Ry; W (R?)) (which amounts to require

1 1
WelLl (Ry;H'Y (Rz)o)C NL) . (Ry; HZ (Iig)) ,n > 0 in terms of Sobolev regularity®) in

loc
order mimic the procedure explained above for the incompressible Navier—Stokes equations. ¢

Indeed in order to prove Proposition 5.1 it suffices to perform some H* energy estimates on
the system (Rop). In this spirit the following auxiliary lemma will be used:
Lemma 54. Let a,b,c € LY (Ry; H* (R?)) and Va,Vb,Vc € L} (Ry; H* (R?)) be such
that for each j € {0, ...,k — 1} there exists two functions (Fj, Gj) €Ly (Ry) x leoc Ry
such that

lano|, <rFo,
(5.2)
vabn|, <6 o,

8 Sharper criteria could be deduced.
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then for each € > 0 and each multi-index o such that |a| = k the following inequality holds true

'/8“(a~Vb) - 0% dx

<e(Ivoalja + | vaop]7. + [ Vo“c|7)

k — 2 Cx 2 Ck =l

+— <§F€26% + G%) HaaCHLz + P G} ||8°‘a||L2 + —~ ;G% (5.3)
where 3% = 0" 05,

The proof of Lemma 5.4 is postponed to Appendix A.4 for the sake of readability.
In an analogous way as we prove Lemma 5.4 we can prove the following result

Lemma 5.5. Let a, b, c satisfy the same hypotheses as in Lemma 5.4, then
[ vy e e (198l + [vasl: 42| vacel.)

k—1

1/ /2 2 1/ Ck

+Ci (Z Gl GGl ,. 1G,{_,_,) [0l 2 + = GE- (||a||iz + ||b||iz). (5.4)
=1

The proof is postponed in Appendix A.5.

Proof of Proposition 5.1. If k = 0 Proposition 4.2 proves the claim, hence without loss of gen-
erality we can assume that k > 0.

We prove the claim with inductive hypotheses on k, since, as explained above, we can assume
that kK > 1. We assume that:

Hypotheses 1. For each j € {0,...,k— 1} we suppose U € C(Ry; H/ (R?)) and VU €
L3 (Ry; H/ (R?)). Moreover for each j € {0, ..., k — 1} there exist two functions F; and G ;
which are respectively L. (Ry) and L2 (R ) such that, for each r > 0

loc loc

WU Oy < Fj@), VUi <Gj(t). 4
Let us hence consider a multi-index o = (&1, a2) such that |o| = k, let us apply the operator

d“ to the equation of u in (R;p), let us multiply the resulting equation for 9%u and let integrate
in space obtaining the inequality

d
o 5 loulle + ot o | vorul

o . a a . 828(1‘0 o
< (0% Va0 | 9%u) s -+ o (5 01wy | ) ol 26 (200 Y| ) .
1 w L2

(5.5)
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We hence apply the inequality (5.3) to the terms [(0% (u - Vu) | 3%u);2| and pol|(0%(M -
VH) | u);2| obtaining the bounds

k—1 k—1
(8% - Vo) | 8%u) o] < e |Vaul2, + (ZFZ G +Gj ) lo%u] 7.+ G2 (5.6
=0 =1

o (0 (- VH) | w) o] <e (VoM |72 + | Vo H | + | Vorul )

k—1
+§ { (Z F{G} +Go) lo%u]72 + G§ HaaMHm} += ZGz
But since H = —QM + G we can apply Lemma 3.3 to deduce that
[vorH |2 < |V M|z + [ Vo Gr 2.

whence

o (0% (M -V H) | ) | < (2] Va M| + [ Va*ull2)

k—1 k—1
c c
te [ (Z F{Gi+ G%) ol + G IIB“MIIiz} + [; > Gi+e|vogr ||iz] :
=1

£=0

(5.7)
Moreover a simple Cauchy—Schwartz inequality imply
0% 2 C 2
() ) [<elvamolins € ol
but indeed, considering the inductive hypotheses, Hypotheses 1,
HBO‘MHLQ ||V“||Hk 1 \Gk 1>
whence
020%w C

‘((—alaaw> ’ 8) ‘<6”V3“wllm+ G- 538)

Whence inserting the bounds (5.6), (5.7), (5.8) in (5.5) we deduce the inequality

d
T o loulle + o0 | voul 7 < (Voo 2 + 2 va m| 3 + [ Va*ul2)

k—1 _
C C
S| (et ai) lwatios Gilut |+ € e selvirarty]

=0
(5.9)
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Let us now perform the same kind of procedure on the equation describing the evolution for
w in (Rop), we deduce

pok d

P %2 [Vl < por (6% (- Ve | 0%0) 5 40| (0% M x H) | %),

+2¢ [(8%curl u | 0%w) 4z |o%|2,. (5.10)

el -

Using the estimates (5.3) and (5.4) respectively we can estimate the following terms

ook (8 - Ve | 8%0) 2| < S (voul}2 +2 oo}, )
k—1 C k 1 .11
(Z F{G} +Go> 9]+~ Go ol +— ZGe
=0 =1

o (8% (M x H) | 00) o] <e (VoM |7 + [V H | + Vo o)

k—1

, Uy 1/, C

+C (ZGZ Glgl, G )Ua wHLer Gi_ 1<||M||L2+||H||L2)
=1

Using Lemma 3.3 we can state that

[ Vo H |7, < | Vo M| s + [ Vo“Gr .
Gi IHIZ, S Gy IMI2, + Gr_ 1GF I3,

whence
ol (0% (M x H) | 0%0) 2 < 2 (2] Vo M[7: +2[Vie]}.)
A [
C
+ = GLy (2IMIZ+19r 12 ) +€ | VaGr . (5.12)
While
2 C 2
2¢|(8%curlu | 0%w),,| <€ || Vo“ul ;. + < Gins (5.13)

as it was argued in order to prove (5.8). Whence the bounds (5.11), (5.12) and (5.13) transform
(5.10) in

pok d

B S ot oli+0 Vool +ac |00 <& (|Vaull. + [ Vo m|, + | Vool 1)
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m1|('}

k—1
C 1/, 1, 1/,
(§ FeGe+Go>||8“w||Lz+ Gy o“u 2 +-C (ZGZ GGGl >||3 o]
=0 (=1

(Z G} + GE_y (2IMI2, + 1GF 1%,) + & | Vo°Gr ||iz) . (5.14)

where € < ¢/16.
Applying the operator 0% to the equation of M in (R,p), multiplying for 9* M and integrating
in the variable x € R? give us instead

d
o+ M+ b < (5 e V) | %)

A (Gl o)),

Using the estimate (5.3) and (5.4) we deduce the bounds

2|

N =

4 %(aaﬂ | 9°M) .. (5.15)

porc (5 - 980y | 0°0) | < € ([Verula +2 | Vo)
c k! (5.16)

k—1
+§ <ZFZGZ+G2) ||8"‘M||L2+C G 8%ul7, + = chj
=0

(o () o) o),

k—1

1/ 1 1 1/, C

re (St ialal ol ) laewls € 6t (i o).
=1

<3 (21vorm[i: + | vorol.)
5.17)

Using the identity (3.8) and the fact that the operator Q commutes with the operator 9

Xen | 9*m),, =" (3%aM | 0°M) ,, + X2 (9%Gr | 9°M) .,
t t t (5.18)

X C
B g+ € Javgr .

Whence inserting (5.16), (5.17) and (5.18) in (5.15) we deduce

1d

3 oM+ o VM4~ (Jm |+ 2 o om )

. w12 ) o |2 c (& 242 2\ ae g2

& ([voruly. + |vorm|7. + Vool ) + = | X F26E+G3 ) o m|},
=0

C 1/ I 1 1/
+E il (Zc/ ! ck“c,fl) o]
=1



2744 S. Scrobogna / J. Differential Equations 266 (2019) 2718-2761

k—1
1 1 2
+C [E L}_:l 63+ G (IM12, + ||w||iz)} +~[o°Gr HLz} : (5.19)

where € < ¢/1e.
Whence adding (5.9), (5.14) and (5.19), and denoting

k—1
frm (Z RG24 Gg> |
£=0
k=1
fi= Z G;z/z—lGlz/zGZZ—Z—lez—z’
=1
k—1

1
fo= 3 Gi+GEy (1132 + 198 132) + = 1GF I + 1VGr s
=1

(5.20)

where as usual U = (u, w, M, H) we recover the inequality

| =

& (poloalla+ e [0l + [0 ]22)
+ (min{n+ 0,0} =€) (|V0%ul3, + | Vool o + VoM7)
<€ p (lpulls + e ool + o ma)
+C i (0%l + oo [0%] + [0 ],2) + € o
Setting hence € sufficiently small so that

min{n+§,n’,o}—e>c>0,

and applying a Gronwall inequality we deduce hence that

po [9%u ()72 + pox 8% ) + 9% M () [
t

+C/ [”VSO‘M (t/) ||iz + HVB"‘Q) (t/) Hiz + HVaDlM (t/) ||iz] exp{C/fz (;”) + fi (t”) dt”}dt/

0

t
< (pol[a%uol + oo [ an]* + [0 Mo ) exp [c [r@)+n0) dz’]
0
t

+C f [fl ")+ fo (t’)]exp lc f L)+ fi(e) dt”} dr'. (5.21)

0
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The right-hand side of (5.21) is bounded in compact sets of R4 considering the definition of
the f;’s functions given in (5.20) and the regularity of the functions F;, G; set in the inductive
hypotheses, Hypotheses 1. Setting hence

Cc
< —F——,

min {,00, POK, 1}

and since foreach0 <t/ <t < T

t
exp c/ﬁaq+ﬁaqw/>L
t/
we can transform (5.21) into

(lo=u @52 + 0% O + oM ©)]7)
0 [ (190 () 2+ 980 () -+ [ Vo ()]
0

t
<€ (ool + pur [%en ] + [ Mol ) e € [ 0+ 1 () o
0

t

+C / [ A+ fo (t’)]exp C / L")+ fAi(e")d” pdi’. (5.22)

0

Since the functions f;’s defined in (5.20) are independent of the choice of the multi-index «
we can sum each inequality derived in (5.22) on the set of multi-indexes « of length k deriving
the inequality (here we denote V = (u, w, M))

1 1
IV O3 +8/ |9V (') |3 dt" < C 1001130 exp Cffz (") + fi () adr’
0 0

t

t
+cf{ﬁwnquﬁkm cfﬁoq+ﬁoqw/mc
y

0
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‘We can hence set

t

FZ ) =ClUol}uexp{C / L(e)+ fi(d)dr’
0
t

C / [fl (") + fo (t’)]exp C / L")+ fi(e")de” ¢ dr',
0 t

sa o]

while using the identity (3.8) we argue that

G ()=

IH || ey < C (1M Ol e + 1GF (Dl ) »

(I
def 1

<C(F+19rlegorim) <5 R,

c (5.23)

IVH | gy < C(IVM @)l g + IVGE @)l g )

def 1

<c(Gi)+ ||vQF||Loo([0,T];Hk)) 2260,

By definition Fy > Fk and Gy > Gk, hence U = (u, w, M, H) satisfies the Hypotheses 1 for
k when F; and Gy are defined as in (5.23), proving hence the induction and concluding the
proof. O

Appendix A. Technical estimates
A.l. Proof of Lemma 3.2

Let us multiply the equation of u in (Rop) for u and let us integrate in R?, obtaining

P0
2

oiw

- Ll + 0+ 0 Va2, = o (M- VH | u)Lz+2¢<<_32“’ )'u) RSN
L

Since curl H = 0 we can assert that there exists a scalar function ¢y such that H = V¢p.
Hence we can deduce the identity uo (M - VH | u);2 = —puo(u- VM | H);2>. Multiplying the
equation describing the evolution of M in (Rop) for H and integrating in space we deduce that

(M| Hyj2+ (u-VM | Hy;2—o (AM | H)p»

—M> 1
= H — = (M —xoH | H);2,
(Gt o] ), cosrim

which combined with (A.1) implies the following equality
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po d
75||u||iz+(n+;> IVull72 = o (8 M | H)p2 — poo (AM | H)p2

—M> 2] ohw
—M0<< M, )w‘ H>L2+7(M—X0H| H)L2+2§<<_alw> ' u>Lz. (A2)

Multiplying the fourth equation of (R2p) for ¢y, integrating by parts, considering that H = Vg
and integrating we obtain the equation

— (M| H)p2 =1HI?3, +/diVVA_1F~¢H dx,
(A3)

=|HI?, — (Gr | H)2,
from which we deduce

Ho Ho Ho
— (M = xoH | H)p2=="=(1+x0) IHII 2+ (Gr | H)p2,

o (3 2 c 2
<—T <Z+X0) ”H”L2+? IGFI72 -

While differentiating in time the magnetostating equation, multiplying for ¢z and integrating
in space we deduce

o d

Ho (M | H)pp=—=7 — IHI2, + po (3:Gr | H)p2.
no d 2 Mo 2 2
<= 5 MH G2 + L IH G + Cuot 18611

Taking in consideration the magnetostatic equation div(M + H) = F, recalling that AM =
divV M, integrating by parts, using the identity (3.8) and a Young inequality we derive

—poo (AM | H)p2 = —poo [ldiv M7, + poo f div M Fdx,
oo .
< == ldiv M3, + CIIFI,
Next we consider the identity

2 ((5e,)

which holds true with a simple integration by parts, these considerations transform (A.2) in

u) =2¢ (curlu | );2,
LZ

d Moo . o (1
a(ﬁollulliz+uo ||H||’iz)+<n+r:>||w||iz+7||de||iz+7 5 X0 ) IHIE

| =

-M C
< Cuot 13:Gr 13, — 1o << M12 ) w ’ H) i +2¢ (curlu | w)2 + - IGFIZ, + CIIFI3,.
L
(A.4)
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Let us now perform an L? energy estimate on the equation for w in (Rop):

pox d
- EHQ)” , 4+ ||Vw||L2_u0(Mx H| w)2+2¢ (curllu =20 | w);2.

The following algebraic identity is immediate

—-M
1o (M x H | w)Lz=uo<< Mz)w’ H) :
1 LZ

whence we can add (A.4) and (A.5) to deduce the following inequality

CL|Q_

(pollully + w0 IHIT + poc ||w||iz)

N | =

o (1
+ 0+ O 1Vl + 1 Vol + 222 jdiv M2, + — (5 + xo> IH117,

C
< Cuot 18,GFl72 +2¢ (curlu | )2 — 4 w7, + = IGFII3, + CIIFI3,

(A5)

(A.6)

Since || Vu|? 2= le =1 f |8,-u j |2 dx an application of Cauchy—Schwartz inequality shows that

CIVul, +4¢ |2, — ¢ (curlu | 2w),> >0,

whence we can improve the bound in (A.6) with

Q-|Q_

(b0 lull?2 + 1o IH 13 + poc 1] )

| =

Moo o (1
+ 0 IVulz, + 0 IVollz + == Idiv MII7, + (5 + xo> IHI3

C
< Crot 19:Grliz + — Gk l72 + CIFIZ,

At last we perform an L? energy estimate on the equation for M and we deduce

1

1 X0
5T ||M|| +o||VM||Lz——;||M||iz+7<H| M)z,

whence with the identity (A.3)

d
UM+ o VM + ||M||L2———(||H|| 2+ (Gr | H)p2).

N =

2
<=2 IHI3: +C G 1.

whence adding (A.7) and (A.8) we deduce the final inequality

(A7)

(A.8)
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Q"|CL

- (b0 lul2 + 1o IHIT + poc ol + 1M132) +n [ Vull

N =

1 2%} 1
+11' IVol?, +o||VM||L2+—||de||L2+ <7+xo<uo+5))nﬂniz

1
+ M7 < Crot 13:Gr Iz + - ||gp||§2 +FI3,. (A9)

We can hence reformulate (A.9) with the quantities defined in (3.1)—(3.5), with such and an
integration in time we deduce the integral inequality

t t
%5(:)—%5/&1 (t')dr' < %5(0)+C/f, (t')dr’,
0 0

which concludes the proof. 0O

A.2. Proof of Lemma 3.5

The proof of Lemma 3.5 consists in performing some H > (Rz) energy estimates on the system
(Rop) and to check that, as long as the estimates of Lemma 3.2 hold as well, we can obtain a

global control for the H 2 (R2) regularity of the solutions of (/Rop). Let us hence multiplying the
equation describing the evolution of u for Au and integrating in space we deduce the following
energy equality

po d

5 o I+ o A7) < [(47 - a) | A7)

2|

’

+uo (A (M -VH) | Au )L2|+2§‘< (fgi‘;) ‘ A'/2u> i
L

hence using repeatedly integration by parts and Lemma 2.3

(A - Vu) | A7) | < Nl Vull 2 [Vull 2,
<IVullz |Au] 2 [ A" Va2,

<DL AEul s + €Il A%

/

1 320) 1/ <
‘(A (_alw) ‘ A u)L2 <IVoll 2 1Vull2,
and hence considering as well the estimate given in Lemma 3.4 we deduced the following in-

. . . . . 2 b2 .
equality applying repeatedly the convexity inequality ab < 5 + -

n+¢
2

A7V o < G 1AV VM +

C IVl A" IVull 2+ CIVul, [A7M|] + [AVVGE .. (A10)
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Multiplying the equation describing the evolution of @ in (Rop) for Aw and integrating in
space we deduce instead

por d o, 2 " 2 s 112
P Al [ATVo, + 4 Aol

<|(A7 M x HY | Aw) o +2¢ [(Acurlu | AT w),,|.
and

|(A7 (M x H) | Aw) | < A"Vl 2 |A7" M x B,
<CA"Vol o |ATM] 5 IH I

)7/ 1/2 2 2 ]/2 2
< n ”A V“’”LZ +CIHI7 ”A M“L2’

|(A7curl u | Al/za))L2| SIVell 2 Va2

Whence we deduced the inequality

pok d 1, 112 7]/ 1/, 2 12, 112
= g 18" oln+ 2 [A" Vo], +4c [a%0] L,
SCIHIR, |A"M| 2 + 1Yol 2 [ Vull 2. (A.11)

We perform the same procedure onto the equation for M deducing hence

|20 [ [ATVM < (2% 90 | A7)

el () [arm)

Straightforward calculations prove the following bounds

2|

N =
&l e

— % (A"M — xoA"H | A"M),,.

(A7 - V) | 0) o] < G A9 [ 1901 [
(v (()e) )2 s
<G IAPoME it |8 o,
For the last term it suffices to notice that
(WM = 0N | 8V M) = = (AT Mo (AH | 47M), ).
and moreover since H = —QM + G as it was explained in (3.8) we deduce that

(AVH | APM) == A" QM| + (A"Gr | AVM),.
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Since Gr = VA~'F we immediately deduce that

1 1 1 1/, 1 1/, 1/,
(AVGr | A"M) 2 = (AVGr | A7QM),2 < 5 A" QM| +C |A"Gr 2.
whence we conclude that
1 1/2 15 1/ 1/, 1 C 1/, 2
—— (ATM = xoA"H | A"M)p, < (!IA/M|}L2+ |a%em |} ) + —[A7Gr |

We recover hence the final H2 (R?) energy inequality for M:

d 1 1 1 1
o 1AV M+ 5 AT m s+ (||A/2MHL2+ HA/ZQMHLz)

N =

C(I9MIZ A"+ 11 [ AP ol2) + S 2% G s a12)

Adding the inequalities (A.10), (A.11) and (A.12) we recover the differential inequality

d ] | |
G (1 e Il )

| =

# [T E I8Pl 4 L Aol 44 2T

+ SIATTML 7 (I m s+ 5 )]
ClIvul2, | AZu|) 7, + 1Vl [AM|2, + 1HIZ, [APM |5, + 1V M2, | A,
L L L L L L L L
S IIA I
/2 2 C 12 2
+ | 187G 2+ = [A"Gr 2 + V@l 1Vul 2 | (A13)

With the quantities defined in (3.9) we can deduce from equation (A.13) the following differential
inequality

1
2 %F(f)+Cfd(t)<C5d(f) FO)+ P (1) +C& (1),

where &; is defined in (3.4) which is an L! function in time thanks to the bounds provided in
Lemma 3.2. An application of Gronwall inequality allows hence to deduce the inequality

t

t t
F@)+ 2c[exp l/é’d (t") dt”} Fa (') dt’ < C F(0)exp [C / Ea (1) dt/}
t 0

0
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t t
+C / exp{ C / Ea (¢")dt” [cpf (t') + &4 (ﬂ)]dt’. (A.14)
0 t/

Whence considering the L2 energy bound (3.6) we can argue that, foreach 0 <¢' <r < T

t
1
1< f Eq (") di" < = W Uy, F,Gr),
C
t/

which in turn implies that

t
F@) +2c/]-"d (t")ar’
0

C C
<C]:(0)GXP{3 v (U, F, QF)} +C exp{g W (U, F, QF)} ||QF||L2<[0 T]'H%>

C C
+2 eXp{g Vv (o, F,QF)} v (Uo, F.GF).

In order to deduce (3.10) it suffices to apply Lemma 3.3 and to consider that Gr was considered
to be in Wllo‘cOo (Ry;H”). O
A.3. Proof of the uniqueness statement in Proposition 4.2

We want to prove here that the solutions constructed in Section 4 are unique in the energy
space Lf(fc (R+; Hl/z) N leoc (R+; Hx/z). In order to do so let us hence denote V = (u, w, M) as

above and let us write the system (4.5) in the compact form

%V —LV=BV,V)+ B (V,V)+ LV + fext,
(A.15)
V|l=0 = VOs
where respectively
(n+¢) Au poP (M -VGr) —2¢ PVtew 0
LV = n Aw , LV=|pnoMxGr+2¢(curl Pu—2w) |, foxr= 0
o AM 11+ x0M ~1gp
while the bilinear interactions B and Bj are defined as
—00P (Pu-VPu) — uoP (M -VOM) 0
—pokPu - Vo ., Bi(V,V)=| —o M x QM
Mtow

B (V,V)=
—Pu-VM

And let V;, i = 1,2 be a global weak solution of the following Cauchy problem
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Vi—LVi=By(Vi,Vi)+ Bi (Vi, Vi) + L Vi + fext,
V[|z:0:Vi,0,

where V; o, i = 1,2 belong to H'>. As explained above

Vel (Rt (RY),  Vvield (RyH?(RY)).

Let us hence define §V = V| — V, and 6Vy = V1,0 — V2,0, then 6V solves weakly

: 38V — L8V =B, (V1,8V) + B, 8V, Vo) + By (V1,8V) + B (8V, Vo) + L 8V, At
.16)

8V 1o = 8Vo.

The method we will adopt in order to prove the uniqueness of solutions of (A.15) in
LY (Ry; H?)N LY. (Ry; HY?) is rather standard and it develops in the following way

o We perform some L? energy estimates on the system (A.16) in order to deduce a bound of
the following form

18V o 0,0522) T 18V 172101112y < 18Voll2 f @),

for any ¢ > 0 and some f € L (R4).

loc
¢ We perform next some A72L? energy estimates always on the system (A.16) in order to
deduce the energy inequality

18V o 0,01 0%:22) T 18V 17210 11 arep2) < 18V0llaver2 g ().

for any > 0 and some g € L}, (R4).

o Interpolating the two inequalities here above and setting 8V = 0 in H "> we obtain hence that
8V has to be identically nil in the space LY (Ry; H”) N LY  (Ry; H?).

From now on we use the notation ||-||; = [|A%-||;2, (A% | A®)2=(-] ), forany s e R.

A.3.1. Step 1: the L* energy bound

the bound we provide in this first step are relatively simple, hence we will sometimes omit to
specify in detail every step required in order to prove them.

We multiply the equation (A.16) for §V and we integrate in space in order to deduce the
differential inequality

1 d

ST I8VIZ, +clIVSVIZ, <|(B2 (V1,8V) | 8V) 2|+ [(B2(8V. V) | 8V) 2]

+ (B (V1,8V) | 8V) 2|+ [(BL(8V, Vo) | 8V) 2| +[(L 8V | 8V) 2|, (A1T)
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The following estimates are immediate to deduce

[(B2(V1,8V) | 8V) 2| < IVl 18V 112 V8V I 2,

< |
o

SalIVOVIZ, + = Vil 18VI2

L2

(B2 8V, Va) | 8V) 12| < IVVall 2 I8V 2,

N

C
@ [[V8VIZ + — IVVallZ: I8V I

L2a
IVillz2 + 1Vall2) 18V 13,
a||V8VII3,

C
+— (Va2 +1vali32) 18V

|(B1 (V1,8V) | 8V) 2|+ [(BI 8V, Vo) | §V) 2|

NN

C
(L 8V | 8V) 2| <alVSVIZ, + = 3V 2,.
o
(A.18)

Whence considering the estimates (A.18) in (A.17), selecting an 0 < 4« < ¢/2 and applying a
Gronwall inequality we can deduce the following rather crude bound, for any ¢ > 0

t t
C
||6vm||iz+5/||V5V<r>||izdr<C||6vo||izexp Cf¢>(r)dr :
0 0

where
b= 1+ 1Vl + 1Vl (14 Vi1 + V2l )

The function ¢ € LllOC (R4) thanks to the results proved in Section 4, whence we conclude the
proof of the first step.

A.3.2. Step 2: the A°L? energy bound

With a procedure which is now familiar we multiply (A.16) for A§V and integrate in space in
order to deduce the energy inequality

d
5 I8V IZ, + VSV, < [(Ba (V1. 8V) | V)| + (B2 (8V. Va) | 8V)y|

(S

+[(By (V1,8V) | 8V) | 4+ [(BL 8V, V) | 8V)i| +[(L 8V | 8V)y]. (A19)

Since as far as concerns energy estimates we can identify the bilinear form B, with the transport
form up to a constant we will do so in order to simplify the notation of the proof. We consider at
firs the term ’(Bz (V1,8V) | 8V)|/2‘ which, as explained we identify with ‘( Vi-Vé§V | 8V)./2|.
With a standard integration by parts we argue that

|(Vi- V8V | V)| S|(VVI®SV | 8V 4+ |(VI®SV | V8V,
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We analyze at first the term |(V Vi®dsV|sv) /2’, since the operator A" is self-adjoint in L2
we argue that

(VVI®SV | 8V)y,|= '/v Vi®38V AsVdx|,
IV Vill2 18V IV V4,
while since A"?L? embeds continuously in L* we deduce that
[(VVI®8V | 8V)y,| <a V8V, + g IVVIIZ, 18V, (A.20)
Using Lemma 2.6 instead

|((Vi®@sV | VéV),| SIVI®8V Iy, IVSV Iy,

(A21)
S (IVillzeo 18V Il + Vil 18V I 2o) V8V [l
Since H7* < L we deduce that
IVillzs S IVillgoe (A22)
while using (2.1) and the inequality [|v[ly, < C [v]|/5 [|Vv])/ we deduce
Vil 18V Il < C VIS IV VAL I8V VSV (A23)

Whence with (A.22) and (A.23) the inequality (A.21) becomes

(VI®8V | V&V,

<C (||v1||mz 18V Il + VAL IV VLS 18V 11 ||vsvn|§§) IV8V Iy, .
C
<ol VeV, + - (||v1 13, + V1113 1V Vy ||2Lz) I8VI17, .
(A.24)

The term (B> 8V, Vo) | §V) /2> ON which we perform the identification B (§V, V) ~ 46V -
VV,, can be bounded as

|(8V - VVa | 8V)y| CIISV - VVall_yy, V8V Il

ClIVVall2 ”8V|l'/2 ||V5V|||/2 ) (A.25)

NN

C
<@ |IVOVIE, + = IVValiz I8V,

Next we consider the bilinear interactions generated by By (which we identify as By (A, B) ~
A ® B for the energy estimates). The following estimates are immediate
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|((Vi®@8V | 8V)i,| <IVi®@8VI_i, VSV,
=y
o

<alIVSVIZ, + = Vil I8V, (A.26)

C
[(8V @8Va | 8V)i| <allVSVIZ, + = IVil2, I8VI7,.
o
Lastly we assert that we can bound

C
(L 8V 1 8V)y| <@ lIVOVIE, + —|

8VII7,. (A27)

At this point considering the bounds (A.20), (A.24)—(A.27) in (A.20) and selecting o > 0
sufficiently small so that ¢ — 5a > ¢ > 0 we can deduce the inequality

|

I8V (0)II7, + EIVSV ()17, < Co h (1) 18V DI,

N[ =
o

t

where
o = (141 O + 12 O12) (14 1V O+ 1V 01

whence applying a Gronwall inequality we deduce

t t
||5V(t)||.2/2+26/ |vsv (¢) ||?/2dz/ < Co [18V0l1 3, exp /h(t/) dr’
0 0

Thanks to the results proved in Section 4 we know hence that & € LllOC (R4), whence we de-

duce the uniqueness of the weak solutions in the energy space L%, (Ry; H?) N LY (Ry; H?),
concluding. 0O

A.4. Proof of Lemma 5.4

Let us recall that the following Leibniz rule applies

0% (a-Vby= > kp, 0Pa VoV,
B+y=a

where the «g ,, are positive and finite and their explicit value is irrelevant in our context.
Whence

‘/8“ (a-Vb) 0%c dx

/8’5a-V87’b - 9% dx|. (A.28)

< Z Kg,y

B+y=«a

We divide now the right hand side of the above inequality in three cases
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e If |B],|y| > 1 we can bound the right hand side of (A.28), restricted on such set, as

> kap '/aﬁa.vayb - 9% dx

B+y=a
1Bl.ly1>1

1 12 12 12
SEDDRR Ve A P R VR AR P N

B+y=a
1Blly1>1

< 3 (choElvotcle + S 108l [99%alia fovelie + £ Vo7l
B+y=a
IBl,ly1=1

- 2 C 2 2 2
<| X« E||W’°‘c||Lz+§( Y. [8%a], ||V3ﬁa||Lz) |9“c]2

Bty=a 1<|8]<k
[Bl.ly1>1
C 2
+;( > Hvaybny)-
I<lyl<k

Accordingly to the hypotheses (5.2) we can assert that there exists a constant ¢; depending
only on the length of the multi-index « such that

k—1
> [ofal;: [Voral. <o Y F2GE

1<|8]<k =1
k—1

Y [vorsl <ay Gk
I<lyl<k =1

Whence since the values xg , are finite, for any € > 0 we can select a € sufficiently small,
which again depends on k only, so that

Z Kg’y €<%.

Bt+y=a
1Bl.ly1=1
We hence proved that
> kap Vaﬁa-vayb : Bo‘cdx'
1Bl +|y1=lal|
1Bl.ly1=1

k—1
C
< % ||V8“C||L2+ (ZFEG%) ”8“6”%24—%ZG%_ (A.29)

=1
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e If 8 =0 and y = « the right-hand side of (A.28) restricted in such set can be bounded as

Vb 2 0% 2 [ vate]

KO,O{ L2 )

/a~V8“b - 0% dx

15 />
< ko llall)s 1Vally

< (b uz [veel2s +[vas|.) (230
+ g lall2, 1Vall?, |8%] 7, -
Thanks to the hypotheses (5.2) we assert that
lall?, IVal3, < F§ G§,

- . . €
and moreover we can choose € sufficiently small so that 2 max {K(‘{a, 1} € < 3’ whence
(A.30) becomes

K0,«

/a-Va"‘b - 0% dx

C
< S (Ivael, + Vo)) + SRG3 ol A
e If 8 =« and y =0 the right hand side of (A.28) becomes

Ka,0

/Baa-Vb - 9% dx

< %l 2 193al /2 19b12 0% | voe] [
<é(||voalz. + | vore[7.)

+ 209BIZ, (0%l + o7l )

Whence considering the hypotheses (5.2) and selecting a € sufficiently small we deduce

Ko,0

/8aa-Vb - 0% dx

C
<5 (19l 19lie) + 2 G (Il 4 lovell). - a2

Summing hence (A.29), (A.31) and (A.32), and setting Cy > Cc; we deduce the inequality
5.3). O

A.5. Proof of Lemma 5.5

Again as in the proof of Lemma 5.4 we exploit Leibniz formula

‘/Ba(ab) aacdx‘z > kpy

Bty=a

/aﬂa 37b 3%c dx

, (A.33)

and we divide the proof in three cases:
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e Suppose |B]|, |y| = 1, whence the right hand side of (A.33) restricted on such set can be
bounded as

Z Kg.y

/Bﬂa a¥b 3%c dx

< D0 kg 0Pal 7] o] 1o

B+y=a Bty=a
< X2 wpy |0al 2 |V9Pall s 076 [ VoY s [
Bry=a
x %] »

while using the Hypotheses 5.2 we deduce

k—1
> kpy /aﬂa 37 b Bo‘cdx‘ <G (ZG;/;GZZGZQ_Z_IGZQ) |o%] . (A34)
Bt+y=a =1

e If B =0o and y =0 then

‘/ 3a b d’c dx‘ < [o%al| alIbllz2 [0%c] 4 s
< [l Jo%el o 161, +2 (|va%alls + [vavell,).
and since
[o%a| . |%¢] > < IVall ger Vel gt < GR_y,

we deduce

'/ 0“a b 9% dx| <& ([|Voral}, + |Voc|},) + g GI_,IbI2, . (A.35)

e If 8 =0 and y = « then the bound we look for is the following

'/a 0%b 0%c dx

and whose proof is identical but symmetric of the one performed above, and hence omitted.

: c
<é([[von |y, + [vael}.) + = Giylal}.. (A36)

Inserting the results given in (A.34), (A.35) and (A.36) in (A.33), selecting € sufficiently small
and C sufficiently large we deduce (5.4). O
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