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State Estimation and Leakage Detection 1n
Water Distribution Networks Using
Constrained Zonotopes

Brenner S. Rego™, Stelios G. Vrachimis
Guilherme V. Raffo

Abstract—State estimation in water distribution networks
(WDNs) is a challenging task due to the scarcity of mea-
surements and the presence of several modeling uncertainties.
In the literature, pseudo-measurements are often required to
obtain an observable model for state estimation, which are
highly uncertain and mostly represented by bounded sets. This
article proposes two new methods for set-based state estimation
in WDNs, considering unknown-but-bounded measurement and
model uncertainties to calculate bounds on the system states.
A new interval method is proposed based on iterative computa-
tion of tight enclosures of the nonlinear head-loss functions, and
bounding the solution of the algebraic equations using rescaling.
This method, referred to as iterative slope approximation and
rescaling (ISAR), is mildly more conservative than the iterative
hydraulic interval state estimation (IHISE) method previously
proposed by the authors, but significantly more computationally
efficient. However, since intervals are not capable of capturing
the dependencies between state variables, we propose the use
of constrained zonotopes (CZs) as an additional step to both
IHISE and ISAR. This yields two new algorithms for set-based
state estimation of WDNs, capable of capturing the dependencies
between hydraulic states, which result in sets with significantly
smaller volumes than intervals. The benefits of CZs are also
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highlighted when the new enclosures are used for leakage
detection. These provide higher leakage detection rates compared
to intervals, as demonstrated in two case studies using benchmark
WDNs.

Index Terms— Constrained zonotopes (CZs), intervals, set-
based computing, state estimation, water distribution networks
(WDNSs).

I. INTRODUCTION

WATER distribution network (WDN) is a system respon-

sible for delivering water to consumers from water
sources. The water industry is being modernized with the
installation of sensors for monitoring WDNSs, the use of
supervisory control, and data acquisition (SCADA) systems.
Integrated monitoring platforms can combine real-time sensor
measurements with hydraulic models and geographical infor-
mation systems. However, there is still the need for intelligent
algorithms to process the acquired data and use them for
important tasks such as state estimation. State estimation
algorithms in WDNss infer the internal system states, such as
water flows in pipes and pressures at nodes, given the available
measurements. A complete view of system states supports the
operators in decision-making and enables the early detection of
hydraulic faults, such as leakages. It is estimated that every day
more than 45 million m? of treated water is lost due to leakages
in developing countries, which could have served 200 million
consumers [1].

State estimation in WDNs is a challenging task due to
the scarcity of measurements compared to the system size.
Indeed, observability in WDNs is only achievable in net-
works of large pipes which bring water from sources to
water utilities, called the transport networks [2]. In these
networks, all the inflows and outflows are measured in real
time, which is a sensor configuration that guarantees observ-
ability [3]. On transmission lines, it is possible to accurately
locate leakages using pressure sensors, a transient pressure
model, and a suitable methodology which considers modeling
uncertainty [4], [5]. However, most pipe failures in WDNs
occur in urban distribution networks in which transient models
cannot be employed. This is because these typically complex
networks contain pipe branches which disperse and dampen
transient pressure waves [6]. Moreover, these networks may
have hundreds of outlets that are not measured in real time.
Water utilities typically sectorize urban networks into district
metered areas (DMAs) and measure the inlet flow and pressure
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of each sub-network. A number of pressure sensors may
exist in a DMA, typically used for pressure monitoring.
To obtain hydraulic observability, groups of consumer nodes
are modeled as a single outlet, and a high-resolution estimate
of their consumption is determined using knowledge about
population distributions and historical data [7]. However, these
so-called pseudo-measurements of consumer demands are
highly uncertain with no statistical characterization of their
error to the true consumption. The best way to characterize
their uncertainty is with the use of error bounds [8]. Moreover,
WDN hydraulic models are often uncertain in their parameters,
which clearly affects the quality of state estimation [9]. The
most notable uncertain parameter is pipe roughness, which
can be described as a measure of the impedance each pipe
exhibits to the water flowing through it. This parameter cannot
be determined experimentally for every pipe, thus an estimate
based on the pipe material and age is usually adopted [10].

Standard state estimation techniques used in WDNs, such
as Kalman filtering and weighted least-squares, require a
measurement set that makes the system observable and the
statistical characterization of sensor measurement error to give
more weight to measurements originating from more accurate
sensors [11], [12]. Then, using a mathematical model of the
system, they produce an estimated point and covariance [13].
Given the nature of uncertainties in WDNs [4], [5], the
approach of modeling uncertainties of input data as intervals
has been proposed in [14] and [15]. This approach results in
a set-based state estimate, which is often more useful to an
operator than providing point and covariance estimates, due to
the lack of statistical characterization of all the uncertainties
involved.

Set-based state estimation methods are often called confi-
dence limit analysis in the WDNSs literature. The use of bounds
for the representation of measurement uncertainty in WDN5s
was first introduced in [16], where it was incorporated to
estimate interval enclosures of the states. A common way to
obtain set-based states in WDNs using a nonlinear model is
through Monte Carlo simulations (MCS) [17]. Nevertheless,
this approach is computationally intensive, and the actual
lower and upper bounds may not be reached even with a
large number of simulations. On the other hand, bounds can be
obtained without the need for extensive simulations using dif-
ferent methods such as the error maximization method [8], the
ellipsoid method, and linear programming [14]. The bounds
generated by these approaches are not guaranteed because of
the linearization uncertainty introduced when using a linear
approximation of the WDN hydraulic model, while they often
neglect parameter uncertainty. An interesting approach when
dealing with systems with bounded uncertainties is interval-
based state estimation which has been studied extensively for
linear systems [18], [19] and also used for specific classes of
nonlinear systems (see, e.g. [15], [20]). In particular, a recent
interval-based state estimation approach, specific for water
systems, was proposed by Vrachimis ef al. [15], in which
an optimization-based method calculates interval enclosures of
the states using a nonlinear hydraulic model and considering
parameter, input, and measurement uncertainties. It is shown
that the provided bounds on the states approximate closely

those obtained by performing a large number of MCS. Such
bounds can be used not only for state estimation, but also for
leak detection [21].

In contrast to intervals, zonotopes are capable of cap-
turing potential dependencies between state variables, while
mitigating the wrapping effect inherent to state estimation
methods based entirely on interval analysis [22]. During
the last decades, zonotopes have been extensively used both
in set-based state and parameter estimation of linear and
nonlinear discrete-time systems [23]-[26], and also in active
fault detection of linear discrete-time systems [27], [28] and
linear descriptor systems [29]. Zonotopes have been used in
parameter estimation and leak detection of WDNs in [30]
and leak localization in [31]. Specifically, the latter requires
linearization of the output equations, and conversions between
the generator representation of zonotopes to polytopes either
in half-space representation or in vertex representation. These
conversions have combinatorial and exponential complexities,
respectively, and can lead to dramatic computational times in
higher dimensions [32].

Recently, constrained zonotopes (CZs) were proposed
in [33] as an extension of zonotopes, in which additional linear
equality constraints are taken into account, while maintaining
the computational advantages of zonotopes. Besides the ability
of capturing the dependency of state variables, these equalities
allow CZs to describe asymmetric sets (in addition, general
convex polytopes, if the complexity of the set is not limited)
and also to incorporate equality constraints between the state
variables into the mathematical description. CZs were used
in set-based state estimation of linear discrete-time systems
in [33], nonlinear discrete-time systems in [34] and [35], and
active fault diagnosis of linear systems in [36]. In these works,
the use of CZs demonstrated their ability to provide sharper
enclosures than zonotopes for state estimation and also early
fault diagnosis. Nevertheless, despite these advantages, to the
best of the authors’ knowledge, the properties of CZs have not
been yet explored in methods for set-based state estimation and
leak detection in WDN:Ss.

This article proposes two new methods for set-based state
estimation of WDNs based on CZs, considering unknown-but-
bounded water demands and model parameters. Specifically,
we first formulate the mathematical model of a WDN from
the laws of conservation of energy and mass, which is later
approximated by linear algebraic constraints. Accordingly,
we propose an interval method based on iterative computation
of tight enclosures of the water flows by bounding the solution
of the linear algebraic equations using rescaling [33] and
subsequently re-approximating the nonlinear equalities for the
new flow bounds. This method is referred to as iterative
slope approximation and rescaling (ISAR). The latter is mildly
more conservative than the previous approach in [15] (IHISE)
since the provided intervals are not optimal bounds. However,
ISAR has a significant reduced computational burden due to
requiring only algebraic operations (see Section III-D), which
is favorable in realistic scenarios involving high-dimensional
WDNs. Nevertheless, as mentioned before, intervals are not
capable of capturing the dependencies between state variables.
Therefore, in addition, we propose the use of CZs to obtain



TABLE I
NOTATION USED FOR WDN VARIABLES

Symbol Description
h; Hydraulic head at node ¢
q; Water flow at link ¢
B Network incidence matrix
u; Effects of water reservoir and tank heads at link 4
d; Water demand at node 4
filag) Head loss at link ¢
l; Pressure-dependent leakage at node ¢
0, Leak emitter coefficient at node ¢
¢ Leak exponent
i Elevation of node 4
a Magnitude of the leakage
P Average sum of nominal demands

tights bounds of the solution of the nonlinear algebraic equa-
tions, with linear approximation based on the final interval
enclosures provided by both the approach described in [15]
and ISAR. These two new algorithms for set-based state
estimation of WDNSs, with a fair trade-off between efficiency
and accuracy, are both capable of capturing the dependencies
between hydraulic heads and water flows. This result in sets
with significantly smaller volumes than intervals and therefore
with improved accuracy. The obtained enclosures are further
used in passive leak detection of WDNSs, in which, by being
less conservative than intervals, allow a significant higher
number of detections in several scenarios with different leak
magnitudes. We investigate the key advantages of the proposed
methods for set-based state estimation and leak detection in
WDNs in numerical examples and also a realistic network,
which highlights their improved efficiency and accuracy in
comparison to intervals.

This manuscript is organized as follows. The topology of the
WDNss considered in this work is described in Section II along
with the corresponding mathematical formulation. Section III
reviews the interval method proposed in [15], introduces the
required mathematical background on CZs, describes a new
interval method with reduced computational cost, and present
the final enclosures described by CZs. The use of these
enclosures for leakage detection in WDNs is discussed in
Section IV. Numerical examples are presented in Section V,
and Section VI concludes the article.

A. Notation

Table I summarizes the notation used for WDNs in this
manuscript.

II. PROBLEM FORMULATION

The topology of a WDN is modeled by a directed graph
denoted as G = (N, L). Let N = {1,...,n;} be the set
of all nodes, where |N| = ny is the total number of nodes.
These represent junctions of pipes, consumer water demand
locations, reservoirs, and tanks. The hydraulic state associated
with the nodes is the hydraulic head, indicated by h;, j € N.
The hydraulic head consists of the pressure at node j,
whose minimum is the node elevation 7; with respect to a
geodesic reference. Each node j is also associated with a
water consumer demand at the node location, denoted by d;.
Demands drive the dynamics of a WDN and are an uncertain

input to the system. Let £ = {1,...,n,} be the set of links,
where |L£| = n, is the total number of links. These represent
network pipes, water pumps, and pipe valves. The hydraulic
quantity associated with a link i € L is the water flow,
indicated by g;. Moreover, u; denotes the contribution of the
level of water reservoirs and tanks to the ith link.

Consider a WDN with n, links and n;, nodes, described by
the nonlinear system of equations [10]

f(qi) +Bh, = u;
B'q; = d;

(1a)
(1b)

where k > 0 denotes the time instant, q; € R" denote the
water flows at the links, hy € R™ denote the node heads,
B € R"*" denotes the incidence matrix (whose elements are
—1, 0, or 1 depending on the connectivity of nodes with links),
u; € R™ is the contribution of the level of water reservoirs and
tanks, and d; € R™ is the water demand by the consumers at
the nodes. The nonlinear mapping f(qy) : R" — R" denotes
the head loss at the links, with its ith component f;(q) £
fi(qix) being given by

rilgixl Vi,
fi(gix) = [ o '

— (w1 — wagq;}), if link i is a pump

if link 7 is a pipe
(2)

with v, v, wy, w3 € R being known parameters derived from
physical properties of their corresponding elements (i.e., pipes
and pumps) [10]. On the other hand, the parameter r € R is
assumed to be uncertain and to belong to a known interval R.

Given the known information on u; and d; at instant k, for
k > 0, the objective of this work is to obtain tight bounds
O and Hj satisfying qx € Qx and hy € Hi. It is assumed
that interval bounds U, and D; of u; and dg, respectively, are
known from historical data, such that u;, € Uy, dy € Dy, for
all k > 0. In addition, we assume that conservative interval
bounds on the state x; £ (qx, hy) can be derived from physical
constraints or available historical data.

III. SET-BASED STATE ESTIMATION OF WDNSs

This section develops the proposed state estimation method
for WDNs described by (1). Specifically, the method devel-
oped in [15], denoted by iterative hydraulic interval state
estimation (IHISE), is summarized in Section III-A. Necessary
concepts of CZs are presented in Section III-B. The proposed
approximation for the nonlinear equalities (1) is described in
Section III-C. The new interval method, denoted by ISAR,
is presented in Section III-D, and, lastly, the proposal of using
CZs as the final step for the interval methods is described
in Section III-E.

A. Iterative Hydraulic Interval State Estimation (IHISE)

IHISE is a set-based state estimation methodology for
WDNs first proposed in [2] and further developed in [15].
The methodology calculates bounds on the system states
satisfying the nonlinear algebraic equations in (1) and given
bounds on water demands and the model parameter r. This
is achieved using bounding linearization, a technique which
restricts the nonlinearities within a convex set, thus converting



the hydraulic equations in a form where state bounds can be
calculated using convex optimization techniques. An iterative
procedure minimizes the distance between upper and lower
state bounds, by reducing the feasible set defined by bounding
linearization at each step and converging to the tightest possi-
ble interval bounds. The IHISE is summarized in the following
four steps.

1) Initial Bounds on the State Vector: The initial enclosure
of the state x; € X, is obtained by considering the physical
properties of the network. The initial lower bounds hL © on
the unknown head vector h; are set as equal to the elevatlon
of each node, while the initial upper bounds h,lj O are equal
to the sum of reservoir and pump heads, which is physically
the maximum head that any node in the WDN can achieve.
We then note that each equation in (la) is a function of
only one g;x and that the head-loss functions f;(gix) are
inclusion isotonic [37] [meaning that A € B — f(A) C
f(B)]. This property allows the calculation of initial bounds
on the unknown water flows using interval arithmetic, given
[hL © hU © ] and the known bounds Uy of the reservoirs and
tanks levels uy. This is done by rearranging (1a) with respect
to g;, i € L, and applying the inverse of f;. The uncertain
parameters r are handled as interval parameters. More details
about this procedure are given in [15]. The initial bounds
of the flow and head states are indicated by Q,((O) and Hk(o) ,
respectively.

2) Bounding Linearization of the Interval Nonlinear Terms:
Let m > 1 denote the iteration index. This step encloses the
uncertarn nonlinear terms f(qy) by a convex set, for all' q; €
O (m=1) [qk,qk] and all the uncertain parameters r € R,
using bounding linearization [15]. One way to achieve this
is to enclose the image of each component of the nonlinear
function fi(q;.x), for all g;x € [ql v 4. k] and r € R, between
a lower line f; FL(gix) and an upper line f; FY(qi.x). These lines
are defined as

= JFqix +BF Viel
= /IIUQi,k + ﬁ,»U VieLl

f_iL (Cli,k)
F7 (i)

with Ak, 1Y, p&, and B computed as explained in [15]. The
corresponding convex enclosure is defined componentwise by
the linear inequalities

fHaix) < filain) < fP(qix) Vaix € [a5-a5%].1 € £. )

3) Solution of the Linear Interval System of Equations
Using Linear Programming: The procedure described in
Step 2 yields linear inequality constraints that allow one to
replace fj(g;x) in (1la) with new variables (;, thus allowing the
transformation of all the algebralc equations in (1) into a set of
linear inequalities. Let Q} (m—1) = [q}, qf'], Hk(m_l) = [h}, hY],
Ue = [uf,ul], Dy = [dE,dY], A" = diag(A"), and AY =
diag(\"), with A" = [2}--- 2517, and AY = [2] .- AV )7,
An enclosure of the state set saltisfying (la) and (1b) can be
obtained using the following linear inequalities:

(3a)
(3b)

w <¢+Bh<u/ (5a)

"For notational simplicity, we omit the dependence on the iteration index m
of some variables, such as most of the lower and upper bounds of intervals.

Algorithm 1 THISE [15]

1: Assign initial bounds H. ,EO) using physical constraints.

2: Compute initial bounds Q;CO) according to Step 1.

3: Assign X,io) = Q,(CO) X H,SO), and m = 1.

4: Pe(rnflo_r{r)l bounding linearization of f(qg) for qp €

5: Scflve the pair of LPs (6) for j = 1,...
obtain X (™.

6: Assign X\™ = XD n X[,

7: If ™) < ¢, return X ,im) and terminate. Otherwise, assign
m =m+ 1 and go to 4.

,Ng + nyp, and

df <B'q<d/ (5b)
Atq+B" <t <AY+p (5¢)
q <q=<qf (5d)
hy <h<h/ (Se)
where g© = [Bf--- By 1" and B = [B--- B]". Note that

all the interval sets have been replaced by their respective
lower and upper bounds. Then, a total of 2(n, + nj) linear
programs (LPs) are then formulated using (5a)—(5e), with
decision variables given by [q7 h” ¢7]7 = [x” ¢7]". Each
pair of the following LPs provide the lower and upper bounds
of the jth state variable x;, with j =1,...,n, +ny:

x,¢

s.t. (5a)—(5e)

d (6)

ij =min x;
s.t. (5a)—(5e).

U_ ;
{xj = max x;

4) Iterative Solution of the Nonlinear System of Equations:
The procedure 1n Step 3 leads to an interval solution of (1),
denoted by X ™ which encloses the exact solution set denoted
by X{. An iterative method is then used to find a tlght X (m)
with respect to X7, resulting from X" = X"~V n X w1th
X0 = 0O »x HO At each 1teratron m, the previous reﬁned
set X ,E'"_l) is used in the bounding linearization procedure of
Step 2 to reduce the convex set defined by the inequalities (5).
Step 3 is then repeated to produce a smaller set f(,ﬁ'"). The
iterations of the IHISE terminate when the relative change
in the obtained enclosure X (m), given by the metric e,&m) ,
is smaller than a chosen tolerance value ¢, that is, e,E " <.

This metric e( ) is given by

(Xg(m) _ X]I;(m)) _ (Xg(mq) _ X}r(mfr)) ’1. )

The overall procedure of the IHISE methodology is
described in Algorithm 1.

Note that each iteration in Algorithm 1 requires the solutions
of 2(nj, +n,) LPs. Assuming that the solution of each LP has
the average complexity reported in [38], that is, it has average
complexity of O(N,N?), in which N; and N, are the number
of decision variables and constraints, respectively, then the
computational complexity of Algorithm 1 is O (x,,n’), where
n = ny +ng,, and x,, corresponds to the number of performed
iterations.

M L




B. Constrained Zonotopes (CZs)

CZs, proposed in [33], are an extension of zonotopes that
considers additional linear equality constraints. These equali-
ties allow CZs to describe asymmetric convex polytopes, while
maintaining most of the computational benefits of zonotopes.

Definition 1: A set Z C R" is a CZ if there exists
(G;,c., A b,) € R x R" x R"*": x R" such that

Z={c;+G£: |§lloc =1,A:§ =Db}. (®)

Equation (8) is called constrained generator representation
(CG-rep). Each column of G, is a generator, ¢, is the center,
and A€ = b, are the constraints. We use the shorthand
notation Z = {G,, ¢;,A.,b;} for CZs, and Z = {G_, c,} for
zonotopes. Moreover, we denote by By (A, b;) = {§ € R :
I§llo < 1, Az = b} and B = {§ € R™ : &l < 1),
respectively, the n,-dimensional constrained unitary hypercube
and the unitary hypercube.?

A few set operations are often present in the computation
of enclosures in set-based state estimation methods [33], [39].
Let Z, W c R", R e R™*" and Y C R™. In addition, let the
linear mapping, Minkowski sum, and generalized intersection,
respectively, be defined by RZ 2 Rz :z € Z}), Z@ W £
(z4+w:z2¢e€ Z,we Whad ZMNgY 2 {z € Z :
Rz € Y}. Using intervals, the Minkowski sum is exact, but
RZ and Z Ng Y are conservative when R is not diagonal
due to the wrapping effect. Moreover, all these operations
can be computed exactly using convex polytopes, but require
different representations whose conversion can be extremely
expensive [40]. With zonotopes, both RZ and Z & W are
trivial, but ZNRrY is conservative and difficult to compute [24].
On the other hand, if the sets Z, W, and Y are CZs expressed
in the CG-rep (8), these operations are computed trivially
by [33]

RZ = {RGz,Rcz,Az,bz} (9)
A 0 b
ZOW =[G, G,l,c. +cu, | ° S f 10
S (CERE T PN A1
A, 0 b,
ZMRY = {[G.0],c..| 0 A, |, b, e
RG; -G, ¢,—Re;

Equations (9)—(11) result only in a reasonable increase in the
complexity of the CG-rep (8). As with zonotopes (and unlike
polytopes), efficient methods for complexity reduction of CZs,
that is, to enclose a CZ with another one with fewer generators
and constraints, are available [33]. In addition, similar to the
zonotope inclusion in [23], the following theorem provides a
method to enclose, by a CZ, the product of an interval matrix
and a CZ.

Theorem 1 ([35]): Let X = {G,c,A,b} C R™ be a CZ
with n, generators and n. constraints, let J € IR"*" be an
interval matrix, and consider the set JX £ {jx :Jel ,X €
X} CR". Let G e R™" and ¢ € R” satisfy X C {G, ¢}, and
let m € IR" be an interval vector such that m 2 (J—mid(J))c
and mid(m) = 0. Finally, let P € R"*" be a diagonal matrix
defined by P;; = rad(m;) + Z;il > rad(Ji) |Gy for all
i = 1,2,...,n. Then, JX is contained in the CZ-inclusion
JX €<, X) £ mid(J)X @ PBL..

2We drop the superscript ng in By (A;, b;) for the sake of simplicity.

C. Slope Approximation of the Nonlinear Equalities

Consider the initial bounds Q,EO) and H,fo) computed as in
Section III-A1. The exact solution set of (1) for all u; € Uy,
d; € Dy, is the set of all q; € Q,(CO) and h; € Hk(o) such that

f(qr) + Bhy € Uy

B qx € Dy. (12)

The following lemma presents an approximation of the
nonlinear equalities (1) based on the bounding linearization
procedure described in Section III-A2. This is referred to as
slope approximation. Instead of the inequalities (5), Lemma 1
approximates (1) by set of linear algebraic equations.

Lemma 1: Let q¢ € [q},q]] C IR", hy € R™, and
(dg, ug) € Dy x Uy, such that the nonlinear algebraic equations
(1) hold. Then, there exists § € B, A = diag(8), A, €
R A_ e R">*", B, € R", and B_ € R" such that

(13)
Bqu = dk.

Proof: For a given interval bound [q}, q}], there exist real
vectors A, AY, B, BY € R™ such that ilg; + - < fi(q:) <
AWqi + pY foralli = 1,2,...,n,, and q¢ € [qF, qY] (see
Section III-A). Therefore,

Mg+ BE < fi(gix) < AP qix + BP
= fi(qz‘,k) € [A%Qi,k + ﬁiL, i?%‘,k + ﬁ,U]

— fi(qix) € (%(/ﬁU + ) + %(/1}} + iiL)qz‘,k)

1 v L Lou oy
EB(E(ﬁi - B ) + 5(’11' — 4 )ql,k)BOO'

{mqk +Bh =u — B, — A(B_+A_qi)

Let Ay = (1/2)diagAY +Ab), A_ = (1/2)diagAY — Ab),
B, = (1/2)(BY + BY), B_ = (1/2)(BY — B"). Then, there

exists 8 € Bad such that

flao) = Ay + B, +A(B_+ A _qr)

where A = diag(§). Substituting (14) in the nonlinear equa-
tions (1) results in the system of equalities (13). |

(14)

D. Iterative Slope Approximation and Rescaling (ISAR)

In this section, we propose an iterative method to find
interval bounds of the solution set of (13) with modest
computational complexity, without requiring to solve LPs as in
Algorithm 1. This method is based on iteratively enclosing the
solution set of the slope approximation (13) by a constrained
box in CG-rep, followed by the use of the rescaling procedure
described in [33], to obtain sharp interval bounds of the
solution. The resulting method is referred to as ISAR.

Let s > 1 denote the iteration index, and @i, £ u; —
B, — A(B_ + A_qy). Moreover, let Uk(s) £ [ak, a] be
the interval obtained by evaluating the right-hand side of
i, for all we € [uf,ul], q« € [q},q)], and A; € B,
using interval arithmetic. By defining the augmented vector
Pr = (qk, hy, Gy, di) € [",k(s) € HRzn"+2nh, with

Y =0V x HYTV x O x Dy (15)



Algorithm 2 Rescaling [33]

Algorithm 3 ISAR

I: Assign E < [-1,1] C R" R «+ (—o00,+00) = R"s,
i=j=1.
2: If A;; # 0, assign

Rj «— Rj n (A;lbz — Z A;lAlkEk), E]‘ — Ej n Rj.
k#j
3: If j < ng, assign j < j+1 and go to Step 2. Otherwise,
if j = ng and i < n,, assign (4,j) < (¢ +1,1) and go
to Step 2. If (i,j) = (nc,ngy), assign [€-,€Y] + E and
terminate.

- A, B -1 0
=[5 o o 4

the equalities (13) can be rewritten in the form Bp; = 0.
In addition, the relation p; € 13,{(5) implies that there must
exist a vector p € Bor? " satisfying

Py = mid(ﬁ,f”) n diag(rad(ﬁ,f”))p. (16)
Then, replacing (16) into the equalities Bp; = 0 results

in B(mid(A") + diag(rad(P")p)) = 0, which, in turn,
implies that B(diag(rad(f’k@))))p = —ﬁ(mid(f’k(s))). There-
fore, by defining the variables ¢ = mid(ﬁk(x)), G, =
diag(rad(]sk(s))), A = ﬁ(diag(rad(f’k(s))))p, and by =
—B(mid(P")), we have from (16) that the following relation
holds:

i € {& +Gip: [Pl < 1, Aup = by} a7

in which the right-hand side is a constrained box in CG-rep
(note that Gy is diagonal). The rescaling procedure described
in Property 1 is then applied to the right-hand side of
(17) to obtain an approximated interval hull of the solu-
tion of Ayp = by and, consequently, obtain a tight interval
bound of py.

Property 1 (Rescaling [33]): Let Z = {G, ¢, A, b} be a CZ
with G € R"™"%, ¢ € R", A € R**", and b € R If &",
£V e R satisfy Boo(A,b) C [£-,&Y] c [—1,1], then an
equivalent CG-rep is

Z = {Gdiag(§,), ¢ + G&,,, Adiag(§,), b — A, }
where &, = (1/2)(§" + &) and &, = (1/2)(§" — £").

The rescaling procedure corresponds to the process of com-
puting the smallest interval satisfying Boo(A,b) C [EL,EU]
and replacing Z = {G, c, A, b} with the CG-rep (18). Sharp
bounds can be obtained using the procedure described in
Algorithm 2, which has been previously used in [33], whose
complexity, in the case of (17), is O(n?) (assuming that
every variable is proportional to the state dimension n =
ng +ny). In addition, further accurate results can be obtained
if the constraints Aé = b are first preconditioned using
Gauss—Jordan elimination.

The proposed ISAR algorithm involving the rescaling
of (17) is illustrated in Algorithm 3. To obtain an interval
X,?) to be used in the subsequent iteration, we neglect the
equality constraints of the constrained box obtained in the

(18)

Assign initial bounds H. éo) using physical constraints.

Compute initial bounds Q,(CO) according to Section III-A.1.

Assign X\ = Q) x H\", s = 1.

Compute the slope approximation (13) for qx € @

Compute ]5,53) as in (15).

Rescale the constrained box in (17) using Property 1 and

Algorithm 2.

7: Retrieve the interval X ,gs) from the resulting CG-rep by
neglecting its equality constraints.

8 If e®) < g, return X ](Cs) and terminate. Otherwise, assign

s =s+1 and go to 4.

(s—1)
b .

AN A

TABLE 11
COMPUTATIONAL COMPLEXITIES OF IHISE AND ISAR

THISE
O(kmn®)

ISAR
O(rksn>)

Computational complexity

rescaling procedure, which, in this case, is equivalent to
computing its interval hull. Moreover, we use the metric
€“ given by (7), with m £ s, as stop criterion.® Since
Algorithm 2 has complexity O(n?), we have that ISAR has
complexity O(x;n’), with x, being the number of performed
iterations by Algorithm 3, while IHISE has average com-
plexity O(x,,n°) (see Section III-A). These complexities are
highlighted in Table II.

Remark 1: Step 7 in Algorithm 3 is equivalent to computing
the interval hull of the set obtained by Property 1.

Remark 2: The interval provided by Algorithm 3 may not
necessarily correspond to the interval hull of the solution of
the linear algebraic equations in (13). However, these are
still accurate enclosures of the solution set, as illustrated in
Section V.

Remark 3: The ISAR method (Algorithm 3) is based on
iterative computations of: 1) the slope approximation (13), fol-
lowed by 2) the rescaling procedure (Algorithm 2). Hence, the
convergence of Algorithm 2 guarantees that the approximation
(13) will be smaller at each new iteration of Algorithm 3,
thus consequently resulting in smaller inputs for the next
computation of the rescaling procedure. Algorithm 2 is a
particular case of the interval Gauss—Seidel iteration method
presented in [41]. A convergence analysis of the latter can be
found in the same reference.

E. Final Enclosure With CZs

The interval bounds obtained by ISAR can be tight, but due
to the wrapping effect inherent to intervals, these are not able
to capture the dependencies between all the state variables.
Therefore, we consider a final step in the state estimation
method using CZs to obtain a more accurate enclosure that
takes into account these dependencies. The complete algorithm
is denoted by ISAR-CZ. For the sake of completeness, we also
consider applying this final step to the IHISE, with the
corresponding algorithm denoted by IHISE-CZ.

3e®) £ ¢6=1 in general, therefore the notation €©) is necessary.



Consider the slope approximation (13), the augmented
vector X; = (qu,hy) and the sets satisfying (qi,hy) €
Q,(f’) X H,fk’) = X,E’”), where ¥, £ k,, or x; £ k, if the
enclosure was obtained by IHISE or by ISAR, respectively.
Let iy = ux — B, — A(B_+ A_qx), with u; € Uy. Then, it is
true that @i, € Uk, where Uk is a CZ given by

U 2 U@ (—B,) @ <(D, B_® A_Q,E"”)

with D being a diagonal interval matrix satisfying D;; = Bog
fori =1,2,...,n,4, such that A € D, and the operator <(:, -)
is the CZ-inclusion defined in Theorem 1. The final enclosure
used for state estimation is a CZ outer approximation of the
solution set of (13) and is denoted by )A(k. For u; x d; €
Ur x Dy, this CZ is obtained by the generalized intersection
X = {x c X,E"’) :Fx € Uy x Dk} = X,?‘I) Nr (U x Dy) (19)
where F = [ﬁ; ]3

In this article, we take advantage of the state coupling
resulting from the nonlinear equality constraints (1), which
are captured by the CZ* f(k given by (19). Moreover, since
Q,(CKI), Hk('”), Dy, and Uy are all intervals (hence have ng, ny,
ny, and n, generators, respectively), the resulting enclosure
X « has 3n, + 2n, generators and n, + n; constraints. Finally,
to avoid numerical issues in X «+ when one or both the sets Uy
and Dy are degenerate, we add tolerance intervals {z,, 0} and
{z4, 0} to each of the corresponding degenerate dimensions in
Uy and Dy, respectively.

Remark 4: Although all the sets Q,((K’) , Hk(’”), Uy, and Dy
are intervals (and therefore zonotopes), CZs are required to
compute (19) because the generalized intersection (11) is
difficult to enclose using zonotopes [24], which in addition
results in conservative bounds.

Remark 5: In this work, the state estimation is assumed to
be performed offline, using only the information obtained from
physical constraints and historical data of the WDN. However,
if measurements of q; and h; are available, these can be used
to reduce the conservativeness of the initial bounds Q,EO) and
Hk(o) by intersecting them with the measurement bounds. This
procedure can be done prior to computing the IHISE-CZ and
ISAR-CZ and will be explored in future work.

IV. PASSIVE LEAK DETECTION IN WDNSs

Consider a WDN in the presence of leakages, with n,
links and nj, nodes, described by the nonlinear algebraic
equation (la), and

B qu =di + & (20)

where q; € R" are the water flows at the links, B € R"*"
is the incidence matrix, and d; € R™ is the water demand by
the consumers at the nodes. In (20), £, denotes the presence
of pressure-dependent leakages modeled in this work at the
nodes [42]. The purpose of leak detection is to check whether
Cix # 0 for at least one node i.

“In case the complexity of the constrained zonotope (19) is very high,
for computational purposes, the number of generators and constraints can
be reduced using complexity reduction algorithms proposed in [33].

Consider the output equation

21

. . A
where v, € R™ is the measurement uncertainty, and Y; =

[y}, y¢1is the obtained measurement interval, with mid(Y;) =
yi. In this work, this condition can be verified conservatively5
by checking if the following relation holds:

Y = Cxi + vy

CX NY =1 (22)

in which X; is the set obtained by state estimation
IHISE-CZ and ISAR-CZ without considering leakage. In the
case of IHISE and ISAR, X is the interval provided by
Algorithms 1 and 3, respectively.

Despite being conservative, the advantage in verifying if
(22) holds is that no false positives can occur during leakage
detection, given that the bounds on the uncertain parameters
are valid, that is, r € R, wy € U, and dy € Dy, for all
k > 0. The resulting CZ from the left-hand side in (22) can
be computed using (9) and (11). Property 2 can be used to
verify if this CZ is empty by solving an LP.

Property 2 ([33]): For every Z = {G,c,A,b} C R",
Z # 9 iff mgin{llélloo tAf =b} < 1.

V. NUMERICAL EXPERIMENTS

In this section, we show the efficiency and accuracy of the
proposed CZ-based methods (IHISE-CZ and ISAR-CZ) for
state estimation of WDNSs. In addition, we show how these
methods can be employed for leak detection (we consider
scenarios where the leakage is present for the entire simu-
lation) and compare their performance with the interval-based
methods THISE and ISAR. For these latter, the convergence
tolerance (7) was set to ¢ = 1.

A. Uncertainty Modeling

For simulation purposes, all uncertainties in this work
are assumed to have uniform distribution. This is because
the most reliable representation for pseudo-measurement and
pipe parameter uncertainties are with error bounds [8]. The
parametric uncertainty r € R is mostly attributed to unknown
pipe roughness coefficients, which have typical values within
a range depending on the pipe material [43]. Since these
parameters remain relatively constant in practice, a calibration
procedure can improve the estimation to a +5% range of
the estimated value for each pipe [44]. The measurement
uncertainties are defined by the specifications of each type
of sensor (e.g., pressure, flow). Typically, it is assumed that
measurement uncertainties follow a normal distribution [45],
while a uniform distribution can also be used based on the
specification of sensor accuracy. Typical values for sensor
accuracy are in the range of £2 — 5% for flow sensors, while
pressure sensors can have an accuracy as high as +0.3% [46].

The most significant sources of uncertainties are the
non-measured consumer demands. In this case, pseudo-
measurements are used instead. These latter are essentially

S5Since Xy is computed conservatively, (22) = ¢; # 0 for at least one
i, but the converse is not true in general.
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Fig. 1. Two-pipe network example.
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Fig. 2. Volumes of the sets Xk obtained using IHISE, IHISE-CZ, ISAR,
ISAR-CZ, and also by the interval hull and convex hull of the trajectories
resulting from 1000 Monte Carlo simulations (MCS) using EPANET for the
two-pipe network.

short-term forecasts of consumption derived from historical
data, such as low-resolution measurements of consumed water
volume for billing purposes, as well as information about the
consumer consumption patterns. There are various methods
which can be used to estimate the demand [47], [48], with
the study in [49] reporting that 95% of the forecast relative
errors typically fall within the range of £10% for 24-h
forecasts. The demands in the transport network example
(Section V-C), in which these are measured inflows of DMAs,
are assumed to have £5% uncertainty. In contrast, in the
CY-DMA network example (Section V-D), which is a realistic
DMA, demands have +10% uncertainty due to the use of
pseudo-measurements.

B. Two-Pipe Example

In this first example, we consider a network composed of
three nodes and two pipes (see Fig. 1). A 24-h simulation
was performed with EPANET [50], using conditions (water
demands and reservoir levels) that vary every half of an
hour. We consider that the physical parameters r € R have
uncertainty of 5%, the demands d; € D; are measured with
uncertainty of 5%, and the reservoir level u; is precisely
known. The tolerance values adopted in Section III-E are set
to 7, =1.0x 107* m and 7; = 1.0 x 10~* m?/h.

Fig. 2 shows the volumes of the sets® X, obtained using
IHISE, ISAR, IHISE-CZ, and ISAR-CZ, for time k € [0, 24]
in hours, in intervals of 30 min each. Fig. 2 also reports
the volumes of “MCS interval” and “MCS convex hull.” The
former provides an interval approximation of the solution of

®For the sake of simplicity, in this section, we use the slight abuse of notation
X 2 Xim for the sets obtained using IHISE and ISAR.

TABLE III

AVERAGE EXECUTION TIMES AND NUMBER OF ITERATIONS
PER TIME STEP IN THE TWO-PIPE EXAMPLE

Average execution times (seconds) Number of iterations (#)

THISE 0.0243 2
ISAR 0.0118 3
IHISE-CZ 0.0286 2
ISAR-CZ 0.0167 3
/ [CJISARCZ
99.999 I MCS interval
I MCS convex hull
99.9988 MCS samples
E 99,9986
£
99.9984
130
3
g2 (m”/h) 125 o
e 200 275
12 255 260
950 5
q1 (m°/h)
Fig. 3. Projections of )?0 onto (q1,q2,h1), obtained using ISAR-CZ,

the intervals computed componentwise by maximum and minimum values
obtained from 1000 MCS, as well as the convex hull and samples of the
corresponding trajectories.

(1) obtained performing 1000 MCS considering parameters
r and demands d; drawn randomly from their corresponding
uncertainty bounds. The latter is obtained by computing the
convex hull of the same 1000 trajectories. Note that both
results, being based on a finite number of samples, represent
only an inner approximation of the solution of (1) but are use-
ful as a reference for the set-based state estimation methods.

Table I1I shows the execution times of IHISE, ISAR, IHISE-
CZ, and ISAR-CZ, averaged over the time horizon k € [0, 24],
together with the number of iterations performed by the IHISE
and ISAR for the given convergence tolerance ¢. Note that the
average execution time of ISAR is only 48.6% of the THISE,
even if a higher number of iterations is required. As expected,
the volumes of the intervals/CZs provided by ISAR/ISAR-CZ
are slightly bigger than the ones provided by IHISE/IHISE-CZ.
Nevertheless, as shown in Fig. 2, this increase is reasonable,
demonstrating that the drawback of using ISAR/ISAR-CZ
is mild, while the advantage in terms of execution time is
significant.

In addition, the volumes of both the outer convex approx-
imations given by the CZs in IHISE-CZ and ISAR-CZ are
smaller than the interval approximations provided by IHISE
and ISAR (see Fig. 2), illustrating that both IHISE-CZ and
ISAR-CZ can be significantly less conservative. Note that
the volumes of the CZs are smaller even than MCS interval,
demonstrating that CZs are indeed capable of capturing the
existing coupling between the state variables. This effect is
highlighted in Fig. 3, which shows the projections of X, onto
(1, q2, h1) obtained using ISAR-CZ, the sets corresponding
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Fig. 4. Leak detection rate of the IHISE, ISAR, IHISE-CZ, and ISAR-CZ for
the two-pipe network (leak at node 1), considering different leak magnitudes,
averaged over 100 random simulations and the time interval k € [0, 24].

to MCS interval and MCS convex hull, and also the MCS
trajectories.

In the following, we consider a scenario with the presence of
a leakage at node 1. For illustration purposes, it is considered
that all the water flows and hydraulic heads are measured, that
is, C in (21) is the identity matrix. Specifically, the flows at
pipes 1 and 2 and the heads at nodes 1 and 2 are all measured
with uncertainty of 2%, that is, the measurement uncertainty in
(21) is bounded by v € Vi, with Vi; = [—2%]|yr.il, 2%|yk.il]-

To generate a leakage at node i, this leakage is modeled
by Cix = Oi(hix — ni)¢, where 6; and ¢ denote the leak
emitter coefficient and exponent, respectively [42], which are
completely unknown to the fault detection methodologies. The
leakage emitter exponent for all the leakages is given by
¢ = 0.5. The emitter coefficient §; for a leakage at node i
is given based on the average system inflow of the WDN (i.e.,
the sum of all nominal demands d;; averaged over a given
time horizon k € [0, N]), denoted by p. Then, to generate
{; # 0, the emitter coefficient 6; is set to

0; = _aiqu

(hi — n:)

where h; is the nominal head of node i averaged over
k € [0, N], and a € [0, 100]% is a parameter defining the

magnitude of the leakage in comparison to the average total
inflow p, referred as the leak magnitude.

Figs. 4 and 5 show the leak detection rate (a successful
individual detection is denoted by 1, while O corresponds to the
absence of detection), averaged over 100 MCS. The detection
rates shown in Figs. 4 and 5 are further averaged over the
leak magnitude range o = 1, 2, ..., 15%, and the time interval
k =0,1,...,24 h, respectively. In this example, IHISE-CZ
and IHISE provided exactly the same detection rates of
ISAR-CZ and ISAR, respectively. Moreover, IHISE-CZ and
ISAR-CZ provide up to about 20% more detections than
IHISE and ISAR, demonstrating the improvements achieved
in leak detection when using a set representation capable of
taking into account the dependencies between water flows
and hydraulic heads. This feature is highlighted in Fig. 6,

IHISE
ISAR
IHISE-CZ
ISAR-CZ
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+ x D> o

Detection rate
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Fig. 5. Leak detection rate of the IHISE, ISAR, IHISE-CZ, and ISAR-CZ for
the two-pipe network (leak at node 1) over time, averaged over 100 random
simulations and the leak magnitudes in the interval [1, 15]%.
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Fig. 6. Projection onto q; € R? of the sets X obtained using IHISE and

ISAR-CZ, together with the measured flow interval for q; at time k = 2 in

one of the 100 random simulations considering leakage at node 1 of 4% of

the average nominal inflow in the two-pipe example.

which shows the projection of the sets X; provided by IHISE,
ISAR-CZ, onto the water flows (qix,q2k), as well as the
corresponding projection of the measurement set Y, for time
k = 2, in one of the 100 MCS considering leakage magnitude
of 4%. This illustrates a case in which the leak has been
successfully detected by the ISAR-CZ but not by the THISE,
which can be verified by the fact that the intersection of
Yy with the CZ provided by ISAR-CZ is empty, while the
intersection with the interval provided by IHISE is not empty.

C. Transport Network

The second example considers the benchmark network
“Netl,” which is provided by EPANET, and is illustrated in
Fig. 7. This network is composed of nine nodes and 13 pipes,
and it is used here as an example of a real transport network.
In the following, we consider that pipe parameters r € R
have uncertainty of 5%, the water demands at nodes d; € Dy,
which are inflows to DMAs, are measured with uncertainty of
5%, and the reservoir and tank levels u; are precisely known.
The tolerance values adopted in Section III-E are set to
7, =0.1 m and 7, = 0.1 m’/h.
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Fig. 7. Benchmark network “Netl,” used here as an example of a transport
network.
30
25
o 20F e
E —— IHISE
z ——ISAR
25l ——-IHISE-CZ
——-1SAR-CZ
10
e ———— —_————— ===
5 L L L L
0 5 10 15 20

Time (hours)

Fig. 8. Volumes of the sets )A(k obtained using IHISE, IHISE-CZ, ISAR, and
ISAR-CZ for the transport network “Netl.”

Fig. 8 shows the volumes of the sets” X; obtained using
IHISE, ISAR, IHISE-CZ, and ISAR-CZ, for time k € [0, 24].
As in the previous example, for this transport network,
the volumes of the CZs generated by both ITHISE-CZ and
ISAR-CZ are significantly smaller than the volumes of the
intervals provided by IHISE and ISAR, demonstrating that
IHISE-CZ and ISAR-CZ can be significantly less conservative
than ITHISE and ISAR. Note also that the volumes of enclo-
sures provided by IHISE-CZ and ISAR-CZ are very similar,
showing that, also in this case, there is almost no drawback
in terms of accuracy when using ISAR instead of IHISE. The
corresponding execution times averaged over the time horizon
k € [0, 24] are shown in Table IV, together with the number
of iterations performed by the IHISE and ISAR. In this case,
the average execution time of ISAR, which requires a higher
number of iterations than IHISE, is only 7.4% of the time
of THISE.

We now assume that the flows at pipes 12 and 13, and
the pressure at node 6 are measured, that is, yz = (gx.12,
qk.13, hk.6)+Vi, where the measurement uncertainty is bounded

In this example, the fact that the sets )A(k are in R?? results in intractable
computational cost in obtaining the exact volumes of the CZs. Therefore,
we show instead the volumes of the parallelotopes obtained by eliminating
all the constraints in X followed by generator reduction, using the complexity
reduction methods in [33] and [51], respectively. The volumes are computed
using the formula in [52].
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TABLE IV

AVERAGE EXECUTION TIMES AND NUMBER OF ITERATIONS PER
TIME STEP FOR THE “Netl” TRANSPORT NETWORK

Average execution times (seconds) Number of iterations (#)

THISE 0.6364 7-8
ISAR 0.0470 9
IHISE-CZ 0.6410 7-8
ISAR-CZ 0.0516 9
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Fig. 9. Leak detection rate of the IHISE, ISAR, IHISE-CZ, and ISAR-CZ

for the transport network “Netl” (leak at node 8), considering different leak
magnitudes, averaged over 100 random simulations and the time interval
k € [0, 24].

0.6

0.55

0.5 1

0.45
2 04
g 035
3
8 03
025 | o IHISE
' 4 ISAR
02 L X IHISE-CZ
+ ISAR-CZ
0.15
01 L L L L
0 5 10 15 20

Time (hours)

Fig. 10. Leak detection rate of the IHISE, ISAR, IHISE-CZ, and ISAR-CZ
for the transport network “Netl” (leak at node 8) over time, averaged over
100 random simulations and the leak magnitudes in the interval [2, 50]%.

by vi € Vi, with Vi, = [—2%|yr.il, 2%]|yr.i|]l. Two leakage
scenarios are considered, with the presence of leakage at
node 8 and node 4, respectively.

Figs. 9 and 10 show the leak detection rate for the first
scenario, averaged over 100 MCS, and further over the
leak magnitude range a 2,4,...,50%, and the time
interval k = 0,1,...,24 h, respectively. In this example,
IHISE-CZ provides up to about 20% more detections than
IHISE, demonstrating once again the advantages of using CZs
instead of intervals for leak detection of WDNs. In addition,
Figs. 11 and 12 show the leak detection rate for the second
scenario, averaged over 100 MCS, and further over the leak
magnitude range a = 2,4,...,50%, and the time interval
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Fig. 11. Leak detection rate of the IHISE, ISAR, IHISE-CZ, and ISAR-CZ

for the transport network “Netl” (leak at node 4), considering different leak
magnitudes, averaged over 100 random simulations and the time interval
k € [0, 24].
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Fig. 12. Leak detection rate of the IHISE, ISAR, IHISE-CZ, and ISAR-CZ
for the transport network “Netl” (leak at node 4) over time, averaged over
100 random simulations and the leak magnitudes in the interval [2, 50]%.

k=0,1,...,24 h, respectively. In the second scenario, once
again the IHISE-CZ provides up to about 20% more detections
than THISE.

D. CY-DMA Network

The third example considers a realistic DMA network from
a large water utility in Cyprus, denoted by “CY-DMA” [53].
The network is composed of 90 nodes and 130 pipes and
is illustrated in Fig. 13. In this example, we consider that
the physical parameters r € R have uncertainty of 5%, the
node demands d; € Dy, which represent groups of residential
consumers, are measured with uncertainty of 10%, and the
reservoir level w; is precisely known. The tolerance values
adopted in Section III-E are set to 7, = 1.0 x 10™* m and
74 = 1.0 x 107 m3/h. Fig. 14 shows the volumes of the sets®
Xy obtained using THISE, ISAR, THISE-CZ, and ISAR-CZ,
for time k € [0, 24]. For this realistic network, the volumes

8As in the previous example, for the CZs, we show the Yolumes of the
parallelotopes obtained by eliminating all the constraints in X; followed by
generator reduction.
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Fig. 13. “CY-DMA” network, a realistic example of a district metered area
network.
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Fig. 14. Volumes of the sets X; obtained using THISE, IHISE-CZ, ISAR,

and ISAR-CZ for the CY-DMA network.

TABLE V

AVERAGE EXECUTION TIMES AND NUMBER OF ITERATIONS
PER TIME STEP FOR THE CY-DMA NETWORK

Average execution times (seconds) Number of iterations (#)

IHISE 54.5293 15-16
ISAR 5.8429 34-37
IHISE-CZ 54.5549 15-16
ISAR-CZ 5.8670 34-37

of the CZs generated by both THISE-CZ and ISAR-CZ are,
once again, significantly smaller than the bounds provided by
IHISE and ISAR. Note that, due to the dimensionality of the
CY-DMA network, considering, for instance, a rectangular set
with uncertainty of 0.1 would result in log(volume) = —220.
Taking this into account, in particular, the IHISE-CZ is capable
of providing sets with about log(volume) = —500. The
corresponding execution times averaged over k € [0, 24] are
shown in Table V, together with the number of iterations
performed by the IHISE and ISAR. Note that the average
execution time of ISAR, which requires a higher number of
iterations than THISE, is only 10.7% of the time of IHISE.
We now consider a leakage scenario, with the presence of
leakage at node 19. It is considered that the inlet flow (pipe 14)
and pressure (node “Reservoir”) are measured. Moreover, it is
considered that the water utility has installed pressure sensors
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Fig. 16. Leak detection rate of the IHISE, ISAR, IHISE-CZ, and ISAR-CZ
for the CY-DMA network (leak at node 19) over time, considering seven pres-
sure sensors, averaged over 100 random simulations and the leak magnitudes
in the interval [1, 25]%.

at nodes 2, 14, 24, 45, 49, 70, and 82, with a total of seven
pressure sensors. The sensors’ positions were chosen using
a sensor placement procedure which calculates the sensitiv-
ity matrix of the WDN and, using a heuristic optimization
approach, computes the sensor locations that maximize the
collective sensitivity of all sensors to all possible leakages [54].
The measured flows and pressures have uncertainties of 2%
and 0.35%, respectively.

Figs. 15 and 16 show the leak detection rate, averaged
over 100 MCS, and further over the leak magnitude range
a=1,2,...,25%, and the time interval k = 0,1, ...,24 h,
respectively. In this scenario, IHISE-CZ could provide up to
about 10% more detections than IHISE. In this scenario, it is
interesting to note that the advantage of using CZs instead
of intervals is more expressive for leakage detection during
midday (12:00-13:00) rather than night hours (3:00-4:00).
This realistic network uses typical residential demand patterns
with peak during midday and minimum flow demands during
night. The high-pressure conditions resulting from the low
demands during night hours cause the leakage magnitude to
increase, which makes the leakage more evident to the leakage
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detection methodologies. The ability of CZs to consider the
dependencies between state variables results in the interesting
capability of providing higher detection rates even at peak
demand hours, which reduces the time of detection and water
loss. Finally, a few different leakage scenarios have been sim-
ulated taking into account several additional pressure sensors
in the CY-DMA. However, due to the optimal placement of
pressure sensors, the improvement in leak detection of all the
methods was mild, which do not cope with the cost of placing
additional sensors in a realistic network, and for this reason
were not reported.

E. Practical Aspects and Limitations

The main challenge when practically applying the proposed
model-based methodology is the construction of a system
model which includes realistic uncertainties in network para-
meters and water demands. The specificity of fault-diagnosis
depends on the inclusion of the true parameter values in the
constructed uncertainty sets, while the sensitivity depends on
how conservative the chosen uncertainty bounds are.

Model parameters such as pipe characteristics are typically
modeled more accurately and affect the calculated state set
less than water demands, which is the greatest source of
uncertainty in these systems due to the lack of measurements
in DMAs. However, using a suitable demand estimator to pro-
duce pseudo-measurements, demand uncertainty can remain
within approximately +10% of the estimated value, which
leads to acceptable fault-diagnosis sensitivity when using the
proposed methodology, as shown in the case studies of this
work. A suitable demand estimator may use many sources of
available information such as stochastic predictions of water
usage at a residential level, building areas and population
densities from governmental open data, as well as historical
low-resolution measurements gathered for billing purposes.

The proposed leakage detection methodology can detect
additional events in the system which may not correspond to
leakages, provided that they cause changes to non-monitored
demand locations or change hydraulic properties of the net-
work. For example, the use of fire hydrants by the fire
department will result to a fault signature similar to that of a
leakage which may be detected by the proposed methodology.
Moreover, changes in the network topology, such as the closing
of a valve, will also be detected as a fault since the model used
by the methodology does not contain this change. Finally,
abnormal demand consumption in locations where pseudo-
measurements are used will also result in an alert. In these
cases, it is important for the operators to inform and update the
model used by the proposed methodology, since most of these
changes may be known a priori or can be interpreted by
the operators when these are detected. At the current stage,
the proposed methodology did not focus on distinguishing
between the aforementioned events and automatically update
the model used.

VI. CONCLUSION AND FUTURE WORK

This article proposed two new methods for set-based state
estimation of WDN based on CZs, namely IHISE-CZ and
ISAR-CZ. With respect to interval-based methods, CZ-based



ones are able to capture the dependencies between hydraulic
states, resulting in sets with significantly smaller volumes. The
benefits of IHISE-CZ and ISAR-CZ were also demonstrated
for leakage detection in WDNSs. In particular, the simulation
results on a benchmark transport network and on a realistic
DMA network show an increase in detection rates of up to
20% when using the proposed methods, while also requiring
significantly less computational resources to compute the
enclosures. Moreover, it is observed that the proposed meth-
ods perform well during peak demand hours, thus reducing
significantly the time-to-detection and the cost of water loss
for water utilities. Future work will address the study of
the effectiveness of the proposed methods in larger WDNSs.
In addition, an interesting direction would be to explore an
active leakage detection approach, where the pressure is delib-
erately increased during night hours to increase the detectabil-
ity of leakages using the proposed methodology, considering
a trade-off between detectability and energy/water loss.
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