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1 Introduction

This article serves as an introduction to PYRiGI, a general-purpose PyTHON package. It aims to help
researchers in rigidity and flexibility theory in their day-to-day work by implementing various
algorithmic and combinatorial aspects of the mathematical theory, allowing users to perform
computations that would be infeasible to carry out by hand. This document presents an overview
of PyR1Gr’s functionality, design philosophy, and implementation details.

Rigidity theory is the study of graph-theoretic, matroid-theoretic, geometric, and metric prop-
erties related to the various forms of structural rigidity. Concretely, one starts from a simple,
loopless graph and assigns to each of its vertices a point in R?, namely a realization; in this way, a
framework is obtained. Then, one can ask whether it is possible to assign other realizations to the
same graph so that the Euclidean distance between points corresponding to an edge of the graph is
the same as in the original realization. Clearly, this is always possible by applying an isometry,
i.e., a rototranslation, to the original realization. If this is the only possible way to obtain such
“compatible” realizations in a sufficiently small neighborhood, then the framework is called rigid; it
is called flexible otherwise. In addition to this first notion of rigidity, many other can be introduced:
for example, if a framework is rigid, does there exist a unique realization (up to isometries) with
given distances between points connected by an edge, or are there finitely many of them? In the
first case, the framework is called globally rigid. If the framework is rigid and removing any edge
preserves this property, then it is called redundantly rigid. All these notions can be transferred from
frameworks to abstract graphs by considering what the behavior of a “generic” framework is.

Rigidity theory sits at the interface between graph theory, matroid theory, and metric geometry,
and benefits from contributions from algebraic and tropical geometry, functional analysis, semi-
definite programming, and symbolic computation. In addition to its theoretical interest, rigidity
theory plays a role in applications, such as protein and molecule analysis [Hermans et al., 2017;
Thorpe and Duxbury, 2002], formation control [Zelazo and Zhao, 2019], matrix completion [Singer
and Cucuringu, 2010], foldable structures [Tachi, 2016], chemistry, and modern art [Graver, 2001].

Rigidity theory is currently undergoing an exciting period of growth. For example, the average
number of yearly entries tagged with MSC code 52C25 “Rigidity and flexibility of structures (aspects
of discrete geometry)” on the zbMATH Open abstracting and reviewing service! increased from 28.4
in the 5-year period 2015-2019 to 50.6 in 2019-2024. Moreover, several major international scientific
gatherings focusing on rigidity theory and related topics have been organized in recent years.
These include the “Thematic Program on Geometric Constraint Systems, Framework Rigidity, and
Distance Geometry” (2021) and the subsequent “Focus Program on Geometric Constraint Systems”
(2023), both hosted by the Fields Institute for Research in Mathematical Sciences (Toronto, Canada),
the “Special Semester on Rigidity and Flexibility” (2024) at RICAM (Linz, Austria) and the program
“Geometry of Materials, Packings, and Rigid Frameworks” (2025) at ICERM (Providence, USA).

Thttps://zbmath.org.
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Parallel to the scientific activity, the last 15 years have seen the emergence of a wide range of
software tools devoted to rigidity theory. Their primary scope can be broadly categorized into:

Applications: FIRST/MSU ProFlex [Jacobs et al., 2001] and KINARI [Fox and Streinu, 2012; Fox et al.,
2011] are tools for the rigidity analysis of proteins.

Special-Purpose Software Packages: An overview of the functionality of the following packages is
described in greater detail in Table 1. Some of these packages were developed primarily for a
rigidity analysis. Among them, the graph-rigidity-checker [Dewar, 2021] and RicipPy [Hagh
and Sadjadi, 2022] are tools built in PyTHON for checking the rigidity of graphs and frameworks,
respectively. RicGiComp [Grasegger, 2022] is a MATHEMATICA package for testing rigidity and
for computing the number of realizations for minimally rigid graphs and GPART [Zhang
et al., 2023] is a MATLAB package that computes partitions into globally/redundantly rigid
components. Finally, Larsson [2024] provides a NAUTY plugin for enumerating (k, £)-sparse
and -tight graphs. Other packages focus on flexibility and motions. FLEXRILOG [Grasegger
and Legersky, 2020] is a SAGEMATH package for producing NAC-colorings and continuous
motions, while DEFORMATIONPATHS [Himmelmann, 2026] is a JuL1a package for approximating
continuous motions of geometric constraint systems.

Supplementary Material for Research Articles: Bartzos et al. [2020], Capco et al. [2018a], Clarke
et al. [2026], Gallet et al. [2022], and Grasegger et al. [2022] provide algorithms for bounding
or counting the realization number of minimally rigid graphs in Euclidean space and on the
sphere, Mc Glue and Stokes [2022] enumerate computationally rigid circuits and Assur graphs
up to a fixed size, CAyMos [Wang and Sitharam, 2015] is a Java package for the parametrization
of continuous motions for certain frameworks, and EASAL [Ozkan et al., 2018] is a software
for describing the structure of the configuration space of frameworks.

Smaller Software Projects: Anand [2024] investigates the existence of circle packings whose contact
graph is a given minimally rigid graph, Dance [2024] tests the rigidity properties of graphs,
Islam [2024] generates continuous motions for graphs with a single nontrivial degree of
freedom, McKenzie [2020] provides miscellaneous code snippets for the rigidity and flexibility
of frameworks, and Poetzsch [2024] gives a method for finding the maximum rigid components
of a graph.

Despite the growing interest in developing software tools for rigidity theory, it seemed to us
that there is a lack of general-purpose software to support researchers in their day-to-day work.
This lack of basic functionality in previously existing software can, for instance, be seen in Table 1.
A general-purpose software package should allow testing for various rigidity properties, be able
to manipulate graphs with rigidity-oriented operations such as k-extensions or coning, provide
functionality for constructing continuous motions, and include databases of graphs with interesting
rigidity properties.

This motivation led to the workshop “Code of Rigidity” during the 2024 Special Semester on
Rigidity and Flexibility in Linz, which was dedicated to presenting and spreading knowledge about
software in rigidity theory. A survey was prepared and circulated before the workshop among
possibly interested researchers about their needs and wishes regarding software for rigidity theory,
and the answers were the starting point for the workshop discussions. The (approximately 25)
workshop participants agreed on the importance and usefulness of starting to develop a general-
purpose software platform for rigidity theory and set associated goals. Via rounds of consultations,
it was decided that the software should be standalone (and not embedded as a package of a wider
already existing project) and developed in PyTHON (which had the broadest base of potential users
and contributors). The name PYR1GI was selected from a shortlist of proposals through a vote by
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Table 1. Comparison of Rigidity Software Packages and Their Functionality
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RiciComp X X %
RiGIDPY X X X X X
PyRiG1 %

Major functionality is indicated by +/, while ¥ means no or just very little. Some packages check the infinitesimal rigidity of

frameworks by using exact coordinates +*, whereas others compute the rank of the rigidity matrix using numerical means
. While the package RIGIDPY does not technically allow for checking second-order rigidity, it provides functionality that

could be extended to such certificates; similarly, FLEXRILOG provides functionality for checking minimal 2-rigidity

The symbol % denotes that RiciComp relies on MATHEMATICA, FLEXRILOG on SAGEMATH and PYRIGI uses NETWORKX for

general graph properties. Many packages let the user visualize frameworks, but only some allow a graphical input option

where the user can draw a graph, as indicated by

the workshop participants as a portmanteau combining “Python” and “Rigidity.” Finally, the four
authors of this article volunteered to act as maintainers of the project.

The main goal of PYRiGI is to provide a versatile software package built in PyTHON that inte-
grates mathematical theory with algorithmic implementations. In doing so, it uses the backends
NETWORKX, NUMPY, and SYMPy, but also provides native algorithms for checking properties of
graphs and for linear-algebraic computations. In contrast, FLEXRILoG and RiciComp are based on
the computer algebra systems SAGEMATH and MATHEMATICA, respectively, which lets them benefit
from sophisticated algebraic and symbolic computations. Meanwhile, DEFORMATIONPATHS takes
advantage of the high-performance numerical linear algebra capabilities of LAPACK within Juria
to approximate continuous motions. However, these dependencies often come at the expense of
broader accessibility and user-friendliness.

After a year, PYRIGI has reached its first stable release, and this article is meant to introduce the
readers to its features and (current) limitations, and to hopefully convince researchers in rigidity
theory or nearby fields to consider adopting it in their work. The main strengths of PYRIGI can be
summarized as follows:

—it is general-purpose: a user finds a wealth of commands, all in the same software;

—it is easy to use: as a PYTHON package, it is easy to install on many platforms (simply by
running pip install pyrigi), and it provides an intuitive interface, with method names
derived from the mathematical concepts they implement;

—it is the result of community involvement: as a GitHub repository? anyone can contribute,
and we provide a public Zulip channel® to discuss issues, feature requests, and ongoing
development; the package originated from a workshop, and several events have already taken
place to enhance it;

—it is well-documented, including a mathematical background: we emphasize detailed interface
instructions and link them to the related mathematical concepts;

—it implements scientific results from the recent literature.

Zhttps://github.com/PyRigi/PyRigi.
Shttps://pyrigi.zulipchat.com.
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Fig. 1. Overview of PYRiGI’s functionality.

Figure 1 provides a glimpse of the current capabilities of PYRIGI. As one may notice, PYR1GI
rests on the three pillars of graphs, frameworks, and motions. Each of these pillars corresponds
to a PyTHON class that exposes methods which can be used to create and modify graphs and
frameworks, both by explicitly entering their vertices, edges, and realizations, and by fetching them
from databases of known examples; users are able to call methods to check for infinitesimal and
generic rigidity, in addition to their global and redundant counterparts. A non-exhaustive list of
possible constructions on graphs includes k-extensions, intersections, sums, and coning. Extensive
plotting features are provided, and one can numerically generate motions of flexible frameworks.

PyRiar is designed to be user-friendly, especially for people with little to no experience with
symbolic computations and programming: our chosen programming language, PyTHON, is known
to be easy to learn also for beginners, and we strive to provide clear and detailed documentation for
the introduced objects. In addition, the package documentation is enhanced by the integration of
mathematical definitions, which provide precise mathematical meaning to the inputs and outputs
of the PyTHON computations.

PyR1aI is an open source software package. We believe that the outcomes of research should be
publicly and freely accessible, in accordance with the FAIR Principles for Research Software [Barker
et al., 2022], that is why all PYRIGI’s code is accessible via its GitHub page?, and the version 1.2

*https://github.com/PyRigi/PyRigi.
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described in this article is stored in Zenodo [The PyRigi Developers, 2026]. Everyone is welcome
to join this project. PyRiaI is released under an MIT license, which grants several rights to use,
modify, and copy the software. We kindly ask users and developers to carefully read the license
and be aware of its consequences.

This article serves as an introduction to PYRiGI by describing its core functionalities, guiding
philosophy, and internal architecture. Section 2 highlights PYRIGI's unique feature of integrating
formal mathematical statements with its interface documentation to give a precise meaning to
the quantities used in its methods. Section 3 provides a detailed overview of the functionalities
implemented in PYRIGI. Section 4 sheds light on the implementation details of the main classes and
methods in PYR1GI and their internal structure. Finally, Section 5 outlines potential directions for
future development and extensions of PYRIGI.

2 Code Meets Math

A basic part of software documentation is the description of the code and the available functions and
methods. PYRiGI goes further, adding a second part that integrates the mathematical concepts and
theorems of rigidity theory with computational tools. This means that each method and function
in PyRiGi—unless it is already well known—is linked to its respective mathematical definition.
For algorithmic concepts and implementation decisions, there is usually a mathematical theorem
and an algorithm description in the documentation. The mathematical documentation collects all
necessary information in one place in a handbook-like style organized in topical pages. Definitions
and theorems can therefore be referenced both from the code and the documentation. This gives the
user a precise understanding of what is computed and how. The interactions between the theoretical
and the computational side are visualized in Figures 2 and 3 for a graph and a framework example,
respectively. In the following paragraphs, we describe these interactions in more detail. Besides
the in-depth documentation, which is intended for more advanced users, there are, of course, also
tutorials for getting started.

Let us start by discussing the interplay of mathematical concepts, documentation, and code on
an example graph depicted in Figure 2. A crucial definition in rigidity theory is that of a minimally
rigid graph. Out of the many possible equivalent definitions, we chose to adopt one related to
the rigidity of frameworks (top left of the figure). However, the genericity that is mentioned in
this definition is, from a coding point of view, difficult to use directly. The theorem of Pollaczek-
Geiringer and Laman (top right of the figure) yields a better strategy for computation. Bibliographic
references for the theorem guarantee scientific standards of the mathematical documentation. The
theorem links to another concept of graph theory, namely tightness, for which there is (for some
important cases) a polynomial-time algorithm. This algorithm is one option to check rigidity in the
method is_min_rigid as can be seen in the docstring of the method (bottom left of the figure). The
docstring also refers to the respective definitions and theorems. Additionally, the docstring shows
an explanation of the method and the parameters, and it gives examples for their usage, fulfilling
common coding standards, such as PEP 8. All of this is also presented in the online documentation
in a well-formatted and accessible manner. Note that in the figure, some parts are left out (indicated
by “.”) for space and illustration purposes. The example in the figure takes a predefined graph
from the database of graphs graphDB that accompanies PYR1GI.

The example structure for frameworks (Figure 3) shows two particularly relevant definitions,
namely infinitesimal flexes and stresses (top of the figure). Frameworks are implemented in PyRiG1
as their own class. Two of its methods are shown: inf_flexes computes all infinitesimal flexes
of a given framework, and stresses does so with the equilibrium stresses (center of the figure).
References to definitions are considered an important aspect of the documentation in PyRicr, and
hence, there is a standard section for them in the docstrings, as can be seen in the figure. The
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~ Math Documentation —— further doc ~ Math Documentation ——

Definition 18 (Minimally generically il

rigid graphs)

Theorem 1

raph

----

Agraph G = (V,E) with |[V| > 2is
L = = minimally (generically) 2-rigid if and only if
Gis (2, 3)-tight.

Let G be a graph, letd € N. The graph G
is called minimally (generically) d-rigid if a
(equivalently, any) generic framework

(G, p) is minimally (infinitesimally) d-rigid.

biblio

References: [PG27] [Lam70]

PyRigi: is min_rigid() = = = = = = = = = = - -

J
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Code Documentation =————

T L L
-

‘l lements N om- --- is_min_rigid(dim=2, algorithm='default’,
implements use_precomputed_pebble_digraph=False,
prob=0.0001) [source]
— Code D : Return whether the graph is minimally dim -rigid.
.
def is_min_rigid( < _\I J
self, 1
dim: int = 2, 1
algorithm: str = "default", ] ,-Graph
. 1
) -> bool: 1 { ]
1
Return whether the graph is minimally ~“dim”~-rigid. 1 s \
1
< L
Definiti 1 =] «
e ' 2 | E—
@ wm|= = :prf:ref: Minimal dim-rigidity <def-min-rigid-graph>" : J /
L
1 =
Parameters 1 [} E‘
,,,,,,,,,, =}
1 \ J <
dim: 1 3]
Dimension. 1 )
algorithm: 1 <
' Usage =
If ““"sparsity"”" (only if ~“dim=277), 1
then :prf:ref:*(2,3)-tightness 1 from pyrigi import graphDB
<def-kl-sparse-tight>" and ' - : ),
:prf:ref:~thm-2-gen-rigidity™ are used. = = = = = = = = - G A gr{apth?.Thre(.ePrlsm()
uses G.is_min_rigid(dim=2)
\ J J

Fig. 2. Example structure of graph rigidity in PYRiGI. The rounded rectangles describe different parts of
PYRicl. Blue dashed arrows = # symbolize references between elements, while red arrows =¥ show structural
relations.

example is chosen to show that computational results of frameworks can easily be visualized in
PyRicI. The input framework is obtained from the framework database frameworkDB that is part
of PYRiGrI. The output figure shows both the infinitesimal flexes (as green arrows) as well as the
stresses (as labels on the edges).

Besides the documentation on the code and the mathematical background, PYRiGr’s documenta-
tion also provides a tutorial on the rigidity of graphs and frameworks.’ This tutorial serves as an
introduction to the functionality of PYRIGI. It contains a description and the usage of some basic
commands, including the elements described in the figures. Again, references to the mathematical
definitions and the method descriptions help the user to easily navigate through the documentation.
In this article, we offer a brief example in Section 3.4, which outlines the package’s usage.

3 Functionality

In this section, we illustrate the current functionality of PYRic1. We emphasize what PYRiG1 can
do and refer the reader to the online documentation of PYR1GI to see how this can be used in
practice. We start by describing how frameworks are handled by PyRi1G1, and then move to graphs,
concluding with motions. We chose this order, since many notions related to graph rigidity are

Shttps://pyrigi.github.io/PyRigi/userguide/tutorials/rigidity.html.
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1
1 (Pu—pv) - (Qu—qv) =0 foralluv e E. 1
' 1
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1
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1 1
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1 include_trivial: bool = False, def stresses( 1
! . self, 1
! ) -> list[Matrix] | list[list[float]]: . 1
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: Return a basis of the space of infinitesimal flexes. ret 1
' Return a basis of the space of equilibrium stresses. :
: Definitions Definitions :
o — ] e
“ m|= = :prf:ref: Infinitesimal flex <def-inf-flex>" :prf:ref: Equilibrium stress <def-equilibrium-stress> |- -.
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4
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o ° U takes example uses PR
Usage \/
© \f/
from pyrigi import frameworkDB 1
F = frameworkDB.ThreePrism("parallel") N |
A stresses = F.stresses() /\
inf_flexes = F.inf_flexes() /“ ’\
F.plot(inf_flex=inf_flexes[@], stress=stresses[0]) O—1——>

\ J \ J
L ) ___*

uses produces

Fig. 3. Framework rigidity in PyRiGI. The rounded rectangles describe different parts of PYRiGI. Arrow styles
are as in Figure 2.

first introduced for frameworks and later defined for graphs by considering so-called “generic”
realizations.

3.1 Frameworks

Let G = (V, E) be a simple graph, d € N and let p: V — R? be a d-dimensional realization of G.
A d-dimensional framework is then defined as the pair (G, p). In PYRiG1, a framework object can be
instantiated using the class Framework. It expects a Graph and a realization given by a dictionary
as input. For instance, a framework on a 4-cycle can be constructed by calling

from pyrigi import Framework, Graph

G = Graph([(0,1), (1,2), (2,3), (3,0)1)

realization = {0: [0,0], 1: [“sqrt(2)”,01, 2: [1,1]1, 3: [0,“3/4”]1}
F = Framework(G, realization)

The coordinates in the realization can be provided as SYMPY expressions using their string rep-
resentation, so that the computations on the framework can be performed symbolically. Specific
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relevant frameworks are stored in the internal frameworkDB. For instance, we can construct a
parallel configuration of the 3-prism using the following commands:

from pyrigi import frameworkDB
TP = frameworkDB.ThreePrism(realization=“parallel”)

This framework consists of two flipped and translated triangles, with the property that correspond-
ing vertices are connected by edges that lie on three parallel lines. It is depicted in Figure 3. We use
the frameworks F and TP as examples throughout this subsection.

3.1.1  Equivalence and Congruence. To distinguish whether a given framework is flexible or
rigid and to say that one framework is a deformed version of another framework, we employ a
theoretical notion to compare realizations of the same graph up to rigid motions. Two d-dimensional
frameworks (G, p) and (G, p’) on a graph G = (V, E) are called equivalent if

lp(w) = p@I = lIp"(w) = p’ @)l for all {u,0} € E.
They are called congruent if
lip(w) = p()Il = lIp’ (w) = p" @) forallu,0 € V.

In PyRiat, these concepts can be checked by calling the methods is_equivalent and is_congruent.
By default, these checks are performed symbolically. When faster computation is required, users
may switch to numerical methods by setting the appropriate keyword. This converts the internal
coordinates to floating-point numbers and runs numerical checks instead of symbolic ones. The
computation uses a predefined numeric tolerance, which also can be specified.

We then say that a d-dimensional framework (G, p) is (continuously) rigid if every framework
(G, q) equivalent to (G, p), and sufficiently close to it in the Euclidean distance, is actually congruent
to it; otherwise, it is called (continuously) flexible.

3.1.2  Transformations. As we are often interested in comparing properties of different frame-
works, PYRIGI comes with various tools for transforming frameworks. First and foremost, we can
modify the underlying graph by adding and deleting vertices or edges. We can project a realization
to a lower dimension by calling projected_realization. In addition, it is possible to rescale all
coordinates by a factor, to translate a framework, and to rotate it in R? and R®.

3.1.3 Infinitesimal Rigidity. Determining whether a given framework with arbitrary coordinates
is rigid in R is coNP-hard for d > 2 [Abbott, 2008], meaning that checking whether a framework
is flexible is NP-hard. Therefore, stronger conditions are typically employed to determine whether
a framework is rigid.

The concept of infinitesimal rigidity provides an important sufficient condition that arises from
showing that a framework’s realization is a non-singular real isolated solution of the underlying
Euclidean distance constraint system. In other words, a d-dimensional framework (G, p) on a graph
G = (V,E) is infinitesimally rigid if the rank of the Jacobian corresponding to the polynomial
system of the associated edge-length equations—also referred to as the rigidity matrix—is equal to
d|v| - (d;rl). This matrix is the |E| X d|V| matrix whose row labelled by e = {u, v} is

u v
0 - 0 pw-pl 0 - 0 p®)—pw) 0 --- 0).

It turns out that the previously constructed framework F on the 4-cycle graph is not infinitesi-
mally rigid. When adding the edge {1, 3} by calling F.add_edge([1,31), it becomes a Diamond
framework which is minimally infinitesimally rigid, meaning that it is infinitesimally rigid and the
removal of any edge from the framework’s underlying graph causes it to become infinitesimally
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flexible. This fact can be verified using the command F.is_min_inf_rigid(). If we further add
the edge {0, 2}, the framework F becomes a realization of the complete graph on four vertices K.
It is redundantly infinitesimally rigid, meaning that the removal of any edge still produces an in-
finitesimally rigid framework, as can be verified by calling F.is_redundantly_inf_rigid(). The
keyword numerical can be used in all of these cases to speed up the computations by converting
the symbolic coordinates to floating-point numbers and computing the rigidity matrix’s kernel
using NumPy [Harris et al., 2020].

3.1.4 Stresses and Flexes. Conversely, the framework TP on the 3-prism graph is not infinitesi-
mally rigid, as can be checked via TP.is_inf_rigid(), which returns False.

We can verify this result by computing the framework’s infinitesimal flexes, which are given
by the kernel of the rigidity matrix. In other words, the infinitesimal flexes (q(v))yey of frame-
work (G, p) are vectors at each vertex satisfying (p(u) — p(v)) - (¢(u) — q(v)) = 0 for each
edge {u,v} € E. They are called trivial, if they extend to an ambient isometry, nontrivial other-
wise. In particular, an infinitesimally rigid framework possesses no nontrivial infinitesimal flexes.
For instance, all infinitesimal flexes of the 3-prism framework TP can be computed by calling
TP.inf_flexes(include_trivial=True).

An associated concept is equilibrium stresses, which form the cokernel of the rigidity matrix.
Computing

inf_flexes = TP.inf_flexes()
stresses = TP.stresses()

demonstrates that the framework has both a 1D space of nontrivial infinitesimal flexes and equi-
librium stresses. We can then verify that these flexes and stresses are indeed nontrivial infini-
tesimal flexes and equilibrium stresses by calling TP.is_nontrivial_flex(inf_flexes[@]) and
TP.is_stress(stresses[0]), respectively. These computations can be performed numerically
as well.

3.1.5 Prestress Stability and Second-Order Rigidity. Even though the parallel realization of the
3-prism graph is not infinitesimally rigid, the framework is prestress stable. This concept constitutes
a sufficient criterion, weaker than infinitesimal rigidity, for the continuous rigidity of a framework.
It depends on the idea that stresses may block certain infinitesimal flexes from extending to
continuous motions. More precisely, if there exists an equilibrium stress o such that for every
nontrivial infinitesimal motion q it holds that

3 ooy - g = g@IF > 0,

{u,v}€E

the framework is called prestress stable [Connelly and Whiteley, 1996]. For the 3-prism framework TP,
this can be checked by calling TP.is_prestress_stable(), which returns True, so it is indeed
rigid. If instead, for every nontrivial infinitesimal motion q there exists an equilibrium stress w such
that the inequality above holds, we obtain the weaker concept of second-order rigidity [Connelly
and Whiteley, 1996]. This criterion can be verified via the method is_second_order_rigid (the
numerical keyword can be used here as well). Since prestress stability and second-order rigidity
both imply (continuous) rigidity [Connelly and Gortler, 2017], the framework cannot be continu-
ously deformed. This check is based on the sums of nonnegative circuits decomposition [Iliman
and de Wolff, 2016], which is a general sufficient condition for the nonnegativity (or positivity)
of polynomials and is reliant on the corresponding Newton polytope. In our case, it produces
an effective criterion for the second-order rigidity of bar-and-joint frameworks, which exploits
the particular structure of the problem. In PyRiaG, it is currently required that either the space of
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Fig. 4. The GraphDrawer GUI makes it possible to input a graph with a realization in PyRicI by drawing it
(left). In this screenshot from a Jupyter Notebook, the edge {4, 7} is currently drawn. The resulting framework
is then visualized using the internal plotting routines, while showing an infinitesimal flex and an equilibrium
stress (right).

infinitesimal flexes or the space of equilibrium stresses is 1D. However, we intend to extend this
approach to more general systems in the future, which amounts to showing that the stress matrix
(see Section 3.1.6) is positive definite in the case of prestress stability [Connelly and Whiteley,
1996], and in the case of second-order rigidity requires showing that a certain polynomial system
only has the origin as a real solution.

3.1.6  Stress Matrix. Given an equilibrium stress w associated with a d-dimensional framework
(G, p) on a graph G = (V,E), we can construct an object called the stress matrix Q. This is an
n X n symmetric matrix, where n = |V|, with off-diagonal elements —w,, , and diagonal elements
Dvey Wup for all vertices u, v € V. This construction ensures that the matrix’s row- and column-
sums are equal to 0. For the framework TP, the stress matrix of the stress stresses[@] can be
constructed by calling TP.stress_matrix(stresses[0]). This matrix has ramifications for the
rigidity properties of the corresponding framework. If the realization p of an infinitesimally rigid
framework (G, p) is generic and the rank of Q is n — d — 1, then (G, p) is globally rigid [Gortler
et al., 2010]. In PYRi1GI, the rank of Q can be computed via TP.stress_matrix_rank(). For this
function, the optional keyword numerical can be specified.

3.1.7 Drawing and Plotting. In PYRia, it is further possible to input a graph via the provided
GraphDrawer class and simultaneously provide it with a realization. The GUI can be opened, for
instance, in a Jupyter Notebook with the command

from pyrigi import GraphDrawer
GD = GraphDrawer ()

and an example canvas are depicted in Figure 4 (left).

Interaction with the GUI is driven by left-clicking the canvas to create vertices that are numbered
in ascending order. Furthermore, we can create edges by clicking and holding an existing vertex
and dragging the cursor to another vertex. Conversely, vertices and edges can be removed by
double-clicking. Additionally, it is possible to add a grid to the canvas of a chosen fineness and
to snap the vertices to the grid. This allows for better control of the vertex positions. The created
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graph and framework can be cast to PYR1GI objects by calling the methods graph and framework,
respectively. For example, the output from Figure 4 (left) can be obtained with the command
F4=GD.framework().

Moreover, PYRIGI’s Framework class comes with a variety of visualization options. By calling
plot2D or plot3D, a given framework can be depicted in R? or R?, respectively. Frameworks in
d-dimensional space with large d € N can be projected to 2D or 3D by providing a projection
matrix with appropriate dimensions. Additionally, it is possible to depict infinitesimal flexes and
equilibrium stresses, see Figure 4 (right). Regarding style adjustments, for instance, edges can be
depicted as curved arcs or can be assigned custom edge colors. The edge colors can also be provided
as a partition of the underlying graph’s edges, which automatically creates distinct colors for each
partition suitable for red—green color blind people. These parameters can be saved in an object of
the PlotStyle class so that the particular style becomes reproducible across multiple instances of
frameworks. Many additional keywords from the MATPLOTLIB library can be used here, as well.

3.1.8 Exports. PYR1GI makes it possible to export frameworks in two separate formats. First, the
method to_tikz creates the TikZ® code to embed the framework in PYRIGI’s style in a scientific
article that is written in KIEX. Second, it is possible to create an STL file that can be used to 3D
print the framework via the method generate_stl_bars, which renders simple bars with holes
that can be connected by screws and stop-nuts.

3.2 Graphs

Graphs are one of the main objects in PYRIGI. A graph object can be constructed using the class
Graph. The most common way of constructing a graph is by providing a list of edges of the graph
as we have seen at the beginning of Section 3.1. There are also other ways of constructing a Graph,
as for example via the method from_vertices_and_edges that accepts a pair of lists indicating
the vertices and the edges. This allows one to construct graphs with isolated vertices.

3.2.1 Generic Rigidity. As one may expect, PYR1GI can handle generic d-rigidity of graphs,
where d denotes the dimension, with algorithms that are tailored to the considered dimension.
Here, by generic d-rigidity we mean the following. A graph G is called d-rigid if any d-dimensional
framework (G, p) such that all entries of the image of p are algebraically independent (i.e., the
realization p is generic) is infinitesimally rigid. Otherwise, the graph is d-flexible.

Here, the most important method is is_rigid. In dimension 2, PYRiG1 adopts by default an
algorithm that checks whether there exists a (2, 3)-tight subgraph of the given graph with the
same vertex set; see Laman [1970], Lee and Streinu [2008], and Pollaczek-Geiringer [1927]. A graph
G = (V,E) is (2,3)-tight if |E| = 2|V| — 3 and it is (2, 3)-sparse, meaning that every subset of n’
vertices of G that determines at least one edge spans at most 2n’ — 3 edges in G.

In dimension 1, instead, PYRIGI uses by default the well-known characterization stating that a
graph is rigid if and only if it is connected. In addition to these two algorithms, for every dimension
PyR1GI may adopt a randomized method (using parameter algorithm= ), based on
creating a framework with the given underlying graph whose realization has randomly chosen
integer coordinates, and checking whether the rigidity matrix kernel has the expected dimension;
see Gortler et al. [2010, Algorithm 5.2, Proposition 5.7]. This randomized method never gives false
positives. The theoretical foundations of this algorithm give a precise estimate of the probability
of obtaining a false negative in terms of the range in which the random coordinates are chosen.
By this, it is possible to specify in PYR1GI an upper bound for this probability when calling the
algorithm.

®https://github.com/pgf-tikz/pgf.
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Similar to is_rigid, one may use the method is_min_rigid to check whether a graph is
minimally d-rigid. As a step further, PYR1G1 is able to determine the rigid components of a graph,
which are the maximal d-rigid subgraphs: the method rigid_components returns a list of their
vertices. Finally, the number of complex realizations in the plane of a minimally 2-rigid graph up to
the action of the complexification of the group of isometries of R? can be computed via the method
number_of_realizations—the latter is a wrapper for the analogous function from the package
1number [Capco, 2024]; see Capco et al. [2018b] for the theoretical background. If the parameter
spherical is set to True, the algorithm computes the number of complex realizations on the
sphere; see Gallet et al. [2020] for the theoretical background.

3.2.2 (k,t)-Sparsity and Tightness. As already mentioned while discussing generic rigidity,
the notions of (k, £)-sparsity and -tightness play a prominent role in rigidity theory, and PYRiG1
ships efficient methods for checking both of them, based on the so-called pebble game algorithm
[Jacobs and Hendrickson, 1997; Lee and Streinu, 2008]. Here, (k, £)-sparsity and -tightness are
generalizations of the corresponding (2, 3)-concepts introduced before and are defined analogously.

3.2.3  Redundant Rigidity. We say that a graph G is redundantly d-rigid if removing any edge
from G yields a d-rigid graph. In a similar manner, one can define vertex redundant d-rigidity
and the counterparts of both these concepts involving removing k edges or vertices. PYRiGI has
implemented methods for checking all these properties, based on the works of Jordan [2016, 2021],
Jordan et al. [2022], Kaszanitzky and Kiraly [2016], Motevallian et al. [2015], Servatius [1989],
Summers et al. [2009], and Yu and Anderson [2009].

3.24 Global Rigidity. A framework (G, p) is called globally d-rigid if every d-dimensional
realization q that is equivalent to p is also congruent to p.

A celebrated theorem by Gortler et al. [2010] shows that either all frameworks (G, p), when p is
generic, are globally d-rigid, or none is. Therefore, one can speak of global rigidity as a property
of a graph. Detecting whether a graph is globally rigid or not is implemented in PyYR1GI via the
method is_globally_rigid. In dimension 2, PYR1aGI relies on the result by Jackson and Jordan
[2005] stating that a graph is globally 2-rigid if and only if it is 3-connected and redundantly
rigid; a user may access this functionality by calling the method is_globally_rigid with the
parameter algorithm= . For higher dimensions, PyRiaI relies on a probabilistic
algorithm developed in the paper by Gortler et al. As is the case for is_rigid, the user may also
enter the optional parameter prob, which serves as an upper bound for the probability of false
negatives.

A concept related to global rigidity is the one of global linkedness. If (G, p) is a framework and
u, v are vertices of G, we say that u and v are globally linked in (G, p) if the distance between p(u)
and p(v) equals the distance between q(u) and g(v) for any other realization g of G equivalent to p.
Then, two vertices u and v of a graph G are said to be weakly globally linked if they are globally
linked for at least one generic realization of G. This notion turned out to be useful in proving the
generalization of a conjecture of Lovasz and Yemini stating that every d(d + 1)-connected graph
is globally rigid in R? [Villnyi, 2025]. Jordan and Villanyi [2024] provide an algorithm to check
whether a pair of vertices is weakly globally linked. This algorithm is implemented in PYR1GI in the
method is_weakly_globally_rigid.

As it is mentioned in the paper by Gortler et al. [2010], the randomized linear algebra computa-
tions, that at the moment are implemented using integer numbers, would benefit from a modular
approach: one first solves the equations modulo a prime p, then the obtained solution is lifted to
one modulo p?, and so on. This approach may be considered in some future versions of PYRIGL.
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3.2.5 Extension Constructions. Common means of constructing rigid graphs are given by the
coning operation and k-extensions. Coning a graph G = (V, E) adds a new vertex v* ¢ V and
edges from v* to each original vertex v € V. Coning carries over the generic and global d-rigidity
of a graph to R**! [Connelly and Whiteley, 2010]. The cone graph can be constructed via the
method cone.

Given a number k € N and a vertex v ¢ V, a d-dimensional k-extension of G = (V, E) is obtained
by removing from E a subset F C E of edges with |F| = k, adding the vertex v to V and, subsequently,
adding edges from v to any subset of V with d + k elements that contains all vertices incident to
the edges in F. These extensions are important because, in many cases, they preserve some rigidity
properties. For instance, 0- and 1-extensions preserve d-rigidity [Tay and Whiteley, 1985].

3.2.6 Rigidity Matroid. Rigidity theory has always been intimately connected with matroid
theory: many of the concepts we have been discussing can be defined in terms of matroids, which
are combinatorial objects that generalize both linear independence and cycles in a graph. The
(generic) rigidity matroid R4(G) of a graph G is defined as the linear matroid induced by the rows
of the rigidity matrix of (G, p) where p is a generic d-dimensional realization of G; the definition
does not depend on the choice of a generic p. The bases of the generic rigidity matroid R4(K,) of
the complete graph K, are precisely the edge sets of the minimally d-rigid graphs on n vertices.

PyRiar offers some basic functionality regarding computations in the generic rigidity matroid
R4(Ky). The Graph methods is_Rd_dependent, is_Rd_independent and is_Rd_circuit allow
the user to determine whether the set of edges E of an n-vertex graph is dependent, independent
or a circuit in Ry(K},). Similarly, is_Rd_closed determines whether E is closed, and Rd_closure
computes the closure of E in Ry (K},).

3.2.7 NAC-Colorings. A generically rigid graph might still have non-generic realizations that
are flexible. For any connected graph, such a flexible realization in R? exists if and only if there
exists an NAC-coloring [Grasegger et al., 2019]. This is a coloring of the edges in two colors, say
red and blue, such that both colors occur and every cycle is either monochromatic or it contains
both colors at least twice.

In general, the existence problem for NAC-colorings is NP-complete [Garamvolgyi, 2022], even
for graphs with degree at most five [Lastovi¢ka and Legersky, 2024]. Nevertheless, the method
NAC_colorings is able to compute all NAC-colorings for graphs that are not too large. This is done
by determining classes of edges that must be monochromatic in every NAC-coloring. The naive
approach is then to color all these classes in all possible ways and to check which ones yield an
NAC coloring. Lastovicka and Legersky improve this by an incremental approach, considering
coloring of subgraphs, supported by new heuristics. The code supporting their paper, which is much
faster than the one in FLEXRILOG [Grasegger and Legersky, 2020], has been included in PYRiGI
and extended by checks whether an NAC-coloring exists (method has_NAC_coloring) using some
known sufficient or necessary conditions.

The existence of an NAC-coloring is, for instance, guaranteed if a graph has a stable separating
set, i.e., a set of vertices that have no edges in between and whose removal disconnects the graph.
For 2-flexible graphs, such a set can be found by a polynomial-time algorithm [Clinch et al., 2024],
which is implemented in PYRiGI within the method stable_separating_set.

3.3 Motions

Beyond visualizing static frameworks, it is possible to visualize deformation paths of frameworks in
PyRicr. Given a framework F = (G, p), with G = (V,E) and p: V — R4, a motion is a continuous
map a: I — (R?)V for an interval 7 C R with 0 € T such that (0) = p and such that (G, p)
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and (G, a(t)) are equivalent for every t € 7. A motion is called trivial, if (G, p) and (G, a(t)) are
congruent forallt € .

3.3.1 Parametrized Motions. The most straightforward way to define a continuous motion is
to provide a parametrization for it. When constructing a ParametricMotion object, we need to
specify a parametrization in a single parameter and a (potentially unbounded) interval. For example,
almost all frameworks F on the 4-cycle have a 1D deformation space that contains equivalent
realizations of F. In this case, the corresponding system of polynomials is sufficiently simple so
that one can parametrize a curve in this space by symbolically solving the bar-length equations. At
the moment, the specific parametrization of the curve has to be provided by the user.

3.3.2  Numerical Approximations. However, the system of polynomial equations describing a
framework’s configuration space quickly becomes too complicated to be solved symbolically. If
we still want to approximate continuous motion, we need to rely on numerical methods. Using
homotopy continuation enables us to numerically track solution paths [Breiding and Timme, 2018].
Intuitively, paths are approximated by iteratively applying a predictor-step that anticipates the next
value on the curve e.g., Euler’s method) followed by a sequence of corrector steps to refine the
previous prediction, usually by applying Newton’s method.

Since the framework’s deformation space naturally lives in (R¢)", to approximate a curve in it,
we can apply the Euclidean distance retraction [Heaton and Himmelmann, 2025]. This retraction is
given by the metric projection to the closest point on the configuration space. It works as follows:
Given a flexible realization p and a nontrivial infinitesimal flex g, we apply the path-tracking method
to the closest point using the Lagrange multiplier system for the parameter p + ¢g and the step size
¢ > 0. This approach comes with theoretical convergence guarantees, as long as we stay sufficiently
close to the constraint set. There are further theoretical considerations about singularities, vector
transport, and stressed frameworks that are incorporated in this method, though their specifics are
beyond the scope of this article. In the following example, we approximate a continuous motion
of the complete bipartite graph K, 4 with 348 steps, a step size of 0.1 and starting with the first
infinitesimal flex (chosen_flex=0) from a basis that is internally computed so that the pair of
vertices {0, 1} is constrained to the direction (1, 0):

from pyrigi.motion import ApproximateMotion
F = frameworkDB.CompleteBipartite(2,4)
motion = ApproximateMotion(F, 348, chosen_flex=0, step_size=0.1, fixed_pair=[0,1])

The number and size of the steps are chosen so that the approximated continuous motion becomes
periodic.

3.3.3  Animations. The computed motions can be animated using the internal animate proce-
dure in PyRiGI. By default, this method produces an SVG animation (restricted to frameworks
in R and R?), but it can also produce a matplotlib.FuncAnimation by setting the parameter
animation_format to “matplotlib”. This method works regardless of whether it is called on an
instance of the ParametricMotion or ApproximateMotion class. While for objects of the former
class, the animate method needs to first sample realizations from the parametric curve, objects
from the latter class already come with that information. Most PlotStyle parameters that are
admissible for framework plotting can be used here to change the style.

3.4 Using PyRiaI for Rigidity Theory

Let us consider an example to illustrate how to interact with PyRicI. For that, let us construct a
framework F on the complete bipartite graph K3 3. We equip it with a special realization called
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so that the resulting framework contains nontrivial flexes. We propose one such infini-
tesimal flex and check that it is indeed nontrivial and an infinitesimal flex.

from pyrigi import frameworkDB

F = frameworkDB.CompleteBipartite(3, 3, realization='dixonI")

inf_flex = {@: (0, -6), 1: (0, 3), 2: (@, -2), 3: (-6, @), 4: (3, 9), 5: (-2, @)%
F.is_nontrivial_flex(inf_flex) # Output: True

Therefore, the framework F is infinitesimally flexible. We can plot the framework F alongside an
equilibrium stress and the previously constructed infinitesimal flex inf_flex. We adjust the length
of the vectors in inf_flex for visualization purposes.

F.plot(inf_flex=inf_flex, stress=9*F.stresses()[0], flex_length=0.19) # Output: see Figure

/

%)

S 5 )
Subsequently, we extract the underlying graph G from the framework. The realization associated
with the framework F is non-generic, which explains why it can be flexible. However, generic

realizations of the graph G are infinitesimally rigid, which is why the graph itself is considered to
be rigid.

G = F.graph

G.is_rigid() # Output: True
Still, the graph G is not globally rigid. To make G globally rigid, we can simply add an edge to it.

G.is_globally_rigid() # Output: False
G.add_edge(@, 1)
G.is_globally_rigid() # Output: True

Further tutorials on how to use PYRIGI can be found in the corresponding part of the online
documentation.”

4 Implementation Details

In this section, we briefly discuss how PYRI1GI is structured and what external tools it uses. PYRIGI
uses several other PYTHON packages: in particular, we take advantage of the graph theory func-
tionality implemented in NETWORKX [Hagberg et al., 2008]. For exact and numerical computations
with frameworks we use SyMPy [Meurer et al., 2017] and NumMPy [Harris et al., 2020] respectively,
while MaTpLoTLIB [Hunter, 2007] is used for visualizations.

https://pyrigi.github.io/PyRigi/userguide/tutorial.html.
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Fig. 5. An example of how the package is structured into modules according to topics.

From a user’s perspective, PYR1GI follows an object-oriented design. The functionality of the
three areas depicted in Figure 1 can be accessed via the methods of the following classes:

—Graph—graph-related functionality, inherited from networkx.Graph.

—Framework—framework-related functionality, inherited from FrameworkBase (which is com-
posed of Graph and a dictionary representing a realization).

—ParametricMotion and ApproximateMotion—functionality related to continuous motions,
both inherited from Motion.

Moreover, the class GraphDrawer provides functionality for drawing graphs and 2D frameworks,
and PlotStyle2D, PlotStyle3D, and their parent PlotStyle can be used for specifying the style
of plots.

However, in order to have extensible and maintainable code, most of the graph algorithms are
implemented as functions accepting a networkx.Graph instance as the first parameter. These func-
tions are then wrapped as pyrigi.Graph methods. Hence, they are suggested by autocompletion
tools once a pyrigi.Graph instance is available and, therefore, easy to search for and use. On
the other hand, this approach allows the implementation of functionality in separate non-public
modules according to their topics, which roughly correspond to the structure of Figure 1 and
Section 3, see Figure 5 for an illustration. Similarly, the functions operating with frameworks accept
FrameworkBase (which implements only the basic methods like adding vertices or edges) and are
then wrapped as methods of Framework.

Since PYR1GI aims to be a larger, longer-term project that allows incorporating new areas of
rigidity theory, several development tools and processes have been set up. In this document, we
just summarize them. More details can be found in the development guide in the documentation.

Following the current standard in software development, the source code control is done using
GrT, with the remote repository hosted on GitHub.? Since libraries are explicitly versioned rather
than continuously developed, the GiTrLow’ approach is employed, namely, the branch main
contains stable code, while the development is done on the branch dev via feature branches.
Whenever appropriate, a new version is released by tagging that follows a major.minor.patch
numbering scheme. Tag creation automatically triggers a GitHub action that deploys the release to

8https://github.com/PyRigi/PyRigi.
Vincent Driessen, https://nvie.com/posts/a-successful-git-branching-model.
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the Python Package Index.!® Hence, users can easily install the latest released version of PyRiGI via
a pip command.

Consistent code formatting is achieved by the code formatter BLack,!! and compliance with the
PEP 8 standard'? is checked by FLAKES." In order to maintain dependencies, we use POETRY,"
which also allows easy creation of virtual environments with clean installation of the required
dependencies.

We aim to have high test coverage of the code. For this purpose, we distinguish three levels of
tests: the standard ones are checked on every pull request to the development branch (automatically
via a GitHub action), more tests are launched when merging to the branch main in order to create
a new stable version (also automatic), and the last group of tests are long ones that are launched
manually to test extensively a specific functionality during the development. The testing is done
using PYTEST [Krekel et al., 2004].

We want to create both the math and code documentation as illustrated in Section 2 simul-
taneously with a single compilation. The standard way of documenting PyTHON modules is to
use docstrings directly in the source code. These are compiled by SpHINX!® into an HTML-based
documentation. It includes compilation of the mathematical and non-interface parts, which are
written in MyST format,'® with tutorials being generated from Jupyter Notebooks via MyST-NB.!’
The online documentation is updated automatically on every merge to the branch main. Notice
that function docstrings are placed in corresponding modules, while the compiled documentation
presents the methods wrapping them, as this is the interface that we provide to users. To avoid
duplication, the docstring of a method that wraps a function is copied automatically using a deco-
rator from the wrapped function. Namely, the actual source code is not as in Figures 2 and 3, where
the docstrings are for illustration purposes hard copied from the wrapped functions.

5 Concluding Remarks

While PyR1aG1 has already proven to be useful, many important features are not yet present and
await implementation. Among them, we mention:

—gain graphs and support for rigidity respecting symmetry and periodicity;

—implementations of different rigidity notions, other than bar-and-joint, such as linearly con-
strained or body-hinge frameworks;

—improvements in the efficiency of the currently implemented methods;

—implementations of more general criteria for prestress and second-order rigidity.

Both the generalization and specialization of admissible structures beyond bar-joint frameworks
have the potential to significantly expand our user base. On the one hand, many real-world
applications of rigidity theory require more general structures than mere bar-and-joint frameworks,
such as body-bar and body-hinge frameworks. These geometric objects are composed of polyhedral
rigid bodies that are connected by hinges, which allow their rotation around a mutual edge, or
rigid bars. Examples of their applications include computer-aided design, robotics, and the rigidity
of proteins and biomolecules, where groups of atoms may behave like rigid bodies. On the other

WOhttps://pypi.org/project/pyrigi.
Uhttps://black.readthedocs.io.
2https://peps.python.org/pep-0008.
Bhttps://flake8.pycqa.org.
Yhttps://python-poetry.org.
Bhttps://sphinx-doc.org.
6https://myst-parser.readthedocs.io/.
https://myst-nb.readthedocs.io.

ACM Transactions on Mathematical Software, Vol. 52, No. 3, Article 14. Publication date: September 2026.


https://pypi.org/project/pyrigi
https://pypi.org/project/pyrigi
https://black.readthedocs.io
https://black.readthedocs.io
https://peps.python.org/pep-0008
https://peps.python.org/pep-0008
https://flake8.pycqa.org
https://flake8.pycqa.org
https://python-poetry.org
https://python-poetry.org
https://sphinx-doc.org
https://sphinx-doc.org
https://myst-parser.readthedocs.io/
https://myst-parser.readthedocs.io/
https://myst-nb.readthedocs.io
https://myst-nb.readthedocs.io

PyRigi—A Package for Rigidity and Flexibility 14:19

hand, special types of bar-and-joint frameworks, such as molecular frameworks and contact graphs
coming from sphere packings, are highly relevant for applications in biochemistry and soft matter
physics. Therefore, producing effective algorithms that exploit these objects’ special structure may
significantly increase the possible applications of PYRiGI and make the package more relevant to
researchers who are applying concepts from rigidity theory. Both of these observations provide
meaningful directions for extending the package beyond bar-and-joint rigidity. We therefore plan
to incorporate the corresponding methods and classes in future releases of PyRiGI.

The best way to show interest in the development of PyRiat is to join its Zulip channel'® (or
contact the maintainers) and propose new features or bug issues there. Our long-term goal is for
PYRi1GI to become an environment in which researchers create modules devoted to their specific
research needs. Ideally, these modules would then become part of PYRIGI to be easily available to
the community.
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