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ARTICLE INFO ABSTRACT

Communicated by Matteo Novaga We apply our idea, which we previously used in the analysis of the pure power NLS, consist-
ing of splitting the virial inequality method into a large energy inequality combined with Kato
smoothing, to the case of generalized Korteweg-De Vries pure power equations. We assume that
a solution remains for all positive times very close to a soliton and then we prove an asymptotic
stability result for 1 - +oo.
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1. Introduction

We consider on the line R the generalized Korteweg—de Vries (gKdV) equation

ou=—0,(%u+ fw) 1.1
where f(u) = |u|?~'u or |u|” for 1 < p < 5. Formally, (1.1) is a Hamiltonian system with the Hamiltonian/Energy E and mass Q, where
Ew) = l||r3xu||22 - / F(u)dx, where F(u) = / f(s)ds and 1.2
2 2R 0
= L2 1.3)
QW = 3l - :

By solutions of (1.1) we mean functions u € C%([0, T*), H'(R)) satisfying the integral equation
t
u(t) = ey — / e~1=9%9 (f(u(s)))ds for all t € [0,T*), (1.4)
0

for some 0 < T* < oo.

Remark 1.1. Consider the operator A = —afc on H~2(R) with domain D(A) = H'(R). The graph norm of A is equivalent to the
H'-norm. Moreover, since u € C°([0,T*), H'(R)), the Sobolev chain rule yields 9,(f(u)) € C°([0, T*), L>(R)) c C°([0, T*), H~2(R)).
Consequently, (1.4) is precisely the variation-of-constants formula in H~2(R) for

o,u= Au— 0, f(u).

By [1, Corollary 4.1.8], it follows that u € C!([0,T*), H~2(R)) and that (1.1) holds in H~2(R) for every ¢ € [0, T*). In particular, it
holds in the distributional sense on (0, T*) x R.
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$p\in (1,5)$


$t\to +\infty $


$\R $


\begin {align}\label {eq:gKdV1}& \partial _t u =- \partial _x \left ( \partial _x ^2 u + f(u) \right )\end {align}


$f(u)=|u|^{p-1}u$


$|u|^p$


$1<p<5$


$\mathbf {E}$


$\mathbf {Q}$


\begin {align}\label {eq:energy} & \mathbf {E}( {u})=\frac {1}{2} \| \partial _x u \| ^2 _{L^2\left ( \R \right ) } -\int _{\R } F(u) \,dx,\ \text { where } F(u)=\int _0^u f(s)\,ds \text { and} \\& \label {eq:mass} \mathbf {Q}( {u})=\frac {1}{2} \| u \| ^2 _{L^2\left ( \R \right ) }.\end {align}


$u\in C^0([0,T^*),H^1(\R ))$


\begin {align}\label {gKdVintegral} u(t)=e^{-t\partial _x^3}u_0 - \int _0^t e^{-(t-s)\partial _x^3} \partial _x (f(u(s)))\,ds \text { for all $t\in [0,T^*)$,}\end {align}


$0<T^*\leq \infty $


$A=-\partial _x^3$


$H^{-2}(\R )$


$D(A)=H^1(\R )$


$A$


$H^1$


$u\in C^0([0,T^*),H^1(\R ))$


$\partial _x( f(u)) \in C^0([0,T^*),L^2(\R )) \subset C^0([0,T^*),H^{-2}(\R ))$


$H^{-2}(\R )$


\begin {align*}\partial _tu = Au-\partial _xf(u).\end {align*}


$L^2$


$\phi ^4$


$(1+1)$


$(1 + 1)$


$0<|p-3| \ll 1$


$0 \leq 2 - p\ll 1$


$N$


$u \in C^1([0,T^*),H^{-2}(\R ))$


$H^{-2}(\R )$


$t\in [0,T^*)$


$(0,T^*)\times \R $


$u\in C^0([0,T^*),H^3(\R ))$


$A$


$L^2(\R )$


$D(A)=H^3(\R )$


$u\in C^1([0,T^*),L^2(\R ))$


$L^2(\R )$


$t\in [0,T^*)$


$\mathbf {Q}$


$\mathbf {E}$


$u$


$f\in C^3$


$p \in [3,5)$


$f(u)=|u|^{p-1}u$


$p\in (3,5)\cup \{2\}$


$f(u)=|u|^p$


$H^1$


$\mathbf {E}$


$\mathbf {Q}$


$p$


$p\in (1,2)$


$p=\frac {3}{2}$


$H^1$


$L^\infty (\R ,H^1)$


$\mathbf {E}$


$\mathbf {Q}$


$u(t,x)=\phi _c(x-ct-\gamma )$


$c>0$


$\gamma \in \R $


\begin {align*}\phi _c (x):=c ^{\frac 1{p-1}} \phi (\sqrt {c }x) \text { , } \phi (x) = {\left (\frac {p+1}2 \right )^{\frac 1{p-1}}}{ \sech ^{\frac 2{p-1}}\left (\frac {p-1}2 x\right )} .\end {align*}


$\mathbf {E}$


$\mathbf {Q}$


$c>0$


$\delta _0>0$


$C>0$


$u\in C([0,T^*),H^1)$


$\mathbf {E}(u(t))=\mathbf {E}(u(0))$


$\mathbf {Q}(u(t))=\mathbf {Q}(u(0))$


$t\in (0,T^*)$


\begin {align}\label {eq:ini} \delta :=\inf _{\gamma \in \R }\|u(0)-\phi _c(\cdot -\gamma )\|_{H^1}\leq \delta _0,\end {align}


\begin {align}\label {eq:orbstab} \sup _{t\in [0,T^*)} \inf _{\gamma \in \R } \| u(t, \cdot ) -\phi _c (\cdot -\gamma ) \| _{H^1} \le C\delta ,\end {align}


$\mathbf {E}$


$f\in C^3$


$\mathbf {Q}$


$a>0$


$\epsilon >0$


$\delta _0 >0$


$0<T^*\leq \infty $


$u\in C^0([0,T^*),H^1(\R ))$


$\mathbf {E}(u(t))=\mathbf {E}(u_0)$


$t\in (0,T^*)$


$c=1$


$c \in C^1 ([0,T^*), (1-\epsilon ,1+\epsilon ) ),$


$\gamma \in C^1 ([0,T^*), \R )$


$v\in C^0 ([0,T^*),H^1(\R ))$


\begin {align}\label {eq:asstab1} & u(t)= \phi _{c (t)} (\cdot -\gamma (t) ) + v(t, \cdot -\gamma (t) ) \text { with} \\& \label {eq:asstab2} \int _0^{T^*} \| e^{- a|x|} v (t ) \| _{H^1(\R )}^2 dt < \epsilon .\end {align}


$T^*=\infty $


$c_+>0$


\begin {align}\label {eq:asstab20} &\lim _{t\to +\infty } \| e^{- a| x|} v (t ) \| _{L^2(\R )} =0\text { and} \\ &\lim _{t\to +\infty }c (t)= c _+ . \label {eq:asstab3}\end {align}


$c=1$


$c_0>0$


$c=c_0$


$c(t)\in \bigl (c_0(1-\epsilon ),c_0(1+\epsilon )\bigr )$


$u$


\begin {align*}\widetilde u(s,y) := c_0^{-\frac {1}{p-1}} u\left ( c_0^{-\frac 32}s, c_0^{-\frac 12}y \right ).\end {align*}


$\widetilde u$


$c_0^{-\frac {1}{p-1}} \phi _{c_0}\left (c_0^{-\frac 12}y\right ) = \phi (y)$


$\widetilde u$


\begin {align*}\widetilde u(s,y) = \phi _{\widetilde c(s)} \bigl (y-\widetilde \gamma (s)\bigr ) + \widetilde v \bigl (s,y-\widetilde \gamma (s)\bigr ).\end {align*}


$u$


\begin {align*}c(t) := c_0\widetilde c\left (c_0^{\frac 32}t\right ),\quad \gamma (t) := c_0^{-\frac 12} \widetilde \gamma \left (c_0^{\frac 32}t\right ),\quad v(t,x) := c_0^{\frac {1}{p-1}} \widetilde v\left ( c_0^{\frac 32}t, c_0^{\frac 12}x \right ).\end {align*}


$\widetilde T^* := c_0^{\frac 32}T^*$


\begin {align*}&\int _0^{T^*} \left \| e^{-a|x|}v(t) \right \|_{H^1_x}^2 \,dt\leq C_{p,c_0} \int _0^{\widetilde T^*} \left \| e^{-\frac {a}{\sqrt {c_0}}|y|} \widetilde v(s) \right \|_{H^1_y}^2 \,ds,\end {align*}


$C_{p,c_0} := \max \left \{ c_0^{\frac {2}{p-1}-2}, c_0^{\frac {2}{p-1}-1} \right \}$


$\widetilde u$


$a/\sqrt {c_0}$


$\phi _{c_0}$


$\mathbf E$


$\mathbf E(u(t))=\mathbf E(u_0)$


$p\in (1,2)$


$u\in C^0([0,T^*),H^3(\R ))$


$\mathbf E(u(t))$


$C^0_tH^1_x$


$\mathbf E$


$H^1(\R )$


$H^1(\R )$


$p\in (1,2)$


$H^1$


$p\in (1,2)$


$p\geq 2$


$u\in C^0([0,\infty ),H^3(\R ))$


$u\in C^0([0,\infty ),H^3(\R ))$


\begin {align*}\lim _{t\to +\infty } \| u(t, \cdot ) -\phi _{c(t)} (\cdot -\gamma (t)) \| _{H^1( \{ x: x\ge \frac {t}{10} \} )} =0 .\end {align*}


$p\in (1,2)$


$T^*=\infty $


$H^1(\R )$


$p\ge 2$


$p<2$


$p\ge 2$


$u\to f(u)$


$p\ge 2$


$f(u)=u^p$


$p=2,3,4$


$4<p<5$


$u$


$p$


$f(u)=u^2$


$H^1(\R )$


$p=2,3,4$


$p=2$


$L^2$


$H^1(\R )$


$L^2$


$p\in (1,2)$


\begin {align}\label {eq:expv1} w&=e^{ t \mathcal {L} } w(0) + \int _{0}^t e^{ (t-s) \mathcal {L} }Q [\zeta _{B}, \mathcal {L} ]v ds + \int _{0}^t e^{ (t-s)\mathcal {L} } \text {lines \eqref {eq:gKdV22}--\eqref {eq:gKdV24}} ds.\end {align}


$p$


$\| v\| _{\widetilde {\Sigma }} ^2$


\begin {align}\| v \| _{ { \Sigma }_{1A A_1} }^2& \lesssim {C}\left [ \dot {\mathcal {I}}_1 + |\dot \gamma -c|^2+ |\dot c|^2 + \| v\| _{\widetilde {\Sigma }} ^2 + A_1 ^{-2 } \| v \| _{ { \Sigma }_{2A A_1} }^2 \right ] \text { and} \label {eq:lem:1stV1} \\ \nonumber \| v \| _{ { \Sigma }_{2A A_1} }^2& \lesssim {C}\left [ \dot {\mathcal {I}}_2 + A_1 ^{-2 } \| v \| _{ { \Sigma }_{1A A_1} }^2 \right ] .\end {align}


$p$


$f\in C^3$


$\| v\| _{\widetilde {\Sigma }} = \| \sech ( \kappa x ) v\| _{L^2(\R )}$


$\kappa >0$


$v$


$\lambda $


$\Re \lambda \ge 0$


$\dot u= \partial _t u$


$u'= \partial _x u$


$\langle x \rangle :=\sqrt {1+x^2}$


$A, B, A_1, \epsilon , \delta >0$


\begin {align}\label {eq:relABg} \log (\delta ^{-1})\gg \log (\epsilon ^{-1}) \gg A \gg B^2\gg B \gg 1 \text { and $ A_1:=B^{3/5} $.}\end {align}


$o_{\varepsilon }(1)$


$\varepsilon $


$o_{\varepsilon }(1) \xrightarrow {\varepsilon \to 0^+ }0.$


$a\in \R $


\begin {align}\label {eq:pwweigh0}& L^2_{a}=\{ v: \ e^{ax} v\in L^2(\R ) \} \text { with }\| v \| _{L^2_{a}}=\| e^{ax} v \| _{L^2 (\R )}.\end {align}


$\widetilde {\Sigma }$


\begin {align}\label {eq:Lebwight}& L ^{p,s}=\{ v: \ \langle x \rangle ^{s} v\in L^p(\R ) \} \text { with }\| v \| _{ L ^{p,s}}:=\| \langle x \rangle ^{s} v \| _{L^p(\R ) }. \text { and }\\& \widetilde {\Sigma }=\{ v: \ \sech \left ( \kappa x\right ) v \in L^2(\R ) \} \text { with }\| v \|_{ \widetilde {\Sigma } } :=\left \| \sech \left ( \kappa x\right ) v\right \|_{L^2(\R )} .\end {align}


$X$


$Y$


$\mathcal {L}(X,Y)$


$X$


$Y$


$\mathcal {L}(X ):=\mathcal {L}(X,X)$


$\chi \in C_c^\infty (\R , [0,1])$


\begin {align}\label {eq:chi} \text {$1_{[-1,1]}\leq \chi \leq 1_{[-2,2]}$ and $x\chi '(x)\leq 0$ and set $\chi _C:=\chi (\cdot /C)$ for a $C>0$}.\end {align}


$\vartheta _1\in C^\infty ( \R , [0,1])$


$\vartheta _1(x) =\left \{ \begin {array}{ll} 1, & \hbox { for $x\le 1$ } \\ 0, & \hbox {for $x\ge 2$ } \end {array} \right .$


$\vartheta _2=1-\vartheta _1$


$1= \vartheta _{1A_1} + \vartheta _{2A_1}$


$\vartheta _{iA_1}(x):= \vartheta _{i }\left (\frac {x}{A_1}\right )$


$\chi $


$C>0$


\begin {align}\label {def:zetaC} \zeta _C(x):=\exp \left (-\frac {|x|}{C}(1-\chi (x))\right ) \text { and } \varphi _C (x):=\int _0^x \zeta _C^2(y)\,dy.\end {align}


\begin {align}\label {def:phiAi} \varphi _{iAA_1} (x):=\int _0^x \zeta _A^2(y) \vartheta _{iA_1} ^2 (y)\,dy .\end {align}


$x\in \R $


$x^\pm :=\max (0, \pm x)$


\begin {align}\label {eq:L11+} L^{1,1}_+:=\{ v:\ \langle x^+ \rangle v\in L^1\}\ \text {with norm}\ \|v\|_{L^{1,1}_+}:=\|\langle x^+ \rangle v\|_{L^1}.\end {align}


\begin {align}& \| v \|_{ { \Sigma }_{iA A_1}} :=\left \| \left ( \vartheta _{iA_1} \zeta _A v \right ) ' \right \|_{L^2(\R )} + \left \| \vartheta _{iA_1} \zeta _A v \right \|_{L^2(\R )} \text {for $i=1,2$ .} \label {eq:normA}\end {align}


$v\in C^0(I, H^1(\R ))$


$I= [0, T)$


\begin {align}\label {eq:normL2A} \| v \|_{ L^2\left ( I , { \Sigma }_{iA A_1} \right ) } =\lim _{t\to T^-} \| \| v \| _{{ \Sigma }_{iA A_1}} \|_{ L^2 (0, t) }.\end {align}


\begin {align}\partial _c \phi _c(x)& = \partial _c \left ( c ^{\frac 1{p-1}} \phi (\sqrt {c }x) \right ) = \frac {c ^{\frac 1{p-1} -1}}{p-1} \phi (\sqrt {c }x) +\frac {1}{2} c ^{\frac 1{p-1}-\frac {1}{2}} x \phi '(\sqrt {c }x)\nonumber \\& = \frac {c ^{ -1}}{p-1} \phi _c(x) +\frac {c ^{ -1}}{2} x \phi _c'(x). \label {eq:partcphic}\end {align}


\begin {align}\label {eq:C+} {\C } _+:=\{ z\in \C : \Re z > 0 \}.\end {align}


$T$


$R_{T }(z)=(T -z)^{-1}$


\begin {align}\label {eq:lin1}& L _{+c}:=- \partial _x^2 +c -p \phi _c ^{p-1} \\& \mathcal {L}_{[c]} = \partial _x L _{+c} \label {eq:Lin}\end {align}


$c=1$


$\mathcal {L}$


$L_+$


$[c]$


\begin {align}& \label {eq:ker1} \xi _1 [c](x ) := \phi _c '(x ) , \quad \xi _2 [c](x ):= \partial _c \phi _c (x ) \\& \eta _1 [c](x ):=\theta _1 \int _{-\infty } ^{x } \partial _c \phi _c (y) dy +\theta _2 \phi _c(x ) , \quad \eta _2 [c](x ):=\theta _3 \phi _c(x ) \label {eq:ker2}\end {align}


\begin {align}\theta _1=-\theta _3=\frac {1}{\mathbf {q}'(c) } \text { and } \theta _2= \frac {\| \partial _c \phi _c\| _{L^1}^2}{2( \mathbf {q}'(c) )^2 }, \text { with } \mathbf {q}(c):=\mathbf {Q}( \phi _{c})= \frac {1}{2} c^{\frac {5-p}{2(p-1)}} \| \phi \| _{L^2(\R )}^2.\label {eq:deftheta}\end {align}


$\mathbf {q}'(c)=\langle \partial _c \phi _c,\phi _c \rangle $


\begin {align}\label {eq:lambdap} \mathbf {q}'(1)=\langle \Lambda _p \phi ,\phi \rangle \text { where }\Lambda _p=\frac {1}{2}x\partial _x + \frac {1}{p-1}.\end {align}


\begin {align}\label {eq:dcphi} \partial _{c} \left ( c^{\frac {1}{p-1}}u(\sqrt {c}x)\right ) = c^{\frac {2-p}{p-1}} (\Lambda _p u)(\sqrt {c}x).\end {align}


\begin {align}\nonumber \int _\R \partial _c \phi _c (y) dy & = c^{\frac {2-p}{p-1} -\frac {1}{2}} \int _\R (\Lambda _p \phi )( y) dy = c^{\frac {5-3p}{2(p-1)} } \int _\R \left ( \frac {1}{2}y\phi '(y) + \frac {1}{p-1} \phi (y) \right ) dy\\& = c^{\frac {5-3p}{2(p-1)} } \frac {3-p}{2(p-1)}\| \phi \| _{L^1(\R )} .\label {eq:asseta1}\end {align}


\begin {align}\label {eq:M2.3}& \mathcal {L}_{[c]}\xi _1 [c]=0 , \quad \mathcal {L}_{[c]}\xi _2 [c]=-\xi _1 [c] ,\\& \label {eq:M2.4} \mathcal {L}_{[c]}^*\eta _2 [c]=0 , \quad \mathcal {L}_{[c]}^*\eta _1 [c]=- \eta _2 [c],\\& \label {eq:M2.5} \langle \xi _i [c],\eta _j [c] \rangle = \delta _{ij}.\end {align}


$\displaystyle N_g( \mathcal {L}_{[c]}):=\bigcup _{n=1}^{+\infty }\ker \mathcal {L}_{[c]}^n$


$a\in (0, \sqrt {c/3})$


$1<p< 5$


$L^2(\R )$


$H^3( \R )$


$\sigma \left ( \mathcal {L}_{[c]} ) \right ) =\im \R $


$L^2(\R )$


$L^2_{a}(\R )$


\begin {align*}& \ker \mathcal {L}_{[c]} =\Span \{ \xi _1 [c]\} \, , \quad N_g( \mathcal {L}_{[c]})=\Span \{ \xi _1 [c], \xi _2 [c] \} .\end {align*}


$\mathcal {L}_{[c]}^*:= - L _{+c}\partial _x$


$L^2_{-a}(\R )$


\begin {align*}& \ker \mathcal {L}_{[c]} ^* =\Span \{ \eta _2 [c]\} \, , \quad N_g( \mathcal {L}_{[c]}^*)=\Span \{ \eta _1 [c], \eta _2 [c] \} .\end {align*}


$\mathcal {L}_{[c]}$


$L^2(\R )$


$L^2_{a}(\R )$


$\mathbf {E}\subseteq (1,5)$


$p$


$\mathcal {L}_{[c]}$


$\lambda $


$\Re \lambda \ge 0$


$2$


$\mathbf {E}$


$p\in (1,5)$


$\lambda $


$\Re \lambda > 0$


$\lambda \in \im \R $


$\lambda \neq 0$


$c _0 ,r \in \R _+:=(0,\infty )$


$D _{H ^1 (\R )}(u,r):=\{v\in H ^1 (\R )\ |\ \|u-v\| _{H ^1 (\R )}<r \}$


\begin {align*}\mathcal {U} (c _0 ,r ) := \bigcup _{ x_0\in \R } e^{-x_0 \partial _x} D_{H ^1 (\R )}({\phi }_{c _0},r ).\end {align*}


$c_0>0$


$\delta _0 >0$


$B_0>0$


$\delta _0 \ll B_0 ^{-3/2}$


$\delta _0 ^{-1 }\gg B\ge B_0$


$\zeta _{B}$


$c,\gamma \in C^1\left ( \mathcal {U} (c_0 ,\delta _0 ), \R _+ \times \R \right )$


$u \in \mathcal {U} (c_0,\delta _0 )$


\begin {align}\label {61} & v (u):=e^{ \gamma (u) \partial _x } u - \phi _{c (u)} \text { satisfies } \\& \nonumber \langle v (u), \zeta _{B} \eta _1 [c (u)] \rangle = \langle v (u), \eta _2 [c (u)] \rangle =0.\end {align}


$c_1>0$


$\gamma _0\in \R $


\begin {align}& c ( \phi _{c_1} ) =c_1 \text {, } \gamma ( \phi _{c_1} )=0 \text {, } \gamma ( e^{ - \gamma _0 \partial _x } u) = \gamma ( u) + \gamma _0 \text { and } c ( e^{ - \gamma _0 \partial _x } u) = c ( u).\label {eq:equivariance}\end {align}


$K >0$


\begin {align}\label {eq:mod2} B ^{-\frac {1}2}|\gamma (u) -\gamma _0| + |c(u)- 1|\le K \delta _0 \text { for all } u\in e^{-\gamma _0 \partial _x} D_{H ^1 (\R )}({\phi } ,\delta _0 ).\end {align}


$F = \left ( F_1 , F_2 \right ) ^\intercal $


\begin {align*}F_i(u, \gamma , c) = \left \{ \begin {array}{ll} \langle u-e^{ - \gamma \partial _x } \phi _c ,e^{ - \gamma \partial _x } \left ( \zeta _{B} \eta _1 [c] \right ) \rangle , & \hbox { for $i=1$;} \\ \langle u-e^{ - \gamma \partial _x } \phi _c ,e^{ - \gamma \partial _x } \eta _2 [c] \rangle & \hbox {for $i=2$.} \end {array} \right .\end {align*}


\begin {equation}\label {eq:tildeD} \widetilde {\gamma } := B ^{-\frac {1}{2}}(\gamma -\gamma _0)\end {equation}


\begin {align*}G_1(u, \widetilde {\gamma }, c) = B ^{-\frac {1}{2}} F_1(u, B ^{ \frac {1}{2}}\widetilde {\gamma } +\gamma _0, c) \text { and } G_2(u, \widetilde {\gamma }, c) = F_2(u, B ^{ \frac {1}{2}}\widetilde {\gamma } +\gamma _0, c)\end {align*}


$\langle \xi _1 [c], \zeta _{B} \eta _1 [c] \rangle = \delta _{1i} + O\left ( B^{-1} \right )$


\begin {align*}\partial _{\widetilde {\gamma }} G_1(u, \widetilde {\gamma }, c) &= \langle \xi _1 [c], \zeta _{B} \eta _1 [c] \rangle - \langle u - e^{ - \gamma \partial _x } \phi _c ,e^{ - \gamma \partial _x } \left ( \zeta _{B}' \eta _1 [c] + \zeta _{B} \eta _1 ' [c] \right ) \rangle \\& = 1 + O\left ( B^{-1} \right ) + O\left ( \| u - e^{ - \gamma \partial _x } \phi _c \| _{L^2(\R )} \right )\end {align*}


\begin {align*}\partial _{\widetilde {\gamma }} G_2(u, \widetilde {\gamma }, c) &= - B ^{ \frac {1}{2}} \langle u - e^{ - \gamma \partial _x } \phi _c ,e^{ - \gamma \partial _x } \eta _2 ' [c] \rangle \\& = O\left ( B^{1/2} \| u - e^{ - \gamma \partial _x } \phi _c \| _{L^2(\R )} \right ) .\end {align*}


$\langle \xi _2 [c], \zeta _{B} \eta _1 [c] \rangle = O\left ( B^{-1} \right )$


\begin {align*}\partial _{c} G_1(u, \widetilde {\gamma }, c) &= -B ^{- \frac {1}{2}}\langle \xi _2 [c], \zeta _{B} \eta _1 [c] \rangle + B ^{- \frac {1}{2}} \langle u - e^{ - \gamma \partial _x } \phi _c ,e^{ - \gamma \partial _x } \left ( \zeta _{B} \partial _c \eta _1 [c] \right ) \rangle \\& = O\left ( B^{- \frac {3}{2}} \right ) + O\left ( \| u - e^{ - D \partial _x } \phi _c \| _{L^2(\R )} \right )\end {align*}


\begin {align*}\partial _{c} G_2(u, \widetilde {\gamma }, c) &= - \langle \xi _2 [c], \eta _2 [c] \rangle + \langle u - e^{ - \gamma \partial _x } \phi _c ,e^{ - \gamma \partial _x } \left ( \zeta _{B} \partial _c \eta _2 [c] \right ) \rangle \\& = -1+ O\left ( B^{- 1} \right ) + O\left ( \| u - e^{ - \gamma \partial _x } \phi _c \| _{L^2(\R )} \right ) .\end {align*}


\begin {align}\| u - e^{ - \gamma \partial _x } \phi _c \| _{L^2(\R )} \le B ^{-1} \label {eq:implf3}\end {align}


\begin {align}\label {eq:implf1} \frac {\partial G(u, \widetilde {\gamma }, c)}{\partial (\widetilde {\gamma }, c)} &= \sigma _3 +O(B ^{-1/2}) \text { where }\sigma _3 :=\left ( \begin {array}{cc} 1 & 0 \\ 0 & -1 \\ \end {array} \right ) .\end {align}


\begin {align*}& \partial _{u}G_i(u, \widetilde {\gamma }, c)=\left \{ \begin {array}{ll} B^{- \frac {1}{2}} e^{ - \gamma \partial _x }\left ( \zeta _{B} \eta _1 [c]\right ), & \hbox { if $i=1$ and } \\ e^{ - \gamma \partial _x } \eta _2 [c] , & \hbox {if $i=2$.} \end {array} \right .\end {align*}


$\| \partial _{u}G_i(u, \widetilde {\gamma }, c) \| _{H^1} \lesssim 1.$


$G(u, \widetilde {\gamma }, c)$


$c$


$c_0$


$\delta =\delta (c_0 ) >0$


$\delta \ll B ^{-3/2}$


$K= K(c_0)$


$\gamma _0$


\begin {align*}(c(\cdot ), \widetilde {\gamma }(\cdot ) )\in C^1\left ( e^{-\gamma _0 \partial _x} D_{H ^1 (\R )}({\phi }_{c _0},\delta ) , \left ( c_0- K \delta , c_0+ K \delta \right ) \times \left ( - K \delta , K \delta \right ) \right )\end {align*}


$c(e^{-\gamma _0 \partial _x} {\phi }_{c _0})=c_0$


$\widetilde {\gamma }(e^{-\gamma _0 \partial _x} {\phi }_{c _0})=0$


$\gamma $


\begin {align}\label {eq:implf2} (c(\cdot ), \gamma (\cdot ) )\in C^1\left ( e^{-\gamma _0 \partial _x} D_{H ^1 (\R )}({\phi }_{c _0},\delta ) , \left ( c_0- K \delta , c_0+ K \delta \right ) \times \left ( \gamma _0- K B ^{\frac {1}2} \delta , \gamma _0+ K B ^{\frac {1}2} \delta \right ) \right )\end {align}


$c(e^{-\gamma _0 \partial _x} {\phi }_{c _0})=c_0$


$\gamma (e^{-\gamma _0 \partial _x} {\phi }_{c _0})=\gamma _0$


\begin {align}\label {eq:orbest} \| u - e^{ - \gamma \partial _x } \phi _c \| _{L^2(\R )} \le \| u - e^{-\gamma _0 \partial _x} {\phi }_{c _0} \| _{L^2(\R )} +\| e^{-\gamma _0 \partial _x} {\phi }_{c _0} - e^{ - \gamma \partial _x } \phi _c \| _{L^2(\R )}\le C(K) B ^{\frac {1}2} \delta \end {align}


$\delta \le \frac {1}{ C(K) B ^{3/2} }$


$F(u,\gamma (u),c(u))=0$


$y\in \R $


\begin {align*}F( e^{-y \partial _x} u, \gamma +y, c)= F(u, \gamma , c)\end {align*}


$y$


$y=0$


\begin {align*}\partial _\gamma F(u, \gamma , c)= \partial _u F( u, \gamma , c) u'.\end {align*}


$y$


$y=0$


$u\in e^{-\gamma _0 \partial _x} D_{H ^1 (\R )}({\phi }_{c_0},\delta (c_0) )$


\begin {align*}0=\left . \partial _y F( e^{-y \partial _x} u, \gamma (e^{-y \partial _x} u) , c(e^{-y \partial _x} u))\right | _{y=0}= - \partial _\gamma F(u, \gamma , c) \left ( 1+ d\delta (u) u' \right ) - \partial _c F(u, D, c) dc(u) u'\end {align*}


$dc(u) , d\gamma (u) \in \mathcal {L}\left ( H^1 \left ( \R \right ) \right )$


$\delta (c_0) >0$


$dc(u) u'\equiv 0$


$d\gamma (u) u'\equiv -1$


$\left . \frac {d}{dy}\gamma ( e^{-y \partial _x} u) \right | _{y=0}=1$


$u$


$c,\gamma \in C^1\left ( \mathcal {U} (c_0 ,\delta (c_0) ), \R _+ \times \R \right )$


$u\in C^0\left ( [0,+\infty ), H^1(\R )\right )$


$u\in C^1\left ( [0,+\infty ), H ^{-2}(\R )\right )$


$(c(t),\gamma (t)) = (c(u(t)),\gamma (u(t))) \in C^1([0,+\infty ), \R _+ \times \R )$


$u=\phi _c(\cdot -\gamma ) + v(\cdot -\gamma )$


\begin {align}\nonumber & \dot v - (\dot \gamma -c ) \ v' - ( \dot \gamma -c ) \ \xi _1[c] + \dot c \ \xi _2[c] \\& = \mathcal {L}_{[c]} v - \partial _x \left ( f( \phi _{c} + v ) - f( \phi _{c} )- f'( \phi _{c} ) v\right ) . \label {eq:gKdV3}\end {align}


$\widetilde {v}(t):=e^{t\partial _x ^3}{v}(t)$


\begin {align}\label {eq:dertildev} e^{-t\partial _x ^3}\dot {\widetilde {v}} = c v' - \partial _x \left ( f( \phi _{c} + v ) - f( \phi _{c} ) \right ) + (\dot \gamma -c ) \ v' + ( \dot \gamma -c ) \ \xi _1[c] - \dot c \ \xi _2[c]\end {align}


\begin {align}\label {eq:regtildev} \widetilde {v}\in C^0\left ( [0,+\infty ), H ^{ 1}(\R )\right ) \bigcap C^1\left ( [0,+\infty ), L ^{ 2}(\R )\right ).\end {align}


$\epsilon >0$


$A$


$B$


$A_1:= B ^{3/5}$


$\delta _0= \delta _0(\epsilon )$


\begin {align}\label {eq:main2} \|v \| _{L^2(I, { \Sigma }_{1A A_1} )} + \|v \| _{L^2(I, { \Sigma }_{2A A_1} )} + \|v \| _{L^2(I, \widetilde {\Sigma } )} + \| \dot \gamma - c \| _{L^2(I )} + \| \dot c \| _{L^2(I )}\le \epsilon \end {align}


$I=[0,T]$


$T>0$


$C\delta $


$\delta \in (0, \delta _0)$


$I=[0,T]$


$\epsilon $


$o _{\varepsilon }(1) \epsilon $


\begin {align}\label {eq:discrest1} &\|\dot c \| _{L^2(I)} + \|\dot \gamma -c \| _{L^2(I)} \lesssim B ^{-1} \left ( \|v \| _{L^2(I, { \Sigma }_{1A A_1} )} + \|v \| _{L^2(I, { \Sigma }_{2A A_1} )} \right ) .\end {align}


\begin {align}\label {eq:sec:1virial1} \| v \| _{L^2(I, { \Sigma }_{1A A_1} )}& \lesssim \sqrt {A B} \delta + \| v\| _{L^2(I, \widetilde {\Sigma } )}+ A_1 ^{-1} \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} \text { and} \\ \label {eq:sec:1virial2} \| v \| _{L^2(I, { \Sigma }_{2A A_1} )}& \lesssim \sqrt {A B} \delta + A _1 ^{-1 } \| v \| _{L^2(I, { \Sigma }_{1A A_1} )} .\end {align}


$\sqrt {A B} \delta \ll A ^{-1}\epsilon ^2 =o _{B^{-1}} (1) \epsilon ^2$


$A_1=B^{3/5}$


$A _1 ^{3/2} B ^{-1} = B ^{-\frac {1}{10}}$


$B ^{ 1/2} A _1 ^{-1 } = B ^{-\frac {1}{10}}$


\begin {align}\label {eq:sec:smooth11} \| v \| _{L^2(I, \widetilde {\Sigma } )} \lesssim A _1 ^{3/2} B ^{-1} \| v \| _{L^2(I, { \Sigma }_{1A A_1} )} + B ^{ 1/2} \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} + o _{B^{-1}} (1) \epsilon .\end {align}


\begin {align*}& \| v \| _{L^2(I, \widetilde {\Sigma } )} \lesssim A _1 ^{3/2} B ^{-1} \| v \| _{L^2(I, { \Sigma }_{1A A_1} )} + B ^{ 1/2} \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} + o _{B^{-1}} (1) \epsilon \\& \lesssim A _1 ^{3/2} B ^{-1} \| v\| _{L^2(I, \widetilde {\Sigma } )} + B ^{ 1/2} A _1 ^{-1 } \| v \| _{L^2(I, { \Sigma }_{1A A_1} )} + A _1 ^{1/2} B ^{-1} \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} + o _{B^{-1}} (1) \epsilon \end {align*}


$A_1=B^{3/5}$


\begin {align*}\| v \| _{L^2(I, \widetilde {\Sigma } )} & \lesssim B ^{ - \frac {1}{10}} \left ( \| v \| _{L^2(I, { \Sigma }_{1A A_1} )} + \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} \right ) + o _{B^{-1}} (1) \epsilon \end {align*}


$\| v \| _{L^2(I, \widetilde {\Sigma } )}= o _{B^{-1}} (1) \epsilon $


$\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}= o _{B^{-1}} (1) \epsilon $


$\| v \| _{L^2(I, { \Sigma }_{2A A_1} )}= o _{B^{-1}} (1) \epsilon $


$\|\dot c \| _{L^2(I)} + \|\dot \gamma -c \| _{L^2(I)} = o _{B^{-1}} (1) \epsilon $


$u\in C^0([0,+\infty ),H^1(\R ))$


$I=\R _+$


\begin {align*}| (e^{- a|x|} v )'| + | e^{- a|x|} v | \lesssim | ( \zeta _A^{-1} e^{- a|x|} \zeta _A v )'| +| \zeta _A v |\lesssim | (\zeta _A v )'| + | \zeta _A v |\end {align*}


$a>1/A$


$1= \vartheta _{1A_1} + \vartheta _{2A_1}$


$\| e^{- a|x|} v \| _{H^1(\R )} \lesssim \| v \| _{\Sigma _{1A A_1}} + \| v \| _{\Sigma _{2A A_1}}$


$I=\R _+$


\begin {equation*}\begin {aligned} \mathbf {a}(t) &:= 2 ^{-1}\| e^{- a\langle x \rangle } v (t) \| _{L^2(\R )} ^2 = 2 ^{-1}\langle e ^{t\partial _x ^3} e^{- 2a\langle x \rangle } e ^{-t\partial _x ^3}\widetilde {v} (t) , \widetilde {v} (t) \rangle . \end {aligned}\end {equation*}


$t\to \mathbf {a}(t)$


\begin {align*}\dot {\mathbf {a}}(t)&= \frac {1}{2} \langle \left [ \partial _x ^3, e^{- 2a\langle x \rangle } \right ] v , v \rangle + \langle e^{- 2a\langle x \rangle } {v} (t) , e ^{-t\partial _x ^3}\dot {\widetilde {v}} (t) \rangle .\end {align*}


$\widetilde {v}$


$\widetilde {v}$


$\{ \widetilde {v}_n\} _{n\in \N }$


$\widetilde {v}_n \xrightarrow {n\to +\infty } \widetilde {v}$


\begin {align*}\dot {\mathbf {a}} & = \frac {1}{2} \langle \left [ \partial _x ^3, e^{- 2a\langle x \rangle } \right ] v , v \rangle + \frac {1}{2} \dot \gamma \langle \left [ e^{- 2a\langle x \rangle } , \partial _x \right ] v , v \rangle + (\dot \gamma -c) \langle \xi _1[c] , e^{- 2a\langle x \rangle } v \rangle \\& -\dot c \langle \xi _2[c] , e^{- 2a\langle x \rangle } v \rangle + \langle f( \phi _{c} + v ) - f( \phi _{c} ) , \left [ \partial _x , e^{- 2a\langle x \rangle } \right ] v + e^{- 2a\langle x \rangle } v' \rangle .\end {align*}


$u\in e^{-\gamma _0 \partial _x} D_{H ^1 (\R )}({\phi } ,\delta )$


\begin {align}\label {eq:estvH1} \| v\| _{H^1(\R ) } & = \| e^{ \gamma (u) \partial _x } u - \phi _{c (u) } \| _{H^1(\R ) } \le \| u - e^{-\gamma _0 \partial _x} \phi _{c (u) } \| _{H^1(\R ) } \\& + \| e^{ \left ( \gamma (u) -\gamma _0\right ) \partial _x } \phi - \phi _{c (u) } \| _{H^1(\R ) }\lesssim \delta + |\gamma (u) -\gamma _0| + |c(u)-1|\lesssim B ^{\frac {1}{2}} \delta .\nonumber \end {align}


\begin {align*}| \dot {\mathbf {a}} |& \lesssim |\dot c| ^2 + |\dot \gamma -c|^2 + \| v \| _{H^1}^2\lesssim B \delta ^2\end {align*}


$\mathbf {a}\in L^1(\R )$


$\mathbf {a}(t) \xrightarrow {t\to +\infty } 0$


$0<a\le \kappa /2$


\begin {equation}\label {eq:uniformity1} e^{-2a\langle x \rangle }\gtrsim \max \{ \phi _{c(t)} , \phi _{c(t)} ^{p-1} \} \text { for all } t\ge 0 .\end {equation}


$\mathbf {Q}(\phi _{c})=\mathbf {q}(c)$


$c$


$\mathbf {Q}(\phi _{c (t)})$


$t\to \infty $


$\mathbf {Q}$


$\phi _c$


\begin {align}\label {eq:equipart1} \lim _{t\to \infty }\left (\mathbf {Q}(u_0)-\mathbf {Q}(\phi _{c (t)})-\mathbf {Q}(v (t))\right )=0.\end {align}


$\frac {d}{dt}\mathbf {Q}(v) \in L^1(\R _+)$


$\mathbf {Q}(v)$


$\mathbf {a}(t)$


$\mathbf {Q}(v(t))$


$t$


\begin {equation*}\begin {imageonly} \begin {aligned} \frac {d}{dt}\mathbf {Q}(v)&= \frac {d}{dt}\mathbf {Q}(\widetilde {v}) = \langle v, e^{-t\partial _x ^3} \dot {\widetilde {v}} \rangle = \dot \gamma \cancel {\langle v, {v}' \rangle } + \left [ (\dot \gamma -c ) \langle v, \xi _1[c] \rangle - \dot c \langle v, \xi _2[c] \rangle \right ]\\& +\langle v',f( \phi _{c} + v ) - f( \phi _{c} ) \rangle =:I+II \end {aligned} \end {imageonly}\end {equation*}


$I\in L^1(\R _+)$


$II$


$s\in (0,1)$


\begin {align}& \Omega _{1,t ,s} :=\{x\in \R \ |\ | s \ v(t,x)| \le 2 \phi _{c (t)}(x) \} \text { and }\label {eq:partition}\\& \Omega _{2,t,s } :=\R \setminus \Omega _{1,t,s } =\{x\in \R \ |\ | s\ v(t,x)|> 2 \phi _{c (t)}(x)\} .\nonumber \end {align}


\begin {align*}II(t)&=\sum _{j=1,2} \int _0^1ds \int _{\Omega _{j,t ,s }} \left ( f '( \phi _{c (t)}+ s\ v (t)) - f '( s\ v (t))\right ) v(t) v' (t) \,dx\\& =:II_1(t)+II_2(t).\end {align*}


\begin {align*}|II_1(t)|&\lesssim \int _{\R } \phi _{c (t)} ^{p-1} |v (t)v' (t) | \,dx \lesssim \| e^{- a\langle x \rangle } v (t)\| _{H^1 (\R )} ^2 \in L^1(\R _+ ).\end {align*}


\begin {align*}II_2(t) &= - \int _{[0,1] ^2 } d\tau ds \int _{\Omega _{2,t,s }} f''(\tau \ \phi _{c (t)}+s\ v (t)) \phi _{c (t)} v(t) v' (t) dx .\end {align*}


$| sv(t,x)|> 2\phi _{c (t)} (x)$


\begin {align*}|II_2(t)| &\lesssim \int _{[0,1] ^2 } d\tau ds \int _{\Omega _{2,t,s }} | s\ v (t) | ^{p-2} \phi _{c (t)} | v(t) v' (t) | dx \\& \lesssim \int _{\R } \phi _{c (t)} ^{p-1} | v(t) v' (t) | dx \lesssim \| e^{- a\langle x \rangle } v (t)\| _{H^1 (\R )} ^2 \in L^1(\R _+ ).\end {align*}


\begin {align}\label {eq:discrest1stat} & |\dot c | + |\dot \gamma -c | \lesssim B ^{-1} \left ( \|v \| _{ { \Sigma }_{1A A_1} } + \|v \| _{ { \Sigma }_{2A A_1} } \right ) .\end {align}


$\langle \cdot , \zeta _{B} \eta _1[c] \rangle $


\begin {align}& \nonumber - ( \dot \gamma -c ) \left [ \langle \xi _1[c] , \zeta _{B} \eta _1[c] \rangle +\langle v' , \zeta _{B} \eta _1[c] \rangle \right ] + \dot c \left [ \langle \xi _2[c] , \zeta _{B} \eta _1[c] \rangle - \langle v , \zeta _{B} \partial _c\eta _1[c] \rangle \right ] \label {eq:seceq}\\& = - \langle v , \zeta _{B} \eta _2[c] \rangle + \langle v ,[ \mathcal {L}_{[c]}^* , \zeta _{B}] \eta _1[c] \rangle + \langle f( \phi _{c} + v ) - f( \phi _{c} )- f'( \phi _{c} ) v ,\left ( \zeta _{B} \eta _1[c]\right ) ' \rangle \\&=: A _{0 }+ A _{1 }+A _{2 }\nonumber \end {align}


\begin {align*}-\langle \dot v , \zeta _{B} \eta _1[c] \rangle = \dot c \langle v , \zeta _{B} \partial _c\eta _1[c] \rangle .\end {align*}


\begin {align*}A_0 = \langle v , \eta _2[c] \rangle - \langle v , (1- \zeta _{B}) \eta _2[c] \rangle =- \langle v , (1- \zeta _{B}) \eta _2[c] \rangle \end {align*}


$\eta _2[c]=\theta _3 \phi _c$


$1=\vartheta _{1A_1} + \vartheta _{2A_1}$


\begin {align*}|A_0 |&\le \langle \frac {\zeta _B}{\zeta _A}\zeta _A (\vartheta _{1A_1} + \vartheta _{2A_1})|v|, (\zeta _B ^{-1}- 1) \eta _2[c] \rangle \le ( \| v \|_{ { \Sigma }_{1A A_1}}+ \| v \|_{ { \Sigma }_{2A A_1}}) \left \| \left ( e ^{ \frac {|x|}{B}(1-\chi ) } -1\right ) \phi _c \right \| _{L^2}\\& \le ( \| v \|_{ { \Sigma }_{1A A_1}}+ \| v \|_{ { \Sigma }_{2A A_1}}) \left \| \frac {|x|}{B}(1-\chi ) \zeta _B ^{-1} \phi _c \right \| _{L^2}\lesssim B ^{-1} ( \| v \|_{ { \Sigma }_{1A A_1}}+ \| v \|_{ { \Sigma }_{2A A_1}}) .\end {align*}


\begin {align*}[ \mathcal {L}_{[c]}^* , \zeta _{B}] &= - L_{+c}\zeta _{B}' -[ L_{+c} , \zeta _{B}] \partial _x = \zeta _{B}'(\partial _x^2 -c + f'( \phi _c)) ) +[ \partial _x^2 , \zeta _{B} '] +[ \partial _x^2 , \zeta _{B} ] \partial _x \\& = \zeta _{B}'\left ( \partial ^2_x + f' ( \phi _{c} ) \right ) -c\zeta _{B}' + 2 \zeta _{B} '' \partial _x + \zeta _{B} '''+( 2 \zeta _{B}' \partial _x + \zeta _{B} '' ) \partial _x .\end {align*}


\begin {align*}A _{1 }&= \langle v , \zeta _{B} ' \left ( \partial ^2_x + f' ( \phi _{c} ) \right ) \eta _1[c] +\left ( 2 \zeta _{B}' \partial _x + 3 \zeta _{B} '' \right ) \eta _1'[c] \rangle \\&\quad + \langle v , \zeta _{B} ''' \eta _1 [c] \rangle -c \langle v , \zeta _{B} ' \eta _1[c] \rangle =: A _{1 1}+ A _{1 2} + A _{1 3}.\end {align*}


$1=\vartheta _{1A_1} + \vartheta _{2A_1}$


\begin {align*}| A _{1 1}|&\lesssim B ^{-1} \sum _{i=1,2}\| \zeta _A \vartheta _{iA_1} v \| _{L^2} \left ( \| \zeta _A ^{-1} \left ( \partial ^2_x + f' ( \phi _{c} ) \right ) \eta _j[c] \| _{L^2} + B \| \zeta _A ^{-1} \left ( 2 \zeta _{B}' \partial _x + 3 \zeta _{B} '' \right ) \eta _j'[c] \| _{L^2} \right ) \\& \lesssim B ^{-1} ( \| v \|_{ { \Sigma }_{1A A_1}}+ \| v \|_{ { \Sigma }_{2A A_1}}) .\end {align*}


$|\zeta _{B} '''|\lesssim B ^{-3}\zeta _{B}\lesssim B ^{-3}\zeta _{2B}^{2}$


\begin {align*}| A _{1 2}|\lesssim B ^{-3} \| \zeta _{2B} \| _{L^2} \sum _{i=1,2} \left \| \frac { \zeta _{2B} }{\zeta _A } \zeta _A \vartheta _{iA_1} v \right \| _{L^2} \lesssim B ^{- \frac {5}{2}} ( \| v \|_{ { \Sigma }_{1A A_1}}+ \| v \|_{ { \Sigma }_{2A A_1}}) .\end {align*}


$A _{13}$


\begin {align*}\langle v , \zeta _{B} ' \eta _1[c] \rangle &= -\frac {1}{B} \langle v , \zeta _{B} \frac {x}{|x|} \eta _1[c] \rangle +\frac {1}{B} \langle v , \zeta _{B} \left ( \frac {x}{|x|} \chi + |x| \chi ' \right ) \eta _1[c] \rangle .\end {align*}


$\supp \chi \subseteq [-2,2]$


\begin {align*}\left |B ^{-1} \langle v , \zeta _{B} \left ( \frac {x}{|x|} \chi + |x| \chi ' \right ) \eta _1[c] \rangle \right | \lesssim B ^{-1} \| v \|_{ { \Sigma }_{1A A_1}}\end {align*}


\begin {equation*}\begin {imageonly} \begin {aligned} \frac {1}{B} \langle v , \zeta _{B} \frac {x}{|x|} \eta _1[c] \rangle = - \frac {2}{B} \langle v , \zeta _{B} \eta _1[c] \rangle _{L^2(\R _-)} + \cancel {B ^{-1} \langle v , \zeta _{B} \eta _1[c] \rangle } \end {aligned} \end {imageonly}\end {equation*}


$\eta _1[c]\xrightarrow {x\to -\infty }0$


\begin {align*}|B ^{-1} \langle v , \zeta _{B} \eta _1[c] \rangle _{L^2(\R _-)} | &\lesssim B ^{-1} \left ( \| v \|_{ { \Sigma }_{1A A_1}} +\| v \|_{ { \Sigma }_{2A A_1}} \right ) \| \zeta _A ^{-1} \zeta _{B} \eta _1[c] \| _{L^2(\R _-)} \\&\lesssim B ^{-1} \left ( \| v \|_{ { \Sigma }_{1A A_1}} +\| v \|_{ { \Sigma }_{2A A_1}} \right ).\end {align*}


\begin {align*}| A _{13}|\lesssim B ^{-1} \left ( \| v \|_{ { \Sigma }_{1A A_1}} +\| v \|_{ { \Sigma }_{2A A_1}} \right ) .\end {align*}


$A _{ 2}$


$s\in (0,1)$


\begin {align}& \Omega _{1,t ,s } :=\{x\in \R \ |\ 2| s v(t,x)| \le \phi _{c (t)}(x) \} \text { and }\label {eq:partition+}\\& \Omega _{2,t,s } :=\R \setminus \Omega _{1,t ,s } =\{x\in \R \ |\ 2| s v(t,x)|> \phi _{c (t)}(x)\} .\nonumber \end {align}


\begin {align*}A _{ 2 }& = \sum _{i=1,2}\int _{0}^{1} ds \int _{\Omega _{i,t,s }} \left ( f'( \phi _{c} + sv ) - f'( \phi _{c} ) \right ) v\left ( \zeta _{B} \eta _1[c]\right ) ' dx =: \sum _{i=1,2}A _{2 i} .\end {align*}


\begin {align*}|A _{2 1}|\lesssim \int _0 ^1 ds \int _{\Omega _{1,t ,s }}\phi _c ^{p-1} |v | \left |\zeta _{B}' \eta _1[c]\right | dx + \int _0 ^1 ds\int _{\Omega _{1,t ,s }}\phi _c ^{p-2}s| v|^2 \left |\zeta _{B} \eta _1'[c]\right | dx =: \sum _{i=1,2}A _{2 1i}\end {align*}


$|\zeta _{B}'|\lesssim B ^{-1}\zeta _{B}$


$\|\eta _1[c]\| _{L^\infty (\R )}\lesssim 1$


$\|\phi _c ^{p-1} \zeta _{B} \zeta _{A} ^{-1}\| _{L^2 (\R )}\lesssim 1$


\begin {align*}A _{211}\lesssim B ^{-1} \int _{\R }\phi _c ^{p-1} |\eta _1[c]| \zeta _{B} \zeta _{A} ^{-1} \zeta _{A} \left ( \vartheta _{1A_1} + \vartheta _{2A_1} \right ) |v| dx \lesssim B ^{-1} ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} )\end {align*}


$\|\eta _1'[c]\| _{L^2 (\R )}\lesssim 1$


$\Omega _{1,t ,s }$


$\phi _c ^{p-2}|s v|=\phi _c ^{p-2}| sv|^{\frac {3-p}{2}+ \frac {p-1}{2}}\le \phi _c ^{\frac {p-1}{2}}|s v|^{ \frac {p-1}{2}}$


\begin {align*}A _{212}&\lesssim \int _{\R } \phi _c ^{\frac {p-1}{2}} |v | ^{ \frac {p-1}{2} +1} \zeta _{B} \left ( |\partial _c \phi _c| + | \phi _c'| \right ) dx \\ &\lesssim \| v \| _{L^\infty (\R )} ^{\frac {p-1}{2}} \int _{\R } \phi _c ^{\frac {p-1}{2}} \left ( |\partial _c \phi _c| + | \phi _c'| \right ) \zeta _{B} \zeta _{A} ^{-1} \zeta _{A} \left ( \vartheta _{1A_1} + \vartheta _{2A_1} \right ) |v| dx \\& \lesssim B ^{\frac {p-1}{4}} \delta ^{\frac {p-1}{2}} ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} )\end {align*}


$\|v\| _{L^\infty (\R )}\lesssim B ^{\frac {1}2} \delta $


\begin {align*}|A _{21}|\lesssim B ^{-1} ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} ) .\end {align*}


\begin {align*}|A _{22}|&\lesssim \int _{\R }|v| ^{p } |\zeta _{B}' \eta _1[c] | dx + \int _{\R }|v| ^{p } |\zeta _{B} \eta _1' [c] | dx =: A _{221}+A _{222}.\end {align*}


$\| v \|_{ L^\infty (\R ) } \lesssim B ^{1/2}\delta $


\begin {align*}A _{222}\lesssim B ^{\frac {p-1}{2}}\delta ^{p-1} ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} )\end {align*}


\begin {align*}A _{221}&\lesssim \delta ^{p-1} B ^{\frac {p-1}{2}-1} \| \zeta _{A}^{-1} \zeta _{B}\| _{L^2} \| \zeta _{A} \left ( \vartheta _{1A_1} + \vartheta _{2A_1} \right )v\| _{L^2} \\& \lesssim \delta ^{p-1} B ^{\frac {p-1}{2}-\frac {1}{2}}( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} ).\end {align*}


$\delta $


$B^{\frac {p-1}{4}}\delta ^{\frac {p-1}{2}}\leq B^{-1}$


\begin {align*}|A_0+A_1+A_2|\lesssim B^{-1}\left (\|v\|_{\Sigma _{1AA_1}}+\|v\|_{\Sigma _{1AA_1}}\right ).\end {align*}


\begin {align*}|\langle \xi _1[c] , \zeta _{B} \eta _1[c] \rangle -1|+|\langle \xi _2[c],\zeta _B\eta _1 \rangle |\lesssim B^{-1}\end {align*}


\begin {equation}\label {eq:eqmaincoff1} \begin {aligned} \langle v' , \zeta _{B} \eta _1[c] \rangle &=- \langle v , \zeta _{B}' \eta _1[c] \rangle - \langle v , \zeta _{B} \left ( \eta _1[c] \right )' \rangle =O\left ( \| v \| _{L^2} \right )=O\left ( B ^{\frac {1}{2}} \delta \right ) \text { and} \\ \langle v , \zeta _{B} \partial _c\eta _1[c] \rangle &= O\left ( B ^{\frac {1}{2}} \| v \| _{L^2} \right ) = O\left ( B \delta \right ) , \end {aligned}\end {equation}


\begin {align}\label {est:dotD-c} |\dot \gamma -c|\lesssim B^{-1}|\dot c| + B^{-1}\left (\|v\|_{\Sigma _{1AA_1}}+\|v\|_{\Sigma _{1AA_1}}\right ).\end {align}


$\langle \cdot , \eta _2[c] \rangle $


\begin {align}& ( \dot \gamma -c ) \langle v , \eta _2[c]' \rangle + \dot c \left [ 1 - \langle v , \partial _c\eta _2[c] \rangle \right ] \label {eq:seceq2}\\& = \langle f( \phi _{c} + v ) - f( \phi _{c} )- f'( \phi _{c} ) v , \left (\eta _2[c] \right ) ' \rangle =: \widetilde {A} _{2 }.\nonumber \end {align}


$|\widetilde {A} _{2 }|\lesssim B^{-1}\left (\| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}}\right )$


$B^{1/2}\delta \leq B^{-1}$


\begin {align}\label {est:dotc} |\dot c|\lesssim B^{1/2}\delta |\dot \gamma -c|+B^{-1}\left (\| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}}\right ).\end {align}


\begin {align}\label {def:funct:vir} \mathcal {I}_{i} := 2^{-1}\langle v , \varphi _{iAA_1} v \rangle \text { for $i=1,2$ }.\end {align}


$C>0$


$t\to \mathcal {I}_{i}$


\begin {align}\nonumber \dot {\mathcal {I}}_{i} &= \frac {d}{dt} 2^{-1}\langle e^{-t\partial _x ^3}\widetilde {{v}} , \varphi _{iAA_1} e^{-t\partial _x ^3}\widetilde {{v}} \rangle = 2^{-1}\langle {{v}} ,[ \partial _x ^3 , \varphi _{iAA_1}] v \rangle + \langle e^{-t\partial _x ^3} \dot {\widetilde {{v}}} , \varphi _{iAA_1} e^{-t\partial _x ^3}\widetilde {{v}} \rangle \\& \nonumber = \langle v , \left ( 2^{-1} [ \partial _x ^3 , \varphi _{iAA_1}] +c \varphi _{iAA_1} \partial _x \right ) v \rangle - \langle \left ( f( \phi _{c} + v ) - f( \phi _{c} ) \right ) ' , \varphi _{iAA_1} v \rangle \\& +(\dot \gamma -c )\langle v' , \varphi _{iAA_1} v \rangle +(\dot \gamma -c )\langle \xi _1[c] , \varphi _{iAA_1} v \rangle -\dot c \langle \xi _2[c] , \varphi _{iAA_1} v \rangle =: \sum _{k=1}^{5} B_k^{(i)} .\label {eq:vir2}\end {align}


$\omega ^{(i)}:= \zeta _A \vartheta _{iA_1}v$


\begin {align}\label {eq:B1_decomposition} B_1^{(i)} &= \langle v'' , \zeta _A ^2\vartheta _{iAA_1}^2 v \rangle -\frac {1}{2} \langle \zeta _A\vartheta _{i A_1} v' , \zeta _A \vartheta _{i A_1} v ' \rangle -\frac {c}{2} \| \omega ^{(i)}\| _{L^2}^{2} ,\end {align}


\begin {equation*}\langle v'' , \zeta _A^2\vartheta _{i A_1}^2 v \rangle -\frac {1}{2} \langle \zeta _A \vartheta _{i A_1}v' , \zeta _A \vartheta _{i A_1} v ' \rangle = \frac {1}{2} \langle (\zeta _A^2\vartheta _{i A_1}^2)'', v ^2 \rangle - \frac {3}{2} \langle \zeta _A \vartheta _{i A_1} v' , \zeta _A \vartheta _{i A_1} v ' \rangle \end {equation*}


\begin {align*}& \langle \zeta _A \vartheta _{i A_1} v' , \zeta _A \vartheta _{i A_1} v ' \rangle = \langle (\zeta _A \vartheta _{i A_1} v)' - (\zeta _A \vartheta _{i A_1}) ' v , (\zeta _A \vartheta _{i A_1} v)' -(\zeta _A \vartheta _{i A_1}) ' v \rangle \\& = \| (\omega ^{(i)} )'\| _{L^2}^{2}- 2 \langle (\zeta _A \vartheta _{i A_1} )' v , (\zeta _A \vartheta _{i A_1} )' v+ \zeta _A \vartheta _{i A_1} v ' \rangle + \langle (\zeta _A \vartheta _{i A_1} )'^2,v^2 \rangle \\& = \|(\omega ^{(i)} )'\| _{L^2}^{2}- \langle ( (\zeta _A \vartheta _{i A_1} ) ')^2,v^2 \rangle +\langle \left ((\zeta _A \vartheta _{i A_1} ) ' \zeta _A \vartheta _{i A_1} \right ) ' ,v^2 \rangle \\& = \| (\omega ^{(i)} )'\| _{L^2}^{2}+ \langle (\zeta _A \vartheta _{i A_1} ) ''\zeta _A \vartheta _{i A_1} ,v^2 \rangle .\end {align*}


\begin {align*}B_1^{(i)} &= - \frac {3}{2} \| (\omega ^{(i)} )'\| _{L^2}^{2} -\frac {c}{2} \|\omega ^{(i)} \| _{L^2}^{2}+ B _{11}^{(i)} \text { with } B _{11}^{(i)}:= \langle ((\zeta _A \vartheta _{i A_1} ) ')^2-\frac {1}2 (\zeta _A \vartheta _{i A_1} ) '' \zeta _A \vartheta _{i A_1} ,v^2 \rangle .\end {align*}


\begin {align*}B _{11}^{(i)}&= \langle \left ( ( \zeta _A ')^2-\frac {1}2 \zeta _A \zeta _A ''\right ) \vartheta _{i A_1} ^2 , v^2 \rangle + \langle \zeta _A ' \vartheta _{i A_1} ' v,\zeta _A \vartheta _{i A_1} v \rangle \\& + \langle ( \vartheta _{i A_1} ')^2-\frac {1}2 \vartheta _{i A_1} '' \vartheta _{i A_1} , \zeta _A ^2v^2 \rangle =:\sum _{k=1}^{3} B _{11k}^{(i)}.\end {align*}


$|\zeta _A ^{(k)}|\lesssim A ^{-k}\zeta _A$


\begin {align*}| B _{111}^{(i)}|\lesssim A ^{-2} \|\omega ^{(i)} \| _{L^2}^{2}\end {align*}


$A\gg A_1$


\begin {align}\nonumber | B _{112}^{(i)} + B _{113}^{(i)} |& \lesssim A ^{-1} \left ( \|\omega ^{(1)} \| _{L^2}^{2} +\|\omega ^{(2)} \| _{L^2}^{2} \right ) + A _1 ^{-2}\| v \| ^{2}_{L^2(A_1,2A_1)}\\& \lesssim A _1 ^{-2} \left ( \|\omega ^{(1)} \| _{L^2}^{2} +\|\omega ^{(2)} \| _{L^2}^{2} \right ). \label {eq:B1-1}\end {align}


$B_2 ^{(i)}$


$\varepsilon _1>0$


\begin {align}\label {eq:B2i1}& \left | B_2^{(1)}\right | \lesssim \varepsilon _1 \| v \|_{ { \Sigma }_{1A A_1}} ^2+A_1 ^{-100} \| v \|_{ { \Sigma }_{2A A_1}}^2 + \varepsilon _1^{-1} \| v\| _{\widetilde {\Sigma }}^2 \text { and }\\& \label {eq:B2i2} \left | B_2^{(2)}\right | \lesssim A _1 ^{-100}\left ( \| v \|_{ { \Sigma }_{1A A_1}} ^2+ \| v \|_{ { \Sigma }_{2A A_1}} ^2 \right ) .\end {align}


\begin {align*}B_2 ^{(i)}=-\langle \left ( f( \phi _{c} + v ) - f( \phi _{c} )-f(v) \right ) ' ,\varphi _{iAA_1} v \rangle - \langle \left ( f(v) \right ) ' ,\varphi _{iAA_1} v \rangle =: B_{21}^{(i)}+B_{22}^{(i)} .\end {align*}


\begin {align*}B_{22} ^{(i)} &= -\langle \left ( f(v) \right ) ' , \varphi _{iAA_1}v \rangle = \langle f(v)v ' , \varphi _{iAA_1} \rangle + \langle f(v)v ,\zeta _A ^2 \vartheta _{i A_1}^2 \rangle = - \langle F(v)- f(v)v , \zeta _A ^2 \vartheta _{i A_1}^2 \rangle \end {align*}


\begin {align}\label {eq:nonlinv} |B_{22} ^{(i)}|\lesssim B ^{\frac {p-1}{2}} \delta ^{p-1} \| v \|_{ { \Sigma }_{iA A_1}}^2.\end {align}


\begin {align}& \Omega _{1,t } :=\{x\in \R \ |\ 2| v(t,x)| \le \phi _{c (t)}(x) \} \text { and }\label {eq:partition2}\\& \Omega _{2,t } :=\R \setminus \Omega _{1,t } =\{x\in \R \ |\ 2| v(t,x)|> \phi _{c (t)}(x)\} \nonumber \end {align}


\begin {align*}B_{21}^{(i)}= \sum _{k=1,2} \langle f( \phi _{c} + v ) - f( \phi _{c} )-f(v) , ( \varphi _{iAA_1} v)' \rangle _{L^2(\Omega _{k,t })}=: \sum _{k=1,2} B_{21k}^{(i)} .\end {align*}


\begin {align*}B_{212}^{(i)}&=- \langle f( \phi _{c} ) , ( \varphi _{iAA_1} v)' \rangle _{L^2(\Omega _{2,t })}+ \int _0^1 \langle f'( v+s\phi _{c} ) \phi _{c} , ( \varphi _{iAA_1} v)' \rangle _{L^2(\Omega _{2,t })} ds=: B_{2121}^{(i)}+B_{2122}^{(i)}.\end {align*}


$\phi _{c}^{p}\lesssim \phi _{c}^{\frac {p-1}{2} } |v|^{\frac {p-1}{2}} |v|$


$\Omega _{2,t }$


\begin {align*}|B_{2121}^{(i)}|&\lesssim \int _{\R }\phi _{c}^{\frac {p-1}{2} }|v|^{\frac {p-1 }{2}+1}\zeta _{A} \zeta _{A}^{-1} \left | \varphi _{iAA_1} \zeta _{A}^{-1} (\zeta _{A}v) ' +\zeta _{A}v(\varphi _{iAA_1} \zeta _{A}^{-1})' \right | dx \\&\lesssim B ^{\frac {p-1}{4}}\delta ^{\frac {p-1 }{2} } \| \zeta _{A}v\| _{H^1}^2 \lesssim B ^{\frac {p-1}{4}}\delta ^{\frac {p-1 }{2} }( \| v \|_{ { \Sigma }_{1A A_1}} ^2+ \| v \|_{ { \Sigma }_{2A A_1}}^2 ) .\end {align*}


$\phi _{c}\lesssim |v|^{1 -\frac {p-1}{2} } \phi _{c}^{\frac {p-1}{2}}$


$\Omega _{2,t }$


$1= \vartheta _{1A_1} + \vartheta _{2A_1}$


\begin {align*}|B_{2122}^{(i)}|&\lesssim \int _{\R } |v| ^{p-1}\phi _{c}\left | \varphi _{iAA_1} \zeta _{A}^{-1} (\zeta _{A}v) ' +\zeta _{A}v(\varphi _{iAA_1} \zeta _{A}^{-1})' \right | dx\\& \lesssim B ^{\frac {p-1}{4}} \delta ^{\frac {p-1 }{2} } \int _{\R } |v| \zeta _{A} \zeta _{A}^{-1} \phi _{c}^{\frac {p-1}{2}} \left | \varphi _{iAA_1} \zeta _{A}^{-1} (\zeta _{A}v) ' +\zeta _{A}v(\varphi _{iAA_1} \zeta _{A}^{-1})' \right | dx \\& \lesssim B ^{\frac {p-1}{4}} \delta ^{\frac {p-1 }{2} } \| ( \vartheta _{1A_1} + \vartheta _{2A_1} )\zeta _{A}v\| _{H^1}^2\lesssim B ^{\frac {p-1}{4}} \delta ^{\frac {p-1 }{2} } ( \| v \|_{ { \Sigma }_{1A A_1}} ^2+ \| v \|_{ { \Sigma }_{2A A_1}}^2 ),\end {align*}


\begin {align*}B_{211}^{(i)}&=\langle f'( \phi _{c} ) v , (\varphi _{iAA_1} v)' \rangle _{L^2(\Omega _{1,t })} +\int _{0}^{1} \langle \left [ f'( \phi _{c} + sv ) - f'( \phi _{c} ) \right ] v , (\varphi _{iAA_1} v)') \rangle _{L^2(\Omega _{1,t })} ds \\& - \int _{0}^{1} \langle f'(sv)v , (\varphi _{iAA_1} v)' \rangle _{L^2(\Omega _{1,t })} ds =: \sum _{k=1}^{3}B_{211k}^{(i)}.\end {align*}


\begin {align}\nonumber |B_{2113}^{(i)}|&\lesssim \langle |v|^p , |\varphi _{iAA_1} v ' + \zeta _A ^2 \vartheta _{i A_1 } ^2 v| \rangle _{L^2(\Omega _{1,t })} \lesssim \langle \phi _c ^{\frac {p-1}{2}} |v| ^{\frac {p-1}{2}} |v| , | \zeta _A ^{-1}\varphi _{iAA_1} \zeta _A v ' + \zeta _A ^2 \vartheta _{i A_1} ^2 v| \rangle _{L^2(\Omega _{1,t })} \\& \lesssim \|v\| _{L^\infty (\R )}^{\frac {p-1}{2}} \| \zeta _A v\| _{H^1} ^2 \lesssim B ^{\frac {p-1}{2}}\delta ^{\frac {p-1}{2}} ( \| v \|_{ { \Sigma }_{1A A_1}} ^2+ \| v \|_{ { \Sigma }_{2A A1}}^2 ).\label {eq:B2113}\end {align}


$|f'( \phi _{c} + sv ) - f'( \phi _{c} )|\le |f'( sv )|$


$1<p\le 2$


\begin {align*}|B_{2112}^{(i)}|&\lesssim B ^{\frac {p-1}{2}}\delta ^{\frac {p-1}{2}} ( \| v \|_{ { \Sigma }_{1A A_1}} ^2+ \| v \|_{ { \Sigma }_{2A A_1}}^2 ).\end {align*}


$B_{2111}^{(i)}$


$i=1,2$


$i=1$


$\varepsilon _1>0$


\begin {align}\label {eq:B2for1} | B_{2111}^{(1)}|&= \left |\langle f'( \phi _{c} ) v , (\vartheta _{1 A_1} + \vartheta _{2 A_1} ) \varphi _{1AA_1} v ' + \zeta _A^2\vartheta _{1A_1}^2 v \rangle _{L^2(\Omega _{1,t })}\right |\\& \lesssim \varepsilon _1 \| v \|_{ { \Sigma }_{1A A_1}}^2 +A_1 ^{-100} \| v \|_{ { \Sigma }_{2A A_1}}^2 + \varepsilon _1^{-1} \| v\| _{\widetilde {\Sigma }}^2 \nonumber \end {align}


$f'( \phi _{c} )$


\begin {align}\label {eq:suppvarphi1}\supp \varphi _{2AA_1}\subseteq \supp \vartheta _{2A_1}\subseteq [A_1,+\infty ).\end {align}


$i=2$


\begin {align}\label {eq:B2for2} | B_{2111}^{(2)}|&=\left |\langle f'( \phi _{c} ) v , (\vartheta _{1 A_1} + \vartheta _{2 A_1} ) \varphi _{2AA_1} v ' + \zeta _A^2\vartheta _{2A_1}^2 v \rangle _{L^2(\Omega _{1,t } \cap \{ x\ge A_1 \} )}\right | \\& \lesssim A _1 ^{-100} \left ( \| v\| _{\widetilde {\Sigma }}^2 + \| v \|_{ { \Sigma }_{1A A_1}}^2 +\| v \|_{ { \Sigma }_{2A A_1}}^2\right ) \lesssim A _1 ^{-100} \left ( \| v \|_{ { \Sigma }_{1A A_1}}^2 +\| v \|_{ { \Sigma }_{2A A_1}}^2\right ) .\nonumber \end {align}


\begin {align*}|B_3^{(i)}|&= 2 ^{-1}|(\dot \gamma -c ) | \| v \|_{ { \Sigma }_{iA A_1}}^2 \lesssim \delta \| v \|_{ { \Sigma }_{iA A_1}}^2 .\end {align*}


$\xi _k [c]$


$k=1,2$


\begin {align*}& |B_4^{(i)}|+ |B_5^{(i)}|\lesssim A _1 ^{ -100 (i-1)}\left ( |\dot \gamma -c|^2+ |\dot c|^2+ \| v \| _{ \widetilde {{\Sigma }} } ^2 \right ).\end {align*}


\begin {align*}\| v \| _{ { \Sigma }_{1A A_1} }^2& \lesssim \widetilde {C}\left [ \dot {\mathcal {I}}_1 + \| v\| _{\widetilde {\Sigma }} ^2 +|\dot \gamma -c| ^2+ |\dot c| ^2 +A_1 ^{-2} \| v \| _{ { \Sigma }_{2A A_1} }^2 \right ] \text { and}\\ \| v \| _{ { \Sigma }_{2A A_1} }^2& \lesssim \widetilde {C}\left [ \dot {\mathcal {I}}_2 + A_1 ^{-2} \left ( |\dot \gamma -c| ^2+ |\dot c| ^2\right ) +A_1 ^{-2} \| v \| _{ { \Sigma }_{1A A_1} }^2 \right ] .\end {align*}


$I$


\begin {align*}& |\mathcal {I}_{i} (t)|\le \| \varphi _{iAA_1}\| _{L^\infty (\R ) }\| v(t) \| _{L^2 (\R ) }^2 \lesssim A B \delta ^2 \text { for $i=1,2$. }\end {align*}


$A_1 ^{10}=B^2\gg B$


\begin {align*}& \| v \| _{L^2(I, { \Sigma }_{1A A_1} )} \lesssim \sqrt {A B} \delta + \| v \| _{L^2(I, \widetilde {\Sigma } )} + A_1 ^{-1} \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} \text { and} \\& \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} \lesssim \sqrt {A B} \delta + A_1 ^{-1} \| v \| _{L^2(I, { \Sigma }_{1A A_1} )} .\end {align*}


\begin {align}\label {eq:projections} P_{[c]} := \sum _{i=1,2} \xi _i [c] \langle \eta _i [c], \cdot \rangle \text { and } Q_{[c]}=1- P_{[c]} .\end {align}


$c=1$


$[c]$


\begin {align}\label {eq:specdec} L^2 _a = N_g\left ( \mathcal {L} \right ) \oplus N_g^\perp \left ( \mathcal {L}^* \right )\end {align}


$N_g \left ( \mathcal {L}^* \right ) \subseteq L^2 _{-a}$


$L^2$


$c=1$


$p\in (1,5)$


$a\in (0, \sqrt {1/3})$


$p\in (1,5)$


$C( a,p)>0$


$b(a,p)>0$


\begin {align}\label {eq:pwdisp1} \| e^{ t \mathcal {L} } Q v_0 \| _{L^2_a}\le C( a,p) \langle t \rangle ^{-1/2} e^{-b(a,p) t}\| Q v_0\| _{L^2_a}\text { for all }v_0\in L^2_a.\end {align}


\begin {align}\label {eq:smooth1} & \left \| \int _0 ^t e^{ (t-s) \mathcal {L} } Q f(s) ds \right \| _{L^2 \left ( \R _+ , \widetilde {\Sigma }\right ) }\le C( p) \| f \| _{ L^{ 1, 1}_+ \left ( \R , L^{ 2}\left ( \R _+\right )\right ) }\text { for all }f\in L^{ 1, 1}_+ \left ( \R , L^{ 2}\left ( \R _+\right )\right ) \text { and } \\& \label {eq:smooth11} \left \| \int _0 ^t e^{ (t-s) \mathcal {L} } Q \partial _x f(s) ds \right \| _{L^2 \left ( \R _+ , \widetilde {\Sigma }\right ) }\le C( p) \| f \| _{L^{ 1 } \left ( \R , L^{ 2}\left ( \R _+\right )\right ) }\text { for all }f\in L^{ 1 } \left ( \R , L^{ 2}\left ( \R _+\right )\right ) .\end {align}


$L^1 ( \R )$


\begin {align}\label {eq:smooth21}& \sup _{\lambda \in \R \backslash \{ 0 \}} \left \| R_{\mathcal {L} } ( \im \lambda ) Q \right \| _{ \mathcal {L}\left ( L^{ 1, 1}_+\left ( \R \right ), \widetilde {\Sigma } \right ) }\le C( p) \text { and } \\& \label {eq:smooth221} \sup _{\lambda \in \R \backslash \{ 0 \}} \left \| R_{\mathcal {L} } ( \im \lambda ) Q \partial _x \right \| _{ \mathcal {L}\left ( L^1\left ( \R \right ), \widetilde {\Sigma } \right ) }\le C( p).\end {align}


$L^1\left ( \R \right )$


$L^{1,1}_+$


$p\in (1,5)$


$C( p)>0$


$e^{ t \mathcal {L} }$


$t\ge 0$


$C_0$


$L^2(\R )$


$L^2_a$


\begin {equation}\label {eq:forresol} R_{\mathcal {L} }(z) Q w_0 =-\int _{0}^{+\infty } e^{-z t} e^{ t \mathcal {L} } Q w_0 dt \text { for any }\Re z > - b(a,p),\end {equation}


$L^2_a$


\begin {align*}\frac {1}{2\pi } \| R_{\mathcal {L} }(\im \lambda ) Q w_0 \| _{L^2( \R , L^2_a) } = \| e^{ t \mathcal {L} } Q w_0 \| _{L^2( \R _+, L^2_a) }\le C(a,p) \| w_0 \| _{ L^2_a}\end {align*}


$C(a,p)>0$


$a \in (0, \kappa )$


$L ^{ 2} _{a} \subset \widetilde {\Sigma }$


\begin {align*}\frac {1}{2\pi } \| R_{\mathcal {L} }(\im \lambda ) Q w_0 \| _{L^2( \R , \widetilde {\Sigma } ) } & = \| e^{ t \mathcal {L} } Q w_0 \| _{L^2( \R _+, \widetilde {\Sigma }) } \le \| e^{ t \mathcal {L} } Q w_0 \| _{L^2( \R _+, L^2_a) }\le C(a,p) \| w_0 \| _{ L^2_a} \ .\end {align*}


$f\in C_c^{ \infty }([0, +\infty ))$


\begin {align*}& \int _\R dt e^{-\im \lambda t} \int _0 ^t e^{ (t-s) \mathcal {L} } Q f(s) ds = \int _{0}^{+\infty } ds e^{-\im \lambda s} \int _{0}^{+\infty } e^{-\im \lambda t} e^{ t \mathcal {L} } Q f(s) dt\\& =- \int _{0}^{+\infty } e^{-\im \lambda s} R_{\mathcal {L} }(\im \lambda ) Q f(s) ds =- R_{\mathcal {L} } ( \im \lambda ) Q \widehat {f}(\lambda )\end {align*}


$(t,s)$


$f$


\begin {equation}\label {eq:fourtran} \begin {aligned} & 2\pi \left \| \int _0 ^t e^{ (t-s) \mathcal {L} } Q f(s) ds \right \| _{L^2 \left ( \R _+ , \widetilde {\Sigma }\right ) } = \left \| R_{\mathcal {L} } ( \im \lambda ) Q \widehat {f}(\lambda ) \right \| _{L^2 \left ( \R , \widetilde {\Sigma }\right ) }\\&\le \left \| R_{\mathcal {L} } ( \im \lambda ) Q \right \| _{L^\infty \left ( \R , \mathcal {L} \left ( L^{ 1, 1}_+\left ( \R \right ), \widetilde {\Sigma } \right ) \right ) } \left \| {f} \right \| _{L^{1,1}_+ \left ( \R , L^2\left ( \R _+\right )\right ) } . \end {aligned}\end {equation}


$L^{ 1, 1}_+\left ( \R \right )$


$L^{ 1 }\left ( \R \right )$


$p\in (1,5)$


$C( p)>0$


$\| v \| _{\widetilde {\Sigma }}$


$\zeta _{B}$


\begin {align}\nonumber \partial _t \left ( \zeta _{B}v \right ) &= \mathcal {L} \left ( \zeta _{B}v \right ) + [\zeta _{B}, \mathcal {L} ]v \\& + (\dot \gamma -c ) \zeta _{B} v'+ ( \dot \gamma -c ) \ \zeta _{B} \xi _1[c] + \dot c \ \zeta _{B} \xi _2[c] \nonumber \\& + \zeta _{B} \left ( \mathcal {L}_{[c ]} - \mathcal {L} \right ) v - \zeta _{B} \partial _x \left ( f( \phi _{c} + v ) - f( \phi _{c} )- f'( \phi _{c} ) v\right ) . \label {eq:gKdV14}\end {align}


\begin {align}\label {eq:defw} \zeta _{B}v=P \zeta _{B}v+ w \text { where } w:= Q \zeta _{B}v .\end {align}


\begin {align}\| P \zeta _{B}v \| _{L^2}\lesssim B ^{-1} ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} ) .\label {eq:disczbv}\end {align}


\begin {align*}P \zeta _{B}v = P_{[c]}\zeta _{B}v + \left ( P - P_{[c ]} \right ) \zeta _{B}v .\end {align*}


$\langle \eta _1 [c], \zeta _{B}v \rangle =0$


\begin {align*}P_{[c]}\zeta _{B}v = \xi _2 [c] \langle \eta _2 [c], \zeta _{B}v \rangle = \xi _2 [c] \langle \eta _2 [c], ( \zeta _{B} -1)(\vartheta _{1A_1} + \vartheta _{2A_1}) v \rangle =O\left ( B ^{-1} ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} ) \right ) .\end {align*}


\begin {align*}\left ( P_{[c ]} - P \right ) \zeta _{B}v = \sum _{i=1,2}\left [ {(\xi _i [c] -\xi _i ) \langle \eta _i [c], \zeta _{B}v \rangle } +\xi _i \langle \eta _i [c]-\eta _i , \zeta _{B}v \rangle \right ] .\end {align*}


$\langle \eta _1 [c], \zeta _{B}v \rangle =0$


\begin {align}\label {eq:mod111} |\langle \eta _2 [c], \zeta _{B}v \rangle |\lesssim B ^{-1} \| \zeta _A v \| _{ L^2} = B ^{-1} \| \zeta _A (\vartheta _{1A_1} + \vartheta _{2A_1}) v \| _{ L^2} \le B ^{-1} ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} ) .\end {align}


\begin {align}\label {eq:disczbv1} \| \xi _2 \langle \eta _2 [c]-\eta _2 , \zeta _{B}v \rangle \| _{L^2}\lesssim |\langle \eta _2 [c]-\eta _2 , \zeta _{B}v \rangle | \lesssim |c-1| \| \zeta _{B} v \| _{L^2}\lesssim \delta ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} ) .\end {align}


\begin {align}\label {eq:disczbv2} \| \xi _1 \langle \eta _1 [c]-\eta _1 , \zeta _{B}v \rangle \| _{L^2}\lesssim |\langle \eta _1 [c]-\eta _1 , \zeta _{B}v \rangle | =|\langle \eta _1 , \zeta _{B}v \rangle | .\end {align}


\begin {align*}\langle \eta _1 , \zeta _{B}v \rangle = \theta _1(1) \langle \int _{-\infty } ^{x } \left . \partial _c \phi _c (y)\right |_{c=1} dy , \zeta _{B}v \rangle +\frac {\theta _2 (1)}{\theta _3 (1)} \langle \eta _2 , \zeta _{B}v \rangle =: I+II.\end {align*}


\begin {align}\label {eq:disczbv3} |II|\lesssim |\langle \eta _2 [c], \zeta _{B}v \rangle |+|\langle \eta _2 - \eta _2 [c] , \zeta _{B}v \rangle | \lesssim B ^{-1} ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} ) .\end {align}


\begin {equation*}\begin {imageonly} \begin {aligned} I&= \langle \theta _1(1)\int _{-\infty } ^{x } \Lambda _p \phi (y) dy - \frac { \theta _1(1)\int _{\R } \Lambda _p \phi (y) dy}{ \cancel {\theta _1(c)}\int _{\R } \partial _c \phi _c (y) dy } \cancel {\theta _1(c)} \int _{-\infty } ^{x } \partial _c \phi _c (y) dy , \zeta _{B}v \rangle \\& =\theta _1(1)\langle \int _{-\infty } ^{x } \Lambda _p \phi (y) dy - \frac {\int _{\R } \Lambda _p \phi (y) dy}{c^{\frac {2-p}{p-1} -\frac {1}{2}}\int _{\R } \Lambda _p \phi (y) dy} c^{\frac {2-p}{p-1} } \int _{-\infty } ^{x } \Lambda _p \phi (\sqrt {c}y) dy , \zeta _{B}v \rangle \\& = \theta _1(1)\langle \int _{\sqrt {c}x} ^{x } \Lambda _p \phi (y) dy , \zeta _{B}v \rangle . \end {aligned} \end {imageonly}\end {equation*}


$| \Lambda _p \phi (x)| \lesssim e^{-\frac {|x|}{2}}$


$x>0$


$c >1$


\begin {align*}\left | \int _{\sqrt {c}x} ^{x } \Lambda _p \phi (y) dy \right | \lesssim 2 e^{-\frac {x}{2}}\left ( 1-e^{- \frac {\sqrt {c}-1}{2} x}\right ) \le 2 e^{-\frac {x}{2}} \frac {\sqrt {c}-1}{2} x\end {align*}


$K>0$


$c$


\begin {align}\label {eq:disczbv4} \left | \int _{\sqrt {c}x} ^{x } \Lambda _p \phi (y) dy \right | \le K e^{-\frac {|x|}{4}} |c-1| \text { for all $ x\in \R $}\end {align}


$x$


\begin {align*}|I |\lesssim \delta ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} )\end {align*}


\begin {align*}|\langle \eta _1 , \zeta _{B}v \rangle |& \lesssim \delta ( \| v \|_{ { \Sigma }_{1A A_1}} + \| v \|_{ { \Sigma }_{2A A_1}} ) .\end {align*}


$w$


$Q$


$c=1$


\begin {align}\dot w &= \mathcal {L} w + Q [\zeta _{B}, \mathcal {L} ]v \nonumber \\& + (\dot \gamma -c ) Q \zeta _{B} v'+ ( \dot \gamma -c ) Q \zeta _{B} \xi _1[c] + \dot c \ Q \zeta _{B} \xi _2[c] \label {eq:gKdV22} \\& + Q \zeta _{B} \left ( \mathcal {L}_{[c ]} - \mathcal {L} \right ) v \label {eq:gKdV23} \\& - Q \zeta _{B} \partial _x \left ( f( \phi _{c} + v ) - f( \phi _{c} )- f'( \phi _{c} ) v\right ) . \label {eq:gKdV24}\end {align}


\begin {align}\label {eq:w0} \| e^{ t \mathcal {L} } w(0)\| _{L^2 (\R _+, \widetilde {\Sigma })}\le \sqrt {\delta }.\end {align}


\begin {align*}\| e^{ t \mathcal {L} } w(0)\| _{\widetilde {\Sigma }}& \le \| e^{ t \mathcal {L} } w(0)\| _{L^{2}_{\frac {1}{B}}} \lesssim C( 1/B)\langle t \rangle ^{-1/2} e^{-b\left (1/B ,p\right ) t}\| w(0)\| _{L^{2}_{\frac {1}{B}}}\\& \le C( 1/B)\langle t \rangle ^{-1/2} e^{-b\left (1/B ,p\right ) t} \left ( \| e^{\frac {x}{B} } \zeta _{B}v(0)\| _{L^2} + \| e^{\frac {x}{B} } P \zeta _{B}v(0)\| _{L^2} \right )\end {align*}


\begin {align*}\| e^{\frac {x}{B} } \zeta _{B}v(0)\| _{L^2} \lesssim \| v(0)\| _{L^2} \lesssim B ^{1/2}\delta \end {align*}


\begin {align*}\| e^{\frac {x}{B} } P \zeta _{B}v(0)\| _{L^2} \lesssim \sum _{i=1}^{2} | \langle \eta _i , \zeta _{B}v(0) \rangle | \lesssim B ^{1/2} \| v(0) \| _{\widetilde {\Sigma }} \lesssim B \delta .\end {align*}


$L^2(\R )$


$\delta $


$B$


\begin {align*}\| e^{ t \mathcal {L} } w(0)\| _{\widetilde {\Sigma }}& \lesssim C( 1/B)\langle t \rangle ^{-1/2} e^{-b\left (1/B ,p\right ) t} B ^{1/2}\delta .\end {align*}


$L^{1,1}$


$L^{1,1}_+$


$\|\cdot \|_{L^{1,1}_+}\leq \|\cdot \|_{L^{1,1}}$


$L^{1,1}_+$


$L^{1,1}$


\begin {align}\label {eq:gKdV221} \left \| \int _{0}^t e^{ (t-s)\mathcal {L} } \text {line \eqref {eq:gKdV22}} ds\right \| _{L^2 (I, \widetilde {\Sigma })}\lesssim \| \dot \gamma -c \| _{L^2 \left ( I \right ) }+ \| \dot c \| _{L^2 \left ( I \right ) } .\end {align}


\begin {align*}& \left \| \int _0 ^t e^{ (t-s) \mathcal {L} } ( \dot \gamma -c ) Q \zeta _{B} \xi _1[c] ds \right \| _{L^2 \left ( I , \widetilde {\Sigma }\right ) }\lesssim \| ( \dot \gamma -c ) \zeta _{B} \xi _1[c] \| _{ L^{ 1, 1} \left ( \R , L^{ 2}\left ( I\right )\right ) } \\& \lesssim \| ( \dot \gamma -c ) \xi _1[c] \| _{ L^{ 2,2} \left ( \R , L^{ 2}\left ( I\right )\right ) } = \| ( \dot \gamma -c ) \xi _1[c] \| _{ L^{ 2} \left ( I , L^{ 2,2}\left ( \R \right )\right ) }\\& \le \| ( \dot \gamma -c ) \| _{ L^{ 2} \left ( I \right ) } \| \xi _1[c] \| _{ L^{ \infty } \left ( I , L^{ 2,2}\left ( \R \right )\right )} \lesssim \| ( \dot \gamma -c ) \| _{ L^{ 2} \left ( I \right ) }\end {align*}


\begin {align*}\\& \left \| \int _0 ^t e^{ (t-s) \mathcal {L} } \ \dot c \ Q \zeta _{B} \xi _2[c] ds \right \| _{L^2 \left ( I , \widetilde {\Sigma }\right ) }\lesssim \| \dot c \| _{L^2 \left ( I \right ) }.\end {align*}


\begin {align*}& \left \| \int _0 ^t e^{ (t-s) \mathcal {L} } (\dot \gamma -c ) Q \zeta _{B} v' ds \right \| _{L^2 \left ( I , \widetilde {\Sigma }\right ) }\lesssim \| (\dot \gamma -c ) \zeta _{B} v' \| _{ L^{ 1, 1} \left ( \R , L^{ 2}\left ( I\right )\right ) } \\& \lesssim \| \zeta _{B} \| _{ L ^{2,1} (\R ) } \| (\dot \gamma -c ) v'\| _{ L^{ 2} \left ( \R , L^{ 2}\left ( I\right )\right ) } \lesssim B ^{\frac {3}{2}} \| (\dot \gamma -c ) \| _{ L^{ 2}\left ( I\right ) } \| v'\| _{ L^{ \infty } \left ( I , L^{ 2}\left ( \R \right )\right ) }\\& \lesssim B^2 \delta \| (\dot \gamma -c ) \| _{ L^{ 2} \left ( I\right ) } .\end {align*}


\begin {align}\label {eq:gKdV231} \left \| \int _{0}^t e^{ (t-s)\mathcal {L} } \text {line \eqref {eq:gKdV23}} ds\right \| _{L^2 (I, \widetilde {\Sigma })}\lesssim \sqrt { \delta } (\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+\| v \| _{L^2(I, { \Sigma }_{2A A_1} )}).\end {align}


\begin {align*}& \left \| \int _{0}^t e^{ (t-s)\mathcal {L} } Q \zeta _{B} \left ( \mathcal {L}_{[c ]} - \mathcal {L} \right ) v ds\right \| _{L^2 (I, \widetilde {\Sigma })}\\& \lesssim \left \| \zeta _{B} ( c-1) v ' \right \| _{ L^{ 1, 1} \left ( \R , L^{ 2}\left ( I\right )\right ) } + \left \| \zeta _{B} \partial _x \left ( \phi ^{p-1} -\phi ^{p-1}_{c} \right ) v \right \| _{ L^{ 1, 1} \left ( \R , L^{ 2}\left ( I\right )\right ) }.\end {align*}


\begin {align*}\| c-1\|_ {L^\infty (\R )} \left \| \zeta _{B} v '\right \| _{L^{ 1, 1} \left ( \R , L^{ 2}\left ( I\right )\right )} &\lesssim \delta \left \| \zeta _{2B} \right \| _{L^{ 2, 1} \left ( \R \right )} \left \| \zeta _{2B} v '\right \| _{L^{ 2} \left ( \R , L^{ 2}\left ( I\right )\right )} \\& \lesssim B^{3/2}\delta \left \| \frac {\zeta _{2B}}{\zeta _A} \zeta _A (\vartheta _{1A_1} + \vartheta _{2A_1}) v '\right \| _{L^{ 2} \left ( I , L^{ 2}\left ( \R \right )\right )} \\& \lesssim B^{3/2}\delta ( \| v \|_{ L^2 (I , { \Sigma }_{1A A_1})} + \| v \|_{ L^2 (I , { \Sigma }_{2A A_1})} )\end {align*}


\begin {align*}\left \| \zeta _{B} \partial _x \left ( \phi ^{p-1} -\phi ^{p-1}_{c} \right ) v \right \| _{L^{ 1, 1} \left ( \R , L^{ 2}\left ( I\right )\right )} \lesssim \delta ( \| v \|_{ L^2 (I , { \Sigma }_{1A A_1})} + \| v \|_{ L^2 (I , { \Sigma }_{2A A_1})} ) .\end {align*}


$1<p<2$


\begin {align}\label {eq:gKdV241} \left \| \int _{0}^t e^{ (t-s)\mathcal {L} } \text {line \eqref {eq:gKdV24}} ds\right \| _{L^2 (I, \widetilde {\Sigma })}\lesssim \delta ^{ \frac {p-1}{2} } (\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+\| v \| _{L^2(I, { \Sigma }_{2A A_1} )}) .\end {align}


\begin {align*}& A_1 + A_2 \text { where} \\& A_1 = \left \| \zeta _{B} \left ( f'( \phi _{c} + v ) -f' ( \phi _{c} ) - f''( \phi _{c} ) v\right )\phi ' _{c} \right \| _{L^{ 1, 1} \left ( \R , L^{ 2}\left ( I\right )\right )} \text { and}\\& A_2 = \left \| \zeta _{B} \left ( f'( \phi _{c} + v ) -f' ( \phi _{c} \right ) v' \right \| _{L^{ 1, 1} \left ( \R , L^{ 2}\left ( I\right )\right )} .\end {align*}


\begin {align*}A_1&\le \left \| \zeta _{B} \left ( f'( \phi _{c} + v ) -f' ( \phi _{c} ) - f''( \phi _{c} ) v\right )\phi ' _{c} \right \| _{L^{1,1}L^2 (\{ |v|\ll \phi _{c} \})} \\& + \left \| \zeta _{B} \left ( f'( \phi _{c} + v ) -f' ( \phi _{c} ) - f''( \phi _{c} ) v\right )\phi ' _{c} \right \| _{L^{1,1}L^2 (\{ |v|\gtrsim \phi _{c} \})} =: A_{11}+A_{12}.\end {align*}


$\zeta _{2B}=\sqrt { \zeta _{B}}$


\begin {align*}A_{11} &\le \int _{0}^1 \left \| \zeta _{B} \left ( f''( \phi _{c} + s v ) - f''( \phi _{c} ) \right ) v \phi ' _{c} \right \| _{L^{1,1}L^2 (\{ |v|\ll \phi _{c} \})} ds \\& \le \int _{[0,1]^2} \left \| \zeta _{B} f'''( \phi _{c} + \tau s v ) v ^2 \phi ' _{c} \right \| _{L^{1,1}L^2 (\{ |v|\ll \phi _{c} \})} s \ ds d\tau \\& \lesssim \left \| \zeta _{B} \phi _{c} ^{p-3} v ^2 \phi ' _{c} \right \| _{L^{1,1}L^2 (\{ |v|\ll \phi _{c} \})} \lesssim \left \| \zeta _{B} | v | ^p \right \| _{L^{1,1} (\R , L^2(I) )} \\& \le \left \| \zeta _{2B} \right \| _{L^{2,1} (\R ) )} \left \| \zeta _{2B} | v | ^p \right \| _{L^{2} (\R , L^2(I) )} \lesssim B ^{3/2} \left \| \zeta _{2B} | v | ^p \right \| _{L^{2} (I, L^2(\R ) )} \\& \le B ^{3/2} \| v \| ^{p-1}_{L^{\infty } (I\times \R ) )} \left \|\zeta _{2B} v \right \| _{L^2(I, L^2 (\R ))} \lesssim B^{\frac {p}{2}+1} \delta ^{p-1} \left \| \frac {\zeta _{2B}}{\zeta _{A} } \zeta _{A} (\vartheta _{1A_1} + \vartheta _{2A_1}) v \right \| _{L^{2} (I, L^2(\R ) )} \\& \le B^{\frac {p}{2}+1} \delta ^{p-1} \left \| \zeta _{A} (\vartheta _{1A_1} + \vartheta _{2A_1}) v \right \| _{L^2 (\R )} \le B^{\frac {p}{2} +1 } \delta ^{p-1}(\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+\| v \| _{L^2(I, { \Sigma }_{2A A_1} )}) ,\end {align*}


$|\phi ' _{c}|\lesssim \phi _{c}$


$p<3$


\begin {align*}A_{12} & \lesssim \left \| \zeta _{B} |v|^{p } \right \| _{L^{1,1} (\R , L^2(I) ) }\lesssim B^{\frac {p}{2} +1 } \delta ^{p-1}(\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+\| v \| _{L^2(I, { \Sigma }_{2A A_1} )}).\end {align*}


\begin {align*}A_2&\le \left \| \zeta _{B} \left ( f'( \phi _{c} + v ) -f' ( \phi _{c} \right ) v' \right \| _{L^{1,1}L^2 (\{ |v|\ll \phi _{c} \})} \\& +\left \| \zeta _{B} \left ( f'( \phi _{c} + v ) -f' ( \phi _{c} \right ) v' \right \| _{L^{1,1}L^2 (\{ |v|\gtrsim \phi _{c} \})} =: A_{21}+A_{22}.\end {align*}


\begin {align*}A_{21}&\lesssim \int _0 ^1 \left \| \zeta _{B} f''( \phi _{c} + sv ) v v' \right \| _{L^{1,1}L^2 (\{ |v|\ll \phi _{c} \})} ds\lesssim \left \| \zeta _{B} \phi _{c} ^{p-2} v v' \right \| _{L^{1,1}L^2 (\{ |v|\ll \phi _{c} \})} \\& \lesssim \left \| \zeta _{B} |v| ^{ p-1 } v' \right \| _{L^{1,1} (\R , L^2(I) )} \lesssim \left \| \zeta _{2B} \right \| _{L^{2,1} (\R ) )} \left \| \frac {\zeta _{2B}}{\zeta _A} \zeta _{A} (\vartheta _{1A_1} + \vartheta _{2A_1}) |v| ^{ p-1 } v' \right \| _{L^{2} (\R , L^2(I) )} \\& \lesssim B ^{3/2} \| v \| ^{p-1}_{L^{\infty } (I\times \R ) )}(\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+\| v \| _{L^2(I, { \Sigma }_{2A A_1} )})\\& \lesssim B^{\frac {p}{2}+1} \delta ^{ p-1 }(\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+\| v \| _{L^2(I, { \Sigma }_{2A A_1} )})\end {align*}


\begin {align*}A_{22}&\lesssim \| \zeta _{B} |v| ^{p-1} v' \| _{L^{1,1} (\R , L^2(I) )}\lesssim B^{\frac {p}{2}+1} \delta ^{p-1}(\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+\| v \| _{L^2(I, { \Sigma }_{2A A_1} )}).\end {align*}


\begin {align}&\label {eq:comm} [\zeta _{B}, \mathcal {L}] v= 3 \zeta _{B}'v'' -c \zeta _{B}'v +\zeta _{B}' f' ( \phi _{c} )v + 3 \zeta _{B}''v' + \zeta _{B}'''v .\end {align}


$-c \zeta _{B}'v$


\begin {align}\label {eq:gKdV21easy1} \left \| \int _{0}^t e^{ (t-s)\mathcal {L}} Q \left ( [\zeta _{B}, \mathcal {L}] + c \zeta _{B}'v\right ) ds\right \| _{L^2 (I, \widetilde {\Sigma })}\lesssim B ^{-1/2} (\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+\| v \| _{L^2(I, { \Sigma }_{2A A_1} )}).\end {align}


$3 \zeta _{B}'v''$


\begin {align*}& \left \| \int _{0}^t e^{ (t-s)\mathcal {L}} Q \left (\zeta _{B}' f' ( \phi _{c} )v + 3 \zeta _{B}''v' + \zeta _{B}'''v \right ) ds\right \| _{L^2 (I, \widetilde {\Sigma })}\\& \lesssim \| \zeta _{B}' f' ( \phi _{c} )v + 3 \zeta _{B}''v' + \zeta _{B}'''v \| _{L^{ 1, 1} \left ( \R , L^{ 2}\left ( I\right )\right )} \lesssim B ^{-1/2} (\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+\| v \| _{L^2(I, { \Sigma }_{2A A_1} )}) .\end {align*}


$\zeta _{B}'v'' = \partial _x ( \zeta _{B}'v')- \zeta _{B}''v'$


\begin {align*}& \left \| \int _{0}^t e^{ (t-s)\mathcal {L}} Q \left ( \partial _x ( \zeta _{B}'v')- \zeta _{B}''v' \right ) ds\right \| _{L^2 (I, \widetilde {\Sigma })}\\& \lesssim \| \zeta _{B}'v' \| _{L^{ 1 } \left ( \R , L^{ 2}\left ( I\right )\right ) } + \| \zeta _{B}''v' \| _{L^{ 1, 1} \left ( \R , L^{ 2}\left ( I\right )\right ) } \lesssim B ^{-1/2} (\| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+\| v \| _{L^2(I, { \Sigma }_{2A A_1} )}) .\end {align*}


\begin {align}\label {eq:gKdV21hard1} \left \| \int _{0}^t e^{ (t-s)\mathcal {L}} Q \zeta _{B}'v ds\right \| _{L^2 (I, \widetilde {\Sigma })}\lesssim A_ 1^{3/2}B ^{-1 } \| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+B ^{ 1/2 } \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} .\end {align}


$v=\vartheta _{1A_1}v+\vartheta _{2A_1}v$


\begin {align}\left \| \int _0^t e^{(t-s)\mathcal L}Q(\zeta _B'v)(s)\,ds \right \|_{L^2(I,\widetilde {\Sigma })} &\lesssim \|\langle x^+\rangle \zeta _B'\vartheta _{1A_1}v\|_{L^1_xL^2_t} + \|\langle x^+\rangle \zeta _B'\vartheta _{2A_1}v\|_{L^1_xL^2_t} \notag \\ &\lesssim \|\langle x^+\rangle \zeta _B'1_{(-\infty ,2A_1]}\zeta _A^{-1}\|_{L^2_x} \|\vartheta _{1A_1}v\|_{L^2(I,\Sigma _A)} \notag \\ &\quad + \|\langle x^+\rangle \zeta _B'1_{[A_1,\infty )}\zeta _A^{-1}\|_{L^2_x} \|\vartheta _{2A_1}v\|_{L^2(I,\Sigma _A)}. \label {eq:smoothing-short-Fcom-2}\end {align}


$|\zeta _B'|\lesssim B^{-1}$


\begin {align}\|\langle x^+\rangle \zeta _B'1_{(-\infty ,2A_1]}\zeta _A^{-1}\|_{L^2_x} \lesssim B^{-1/2}+A_1^{3/2}B^{-1}\lesssim A_1^{3/2}B^{-1}, \label {eq:smoothing-short-Fcom-3}\end {align}


$A_1=B^{3/5}$


\begin {align}\|\langle x^+\rangle \zeta _B'1_{[A_1,\infty )}\zeta _A^{-1}\|_{L^2_x}^2 &= \int _{A_1}^\infty \langle x\rangle ^2 |\zeta _B'(x)|^2 \zeta _A(x)^{-2}\,dx. \label {eq:smoothing-short-Fcom-4a}\end {align}


$x\ge 0$


$\langle x\rangle |\zeta _B'(x)| \lesssim e^{-x/(2B)}$


\begin {align}\|\langle x^+ \rangle \zeta _B'\vartheta _{2A_1}\zeta _A^{-1}\|_{L^2_x}^2 \lesssim \int _{A_1}^\infty e^{-x/B+2x/A}\,dx \lesssim B\,e^{-cA_1/B} \lesssim B. \label {eq:smoothing-short-Fcom-4c}\end {align}


\begin {align}\|\langle x^+\rangle \zeta _B'\vartheta _{2A_1}\zeta _A^{-1}\|_{L^2_x} \lesssim B^{1/2}. \label {eq:smoothing-short-Fcom-4}\end {align}


\begin {align*}\| w \| _{L^2(I, \widetilde {\Sigma } )} \lesssim A_ 1^{3/2}B ^{-1 } \| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+B ^{ 1/2 } \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} +\sqrt {\delta } .\end {align*}


\begin {align*}\| v \| _{L^2(I, \widetilde {\Sigma } )} &\le \| (1-\zeta _{B}) v \| _{L^2(I, \widetilde {\Sigma } )} + \| \zeta _{B} v \| _{L^2(I, \widetilde {\Sigma } )} \\& \lesssim B ^{-1} \left ( \| v \| _{L^2(I, { \Sigma }_{1A A_1} )} + \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} \right ) + \| P \zeta _{B}v \| _{L^2(I, \widetilde {\Sigma } )} +\| w \| _{L^2(I, \widetilde {\Sigma } )} \\& \lesssim A_ 1^{3/2}B ^{-1 } \| v \| _{L^2(I, { \Sigma }_{1A A_1} )}+B ^{ 1/2 } \| v \| _{L^2(I, { \Sigma }_{2A A_1} )} +\sqrt {\delta }.\end {align*}


\begin {align}\label {eq:lineq1} \mathcal {L}_{[c ]}u=\lambda u \text { for } \lambda \in \C .\end {align}


$c=1$


$[c ]$


\begin {equation}\label {eq:mus} \mu ^3 - \mu + \lambda =0.\end {equation}


$\mu _j:\Omega :=\left \{ \lambda \in \C : |\Re \lambda |<\frac {1}{3\sqrt {3}} \right \}\to \C $


$(j=1,2,3)$


\begin {align*}\mu _1(0)=-1, \qquad \mu _2(0)=0, \qquad \mu _3(0)=1.\end {align*}


\begin {align}\label {eq:sum_of_mus} \mu _1+\mu _2+\mu _3 &= 0,\\ \mu _1\mu _2+\mu _1\mu _3+\mu _2\mu _3 &= -1,\\ \mu _1\mu _2\mu _3 &= -\lambda .\end {align}


$0<\Re \lambda <\frac {1}{3\sqrt {3}}$


\begin {align}\label {eq:stres0} \Re \mu _1 < 0 < \Re \mu _2 < \Re \mu _3.\end {align}


$\mu _j$


$\overline {\Omega }$


$\kappa >0$


\begin {align}\label {eq:relmus} \Re \mu _1(\lambda ) &\leq -\kappa ,\\ \Re \bigl (\mu _2(\lambda )-\mu _1(\lambda )\bigr ) &\geq \kappa ,\\ \Re \bigl (\mu _3(\lambda )-\mu _2(\lambda )\bigr ) &\geq \kappa \end {align}


$\lambda \in \overline {\Omega }$


$k\in \R $


$\lambda = \im k(k^2+1)$


\begin {align}\label {eq:detmu13} \mu _1(\lambda ) = -\sqrt {1+\frac 34k^2} - \frac {\im k}{2},\quad \mu _2(\lambda ) = \im k,\quad \mu _3(\lambda ) = \sqrt {1+\frac 34k^2} - \frac {\im k}{2}.\end {align}


\begin {align}\label {eq:def_a_j_jost} a_j(\lambda ) := \prod _{\substack {1\leq \ell \leq 3\\ \ell \neq j}} \bigl ( \mu _j(\lambda )-\mu _\ell (\lambda ) \bigr )^{-1}, \qquad j=1,2,3.\end {align}


$n\in \N \cup \{0\}$


\begin {align}\label {eq:muhighen} \left | \partial _\lambda ^n\mu _j(\lambda ) \right | &\lesssim _n \langle \lambda \rangle ^{\frac 13-n},\quad \left | \mu _j(\lambda )-\mu _\ell (\lambda ) \right | \gtrsim \langle \lambda \rangle ^{\frac 13}, \qquad j\neq \ell ,\\ \left | \partial _\lambda ^n a_j(\lambda ) \right | &\lesssim _n \langle \lambda \rangle ^{-\frac 23-n},\quad \left | \partial _\lambda ^n \bigl ( a_j(\lambda )\mu _j(\lambda ) \bigr ) \right | \lesssim _n \langle \lambda \rangle ^{-\frac 13-n}\label {eq:mua_bound}\end {align}


$\lambda \in \Omega $


$j=1,2,3$


$4-27\lambda ^2$


$\overline {\Omega }$


$\lambda =\im k(k^2+1)$


$\mu _2=\im k$


$|\lambda |$


$|\lambda |$


$\Omega $


$a_j$


$\varepsilon \in (0,\frac {1}{3\sqrt {3}})$


$y_j$


$j=1,2,3$


\begin {align}\label {eq:wronskdef} W[y_1,y_2,y_3]:= \det \left ( \begin {array}{ccc} y_1 & y_2 & y_3 \\ y_1' & y_2' & y_3' \\ y_1 ''& y_2 ''& y_3 ''\\ \end {array} \right ).\end {align}


$y_j = e^{\mu _j(\lambda ) x}$


\begin {equation}\label {eq:vandermonde} W _0\left (\lambda \right ) := W[y_1,y_2,y_3] = \prod _{1\leq i < j\leq 3} (\mu _i - \mu _j ) .\end {equation}


\begin {align}\label {eq:nonhom} y'''-y'+\lambda y=F\end {align}


\begin {align}\label {eq:solution_nonhomogeneous_equation} & y = \sum _{ {j}=1,2,3 } a_ {j} e^{\mu _ {j} x}\int \ e^{-\mu _ {j} x } F(x) d x ,\end {align}


$a_j$


\begin {equation}\label {eq:sum_aj} \sum _{ {j}=1,2,3} a_ {j} \equiv 0 .\end {equation}


$F=-\left ( f' ( \phi _{c} )y \right ) '$


\begin {align*}-a_ {j} e^{\mu _ {j} x}\int \ e^{-\mu _ {j} x } \left ( f' ( \phi )y \right ) ' d x = -a_ {j} f' ( \phi )y - a_ {j}\mu _ {j} e^{\mu _ {j} x }\int \ e^{-\mu _ {j} x } f' ( \phi )y d x,\end {align*}


$j$


\begin {align}& y =- \sum _{ {j}=1,2,3 } a_ {j}\mu _ {j} e^{\mu _ {j} x }\int \ e^{-\mu _ {j} x } f' ( \phi )y d x . \label {eq:solnonhom}\end {align}


$f_1(x , \lambda ) = e^{\mu _1 x} m_1(x , \lambda )$


$\alpha , \beta \ge 0$


$C_{\alpha \beta }$


$\lambda \in \C $


$|\Re \lambda | \le \varepsilon $


$x\in \R $


\begin {equation}\label {eq:m1_estimate_partial} \left | \partial _\lambda ^\beta \partial _x^{\alpha } \left ( m_1(x , \lambda ) -1 \right ) \right | \leq C_{\alpha , \beta } \langle \lambda \rangle ^{-\frac {1}{3} -\beta } \int _{x}^{+\infty }f' (\phi (x') ) dx' \text { . }\end {equation}


\begin {equation*}f_1(x , \lambda ) = e^{\mu _1 x} + \sum _{ {j}=1,2,3 } a_ {j} \mu _ {j} e^{\mu _ {j} x} \int _x^{+\infty } e^{-\mu _{ {j}} y} f' ( \phi (y) ) f_1 (y , \lambda ) d y\end {equation*}


\begin {equation}\label {eq:integral_eq_m1} m_1(x , \lambda ) = 1 + \int _x^{+\infty } q ( x -y , \lambda ) f' ( \phi (y) ) m_1 (y , \lambda ) d y\end {equation}


\begin {align*}q ( x , \lambda ) = \sum _{ {j}=1,2,3 } a_ {j} \mu _ {j} e^{(\mu _{ {j}} -\mu _{1} ) x} .\end {align*}


\begin {equation}\label {eq:m1_sum} m_1(x , \lambda )= \sum _{n=0}^\infty m_1(x , \lambda )_{[n]} \ ,\end {equation}


\begin {equation}\label {eq:Volterra_integral} \begin {aligned} &m_1(x , \lambda )_{[0]} = 1 \ , \\& m_1(x , \lambda )_{[n+1]} = \int _x^{+\infty } q ( x -y , \lambda ) f' ( \phi (y) ) m_1 (y , \lambda ))_{[n]} d y . \end {aligned}\end {equation}


$C_*>0$


\begin {equation}\label {eq:estamu} \sup _{|\Re \lambda | \le \varepsilon } \sum _{ {j}=1,2,3} | a_ j \mu _j | \le C_* \langle \lambda \rangle ^{-\frac {1}{3}}.\end {equation}


\begin {align*}\left | m_1(x , \lambda )_{[n ]} \right | &\le C_* ^n \langle \lambda \rangle ^{- \frac {n}{3}} \int _{x\leq x_1\leq \ldots \leq x_n} | f' ( \phi (x_1) ) | \ldots | f' ( \phi (x_n) ) | d x_n \ldots d x_1 \\& = \frac {1}{n!} C_* ^n \langle \lambda \rangle ^{- \frac {n}{3}} \left ( \int _x^\infty | f' ( \phi (y) ) | dy \right ) ^n\end {align*}


$\alpha =\beta =0$


\begin {align}\nonumber \partial _x m_1(x , \lambda )& = - q ( 0 , \lambda ) f' ( \phi (x) ) m_1 (x , \lambda ) + \int _x^{+\infty } \partial _x q ( x -y , \lambda ) f' ( \phi (y) ) m_1 (y , \lambda ) d y \\& = m_1'(x , \lambda ) _{[0]} + \int _x^{+\infty } q ( x -y , \lambda ) f' ( \phi (y) )\partial _y m_1 (y , \lambda ) d y \text { where}\label {eq:derm11} \\ m_1'(x , \lambda ) _{[0]}&:= \int _x^\infty q ( x -y , \lambda ) f'' ( \phi (y) ) \phi ' (y) m_1 (y , \lambda ) d y.\nonumber \end {align}


\begin {align*}\partial _x m_1(x , \lambda )= \sum _{n=0}^\infty m_1'(x , \lambda )_{[n]}\end {align*}


$n\ge 0$


\begin {equation}\nonumber \begin {aligned} m_1'(x , \lambda )_{[n+1]} = \int _x^{+\infty } q ( x -y , \lambda ) f' ( \phi (y) ) m_1 '(y , \lambda ))_{[n]} d y . \end {aligned}\end {equation}


\begin {align*}\left | m_1'(x , \lambda )_{[0 ]} \right | &\le \| m_1 (\cdot , \lambda )\| _{L^\infty (\R )} C_* \langle \lambda \rangle ^{- \frac {1}{3}} \int _x ^{+\infty }| f'' ( \phi (y) ) \phi ' (y)| dy\end {align*}


$n\ge 1$


$C_0>0$


$| f'' ( \phi (y) ) \phi ' (y)|\le C_0| f' ( \phi (y) ) |$


\begin {align*}\left | m_1'(x , \lambda )_{[n ]} \right | &\le C_* ^{n} \langle \lambda \rangle ^{- \frac {n }{3}} \|m'_1(\cdot ,\lambda )_{[0]}\|_{L^\infty } \int _{x\leq x_1\leq \ldots \leq x_n} | f' ( \phi (x_1) ) | \ldots | f' ( \phi _{c} (x_n) ) | d x_n \ldots d x_1 \\& = \frac {1}{n!}C_0 C_* ^{n+1} \langle \lambda \rangle ^{- \frac {n +1}{3}} \left ( \int _x^\infty | f' ( \phi (y) ) | dy \right ) ^{n+1}.\end {align*}


$\alpha =1$


$\beta =0$


$\partial _\lambda $


\begin {align*}\partial _\lambda m_1(x , \lambda ) & = \int _x^\infty \partial _\lambda q ( x -y , \lambda ) f' ( \phi (y) ) m_1 (y , \lambda ) d y \\&\quad + \int _x^\infty q ( x -y , \lambda ) f' ( \phi (y) ) \partial _\lambda m_1 (y , \lambda ) d y .\end {align*}


\begin {align*}\partial _\lambda m_1(x , \lambda )= \sum _{n=0}^\infty \dot m_1 (x , \lambda )_{[n]}\end {align*}


\begin {equation}\nonumber \begin {aligned} & \dot m_1 (x , \lambda ) _{[0]} = \int _x^\infty \partial _\lambda q (\lambda , x-y ) f' ( \phi (y) ) m_1 (y , \lambda ) d y \text { and} \\& \dot m_1 (x , \lambda )_{[n+1]} = \int _x^\infty q ( x -y , \lambda ) f' ( \phi (y) ) \dot m_1 (y , \lambda ))_{[n]} d y . \end {aligned}\end {equation}


$C_1>0$


\begin {align*}&| \dot m_1 (x , \lambda ) _{[0]}| \le | \partial _\lambda (a_1\mu _1) | \| m_1 (\cdot , \lambda )\| _{L^\infty (\R )} \int _x^\infty f' ( \phi (y) ) d y \\& + \| m_1 (\cdot , \lambda )\| _{L^\infty (\R )} \sum _{ {j}= 2,3 } \int _x^\infty \left | a_ {j} \mu _ {j} \partial _\lambda \left (e^{-(\mu _{ {j}} -\mu _{1} ) (x-y)} \right ) \right | f' ( \phi (y) ) d y \\& \le C _1 \langle \lambda \rangle ^{- \frac {4}{3} } \int _x^\infty f' ( \phi (y) ) d y\end {align*}


\begin {align}& \nonumber \left | (x-y) e^{(\mu _{ {j}} -\mu _{1} ) (x-y)} \partial _\lambda (\mu _{ {j}} -\mu _{1} ) \right | \lesssim \left | (\mu _{ {j}} -\mu _{1} ) (x-y) e^{(\mu _{ {j}} -\mu _{1} ) (x-y)} \frac {\partial _\lambda (\mu _{ {j}} -\mu _{1} ) }{\mu _{ {j}} -\mu _{1}} \right | \\& \lesssim \left | \frac {\partial _\lambda (\mu _{ {j}} -\mu _{1} ) }{\mu _{ {j}} -\mu _{1}} \right | \lesssim \langle \lambda \rangle ^{-1 } \text { and for all $y>x$}.\label {eq:expdl}\end {align}


$n\ge 1$


$C_2>0$


\begin {align*}\left | \dot m_1 (x , \lambda )_{[n ]} \right | &\le C _2\langle \lambda \rangle ^{- \frac {4}{3} } C_* ^{n } \langle \lambda \rangle ^{- \frac {n }{3}} \int _{x\leq x_1\leq \ldots \leq x_n} | f' ( \phi (x_1) ) | \ldots | f' ( \phi (x_n) ) | d x_n \ldots d x_1 \\& = \frac {1}{n!} C _2\langle \lambda \rangle ^{- \frac {4}{3} } C_* ^{n } \langle \lambda \rangle ^{- \frac {n }{3}} \left ( \int _x^\infty | f' ( \phi (y) ) | dy \right ) ^n .\end {align*}


$\alpha =0$


$\beta =1$


\begin {align*}\partial _x^{\alpha } \partial _\lambda ^\beta m_1(x , \lambda ) = \widetilde {m}_1 (x , \lambda ) _{[0]} + \int _x^{+\infty } q ( x -y , \lambda ) f' ( \phi (y) ) \partial _y^{\alpha } \partial _\lambda ^\beta m_1 (y , \lambda ) d y\end {align*}


\begin {align}\label {eq:m1dergen} \widetilde {m}_1 (x , \lambda ) _{[0]} &= \sum a_{\beta _1\beta _2}^{\alpha _1\alpha _2} \int _x^{+\infty } \partial _{\lambda } ^{ \beta _1 } q ( x -y , \lambda ) \partial _{y } ^{ \alpha _1 } \left ( f' ( \phi (y) \right ) \partial _y^{\alpha _2} \partial _\lambda ^{\beta _2} m_1 (y , \lambda ) d y,\end {align}


$\alpha _1+\alpha _2=\alpha $


$\beta _1+\beta _2=\beta $


$\alpha _2 +\beta _2< \alpha +\beta $


$a_{\beta _1\beta _2}^{\alpha _1\alpha _2}$


$\alpha $


\begin {align*}\left | \partial _{\lambda } ^{ \beta _1 } q_1 ( x -y , \lambda ) \partial _{y } ^{ \alpha _1 } \left ( f' ( \phi (y) \right ) \partial _y^{\alpha _2} \partial _\lambda ^{\beta _2} m_1 (y , \lambda ) \right | \lesssim \langle \lambda \rangle ^{-\frac {1}{3} - \beta } | \partial _{y } ^{ \alpha _1 } \left ( f' ( \phi (y) \right )|\end {align*}


\begin {align*}\left | \widetilde {m}_1 (x , \lambda ) _{[0]} \right | \le C ' _{\alpha \beta } \langle \lambda \rangle ^{-\frac {1}{3} - \beta } \sum _{j=0}^{\alpha } \int _x ^{+\infty } | \partial _{y } ^{ \alpha } \left ( f' ( \phi (y) \right )| dy ,\end {align*}


$f_3(x , \lambda ) = e^{\mu _3 x} m_3(x , \lambda )$


$\alpha , \beta \ge 0$


$C_{\alpha \beta }$


$\lambda \in \C $


$|\Re \lambda | \le \varepsilon $


$x\in \R $


\begin {equation}\label {eq:m3_estimate_partial} \left | \partial _x^{\alpha } \partial _\lambda ^\beta \left ( m_3(x , \lambda ) -1 \right ) \right | \leq C_{\alpha , \beta } \langle \lambda \rangle ^{-\frac {1}{3} -\beta } \int _{-\infty }^{x }f' (\phi (x') ) dx' \text { .}\end {equation}


\begin {equation}\label {eq:integral_eq_m3} m_3(x , \lambda ) = 1 - \sum _{ {j}=1,2,3 } a_ {j} \mu _ {j} \int _ {-\infty } ^xe^{ (\mu _{ {j}} -\mu _{3} ) (x-y)} f' ( \phi (y) ) m_3 (y , \lambda ) d y .\end {equation}


$\lambda \in \im \R $


$f_{1}(-x, \lambda )$


$\lambda $


$-\lambda $


\begin {align}\label {eq:symmetryf13} f_{1}(-x, \lambda )=f_{3}( x, -\lambda ) \text { for all $x\in \R $ and $\lambda \in \im \R $.}\end {align}


$x\in \R $


$\tilde {f}_2(x , \lambda )= e^{\mu _2x} \tilde {m}_2(x , \lambda )$


$x_0\in \R $


$\lambda \in \C $


$|\Re \lambda | \le \varepsilon $


\begin {align}\label {eq:estimate_tildef21}& \| \tilde {m}_2(\cdot , \lambda )\| _{L^\infty \left ( ( -\infty , x_0 ) \right ) } \le 2 \text { and }\\& \lim _{x\to -\infty } \tilde {m}_2(x , \lambda ) =1 \ .\label {eq:estimate_tildef22}\end {align}


$C_{\alpha \beta } = C_{\alpha \beta } (c,x_0)$


$\alpha +\beta \ge 1$


\begin {align}\label {eq:estimate_tildef232} \| \partial _x^{\alpha } \partial _\lambda ^\beta \tilde {m}_2(\cdot , \lambda )\| _{L^\infty \left ( ( -\infty , x_0 ) \right ) } \le C_{\alpha , \beta } \langle \lambda \rangle ^{-\frac {1}{3} -\beta } \text { } .\end {align}


$C_{\alpha \beta } = C_{\alpha \beta } ( x_0)$


$x\le x_0$


$|\Re \lambda | \le \varepsilon $


\begin {align}\label {eq:estimate_tildef233} & | \partial _x^{\alpha } \partial _\lambda ^\beta \left ( \tilde {m}_2(x , \lambda ) -1\right ) |\le C_{\alpha \beta } \langle \lambda \rangle ^{-\frac {1}{3} -\beta } e^{- (p-1) |x|}.\end {align}


$x_0\in \R $


\begin {equation}\label {eq:m2tilde} \tilde {m}_2(x , \lambda ) = 1 + T \tilde {m_2}(\cdot , \lambda ) \ ,\end {equation}


\begin {align*}Tg (x) &:= - a_1 \mu _1 \int _{-\infty }^x e^{ ( \mu _1 -\mu _2) ( x-y) } f' ( \phi (y)) g(y) d y \\& - a_2 \mu _2 \int _{-\infty }^x f' ( \phi (y)) g(y) d y + a_3 \mu _3 \int _x^{x_0} e^{ ( \mu _3 -\mu _2) ( x-y) } f' ( \phi (y)) g(y) d y\ .\end {align*}


$x_1\in \R $


$x_0\leq x_1$


\begin {align*}\| T\| _{\mathcal {L}\left (L^\infty \left ( ( -\infty , x_0 ) \right )\right )}\leq 1/2\end {align*}


$|\Re \lambda | \le \varepsilon $


$\| (1-T) ^{-1}\| _{\mathcal {L}\left (L^\infty \left ( ( -\infty , x_0 ) \right )\right )} \le 2$


\begin {align*}& (1-T) \partial _x^{\alpha } \partial _\lambda ^\beta \tilde {m}_2(x , \lambda ) = A_1+A_2 \text { where } \\ & A_1 = -\sum a_{\beta _1\beta _2}^{\alpha _1\alpha _2} \int _{-\infty }^x \partial _{\lambda } ^{ \beta _1 } \left ( a_1 \mu _1 e^{ ( \mu _1 -\mu _2) ( x-y) } + a_2 \mu _2 \right ) \partial _{y } ^{ \alpha _1 } \left ( f' ( \phi (y) \right ) \partial _y^{\alpha _2} \partial _\lambda ^{\beta _2} \tilde {m}_2 (y , \lambda ) d y \\& A_2 = \sum a_{\beta _1\beta _2}^{\alpha _1\alpha _2} \int _x^{x_0} \partial _{\lambda } ^{ \beta _1 } \left ( a_3 \mu _3 e^{ ( \mu _3 -\mu _2) ( x-y) } \right ) \partial _{y } ^{ \alpha _1 } \left ( f' ( \phi (y) \right ) \partial _y^{\alpha _2} \partial _\lambda ^{\beta _2} \tilde {m}_2 (y , \lambda ) d y\end {align*}


$A_1$


$A_2$


$1-T$


\begin {align*}|Tg (x)| &\lesssim \langle \lambda \rangle ^{-\frac {1}{3} } \| g\| _{L^\infty (-\infty , x_0)} \left [ \int _{-\infty }^x e^{(p-1)y} d y \right . \\&\left . + e^{- \Re ( \mu _3 -\mu _2) \frac {|x|}{2} } \int _{-\infty }^{x_0} e^{(p-1) y} d y + e^{-\frac {(p-1)}{2}|x|} \int _{x}^{\frac {x}{2}} e^{- \Re ( \mu _3 -\mu _2) |x-y| } dy \right ] .\end {align*}


$F_1(x , \lambda )= e^{\mu _1 x} M_1(x , \lambda )$


$x_1\in \R $


$\alpha , \beta \ge 0$


$C_{\alpha \beta }$


$x\le x_1$


$|\Re \lambda | \le \varepsilon $


\begin {align*}| \partial _\lambda ^\beta \partial _x^{\alpha } \left ( M_1(x , \lambda )-1\right ) | \leq C_{\alpha , \beta } \langle \lambda \rangle ^{-\frac {1}{3} - \beta } e^{- (p-1) |x|} \text { and } \lim _{x\to -\infty } M_1(x , \lambda ) =1.\end {align*}


$F_2(x , \lambda )= e^{\mu _2 x} M_2(x , \lambda )$


$x_2\in \R $


$\alpha , \beta \ge 0$


$C_{\alpha \beta }$


$x\ge x_2$


$|\Re \lambda | \le \varepsilon $


\begin {align*}| \partial _\lambda ^\beta \partial _x^{\alpha } \left ( M_2(x , \lambda )-1\right ) | \leq C_{\alpha , \beta } \langle \lambda \rangle ^{-\frac {1}{3} - \beta } e^{- (p-1) |x|} \text { and } \lim _{x\to +\infty } M_2(x , \lambda ) =1.\end {align*}


$F_3(x , \lambda )= e^{\mu _3x } M_3(x , \lambda )$


$x_3\in \R $


$\alpha , \beta \ge 0$


$C_{\alpha \beta }$


$x\ge x_3$


$|\Re \lambda | \le \varepsilon $


\begin {align*}| \partial _\lambda ^\beta \partial _x^{\alpha } \left ( M_3(x , \lambda )-1\right ) | \leq C_{\alpha , \beta } \langle \lambda \rangle ^{-\frac {1}{3} - \beta } e^{- (p-1) |x|} \text { and } \lim _{x\to +\infty } M_3(x , \lambda ) =1.\end {align*}


$M_1(x , \lambda )$


\begin {align*}& M_1(x , \lambda ) = 1 + T M_1(\cdot , \lambda )\end {align*}


\begin {align*}T g (x) &:= - a_1 \mu _1 \int _{-\infty }^x f' ( \phi (y)) g(y) d y \\&\quad + a_2 \mu _2 \int _{x} ^{x_1} e^{ ( \mu _2 -\mu _1) ( x-y) } f' ( \phi (y)) g(y) d y + a_3 \mu _3 \int _x^{x_1} e^{ ( \mu _3 -\mu _1) ( x-y) } f' ( \phi (y)) g(y) d y\ .\end {align*}


$x_0\in \R $


$\| T\| _{\mathcal {L}\left (L^\infty \left ( ( -\infty , x_1 ) \right )\right )}\leq 1/2$


$x_1\le x_0$


$(\alpha ,\beta )=(0,0)$


\begin {align*}& (1-T) \partial _x^{\alpha } \partial _\lambda ^\beta M_1(x , \lambda ) = A_1+A_2 \text { where } \\ & A_1 = -\sum a_{\beta _1\beta _2}^{\alpha _1\alpha _2} \int _{-\infty }^x \partial _{\lambda } ^{ \beta _1 } \left ( a_1 \mu _1 \right ) \partial _{y } ^{ \alpha _1 } \left ( f' ( \phi (y) \right ) \partial _y^{\alpha _2} \partial _\lambda ^{\beta _2} M_1 (y , \lambda ) d y \\ & A_2 = -\sum _{j=2}^{3}\sum a_{\beta _1\beta _2}^{\alpha _1\alpha _2} \int _{x} ^{x_1} \partial _{\lambda } ^{ \beta _1 } \left ( a_j \mu _j e^{ ( \mu _j -\mu _1) ( x-y) } \right ) \partial _{y } ^{ \alpha _1 } \left ( f' ( \phi (y) \right ) \partial _y^{\alpha _2} \partial _\lambda ^{\beta _2} M_1 (y , \lambda ) d y\end {align*}


\begin {align*}| A_j|\lesssim \langle \lambda \rangle ^{-2/3 - \beta } \int _{-\infty }^x e^{- |y|} dy \text { for }j=1,2.\end {align*}


$F_3(x , \lambda )$


$M_2(x , \lambda )$


\begin {align*}& M_2(x , \lambda ) = 1 + \widetilde {T} M_2(\cdot , \lambda )\end {align*}


\begin {align*}\widetilde {T} g (x) &:= a_ 2 \mu _2 \int ^{ +\infty }_x f' ( \phi (y)) g(y) d y \\&\quad - a_1 \mu _1 \int _{x_2} ^{x } e^{ ( \mu _1 -\mu _2) ( x-y) } f' ( \phi (y)) g(y) d y + a_3 \mu _3 \int ^{ +\infty }_x e^{ ( \mu _3 -\mu _2) ( x-y) } f' ( \phi (y)) g(y) d y\ .\end {align*}


$\widetilde {x}_0\in \R $


$\| \widetilde {T}\| _{\mathcal {L}\left (L^\infty \left ( ( x_2, +\infty ) \right )\right )}\leq 1/2$


$x_2\ge \widetilde {x}_0$


$(\alpha ,\beta )=(0,0)$


$\tilde {f}_2(x , \lambda )$


$(\alpha ,\beta )$


$\lambda $


$0\le \Re \lambda \le \varepsilon $


$C_{\alpha \beta }(\lambda )$


$\lambda $


\begin {align}\label {eq:estimate_tildef234} | \partial _x^{\alpha } \partial _\lambda ^\beta \tilde {m}_2(x , \lambda ) | \le C_{\alpha , \beta } (\lambda ) \left (1 + e^{\Re (\mu _3-\mu _2) x} \right ) \text { for all $x\in \R $} .\end {align}


$x_0$


$x\le x_0$


$\tilde {f}_2(\cdot , \lambda )\in \Span \{ {f}_1(\cdot , \lambda ), {F}_2(\cdot , \lambda ), F_3(\cdot , \lambda ) \}$


$+\infty $


\begin {align*}\tilde {f}_2(x , \lambda )=A_1(\lambda ) {f}_1(x , \lambda )+A_2(\lambda ) {F}_2(x , \lambda ) +A_3(\lambda ) F_3(x , \lambda )\end {align*}


$A_j(\lambda )$


$\lambda $


$x_1$


$x\ge x_1$


$x_0\le x\le x_1$


$\lambda $


\begin {align}& \label {eq:bxlambda}b_{ij}(x,\lambda ) := f_i (x,\lambda ) f_j' (x,\lambda ) - f_i'(x,\lambda ) f_j (x,\lambda ) \text { and } \\& \label {eq:bxlambdatil}\widetilde {b}_{ j2}(x,\lambda ) := f_j (x,\lambda ) \widetilde {f}_2' (x,\lambda ) - f_j'(x,\lambda ) \widetilde {f}_2 (x,\lambda ) \text { for $j=1,3 $}\end {align}


$\widetilde {b}_{ 2j}(x,\lambda ):=-\widetilde {b}_{ j2}(x,\lambda )$


$Y= Y(x,\lambda ):= ( {f}_j(x, \lambda ), {f}_j'(x, \lambda ) , {f}_j'(x, \lambda ))^\intercal $


$j=1$


$j=3$


\begin {align}\frac {d}{dx} Y =AY \text { for }A = \left ( \begin {array}{ccc} 0 & 1 & 0 \\ 0 & 0 & 1 \\ -\lambda -\left ( f'(\phi )\right ) ' & 1- f'(\phi ) & 0 \\ \end {array} \right ) .\label {eq:systA}\end {align}


$Z=(z_1,z_2,z_3)^\intercal $


$\frac {d}{dx}Z =-A^\intercal Z$


$\mathcal {L} ^*z_3=\lambda z_3$


\begin {align}\label {eq:soldual} \left ( \mathcal {L} ^* -\lambda \right ) b_{ij}(\cdot ,\lambda ) =0 \text { for all $i,j$.}\end {align}


$D(\lambda ) =Y^\intercal (x, \lambda ) Z (x, \lambda )$


$Y$


$Z$


\begin {align*}Y^\intercal _ + (\lambda ) Z_-(\lambda ) =1 \text { where } Y _+(\lambda ) =\lim _{x\to +\infty } e^{-\mu _ {1}(\lambda ) x} Y(x, \lambda ) \text { and } Z _-(\lambda ) =\lim _{x\to -\infty } e^{ \mu _ {1} (\lambda ) x} Z(x,\lambda ).\end {align*}


$\lambda \in {\C }$


$\Re \lambda \ge 0$


$D(\lambda )=0$


$D(\lambda ) \xrightarrow {\lambda \to \infty }1$


\begin {align}\label {eq:derevans0}D(0)=D'(0) =0 \text { and }D''(0)= \left ( \frac {p+1}2 \right )^{-\frac 2{p-1}} \langle \Lambda _p \phi , \phi \rangle .\end {align}


\begin {align}\label {eq:limm1-infty} \lim _{x\to -\infty } e^{-\mu _ {1}x} Y (x, \lambda ) =D(\lambda ) {Y}_+(\lambda ).\end {align}


$\Lambda _p$


\begin {align}\label {eq:jostlambda01}& f_1(x,0 )= f_3(-x ,0 )= - \beta ^{-1}(p ) \phi ' (x) \text { where }\beta (p ):=\left ( 2 ({p+1}) \right )^{\frac 1{p-1}}, \\ \label {eq:jostlambda02}& \partial _\lambda f_1(x,0 )= \beta ^{-1}(p ) \left ( \frac {1}{p-1} \phi ' + \Lambda _p \phi \right ) \text { and } \\ \label {eq:jostlambda02pr}& \partial _\lambda f_3(x,0 )= \beta ^{-1}(p ) \left ( \frac {1}{p-1} \phi ' - \Lambda _p \phi \right ) .\end {align}


$f_{1}(\cdot , 0 ) \in \Span \{ \phi ', {F}_3(\cdot , 0), M_2(\cdot , 0 ) \}$


${f}_1(x , 0 ) =e^{-x}(1+o(1))$


$x \to +\infty $


$\phi '(x) =-\phi (x) \tanh \left ( \dfrac {p-1}{2} x\right )$


$x\to +\infty $


\begin {align*}\phi '(x) &= -\left (\frac {p+1}2 \right )^{\frac 1{p-1}} \left ( \cosh \left (\frac {p-1}2 x\right ) \right ) ^{-\frac 2{p-1}}\tanh \left ( \dfrac {p-1}{2} x\right )\\& \sim -\left (\frac {p+1}2 \right )^{\frac 1{p-1}} \left ( 2 ^{-1} \exp \left ( \frac {p-1}2 x\right ) \right ) ^{-\frac 2{p-1}} =-\left ( 2 ({p+1}) \right )^{\frac 1{p-1}} e ^{-x}.\end {align*}


$M_2(\cdot , 0 )$


$F _3(\cdot , 0)$


\begin {align*}e ^{x }\left ( f_1(x,0 ) + \beta ^{-1}(p )\phi ' (x) \right ) \xrightarrow {x \to +\infty } 0,\end {align*}


$f_1(x,0 )$


\begin {align*}f_{3}( x, 0 )=f_{1}(-x, 0 )= -\beta ^{-1}(p )\phi ' (-x)= \beta ^{-1}(p )\phi ' (x)\end {align*}


\begin {align*}\mathcal {L} \partial _\lambda f_1(\cdot ,0 )= f_1(\cdot ,0 ) = - \beta ^{-1}(p ) \phi ' .\end {align*}


$\mathcal {L} \Lambda _p \phi =- \phi '$


\begin {align*}G(x):= \partial _\lambda f_1(\cdot ,0 ) - \beta ^{-1}(p )\Lambda _p \phi \in \Span \{ \phi ', {F}_3(\cdot , 0), M_2(\cdot , 0 ) \} .\end {align*}


$G(x) \xrightarrow {x\to +\infty }0$


$G(x) = \alpha \beta ^{-1}(p ) \phi '$


$\alpha \in \R $


\begin {align*}\partial _\lambda f_1(\cdot ,0 )&= \alpha \beta ^{-1}(p ) \phi ' + \beta ^{-1}(p )\Lambda _p \phi .\end {align*}


$\alpha $


$x\to +\infty $


\begin {align}\label {eq:m2prime0} \partial _\lambda f_1(x ,0 )&= e^{-x }\left ( \partial _\lambda \mu _1 (0) x+o(1) \right ) = e^{-x }\left ( -\frac {1}{2 } x+o(1) \right ) \text { by }\partial _\lambda \mu _1 (0)=-\frac {1}{2 },\end {align}


$x\to +\infty $


\begin {align*}& \alpha \beta ^{-1}(p ) \phi ' (x) + \beta ^{-1}(p )\Lambda _p \phi ( x) = e^{-x} \left ( -\frac {1}{2} x - \alpha + \frac {1}{p-1} +o(1) \right )\end {align*}


$\alpha = \frac {1}{p-1}$


\begin {align*}\partial _\lambda f_3(x ,0 ) &= - \partial _\lambda f_1(-x ,0 )= - \beta ^{-1}(p ) \left ( \frac {1}{p-1} \phi ' (-x) + \Lambda _p \phi (-x) \right ) \\&= \beta ^{-1}(p ) \left ( \frac {1}{p-1} \phi ' ( x) - \Lambda _p \phi ( x) \right ) .\end {align*}


$\partial ^{a}_\lambda b _{13}(x,0)=0$


$a=0,1$


$n, m \ge 0$


$C_{n,m}$


$\lambda \in \C $


$0\le \Re \lambda \le \varepsilon $


$x\in \R $


\begin {equation}\label {eq:b13_estimate_partial} \left | \partial _x^{n} \partial _\lambda ^m \left ( e^{ \mu _2 (\lambda )x } b _{13}(x , \lambda ) \right ) \right | \leq C_{n,m} \langle \lambda \rangle ^{ \frac {1}{3} -m } .\end {equation}


$b_0\in \C $


$\partial ^{2}_\lambda b _{13}(x,0)=2D''(0) +b_0 \phi (x)$


$a=0$


\begin {equation*}\begin {imageonly} \begin {aligned} &\partial _\lambda b _{13}(x,0) =\partial _\lambda f_1 (x,0 ) f_3' (x,0 ) + f_1 (x,0 ) \partial _\lambda f_3' (x,0 ) - \partial _\lambda f_1'(x,0 ) f_3 (x,0 ) - f_1'(x,0 ) \partial _\lambda f_3 (x,0 )=\\& \frac {1}{\beta ^2(p )} \left [ \left ( \cancel {\frac {1}{p-1} \phi ' }+ \bcancel {\Lambda _p \phi } \right ) \phi '' -\phi ' \left ( \cancel {\frac {1}{p-1} \phi '} - \xcancel { \Lambda _p \phi } \right ) ' - \left ( \cancel {\frac {1}{p-1} \phi '} + \xcancel { \Lambda _p \phi } \right ) ' \phi '+ \phi '' \left ( \cancel {\frac {1}{p-1} \phi '} - \bcancel {\Lambda _p \phi } \right ) \right ] =0. \end {aligned} \end {imageonly}\end {equation*}


\begin {align*}& b _{13}(x , \lambda ) = e^{\mu _1 (\lambda )x } m_1 (x,\lambda ) \left ( e^{\mu _3 (\lambda )x } m_3 (x,\lambda )\right ) ' - \left ( e^{\mu _1 (\lambda )x } m_1 (x,\lambda )\right ) ' e^{\mu _3 (\lambda )x } m_3 (x,\lambda ) \\& = e^{-\mu _2 (\lambda )x } \left ( \left ( \mu _3 (\lambda )-\mu _1 (\lambda ) \right ) m_1 (x,\lambda ) m_3 (x,\lambda ) + m_1 (x,\lambda ) m_3 ' (x,\lambda ) - m_1 '(x,\lambda ) m_3 (x,\lambda ) \right ) .\end {align*}


\begin {align*}& \left | \partial _x^{n} \partial _\lambda ^m \left ( e^{ \mu _2 (\lambda )x } b _{13}(x , \lambda ) \right ) \right | =\\& \left | \partial _x^{n} \partial _\lambda ^m \left ( \left ( \mu _3 (\lambda )-\mu _1 (\lambda ) \right ) m_1 (x,\lambda ) m_3 (x,\lambda ) + m_1 (x,\lambda ) m_3 ' (x,\lambda ) - m_1 '(x,\lambda ) m_3 (x,\lambda ) \right ) \right | \leq C_{n,m} \langle \lambda \rangle ^{ \frac {1}{3} -m } .\end {align*}


$\mathcal {L} ^* \partial _\lambda ^2 b_{13}(\cdot ,0) =0$


\begin {align*}\partial _\lambda ^2 {b}_{13} (\cdot ,0 ) \in \Span \{ 1, \phi , g \}\end {align*}


$g$


$\mathcal {L}^*u=0$


$\partial _\lambda ^2 {b}_{13} (\cdot ,0 ) \in L^\infty (\R )$


$\partial _\lambda ^2 {b}_{13} (\cdot ,0 ) =a_0 +b_0\phi $


$a_0= 2D''(0)\neq 0$


$\displaystyle a_0=\lim _{x\to -\infty }\partial _\lambda ^2 {b}_{13} (x ,0 )$


\begin {align*}\partial _\lambda ^2 {b}_{13} (x ,0 ) &= 2 a(x) +b(x) \text { with } a(x) = \partial _\lambda ^2 m_1 (x,0) m_3 (x,0 ) \text { and } \\ b(x)&= 4\partial _\lambda m_1 (x,0) \partial _\lambda m_3 (x,0 ) + 2 \ m_1 (x,0) \partial _\lambda ^2 m_3 (x,0 ) \\& + \partial _\lambda ^2 \left ( m_1 (x,\lambda ) m_3 ' (x,\lambda ) - m_1 '(x,\lambda ) m_3 (x,\lambda ) \right )| _{\lambda =0}\end {align*}


$\mu _3 (0 )-\mu _1 (0 )=2$


$m_3 (x,0 ) \xrightarrow {x\to -\infty }1$


\begin {align*}m_1(x , \lambda ) -1 &= \sum _{ {j}= 2,3 } a_ {j} \mu _ {j} \int _ {x} ^{+\infty }e^{ (\mu _{ {j}} -\mu _{1} ) (x-y)} f' ( \phi (y) ) m_1 (y , \lambda ) d y \\& - a_ {1} \mu _ {1} \int _ {x} ^{+\infty } f' ( \phi (y) ) m_1 (y , \lambda ) d y =: A_1(x,\lambda ) + A_2(x,\lambda ).\end {align*}


$\partial _\lambda ^m \partial _\lambda ^n A_1(x,\lambda ) \xrightarrow {x\to -\infty }0$


\begin {align*}\lim _{x\to -\infty }\partial _\lambda ^n A_2(x,\lambda ) = -\partial _\lambda ^n \left ( a_ {1} \mu _ {1} \int _ {\R } f' ( \phi (y) ) m_1 (y , \lambda ) d y \right ) = \partial _\lambda ^n \left ( D(\lambda ) -1\right )\end {align*}


$a (x ) \xrightarrow {x\to -\infty } 2D''(0)$


$b (x ) \xrightarrow {x\to -\infty } 0$


$b(x)$


\begin {align*}\partial _\lambda ^2 \partial _x m_1 (x,\lambda ) = \partial _\lambda ^2 \partial _x A_1(x,\lambda ) + \partial _\lambda ^2 \left ( a_ {1} \mu _ {1} f' ( \phi (x) ) m_1 (x , \lambda ) \right ) \xrightarrow {x\to -\infty } 0.\end {align*}


$j=1$


$3$


\begin {align}\label {eq:dual01}& \widetilde {b}_{ j2}(x,0 ) = (-1) ^{\frac {j-1}{2}} \beta ^{-1}(p ) \langle \Lambda _p \phi ,\phi \rangle \eta _2 \text { and }\\ \label {eq:dual02}& \partial _\lambda \widetilde {b}_{ j2}(x,0 ) =- (-1) ^{\frac {j-1}{2}} \beta ^{-1}(p ) \langle \Lambda _p \phi ,\phi \rangle \eta _1 +\alpha _j \eta _2 \\&\label {eq:dual02b} \text {with } \alpha _1=-\alpha _3-\frac {2}{(p-1) \beta (p ) \theta _3} \text { and }\alpha _3= \frac { 1+\frac {1}{p-1} +\frac {\theta _ 2}{\theta _ 1}}{ \beta (p ) \theta _3} .\end {align}


$\mathcal {L} ^* u=0$


$\Span \{ 1, \eta _2 , g \}$


$g$


$x\to \pm \infty $


$\mathcal {L} ^* \widetilde {b}_{ 32}(\cdot ,\lambda )=-\lambda \widetilde {b}_{ 32}(\cdot ,\lambda )$


$\widetilde {b}_{ 32}(x,0 ) \xrightarrow {x\to -\infty } 0$


$\alpha \in \R $


$\widetilde {b}_{ 32}(\cdot ,0 ) = \alpha \beta ^{-1}(p ) \phi $


$\alpha $


$x\to -\infty $


\begin {align*}& \widetilde {b}_{ 32}(x ,0 )= - f_3'(x,0 ) \left ( 1+o(1) \right ) = - e^{x } \left ( 1+o(1) \right ) \text { and }\\& \alpha \beta ^{-1}(p ) \phi (x) = \alpha e^{x } \left ( 1+o(1) \right )\end {align*}


$\alpha =- 1$


$j=3$


$j=1$


$f_3 (x,0 )=-f_1 (x,0 )$


$\lambda $


$\widetilde {b}_{ j2}(\cdot ,\lambda )$


\begin {align*}& \mathcal {L} ^* \partial _\lambda \widetilde {b}_{ j2}(x ,0 )=- \widetilde {b}_{ j 2}(x ,0 ) = - (-1) ^{\frac {j-1}{2}} \beta ^{-1}(p ) \langle \Lambda _p \phi ,\phi \rangle \eta _2 (x ).\end {align*}


\begin {align}\label {eq:predual021} \mathcal {L} ^* \left ( \partial _\lambda \widetilde {b}_{ j2}(\cdot ,0 ) + (-1) ^{\frac {j-1}{2}} \beta ^{-1}(p ) \langle \Lambda _p \phi ,\phi \rangle \eta _1 \right ) =0.\end {align}


$x\to -\infty $


$\alpha _j\in \R $


\begin {align}\label {eq:dual021} \partial _\lambda \widetilde {b} _{ j2}(\cdot ,0 ) + (-1) ^{\frac {j-1}{2}} \beta ^{-1}(p ) \langle \Lambda _p \phi ,\phi \rangle \eta _1 =\alpha _j \eta _2 .\end {align}


$\alpha _j$


$x\to -\infty $


\begin {align}\nonumber \eta _1 (x) &= \frac {\theta _1}{2 } \int _{-\infty }^{x}y\phi ' (y)dy + \theta _1 \frac {1}{p-1} \int _{-\infty }^{x} \phi (y)dy + \theta _ 2 \phi (x)\\& = \frac {\theta _1}{2 } x \phi (x) +\left [ \theta _1 \left ( \frac {1}{p-1} - \frac {1}{2}\right ) + \theta _ 2 \right ] \phi (x) +o \left ( \phi (x) \right ) \text { for }x\to -\infty . \label {eq:aseta1-infty}\end {align}


\begin {align*}\widetilde {b}_{ 32}(x ,\lambda ) = e^{-\mu _1 ( \lambda )x} \left ( \mu _2( \lambda ) - \mu _3( \lambda )\right ) +o\left ( \frac {e^{-\mu _1( \lambda ) x}}{x} \right ) \text { for } x\to -\infty \end {align*}


\begin {align*}\partial _\lambda \widetilde {b}_{ 32}(x ,0 )&= e^{ x} \left ( \frac {3}{2} -\frac {x}{2} +o(1) \right ) \text { for } x\to -\infty \end {align*}


\begin {align*}\alpha _3\beta (p ) \theta _3&= \frac {3}{2 } + \beta ^{-1}(p ) \frac {1}{\theta _1} \left [ \theta _1 \left ( \frac {1}{p-1} - \frac {1}{2}\right ) + \theta _ 2 \right ] \beta (p ) =1+\frac {1}{p-1} +\frac {\theta _ 2}{\theta _ 1}.\end {align*}


$\mu _2'(0)=1$


\begin {align*}\partial _\lambda \widetilde {b}_{ 12}(x ,0 )&= \partial _\lambda f_1 (x,0 ) \widetilde {f}_2' (x,0 ) + f_1 (x,0 ) \partial _\lambda \widetilde {f}_2' (x,0 ) - \partial _\lambda f_1' (x,0 ) \widetilde {f}_2 (x,0 ) - f_1' (x,0 ) \partial _\lambda \widetilde {f}_2 (x,0 ) \\& =o(e^x)-e^{x}\mu _2'(0) - \left ( \frac {2}{p-1}e^x +\frac {x}{2}e^x \right ) ' +e^x \mu _2'(0) x\\ &= \frac {1}{2 } x e^{x }-\left ( \frac 32+\frac {2}{p-1} \right ) e^{x } +o(e^{x }) \text { for $x\to -\infty $}.\end {align*}


$x\to -\infty $


\begin {align*}\alpha _1\beta (p ) \theta _3&= -\left ( \frac 32+\frac {2}{p-1} \right ) - \frac {\theta _2}{\theta _1}- \left ( \frac {1}{p-1} -\frac {1}{2} \right ) = -1-\frac {3}{p-1} - \frac {\theta _2}{\theta _1} .\end {align*}


$\tilde {f}_2$


$x\to \infty $


$\Re \lambda =0$


$\tilde {f}_2$


$\mathcal {L}u=0$


$\mathcal {L}u=0$


$\{\phi ', h_2,h_3\}$


$h_2,h_3$


$\lim _{x\to \infty }h_2(x)=1$


$\lim _{x\to \infty }h_3(x)=\infty $


$\mathcal {L}u=0$


$\lim _{x\to -\infty } u(x)=1$


$\lim _{x\to +\infty } |u(x)|=\infty $


$\mathcal {L}u=0$


$u(0)$


$u'(0)$


$u''(0)$


$\phi '$


$\mathcal {L}u=0$


$\phi '(0)=\phi '''(0)=0$


$\phi $


$u'(0)=0$


$\mathcal {L}u=0$


$L_+ u=c$


$c\in \R $


$L_+$


$\mathcal {L}u=0$


$u'(0)=0$


$\mathcal {L}u=0$


$\lim _{x\to +\infty }u(x)=1$


$\lim _{x\to +\infty }u(x)=\infty $


$\mu _3(0)=1$


$h_2$


$h_3$


$\lim _{x\to +\infty }u(x)=\infty $


$u$


$h_3$


$\lim _{x\to -\infty }u(x)=\infty $


$\widetilde {f}_2(x,\lambda ), f_3(x,\lambda )\in \mathrm {Span}\{f_1(x,\lambda ),F_2(x,\lambda ),F_3(x,\lambda )\}$


\begin {align}\widetilde {f}_2(x,\lambda )&=c_{21}(\lambda )f_1(x,\lambda )+c_{22}(\lambda )F_2(x,\lambda )+c_{23}(\lambda )F_3(x,\lambda ),\label {eq:connect2}\\ f_3(x,\lambda )&=c_{31}(\lambda )f_1(x,\lambda )+c_{32}(\lambda )F_2(x,\lambda )+c_{33}(\lambda )F_3(x,\lambda ).\label {eq:connect3}\end {align}


$c_{jk}(\lambda )$


$j=2,3$


$k=1,2,3$


$\lambda $


$c_{33}(\lambda )=D(-\lambda )$


$c_{23}(0)=0$


$c_{1j}$


$F_1(x,\lambda )=c_{11}(\lambda )f_1(x,\lambda )+c_{12}(\lambda )F_2(x,\lambda )+c_{13}F_3(x,\lambda )$


$3\times 3$


$C=(c_{jk})_{1\leq j,k\leq 3}$


$F_j(0,\lambda )$


$j=1,2,3$


$f_1(0,\lambda )$


$\widetilde {f}_2(0,\lambda )$


$f_3(0,\lambda )$


$c_{jk}$


$m_3(x,\lambda ) =m_1(-x,-\lambda )$


$\lambda \in \im \R $


\begin {align}\label {eq:m3+infty} c_{33}(\lambda )=\lim _{x\to +\infty } m_3(x,\lambda ) &= \lim _{x\to -\infty } m_1(x,-\lambda ) =D(-\lambda ) .\end {align}


$c_{23}(0)\neq 0$


$\widetilde {f}_2(x,0)=\widetilde {m}_2(x,0)$


$\lim _{x\to -\infty }\widetilde {f}_2(x,0)=1$


$\lim _{x\to -\infty } |\widetilde {f}_2(x,0)|=\infty $


$\widetilde {f}_2(x,0)$


$\mathcal {L}u=0$


$c_{23}(0)=0$


\begin {align}\label {eq:defc0} c_0(\lambda ):=\frac {\lambda c_{23}(\lambda )}{D(-\lambda )}.\end {align}


$c_0$


$0$


\begin {align}\label {eq:deff2} f_{2}(x,\lambda ) := \lambda \widetilde {f}_{2}(x,\lambda ) -c_0(\lambda ){f}_{3}(x,\lambda ).\end {align}


$c_0(\lambda )$


$f_2(x,\lambda )\in \mathrm {Span}\{f_1(x,\lambda ),F_2(x,\lambda )\}$


\begin {equation*}\begin {imageonly} \begin {aligned} f_2(x,\lambda )=&\left (\lambda c_{21}(\lambda )-c_0(\lambda )c_{31}(\lambda )\right ) f_1(x,\lambda )+\left (\lambda c_{22}(\lambda )-c_0(\lambda )c_{32}(\lambda )\right ) F_2(x,\lambda )\\& +\cancel {\left (\lambda c_{23}(\lambda )-c_0(\lambda )D(-\lambda )\right )} F_3(x,\lambda ). \end {aligned} \end {imageonly}\end {equation*}


$f_2$


$\tilde {f}_2(x , \lambda )$


$a_0>0$


$C_{\alpha \beta }>0$


\begin {align}\label {eq:estm21} | \partial _x^\alpha \partial _\lambda ^\beta m_2(x , \lambda ) | \le C _{\alpha \beta } \text { for all $x\in \R $ and all $\lambda \in \left ( -\im a_0, \im a_0\right ) $}.\end {align}


$x\le 0$


$x\ge 0$


${f}_2(\cdot , \lambda ) \in \Span \{ {f}_1(\cdot , \lambda ), {F}_2(\cdot , \lambda ) \}$


\begin {align}& W(\lambda ):= W [{f}_1(y, \lambda ),{f}_2(y , \lambda ), {f}_3(y , \lambda )] .\label {eq:wronsk}\end {align}


\begin {align}\label {eq:wronsk1} W(\lambda ) = \lambda D(\lambda ) W_0(\lambda ).\end {align}


\begin {align*}W(\lambda )=\lambda W [{f}_1(y, \lambda ),\widetilde {{f}}_2(y , \lambda ), {f}_3(y , \lambda )].\end {align*}


\begin {align*}& Y (x, \lambda ) :=( {f}_1(x, \lambda ) , {f}_1'(x, \lambda ) , {f}_1'(x, \lambda ))^\intercal \text { and } Z(x,\lambda ):= ( z_1 , z_2 , z_3 )^\intercal \text { with } \\& z_1 = \widetilde {f}_2' (x,\lambda ) f_3''(x,\lambda ) -\widetilde {f}_2'' (x,\lambda ) f_3' (x,\lambda ), \\& z_2 = \widetilde {f}_2'' (x,\lambda ) f_3 (x,\lambda ) -\widetilde {f}_2 (x,\lambda ) f_3''(x,\lambda ) \text { and} \\& z_3 = \widetilde {f}_2 (x ,\lambda ) f_3'(x,\lambda ) - \widetilde {f}_2' (x,\lambda ) f_3 (x,\lambda ),\end {align*}


$Y$


$Z$


$\frac {d}{dx}Z =-A^\intercal Z$


\begin {align}\label {eq:connwron} W [{f}_1(x, \lambda ),\widetilde {{f}}_2(x , \lambda ), {f}_3(x , \lambda )] = Y^\intercal (x, \lambda ) Z (x, \lambda ).\end {align}


\begin {align*}& e^{-\mu _ {1}x} Y (x, \lambda ) \xrightarrow {x\to +\infty } {Y}_+(\lambda ) =( 1 , \mu _ {1} , \mu _ {1} ^2)^\intercal \text { and}\\& e^{ \mu _ {1}x} Z (x, \lambda ) \xrightarrow {x\to -\infty } {Z}_-(\lambda ) =( \mu _ {2}\mu _ {3} (\mu _ {3} -\mu _ {2}), \mu _ {2} ^2-\mu _ {3} ^2 ,\mu _ {3} -\mu _ {2} )^\intercal \end {align*}


\begin {align*}Y^\intercal _+ (\lambda ) Z_-(\lambda )= W _0\left (\lambda \right ) .\end {align*}


\begin {align*}Y^\intercal (x, \lambda ) Z (x, \lambda ) =D(\lambda ) W _0\left (\lambda \right ).\end {align*}


$R(\lambda ) = R_{\mathcal {L} }(\lambda )$


$\varepsilon \ge \Re \lambda \ge 0$


$\lambda \neq 0$


\begin {align}\label {eq:res0} R(\lambda ) g & = R_1(\lambda ) g + R_2(\lambda ) g \text { where } \\ R_1(\lambda ) g& (x)= - {f}_2(x , \lambda ) \int _ x ^{+\infty } \frac {g(y) b_{13}(y,\lambda )}{W(\lambda )} dy \text { and} \label {eq:res1} \\ R_2(\lambda ) g& =R _{23}(\lambda ) g+ R _{21}(\lambda ) g \text { with}\label {eq:res2} \\ R _{23}(\lambda ) g&(x)= - {f}_1(x , \lambda ) \int _ {-\infty } ^x \frac {g(y) b_{23}(y,\lambda )}{W(\lambda )} dy \text { , } R _{21}(\lambda ) g (x) ={f}_3(x , \lambda ) \int _ x ^{+\infty } \frac {g(y) b_{12}(y,\lambda )}{W(\lambda )} dy, \nonumber \end {align}


$\varepsilon \ge \Re \lambda \ge 0$


$\varepsilon >0$


$(\mathcal {L}-\lambda )u=g$


$L^2(\R )$


$\varepsilon \ge \Re \lambda >0$


$\lambda = z$


$\Re \lambda \ge 0$


$\lambda \neq 0$


\begin {align}\label {eq:tilres0} R(\lambda ) g & = \widetilde {R}_1(\lambda ) g + \widetilde {R}_2(\lambda ) g \text { where } \\ \widetilde {R}_1(\lambda ) g& (x)= - \widetilde {{f}}_2(x , \lambda ) \int _ x ^{+\infty } \frac {g(y) b_{13}(y,\lambda )}{D(\lambda ) W _0\left (\lambda \right )} dy \text { and} \label {eq:tilres1} \\ \widetilde {R}_2(\lambda ) g& =\widetilde {R} _{23}(\lambda ) g+ \widetilde {R} _{21}(\lambda ) g \text { with}\label {eq:tilres2} \\ \widetilde {R} _{23}(\lambda ) g&(x)= - {f}_1(x , \lambda ) \int _ {-\infty } ^x \frac {g(y) \widetilde {b}_{23}(y,\lambda )}{D(\lambda ) W _0\left (\lambda \right )} dy \text { and } \widetilde {R} _{21}(\lambda ) g (x) ={f}_3(x , \lambda ) \int _ x ^{+\infty } \frac {g(y) \widetilde {b}_{12}(y,\lambda )}{D(\lambda ) W _0\left (\lambda \right )} dy. \nonumber \end {align}


$\lambda $


$\lambda $


$\varepsilon _4>0$


$C( p)>0$


\begin {align}\label {eq:smooth21small} \left \| R (\im \tau ) g \right \| _{ \widetilde {\Sigma } } \le C(p) \left \| g \right \| _{ L ^{1,1}_+\left ( \R \right ) } \text { for all $ g\in \ker P $ and } \tau \in (-\varepsilon _4, \varepsilon _4 )\backslash \{ 0 \}.\end {align}


$\lambda =\im \tau $


\begin {align*}R (\lambda ) g=\frac { N (\lambda )g }{W(\lambda )} = \frac { \widetilde {N} (\lambda )g }{D(\lambda ) W _0\left (\lambda \right )} ,\end {align*}


$N (\lambda )= \lambda \widetilde {N} (\lambda )$


\begin {align*}R^{(0)}(\lambda ) g & := \frac {1}{D(\lambda ) W _0\left (\lambda \right )} \sum _{i=0,1} \lambda ^i \partial _z ^i \widetilde {N}( 0) g \\& = \frac {1}{D(\lambda ) W _0\left (\lambda \right )} \left ( - {f}_1(x , 0 ) \int _ {-\infty } ^x g(y) \widetilde {b}_{23}(y,0 ) dy + {f}_3(x , 0 ) \int _ x ^{+\infty } g(y) \widetilde {b}_{12}(y,0 ) dy \right ) \\& + \frac {\lambda }{D(\lambda ) W _0\left (\lambda \right )} \left ( - \partial _\lambda {f}_1(x , 0 ) \int _ {-\infty } ^x g(y) \widetilde {b}_{23}(y,0 ) dy + \partial _\lambda {f}_3(x , 0 ) \int _ x ^{+\infty } g(y) \widetilde {b}_{12}(y,0 ) dy \right ) \\& + \frac {\lambda }{D(\lambda ) W _0\left (\lambda \right )} \left ( - {f}_1(x , 0 ) \int _ {-\infty } ^x g(y) \partial _\lambda \widetilde {b}_{23}(y,0 ) dy + {f}_3(x , 0 ) \int _ x ^{+\infty } g(y) \partial _\lambda \widetilde {b}_{12}(y,0 ) dy \right ) \\& =: \frac {1}{D(\lambda ) W _0\left (\lambda \right )} A_0+\frac {\lambda }{D(\lambda ) W _0\left (\lambda \right )} A_{11}+\frac {\lambda }{D(\lambda ) W _0\left (\lambda \right )} A_{12}\end {align*}


$\widetilde {R}_1(\lambda )$


$g \in \ker P$


$R^{(0)}(\lambda ) g =0$


\begin {align*}A_0= \beta ^{-1}(p ){f}_3(x , 0 ) \langle \Lambda _p \phi ,\phi \rangle \langle g , \eta _2 \rangle =0 \text { by }g \in \ker P.\end {align*}


\begin {equation*}\begin {imageonly} \begin {aligned} A_{11}&= - \frac {\beta ^{-2}(p )}{\theta _3} \left ( \frac {1}{p-1} \phi ' + \Lambda _p \phi \right ) \int _ {-\infty } ^x g(y) \eta _2(y) dy + \frac {\beta ^{-2}(p )}{\theta _3} \left ( \frac {1}{p-1} \phi ' - \Lambda _p \phi \right ) \int _ x ^{+\infty } g(y) \eta _2(y) dy \\& =\cancel { \frac {\beta ^{-2}(p )}{\theta _3} \Lambda _p \phi \langle g , \eta _2 \rangle } - \frac {\beta ^{-2}(p )}{\theta _3} \frac {\phi '}{p-1} \int _ {-\infty } ^x g(y) \eta _2(y) dy + \frac {\beta ^{-2}(p )}{\theta _3} \frac {\phi '}{p-1} \int _ x ^{+\infty } g(y) \eta _2(y) dy , \end {aligned} \end {imageonly}\end {equation*}


$g \in \ker P.$


\begin {align*}A_{12}&= \frac {\beta ^{-2}(p )}{\theta _3} \phi ' \langle g, \eta _1 \rangle - \beta ^{-1}(p ) \alpha _3 \phi ' \int _ {-\infty } ^x g(y) \eta _2(y) dy \\&\quad - \left (\alpha _3+\frac {2}{(p-1) \beta (p ) \theta _3} \right ) \beta ^{-1}(p ) \phi ' \int _ x ^{+\infty } g(y) \eta _2(y) dy =-\frac {2}{(p-1) \beta ^2 (p ) \theta _3} \phi ' \int _ x ^{+\infty } g(y) \eta _2(y) dy.\end {align*}


$R^{(0)}(\lambda ) g =0$


$g \in \ker P$


\begin {align*}A_{11}+ A_{12}= - \frac {\beta ^{-2}(p )}{\theta _3} \frac {\phi '}{p-1} \langle g , \eta _2 \rangle =0.\end {align*}


\begin {align*}R^{(0)}(\lambda ) g = \frac {1 }{\lambda D(\lambda ) W _0\left (\lambda \right )} \sum _{i=0}^{2} \frac {\lambda ^i}{i!} \partial _z ^i {N}( 0) g=0\end {align*}


$R ^{(1)} (\lambda ) g= R (\lambda ) g -R ^{(0)} (\lambda ) g$


\begin {align}R ^{(1)} (\lambda ) g & = R _{ 1}^{(1)}(\lambda ) g+R _{21}^{(1)}(\lambda ) g + R _{23}^{(1)}(\lambda ) g \text { where} \label {eq:defR(1)}\end {align}


\begin {align}\label {eq:defR211} R _{21}^{(1)}(\lambda ) g &= \frac {2^{-1}}{\lambda D(\lambda )W_0(\lambda ) } \int _{0} ^{\lambda } dz (\lambda -z)^{2} \int _ x ^{+\infty } g(y) \partial _z ^3 \left ( {f}_3(x ,z ) {b}_{12}(y,z ) \right ) dy , \\ \label {eq:defR211b} R _{23}^{(1)}(\lambda ) g &= - \frac {2^{-1}}{\lambda D(\lambda )W_0(\lambda ) } \int _{0} ^{\lambda } dz (\lambda -z)^{2} \int _ {-\infty } ^x g(y) \partial _z ^3 \left ( {f}_1(x ,z ) {b}_{23}(y,z ) \right ) dy \text { and } \\ \label {eq:defR2111} R _{ 1}^{(1)}(\lambda ) g & = -\frac {1}{\lambda D(\lambda )W_0(\lambda ) } \int _ x ^{+\infty } g(y) \left ( {f}_2(x ,\lambda ) {b}_{13}(y,\lambda ) - \frac {\lambda ^2}{2} {f}_2(x ,0 ) \partial _\lambda ^2\thinspace {b}_{13}(y,0 ) \right ) dy.\end {align}


\begin {align}\label {eq:estR12} \left | R _{21}^{(1)}(\lambda ) g (x) \right | \lesssim \int _ x ^{+\infty } \langle x-y \rangle ^3 e^{- |x-y|} |g(y) | dy\end {align}


\begin {align}\label {eq:boundr121} \| R _{21}^{(1)}(\lambda ) g \| _{L^1(\R )\cap L^\infty (\R )}\lesssim \| g\| _{L^1(\R )} .\end {align}


\begin {align*}& \partial _z ^3 \left ( {f}_3(x ,z ) {b}_{12}(y,z ) \right ) = \partial _z ^3 \left [ e^{ \mu _3 (z ) (x-y) } {m}_3(x ,z ) \gamma (y,z) \right ] \text { where} \\& \gamma (y,z) = \left ( \mu _2 (\lambda )-\mu _1 (\lambda ) \right ) m_1 (y,z ) m_2 (y,z ) + m_1 (x,z ) m_2 ' (y,z ) - m_1 '(y,z ) m_2 (y,z) .\end {align*}


$y\ge x$


$C _{nm\ell }$


\begin {align*}\left | \partial _x ^n \partial _y ^m \partial _z ^\ell \left [ {m}_3(x ,z ) \gamma (y,z) \right ] \right |\le C _{nm\ell }\end {align*}


$z$


$D''(0) \neq 0$


$\Re \mu _3(z)\ge 1$


\begin {align*}& | \partial _z ^3 \left ( {f}_3(x ,z ) {b}_{12}(y,z ) \right ) |\lesssim \langle x-y \rangle ^3 e^{- |x-y|} ,\end {align*}


\begin {align}\label {eq:estR22} \left | R _{23}^{(1)}(\lambda ) g (x) \right | \lesssim \int _ {-\infty } ^x \langle x-y \rangle ^3 e^{- |x-y|} |g(y) | dy\end {align}


\begin {align}\label {eq:boundr123} \| R _{23}^{(1)}(\lambda ) g \| _{L^1(\R )\cap L^\infty (\R )}\lesssim \| g\| _{L^1(\R )} .\end {align}


$R _{ 1}^{(1)}(\lambda ) g$


$\partial _\lambda ^2 {b}_{13} (y,0 )= \partial _\lambda ^2 \left ( e^{ \mu _2 y} {b}_{13} \right ) (y,0 )$


\begin {align*}& {f}_2(x ,\lambda ) {b}_{13}(y,\lambda ) - \frac {\lambda ^2}{2} {f}_2(x ,0 ) \partial _\lambda ^2\thinspace {b}_{13}(y,0 )\\& = {f}_2(x ,\lambda ) e^{-\mu _2(\lambda ) y} \left ( e^{ \mu _2(\lambda ) y} {b}_{13}(y,\lambda ) \right ) - \frac {\lambda ^2}{2} {f}_2(x ,0 ) \partial _\lambda ^2 \left ( e^{ \mu _2 y} {b}_{13} \right ) (y,0 ) \\& = e^{-\mu _2(\lambda ) y} \left ( {f}_2(x ,\lambda ) e^{ \mu _2(\lambda ) y} {b}_{13}(y,\lambda ) - \frac {\lambda ^2}{2} {f}_2(x ,0 ) \partial _\lambda ^2 \left ( e^{ \mu _2 y} {b}_{13} \right ) (y,0 )\right ) \\& + \frac {\lambda ^2}{2} \left ( e^{-\mu _2(\lambda ) y} -1 \right ) f _2(x ,0 ) \partial _\lambda ^2 {b}_{13} (y,0 ) \\& = e^{-\mu _2(\lambda ) y} \int _0^\lambda \frac {(\lambda - z) ^2}{2} \partial ^3 _z \left ( e^{ \mu _2(z) x} {m}_2(x ,z ) e^{ \mu _2(z) y} {b}_{13}(y,z )\right ) dz\\& + \frac {\lambda ^2}{2} \left ( e^{-\mu _2(\lambda ) y} -1 \right ) f _2(x ,0 ) \partial _\lambda ^2 {b}_{13} (y,0 ) =: A(\lambda , x,y) +B(\lambda , x,y) .\end {align*}


$A(\lambda , x,y)$


\begin {align*}\frac {1}{|\lambda D(\lambda )W_0(\lambda ) |} \int _ x ^{+\infty } |g(y) A(\lambda , x,y)| dy\lesssim (1+|x|)^3 \int _ x ^{+\infty } |g(y) | dy\end {align*}


\begin {align*}|A(\lambda , x,y)|\lesssim (1+|x|)^3\int _{0}^{|\lambda |} (|\lambda |+\sigma )^2 d\sigma \sim |\lambda |^3 (1+|x|)^3\end {align*}


$|\partial ^n _z \left ( {m}_2(x ,z ) e^{ \mu _2(z) y} {b}_{13}(y,z )\right )|\lesssim 1$


\begin {align}\nonumber B(\lambda , x,y) &= - D''(0) c_0(0) {\lambda ^2} \left ( e^{-\mu _2(\lambda ) y} -1 \right ) f _3(x ,0 ) \\&\quad -b_0 c_0(0) \frac {\lambda ^2}{2} \left ( e^{-\mu _2(\lambda ) y} -1 \right ) f _3(x ,0 ) \phi (y)=: B_1(\lambda , x,y)+ B_2(\lambda , x,y). \label {eq:defB2}\end {align}


\begin {align*}\frac {1}{|\lambda D(\lambda )W_0(\lambda ) |} \int _ x ^{+\infty } |g(y) B_2(\lambda , x,y)| dy&\lesssim \frac {|\lambda \mu _2(\lambda )| }{| D(\lambda )W_0(\lambda ) |} |\phi ' (x)| \int _ x ^{+\infty } |g(y) | \langle y \rangle \phi (y) dy \\& \lesssim |\phi ' (x)| \int _ x ^{+\infty } |g(y) | dy .\end {align*}


\begin {align}\label {def:tildephi} \widetilde {\phi } (x) := \frac { \int _{-\infty } ^{x } \phi ( y) dy}{ \int _{\R } \phi ( y) dy}\end {align}


\begin {align}\label {eq:defrhat1} \widehat {R} _{ 1}^{(1)}(\lambda ) g & := - D''(0) c_0(0) \frac {\lambda }{ 2 D(\lambda )W_0(\lambda ) } f _3(x ,0 ) \int _ x ^{+\infty } g(y)\left ( e^{-\mu _2(\lambda ) y} -1 \right ) dy.\end {align}


\begin {align}\nonumber \widehat {R} _{ 1}^{(1)}(\lambda ) g =& - D''(0) c_0(0) \frac {\lambda }{ 2 D(\lambda )W_0(\lambda ) } f _3(x ,0 ) \int _ x ^{+\infty } g(y)\left ( e^{-\mu _2(\lambda ) y} -1 \right ) (1- \widetilde {\phi } (y) ) dy \\& \label {eq:rhats} + D''(0) c_0(0) \frac {\lambda }{ 2 D(\lambda )W_0(\lambda ) } f _3(x ,0 ) \int _ {-\infty } ^x g(y)\left ( e^{-\mu _2(\lambda ) y} -1 \right ) \widetilde {\phi } (y) dy \\& - D''(0) c_0(0) \frac {\lambda }{ 2 D(\lambda )W_0(\lambda ) } f _3(x ,0 ) \int _ {\R } g(y)\left ( e^{-\mu _2(\lambda ) y} -1 \right ) \widetilde {\phi } (y) dy=\sum _{j=1}^{3} \widehat {R} _{ 1}^{(1j)}(\lambda ) g .\nonumber \end {align}


$y^\pm :=\max (0,\pm y),$


\begin {align*}|\widehat {R} _{ 1}^{(11)}(\lambda ) g (x)| \lesssim \frac {|\mu _2(\lambda )|}{|\lambda | } |\phi ' (x)| \int _ x ^{+\infty } |g(y)| \langle y \rangle O(e^{-y^+}) dy \lesssim e^{-|x|} \int _ x ^{+\infty } |g(y)| dy.\end {align*}


\begin {align*}|\widehat {R} _{ 1}^{(12)}(\lambda ) g (x)| \lesssim \frac {|\mu _2(\lambda )|}{|\lambda | } |\phi ' (x)| \int _ {-\infty } ^x |g(y)| \langle y \rangle O(e^{-y^-} )dy \lesssim e^{-|x|} \int _ {-\infty } ^x |g(y)| dy.\end {align*}


\begin {align}\label {eq:smooth21smallalm} \left \| \left ( R (\im \tau ) - \widehat {R} _{ 1}^{(13)}(\im \tau ) \right ) g \right \| _{ \widetilde {\Sigma } } \le C_0 \left \| g \right \| _{ L^1\left ( \R \right ) } \text { for all $ g\in \ker P $ and } \tau \in (-\varepsilon _4, \varepsilon _4 )\backslash \{ 0 \}.\end {align}


\begin {align*}\left \| \widehat {R} _{ 1}^{(13)}(\im \tau ) g \right \| _{ \widetilde {\Sigma } } \lesssim \left \| \phi ' \right \| _{ \widetilde {\Sigma } } \frac {|\mu _2(\im \tau )|}{|\tau |} \int _\R \langle y \rangle |g(y) \widetilde {\phi } (y)| dy\lesssim \| g\| _{L^1(\R _-)}+ \| g\| _{L ^{1,1}(\R _+)}\sim \|g\|_{L^{1,1}_+}.\end {align*}


$\lambda $


$\lambda $


$C( p, \varepsilon _4)>0$


\begin {align}\label {eq:smooth21large} \sup _{ \tau \in \R \backslash (-\varepsilon _4, \varepsilon _4 ) } \left \| R_{\mathcal {L} } (\im \tau ) \right \| _{ \mathcal {L}\left ( L^1\left ( \R \right ), \widetilde {\Sigma } \right ) }\le C( p, \varepsilon _4) .\end {align}


$R_{0}(\im \tau )= R_{-\partial _x^3 + \partial _x}(\im \tau +0 )$


\begin {align*}R (\im \tau ) = \left ( 1- R_{0} (\im \tau ) \partial _x f '(\phi ) \right ) ^{-1} R_{0} (\im \tau ) .\end {align*}


$R_{0} (\im \tau ) \partial _x f '(\phi )$


$L^\infty (\R )$


$R_{0} (\im \tau )$


\begin {align*}R_{0} (\im \tau , x) = \left \{ \begin {array}{ll} a_1(\im \tau ) e^{\mu _1(\im \tau )x}, & \hbox { if $x\ge 0$ and } \\ - a_2(\im \tau ) e^{\mu _2(\im \tau )x} - a_3(\im \tau ) e^{\mu _3(\im \tau )x}, & \hbox { if $x\le 0$.} \end {array} \right .\end {align*}


$R_{0} (\im \tau ) \partial _x = \partial _x R_{0} (\im \tau )$


\begin {align*}\widetilde {R}_{0} (\im \tau , x) = \left \{ \begin {array}{ll} \mu _1(\im \tau )a_1(\im \tau ) e^{\mu _1(\im \tau )x}, & \hbox { if $x\ge 0$ and } \\ - \mu _2(\im \tau )a_2(\im \tau ) e^{\mu _2(\im \tau )x} -\mu _3(\im \tau ) a_3(\im \tau ) e^{\mu _3(\im \tau )x}, & \hbox { if $x\le 0$.} \end {array} \right .\end {align*}


$g= R_{0} (\im \tau ) \partial _x f '(\phi )g$


$g\in L^2_{a}(\R )$


$0<a<3^{-1/2}.$


$g$


$L^2_{a}(\R )$


$\im \tau $


$\tau \in \R \backslash (-\varepsilon _4, \varepsilon _4 )$


$-\partial _x^3 + \partial _x$


\begin {align}\label {eq:rlarge} \| R_{0} (\im \tau ) \partial _x f '(\phi ) \| _{\mathcal {L}(L^\infty (\R ))} + \| R_{0} (\im \tau ) \| _{\mathcal {L}(L^1 (\R ) , L^\infty (\R ))} + \| \partial _xR_{0} (\im \tau ) \| _{\mathcal {L}(L^1 (\R ) , L^\infty (\R ))}\xrightarrow {\tau \to \infty } 0.\end {align}


$L^\infty (\R ) \hookrightarrow \widetilde {\Sigma }$


\begin {align*}& \sup _{ \tau \in \R \backslash (-\varepsilon _4, \varepsilon _4 ) } \left \| R_{\mathcal {L} } (\im \tau ) \right \| _{ \mathcal {L}\left ( L^1\left ( \R \right ), \widetilde {\Sigma } \right ) } \\& \lesssim \sup _{\tau \in \R \backslash (-\varepsilon _4, \varepsilon _4 ) } \left \| \left ( 1- R_{0} (\im \tau ) \partial _x f '(\phi ) \right ) ^{-1} \right \| _{ \mathcal {L}\left ( L^\infty (\R ) \right ) } \sup _{ \tau \in \R } \| R_{0} (\im \tau ) \| _{\mathcal {L}(L^1 (\R ) , L^\infty (\R ))} <+\infty .\end {align*}


\begin {align*}& \sup _{\tau \in \R \backslash (-\varepsilon _4, \varepsilon _4 ) } \left \| R_{\mathcal {L} } (\im \tau ) \partial _x \right \| _{ \mathcal {L}\left ( L^1\left ( \R \right ), \widetilde {\Sigma } \right ) }\\& \lesssim \sup _{\tau \in \R \backslash (-\varepsilon _4, \varepsilon _4 ) } \left \| \left ( 1- R_{0} (\im \tau ) \partial _x f '(\phi ) \right ) ^{-1} \right \| _{ \mathcal {L}\left ( L^\infty (\R ) \right ) } \sup _{ \tau \in \R } \| \partial _x R_{0} (\im \tau ) \| _{\mathcal {L}(L^1 (\R ) , L^\infty (\R ))} <+\infty .\end {align*}


$\tau \in (-\varepsilon _4, \varepsilon _4 )\backslash \{ 0 \}$


$\lambda =\im \tau $


\begin {align*}\left ( R _{23}^{(0)}(\lambda ) + R _{21} ^{(0)}( \lambda ) \right ) \circ Q \circ \partial _x=0 ,\end {align*}


$R _{1} ^{(0)}( \lambda )\equiv 0$


\begin {align*}& R ^{(1)} (\lambda ) Q g ' = R ^{(1)} (\lambda ) g ' +\sum _{j=1}^{2}\langle g, \eta _j' \rangle R ^{(1)} (\lambda ) \xi _j\end {align*}


$|\langle g, \eta _j' \rangle |\lesssim \| g \| _{L^1 \left ( \R \right )}$


\begin {align*}\| R _{21}^{(1)}(\lambda ) \xi _j \| _{L^\infty \left ( \R \right )} + \| R _{23}^{(1)}(\lambda ) \xi _j\| _{L^\infty \left ( \R \right )} \lesssim \| \xi _j\| _{L^1 \left ( \R \right )} .\end {align*}


\begin {align*}\| R _{ 1}^{(1)}(\lambda ) \xi _j \| _{L^\infty \left ( \R \right )} &\le \| \left ( R _{ 1}^{(1)}(\lambda ) - \widehat {R} _{ 1}^{(1 )}(\lambda ) \right ) \xi _j \| _{L^\infty \left ( \R \right )} + \| \widehat {R} _{ 1}^{(1 )}(\lambda ) \xi _j \| _{L^\infty \left ( \R \right )} \\& \lesssim \| \xi _j\| _{L^1 \left ( \R \right )} +\| \widehat {R} _{ 1}^{(1 )}(\lambda ) \xi _j \| _{L^\infty \left ( \R \right )} \text { where}\end {align*}


\begin {align*}\left | \widehat {R} _{ 1}^{(1)}(\lambda ) \xi _j \right | & \lesssim \frac {1 }{ |\lambda | } |f _3(x ,0 )| \int _ x ^{+\infty } \left |\xi _j(y) \left ( e^{-\mu _2(\lambda ) y} -1 \right ) \right | dy \\& \lesssim \frac {|\mu _2(\lambda )| }{ |\lambda | } |\phi ' (x)| \int _ {\R } | y \xi _j (y) | dy\lesssim 1.\end {align*}


\begin {align*}- {f}_3(x ,z ) {b}_{12}(x,z ) - {f}_1(x ,z ) {b}_{23}(x,z ) + {f}_2(x ,z ) {b}_{13}(x,z )\equiv 0\end {align*}


\begin {align*}R ^{(1)} (\lambda ) g ' & = \frac {2^{-1}}{\lambda D(\lambda )W_0(\lambda ) } \int _{0} ^{\lambda } dz (\lambda -z)^{2} \int _ {-\infty } ^x g(y) \partial _z ^3 \left ( {f}_1(x ,z ) \partial _y{b}_{23}(y,z ) \right ) dy\\& +\frac {2^{-1}}{\lambda D(\lambda )W_0(\lambda ) } \int _{0} ^{\lambda } dz (\lambda -z)^{2} \int _ x ^{+\infty } g(y) \partial _z ^3 \left ( {f}_2(x ,z ) \partial _y{b}_{13}(y,z ) \right ) dy\\& - \frac {1}{\lambda D(\lambda )W_0(\lambda ) } \int _ x ^{+\infty } g(y) \widetilde { \gamma } (x,y, \lambda ) dy =:\sum _{j=1}^{3} \mathcal {R}_j(\lambda ) g \text { where} \\ \widetilde { \gamma } (x,y, \lambda )& = {f}_2(x ,\lambda ) \partial _y{b}_{13}(y,\lambda ) - \frac {\lambda ^2}{2} {f}_2(x ,0 ) \partial _y\partial _\lambda ^2\thinspace {b}_{13}(y,0 ) .\end {align*}


$R _{21}^{(1)}(\lambda )$


$R _{23}^{(1)}(\lambda )$


\begin {align*}\| \mathcal {R}_j(\lambda ) g \| _{\widetilde {\Sigma }}\lesssim \| g\| _{L^1(\R )} \text { for $j=2,3$.}\end {align*}


$\mathcal {R}_1(\lambda ) g$


$R _{ 1}^{(1)}(\lambda ) g$


\begin {align}& \nonumber \widetilde { \gamma } (x,y, \lambda ) = -\mu _2(\lambda ) e^{-\mu _2(\lambda )y} \left ( {f}_2(x ,\lambda ) e^{ \mu _2(\lambda )y} {b}_{13}(y,\lambda ) - \frac {\lambda ^2}{2} {f}_2(x ,0 ) \partial _\lambda ^2\thinspace {b}_{13}(y,0 ) \right ) \\& \nonumber + e^{-\mu _2(\lambda )y} {f}_2(x ,\lambda ) \partial _y \left ( e^{ \mu _2(\lambda )y} {b}_{13}(y,\lambda )\right ) - \frac {\lambda ^2}{2} {f}_2(x ,0 ) \partial _y\partial _z ^2 \left ( e^{ \mu _2(z)y} {b}_{13}(y,z )\right ) |_{z=0} \\& - \mu _2(\lambda ) e^{-\mu _2(\lambda )y} \frac {\lambda ^2}{2} f _2(x ,0 ) \partial _\lambda ^2\thinspace {b}_{13}(y,0 ) =:\sum _{j=1}^{3}\widetilde { \gamma }_j (x,y, \lambda ) \label {eq:gammatilde3}\end {align}


$\partial ^n _y\partial _z ^2 \left ( e^{ \mu _2(z)y} {b}_{13}(y,z )\right ) |_{z=0}= \partial ^n _y \partial _\lambda ^2 {b}_{13}(y,0 )$


$n$


\begin {align*}& \left | \frac {1}{\lambda D(\lambda )W_0(\lambda ) } \int _ x ^{+\infty } g(y) \widetilde { \gamma }_1 (x,y, \lambda ) dy \right | \\ &\lesssim \frac {1}{|\lambda |^2} \int _{0}^{|\lambda |} |\lambda |^2 \int _ x ^{+\infty } dy |g(y)| \left | \partial _z ^3 \left ( e^{\mu (z) 2 x} {m}_2(x ,z ) e^{ \mu _2(\lambda )y} {b}_{13}(y,z ) \right ) \right | dz \lesssim |\lambda | \langle x \rangle ^3 \int _ x ^{+\infty } |g(y)| dy\end {align*}


\begin {align*}& \left | \frac {1}{\lambda D(\lambda )W_0(\lambda ) } \int _ x ^{+\infty } g(y) \widetilde { \gamma }_2 (x,y, \lambda ) dy \right | \\ &\lesssim \frac {1}{|\lambda |^3} \int _{0}^{|\lambda |} |\lambda |^2 \int _ x ^{+\infty } dy |g(y)| \left | \partial _z ^3 \left ( e^{\mu (z) 2 x} {m}_2(x ,z ) \partial _y \left ( e^{ \mu _2(\lambda )y} {b}_{13}(y,z ) \right ) \right ) \right | dz \\& \lesssim \langle x \rangle ^3 \int _ x ^{+\infty } |g(y)| dy .\end {align*}


$\mu _2(\lambda )$


\begin {align*}& \left | \frac {1}{\lambda D(\lambda )W_0(\lambda ) } \int _ x ^{+\infty } g(y) \widetilde { \gamma }_3 (x,y, \lambda ) dy \right | \\ &\lesssim \frac { | \mu _2(\lambda ) \lambda ^2| }{|\lambda |^3} |\phi ' (x)| \int _ x ^{+\infty } dy |g(y) (2D''(0) +b_0 \phi (y)) | \lesssim |\phi ' (x)| \int _ x ^{+\infty } |g(y)| dy.\end {align*}


\begin {align*}\| R ^{(1)} (\lambda ) g ' \| _{\widetilde {\Sigma }} \le C(p) \| g\| _{L^1(\R )} \text { for all $g\in L^1(\R )$ and all $\lambda \in \im (-\varepsilon _4, \varepsilon _4 ) \backslash \{ 0 \}$.}\end {align*}


$\mathcal {L}_{[c]}$


$c=1$


$\lambda >0$


$\im \lambda $


$\mathcal {L}$


$L_ +\partial _x$


$\im \lambda $


$\lambda \in \R $


$\mathcal {L}$


$\psi $


$-\im \lambda $


$\overline {\psi }$


$\im \lambda $


$\lambda >0$


$\im \lambda $


$\varphi $


$\varphi $


$\varphi $


$\partial _x L_+\varphi =\im \lambda \varphi $


$\psi =L_+\varphi $


\begin {align*}L_+\partial _x \psi =L_+ (\partial _x L_+ \varphi )=\im \lambda L_+ \varphi =\im \lambda \psi .\end {align*}


$\psi $


$L_+\partial _x$


$\im \lambda $


$\psi $


$L_+ \partial _x \psi =\im \lambda \psi $


$\varphi :=\partial _x \psi $


\begin {align*}\partial _x L_+ \varphi =\partial _x L_+ \partial _x \psi =\im \lambda \partial _x \psi =\im \lambda \varphi .\end {align*}


$L_+\partial _x$


$\mathcal {L}$


$\im \R \setminus \{0\}$


$L_+\partial _x$


$\im \R \setminus \{0\}$


$\im \lambda $


$L_+\partial _x$


$\psi $


\begin {align*}\mu (x)=-\phi '(x)/\phi (x)=\frac {p-1}{2}\tanh \left (\frac {p-1}{2}x\right ).\end {align*}


\begin {align*}\Re \int \overline {\psi } (L_+\psi ')\mu \,dx=\Re \im \lambda \int |\psi |^2\mu \,dx=0.\end {align*}


$w=\psi /\phi $


\begin {align*}\Re \int \overline {\psi } (L_+\psi ')\mu \,dx=& \Re \int \psi '\overline {L_+(\psi \mu )}dx\\& =\Re \int (w'\phi +w\phi ')\overline {(2w'\phi ''+w''\phi ')}dx\\& =\Re \int (2|w'|^2\phi \phi ''+w'\overline {w''}\phi \phi '+2w \overline {w'}\phi '\phi ''+w\overline {w''}(\phi ')^2)dx\\& =\Re \int (2|w'|^2\phi \phi ''-\frac {1}{2}|w'|^2(\phi \phi ')'-(w\overline {w'})'(\phi ')^2+w\overline {w''}(\phi ')^2)dx\\& =\Re \int (2|w'|^2\phi \phi ''-\frac {1}{2}|w'|^2(\phi ')^2-\frac {1}{2}|w'|^2\phi \phi ''-|w'|^2(\phi ')^2)dx\\& =-\frac {3}{2}\int |w'|^2\left (-\phi \phi ''+(\phi ')^2\right )dx.\end {align*}


$\phi ''=\phi -\phi ^p$


$(\phi ')^2=\phi ^2-\frac {2}{p+1}\phi ^{p+1}$


\begin {align*}-\phi \phi ''+(\phi ')^2=\frac {p-1}{p+1}\phi ^{p+1}.\end {align*}


\begin {align}\label {eq:virialMM08} 0=-\frac {3(p-1)}{2(p+1)}\int _{\R } \left |\left (\frac {\psi (x)}{\phi (x)}\right )'\right |^2\phi (x)^{p+1}\,dx.\end {align}


$C$


$\psi (x)=C\phi (x)$


$\psi $


$0$


$\mathbf {Q}$


$\mathbf {Q}$


$f\in C^3$


$p$


$T^*>0$


$u\in C([0,T^*),H^1(\R ))$


$\mathbf {Q}(u(t))=\mathbf {Q}(u_0)$


$t\geq 0$


\begin {align}\|u(t)\|_{L^2}^2&=\|e^{t\partial _x^3}u(t)\|_{L^2}^2\nonumber \\ &=\|u_0 - \int _0^t e^{s\partial _x^3}\partial _x(f(u(s)))\,ds \|_{L^2}^2\nonumber \\ &=\|u_0\|_{L^2}^2-2\int _0^t\langle u_0,e^{s\partial _x^3}\partial _x(f(u(s))) \rangle \,ds\nonumber \\&\quad +2\int _0^t\langle e^{s_1\partial _x^3}\partial _x(f(u(s_1))),\int _0^{s_1}e^{s_2\partial _x^3}\partial _x(f(u(s_2)))\,ds_2 \rangle ds_1,\label {eq:Ozarg1}\end {align}


\begin {align*}&\int _{[0,t]^2}\langle e^{s_1\partial _x^3}\partial _x(f(u(s_1))),e^{s_2\partial _x^3}\partial _x(f(u(s_2))) \rangle \,ds_1ds_2\\& =\left (\int _{(s_1,s_2)\in [0,t],s_1\geq s_2} +\int _{(s_1,s_2)\in [0,t],s_2\geq s_1}\right ) \langle e^{s_1\partial _x^3}\partial _x(f(u(s_1))),e^{s_2\partial _x^3}\partial _x(f(u(s_2))) \rangle \,ds_1ds_2\\& =2\int _{(s_1,s_2)\in [0,t],\ s_1\geq s_2}\langle \partial _x(f(u(s_1))),e^{s_2\partial _x^3}\partial _x(f(u(s_2))) \rangle \,ds_1ds_2.\end {align*}


\begin {align}&2\int _0^t\langle e^{s_1\partial _x^3}\partial _x(f(u(s_1))),\int _0^{s_1}e^{s_2\partial _x^3}\partial _x(f(u(s_2)))\,ds_2 \rangle ds_1\nonumber \\&=2\int _0^t\langle e^{s_1\partial _x^3}\partial _x(f(u(s_1))),u_0-e^{s_1\partial _x^3}u(s_1) \rangle \,ds_1\nonumber \\& =2\int _0^t\langle u_0,e^{s_1\partial _x^3}\partial _x(f(u(s_1))) \rangle \,ds_1-2\int _0^t\langle \partial _x(f(u(s_1))),u(s_1) \rangle \,ds_1.\label {eq:Ozarg2}\end {align}


$\partial _x (f(u)) u= \partial _x g$


$g=\frac {p}{p+1}|u|^{p+1}$


$f(u)=|u|^{p-1}u$


$g=\frac {p}{p+1}|u|^p u$


$f(u)=|u|^p$
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If, in addition, u € C°([0, T*), H3(R)), the same argument, now A on L*(R) and D(A) = H3(R), gives u € C'([0,T*), L*(R)), and
(1.1) holds in L?(R) for every t € [0, T*).

Remark 1.2. In Appendix A we show conservation of Q (but not of E) for the u in (1.4).

If f € C3, that s, if p € [3,5) when f(u) = |u|?~'u, or p € (3,5) U {2} when f(u) = |u|?, one can show that (1.1) is globally well-posed
in H'! with both E and Q conserved, by arguments similar to those in [2]. However, our focus in this paper is on small values of p,
particularly p € (1,2), and we will analyze the properties of the solution under the assumption of its existence. For example, when
p= %, (1.1) is called the Schamel equation which appears in the study of ion-acoustic waves [3].

For local wellposedness results in a subset of H!, see [4,5]. Also, by following the argument of [6], one can construct a weak
solution of (1.1) in the class L®(R, H') with E and Q non-increasing.

The most important solutions of the gkdV Eq. (1.1), which are also central to this paper, are the soliton solutions u(t, x) = ¢, (x —
ct —y), where ¢ > 0, y € R and

1
$o(x) 1= cFTP(ex) , dx) = (%) sech? T <”; 1x>.

It is well known, see e.g.[7-11], that solitons are trapped by E and Q.

Proposition 1.3. For any ¢ > 0, there exist 6, > 0 and C > 0 such that for any u € C([0,T*), H"), satisfying E(u(t)) = Ew(0)), Q(u(?)) =
Qu(0)) for all t € (0,T*) and

& 1= inf [[u(0) — .- — Vi1 < by (1.5)
YER
will satisfy
sup inf |lu(?,") = p.C =Vl < C6, (1.6)
1e[0,7%) 7ER

Remark 1.4. Proposition 1.3 is a purely variational trapping statement and does not use the evolution equation. This observation
is relevant below because the proof of Theorem 1.5 uses energy conservation only to obtain the orbital bound (1.6); the latter may
instead be assumed directly.

From Proposition 1.3, if we consider a solution of (1.4) satisfying the conservation of E, which all solutions of (1.4) satisfy if
f € C3, with initial data near a soliton, then the solution will always stay near the soliton as long as the solution exists. Here, recall
Q is always conserved, see Proposition A.1. In this paper, we will study the behavior of such solutions.

Theorem 1.5. Let a > 0. Then for any e > 0 there exists a &, > 0 such that for any 0 < T* < co and any solution u € C°([0, T*), H'(R))
of (1.4) which satisfies E(u(t)) = E(uy) for all t € (0,T*) and (1.5) with ¢ = 1, there exist functions ¢ € C'([0,T*),(1—¢,1+¢)), y €
Cl([0,T%),R) and v € C°([0, T*), H'(R)) such that

ut) = oy — v(0) + v(t, - — y(t)) with 1.7

T*

—alx| 2
/0 le U(f)llH](R)dl <e. 1.8)
Moreover, if T* = oo, there exists ¢, > 0 s.t.

Jim le=™v@)|l 2, = 0 and 1.9)
lim c(t) =c,. (1.10)

t—>+oo

Remark 1.6. The restriction to ¢ =1 in Theorem 1.5 is only a normalization. More precisely, for every ¢, > 0, the conclusion of
Theorem 1.5 remains valid with (1.5) imposed at ¢ = ¢y and with ¢(r) € (co(1 — €), cy(1 + €)). Indeed, given a solution u of (1.1),
define

. 3
~ - p-1 ) -
u(s,y) := [N u(c0 5, €, y>.

=

=

L _
Then, u also solves (1.1). Moreover, ¢, r b, <c0 y> = ¢(y). Suppose that the decomposition given by Theorem 1.5 for u is

(s, y) = bg) (y = 7)) + 05,y = 7(5)).

Then the corresponding decomposition of u is obtained by setting
3 -1 3 L 3 1
c(t) = c05<002 t), ORENN 27<c02 I>, v(t,x) 1= co’k1 F(co2 1, cO2 x).

3
In addition, with T* := cO2 T*, we have

/T* He’ﬂ\xh}(t)“ill dt < vaco /T* ”e_ﬁ\)",ﬁ(s) ds.
0 g o

y
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2 2
-t et } Thus, applying Theorem 1.5 to & with the weight a/ \/a and with a sufficiently smaller value

— P P
where €, 1=max { ¢; o

of the accuracy parameter yields the assertion for the soliton ¢, .

Remark 1.7. In the proof of Theorem 1.5, the conservation of E is used only through Proposition 1.3. Thus, the assumption
E(u(1)) = E(uy) may be replaced by the orbital bound (1.6).

We also comment on the energy-conservation assumption when p € (1,2). If a solution satisfies u € C%([0, T*), H>(R)), then the
standard Hamiltonian calculation is justified and E(u(t)) is conserved. The same conclusion holds if, on every compact time interval,
the solution is the strong C*H Vl -limit of smooth energy-conserving solutions, since E is continuous on H!(R).

On the other hand, local well-posedness in H'(R) is not presently known for p € (1,2). To the best of our knowledge, neither a
general energy-conservation result for all H!-solutions satisfying (1.4), nor a counterexample exhibiting loss of energy, is known.
Local solutions have been constructed in a smaller class of weighted and more regular functions; see [4,5].

We prove Theorem 1.5 for p € (1,2). For p > 2, the same proof applies and can be simplified because the nonlinearity is more
regular.

Our main result is inequality (1.8), which is a surrogate of the virial inequality in Lemma 2 in Martel and Merle [12]. Thanks to
the observation in Remark 1.1, if u € C%([0, o), H3(R)) it is possible to follow basically verbatim the discussion in §3.1 in Martel and
Merle [12] which starts from Step 2, and thanks to Theorem 1.5 prove the following result.

Corollary 1.8. For the solutions in Theorem 1.5 which additionally satisfy u € C°([0, c0), H3(R)) the following limit holds,

tli_r'_noo lut,-) = ey (- = 7’(’))”H1<[x:x2]’70

y= 0.

In the proof of Theorem 1.5 we will assume p € (1,2) and T* = co. Since H'(R) is an algebra, for p > 2 essentially the same
arguments taken verbatim of the case p < 2 hold. However, for p > 2 the proofs could be made simpler thanks to the fact that the
nonlinearity u — f(u) is more regular. Even for some powers p > 2 our technique covers cases which appear not treated by the very
general result in Martel and Merle [13], which requires well posedness of the Cauchy problem.

There is an important literature about asymptotic convergence to solitons for gKdV equations starting from Pego and Weinstein [14]
who proved asymptotic stability of solitons in exponentially weighted spaces for the nonlinearity f(u) = u? with p =2,3,4 and for
4 < p <5 in the case of u positive. Pego and Weinstein [14], using their analysis of the Evans functions in [15], showed also that
the linearization, see (3.2), has no eigenvalues different from 0 for almost all exponents p, see Proposition 3.1 below. Mizumachi
[16] introduced weights different from Pego and Weinstein [15], part exponentials and part polynomials, useful for the analysis of
multisolitons. The case with f(u) = u? is the integrable KdV for which soliton resolution, that is a quite complete classification of all
solutions which live in a more restricted space than H'(R), can be obtained using the Inverse Scattering Transform, see for example
Grunert and Teschl [17].

Other notable results are due to Martel and Merle [12,13,18,19]. In particular Martel and Merle [12] contains a very direct proof of
asymptotic stability for p = 2, 3,4 based on the positivity, see [12, Proposition 3] with the proof in [18], of a quadratic forms which
appears in the course of the virial inequality argument used to prove Lemma 2 in [12]. Later Martel and Merle [13] generalized
considerably their result focusing on a dual problem introduced by Martel [20]. Further, for p = 2, Mizumachi and Tzvetkov [21]
proved the asymptotic stability for L2-initial data by combining Pego-Weinstein and Martel-Merle (virial) methods, see also [22].
However, while Martel and Merle [13], as well as Mizumachi and Tzvetkov, holds in contexts where local well posedness is true in
H'(R) (resp. L?), such local well posedness is not yet known for all our equations, especially when p € (1,2), as discussed by Linares
et al. [4]. Following Martel and Merle, the series Kowalczyk et al. [23-26] splits the virial inequality argument in two parts, one
involving first a high energy estimate and then, after a change of variables, a second, low energy, virial inequality. An approach along
the lines of Kowalczyk et al. has been used for the asymptotic stability of the small amplitude ground states of cubic quintic NLS’s
by Martel [27,28] and by Rialland [29,30] for more general small perturbations of the cubic NLS. In the series of papers [31-33]
devoted to the asymptotic stability of the ground states of the pure NLS in dimension 1, we replaced the second virial inequality with
smoothing estimates. In the present paper we apply this idea to gKdV (1.1). We refer to [31-33] for a general discussion in the context
of the NLS of the advantages of our method, which subsist also for gKdV (1.1), as we briefly explain now. Proving dispersion by means
of Duhamel’s formula, e.g. (1.4) or (7.12), is not easy or possible, especially for p is close to 1, when the nonlinearity becomes a long
range perturbation of the linear equation. Hence we use virial inequalities, which are akin to the positive commutator method in [34,
8B p.157] and are motivated by simple classical mechanics models, e.g. [35, §2.3 p. 65]. But then the key issue, here as well as in
work by Martel and Merle, is the ||v||2 term in (5.2). By a painstaking discussion on quadratic forms, Martel and Merle [18] insure
that that term is not there, but only for some values of p. Alternatively, by the dual problem, in [13] they generalize considerably their
result, but they require f € C3. Our approach is different. We first bound, with rather simple routine computations, high energies
in terms of low energies, obtaining Lemma 5.1. To bound of ||v|ls = |lsech(kx)v|| ;2 for some k > 0 we use Duhamel’s formula, but
only after we multiply the equation of v by a cutoff, which tames the nonlinearity, at the cost of a commutator term. This is similar
to the second virial inequality method, see for example in [24]. For related work on good Boussinesq equation see [36] and therein
for further references; for the one dimensional Gross-Pitaevskii equation see [37]. By using a Kato smoothing for the linearization,
we do not need to devise the changes of coordinates of Martel and collaborators, which in some cases are rather subtle. Our method
appears very robust and general.

To develop Kato smoothing for the linearized operator (3.2) we exploit the work by Pego and Weinstein [14,15] and by Mizumachi
[16], with the latter inspired also by Miller [38] and by Murata [39]. Kato smoothing is via Fourier transform in time reduced to

3
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estimates on the resolvent which are obtained expressing the latter in terms of appropriate Jost functions. The theory of these Jost
functions is very well known in the case of Schrédinger operators in the line, see [40], and is even simpler here. A generalization to
higher order operators is in the monograph by Beals et al. [41]. However here we develop from the start the theory and the estimates
on the Jost functions which we need. The integrability of the equation does not modify the structure of the problem, except for explicit
formulas for the Jost functions in the integrable case, see [42, p. 6620]. Differently from the case of the cubic NLS, in the integrable
KdV there is no additional resonance compared to the generic non integrable case. Indeed in [14,15] it is proved that the zeros 4 of
the Evans functions are for Re 4 > 0 always eigenvalues of the linearization.

Finally we remark that, since the work by Martel and Merle has been used as blueprint for a large variety of other problems also
in higher dimension, we think that variations and somewhat different viewpoints might also prove useful, especially considering that
the notion of smoothing introduced by Kato [43] has been extremely successful.

2. Notation
Notation 2.1. We will use the following miscellanea of notations and definitions.

1. In the course of the paper we will sometimes use the notation u = d,u and v’ = 0, u.

2. We will use the Japanese bracket (x) := V1 + x2.
3. In analogy to Kowalczyk et al. [24], we consider constants A, B, A}, ¢, 6 > 0 satisfying

log(6™") > log(e™") > A>> B?>>»> B> 1 and A, := B3/5, (2.1)
ot
4. The notation o,(1) means a constant with a parameter ¢ such that o,( 1)6—> 0.
5. Following Pego and Weinstein [14] for a € R we set
L2={v: ¢™ve LA(R)} with loll 2 = e vl p2g)- (2.2)
6. We also define (notice that ¥ has a natural structure as Hilbert space)
L7 = (v (x)*v € LP(R)} with [[v]lps := [(x)*0ll gy and (2.3)
T= {v: sech(xx)v € L>(R)} with [lollg 2= llsech(xx)oll 12g)- (2.4)

7. Given two Banach spaces X and Y we denote by £(X,Y) the space of continuous linear operators from X to Y. We write
L(X) 1= L(X, X).
8. Following the framework in Kowalczyk et al. [24] we fix an even function y € C®(R, [0, 1]) satisfying

1j_11) £ ¥ £ 1j_pp and xx/(x) < 0 and set yc := y(-/C) fora C > 0. (2.5)

1, forx <1

e set 9, = 1 — 9, and consider the par-
0, forx>2 ~’ w b 1 p

9. We consider a decreasing function 9, € C*(R, [0, 1]) with 9,(x) = {

tition of unity 1 = 9,,, + 8, where 9, (x) := &i(Ai).
1
10. Following the framework in Kowalczyk et al. [24] and using the function y in (2.5) we consider for C > 0 the function

Ce(x) t=exp (—%(1 - }((X))> and @c(x) 5=/0 Cé(Y) dy. (2.6)
We similarly define
Piaa, () = /0 G0, 0)dy. 2.7)

11. For x € R we set x* := max(0, +x).
12. We will consider the Banach space
LY = (o (x*)ve L'} with norm [lvfl 11 := [{x)oll 1. (2.8)
+

13. We consider semi-norms

!
lolls,y,, 2= (91, 200)

. + H&,»AICAUHLZ(R)for i=1,2. 2.9)

For v € CO(1, H'(R)) with I = [0, T), we set

Ioll (15, ) = 0 W0l iy (2.10)
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14. By a simple computation we have

0, (x) = (cv-l (/e x))

¢ )+ X¢ (%).

—cv-l I (vex)

15. We set
={zeC:Rez>0}

16. Give an operator T for us the resolvent is Ry (z) = (T — z)”.

3. Linearization and modulation

We set
L, := —6)2( +c —pd)f’l
E[c] = axL+c

Nonlinear Analysis 274 (2027) 114253

(2.11)

(2.12)

B0
(3.2)

When ¢ = 1, we will write simply £ and L, and we will omit the [c] also in the following functions which we take from Pego and

Weinstein [14, Eq. (2.9)],
& lelx) 1= gL(x),  &lel(x) 1= 0,¢.(x)
mlel(x) := 91/ 0.y +6,$.(x),  mlel(x) 1= 03¢.(x)

where,

| o, e,
0, =-03=——and 0, = ———,

q' () 2(q'(c))?

Notice here that q'(c) = (d.¢., ¢.) and that

with q(c) 1= Q(¢,) = —02“’ Z lpll?

LAR)

q'(1) = (A,¢, ) where A, = %x@x + ﬁ

An elementary computation shows
a 2p
0, <cP—1 u(\/Ex)> = cr T (A u)(y/ex).
For later use we record that

5-3p
/ 0y = ¢t / A, D)y = 3D / <§y¢>’(y) + qu(y)) dy
R p—1

||¢||L1([R{)'

—CZ(p 1>

2(
The functions in (3.3)-(3.4) satisfy, see [15],
ﬁ[c]§1 [e] =0, E[c]‘fz[c] = —51 [c],
Efclflz[c] =0, Eﬁ]m [e] = —mylcl,
<§i[c],71j[c]> = 5ij-

+o00

Let N (L) := U ker Eﬁ»]' Pego and Weinstein [14, Section 2] proved the following.

n=1

Proposition 3.1. Let here a € (0,4/c/3) and 1 < p < 5. The following hold.

i As an operator defined in L*(R) with domain H*(R) we have o(L,))) = iR.
i Bothin L*(R) and L(R)

ker L) = Span{&[c]},  Ng(L) = Span{{[c], &lc]}.
iii For £ :=~—L,0, in L2 (R)we have

ker £, = Span{nmylcl}, N (£f)) = Span{nylcl, mlel}.

3.3)

3.9

(3.5)

(3.6)

3.7

(3.8)

3.9
(3.10)
(3.11)
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iv The eigenvalues of L. in L*(R) and in L2(R) are the same.
v The subset E C (1,5) of p’s where L, has a nonzero eigenvalue A with Re A > 0 is a discrete set which does not contain 2 and 3.

O
In Section 10 we will prove the following.

Proposition 3.2. The set E, given above in Proposition 3.1, is empty.

Proof. For p € (1,5) the absence of eigenvalues 4 with Re A > 0 is well known. See, e.g. [44-46]. For the absence of eigenvalues
A € iR with A # 0, see Section 10 below. [
For ¢y, r € R, :=(0,00) and for Dy, r) 1= {v € H'(R) | |lu = vll g1 gy < r}, we set

Vleo,r) 1= | €% Dy (e, 7)-

xpER

Lemma 3.3 (Modulation). For any c, > 0 there exist 6, > 0 and B, > 0 with 6, < B 372 such that for 55 !> B > B, and for the function
¢p introduced in (2.6) there are ¢,y € C'(U'(cy, §;), R, X R) such that for any u € U'(cy, &,)

v(u) 1= e"“%u— ¢, satisfies (3.12)
(o), Egm [e@)]) = (o), mlc@)]) = 0.
For any ¢; > 0 and y, € R we have the identities
c(¢e,) = c1, Y(@e,) = 0, y(e™70%u) = y(u) + vy and c(e™70%u) = c(u). (3.13)
Furthermore there exists a constant K > 0 such that
B 21y — 1l + le) — 1| < K6, for all u € e™0% Dy (b, 69). (3.14)

Proof. Set F = (F, F,)" with

(u—e ¢, e (Eemylel)),  fori=1;
F. = ¢
(U, y,¢) { (u— e—ydxqsc, e—ydxnz[cD fori = 2.
We now introduce the variable
1
7:=B2(r -y (3.15)
and we set

G\(w.7.¢) = B3 F(u, B37 + 79.¢) and Gy(u.7.¢) = Fy(u, B37 + 10.¢)
Then, from (& [c],{gn[c]) = &,; + O(B~!), we have
G w7, 0) = (& lcl, Epmlel) = (u = 7%y, e (&[] + Eprile]))
=1+ O(B_l) +O0(|lu- 3_yl)x¢c”L2([R))
and, using (3.11),
0,6 (w.7.c) = ~BE (u— e b, T[]
=O0(B'lu=e""¢.ll 2m))-
From (&|cl, {pnyc]) = O(B™"), we have
0.G\(w.7.¢) = ~ B2 (&lel. Cpmilel) + B2 (u— 7%, a7 (gaomel))
= O(B_% ) +O0(|lu- e_mxdh-”LZ(lR))
and, using (3.11),

0,Gy(,7,¢) = ~(&lel, molel) + (u— e, e 7% (¢ g mylel))
==1+0(B™')+O(llu—e"%¢,ll o) )-

So, for

lle =™ ll 2y < BT (3.16)
we conclude

0G(u,7,c) _ . 1 0

G —ot O(B~'/?) where ¢ := ( 0 1 > (3.17)
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Using also (2.6), we have

e o
sGwzo={ P mic), = and
e 7%, cl, ifi =2.

Then [|0,G;(u,7,¢)ll ;1 < 1. The higher order derivatives of G(u,7, ¢) are similarly bounded with bounds which depend, continuously,
only on c. Then for any c, there are 6 = 6(cy) > 0 with 6§ < B—3/2 and K = K(c,) such that for any y, there is an implicit function

(c(),7() e C! (e—m"x D1 gy (e, 6), (o — Kb, ¢ + K8) X (—K3, K&))

with c(e=70% be) = <o and 7(e~70% $e,) = 0. Using (3.15) and back to the variable y, we have with the same constants
1 1
(€0 7() € C (€7D 1y by ), (= Kb, + K6) x (v = KB26,7,+ KB ) (3.18)
with ¢(e=70% &.,) = ¢ and y(e770% ¢.,) = ro- Notice that

1
[l = e_yaxd)c”LZ(R) < lu- e—}’oax(pc() ”LZ(R) + ||e—70"x¢% — e ¢c”L2([R) < C(K)B245 (3.19)

so that the choice § < W yields (3.16). Here we have F(u, y(u), c(u)) = 0 identically.
For any y € R we have identically

F(e™%u,y +y,¢) = F(u,y,c)
which differentiating in y at y = 0 implies

0,F(u,y,c) =0,F(u,y, o'

Then by the chain rule, differentiating in y at y=0ata u € e70%D 11(®) (@ 6(c)) We obtain
0= 0,F(e™%u,y(e™"u), c(e‘y"xu))) L = =0, Fu.y.0)(1 +dd(uu') = 0, F(u, D, c)de(u/
=

where dc(u), dy(u) € E(H 1 ([R)) are the Frechét differentials of the functions in (3.18). Then by (3.17), by taking 6(c,) > 0 small enough,
we see that the last equalities can be true only for dc(u)u’ =0 and dy(u)u’ = —1 that is diyy(e’y"x u) 0= 1 for all u, i.e. we obtain
y=

(3.13). Then we can extend ¢,y € C! (U‘(cO, 6(cp)), Ry X [R) by this equivariance property. Finally notice that the estimate in (3.14) is
implicit in (3.18). O

For u € CY([0, +00), H!(R)) the solution of (1.1) we have u € C!([0, +c0), H~2(R)) and the function (c(r), y(1)) = (c(u(t)), y(u(®))) €
C'([0,+c0), R, x R). Using Lemma 3.3 we can insert in (1.1) the ansatz u = ¢.(- — y) + v(- — y) obtaining

=G =0V =@ =0 &lel+¢ &lel

= Ligv =0, (f(p. +v) = f(D) = (P v). (3.20)
Notice that setting &(r) : = ¢'% o(r) we have

TRT = et = 0, (f(dhe +0) = F(B)) + (7 =) V' + (G — ) &[] — ¢ ] (3.21)
which yields

e CO(10,+00), H'(R)) (1) €} (10, +00), LAR)). (3.22)

The proof of Theorem 1.5 is mainly based on the following continuation argument, where the norms are defined in Notation 2.1.
Proposition 3.4. For any small ¢ > 0 and for large constants A, B and A, := B/3 as in formula (2.1) there exists a 6, = 6y(¢) s.t. if
||U||1_2(1,21M]) + ||U||L2(1,):2Ml) ol 25y + 17 = cll 2y + el 2y S € (3.23)

holds for I = [0,T] for some T > 0 and if the constant C5 in (1.6) satisfies 6 € (0, ,) then in fact for I = [0, T] inequality (3.23) holds for
e replaced by o, (1)e.

We will split the proof of Proposition 3.4 in a number of partial results obtained assuming the hypotheses of Proposition 3.4. The first
is the following, proved in Section 4.

Lemma 3.5. We have the estimates
. . —1
lell 2 + 17 = ell 2y S B (10 2z, )+ 10020550 )- (3.24)

In Section 5 we will prove the following.
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Lemma 3.6 (Virial Inequality). We have

||U||L2(1,21M1) S VABS + vl 25 + Al_l ||U||L2(1,22M1> and (3.25)
”””LZ(LZzM,) < VABS + A7 ||””L2(1.21AA1 ) (3.26)

3/2

1 1
| B! =B 1 and 31/2A1—1 =BT

Notice that v/ ABS < A™'e? = 0p_1(1)e? in (3.25) and similarly, from A, = B*/ below we have A
where the following will be proved from Sections 6 to 9.
Lemma 3.7 (Smoothing Inequality). We have
3/2 e
ol 25, < AYB ll 2z, ) + B2 10N 2015, ) + 051 (D (3.27)

Proof of Theorem 1.5. From Lemmas 3.6 and 3.7 and from (2.1) we have
3/2 p-1 1/2
ol 2as) S A B ol s, ) + B 10l 25, ) + 051 (De

3/2 p-1 1/2 4-1 1/2 p-1
S A B ol 25 + B / A; ”U”LZ(LZMAI) +A/'"B ||U”L2(1-22AA1>+DB’1(1)€
which by A; = B3/> and bootstrap yields

_1

ol 2 5) < B (”””LZ(LZMA]) Hllollogs, >) +og-1(le
so that by (3.23) we obtain ||v||L2(,§) = 0p-1(1)e which inserted in (3.25) yields ||v||Lz(1,21AA1> =o0p-1(1)e and in (3.26) yields
ol 2 s,,, ) = 0p-1(De. In turn these inserted in (3.24) yield ||¢|l;2y + I7 — cll 2(s) = 0p-1(D)e. This proves Proposition 3.4. By

i 1
u € C%([0, +c0), H'(R)) it is elementary that this implies that we can take 7 = R, in all the above inequalities. By

e ™Moy |+ 1Mol S 1@ e e 0) | + 16401 S 1) | +1¢ 401
fora>1/A, and inserting 1 = 9, + 8,4, we obtain “e_aleU”H](R) S ||””>21M, + ||U||22Ml and so the inequalities in (3.25) for I = R,
implies (1.8). Then we can proceed like in [31, Proof of Theorem 1.2] considering

a(n) =27 e v}, =27 (£ &2 (1), B(1)).

Taking time derivative we claim that 7 — a(¢) is an absolutely continuous function with
a() = %( [aﬁ, e*2”<>‘>] 0, 0) + (€299 (1), R (1)),
This indeed is the case if ¥ is regular and can be obtained for general 7 like in (3.22) taking a sequence of regular functions {7,},en

with Enm D'locally uniformly in the space in (3.22). Then we obtain

a = ([0 e Ou.0) + 219, 0,].0) + (= & [el. e )

— &Ll e 0) + (f(¢e +0) = F(@,). [0, 2w+ e72).

We exploit the fact that when u € e70% D1 (¢, 5)

ol gy = e “%u = ol g1 @y < Nl = €% il g1y (3.28)

+ 1@k — b o S 6+ [y@) — pol + le@) — 1] S B28,

Then by Lemma 3.5

[al S 1éf* +17 = e* + llvll},, S BS®
and since we already know from (1.8) that a € L'(R), we conclude that a(t):(i 0.
Next we prove (1.10) by proceeding like in [31]. We can take 0 < a < «/2 such that we have the following, which will be used below,
;}ﬁnauzzo. (3.29)

Since Q(¢.) = q(c) is strictly monotonic in ¢, it suffices to show that the Q(¢,(,) converges as t — co. From the conservation of Q, see
Proposition A.1, the exponential decay of ¢,, (1.8) and (1.9), we have

lim (Qug) = Qlebe(y) — Q1)) =0. (3.30)

e2a(x) > max{¢, ), ¢f(‘t

Thus, our task is now to prove %Q(u) e LR +), which is sufficient to show the convergence of Q(v). Like a(¢) also Q(v(?)) is absolutely
continuous in ¢ with derivative

%@w=%mm=m5@m=awﬁ+W—om;mywwémﬂ
+(U fp+0)— [Py =2 T+1I1
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where the canceled term is null and are hence neglected. Then (3.23) implies that I € L'(R +)- So the key term is 1. We partition
for s € (0, 1) the line as

Qs i={x €R| s v(t,x)| £2¢.,(x)} and (3.31)
Qs =R\Q = {xER|[s v(t,x)] > 2. (x)}.

Then, we have
1
11(t) = Z /0 ds /Q (f" (Do + 5 v@) = f' (s v@)) v (1) dx
j=12 j b5

=: IT,() + I L,(0).

We have

PRAGIES /[R Bl [0V O] dx S 1l ) € L'R,).

We have

1L =- / dzds / I (@ bey + 5 0Oy OV ()dx.
[0,112 Q

21,5

Then by [sv(t, x)| > 2¢,(,(x), we have the following, which yields (1.10),

L0 S / dvds / Is DO by [0 (D]dx
0,12 Q

AR
p—1 ! —a(x) 2 1
p3 /R D 10OV Oldx S ™0 ) € LI (RY).

O

4. Bounds on the discrete modes: proof of Lemma 3.5

We will prove the following, which implies (3.24),
el + 17 = el s B (Ilelly, ., + ol ). 1)
We apply to Eq. (3.20) the inner product (-, {#,[c]) obtaining, thanks to cancellations due to (3.10) and (3.12),
= (7 = o(&lel. Eomlel) + (' EgmleD)] + ¢ [(&lel. Cpmi [e]) = (0. Epdemy[e])]
= —(v, Cpmylel) + (v, (L], Cplm [e]) + ([ (¢, + V) = f(de) = [ (D)o, (¢gm [C])/) (4.2)
= A)+ A + A,
where we also used the following, due to (3.12),
—(0,¢pmlcl) = é(v, {poem [cl).
By (3.12) we have
Ay = (v,mlel) = (v, (1 = LpImylel) = =(v, (1 = CpImlcl)

so that by the definition of n,[c] = 03¢, in (3.4) and using the partition of unity 1 = 9,4, + 9,,, we have

(7972 = 1),

< Bl + el

[Ao] < (g_BCA(lglAl +192A1)|U|,(C;1 = Dnyle]) < (”U”ZIAAI + ”U”EZAAI)
A

L2
I
B

< lolls,,,, +lolls, ., )

(1= 085 b
12

With an elementary computation, we have
(L7 Bl = —Lyolp = [Lyes Cpl0x = C4(07 — c + [1(@0) + 03, ¢ ] + 03, £ 510,
=5(02+ £1(B0) — Ly + 2000, + 0 + (2040, + L0,
Then we write

Ap = (0, (05 + £/ (o)) mlel + (240, + 385 )njlel)
+(u,&g'mlel) = c(v.Cgmlel) =1 Ay + Ay + Ags.
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Then, using again 1 = 9, +9,4,, we have

Al S B Y 184800, 0l (163102 + /@0y lelll.2 + BIE; (2650, + 3¢5 ) njlelll 2 )

i=1,2

S B\l ,,, +lIvlls,,, )-
By ()| S B3¢ S B‘3C§B we have

141l S B Gpll2 )

i=1,2

Cg—fmmlv LSBTl s,
Next we focus on A,3. From (2.6) we have

<07C;;’11 [e]) = (U CB '11[C]> +5 <U §B< I)(+ lx ' >71| [e]).
Then by supp y C [-2,2] we have like above

< B olly,,,

): R ON ( it x|y’ >n1 el)

while we write

2 _
(U §B ’71 [e]) = E(”»CB'h D@y + B~ Yot Tel)
where the canceled term is null by (3.12). Since 7, [C]f_’__‘f'; 0 exponentially fast, then
17w CamleD) 2y $ B~ (Hells,,, + lollsy,, )16 Camlell e

-1
s B (lelly,,,, +lells,,, )-

Hence we have proved

-1
i3l 5 B7 (Il + el ,, )
Turning to 4,, for s € (0, 1) we set
Q= {x €R | 2|sv(t,x)| < ¢)(x)} and (4.3)
QZ.!,s =R \ Ql,t,s ={x e R | 2|sv(t,x)| > ¢c(t)(x)}-
Then we have
A2=Z/ds/ (f' @+ s0) = £ (@) v(Epm L] ZAz,
i=1,2 :I\'
We have
1 1
|4y ] 5/ ds/ ¢g—1|u||c,;m[c]|dx+/ ds ¢g—2s|u|2|c,3n;[c]|dx=: > A
0 Ql,m 0 Ql,I.s i=1,2

— —1 —
Then from [¢;| $ B~'¢p, llny[elll ooy S 1 and (1627 E55 Ml 2y S 1, we have

Ao S 87 [ IRy 6u (0, + B2, )Ieldn B N0l + ol
R
-1

-1
T < 2 Iso] 2 = , we have

£SO
and from ||} [c]ll ;2g) S 1 and, in Q, , ,, from b 2s0] = b 2s0] 2

L el
Ay S [ b7 1017 T eg (10,0 ] + 1) dx
R

p-1
Sloll 2 / B (108l + 1000587 Ca (914, + 920, ) ol

=l L
BT 87 (olly,,, +loly,,, )

where we used [|[v]| por) S BE 6 from (3.28). Summing up, we conclude that
14211 5 B ol + el , )
Next we turn to

Al S / ol IE my [elldx + / P 1Epn [elldx =2 Ay + Arsy.
R R

10
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Then, using again ||v]| ;o) S B'/?5, we have
el
Ay SB 76 (||U||2,AAl + ||U||22AA1)
and
< sl pBt =1y -1
Ay ST B 2 TG, Call216a(91a, + 24, JVll 2

V=
S BT 2l + ol , -

=1 p-1
Collecting the estimates, taking & sufficiently small so that B @ 6 2 < B~!, we have
-1
40+ 4y + 3] 5 B (Jolly, ., +1ely,,, )-
Therefore, since

K& Lel, Egmlel) = 1] + & lel. Epm )] S B

and
(W Camlel) = —(v.Cymlel) = w. g (mlel) ) = O(Ilvl2) = 0( B25) and s
(v.caomlel) = O( B2 ol 2 ) = 0B, '
we have
7=l < Bl + B (ol +lelly,,,, )- (4.5)

Next, we apply to Eq. (3.20) the inner product (-, #,[c]), obtaining
(7 = c){v,mylel’y + c'[l —{v, 0En2[cj)] (4.6)
= (f($e +0) = [(@) — [0 (mle])) =2 A,

Proceeding as above, using (3.28), we have |A,| < B~! <||U||>:1AA +vlls,, , ), where we have used B'/25 < B~!. Thus, we have
1 1

el 5 B8y — el + B (llelly, ., + ol ). 4.7)

Combining this with (4.5) and by bootstrap we obtain (4.1) . O
5. The virial inequality: proof of Lemma 3.6

Using the notation in (2.7) we set
T, 1= 2710, @ip4,v) fori=1,2. (5.1)
Lemma 5.1. There exists a fixed constant C > 0 s.t.

2 i . 2 212 2 -2 2
lol,,, S C[Z+17 = e +1¢P + 10l + 471013, | and (5.2)

2 i -2)1,,112
lold,,, sC[i+a7i0ld,, |
Proof. Like in Section 3 we have t+ — 7, absolutely continuous with
4
dt
=133 !
= (v, (2710}, @iaa, ]+ C(piAAlax)U> —((f(p.+0) = f(@) s Piaa, V)

5
+ (7 = U @iaa, ) + (7 = & el @, V) = EGlel, @rap v) =2 ) BY. (5.3)

k=1

3~

1,=—2" <‘37’¢)'3 o, Piaa, e,,aia =27, [6i, Piaa, Jo) + (e v, Piaa, eit()ga‘)

Only for this proof, we set w” :=¢,9,,, v. We have

. 1 c o
B = (0 (3024, 0) = 3(Cadia, o+ £aBia,v') = S0 2, 4

with
/" 2192 1 '9 / '9 VAN 1 2192 " 2 3 '9 ! '9 !
", ¢ ,-A1U>_§<CA ia, Vs Ca iA1U>—§((§A iAl) »U >_§<CA i, U84 iA1U>

11
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where
(Ca®ia, V' Cadia, V) = (CaBia, 0) = (£49:4,) 0, (E40;4,0) = (Ca81,)' V)
= ”(a’(i)),”sz = 294, )'v, (C49:4, Yv+ Ca¥ia, vy + (€494, )%, 0%)
= @) 112, = ((€aia)% %) + (€494 CaBia, ) - 07
= ”(wm)/”iz + ((CA’g,'Al)”{A&iAls U2>~

Then we conclude the following,
i 3 i c i Do i 1
B = =@ I}, = S0}, + B} with BYY := (€484 = 3 €484, €401, 0°)-

We have

B = (€402 = 36agy )82 0% + (4005 0:6d0,0)
3
O = 300 04 ) = Y B
k=1
From |§X‘)| S A7*¢, we have
G “2y @))12
[Bi},| S A7 o®ll,
while from A > A,

(i) 0] (1)112 2)12 -2
1B, + Bl 5 A7 (012, + 10@12, ) + 472000, S,

S A7 (I V12, + 1012, ). (5.5)

Moving to B( ) we claim that for any fixed small constant £ >0

| < 2 =100 ,,112 ~1y 12

|B| s erllolly,,, + AT, + e llol and (5.6)
()| « 4-100 2 2

|BY| < AT (01, + N0l )- 5.7)

To prove (5.6) and (5.7) we write
BY = ~((f( +0) = f@) = F©) . 004,0) = (S @) @144, v) =t B + BY).
From
BY) = ~(f @) @iaa, ) = (SO, @ia0,) + (f 00,397, ) = ~(F@) = [0, 397, )

using (3.28) we obtain

|BY) < BT 5 el , - (5.8)
Setting
Q, :={x €R | 2|v(t,x)| < ¢,(,)(x)} and (5.9)
Q,, =R\ Q, = {x € R| 2[0(t, )| > ¢y (x)}
we split
Bl = Y (/@ +0) = [($) =[O, @an,0) ) 20y =5 2, B

k=12 k=1,

We further split
(i) ! (i) (i)
1 1 1
By, = ~(f(@e): (Pian, U),>L2(Qz‘,) +/0 (f'+ S¢C)¢C’((piAAIU),>L2(QZ.x>dS "Byt By
=t -1
By ¢” < ¢ |v]'Z |v] in ©Q,, and by (3.28), we have

B9 I / oo 10T \(p,AAIcA Cat) + Cao(yan, 5 [dx

P

=1
SBT ST IG0R, < BT T A0, +I0lR,,, )

12
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-1 oL
By ¢. S |U|1_FT¢CZ inQ,, and by 1 =9,4, + 9,4, , we get the following,

(i p—1
Bm|</|u| ¢

<BF 5T / I BT [@ipn £ Ea0) + Cathgian, G5

el
SBT3

Piaa, CA (Cqv) + {40(@i44, CA dx

=

L
T O, + 824 a0l S BT

L
TN, I, )

where we used (3.28). Next we split

1
B = (/" (@v. (@ian, V) 120, ) + /0 ([f'@e +50) = £/ @] 0. (@14, ) D120, s

1 3
_/0 (f’(SU)U»((ﬂiAAlU)’)LZ(QL,)dS=: ZBgl)lk'
k=1
We have

22
|Bg])1;| N <|U|p7|¢iAAIU,+¢A'9- IU|>L2(Q“) = <¢c2 |U| 2 [vl, |CA Piaa, Cav +CA ,A]U|>L2(Q“)
1

S ol 2 6,011, S B 65 (0l + 0l (5.10)

ZZAAI

By concavity |f/(¢, + sv) — f'(@)] < |f'(sv)| (in the proof 1 < p <2, Remark 1.7) and as in (5.10)

(i)
B, S BT 6T (I, + IR,

With Bgl)“ we make a clear distinction between the two cases i = 1,2. For i = 1, for a preassigned fixed small constant £, > 0, we

have the following, which completes the proof of (5.6),
1
1B | = [(F @0 914, + 9240144,V + 3004 D12y (5.11)
2 —100) 12 -1
selloly,,, + A7, +e7 ol
where we exploit the exponential decay at infinity of f’(¢,) and
SUPp @344, € supp 9oy, €[4, +0). (5.12)
In the i = 2 case once again by (5.12) we obtain the following, which yields (5.7),
2
1B | = ‘ (@0, (914, + 924 0240,V + 383, u)Lz(QUn{ml,)\ (5.13)
< —100( 2 2 2 >< —100( 2 2 )
S AT (N + Nl + el ) S AT (e}, + I, )-
We examine the remaining terms in (5.3). By (3.28) and (4.1) we have
O — =115 _ 2 s
1B =271G = o)llelly,,, S ll,, -
Finally, exploiting (5.12) and the exponential decay at infinity of & [c] for k = 1,2, we have
0} 0 —100G-1) (|, 242 2
1B+ 181 5 A7 (17 = e + [e? + 0l ).
Bootstrapping gives the following and with (4.1) yields (5.2) proving Lemma 5.1,
2 <cli 2 s 12 1412 A=211012
o, S |2+ 10l +17 = e +1¢2 + AT 01, | and
2 =~ -2(1; 2, 1412 =29 ,112
lold,,, s €L +a72(17 = cP +1¢) + A7M0lE,,, |-
O
Proof of Lemma 3.6. We integrate in the time interval I the inequalities in (5.2) and we use
IL0] < l@ian, lio@ oI ) S ABS® fori=1,2.
By Lemmas 3.5 and 5.1, for A}O = B? > B the following ensues, proving Lemma 3.6,

-1
ol 215, ) S VABS + 110l 2 5, + A7 101 21 3, ) and

-1
||U||L2(1,22AA])S ABS + A ||U||L2(I,Z|AA|)'

O
To complete the proof of Proposition 3.4 we are left with the proof of Lemma 3.7, which will take Sections 6-9. For this we will
first state some linear dispersive and smoothing estimates for the linearization operator in (3.2). We will then use this linear theory
to prove Lemma 3.7. Finally, we will prove the linear estimates.

13
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6. Dispersion and Kato smoothing for the linearized equation

We will need the dispersive estimates for the linearized operator in (3.2) due to Pego and Weinstein [14]. We consider the
operators

Py = Y &lel(nlcl,-y and Q=1 - Py 6.1

=12
Here ¢ = | and we will omit the [¢] These are the operators associated to the spectral decomposition
Ly = N(£)® N (L*) (6.2)
where the perpendicularity is with N, (L£*) C Lia in terms of the L? inner product in (1.3). Then we quote Pego and Weinstein [14,
Theorem 4.2] to which we refer for the proof, where here ¢ = 1. Notice that the following follows for all p € (1,5) by Proposition 3.2.
Theorem 6.1. For a € (0, \/1_/3) and p € (1,5) there are constants C(a, p) > 0 and b(a, p) > 0 s.t.
lle"“Quyll,2 < Ca. p)(1)™ /2" “P1|Qugl 2 for all vy € L. (6.3)

O
Besides the above dispersive estimate, we will need the following version of the Kato smoothing, which we will prove in this
paper. Notice that in (6.4) we use in the left hand side the weighted spaces in (2.3) while in (6.5) we have the standard L'(R) space.
Later we will need to examine in detail why in (6.4) and (6.8) instead of L'(R) we need the space Llr’l defined in (2.8).

Proposition 6.2. For any p € (1,5) there is a constant C(p) > 0 such that

1
/ IEQ f(5)ds < CONN 11 (g 12 (s, ) forall £ € Ly (R L2 (R, )) and 6.4
0

12(R,.E)

t
” / e9EQ0, f(s)ds SCOI N g r2(r,)) forall £ € L' (R, L2(R,.)). 6.5)
0

12(R,.£)

Proof. The two estimates are proved similarly. Pego and Weinstein [14, p. 328] show that e~ for t > 0 is a C, semigroup in L*(R)
and also in the Lg in Theorem 6.1. Then, see [47, p. 240],

+oo
R, (2)Qwy = —/ e_Z’emeOdt for any Re z > —b(a, p), (6.6)
0
gives the resolvent in L§~ By Theorem 6.1 and by Plancherel, see [34, XIII.7, Lemma 1], we have
1 .
S IR (Wl 2 12) = e Qunll 2a, 12) < Cla, Plwoll 2
for some C(a, p) > 0. Since for a € (0, ) we have Lg c £ we conclude also

1 .
E”RL(M)QWOHU(RE) = ||e’£Qw0||L2(R+'§) < IIe’CQw()”Lz(Rng) < C(llsP)HWo”Lg .

For f € C>([0, +o0)) we have

. t +o0 . +o0 .
/ dte 4 / LY f(s)ds = / dse 4 / e ML Q f(s)dt
R 0 0 0

+0o0
= —/ e R (DQS (s)ds = =R, ()Qf (4)
0
where, in the first equality, the exchange of integrals is allowed by the absolute integrability in (7, s), thanks to (6.3) and the compact
support of f. Then by Plancherel

t
2 / eILQ f(s)ds
0

LZ(R - ”RC(M)Q}((D”LZ IR):
(6.7)

< ” RE(M)Q”L‘”(R,ﬁ(Li‘l(lR),f)) ||f||Ll+l (RL2(R,))"

The proof of (6.4) is completed by means of Proposition 6.3, see below. The proof of (6.5) is similar.
O

The following is proved in Section 9 using the information on the Jost functions derived in Section 8. We will examine in consid-
erable detail the reason why in (6.8) we need to use the space L1+'1 (R) instead of the larger space L!(R).

Proposition 6.3. For any p € (1,5) there is a constant C(p) > 0 such that

e IIRE(M)QH (1 ms) S C@) and (6.8)

< Cp). (6.9)

e Sllp ||RC(M')Qa || <L1(R),§) =

14
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7. Bounding ||v||z by Kato smoothing

We prove Lemma 3.7 assuming Proposition 6.3. Multiplying Eq. (3.20) by ¢z we obtain
0,(¢pv) = L(¢pv) + [Ep. LI0
+ (7 — o)t + (7 =) {pé&ilel + ¢ {p&lel
+ (L1 = £)0 = Ep0y (f (B +0) = f (o) = [ (B v). (7.1)
Next we consider the spectral decomposition
{pv = P¢gv+ w where w := Q{pv. (7.2)
The first and preliminary observation is the following.
Lemma7.1. We have
I1PCsoll 2 S B (el + M0l , - (7.3)

Proof.
We have the following,

P{po =P lpv+ (P = Py)Cpo.

Then, since (1,[c],{gv) = 0 by (3.12), we obtain

Pedat = &lelmlel, E0) = &lel(lel, g = D@1, +924)0) = OB olly, ., + 10l ))-
Next we focus on

(P = P)egv =Y [&lel = E)(nlel, Cpv) + Elmile] = . Ego)]-

=12
Here (3.12) implies (n,[c],{zv) = 0 and

[(mlel, o)l € BG40l 2 = BTHIE4 B4, + 9240l 2 < BT N0l + Nlls, - 7.4)
It is elementary that

I&x(mle] = ma. Ep0) 2 S male] = 1y, Cpodl S le = lEgell 2 S 8ol ,, +llelly, , ) (7.5)
We have the following, where we exploit (3.12),

1, {m L] = 1, Egodll 2 S [{mle] = ny, Cgod] = Kny, o). (7.6)
Recall by (3.4) that

(m,¢pv) = 91(1)(/ 0., (V)| .<14¥, V) + <”2!CBU> =:1+11

9 (1)
Then like in (7.4) and (7.5)

[T1] 5 Kmlel, Cgudl + [{my — mylcl, o)l S B"](Ilvllzw] +llvlls, ,, - (7.7)
We have
x 6,(1) fg Aoy
I=9(1)/A()d /0C()d,
(6, N L®(dy — /réff/mdtbc(y)d)/rm é.(0dy, {gv)
x A,p(n)dy 2-p
= o[ A0y - _Jett0dy / A B(er)dy, 50)

172 o Ad(y)dy
= 91(1)(/\ﬁx Ay p(»)dy,Epu).

Ix|
Since now |A,¢(x)| S e~ 2 then for x > 0 and for ¢ > 1

x \/E_l x c—1
<S2e 2 <1 - eiTx> <272 \/_2 X

and proceeding similarly there is a K > 0 such that for ¢ close enough to 1 we have

/\[ A,p(n)dy

cx

/f A by

cx

Ix|
<Ke 4 |c—1|forall x e R (7.8)

15
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where we exploit also the fact that the left hand side is even in x. From (7.8) we conclude
1115 6(llelly, ,, +llells, )
which, together with (7.7), yields the following which completes the proof of Lemma 7.1,
. o) S 8lelly,,, +lells,, , -
O
We now focus on the w in (7.2). Applying the projection Q in Section 6 (case ¢ = 1) to (7.1) gives

w=Lw+ Q0[lp, L]v

+ (7 — 0LV + (7 — )0 p& [e] + ¢ OLp&ye] (7.9)
+0p (L~ L)v (7.10)
~ 080, (f(de +0) = f( D) — £/ (@) (7.11)

We next consider
t t
w = eCw(0) + / ILQ(Lp, Llvds + / e9Flines (7.9)—(7.11)ds. (7.12)
0 0

Lemma 7.2. We have
||e'£w(0)||L2(R+Y§) < \/5 (7.13)
Proof. By Theorem 6.1 we have

e wO)liz < le“wO)ll2 S CA/BYN™ e B wO)]] 2
B B

< €U/ e B(|leB gyl 2 + e PEsoO) 2 )
From (3.28), we have
lleBLpuO)ll 2 S 0Ol 2 S BY?5

and by (7.3) similarly

2
lle® PCpoO)ll 2 S ) [, Cpr(O)] S B2 |00l S BS.

i=1
Hence the following whose L*(R) norm in time, for § very small in terms of B, yields (7.13)
lle“w(O)llg S C(1/B)(r)y~" 12~/ BP1 B1/25,
O
In Lemmas 7.3-7.6, we will use (6.4) with L!! instead of Li’l, which obviously holds from || - || L < |- llz1.1. The only place we

need Ll’l instead of L' will be Lemma 7.7.

Lemma 7.3. We have

t
/ e 9Lline (7.9)ds

< ||7_C||L2(1)+ ||é||L2(1)~ (7.149)
0

L2(1.5)

Proof. Applying Proposition 6.2 we conclude immediately

S = péilelll i .2y
12(1£)

t
/ I — 0)0CgE [elds
0

SN - C)fl [C]”LZVZ([R,H([)) =y - C)fl [C]”Lz(l,LZZ(R))
<G - C’)||L2(1)||§1 [C]”Lm([,LZl(R)) S - C)”LZ(])

and similarly

5 ”é”LZ(])-
LZ(I,E)

t
/ IE ¢ O¢ps[elds
0

16
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Similarly applying Proposition 6.2 and (3.28) for the remaining term we have

1
' / e"VE(y — 0)Q¢ v ds
0

< (i — ’
L2(1,§) SIG = vl i (w r2n)

3
S “Z:B“LZJ(R)”(? - C)U’”LZ(R,LZ(])) S BI|(y - C)”LZ([)”U,||Loo(1,L2(R))
S B2l = Ol 201y

O

Lemma 7.4. We have

t
/0 e=9Line (7.10)ds S \/3(||U||L2(1,21AA1> + ”U“LZ(I»EZAAI))' (7.15)

12(1.5)

Proof. We use again Proposition 6.2 to obtain
t
‘ / IEQL (L — £)vds
0

s ”CB(C - I)U/”LH(R,LZ(I)) + “Cl%ax(q5p_l - ¢’c’_1)UH
From (3.14), we have

12(13)

LU(R,L2(1))

lle = Ul zoogl|€80" | L1 (RL21)) S 6I|§23”L2v‘(R)”§231/I|L2(R,L2(1))
¢
< B¥?s ;B Ea®ya, + 924 0V

L2(1,L2(R))
S B0l 2015, ) + 100 1201.3,,, )
and similarly, it is possible to prove the following, which yields the desired inequality in (7.15)
e 67 = 01l S 803, i3,
O
Next we have the following. Recall, see Remark 1.7, that in the proof we are assuming 1 < p < 2.

Lemma 7.5. We have

! . o=l
/0 e(’_”ﬁllne (711)ds S 62 (”U”LZ(LZIAAI) + ”U”LZ(LEZAAI))' (716)

L2(1.3)
Proof. By Proposition 6.2 the left hand side of (7.16) is up to a fixed constant bounded above by

A, + A, where

= |[es (s @ +0) - 7@ = @ I0),

and
LUY(R,L2(D))

Ay = || (£ @ +0) = 1/ (@)

|L1~1 (R.L2(D)’

We have
Ay < [[Ea (1@ + )= 1190 = 1 (@I,

LM L2({|v|<, )

+[6a (1 @+ 0= 190 = 1 (@I, =t A +Ap.

LML ({026, )

By (o5 = V/Cp, (2.1), (2.9) and (3.28) we have

Ay < / s (" @ + 500 = 1" (90)) vt

S/
[0.12

< |estr?e

LU L2({|v|<, })

" dsdt

N
LU L2({Jo] <, })

LU L2({ ol ) ||CB|U|F||L‘*‘<R.L2<I»

||§23||L21(R))”§23|U| ”LZ(R 20y S 33/2”4,23|”|p”L2(1,L2(R)>

CZ B

< B! C—CA O14, + 9240

< B ||ull}

L®(IXR)) ”CZBU”LZ(I L2(R)) ~ )

17
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< BE57|0, (914, + 024 )0

B4l cp-1
2w <B2"$ (||U||L2(1,>:1AA]) + I|U|IL2(1,22AA1))’
where we used |¢| S ¢, and here we are using p < 3. Similarly

2 —
A S 16101 | iy S B2 ol 2z, ) + 100200200, )
We have
Ay <||¢s(f'@e +0) = /() |

LU L2({|vl<d, )

+”C3(f,(¢c+v)—f'(¢c)vl =! Ay + Ay

LUL2({]vl2d )
We have, proceeding like above in the last inequality,

1
" / -2 /
A s/o s " e 50t 2o S S ”CB‘i’g e ”le‘Lz(Hv|<<¢c))

¢ _
ZBE,(9y4, + Opp N0l

Ca

$ et ooy S Weanllizacen

L2(R,L2(I))
S BN gy U0l 205,00 + 1002003, 0)
S B ol 2, )+ 10125, )
and the following, which with the above inequalities and with (3.28) yields immediately (7.16)
Ay S ”gB|U|p_1U,”LU([R,L2([)) 3 Bg+]§p_l(||v||L2(l,ZlAA ) + ”U”LZ(LEZAA ))'
1 1
O
The most delicate contributor in the formula (7.9)-(7.11) is the commutator. We have
. Llo =3Cp0" — clpv+ Ep f1 (D)o + 350" + &3, (7.17)
The troublesome term is —c¢ 1’,3 v, which we set aside for the moment.

Lemma 7.6. We have

t
/ IEQ([Lp, L1+ cCpv)ds
0

S BTN, 102y, ) (7.18)
L2(1.3)

Proof. We omit initially the term 3¢}v” in (7.17) proceeding like above by Proposition 6.2

Writing {,0” = 0,({pv") — {3v', using for the first time also (6.5) we obtain

|

t
/ IEQ(Lp (b v+ 3L + ¢ v)ds
0

12(1.3)

-1/2
SRS (@v+3650" + ol 2y S B / Mol 2z, gy ) + 10202, 4, )-

1
/ e™IEQ(0,(Cpv") = Sy’ )ds
0

12(1.5)

v ".J -1/2
< ”CBU ”LI([R,LZ(I)) + ||CBU ”LIJ(RA,L?(])) S B / (”U”LZ(LEIAA]) + ||U||L2(’=22AA| ))-

Lemma 7.7. We have

t
— 3/2 p—
/0 e(’ S)EQCI;UdS S Al/ B 1||U||L2(1,21AA]) + Bl/z”””Lz(I,EzAAI ) (7.19)

L2(1.%)

Proof. Split v =9, 4, v+ 9,4, v. Then (6.4) gives

s ||<x+>é’,3191A| U”LLL,Z + ”<x+>§;3192A| U”L)](L’2

13
” / TIEQEY(s) ds
0

L2(1.5)

-1
< ||<x+>cl,gl(—oo¢2Al]§A 21914, 0l 205,

+ ||<x+>C},31[A1,oc)C;] 21924, 0l 201 5 ) (7.20)
Since || S B,
— — 3/2 p— 3/2 5—
I comragiCa Il 2 S BT+ 4287 s 43287, (7.21)

18
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where we have used A; = B3/. For the second term, we have

[oo]
Wi € s = [ P10 A2 . 7.22)
x Al
Moreover, for x > 0, (x)|{,(x)] S e/, and hence
[~
Ix") 824,855, S / B dx S BeM/P S B (7.23)
X Al

Therefore

Ix*)¢824,85 " 12 S B2, (7.24)

Combining (7.20), (7.21) and (7.24), we have the conclusion. O
Proof of Lemma 3.7. From Lemmas 7.2-7.7 and 3.5 we have
3/2 p—1 1/2
Nl 25 AV B Mol 2 s, )+ B 0l s, ) + V5.
Using (2.1), decomposition (7.2) and inequality (7.3), we have the following
”U”LZ(I,E) < ”(1 - gB)U”LZ([’E) + ||§BU||L2(I,E)
-1
S B (”U”]}([,ZMA]) + ”U”LZ(LZZAAI)) + ||P§BU”L2(]’§) + ”w”[]([i)
3/2 o1 1/2
A B ol g s, )+ B 0l 2 s, ) + V.
O

We completed the proof of Theorem 1.5 up to Proposition 3.2, proved in Sections 10, 6.3 proved in the next two Sections 8 and 9.

8. The Jost functions

We look for appropriate solutions of
Ligu=Aufor ieC. (8.1)
We will consider only case ¢ = 1 dropping the subscript [c]. The third order Eq. (8.1) has characteristic equation
W—pu+a=0. (8.2)

We summarize the properties of the solutions of (8.2).

Lemma 8.1. There exist three analytic roots of (8.2) W Q= {/1 eC: |Rei| < f@} — C, (j = 1,2,3), which are uniquely determined
by
u1(0) = -1, (0) =0, #3(0) = 1.

The relations between the roots and the coefficients of (8.2) are

Hy+py+ 3 =0, (8.3)
Myt + Hips + popy = —1, (8.4
Hipopy = =2 (8.5)
For0<Rel< —
or e W
Re iy <0 <Repu, < Re ps. (8.6)

Moreover, we can continuously extend u; on Q and there exists k > 0 such that

Re p (1) < —k, (8.7)
Re (1, (A) — iy (D) > x, 8.8)
Re(43(A) = ur(A)) > 8.9)

forall i€ Q.
For every k € R, if A = ik(k* + 1), then

[ 3, ik . [ 3, ik
m =1+ 3 =2 ) =ik ) =1/1+ 7k = 2. (8.10)

19
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Define
am =[] (D =)™ =123, (8.11)
1<£<3
C#j

Then, for every n € N U {0},

By D] % (DT |y =D 2T, £, 8.12)

Ba; 0| £ 75 (e ()| 5, a3 (8.13)

foral A€ Qand j=1,273.

Proof. The discriminant is 4 — 2742, and hence the equation has no multiple root on Q, which is simply connected. Thus, the analytic
roots with the stated normalization follow from analytic perturbation theory; see [34, Theorem XII.2].

For A = ik(k? + 1), substituting u, = ik into (8.2) and factoring the remaining quadratic factor gives (8.10). The ordering (8.6), the
large |A| behavior of the roots, and the corresponding separation estimates are standard; see [14, Section 2]. Combining the large
| 4| estimates with (8.10) and compactness on bounded subsets of Q yields (8.7) and the second estimate in (8.12). The remaining
estimates follow by repeatedly differentiating (8.2) and the definition of a;. O

. . 1
In the following, we fix € € (0, VE)'

Given three scalar functions y g with j = 1, 2,3 we consider the Wronskian

V1 h%) V3
Wiy vyl i=det| yp ¥, W | (8.14)
oW
For the functions y; = e/ DX we set
Wod) i= Wiy ysl= [ = np. (8.15)
1<i<j<3

By the variation of parameter formulas the solutions of the nonhomogeneous equation
V' -y +iy=F (8.16)

are

y= D aeh* / M F(x)dx, (8.17)

Jj=1273

where g; is given in (8.11). A simple computation, see [14, Lemma 4.3], yields the identity

Y a =0 (8.18)

Jj=123

The solutions of (8.1) are of the form (8.17) for F = —(f’(q.’)c)y), . Since
_aje”/x/ 87”’X(f'(¢))’)ldx = —ajf/(tﬁ)y—ajﬂje”"x/ e ¥ f(¢p)ydx,
summing on j and using (8.18) we have

y== 2 aue / T £ ()ydx, 8.19)

j=123
The first Jost function of (8.1) is provided by the following, proved like [40, Lemma 1 p. 130].

Lemma 8.2. There exists a solution f,(x, 1) = e*1*m,(x, A) of (8.1) such that for any a, p > 0 there is a constant Cop such that forall A € C
such that |Re A| < e and x € R

1 +o0
|ofa (my (e, )= 1)| < Cop()5 7 / £l e Ndx' (8.20)
Proof. We seek a solution to

+o0
[l =+ D apue / e f1 (@) 1, Ady
j=123 x
or equivalently

+oo
my(x,A) =1+ / q(x =y, ) f"(@)m (v, Ddy (8.21)
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where

qgx, ) = ajﬂje(”]_”])x‘

j=123
The solution of (8.21) can be expressed like in Deift and Trubowitz [40, Lemma 1] as
my(x,A) = Zml(x, Ay >
n=0
where

ml(x, /1)[0] =1,
+o0
my(x, D) = / q(x -y, A)f/(di(y))ml(y, Dmdy-
X
By (8.12) and (8.17) there exists a constant C, > 0 such that

1
sup Y layul S C (A3
|Re A|<e j=123

Then like in [40, Lemma 1] we obtain

] < 1t [ P @) o 17 Bt . dx,
x<x1<...2x,

= Lenoy s ( / If’(¢(y))|dy>

which yields (8.20) for a = p = 0. Differentiating (8.21) and integrating by parts we obtain
+oo
0,my(x, A) = =q(0, ) ' (¢p(x)ym; (x, A) + / 0,q(x =y, Af' (p(y)Im (v, Ddy
+oo
= m| (x, D) + / a(x =y, VS (p(»)d,m, (y, )dy where

(5, gy = / " 40— 3 D7 BN my (0 .
This can be solved as (8.22) as a sum

o my(x,4) = iom,l (%, Dy
where for n >0

(% Dty = /X . q(x =y, D (d)m] (v, D)pydy.
Then

+oo
|m'1 (x, ﬂ)[0]| < lmy s A)”LW(R)C*<'1>_% / L ()¢’ W)ldy

X

and for n > 1 and using that there exists C, > 0 such that | /" (¢(»)¢' )| < Cyl f'(¢(»))| we have

| G, D | < Y3 N (-, Ayl oo / £ (G| ... | f (@ (x)dx, ... dx,

x<x1<...2x,

o n+1
= 1C0Cf+1</1>’% </ If’(¢(y))ldy> .

n!
Then we obtain (8.20) for « = 1 and g = 0. Applying 9, to (8.21) we obtain
0 my(x, 4) = /XW 0,4(x =y, DS (@)my (y, Hdy
+ /x Y, "(d(y)9;m, (y, Ddy.

Then

0my(x, A) = iy (x, Dy
n=0

21
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(8.22)

(8.23)

(8.24)

(8.25)



S. Cuccagna and M. Maeda Nonlinear Analysis 274 (2027) 114253

where
iy (x, gy = / 0;9(A4, x = ) f'($(»))m (v, H)dy and
1ty (X, Ay =/ qaCx = 3, DL (W) (v, D)y dy.
We have for some constant C; > 0

ity (e Doyl < 10,y )l - Dl o / £ éG)dy

0
+ llmy G, Dl o) 2 / aj,llja/l(e*(uj*m)(x—y))
X

j=2.3

<C(ays / £ @Oy

' (@)dy

where we used (8.12), (8.13) and

“up—y G~ 1)

< |y = )G = y)ets o
j Ml

|(x _ y)e(Mj—/ll)(X—y)aA(”j _ ”l)|

< aj(”j - Hy)

< < (A" and for all y > x. (8.26)
Hj — K

For n > 1 we have for a constant C, > 0

iy G, A sczuﬁc:u)*?/ @] @, - dx
X<x1<...<x,

- %CzW%C:W?( / If’(¢(y))|dy> .

We hence get case « = 0 and g = 1. For the general case we proceed by induction. Differentiating (8.21) and integrating by parts we
obtain

+o00
9% 0limy (x, 2) = Aty (x, Do) + / a0 =y, D (@)L m (v, Ay
X
with the first term on the right of the form
iy (x, Aoy = D, ay s / o ax = y, DA (£ () 9007 my (v, Ay, (8.27)

where a; + a, = @, f; + p, = pand a, + f, < a + p and where the a;‘;’z are fixed constants. Formula (8.27) can be obtained in elemen-
tary fashion by induction on a proceeding like for (8.25). We have like above by induction

|07 a1 x = 3, DL (1 @) 520y (3, )| 8 (3108 (1)

so that we get the following which, fed in the Volterra equation resolution mechanism, yields (8.20)
1 @ +o00
[y e, gy < €T3 / 105 (/' @) 1dy.
i=07x

where we remark that this last integral can be bounded in terms of the integral in (8.20). O
The second Jost function of (8.1) is obtained similarly.

Lemma 8.3. There exists a solution f3(x, A) = e#3*m3(x, 4) of (8.1) such that for any a, § > 0 there is a constant C,; such that for all A € C
such that |Re A| < e and x € R

1 X
020" (m3(x, ) 1)( <Cup(ny 37 [ @ )dx" . (8.28)
Proof. The proof is similar to that of Lemma 8.2. We only remark that here the integral equation is
my, )=1- Y au; / THIE) £1(Gh(y)ms (v, A)d y. (8.29)
j=123 —oo

O
Observe that for A € iR we have that f;(—x, 4) solves Eq. (8.1) with A replaced by —A. Then, by the asymptotics, we conclude
f1(=x,4) = f3(x,—4) for all x € R and A € iR. (8.30)
A third Jost function of (8.1) is the following one. As we will see later, there is no as good control globally for x € R of this function.
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Lemma 8.4. There exists a Jost function f,(x, ) = e*2*fi,(x, A) and x, € R such that for all A € C such that | Re 1| < & we have

”’;’2('7 )’)”Lcc ((*W’XO)) <2 and (831)
liIP my(x,A)=1. (8.32)

There are constants C,; = Cyp(c, xo) such that for a + f > 1

10208 s Dl o (o) < Cap) 57 (8.33)

(—00,x0)

Finally, there are constants C,; = C,5(x,) such that for x < x, and for |Re | < ¢,

1
10208 (ify(x, 2) = 1)] < Cpp(a)™3 P& DIxI, (8.34)
Proof. For x, € R consider the equation
iy (x, 1) = 1 +Trniy(-, 1) , (8.35)

where

Tg(x) 1= —ayp / =) £ (Gh(y)g(y)dy

00

X X0
— iy / I @)y + azp / VTR £ (p(3)g () dy -
—00 X
Then, from Lemma 8.1, there exists a x; € R such that for x;, < x; we have that

I (2o (o)) < 1/2

for all |[Re A| < e. Then ||(1 - T)~! ||g(Loo((—oo,x0))) < 2 yielding (8.31). The limit (8.32) is obtained using dominated convergence. Dif-
ferentiating (8.35) we obtain

(1 = T)0%" iy (x, A) = A + A, where

X
aya B — — a ay ~fr ~
A== Y ayp /_ O () 4 ) (1 90) 3570 oy,

X0
aja B — — a ar Afr ~
Ay =Yy / 0" (a3 p3e M)A (£ ((1)) 0y 02 iy (v, Al y

like in Lemma 8.2. Since A, and A, are bounded above by the right hand side of (8.33), inverting 1 — T we obtain (8.33). Finally,
the last statement follows in an elementary way from

_1 x .
ITg()| < (A) s||g||Lw(7w,X0)[ / Drgy
—co

~Re(u—up S [ 1) USRS SR
+e 37K e dy+e 2 e” NI gy
—0o0

X

|

We will need also additional solutions.

Lemma 8.5.
1. There exists F(x, A) = e¥1*M,(x, A) and x, € R such that for any a, f > 0 there is a constant C,; such that for all x < x, and |[Re A| < &
_Lp e .
10702 (M, (x. ) = 1)] < Cpp() 73 7e 0"V and lim M (x, 4) = 1.
2. There exists F,(x, 1) = e/2*M,(x, A) and x, € R such that for any a, f > 0 there is a constant C,; such that for all x > x, and |Re A| < ¢
/] —5-B ~(r-1 ~ =
0405 (My(x, ) = 1)] < C, y(4) "3 Pe "V and Jim Mo 4) = 1.
3. There exists F5(x, 1) = e/3* M5(x, 1) and x5 € R such that for any a, § > 0 there is a constant C,, such that for all x > x; and |Re | < e
s —5F -1 ; -
[00% (M5 (x, ) = 1)| < C, 5(4) 3 Pe~ =DM and Jim Mi(x,2) = 1.
Proof. Here M,(x, 4) is obtained solving

M (x, ) =1 +TM,(-, %)
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where

Tg(x) := —01141/ f'@e)dy

X1 X1
+ayy / W=k £ ((y))g(Mdy + az s / W3R £ ((y))g(y)dy -

Like in Lemma 8.4 there exists a xy € R such that 7]z (1o ((—cox,)))
dominated convergence yields the limit. Proceeding by induction

< 1/2 for x; < x,. This gives the estimate for (a, #) = (0,0) and

(1= T)0%" M (x, %) = A, + A, where

A= ;;;j / (1) 05" (£ ($(1) 0y 0} M, (3, Ay

A== Day / “ eI ”) O (f' ()92 My (3, Ddy
like in Lemma 8.2. Then using (8.26) by induction

X
14,15 (,1>-2/3-ﬁ/ e Mdyfor j=1,2.

—o0

The statement for F;(x, A) is obtained similarly. Finally M,(x, 1) is obtained solving
Ms(x, A) = 1+ TMy(-, 4)

where
+oo

Tg(x) = ayu, F@MeB)dy

X

X 400
—aypy / =)0 1 ((y))g(n)dy + az s / W)Y 1 ((y))g(y)dy .
X X

Then again there exists a X, € R such that [l £(L ey too))) < 1/2 for x, > X,,. This gives the estimate for (a, #) = (0,0) and dominated
convergence yields the limit. The other estimates are obtained by induction as above.
O

The following shows that f5(x, 4) does not satisfy good bounds: we will remedy this later.
Lemma 8.6. For any pair («, ) and any A with 0 < Re A < ¢ there is a C,5(4) which is locally bounded in A such that we have
10207 iy (x, )| < Cy p(A)(1 + eRUB~H2%) for all x € R. (8.36)

Proof. First of all, there exists some x, such that for x < x, we have the estimates in Lemma 8.4. Next we observe that f,(, 1) €
Span{ f (-, A), F5(-, A), F5(-, A)} since the latter three functions are, by their asymptotic behavior at +oo, linearly independent and so
they generate the vector space of all the solutions of (8.1). Hence

Frx, A) = Ay (A f1(x, A) + Ay(A) Fy(x, A) + A3 (D) F;5(x, 2)

for the A;(4) three analytic functions in A. The estimate (8.36) is then true for some x; and for x > x; by Lemmas 8.2 and 8.5. Finally
for x, < x < x; the estimates hold for (8.36) by smooth dependence of solutions of (8.1) on A.

O
We set now
biy(x, ) 1= f(x, A f]Ge, ) = f] G, D (x, 2) and (8.37)
byp(x, ) 1= f;06 DR, A) = £l D fa(x, ) for j=1,3 (8.38)
and by (x, 1) 1= =bjy(x, A). For ¥ = Y(x, 4) := (f;(x, 4), f}(x, A), f/(x, )T for j =1 or j =3 then
0 1 0
Ay _ Ay for A= 0 0 1| (8.39)
dx

-(f'@®) 1-f 0

Consider Z = (zy, z5, z3)T a solution of the dual system ;—XZ = —ATZ. Then we have £*z; = Az;. Notice that this observation implies
that

(£* = A)b;;(-, ) =0 for all i, j. (8.40)
Pego and Weinstein [15] define the Evans function D(1) = YT(x, 1)Z(x, ) for solutions Y of (8.39) and Z like above chosen so that
Y(D)Z_() = 1 where Y, (1) = lim e MY (x, Ay and Z_(4) = lim e D> Z(x, A).
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In Pego and Weinstein [14,15] it is shown that A € C with Re 4 > 0 is an eigenvalue if and only if D(4) = 0. We can apply Pego and

FIN
Weinstein [15, Corollary 1.18] and conclude D(A)—oo> 1. From Pego and Weinstein [15], in particular p. 73, we have

-2
=

D(0) = D'(0) =0 and D" (0) = (%) 1 (N, ).

From Pego and Weinstein [15, Formula (1.28)]
liIP e MY (x, ) = DAY, (A).
Lemma 8.7. We have, for the A, in (3.6),
1
f106,0) = f3(=x,0) = =~ (p)¢/ (x) where B(p) 1= 2(p + 1))# T,

0,/1(x,0) = ﬁ'](p)<p+l¢’ + Ap¢> and

0,/3(x,0) = ﬂ“(p)(p%lqb/ - Ap¢>.

Proof. We have f,(-,0) € Span{¢’, F3(-,0), M,(-,0)}. We have f(x,0) = e (1 + o(1)) for x - +oo0 by Lemma 8.2.

¢’ (x) = —¢(x) tanh (p; 1x> and for x - +oo

1 2
pon_ (P ELNT p—1 Tl p—1
¢(x) = (—2 > (cosh < 5 x>> tanh ( 3 x>

2

L _2
~_<I%l>pil <2_] eXp<p;]x>> e+ yFTe,

Hence the asymptotic behaviors of M,(-,0), Lemma 8.4, and F;(-,0), Lemma 8.5, and the following,

(/15,00 + 7 ()¢ (0) —— 0,

yield the formula for f;(x,0). From (8.30)
£3(x,0) = £1(=x,0) = =~ ()¢ (=) = p~ (1) (x)

we conclude (8.43). Next we have
L£0,£1¢.0) = f1(.0) = —p~' ()¢

By (3.9) we have LA,¢ = —¢' and so
G(x) 1= 9, f1(,0) = B~ (p)A,¢ € Span{@', F;(-,0), M, (-,0)}.

Since G(x)ﬂ» 0 by Lemma 8.2, necessarily G(x) = af~' (p)¢ for some a € R and so
0,11,0) = ap~ (p)¢' + B~ (DA, .

We obtain ¢ matching asymptotic behaviors in the last formula. By Lemma 8.2, for x — +oo0
0,f1(x,0) = e7*(0, 4, (0)x + o(1)) = e*X<—%x + o(l)) by 9, 4,(0) = —%,

with the last equality obtained by elementary implicit differentiation in (8.2). For x — +o0
_ _ - 1 1
af™ (p)d (x) + 1(IJ)Apd?(x) =e" (—zx —a+ 1 + 0(1)>
which to match with (8.46) requires a = p+l giving (8.44). Using (8.30) and (8.44) we obtain

0,f5(x.0) = =0, f,(~x,0) = —ﬂ*%p)(ﬁd(—x) + Ap¢(—x>>

= ﬁ"@)(L«b’(x) - qus(x)).
p—1
O

Corollary 8.8. The following facts are true.
i We have a;’bm(x, 0)=0fora=0,]1.
ii For any n,m > 0 there is a constant C, ,, such that for all A € C such that 0 <Re A <& and x € R

l_
9107 (=i, )| < G )T
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iii There exists a constant b, € C such that aibm("’ 0) =2D"(0) + byp(x)

Proof. Starting from i, case a = 0 is obvious from (8.43) while

0,b15(x,0) = 9, f(x,0)f;(x,0) + f,(x,0)0, f3(x,0) — 9, f(x,0) f5(x,0) = f](x,0)9, f3(x,0) =

(778 )97 (58 ) - () 09 (555 ) -0

By elementary computation and using (8.3) we obtain

by3(x, A) = DXy (x, ) (eH5 P my(x, ) = (1 P¥my (x, 1)) 5Py (x, 2)

= e 20X (13 (A) = py (D)) my e, Dimy (x, A) + my (x, Ayml(x, A) — m (x, Dms(x, ).

Hence from Lemmas 8.1-8.3, we have the following, proving ii,

0107 (e Pbyy(x, )| =

0707 ((13(A) = py (D) my (x, Hmy(x, A) + my (x, Hmly(x, A) = m), (x, Amy(x, /1))) < Cmu)%*'".

Differentiating (8.40) and using Claim i, it is easy to conclude that E*0§b13(~, 0) = 0. Then

02b13(-,0) € Span{1, ¢, g}

where g is an unbounded solution of £*u = 0, but since, by Claim i and (8.47), aﬁbl 3(-,0) € L*(R) there are two constants such that
a§b13(-,0) = ay + by¢. Here we show the explicit value a, = 2D"(0) # 0, as this is the source of some difficulty later. Obviously we
have ay = lim 92b;3(x,0). We have

X—=>—00

92b13(x,0) = 2a(x) + b(x) with a(x) = 02m, (x, 0)m;3(x,0) and
b(x) =40,m(x,0)0,m3(x,0) + 2 m(x, 0)0§m3(x, 0)
+ 03 (my (x, Hymly(x, ) = m (x, Dmy(x, )| 120

where we used i and u3(0) — p;(0) = 2. Now mj3(x, 0)2» 1 by (8.28). We have

+oo
meH-1= Y apu / T £ () (3. Ay
Jj=23 x
+0o0

—aim F1@my (v, Ddy =1 Ay (x, 2) + Ay(x, ).

X

It is easy to see that always 0704 A, (x, A)ﬂ 0 and by (8.42)
Xlim 05 A5(x, 4) = =0 <¢11M1 / 1 @)my(y, i)@) =0y(D(H)-1)
——00 R

So we have proved a(x)g 2D"(0). Finally we prove b(x)ﬂ 0. For most of the terms in b(x) this follows from (8.28). The only
possibly critical term is the following, which gives the proof,

X——00

920,m; (x, ) = 020, A (x, 1) + 0 (ay py £ (d(x))m; (x, 1)) — 0.
O

Lemma 8.9. For j =1 and 3 and using the notation in (8.38), we have

Bp(x.0) = (=1)'T p71(p)(A, b, S, and (8.48)

0,,5(5,0) = —(=1)'T FL (XA, Y1y + s (8.49)
1 4
2 tota

S ——— (8.50)
- DB B(p)6s

with a; = —a3
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Proof. The space of the solutions of equation £*u = 0 coincides with Span{1,#,,g} for a function g that explodes exponentially

as x — +oo0. By (8.40) we have £*Z32(~, A) = —/1332(~, A). By 532(x, 0)—)H—_°.i> 0 we can conclude that there exists an « € R such that
b3y (+,0) = ap~'(p)¢p. We find « by matching the asymptotic behaviors: for x — —co we have

532(x, 0) = —f3’(x, 0)(1 + o(1)) = —e*(1 + o(1)) and

af™ (PB(x) = ae*(1 + o(1))
obtaining a= —1. Formula (8.48) for j = 3 follows from (3.4). Case j = 1 follows from f5(x,0) = —f|(x,0). Differentiating in A the
equation of b, (-, 4) and using (8.48) we obtain

[:*aAEjZ(xv 0)= —sz(x, 0)= —(—1)%/3_1(P)</\p¢, D)y (x).
By (3.10) we obtain

~ =1
cr <04bj2(',0)+(—1) 2 f 1(17)(/\,,4'), ¢)711> =0. (8.51)
Since, by (3.4), (8.34) and (8.38) and by Lemma 8.7 the function in (8.51) decays to O for x — —oo, there exists an « ; ER such that

~ j=1
9;b,(0) + (=) B (XA, by = ;. (8.52)
We find «; by matching the asymptotic behaviors for x — —co. By (3.4) and (3.6)
9 X 1 X
me == / ¥ Wy +01-— / D)y + 0,(x)

= %lxr/)(x) + [91 <ﬁ - %) + 02] (%) + o(p(x)) for x » —co. (8.53)

By (8.3), (8.28) and (8.34) we have

e~ (Ax

byp(x, 2) = e MD* (1 (2) — uy(A)) + 0( ) for x - —c0

so that

04532()‘70) = ex<% - % +o(1)) for x » —c0

Matching the asymptotic terms in (8.52), after a cancellation of the two dominating terms in the left hand side, we obtain the
following,

=1+ 2
=

3 - 1 1 1
()05 =5 + P ‘(p>9—1[01(r——>+02 Ry

1 2

By (8.34) and Lemma 8.7 we have, using ,u;(O) =1,

9;515(x,0) = 0, f1(x, 0) f3(x, 0) + £, (x, 000, f3(x, 0) = 0, £ (x, 0) f2(x, 0) = f(x, 000, f(x,0)

’
= o(e*) — exﬂ;(O) — <P— lex + ;—Cex> +ex/4£(0)x

= %xex - <% + %)e" + o(e*) for x - —oo.

By matching the asymptotic behaviors for x —» —o in (8.52) we obtain

3 2 0, 1 1 3 0,

g.=—(2+—)|-2-(—-=2)=-1-—o -2,

“pls <2+P—1> 0, <P—1 2) p—1 6
|

In general f, increases exponentially as x — co even if Re 4 = 0. In the following, we modify £, to be globally bounded. We first
examine the solutions of Lu = 0.

Lemma 8.10. The space of solutions of Lu = 0 is spanned by {¢’, h,, h3}, where h,, h; are even functions satisfying lim,_, ., h,(x) = 1 and

lim,_, ,, h3(x) = oo. In particular, there exists no solution of Lu = 0 satisfying lim,_,_, u(x) =1 and lim,_, , , |u(x)| = co.

Proof. Since Lu =0 is an 3rd order ordinal differential equation, the solutions are determined by u(0), «'(0) and «”(0). Since ¢’
solves Lu = 0 and ¢'(0) = ¢"(0) = 0 since ¢ is an even function, it suffices to consider the remaining 2 dimensional space of solutions
with «/(0) = 0. Now, since Lu =0 is equivalent to L u =c for some ¢ € R and L, preserves the parity, we see that solutions of
Lu =0 with «/(0) = 0 are even. From Lemma 8.5, there exist solutions of Lu = 0 satisfying lim,_, ,,, u(x) = 1 and solutions satisfying
lim,_, ., u(x) = oo (recall u3(0) = 1), yielding the desired h, and hj. Finally, if lim,_,,  u(x) = oo, then u has to have h; component.
However, this will imply lim,_,_ u(x) = c0. O
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Now, since fz(x, A), f3(x, A) € Span{ f(x, 4), F5(x, A), F5(x, )}, we can write
fz(x, A) = ¢y (A f1(x, ) + cp(D Fy(x, ) + cp3(A) F3(x, 4), (8.54)
f306, ) = c31(D) f1(x, D) + c3(A) Fy(x, A) + ¢35(A) F5(x, 4). (8.55)
Lemma 8.11. The ¢jr(A) (G =2,3, k=1,2,3) in (8.54)~(8.55) are analytic in A. Furthermore, we have c33(4) = D(—2) and ¢,3(0) = 0.
Proof. Set c;; by Fi(x,4) = ¢;;(A)f1(x, 1) + ¢1p(DF,(x, 1) + €13 F3(x, A). Then, the 3 X 3 matrix C = () <; k<3 Decomes invertible and
since it can be determined by the values of F;(0,4) (j = 1,2,3), £,(0, 4), fz(o, A) and f3(0, 4) which are all analytic, we have the
analyticity of ¢;.
Next, by the symmetry in (8.30) we have ms3(x, 4) = m;(—x, —A) for 4 € iR so that by the limit (8.42) we have

c33(A) = lirll ms(x,A) = lim m(x,—A) = D(—-4). (8.56)
X—+00 X——00
Finally, suppose ¢,3(0) # 0. Then, fz(x, 0) = niy(x,0) will satisfy lim,_,_ f;(x, 0)=1and lim,_,_ |j72(x,0)| = 0. Since fz(x, 0) solves
Lu = 0 this contradicts with Lemma 8.10. Therefore, we have ¢,;(0) =0. O

Now, we set
Acy3(A)

Q) = F (8.57)
Notice that from Lemma 8.11 and (8.41), ¢, is analytic in the neighborhood of 0. Set
falx, d) 1= /lfz(x, A) = cp(D) f3(x, ). (8.58)

Then, from the choice of ¢;(4), we have f,(x, 1) € Span{ f|(x, 2), F,(x, 4)}. Indeed, from (8.54), (8.55), (8.57) and Lemma 8.11,
Fax, A) =(Aey; (A) = co(De3y (A)) f1(x, A) + (Aezp(A) — ¢o(A)eza(A)) Fy(x, 4)
+ (Aepy (D= (=) F3(x, A).
The new Jost function f, satisfies better estimates than f,(x, 4).
Lemma 8.12. For any preassigned a, > 0 there are constants C,; > 0 such that
10%0% my(x, )| < Cyy for all x € R and all 4 € (~iay, iap). (8.59)

Proof. We know from Lemma 8.4 that (8.59) holds for x < 0. For x > 0 it follows from f,(-, 4) € Span{f,(-, 1), F,(-, 4)} and from
Lemmas 8.2 and 8.5.
O

Consider now the Wronskian, see (8.14),

W) 1= WI1(y, D, [0, A, [3(0, D] (8.60)
We claim that
W (4) = AD(A)Wy(4). (8.61)

To prove (8.61) notice that
W () = AW Lf1(, D, Fo A, f3(0 A
For
Y(x,2) 1= (f106 A, f1(x A), £]Ge, AT and Z(x, A) 1= (2, 25, 23) with
z1 = /72’(xa N (x,4) = 172"(x, D f3(x, A,
2, = f1/0e, D f3(x, ) = fo(x, ) fY (x, 4) and
23 = [0 DI A) = Fhx, ) f3(x, A,
then Y solves (8.39) and Z solves the dual system %Z = —ATZ and we have
W LE1 G D), Fox, A), f3(x, D)) = YT(x, DZ(x, A). (8.62)
By Lemmas 8.2-8.4 we have
XY (x, ) Y, (A) = (1, g, 42T and
M Z(x, D) Z_(3) = (a3 (st3 — )s 13 — 3o i3 = 1)
with, by an elementary computation which uses (8.3) and (8.15),
Y[(DZ_(h) = Wy(d).
Then we obtain the following which, with (8.62), yields (8.61),
YT(x, ) Z(x, A) = D(A)Wy(A).
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Lemma 8.13. For R(4) = R,(4) for ¢ > Re A > 0 with A # 0 we have

R(A)g = R,(A)g + R,(A)g where (8.63)
2 g (Mbi3(y. A)
R(Dg(x) = —fr(x, ) / %dy and (8.64)
Ry(A)g = Ryy(A)g + Ry, (A)g with (8.65)
5 @by (3, A) g (Mbia(y. 4)
Ry (A)g(x) = —f,(x, A) / ) %dy, Ry, (A)g(x) = f5(x, A) / %dy,

Proof. First of all, by the variation of parameters formula the right hand side in (8.63), which is well defined in the range ¢ > Re 1 > 0
for some ¢ > 0, solves the equation (£ — A)u = g. Furthermore, by (8.6) and by Lemmas 8.2, 8.3 and 8.12 it defines a bounded operator
in L>(R) when £ > Re A > 0. By continuity in A = z in (6.6), it holds also for Re A > 0 with 4 # 0.

O

Notice that (8.63)-(8.65) are equivalent to

R(A)g = R,(A)g + R,(4)g where (8.66)
~ = T g(by3(y, )
Ry (Mg(x) = —fr(x, /1)/)( Wdy and (8.67)
R,(Mg = Ry;(Mg + R, (A)g with (8.68)

g(by, (3. 4)
DAW,(A)

DAW,(A) dy and R, (A)g(x) = f5(x, ,1)'/)(

Ryy(Dg(x) = —f,(x, A) /

9. Proof of Proposition 6.3

We start by first proving the inequality (6.8). We distinguish between A close to 0 and away from 0. We start with the small 2
case.
Lemma 9.1. There exists an €, > 0 and a C(p) > 0 such that

[IRGD)gllx < C(p)”g”LLI(R) forall g € ker P and = € (—&4,€4)\{0}. (9.1)
Proof. For A = ir, using (8.63) and (8.66) we set

Ng  Ng

RDE =300 = Daowemy’

where N(A) = MV(A) can be defined using (8.64)—(8.65) resp. (8.67)-(8.68). Next we consider

RO()g 1= — L Aol N(0)g
D(AHWy(2) ,.;Ql '
N S
D(AHWy(2)
1
D(HWy(A)
X +00

+ m (—mx, 0 / £00)9, B3y 0)dy + f3(x,0) / £, 0)dy>

= ! Ay + A A+ A A

DWW YT DWW T Dywea) 2

X _ +00 -
(—fl(x,0> / £V (3 0)dy + f3(x.0) / g(Y)blz(y’O)dY>

X 400
<—am (x.0) / 0 Vbrs(3.00dy + 0, f(x,0) / £0b0. 0>dy)

with the contribution of ﬁl (4) null by Corollary 8.8. We claim that, since g € ker P, we have R (4)g = 0. From (8.43) and (8.48) we
have
A = B (D) f3(x,0)(A, b, $){(g,m,) = 0 by g € ker P.
We have
p7(p) ¥ B72(p) < 1

1 , , +00
A= —0—3(1:05 +/\,,¢> [m gm(ydy + a5, pTld) —/\,,¢>/x g, (y)dy

2 -2 / x -2 / oo
L0 - 52 [ gomonan+ 2L [ may
3 3 T 3 *
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where the cancelled term is null by g € ker P. Similar cancellations yield

Ap = A (p)qﬁ(g,m) I/ (p)a3¢/ gm(ydy

— ; —1 !/ d =_; ,/+oo J
(“3+(p_1)/3(p)93>ﬂ )¢ : g, (»)dy (p—l)ﬂz(p)93¢ : gy (y)dy.

Then we obtain the following, which proves R©(1)g = 0 for g € ker P,

2w ¢
Ap+Ap=-— g,
11 12 93 - ( 2)
Since
1 o A
RO = > S9N (O)g =0

AD(HWH(A) &5 1!

we have for R (1)g = R(A)g — RV (4)g, by the Taylor expansion formula we have

RYg = R (g + R (Mg + R\ (4)g where (9.2)
R (g = = Adzu - z)? / - 800 (f3(x, 2)byy(v. 2))dy (9.3)
ADWo(A) Jo . PR
Wy 27! 4 2 / ¥ 3
Ry W = = pmem /o 474 8102 (f1(x. 2)by(y. 2))dy and (9.4)

1 +o0 /12
RY =——/ b3 A) — = £5(x,0)0% by3(3,0) ) dy. 9.5
1 (Vg DWW /. g\ fo(x, bi3(y. 1) 2fz(x )0; bi3(,0) )dy (9.5)
We examine each of these three terms. We claim that
+oo
R )| 5 / (x = yPe 2 gldy (9.6)
X
which in turn, by the convolution Young’s inequality, implies
IR (Mgl 11 @z S 18011 g)- 9.7)
To obtain (9.6) notice that
02 (f3(x, 213 (3, 2)) = 93 [Py (x, 2)y(, z)] where

Y3 2) = (42 (A) — 1y () my (v, )My (v, 2) + my (x, 2)my(y, 2) — m) (v, 2)my(p, 2).

Since by Lemmas 8.2, 8.3 and 8.12 for y > x for appropriate constants C,,,, we have

0719797 [my(x, 2)r (v, 2)] ‘ < Cume

X"y z

if, as in our case, z is close to 0, by D”'(0) # 0 and by Re u3(z) > 1, see (8.10), we obtain
103 (/3(x, Db1a (0 D) S (x = y)Pe ™,

yielding (9.6). Since with the same proof we obtain also

|RYe)| 5 / (x =y g(ldy (9.8)
we conclude also
||R(213)(A)g||L1(R)an(R) b ”g”Ll(R)- (9.9)

Next we examine R(ll) (A)g, which is subtler. Since aibl 3(1,0) = aﬁ (e"2Yb,3)(y,0) by Corollary 8.8, we can write
A2 )

S2(x, Dby3(y, 4) — jfz(x, 0)9; b13(»,0)

_ 2
= fr(x, Ae Mz(/l)J’(euz(/l)yb]}(y’ ﬂ)) — 7f2(x, O)ai (eﬂzybm)(y’ 0)

2
= ¢ H2(Dy (fz(xa A)e”Z(A)be(y, A — %fz(x’ O)ai (e”2yb13)(y, 0)>
Ay 2

+ 7(e H2AY 1) £,(x,0)07b3(y, 0)

= e taby / G-22, 3 (42 my(x, 2)eH2 Vb 5 (y, 2))d 2
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2
+ 2 (9 1) 1y, 0002130 0) =1 AL %) + Bl %),

The A(4, x, y) term gives a contribution to (9.5) because

1 +oo
[AD(A)Wo(A)] /x

from the fact that

[4]
[A(A, x, y) s(1+|x|>3/ (4] +0do ~ AP + |x])?
0

by |97 (my(x, 2)e2@¥b,5(y, z))| S 1 by (8.47) and (8.59). Next, Corollary 8.8 and (8.58) give

B(A,x,y) = =D" (0)cy(0) 2% (e7#2DY — 1) f3(x,0)

+00
lgMAMx, YIdy S (1 + |x])? / lgWldy

2
- boco(o)%(e"‘z(“y = 1) f3(x,00p(») =2 B (4 X, ) + By(4, X, y).

The second term is easy to treat because

1 +oo
[AD(HW, (A /x

Let us set now

d(x) :

g By (4, x, y)|dy S

e ddy
Jp ddy

and let us consider the term

RV (g :

o A
=D 00O 5w

Then we can write

R (2)g == D" (0)co(0)

A
2D(HWp(4)

/! A{
+ D" OO 55

/! }‘
= DO O35

We have, recalling y* := max(0, +y),

[App (D)

[ D)Wy (A

+o0
<16/l / 1E0)ldy.

+00
I¢’(X)I/ eIy d()dy

F3(x.0) / ) (e _ |
R

+00
f3(x,0) / g (72D — 1)dy.

+oo
f3(x,0) / g (e DY — 1)(1 - ¢p(»))dy

f3(x,0) / g (e — 1) g(y)dy

3
)b(dy =Y RV (dg.

Jj=1

A1) Il e —y [T
IR} " (Dg®)] 5 7 9" ()] EMY)OE™ Hdy S e lgldy.
Similarly
5(12) oD, * —y —|x]| *
IR Z(Dg0)] 5 I &' ()] [gM»)Oe™ Hdy S e ls)ldy.

So far we have proved that

”(R(ir> _ ﬁ§13>(ir>)g”§ < Collgll L1, for all g € ker P and 7 € (g4, £4)\{0}.

We finally have the following, which completes the proof of (9.1),

1R o < 119/ lls

a

|y (i7)|

Izl

/<y>lg(y)¢(y)ldy Sl + gl ~ lgl -
R

Having discussed what happens for 4 close to 0, we consider 4 away from 0.

Lemma 9.2. There exists a C(p, e4) > 0 such that

sup
TER\(—£4.64

: I Rﬁ(ir)”E(Ll(R),f) < C(p.ey).
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(9.10)

(9.11)

(9.12)

(9.13)

(9.14)

(9.15)
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Proof. We have for Ry(ir) = R_z_, (it +0),
x+0x

R(ir) = (1= Ry(i0)0, /' ($)) ™' Ry(iv).
Here R,(i7)d, f'(¢$) is a compact operator in L®(R). Recall, see [16, formula (A.4)], that R(ir) is a convolution with the function
Ro(iz.x) = { aloen®, if x 2 0 and
—ay(it)et2(0% — g, (i)ets (DX, if x <0.
Notice that thanks to (8.18) we have Ry(ir)d, = 9, R(ir) with the latter having kernel

uy(it)a, (it)er10x, if x >0 and
—/42(ir)a2(ir)e"2(i”" - /43(ir)a3(ir)e"3(”)x, if x <0.

Ry(it, x) = {

So if g = Ry(i)d, f'(¢)g we have g € L2(R) for 0 < a < 37!/2. But then g is an eigenfunction in L2(R) with eigenvalue iz with 7 €
R\(—¢4, £4), not possible by Propositions 3.1 and 3.2. Furthermore from (8.24), which is relating to the smoothing properties of the
group of —93 + 9,, we have

T—00

||R0(1‘r)0 f (¢)”£(L°°([R{)) + ||R()(1T)||£(L1(R) L®(R)) + ”a R()(IT)HE(LI(R) T 0. (9.16)
Then from the immersion L®(R) < = we obtain

R,( -
TGR\S(IJ—]:E)4,€4) [ C(IT)||5<L1(R),Z)
< sup

T€R\(—¢4.£4)

sup 1RGO 21 w), Low)) < +00-

|(1= RoGino. /)|

LL®R)) 7
O

The above two lemmas prove inequality (6.8).

Proof of inequality (6.9). The proof is easier than the proof of (6.8). In higher energies we use

su R (7)o B
TER\(Em) IRe o x”£(L‘(R).z)
S sup

sup [0 RO(IT)”L(LI(R) LoR)) < +oo.
T€R\(—¢4,€4)

| (1= RoGino. /") 7|

LIL=(R)) .
For 7 € (—¢4,£4)\{0} we proceed like in Lemma 9.1. We have for 1 = ir
(RO + R ) o000, =0,

while we recall R(IO)(A) = 0. Then, see (9.2), we have

2

ROMOg" = RV(g' + Y (g.n )RV (D)g
j=1

where obviously [(g.7})| < llgll .1, by (3.3) and by (9.6) and (9.8)
IRDE sy + IRDDE N ooy < 18111y
Using the operator in (9.12), we have
IR D ey < DR = REG )& iy + IR DG e
SNy + ||ﬁ(11)(/1)§j||Loo(R) where
|ﬁ(11)(/1)§j| ST M| a0 0)|/ |§ ) (e — 1) ‘dy

< @l
& [4]

Next, integrating by parts and using the identity
—f3(x, 2)b13(x, 2) = f1(x, 2)by3(x, 2) + f2(X, 2)by3(x,2) = 0

which eliminates a boundary term, we have

LQIe >|/ Y&, Wldy S 1.

R(D(ﬁ)g’ = W/ dz(A— 1)2[ g(y)dz(fl(x z)d by (y, Z))
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+00
+—AD(/1)WO(/1) / dz(A—z) / 8102 (f5(x, 2)0,b15(v, 2))dy

0 3
g)7(x,y, Mdy = ) R,(A)g where

J=1

1
~ AD(WW,(2) /
2
T3, ) = fo(x, D0,by5(v, 2) — %fzoc, 00,02 by3(3, 0).

By the arguments applied to R(l)(i) and R(l)(ﬁ) it is easy to show that
IR;(Aglis < lgl 1 for j =2.3.

As we show now the term R, (4)g is simpler than R(l”(/l)g. We write
Ty, 4) = —pp(De 2DV <f2(x, Der2Mby (. 4) - %zfz(x, 0093 by3(». 0>>
+ 72D £ (x, o, (e2DVby5(v, A) — %zfz(X, 09,02 (27 by5(y, 2)) |20
- uzu)e‘”zwy fz(x 0005 by3(,0) = Z?,(x, ¥ A (9.17)

where we use 0”02(e“2<z)yb]3(y 2))|00 = a"a2b,3(y, 0) for any n by Corollary 8.8. Then

g(Y)71 (x9 Vs A)dy

’ AD(A)W,(A) /x

1 |4 ) +o0o
s W/o I [

by (8.20) and (8.47). For the same reasons

+o0
3 ("% my(x, 2)e"> Dby (y, Z))|dzs I/1I<X>3/ lg)ldy

1 ~
AD(AW,y(2) _[ gTa(x, y, Dy

1 14| +0o0
<L [Tap /
BE /o ]
+00

< <X)3/ lg»)ldy.

; (e“(z)b‘mz(x, z)dy(e"z(’l)ybm(y, z))) |dz

Finally, thanks to the y,(4) factor appearing in (9.17) and conspicuously absent in (9.10), we have

+o0
2(173(x, y, Ddy

AD(HW,(4) /

IMz(/W |
® |43
The above guarantee the following thus completing the proof of (6.9) and thus of Proposition 6.3,

+o0
LR I / dylg()2D" () + by < ¢/ ()] / 1£0)ldy.

IRV g Iz < C)lgll L1 for all g € L'(R) and all 4 € i(—g4, )\ {0}
O
10. Proof of Proposition 3.2
In this section, we prove what is left of Proposition 3.2, that is that £, has no nonzero purely imaginary eigenvalue. First of all,
it is elementary to see by scaling that it suffices to consider case ¢ = 1. Next, we observe the following.

Lemma 10.1. Let A > 0. Then iA is an eigenvalue of L if and only if it is an eigenvalue of L, 0,.

Remark 10.2. Sinceifil (4 € R) is an eigenvalue of £ with an eigenfunction y, then —iA is also an eigenvalue with the eigenfunction
. Thus, it suffices to show the nonexistence of an embedded eigenvalue i4 with 4 > 0.

Proof. Letil be an eigenvalue with associated eigenfunction ¢. From the results in Section 8, ¢ and its derivatives decay exponentially.
Now, since ¢ satisfies 9, L, ¢ = idg, setting w = L, @, we have

Loow=L,0,L,p)=1AL, @ =1iAy.
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Thus, y is an eigenvalue of L, d, associated to iA. Next, if y satisfies L, 0,y = idy, then ¢ := o,y satisfies
0L p=0,L, 0,y =ild,y =ile.
Therefore, we have the conclusion. O
We prove the non-existence of non-zero purely imaginary eigenvalue of L 0, by using the virial functional in [13].
Proposition 10.3. L has no eigenvalue in iR \ {0}.

Proof. From Lemma 10.1, it suffices to show that L, 9, does not have an eigenvalue in iR \ {0}. Assume i/ is an eigenvalue of L 0,
and let y be the corresponding eigenfunction. We set

ux) = —¢ 0/ p0) = 2= tanh (” ~! x>.
2 2
Then, we have
Re/W(LW’)M dx = Rei/l/ ly|>udx =0.
Now, setting w = y /¢, we have
Re/W(Lw/)u dx:Re/w’L+(w)dx
=Re / W' ¢ + wd)Quw' " + w' ¢')dx
=Re / Qluw' Ppd” + w'w" o + 2w ¢ ¢ + ww” (@' )dx
112 " 1 112 I\ N ISTAVA T N2
=Re/(ZIWI b = SIW(@d) = (ww') (§)” + ww"(¢'))dx

L PR = L1 P — ! g

—re [ Clu'Pos” -
3
=-3 / W' [*(~¢o" + (¢)7)dx.
From ¢ = ¢ — ¢? and (¢')? = ¢* — lﬁqﬁ”“, we have
v e _ P~ 1 Pl
¢P" +(¢) P .
3p-1D) <w(x) >
20+ 1) Jr |\ &)
This shows that there exists C s.t. w(x) = C¢(x). However, this will imply that y is an eigenfunction of 0 and contradicts our assump-
tion. O

Therefore, we have
2
d(x)" ! dx. (10.1)
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Appendix A. Conservation of Q

In this section, we prove the conservation of Q, which is well-known when f € C? but seems to need verification for small p. For
the proof, we follow Ozawa’s argument [48].

Proposition A.1. Let T* > 0 and u € C([0,T*), H(R)) be a solution of (1.4). Then, we have Q(u(t)) = Q(u) for all t > 0.
Proof. We have

@I, = lle%utt)|2,
t
= lluy — / ¢%R0(f W) ds2,
0
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t
= llull?, — 2 /0 (g, €%0,(f ((s)))) ds

t s
+2 / (1%, (f (u(s)))), / L0 (f sy dsy)ds) (A1)
0 0

where for the last line, we have used

/0 (IR0 wls). €250, (f w(s2))) dsy ds,
[0.7]

= </ +/ >(€S‘ai5x(f(u(sl))), 2%R0,(f(u(sy) dsds,
(51,52)€l0,1],51 257 (51,52)€l0,1],57>5;

=2 / (0u(f (s ), €250, (u(s2))) dsy s
(51,52)€[0,1], 51>59

Now, from (1.4), the last term in (A.1) can be rewritten as

t N
2 /0 (190, (f (u(s)))), /0 %0, (f (u(sy))) dsy)ds,
t
=2/ (81920, (f (u(s))), g — €% u(s))) ds,
0

1 t
=2/0 (g %20, (f (uls) ) dis, —2/0 (0 (f (u(sy))) u(sy)) ds,. A.2)

Finally, since 0, (f (u))u = d,.g, where g = ﬁ |u|P*! in the case f(u) = |u[~'uand g = ﬁ |u|Pu in the case f(u) = |u|”. Thus, we see that

the last term in (A.2) vanishes. Therefore, we have the conclusion. [
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