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Abstract. As a contribution to a viable candidate for a standard model of cosmology, we
here show that pre-inflationary quantum fluctuations can provide a scenario for the long-
sought initial conditions for the inflaton field. Our proposal is based on the assumption that
at very high energies (higher than the energy scale of inflation) the vacuum-expectation value
(VeV) of the field is trapped in a false vacuum and then, due to renormalization-group (RG)
running, the potential starts to flatten out toward low energy, eventually tending to a convex
one which allows the field to roll down to the true vacuum. We argue that the proposed
mechanism should apply to large classes of inflationary potentials with multiple concave
regions. Our findings favor a particle physics origin of chaotic, large-field inflationary models
as we eliminate the need for large field fluctuations at the GUT scale. In our analysis, we
provide a specific example of such an inflationary potential, whose parameters can be tuned
to reproduce the existing cosmological data with good accuracy.
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1 Introduction

Despite the efforts made to construct a standard model of cosmology which explains the
exponentially fast expansion [1–5] of the early Universe, important questions remain to be
answered. According to current opinion, the hypothetic inflaton field is assumed to slowly
roll down from a potential hill towards its minimum. Particle physics provides us with can-
didates for the inflaton field, where the equation of state required for exponential expansion
is modeled by a slowly-moving scalar condensate. Several inflationary scenarios exist (see
e.g., ref. [6]). The simplest among these is the quadratic, large field inflationary (LFI) scalar
potential, V (φ) = 1

2m
2φ2.

In fact, the origin and the precise mechanism of inflation is one of the most pressing
questions in our understanding of the early Universe after the Big Bang. A first guess would
involve a scalar field φ (the inflaton field), with an action including the scalar curvature R,

S[φ] = −
∫
d4x
√
−g
[

1

2
∇µφ∇µφ+ V (φ)−

m2
p

2
R

]
, (1.1)

where the Planck mass m2
p ≡ 1/(8πG) has been used and

√
−g =

√
−det gµν = a3 with

gµν = diag(−1, a2, a2, a2). Here, the scale factor a = a(t) describes the cosmological scaling
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in the Friedmann-Lemâıtre-Robertson-Walker (FLRW, see refs. [7–10]) metric (in our units,
the speed of light is c ≡ 1 and ~ ≡ 1).

It is commonly assumed that thermal fluctuations of cosmic microwave background
radiation (CMBR) originated from quantum fluctuations of the background (the inflaton
field and the metric) during the inflationary period. Thus, details of the self-interaction
potential of the inflaton influence thermal fluctuations of the CMBR, and can be confronted
with Planck data [11–13], which measures thermal fluctuations of the background radiation.
Of course, a reliable model should provide agreement with observations. For example, the
quadratic LFI model is almost excluded by recent results of the Planck mission [11–13]. By
the slow-roll analysis, one can decide whether a particular choice for an inflationary potential
can serve as a viable model, i.e., whether it agrees with Planck data.

Following refs. [4, 5], one can use a modification of the original idea of Alan Guth [1],
where the ground state starts from a metastable position and then, somewhat surprisingly,
rolls down very slowly to the true minimum. This scenario, as is well known, solves a
number of problems connected with the original idea formulated in the seminal paper [1].
Yet, concerning the slow-roll scenario, one may ask why the inflaton field should start from a
particular, well-defined slow-roll domain (this is commonly referred to as the “initial condition
problem”).

This paper is centered around the mentioned questions and is organized as follows.
We provide an initial account of the interrelation of the renormalization-group (RG) which
we propose for a description of the pre-inflationary period, and the slow-roll mechanism
during inflation (see section 2). Details include remarks on the method of analysis proposed
by us (section 2.3) and the suitability of the φ6 versus the massive sine-Gordon (MSG)
models (section 2.4). We proceed to both a numerical as well as an analytic approach to the
required RG flow equations, and their relation to the slow-roll of the potential (section 3).
Conclusions are reserved for section 4. Four appendices supplement the considerations. One
is for details on the relation between RG running and Hubble time (appendix A), another
one is concerned with the dependence of the slow-roll analysis on the particular choice of
the model (appendix B). Two more appendices deal with general considerations regarding
convexity of the potential and RG running (appendix C), and with the RG evolution of the
field-independent, constant term Vk(0) (appendix D).

2 RG and initial condition problem

2.1 Overview

The original idea of Alan Guth for inflation is based on the existence of a relatively stable
false vacuum which can be long-lived or metastable (see ref. [1]). The system moves to the
true vacuum through a bubble nucleation caused by instanton effects via quantum tunneling;
this induces inflation. A larger energy difference between the two vacua and, alternatively, a
smaller height or width of the barrier increases the tunneling rate. Inside bubbles, the field
has its true vacuum value, and these regions of space have lower energy, so when bubbles are
nucleated, they begin to expand at nearly the speed of light. However, this old scenario for
inflation (see figure 1) suffers from problems.

For example, it is required to heat up the Universe after the inflation period and it
is not clear how to define a proper reheating mechanism. In order to produce the present
observable Universe, exponential expansion should continue long enough to eliminate mag-
netic monopoles, but then bubbles become very rare and in addition, they never merge. This
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Figure 1. Inflation from false vacuum (left) and by slow-roll (right) where oscillations of the field
produce reheating.

generates two major problems: (i) the decay process is never complete, (ii) radiation can-
not be generated by collisions between bubble walls (which was the proposed mechanism for
radiation).

A possible solution for problems of bubble nucleations is provided by a scenario proposed
in refs. [4, 5], where the ground state starts from a metastable position and rolls down very
slowly to the true minimum (see figure 1). Thus, inflation is thought to be caused by a scalar
field rolling down a potential energy hill instead of tunneling out of a false vacuum. The
inflation is over when the hill becomes steeper. This, in particular, solves the problem of
formulating a “graceful exit” from the inflation period.

This leaves the initial condition problem to be addressed. Chaotic (large-field) infla-
tion [14] can resolve this issue since it is natural to assume large field values at the energy
scale of inflation, but then, as a consequence, quantum fluctuations dominate over the clas-
sical evolution of the inflaton field providing regions where the field moves up the potential.
This could result in eternal inflation, leading to a multiverse and the theory could loose its
predictive power. Initial conditions are even more problematic for small-field inflation where
interactions have to homogenize the Universe on a scale larger than the horizon. Models
other than cosmic inflation, like the theory of the cyclic Universe [15, 16], have also been
discussed in order to overcome the problem of eternal inflation.

Moreover, the shape of the inflaton potential is not known except that it must be
sufficiently flat for the slow-roll mechanism. Therefore, the proper treatment of quantum
fluctuations is important; this may require renormalization and, in turn, may result in scaling
(running) parameters modifying the potential itself. Indeed, the use of renormalization-
group (RG) techniques is a standard choice in the post-inflation period within Higgs-particle-
induced inflation models (for a recent overview, see ref. [17]).

2.2 RG running and inflationary scenarios

Pursuant to the suggested relevance of RG running for the description of inflation, our main
goal here is to discuss a mechanism which could connect the original (ref. [1]) and the modern
(refs. [4, 5]) scenarios for inflation, or, more precisely, to investigate how the renormalization-
group (RG) running of the inflationary potential could imply a possible solution for the initial
condition problem.
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During inflation itself, the slow roll-down of the VeV is commonly considered as a
classical process. However, our focus here is on the pre-inflationary period, where RG run-
ning is widely used [18–27]. Indeed, a series of papers are discussing the RG evolution of
the Einstein equation or, more generally, Quantum Einstein Gravity and the Friedmann-
Lamâıtre-Robertson-Walker (FLRW) cosmology [28–30] by using the ideas of refs. [18–27],
where the running momentum scale k of the RG approach is identified with the inverse of
the cosmological time (k ∼ 1/t). The identification of cosmological time evolution with RG
running has been advocated, quite recently, in a series of papers [24, 27, 50–54], with a par-
ticular focus on the cosmological constant, which has been parameterized in terms of the
density ρ = Λ/(8πG) [see the text before eq. (1) of ref. [54], eq. (3) of ref. [54], and eq. (10)
of ref. [53]]. The model has been termed the “running vacuum model” (RVM). In our model
(see also appendix D), the cosmological constant term appears as the field-independent term,
for which we observe a perfect analogy of our RG equation (D.1) with eq. (3) of [54] and
eq. (10) of ref. [53], upon the identification H ∼ k. This observation further supports our
working hypothesis [18–27] that H ∼ k can be identified with the inverse of the cosmological
time parameter. The RVM (see refs. [24, 27, 50–54]) is an extension of the ΛCDM model
(cosmological constant cold dark matter model) via a dynamical vacuum energy density.
Our work supports this hypothesis, and it is consistent with the recent work [54] where the
RG running is found to be consistent with results derived from the bosonic (inflaton+axion)
sector of an effective action which is adjusted so that it reproduces the string scattering
amplitudes to lowest nontrivial order in an expansion in the string Regge slope [see eq. (14)
of ref. [54]]. While in this paper, the identification of the RG running scale k and the Hubble
parameter is heuristically assumed, we stress, as already outlined, that this approach can be
demonstrated from first principles by relating the effective field theory under consideration
with the string theory action which results in the Cosmological ”Running Vacuum” type
model for the Universe, see [24, 27, 50–52]. For further details see appendix A.

In our RG-inspired model, the VeV is assumed to be trapped in a false vacuum in the pre-
inflationary period at very high energies, and then, due to quantum fluctuations, as described
by the RG, the effective potential is modified releasing the VeV and leading to the classical
inflationary evolution at the scale of inflation. Note that the RG evolution of the (self-
interaction) potential of the inflaton field is a consequence of its own scale-dependent quantum
fluctuations; the above scenario welcomes the existence of further quantum fluctuations below
the scale of inflation, where the slow-roll process is otherwise considered to be “classical”.
However, the quantum fluctuations below the scale of inflation are of less importance because
the false vacuum has already disappeared.

The main idea behind our proposed method for RG running induced inflation is the fact
that any scalar potential should tend to a convex one during the RG flow. We show that the
RG evolution of the potential starts from a concave potential at high energies, (i.e., at the
Planck scale) which ensures that the VeV can be trapped; it tends to a less concave one at
lower energies (i.e. at the GUT scale) and releases the VeV to initiate inflation. RG running is
expected to provide a sufficient change in the shape of the potential between the two scales.
Let us note that we show this general picture by explicit calculations with RG equations
obtained in flat Euclidean space. One might argue that, nevertheless, a more reliable RG
study can take into account for example the corresponding curved spacetime effects. Indeed,
functional RG in an FLRW metric space has been discussed, for instance, in [31–34]. The
field is assumed to propagate in above mentioned FLRW cosmological background with the
metric, ds2 = a2(τ)

[
−dτ2 + d~x2

]
(see also appendix A), where τ is the conformal time and
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~x denotes the comoving spatial coordinates [see eq. (1) of ref. [31]]. The action is defined as
[see eq. (2) of refs. [32, 33]]

S[φ] = −
∫
d4x
√
−det g

[
1

2
∇µφ∇µφ+ V (φ)

]
. (2.1)

where ∇µφ∇µφ =
∑4

µ=1(∂φ/∂xµ)2 in the sense of a four-dimensional, flat Euclidean space.

In comparison to eq. (1.1) above, one drops the term 1
2 m

2
pR. An inspection of figure 9 of

ref. [34] reveals that RG running in the FLRW metric leads to an enhanced convexification
with respect to the flat-space approximation used below in eq. (2.5). Since convexification is
an essential ingredient of our arguments, the proposed scenario should directly apply also to
the non-flat metric calculations. We identify the covariant derivative as ∇µ in eq. (2.1).

2.3 Proposed method

Let us emphasize that the proposed RG-induced mechanism should work for any (differen-
tiable) inflationary potential which (i) has a concave region and (ii) has at least one false
vacuum. If these two conditions are fulfilled by the model, one can apply the method in
three steps:

• One has to perform the slow-roll study of the model; this puts constraints on the shape
of the potential. As a result, the “slow-roll potential” becomes (almost) flat in its
concave region where the false vacuum originates, and so, the VeV can roll down slowly
over inflation.

• One has to determine the RG running of the potential, i.e. the RG running of the
couplings. To generate the RG equations for the couplings a possible choice is to
expand the potential into Taylor-series, i.e.,

V = V0 + g1φ+
1

2!
g2φ

2 +
1

3!
g3φ

3 + . . . , (2.2)

which generates the couplings g1, g2, g3, . . . specific to the particular model. One may
expect that, given the existence of a suitable non-perturbatively renormalizable UV
completion, the Taylor expansion is a valid method for analyzing the RG flow if an
appropriate number of couplings are included.

• Once the RG running of the couplings is determined, one has to choose a model at the
Planck scale, so that when it is evolved down to the cosmological scale (k ∼ 1016 GeV),
it becomes identical to the the slow-roll potential.

2.4 Suitability of the φ6 and MSG models

The simplest model which fulfills the above three conditions and has a Z2 symmetry is the
scalar potential

Vφ6 =
1

2
g2φ

2 +
1

4!
g4φ

4 +
1

6!
g6φ

6 , (2.3)

with g2 > 0, g4 < 0 and g6 > 0. It has two false vacua and is here proved to tend to a
convex one in the low-energy limit (see appendix C). The VeV is assumed to be trapped in
(the only) false vacuum of the φ6 model at very high energies. Near the end of inflation,
the parameters of the model can be determined by comparison to PLANCK data (see the
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discussion in section 3.4), and the VeV rolls down slowly (see appendix B.2). However, the
φ6 model, due to its nonrenormalizability, cannot serve as a viable UV completion of the
inflaton potential. and therefore, we here consider the massive sine-Gordon (MSG) model as
its simplest renormalizable UV completion (in four dimensions).

Let us first mention that according to refs. [11–13], one finds a certain disagreement
of the natural inflation potential [59–61] with Planck results, but the natural (i.e., periodic)
inflation model still provides better agreement than the simplest quadratic LFI potential.
However, the combination of a polynomial in the field, and additional periodic terms, provides
for an attractive alternative scenario. For example, in refs. [62, 63], a linear term is added
to the periodic one and proposed as a viable inflationary potential and denoted as an axion
monodromy. The linear term implies that the potential is not bounded from below.

Here, our goal is to extend the periodic potential in such a way that: (i) the potential
has definite lower bounds, (ii) the model has Z2 symmetry, and (iii) the model has more
than one non-degenerate minima, separated in energy by a tunable amount. The model
represents a (nonperturbatively) renormalizable UV completion of the φ6 model with non-
degenerate minima. The potential of the massive sine-Gordon (MSG) model, which fulfills
these requirements, reads as

VMSG(φ) =
1

2
m2φ2 + u [1− cos(βφ)] . (2.4)

The full (Euclidean) action S of our theory is local, and is given by

S =

∫
d4x

[
1

2
(∂µφ)2 + VMSG(φ)

]
, (2.5)

where in comparison to eqs. (1.1) and (2.1), we work in flat space. In order to better
understand the connection to the FLRW metric which enters eq. (1.1), let us observe that in
a metric of the form

gµν = diag(−1, a(t)2, a(t)2, a(t)2) , (2.6)

ds2 = − dt2 + a(t) d~r 2 , (2.7)

with ~r = (x, y, z), one can replace, in the action in eq. (2.1),

∇µφ∇µφ→ gµν∂µφ∂νφ→ = −
(
∂φ

∂t

)2

+
1

a(t)2

(
∂φ

∂~r

)2

. (2.8)

One may stretch the spatial coordinates according to

~r′ = a(t)~r , φ(t, ~r) = φ′(t, ~r′) (2.9)

and re-identify the primed coordinates and fields with the unprimed ones. (The Jacobian of
the transformation to the primed coordinates eliminates

√
−det g = a3 from the action.) A

subsequent Legendre transformation then leads to the Euclidean action given in eq. (2.5),
which we use for our RG analysis. We should also clarify that, for the considerations reported
below, the scaling (2.9) does not matter as it does not affect the later identification of the
running scale k of our RG with a quantity that is a inversely related to a cosmological time
parameter, which is all that is required (see also appendix A).

While we focus on the MSG model in the conventions of eq. (2.4), we anticipate that
important conclusions of our studies for more general functional forms (see appendix B).

– 6 –

7



The MSG model contains two adjustable parameters (the ratio u/m2 and the frequency β)
in addition to the usual normalization factor which can be fixed at the cosmological scale
by the standard slow-roll analysis. Furthermore, we show in appendix B that an additional
constant term does not modify the slow-roll results.

3 Pre-inflation and slow-roll: analytic and numerical approach

3.1 RG flow of the MSG model

If one would like to consider the RG evolution of the parameters of a field theory (e.g.
the inflationary potential discussed in the previous section), then a natural choice is the
momentum shell (functional RG) method which is based on the RG flow equation [64, 65].
Furthermore, one can try to connect the running momentum scale of the RG method (k) to
the cosmological time (t) as it has been done in many papers based on ideas presented in [18–
27]. In general, it is not that straightforward to consider time-dependence of a quantum
field theory. One has to involve some extension of the theoretical framework such as the
closed-time-path (or Schwinger-Keldysh) formalism [66–72] which immediately leads to open
quantum systems where typically an external heat bath has to be introduced.

In addition, one can assume the presence of an external bath of particles whose energy
might redshift, providing a time-dependent background; this might induce some time depen-
dence which has been used in [73] to solve the so-called overshoot problem. We would like to
re-emphasize that we do not follow any of the above attempts and do not assume that RG, eo
ipso, necessarily induces a time-dependence. However, it is still permissible to associate the
running momentum scale with the cosmological time, as described in detail in appendix A.
In general, the (functional) RG allows to treat the effects of quantum fluctuations studying
the scale dependence of a model via a blocking construction, and the successive elimination
of the degrees of freedom which lie above a running momentum cutoff. This procedure gen-
erates the momentum-shell RG (functional RG) flow equation [64, 65] and widely discussed
in refs. [74, 75] . In the local potential approximation (LPA) using the Litim regulator [76],
this equation is written as(

d− d− 2

2
φ̃ ∂φ̃ + k∂k

)
Ṽk =

2αd
d

1

1 + ∂2
φ̃
Ṽk

, (3.1)

where Ṽk = k−dVk is the dimensionless scaling potential, k is the running momentum, αd =
Ωd/(2(2π)d), and Ωd = 2πd/2/Γ(d/2) is the d-dimensional solid angle. The tilde denotes
dimensionless quantities which are obtained from the dimensionful ones via multiplication by
an appropriate power of k, to take away their dimension. The dimensionful and dimensionless
quantities are related by the relations

β̃ = k(d−2)/2 β , m̃ = m/k , ũ = k−d u . φ̃ = k−(d−2)/2φ . (3.2)

It is important to note that the proposed RG treatment gives the same flow equations for
each form of the MSG model, i.e., for our main model given in eq. (2.4), as well as the
variants discussed in eqs. (B.2) and (B.3), because field independent terms do not change the
running, and the RG equation is symmetric under the u→ −u transformation.

The two-dimensional MSG model has already been considered using a momentum shell
RG scheme in refs. [77–80]. Here, we extend these studies to d = 4 dimensions. We look for
the solution of eq. (3.1) in the functional form of the MSG model.
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We pause here to point out that the function Vk(φ), in zeroth order in φ, is a function
only of k; we denote it as Vk(0). Some comments and speculations on the RG evolution of
the field-independent, constant term Vk(0) are presented in appendix D. From one side, the
precise form of the function Vk(0) is irrelevant for our following discussion, in the sense that
none of our results of the main text depend on it. From the other side, we alert the reader that
if one aims at a determination of the free energy in a flat background or of the cosmological
constant in a general non-flat background, then the problem of unambiguously determining
Vk(0) has to be seriously considered. A few remarks on this point, beyond the discussion
in appendix D, are in order. Namely, it is known that in principle, the nonperturbative
RG method for the MSG (see refs. [64, 65] and appendix C), cannot be used in order to
determine the RG evolution of the field-independent, k-dependent term Vk(0), uniquely.
Upon integration, such terms amount to field-independent contributions to the total action
integral. The reason for the emergence of the field-independent, k-dependent terms lies in
the fact that properties are imposed on the regulator [see eq. (C.4) and eqs. (13)—(15) of
ref. [81]]. This implies that the solution of the RG equation for the potential Vk(φ) recovers
the bare action in the UV only up to a k-dependent, but field-independent term. The problem
reflects the fact that the field-independent, but renormalization-scale dependent terms can
lead to an (unphysical) divergence of Vk(0) in the UV limit, as explained in section 2.3 of
ref. [81]. This unphysical behavior necessitates the introduction of subtraction terms if any
meaningful information is to be obtained. In appendix D, we discuss possible subtractions.
We finally observe that the result one may obtain for Vk(0) in the effective action would
be proportional to the free-energy density of the inflaton field in the flat background limit.
A systematic investigation of the conditions that could unambiguously fix the subtraction
scheme in the general case with curved space-time is currently lacking, to the best of our
knowledge, and it would be extremely desirable. For the purposes of the present paper, our
view is to choose a renormalization scheme by which we obtain observationally acceptable
results for the RG running of the potential. Provided we have at least one false vacuum in
the UV, we conjecture that these results, in the IR, even become independent of the details
of the particular field-theoretical model once that, due to the RG running, the potential
starts to flatten and becomes convex. The question of whether the chosen RG scheme is also
capable of describing the RG running of the field-independent term is of lesser importance
in the mentioned context.

Let us consider, then, the field-dependent terms, for which the RG equation used by
us requires no subtractions or modifications. So, substituting expressions given in eqs. (2.4),
(B.2) and (B.3) into eq. (3.1), one can match the periodic and non-periodic terms. The
right-hand side is periodic, and therefore, the non-periodic terms are

m̃2φ̃2 + k∂k

(
1

2
m̃2φ̃2

)
− ũφ̃ sin(β̃φ̃)

d− 2

2
β̃ + ũφ̃ sin(β̃φ̃) (k∂kβ̃) = 0. (3.3)

These also split into two separate equations, one for the β̃ and another for m̃, as one can
show by investigating the purely polynomial and trigonometric terms separately. Thus, from
the non-periodic part, one immediately gets the flow equations for β̃ and for m̃,

k∂kβ̃k =
d− 2

2
β̃k → β̃k = β k

d−2
2 , (3.4a)

k∂km̃
2
k = −2m̃2

k → m̃2
k = m2 k−2 . (3.4b)
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These solutions imply that according to the lowest-order RG study of the MSG potential, the
corresponding dimensionful quantities (m,β) remain unchanged during the RG flow. There-
fore, only the dimensionful Fourier amplitude u changes when the cutoff scale k is decreased
from its (high-energy) pre-inflationary value Λ towards the (low-energy) inflationary stage,
describing the transition toward a convex potential.

The flow equation for u can be obtained from the remaining periodic terms,

− cos(β̃φ̃)(d+ k∂k)ũ =
2αd
d

1

(1 + m̃2 + ũβ̃2 cos(β̃φ̃))
. (3.5)

Although the right-hand side of (3.5) contains higher Fourier modes, here we focus on the
single-mode approximation, which means that after the Fourier expansion of both sides of
(3.5), only the single cosine terms are kept and compared. The result of this procedure is
the flow equation for the Fourier amplitude ũ which reads as

(d+ k∂k)ũk = −4αd
d

1

β̃2
kũk

1−

√√√√ (
1 + m̃2

k

)2(
1 + m̃2

k

)2 − β̃4
kũ

2
k

 . (3.6)

Solving these partial differential equations for the couplings simultaneously, one determines
how the potential of the MSG model depends on the running scale.

It is useful to rewrite eq. (3.6) in terms of dimensionful quantities, with the result

k∂kuk = −4αd
d

kd+2

β2uk

(
1−

√
(k2 +m2)2

(k2 +m2)2 − β4u2
k

)
. (3.7)

While uk is running, the two other dimensionful parameters (β,m) are constant over the flow,
according to eq. (3.4). Let us linearize eq. (3.7) around the Gaussian fixed point assuming
that β2uk/(k

2 +m2)� 1, with the result

k∂kuk = −4αd
d

kd+2

β2uk

(
1−

√
1

1− β4u2
k/(k

2 +m2)2

)
≈ 2αd

d

kd+2

β2uk

β4u2
k

(k2 +m2)2
, (3.8)

which can be further simplified if the (dimensionful) mass is much smaller than the running
RG scale, i.e., m2 � k2, in which case the flow equation reads as

k∂kuk ≈
2αd
d
kd−2β2uk . (3.9)

The latter is the linearized RG flow equation for the massless sine-Gordon model. Its solution
can be obtained analytically and for d = 4 dimensions it has the following form (αd=4 =
1/16π2)

uk = uΛ exp

[
β2

64π2
(k2 − Λ2)

]
(3.10)

where uΛ is the initial value for the Fourier amplitude at the UV scale Λ. Within the context
of our investigations, an obvious choice is the Planck scale, Λ = Λp = 2.4 × 1018 GeV.
However, we should emphasize that our strategy here is a little different from what is usually
employed in an RG analysis. Namely, while the UV scale of our analysis is the Planck
scale, this is not the scale where we match the parameters of our model against astrophysical
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Figure 2. Potential of the MSG model (2.4) at various RG scales. The solid line stands for the
potential at the scale of inflation (ki = 2.0 × 1013 GeV). The values of the potential parameters

have been calculated by the acceptance region in figure 4 with the choice β̂ = 30. Using eq. (3.19)

the normalized parameters are m̂ = 5.4 × 10−10, û = 1.5 × 10−21, β̂ = 30 which yield the solid line
that represents the potential over the whole inflationary period, where the VeV (full black circle) rolls
down inducing inflation. The dashed lines correspond to UV values (pre-inflation), obtained by RG
considerations using eq. (3.10), see the discussion in section 3.1.

observations. Instead, we fix the value of the running Fourier amplitude uk and also the
value of the constant dimensionful frequency β and mass m at the scale of inflation ki, e.g.,
at the GUT scale, ki ∼ kGUT = 2× 1016 GeV, where one can match them with the slow-roll
parameters (u0, β0, m0). Once more, we emphasize that it is the scale of inflation ki, i.e.,
the starting point of the slow-roll, not the Planck scale, where the parameters are matched,
according to

uki = u0, β = β0, m = m0. (3.11)

Once these values are fixed, one can easily obtain the initial condition uΛ by using for
example the solution (3.10) (in its region of applicability, as discussed above) or in more
general the solutions [eq. (3.4)] of the RG flow equations. As a final result, the RG scaling
of the dimensionful Fourier amplitude uk is fully determined.

3.2 Pre-inflationary period and RG running

Let us now study the effects of quantum fluctuations in the pre-inflationary period by applying
the RG method for the MSG model in d = 4 dimensions. The quadratic LFI potential has no
RG evolution at all, i.e., the dimensionful mass remains unchanged, so that the dimensionless
mass has a trivial RG scaling. Instead, as discussed, the MSG model has a non-trivial
RG scaling because of the periodic term which evolves under RG transformation; yet, the
dimensionful mass term again has no RG evolution, as implied by eq. (3.1). Let us now use
the results of the RG analysis in order to discuss a possible mechanism for inflation. For the
sake of simplicity, we consider MSG potentials with parameters fixed by the slow-roll study.
Suppose that at very high energy scales (deep UV region) in the pre-inflationary period, the
VeV is situated in the second minimum of the MSG potential [see figure 2 for the model
given in eq. (2.4) and appendix B for the other two variants, given in eqs. (B.2) and (B.3)].

RG evolution forces the potential to tend a convex one valid for any potential, as shown
in appendix C, and so the MSG potential becomes shallow at the scale of inflation. At
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this stage, the VeV starts to roll down towards the real minimum, inducing inflation. We
find that the inclusion of quantum fluctuations leads to a strong renormalization of the
inflationary potential, eventually leading to the disappearance of the false vacua trapping
the VeV expectation in the pre-inflationary period, thereby inducing inflation.

3.3 Inflationary period and slow roll

Let us now discuss the picture emerging for the inflationary period using the MSG model.
In order to follow the conventions of inflationary cosmology in the slow-roll study we use
reduced Planck units

c ≡ ~ ≡ 1 , m2
p =

1

8πG
≡ 1 . (3.12)

Thus, dimensionless quantities of the MSG model in the framework of the slow-roll analysis
are understood as

û =
u0

m4
p

, β̂ = β0mp, m̂ =
m0

mp
, φ̂ =

φ

mp
, (3.13)

where u0, β0 and m0 are the dimensionful couplings fixed at the scale of inflation ki, i.e., at
a scale commensurate with or even below the GUT scale, and not at the Planck scale. In
passing, we note that mp = 2.4× 1018 GeV, while the GUT scale is at kGUT = 2× 1016GeV,
so that

kGUT

mp
≈ 1

120
. (3.14)

Of course, in Planck units, the dimensionful and dimensionless parameters (which are com-
monly referred to as the “reduced” quantities in metrology) assume the same numerical
values. The slow-roll analysis fixes the (dimensionless) parameters, and so we can easily
restore the dimension later. In Planck units, the slow-roll conditions are the following

ε ≡ V ′2/(2V 2)� 1 , η ≡ V ′′/V � 1 , (3.15a)

which have to be fulfilled by a suitable potential for a prolonged exponential inflation with
slow roll down. The e-fold number

N ≡ −
∫ φf

φi

dφ
V

V ′
(3.16)

should be in the range
50 < N < 60 . (3.17)

Here, φi and φf are the initial and final configurations of the field, respectively.
The power spectra of scalar (PS) and tensor (PT ) fluctuations can be characterized

by their scale dependence, i.e., PS ∼ kns−1, where k is the comoving wave number. Then,
slow-roll parameters are encoded in expressions for the scalar tilt ns−1 ≈ 2η−6ε and for the
tensor-to-scalar ratio r = PT /PS ≈ 16ε, which can be directly compared to CMBR data [6].

We here initially focus on the first variant of the MSG model, given in eq. (2.4). The
explicit form of the potential during the inflationary period is reported as a solid line in
figure 2 (see also figure 7 and figure 8 and appendix B for the other two variants of the MSG
model). Let us first compare results obtained from natural inflation, i.e., sine-Gordon and
MSG models, for various values of the frequency. As shown in figure 3, the MSG model
provides more reliable results. Moreover, the ratio û/m̂2 and the frequency β̂ can be fixed
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Figure 3. Scalar tilt ns and tensor-to-scalar ratio r derived for various frequencies (i) for the natural
inflation model (orange line segments to the left) and (ii) for the MSG model given in eq. (2.4) with
fixed ratio û/m̂2 = 1/(0.22)2 (purple line segments in the middle). As evident from the uppermost

orange line segment, the two models give identical results for β̂ = 0. Different purple line segments
result from different values of β̂ (for the massive model). Both are compared to results of the Planck
mission [11–13] where dark color regions stand for 95% CL and the light color regions correspond
to 68% CL. The notation BKP stands for the combined data from BICEP2/Keck Array and Planck
Collaborations. We adopt the following labels for likelihoods: (i) Planck TT denotes the combination
of the TT likelihood at multipoles l ≤ 30; (ii) Planck TT+lowP further includes the Planck polariza-
tion data in the low-l likelihood and ”ext” is used for external data, e.g. baryon acoustic oscillations
(BAO). As evident from eq. (3.21), the best acceptance region for Planck data is reached for a value of

β̂ ≈ 0.3 (for fixed ratio û/m̂2 = 1/(0.22)2) with the massive model. More data (various color schemes)
evidently put more stringent constraints on the acceptance region for ns and r. The “rungs” of the
latter correspond to the range (3.17) indicated for the e-fold number N .
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Figure 4. Regions of the parameter space of the MSG model given in eq. (2.4) are indicated by
different colors corresponding to a different level of acceptance for folding number N = 55. The
dark blue region gives the best fit to Planck data. The inset shows the best acceptance regions for
N = 50, 55, 60.
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by choosing the best fit to observations (see figure 3). In figure 4, we indicate regions of the
parameter space of the MSG model with different colors corresponding to different levels of
acceptance.

For the plot in figure 2 and elsewhere, it is necessary to fix the scale of the ordinate axis
for the potential. This is done as follows. Let φi denote the VeV of the value of the field φ at
the onset of the slow-roll, i.e., the VeV of the potential at the very point in the RG analysis
where the “false” vacuum disappears and the slow-roll begins. Writing eq. (2.4) as

VMSG(φ) = u

(
1

2

m2

u
φ2 + [1− cos(βφ)]

)
, (3.18)

and in consideration of eq. (3.21) below, one immediately sees that fixing the absolute value
of the potential at φ = φi is tantamount to choosing a particular absolute normalization for
the value of u = uki . Depending on the value obtained for the tensor-to-scalar ratio r in
the acceptance region [see also figure 3], the scale of inflation can be commensurate with the
GUT scale, i.e., ki ∼ kGUT = 2×1016GeV. Here, we fix the absolute normalization factor for
the potential so that the exact condition [see eq. (23) of ref. [83] and eq. (218) of ref. [58]],

V (φi) ≡
r

0.01
(1016 GeV)4 , (3.19)

is being met. The tensor-to-scalar ratio r is given by the slow-roll parameters, and determined
by the β̂-dependent acceptance region; the scale of inflation [which is determined by the
tensor-to-scalar ratio for a single field inflation, see the text above eq. (218) of ref. [58]] is
defined as

V (φi) ≡ k4
i , ki =

(
r

0.01

) 1
4

1016 GeV. (3.20)

Let us note, by way of example, that according to figure 3, the slow-roll study of the MSG
model with the fixed ratio û/m̂2 = 1/(0.22)2 gives the fit parameters β̂ ≈ 0.3 and r ≈ 0.05
for the acceptance region, and so, in this case, the scale of inflation, ki = 1.5× 1016 GeV, is
around the GUT scale.

The theoretical predictions obtained from the MSG model are in an excellent agreement
with observations. Surprisingly, we can use the results of the slow-roll study in order to fix
the parameters of the MSG model at the scale of inflation. There are two regions in the
parameter space of the MSG-type models where one finds good agreement with observations,
and we will discuss these two regions separately.

3.4 Fit to experimental data for small β

The ratio and frequency taken from the dark blue region give the best fit to Planck data
and the third parameter (the mass) can be fixed by the power spectrum normalization, i.e.,
by eq. (3.19). Let us use this scenario to fix the admissible parameter regions of MSG-type
models for small β. The best dimensionful values for the MSG model (2.4) taken from the
slow-roll study read can be read off from figures 3 and 4. In particular, the blue “blob” region
in figure 4 can be identified as the start point of a nearly straight line in parameter space,
along which the following condition holds,

ûβ̂2

m̂2
=
u0β

2
0

m2
0

≈ 0.32

0.222
> 1 . (3.21)
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Furthermore, the blue “blob” is easily located around the value β̂ ≈ 0.3 in figure 4, which,
together with the normalization condition (3.19), leads to the following numerical values for
the fit parameters,

m̂small ≈ 5.92× 10−6 ⇒ msmall
0 ≈ 1.42× 1013 GeV , (3.22a)

ûsmall ≈ 7.24× 10−10 ⇒ usmall
0 ≈ 2.4× 1064 GeV4 , (3.22b)

β̂small ≈ 0.3 ⇒ βsmall
0 ≈ 1.25× 10−19 GeV−1 . (3.22c)

For the particular choice of the fit parameters exemplified in figure 3, the scale of infla-
tion is found to be of the same order-of-magnitude as the GUT scale, with the result
ki = 1.5 × 1016 GeV, as already indicated above. Further details of the acceptance regions
can immediately be read off from figures 3 and 4. One can conclude that the slow-roll study

for small β provides parameters for the MSG model where the relation
u0β2

0

m2
0
> 1 always holds

[independent of the variant of the MSG model considered; see eqs. (2.4), (B.2), and (B.3)].
Finally, let us note that the dimensionful parameters of the MSG model determined

by the slow-roll analysis in the small β region are small compared to the GUT scale, see
eq. (3.22a), and thus, the approximate solution (3.10) of the RG flow equation (3.7) can be
used to obtain the RG scaling of the potential and to extrapolate towards higher energy scales.

It is easy to check that, during the RG flow, down from the Planck to the GUT scale,
the expression β k = β0 k assumes values in the range

β̂
kGUT

mp
< (β0 k) < β̂ . (3.23)

The change in the potential during the RG, i.e., during the scaling from the Planck to the
GUT scale, has to be substantial in order for our proposal to be physically meaningful. From
eqs. (3.10) and (3.14), we infer that

χ =
ump

ukGUT

= exp

[
1

64π2

(
β̂2 − β̂2

1202

)]
. (3.24)

In the region
β̂ & 30 , χ & 4.2 , (3.25)

the ratio χ implies a (more than) four-fold change in the amplitude u. This constitutes
the (more favorable) region of large β̂ which we study in the following. The only other
way to reconsider the region of small β̂ is to postulate an RG running over super-Planckian
scales, which however, seems somewhat problematic even for the cosmological era under
consideration here.

3.5 Fit to experimental data for large β

In order to investigate the (favored) region of large β̂, we have carried out numerical calcu-
lations for all versions of the MSG model. Those three versions [given in eqs. (B.2), (B.3)
and (B.10)], where the periodic term has the same sign, have absolutely equivalent behavior
in the range β̂ & 1.0, i.e., their best acceptance regions overlap (see figure 5).

The first version (2.4) produces the same qualitative result, but with a slightly different
slope. So, one can conclude that in the large frequency range, relevant for fixing the param-
eters of the model at the very beginning of inflation, all versions of the MSG model produce
the same initial value for the VeV.
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Figure 5. The best acceptance regions for three variants of the MSG model (B.2), (B.3) and (B.10)

coincide in the limit of large β̂.

Figure 6. The RG scaling of the MSG potential is shown from the Planck scale towards the scale
of inflation for β̂ = 30. The MSG potential at ki = 2.0× 1013 GeV is fixed by the slow-roll analysis.
The red ball denotes the VeV which is trapped in a false vacuum at the Planck scale and due to RG
running it is released at the scale of inflation to roll down to the real ground state.

We note that the scale of inflation ki depends on the particular choice of β̂. For small
values of β̂, the inflation occurs at the GUT scale. For large values, i.e., for β̂ & 1.0 the scale
of inflation is smaller than the GUT scale. For β̂ & 30, one finds ki = 2.0 × 1013 GeV. In
this particular case, the RG running leads to a pronounced sufficient decrease in the Fourier
amplitude u(k = mp)/u(ki) & 4.2. A visual representation of the change is given in figure 6,
where the change in the shape of the potential against the running RG scale k is plotted for
β̂ = 30 [the corresponding 2D figure is figure 2].

Finally, let us add a few remarks on the preferred values of β̂ that result from our
analysis. On the one hand, if one takes the view that the vacuum should be “safely” trapped
in the false vacuum at the Planck scale, then the change in the effective potential from the
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Planck scale down to the scale of inflation has to be substantial. Under these assumptions,
a minimum choice would be β̂ & 30, since otherwise there is no sufficiently large change in
the shape of the potential caused by the RG running between the Planck scale and the scale
of inflation; hence the RG running cannot induce inflation. On the other hand, if β̂ ∼ 300,
then the scale of inflation exceeds the GUT scale by more than four orders of magnitude,
which is certainly counter-intuitive.

This observation is important because the parameters of the model are fixed by compar-
ison to experiment [11–13], with the exception of β̂. Once β̂ is chosen and the normalization
condition (3.19) is implemented, all other parameters of the model are fixed.

4 Conclusions

We have demonstrated, by the RG study of the MSG model, that the RG running of the
parameters in the pre-inflation period naturally provides us with a flattening of the potential,
i.e., it tends to a convex shape which allows the field to roll down to the true vacuum
classically (see figure 2). We argue that the MSG model is a viable cosmological model,
and, if confronted with the very recent Planck data, gives very good agreement. Our results
also show that it does not matter if we add a constant term to the MSG model, as evident
from the results obtained using variants of the MSG model. Furthermore, we argue that the
proposed RG-induced mechanism should work for any inflationary potential with concave
regions. We merely choose the three variants of the MSG model, and the Vφ6 theory to
illustrate the generality of our arguments. Thus, the very general statement holds that due
to convexity, the false vacuum should disappear at a certain lower energy scale, and the VeV
which is trapped in the false vacuum at high energies, should start to roll down towards the
real ground state when the false vacuum disappears.

However, it is important to note that in a realistic demonstration of the change from
concavity to convexity of the inflationary potential in the RG context, one should consider
some particular GUT with a given matter content. This is particularly significant in the
pre-inflationary epoch. We do not pursue such a study here, however, we here note that
other fields do not change the RG running of the inflation potential drastically, so that the
effective (scalar) potential in the IR should be convex.

Let us put our findings into a wider context. Small-field inflationary models are not in
favor since initial conditions are more problematic for small-field inflation. Hybrid inflation-
ary models are not supported or almost totally excluded by recent Planck data since they
require ns > 1 (see refs. [83, 84]), but we know from Planck data that ns < 1. Therefore,
large-field models seem to be better candidates but in general, they have a weakness, namely,
their large initial value for the VeV which makes it difficult to support them by a particle-
physics model. The importance of our method proposed here is that so-called “chaotic”,
large-field inflationary models could be supported by a particle-physics origin since there is
no need for large field fluctuations at the scale of inflation. RG running induces inflation
from a false vacuum where the VeV is trapped at very high energies (much higher than the
scale of inflation); in this region, it is permissible to assume large field fluctuations.

The method of RG-running induced inflation, as we show, determines a unique initial
value as a starting point for the VeV, and so, it explains why the inflaton field starts in the
particular slow roll domain. By a unique initial value as a starting point for the VeV, we
mean that in the RG-induced inflationary scenario, the VeV, i.e., the false vacuum which
is the initial value for the slow-roll depends only on the shape of the potential. Other
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scenarios often depend on the random process of quantum fluctuations to excite the field
to the initial value of the slow-roll. However, apart from the quantum fluctuations, the RG
induced inflation has a unique initial value and solves this problem. In other words, no large
amplitude fluctuations are needed at the energy scale of inflation (the VeV is assumed to be
trapped in a false vacuum at very high energies). This fact may help to build up inflation
with the same rate at various regions of space and solve the initial-value problem.
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A RG running and Hubble time

A few illustrative remarks on RG evolution and time dependence are in order. Here, we by no
means assume that the RG, eo ipso, induces a time-dependence. However, it is still permissi-
ble to associate the running momentum scale with the cosmological time. The essential idea
to argue in favor of this hypothesis has been formulated in refs. [18–27]: if one considers the
Universe at age t, then it is forbidden to assume fluctuations with a frequency higher than
1/t. So, the mode integration, which is the cornerstone of the functional RG method, has to
be stopped at a scale k ≈ 1/t. For further details, one may consult refs. [18–27]. Indeed, a
number of recent papers [35–49] use this idea.

Let us put this statement into context. We first recall that the original idea to relate
the RG to a blocking construction in real space (which amounts to the integration of higher
momentum shells in momentum space) has been formulated by Kadanoff [see eqs. (1)–(11)
of ref. [55]] and Wilson [see eq. (17) of ref. [56]]. The notion was that only some specific
details of the microscopic theory should be important for the prediction of the same critical
behavior at large distance scales (within a given “universality class”). In order to describe
the connection to time evolution in the Early Universe, one imagines, e.g., a tiny crystal of
a substance forming, and then, growing fast. At first, the interactions within the crystal are
described by the microscopic interaction, but then, as the crystal grows fast, the correlation
functions are those of the effective, low-energy theory. In the same right, we can assume the
Universe to grow over time, thus realizing the Wilson blocking construction in real space, as
the universe expands. That is the idea behind the concepts formulated in refs. [18–27]. For
an excellent review on the blocking construction in momentum space and the functional RG,
we refer to ref. [57].

Indeed, invoking the concepts of homogeneity and isotropy, it was argued in refs. [18–27]
that k can only depend on the cosmological time, and that the correct identification is given
by a functional relationship k(t) = ξ/t, where ξ is a positive constant of order unity. It would
thus be assumed that the RG scale k is a related to the inverse of the age of the Universe
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which is identified by the Hubble time t ∼ H−1 where H(t) is the time-dependent Hubble
parameter. However, we should stress that the precise details of the identification are not
important for the fitting of the parameters of our field-theoretical model to astrophysical
observations, which will be described in the following. All we require is that the momentum
scale k be a monotonically decreasing function of a more general time scale, say, τ , the latter
of which constitutes some kind of cosmological time parameter, e.g., a comoving (particle)
horizon. An alternative natural identification would thus be based on the conformal time
dτ = dt/a(t), where a(t) is the scale factor of the FLRW metric. One finds the following
expression for the comoving (particle) horizon,

τ =

∫ t

0

dt′

a(t′)
=

∫ a

0
d ln a

1

aH
(A.1)

[see eq. (36) of ref. [58]]. Here, a(t) is the scale factor of the FLRW metric. The time-
dependence of the comoving Hubble radius is known from the solution of the FLRW equation,
(aH)−1 = H−1

0 a1+3w. For the radiation (i.e., relativistic matter) dominated case, w = 1/3
and a(t) ∼ t1/2, while for the non-relativistic matter dominated epoch, we have w = 0 and
a(t) ∼ t2/3. For the dark-energy dominated regime, one has w = −1 and a(t) ∼ exp(Ht).
The comoving Hubble radius is found to be an increasing parameter of time except for
the dark-energy dominated regime (see table 2 of ref. [58]). For our investigations, it is
important that τ ∼ a1+3w is monotonically increasing with time in the radiation-dominated
regime (τ ∼ a ∼ t1/2) and also in the matter-dominated case (τ ∼ a1/2 ∼ t1/3). In our RG-
supported picture, the precise functional relationship between the momentum scale k of the
RG and the cosmological time parameter τ is of lesser importance in the the pre-dark-matter
period. The same qualitative and, for our investigations, quantitative picture results if one
universally assumes that the RG scale k is a monotonically decreasing function of the age of
the very early Universe. Favorable and intriguing observations for suitable parameter regions
are reported in sections 3.5.

B Slow-roll studies of alternative models

B.1 Slow-roll study of the MSG model

In the framework of the MSG model, we consider the following variants of the model originally
proposed in eq. (2.4),

VMSG1(φ) =
1

2
m2φ2 + u [1− cos(βφ)] , (B.1)

VMSG2(φ) =
1

2
m2φ2 + u [cos(βφ)− 1] , (B.2)

VMSG3(φ) =
1

2
m2φ2 + u [cos(βφ)− 1]− V0 , (B.3)

where the second version differs from the first only by the sign of the u. The third version
has an additional constant V0 to keep the minima of the potential at zero (which can be
achieved by a possibly k-dependent, but field-independent subtraction term V0).

In principle, one might argue that the slow-roll analysis of (B.1), with a negative value
for the coupling u, should give the same result as the slow-roll analysis of (B.2) with the
same magnitude, but opposite sign, of the coupling u, and vice versa. This conjecture could
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Figure 7. The same as figure 2, but for the second version of the MSG model (B.2). Here the

normalized parameters, corresponding to the solid line, are m̂ = 4.0× 10−10, û = 1.4× 10−21, β̂ = 30
which have been derived from the acceptance region of figure 5 using the slow-roll study with β̂ = 30.

be based on the fact that models (B.1) and (B.2) turn into each other upon the replacement
u → −u. However, during our numerical analysis, we keep u positive. Hence, there is a
difference between the variants, since the slow-roll analysis is not symmetric under the sign
change of u. In particular, both ε = 1/2(V ′/V )2 and η = V ′′/V depend on the sign of u. An
essential difference between the MSG variants (B.1) and (B.2) is the position of the global
minima. For the model (B.1), the potential has a global minimum at zero, while for (B.2),
it has two degenerate global minima, and a local maximum at zero. Therefore, the position
of the expectation value of the field (φf ) after the inflation, and other results of the slow-roll
analysis, are also different for the two variants.

An essential observation is that we can, colloquially speaking, identify u = u(k) with
an “oscillation amplitude” of the field as it multiplies the cosine term. In some sense, one
can thus argue that the slow-roll study of the variants of the MSG model depends more on
the magnitude of u than on its sign in the large β limit. That is because, if one chooses u
or −u, and a given value of m and β, one gets a potential whose first “false” vacuum lies
approximately at the same position in the UV for large β values. The “swing factor” of the
potential does not depend on the sign of u, only on the magnitude (modulus) of u. Therefore,
similar slow-roll results are expected for the variants of the MSG model in the large β limit
which is demonstrated in figure 5.

However, when one evolves the potential into the IR, the difference become apparent:
the minimum of (B.1) migrates to φ = 0, while the minimum of the model (B.2) goes to a
nonvanishing vacuum expectation value φ = φ0. We refer to figures 6, 11 and 12 for three-
dimensional graphics respresenting the RG evolution of the potentials, verifying the above,
intuitive arguments.

In more general terms, it is interesting to observe that the variants (B.1) and (B.3) are
expected to give identical slow-roll results in the limit of vanishing mass, i.e., m→ 0; compare
figure 4 and figure 10 in the limit of vanishing mass. This becomes evident after taking the
limit m → 0 in (B.3) while the constant term, for m → 0, is fixed as V0 = −2u. The
variants (B.1) and (B.3) then become identical when the field variable is shifted according
to φ→ φ+ π/β.

Before we come to the slow-roll analysis, we briefly remark that the RG analysis during
the pre-inflationary period is largely unaffected by the choice of the variant of the MSG model
(see figures 7 and 8).
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Figure 8. The same as figure 2, but for the third version of the MSG model (B.3). Here the

normalized parameters, corresponding to the solid line, are m̂ = 5.5× 10−10, û = 2.6× 10−21, β̂ = 30
which have been derived from the acceptance region of figure 5 using the slow-roll study with β̂ = 30.
Just as in figure 7 (for the second version of the MSG model), and in contrast to the first variant of
the MSG model (see figure 2), the third version of the MSG model predicts a nonvanishing vacuum
expectation value of the inflaton field in the IR.

In order to have a prolonged exponential inflation with slow roll down [using reduced
Planck units c ≡ ~ ≡ 1 and m2

p = 1/(8πG) ≡ 1], the conditions given in eq. (3.15) must be
fulfilled during inflation [4, 5]. Indeed, the inflation stops at φf if ε(φf,ε) or η(φf,η) reaches
the value unity. Therefore, after substituting a potential, one can compute φf using the
relation φf = max (φf,ε, φf,η). The e-fold number N describes how many times the size of
the Universe got larger by an e-fold and is defined in eq. (3.16); it is known to be in the range
50 < N < 60 (see refs. [11–13]). For example, using dimensionless quantities, the parameters
ε, η and N can be expressed as follows for the first version of the MSG model,

ε =
1

2

 û
m̂2 β̂ sin(β̂φ̂) + φ̂

û
m̂2

[
1− cos(β̂φ̂)

]
+ 1

2 φ̂
2

2

, (B.4)

η =
û
m̂2 β̂

2 cos(β̂φ̂) + 1

û
m̂2

[
1− cos(β̂φ̂)

]
+ 1

2 φ̂
2
, (B.5)

N = −
∫ φ̂f

φ̂i

dφ̂

û
m̂2

[
1− cos(β̂φ̂)

]
+ 1

2 φ̂
2

û
m̂2 β̂ sin(β̂φ̂) + φ̂

. (B.6)

One finds similar results for the other two variants of the MSG model. These quantities
only depend on the equally dimensionless ratio û/m̂2 and the dimensionless frequency β̂. If
the mass term is negligible compared to the periodic one, then one obtains back the natural
inflation (i.e., sine-Gordon) model. In the limit of a negligible periodic term (compared to
the mass), one obtains the quadratic monomial inflationary model.

By choosing a particular value of N (e.g., N = 55), the starting point of the inflation
φi can be calculated using the integral (3.16) after substituting the previously obtained φf
for a potential. Knowing φi, one can compute all relevant measurable quantities. These are
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Figure 9. The same as figure 4, but for the second version of the MSG model (B.2). Regions of
the parameter space of the second version of the MSG model (B.2) are indicated by different colors
corresponding to different level of acceptance for N = 55, where the dark blue region gives the best
fit to Planck data. The inset shows best acceptance regions for N = 50, 55, 60. For given data sets,
dark color regions stand for 95% CL and the light-colored regions correspond to 68% CL.
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Figure 10. The same as figure 4 and figure 9, but for the third version of the MSG model (B.3).

the scalar tilt ns ≈ 2 η(φi) − 6 ε(φi) + 1 and the tensor-to-scalar ratio r ≈ 6ε(φi). These
quantities were measured by the PLANCK mission [11–13] and can be directly compared to
theoretical calculations.

After performing the described calculations for different parameters of the first version
of the MSG potential given in eq. (2.4), we obtain figures 3 and 4, where we indicate regions
of the parameter space with different colors corresponding to different level of acceptance.
The same slow-roll analysis has been performed for the last two versions of the MSG model
[eqs. (B.2) and (B.3)] producing very similar results (see figures 9 and 10).

In order to fix not just the ratio û/m̂2 and β̂ but all three parameters of the potential,
one must take into account the fact that the magnitude of the potential when the inflation
started was V (φi) ≡ r

0.01(1016 GeV)4. Therefore, the best dimensionful values for the two
variants of the MSG model (2.4) and (B.2) taken from the slow-roll study read (see figure 9
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Figure 11. The same as figure 6 but for the variant (B.2) with β̂ = 30.

and figure 10) can be determined. For the MSG model (B.2), one finds

ûβ̂2

m̂2
=
u0β

2
0

m2
0

≈ 0.332

0.172
> 1, m0 ≈ 4.93× 10−6mp, (B.7)

and thus m0 ≈ 1.18× 1013 GeV. For the model given in eq. (B.3), it reads as

ûβ̂2

m̂2
=
u0β

2
0

m2
0

≈ 0.392

0.22
> 1, m0 ≈ 4.89× 10−6mp , (B.8)

where m0 ≈ 1.176× 1013 GeV. Thus, the slow-roll study for small β provides parameters for
the MSG model where the relation

u0β
2
0

m2
0

> 1 (B.9)

always holds. The best parameters of eqs. (B.7) and (B.8) are very similar to each other in
the small β region.

Let us discuss the change in the shape of the potentials (B.2) and (B.3) against the
running RG scale k. This is visually represented in the 3D figures figure 11 and figure 12
[the corresponding 2D figures are figure 7 and figure 8].

Although in this work our focus is on the slow-roll study performed for small frequencies,
it is important to discuss very briefly the limit of large β̂. In particular, we would like to
discuss how the constant (field-independent) term influences the best acceptance results,
therefore we introduce the fourth version of the MSG model

VMSG4(φ) =
1

2
m2φ2 + u cos(βφ) , (B.10)

which is obtained from eq. (2.4) by the replacement u [1− cos(βφ)] → u cos(βφ). Let us
consider the best acceptance regions for MSG type models where the periodic term has the
same sign, i.e., for the models given in eqs. (B.2), (B.3) and (B.10). These regions overlap
for large frequencies (see the straight (dark) line in figure 5). Thus, the addition constant
term of (B.2), (B.3) and (B.10) do not play any role in the slow-roll study.
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Figure 12. The same as figure 6 but for the variant (B.3) with β̂ = 30.
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Figure 13. The same as figures 4, 9 and 10 given above, but for the φ6 model (B.11). Regions of
the parameter space are indicated by different colors corresponding to different level of acceptance for
N = 55, where the dark blue region gives the best fit to Planck data.

Finally, let us note that one of the conceivable interpretations of the MSG potential is
that it is the UV completed potential of the Higgs, since the first two terms of its Taylor
expansion recover the usual standard model which is bi-quadratic Higgs potential. Therefore,
the φ field (in a more general model) can be a scalar doublet, but the potential depends only
on the magnitude of this doublet and therefore, by a gauge transformation, it can be reduced
to a single scalar field, as it is usually done when describing the Higgs (or, more accurately,
the Brout-Englert-Higgs, or BEH) mechanism.

In conclusion, the theoretical predictions obtained from all types of MSG models are
in an excellent agreement with observations in a well-defined region of parameter space, and
therefore can be used to fix the parameters of the MSG models at the scale of inflation.
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6 at various RG scales. The solid line stands
for the potential at the scale of inflation (ki = 1016 GeV), determined from the acceptance region of
figure 13 using the slow-roll study (see section B.2) with the choice ĝ2/ĝ6 = 2/6!× 105. The resulting
normalized parameters (ĝ2 = 1.4× 10−10, ĝ4 = −8.4× 10−12, ĝ6 = 5.0× 10−13) describe the potential
over the whole inflationary period, where the VeV (full black circle) rolls down inducing inflation. The
dashed lines correspond to UV values (pre-inflation), obtained considering known RG equations for
the couplings of the φ6 model, see e.g., ref. [82]. For further remarks on this point, see the discussion
aroung eq. (B.15).

B.2 Slow-roll study of the φ6 model

We also show the viability of our findings using the slow-roll analysis of the φ6 model,

Vφ6 =
1

2
g2φ

2 +
1

4!
g4φ

4 +
1

6!
g6φ

6, (B.11)

which is perturbatively nonrenormalizable but allows for UV extensions (in the sense of the
MSG models) which are renormalizable by a nonperturbative RG, as discussed at length
above. In the case of the φ6 potential, the key quantities, ε, η and N , are described by the
following expressions

ε =
1

2

(
ĝ2
ĝ6
φ̂+ 1

3!
ĝ4
ĝ6
φ̂3 + 1

5! φ̂
5

1
2
ĝ2
ĝ6
φ̂2 + 1

4!
ĝ4
ĝ6
φ̂4 + 1

6! φ̂
6

)2

, (B.12)

η =

ĝ2
ĝ6

+ 1
2
ĝ4
ĝ6
φ̂2 + 1

4! φ̂
4

1
2
ĝ2
ĝ6
φ̂2 + 1

4!
ĝ4
ĝ6
φ̂4 + 1

6! φ̂
6
, (B.13)

N =−
∫ φ̂f

φ̂i

dφ̂

1
2
ĝ2
ĝ6
φ̂2 + 1

4!
ĝ4
ĝ6
φ̂4 + 1

6! φ̂
6

ĝ2
ĝ6
φ̂+ 1

3!
ĝ4
ĝ6
φ̂3 + 1

5! φ̂
5
, (B.14)

where the hat denotes dimensionless variables following the convention of eq. (3.13), i.e.,
ĝ2 = g2/m

2
p, ĝ4 = g4, ĝ6 = g6m

2
p, φ̂ = φ/mp. These, again, do not depend on the magnitude

of the potential, but only on the ratios of the couplings ĝ2/ĝ6 and ĝ4/ĝ6. In order to keep the
potential to be bounded from below and have a false vacua one has to chose the signature
ĝ2 > 0, ĝ4 < 0, ĝ6 > 0 for the couplings.
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A few remarks are in order, regarding the derivation of the RG equations that form the
basis of figure 14. Namely, one might wonder how one could obtain RG equations for the φ6

model when we have made the point in our paper that our main focus lies on the MSG model
as the simplest nonperturbatively renormalizable UV completion of the φ6 model, precisely
for the reason that the φ6 model is not perturbatively renormalizable in four dimensions. To
this end, we should point out that the RG equations used by us should be taken with a grain
of salt. Namely, they are obtained upon truncation of the Taylor expansion of eqs. (2.61)
and (2.62) of ref. [82] in powers of φ, neglecting terms of order φ8, which would otherwise
be generated by the RG flow. For completeness, we note the relevant RG equations used in
figure 14,

k∂kg̃2 = − 2g̃2 −
g̃4

32π2(1 + g̃2)2
, (B.15a)

k∂kg̃4 = − g̃2g̃6 − 6g̃2
4 + g̃6

32π2(1 + g̃2)3
, (B.15b)

k∂kg̃6 = 2g̃6 +
15g̃4

(
g̃2g̃6 − 3g̃2

4 + g̃6

)
16π2(1 + g̃2)4

. (B.15c)

After performing the RG, as shown in figure 14, using the same method described in the
previous section, performing the slow-roll analysis, one obtains figure 13. This shows, given
the fact that PLANCK data are sensitive only to the slow-roll of the potential (near the end
of inflation), that the φ6 model can describe the observations made by the PLANCK mission.
However, due to its nonrenormalizability, it cannot serve as a viable UV completion of the
inflaton potential.

C Convexity and RG running

Finally, let us discuss the connection between the convexity and the RG running of the
effective action. The functional RG method is a possible choice to determine the RG running
of the parameters. In some sense, the functional RG equation interpolates between the
classical (bare) and the quantum effective action. The initial condition for the RG equation
is usually known and its determination is based on symmetry considerations. The RG method
is used to obtain the low energy (IR) effective theory of a model given at the high energy (UV)
momentum cutoff. However, in this work we have to follow a different strategy. We select
between various possible inflationary potentials by performing their slow-roll study which
fixes their parameters and the scale of inflation serves as an IR value for the RG running.
Thus, as a first step, one has to explore possible UV completions of the models defined by
the slow-roll study at low energies. In some sense, we here attempt to provide a “mini crash
course” in the functional RG suited to the problem at hand.

In order to apply the method of RG running induced inflation, the UV completed
potential has to have a false vacuum which requires, in a power series ansatz, at least a term
of order φ6. Moreover, in d = 4 dimensions, terms of φ6 and higher powers of the field are
nonrenormalizable perturbatively. They generates under RG flow, higher order terms (i.e.,
monomials of arbitrarily high order). This suggests an UV-completion of the model with
a functional form that involves a non-terminating power series in φ. These models eo ipso
require a non-perturbative RG analysis which can be done by the use of the Wetterich RG

– 25 –

26



equation [64, 65],

k∂kΓk =
~
2

∫
ddp

(2π)d
k∂kRk

Rk + Γ
(2)
k

, (C.1)

derived for the one-component scalar field theory [64, 65]. Let us first discuss its connection
to the effective action which has the following form at the 1-loop level,

Γeff = SΛ +
~
2

∫
ddp

(2π)d
ln
[
S

(2)
Λ

]
+O(~2), (C.2)

where SΛ is the classical (bare) action. The momentum integral can be divergent at its
upper (UV) and lower (IR) bounds. A momentum cutoff is a standard choice to regularize the
integral; however, one can choose a Pauli-Villars approach by adding a momentum dependent
mass term 1

2

∫
Rk(p)φ

2 to the bare (classical) action, and introduce a scale-dependent action

Γk ≡ SΛ +
~
2

∫
ddp

(2π)d
ln
[
Rk + S

(2)
Λ

]
, (C.3)

which recovers the classical and the effective action (at 1-loop) in the UV and IR limits if the
regulator function Rk(p) fulfills the following requirements [see eqs. (13)—(15) of ref. [81]]

Rk→0(p) = 0 , (C.4a)

Rk→Λ(p) = ∞ , (C.4b)

Rk(p→ 0) > 0 . (C.4c)

In a nutshell, the first of these conditions implies that one recovers the effective action in
the limit k → 0, the second ensures that the bare action is recovered for k → Λ (within the
limitations explained in the following), and the third ensures that the regulator implements
an IR regularization.

The divergence of the regulator for k → Λ, though, implies that Γk only recovers the
bare action at k = Λ up to a field-independent, but k-dependent, term. This is also the
reason why, in eq. (10) of ref. [81], as well in the text between eqs. (15) and (16) of ref. [81],
one writes

Γk→0 = Γeff , (C.5)

Γk→Λ = ΓΛ = SΛ + const. ' SΛ . (C.6)

The latter identification may be part of the reason for the known fact (see section 2.3 of
ref. [81]) that the formulation of the RG evolution of the constant, field-independent term
requires special care within the nonperturbative approach implied by the Wetterich equation.
Moreover, eq. (C.4b) [when inserted into eq. (C.3)] implies that the “constant term” in
eq. (C.6) actually is given by a divergent integral. Let us note that the last requirement for
the regulator in (C.4a) is necessary to remove IR divergences in the momentum integral. As
a second step one can differentiate eq. (C.3) with respect to the running scale k

∂kΓk =
~
2

∫
ddp

(2π)d
∂kRk

Rk + S
(2)
Λ

. (C.7)
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Finally, in order to have an exact (1-loop improved) expression, the bare action at the right

hand side should be replaced by the scale-dependent one, i.e., S
(2)
Λ → Γ

(2)
k (and both sides

multiplied by k) which results in the “exact” functional RG equation (C.1).
Now, let us show why the effective potential should be convex [85]. The effective action

is the Legendre transformation of W [J ], which is the generating functional for the connected
Green-functions

Γeff [φ] = −W [J ] +

∫
Jφ . (C.8)

If one fixes the field and the source to constant values (φ(x) = φ0, J(x) = J0) in the space-
time volume Ω, then the effective action reduces to the effective potential as follows

Γeff [φ] = ΩVeff(φ0) , W [J ] = Ωw(J0) . (C.9)

Using the relations of the Legendre transformation for the reduced functions

φ0 =
δw[J0]

δJ0
, J0 =

δVeff [φ0]

δφ0
, (C.10)

one obtains the following equation by differentiating the effective potential with respect to
the field and the source by using the chain rule,(

δ2Veff

δφ0δφ0

)(
δ2w

δJ0δJ0

)
= 1. (C.11)

The second derivative of the generating functional of the connected Green functions with
respect to the source term is the connected correlation function which should be positive.
Thus, the convexity of the effective action comes from eq. (C.11)(

δ2Veff

δφ0δφ0

)
≥ 0 . (C.12)

On one hand, the non-perturbative RG equation (C.1) should recover the full quantum
effective action in the IR (k → 0) limit. On the other hand, we have just shown that the
effective action or more precisely the effective potential should be convex. Therefore, if one
performs the RG study of a possible UV-completion of the φ6 model (B.11), the false vacua
start to vanish under the RG flow creating first a flat region of the potential, ideal for the
slow-roll, see figure 14, which is the cornerstone of the RG running induced inflation method
proposed in this work.

D RG evolution of the constant term

A relatively subtle problem should be mentioned. Namely, from eq. (3.1), one could in
principle derive an RG equation for the constant term Vk(φ = 0). (Re-)written for the
dimensionful potential, the (naively obtained) RG equation for Vk(0) reads as follows (d = 4),

k∂kVk(0) =
k4

32π2

k2

k2 + ∂2
φVk(0)

. (D.1)

In the limit k2 � ∂2
φV (0), the solution to eq. (D.1) is

Vk(0) = VΛ(0) +
k4 − Λ4

128π2
, (D.2)
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which would otherwise indicate a rampant quartic divergence of Vk(0) in the limit of large Λ,
and lead to a considerable change in Vk(0) between the Planck and the GUT scales, possibly
requiring fine-tuning of the model in the UV limit, i.e., at the Planck scale. The problem is
important since Vk(0) is associated with the cosmological constant term.

In order to fully address the problem, it is necessary to include a longer discussion. We
first observe that the functional form of the potential given in eq. (2.4) implies that Vk(0) = 0
irrespective of the numerical values of m, u, and β, while the full potential vanishes for any
field only if m = 0 and u = 0. The nonperturbative RG running of the potential could still
imply the possibility of a k-dependence of Vk(0), which, in the large-k limit, could be deemed
to be described by eq. (D.2), in which case it becomes independent of the numerical values of
m, u, and β. The latter observation is consistent with the general argument presented below,
which implies that the rampant k4 behavior is due to the emergence of the spurious terms
from the UV properties of the regulator used in the formulation of the nonperturbative RG
equation [see eq. (15) of ref. [81]]. Indeed, the limit of a vanishing potential (u→ 0, m→ 0)
must be approached smoothly, and subtractions to the RG equation (D.1) are required.

As suggested by the quantum mechanical calculation [see eq. (37) of ref. [81]], one is led
to the following subtraction

k2

k2 + ∂2
φVk(0)

→ k2

k2 + ∂2
φVk(0)

− 1 , (D.3)

which reduces the divergence of the RG evolution in the UV and alleviates the fine-tuning
problem in the UV. Subtractions similar to eq. (D.3) are well known to produce correct
results for the free energy in quantum-mechanical models, and in statistical mechanics. In
the present case, this would correspond to the free energy of the inflaton field in the flat
background limit.

Subtraction schemes different from equation (D.3) can be proposed [86]. Yet, a deeper
analysis of the RG running of field-independent constant terms, and their extension for non-
flat backgrounds is beyond the scope of the present paper. An investigation of the conditions
that could fix, at least partially, the subtraction scheme is currently in progress, and will be
reported elsewhere [86]. In particular, a decisive question under investigation is whether or
not the generation of the unphysical divergences for the constant, field-independent terms
could be avoided via a modification of the conditions imposed on the regulator function (C.4).
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[22] I.L. Shapiro and J. Solà, Scaling behavior of the cosmological constant: Interface between
quantum field theory and cosmology, JHEP 02 (2002) 006 [hep-th/0012227] [INSPIRE].
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[25] I.L. Shapiro and J. Solà, Cosmological constant, renormalization group and Planck scale
physics, Nucl. Phys. Proc. Suppl. 127 (2004) 71 [hep-ph/0305279] [INSPIRE].

[26] L. Shapiro, J. Sola and H. Stefancic, Running G and Λ at low energies from physics at MX :
possible cosmological and astrophysical implications, JCAP 01 (2005) 012 [hep-ph/0410095].
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