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ABSTRACT

Ongoing and upcoming wide-field surveys at different wavelengths will measure the distribution of galaxy clusters with unprecedented
precision, demanding accurate models for the two-point correlation function (2PCF) covariance. In this work we assessed a semi-
analytical framework for the cluster 2PCF covariance that employs three nuisance parameters to account for non-Poissonian shot
noise, residual uncertainties in the halo bias model, and sub-leading noise terms. We calibrated these parameters on a suite of fast
approximate simulations generated by PINOCCHIO as well as full N-body simulations from OpenGADGET3. We demonstrate that
PINOCCHIO can reproduce the 2PCF covariance measured in OpenGADGET3 at the few percent level, provided the mass functions
are carefully rescaled. Resolution tests confirm that high particle counts are necessary to capture shot-noise corrections, especially
at high redshifts. We performed the parameter calibration across multiple cosmological models, showing that one of the nuisance
parameters, the non-Poissonian shot-noise correction (α), depends mildly on the amplitude of matter fluctuations (σ8). In contrast, the
remaining two parameters, β, which controls the bias correction, and γ, which controls the secondary shot-noise correction, exhibit
more significant variation with redshift and halo mass. Overall, our results underscore the importance of calibrating covariance models
on realistic mock catalogs that replicate the selection function of forthcoming surveys and highlight that approximate methods, when
properly tuned, can effectively complement full N-body simulations for precision cluster cosmology.

Key words. methods: numerical – methods: statistical – galaxies: clusters: general – cosmology: theory –
large-scale structure of Universe

1. Introduction

Galaxy clusters, the most massive virialized objects in the
Universe, have long been recognized as powerful probes of
cosmology thanks to their sensitivity to both the geometry and
growth of large-scale structure (see, e.g., Allen et al. 2011;
Kravtsov & Borgani 2012). Traditional cluster studies have
focused on the abundance of these systems and their variation
with redshift to constrain cosmological parameters such as the
matter density parameter (Ωm) and the amplitude of matter
fluctuations (σ8; Borgani et al. 2001; Vikhlinin et al. 2009;
Planck Collaboration XX 2014; Planck Collaboration XXIV
2016; Bocquet et al. 2019; Costanzi et al. 2021). Nonetheless,
the two-point correlation function (2PCF) of clusters is also
a promising probe, as it is highly sensitive to the bias–mass
relation and can help break degeneracies that affect cluster
abundance studies (Schuecker et al. 2003; Majumdar & Mohr
2004; Sartoris et al. 2016; Marulli et al. 2018; Fumagalli et al.
2024). When the 2PCF is combined with other observables such
as number counts or weak lensing, it can provide tighter cos-
mological constraints while helping calibrate mass–observable
relations (Mana et al. 2013; To 2021; Castro et al. 2020).

? Corresponding authors: a.fumagalli@physik.uni-muenchen.de,
tiago.batalha@inaf.it

An accurate assessment of cosmological constraints from
cluster clustering hinges on a robust model for the covari-
ance of the 2PCF. In contrast to the comparatively simpler
case of cluster number counts (e.g., Hu & Kravtsov 2003;
Fumagalli et al. 2021), the covariance of the 2PCF of clus-
ters requires additional parameters to reproduce the results of
numerical simulations, due to non-Gaussianities and nonlineari-
ties (Euclid Collaboration: Fumagalli et al. 2024). Recent works
have demonstrated that, for photometrically selected cluster sur-
veys similar to the one anticipated from Euclid (Laureijs et al.
2011), a Gaussian model with standard Poisson noise can fail
to capture all relevant contributions in the covariance. Con-
sequently, one must introduce ad hoc corrections, calibrated
against simulations, that take into account non-Gaussian effects
and the specific statistical weight of cluster samples.

In previous studies, fast approximate simulations such as
those produced by the PINOCCHIO algorithm (Monaco et al.
2002, 2013; Munari et al. 2017) have proven valuable for mod-
eling the 2PCF covariance. By generating a large number of
past-light-cone realizations, it is possible to calibrate the extra
parameters associated with the analytical covariance to match
measurements from mock cluster catalogs (e.g., Fumagalli et al.
2022). In Euclid Collaboration: Fumagalli et al. (2024) such
calibrations were carried out at fixed cosmology, thus leav-
ing open the question of whether the best-fit parameters for
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the covariance depend on the underlying cosmological model.
Moreover, although approximate methods like PINOCCHIO can
reproduce many large-scale structure statistics with remarkable
efficiency, they inevitably involve simplifying assumptions in
treating nonlinear gravitational collapse. It is therefore crucial
to establish whether the covariance parameters calibrated on
PINOCCHIO differ significantly from those obtained from full N-
body simulations.

Among the forthcoming wide-field surveys, the Vera C.
Rubin Observatory’s Legacy Survey of Space and Time1

(LSST; LSST Science Collaborations 2009), the third genera-
tion of the South Pole Telescope2 (SPT-3G; Benson et al. 2014),
eROSITA3 (Predehl et al. 2021), the Square Kilometre Array4

(SKA; Maartens et al. 2015), the Dark Energy Spectroscopic
Instrument (DESI5; DESI Collaboration 2016), the Nancy Grace
Roman Space Telescope6 (Spergel et al. 2015), and Euclid7

(Euclid Collaboration: Mellier et al. 2025) are poised to deliver
measurements of summary statistics of the distribution of galaxy
clusters with unprecedented statistical precision. These datasets
will demand more accurate covariance models to fully exploit
the cosmological information encoded in cluster clustering. The
scope of this study is therefore twofold. First, we investigated the
cosmology dependence of the calibrated parameters that enter
the covariance model for the cluster 2PCF. Second, we com-
pared the parameters extracted from PINOCCHIO-based mocks
with those calibrated on higher-fidelity N-body simulations. This
analysis directly tests the robustness of the covariance modeling
for future surveys such as Euclid, which is expected to deliver
a photometric cluster catalog of unprecedented size and red-
shift coverage. Ultimately, a more reliable covariance prescrip-
tion will improve cosmological constraints from cluster cluster-
ing and deepen our understanding of systematic uncertainties.

In Sect. 2 we present the theoretical framework for the 2PCF,
the semi-analytical covariance model, and the procedure for fit-
ting parameters. In Sect. 3 we summarize the simulations used
for our covariance calibration and introduce the cluster catalogs
derived from PINOCCHIO and N-body simulations. We compare
and discuss our results in Sect. 4, where we also quantify the
impact of cosmology dependence and the differences between
approximate and full N-body calibrations. We discuss the impli-
cations of our results in Sect. 5. Finally, we draw our conclusions
in Sect. 6, emphasizing the implications of our findings for the
cosmological exploitation of cluster clustering in forthcoming
wide-field surveys.

2. Covariance formalism

This section concisely summarizes the semi-analytical
model for the real-space 2PCF covariance of galaxy
clusters (or halos). A more extensive derivation and val-
idation can be found in Meiksin & White (1999) and
Euclid Collaboration: Fumagalli et al. (2024), with additional
details on numerical calibrations provided by Fumagalli et al.
(2022).

1 https://www.lsst.org
2 https://astro.fnal.gov/science/cmbr/spt-3g/
3 https://www.mpe.mpg.de/eROSITA
4 https://www.skatelescope.org
5 https://www.desi.lbl.gov
6 https://roman.gsfc.nasa.gov
7 https://www.euclid-ec.org

2.1. Baseline model and notation

The core of the 2PCF covariance model starts from the
halo power spectrum covariance in Fourier space, which con-
tains both Gaussian and non-Gaussian contributions (see, e.g.,
Meiksin & White 1999; Scoccimarro et al. 1999). In real space,
the halo 2PCF at a given redshift z and separation r can be
expressed as

ξh(r, z) =

∫
k2 dk
2π2 Ph(k, z) j0(kr), (1)

where Ph(k, z) is the halo power spectrum, and j0 is the spherical
Bessel function of order zero. On large (linear) scales, the halo
power spectrum can be approximated by

Ph(k, z) = b
2
(z) Pm(k, z) (2)

where b(z) is the effective linear bias of halos
obtained by averaging the linear bias model presented
in Euclid Collaboration: Castro et al. (2024) weighting
it by mass according to the halo mass function (HMF;
Euclid Collaboration: Castro et al. 2023), and Pm(k, z) is the
linear matter power spectrum. When calculating the covariance,
the discrete nature of halos introduces an additional source of
randomness that is independent of the clustering of the matter
field. This effect, known as shot noise, is accounted for by
adding a 1/n(z) term to the power spectrum of Eq. (2). Such a
term provides the leading-order Poisson shot-noise component
for a point distribution whose redshift-dependent comoving
mean number density is n(z). When transforming to configu-
ration space and integrating over redshift bins, one obtains a
baseline model (Gaussian plus lowest-order shot noise) for the
2PCF covariance (see Cohn 2006; Hu & Kravtsov 2003):

Ci j(z) =
2
Vz

∫
k2 dk
2π2

[
Ph(k, z) +

1
n(z)

]2

Wi(k) W j(k)

+
2
Vz

∫
dk k2

2π2 b
2
Pm(k)

[
1

n(z)

]2

W j(k)
δi j

Vi
. (3)

Here Vz is the comoving volume in the redshift slice, Wi(k) is
the window function for the i-th separation bin, and the sub-
leading terms account for additional shot-noise corrections. In
principle, one can include contributions from higher-order cor-
relation terms (Meiksin & White 1999; Scoccimarro et al. 1999)
and from super-sample covariance (Takada & Hu 2013) for more
accuracy, but they often add significant complexity and require
the calibration of nuisance parameters.

2.2. Limitations of the baseline model

Equation (3) was shown to underestimate the total covari-
ance when compared to simulations (see, for instance,
Euclid Collaboration: Fumagalli et al. 2024). Known limitations
include:

– Non-Poissonian shot noise: The simple 1/n term in general
does not capture the non-Poissonian nature of the sampling
of the underlying density field provided by the biased halo
distribution, especially at high masses or high redshifts;

– Inaccurate bias prescription: Linear bias formulae sometimes
introduce residual offsets in amplitude or scale dependence;

– Neglected higher-order terms: Bispectrum and trispectrum
contributions can be non-negligible for cluster-scale halos,
particularly if the survey volume or mass threshold is such
that the number density is small.
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These effects can lead to a mismatch of up to tens of per-
cent between the baseline model and numerical simulations
(Euclid Collaboration: Fumagalli et al. 2024).

The halo bias and shot-noise terms in the covariance can
be rescaled by empirical parameters that effectively absorb the
missing (or inaccurately modeled) contributions to correct for
these discrepancies. In practice, one modifies Eq. (3) as

Cfit
i j (z) =

2
Vz

∫
k2 dk
2π2

[(
β b

)2Pm(k, z) +
(
1 + α

) 1
n(z)

]2

Wi(k) W j(k)

+
2
Vz

∫
dk k2

2π2

(
β b

)2Pm(k)
[(

1 + γ
) 1
n(z)

]2

W j(k)
δi j

Vi
,

(4)

where α, β, and γ are treated as nuisance parameters to be cali-
brated against a suite of mock halo catalogs extracted from sim-
ulations. In summary,

– β corrects for residual bias errors (i.e., an over- or underesti-
mation of b),

– α adjusts the main shot-noise amplitude to account for non-
Poissonian behavior and missing non-Gaussian terms,

– γ modifies a secondary shot-noise contribution in the diago-
nal terms, mostly contributing at small scales.

By fitting {α, β, γ} to simulation measurements, one can achieve
better than 10 percent agreement between the analytical covari-
ance and the fully numerical result, at least for a fixed cosmology
(Euclid Collaboration: Fumagalli et al. 2024).

2.3. Fitting procedure

The fitting method, presented in Fumagalli et al. (2022), is
designed to efficiently construct a reliable covariance matrix
by constraining a model with free parameters. The procedure
begins by defining a model covariance matrix, which may be
incomplete or approximate, and introducing free parameters to
capture unknown or uncertain contributions to the covariance.
The model is then constrained by maximizing a Gaussian likeli-
hood function evaluated at a fixed fiducial cosmology, with the
free parameters of the covariance matrix as fitting variables. The
best-fit covariance is then obtained by ensuring that the χ2 val-
ues from the model match the theoretical distribution for the
observed data: the correct covariance should provide χ2 val-
ues from each simulation that follow a χ2 distribution. The key
advantage of this approach is that it requires significantly fewer
simulations than traditional methods for covariance estimation –
typically around 102 simulations, compared to the thousands
(∼103−104) usually needed for a full, accurate numerical covari-
ance matrix.

3. Methodology

We generated halo catalogs using two different approaches: large
N-body simulations with OpenGADGET3 and approximate simu-
lations with PINOCCHIO. Below, we describe the setup of each
simulation suite, summarize the resulting halo catalogs used in
our analyses, and describe the procedure to measure the 2PCF
and power spectra.

3.1. N-body simulations

N-body simulations are carried out with the Tree-PM
OpenGADGET3 N-body code (Dolag et al. in prep.).

Table 1. Different cosmological parameters considered in this work.

Name Ωm,0 h Ωb,0 ns σ8
C0 0.3158 0.6732 0.0494 0.9661 0.8102
C1 0.1986 0.7267 0.0389 0.9775 0.8590
C2 0.1665 0.7066 0.0417 0.9461 0.8341
C3 0.3750 0.6177 0.0625 0.9778 0.7136
C4 0.3673 0.6353 0.0519 0.9998 0.7121
C5 0.1908 0.6507 0.0527 0.9908 0.8971
C6 0.2401 0.8087 0.0357 0.9475 0.8036
C7 0.3020 0.5514 0.0674 0.9545 0.8163
C8 0.4093 0.7080 0.0446 0.9791 0.7253

Notes. The cosmological parameters have been uniformly drawn from
the 95 percent confidence level hyper-volume of the cluster abundance
constraints presented in Costanzi et al. (2021).

OpenGADGET3 represents an evolution of the GADGET3 code,
which in turn provides an improvement of the publicly available
GADGET2 code (Springel 2005). It adopts a mixed MPI–OpenMP
parallelization that allows the code to optimally exploit the
parallelism offered by computing nodes with a significant
amount of shared memory. Our simulations adopt a flat Λ cold
dark matter cosmology that we refer to as C0 throughout this
paper and present the specific cosmological parameter values in
Table 1.

We ran 120 realizations of this cosmology, each follow-
ing 20483 dark matter particles in a comoving, cubic box of
side length 3870 h−1 Mpc. The gravitational softening length
was chosen to be one-fortieth of the mean inter-particle spac-
ing, ensuring that the HMF and large-scale clustering are
well resolved across the range of halo masses of interest
(typically M & 1014 h−1 M�). The initial conditions for 100
of these realizations were generated with the Monofonic
code (Michaux et al. 2021). The remaining 20 adopted the
same Fourier amplitudes and phases used for a subset of the
PINOCCHIO simulations (see Sect. 3.2) to facilitate a direct com-
parison.

Each OpenGADGET3 simulation was evolved from z = 24
down to z = 0, outputting snapshots at various intermediate
redshifts z ∈ {0.0, 0.5, 1.0, 2.0}. We identified halos in each
snapshot using SUBFIND (Springel et al. 2001; Dolag et al. 2009;
Springel et al. 2021). SUBFIND determines halos by first execut-
ing a parallel friends-of-friends (FOF) with linking length set to
0.2 (see Davis et al. 1985, for instance) and then assigning its
center to the position of the particle with the lowest potential.
The simulation outputs provide a set of comoving box halo cat-
alogs for each realization.

3.2. Approximate simulations: PINOCCHIO

We also used the Lagrangian perturbation theory-based
PINOCCHIO code (Monaco et al. 2002, 2013; Munari et al. 2017)
to produce halo catalogs in a more computationally efficient
manner, enabling exploration of multiple cosmological models
and a large number of realizations. This work complements the
original set of PINOCCHIO catalogs presented in Fumagalli et al.
(2021) and serves as a basis for comparison. We generated 20
PINOCCHIO realizations using the C0 cosmological parameters
and the same mass resolution as our OpenGADGET3 simulations.
These runs employ identical box size, particle number (20483),
and initial Fourier mode amplitudes and phases, enabling a direct
one-to-one comparison of halo statistics between PINOCCHIO
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and full N-body catalogs under identical initial conditions. In
contrast, the original set assumed Ωm,0 = 0.30711 and used a
grid of 21603 elements, which led to a mass resolution differ-
ence of roughly 20 percent.

We further exploited PINOCCHIO’s efficiency to create an
extensive suite of 900 comoving box simulations covering nine
additional cosmological models, labeled originally C0 through
C8 in Euclid Collaboration: Castro et al. (2023). Each cosmol-
ogy has 100 realizations, each with 30723 dark matter particles
in a box the same size as the previously presented simulations.
These simulations broadly sample parameter space, enabling us
to study how our covariance model (and its nuisance parameters)
might vary across different cosmological parameters.

In addition to comoving outputs, PINOCCHIO can generate
halo catalogs on past light cones. We constructed such cones
with a 60 deg aperture. These light-cone catalogs mimic in a sim-
plistic way the typical sky coverage of future wide-field cluster
survey footprints on an idealized uniform and unmasked cover-
age.

3.3. Summary of simulation sets

Overall, we assembled:
1. 900 high-resolution PINOCCHIO realizations spanning nine

distinct cosmological models (C0–C8), each with 30723 par-
ticles and box size of 3870 h−1 Mpc, for robust exploration
of cosmology dependence. We further generated catalogs in
the past light cone of 60 deg aperture for these simulations,
mimicking wide-field cluster surveys;

2. 100 low-resolution N-body realizations at the C0 cosmology
with the same box size and 20483 particles;

3. 20 PINOCCHIO and 20 N-body realizations were generated at
low resolution (20483 particles) assuming the C0 cosmology.
The phases and amplitudes of the initial Fourier modes in the
two simulations were identical, thereby allowing straightfor-
ward comparisons of halo statistics within comoving boxes
of identical size. Because the PINOCCHIO and OpenGADGET3
runs in this sub-set share the same initial conditions, the sam-
ple noise in the relative statistics between the two codes is
greatly reduced;

4. 100 PINOCCHIO realizations from the set used in Fumagalli
et al. (2021), Euclid Collaboration: Fumagalli et al. (2024),
with low resolution similar to the N-body set. These mocks,
labeled as “original” set, have the same box size and a cos-
mology similar to C0. This last set will serve as a reference
for comparison with previous works.

The combination of full N-body and approximate PINOCCHIO
simulations at matched initial conditions and over multiple
cosmologies allows us to assess the robustness of the 2PCF
covariance model, as well as the cosmology dependence of the
nuisance parameters introduced in Sect. 2.

3.4. Post-processing

3.4.1. Mass rescaling

PINOCCHIO has been calibrated to reproduce within a few
percent the FOF-based HMF presented by Watson et al.
(2013). To instead reproduce our adopted model for the
HMF (Euclid Collaboration: Castro et al. 2023) while keeping
the sample variance and shot noise for each simulation, we
implemented the rescaling of the halo masses as proposed
by Fumagalli et al. (2021) on all PINOCCHIO outputs. To obtain
a fair comparison in Sect. 4.1, we also rescaled the original set

of PINOCCHIO mocks to the Euclid Collaboration: Castro et al.
(2023) HMF. The same procedure was applied to the
OpenGADGET3 halo catalogs to keep consistency between the
catalogs. Given the proven accuracy of our fiducial HMF calibra-
tion presented in Euclid Collaboration: Castro et al. (2023), the
impact of the recalibration for the N-body simulation is rather
small.

3.4.2. Power spectra

We used the set of PYthon LIbraries for the Analysis of
Numerical Simulations (PYLIANS)8 to construct the density field
and compute the power spectra from the halo catalogs. For
the 20 simulations that share the initial conditions between
OpenGADGET3 and PINOCCHIO, the cross-spectra between mat-
ter and halos are calculated using the linear density field pro-
duced by PINOCCHIO. All power spectra were calculated from
a 3D grid with 5123 mesh points on which the density traced
by the halo distribution is assigned with a cloud-in-cell scheme.
The power-spectrum measurements are averaged within shells in
k-space with widths given by k f ≡ 2π/L, corresponding to the
fundamental mode of the box.

3.4.3. 2PCF

We measured the 2PCF by comparing halo pair distributions
in the data and random catalogs using the estimator from
Landy & Szalay (1993). The random catalog was created by
extracting and shuffling positions of a subset of halos from each
mock catalog, generating a catalog with nR = 20 nD objects, ran-
domly distributed within the box or the light cone volume.

The 2PCF is computed for halos with masses above
1014 h−1 M� and 3×1014 h−1 M�, in 25 log-spaced bins in the sep-
aration range r = 20–130 h−1 Mpc, which includes linear scales,
where the bias is almost constant, and the baryon acoustic oscil-
lation peak. As for the analysis of the light cones, we considered
four redshift bins of width ∆z = 0.5 in the range z = 0–2. The
pair counts in the data-data, data-random, and random-random
catalogs were measured using the CosmoBolognaLib package
(Marulli et al. 2016).

4. Results

This section provides a systematic comparison of the 2PCF and
its covariance measured from the simulation sets introduced in
Sect. 3. We assess resolution effects in PINOCCHIO (Sect. 4.1),
comparing C0 simulations from set 1 to original simulations
in set 4, as well as PINOCCHIO simulations in set 3. Next,
we directly compare PINOCCHIO and OpenGADGET3 simulations
with identical initial conditions (set 3; Sect. 4.2), quantifying the
agreement in bias and shot-noise corrections, as well as in the
covariance parameters fitted from sets 1 and 2. Finally, we exam-
ine the cosmology dependence of the covariance-model param-
eters (Sect. 4.3), using all the set 1 simulations.

4.1. Resolution

In Fig. 1 we present a comparison between the 2PCF measure-
ment at redshifts z = 0 and z = 1 for the high-resolution C0
PINOCCHIO simulations (set 1) and the low-resolution origi-
nal set (set 4). The cosmological parameters from the original
simulations and the C0 ones differ. Still, the difference in the
8 https://github.com/franciscovillaescusa/Pylians
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Fig. 1. Top: Comparison of the PINOCCHIO 2PCF measured on the comoving box from the original mocks (Fumagalli et al. 2021) and our new
high-resolution C0. The new and original simulations assume different but similar cosmologies. We present only the theoretical expectation for the
C0 cosmology for better figure readability. Bottom: Residual between the measured 2PCF and the respective theoretical expectation. The shaded
gray area denotes the region within a relative difference of less than 10 percent.

theoretical expectation is too small to be seen on the logarith-
mic scale, and therefore, we present it only for the C0 case.
In the bottom panel, we present the residual between the mea-
surements and the corresponding theoretical measurements. We
observe similar trends between the simulation sets at both red-
shifts. At redshift z = 0.0, PINOCCHIO reproduces the theoret-
ical expectation within 10 percent for the range of separation
r ∈ (35−115) h−1 Mpc. The agreement between PINOCCHIO and
expectations generally improves for the case z = 1.0. Still, we
notice that in the region r ∼ 85 h−1 Mpc the agreement wors-
ens. This fluctuation is due to the binning where the steepness
of the 2PCF close to the baryon acoustic oscillation peak causes
an artificially large impact. In the residual panel of Fig. 1, we
observe that the new and original sets present similar behav-
iors, ruling out possible resolution effects from the original
calibration.

Similarly to Fig. 1, in Fig. 2 we compare the baseline
2PCF covariance presented in Eq. (3) between the original
set and the C0 subset. We present the results for the diago-
nal (darker colors) and first off-diagonal terms (lighter colors).
The similar behavior between the original and new simu-
lations, which have a higher resolution, confirms the claim
of Euclid Collaboration: Fumagalli et al. (2024) that the baseline
model cannot account for the observed covariance in simulations
without calibration of the parameters α, β, and γ.

To assess the impact of the resolution on the PINOCCHIO pre-
dictions, in Fig. 3 we compare the bias (b) and shot-noise cor-
rection (α) measured from the new 100 C0 simulations at higher
resolution with respect to the 20 simulations with same cosmol-
ogy but lower resolution. The measurements are from the outputs
in comoving boxes at different redshifts and with different min-

imum mass selection Mcut ∈ {1014, 3 × 1014}M� h−1. We mea-
sured the bias from the ratio of the cross-spectrum Ph,m between
the halo and matter to the matter-power spectrum, Pm. The shot-
noise correction α is measured using the following relation

α(k) + 1 = n̄(z)
(
Ph(k, z) −

Ph,m(k, z)2

Pm(k, z)

)
, (5)

where n̄(z) is the mean density of halos.
We observe in Fig. 3 that the differences in the bias due to

resolution are more minor than 2 percent for the different mass
and redshift selections, except the redshift two, where differ-
ences are roughly 5 percent for 1014 M� h−1 mass selection. The
case for the mass selection of 3 × 1014 M� h−1 is not shown for
redshift two as, in this case, the measurements are very noisy
due to the small number of tracers. Concerning the shot-noise
correction, α, we observe that the original simulations converge
within a few percent for redshifts below unity. For redshift z = 1,
while the measurements from the 1014 M� h−1 still agree within
said accuracy, for the 3×1014 M� h−1, we observe a difference on
the order of 10 percent. The differences can be as significant as
30 percent for the case of redshift z = 2. This indicates that the
original resolution might be too low to calibrate the shot-noise
correction accurately at high redshifts.

We note that the parameters α and β in the covariance model
have slightly different meanings and values compared to those
fitted from the power spectrum. This is because the three covari-
ance parameters also absorb the effects of missing higher-order
terms in the covariance, partially losing their physical interpre-
tation (Euclid Collaboration: Fumagalli et al. 2024). The agree-
ment between these parameters will be discussed in Sect. 4.2.
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Fig. 2. Top: Comparison of the PINOCCHIO covariance of the 2PCF measured on the comoving box from the original mocks (Fumagalli et al.
2021) and our new high-resolution C0. Similarly to Fig. 1, we present only the theoretical expectation from the baseline model presented in Eq. (3)
for the C0 cosmology for better figure readability. Bottom: Residual between the measured 2PCF and the respective theoretical expectation. In
both panels, darker colors are used for diagonal and lighter for the first off-diagonal terms.
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Fig. 3. Comparison of resolution effects on PINOCCHIO predictions for halo bias, b(k) (left) and shot-noise correction, α(k) (right). We show the
ratio between high-resolution (HR; 100 C0 simulations) and low-resolution (LR; 20 simulations) results at redshifts z ∈ {0.0, 0.5, 1.0, 2.0} for two
mass thresholds: Mcut = 1014 M� h−1 (solid) and Mcut = 3 × 1014 M� h−1 (dashed). While bias differences remain below 2 percent for z ≤ 1.0,
reaching 5 percent at z = 2 (the larger mass cut case is omitted for z = 2 due to noise), the shot-noise corrections converge within 10 percent for
z ≤ 1 but show 30 percent deviations at z = 2.

4.2. OpenGADGET3 versus PINOCCHIO

In Fig. 4 we compare the effective halo bias measured
from the mass-scaled catalogs produced by OpenGADGET3
and PINOCCHIO (set 3) to the theoretical prediction
from Euclid Collaboration: Castro et al. (2024). Overall,
OpenGADGET3 and PINOCCHIO agree at the 5–10% level for
most scales and redshifts, but at higher redshifts (particularly

z = 2.0) and for larger mass cuts, we observe slightly larger
deviations. These differences between the codes reflect residual
nonlinearities or shot-noise corrections not fully captured by the
mass-scaling procedure.

In Fig. 5 we compare the non-Poissonian correction to
the shot noise, α(k), for the same halo catalogs. We find that
OpenGADGET3 and PINOCCHIO exhibit broadly similar trends in
α(k), remaining close to zero for large scales and high redshifts
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Fig. 4. Comparison between the effective bias from mass-scaled halo catalogs from OpenGADGET3 and PINOCCHIO and the theoretical expectation
from Euclid Collaboration: Castro et al. (2024). Different panels show the results for different redshifts corresponding to {0.0, 0.5, 1.0, 2.0}, going
clockwise. Different line styles correspond to different minimum mass selections. We omit the result for the Mcut = 3 × 1014 h−1 M� at z = 2 as the
measurements are too noisy due to the low statistics.

but displaying noticeable deviations for high masses and lower
redshifts.

Figures 4 and 5 highlight that, when using the same ini-
tial phases and a consistent mass-scaling scheme, OpenGADGET3
and PINOCCHIO reproduce the large-scale bias and shot-noise
properties of halo catalogs to within a few percent in most
regimes. These results suggest that our mass-scaling procedure
effectively aligns the mass functions between OpenGADGET3 and
PINOCCHIO. Still, subtle discrepancies remain, likely reflecting
that the scaling procedure does not consider each cluster’s envi-
ronment.

Figure 6 presents the posterior distributions of the parame-
ters α, β, and γ from Eq. (4), derived by fitting the 2PCF covari-
ance measured in the comoving boxes for OpenGADGET3 (set
2) and PINOCCHIO (set 1). Overall, we observe good agree-
ment between the two codes for both mass cuts. The values
of α and γ are broadly consistent across the different simula-
tions, reflecting similar levels of non-Poissonian noise correc-
tions and sub-leading shot-noise contributions. A slight offset
emerges in β, with PINOCCHIO typically favoring higher values
than OpenGADGET3, in line with the differences in the practi-
cal bias seen in Fig. 4. This offset suggests that the PINOCCHIO
halos may require a larger rescaling of the bias to reproduce
the measured covariance, possibly reflecting the limitations of
the approximated method. Nonetheless, the overlap in the poste-
rior contours for all parameters indicates that the two approaches
yield broadly consistent covariance calibrations. Evidence of this

can be observed in Fig. 7, which compares the numerical and
semi-analytical covariances for OpenGADGET3 and PINOCCHIO,
using best-fit parameters from Fig. 6. The residuals between the
two models show agreement within 5% in most cases, except
for off-diagonal terms at z = 1. However, these terms are sub-
dominant and do not significantly impact cosmological analysis.
Such a result reinforces the conclusion that PINOCCHIO can reli-
ably match OpenGADGET3 covariance results with an appropriate
mass-scaling procedure and modest adjustments of the nuisance
parameters.

We also find that fitting the covariance parameters using 100
mocks yields stable results up to 25 separation bins within our
chosen radial range. Although this is not a universal criterion,
more than 100 simulations may be required if a finer binning
scheme is used.

4.3. Cosmological dependence

In Fig. 8 we show the best-fit values for the covariance model
from Eq. (4) as a function of cosmology. For a more realistic
comparison, we performed the fit using light cones divided into
different redshift bins. The parameter α, while staying within
the range [−0.05, 0.15] – indicating small deviations from Pois-
sonian shot noise – tends to increase with σ8, suggesting a mild
linear dependence on the amplitude of matter fluctuations. By
contrast, β (the bias rescaling) and γ (the sub-leading shot-noise
correction) do not show a strong trend with σ8. However, both β
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Different panels show the results for different redshifts corresponding to {0.0, 0.5, 1.0, 2.0}, going clockwise. Different lifestyles correspond to
different minimum mass selections.

and γ exhibit noticeable variations with redshift. Specifically, β
remains in the range [1.0, 1.5] for the different cosmologies but
shifts slightly across redshift bins. At the same time, γ is negative
for most cosmologies, implying that the baseline Poisson noise
may be an overestimate of the actual sampling noise in specific
regimes but tends to decrease with increasing redshift. These
results emphasize that even though the global amplitude of non-
Poissonian effects and bias corrections is small, allowing flexible
parameters in the covariance model is essential for capturing the
redshift dependences and subtle but nontrivial responses to vari-
ations in σ8.

Additionally, the amplitude of β typically exceeds the
observed accuracy of PINOCCHIO in reproducing the linear bias,
suggesting that β may absorb extra flexibility beyond merely
correcting the bias (e.g., mild nonlinearities). Furthermore, the
redshift dependence of both β and γ indicates that these parame-
ters are sensitive to the survey selection function. Consequently,
when applying the model to cosmological data, one should cali-
brate these parameters on realistic mocks that replicate the actual
selection function, ensuring that the resulting covariance matrix
accurately captures both the intrinsic clustering of the sample
and the observational selection effects.

Although we show the results for increasing σ8, we also ana-
lyzed the residual dependence as a function of Ωm and the com-
posite variable S 8 = σ8

√
Ωm/0.3. While α shows some small

dependence on S 8, it is less significant than the dependence on

σ8; the other parameters do not show any considerable depen-
dence.

The dependence of the non-Poissonian correction primarily
on σ8 and not on S 8 is indicative that the clustering amplitude
of the underlying density field is the physical mechanism behind
it and not the number density of halos of a given mass, which
is instead determined by S 8. Nonlinear clustering indeed intro-
duces correlations between the fluctuations in the halo number
density that could be reflected in the deviation of the density field
sampling provided by halos from a standard Poisson sampling.
A thorough study of this issue deserves a dedicated analysis that
goes beyond the scope of this work.

5. Discussion

Approximate methods, and in the specific case of this paper,
the PINOCCHIO code, have become a valuable tool in cosmol-
ogy by providing results in a fraction of the time required by
full N-body simulations (Chuang et al. 2015; Monaco 2016).
However, this efficiency is achieved by compromising the accu-
racy with which the underlying statistical properties are repro-
duced. Different papers have shown that PINOCCHIO nominal
accuracy for different statistics, including subhalo cluster-
ing data (Berner et al. 2022) and full-sky 21 cm intensity
mapping mocks (Hitz et al. 2024), is roughly 10 percent.
Due to its efficiency, PINOCCHIO is a natural candidate to
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Fig. 6. Posteriors for fitted covariance parameters: PINOCCHIO vs. OpenGADGET3 for the C0 cosmology for redshifts z = 0 (left) and z = 1 (right)
and masses M > 1014 h−1 M� (top) and M > 3 × 1014 h−1 M� (bottom).

generate massive synthetic data needed to extract the covari-
ance of different cluster statistics numerically (Fumagalli et al.
2021; Euclid Collaboration: Fumagalli et al. 2024). However, as
shown by Sellentin & Starck (2019), approximate covariance
matrices might bias cosmological constraints and, therefore,
should be treated at equal footing with the signal modeling to
ensure an unbiased analysis.

In this paper, we have focused on the cluster cluster-
ing covariance. Euclid Collaboration: Fumagalli et al. (2024)
show that the low-order analytical model of Meiksin & White
(1999) does not quantitatively reproduce the numerical covari-
ance extracted from PINOCCHIO catalogs. Euclid Collaboration:
Fumagalli et al. (2024) proposed a semi-analytical extension,
presented in Sect. 2. The proposed model could reproduce the

covariance accurately if the free parameters α, β, and γ appearing
in Eq. (4) were appropriately calibrated (Fumagalli et al. 2022).
Therefore, it is important to assess the resolution, cosmological,
and methodological impacts on the calibration of these parame-
ters.

The parameters α and β are related to the shot-noise correc-
tion to the Poisson expectation and residual errors on the lin-
ear bias. The non-Poissonian correction can be measured from
the simulations using the matter, halo, and matter-halo power
spectrum using the estimator presented in Eq. (5). The need for
a bias correction can be assessed by comparing the halo bias,
as measured from the ratio of the matter-halo cross-spectrum
and matter power spectrum at linear scales, concerning the fidu-
cial linear bias model (Euclid Collaboration: Castro et al. 2024).
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Fig. 7. Covariance comparison (box): PINOCCHIO vs. OpenGADGET3 covariance matrices, at z = 0 (left panel) and z = 1 (right panel). Shaded
areas represent the numerical covariance within 1σ uncertainty, and solid lines are the semi-analytical prediction, with fitted parameters. Orange
colors indicate PINOCCHIO covariance, while blue colors are for OpenGADGET3. Darker colors represent the diagonal terms, lighter colors the first
off-diagonal terms. Bottom panels show the residuals of the PINOCCHIO fitted model with respect to the OpenGADGET3 one (solid line for the
diagonal elements, dashed line for the off-diagonal ones).

In Sect. 4.1 we show that a mass resolution of approximately
6×1011 h−1 M� for PINOCCHIO is too low to produce convergent
results for α and β, especially at higher redshifts, compared to a
simulation that has a factor of 4 more resolution elements.

Regarding the comparison between PINOCCHIO and
OpenGADGET3, in Sect. 4.2 we show that the shot-noise cor-
rection displays similar trends in the two codes. However,
the overall amplitude of the shot-noise correction (i.e., 1 + α)
differs by as much as 10 percent. In contrast, for the bias
correction β, PINOCCHIO systematically overpredicts the value
relative to OpenGADGET3, with a stable relative difference of
approximately 5 percent that could be easily corrected during
calibration. Correcting this slight bias would yield an even
better agreement between the calibrations of PINOCCHIO and
OpenGADGET3. Nevertheless, even without such a correction,
the covariances obtained from both codes remain statistically
equivalent within the uncertainties assessed in this work.

Furthermore, regarding the cosmological dependence of the
parameters, only α shows a small dependence withσ8. While the
linear coefficients of said relation do not show a redshift depen-
dence, its normalization decreases with redshift over the redshift
range z = [0–1] and is constant at higher redshifts.

Lastly, for both PINOCCHIO and OpenGADGET3 we observe
that the extra parameters α, β, and γ depend on redshift and mass
cuts. This dependence implies that the final covariance depends

on the selection function. Therefore, future cosmological anal-
ysis should use mock catalogs that mimic the sample selection
function.

6. Conclusions

In this paper we have assessed the robustness of the calibration of
the semi-analytical model for the 2PCF covariance on both fast
approximate PINOCCHIO and OpenGADGET3 N-body simulations
across multiple cosmological models. We summarize our main
findings:

– The shot-noise corrections and bias calibration converge
more reliably in higher-resolution PINOCCHIO simulations
(Mpart. . 1011 h−1M�), particularly at z & 1. We observe
that insufficient mass resolution can bias the non-Poissonian
shot-noise parameter by up to 30%.

– When started from the same initial random field, PINOCCHIO
and OpenGADGET3 yield broadly consistent covariance esti-
mates for the cluster 2PCF. Small discrepancies at the 5–10%
level can be accounted for by modest shifts in the model’s
nuisance parameters (see Eq. (4)). This demonstrates that
PINOCCHIO can provide a reliable and computationally effi-
cient alternative to full N-body simulations when measur-
ing clustering covariances for large cosmological surveys of
galaxy clusters.
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Fig. 8. Best-fit covariance-model parameters α (top panel), β
(middle panel), and γ (bottom panel) as a function of cos-
mology. Each color corresponds to a different redshift bin
(z = 0.0−0.5, 0.5−1.0, 1.0−1.5, 1.5−2.0) in the light cone, with
shaded bands indicating the statistical uncertainties. The dashed
black lines mark the reference values α = 0, β = 1, and γ = 0. The
cosmologies on the upper x-axis are sorted by increasing values of σ8.

– Of the three calibrated nuisance parameters, only the non-
Poissonian shot-noise correction, α, shows a mild linear
dependence on σ8. The other parameters, β (bias rescaling)
and γ (sub-leading shot-noise correction), exhibit more pro-
nounced redshift and mass cut dependences than cosmology
dependence.

– The redshift and mass cuts and redshift dependences indicate
that the survey selection function impacts the covariance cal-
ibration. Accurate modeling of the covariance for application
to specific surveys thus requires realistic mocks that replicate
the observed selection to avoid systematic biases in cosmo-
logical inference.

Overall, our results confirm that this semi-analytical covari-
ance model can robustly capture the main sources of uncer-
tainty in cluster clustering, provided the nuisance parameters are
carefully tuned. In particular, approximate simulations such as
PINOCCHIO can be employed effectively for such a calibration,
enabling robust covariance estimates across diverse cosmolog-
ical models and redshifts without incurring the computational
expense of full N-body simulations. Furthermore, the demon-
strated success of PINOCCHIO in reproducing the cluster covari-
ance motivates the extension of our analysis to a multi-probe
context in future studies. Importantly, assessing its capability
to estimate covariances for additional cluster-based summary
statistics, such as cluster shear correlation and cluster galaxy cor-
relation, will allow a more comprehensive evaluation of approx-
imate methods in various cosmological applications.

Data availability

The numerical data generated and analyzed in this study are
not publicly available due to the large storage and computa-
tional resources required. The authors will make every reason-
able effort to provide access to the underlying simulation out-
puts and derived data products upon request, subject to resource
availability. The fiducial models for the HMF and halo bias used
in this paper can be accessed in Castro & Fumagalli (2024)9.
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