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Abstract

Exploiting the contour integral representation of the remainder term in Gaussian
quadrature, in this work we derive explicit error approximations for the computation of
the confluent and the Gauss hypergeometric functions by means of the Gauss-Jacobi
rule. Some numerical examples illustrate the quality of the estimates.
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1 Introduction

The computation of the confluent and Gauss hypergeometric functions is a classical
topic in the field of the numerical approximation of special functions. The confluent
hypergeometric function (Kummer’s function) is a generalized hypergeometric series
given by (see [1, 13.4.1])
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is the rising factorial. On the other hand, the Gauss hypergeometric function is defined
by the series (see [1, 15.6.1])
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for |z] < 1, and by analytic continuation elsewhere. Among the existing methods
commonly used for these particular hypergeometric functions (see [2] and the reference
therein for a comprehensive background), in this work we consider the method based
on the Gauss-Jacobi quadrature, discussed by W. Gautschi in [3]. The use of this
rule seems natural and attractive whenever the parameters and the arguments of the
hypergeometric functions allow the following integral representations, in which the
Jacobi weight explicitly appears (see [1, 13.4.1 and 15.6.1]):

M(a,b,z) = @1 — b=t for b>a>0, (1)
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- e
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where I' () denotes the Gamma function, and
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F(a,b,c,z) = dt, 2)

for |arg(l — 2)| <@, ¢ > b > 0.

In this paper we do not introduce new methods but revisit the error analysis presented
in [3], with the basic aim of providing reliable and easy to use error estimates. In
particular, we derive explicit formulas in terms of the number of quadrature points,
the parameters and the argument of the hypergeometric functions. These estimates
are rather accurate for a reasonable range of values of the parameters and, therefore,
may represent a useful tool for automatic computation with prescribed accuracy. The
analysis is based on the theory of analytic functions (see e.g. [4, section 4.6] for an
overview) and makes use of the Cauchy integral representation of the remainder term
of the quadrature rule.

In this work the symbols ~ and < stand for asymptotically equal and less than or
asymptotically equal to, respectively.

The paper is organized as follows. In Section 2 we briefly recall the Gauss-Jacobi
rule, together with the integral representation of the remainder term, and give some
technical results. Sections 3 and 4 deal with the error analysis of the Jacobi rule for the
computation of the confluent and the Gauss hypergeometric function, respectively. In
Section 5 we test the error estimates on some examples.

2 Background and preliminary results

Given
wept) =1 -1 +0F, te(=1,1), fora, g > —1,
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and a generic function f, for the computation of

1
1“P(f) = / 1 f(t)we p(t)dt

the n-point Gauss-Jacobi quadrature rule reads

n
LD (f) =Y i f)), 3)
j=1
where ¢j and A;, j = 1,...,n, are the Gauss-Jacobi nodes and weights. It is well

known that ¢; and A ; can be expressed in terms of the spectral data of the associated
Jacobi matrix [5]. As for the remainder

Ru(f) = 1P (f) = 1*P (1),
by means of the Cauchy formula, it can be written as (see [6])
1
Ra(f) = 5 / Ko (w) f (w)duw, )
i Je

where the contour C contains in its interior the interval of integration [—1, 1] but no
singularity of the function f lies on or within the contour. In the above formula the
kernel K, is given by

o P (w)
Ky(w) = —@p,
Py (w)
where P,fa’ﬁ ) is the Jacobi polynomial of degree n and

1 (., 8)
ﬂ(a’ﬂ)(w) _ wa,ﬁ(t)Pn (t)dt
n -1 w—1

is known as the associated Jacobi function (see [4, section 1.12]). In particular, for
n — 400 and w not in the neighborhood of [—1, 1] it holds (cf. [7])

—2n—a—p—1
K ()] ~ 2 [w = 1% Jw + 117 | + 2 = )12 s)
Forr > 1and 0 < 0 < 27, we introduce the function
. 1 : 1
0y _ 6
w("el)—§<r€l +rew>’ (6)
that allows to define the family of confocal ellipses
Frz{w€C|w=1ﬁ(rei9),0§0<2n}, )
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having foci at =1 and the sum of semiaxis equal to r. We observe that | w+(w?—1)1/2 |
= r on any particular ellipse of type (7). Let r, > 1 be the smallest real number such
that a singularity of f, named p, is on I'»,. In this situation, the standard approach
consists in taking I', 1 < r < rp, as contour in (4), so that the remainder term can be
bounded as (see (5))

1
[Ra(f)] < 5 max If(w)I/ | K (w)|ldw]
7T wel, T,
< Cy plryr—2nep-l max | f (w)l, ®)

where
ca,ﬁ(r)zfr lw—11%|w + 1| |dw|. )

As we will see in Sect. 3, the function f, that appears in the integral representation
of the confluent hypergeometric function, is entire. In this case formula (8) holds true
Vr > 1, and one needs to optimize the bound with respect to r. Typically, because of
(5), the optimal value grows with n. In this view, since

Co,p(r) < €(T)) max |w — 1% |w + 1|/3’
wel,

where ¢(I",) denotes the length of the ellipse ', we can write

max |w — 1|% |w + 1|#

wel,
1 0 1 e " 1 B
(5 (re’ + re_ie) - 1> <§ <rel + W) + 1)

[(re'® — 1) (re'® + 1)%|
= maXx
0€[0,27] (2r)a+B
~ T Bpe B s oo,

= max
0€l0,2m]

Moreover, since for r — 400, £(I";) ~ 2 r, we obtain
Cop(r) S 2170 Ppothil, (10)

This approach will be used for the confluent hypergeometric function in Sect. 3. In
the case of the Gauss hypergeometric function, the properties of the corresponding
function f are such that the optimization of (8) with respect to 1 < r < r), leads to
error estimates not very sharp. This strategy has been used in [3], where the optimal »
is numerically evaluated. In Sect. 4 we introduce a different approach, that allows to
obtain more reliable approximations.
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3 Confluent hypergeometric function

For b > a > 0 and z € C, the confluent hypergeometric function can be written as

(see (1))
1 1 1
M(a,b,z7) = W/ 2Dy ot a1 (0)dt,
Yo -1

0
in which
Wh—a—1.a—1(1) = (1 = )P~ (1 + )7,
and X
4T(b—a)(a)
(a,b) b—1
= —ada—1dt =27 ————=
Y0 [lwh a—1,a—1(F) NO)
see [8, 7.391(1)]. Denoting by
folt) = 37030, (11)
the n-point Gauss-Jacobi rule (3) leads to
1 (b—a—1,a—1)
M@, b,2) = —s (107770 () + Ra(£) (12)
Yo

In this situation, since f; is an entire function, for the remainder term we can use
formulas (8)-(10) to obtain

[Ra()] S 277" max | f(w)lr ™", r = +oo. (13)
wel',

As for the maximum of | £, (w)|, we first set z = pe'?, p > 0. Then, by (6),

1
max | fz(w)| = max [e2<! "))
wel, wel,

1 i0
max |ezz(1+1//(re’ ) |

0€l0,2m]

= max e?2
0e[0,27]

£G@©)

where

G(0) =cosgp (1 + lcos@ (r + l)) —sing (l sin 0 <r — l)) . (14)
2 r 2 r

By imposing G’(9) = 0 and defining ry = r + % andr_ =r — %, we obtain the
equation
tanf = — — tan g, (15)

I+
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0* = sm,andif p = %rr, then 6* % On the other side, for cos ¢ # 0, the solutions
of equation (15) are given by the set

valid for cos ¢ # 0. Let 6* = argmaxpe[o,27r] G(6). We observe that, if ¢ = %, then
3

6y = — arctan <r__ tan go) +km, kelZ.
I+

Then, looking for the solution in [0, 2], we find

G if 0<gp<Z

7 or %n<¢)§2n
0* =136, if %<(p§7‘[
06— if n<<p<%n

Inserting the above results in (14) and using classical trigonometric identities, leads
to

§<c03¢+ (%)2+cos2 go)
max | fz(w)| =e
wel,

= O (r),
and therefore, by (13), for r — +00 we obtain
IR (fl S22 d(ryr =" (16)
At this point, looking for
ry = argmin ®(r)r 2",
r>1
we find
B B 4
y = VB + VB0 +4 (17)
2
where
2 (16112 — p2 4+ /(1602 — p2)2 + 64n2p? cos? <p)
B(n) = 5 . (18)
0
Denoting by sf,a’b)

(z) the error of the method (12), that is,

(b—a—1,a—1)
1
s,(,a’b)(z)=‘M(a,b,Z)_ e
Yo

_ Ru(£)]

DI
e

by inserting (17) in (16), we finally obtain

e’ <

3-b £ (cos o+ 1232 +cos? <p> —on |
an e r, . (19)
Yo

In order to highlight the asymptotic behavior, we observe that
64n?
B(l’l) ~ —5 n — 400,
0
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which means that r,, grows linearly with n, and therefore

23717 2 (cos ot 4 —2n
@b (z) < (u’b)ne2<cow ﬂ) (,/B(n))
Y0
23—b 8 —2n
~ meteose (D) s o, (20)
éa,b) ep

Formula (20) is very similar to the one given in [3, (1.7)], obtained using derivatives.
The improvement, anyway, is obtained by employing (19), especially for large |z|,
z € R, as we will see in Sect. 5.

4 Gauss hypergeometric function

Fora € R and ¢ > b > 0, the Gauss hypergeometric function can be written as (see

) 1
1
F(a,b,c,z) = W/ gz(Dwe—p—1,p—1(1)dt,
Yo -1

where

1 —a
g:(t) = (1 — Ez(l + t)) , z¢[l,+00), 21
and T(c — b)T'(b)
(hye) _ Ae—11 € —
n =2 ro

The case of a non positive integer is of little interest, since F(a, b, ¢, z) reduces to a
finite sum, that is,

F(=m.b,c.7) = Z(—l)f(m)@ /. meN.

_ z’,
= J/)©);

In what follows we therefore assume a € R\ Z~. Writing z = pe'?, p > 0, the
function g, is analytic, in the variable ¢, in the whole complex plane cut along the line

L2t
0

1, xeR", (22)

with branch point at p = % — 1. Clearly p is just a pole of order a if a € Z*. Anyway
we do not need to distinguish these two cases since the following analysis perfectly
suits both situations. The method based on the n-point Gauss-Jacobi rule reads

U (s
Flabie.2) = —5 (177700 + Ra(g) ) (3)
Yo
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~
~
~

Fig.1 The contour C = Cg U £1 U £y UT g (black line), the ellipse I' » (dashed blue line) passing through
the branch point p, and the ellipse I'y, (dashed green line) tangent to the disk Cs. In red the branch cut
(color figure online)

In order to derive an estimate for the remainder, we first observe that the extension
of the cut (22) passes through the point —1, and therefore, the smallest ellipse of the
family (7) encountering a singularity, is exactly the one passing through p. In other
words, this ellipse is defined by

"pz'l"f‘”\/l’z—l's (24)

in which u = 41 needs to be selected in order to have r, > 1. In particular, it can be
verified that the correct choice is

o)

Note that p> — 1 = 0 only for z = 1, 400, where the integral representation does not

hold. In this situation, as contour C in (4) we consider the one depicted in Figure 1,

that is, C = Cs U £1 U £, U I'g, where C; is the disk centered at p and with radius

8, R > rp, and £1, £», are the line segments arbitrarily close to the cut that join the

ellipse to the circle. In particular, we take 6 := | p|s, where s must be small enough in

order that the circle does not encounter the interval [—1, 1], nor the ellipse ['g.
Looking at Figure 1, it is clear that

n‘w—i—\/wz—l‘:r,, (25)

mi
welC
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wherer, < r, < Rissuch thatthe corresponding I';, is the ellipse tangent to the circle.
Even if not explicitly expressed, 7, depends on s. Because of (25) and the asymptotic
(5), we can therefore consider the approximation

1
Rl S 5 / K ()go(w)dw], 1 — 400,
T Cs

in which we neglect the contribution along the line segments £1, £, and the ellipse I'z.
Then, again by (25) and (5),

1 b 1 —on—

2—/ | K (w)g:(w)dw| < max [w — 117071 w177 12 f“f |g:(w)||dw].
T Jcs weCs Cs
Now, on the circle Cs, that is, forw = p + |p|sei9,

18- (w)| = <|p|2|z|s)_

12—z]
lz|

and, therefore, since |p| =

7.L,2a-i-l|2 _ Z|—a+1 B
/ lg:(w)||dw| = sTatl
Cs |z]

In order to optimize the bound with respect to s, we also consider the approximations

|b7] B 2c72|1 _ Z|c7b71

max |w— 1727wt |P "~ p = 1<  ptd =2 ’

weCs |Z

rr~r(s) = |p(l —s) +uy/p>(1 —s)2—1|, s— 0. (26)

Joining the above results, we finally obtain

s—0,

and

1 .
o /C 1Ky (w) g2 (w)dw] < Cr(s)~21=c+1 5=+ @7)
F)

where
CZ — 7T2€+6l7]|1 _ Z|C*b*1|2 _ Z|170|Z|176‘.

Casea > 1

By definition (26), r(s) is an increasing function for s — 0% and r(0) = rp (see
Figure 1). Therefore, the bound (27) is optimized by looking for the minimum of the

function
r(s)—Zn—c+1S—a+l )
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Unfortunately, the complexity of 7 (s) requires further approximations. To this purpose,

defining
M(s) = p(1 =) +uy/ p>(1 = 5)* = 1,

(cf. (26)), we consider the first order approximation

M) +sM'0) = (p+uy/ p2 — 1) (1 —suL) = T(s),

vp?—1

so that [T (s)| ~ r(s), for s — 0. By using the polar representation

=ne'”, >0, (28)

P
Vpr—1

and defining k = —2n — ¢ + 1, the minimum of |T (s)ks—*1, for n large enough, is
obtained for

_ (k+2a)|cosy|++/(k +2a)2 cos? y — 4a(k + a)

29
Sk 20k +a)n 29)
where @ = —a + 1 < 0. Observe that sy — 0, for n — +o00. Denoting by 8,(,a’b’c) ()
the error of the method (23), that is,
(c=b—1,b—1)
I, (g2) |Rn(g2)l
( ’b, ) _ n V4 _ Z
;""" (2) =|F(a,b,c,2) - ) =%
Yo Yo
by (27), we finally have
1 _
@b (7) < WCZr(sk)ksk a5 oo, (30)
0

In order to highlight the asymptotic behavior with respect to n, we first note that by
(29) we have
—a
Sk ™~ — >
nlcosy|2n+c—1—2a)

and therefore, after some algebra,
3,(1a’b’c)(2) /S C]e—Zln(rp)nna—l’ n — +oo,

where

aup

1 ___aw
e ncosyly/p2-1

1—a
a—1
C=—Crl-c <—> . 31)
ylber 75 \2p|cos y |
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p=1 p=10
10° T T T T
100,
10°
10-10,
10—10,
-15 1
10 102
1 2 3 4 5 6 0
number of points
p =50
j 1010,
100,
100,
-10 L
10 1010
0 5 10 15 20 25 0 5 10 15 20 25 30 35

Fig.2 The relative error for the computation of the confluent hypergeometric function (blue), together with
estimate (19) (black) and [3, formula (1.7)] (red), for ¢ = 0 and p = 1, 10, 50, 100. In all cases a = 1.5
and b = 2.5 (color figure online)

Remark 1 By the definition of y in (28), we have that cosy = 0 only for

n < p1’21> = 0. Since p = % — 1, this is only possible for z € [1, +00).

Casea <1

In this situation, since the function

r(s)—Zn—c+ls—a+1 ;

appearing in (27), is monotone decreasing for s — 07, the circle Cs surrounding p
can be taken arbitrarily small. Therefore, heuristically we simply use (30) with

1

- 2
nk+a)’ 32)

Sk =

for —k > a, that is, for n large enough. This choice appears to be fairly good as
shown in Figures 8, 9 and 10. Anyway, we remark that for a less than values around
—35, the formula based on this choice starts to underestimate the error for large |z|.
Nevertheless, we also point out that for large negative a the method is extremely fast,
so that having at disposal an accurate error estimate is of less importance. With respect
to n, the asymptotic behavior is given by

£@PO (2) < Cre 2P =1y s foo, (33)

@ Springer



44 Page 12 0of 17 BIT Numerical Mathematics (2025) 65:44

p=1 p=10
100 T T T T T T T T
1001
1051
1010k
10710}
15|
10 . . . . 1020 .
1 2 3 4 5 6 0 2 4 6 8 10 12 14

number of points

p =50
T T T T T T Lol
100F
100F
10}
10 1010

10'20 L L L L L L 10'20 L L L L
0 5 10 15 20 25 30 0 10 20 30 40 50

Fig.3 The relative error for the computation of the confluent hypergeometric function (blue), together with
estimate (19) (black) and [3, formula (1.7)] (red), for ¢ = % and p = 1, 10, 50, 100. In all cases a = 1.5
and b = 2.5 (color figure online)

p=1
100 ; ; ; ; ;
1007
10-5 L
107101 1010}
10'15 L
10'20 10'20
1 2 3 4 5 6 7 2 4 6 8 10 12
number of points
p =50 p =100
1010 L
100 L
1001
10-10 L
10710
10'20 10'20
0 5 10 15 20 25 30 0 5 10 15 20 25 30 35 40

Fig.4 The relative error for the computation of the confluent hypergeometric function (blue), together with
estimate (19) (black) and [3, formula (1.7)] (red), for ¢ = 7 and p = 1, 10, 50, 100. In all cases a = 1.5
and b = 2.5 (color figure online)
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p=10

p=1

10°

—error
—estimate

10101 1010
10'20 10—20
5 10 15 20 0 20 40 60 80 100
number of points
p =50 p =100
0
10 10°
10710 105k
-10 L
1020 . . . 10 . . .
0 50 100 150 200 0 50 100 150 200

Fig. 5 The relative error for the computation of the Gauss hypergeometric function and bound (30), with
sk asin (29), for ¢ = % and p = 1, 10, 50, 100. In all cases a = 2.5, b = 0.5,¢c = 2.7

p=1 p=10
10° 100
—error
st —estimate
010 1010
10-15 L
10-20 L L L L L L 10-20 L L L L
0 2 4 6 8 10 12 14 0 10 20 30 40 50
number of points
p =50 p =100
10° i 10° i
10710F 10708
10'20 10'20
0 20 40 60 80 100 120 0 50 100 150 200

Fig. 6 The relative error for the computation of the Gauss hypergeometric function and bound (30), with
sk asin (29), for ¢ = % and p = 1, 10, 50, 100. In all cases a = 2.5, b = 0.5, ¢c = 2.7

where
_ up

e ny/p2-1

Ca Cory @) (34)

= _b, -
A

@ Springer



44 Page 140of 17 BIT Numerical Mathematics (2025) 65:44

p=1 p=10
100 T T T 100F T T T T
—error
105k —estimate
1070 1010+
1045 L
10'20 10—20
0 2 4 6 8 10 12 0 5 10 15 20 25 30 35 40
number of points
p =50 p =100
10° 10°
1010 F 1010}
10720 L L L L 10'20 L L L L L
0 20 40 60 80 100 0 20 40 60 80 100 120

Fig. 7 The relative error for the computation of the Gauss hypergeometric function and bound (30), with
sk asin (29), for ¢ = 7 and p = 1, 10, 50, 100. In all casesa = 2.5, b = 0.5, ¢c = 2.7

p=1 p=10
10° 10°
—error
—estimate
10 105}
1070 10701
1075} 1078
10-20 10-20
0 2 4 6 8 10 12 0 10 20 30 40 50
number of points
p =50 p =100
100 T T T T 10° T T T
105 105}
107101 oo
1075} 10715+
10'20 L L L L L L L 10'20
0 10 20 30 40 50 60 70 80 0 20 40 60 80 100

Fig. 8 The relative error for the computation of the Gauss hypergeometric function and bound (30), with
sk asin (32), for ¢ = % and p = 1, 10, 50, 100. In all cases a = —2.7,b = 1.3, c = 2.7

Remark 2 For a = 1, the function g, has a simple pole at p. In this situation, by (33)
the error decays as e~21""»" that is in perfect agreement with the analysis given in [9,
formula (2.2)], for analytic functions with simple poles.
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p=1 p=10
100 T T T T T T T 100 T T T T
—error
—estimate 5
101 ]
105}
10-10 b 4
10'10 L
10'15 b 4
-15 |
10 . . . . . . . 1020 . . . .
1 2 3 4 5 6 7 8 9 0 5 10 15 20 25 30
number of points
p =50 p =100
10° 100 . . .
105} 10°} ]
10-10 b 10-10 b 4
1075 1015} ]
10'20 L L L L 10'20 L L L L
0 10 20 30 40 50 0 10 20 30 40 50 60

Fig. 9 The relative error for the computation of the Gauss hypergeometric function and bound (30), with
sk asin (32), for ¢ = % and p = 1, 10, 50, 100. In all cases a = —2.7,b = 1.3, ¢ =2.7

p=1
100 T T T T T T
—error
—estimate
10'5 L
10'10 L
10-15 L
1 2 3 4 5 6 7 8
number of points
p =50
10°
10°F
10'10 L
10-15 L
10'20 L L
0 5 10 15 20 25 30 35

10'10,

10-15,

10'20
0

10°

1051

10'10,

10-15

10'20
0

10 20

30

40 50

Fig. 10 The relative error for the computation of the Gauss hypergeometric function and bound (30), with

sk as in (32), for ¢ = 7 and p = 1, 10, 50, 100. In all cases a = —2.7,b =1.3,¢c = 2.7
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5 Numerical experiments
5.1 Confluent hypergeometric function

In Figures 2, 3 and 4 we consider the relative error arising from the computation of the
confluent hypergeometric by means of the Gauss Jacobi rule. We also plot the bound
given in formula (19) and the bound [3, (1.7)], both divided by the modulus of the
exact solution. In all figures @ = 1.5, b = 2.5, but we consider different phases for
the argument z. In particular, ¢ = 0 in Figure 2, ¢ = 7 in Figure 3 and ¢ = 7 in
Figure 4. For each angle, we also consider four different values for the modulus of the
argument, thatis, p = 1, 10, 50, 100. What is rather evident from the results is that the
two bounds are more or less equivalent and sharp for |z| rather small, independently
of arg z. On the other side, for large |z|, z € R, the difference is not negligible and
only the bound (19) appears to be accurate.

5.2 Gauss hypergeometric function

In Figures 5, 6, 7, 8, 9 and 10 we consider the relative error for the computation of
the Gauss hypergeometric function arising from the Jacobi rule. Figures 5, 6 and 7,
that refers to the case of a > 1 (a = 2.5), contain also the bound (30), with s as in
(29). In Figures 8, 9 and 10 we have plotted the bound (30), that refers to the case
a <1 (a = -2.7), with s; as in (32). As before, each figure contains four subplots
relative to different values of the modulus of |z|, thatis, p = 1, 10, 50, 100. The phases
considered are ¢ = %, 7, .

6 Conclusions

In this work we have derived explicit approximations of the error of the Gauss-Jacobi
rule for the computation of the confluent and Gauss hypergeometric functions. The
analysis is based on the contour integral representation of the remainder term of Gaus-
sian quadrature and on an asymptotic expression for the kernel. We have presented
some numerical experiments that confirm the reliability of the bounds, also in relation
to existing estimates. Even if we have not introduced new methods for the computa-
tion of hypergeometric functions, the strategy developed in Section 4, regarding the
proper choice of the contour in the integral representation of the remainder in case
of functions analytic in the whole complex plane cut along a line, as far as we know,
seems to have never been followed.
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