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Abstract
In this note, we give an alternative proof of the theorem on soliton selection for small energy
solutions of nonlinear Schrédinger equations (NLS) studied in [3, 4]. As in [4] we use the notion
of Refined Profile but unlike in [4] we do not modify the modulation coordinates and we do not
search for Darboux coordinates.

1 Introduction

In this note we give an alternative and simplified proof of the selection of small energy standing
waves for the nonlinear Schrédinger equation (NLS)

i0,u = Hu + g(|[u|*)u, (t,x) € R'T3, (1.1)

where H := —A + V is a Schrodinger operator with V € S(R3 R) (Schwartz function) and g €
C*™(R,R) satisfies g(0) = 0 and the growth condition:

vn e NU{0}, 3C, >0, g™ ()] < Cpn (s)*7" where (s):= (1 + |s]?)"/2. (1.2)

We consider the Cauchy problem of NLS (1.1) with the initial condition u(0) = ug € H'(R?,C). It
is well known that the NLS (1.1) is locally well-posed (LWP) in H' := H*(R?,C), see e.g. [2, 7]. Tt
is easy also to conclude, by mass and energy conservation, that for small initial data uy € H' the
corresponding solution is globally defined.

The aim of this paper is to revisit the study of asymptotic behavior of small (in H') solutions
when the Schrédinger operator H has several simple eigenvalues. In such situation, it has been
proved that the solutions decouple into a soliton and a dispersive wave [11, 13, 3]. More recently, in
[4], we have introduced the notion of Refined Profile, which simplifies significantly the proof of the
result in [3]. In this note we exploit the notion of Refined Profile of [4], but we give an alternative
proof of the result in [4] which does not exploit directly the hamiltonian structure of the NLS. In
this sense, in this paper we are closer in spirit to Soffer and Weinstein [11] and Tsai and Yau [13],
but our proof is at the same time simpler and with stronger results.

To state our main result precisely, we introduce some notation and several assumptions. The
following two assumptions for the Schrodinger operator H hold for generic V.

Assumption 1.1. 0 is neither an eigenvalue nor a resonance of H.
Assumption 1.2. There exists N > 2 s.t.

oi(H)={w; | j=1,--- ,N}, withw; < - <wn <0,



where 0q(H) is the set of discrete spectrum of H. Moreover, we assume all w; are simple and
vm € ZV \ {0}, m-w #0, (1.3)

where w := (w1, -+ ,wn). We set ¢; to be the eigenfunction of H associated to the eigenvalue w;
satisfying ||¢;]|2 = 1. We also set ¢ = (¢1,--- , on).

Remark 1.3. The cases N = 0,1 are easier and are not treated it in this paper. Unfortunately,
Assumption (1.2) excludes radial potentials V' (r), for r = |z|, where in general we should expect
eigenvalues with multiplicity higher than one.

As it is well known, the ¢;’s are smooth and decays exponentially. For s > 0, > 0, we set
HS :=={u € H* | |lullg: = || cosh(vz)u|[ g+ < co}.
The following is well known.
Proposition 1.4. There exists y9 > 0 s.t. for all 1 < j < N, we have ¢; € Ns>0H .
Using 79 > 0, we set
S = HS if s >0, 3% = (H,*)" if s <0, 2% := (£%)* and % := N,50%°.

We will not consider any topology in ¥X°° and we will only consider it as a set.

In order to introduce the notion of refined profile, we need the following combinatorial set up,
exactly that of [4].
We start with the following standard basis of RV, which we view as “non-resonant” indices,

NRy:={e; |j=1,---,N}, ej = (81, - ,0n;) € Z", §;; the Kronecker delta. (1.4)
More generally, the sets of resonant and non-resonant indices R, NR, are
Ri={meZ"|[) m=1, w-m>0}, NR:={meZ'|> m=1 w-m<0}, (L5)
where > m := E;-V:lmj for m = (my,--- ,my) € ZN.

From Assumption 1.2 it is clear that {m € Z" | > m = 1} = RUNR and NR; C NR. For
m = (my, - ,my) € ZN, we define

N
m| = (I, [mw]) € ZY, m] =" lm| = myl, (1.6)
j=1

and introduce partial orders < and < by

m=n g Vje{l,--- ,N}, mj <nj, and m<n &g m=n and m # n, (1.7)
where n = (ny,--- ,ny). We define the minimal resonant indices by
Ruim:={meR| AneRst. n| < |m|}. (1.8)

We also consider NR;, formed by the nonresonant indices not larger than resonant indices:

NR; := {m € NR | Yn € Ry, |n| £ |m]}. (1.9)



Both Ry, and NR; are finite sets, see [4] for the elementary proof.
We now introduce the functions {Gm }mer,,,, C 2°° which are crucial in our analysis. For

m € NR;, we inductively define ¢m(0) and g (0) by

be,(0) 1=, 9o, (0) =0, j=1,--, N, (1.10)
and, for m € NR; \ NRy, by
om(0) := —(H —m - w) "' gm(0), (1.11)
o0 1 ~ .
gm(O) = Z ﬁg(m)(o) Z ¢m1 (O) T ¢m2'm.+l (0)7 (1'12)
m=1 ’ (my, -+ ,M2y41)EA(m,m)

where

m m 2m-+1
A(m,m) = { {m; )2 € (NR)?™ | Y mgjpy — Y my;=m, Y |jmy|=|m|p (1.13)
§=0 j=1 j=0

Remark 1.5. For each m > 1 and m € NRy, A(m,m) is a finite set. Furthermore, for sufficiently
large m, we have A(m, m) = (). Thus, even though we are expressing g, (0) in (1.12) by a series,
the sum is finite.

For m € Ry, we define Gy, by

Gm =Y — g™ (0) ) Gy (0) -+ sy, (0). (1.14)

m=1"" (my,- ;mamy1)EA(M,m)
Remark 1.6. gm(0) and Gy, are defined similarly. We are using a different notation to emphasize
that gm(0) has m € NR;, while G, has m € Ry
The following is the nonlinear Fermi Golden Rule (FGR) assumption essential in our analysis.

Assumption 1.7. For all m € R,;,, we assume
[ (Gmlas #o (1.15)
|k|2=m-w

where @m is the distorted Fourier transform associated to H.

Remark 1.8. In the case N = 2 and wy +2(ws—wy) > 0, we have G = ¢'(0)¢1 43, which corresponds
to the condition in Tsai and Yau [14], based on the explicit formulas in Buslaev and Perelman [1]
and Soffer and Weinstein [10]. These works are related to Sigal [9]. More general situations are
considered in [3], where however the Gy, are obtained after a certain number of coordinate changes,
so that the relation of the G and the ¢;’s is not discussed in [3] and is not easy to track.

In [4] it is proved that for a generic nonlinear function g the condition (1.15) is a consequence
of the following simpler one, which is similar to (11.6) in Sigal [9],

[ 1R as £ 0 for all m € Ry (116
|k|?2=m-w

using again the distorted Fourier transform and where ¢™ =[] Je1N (b;” . Specifically, in [4] the
following is proved.



Proposition 1.9. Let L = sup{ :m € Ryin} and suppose that the operator H satisfies

[ml[| -1
2

condition (1.16). Then there exists an open dense subset Q of RY s.t. if (¢'(0), ..., g (0)) € Q such
that Assumption 1.7 is true for (1.1).

O
For z = (21, ,2ny) €CN, m = (my,--- ,mn) € Z", we define
m m m 2 O
z™ = z§ v ( ¥) e ¢, where 2(™ = {Z " and (1.17)
zZ7™m m <O,
N
2 o= (0], e ]) € RN, 2l =) Jz| =D |z € R. (1.18)
j=1
We will use the following notation for a ball in a Banach space B:
Bp(u,r):={veB||v-u|p<r} (1.19)

The Refined Profile is of the form ¢(z) = z-¢+o0(]|z||) and is defined by the following proposition,
proved in [4].

Proposition 1.10 (Refined Profile). For any s > 0, there exist § > 0 and Cy > 0 s.t. s is
nonincreasing w.r.t. s > 0 and there exist

{d}m}mGNRl € COO(BRN (Oa 53)’ (ES)ﬂNRl)v w() € COO(B]RN (Oa 53)7RN)
and R € C*°(Ben (0,05), %),
s.t. w(0,---,0) = w, Ym(0) =0 for all m € NRy and
IR@)|s: < Cillz* Y |2, (1.20)
meERmin
where Bx (a,r) :={u € X | ||lu—al|lx <7}, and if we set
dz) =z -0+ > 2"m(|zl?) and z;(t) = e ==, (1.21)
meNR,
then, setting z(t) = (21(t), -+, zn(t)), the function u(t) :== ¢ (z(t)) satisfies
i0;u — Hu — g(|u)*)u = — Z z"Gm — R(z), (1.22)

meR yin

where {Gm R, C (E"o)ﬁR“‘in is giwen in (1.14). Finally, writing {m = wﬁ,i), w = w® and
R =R, for s; < sy we have wéﬁl)ﬂ ) = wﬁflg)ﬂ ), (] ?) = w2 (|- 2) and REY) = R(52)
m BRN (07(552).

O

Remark 1.11. Notice that solitons, or standing waves, are exact solutions to the NLS generated from
the Refined Profile setting

0i(z;) == ¢(z;e;) for z; € Bc(0,d5). (1.23)



So the Refined Profile fails to be an exact solution precisely when there are at least two nonzero
coordinates in z, which, under our hypotheses, make the defect on the right hand side of (1.22)
nonzero. Notice in particular that (1.20) states that the error term R(z) is not just small, but that
it has a specific combinatorial structure. A monomial of the form z;|z;|*" cannot be a term in R(z),
since it does not have the required combinatorial structure. These z;|z;|*" terms are in the left
hand side of (1.22) and cancel out because the Refined Profile encodes the standing waves, as

0(z)) = d(z5€;) = [z ¢+ 2% e, (|2]*)] |

z=zje;
We give now several formulae related to the refined profile. Let X be a Banach space and
F € CY(Ben (0,6), X) for some § > 0. For z € Ben (0,9) and w € CV | we set
D,F(z)w := — F(z + ew).
e=0
For z(t) given by the 2nd equation of (1.21), that is z;(t) = e‘iwi(‘z|2)tzj, we have
10,z = w(|z|?)z, where w(|z|*)z := (w1(|2*)z1, -+, wn(|2]*)2n).

Thus, i0,¢(z(t)) = iD,¢(z(t))(—iww(|z(t)|?)z(t)) and we have the following formula, identically sat-
isfied by ¢(z),

iD,¢(2)(—iw (|2|*)2) = Hp(z) + g(|6(2)*)d(2) — Y 2™Cm — R(2). (1.24)
Rumin
Furthermore, differentiating (1.24) w.r.t. z in any given direction z € C", we obtain
H(2|D,¢(z)z =iD}¢(z)(—iw(|2|*)z,2) + iD,¢(2) (D,(—iw(|z|*)2)z) (1.25)
+ Y Dy(z™)2Gm + D,R(2)z,
mcRLin

where the operator H|z] is defined by
Haf = Hf + g(6(2))f + 2/ (6(z))Re (3(a) f) o(z) (1.26)

and is selfadjoint for the inner product (u,v) = Re [, utdz.
As mentioned above, the refined profile ¢(z) contains as a special case the small standing waves
bifurcating from the eigenvalues, when they are simple.

Corollary 1.12. Let s >0 and j € {1,--- ,N}. Then, ¢ (2(t)e;) solves (1.1) if z € Bc(0,d5) and
Z(t) = efiwj(‘zeﬂg)tz_

Proof. Since (ze;)™ = 0 for m € Ruy,in, we see that from (1.20) and (1.22) the remainder terms
Y meRr,., Z(H)"Gm + R(z(t)) are 0 in (1.22). Therefore, we have the conclusion. O

Remark 1.13. If the eigenvalues of H are not simple the above does not hold anymore in general.
See Gustafson-Phan [6].

The main result, which we have first proved in [3], is the following.



Theorem 1.14. Under the Assumptions 1.1, 1.2 and 1.7, there exist 9 > 0 and C > 0 s.t. for all
up € H' with g := ||ug||z1 < 6o, there exists j € {1,--- ,N}, z € CL(R,C), ny € H* and p; >0
s.t.

lim fJu(t) = ¢;(=(t) — €y =0, (1.27)

t—o0
with C7'ed < p2 + |[n4 % < Ce} and

Jim|=(0)] = ps (1.28)
When written in the Modulation parameters, the NLS appears like a complicated system where
some discrete modes are coupled to radiation. The discrete modes tend to produce complicated
patterns, similar to the ones of a linear system with eigenvalues. However, asymptotically in time
the nonlinear interaction is responsible of spilling of energy into radiation which disperses at space
infinity and to the selection of a unique nonlinear standing wave. Theorem 1.14 is the same of
the main theorem in [4] and is very similar to the main theorem in [3]. The proofs here and in
[4] are much simpler than in [3] or in earlier papers containing early partial results, like [11, 13].
In [3], in order to detect the nonlinear redistribution of the energy, it was necessary to make full
use of the hamiltonian structure of our NLS, by first introducing Darboux coordinates and by then
considering a normal forms argument. The discovery of the notion of Refined Profile made in [8]
and its further development in [4] allows to forgo the normal forms argument because an almost
optimal system of coordinates is provided automatically by the Refined Profile. In [4] we introduced
Darboux coordinates in a way much simpler than in [3]. Undoubtedly, Darboux coordinates are
quite natural for a Hamiltonian system and in [4] they contribute to simplify the system. In the
present note however, we provide a different proof which, except for the information that mass and
energy are constant, thus guaranteeing the global existence of our small H' solutions, does not make
explicit use of the hamiltonian structure of the equations.

2 The proof
We start from constructing the modulation coordinate. First, we have the following.
Lemma 2.1. There exist § > 0 and z € C*°(Bg-1(0,6),CN) s.t.
vz € TV, (i (u— o(z(u))), Dad(a(u))z) = 0.
Proof. Standard. O
We set
n(u) = — o(z(u)). (2.1)

In the following we write n = n(u) and z = z(u). Substituting v = ¢(z)+n to (1.1) and using (1.24),
we have

i0in + 1D, ¢(z) (02 + iww(|z|*)z) = Hz]n + Z 2" Gm + R(z) + F(z,n), (2.2)
Rumin

where

F(z,n) = g(|6(2) + 1) (6(2) + n) — g(|6(2)]*)6(2) — 9(16(2)|*)n — 29'(|6(2)]*)Re (@n) ¢(2).



Given an interval I C R we set
Stz? (I) := L HI(I) N L2WIS(I),  Stz*(I) := LYHI(I) + L2W7S/5(I), j=0,1, (2.3)

where H? = L? and W% = L? and use Yajima’s [15] Strichartz inequalities, for t € I,

t
e Pevllsess vy < ol | / e VP () dsllsur ) S lswrs 1y = 0,1 (24)
to

Under the assumptions of Theorem 1.14 we have |[u|z~ g1 (r) S €0 from energy and mass conserva-
tion. Since [[ullm1 ~ 2] + 1], we conclude

Izl Lo ®) + Ml Lo () < €0-

Theorem 2.2 (Main Estimates). There exist 69 > 0 and Co > 0 s.t. if €9 = ||uol| g < do, we have

Inllsern + Do 1220y + 100z + i (l2*)zl| 12 (1) < Ceo, (2.5)
meERmin

for I =[0,00) and C = Cj.

Notice that (2.5), the equation (2.2) satisfied by 7, estimate (1.20) for R(z) and Lemma 2.4

below for F'(z,n), allow to prove in a standard and elementary fashion that n(t) scatters as t — +oo,

i.e. there exists ny € H' such that [|n(t) — | g == 0. From (2.5) we have |4 |z < Ceo.

Using mass conservation we have

l¢(z(®))lI72 = lluoll7= — 2(o(a(?)), € ns) — 2{(a(t)),n(t) — ") — (D)7

t—+
— NuollZ2 = lIn4 1172

So, by [l¢(z(t)[72 = I2(OI* + o([2(¢)[|*), we get lim_||(t)|[* = pZ for some 0 < py. < 2Cep.
The fact that z™ € L%(R.) and, as it is easy to see, 0;(z™) € L®(Ry) N C°([0, 00), imply

2™ 12 for any m € Ry ;,. This implies zx 1210 0 for all k except at most for one, yielding

the selection of one coordinate j in the statement of Theorem 1.14. The proof that Theorem 2.2
implies Theorem 1.14 is like in [3].

By completely routine arguments discussed in [3], (2.5) for I = [0, 00) is a consequence of the
following Proposition.

Proposition 2.3. There exists a constant co > 0 s.t. for any Coy > ¢q there is a value g = 6o(Cop)
s.t. if (2.5) holds for I = [0,T) for some T > 0, for C = Cy and for ug € By1(0,00), then in fact
for I =1[0,T] the inequalities (2.5) holds for C = Cy/2.

In the remainder of the paper we prove Proposition 2.3.

2.1 Estimate of the continuous variable 7

In the following, we set €9 = |Jug||g1. Further, when we use <, the implicit constant will not depend
on Cy. We start from the estimate of the remainder term F.

Lemma 2.4. Under the assumption of Proposition 2.3, we have

| F(z, 77)||Stz*1(1) S Cofg- (2.6)



Proof. By (1.2), we have the pointwise bound

|F(z,0)| +VaF(z,0)] S (1+[1?) (I6(2)] + [V (@)| + [1]) [] (0] + [Van]) - (2.7)

Using this, we obtain the conclusion by Hélder and Sobolev estimates. O
We set

Hlz] := {v e L* | VZz € CV, (v, D,¢(2)Z) = 0}. (2.8)

Notice that for u € H!, n(u) € H.[z(u)] N H'. Following Gustafson, Nakanishi and Tsai [5], we can
construct an inverse of P, on H.[z].

Lemma 2.5. There exists 0 > 0 s.t. there exists {aja}j=1,.. N,a=r,1 € C(Bcwn (0,5), ¥l st

laja(z)|sr S llzl®, j=1,---,N, A=R,1I (2.9)
and
N
Rlz] :=T1d = (( a;n(2)) ¢; + (- a;r(2)) i4)), (2.10)
j=1

satisfies R[z|Pely, ) = 1dly 1, PeRlz]|p 2 = Id|p 12
Proof. A proof is in [3]. O

We set 7 = P.n. By Lemma 2.5, we have n = R[z]7 and ||n]|gir ~ [|7]lsiz2- Applying P. to
(2.2), we have

i0,7] =H7j — 1P D,$(2) (012 + iww(j2*)z) + > 2™PeGm (2.11)
mERmin
+ P.R(z)+ P.F(z,n)+ P.(H[z] — H)n.

Lemma 2.6. Under the assumption of Proposition 2.3, we have
s (1) S €0+ C(Co)eg + D 2™ |2 (2.12)
meERmin

Proof. Obviously, from ||7||g¢r ~ ||7]lst,2 it is enough to bound the latter. By Strichartz estimates
(2.4) and Lemma 2.4 we easily obtain

[7sezt(1) S €0+ C(Co)e + | PeDad(2) (9rz + iwo(|2*)2) l2ry + D 2™ |e2qry-

meERmin

Using the fact that [|P.D,¢(z)|[s: = O (||z]|?), we obtain (2.12).
O
We set Z(z) :== = cr.. 2" Ri(m-w)P.Gmy and € := 7]+ Z, where Ry () := (H —X—i0)"".
Using the identity

(Dpz™) (iwz) = im - w z™ (2.13)



with, in the left hand side, wz := (w121, -+ ,wN2zN), We see that Z satisfies

~10Z(z) + HZ(z) = Y 2™P.Gm+Rz(2), (2.14)

meERmin

where

Rz(z) =1 Z D, (z™) [(0:z + iw(|2|*)z) + (iwz — iw(|2|*)z)] Ry (m - w)P.Gm.

mERumin
Substituting 77 = £ — Z(z) into (2.11), we obtain
10§ =H¢ —iP.D,$(z) (0sz + iw(|2|*)z) + P.R(z) + P.F(z,n) + P. (H[z] — H)n+ Rz(z). (2.15)
Lemma 2.7. Under the assumption of Proposition 2.3, we have
€l 2s0- (1) < €0 + Coﬁgo

Proof. By || - ||p2so- < || - |lgt,0 and Strichartz estimates (2.4), we have

Jelzso- < ITO)zs + e Za(O) oo +1) [ I Ry (afu(s)) dslposo (216)
+1P-Dyb(z) (4 + iw0(J2f)z) — R(z) — F(z.n) — (Hlz) — H) s

where z(t) = z(u(t)). One can bound the contribution of the 2nd line of (2.16) by < C(Cp)eg using,
as in Lemma 2.6, || P.D,¢(z)|/s: = O (||z/|?) and

D, (z™)i(w—w(z]*)z=im- (w—w(z*)z™ = O (||z|*) z™ (2.17)

by (2.13) and w(|z|?)|z=0 = w. Similarly, the first term in the r.h.s. of (2.16) can be bounded by
< €. For the 2nd and 3rd term in the r.h.s. of (2.16), we will now use the estimate

le ™ Ry (m - w)P. fllso- < ()| fls0- (2.18)

By (2.18), we have

—i m —3/2
e 2O s S S0 1O 0 15 [Gamllso S o,

meR yin

and

|| / Rt ol = T [ R PG
meERmin

D, (&™) (s) (Drz(s) + 1w ([a()P)a(s)) | + | Da (™) (3)i (w0 — o (|a(5)[) 2(5)]) ]
<Y e / (10v2(s) + o ([af? (5))a(s)] + 2™ ()]) (¢ — )™ |2ty € C(Co)ed

mERmin

where we have used (2.17) in the 2nd inequality and Young’s convolution inequality in the 3rd
inequality. Therefore, we have the conclusion. O



2.2 Estimate of discrete variables

We next estimate the quantities ||0;z + izo(|z|*)z[|2 and Y g [[2™| 2. To do so, we first

compute the inner product ((2.2), D,¢(z)z) for any given z € C. First, notice that by n € H.[z]
we obtain the orthogonality relation

(i0in, D,(2)2) = — (in, D3(2)(12,7)) .
Second, applying the inner product (n,-) to equation (1.25), we have
(H[zln, Dup(2)Z) = (in, D2¢(2)(w=(|2*)2,2)) + > (0,(Dz(2™)Z) Gm) + (0, DaR(2)Z) ,
meERmin

where we exploited the selfadjointness of H|[z] and the orthogonality in Lemma 2.1. Thus, applying
(-, D,¢(2)z) to equation (2.2) for n and using the last two equalities, we obtain

(iD,¢(2)(0yz + iww(|2|*)z), D2¢(2)Z) = (in, D;¢(z) (02 + iw(|2|*)z,2)) + (n, D,R(z)z) (2.19)
+ Y (0.(Ds(2™)2) Gn)

meRmin

+ Y (2"Gm, Dud(2)2) + (R(2), Dyo(2)2)

meRmin
+(F(2,m), D2¢(2)2) .
Using z = e;,ie; we have the following.

Lemma 2.8. Under the assumption of Proposition 2.3, we have

Oz +iwj(|2)z = =i D 2™ (Gm, &) +1;(2,m), (2.20)

meERmin
where r;(z,n) satisfies
||7'j(Z,77)||L2(1) < O(Co)ﬁg-

In particular, we have

10z +iw(2P)zl o) S S 12120y + C(Co)e (2.21)

meRmin

Proof. First since D,$(0)z = 7z - ¢, we have

N
(iD,0(2) (012 + i (|2’ )2), Dud(2)3) = 3 Re(i(0rz; +iwmya)5)5) + @@, (222
where
r(z,z) = <i (D,p(z) — D,9(0)) (02 + iw(|z|2)z), Dz¢(z)2> (2.23)

+ (1D, $(0) (02 + iw(|z]*)z), (D, ¢(2) — D,¢(0)) Z) .
Since ||Dz¢(z) — D,#(0)| 2 < |22 < €3, by the assumptions of Proposition 2.3 we have

|r(z,2)||22(r) S C(Co)e for all z = ey, ieq, - - ey, iey. (2.24)

10



Setting

7(z,2,m) = (in, D2¢(z) (02 + iw(|z\2)z,2)> +(n, D, R(z)z) + Z (N, (Dy (z2™)2) Gm) (2.25)

meER nin
+ S (2"Cum. (Dat(z) — Da(0))2) + (R(2), D,0(2)2) + (F(z,m), Da(2)2)
meRmin
by the assumptions of Proposition 2.3 we have
17(z,2,m)|| 21y < C(Co)eg for all z = ey, e, - , ey, ien. (2.26)

Therefore, since Dg(0)ife; = i*¢; (k =0, 1), we have

—Im (at’z] +le(|Z|2)Zj) = Z <Zme7¢j> _T(Zaej)‘FF(zaejﬂ?)»

mERmin

Re (02 +iw;(|z*)z;) = Y (2™Gm, 1)) — r(z,ie;) + (2, ie;, n).

meRmin
Since G, (as can be seen from the proof in [4]) and ¢; are R-valued, we have

Oz + iwj(|z\2)zj = fiz (Gm, 9j) 2™ — r(2z,1€;) +ir(z, e;) + 7(z,1iej,n) — ir(z, €5, n).

m

Therefore, from (2.24) and (2.26), we have the conclusion with r;(z,n) = —r(z,ie;) + ir(z, e;) +
7f:/(z7 iejv 77) - i’?(Z, ej7 77) O

Having estimated 7 and 0;z + iw(|z|?)z in terms of Y meRy, 127 L2(1), we need to estimate

the latter quantity. Here we use the Fermi Golden Rule.

Lemma 2.9. Under the assumption of Proposition 2.3, we have

Z 2|2 < €0 + (Coeo)éo- (2.27)

meERmin

Proof. We substitute z = iw(]z|?)z in (2.19) and we make various simplifications. The first, by
(f,if) = 0 the right hand side of (2.19) can be rewritten as

(iD20(2)(0r2 + iw(|2]*)2), Dy (2)iw(|2]*)2) = (iD10(2)(0:2), Dy (z)iwo (|2|)z) (2.28)
Next, we consider the 3rd line of (2.19), which we rewrite as

< Z 2" Gm + R(2), Dz¢(z)iw(|z|2)z> = < Z 2 G + R(2), D,p(z) (8tz + iw(|z|2)z)>

meRL,in meERmin

- < Z Zme + R(Z)7 Dz¢(z)atz> . (2.29)

meRwin

The term in the 1st line of the r.h.s. of (2.29) can be written as

< > 2™Gm, D20(0) (912 + iw(|z|2)z)> + Ry (z), (2.30)

meERmin

11



where

Ri(z) = < Z 2" G, (D,0(z) — D;9(0)) (8pz + iw(|z|2)z)>

meR yin

+(R(2), Du¢(2) (92 + iww(|2]*)z)) ,

satisfies

T
[ imatateniae < e (2.31)
0
Using the stationary Refined Profile equation (1.24), the last line of (2.29) can be written as

— (Ho(2) + 9(16(2)[*)6(2), D2¢(2)0e2) + (D2¢(2) (iww(|2]*) )2, 1D, ¢(2)0s2) (2.32)

Notice that the 2nd term of (2.32) coincides with the right hand side of (2.28), which lies in the left
hand side of (2.19), so that the two cancel each other. On the other hand, we have

(Ho(z) + 9(16(2))6(2), Dat()diz) = - B(6(2)) (23
Therefore, from (2.19) with z = iww(|z]?)z, (2.28), (2.29), (2.30), (2.32) and (2.33), we have

d

%EW(Z)) — Z m-w(n,iz"Gy) = Z <szm7qu§(O) (8tz + iw(\z|2)z)> + Ry(z,7),

meRLin meRLin
(2.34)
where

Ro(z,n) =R:(z) + <i77, Dg¢(z) (@z + i‘w(|z|2)z7 iw(\z|2)z)> + <77,Dz7?,(z)iw(|z\2)z> (2.35)
+ Y (@([z) = @) (1,2 Gm) + (F(2,7), Dyo(2)iwo(|z|*)z) ,

meRyin

satisfies
T
/ Rola(t), n(t))|dt < (C2&2 + C5e5) 2. (2.36)
0

By Lemma 2.8 and D,¢(0)z = z - ¢, the 1st term of right hand side of (2.34) can be written as

Y (2"CGm, ¢ (z+iw(lzl’)z)) = D D (2"Cm,¢; (~iz"gn, +ri(z,n)))

mERyin m,n€Rpin j=1
N N
= Y D Re(#™Z) gmygn; + D, (2 Cm,ri(21)8))
m,n€R iy j=1 m,neR i, j=1
m#n

where we have set gm,; := (Gm, ¢;) and used the fact that (z2™Gm, —iz™¢;) = 0 due to Gy, and ¢;
being R valued. Now, for m # n, we have

0y(z"z™) =i(m — n) - wz"z™ + i(m — n) - (w(|z]*) — w) z"2™

+ Dy, (2™)(0sz + iw(|z]*2))2™ + 2" D, (z2™)((0sz + iw(|z]?2)))

12



Thus, since (m — n) - w # 0 from Assumption 1.2, we have

w1 z"z™) +r z
zen = i((m—mn) .w)ﬁt( )+ Tom(2) (2:37)

where
(m—n)- (w(z?) —w) .

Tn,m(Z) = — ) o z"z™m

m (Dz(zn)(atz + iw(|z|2))2™ + 2" D, (z™) (02 + iw(\z|2z)))) .

Then, by the hypotheses of Proposition 2.3 we have
T
/ Irmn(2)] dt S Cieg. (2.38)
0
Thus, we have

N
> ) Re(iz™2") gm jgn,; = 0 A1(z) + Rs(2),

mneRLi, j=1

m--n
where
Aq(z) = Z Z = m) e(zsz)gm,jgn,j, and
m,neR i, j=1
m#n
Rs(z) = Z ZRe ira,m(2)) gm,jn,j-
m,neRy;, j=1
m#n
Thus,
Z (2™ G, & - (042 + iww(|2|*)z) ) = 0,A;(2) + Ra(z,n),
meERmin
where

N
Ru(z,n) = Ry(z) + Y > (2™Cm,7i(z,m)¢5) -

m,n€Ryin j=1

By (2.38) and Lemma 2.8, we have

T
/0 Raa(t), n(t)] dt < C2ed.

Substituting n = R[z]§ — (R[z] — 1)Z(z) — Z(z) into the 2nd term of the L.h.s. of (2.34), we have

Z m - w (1,12 Gm Z m - w|z™? (Ry(m - w)P.Gm,iGm) (2.39)
mecR nin mcRmnmin
- Z m-w(z"Ri(n-w)P.Gy,iz™ Z m - w — (R[z] — 1)Z(2),iz™ Gm) -
m,n€Rnmin meERmin
m#n

13



By (2.37), the 2nd term of the r.h.s. of (2.39) can be written as

- Z m- w(z"Ry(n-w)P.Gn,iz™mGm) = 0:A2(2z) + Rs(z),

m,n€ERmin

m#n
where
m-w — .
AQ(Z) = —Re Z mz z <R+(l’l . w)PCGn, le> 3
m,neR in
Ri(z)=— Y m-w(rnm(z)R(n:w)P.Gn,iGm),
m,n€Rin

with

T
| Rttt 5 e
The last term of r.h.s. of (2.39) can be written as

Z m - w (R[2)¢,i2™Gm) + Re(z),

meR in

with Rg(z) satisfying

T
A\&(UW#<%%

Therefore, we have

% (E(¢(z)) — A1(z) — As(z)) = — Z m - w|z™[* (Ry (m - W) P.Gpm,iP.Gm) (2.40)
meRmin
+ Z m - w (R[z]¢,iz"Gm) + R7(z,7)
meRmin

where Rr(z,7n) = Ra(z) + R4(z) + Rs5 + Re.
Now, by Ry (w-m) = P.V.7—-— +in§(H —w-m) and formula (2.5) p. 156 [12] and Assumption
1.7, we have

(iGmy (H —w-m —i0) "' G) = G (k)| dS(k) > 1

1
16my/w - m /|kz_w.m
with é;(k) like in Assumption 1.7. Thus, we have
HZmH%z(I) Sep+ 571”5”%?207(1) + 5||ZmH%2(1) + Ciep,

where we have used Schwartz inequality. Taking ¢ so that the ||ZmHL2(1) <ed+ot ||§||L220,(1) +C2ed
and using [[{|| 250 (1) S €0 by Lemma 2.7, we obtain (2.27).
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