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We deal with the position-based visual servoing control of a robot manipulator equipped with a camera,
mounted in an eye-in-hand configuration. The goal is to move the robot in order to reach the desired pose of
the camera with respect to an object. We assume that the internal parameters of the camera are known, while
the pose of the camera with respect to the robot flange is unknown, except for some approximate bounds
on the rotation and translation components; i.e., we get rid of hand-eye calibration (HEC). We exploit the

fact that the Jacobian of the camera displacement is included in a suitable polytope. Thus we can adopt a
Lyapunov-based technique that guarantees asymptotic convergence to the desired camera-to-object reference
pose. Our experimental results, performed on a 6 degrees-of-freedom (DoF) robotic manipulator, show that the
proposed approach is effective in both achieving a single target pose and performing target object tracking.

1. Introduction

Position-based visual servoing (PBVS) is a well-known tool for
guiding robotic systems using visual feedback. By regulating the er-
ror between the desired and actual camera pose in the 3D Cartesian
workspace [1], PBVS enables a wide range of tasks including object
tracking, grasping, and assembly [2]. An important step in implement-
ing PBVS is hand-eye calibration (HEC) [3,4], a meticulous and often
error-prone process that establishes the spatial relationship between
the camera and the robot’s end-effector [5]. Poor calibration can af-
fect PBVS’s widespread adoption in practical applications, leading to
suboptimal performance and non-robust or inefficient control [6,7].
Uncalibrated visual servoing methods aim to address these shortcom-
ings by not requiring precise knowledge of the camera’s intrinsic and
extrinsic parameters or the hand-eye relationship. While these meth-
ods have gained attention for image-based visual servoing (IBVS) and
homography-based visual servoing (HBVS) [8], they are not suitable
for PBVS, which relies on accurate 3D reconstruction for task function
definition [9]. Several uncalibrated IBVS and HBVS solutions are
available in the literature. In [10], a few IBVS strategies are proposed in

the uncalibrated case (unknown robot kinematics and camera parame-
ters); they all rely on exploratory movements for estimating the image
Jacobian. A comparison of uncalibrated model-free IBVS methods for
small-amplitude movements is reported in [11]. The approach proposed
in [12] for the same problem relies on a disturbance observer, but re-
quires a nominal image Jacobian to start from. The technique proposed
in [13] is specific to the class of concentric-tube robots, while [14] deals
with flexible joints manipulators. In [15], again in the context of IBVS,
the estimation of the image Jacobian is based on the computation of a
projective homography. In [16], a Model Predictive Control approach
is used to enforce constraints, such as visibility constraints and joint
limits. Regarding PBVS, to the best of our knowledge, the only approach
to uncalibrated PBVS is the one proposed in [17] which, however, is
adaptive in nature, and actually does perform HEC (albeit online).

To bridge this gap, in this study, we depart from conventional PBVS
methods by proposing a novel approach that eliminates the need for
HEC and online parameter estimation, effectively functioning as an
uncalibrated PBVS method. We consider a robot manipulator with a
camera in an eye-in-hand configuration, i.e., the camera is attached
to the robot flange [18], where the intrinsic camera parameters are
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Fig. 1. Our experimental setup. A Universal Robots UR10e manipulator is equipped
with a camera in an eye-in-hand configuration. The target object is a checkerboard of
known geometry. A servo loop runs in the robot controller (not visible). Target poses
are provided by an external PC (whose display, showing the image captured by the
camera, is visible), which performs the computations: it estimates the current pose of
the target object w.r.t. the camera and solves problem Eq. (36).

known, but the camera’s pose relative to the robot flange is unknown,
except for approximate bounds; that is, we are not performing HEC.
Avoiding the need to perform HEC has several practical advantages in
an industrial scenario: indeed, HEC is a time-expensive procedure, since
several dozens of images of a calibration pattern must be captured from
different camera poses, each obtained with a different robot pose [19].
Moreover, when the camera is dismounted and remounted on the robot
flange, the procedure must be repeated. Automating the procedure, so
that a set of pre-computed poses of the robot is employed each time
the HEC is performed, is not always possible, since the feasibility of
the poses depends on the environment, and specifically on obstacles in
the surroundings and on possible tools mounted on the robot. Finally,
possibly unfavorable lighting conditions, accidental misplacement of
the calibration pattern, or other unpredictable factors may compromise
the quality of some of the images employed for the HEC. For that
reason, the HEC requires, typically, a qualified technician who is able,
besides performing the proper procedure, to evaluate the quality of the
results. We also stress that, even when HEC can be performed, human
errors are possible and our technique successfully compensates for
those. Notice that the internal parameters of the camera are the output
of a camera calibration procedure (different from the HEC) that is easy
to perform, does not require the camera to be moved by the robot nor
to be mounted on it, and provides quite accurate final results [20].
It is worth noting that our approach does not rely on machine learn-
ing techniques (that may require trial and error attempts) [21-23],
nor adaptation [24,25], nor prior data acquisition [26-28], making it
highly suitable for plug-and-play applications.
The following are the main contributions of the paper:

» We show that PBVS can be achieved without prior HEC, only
exploiting approximate bounds on the components of the tu-
ple defining the unknown camera-to-flange transformation. More
specifically, we prove that the general methodology known as
Model-Free Plant Tuning (MFPT) [29,30] can effectively solve the
PBVS control problem in the presence of uncertainty.’

Given interval uncertainty on the rotation and translation com-
ponents of the camera pose with respect to the robot flange,
we show that (i) the uncertain Jacobian matrix, which links
infinitesimal robot-flange displacements to infinitesimal camera

1 Recently, MFPT has been employed, in a completely different setting, for
the control of robots of various kinematic structures [31].
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displacements, can be embedded in a suitable non-singular poly-
tope of matrices, and (ii) the robust tuning problem can be solved
by a dynamic law based on the real-time solution of a quadratic
optimization problem on that polytope.

Our experiments performed on a 6 DoF manipulator show that the
technique can successfully handle both single target pose achieve-
ments and target object tracking. We compare our approach with
a simple gradient descent method that, unlike our methodology,
requires full knowledge of the model.

Hereinafter, we denote by I, the n x n identity matrix, and by
0,5 the nx m null matrix. Furthermore, we will specify the unknown
pose of the camera with respect to the robot in terms of the rigid
transformation from the robot flange to the camera (instead of the
flange, the end-effector could be used as a reference).

2. Preliminary results and problem setting
2.1. Model-free plant tuning

For the sake of completeness, we summarize here the main results
of [29] that we exploit in the next sections.

Problem 1. Given the static plant

y(1) = gu(n), (€]
where g : R™ — R?, p < m, is a smooth function, assume that g(iz) = 0
for some unknown i and that

i=|%

Wl € J, 2

where J is the Jacobian of g, = is the definition symbol, and J is a
known polytope of matrices. Find a dynamic algorithm such that, as
t— oo,
1) — 0, 3
u(r) — i, @
where @ solves the equation 0 = g(u).

The only available information for achieving the goal is thus the

inclusion Eq. (2).

Definition 1. A polytope J is robustly non-singular (respectively, ro-
bustly right-invertible) if all matrices in J are non-singular (respectively,
right-invertible).

We consider the following control scheme.
Theorem 1 ([29]). If the polytope J in Eq. (2) is robustly non-singular, or

robustly right-invertible, then Problem 1 can be solved by a control scheme
of the form:

u@) = v@), %)
u(t) = D(y(1)), (6)
y(t) = measured output, 7
v eV = {v: vl <EM} (8)

where £(y) > 0 is a continuous, positive and non-decreasing function, while
[[ - |l is any norm. []

The control can be computed online by solving the convex optimiza-
tion problem (from now on, we drop the dependency on time, for ease
of notation):

* . T
J7 =argmin[ly"Jllp, 9
where || - || p is the dual norm of || - ||. Then
J* T
p=om=--11Y gy (10)

IIHTH
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Fig. 2. Representation of the displacement of a robot manipulator in two different flange poses, and the corresponding camera poses.

Theorem 1 states that we can solve Problem 1 if we know a
polytopic set J, in the matrix space, in which the Jacobian is confined.
Our main result is to show how we can determine such a set .7, in the
considered visual servo control problem, even when we do not have
any kind of information about function g.

2.2. Position-based visual servoing

We consider a PBVS setup [32] consisting of a manipulator equipped
with a camera attached to the flange. Our goal is to control the
manipulator so that the camera is driven to a target pose with respect
to an object.

We assume that the pose of the camera with respect to the object
can be estimated from a single image captured by the camera. This
is a basic assumption of PBVS, in which, for instance, the pose can
be estimated via well-known Perspective-n-Point (PnP) algorithms [33],
which estimate the pose of a camera given a set of n 3D points in the
world and their corresponding 2D projections in the image. Moreover,
we assume that, while the internal parameters of the camera are
known, the pose of the camera with respect to the flange is unknown. More
precisely, only approximate and/or qualitative information about the
pose of the camera with respect to the flange is available; for instance,
we may know that “the roll angle is positive and less than 90°”.

In the following, the input is the rate of change v = u of the
parameters representing the pose of the flange with respect to a world
reference frame, e.g., the robot base {Bo} of Fig. 2. We neglect
dynamics and assume that the robot controller can perfectly track the
reference signal, although the model-free plant tuning approach can
deal with parasitic dynamics as well [34].

We denote by Tj’ the transformation matrix with respect to the frame
i, yielding frame j:

Ti = [R} ’5‘] , an

/ 03><I 1

where R’ is the rotation matrix and 7’ is the translation vector of the
frame j with respect to the frame i.

We now consider the robotic system depicted in Fig. 2, where a
flange of the manipulator is in the pose f, corresponding to the camera
pose ¢ (black), and we want to properly choose the next flange pose f’
to drive the camera to the desired pose ¢’ (gray). The transformation
matrix T/ of the camera with respect to the manipulator flange is fixed
but uncertain. By composing the several transformations involved, we
get

’ —1 ’
TS = T;Tff,Tj =(1/) Tff,chf , (12)

where T ff, is the sought transformation matrix of f/ with respect to f.
If ch were known exactly, Eq. (12) could be solved for T;,, i.e., the

displacement of the manipulator relative to its current pose that results
in the required relative displacement of the camera T7,. However, as
mentioned before, this is not our case. We now express the relative
pose of a reference frame ' with respect to the frame r, in terms of
translations (x:,, y:,, z:,) and yaw-pitch-roll angles (a:,, ﬂr’,, yr’,). The
pose vector of ' with respect to r is thus defined as

r

x7,
v,
r r
z t
X r/ S E o 5
r a’, o,
r r
"
r/
"
Vo

where ¢/, and ©’, denote the translation and rotation parts, respec-

tively. The pose change of the camera X, determined by that of the
f

manipulator flange X Iz

is given by

X =£(xp). as)
where &(-) is independent of the actual configuration of the manipulator
and only depends on ch . Since the manipulator kinematics is known
exactly, X j{, can be easily imposed. Thus, in principle, given the desired
camera displacement X¢,, we could solve Eq. (13) for the corresponding

flange displacement X”,, i.e., the flange displacement that satisfies:

fl b
X =g(%),). (14)
and apply that flange displacement in a single shot. However, § is not
known, since it depends on the unknown ch . Thus, we exploit the
dynamic algorithm provided by MFPT to let X¢, — X as X ;, - X ;,.
By subtracting (14) to (13), and letting g = § — X Z,, we get
ES =X, -X, =g (X;,) , (15)
where we denote by ECC, the error to be driven to zero, i.e., the
difference between the actual and desired camera pose. Letting u = X j{,,
the signal to be computed by the algorithm is its rate of change v = u.
Our approach is framed within the PBVS, and our error is therefore
defined in the Cartesian space. Conversely, in IBVS and HBVS control
approaches the error is defined differently. IBVS computes the control
error in the image plane, typically relying on feature extraction from
images, while HBVS approaches use a combination of both image plane
and Cartesian space information.

3. Model-free plant tuning for PBVS: determining J

To solve the PBVS within the MFPT framework, we must show that
the Jacobian is confined in a polytope J.
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By differentiating Eq. (15) with respect to X j{,, we get
f
dlc, dr ’
dl=g| 1, 16
[d@C,] [d@f e
c f!
where the 6 x 6 Jacobian matrix can be written as [35]
g T T
o oo | _|(R) (R ],
T=1oer, o, |= i\ ; a7
o, e’ 033 (R‘ )
I i
where
CCy —CySp S
Rcf =| sy54¢5+¢,5p =Sy SeSpt g —S,Cq | (18)
SqeCpt 5,55 CySqSpt+S,Cp CyCq

cp = COsP, 55 = sing, a = a{, p = ﬁ'f and y = ycf, and by [ply
we denote the skew-symmetric matrix that encodes in matrix form the
cross product operation with the vector p:

0 141 )
[plx =|-p: 0 p3 |- (19)
P> D3 0

We first consider the uncertainty in the angles a, g, y; the uncertainties
in the components of the translation vector ! affecting [tcf ] will be
considered afterward. The matrix defined in Eq. (18) has no px)olytopic
structure with respect to its parameters a, f, v, thus J has no polytopic
structure as well. As a consequence, we cannot directly apply Theorem
1. However, as shown below, we can conveniently embed (18) and,
ultimately, (17) into a suitable polytopic family, thus allowing the
application of the model-free plant tuning technique. We begin by
introducing the bounds?®

0O<a <a<at <x/2, (20)
0<p~<p<pt<x/2 21
0<y <y<y*<a/2 (22)

and the auxiliary variables

G = Cq @) =Cg, 43 =€) G4 = So, 45 = Sp, 4o = 5,
Then, we observe that

Cot <q SCa—, Sq— <q4 < Sgts

cpr Sqp S e, Sp- g5 < Spe,

Cy+ < q3 < Cy—, SV_ < d6 < S7+.

Hence, the new variables are included in the box
9={q: ¢ <q<q'}.

With slight abuse of notation, we denote by Rcf (q¢) the over-
parameterized matrix

a9 —414s a4
Rcf(‘I) =| 469492 T 9395  —4649495 t @392  —4deq1 (23)
—43449> + deq5s 9349495 t 4692 a39)

obtained by substituting the auxiliary variables into Eq. (18): we
deliberately disregard the dependence among the components of ¢ (i.e.,
the coupling between sine and cosine) with the fundamental advantage
that the family described by (23) is multi-affine [36] with respect to the
variables g;.

Let {R,, Ry, ..., R26} denote the set of matrices Rcf (g) correspond-
ing to ¢ taken on the 26 vertices of the box Q; for instance, ¢ =

2 While 0 and z/2 are the theoretical bound values for which the theory
is fully applicable, the internal bounds a~, a*, ... can be chosen arbitrarily
based on the specific application. To further extend the z/2 limit, one can, in
practice, change the reference frame during the operation.
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laf.qf a5 ,qI,q;,qg]T is one of these vertices. Consider the convex
polytope R obtained as the convex hull of matrices R:

R =conv{Ry, k=1,2,..,2°}. (24)

Such a polytope will be shown to play a fundamental role when ap-
plying model-free plant tuning to visual servoing; for now, we observe
that all the rotation matrices R/ appearing in Eq. (17), and satisfying
Eq. (20)-Eq. (22), are included in R.

We now consider the translation uncertainty and assume that the
components of tf are subject to the bounds®

xIm<pp=x] <x[* (25)
Y VAR S VA (26)
2/~ <py=zf <zt @27

Then, in view of Eq. (19), both matrices (Rcf (q))T and [tcf (p)] have
a multi-affine structure in the variables q,,..., g4 and p;, p,, p3 f(espec-
tively.

We denote by 7 the polytope in the three-dimensional space of the
skew-symmetric matrices Eq. (19) corresponding to p as in Egs. (25)—
27):

0 1 0 0 0 -1
[(/], €T =4p[-1 0 O|+p |0 0O 0O
0 0 0 1 0 o0
0 0 0
+p3]0 0 1|, p as inEqQ.(25)-Eq.(27)
0 -1 0

We now report a simple, yet fundamental, technical result [36].

Proposition 1. The product I1(q,p) = M(q)N(p) of two generic multi-
affine matrices M(q) and N (p), with independent parameters p and q, is
multi-affine.

Proof. Any entry of II;; = ¥, M; N, involves the sum of products
M, (@) Ny;(p). The product of two multi-affine functions of independent
parameters is multi-affine and the sum of multi-affine functions is
multi-affine as well. []

As a consequence, matrix J in Eq. (17) is multi-affine:

RI@)T 033 [ Lo (p)]
3 : <P 28
O3 RI@T| |0 Iy @8

We now recall the fundamental Mapping Theorem [36].

J(q,p) = [

Theorem 2 (Mapping Theorem). Let f:RY — R¢ be a multi-affine
function defined on a hyper-rectangle Q. Then, the image f(Q) is a subset
of the convex hull of all the points f(q,), where g, are the vertices of the
hyper-rectangle Q.

As a consequence, the Jacobian belongs to a polytope J. Let R, €

vertR, k = 1,2...,32, and [t,»]>< € vert7, i = 1,2...8. Then the
including polytope is
RT  —R![t
J:conv{M,“-i [ k kT[t‘]X]} (29)
* 033 R,

having 26 - 23 = 2° = 512 vertices.

Note that the inclusion is in general strict: there are points in J
that do not correspond to possible values of J, although the polytope,
being the convex hull, is the smallest one in which we can confine the
Jacobian set.

3 Also in this case, the bounds x!~, x/*, ... can be chosen arbitrarily,
depending on the specific application in which the approach is used.
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whwE > ||wH|| 2

Fig. 3. The separating hyperplane (red): for all w € W, the inequality ww* > ||w*|]?
holds. Set W is the convex hull of the “true” set W of vectors M'y. A separating
hyperplane for the true set is also a separating hyperplane for the convex hull, hence
no conservativeness is introduced. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)

Now, by defining y = Ef, and u = X ! ,, our PBVS problem Eq. (15)
can be cast into the MFPT formulation y = g(u), so driving the camera
to the desired pose has the same form as Problem 1. We can now state
the following result.

Theorem 3. Assume that the convex polytope R is robustly non-singular,
or equivalently that the polytope J defined in Eq. (29) is robustly non-
singular. Then, a control i = v that guarantees y — 0 as t — oo can be
chosen as

v=—nuw*, (30)

where n > 0 is a gain, and w* = (M*)"y is the (unique) point with minimum
Euclidean distance from the origin:

M* :arléénjin HyTMHZ. 31

Proof. The equivalence between the robust non-singularity of R and
of J immediately follows from the block-triangular form of J in Eq.
(17). To prove the main claim, consider the differential inclusion

yO=M@nu@), M@ned, (32)

and the Lyapunov function V(y) = % yTy. For the generic y, compute
V = y"Mv = w'v, where the vector w = M 'y is included in the
polytope of vectors W = {w:w = M'y, M € J}. This polytope is
the convex hull of all possible vectors w = J(p,q)"y, with J being a
multi-affine function of the parameters. The distance of the polytope
from the origin

u(y) =min [lw| >0, wewW,

is strictly positive; in fact, MTy = w = 0 would contradict robust
non-singularity. Now, let w* be the (unique) vector having minimum
distance ||w*|| = u(y); then

|w*|| = u) = moliyll, 33)
where

PR : T
o = min, i, |7 | > o.
The existence of the minimum follows from the fact that the minimal
selection ¢,,,,(y) = minyc; ||[y" M| is a continuous function of y [37],
and hence it achieves its minimum g on the unit sphere ||y|| = 1, which
is a compact set. The statement is thus proven just by scaling, in view
of the linearity of w = My € W with respect to y.

From the duality theorem in [38, Section 5.13], there exists a sep-

arating hyperplane, passing through w* and having equation w'w* =
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[lew*||?, for which wTw* > ||w*||?, for all w € W; see Fig. 3. Then, from
Eq. (33),

~wTw* < =P < IR Y wew.

Consider v = —yw*, as in Eq. (30), and recall that My = w. Then, for
all M € J,

V(y) =y Mv=y" M(-quw*) = —qw"w* < —nuglIyll*. (34

In view of this Lyapunov condition, our control v Eq. (30) ensures
the convergence to zero of the state of the differential inclusion Eq.
(32), not of the original system. However, the Mapping Theorem [36]
guarantees that the Jacobian of the original system is actually included
in the convex hull J defined in Eq. (29). Hence the trajectories of the
original system are a subset of those of the differential inclusion Eq.
(32), and therefore Eq. (34) holds for the original system as well. []

Remark 1. While any positive n ensures convergence, which is as fast
as exp(—nﬂgt) according to Eq. (34), the precise choice of n depends
on the trade-off between the desired convergence speed and the ac-
ceptable exploitation level of the actuator. Alternatively, a high gain
adaptive control [39] can be adopted, in which the gain is progressively
increased until convergence is achieved (within a prescribed arbitrarily
small tolerance, see [40] for details).

Remark 2. At first sight, the bounds (20)-(22) and (25)-(27) may seem
to restrict the applicability of the approach. However, this is not the
case, since the flange reference frame is essentially arbitrary. In other
words, the reference frame f can be virtual, i.e., it can be chosen in
order to satisfy the bounds on the angles and translation that define
T/. For example, small rotations of the virtual reference frame with
respect to the actual flange frame may guarantee that the roll, pitch,
and yaw angles are positive. This is exactly what has been done in the
experiments reported in Section 5.

Remark 3. The members of the family defined in (18) belong, by
construction, to the special orthogonal group SO(3). On the other hand,
the convex polytope described in (24) is a superset of (18), and, clearly
not all of its members belong to SO(3). However, this is by no means
a problem as long as the Jacobian belongs to a non-singular polytope.

A key point in the proof of Theorem 3 is the existence of a separating
hyperplane, which is equivalent to the robust non-singularity of the
polytope J. To comment on this, we remind a property of separating
hyperplanes.

Proposition 2. Let w(p) be a multi-affine vector function, with p belonging
to a hyper-rectangle; denote by W its image set and by W the convex hull of
W. Then a separating hyperplane, passing through w* and having equation
wlw* = ||w*||?, for which ww* > ||w*||? exists for all w € W if and
only if such a hyperplane exists for all w € W.

In view of the proposition above, the non-singularity check that we
perform to ensure the existence of the separating hyperplane must be
performed on the whole convex hull .7, not on the original set of all
possible Jacobians J(p, q).

It is worth pointing out that our framework allows us to also deal
with the case in which the reference r is moving, instead of being fixed.
Consider the model

y(@) = gu(®) — r(@), (35)

where we can measure the error y, but we do not know r and its speed
7. The only available information is that the unknown speed satisfies
the bound ||/(?)|| < $,,4x>» Where s,,,.. is known, at all times 7.

Although we cannot achieve convergence to zero, we can achieve
practical convergence to zero [41], namely, convergence within an
arbitrarily small ball.
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Proposition 3. Consider system (35), where g satisfies the same as-
sumptions previously considered, r is unknown and its speed is also un-
known but bounded as ||F{1)|| < s,y V. Then, practical stability can be
achieved, namely, the measured output y(t) converges to the ball with radius
Smax/ ('7/4(2) ):

Iyl < Zmax.

N,
The radius can be made arbitrarily small by selecting a suitably large gain
H.

Proof. The same computation performed to derive (34) can be repeated
and the resulting derivative contains an additional term:

Vo= —nudlIyll? = yTF < —m Iy + 1y <
=117 + IV IIFL < [~ 190+ Sae] 19

Then, V(y(t)) < 0 as long as ||y(®)| > Sﬂ’"”{. By adopting standard
U

Lyapunov arguments, (see [41], Section 3.3) Othis means that V (y(t)) is
decreasing as long as y is outside the ball, and hence y(f) must converge
to such a ball. [

In practice, unmodeled non-idealities, communication and actuation
delays, and high-frequency noise may prevent the robot from accurately
tracking the reference signal, when the target object moves rapidly.

4. Implementation and non-singularity check
4.1. Real-time implementation of the control

The algorithm to find w*, and hence compute the control as in
(30), is a quadratic programming problem. By letting the index k
span the whole set of vertices of J, and denoting by M, the k-th
vertex, the generic matrix belonging to J can be written as the convex

9 9
combination M = Zi:l M, &, with & >0 and Zi:l &, = 1. Hence,

29

Z yTMkfk
2

k=1

7, = =[]

5’

where ¢ = [, & . é]" and 2T = [M]y My, . M.
Then, the problem to be solved (online) is

& =argmin £ QMQM)'E,

2 (36)
st &20, ) &=1

k=1
Then Eq. (30), namely v = —qw*, holds with

29

wT = ZyTngjg. 37
k=1

Remark 4. In view of Eq. (34), parameter n > 0, associated with

the convergence speed, is arbitrary. However, large values of 7 require
an implementation with a small sampling time, which in turn is lower
bounded by the time needed to compute the control. A too-large value
of 5 could thus introduce chattering and even instability.

4.2. Offline computation: non-singularity check

Checking the robust non-singularity of J requires checking the
robust non-singularity of R. Checking robust singularity is a hard
problem in general [36], but is reasonably simple in our case, according
to the following proposition.

Proposition 4. The set R defined in Eq. (24) is robustly non-singular if
and only if

mi

Vo = n ”zTRH > 0.
lzll=1, ReR
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The minimum v, is well defined in view of the continuity of the
minimal selection function [37]. To determine such a minimum, we
parameterize the unit vectors z as z(y;,y,) = [Cwl Cyns Sy, Cyp» st]T
and, for all 0 <y, < 2x and —z/2 <y, < n/2, we solve (offline and by
discretization) the parametric quadratic problem

p(wi,yp) = min TP (2)¥(2)'¢,

2° (38)
st £ >0, Z =1,
k=1

where ¥(z)T = [Rsz, R;z, R;z]. Then, we take

Vi

= min s s 39
0= ey, <on 7[1/25“/25”/2/1(1//1 ¥)) (39)

and check the condition v, > 0.

Remark 5. The quantity y, in Eq. (34) can be determined in a similar
way as v, with the additional difficulty that the unit sphere to be
considered is in the 6-dimensional space, which can be parameterized
in a similar way. Adopting 5 angles v, the unit vector has components

[clczc3c4c5, §1€pC3€4C5, S$5C3C4C5, S$3C4C5, S4Cs, 35]

where ¢, = cos(y;) and s, = sin(y,). The parameterized optimization
has to be performed in dimension 5.

The following procedures summarize the steps necessary to synthe-
size and apply the control law. Note that the on-line procedure refers
to a discrete-time implementation, where 7 is the sampling time.

Procedure 1. (Off-line)
Given the bound (20)—(22), perform the following operations:

1. Compute the bounds on the components of q.

2. Grid the square 0 <y, <2z and -z /2 <y, < 7 /2.

3. According to Proposition 4, solve the linear quadratic problem
(38) for each point in this grid.

4. To perform the non-singularity check, compute the overall
minimum v, in (39) and check if v, > 0. If the condition is
false, the test fails, and hence STOP. Otherwise, continue.

5. Choose parameter n > 0 according to Theorem 3 and a
sampling time = > 0. Fix an initial input u(0) = X ;,(0).

Procedure 2. (On-line)
At each time step:

1. Measure y.

2. Solve the linear-quadratic problem (31) in Theorem 3 to
determine M*.

3. Compute v = —n(M*)Ty.

. Integrate v to derive the next u as u :=u+ tv

5. Apply u and wait until the next time step.

N

5. Experimental results

As a first experiment to illustrate the proposed technique, we per-
formed a regulation to a constant target pose. A video of one of
the MFPT application experiments can be found at: https://youtu.be/-
ZOhOmUE3do. Since the essential feature of the proposed method is
its (almost) model-free nature, we decided to compare the obtained
trajectories with the ones of a model-aware approach. In particular, we
considered the full-information case in which the pose of the camera
with respect to the flange (and hence the Jacobian) is known as the
result of an HEC procedure. In addition, we decided to systematically
analyze the performance of the MFPT approach as far as possible
both when varying the camera pose with respect to the flange and


https://youtu.be/-ZOhOmUE3do
https://youtu.be/-ZOhOmUE3do
https://youtu.be/-ZOhOmUE3do
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when varying the translation and rotation uncertainties. As a second
experiment, we performed a tracking experiment where the object is
manually repeatedly displaced in several different positions during the
trial, to assess the sensitivity to disturbances. A video of the tracking
experiment can be accessed at the URL: https://youtu.be/TfGylkhYaUc.
The experimental setup, shown in Fig. 1, consists of a Universal Robots
UR10e manipulator, equipped with a Hikrobot MV-CE013-80GM cam-
era, having a resolution of 1280 x 1024 and frame rate of about 20
fps. In our case study, the target object is a checkerboard of known
geometry. It is worth stressing that considering a checkerboard is not
a limitation, since the approach could be adopted as well with any
other target object. A servo loop runs in the robot controller, whose
target poses are provided by PC connected through an Ethernet cable
and employing the Real-Time Data Exchange protocol provided by
Universal Robots. All the computations are performed by the PC and
the target pose is expressed as the relative Cartesian displacement
of the flange with respect to its current pose. The servo loop keeps
the target constant for 8ms, while the PC sends the new target pose
as soon as available. On average, processing a frame and computing
the new target pose required about 150ms (on a PC equipped with
a 12th Gen Intel(R) Core(TM) i7-12700, clock 2.10 GHz). For each
acquired frame, the two main processing steps are the estimation of
the current pose of the target object w.r.t. the camera, and the solution
to the quadratic programming problem Eq. (36). Both steps have been
implemented in C++ in the Microsoft Visual Studio 2021 environment.
As for the former, we employed the PnP algorithm of release 4.5 of
the OpenCV library [42]. As for the latter, we used the C++ library
Eiquadprog [43] which allows us to solve quadratic programming
problems via the active-set dual method [44]. The pose of the camera
with respect to the robot flange has been estimated via the standard
HEC procedure provided by OpenCV. We considered the following two
camera mountings:

- CAM-a: x/ =0.03m, y/ =0.07m,z/ =0.03m,e/ =0.09rad, p/ =
0.27rad, y/ = 0.09rad, corresponding to the matrix:

0.95987  —0.08662 0.26673 0.03

r_| 01134 0.98977  —-0.086627 0.07
¢ -0.25650  0.11339 0.95987 0.03 |

0 0 0 1

+ CAM-b: the rotation angles were doubled o/ = 0.18rad, g/ =
0.54 rad, ch =0.18rad and the matrix ch updated accordingly.

Clearly, the matrix ch is unknown to our controller and the follow-
ing ranges have been employed, specific for our experimental system

* RPY-a: 0= =~ =y~ =0.017rad = 1°, at = p+ =yt = 0.524rad =

30°

e RPY-b: ¢~ =" =y~ =0.017rad =1°, a* = ft =yt =0.785rad =
45°

«RPY-C:a~ = f~ =y~ =0017rad = 1°, a* = f* = y* = 1.047rad =
60°

for the angular uncertainty bounds. Moreover, the following ranges for
the translation uncertainties have been employed

« XYZax!T =y " =27 =0001m, x/T =yt =z/* =0.1m.

« XYZb x/ T =y/" =27 =0001m, x/t =y/T =2/ =05m.
By combining different camera mountings and different uncertainty
ranges (both angular and translational), we designed six experimental
scenarios, as detailed in Table 1. Among these, Scenarios 3 and 6
exhibit the highest angular uncertainty, with roll, pitch, and yaw angles
ranging from 1° to 60°.

The experimental protocol is as follows.
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Table 1

The MFPT scenarios in the regulation experiments.
Exp. label HEC cfg. RPY cfg. XYZ cfg.
MFPT-1 CAM-a RPY-a XYZ-a
MFPT-2 CAM-a RPY-b XYZ-a
MFPT-3 CAM-a RPY-c XYZ-a
MFPT-4 CAM-a RPY-b XYZ-b
MFPT-5 CAM-b RPY-b XYZ-a
MFPT-6 CAM-b RPY-c XYZ-a

+ The robot is manually positioned in the desired pose with respect
to the object (the checkerboard), chosen in such a way that
the checkerboard is visible to the camera. The relative pose is
recorded in order to allow the computation of the error during
the experiment.

The robot is manually moved to a different pose with respect
to the object. Such a pose is chosen in such a way that the
checkerboard is visible to the camera, and is the starting pose for
the regulation experiment.

The control (either model-free plant tuning or gradient-based)
is turned on and kept running until convergence (the tolerances
for the convergence condition are ”[ex e, eZ]T” < 0.001m and

leq €5 ey]T < 0.0lrad for the constant target pose task, while

le ey e]T|| < 0.001m and ||le, e5 ¢,17| < 0.001rad for the
tracking experiment).

First, we report the results of a regulation experiment, in which we
compare the time evolution obtained with our proposed MFPT ap-
proach (in the six different scenarios) and with a gradient-based ap-
proach, which (differently from our approach) has full knowledge of
the system Jacobian matrix Eq. (17). The control law with our proposed
approach is given by Eq. (30), with # = 0.5. In the gradient-based case,
the implemented control law is

i=-pJy, (40)

where the parameter p is chosen as p = 04. Fig. 5 reports the
components of the error as a function of time. It can be noted that the
quality of the transients changes as the level of uncertainty increases,
and the settling time is longer for scenarios 3 and 6 (which are particu-
larly challenging, being associated to the highest angular uncertainty).
The different camera arrangements have little effect on the transients
(compare curves 2 and 5).

A noticeable difference between the proposed method and the
gradient-based method can be seen, as expected since the MFPT method
considers the worst-case Jacobian, which is not in general the true J
that we need to know in order to implement the control Eq. (40). In
either case, we can ensure that V' is monotonically decreasing. The
chattering observed for some variables occurs because 5 is pushed to
the limit given the sampling time, as explained in Remark 4. In Fig.
4, some images acquired during the model-free regulation experiment
are reported, along with the corresponding norm of the pose error.
The images are superimposed with the image corresponding to the
desired pose. We stress that the proposed approach is position-based,
thus no comparison between a “desired image” and the actual image
is performed; on the contrary, the current image is only used for
computing the current pose. Additional results can be found at https:/
/drive.google.com/file/d/1XVV_11IlaaxZgixxghLAVQqWG2nSEzku7/vi
ew?usp=sharing.

The tracking experiment is essentially a regulation experiment in
which the target object is manually repositioned during the experiment.
We report in Fig. 6 the component-wise error trajectory for a tracking
experiment. The desired pose and the assumptions on the pose of
the camera with respect to the robot flange are the same as in the
regulation experiment MFPT-1 in Table 1. Here, however, the object is
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time [s]: 0.200 error norm: 0.429 time [s]: 18.600 error norm: 0.028 time [s]: 36.800 error norm: 0.002

Fig. 4. Some of the images acquired by the camera during the transient (light red) are superimposed with the image corresponding to the desired camera pose (cyan). The error
norm reported for each image is the norm of the error vector E{, of Eq. (15). The transient corresponds to the experiment MFPT-1, illustrated in Fig. 5. The timestamps associated
with each image are the time instants when those frames appear in the full video of the experiment. The full video is available at the URL https://youtu.be/-ZOhOmUE3do. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 5. Component-wise plots of the camera pose error achieved with the full-information gradient-based approach (blue) and with the model-free plant tuning approach (six
different scenarios, according to Table 1), for the constant target pose experiments described in Section 5. The red bands (in evidence in the subplots corresponding to each plot)
represent the thresholds for the target to be considered reached (+0.01rad for rotational components, +0.001 m for translational ones). (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

repeatedly manually translated and rotated while our MFPT algorithm 6. Conclusion

is running. Thus, the robot adapts its pose to the new object pose. The

arrows reported in Fig. 6 represent the instants when the target object A model-free plant tuning technique has been employed to solve a
is moved. PBVS problem for a robotic manipulator having a camera mounted in
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Fig. 6. Component-wise plots of the camera pose error for the tracking experiment. The black arrows represent the time instances in which the position of the object to be
tracked is manually changed (after meeting the convergence condition). The red bands (in evidence in the subplots corresponding to each plot) represent the thresholds for

the target to be considered reached (+0.001rad for rotational components, +0.001 m for translational ones). A video of the tracking experiment can be accessed at the URL:
https://youtu.be/TfGylkhYaUc. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

an eye-in-hand configuration, without the need to perform HEC. Our
solution ensures robust convergence when only approximate informa-
tion on the camera pose is available. In fact, our proposed robust PBVS
controller can effectively handle potential inaccuracies from HEC or
even operate without it.

The proposed approach is substantially different from other uncali-
brated approaches, in particular, the PBUVS [17] and IBUVS [45-47].
Indeed, those approaches rely on the online estimation of a Jacobian,
e.g., the image Jacobian in the case of IBUVS. Such an estimate relies
on incremental data acquisition to be refined during the transient. As
a consequence, they are sensitive to the initial guess: a wrong initial
parameters guess may lead to an unacceptable transient. Our method,
instead, is inherently robust, because it does not rely on an online
estimate, but is based on a min-max approach. Clearly, the proposed
scheme does not guarantee that the target remains in the camera
field of view during the whole transient: this is a well-known issue
of PBVS, and several techniques to alleviate the problem have been
proposed in the literature (see for example [48]). Moreover, we did
not explicitly address the issue of kinematic singularities [49-51] that
may arise, as our approach operates in Cartesian coordinates. Future
work will focus on addressing this challenge while also reducing the
complexity of the polytope, including the Jacobian, for a more efficient
implementation. Additionally, we plan to develop dedicated software
to accelerate computations, enabling higher control gains and faster
convergence. Reducing the computation time allows us to increase
the control gain and therefore the convergence speed. Finally, the

robustness analysis with respect to the camera’s intrinsic parameters
is a direction for future work.
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