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MODELS FOR DAMPED WATER WAVES*

RAFAEL GRANERO-BELINCHONT AND STEFANO SCROBOGNA#

Abstract. In this paper we derive some new weakly nonlinear asymptotic models describing
viscous waves in deep water with or without surface tension effects. These asymptotic models take
into account several different dissipative effects and are obtained from the free boundary problems
formulated in the works of Dias, Dyachenko, and Zakharov [Phys. Lett. A, 372 (2008), pp. 1297—
1302], Jiang et al. [J. Fluid Mech., 329 (1996), pp. 275-307], and Wu, Liu and Yue [J. Fluid Mech.,
556 (2006), pp. 45-54].
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1. Introduction. The motion of a free boundary irrotational and incompressible
flow is a classical research topic [40]. In most applications, the flow is also assumed
to be inviscid [7, 27].

However, even if in most situations in coastal engineering the assumption of in-
viscid flow leads to very accurate results, there are other physical scenarios where
the viscosity needs to be taken into account. Moreover, there are many situations in
which the viscosity is very large and the vorticity is small and its effect negligible.
Actually, certain discrepancies between experiments and inviscid theory have been
previously reported in the literature. For instance, Wu [44] found that

“From this comparison the theory appears quite satisfactory in pre-
dicting the wave phases during the inward focusing and the subse-
quent reflection within a radial distance as far as r = 20, while the
peak amplitudes observed in the experiments are slightly smaller than
those predicted by the theory. This discrepancy can be ascribed to
the neglect of the viscous effects in the theory and to the approxima-
tion that the initial wave generated in the tank was not cylindrical in
shape and departed slightly from a perfect solitary wave profile in the
experiment.”

In addition to this, Zabusky and Galvin [45] wrote

“A laboratory-data/numerical-solution comparison of the number of
crests and troughs and their phases (or relative locations within a
period) shows only negligible difference. As one expects, the crest-
to-trough amplitudes differ somewhat more because they are more
sensitive to dissipative forces. To quantify some of the details we
recommend a study including dissipation.”
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and, furthermore, Longuet-Higgins [29] stated that
“For certain applications, however, viscous damping of the waves
is important, and it would be highly convenient to have equations
and boundary conditions of comparable simplicity as for undamped
waves.”
The purpose of this paper is to derive new weakly nonlinear asymptotic models
(in the spirit of [6, 16, 17, 18, 30, 31, 32, 36]) describing damped water waves and,
at the same time, keeping the features of potential flows. We observe that, at first
sight, the idea of viscous damping of potential flows is somehow paradoxical since the
hypothesis of irrotational velocity implies that the viscous term in the Navier—Stokes
equations vanishes.
The problem of describing the motion of an irrotational, incompressible, inviscid,
and homogeneous fluid with a free surface in two dimensions is known as the two-
dimensional water waves problem. The equations for the water waves problem are [46]

(1.1a) A¢ =0 in Q(t) x [0, ],
(1.1b) p(¢t+;|v¢|2+ah) —aK =0 on T(t) [0, T,
(1.1c) hy =V - (1 + (81h)2>1/2n on T'(t) x [0, T,

where G stands for the gravity force,
(1.2) Q@) = {(.’171,1)2) € R? ‘ —Lr <z < Lw,—00 < x3 < h(z1,t), t € [O,T]} ,
(1.3) T(t) = {(xl,h(xl,t)) € R? ‘ v eS, te [o,T]}

are the the region occupied by the fluid and the surface wave, respectively. We write

n=(-am 1)/ (1+ (<9wlh)2)1/2

for the unit normal to the surface wave, 2L7 to denote the characteristic wavelength
of the surface wave, ¢ for the scalar potential of the flow, i.e., the velocity field u
satisfies u = V¢, p is the density of the fluid, « for the surface tension coefficient, and
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K= — 1%
(1+ @)

is the curvature of the surface wave.

The first attempts to include viscosity effects go back as far as to the works of
Boussinesq [5] and Lamb [26]. Later on, Ruvinsky and Freidman [39] formulated a
system of equations for weakly damped surfaces waves in deep water and used this
system to compute capillary-gravity ripples riding on the forward face of steep gravity
waves (see also [38]). Then, these first results were generalized by Ruvinsky, Feldstein
and Freidman [37] and the following system is proposed:

(1.4a) Ap=0 in Q(¢) x [0,T7,
(1.4b)

p (gz»t + %|V¢|2 + Gh) — K = 21036 on I'(t) x [0, 77,
(1.4c) hy =V - (1 + (81h)2)1/2 n+v  onD(t)x [0,T],
(1.4d) vy = 02020 on I'(t) x [0, 7],



where v and p denote the vertical component of the vortex part of fluid velocity and
the dynamic viscosity. Equation (1.4) was also studied by Kharif, Skandrani, and
Poitevin [25].

Using a clever change of variables, Longuet-Higgins [29] simplified the previous
system and obtained

(1.5a) Ap=0 in Q(t) x 0,77,
(1.5b) p <¢t + %|V¢|2 + Gh) — K = —4pd2¢ on I'(t) x [0,T7,
(1.5¢) ht =V¢- (1 + (8111)2) v n on I'(t) x [0,T].

A similar model was also studied by Jiang et al. [21] and Wu, Liu, and Yue [43],
namely,

(1.6a) Ab=0 in Q1) x [0,7],
(1.6b) p <¢t +51veP + Gh) C K = —62° on T(t) x [0,7],
(1.6¢) he=Vo-(1+ (81h)2)1/2 n onT(t) x 0,7,

where the dissipative terms are chosen as
(1.7) D*p =050 or 2°¢ = ¢.

Another similar model where the dissipation acts only on the velocity is the one by
Joseph and Wang [22, equations (6.7) and (6.8)] (see also Wang and Joseph [42]).
We would like to remark that, in the models of damped water waves mentioned
so far, there are no dissipative effects acting on the free surface.
In a more recent paper, Dias, Dyachenko, and Zakharov [10] proposed a system
where the free surface experiences dissipative effects. In particular, based on the linear
problem, these authors derived

(1.8a) A¢ =0 in Q(t) x [0, 7],
(1.8b)

p 0+ 51V0 + 1) = 2080 on T(t) x [0,7)
(1.8¢) hi =V - (1 + (81h)2)1/2 n+ 2%3% on T'(t) x [0, 7],

as a model of viscous water waves. This model was also considered by several other
authors. Dutykh and Dias [15] obtain a new set of viscous potential free-surface
flow equations in the spirit of (1.8) taking into account the effects of the bottom
topography. These authors also derived a long wave approximation. This approximate
model takes the form of a nonlocal (in time) Boussinesq system (see also [13, 14, 15]).
Kakleas and Nicholls [23], Kakleas and Nicholls [23], using the analytic dependence of
the Dirichlet—Neumann operator, derived a system of two equations modeling (1.8).
These equations are the viscous analog of the classical Craig—Sulem WW2 model and
were mathematically studied by Ambrose, Bona, and Nicholls [3]. The well-posedness
of the full (1.8) was studied very recently by Ngom and Nicholls [35]. In particular



these authors proved global existence of solutions starting from small enough initial
data for the case of nonvanishing surface tension v # 0.

Some other related results are those by Kharif et al. [24] and Hunt and Dutykh
[20]. Kharif et al. studied a similar situation to (1.8) within the framework of a
forced and damped nonlinear Schrodinger equation (see also Touboul and Kharif
[41]), while Hunt and Dutykh considered the problem of the interface motion under
capillary gravity and an external electric force in the case of an incompressible, viscous,
perfectly conducting fluid. Finally, let us mention the recent work by Guyenne and
Parau [19] where the authors applied a simplified version of (1.8) to model wave
attenuation in sea ice.

1.1. Plan of the paper. First we obtain the dimensionless Eulerian formulation
in the moving domain and transform it into a dimensionless arbitrary Lagrangian—
Eulerian formulation in a fixed domain in section 2. Then we introduce the asymptotic
expansion and obtain the cascade of linear equations for the different scales present
in the problem with s = 0 corresponding to the models by Jiang et al. [21] and Wu,
Liu, and Yue [43] in section 3. After neglecting errors of O(¢?) we find the nonlocal
wave equation modeling the case s = 0. After that we consider the case s = 2
and, following a similar approach, find the nonlocal wave equation for the model of
Dias, Dyachenko, and Zakharov [10]. Finally, we conclude with a parabolic system of
Craig—Sulem flavor in section 5.

1.2. Notation. Let A be a matrix and b be a column vector. Then, we write
A’ for the component of A located on row i and column j. We will use the Einstein
summation convention for expressions with indexes.

We write of of
9if = I fe=—=;
(Ej at

for the space derivative in the jth direction and for a time derivative, respectively.

Unless parentheses are involved, every differential operator acts locally. For instance,

O1f01n = (01f)(01m)-

Let f(z1) denote an L? function on S' (as usual, identified with the interval
[—7, w] with periodic boundary conditions). We define the Hilbert transform H and
the Dirichlet-to-Neumann operator A and its powers, respectively, using Fourier series

—
S

(1.9)  HF(k) = —isgn(k)f(k), Af(k)=|k[f(k), ASF(k)=|k]"f(k),

where )
flk)=— flx1) e 1day.

2 st

In particular, for zero-mean functions, we note that
WH=A H'=-1, A =-H.

These last equalities will be used extensively through the whole text. Finally, we
define the commutator as

[4, Blf = A(Bf) — B(Af).



2. Damped water waves.

2.1. The equations in the Eulerian formulation. We consider the system

(2.1a) A¢ =0 in Q(t) x [0, 7],
(2.1b)
p <¢t + %|V¢|Q + Gh) —K=-612°¢ on I'(t) x [0, 7],
1/2
(2.1¢) hy =V (1 + (alh)Q) n+6,02h  on I(t) x [0,T],

where §; > 0 are constant, the dissipative terms are as in (1.7), ¢ is the scalar
potential (units of length?/time), h denotes the surface wave (units of length), and
G (units of length/time?) is the gravity acceleration. The constant §; has units of
mass/(length?- time) (when 2°¢ = ¢) and of mass/time (when 22¢ = 935¢) while
2 has units of length?/time. We observe that, for an appropriate choice of §; and s
we recover (exactly) (1.6) and (1.8). Indeed, if ; = 0 we obtain the same model by
Jiang et al. [21] (62 = 0 and s = 0) and Wu, Liu, and Yue [43] (62 =0 and s =0 or
s = 2), while if 3 = §1/p and s = 2 we recover the model by Dias, Dyachenko, and
Zakharov [10].

Following the pioneer work of Zakharov [46], we use the trace of the velocity
potential £(t, z) = ¢(t, =, h(t,x)) (units of length? /time). Now we observe that

§t(t’ 1:) = d’t(ta €z, h(t’ LE)) + 82¢(t7 €z, h(t7 z))ht(tz 1‘)
= ¢u(t,z, h(t,x)) + Dod(t, x, h(t,z)) (Vo - (—sh, 1) + 6207h) .

Thus, (2.1) can be written as
Ap=0 in Q(t) x [0,T7,
¢ = 6 on F(t) X [OvT]v

& =020 (Vo - (—01h, 1) + 5207h)
(2.2) . L
— ~|Vo|* = Gh+ LK - —=2° onT(t) x[0,T],
2 p p

N\ 1/2 )
he =V - (1 + (81h) ) n+ 892k on I(t) x [0,T].
The system (2.2) is supplemented with an initial condition for h and &:
(2.3) h(z,0) = ho(x),
(24) f(l’,O) = ¢(.’E,h(0,1’),0) = £O(x)

2.2. Nondimensional Eulerian formulation. We denote by H and L the
typical amplitude and wavelength of the water wave. We change to dimensionless
variables (denoted with ~)

L .
2. :L~ — —
(2.5) x z, t \/Gt,

and unknowns

(26) h’(xlvt) =H h(jlvt)7 ¢(zlam27t) = qu;(jlyi27{)



with the nondimensionalized fluid domain

_ H-
Q(t) = {(@1,.’1?2) ‘ T <T <7T,—00 < Tg < fh(jl,t), te [O,T]},

T(t) = {(@1,%(@1,@) te [o,:r]}.

We find the following dimensionless parameters:

E of = 51 o — (52 6 _ g
L’ PN T 2T GLa? = pGLY

where s = 0 if Z¢ = ¢ and s = 2 if 2¢ = 05¢. The first parameter is known
as the steepness parameter and measures the ratio between the amplitude and the
wavelength of the wave. The a’s consider the ratio between gravity and viscosity
forces. Finally, the fourth one is the Bond number that compares gravity forces with
capillary forces. Dropping the tildes for the sake of clarity, we have the following
dimensionless form of the damped water waves problem:

(2.7) €=

(2.8a) Ap=0 in Q(¢) x [0,T7,
(2.8b) ¢=¢ on I'(t) x [0,T],
2
§t=—§|V¢|2—h+ poih 57 — M2
(1 + (ealh)Q)
(2.8¢) +e02¢ (Vo - (—e01h, 1) 4+ 207 h) on T'(t) x [0,T],
(2.8d) hi =V (—01h, 1) + axd?h on T'(t) x [0,T],

where we have used the nondimensional parameters (2.7).

2.3. The equations in the arbitrary Lagrangian—Eulerian formulation.
In the present section we want to express system (2.8) on the reference domain € and
reference interface I':

(2.9) Q=S'x (-00,0), I =s!x{0}.

The easiest way to do so is, supposing that h is regular, by defining the following
family (parametrized in ¢t € [0,7]) of diffeomorphisms

v [0,T]xQ = Q)
(l’l,xg,t) —> ’ll) ($1,$2,t) = (1'1,1'2 + ch (.’ﬂl,t)) .

Such a technique has already been used in the past by different authors (see, for
instance, [6, 7, 16, 27, 35] and the references therein). We compute

(2.10) Vv = ( salh}:cl,t) | ) A= (V)= ( —581h1(z1,t) ! )

With such a map we can define the pushback of any application 6 defined on € (¥)
simply as © = 0 o ¢, whence in particular we define

d=co.



We let N = ey denote the outward unit normal to 2 at I'. We also recall that, if
© = 0 o1, the following formula holds:

;0 0 = A¥0,.0,

where the Einstein convention is used. Then, we can rewrite (2.8) as the following
system of variable coefficient nonlinear PDEs posed on a fixed reference domain:

(2.11a)

ALo, (Akor@) =0 in Q x [0, 7],
(2.11b) d=¢ on ' x [0,T],

%h
&= —gAg?akchfa@ —h+ b0 55 — D@
(1 + (s@lh)2>
(2.11c) +eA50,® (A50, A2 + 07 h) on T x [0,7],
2.11d he = AR9,® A2 + 0,0%h on T x [0,7],
J J 1

where the operator D? is
D0 = ¢, D*® = A%0, (A5, D).

Next we make explicit the values of the A;’s in the above system (see (2.10))
obtaining hence

(2.12a) A® = (07h 02® + 201h 9129) — £°(91h)* 05 in Q x[0,7],
(2.12b) P =¢ onI' x [0,T7,
£ = 7% [(019)2 + (20,h0yD)? + (028)? — 220, hdy D, ]
2
—h+ boih 573 — D@
(1 n (Ealhf)
(2.12C) + 0P (*831}181@ + 52(31h)262<1> + 0P + Oégafh) on I' x [O, T],
(2.12d)  hy = —01hd1 @ + £2(01h)202® + 0o ® + a2 0?h on T x [0, T],
where

D¢ = &, D°® = 059

3. The asymptotic model for damped water waves when s = 0. In this
section we consider the case s = 0 (the model by Jiang et al. [21] and Wu, Liu, and
Yue [43]). In this case we have that

D = .
We introduce the following ansatz:

x17x27 Z‘E q) 1’1,272, )7
(3.1) ¢(@t) 25”5 " (@ t)

h(z1,t) E e"h(n (z1,t



With this ansatz we can reprofile the nonlinear system (2.12) in an equivalent sequence
of linear systems where the evolution of the nth profile is determined by the evolution
of the preceding n — 1 profiles.

We are interested in a model approximating (2.12) with an error O(¢?). Using
that

— =1+ 0(?),

(1+a2)*? )
we obtain that 02

oo 572 = BOTh + O(e?).
(1 + (s@lh)2)
For the case n = 0, we have that
(3.2a) AP =0 in Qx[0,7],
(3.2b) o0 = ¢ on I x [0,T],
(3.2¢) &9 = —p© 4 B2 — 99 on T x [0,7],
(3.2d) B = 5,8 4 0,020 on T x [0, 7.
Recalling that
BO) (K, xg,t) = EO(k, t)el*1*2 in Q x [0,T]

SO

9,0 = A¢©®  onT,
we find that (3.2d) can be equivalently written as

RO — A (—h<0> + B2 — a?g@) + 0202hY on T x [0,7].

We note that (3.2d) can be equivalently written as
(3.3) €0 = A1 [h,ﬁ‘” - azafhm)} :
thus,
(3.4)
RO — A (_h<°> + BOZRO — o071 [him - a2afh<0>D +ae8?h®  onT x [0, T).
Similarly, in the case n = 1, we find that
(3.52) AL =§2h® 9,0 4 29,40 9,0 in Q% [0,7],
R3) = on I' x |0,7],
3.5b o) =M I'x[0,T
1
5,51) — § [(82(1)(0))2 _ ((Q)I(I)(O))Q}
(3.5¢) — W 4 a2V — oW 4 00,92 on T x [0,T7,
(3.5d) A = —9,h99,6© + 9,60 + ,92n1) on T x [0,7).

Let us define
b= 02009, 4 29,10 9,,8©.



We now use Lemma A.1l in order to compute

_— (U _—
922 (k,0,t) = / b (k,y2,t) e™¥2dy, + k| €D (k,t).

— 00

We want to provide an explicit expression for the term f_oooz;(k, Y2, 1) elklv2dy,
considering the form of b. We compute that

0
/ b(k7y2at) e‘k|92dy2

—00

0 — —
- / FHmDY2 (1 — ) (k + m) [m]| O (k — m) €O (m) dys

Iml [k'Q'm'Z];@(k o
IEERE] B

=~ m| [[k] = m]) RO (k —m) €O (m).

Thus, we find that

(3.6) oM = Ac® [[A, h(°>]]A§<O>.

122:0

The evolution equations for A() and £ hence become

(3.7) BV = —9p©9,6© 1 AcD — [[A, h<0>]] AE©® 4 ,02p D)
M _ L1 [(yc@)? _ (5,c@)>
=53] (20) - ()

(3.8) — W 4+ 8820V — 9™ 4 4y AE@ 2RO,

Using the above equation for hgl), (3.7), we can express £(1) as a function of h(0),
€ and RV as follows:

(3.9) €M = A1 [ 4 9 p©9,6® [[A, h<0>]] AE© agafh“)] .
Time differentiating (3.7) and inserting (3.8), we deduce
1 2 2
hiy) = —01h{"016© — 91 h© 9,60 + o {(A§(0)> - (815(0)) ]

— AR 1 BAZRD — A0 M 4 anA (Ag<0>a§h<0>)

= [An] A - [, O] A + azt?nf".

Recalling the definition of the Riesz potential A~ and using (3.2c) and (3.3) in order



to express £(© and ft(o) in terms of h(®), we find that

ny = o3 [ — as0h®] — oy [-n© + 92R© — afo )]
+5A { [ — az02h®]” = (3 [1 - agagh«»}f}
— AR 4 BAGERY) — afABD) + azh [ (1" — a20Fn®) 9200]
- |[A,h§°>]] (h§°> - aQafh(O)) - [[/Lh(o)]]A (—h“’) + BO2R©) — a9<1><0>)

+ agafhgl).
Using the Tricomi identity
(3.10) (Hf)? = f2 =21 (fH]),
the previous equation can be further simplified and we find that

h{D = 0,nOH [hi‘” - agafh@)} — 0,h 99, [—h“)) + BO2R© — a(;@(o)}
+ 0 { [ — as0h @ | H |1 — 2030 |
— AR 1 BAZRD — A0 M + anA [(h§0> - agafh@)) a%hm)}
- |[A,h§°>]] (h§°> - azafh“’)) - [[A,h(O)HA (—h<0> + BOZRO) — a‘;@(O))

+ Oég@%hgl) .

We can express o) ®(®) in terms of h(?) as follows

= a6 = AT |1 — a2} ||

I2:0

a?q)(o)

and, inserting the previous formula into (3.9), we find that

a(l)@(l)

ZE2:0

= age',

= a9A! [hﬁ” + 0 h08,e© 4 [[A, h<0>]] AE© — azafh“)}
= A~ {nf = o n O 1 — 22020 )]

+ [ O] [A = 02020 @] — az02n M}

10



Substituting the previous expressions into the equation for hgtl ), we deduce the
following equation:

hD = 0nOn [hﬁo) - agafh@)]
— 9,1h9, [—h“)) + BO2h©® — 071 [h@ - aza%h(o)ﬂ
+ 0 { [n” = axth @ | 3 [0 — 2020 ®] } — ARD) + oA
—af {nf? = O 1 — a20Fn ]
+|[A, h(O)]] [h@ - azafh@)} - azafh“)}
+ oA [(hgm - QQafh((’)) afh@)] - [[Am,@]] (hEO) - OQa%h(O))

— [A8O] (~AR© + BAGER — af [ — 42030 O] ) + 420",

We group the nonlinear terms according to the coefficient in front. At O(1) we
find that

2 A 2 2
(311) o HA + (012O) + = { O] = (mn?) } ~ [an®]n”
2
+ [A O] AR = —a ((th”) ) + 01 [H O] AR,
where we have used the identity (3.10). At O(3) we obtain that

3 (—61h(())8fh(0) _ HA’}‘(O)HM%(O)> -3 (A (h(o)Ash(o)) _a (h(o)af’h(")»

(3.12) = B0, [[H, h<0>]] AR,
At O(az) we find the following contribution:
(3.13) —a» [alhg‘”%afh(o) + 0 {hEO)Ha%h@)} + {a%h@mh,ﬁo)}
—A [hgo)afh@)] - ﬂA,hEO)Hafh(o)}
= —ay [81h§0)7{6fh(°) + o0 {nO 1o} + o { O}
24 [n"9n O] + hﬁO)Aafh(O)} .
Using
(3.14) HfHg —H(fHg+ gHf) = [y,

we find that

A O8] = A (HAO MO ) + 01 (nOHOR® + 20O HR)

11



Thus, we can group terms in (3.13) as follows:

(3.15)
— {al (10200 — 28 (HAOHOO) — 01 (O HOIR® + 020 OHN,") }

= aoh [H HRO [HER®) + st (MR HPER®)
At O(azaz), we find that
(3.16) ol [al {812h(0)7-mfh(°)} “A [(afh@)ﬂ } = —ad, [[H a%hw)]]afh(o).
We group now the O(af) terms:
(3.17)  a? { — 0 hOHR® + 8RO 1R — [[A, h<0>ﬂh§°> + [[A,h(o)]]hgo)} =0.
Finally, we are left with the O(afas) terms. These terms are
(3.18) alas {alhwmafh(o)—alh<0>7{afh<0>+[[A,hw)]]afh(o)—[[A,hm)]]afh@)] —0.

Thus, using (3.11), (3.12), (3.15), (3.16), (3.17), and (3.18), we conclude that
heY + AR 4+ BAPKD 4 ol — Qa0 — a,02h
— A ((tho)f) + 01 [H BO] A + oy [, hO] A20©
+ ad; [, M [HO + co (MR HOERO) — ooy [H, 030 O] 02000,
We define the renormalized variable
(3.19) F= RO 4 ep®),

Using
eh®) = ef + O(?),

and neglecting errors O(£2), we conclude the following model:
S+ Af+ BN+l fi — Y adi f — 204 f,
s20) =€ { — A (1)) + O JIAS + BOTH, FINS + a0 [H, HATHOE £

+ ao\ (HfHOLf) — 301 [H, 07 f] 0L f|.

When as = 0, (3.20) is an asymptotic model of the damped water waves system
proposed by Jiang et al. [21] and Wu, Liu, and Yue [43]. Also, when as = af = 0,
(3.20) recovers the quadratic h-model in [1, 2, 6, 30, 31, 32].

12



4. The asymptotic model for damped water waves when s = 2. In this
section we focus on the case s = 2 (the model by Dias, Dyachenko, and Zakharov [10]).
In this case we have that

Do = 950.

We use the ansatz (3.1) and follow the previous steps. The first term in the series
solves

(4.1a) AD® = in Q x[0,7],
(4.1b) 0 = O on T x [0,T],
(4.1¢c) E,EO) = —hO 4+ 832h — 2020 on T x [0,T7,
(4.1d) WO = 0,8 4 4,025 on T x [0,7]

Taking a time derivative of (4.1d), using the fact that

9,0 = A = p{V — 0,02h()

w2:0

and substituting (4.1c), we find that
B = A (_h<0> + BO2RO) — a§a§q><°>) + a302n" on T x [0, 7).
Similarly, due to the fact that

929

= A2@ = A [ — as03n®

T =0

we find that the previous equation for h;; can be written as
(4.2) B = —AR© — BA3KO) + 02021 — 0200021 + 0,021”  on T x [0, 7).

Analogously as in (3.5), for n = 1, we find that

(4.32) AW =92hO 9,0 1 29,7 9,8 in Q x [0,7],
(4.3b) oW =W on T x [0,7],
1
t(l) _ 5 [(62(1)(0))2 . (31(1)(0))2]
(4.3¢) — Y 4 2RV — a2020W + 00,2920 on T x [0,T7,
(4.3d) AV =—0h99,6© + 5,01 4 1,02hD) on T x [0, 77,

We use Lemma A.1 and (3.6) to find that

32q>(1)

— A [[A’ h(O)HAg(O),

IQZO

d2pM = A2eD £ 2pOA© 4 29, h (D9, Ae©,

IQIO

13



Then we find the following system of equations:
44) Y = —9,h09,6® 4 A — |[A, h<0>]] AEO 4+ 0,920,
W _ L1 (Ac@) _ (9,60)
45 & =3 [(A& ) - (2:€9)
— W 4 BR2RM — o2 [A2§<1> + 2ROAO 4 2alh<0>alAg<°>}
+ g A 2p(0),
These equations are the analog (when s = 2) of (3.7) and (3.8).

As before, we want to reduce everything to a single equation for A" and h(®).
Using (4.1d), we find that

AW = V) 9 a0y [hﬁo) — 2RO — 021 + [[A, h<0>]] [th> - aQafh@)] .
As a consequence, we have that

2020

T2 =0

= a2 {n" = 0 Ou [0 — 0;020)|
+ [[A, h“”]] [hio) - azafh@)} - aza%h“)}
+a? (afhm) [hgm - azafh@)] + 201109, [hio) - aQafh@)]) .
Time differentiating (4.4) and inserting (4.5), we deduce
B = —0uh00,e0 + ag) — [a,n0] A

+ 2R — 9,9, — [[A, h<0>ﬂ Ae

= 0,h\O% [h§0> - azafhm)} - [[A, hEO)]] [h§°> - a235h<0>}
+ax82hY — 9,h 00, [—h<0> + B02R© — 27 [th> - a2a%h<0>H
- [[A, h<0>]] A [—h“’) + BO2R© — a2A [h§°> - 042812h(0)H
RN
+ A [0+ gAY — o [A26D) + 2R ONED +20,n O A

+ azAg(O)afh@)]

= n\OH [h§°> - agafhm)] - [[A, hf”]] [h,ﬁ‘” - azafh@)}
+ ax02hY — 9,h 00, [—h<0> + BO2h® — a2A [hio) - agafh@)H
- [[A, h“”]] A {—h(m + BOZRO — a2A [hﬁ‘” - aga%h@)H

1 2 2
+3A [(h§0> — ah @) — (M - ;M) }

14



+ A{ — W 4 Bo2RM — o2 [afhm) [hﬁ‘” - aza%h@)]
+ 20,008, [th> - azafh@ﬂ
+ an [h,@ - aga%hw)} a%hw)}
— a2A? {h§” — 9 hOH [hio) - agafh@)]

— 020%™ + [A, KO [ ~ 02020}

where we have used the previous expression for A¢(). We group the different nonlinear
contributions according to the coefficient in front: at O(1) we find (3.11), while at
O(B) we have (3.12). Using the Tricomi identity (3.10) to obtain

oA [(hio) - az@fh(o))z G agﬂafh@)ﬂ

2
=0y [(n? = 20800 (WA — a0 )],

we find that the O(az) contribution is given by (3.13) and, as a consequence, it can
be further simplified to conclude (3.15). At O(agasz) we have the terms (3.16). We
collect now the O(a?) terms:

o3 {alhm)alAth) — 0 (hOHA ) — [, RO 020 + 03 A, 5 O] 1
= A {oRR OB + 2000 | ]
(4.6) = a? [ = SRR — 20T OARL + 2 A, 15O 1
+ [A, 22RO RO = A {O2ROR + 20,n O 01"} ]

= —a3on |02, 0O | Hnf?.
Finally, we consider the O(aga?) terms and obtain

a2as [ — 0 h @A + A, nO21n© — 92 [A, n O] 920
(4.7) LA [(5§h<o>>2 .\ 2alh<0>afh(0>] + 0 (h©0,A00) ]

= a2asd [[af, h<0>]] A8 RO,

Collecting (3.11), (3.12), (3.15), (3.16), (4.6), and (4.7), we conclude the following
equation for h(1):

WSy — (03 + a2)@?hi + ARD + BAPKD) + aFasdfh™

— A ((Hh§0>)2) + 0, [, hO] AR + 5o, [, KO ] A2
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+ oty [H, MR | HOTR) + axh (HBOHOER®)) + a3as0; [0, KO Ao n O
— 28, [[a%, h<0>]]7¢h§°> - [[H afh@)]] 9210

Thus, neglecting errors of order O(¢?), we conclude the following model for the renor-
malized variable (3.19):

fir = (03 + a2)0F fr + Af + BA* f + fasd) f
= 6{ —A ((Hft)2> +01[H, fIAf + BOLIH, FIA*f
+ 0y [H, HJHOT f + o (HFHO f) + afazd [07, F]AOLf

— 020, [02, F]Hf: — as0ndy [H, 02f] 02 f}.

(4.8)

When as = a?, (4.8) is an asymptotic model of the damped water waves system
proposed by Dias, Dyachenko, and Zakharov [10]. Also, when ay = of = 0, (4.8)
again recovers the quadratic h-model in [1, 2, 6, 30, 31, 32].

5. Craig—Sulem models for damped water waves. The pioneer work of
Craig and Sulem [9] (see also [8, 33, 34]) leads, among other things, to several as-
ymptotic models obtained by truncating a Taylor series for the Dirichlet-to-Neumann

operator present in the Zakharov formulation of the water waves problem [46]. Prob-
ably the most famous model of this type is the Craig—Sulem WW2 (see [4, 6, 28]):

(5.1) fi = =201 01+ AC — e[A, SIAC,
(5:2) G =2 [(A0? = (00| - 1 + 8O3,

Using the Tricomi identity (3.10), the previous system can be equivalently written as

(5.3) Jt = —€01f01¢ + AC — €[A, f]AC,
5.4 G =eH (OLfASf) — f+ BOZS.

5.1. Case s = 0. Using (3.7) and (3.8) we find that, up to an error O(¢2), the
variables

(5.5) F=hO 4ep® ¢ =0 4 e
solve the system

(5.6) fr = =01 fO1C + AL — e[A, fIAC + 001 f,
(5.7) G=eH (O1fAf) — f+ BOTf — ¢ + e f.

5.2. Case s = 2. Using (4.4) and (4.5), we also find the viscous analog (called
Craig—Sulem WWV2 [3, 23]) of the Craig—Sulem WW2 model corresponding to the

16



model of Dias, Dyachenko, and Zakharov [10] of water waves with viscosity

(5.8) fi = —e01fO1C + AC — e[ A, FIAC + 207 f,
(5.9) ¢ =M (O1fAf) — [+ BOTf — af (A*C + 07 FAC + 201 fOLAC) + e ACOL f.

6. Study of the models and discussion. In this paper we have obtained a
number of new models for damped water waves. Of course, one may ask why viscosity
effects are required when studying water waves. Besides the fact that every liquid is
viscous, there are a number of scenarios where the viscous damping needs to be taken
into account. For instance, damping has been used to study standing surface waves
generated in a vertically oscillating container (these waves are called Faraday waves)
or the question of stabilization of the Benjamin—Feir stability [43].

In particular, we derived two nonlocal wave equations, namely,

fie + Af + BAPf + ol fy — aandi f — a2 fy

= e[ A ((H0) + 0. FIAS + BOLTH. AP + cadh . HAHOL S

(6.1)
+ a0\ (HfHOTf) — 30, [H, 05 f] 01 f|,
and
fio — (03 + @2)0i fy + Af + BA*f + afawdl f
o - e{ — A ((H£0)?) + Ou[H, JIAS + BO[H, NS
6.2

+ O [H, HIHOT f + aoh (HfHOT f) + i a0 [07, f]AOLf
— 020, [02, F]Hf; — a0y [H, 03] 02 f}.

Equation (6.1) is an asymptotic model of the damped water waves system proposed by
Jiang et al. [21] and Wu, Liu, and Yue [43], while (6.2) is an asymptotic model of the
water waves with viscosity system proposed by Dias, Dyachenko, and Zakharov [10].

It is a natural question to ask whether these ideas can be extended to three-
dimensional waves. Although the extension would not be trivial, these ideas can be
applied to three dimensions. This should be addressed in a future work.

Another reasonable question is which model is better for which application. In
general, it is assumed in the literature that (2.1) is more realistic when s = 2, re-
gardless of whether d2 = 0 or not (see [43] for instance). That would mean that (6.2)
corresponds to a more realistic description of viscous damping of water waves.

One of the advantages of having an asymptotic model akin to (6.1) or (6.2) is that,
as there is no Dirichlet—-Neumann operator nor elliptic problem involved, it is easier
and cheaper to simulate than the full problem (2.1). However, when a2, ap # 0, the
presence of higher order operators as the bi-Laplacian may cause numerical difficulties.
Thus, although (6.2) is linked to a more realistic description, its implementation may
not be straightforward. A careful numerical study of these models should be addressed
elsewhere. Also, this numerical study could help make the decision of which models
are better for which applications.

6.1. Typical values of the dimensionless parameters. Let’s consider a nu-
merical example. The values of the physical parameters are (see [27])

G=98m/s’, v=12-10"2 kg/s?, p = 1029 kg/m°.
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We consider a wave of size
H=0.02m, L=0.6m.
This wave follows the scenario in [21]. Recalling (2.7) (where d2 = v), we have that

721073

= ~2-107°.
1029 - 9.8 - (0.6)2

(6.3) e~ 0.03, B

According to [21, section 4], the experimental decay rate in the scenario modeled by
(6.1) is estimated as 0.05 s~1. Also, following [10] we have that the right viscosity to
be used in these applications is the eddy viscosity value

v=10"%
That means that
: 103
(6.4) ad = 0.05 ~ 0.01, a2 = = 0 ~6.8-107%.

V9.8 (0.6)"2 V/9.8(0.6)3/2
Then, we see that viscous damping effects are at the same level as €2 and are somehow
more relevant than surface tension effects.

6.2. Linear analysis and dispersion relations. In this section we are going
to study the dispersion relation of the models (see also [12]). In the case where viscous
effects are neglected (af = az = 0) the model was studied in [6]. In this case, the
dispersion relation is

(6.5) wr (k) = Ikl (14 BIk*), 8

which is, of course, the same dispersion relation as for the full water waves problem
with infinite depth.

We want to understand now how this dispersion relation is affected by the viscous
effects. Keeping only the linear terms in (6.1) and (6.2) and inserting the standard
plane wave ansatz

WV

0,

f(l‘ t) _ eikx—iwt

we obtain the following dispersion relations:

V= (kPas +af)? + 4(k[(1 + BIk[?) + [k[2afas)

Wi (k) = £ 5
i (a(l) + ao \k|2)
(6.6) ——
2 2 .14 2 2 4
2 v~ (@2 + a2)? [k[* 4+ 4(K|(L + BIEP) + a3aslk]*)
(6.7)  ilof o) I

2 )
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(0]

where wy' and wL_E] correspond to (6.1) and (6.2), respectively. These dispersion
relations are valid for the whole range of values of the dimensionless parameters.
We emphasize that the imaginary parts present in the previous expressions for the
dispersion relations imply parabolic behavior or, if as = 0 in (6.6), at least absorption.

Using the previous numerical values (6.3) and (6.4), we find that, neglecting
terms of order O(1079) for a large range of k’s, the dispersion relation (6.6) can be
approximated by

() o £ VPR (of + 02 1)
) .

() .
Similarly,

i (02 + o) [K|?
cﬁ%@mi\ﬁ—ig—?l—ﬁ

From the previous dispersion relations, wgf], and the dispersion relation for the inviscid

model wr, we see that both models (6.1) and (6.2) have a parabolic behavior. In fact,
the dissipation rate in (6.1) when as = 0 is independent of the Fourier mode &, while,
for model (6.2) the dissipation is purely of parabolic type O(|k|?) (see [26]).

Appendix A. The explicit solution of an elliptic problem.

LEMMA A.1. Let us consider the Poisson equation
Au(z1,29) = b(z1,22), (21,22) €S' x (—00,0),

(A.1) u(21,0) = g (1), x1 €8,

lim  dou (z1,29) =0, x1 € S,
T2—>—00

where we assume that the forcing b and the boundary data g are smooth and decay
sufficiently fast at infinity. Then, the unique solution u of (A.l) is given by
(A.2)

1 & (11 /.
- § — |z ElY2 J0s0 — | K| & [k|z2
U(.’Ehl'g) \/%k_oo{wg |:2/ b(k7y2)6 dy2 |k|g(k):| €

—0o0

1[0
_ = b(k [kly2 q —|k|z2
2|]€| [m ( 7y2)€ Y2 €

+/12 b(k,y2) |:€|k|(y2—m2) _ e|k\(.’r2—y2):| dy2 eikrl’
o 2K

where the operator * denotes the Fourier transform in the variable x1. In particular

0
(A3) 82u (.7,‘1,0) = / eyQAb (xl,yz) dy2 +Ag($1),
(A4) 02u (x1,0) = —02g(x1) + b(z1,0).

Proof. Let us apply the Fourier transform to (A.1); this transforms the PDE (A.1)
into the following series of second order inhomogeneous costant coeflicient ODEs:
_kQ’a (kv $2) + aga (k7 172) = Z)(k7 1'2) ) (k7 172) €L x (_007 O) )
(A.5) @ (k,0) =g (k), k ez,
lim Oqu (/ﬁCEQ) =0, ke Z.

To——00
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The generic solution of (A.5) can be deduced using the variation of parameters

method, whence

(A.6)
o (ky2) = C1 (k) 72 4 Gy (k) e~ 172 — / ot ) ey,
0

B(kva)
2|kl

The boundary conditions determine the values of the C;’s:

0
(A7) @(k):-ﬁ/_ bk, ys) vdys, Oy (k) = —Co(k)+ (k). O

Acknowledgment. We thank the anonymous referees for their numerous sug-

gestions that have improved the exposition of this article.

REFERENCES

B. AKERS AND P. A. MILEWSKI, Dynamics of three-dimensional gravity-capillary solitary waves
in deep water, SIAM J. Appl. Math., 70 (2010), pp. 2390-2408.

B. AKERS AND D. P. NICHOLLS, Traveling waves in deep water with gravity and surface tension,
SIAM J. Appl. Math., 70 (2010), pp. 2373-2389.

D. AMBROSE, J. BoONA, AND D. NICHOLLS, Well-posedness of a model for water waves with
viscosity, Discrete Contin. Dyn. Syst. Ser. B, 17 (2012), pp. 1113-1137.

D. M. AMBROSE, J. L. BONA, AND D. P. NICHOLLS, On ill-posedness of truncated series models
for water waves, R. Soc. Lond. Proc. A Math. Phys. Eng. Sci., 470 (2014), 20130849.

J. BOUSSINESQ, Lois de [’extinction de la houle en haute mer, CR Acad. Sci. Paris, 121 (1895),
pp. 15-20.

A. CHENG, R. GRANERO-BELINCHON, S. SHKOLLER, AND J. WILKENING, Rigorous Asymptotic
Models of Water Waves, Water Waves, 1 (2019), pp. 71-130.

D. COUTAND AND S. SHKOLLER, Well-posedness of the free-surface incompressible Euler equa-
tions with or without surface tension, J. Amer. Math. Soc., 20 (2007), pp. 829-930.

W. CRraAIG, P. GUYENNE, AND C. SULEM, Water waves over a random bottom, J. Fluid Mech.,
640 (2009), pp. 79-107.

W. Cralc AND C. SULEM, Numerical simulation of gravity waves, J. Comput. Phys., 108 (1993),
pp. 73-83.

F. Dias, A. I. DYACHENKO, AND V. E. ZAKHAROV, Theory of weakly damped free-surface flows:
A new formulation based on potential flow solutions, Phys. Lett. A, 372 (2008), pp. 1297—
1302.

D. DuTykH, Visco-potential free-surface flows and long wave modelling, Eur. J. Mech. B Fluids,
28 (2009), pp. 430-443.

D. DuTYKH, Group and phase velocities in the free-surface visco-potential flow: New kind of
boundary layer induced instability, Phys. Lett. A, 373 (2009), pp. 3212-3216.

D. DutykH AND F. Dias, Dissipative Boussinesq equations, C. R. Mec., 335 (2007), pp. 559—
583.

D. DurykH AND O. GOUBET, Derivation of dissipative Boussinesq equations wusing the
Dirichlet-to-Neumann operator approach, Math. Comput. Simulation, 127 (2016), pp. 80—
93.

D. DuTYKH AND F. DiAs, Viscous potential free-surface flows in a fluid layer of finite depth,
C. R. Math., 345 (2007), pp. 113-118.

R. GRANERO-BELINCHON AND S. SCROBOGNA, Asymptotic models for free boundary flow in
porous media, Phys. D, 392 (2019), pp. 1-16.

R. GRANERO-BELINCHON AND S. SCROBOGNA, On an Asymptotic Model for Free Boundary
Darcy Flow in Porous Media, preprint, https://arxiv.org/abs/1810.11798.

R. GRANERO-BELINCHON AND S. SHKOLLER, A model for Rayleigh-Taylor mizing and interface
turn-over, Multiscale Model. Simul., 15 (2017), pp. 274-308.

P. GUYENNE AND E. I. PARAU, Numerical simulation of solitary-wave scattering and damping
in fragmented sea ice, in the 27th International Ocean and Polar Engineering Conference,
International Society of Offshore and Polar Engingeers, Cupertino, CA, 2017, pp. 373-380.

M. HUNT AND D. DUTYKH, Visco-potential flows in electrohydrodynamics, Phys. Lett. A, 378
(2014), pp. 1721-1726.

20


https://arxiv.org/abs/1810.11798

(21]

[22]
23]

24]

[25]

L. Jiang, C.-L. TiNGg, M. PERLIN, AND W. W. SCHULTZ, Moderate and steep Faraday waves:
Instabilities, modulation and temporal asymmetries, J. Fluid Mech., 329 (1996), pp. 275—
307.

D. D. JosepPH AND J. WANG, The dissipation approzimation and viscous potential flow, J. Fluid
Mech., 505 (2004), pp. 365-377.

M. KAKLEAS AND D. P. NICHOLLS, Numerical simulation of a weakly nonlinear model for water
waves with viscosity, J. Sci. Comput., 42 (2010), pp. 274-290.

C. KHARIF, R. A. KRAENKEL, M. A. MANNA, AND R. THOMAS, The modulational instability in
deep water under the action of wind and dissipation, J. Fluid Mech., 664 (2010), pp. 138-
149.

C. KHARIF, C. SKANDRANI, AND J. POITEVIN, The frequency down-shift phenomenon, in Math-
ematical Problems in the Theory of Water Waves: A Workshop on the Problems in the
Theory of Nonlinear Hydrodynamic Waves, 1995, Luminy, France, Contemp. Math. Vol.
200, American Mathematical Society, Providence, RI, 1996, pp. 157-171.

H LawmB, Hydrodynamics, Cambridge University Press, Cambridge, 1932.

D. LANNES, The Water Waves Problem, Math. Surveys Monogr. 188, American Mathematical
Society, Providence, RI, 2013.

S. Liu AND D. M. AMBROSE, Sufficiently strong dispersion removes ill-posedness in truncated
series models of water waves, Discrete Contin. Dyn. Syst. A, 39 (2019), pp. 3123-3147.

M. S. LONGUET-HIGGINS, Theory of weakly damped Stokes waves: A new formulation and its
physical interpretation, J. Fluid Mech., 235 (1992), pp. 319-324.

Y. MATSUNO, Nonlinear evolutions of surface gravity waves on fluid of finite depth, Phys. Rev.
Lett., 69 (1992), pp. 609-611.

Y. MATSUNO, Nonlinear evolution of surface gravity waves over an uneven bottom, J. Fluid
Mech., 249 (1993), pp. 121-133.

Y. MATSUNO, Two-dimensional evolution of surface gravity waves on a fluid of arbitrary depth,
Phys. Rev. E (3), 47 (1993), 4593.

D. M. MILDER, An improved formalism for wave scattering from rough surfaces, J. Acoust.
Soc. Amer., 89 (1991), pp. 529-541.

D. M. MILDER AND H. T. SHARP, An improved formalism for rough-surface scattering. 1I:
Numerical trials in three dimensions, J. Acoust. Soc. Amer., 91 (1992), pp. 2620-2626.

M. Ncom AND D. P. NicHOLLS, Well-posedness and analyticity of solutions to a water wave
problem with viscosity, J. Differential Equations, 265 (2018), pp. 5031-5065.

R. RAMANI AND S. SHKOLLER, A Multiscale Model for Rayleigh-Taylor and Richtmyer-Meshkov
Instabilities, preprint, arXiv:1904.04935, 2019.

K. D. Ruvinsky, F. I. FELDSTEIN, AND G. I. FREIDMAN, Numerical simulations of the quasi-
stationary stage of ripple excitation by steep gravity—capillary waves, J. Fluid Mech., 230
(1991), pp. 339-353.

K. D. RuviNsKky AND G. I. FREIDMAN, Improvement of the first Stokes method for the inves-
tigation of finite-amplitude potential gravity-capillary waves, in IX All-Union Symp. on
Diffraction and Propagation Waves, Tbilisi: Theses Rep., 2 (1985), pp. 22-25.

K. D. RuviNsKky AND G. I. FREIDMAN, The fine structure of strong gravity-capillary waves, in
Nonlinear Waves: Structures and Bifurcations, A. V. Gaponov-Grekhov and M. I. Rabi-
novich, eds., Nauka, Moscow, 1987, pp. 304-326.

G. G. STOKES, On the Theory of Oscillatory Waves, Cambridge Library Collection - Mathe-
matics, Vol. 1, Cambridge University Press, Cambridge, 1847.

J. TouBouL AND C. KHARIF, Nonlinear evolution of the modulational instability under weak
forcing and damping, Nat. Hazards Earth Syst. Sci., 10 (2010), pp. 2589-2597.

J. WANG AND D. D. JoseprH, Purely irrotational theories of the effect of the viscosity on the
decay of free gravity waves, J. Fluid Mech., 559 (2006), pp. 461-472.

G. Wu, Y. Liu, AND D. K. P. YUE, A note on stabilizing the Benjamin—Feir instability, J.
Fluid Mech., 556 (2006), pp. 45-54.

T. Y. Wu, Long waves in ocean and coastal waters, J. Engrg. Mech., 107 (1981), pp. 501-522.

N. J. ZABUSKY AND C. J. GALVIN, Shallow-water waves, the Korteweg-DeVries equation and
solitons, J. Fluid Mech., 47 (1971), pp. 811-824.

V. E. ZAKHAROV, Stability of periodic waves of finite amplitude on the surface of a deep fluid,
J. Appl. Mech. Tech. Phys., 9 (1968), pp. 190-194.

21



	Introduction
	Plan of the paper
	Notation

	Damped water waves
	The equations in the Eulerian formulation
	Nondimensional Eulerian formulation
	The equations in the arbitrary Lagrangian–Eulerian formulation

	The asymptotic model for damped water waves when s=0
	The asymptotic model for damped water waves when s=2
	Craig–Sulem models for damped water waves
	Case s=0
	Case s=2

	Study of the models and discussion
	Typical values of the dimensionless parameters
	Linear analysis and dispersion relations

	Appendix A. The explicit solution of an elliptic problem
	Acknowledgment
	References



