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Abstract— The article presents a methodology for accurately
estimating the Volterra kernels of a discrete-time nonlinear
system, even when the system order exceeds that of the Volterra
series model. The approach involves conducting multiple mea-
surements with the same excitation signal, scaled by different
gain factors, and deriving the Volterra kernels via interpolation of
the measured data. The methodology is thoroughly discussed, and
the mean square deviation (MSD) of the estimated coefficients is
calculated to determine the optimal gain factors that minimize the
MSD. It is demonstrated that the optimal gains are constrained
to a specific set of values, which are provided in the article.
Experimental results, using both synthetic and real systems,
showcase the effectiveness of the proposed methodology.

Index Terms— Multiple variance method, orthogonal periodic
sequences, Volterra filter.

I. INTRODUCTION

OLTERRA filters are among the most popular models

used for identifying nonlinear systems [1], [2], [3], [4],
(51, (6], [71, [81, [91, [10], [111, [12], [13], [14], [15], [16],
[17], [18]. Their success arises from the simplicity of the
input—output relationship, which results from truncating the
Volterra series, as they are a sum of homogeneous polynomial
operators on the input signal samples. Moreover, Volterra fil-
ters exhibit the characteristic of being universal approximators.
Based on the Stone—Weierstrass theorem, it is established that
any discrete-time, time-invariant, continuous nonlinear system
with finite memory can be approximated to any desired degree
of accuracy by employing a Volterra filter.

Despite their widespread use in modeling real-world sys-
tems, the identification of Volterra filters often involves
difficult choices and significant approximations. To identify
a Volterra filter, one must select the memory length of the
filter and polynomial order, based on the characteristics of the
real-world system being modeled. In particular, the polynomial
order strongly depends on the input signal power. For very low
input powers, nonlinear terms are often negligible, allowing
the system to be modeled as linear. However, as input power
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increases, the nonlinear terms generally become significant,
and the model order should increase with the maximum ampli-
tude of the input signal. In fact, as the input signal amplitude
grows, higher harmonics of the output signal are excited.
Practically, due to the curse of dimensionality, the number of
coefficients in the Volterra filter increases geometrically with
the filter memory and exponentially with the filter order. For
this reason, Volterra models of order greater than 3 are rarely
encountered.

The input signal power also influences the accuracy of
estimating the Volterra filter coefficients, known as Volterra
kernels. As shown in [19], to accurately estimate lower order
kernels, the input power must be low enough to mitigate the
effects of unmodeled higher order terms, yet high enough
to counteract the impact of noise. Conversely, to estimate
higher order kernels (e.g., the third-order kernel), a higher
input amplitude is needed to properly excite the kernel, but
it must still be sufficiently low to minimize the influence of
unaccounted higher order kernels (e.g., those of order greater
than 3). This highlights the inherent compromise in modeling a
nonlinear system, where the resulting model often suffers from
a “locality” issue: the model accurately represents the behavior
of the nonlinear system only for input powers close to those
used during identification. To address this issue, a multiple-
variance method was proposed in [19]. In particular, Orcioni
investigated the identification of a Wiener model utilizing
the Lee—Schetzen approach. To enhance the generalization
of the model, various kernels were identified by employing
input signals with different variances, aiming to minimize the
mean-square error (mse) between the system’s output and that
of the model.

In this article, a multiple-variance approach is also pro-
posed, but with objectives and methodology that differ entirely
from those in [19]. Instead of minimizing the mse between
the system and model outputs, the goal is to accurately
measure specific kernels of the Volterra model, even when
the real-world system exhibits nonlinear terms beyond those
considered in the model. The core idea is to take multiple
measurements of the model at different input power levels—or
to use different input gains when the same input is employed
for identification—and then estimate the kernels by performing
polynomial interpolation on the coefficients corresponding to
these different input gains or power levels. This approach,
originally proposed in [20] and [21], has been used for system
identification, primarily in the frequency domain [22], [23],
[24], [25], [26], though it has not been extensively applied.
The motivation stems from the fact that the multiple gains
required by the method “must be carefully selected” [27] to
achieve optimal results. In this article, this issue is specifi-
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cally addressed. After outlining the technique, the manuscript
examines the effect of noise and the mean square deviation
(MSD) of the measured coefficients. An optimal set of gains
is developed by minimizing the MSD. Interestingly, this article
shows that the optimal gains consist of a limited set of values,
which depend on the polynomial order and the number of
measurements performed. Since good measurement accuracy
and effective rejection of higher order kernel disturbances
can also be achieved by averaging multiple measurements
using a single low input gain, the manuscript discusses when
the proposed technique is advantageous compared to this
computational approach.

Any of the linear-in-the-output identification methods for
Volterra filters available in the literature can be used for
implementing the following technique. The method used in
this article is the identification based on orthogonal periodic
sequences (OPSs) [28]. OPSs offer one of the most efficient
identification methods for Volterra models through the cross
correlation method, which involves computing the kernels by
cross-correlating the output of a system, excited by a deter-
ministic periodic input signal, with precalculated orthogonal
periodic sequences. The cross correlation can be efficiently
computed using the fast Fourier transform (FFT), resulting
in the OPS identification having a computational cost on the
order of P log,(P), where P represents the period of the OPS.

The approach discussed in this manuscript and its analysis
was previously introduced by the authors in [29] and [30],
but only for the identification of the first-order kernel, i.e., for
measuring the impulse response of a nonlinear system at small
signal amplitudes. In this manuscript, the approach is gener-
alized to higher order kernels, a nontrivial extension. There
is, inevitably, some overlap with the theory presented in [29]
and [30], as certain equations take a similar form, but in this
work, they actually depend on higher order polynomial terms.
Despite the similarities, there are also significant differences:
the optimal gains for measuring higher-order kernels differ sig-
nificantly from those for the first-order kernel and vary notably
for even-order kernels. The optimal gains for simultaneously
measuring multiple kernels are also determined. Furthermore,
the conditions under which the proposed technique outper-
forms averaging multiple measurements with a single low
gain are distinct. The experimental tests considered here differ
significantly from those in [29] and [30].

The original contributions of this article are as follows.

1) A technique is proposed for accurately measuring the
kernels of a Volterra model, even when the order of the
model is lower than that of the real-world system being
measured.

2) The technique applies a multiple-variance approach,
based on taking multiple measurements with different
input gains for the Volterra kernels.

3) The MSD of the measured kernels is analyzed and linked
to the selection of input gains.

4) The optimal input gains for minimizing the MSD when
measuring different kernels are derived.

5) The article discusses the conditions under which the
proposed technique is more advantageous than averaging
multiple measurements with a single low input gain.
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The remainder of the article is organized as follows.
Section II reviews Volterra filters and their key properties
used in this manuscript. Section III discusses the considered
polynomial multiple-variance method and examines the effect
of noise on the measurements, providing an expression for
the kernel MSD. Section IV derives the optimal gains for
the different kernels, demonstrating that these gains take on a
limited set of values. Section V offers remarks on the proposed
method, highlighting when it is advantageous compared to
averaging multiple measurements taken with a single low
input gain. Section VI presents experimental results, including
both simulations using a synthetic system with known kernels
and measurements performed on a real-world device. Finally,
Section VII offers concluding remarks.

The following notation is used throughout the article: cal-
ligraphic letters represent operators, E[-] denotes expectation,
[-] represents the ceiling function (the smallest integer greater
than or equal to the argument) and |-] the floor function (the
largest integer lower than or equal to the argument), bold
lowercase letters denote arrays, and bold uppercase letters
denote matrices.

II. VOLTERRA FILTERS

Volterra filters, which are polynomial, are derived by trun-
cating the order and memory of the Volterra series [1].
According to the Stone—Weierstrass theorem, these filters have
the ability to approximate, with arbitrary precision, any causal,
discrete-time, time-invariant, continuous nonlinear system with
finite memory, where the input—output relationship is described
by a nonlinear function f of the most recent input samples

yn) = flx(n),x(n—1),...,x(n — N+ 1)]. (1)

Here, x(n) represents the nth sample of the input signal x,
which lies within a compact subset of R, while y(n) denotes
the nth sample of the output signal y. N corresponds to the
memory length of the filter.

The input—output relationship of a Volterra filter of order K
and memory N is

K
NOEDIAGIO @
k=0
Here, H;(x) represents a homogeneous polynomial operator
of order £k and memory N applied to the input signal x, while
Hi(x)(n) denotes its nth sample. In particular, the Oth-order
operator Hy(x)(n) is a constant /iy € R for all n. H;(x) is the
linear operator

N—-1
Hi(x) () = D hyix(n — i) 3)
i=0

where h ; are the coefficients of the first-order Volterra kernel,
i.e., the linear kernel. H,(x) is a quadratic operator, and Hy (x)
is a kth-order operator, expressed in the triangular form as
follows [1]:

N—-1N-1

N-—1
He)m =D . iy ix(n— i) - x(n = iy)

i1=0 izii] ik:ik—l

(4)
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where Ay ;, denote the coefficients of the kth-order Volterra
kernel.

For simplicity, the coefficients of kth-order Volterra kernel
will be denoted as hy ;, with 0 < i < Ny, with N; the number
of coefficients of the kth kernel.

This assumes that all coefficients have been organized in a
sequential list.

The approach detailed in Section III is based on the homo-
geneity property of the operator Hj(x). Specifically, if the
input is scaled by a gain A:

Hi(Ax) = AMHL(x). (5)

..... ix

Furthermore, we leverage the observation that odd-order
homogeneous operators are odd, while even-order ones are
even.

III. POLYNOMIAL MULTIPLE VARIANCE METHOD

In this section, we initially present the considered
multiple-variance method and subsequently investigate the
impact of noise on measurements.

A. Multiple Variance Method

Consider dealing with a nonlinear system that can be
represented as a Volterra filter with order K, memory N, plus
noise

K

y=HE +v=> Hc(x)+v. (6)
k=0

Here, H represents the Volterra operator as defined in (2),

v denotes an additive noise signal in the output, and the

time notation (n) is omitted for conciseness. Our goal is to

determine the coefficients of kernels up to a certain order R,

where R < K.

The proposed technique is applicable to any Volterra iden-
tification approach functioning as a linear operator from the
space of output sequences to R. An illustrative example is
the OPS technique employed in the experimental results,
where each Volterra coefficient can be derived from the cross
correlation of the output sequence and a suitable orthogo-
nal sequence. Another instance is the classical least-square
approach, in which the solution of the equation providing
the coefficients is a linear function of the output sequence.
In the following discussion, we assume the existence of a
linear operator L, ; for each coefficient of order r and index
i from the space of sequences to R, such that:

Lr,i[Hr(x)] = hr,i~ (7

In other words, applying £,; to the rth-order term H,(x)
yields the coefficient A, ;.

Any Volterra identification approach that is a linear function
of the output sequence generally furnishes a linear operator
Z,, For a Volterra filter with order R, memory N, and in
noise absence, this operator satisfies

Lo ilH)] = Lyily] = by (8)

The operator in (8) also satisfies (7) because H,(x) is a
Volterra filter of order no greater than R. However, it is
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important to note that the condition specified in (7) is less
restrictive than that in (8).

For compactness, in what follows £, ;[H(x)] is abbreviated
as L,;H(x), taking advantage of the concatenation of the
operators.

Let us apply L,; to (6), considering that it is a linear
operator

K
Lri(y) = LriHE) + L) = D L Hi(x) + Lri(v). (9)
k=0
In these circumstances, (9) does not equate to 4, ;, not only
due to the presence of noise v but more significantly, because
of the presence of nonlinear terms Hy (x) with k # r.

In what follows we present a multiple-variance identification
method capable of estimating 4, ;, for all » € [0, R] and
for all i. This approach avoids the impact of kernels with
orders exceeding R and contrasts the influence of noise. In the
considered approach, the input signal x undergoes multiple
applications, each time being scaled by different factors A,,.
The resultant output signals y,, are used for the estimation of
h, ;. When considering the homogeneity property in (5), if the
input x is multiplied by A,,, the resulting output y,, can be
expressed as

K

Y =H(Anx) + v = D ALH(x) + v, (10)
k=0

where v, is the additive output noise of y,. Applying the

linear operator £, ; to (10), we derive

K

Lrim) = D ALLr i He() + Lri (o)

k=0

(an

which is a polynomial in A, with coefficients L, ;H(x),
excluding the noise term. By employing a sufficiently large
set of gains A,,, it becomes feasible to estimate the terms
L, iHi(x) for k = 0,...,K through polynomial fitting.
Consequently, this estimation process allows us to measure
h,; based on the estimate of L, ;H, (x).

In the subsequent discussion, we assume that the input
signal x is applied M times with gains A,,, and we define
the M x 1 vectors

T
dr,, =[LriO), Lri(y2)s s Lri(ym)] (12)
T
Ve = [Lr,i(vl)» ‘Cr,i(VZ)v ey [fr,i(VM)] (13)
the K x 1 vector
T
he, = [LriHi(x), LriHa(x), ..., LriHk (0)] (14)
and the (K + 1) x M Vandermonde-like matrix
1 1 1
A A Ay
A=| AT A Ay (15)
Ar Ay Al
Expressing (11) for m =1, ..., M in matrix form yields
d;., = ATh[;m. +ve,,- (16)
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If M > K +1 and AAT is invertible

he, = (AA") ' Ad., — (AAT) 'Ave,.  (17)

Disregarding the impact of noise, i can be estimated using

h=(AA")"'Ad,,,. (18)

Consequently, in accordance with (7), h,; can be determined
as

hi=e'h=e"(AA") ' Ad,, (19)
with e, the rth column of the (K + 1) x (K + 1) identity
matrix, with r € [0, K].

This result shows that, for any Volterra identification
approach functioning as a linear operator, removing the distor-
tion given by higher order kernels only requires some repeated
measures with different gains.

B. Effect of Noise on the Measurement

Upon comparing (17) with (18), it can be noted that in the
absence of noise, i.e., for v = 0, the measurement in (19)
accurately estimates /,;. However, in the presence of noise
(v # 0), the measurement is subject to an error

€ri=hyi—h; =e (AA") " Av, . (20)

The MSD of the estimated coefficient is
MSD,; = E[(ﬁu - hr,i)z]
:ef(AAT)_]AE[M“,vE’__i]AT(AAT)_ler. @1)

Under the assumption that the noise terms L, ;(v;), for [ =
1,..., M are uncorrelated, and that they follow a Gaussian
distribution with zero mean and variance 012:'_”}, the MSD
simplifies to '

MSD,; = el (AAT) 'e,02 . (22)

Assume we estimate all the coefficients of the Volterra
model for all » € [0, R] and all i. The resulting MSD of
the estimated coefficients is

R N,—1
MSD; = E[Z > (i — h,,,»)ﬂ
r=0 i=0

N,—1

Z MSD,.;
o

erT (AAT) - €r O—%m v
i=0

3

M= 1M

Il
S

r

- diag[(AAT)’l]T
Ng—1

N—1 T
2 2 2
000 Zaﬁw,..., Z O (23)
i=0 i=0

where diag(X) denotes the operator that extracts the diagonal
of the matrix X and transforms it into a column vector.
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IV. OPTIMAL GAINS

As can be seen from (15)—(23), the choice of gains A,, has
a direct impact on the resulting MSD,.; and MSDr. Therefore,
there exists an optimal set of gains that minimizes these values.
Achieving the best performance involves choosing an optimal
set of coefficients for each #,;, i.e., selecting gains A, that
minimize MSD, ;. However, this choice is impractical as it
requires a large number of measurements. A more reasonable
approach is to use the same set of gains A,, for estimating
all coefficients and finding the set of optimal gains A,, that
minimize MSDr. For applications requiring greater accuracy,
it is also possible to use different sets of gains A,, for each
kernel, finding the optimal gains that minimize le: 0 ! MSD, ;.
This approach may be acceptable since the maximum order of
the Volterra model R is often limited to 3.

Different approaches can be used to choose the gains A,,,
such as symmetric or asymmetric distributions around zero.
A symmetric distribution provides several benefits: it reduces
the condition number of the Vandermonde matrix associated
with the nodes used for polynomial fitting [31], [32]. Fur-
thermore, it simplifies the estimation process by removing
either all even-order or odd-order nonlinear terms, as shown in
Appendix A. Thus, in the following analysis, we assume that
the input signal x is applied M times, with M being even, and
the relationship A,,4p/2 = —A,, holds form =1,..., M/2.

It is assumed that the additive noise v in (6) follows a
Gaussian distribution with zero mean and variance o?2. For
a nonlinear model of order K, with M positive gains and the
maximum gain constrained to 1, the optimal gains A, are
determined by minimizing the nonlinear function:

MSD
L Ay) = 2T
o

v

J(Ayq, ..

= diag[(AAT)fl]T
N—1 2

2
O Loov O
o 2
o 0!

v i=0

subject to 0 < A, < 1 form =1,...,(M/(2 — 1)) and
Ay = 1. For a particular identification method, which is
linear in the output sequence y, the values of (azr,iv)/(af)
for r € [0, R] are constants. If we assume these constants
to be equal, the problem would simplify to minimizing the
function

f(Al,...,AM)=diag[(AAT)_1]T~[1,N],...,NR]T. (25)

Actually, the quantities (aér’iv) / (rrvz) often exhibit variations
among themselves, but they tend to have similar magnitudes
or magnitudes that increase with the order, such as in the case
of OPSs. Given that the number of coefficients N, expands
with the order r, it is reasonable to anticipate that the solution
will closely approximate the solution of the reduced problem

Nr—1

Tr(Ar .. Aw) = D

i=0

MSDg ;
oy
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Fig. 1. Minimum value of the cost function in (27) in case of (a) R =1, (b) R =2, and (c) R = 3 for different orders K versus the number of gains M.

The continuous lines are the results for the gains constrained to [K /27 gains, while the dashed lines are the results for M distinct gains.

Ng—1 o
T T —1 Lgv
= eR(AA ) eR E 7

i=0 v

(26)

Furthermore, as (oz,,.)/ (af) remains approximately constant
for all i, the optimal coefficients are those that minimize the
reduced cost function

~ -1
JR(A1, ..., Ay)=eR(AAT) ex. (27)

The cost function in (27) can be further simplified by lever-
aging the symmetry of the gains, as detailed in Appendix B.
In this scenario, the same cost function is obtained for two
consecutive orders, and therefore, the same set of gains is
optimal for both odd and even consecutive orders.

Any method designed for minimizing multivariable nonlin-
ear functions can be employed to optimize J &. For instance,
MATLAB! provides optimization routines like fminsearch
and fmincon that are particularly suited for this purpose.
From preliminary trials concerning the minimization of (27),
it became evident that the optimal gains tend to group around a
few distinct values. Specifically, when K is odd, the positive
optimal gains tend to cluster around exactly [K /2] values.
Conversely, when K is even, the gains cluster around K /2 +
1 values, with A; close to zero. Moreover, it was observed
that by constraining the M /2 gains A, to take at most
[K /2] distinct values for odd K, or K/2 + 1 values, with
Ay = 0 for even K, the minimum value of J obtained was
either equal to or lower than the value found when all M
gains were considered independently. Fig. 1 illustrates the
minimum of the cost function (27) for R = 1,2, and 3,
across various orders K and gains M. Both cases, involving a
reduced set of gains (either [K /2] or K/2+1) and M distinct
symmetric gains, are presented. It is important to mention
that the curves corresponding to the case of distinct gains M
were generated by running the optimization algorithm 10000
times for each combination of R, K, and M, with random
initialization of gains in the interval [0, 1], and selecting the
smallest outcome. For smaller K and M, the continuous and
dashed curves coincide. However, for larger values of K
and M, the optimization process using M different values
consistently leads to suboptimal solutions. The results depicted
in Fig. 1 suggest that a reduced number of gains suffices for
the optimization of (27). When M /2 exceeds the number of

"Registered trademark.

distinct positive gains, some of the gains are repeated, meaning
that multiple measurements must be carried out using the same
gain value.

The optimal positive gains for R = 1, 2, and 3, with K = 3,
5,7, and 9, and M values ranging from 2 to 100, are shown
in Fig. 2. In the figure, asterisks indicate gains that are used
more than once, while circles represent gains that are used
only once. Repeated gains tend to favor lower values, which
is expected since measurements at lower gains are generally
more sensitive to noise. It is important to highlight that both
the continuous curves in Fig. 1 and the optimal gains in
Fig. 2 were obtained by optimizing (27) for all potential
combinations of repeated gains, and selecting the best solution.

For large M values, the continuous curves in Fig. 1 exhibit
a consistent 3 dB reduction for each doubling of M. This
implies that the MSD decreases by 3 dB with every twofold
increase in M. This behavior mirrors the effect commonly seen
in many identification techniques, where increasing the data
length or support results in similar reductions in MSD.

To further illustrate this trend, Fig. 3 presents the data with
a logarithmic scale applied to the X-axis, where M ranges
from 1 to 100. The dashed lines in the figure represent the
3 dB slope support lines, which align with the continuous
curves for sufficiently large M. This observation motivates a
criterion for selecting the optimal M value [30].

For each combination of R and K, choose the M
value that closely follows the 3 dB slope, apart from
a small dB deviation.

This criterion is based on the idea that increasing M beyond
this threshold offers diminishing returns in MSD improvement
and the same benefit can be achieved by increasing the
length or duration of the sequence used in the identification
procedure.

Table I presents the optimal value of M for each R and K
based on this criterion, along with the corresponding optimal
positive gains A,, and their multiplicity, assuming a 1 dB
deviation from the 3 dB slope line. For each R and K, the
optimal value of M presented in the Table has been determined
by minimizing the cost function (27) for different successive
values of M and selecting the value that results in a 1 dB
deviation from the 3 dB slope line. Similarly, Table II provides
this information for a 0.5 dB deviation. It is important to note
that, due to the assumption of a symmetric gain distribution,
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when A,, = 0.0, the listed multiplicity represents only half of
the actual value. The parameter A, which appears in Tables I
and II, will be defined in the following section.

V. DISCUSSION

The proposed polynomial multiple-variance (PMV) method
is designed to measure a Volterra kernel of order r < R or
a set of Volterra kernels up to a specified maximum order R

Minimum value of the cost function in (27) in case of (a) R =1, (b) R =2, and (c) R = 3 for different orders K versus the number of gains M in

for a device under test (DUT). This measurement is based on
a linear-in-the-output operator that can perfectly estimate the
kernel in an ideal scenario—where there is no noise and no
nonlinearities of order higher than R.

However, in practical situations, the measurement is often
influenced by higher-order nonlinearities up to a certain order
K > R, as well as by noise—both of which are common.
To enhance the signal-to-noise ratio (SNR) and improve
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TABLE I

OPTIMAL VALUES OF M AND THE CORRESPONDING POSITIVE GAINS A,,,
ALONG WITH THEIR MULTIPLICITIES, FOR A 1 dB DEVIATION FROM
THE 3 dB SLOPE LINE FOR R =1, 2, AND 3

R K M Am Multiplicy A

1 1,2 2 1.0000 1.0

1 3,4 6 0.5459 0.3049
1.0000
0.3411
0.8491
1.0000
0.2470
0.6670
0.9235
1.0000
0.1922
0.5419
0.7989
0.9523

—

1 5,6 10 0.1827

1 7,8 14 0.1295

0.0998

0.7071

0.3374

0.2180

0.1608

2 10,11 16 0.0 0.1342

0.6198

0.3572

0.2557

0.1964

[\
*®
O
[\
j=}
(=]
ORGSR NG UG NG [V (VAN U VG NG S N0 (PRGN NG SV (VG NG S G (UGG [NRODU [N ' [T N NS INY [N )

measurement accuracy, the input signal amplitude is frequently
amplified. This, in turn, introduces nonlinear distortions from
orders higher than those included in the model.

The proposed solution is to perform the same measurement
multiple times using different input gain levels. For a given
kernel order R and a DUT nonlinearity of maximum order
K, we have identified the optimal input gains that minimize
the MSD. The high-precision Volterra kernels are obtained
through interpolation of the measured data. This interpolation
effectively translates into a weighted average of the measured
data and has a negligible computational cost. The primary
cost of the proposed method, in terms of both computational
complexity and measurement time, lies in performing the same
measurement multiple times.

The proposed approach addresses a classic problem in
single-gain nonlinear identification: which gain should be
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TABLE I

OPTIMAL VALUES OF M AND THE CORRESPONDING POSITIVE GAINS A,,,
ALONG WITH THEIR MULTIPLICITIES, FOR A 0.5 dB DEVIATION FROM
THE 3 dB SLOPE LINE FOR R =1, 2, AND 3

R K M Am Multiplicy A

1 1,2 2 1.0000 1.0

1 3,4 8 0.5351 0.3197
1.0000
0.3320
0.8421
1.0000
0.2366
0.6560
0.9226
1.0000
0.1823
0.5307
0.7971
0.9518

—

1 5,6 12 0.1889

1 7,8 18 0.1355

0.1050

0.7071

0.3374

0.2180

0.1608

2 10,11 20 0.0 0.1342

0.6198

0.3624

0.2566

0.2001

)
el
O
—
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selected for the input signal? This choice is often made through
a trial-and-error process by observing the mse performance
on a test signal. However, a low mse frequently does not
correspond to a low MSD for the kernels, as the influence of
neglected higher order kernels affects the results. In contrast,
the proposed PMV method provides a straightforward way
to determine the optimal gains required to achieve a good
performance.

Does the proposed strategy always provide the lowest
measurement error, i.e., the lowest MSD, for repeated mea-
surements with the same amount of recorded data? In general,
performance depends on the DUT and the measurement con-
ditions. For example, if the noise is very high, such that it
obscures the effect of any nonlinear kernel of order greater
than R, then applying the proposed strategy is not beneficial.
In such cases, it is better to perform repeated measurements
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and average the results. Note that under these conditions, the
assumption that the kernel of order greater than R affects the
measurement does not hold.

Another strategy often followed in common practice
involves measuring the DUT with an input gain A sufficiently
low such that the effect of any kernel of order greater than R
can be neglected. In the absence of noise, this strategy provides
the desired kernels with a single measurement, making the
application of the PMV method unnecessary. In the presence
of noise, M measurements can be performed with the same
input gain A.

As shown in Appendix C, with this measurement strategy,
the MSD of 4, ; is given by

2
U[,h iV

MA2

Comparing (28) with (22), we can see that PMV will
provide a better MSD,.; whenever the input gain A necessary
to neglect the effect of any kernel of order greater than R is
lower than

MSD, ; — (28)

1
A= (Me,T(AAT)“e,) (29)
Tables I and II provide the value of A in the last column
for each of the optimal cases considered. For large values of
M, A is between 0.2 and 0.1, indicating reasonable values.
In the measurement process, using a sufficiently large num-
ber of input samples—i.e., considering an OPS of adequate
length—allows us to handle different SNR values. However,
it is important to ensure that the resolution and sensitiv-
ity of the sensors, particularly the ADC, are appropriately
selected, with sufficient resolution and good linearity. These
requirements are identical to those of the original identification
method combined with the multiple-variance approach.

VI. EXPERIMENTAL RESULTS

In this section, we first present simulation results that
identify a synthetic nonlinear system with known nonlinear
kernels under different noise conditions. Then, we identify a
real system for which the true model is unknown.

A. Identification of a Synthetic Nonlinear System

In the first experiment, we consider the identification of
a synthetic Wiener nonlinear system with known nonlinear
kernels. The Wiener system is composed of the cascade of a
linear FIR filter and a saturation nonlinearity. The linear FIR
filter is a lowpass FIR filter of memory length 25 designed
with the window method, using a Hamming window and
6 dB cut-off frequency 0.75m obtained with the MATLAB
command firl (24, 0.75). The saturation nonlinearity has
input—output relationship

45
Tl 4 2e 2

whose Taylor expansion allows us to compute the Volterra
kernels

y=2x+2/3x% —4/9x> — 10/27x* + 28/405x° + - - -
(31)

y -15 (30)
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On a sinusoidal signal with the maximum amplitude consid-
ered in the simulations and a normalized frequency of 1/8x,
the nonlinear system introduces second-, third-, fourth-, fifth-,
and sixth-order harmonic distortions of 11.8%, 5.0%, 1.4%,
0.24%, and 0.13%, respectively.

The nonlinear system was identified using an OPS for a
Volterra system of memory 25, order 3 having period of
131072 samples using the multiple-variance method with the
gains of Table I, for R = 3, K = 7, M = 10, which are
used for computing all kernels. We consider a high value of
K, even if the fifth and sixth harmonic distortion appear to be
very small because some of the measurements consider very
high SNRs. For high SNRs, even a small high-order distortion
can have an impact on the low-order kernel identification.

We compare the results with measurements performed using
the OPS sequence with a single gain, but considering multiple
repetitions of the period (i.e., ten repetitions) to compare the
performance for the same amount of data. In this case, we use
the same gains used for the polynomial multiple-variance
method, but also a set of ten gains equally spaced in the range
[0.1, 1.0].

In the measurement, the output of the nonlinear system is
corrupted with an additive white Gaussian noise with different
SNRs. The SNR values indicated in the figures refer to the
signal having maximum gain 1.0. An output noise with the
same power has been added to all the signals with lower gain.

Fig. 4 shows the MSD for kernels 1, 2, and 3, respectively,
at different SNRs using the PMV method and the OPS
identification on the same amount of input data for the gains
1.0, 0.92, 0.64, and 0.22 used in the PMV identification. All
measurements have the same computational complexity and
acquisition time. While the single-gain method relies solely
on repeating the measurement to reduce the effect of noise on
the kernels, the PMV approach additionally uses this repetition
to mitigate distortions caused by higher-order kernels. For low
SNRs, the noise obscures the effect of higher order kernels,
and the PMV method does not offer any advantage compared
to the OPS identification. Conversely, when the SNR is suffi-
ciently high, the effect of higher order nonlinearities becomes
evident, and the PMV method provides better results than the
original OPS method for any of the considered gains. The
OPS measurement of kernel 1, especially at low gains, is very
robust, and the PMV method provides an advantage only at
very high SNRs. The measurements of kernels 2 and 3 are
here more affected by higher order nonlinearities, and with
SNRs of 50 dB for the second-order kernel and 70 dB for the
third-order kernel, the PMV method shows an improvement
in terms of MSD.

We know that for sufficiently low gains, the higher order
nonlinearities fade. Thus, for low gains and sufficiently high
SNR, the PMV method and the OPS method should give
similar results. Therefore, we repeated the experiment with the
OPS identification on the same amount of data, considering
a set of ten gains equally spaced in the range [0.1, 1.0].
Fig. 5 shows the MSD for kernels 1, 2, and 3, respectively,
at different SNRs using the PMV method (the same dashed
curve as in Fig. 4) and the OPS identification. For kernel 1,
the PMV method and the OPS method with a gain of 0.1 show
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Fig. 4. MSD for kernel 1 (a), kernel 2 (b), and kernel 3 (c), for different SNR with the PMV method and with the OPS identification for the PMV optimal

gains 1.0, 0.92, 0.64, and 0.22.
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Fig. 5. MSD for kernel 1 (a), kernel 2 (b), and kernel 3 (c), for different SNR with the PMV method and with the OPS identification for the equally spaced

gains 1.0,0.9,0.8,...,0.1.

very similar results, indicating that under the experimental
conditions for this kernel, the OPS measurement is already
optimal. The situation changes with kernels 2 and 3, where
there is a range of SNRs in which the PMV method consis-
tently provides better results than the OPS measurement. For
kernel 2 at SNRs higher than 50 dB and for kernel 3 at SNRs
higher than 70 dB, it is always advantageous to choose the
PMV method as the identification approach since it provides
MSDs lower than or equal to the OPS method, without the
need to experiment with different gains to choose the optimal
setup.

We also repeated the experiment using the PMV approach
to measure kernels 2 and 1, with the gains listed in Table I
fo-R=2,K=7, M=10and R=1, K =7, M = 14,
respectively. The MSD curves changed only slightly, indicating
good robustness of the optimal gains.

We also repeated all identifications using the least-squares
approach instead of the OPS technique. The least-squares
approach is one of the most widely used methods for nonlinear
identification and has a higher computational complexity than
the OPS technique. Nevertheless, the results we obtained are
very similar to those shown in Figs. 4 and 5 and have been
omitted solely for the sake of space.

B. Identification of a Real System

In the second experiment, we considered the identification
of a real nonlinear device, a Behringer MIC500 vacuum tube
preamplifier [33], at a sampling frequency of 16 kHz. For the
identification, we used the same OPS as in the previous exper-
iment, which is suitable for a Volterra system with a memory
of 25 and an order of 3, with a period of 131072 samples,
multiplied by different gains.

The input signals, originally sampled at 16 kHz, were
upsampled to 48 kHz in MATLAB to facilitate their playback
and subsequent recording using the Focusrite Scarlett 2i2
audio interface [34]. After the recording process, the signals

30 ]
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Fig. 6. Harmonic distortion on the MIC100 for gains from 0.1 till 1.0.

were downsampled to their initial rate of 16 kHz. In this
experiment, the identified signal processing chain was com-
posed of the upsampler, the Scarlett digital-to-analog converter
(DAC), the MIC500 preamplifier, the Scarlett analog-to-digital
converter (ADC), and finally, the downsampler. The MIC500
preamplifier was set to preamp mode “valve” with the settings
“20 dB PAD,” “48 V,” “low cut,” “phase reverse, ~” and “direct
monitor” disabled. The GAIN setting of the MIC500 was set to
a very high value to introduce strong distortions in the output
signal. Fig. 6 shows the harmonic distortion on a tone at 1 kHz
from the second to the eighth order for input gains ranging
from 0.1 to 1.0, with 1.0 corresponding to the highest gain
used in the experiments. With the noise introduced by the
preamplifier, and in smaller parts by the DAC and ADC, the
output SNR for the signal with maximum gain was 70 dB.
Since the harmonic distortion is negligible for orders greater
than 5, the system was identified using the multiple-variance
method, considering the gains in Table I, with R =3, K =5,
and M = 6, which were used to compute all kernels. The
system was also identified with six repetitions of the same
OPS, using 10 gains equally spaced in the range [0.1, 1.0].
The main difficulty in this experiment is the absence of
ground truth for comparison. The curse of dimensionality
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Fig. 7. MSD between the first-, second-, and third-order kernel identified

with the polynomial multiple-variance method and with the ten gains from
0.1 till 1.0.

prevents us from identifying the model with a Volterra filter
of order 5 and memory 25, as would be necessary in this
case. The model would have 142506 coefficients, making
its identification impossible within a reasonable time frame.
Nevertheless, it is known from the literature [19] that to
accurately identify the highest order kernel, which in this
experiment is the third-order kernel, a large gain should be
used to sufficiently excite this nonlinearity while avoiding the
excitation of higher order nonlinearities. Conversely, to accu-
rately identify the first-order kernel, a low gain should be used
that does not excite the nonlinearities but is still sufficiently
large to counteract the effect of noise. For the second-order
nonlinearity, the highest accuracy is expected from a gain
between those used for the third and first orders. Thus, using
the same amount of data, we compare the MSD values for the
first, second, and third-order kernels identified using the PMV
method and a single-gain OPS approach. We consider ten gains
ranging from 0.1 to 1.0. Fig. 7 displays the MSD curves for
the three kernels. For kernel 1, the curve shows a minimum
at a low gain value of 0.3. For kernel 3, the minimum occurs
at a high gain value of 0.8, while for kernel 2, the minimum
is achieved at an intermediate gain of 0.5. These results are
entirely consistent with the previous observations about the
choice of gain for accurately identifying the kernels. The
results indicate that the polynomial multiple-variance method
provides a reasonably accurate estimate of the Volterra kernels.

VII. CONCLUSION

This work proposes a methodology for the accurate esti-
mation of Volterra kernels in discrete-time nonlinear systems,
particularly in cases where the system order exceeds that of
the Volterra model. The proposed approach leverages multiple
measurements obtained by varying the amplitude of a single
excitation signal through different gain levels. Polynomial
interpolation was then employed to estimate the system’s
Volterra kernels from these measurements. An analysis of the
noise impact on the technique was performed, establishing
a relationship between the MSD of the kernel coefficients
and the input gains. Additionally, the optimal input gains
that minimize the MSD were determined, revealing that these
optimal values form a discrete set, as summarized in Tables I
and II. A comparative discussion was provided on when the
proposed methodology offers advantages over measurements
using a single, low gain value. Finally, the efficacy of the
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approach was demonstrated through experimental validation
involving both a simulated nonlinear system and a real-world
nonlinear device.

APPENDIX A
EXPLOITING SYMMETRY IN GAINS
Consider the input signal x applied M times, with M even,
and let A,y = —Ay, form=1,...,M/2.
Given that the operator H; (x) is odd for odd k and even for
even k, when the input x is multiplied by A, 1y = —Ap,
the corresponding system output > becomes:

K
Ymima =H(=Apx) + vy = D (=DFALH () + v (32)
k=0

The estimation of an odd-order coefficient can be simplified
by forming the terms

Lyi(m) = Lri(Ymsm2)

dﬁ,.v,»,m,o = B
[K/2]
Lr.‘ Vm _‘Cri Vm
=S ALy () 4+ 2 ) > Cirsnr)
p=1
(33)
for m = 1,...,M/2 and by exploiting the cancellation

of even-order terms. Note that when K is even, at least
K + 1 measurements with different gains A,, are needed for
the polynomial fitting in equation (11), as there are K +
1 coefficients to determine. In contrast, the polynomial fitting
in equation (33) only requires K measurements, since there
are [K /2] coefficients to estimate, and two measurements are
needed for each term dg,; y.o-

Define the M /2 x 1 vectors
T
dr,o=dc, 10.dz,, 200 de, m/20] (34)

N |:/~3r,i(vl) — Ly Wpya1) Lri(02) = Ly (Vij242)

2 2 ’

T
‘Cri - Eri
it (vany2) = £, (UM)} (35)
2
the [K /2] x 1 vector
he,o=[LriHi(x), LoiHa(x), ..., LoiHo()]T (36)

with Q =2[K /2] — 1, and the [K /2] x M /2 Vandermonde-
like matrix

A A Amp
3 3 3
Al A A
A= | A A A (37)
0 L0 0
A7 A; Ay
Writing (33) for m =1, ..., M/2 in matrix form results in
de,o=Aghr, 0+ Ve, 0 (38)

Provided M/2 > [K /2] and AOAE is invertible, for r odd £, ;
can be evaluated as

ri=elhe, o= €N (AAT) Ay, 0 (39)
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with g = |r/2] and e, is the gth column of the [K /2] x [K /2]
identity matrix.

Similarly, the estimation of an even-order coefficient can be
simplified by forming the terms

Lyi(Ym) + Lri(Ymsn2)

dﬁ,_,,m,e = )
LK /2]
Er' Vi +£r Vm
= D AYL Hapx) + #Om) > ilvmtr2)
p=0

(40)

for m = 1,..., M/2 and by exploiting the cancellation of
odd-order terms.
Define the M /2 x 1 vectors

dr,e=de, e de,ine - d[l,_,-,M/Z,e]T (41)
|:£r,i(‘)1) + Lriaya) Lri(v2) + L (V42)
Ve,ie = s
e 2 2
. Li(wyp) + £r,i(VM):|T 42)
2
the | K/2] + 1 x 1 vector
he, e = [LriHo(O), LiHa(), ... LyHp)]'  (43)

with P =2|K /2], and the | K /2] 4+ 1 x M /2 Vandermonde-
like matrix

1 1 .. 1
Ai A% AZ” P
A. = Aj A3 AM/2 (44)
A7 AS Ay
Writing (40) for m =1, ..., M/2 in matrix form results in
dee=Achs, e+ Ve, (45)

Provided M/2 > |K/2]+1 and AeA;F is invertible, for r even
h,; can be evaluated as

i = eyhe = e, (A.A]) " Acde (46)

with ¢ = r/2 and e, is the gth column of the [K/2] + 1 x
LK /2] + 1 identity matrix.

APPENDIX B
CoOST FUNCTIONS FOR SYMMETRIC GAINS

For R odd, as can be proved using (39) in the MSD
evaluation, the cost function in (27) can be replaced by

A -1
Tro(ALL ..., An) = ¢, (A,A]) ¢, 47)

where ¢ = | R/2], e, is the gth column of the [K /2] x [K /2]
identity matrix, and A, is defined in (37).
For R even, as can be proved using (46), the cost function

in (27) can be replaced by
R -1
Tre(AL ..., Ay) = €,(A.A]) e, (48)

where g = r/2 and e, is the gth column of the | K/2] + 1 x
LK /2] + 1 identity matrix, and A, is defined in (44).
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APPENDIX C
MULTIPLE MEASUREMENTS WITH THE SAME INPUT GAIN

Let us apply the input x multiplied by A to the nonlinear
system. According to (10), the resulting output y,, is

K

Ym = ZAka(x) + VUm

k=0

and if A is sufficiently low such that H;(x) >~ O for k > R,
then

(49)

R
Y= D A*H() + vy, (50)
k=0
In these conditions,
Er,i (ym) == Arhr,i + Er,i(vm)a (51)

and by repeating the measurement M times and averaging,
we can estimate /,; with

& X £riom)

r,i 52
, o (52)

with estimation error

2 Lrion)
MA" ’
Under the assumption that the noise terms L, ;(v,,) are uncor-
related and Gaussian distributed with zero mean and variance
o7 . the MSD results in the expression of (28).
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