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In recent years, model checking with interval temporal logics is emerging as a viable alternative to model
checking with standard point-based temporal logics, such as LTL, CTL, CTL", and the like. The behavior
of the system is modeled by means of (finite) Kripke structures, as usual. However, while temporal logics
which are interpreted “point-wise” describe how the system evolves state-by-state, and predicate properties
of system states, those which are interpreted “interval-wise” express properties of computation stretches,
spanning a sequence of states. A proposition letter is assumed to hold over a computation stretch (interval) if
and only if it holds over each component state (homogeneity assumption). A natural question arises: is there
any advantage in replacing points by intervals as the primary temporal entities, or is it just a matter of taste?

In this article, we study the expressiveness of Halpern and Shoham’s interval temporal logic (HS) in model
checking, in comparison with those of LTL, CTL, and CTL". To this end, we consider three semantic variants
of HS: the state-based one, introduced by Montanari et al. in [30, 34], that allows time to branch both in the
past and in the future, the computation-tree-based one, that allows time to branch in the future only, and the
trace-based variant, that disallows time to branch. These variants are compared among themselves and to the
aforementioned standard logics, getting a complete picture. In particular, we show that HS with trace-based
semantics is equivalent to LTL (but at least exponentially more succinct), HS with computation-tree-based
semantics is equivalent to finitary CTL*, and HS with state-based semantics is incomparable with all of them
(LTL, CTL, and CTL*).
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1 INTRODUCTION

Point-based temporal logics (PTLs) provide a standard framework for the specification of the be-
havior of reactive systems that makes it possible to describe how a system evolves state-by-state
(“point-wise” view). PTLs have been successfully employed in model checking (MC), which enables
one to automatically verify complex finite-state systems usually modeled as finite propositional
Kripke structures. The MC methodology considers two types of PTLs—linear and branching—
which differ in the underlying model of time. In linear PTLs, like LTL [37], each moment in time
has a unique possible future: formulas are interpreted over paths of a Kripke structure, and thus
they refer to a single computation of the system. In branching PTLs, like CTL and CTL" [17], each
moment in time may evolve into several possible futures: formulas are interpreted over states of
the Kripke structure, hence referring to all the possible system computations.

Interval temporal logics (ITLs) have been proposed as an alternative setting for reasoning about
time [20, 36, 42]. Unlike standard PTLs, they assume intervals, instead of points, as their primitive
entities. ITLs allow one to specify relevant temporal properties that involve, e.g., actions with du-
ration, accomplishments, and temporal aggregations, which are inherently “interval-based,” and
thus cannot be naturally expressed by PTLs. ITLs have been applied in various areas of computer
science, including formal verification, computational linguistics, planning, and multi-agent sys-
tems [26, 36, 38]. Halpern and Shoham’s modal logic of time intervals (referred to as HS) [20] is the
most popular among the ITLs. It features one modality for each of the 13 possible ordering relations
between pairs of intervals (the so-called Allen’s relations [1]), apart from equality. Its satisfiability
problem turns out to be highly undecidable for all interesting (classes of) linear orders [20]; the
same happens with most of its fragments [11, 25, 29], but there are some noteworthy exceptions
like the logic of temporal neighborhood AA, over all relevant (classes of) linear orders [13, 14], and
the logic of sub-intervals D, over the class of dense linear orders [12, 35].

In this article, we focus on the MC problem for HS. In order to check interval properties of
computations, one needs to collect information about states into computation stretches, that is,
finite paths of the Kripke structure (traces for short). Each trace is interpreted as an interval, whose
labeling is defined on the basis of the labeling of the component states. Such an approach to HS
MC has been simultaneously and independently proposed by Montanari et al. in [30, 34] and by
Lomuscio and Michaliszyn in [26, 27].

In [30, 34], Montanari et al. assume a state-based semantics, according to which intervals/traces
are “forgetful” of the history leading to their initial state. Since the initial (final, respectively) state
of an interval may feature several predecessors (successors, respectively), such an interpretation
induces a branching reference both in the future and in the past. A graphical account of the state-
based semantics can be found in Figure 1; a detailed explanation will be given in the following. The
other fundamental choice done in [30, 34] concerns the labeling of intervals: a natural principle,
known as the homogeneity assumption, is adopted, which states that a proposition letter holds over
an interval if and only if it holds over each component state (such an assumption turns out to be the
most appropriate choice for many practical applications). In this setting, the MC problem for full
HS turns out to be decidable. More precisely, it is EXPSPACE-hard [7], while the only known upper
bound is non-elementary [30].! The exact complexity of MC for almost all the meaningful syntactic
fragments of HS, which ranges from co-NP to PN?, PSPACE, and beyond, has been determined in
a subsequent series of papers [7, 9, 10, 30-33].

In [26, 27], Lomuscio and Michaliszyn address the MC problem for some fragments of HS ex-
tended with epistemic modalities. Their semantic assumptions are different from those made in [30,

1Here and in the following we refer to the combined complexity of MC (which accounts for both the size of the Kripke
structure and of the formula at the same time).



Fig. 2. Computation-tree-based semantic variant HS: future is branching, past is linear, finite, and cumu-
lative.

34]: the fragments are interpreted over the unwinding of the Kripke structure (computation-tree-
based semantics—see Figure 2 for a graphical account), and the interval labeling takes into account
only the endpoints of intervals. In [26], they focus on the HS fragment BE of Allen’s relations
started-by and finished-by, extended with epistemic modalities. They consider a restricted form of
MC (local MC), which checks the specification against a single (finite) initial computation inter-
val, and prove that it is PSPACE-complete. In [27], they demonstrate that the picture drastically
changes with other fragments of HS that allow one to access infinitely many intervals. In par-
ticular, they prove that the MC problem for the HS fragment AB of Allen’s relations meets and
starts, extended with epistemic modalities, is decidable with a non-elementary upper bound. The
decidability status of MC for full epistemic HS is not known.

To summarize, the MC problem for HS (and its fragments) has been extensively studied under
the state-based and the computation-tree-based semantics, mainly focusing on complexity issues.
What is missing is a formal comparison of the expressiveness of HS MC and MC for standard
point-based temporal logics. A comparison of the expressiveness of the MC problem for HS under
the state-based and the computation-tree-based semantics is missing as well.

Our Contribution. In this article, we study the expressiveness of HS, in the context of MC, in
comparison with that of the standard PTLs LTL, CTL, and CTL". The analysis is carried on enforcing
the homogeneity assumption.
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Fig. 3. Trace-based semantic variant HS;,: neither past nor future are branching.

We prove that HS endowed with the state-based semantics proposed in [30, 34] (hereafter de-
noted as HSg;) is not comparable with LTL, CTL, and CTL*. On the one hand, the result supports
the intuition that HSy gains some expressiveness by the ability of branching in the past. On the
other hand, HSy does not feature the possibility of forcing the verification of a property over an
infinite path, thus implying that the formalisms are not comparable. With the aim of having a
more “effective” comparison base, we consider two other semantic variants of HS, namely, the
computation-tree-based semantic variant (denoted as HS.) and the trace-based one (HSj;n).

The state-based (see Figure 1) and computation-tree-based (see Figure 2) approaches rely on a
branching-time setting and differ in the nature of past. In the latter approach, past is linear: each
interval may have several possible futures, but only a unique past. Moreover, past is assumed to be
finite and cumulative, that is, the story of the current situation increases with time, and is never
forgotten. The trace-based approach relies on a linear-time setting (see Figure 3), where the infinite
paths (computations) of the given Kripke structure are the main semantic entities. Branching is
neither allowed in the past nor in the future. Note that the linear-past (rather than branching)
approach is more suited to the specification of dynamic behaviors, because it considers states in a
computation tree, while the branching-past approach considers machine states, where past is not
very meaningful for the specification of behavioral constraints [23].

The variant HS is a natural candidate for an expressiveness comparison with the branching
time logics CTL and CTL*. The most interesting and technically involved result is the characteriza-
tion of the expressive power of HS: HS.¢ turns out to be expressively equivalent to finitary CTL",
that is, the variant of CTL"* with quantification over finite paths. As for CTL, a non-comparability
result can be stated.

The variant HSj;, is a natural candidate for an expressiveness comparison with LTL. We prove
that HSj;, and LTL are equivalent (this result holds true even for a very small fragment of HSy;,),
but the former is at least exponentially more succinct than the latter.

We complete the picture with a comparison of the three semantic variants HSg, HS.t, and HSjj,.
We prove that, as expected, HSj;, is not comparable with either of the branching versions, HS
and HSg. The interesting result is that, on the other hand, HS is strictly included in HSq: this
supports HSg, adopted in [7, 9, 30-33], as a reasonable and adequate semantic choice. The com-
plete picture of the expressiveness results is reported in Figure 4 (the symbols #, =, and < denote
incomparability, equivalence, and strict inclusion, respectively).

Structure of the Article. In Section 2, we introduce basic notation and preliminary notions. In
Section 2.1 we define Kripke structures and interval structures, in Section 2.2 we recall the well-
known PTLs LTL, CTL, and CTL", and in Section 2.3 we present the interval temporal logic HS.
Then, in Section 2.4 we define the three semantic variants of HS (HSg;, HSt, and HSj;,). Finally,
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Fig. 4. Overview of the expressiveness results.

Fig. 5. The Kripke structure X.

in Section 2.5 we provide a detailed example which gives an intuitive account of the three seman-
tic variants and highlights their differences. In the next three sections, we analyze and compare
their expressiveness. In Section 3, we show the expressive equivalence of LTL and HSj;,. Then, in
Section 4 we prove the expressive equivalence of HS and finitary CTL". Finally, in Section 5, we
compare the expressiveness of HS¢, HSct, and HSj;,. Conclusions summarize the work done and
outline some directions for future research.

2 PRELIMINARIES

In this section, we introduce the notation and some fundamental notions that will be extensively
used in the rest of the article. Let (IN, <) be the set of natural numbers equipped with the standard
linear ordering. For all i,j € N, with i < j, we denote by [i, j] the set of natural numbers h such
thati < h < j. Let X be an alphabet and w be a non-empty finite or infinite word over . We denote
by |w| the length of w (Jw| = co if w is infinite). For all i, j € N, with i < j, w(i) denotes the i-th
letter of w, while wl[i, j] denotes the finite subword of w given by w(i) - - - w(j). If w is finite and
|w| = n + 1, we define fst(w) = w(0) and Ist(w) = w(n). The sets of all proper prefixes and suffixes
of w are Pref(w) = {w[0,i] | 0 < i < n—1} and Suff(w) = {w[i,n] | 1 < i < n}, respectively. The
set of all the finite words over 3 is denoted by ¥*, and =% := 3* \ {¢}, where ¢ is the empty word.

2.1 Kripke Structures and Interval Structures

Systems are usually modeled as Kripke structures. Let AP be a finite set of proposition letters,
which represent predicates decorating the states of the given system.

Definition 2.1 (Kripke Structure). A Kripke structure over a finite set AP of proposition letters is
a tuple X = (42, S, d, 11, S0), where S is a set of states, § C S X S is a left-total transition relation,
i : S — 27 is a total labeling function assigning to each state s the set of proposition letters that
hold over it, and sy € S is the initial state. For (s,s’) € §, we say that s’ is a successor of s, and s is
a predecessor of s’. Finally, we say that XK is finite if S is finite.

For example, Figure 5 depicts the finite Kripke structure X = ({p, q}, {s0, 1}, 9, 11, So), where § =
{(s0,51), (51, 50), (51, 51)}, (s0) ={p}, pt(s1) ={q}. The initial state s, is marked by a double circle.

Let X = (4P, S, d, 11, S9) be a Kripke structure. An infinite path 7 of X is an infinite word over
S such that (z(i), (i + 1)) € § for all i > 0. A trace (or finite path) of X is a non-empty prefix



Fig. 6. Computation tree C(X) of the Kripke structure X of Figure 5.

of some infinite path of K. A finite or infinite path is initial if it starts from the initial state of
K. Let Trkg be the (infinite) set of all traces of X and Trkg( be the set of initial traces of K. For a
trace p, states(p) denotes the set of states occurring in p, that is, states(p) ={p(0), . . ., p(n)}, where
lpl=n+1.

We now introduce the notion of D-tree structure, namely, an infinite tree-shaped Kripke structure
with branches over a set D of directions.

Definition 2.2 (D-tree Structure). Given a set D of directions, a D-tree structure (over AP) is a
Kripke structure X = (4P, S, 8, i1, s0) such that sy € D, S is a prefix closed subset of D*, and §
is the set of pairs (s,s”) € S X S such that there exists d € D for which s’ = s - d (note that ¢ is
completely specified by S). The states of a D-tree structure are called nodes.

A Kripke structure X = (4P, S, 3, 1, so) induces an S-tree structure, called the computation tree
of X, denoted by C(X), which is obtained by unwinding X from the initial state (note that the
directions are the set of states of X). Formally, C(X) = (A2, Trkg(, &', 1, so), where the set of nodes
is the set of initial traces of & and for all p, p’ € Trk%., 1’ (p) = u(lst(p)) and (p, p’) € 8" if and only
if p’ = p - s for some s € S. See Figure 6 for an example.

Given a strict partial ordering S = (X, <), an interval in S is an ordered pair [x,y] such that
x,y € X and x < y. The interval [x, y] denotes the subset of X given by the set of points z € X
such that x < z < y. We denote by I(S) the set of intervals in S.

Definition 2.3 (Interval Structure). An interval structure IS over AP is a pair IS = (S, o) such that
S = (X, <) is a strict partial ordering and o : I(S) — 27 is a labeling function assigning a set of
proposition letters to each interval over S.

2.2 Standard Temporal Logics

In this subsection, we recall the standard propositional temporal logics CTL*, CTL, and LTL [17,
37]. Given a set of proposition letters AP, the formulas ¢ of CTL" are defined as follows:

e=TIlpl-¢lenelXeleUp | o,
where p € AP, X and U are the “next” and “until” temporal modalities, and 7 is the existential path
quantifier.” We also use the standard shorthands Y¢ := =3-¢ (“universal path quantifier”), Fp :=
TUgp (“eventually” or “in the future”), and its dual G¢ := —=F—¢ (“always” or “globally”). Hereafter,
we denote by |¢| the size of ¢, that is, the number of its symbols/subformulas.

2Hereafter, we denote by 3/V the existential/universal path quantifiers (instead of by the usual E/A), in order not to confuse
them with the HSmodalities E/A.



Table 1. Allen’s Relations and Corresponding HS Modalities

Allen relation HS  Definition w.r.t. interval structures Example
Xo——eo1
MEETS Ay  [x,y]lRulv,z] &= y=v Ve—ez
BEFORE Ly [xylRlv,z] & y<v vVe—ez
STARTED-BY (B) [x,y]Rg[v,z] & x=vAz<y Ve 9z
FINISHED-BY (E) [x,y]Rg[v,z] & y=zAx<v Ve—ez
CONTAINS D) [x,ylRplv,z] &= x<vAz<y ve—ez
OVERLAPS ©O) [x,ylRolv,z] & x<v<y<z ve—oz

The logic CTL is the fragment of CTL* where each temporal modality is immediately preceded
by a path quantifier, whereas LTL corresponds to the path-quantifier-free fragment of CTL".

Given a Kripke structure X = (42, S, 8, i, $o), an infinite path 7 of X, and a position i > 0 along
7, the satisfaction relation X, 7, i |= ¢ for CTL", written simply 7, i |= ¢ when X is clear from the
context, is defined as follows (Boolean connectives are treated as usual):

mikEp & p e p(r(i)),

7,0 = Xe erit+l ke,

m,il= @ Up, o forsomej>i:n,jl=¢@;andr k= forali<k<j,
m,i = e & for some infinite path 7’ starting from 7 (i), 7,0 |= ¢.

The MC problem is defined as follows: X is a model of ¢, written X |= ¢, if for all initial infinite
paths 7 of X, it holds that %, 7,0 |= ¢.

We also consider a variant of CTL", called finitary CTL*, where the path quantifier 3 of CTL" is
replaced by the finitary path quantifier J¢. In this setting, path quantification ranges over the traces
(finite paths) starting from the current state. The satisfaction relation p, i |= ¢, where p is a trace
and i is a position along p, is similar to that given for CTL* with the only difference of finiteness
of paths, and the fact that for a formula X¢, p,i |= Xp ifand onlyifi+ 1 < [p|and p,i + 1 |= ¢. A
Kripke structure X is a model of a finitary CTL* formula if for each initial trace p of X it holds
that %, p, 0 |= ¢.

The MC problem for both CTL* and LTL is PSPACE-complete [18, 40]. It is not difficult to show
that, as it happens with finitary LTL [15], MC for finitary CTL" is PSPACE-complete as well.

2.3 The Interval Temporal Logic HS

An interval algebra was proposed by Allen in [1] to reason about intervals and their relative order,
while a systematic logical study of interval representation and reasoning was done a few years later
by Halpern and Shoham, that introduced the interval temporal logic HS featuring one modality for
each Allen relation, but equality [20]. Table 1 depicts 6 of the 13 Allen’s relations, together with the
corresponding HS (existential) modalities. The other 7 relations are the 6 inverse relations (given
a binary relation R, the inverse relation R is such that bR a if and only if a®b) and equality.

For a set of proposition letters AP, the formulas ¢ of HS are defined as follows:

Yu=p |y 1y Ay 1 OY,

modality [X]¢ is defined as —=(X)—y. For any subset of Allen’s relations {Xi, ..., X}, X;--- X,
denotes the HS fragment featuring (universal and existential) modalities for Xj, ..., X, only.



We assume the non-strict semantic version of HS, which admits intervals consisting of a single
point.? Under such an assumption, all HS modalities can be expressed in terms of (B), (E), (B), and
(E) [42]. As an example, (A) can be expressed in terms of (E) and (B) as (A) @ :=(E]LA(pV
(BY 9)) V (EM[E]L A (¢ V (B) ®)). We also use the derived operator (G) of HS (and its dual [G]),
which allows one to select arbitrary subintervals of a given interval, and is defined as (G) { :=
YV (BYY VBV V (B (E) . o

HS can be viewed as a multi-modal logic with (B), (E), (B), and (E) as primitive modalities and its
semantics can be defined over a multi-modal Kripke structure, called abstract interval model, where
intervals are treated as atomic objects and Allen’s relations as binary relations over intervals.

Definition 2.4 (Abstract Interval Model [30]). An abstract interval model over AP is a tuple 4 =
(AP, 1, By, Er, o), where Lis a set of worlds, By and Ej are two binary relations over,ando : I — 27
is a labeling function assigning a set of proposition letters to each world.

Let 4 = (AP,1, By, E1, o) be an abstract interval model. In the interval setting, I is interpreted
as a set of intervals, By and Ej as Allen’s relations B (started-by) and E (finished-by), respectively,
and o assigns to each interval in I the set of proposition letters that hold over it. Given an interval
I €1, the truth of an HS formula over I is inductively defined as follows (the Boolean connectives
are treated as usual):

—A,I |= pifand only if p € o(I), for any p € AP;
—A4,1 = (X)¢, for X € {B, E}, if and only if there exists J € [ such that I X7 Jand 4, ] |= ¢;
—-4,1 ()_()lﬁ, for X € {B,E}, ifand only if there exists J € I such that J Xyl and 4, ] |= ¢.

The next definition shows how to derive an abstract interval model from an interval structure.

Definition 2.5 (Abstract Interval Model Induced by an Interval Structure). An interval structure
IS = (S, 0), with S = (X, <), induces the abstract interval model A;5 = (AP, I(S), Bys), Exs), 0),
where [x,y] Bys) [v,2z] iff x = vand z < y, and [x, y] Eyg) [v, 2] iff y = zand x < v.

For an interval I and an HS formula ¢, we write IS, |= ¢ to mean that 4,1 |= ¢.

2.4 Three Semantic Variants of HS for MC

In this section, we define the three variants of HS semantics HS,; (state-based), HS; (computation-
tree-based), and HSy;, (trace-based) for model checking HS formulas against Kripke structures. For
each variant, the related (finite) MC problem consists of deciding whether or not a finite Kripke
structure is a model of an HS formula under such a semantic variant.

Let us start with the state-based variant [30, 34], where an abstract interval model is naturally
associated with a given Kripke structure X by considering the set of intervals as the set Trky of
traces of K.

Definition 2.6 (Abstract Interval Model Induced by a Kripke Structure). The abstract interval
model induced by a Kripke structure X = (AP, S, 5, 1, o) is Ax = (AP, 1, By, Ey, o), where I = Trky,
Br={(p,p’) € Ix1|p’ € Pref(p)}, Er = {(p,p’) € IXI| p’ € Suff(p)}, and o : 1 — 2™ is such
that o(p) = msestates(p) p(s), forall p € L.

According to the definition of o, p € AP holds over p = s1 - - - s, if and only if it holds over all the
states sy, . . ., s, of p. This conforms to the homogeneity principle, according to which a proposition
letter holds over an interval if and only if it holds over all its subintervals [39].

3 All the results we prove in the article hold for the strict version as well.



Definition 2.7 (State-Based HS—HSg;). Let K be a Kripke structure and ¢ be an HS formula.
A trace p € Trky satisfies ¢ under the state-based semantic variant, denoted as X, p |=& ¢, if it
holds that Ag., p |= . Moreover, X is a model of  under the state-based semantic variant, denoted
as K =g ¢, if for all initial traces p € Trk?,(, it holds that K, p |=st ¥

We now introduce the computation-tree-based semantic variant, where we simply consider the
abstract interval model induced by the computation tree of the Kripke structure. Notice that since
each state in a computation tree has a unique predecessor (with the exception of the initial state),
this HS variant enforces a linear reference in the past.

Definition 2.8 (Computation-Tree-Based HS—HS). A Kripke structure X is a model of an HS
formula  under the computation-tree-based semantic variant, written X |=¢¢ ¢, if C(X) |=st ¢

Finally, we define the trace-based semantic variant, which exploits the interval structures induced
by the infinite paths of the Kripke structure.

Definition 2.9 (Interval Structure Induced by an Infinite Path). For a Kripke structure X =
(A2, S, 4, p, so) and an infinite path 7 = 7(0)7(1) - - - of X, the interval structure induced by = is
ISk » = (N, <), o), where for each interval [i, j], o ([i, j]) = Jh:i u(z(h)).

Definition 2.10 (Trace-Based HS—HSy;,). A Kripke structure X is a model of an HS formula i/
under the trace-based semantic variant, denoted as X |=ji, ¢, if and only if for each initial infinite
path 7 and for each initial interval [0, i], it holds that IS« ,,[0,i] = ¢.

In the next sections, we compare the expressiveness of the logics HSs;, HSct, HSin, LTL, CTL, and
CTL" when interpreted over finite Kripke structures. Given two logics L; and L,, and two formulas
@1 € Ly and ¢, € Ly, we say that ¢ in L; is equivalent to ¢, in L, if, for every finite Kripke structure
K, K is amodel of ¢; in L; if and only if X is a model of ¢, in L,. We say that L, is subsumed by L4,
denoted as L; > Ly, if for each formula ¢, € L,, there exists a formula ¢; € L; such that ¢; in L;
is equivalent to ¢, in L,. Moreover, L, is as expressive as L, (or Ly and L, have the same expressive
power), written Ly = L,, if both Ly > L, and L, > L;. We say that L; is (strictly) more expressive than
Ly if Ly > Ly and Ly £ Ly. Finally, Ly and L, are expressively incomparableif both L1 # L, and Ly 2 L.

2.5 An Example: A Vending Machine

In this section, we give an example highlighting the differences among the HS semantic variants
HSt, HS¢t, and HSj;,.

The Kripke structure of Figure 7 represents a vending machine, which can dispense water, hot
dogs, and candies. In state s, (the initial one), no coin has been inserted into the machine (hence,
the proposition letter ps—o holds there). Three edges, labeled by “ins_$1,” “ins_$2,”and “ins_$0.50,”
connect s to si, S, and s3, respectively. Edge labels do not convey semantic value (they are neither
part of the structure definition nor associated with proposition letters) and are simply used for an
easy reference to edges. In s1 (s3, s3, respectively) the proposition letter ps—1 (ps=2, Ps=0.50, respec-
tively) holds, representing the fact that 1 Dollar (2, 0.50 Dollars, respectively) has been inserted
into the machine. The cost of a bottle of water (a candy, a hot dog, respectively) is $0.50 ($1, $2.
respectively). A state s;, for i = 1, 2,3, is connected to a state s;, for j = 4,5, 6, only if the avail-
able credit allows one to buy the corresponding item. Then, edges labeled by “dispensed” connect
sS4, S5, and sg to s7. In s7, the machine gives change, and can nondeterministically move back to s,
(ready for dispensing another item), or to s, where it begins an automatic maintenance activity
(Pmaint holds there). Afterward, state so is reached, where maintenance ends. From there, if the
maintenance activity fails (edge “maint_failed”), ss is reached again (another maintenance cycle
is attempted); otherwise, maintenance concludes successfully (“maint_success”) and sy is reached.
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Fig. 7. Kripke structure representing a vending machine.

Since the machine is operating in states so, ..., s7, and under maintenance in sg and S9, Poperative
holds over the former, and it does not on the latter.

In the following, we will make use of the B formulas length,,, with n > 1: for any given n, length,,
characterizes the intervals of length n, and is defined as follows:

length, := ((B)...(B)T) A ([B]...[B]L).

n-1 n

We now give some examples of properties we can formalize under all, or some, of the HS se-
mantic variants HSg;, HS, and HSj;,.

—In any run of length 50, during which the machine never enters maintenance mode, it dis-
penses at least a hot dog, a bottle of water, and a candy.

K IIJ: (Poperative A lengthzso) — ((<B> <E>photdog) A (<B> <E>Pwater) A (<B> <E>Pcandy) .

Clearly this property is false, as the machine can possibly dispense only one or two kinds of
items. We start by observing that the above formula is equivalent in all of the three semantic
variants of HS: since modalities (B) and (E) only allow one to “move” from an interval to its
subintervals, BEj;,, BEg;, and BE; coincide (for this reason, we have omitted the subscript
from the symbol |=). Homogeneity plays a fundamental role here: asking poperative to be true
implies that such a letter is true along the whole trace (thus sz and sy are always avoided).

Itis worth observing that the same property can be expressed in LTL, for instance as follows:

Xipoperative A \/ (Xiphotdog) A (ijwater) A (kacandy)-
i€fo,...,49} ij.kell,...,48), i#j#k#i
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The length of this LTL formula is exponential in the number of items (in this case, three),
whereas the length of the above HS one is only linear. As a matter of fact, we will prove
(Theorem 3.5) that BE is at least exponentially more succinct than LTL.

—If the credit is $0.50, then no hot dog or candy may be provided.

X | (<E>P$=0.50) — <A>(l€”gth:2 A <E>(photdog Vpcandy))~

We observe that a trace satisfies (E) ps=¢.50 if and only if it ends in s;. This property is
satisfied under all of the three semantic variants, even though the nature of future differs
among them (recall Figures 1, 2, and 3). As we have already mentioned, a linear setting
(rather than branching) is suitable for the specification of dynamic behaviors, because it
considers states of a computation; conversely, a branching approach focuses on machine
states (and thus on the structure of a system).

In this case, only the state s¢ can be reached from s;, regardless of the nature of future.
For this reason, HSs, HS., and HSy;, behave in the same way.

—Let us exemplify now a difference between HSg (and HS¢) and HSj;;,.

K st
K |:ct (<E> pmaintfend) — <A> <E>Poperative,
X |f'é[in

This is a structural property, requiring that when the machine enters state so (where main-
tenance ends), it can become again operative reaching state sy (so is not a lock state for the
system). This is clearly true when future is branching and it is not when future is linear:
HSy;, refers to system computations, and some of these may ultimately loop between sg and
Sg.

—Conversely, some properties make sense only if they are predicated over computations. This
is the case, for instance, of fairness.

K Est
K Fet ([A] (A) <E>pmaint) i [A] (A) <E>poperative
X I/:Iin

Assuming the trace-based semantics, the property requires that if a system computation
enters infinitely often into maintenance mode, it will infinitely often enter operation mode.
Again, this is not true, as some system computations may ultimately loop between sg and
s9 (hence, they are not fair). On the contrary, such a property is trivially true under HSq or
HS,t, as, for any initial trace p, it holds that &, p [= (A) (E) poperative-

—We conclude with a property showing the difference between linear and branching past,
that is, between HSg and HSj;, (and HS(). The requirement is the following: the machine
may dispense water with any amount of (positive) credit.

K |=st —
K V:ct (<E>pwater) — <E> pwater A /\ <A>(length=2 A <B>P)
K Eiin PEPs=2,Ps=1.Ps=0.50 }

Again, this one is a structural property, that cannot be expressed in HSj;, or HS, as these
refer to a specific computation in the past. Conversely, it is true under HSg, since s; is
backward reachable in one step by sy, s, and s3.

3 EQUIVALENCE BETWEEN LTL AND HSy|n

In this section, we show that HSj;, is as expressive as LTL even for small syntactical fragments
of HSjin. To this end, we exploit the well-known equivalence between LTL and the first-order
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fragment of monadic second-order logic over infinite words (FO for short). Recall that, given a
countable set {x, y, z, . . .} of (position) variables, the FO formulas ¢ over a set of proposition letters
AP = {p, ...} are defined as:

pue=TIlpx) Ix<ylx<yl=ele A ¢lIxg.
We interpret FO formulas ¢ over infinite paths 7 of Kripke structures X = (4P, S, §, 1, o). Given
a variable valuation g, assigning to each variable a position i > 0, the satisfaction relation (7, g) |=
¢ corresponds to the standard satisfaction relation (u(r), g) |= ¢, where p(r) is the infinite word
over 2% given by p(m(0))u(r(1)) - - -. More precisely, (1, g) = ¢ is inductively defined as follows
(we omit the standard rules for the Boolean connectives):

(m.9) Eplx) & pep(r(gkx)),

(r,9) Exopy & g(x) op g(y), forop € {<,<},

(m,9) FIx.¢ © (7,g[x « i]) |= ¢ for some i > 0,
where g[x < i](x) = iand g[x < i](y) = g(y) for y # x. Note that the satisfaction relation depends
only on the values assigned to the variables occurring free in the given formula ¢. We write 7 |= ¢
to mean that (7, go) |= ¢, where go(x) = 0 for each variable x. An FO sentence is a formula with
no free variables. The following is a well-known result (Kamp’s theorem [21]).

ProrosITION 3.1. Given an FO sentence ¢ over AP, one can construct an LTL formulay such that,
for all Kripke structures K over AP and infinite paths 7, it holds that & |= ¢ if and only if 7,0 |= .

Given a HSj;, formula 1, we now construct an FO sentence 1/fo such that, for all Kripke struc-
tures X, X |=iin ¥ if and only if for each initial infinite path 7 of X, 7 |= ¥ro.

We start by defining a mapping h assigning to each triple (¢, x,y), consisting of a HS formula
¢ and two distinct position variables x,y, an FO formula having as free variables x and y. The
mapping h returns the FO formula defining the semantics of the HS formula ¢ interpreted over an
interval bounded by the positions x and y.

The function h is homomorphic with respect to the Boolean connectives, and is defined for
proposition letters and modal operators as follows (here z is a fresh position variable):

h(p, x,y) =Vz.((z 2 x Nz < y) — p(2)),
h((E)¥,x,y) = Jz.(z>x Az <y Ah(Y,z7)),
h((B)Y,x,y) = Az.(z > x Az < y A h({, x, 2)),
h(E) Y x.) = Fz.(z < x A (. 2.9)),

h({B) ¥, x,y) = Jz.(z > y A h(, x, 2)).

It is worth noting that homogeneity plays a crucial role in the definition of h(p, x, y) (without it, a
binary predicate would be necessary to encode the truth of p over [x, y]).

Given a Kripke structure X, an infinite path 7, an interval of positions [, j], and an HSj;,, formula
¥, by a straightforward induction on the structure of ¢, we can show that IS« ., [i,j] = ¢ if and
only if (, g) |= h(y, x, y) for any valuation such that g(x) = i and g(y) = j.

Now, let us consider the FO sentence h(y) given by dx((¥z.z > x) A Yy.h(¢, x,y)). Clearly,
K |=iin ¢ if and only if for each initial infinite path 7 of X, = |= h(¢/). By Proposition 3.1, it follows
that one can construct an LTL formula A’() such that h’() in LTL is equivalent to i in HSj,.
Thus, we obtain the following expressiveness containment.

THEOREM 3.2. LTL > HSjj,.

Now we show that also the converse containment holds, that is, LTL can be translated into
HSiin. Actually, it is worth noting that for such a purpose the fragment AB of HSj;,, featuring only
modalities for A and B, is expressive enough.
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THEOREM 3.3. Given an LTL formula ¢, one can construct in linear time an AB formula i such
that ¢ in LTL is equivalent to{y in ABy;p.

Proor. Let f : LTL — AB be the mapping, homomorphic with respect to the Boolean connec-
tives, defined as follows:

f(p) = p, for each proposition letter p,
f(X¢) = (A)(length, A (A)(length, A f(¥)))).
fWhUe) = (A>(<A>(lengfh1 A f(¥2)) A [BI(A)(lengthy A f (1)) -

Given a Kripke structure X, an infinite path 7, a position i > 0, and an LTL formula ¢, by
a straightforward induction on the structure of {y we can show that =,i |= ¢ if and only if
ISx. . [i,1] |E f(¥). Hence, X |= ¢ if and only if K |=j;, length, — f(¥). O

The next corollary follows immediately from Theorem 3.2 and Theorem 3.3.

COROLLARY 3.4. HSj, and LTL have the same expressive power.

While there is no difference in the expressive power between LTL and HSy;,, things change if we
consider succinctness. Whereas Theorem 3.3 shows that it is possible to convert any LTL formula
into an equivalent HSj;, one in linear time, the following theorem holds.

THEOREM 3.5. HSji, is at least exponentially more succinct than LTL.

Proor. To prove the statement, it suffices to provide an HSj;, formula ¢ for which there exists
no LTL equivalent formula whose size is polynomial in [¢/].

To this end, we restrict our attention to the fragment BEj;,. Since modalities (B) and (E) only
allow one to “move” from an interval to its subintervals, BEj;, actually coincides with BEy, whose
MC is known to be hard for EXPSPACE [7]. Thus, in particular, it is possible to encode by means
of a BEj;, formula t/p; the (unique) computation of a deterministic Turing machine using b(n) €
O(2™) bits that, when executed on input 0", for some natural number n > 1, counts in binary from
0 to 22" — 1, by repeatedly summing 1, and finally accepts. The length of Yept is polynomial in
n, and the unique trace which satisfies it (that is, that encodes such a computation) has length
£(n) > b(n) - 2%".

Conversely, it is known that LTL features a single-exponential small-model property [16], stating
that, for every satisfiable LTL formula ¢, there are u, v € $* with |u| < 219l and |v| < |¢| - 2?1, such
that u - v“, 0 |= ¢. This allows us to conclude (by an easy contradiction argument) that there is no
polynomial-length (w.r.t. [{/ep|, and thus to n) LTL formula that can encode the aforementioned
computation. An exponential-length LTL formula would be needed for such an encoding. O

Exactly the same argument can be used to show that HSy;, is at least exponentially more succinct
than the extension of LTL with past modalities (denoted in the following as LTLp) [24].

4 A CHARACTERIZATION OF HSct

In this section, we will focus our attention on the computation-tree-based semantic variant HS,
showing that it is as expressive as finitary CTL*. As a matter of fact, the result can be proved to
hold already for the syntactical fragment ABE which does not feature transposed modalities. In
addition, we show that HS is subsumed by CTL".

4.1 From Finitary CTL* to HS

We first show that finitary CTL" is subsumed by HS;. As a preliminary fundamental step, we prove
that when interpreted over finite words, the BE fragment of HS and LTL define the same class of
finitary languages (Theorem 4.5).
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w' = h(w) ho ho ho ho

W= |V |Y2 Vs b |Ya|Vs| b |Ye|VY?|Vs| b |Yo|ViolY1| b €U0+

Fig. 8. Visual description of condition 3 of Definition 4.1 (LTL-closure).

For an LTL formula ¢ with proposition letters over an alphabet = (in our case ¥ is 2%7), let us
denote by L, (¢) the set of non-empty finite words over X satisfying ¢ under the standard action-
based semantics of LTL, interpreted over finite words (see [41]). A similar notion can be given for
BE formulas ¢ with proposition letters in ¥ (under the homogeneity assumption). Then, ¢ denotes
a language, written L, (¢), of non-empty finite words over ¥ inductively defined as

act(a) = a*, for a € 3 (we observe that this definition reflects the homogeneity assump-
tlon),
—Laet(—o) = N\ Lact(9);
Lact( (A (PZ) act((pl) N Lact((PZ);
Lact(<B> (P) W € Z+ | Pref(w) N Lact((p) # (D},
—Laet((E) @) = {w € 27 | Suff(w) N Lyer () # 0}.

We prove that, under the action-based semantics, BE formulas and LTL formulas define the same
class of finitary languages.

To prove that the finitary languages defined by LTL formulas are subsumed by those defined
by BE formulas, we exploit an algebraic condition introduced by Wilke in [43], called LTL-closure,
which gives, for a class of finitary languages, a sufficient condition to guarantee the inclusion of
the class of LTL-definable languages. The converse inclusion, that is, the class of finitary languages
defined by the fragment BE is subsumed by that defined by LTL, can be proved by a technique
similar to that used in Section 3, and thus omitted.

We start by considering the former inclusion recalling from [43] a sufficient condition for a class
of finitary languages to include the class of finitary languages which are LTL-definable.

Definition 4.1 (LTL-Closure). A class C of languages of finite words over finite alphabets is LTL-
closed if and only if the following conditions are satisfied, where ¥ and A are finite alphabets, b € X
andT =2\ {b}:

(1) C is closed under language complementation and language intersection;

(2) if L € C with L C T, then 3*bL, 3*b(L + ¢), LbY*, (L + €)bX" are in C;

(3) let Uy=T"b, ho:Uy— A, and h:U = A* be defined by h(uou;---u,) =
ho(uo) « - - ho(uy,). Assume that for each d € A, the language Ly = {u € T" | ho(ub) = d} is
in C. Then, for each language L € C such that L C A*, the language I*bh™(L)T* is in C.

In Figure 8, we graphically depict condition (3) of the definition of LTL-closure. In the proposed
example, we have (i) foralli,d; € Aandy; € T, (ii) w = (y1y2¥30) (yaysb) (Ysy7ysb) (Yoy10y110) € U,
and (iii) w’ = h(w) = ho(y1y2y3b)ho(yaysb)ho(ysyrysb)ho(yoyioy11b) = didzdsd; € A*. For instance,
Y1Y2y3, YoYioyi1 € Lqg, and yays € Lg,.

The following result holds [43].
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THEOREM 4.2. Any LTL-closed class C of finitary languages includes the class of LTL-definable
finitary languages.

Therefore, to prove that the finitary languages defined by BE formulas subsume those defined by
LTL, as stated by Theorem 4.5 below, it suffices to prove that the class of finitary languages definable
by BE formulas is LTL-closed, and to apply Theorem 4.2. We observe that, by definition, the class
of BE-definable languages is obviously closed under language complementation and intersection
(condition (1) of Definition 4.1). The fulfillment of conditions (2) and (3) of Definition 4.1 is then
proved by the two following Lemmata 4.3 and 4.4, respectively.

LEmMMA 4.3. Let 3 be a finite alphabet, b € 3, T =3\ {b}, L CT*, and ¢ be a BE formula over T
such that L, () = L. Then, there are BE formulas defining (under the action-based semantics) the
languages bL, >*bL, ¥*b(L + ¢€), Lb, LbX*, (L + €)bX*, and bLb.

Proor. We focus on the cases for the languages bL, X*bL, >*b, and bLb (for the other languages,
the proof is similar: %*b(L + ¢) = X*bL + ¥*b, Lb is symmetric to bL, Lb¥* to X*bL, and (L + £)bX*
to 2*b(L + ¢€)). Let ¥ be a BE formula over I such that L, (/) = L.

Language bL. The BE formula defining the language bL is the formula
(mlength, A (B) b A [E](=b A [B]=D)) A hy (), (1)

where the formula Ay (¢) is inductively defined on the structure of ¢ in the following way. The
mapping h;, is homomorphic with respect to the Boolean connectives, while for the atomic actions
in I' and the modalities (E) and (B), it is defined as follows:

—foralla €T, hy(a) =aV ((Byb A(E)a A [E]a);
—hp((B) 0) = ((B) hyp(0) A = (B) D) Vv (B)(hy(0) A (B) b);
—hy((E)0) = ((EY hp(0) A = (B)b) vV ((B) b A (E)(E) hy(0)).

The first conjunct of the formula of (1) ensures that a word u’ in the defined language has length
at least 2 and it has the form bu without any occurrence of b in u. The second conjunct hy(¥)
ensures that u belongs to the language defined by ¢. For atomic actions and temporal modalities,
hy, () is a disjunction of two possible choices; the appropriate one is forced at top level by the first
conjunct of the formula of (1), that constrains one and only one b to occur in the word in the first
position.

By a straightforward structural induction on ¥, it can be shown that the following fact holds.

Claim 1.Letu € T*,u’ = bu,and |u| = n + 1. Then, for all i, j € [0,n] with i < j, u[i, ] € Laat(¥)
if and only if u’[ i, j + 1] € Laer(hy (1)), where i = i if i = 0, and i = i + 1 otherwise.

By Claim 1, for each u € T*, u € Ly () if and only if bu € Ly (hp(1)). Therefore, the formula
of (1) captures the language bL, (V).

Languages 3*bL and 3*b. Following the proof given for the case of the language bL, with L C T,
one can construct a BE formula ¢ defining the language bL. Hence, the BE formula ¢ Vv (E) ¢ defines
>*bL. The BE formula defining *b is b v (E) b.

Language bLb. By the proof given for the language bL, with L C T'*, one can build a BE formula
¢ defining the language bL. The BE formula defining the language bLb is the formula

(—length, A —length, A (B)b A (E) b A [E][B]—b) A kp(¢p), (2)

where the formula kj(¢) is inductively defined on the structure of ¢ in the following way. The
mapping kj is homomorphic with respect to the Boolean connectives, while for the atomic actions
in ¥ and the modalities (E) and (B), it is defined as follows:
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—forallaeT, ky(a) =aV (E)b A (B)a A [Bla);

—kp(b) = b;

—kp((B)0) = ((B) kp(0) A =~ (E)b) V ((EY b A (B) (B) kj,(0));
—kp((E)0) = ((E)Y kp(0) A =(E) D) V (E)(kp(0) A (E) D).

The first conjunct of the formula of (2) ensures that a word v’ in the defined language has length
at least 3 and it has the form bub without any occurrence of b in u. The second conjunct kj (¢)
ensures that bu belongs to the language defined by ¢. Similarly to the case of the language bL, for
atomic actions (different from b) and temporal modalities, k; (1)) is a disjunction of two possible
choices; the appropriate one is forced at top level by the first conjunct of the formula of (2), that
constrains one and only one b to occur in the word in the last position.

By a straightforward structural induction on ¢, it can be shown that the following fact holds.

Claim 2. Letu € T* and |bu| = n + 1. Then, for all i, j € [0, n] with i < j, bu[i, j] € Lyt(¢) if and
only if bub[i, j] € Laet(kp(¢)) where j = jif j < n, and j = n + 1 otherwise.

By Claim 2, for each u € T*, bu € Ly (9) if and only if bub € L. (kp(¢)) implying that the for-
mula of (2) defines the language L,c+(¢)b. This concludes the proof of the lemma. O

LEMMA 4.4. Let X and A be finite alphabets, b € £, T =\ {b}, Uy =T"b, hy : Uy = A and h :
U, — A" be defined by h(uouy - - - up) = ho(uo) - - - ho(up). Assume that, for eachd € A, there is a BE
formula capturing the language Ly = {u € T | ho(ub) = d}. Then, for each BE formula ¢ over A, one
can construct a BE formula over ¥ capturing the language T*bh™ (Laer ()T

ProoF. By hypothesis and Lemma 4.3, for each d € A there exists a BE formula 8; over X defin-
ing the language bLyb, where Ly = {u € T | ho(ub) = d}. Hence, there is a BE formula éd over X,
capturing the language bLyb, where Ly = {u € T* | ho(ub) = d} (note that Ly = La\ {e}).

Let ¢ be a BE formula over A. By structural induction over ¢, we construct a BE formula ¢™ over
% such that Ly (¢+) = T*bh™1(Lyer(9))T*. The formula ¢* is defined as follows:

—¢ = dwithd € A. We have that L, (d) = d* and T'*bh™ (L, (d))T* is the set of finite words
in I*b3*bT™* such that each subword u[i, j] of u which is in bI'*b is in bLgb as well. Using
the formula i, := —length; A (B)b A (E)b A [E][B]-b to define the language bI'*b, ¢* is
defined as follows: R

¢ = (G ¥p) A [Gl(Yp — 0a).
— ¢ = —0. We have that

Tbh™ (Laet ()T = T*bh™ (A" \ Laar(0))T" = T*bA™ (A")T* N T*bh~! (Laer(9))T,

where I'*bh™}(A*)T* restricts the set of “candidate” models to the well-formed ones.
Thus, taking i, as defined in the previous case, ¢* is given by

0" = (G yp) A[G] (lﬁb - \/ 9d) A =67,
del
where, by the inductive hypothesis, La;(67) = T*bh™ (Lo (0))T.

—@ =0 Ay. We simply have ot = 0% A ™.

—¢ = (B) 0. First, we note that T*bh™! (L, ((B) 0))T* is the set of finite words in the language
T*bh™(Laer(0))h™1(AT)T*, which is included in the language T*bh™!(A*)T* defined by the
formula [G](¥» = Vaea 64). Note also that, by the inductive hypothesis, T*bh™ Ly (0)) is
included in the language of 0*. Thus, ¢* is given by

0" = 1G] (wb -\ éd) AEV (B)E).

deA
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where & = ((E)b) A (B)(6" A (E) b).
— @ =(E)0. T*bh™ Y (Lot ((E) 0))T* is the set T*bh™ 1 (AT)h ™! (Lyer(0))T* included in the lan-
guage ['*bh™!(A*)I'*, symmetrically to the previous case. Thus, ¢* is given by

0" =[G] (m -/ éd) AE VB E),
del
where £’ = ((B) b) A (E)(OF A (B)D). |

Since, by Lemmata 4.3 and 4.4, the class of finitary languages definable by BE formulas is LTL-
closed, by Theorem 4.2 we get the following result.

THEOREM 4.5. Let ¢ be an LTL formula over a finite alphabet 3. Then, there exists a BE formula
@ns over S such that Lacy (¢1s) = Laci ().

The result expressed in Theorem 4.5 above is used to prove that finitary CTL* is subsumed by
the fragment ABE under the state-based semantics.

THEOREM 4.6. Let ¢ be a finitary CTL* formula over AP. Then, there is an ABE formula ¢ys over
AP such that for all Kripke structures K over AP and traces p, K, p,0 |= ¢ if and only if K, p |=st @ns.

Proor. The proof is by induction on the nesting depth of modality ¢ in ¢. In the base case, ¢
is a finitary LTL formula over AP. Since what we need to deal with it is just the first part of the
work we have to do for the inductive step, it is omitted and only the inductive step is detailed.

Let H be the non-empty set of sub-formulas of ¢ of the form d¢yy which do not occur in the
scope of the path quantifier J¢, that is, the 31/ formulas which are maximal with respect to the
nesting depth of modality d¢. Then, ¢ can be seen as an LTL formula over the extended set of

proposition letters 4?2 = AP U H. Let 3 = 2™ and g be the LTL formula over 3 obtained from ¢
by replacing the occurrences of each proposition letter p € AP in ¢ with the formula \/ pes, . pep P,
according to the LTL action-based semantics.

Given a Kripke structure X over AP with labeling i and a trace p of X, we denote by py the
finite word over 2 of length |p| defined as pg (i) = u(p(i)) U {Hry €e H| K, p,i = dry}, for all
i € [0,]|p] — 1]. One can easily prove by structural induction on ¢ that X, p, 0 |= ¢ if and only if
PH € Lget(9). By Theorem 4.5, there exists a BE formula ¢,,5 over ¥ such that Ly (9) = Lact (@ps)-

Now, by the induction hypothesis, for each formula ¢y € H, there exists an ABE formula /s
such that for all Kripke structures X and traces p of X, K, p,0 |= ¢ iff K, p |=st Yus. Since p is
arbitrary, &, p, i = dpy iff &, p[i,i],0 |= ey iff K, p[i, i] st (A) Yms, for each i > 0.

Let ¢ns be the ABE formula over AP obtained from the BE formula 9,5 by replacing each oc-
currence of P € ¥ in @, with the formula

(G| tength, —  /\  @Wyyus A N @yus A N\ p A N\ -p).
AryeHNP AryeH\P PpEAPNP pEAP\P
Since for all i > 0 and ¢y € H, K, p,i |= Apy if and only if K, p[i, i] =t (A) Yus, it is possible
to prove by a straightforward induction on the structure of 9, that, for any Kripke structure X
and trace p of X we have X, p [=s @ns if and only if py € Lact (@pg)-
Therefore, since X, p,0 |= ¢ if and only if py € Lo (9) and Laei () = Lact(Pps), Ko p, 0 = ¢ if
and only if K, p |=st ¢ns, for any Kripke structure X and trace p of X. O

Since the fragment ABE of HS does not feature any modalities unraveling a Kripke struc-
ture backward (namely, (A) and (E)), the computation-tree-based semantics coincides with the
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state-based one (recall Figures 1 and 2), and thus the next corollary immediately follows from
Theorem 4.6.

COROLLARY 4.7. Finitary CTL" is subsumed by both HSst and HS.

4.2 From HS to Finitary CTL*

We show now that HS is subsumed by both CTL* and its finitary variant. To prove this result,
we first introduce a hybrid and linear-past extension of CTL", called hybrid CTL*p, and its finitary
variant, called finitary hybrid CTL;p.

Besides standard modalities, hybrid logics make use of explicit variables and quantifiers that
bind them [4]. Variables and binders allow us to easily mark points in a path, which will be con-
sidered as starting and ending points of intervals, thus permitting a natural encoding of HS.
Actually, we will show that the restricted use of variables and binders exploited in our encoding
does not increase the expressive power of (finitary) CTL* (as it happens for an unrestricted use),
thus proving the desired result. We start defining hybrid CTL;‘P.

For a countable set {x, y, z, .. .} of (position) variables, the set of formulas ¢ of hybrid CTL; , over
AP is defined as follows:

pu=Tlplx|-pleVvel| lxe|XeleUp|X ¢|eU @] dg,

where X~ (“previous”) and U™ (“since”) are the past counterparts of the “next” and “until” modal-
ities X and U, and | x is the downarrow binder operator [4], which binds x to the current position
along the given initial infinite path. We also use the standard shorthands F~¢ := TU ¢ (“even-
tually in the past”) and its dual G ¢ := =F~=¢ (“always in the past”). As usual, a sentence is a
formula with no free variables.

Let X be a Kripke structure and ¢ be a hybrid CTL; » formula. For an initial infinite path 7 of X,
a variable valuation g, that assigns to each variable x a position along =, and i > 0, the satisfaction
relation 7, g, i |= ¢ is defined as follows (we omit the clauses for Boolean connectives, for U and X):

7T,g,i |EX"¢ ©i>0and m,g,i— 1=,

7,9,i F iU @2 & forsomej<i,mg,jl=¢rand g,k |= ¢ forallj <k <i,

g0 = Jp & for some initial infinite path 7’ such that 7’[0,i] = 7[0,i], 7', 9,i |= ¢,
m,g,i = x S g(x) =1,

7m,g,1i =l x. o m,g[x «il,i = o,

where g[x « i](x) =i and g[x « i](y) = g(y) for y # x. A Kripke structure X is a model of a
formula ¢ if 7, gy, 0 |= ¢, for every initial infinite path = of X, with gy the variable evaluation
assigning 0 to each variable. Note that the path quantification is “memoryful,” that is, it ranges
over infinite paths that start at the root and visit the current node of the computation tree. Clearly,
the semantics for the syntactical fragment CTL" coincides with the standard one. If we disallow
the use of variables and binder modalities, we obtain the logic CTL*p, a well-known linear-past
extension of CTL* which is as expressive as CTL* [22]. We also consider the finitary variant of
hybrid CTL*p, where the path quantifier 3 is replaced with the finitary path quantifier 3¢. This
logic corresponds to an extension of finitary CTL"* and its semantics is similar to that of hybrid
CTL}‘p with the exception that path quantification ranges over the finite paths (traces) that start
at the root and visit the current node of the computation tree.

In the following, we will use the fragment of hybrid CTL;‘p consisting of well-formed formulas,
namely, formulas ¢ where
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—each subformula 3y of ¢ has at most one free variable (namely, not bound by the
downarrow binder operator);

—each subformula JyY(x) of ¢ having x as free variable occurs in ¢ in the context
(F~x) A Ay (x).

Intuitively, the above conditions affirm that, for each state subformula 3¢/, the unique free variable
(if any) refers to ancestors of the current node in the computation tree.

The notion of a well-formed formula of finitary hybrid CTL;‘p is similar: the path quantifier 3
is replaced by its finitary version dr.

We first show that HS. can be translated into the well-formed fragment of hybrid CTL?p
(well-formed fragment of finitary hybrid CTL; i respectively). Then, we show that this fragment
is subsumed by CTL* (finitary CTL", respectively).

ProPOSITION 4.8. Given a HS. formula ¢, one can construct in linear-time an equivalent well-
formed sentence of hybrid CTL;‘p (finitary hybrid CTL*p, respectively).

Proor. We focus on the translation from HS into the well-formed fragment of hybrid CTL;‘p.
The translation from HS. into the well-formed fragment of finitary hybrid CTL}‘p is similar,
and thus omitted. Let ¢ be a HS. formula. The desired hybrid CTL?p sentence is the formula

1l x.Gf(p,x), where f(p,x) is a mapping which is homomorphic with respect to the Boolean
connectives, and over proposition letters and modalities behaves as follows:

flpx) =G ((Fx) —p),
FUBYP.x) = XTF(f(§.x) A Fx),

F(B.x) = AXFE(Y. X)) AFx,

FUEYY.x) = Ly.F~(x AXF L x.F(y Af($.%))
FEEY,x) = Ly.F~((XF)A L x.Fy A1, %)

where y is a fresh variable.

Clearly | x.G f(¢, x) is well-formed. The formula f (¢, x) intuitively states that ¢ holds over an
interval of the current path that starts at the position (associated with the variable) x and ends at
the current position. More formally, let X be a Kripke structure, [k, i] be an interval of positions,
g be a valuation assigning to the variable x the position h, and 7 be an initial infinite path. By a
straightforward induction on the structure of ¢, one can show that X, 7, g,i |= (¢, x) if and only
if C(X), C(r, h,i) |=st @, where C(rx, h, i) denotes the trace of the computation tree C(X) starting
from [0, h] and leading to [0, i]. Hence, X is a model of | x.G f(¢, x) if, for each initial trace p of
C(X), we have C(X), p |- ¢. .

Let LTL, be the past extension of LTL, obtained by adding the past modalities X~ and U™. By
exploiting the well-known separation theorem for LTL, over finite and infinite words [19], which
states that any LTL,, formula can be effectively converted into an equivalent Boolean combination
of LTL formulas and pure past LTL, formulas, we can prove that, under the hypothesis of well-
formedness, the extensions of CTL" (finitary CTL", respectively) used to encode HS. formulas
do not increase the expressive power of CTL* (finitary CTL", respectively). Such a result is the
fundamental step to prove, together with Proposition 4.8, that CTL* subsumes HS. In addition,

4The well-formedness constraint ensures that a formula captures only branching regular requirements. As an example, the
formula 3F | x.G™ (=X~ T — VF(x A p)) is not well-formed and requires that there is a level of the computation tree such
that each node in the level satisfies p. This represents a non-regular context-free branching requirement (see, e.g., [2]).
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paired with Corollary 4.7, it will allow us to state the main result of the section, namely, that HS
and finitary CTL" have the same expressiveness.

Let us now show that the well-formed fragment of hybrid CTL;‘p (finitary hybrid CTL}ﬁp,
respectively) is not more expressive than CTL* (finitary CTL*, respectively). Once more, we focus
on the well-formed fragment of hybrid CTL;  omitting the similar proof for the finitary variant.

We start with some additional definitions and auxiliary results. A pure past LTL, formula
is an LTL, formula which does not contain occurrences of future temporal modalities. Given
two formulas ¢ and ¢’ of hybrid CTL*p, we say that ¢ and ¢’ are congruent if, for every Kripke
structure %, initial infinite path 7, valuation g, and current position i, X, 7, g,i |= ¢ if and only if
K, 7, g,i |= ¢’ (note that congruence is a stronger requirement than equivalence).

As usual, for a formula ¢ of hybrid CTL;‘p with one free variable x, we write ¢(x). Moreover,
since the satisfaction relation depends only on the variables occurring free in the given formula,
for ¢(x) we use the notation X, 7,i |= ¢(x « h) to mean that X, z,g,i |= ¢ for any valuation g
assigning h to the unique free variable x. For a formula ¢ of hybrid CTL; » let ASubF(¢p) denote the
set of subformulas of ¢ of the form 3y which do not occur in the scope of the path quantifier 3.

Finally, for technical reasons, we introduce the notion of simple hybrid CTL’I“p formula.

Definition 4.9. Given a variable x, a simple hybrid CTL’;p formula ¢ with respect to x is a hybrid
CTL’I“P formula satisfying the following syntactical constraints:

—x is the unique variable occurring in ;
—1/ does not contain occurrences of the binder modalities and past temporal modalities;
—ASubF(y) consists of CTL* formulas.

Intuitively, a simple hybrid CTL}“p (over AP) formula ¢ with respect to x can be seen as a CTL"
formula over the set of proposition letters AP U {x} such that x does not occur in the scope of 3.
The next lemma shows that i/ can be further simplified whenever it is paired with the formula F~x.

LEMMA 4.10. Let ¢ be a simple hybrid CTL;‘p formula with respect to x. Then, (F x) Ay is con-

gruent to a formula of the form (F x) A &, where £ is a Boolean combination of the atomic formula x
and CTL* formulas.

Proor. Lety be a simplehybrid CTL; formula with respect to x. From a syntactic point of view,
¥ isnot, in general, a CTL* formula due to the occurrences of the free variable x. We show that these
occurrences can be separated whenever i/ is paired with F~x, obtaining a Boolean combination of
the atomic formula x and CTL* formulas.

The base case with = x, = p € 4P, or = Ay’ is obvious.

As for the inductive step, let ¥ be a Boolean combination of simple hybrid CTL;p formulas 0,
where 0 is either p € AP, the variable x, a CTL* formula, or a simple hybrid CTL?p formula (with
respect to x) of the forms X6, or 6; U0,. Therefore, we just need to consider the cases where 6 = X0,
orf = 91U62.

Let us consider the case 8 = X0,. Since there are not past temporal modalities in 0;, X6, forces the
free occurrence of x in ¢ to be interpreted in a (strictly) future position. However, i is conjunct
with the formula F~x, which turns out to be false when x is associated with a (strictly) future
position. Let us denote by 0 the CTL* formula obtained from 0 by replacing each occurrence of x
in ¢ with L (false). Now, when x is mapped to a (strictly) future position, F~x is false, and, when
x is mapped to a present/past position, F~x is true, and 6 and 6 are congruent. As a consequence,
it is clear that (F"x) A 0 is congruent to (F"x) A )

20



Let us consider the case for 8 = 6;U0,. Using the same arguments of the previous case, we have
that (F"x) A 0 is congruent to (F7x) A (6, V (6; A X(QTG\GZ))). By distributivity of A over Vv, we get
(FFx)A6) VvV ((Fx)AO A X(éTU\GZ))). The thesis follows by applying the inductive hypothesis
to (F7x) A 6, and to (F"x) A 0y, and by factorizing F~x (notice that GTU\QZ isa CTL* formula). O

The next lemma states an important technical property of well-formed formulas, which will be
exploited in Theorem 4.14 to prove that the set of sentences of the well-formed fragment of hybrid
CTL’I‘P has the same expressiveness as CTL". Intuitively, if the hybrid features of the language
do not occur in the scope of existential path quantifiers, it is possible to remove the occurrences
of the binder | and to suitably separate past and future modalities. The result is obtained by
exploiting the equivalence of FO and LTL, over infinite words and by applying the separation
theorem for LTL, over infinite words [19], that we recall here for completeness.

THEOREM 4.11 (LTL, SEPARATION OVER INFINITE WORDS). Any LTL, formulay can be effectively
transformed into a formula

' =\ Wpi Ar.0),
i=1

for some t > 1, where yy, ; is a pure past LTL, formula and y; is an LTL formula, such that for all
infinite words w over 2 andi > 0, it holds that w, i |= Y if and only if w,i |=¢’.

LEMMA 4.12. Let (F x) A Jp(x) (Ao, respectively) be a well-formed formula (well-formed sentence,
respectively) of hybrid CTL;‘p such that ASubF(¢p) consists of CTL* formulas. Then, (F x) A dp(x) Ao,

respectively) is congruent to a well-formed formula of hybrid CTL;‘p which is a Boolean combination of

CTL* formulas and (formulas that correspond to) pure past LTL, formulas over the set of proposition
letters AP U ASubF(p) U {x} (., AP U ASubF(¢p), respectively).

Proor. We focus on well-formed formulas of the form (F~x) A J¢(x). The case of well-formed
sentences of the form ¢ is similar, and thus omitted.

Let AP = AP U ASubF(p) U {x}. By hypothesis, ASubF(¢) is a set of CTL* formulas, that is, they
are devoid of any hybrid feature.

Given a Kripke structure X = (AP, S, §, 4, so), an initial infinite path 7z, and h > 0, we denote by
T35, the infinite word over 27, which, for every position i > 0, is defined as follows:

— g, (1) N AP = p(x(i));
— 75, () N ASubF(p) = {§ € ASubF(p) | K, 7,i = Y);
—X € 7z ,(i) if and only if i = h.

By using a fresh position variable present to represent the current position, the formula ¢(x)
can be easily converted into an FO formula ¢ro (present) over AP having present as its unique free
variable, such that for all Kripke structures %, initial infinite paths s, and positions i, h, we have

K, 7, i | @(x < h) if and only if 755, |= pro(present « i). (3)

(To this end, it suffices to map any proposition letter p € A% into a unary predicate p, and all the
operators X, X, U, U7, | into FO formulas expressing their semantics.)

By the equivalence of FO and LTL, and the separation theorem for LTL,over infinite words
(Theorem 4.11), starting from the FO formula ¢ro(present), one can construct an LTL, formula

¢LTL, OVer AP of the form
PLTLp = \/((Pp,i A @f,i) (4)

iel
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such that ¢, ; is a pure past LTL, formula, ¢¢,; is an LTL formula, and for all infinite words w over
2 and i > 0, it holds that

w, i |= @1, if and only if w |= @ro(present «— i). (5)

The LTL, formula ¢ 1., over ap corresponds to a hybrid CTL’I"p formula @1, (x) over 4P. (Note
that the only hybrid feature is the possible occurrence of the variable x.) By definition of the infinite
words 755 5, one can easily show by structural induction that for all Kripke structures X, initial
infinite paths 7, and positions i and h,

T 1 F oLTLe if and only if K, 7,i |= @it (x < h), (6)
the latter being a hybrid CTL;‘p formula. Thus, by points (3), (5), and (6), we obtain that ¢(x) and
@LTLp(x) are congruent.

Since in Equation (4), for each i € I, ¢, ; is a pure past LTL, formula over ae, pp,i(x) is
trivially congruent to ¢, ;(x). As a consequence, we have that (F7x) A J¢(x) is congruent to
(F7x) A Vier(@p,i(x) A Aoy, i(x)), which is congruent to \/;¢;(@p,i(x) A (F"x) A dof,;(x)), which
is in turn congruent to \/ ;¢ (@p,:(x) A A((F7x) A @r,:(x))).

Now, ¢r. ;(x) is a simple hybrid CTL’Z“p formula with respect to x, and dx (I-x, respectively) is
trivially congruent to x (—x, respectively). By Lemma 4.10 and some simple manipulation steps,
we can prove the following sequence of equivalences:

\/((pp,,-(x) A A((F7x) A of,i(x))) = (Lemma 4.10 and disjunctive normal form)
iel
\/ @p,i(x) AJ[(F7x) A \/(ii,j A= (F™x is a pure past LTL, formula)
iel jeJ
\/ ((pp,i(x) AFx)A3 \/(fcl-,j AYig) | = (Distributive property of A over V)
iel JjeJ

(Fx) A \/ @p,i(x) A3 \/(fi,j Aij) | =
iel jeJj
(Distributive property of 4 over V and X; ; is a pure past LTL, formula)

(Fx)A v @p,i(x) A v(ii’j AT ;)| = (Distributive property of A over V)
iel jeJ
(F7x) A \/ \/((Pp,i(x) AXij A j)
i€l jeJ

where X; ; is either x, —x, or T.

Hence, (F"x) A do(x) is congruent to a formula of the form (F7x) A \/;ep (¥p,:(x) A ¢;), for
some I’, where 1/, ;(x) corresponds to a pure past LTL, formula over AP (= AP U ASubF(p) U {x})
and ¢/; is a CTL" formula. ]

The following lemma generalizes the separation result given by Lemma 4.12 to any well-formed
formula of the form (F~x) A d¢(x), that is, to formulas where ¢(x) is unconstrained.

LEMMA 4.13. Let (F x) A do(x) (Ao, respectively) be a well-formed formula (well-formed sentence,
respectively) of hybrid CTL}‘p. Then, there exists a finite set H of CTL* formulas of the form 3y, such

that (F x) A de(x) (Je, respectively) is congruent to a well-formed formula of hybrid CTL}*‘D which is
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a Boolean combination of CTL" formulas and (formulas that correspond to) pure past LTL,, formulas
over the set of proposition letters AP U H U {x} (resp., AP U H ).

PROOF. As in the case of Lemma 4.12, we focus on well-formed formulas of the form (F~x) A
Jp(x) (the case of well-formed sentences of the form ¢ is similar).

The proof is by induction on the nesting depth of the path quantifier 3 in ¢(x).

Base case: ASubF(p) = 0. We apply Lemma 4.12, and the result follows taking # = 0.

Inductive step: let Ay € ASubF(p). Since (F~x) A dp(x) is well-formed, either ¢ is a sentence,
or i/ has a unique free variable y and 3¢/ (y) occurs in ¢(x) in the context (F~y) A Y (y). Assume
that the latter case holds (the former is similar). By definition of well-formed formula, y is not free
in ¢(x), and (F"y) A Y (y) must occur in the scope of some occurrence of |y. By the inductive
hypothesis, the thesis holds for (F~y) A ¥ (y). Hence, there exists a finite set #’ of CTL* formulas
of the form 36 such that (F"y) A Y (y) is congruent to a well-formed formula of hybrid CTLZ},
say &(y), which is a Boolean combination of CTL* formulas and formulas that correspond to pure
past LTL,, formulas over the set of proposition letters 4P U H" U {y}.

By replacing each occurrence of (F~y) A Y (y) in ¢(x) with £(y), and repeating the procedure
for all the formulas in ASubF(¢), we obtain a well-formed formula of hybrid CTL; » of the form
(F7x) A 30(x) which is congruent to (F~x) A dp(x) (note that the congruence relation is closed
under substitution) and such that ASubF(0) consists of CTL* formulas. At this point, we can apply
Lemma 4.12 proving the assertion. O

We can now prove that the well-formed sentences of hybrid CTL; , can be expressed in CTL".

THEOREM 4.14. The set of sentences of the well-formed fragment of hybrid CTL;‘p has the same
expressiveness as CTL".

Proor. Let ¢ be a well-formed sentence of hybrid CTL; » To prove the thesis, we construct a

CTL" formula which is equivalent to ¢.

Since ¢ is equivalent to =3—¢ and =3¢ is well-formed, by applying Lemma 4.13 one can con-
vert =d-¢ into a congruent hybrid CTL}"p formula which is a Boolean combination of CTL* for-
mulas and formulas 6 which can be seen as pure past LTL,formulas over the set of proposition
letters AP U #H, where # is a set of CTL* formulas of the form 3y

Since the past temporal modalities in such LTL, formulas 0 refer to the initial position of the
initial infinite paths, one can replace 0 with an equivalent CTL* formula f(0), where the mapping
f is inductively defined as follows:

—f(p) =pforallp € AP U H;

— f is homomorphic with respect to the Boolean connectives;

—f(X70) = Land f(6,U76,) = f(6).
The resulting CTL* formula is equivalent to —~3-¢, as required. O

By an easy adaptation of the proof of Theorem 4.14, where one exploits the separation theorem
for LTL,, over finite words [19], it is possible to characterize also the expressiveness of well-formed
finitary hybrid CTL;‘p.

THEOREM 4.15. The set of sentences of the well-formed fragment of finitary hybrid CTL’I‘P has the
same expressiveness as finitary CTL".

Together with Proposition 4.8, Theorem 4.14 (Theorem 4.15, respectively) allows us to conclude
that CTL* (finitary CTL", respectively) subsumes HS;.
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Fig. 9. The Kripke structures Kj and %G.

. e

Fig. 10. Forward and backward unwinding of % and %>.

Finally, by exploiting Corollary 4.7, we can state the main result of the section, namely, HS
and finitary CTL" have the same expressiveness.

THEOREM 4.16. CTL* > HS . Moreover, HS. is as expressive as finitary CTL".

5 EXPRESSIVENESS COMPARISON OF HSyn, HSst, AND HSct

In this section, we compare the expressiveness of the three semantic variants of HS, namely, HSy;,,
HSst, and HS;. The resulting picture was anticipated in Figure 4. Here, we give the proofs of the
depicted results.

We start showing that HSs is not subsumed by HS.;. As a matter of fact, we show that HS; is
sensitive to backward unwinding of finite Kripke structures, allowing us to sometimes discriminate
finite Kripke structures with the same computation tree (these structures are always indistinguish-
able by HS).

Let us consider, for instance, the two finite Kripke structures X; and % of Figure 9, whose for-
ward and backward unwinding is shown in Figure 10. Since X and %; have the same computation
tree, no HS formula ¢ under the computation-tree-based semantics can distinguish %; and X%,
that is, &) |=¢t ¢ if and only if % |=¢ ¢. On the other hand, the requirement “each state reachable
from the initial one where p holds has a predecessor where p holds as well” can be expressed, un-
der the state-based semantics, by the HS formula ¢ := (E)(p A length,) — (E)(length; A (K)(p A
—length,)). It is easy to see that Xj |=s : for any initial trace p of Xj, we have X, p |=st (E)(p A
length)) iff p = sos{C for k > 1; the length-1 suffix s; is met-by s1s1, and X, $151 |=st p A —length,.

On the contrary, in X there is an initial trace, s(’)s{ , for which %3, s;s; |=st (E)(p A length,); how-
ever, the only traces that meet the length-1 suffix s are s itself and sjs], but neither of them model
p A —length,. Therefore, X; [~¢ . This allows us to prove the following proposition.

ProrosITION 5.1. HS % HSs:.

Since, as stated by Theorem 4.16, HS. and finitary CTL" have the same expressiveness and
finitary CTL" is subsumed by HSs; (see Corollary 4.7), by Proposition 5.1 the next corollary follows.

COROLLARY 5.2. HS; is more expressive than HS;.
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Fig. 11. The Kripke structures %y and M, with n > 1.

In the following, we focus on the comparison of HS;, with HSg; and HS; showing that HSy;, is
incomparable with both HS; and HS.

The fact that HSj;,, does not subsume either HSy; or HS can be easily proved as follows. Consider
the CTL formula YG3Fp asserting that from each state reachable from the initial one, it is possible
to reach a state where p holds. It is well-known that this formula is not LTL-definable (see [3],
Theorem 6.21). Thus, by Corollary 3.4, there is no equivalent HSj;, formula. On the other hand,
the requirement YG3Fp can be trivially expressed under the state-based (computation-tree-based,
respectively) semantics by the HS formula (B) (E) p, proving the following result.

ProOPOSITION 5.3. HSji,, 2 HSs; and HSj;, 2 HS..

To prove the converse, namely, that HSj;, is not subsumed either by HSy or by HS, we will
show that the LTL formula F p (equivalent to the CTL formula VF p) cannot be expressed in either
HS¢t or HSgt. The proof is rather involved and requires a number of definitions and intermediate
results. We work it out for the state-based semantics only, because the one for the computation-
tree-based semantics is very similar.

Let us start by defining two families of Kripke structures (% )n>1 and (My),>1 over {p} such
that for all n > 1, the LTL formula F p distinguishes %, and M, and for every HS formula ¢ of size
at most n, { does not distinguish %, and M, under the state-based semantics.

For a given n > 1, the Kripke structures %, and M, are depicted in Figure 11. Notice that
the Kripke structure M, differs from %, only in that its initial state is s; instead of sy. For-
mally, K, = ({p}, Sns On» fns o), and My, = ({p}, Sns Ons fins 1), With S, = {so, 51, .., S2n,t}, On =
(505 50)s (505 51)s - - -» (521, 52n)s (52, ), (8, 1)}, r(s) = O for all 0 < i < 2n, and p(t) = (p}.

Now, it is immediate to see that %;, [£ Fp and M, |= Fp.

On the contrary, we are going to prove that %, |=s  if and only if M), |=5 ¢ for all balanced HS
formulas ¥ of length at most n with n > 1. An HS¢ formula ¢ is balanced if, for each subformula
(B) 0 ((B) 0, respectively), 0 has the form 0; A 6, with |0;| = |0;]. Proving the result for balanced
HSst formulas allows us to state it for any HSg; formula, since it is possible to trivially convert an
HSt formula ¢ into a balanced one (by using conjunctions of T) which is equivalent to i under
any of the considered HS semantic variants.

To prove such a result, we need some technical definitions. Let p be a trace of X, (note that %,
and M, feature the same traces). By construction, p has the form p’ - p”’, where p’ is a (possibly
empty) trace visiting only states where p does not hold, and p"’ is a (possibly empty) trace visiting
only the state t, where p holds. We say that p’ (p”, respectively) is the 0-part (p-part, respectively)
of p. Let Ny(p), Ny (p), and D, (p) be the natural numbers defined as follows:

—Np(p) = |p’| (the length of the 0-part of p);

—N,(p) = |p”| (the length of the p-part of p);

—D,(p) = 0if N, (p) > 0 (i.e., Ist(p) = t); otherwise, D, (p) is the length of the minimal trace
starting from Ist(p) and leading to s,,. Note that D,(p) is well-defined and 0 < D, (p) <
2n+ 1.
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By construction, the following property holds.
PROPOSITION 5.4. For all traces p and p’ of Ky, if Dy(p) = Dp(p’), thenlIst(p) = Ist(p’).

Now, for each h € [1, n], we introduce the notion of h-compatibility between traces of %;,. Intu-
itively, this notion provides a sufficient condition to make two traces indistinguishable under the
state-based semantics by means of balanced HS formulas having size at most h.

Definition 5.5 (h-compatibility). Let h € [1, n]. Two traces p and p’ of X, are h-compatible if the
following conditions hold:

—Np(p) = Np(p');
—either Np(p) = No(p’), or No(p) > h and Ny(p’) > h;
—either D, (p) = Dy(p’), or Dy(p) = hand Dy(p’) > h.

We denote by R(h) the binary relation over the set of traces of X, such that (p, p’) € R(h) if and
only if p and p’ are h-compatible. Notice that R(h) is an equivalence relation, for all h € [1, n].
Moreover, R(h) € R(h — 1), for all h € [2, n], that is, R(h) is a refinement of R(h — 1).

By construction, the next property, that will be used to prove Lemma 5.9, can be easily shown.

PROPOSITION 5.6. For every trace p of K, starting from sy (s1, respectively), there exists a trace p’
of K, starting from sy (so, respectively) such that (p, p’) € R(n).

The following lemma lists some useful properties of the equivalence relation R(h).
LEMMA 5.7. Let h € [2,n] and (p, p’) € R(h). The following properties hold:

(1) for each proper prefix o of p, there exists a proper prefix ¢’ of p” such that (o,0") € R(L%J);

(2) for each trace of the form p - o, where o is not empty, there exists a trace of the form p’ - o’
such that ¢’ is not empty and (p - o,p’ - ¢’) € R(L%J);

(3) for each proper suffix o of p, there exists a proper suffix o’ of p” such that (c,0’) € R(h — 1);

(4) for each trace of the form o - p, where o is not empty, there exists a trace of the form o’ - p’
such that ¢’ is not empty and (o - p,o’ - p’) € R(h).

Proor. We prove Properties 1 and 2. Properties 3 and 4 easily follow by construction and by
definition of h-compatibility.
Property 1. We distinguish the following cases:

(1) D,(p) < hand Ny(p) < h.Since (p, p’) € R(h) and h € [2, n], it holds that D, (p) = D,(p’),
No(p) = No(p’), and Np,(p) = Np(p’), and thus p = p’.

(2) Dy(p) = h. Since (p,p’) € R(h), Dy(p’) = h, Ny(p’) = Ny(p) =0, and either Ny(p’) =
No(p), or Ny(p) > h and Ny(p’) > h. In both cases, by construction it easily follows that
for each proper prefix o of p, there exists a proper prefix ¢’ of p’ such that (o,0’) €
R(h—1) C R(L2)).

(3) Dy(p) < hand Ny(p) > h. Since (p, p’) € R(h), we have that D, (p") = D,(p) (and hence,
by Proposition 5.4, Ist(p) = Ist(p’)), N,(p’) = N,(p), and Np(p”) > h.

Let o be a proper prefix of p. We distinguish the following three subcases:

(1) Ny(o) < L%J. Since Ny(p) > h, we have that D, (o) > I_%J and |o| = Nyp(o) (and thus
N, (o) = 0).Since Ny(p’) > h, by taking the proper prefix ¢’ of p” having length Ny (o),
we obtain that (o,0”’) € R(ng).

(2) Ng(o) = I_%J and D, (o) > I_%J. By taking the prefix o’ of p” of length L%J , we get that
(0,0") € R(L%]).
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(3) Ny(o) > L%J and D, (o) < L%J. Since Ist(p) = Ist(p’), Ny(p’) = N,(p), and Np(p’) >
h, there exists a proper prefix ¢’ of p’ such that Ist(¢’) = Ist(c), N,(c’) = Ny(0), and
No(o”) > L%J. Hence, (0,0’) € R(I_%J).

Thus, in all the cases Property 1 holds.
Property 2. Let (p, p’) € R(h) and o be a non-empty trace such that p - ¢ is a trace. We distinguish
the following cases:

(1) Dy(p) < h.Since (p, p’) € R(h), we have that D, (p") = D,(p), Ny(p) = Ny(p’), and either
No(p") = Np(p), or Ny(p) > hand Ny(p") > h. Hence, Ist(p) = Ist(p’) and, by taking ¢’ =
o, we obtain that (p - 0, p’ - ") € R(h) C R(I_%J).

(2) Dyp(p) 2 hand Dy(o) < ng. It follows that Ny(p - o) > I_%J. Since Dy(p’) = h, there ex-
ists a trace of the form p’ - ¢” such that D,(p" - 0’) = D,(p - o), Ny(p' - 0") = Ny(p - 0),
and Ny(p’ - ¢o’) > I_%J. Hence, (p-0,p’ - 0’) € R(I_%J).

(3) Dyp(p) = hand Dy(o) 2 L%J. Thus, D, (p’) > h. If Ny(p - 0) < L%J, then Np(p) = No(p’).
Therefore, there exists a trace of the form p’ - ¢’ such that Ny(p” - ¢’) = Ny(p - o) and
Dy(c’) 2 L%J. Otherwise, Ny(p - o) > I_%J and there exists a trace of the form p’ - ¢” such
that Ny(p’ - o’) > I_%J and D,(0”) = L%J. In both cases, (p - o,p’ - 0’) € R(I_%J).

Thus, Property 2 holds. O
By exploiting Lemma 5.7, we can prove the following lemma.

LEMMA 5.8. Let n be a natural number,  be a balanced HSs; formula, with || < n, and (p, p’) €

R(|y1). Then, Ky, p = ¥ if and only if K, p’ = .

Proor. The proof is by induction on |¢/|. The cases for the Boolean connectives directly follow
from the inductive hypothesis and the fact that R(h) € R(k), for all h,k € [1,n] with h > k.
As for the other cases, we proceed as follows:

—1 =p. Since (p,p’) € R(1), that is, either Ny(p) = Ny(p’) =0 or both Ny(p) > 1 and
No(p’) = 1, p visits a state where p does not hold if and only if p’ visits a state where p
does not hold, which proves the thesis.

-y =(B)o (y = (B) 6, respectively). Since i is balanced, 0 has the form 6 = 6; A 0,, with
|01] = 162]. Hence, |01],]62] < I_%J. We focus on the case i = (B) 6. Since R(|¢/|) is an
equivalence relation, by symmetry it suffices to show that X, p |= ¥ implies %, p’ = ¢
If K,, p |= ¥, then there exists a proper prefix o of p such that X, o |= 6;, for i = 1, 2. Since
(p, p’) € R(I¥]), by property (1) of Lemma 5.7, there exists a proper prefix o’ of p” such that
(0,0") € R(L%J). Since R(L%J) C R(|6;]), for i = 1, 2, by the inductive hypothesis we get
that K, 0’ |= 6;, for i = 1, 2, thus proving that X, p’ |= ¢
The case for i = (B) @ can be dealt with similarly by exploiting property (2) of Lemma 5.7.

—1 = (E)0 ( = (E) 0, respectively). We can proceed as in the previous case by applying
property (3) of Lemma 5.7 (property (4) of Lemma 5.7, respectively) and the inductive
hypothesis. O

LEMMA 5.9. For all natural numbers n > 1 and balanced HSy formulas y, with || < n, K, |=st ¥
if and only if My, |=st .

Proor. First, let us assume that X, |5t . Then, there exists an initial trace p of %, such that
Kau» p st . By Proposition 5.6, there exists a trace p” of X, which is an initial trace for M, such
that (p, p”) € R(|¢]). By Lemma 5.8, we have that X, p’ [~st . Since for any trace o and any HS
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formula ¢, we have that X, 0 |=s ¢ if and only if M, o |=5¢ ¢ (K, and M, feature exactly the same
set of traces with exactly the same labeling; they only differ in the initial state), we can conclude
that M, p’ [Est ¥, and thus M, [Es .

Let us now assume that M, [£s /. Then, there exists an initial trace p of M, such that
My, p [Est Y. As in the converse direction, we have that X, p [£st ¢, and, by Proposition 5.6, we
can easily find an initial trace p’ of X, such that (p, p’) € R(|{/|). By Lemma 5.8, we can conclude
that %«, l#st ¢ O

As an immediate consequence of Lemma 5.9 and of the fact that, for each n > 1, X, | Fp and
M, |= Fp, we get the desired undefinability result.

PropPOSITION 5.10. The LTL formula Fp (equivalent to the CTL formulaV Fp) cannot be expressed
in either HS. or HSs:.

The next proposition immediately follows from Corollary 3.4 and Proposition 5.10.
PROPOSITION 5.11. HSg % HSj, and HS.t 2 HSjin.

Putting together Propositions 5.3 and 5.11, we finally obtain the incomparability result.
THEOREM 5.12. HSji, and HSs are expressively incomparable, and so are HSj;, and HS.

The proved results also allow us to establish the expressiveness relations between HSg, HSt,
and the standard branching temporal logics CTL and CTL".

COROLLARY 5.13. The following expressiveness results hold:

(1) HSst and CTL" are expressively incomparable;

(2) HSst and CTL are expressively incomparable;

(3) HS.t and finitary CTL" are less expressive than CTL";
(4) HS. and CTL are expressively incomparable.

Proor. (Item 1) By Proposition 5.10 and the fact that CTL" is not sensitive to unwinding.

(Item 2) Again, by Proposition 5.10 and the fact that CTL is not sensitive to unwinding.

(Item 3) By Theorem 4.16, HS; is subsumed by CTL*, and HS; and finitary CTL* have the same
expressiveness. Hence, by Proposition 5.10, the result follows.

(Item 4) Thanks to Proposition 5.10, it suffices to show that there exists a HS; formula which
cannot be expressed in CTL. Let us consider the CTL* formula ¢ := 3(((1)1 Upz2) V (q1Uqz2)) Ur
over the set of propositions {pi, p2, q1,q2, r}. It is shown in [17] that ¢ cannot be expressed in
CTL. Clearly, if we replace the path quantifier 3 in ¢ with the finitary path quantifier ¢, we
obtain an equivalent formula of finitary CTL*. Thus, since HS.; and finitary CTL* have the same
expressiveness (Theorem 4.16), the result follows. O

6 CONCLUSIONS AND FUTURE WORK

In the present article, we compared interval temporal logic model checking with a point-based
one with respect to its expressiveness (and succinctness). To this end, we took into consideration
three semantic variants of the interval temporal logic HS, namely, HSg, HS, and HSj;,, under the
homogeneity assumption. We investigated their expressiveness and we systematically contrasted
them with the point-based temporal logics LTL, CTL, finitary CTL*, and CTL".

The resulting picture is as follows: HSy;, and HS.; turn out to be as expressive as LTL and fini-
tary CTL", respectively. Moreover, HSj;, is at least exponentially more succinct than LTL. HS; is
expressively incomparable with HS;;,/LTL, CTL, and CTL", but it is strictly more expressive than
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HS¢/finitary CTL*. We believe it possible to fill the expressiveness gap between HS. and CTL*
by considering abstract interval models, induced by Kripke structures, featuring worlds also for
infinite traces/intervals, and extending the semantics of HS modalities to infinite intervals. Such
an extension will be investigated in future research.

It is worth noting that the decidability of the MC problem for (full) HS.; and HSj;,, immediately
follows from the above results as a byproduct. We leave for future work the study of the related
complexity issues, which have been systematically investigated only for HSs;.

MC for HS can be extended in various directions. Recently [28], a more general definition of
interval labeling, that is, of the behavior of proposition letters over intervals, has been proposed,
which allows one to associate a regular expression over the set of states of the Kripke structure
with each proposition letter. An in-depth investigation of MC with regular expressions for HS and
its fragments can be found in [5, 6], where, in particular, it is shown that MC for full HSs with
regular expressions is still (nonelementarily) decidable, and all the sub-fragments of AABBy; and
AAEE become complete for PSPACE.

Another research direction looks for possible replacements of Kripke structures by more expres-
sive system models. On one hand, we are interested in the investigation of the MC problem for HS
over visibly pushdown systems, that can encode recursive programs and infinite state systems. On
the other, we are thinking of the possibility of devising and exploiting inherently interval-based
models in system descriptions. Kripke structures, being based on states, are naturally oriented to
the representation of the state-by-state evolution of the systems and to the characterization of their
point-based properties. To express and check temporal constraints which are inherently interval-
based, such as, for instance, those involving temporal aggregations, a different formalism is needed,
which allows one to directly model systems on the basis of their interval behavior/properties, thus
making it possible to define and benefit from a really general interval-based MC.
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