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ABSTRACT. In this paper we study a toy model of the Peskin prob-
lem that captures the motion of the full Peskin problem in the normal
direction and discards the tangential elastic stretching contributions.
This model takes the form of a fully nonlinear scalar contour equa-
tion. The Peskin problem is a fluid-structure interaction problem that
describes the motion of an elastic rod immersed in an incompressible
Stokes fluid. We prove global in time existence of the solution for
initial data in the critical Lipschitz space. By using a new decompo-
sition together with cancellation properties, pointwise methods allow
us to obtain the desired estimates in the Lipschitz class. Moreover, we
perform energy estimates in order to obtain that the solution lies in
the space L2([0, T ];H3/2) to satisfy the contour equation pointwise.
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1. INTRODUCTION

The two-dimensional Peskin problem [26,27] is a fluid-solid interaction problem
that describes the flow of a viscous incompressible fluid in a region containing
immersed boundaries. These immersed boundaries move with the fluid and exert
forces on the fluid itself. An example of such a boundary is the flexible leaflet of
a human heart valve. The immersed boundary method was initially formulated
by Peskin to study flow patterns around heart valves [26]. This method was later
developed to solve other fluid-structure interaction problems appearing in many
different applications in physics, biology, and medical sciences [27]. The distin-
guishing feature of this method was that the entire simulation was carried out on
a Cartesian grid, and a novel procedure was formulated for imposing the effect of
the immersed boundary on the flow.

More concretely, we consider the scenario where there is an elastic rod im-
mersed in Stokes flow. Consequently, the filament, described by the simple, closed
curve

Γ (t) = {X(s, t) = (X1(s, t),X2(s, t)), s ∈ S1},
drives the fluid and generates the flow, while the flow pushes the rod and changes
its shape. This curve separates the plane into two different regions: the outer
region Ω−(t) and the inner region Ω+(t).

Mathematically, when the tension is T(α) and the elastic force density takes
the form

F(X) = ∂s
(
T(|∂sX|) ∂sX|∂sX|

)
,

the Peskin problem reads (see [28] for more details)

−∆u± = −∇p± in Ω±(t),(1.1a)

∇ ·u± = 0 in Ω±(t),(1.1b)

JuK = 0 on Γ (t),(1.1c)

J(∇u+∇uT − p Id)nK = F(X)

|∂sX|
on Γ (t),(1.1d)

∂tX = u on Γ (t),(1.1e)

where n denotes the outward pointing unit normal to the free boundary Γ (t), and
where JUK = U+ − U−.

In the particular case where each infinitesimal segment of the rod behaves like
a Hookean spring with elasticity coefficient equal to 1, we have that T(α) = α
and (1.1) provides

−∆u± = −∇p± in Ω±(t),(1.2a)

∇ ·u± = 0 in Ω±(t),(1.2b)

JuK = 0 on Γ (t),(1.2c)
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J(∇u+∇uT − p Id)nK = ∂2
sX

|∂sX|
on Γ (t),(1.2d)

∂tX = u on Γ (t).(1.2e)

There is a large literature in the numerical analysis and applied mathematics
communities for this problem (see, e.g., the recent paper by Tong [31]). However,
the works developing the theory for the PDEs (1.2) are still scarce. On the one
hand, Lin & Tong [20] proved a local existence result for arbitrary H5/2 initial
data. Furthermore, they also proved the global existence and exponential decay
towards equilibrium for H5/2 initial data near certain particular configurations.
Similar results for the case of bending and stretching energy, and as a consequence
a more complex elastic force, were obtained by Li [19] (this should be compared
with the standard Peskin problem where only stretching energy is considered).

Mori, Rodenberg, and Spirn proved in [24] a local well-posedness result for
(1.2) for initial data of arbitrary size in the little Hölder space h1,γ , γ > 0. In
addition, these authors also proved that the solution becomes Cn for arbitrary n
in arbitrarily short amount of time, and that the above unique local solutions are
global and decay exponentially toward a uniformly distributed circle of positive
radius when the initial data is small in the h1,γ topology.

The authors of [24] proved the above results taking advantage of the contour
dynamics formulation of the problem (1.2). Indeed, if we drop the t from the
notation the system (1.2) can be equivalently written as the following nonlinear
and nonlocal system of 2 equations for X [20, 24]:

(1.3) ∂tX(s) = p.v.
∫

S1
G(X(s)−X(σ)) ∂2

σX(σ)dσ.

Here, the kernel G is the so-called Stokeslet

G(z) = 1
4π

(
− log |z| I + z ⊗ z|z|2

)
.

Very recently, Garcia-Juarez, Mori, and Strain [16] proved a global well-posedness
result for the Peskin problem when two fluids with different viscosities are consid-
ered. Their result applies for medium-size initial interfaces in critical spaces akin
to the Wiener algebra, and shows instant analytic smoothing.

As noted before [20, 24], the Peskin problem has certain similarities with the
Muskat problem (see [1, 2, 4–6, 10, 13–15, 18, 22, 23, 25, 29] and the references
therein)

u± = −∇p± − ρ±(0,1) in Ω±(t),
∇ ·u± = 0 in Ω±(t),
JpK = 0 on Γ (t),
∂tx = u ·n on Γ (t).
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First of all, both free boundary problems can be written as contour equations akin
to (1.3). Indeed, the Muskat problem when the fluids are separated by the graph
of a function x(s, t) ∈ R, can be written as

∂tx(s) = p.v.
∫

S1
K(x(s)− x(σ))(x′(s)− x′(σ))dσ,

where the kernel K is a nonlinear version of the Hilbert transform [10]. Also,
both systems have a natural energy balance; in the case of the Muskat problem,
the energy law reads

−JρK
∥∥x(T)

∥∥2
L2(S1) + 2

∫ T
0

∥∥u(t)
∥∥2
L2(S1×R) dt = −JρK

∥∥x0

∥∥2
L2(S1),

while for the Peskin problem, the energy balance is

∥∥X′(T)
∥∥2
L2(S1) + 2

∫ T
0

∥∥∇u(t)
∥∥2
L2(R2) dt =

∥∥X′0
∥∥2
L2(S1).

In both cases the energy balance is too weak, by itself, to provide us with global
existence of weak solutions. Some other similarities appear at the linear level, but
before stating that we need to introduce some notation. Let us recall the definition
of the periodic Hilbert transform

Hf (s) = 1
2π

p.v.
∫

S1
cot(α/2)f (s −α)dα.

Then, we define the Lambda operator Λf = H ∂sf . With this notation observe
that the linearized Peskin problem (around the unitary circle) is [20, Lemma 6.2]

(1.4) ∂tY = −1
4
ΛY + 1

4

(
0 −H
H 0

)
Y,

while the linear Muskat problem equals

(1.5) ∂ty =
JρK

2
Λy.

Then, we notice that, despite its numerous similarities, the Peskin problem and
the Muskat problem are rather different; this difference is already clear at the linear
level. The first stark difference can be immediately deduced comparing (1.4) with
(1.5); while (1.5) has a diffusive operator that behaves well for Ẇ k,∞, k ∈ N

functions, the linearized Peskin problem (1.4) is necessarily more challenging in
the same functional setting becasue of the unboundedness of the Hilbert transform
H in L∞ and the coupling of both unknowns in the system. This problem is also
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present in the toy model that we study in the present manuscript; notice that, if we
denote with J the symplectic matrix, the term −JHY appearing on the righthand
side of (1.4) codifies an inertial displacement.

Furthermore, if we decouple the linear Peskin problem we find additional
differences. Indeed, if we take a time derivative, we find that

∂2
tY1 = −1

4
Λ ∂tY1 − 1

4
H ∂tY2 = −1

4
Λ ∂tY1 − 1

4
H
(
−1

4
ΛY2 + 1

4
HY1

)
.

Taking a space derivative of the equation for Y1 we obtain that

∂t ∂sY1 + 1
4
Λ ∂sY1 = −1

4
ΛY2.

Substituting the latter expression we conclude that

∂2
tY1 = −1

4
Λ ∂tY1 − 1

4
H
(
∂t ∂sY1 + 1

4
Λ ∂sY1 + 1

4
HY1

)
.

Using the properties of the Hilbert transform for zero-mean functions we find the
linear Klein-Gordon-like equation

∂2
tY +

1
2
Λ ∂tY = 1

16
∂2
sY +

1
16
Y

for each component. This equation is very different from the parabolic equation
for the Muskat problem.

On the other hand, in the Peskin problem it is not possible to reparameterize
the contour equation at convenience to obtain the same nonlinear solution. While
the reparameterization freedom in free boundary problems for incompressible flu-
ids have been extensively used as a help to deal with the nonlinear structure of
nonlocal equations, the Peskin problem is sensible to reparameterizations in the
sense that concentration of particles in the rod affects the elastic dynamics. Thus,
different reparameterizations give rise to different dynamics and can converge to
different steady state as time goes to infinity [16, 20, 24]. Nevertheless, the right-
hand side of the nonlocal system (1.3) is invariant with respect to translations, so
that the appropriate time-dependent translation M(t) allows us to control some
linear contributions which arise in the dynamics of the linearized version of (1.3).

Additionally, the Peskin problem lacks a divergence-form structure. This is
another rather big difference compared to the Muskat problem, and makes passing
to the limit in the weak formulation a rather delicate issue. To overcome this
challenge we will use energy estimates in Ḣ1. This energy estimate will give the
parabolic effect which will need to be passed to the limit in the weak formulation.

To better understand the mathematical subtleties and challenges of the Pe-
skin problem, in this work we consider a scalar model of the Peskin problem (see
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equation (2.4) below). This toy model, which we denote from now on with the
name of N-Peskin problem, takes the form of a fully nonlinear contour equation;
it shares most of the difficulties mentioned above but discards the contributions of
the motion because of tangential elastic stretching of the rod. The study of scalar
toy models in fluid dynamics is a classical research area that goes back to the work
of Constantin-Lax-Majda [7].

The plan of the paper is as follows. In Section 2 we present our main result and
the methodology. Furthermore, we also introduce there the N-Peskin problem.
In Section 3, we state several pointwise bounds for singular integral operators.
In Section 4 we prove the a priori estimates showing the decay in the Lipschitz
norm. Later, in Section 5 we prove the a priori estimates in Sobolev spaces. These
estimates are lower order but allow us to use the parabolic gain of regularity. In
Section 6 we prove the estimates for the time derivative of the solution. These
estimates are required to ensure the compactness required to pass to the limit in
the weak formulation. Finally, in Section 7 we prove the main result of this paper.

1.1. Notation. We denote with C any positive constant whose value is in-
dependent of the physical parameters of the problem; the explicit value of C may
vary from line to line. We write A ≲ B if A ≤ CB and A ∼ B if A ≲ B and B ≲ A.

We denote by P ∈ C∞([0,1);R+) any universal function such that P(0) ≥ 0
and such that for any y ∈ [0, 1

2] there exists a N for which the bound P(y) ≤
C(1+y)N holds true. The explicit value of P may vary from line to line.

The one dimensional torus (i.e., the interval [−π,π] endowed with periodic
boundary conditions) is denoted by S1. Given any f ∈ C1(S1) we denote with
f ′ the covariant derivative of f onto S1 endowed with the Euclidean metric, and
f (k) denotes the operator ·′ iterated k times. We define Λf =Hf ′ and recall that

such an operator can be expressed as the Fourier multiplier Λ̂f (n) = |n|f̂ (n).
We can thus define the Sobolev spaces of fractional order (here, S denotes the
periodic Schwartz class and S0 the periodic Schwartz class with zero average) as

Hs(S1) = {f ∈ S′ | (1+Λ)sf ∈ L2},
Ḣs(S1) = {f ∈ S′0 | Λsf ∈ L2},

for any s ∈ R. For any (p, k) ∈ [1,∞]×N we make the denotation of

W k,p(S1) = {f ∈ S′ | f , f (k) ∈ Lp(S1)},
Ẇ k,p(S1) = {f ∈ S′0 | f (k) ∈ Lp(S1)}.

We use the notation

Lp = Lp(S1), Hs = Hs(S1), W k,p = W k,p(S1),
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for functional spaces defined on the one-dimensional torus. Additionally, we use
the simplified notation

∫
•ds = p.v.

∫

S1
•ds = p.v.

∫ π
−π
•ds,

to indicate Cauchy principal value integrals on the one-dimensional torus.

2. MAIN RESULT AND METHODOLOGY

2.1. Derivation of the N-Peskin problem. As we have seen before, the
Peskin problem can be written as the following contour equations:

(P)




∂tX(s, t) =
∫
G(X(s, t)− X(σ , t))X′′(σ , t)dσ,

G(z) = G1(z)+G2(z),

G1(z) = −
1

4π
log |z| I,

G2(z) = 1
4π

z ⊗ z
|z|2 = 1

4π|z|2
(
z2

1 z1z2

z1z2 z2
2

)
.

In this section we present the model of the Peskin problem that we consider in
this work.

To simplify the notation we write γ = γ(s) = (cos s, sin s) and Y(s, t) =
(1+ h(s, t))γ(s). Then, let us suppose that

(2.1) X(s, t) =M(t)+ Y(s, t),
where we define the point M(t) as the solution of the following ODE in terms of
h(s, t):

(2.2)
d

dt
M(t) = 1

4
1

2π

∫
h(s, t)(cos(s), sin(s))ds.

Roughly speaking, we use this M(t) to control the inertial effects of the system.
Mathematically, this unknown is required in order to absorb a low-order nonlocal
linear contribution akin to the first Fourier mode.

With the ansatz (2.1) the evolution equation (P) becomes

∂tY(s, t)+
d

dt
M(t) =

∫
G(Y(s, t)− Y(σ , t))Y ′′(σ , t)dσ.

We can further compute

γ(s) ∂th(s)+
d

dt
M(t) =

∫
G
(
(1+ h(s))γ(s)− (1+ h(σ))γ(σ))

× [γ(σ)(h′′(σ)− 1− h(σ))+ 2γ′(σ)h′(σ)
]
dσ.
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We write

I1(s) =
∫
G1
(
(1+ h(s))γ(s)− (1+ h(σ))γ(σ))

× [γ(σ)(h′′(σ)− 1− h(σ))+ 2γ′(σ)h′(σ)
]
dσ,

I2(s) =
∫
G2
(
(1+ h(s))γ(s)− (1+ h(σ))γ(σ))

× [γ(σ)(h′′(σ)− 1− h(σ))+ 2γ′(σ)h′(σ)
]
dσ,

so that

(2.3) γ(s) ∂th(s) = I1(s)+ I2(s)− d

dt
M(t).

The system composed of the equations (2.2) and (2.3) describes the full Peskin
problem (see (P)), with the assumption that the elastic rod is a graph on the unitary
circle.

Taking the scalar product of (2.3) with γ(s), we derive the scalar evolution
equation

(2.4) ∂th(s, t) = γ(s) · I1(s, t)+ γ(s) · I2(s, t)− γ(s) · d

dt
M(t).

We propose equation (2.4) as a scalar model of the full Peskin problem. However,
as the tangential velocity is neglected in our approach, we name this equation the
N-Peskin problem.

Let us simplify (2.4). Using classical trigonometric identities, the first term
can be explicitly written as

γ(s) · I1(s) =
∫
− 1

4π
log

(|(1 + h(s))γ(s)− (1+ h(σ))γ(σ)|)

× [ cos(s − σ)(h′′(σ)− 1− h(σ))+ 2 sin(s − σ)h′(σ)]dσ

=
∫
− 1

8π
log

(|(1 + h(s))γ(s)− (1+ h(σ))γ(σ)|2) ∂2
σ

× [ cos(s − σ)(1+ h(σ))]dσ.

Let us now simplify the expression of the second kernel G2. We have that

γ(s) ·G2
(
(1+ h(s))γ(s)− (1+ h(σ))γ(σ)) · γ(σ)

= 1
4π

γi(s)
(
(1+ h(s))γi(s)− (1+ h(σ))γi(σ)

)

×
(
(1+ h(s))γj(s)− (1+ h(σ))γj(σ)

)
γj(σ)∣∣(1+ h(s))γ(s)− (1+ h(σ))γ(σ)
∣∣2 ,
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= 1
4π

[1+ h(s)− (1+ h(σ)) cos(s − σ)]

× [(1+ h(s)) cos(s − σ)− (1+ h(σ))]
(1+ h(s))2 + (1+ h(σ))2 − 2(1+ h(s))(1+ h(σ)) cos(s − σ),

and

γ(s) ·G2
(
(1+ h(s))γ(s)− (1+ h(σ))γ(σ)) · γ′(σ)

= 1
4π

γi(s)
(
(1+ h(s))γi(s)− (1+ h(σ))γi(σ)

)

×
(
(1+ h(s))γj(s)− (1+ h(σ))γj(σ)

)
γ′j(σ)∣∣(1+ h(s))γ(s)− (1+ h(σ))γ(σ)
∣∣2 ,

= 1
4π

[
1+ h(s)− (1+ h(σ)) cos(s − σ)](1+ h(s)) sin(s − σ)

(1+ h(s))2 + (1+ h(σ))2 − 2(1+ h(s))(1+ h(σ)) cos(s − σ),

After the change of variables σ = s −α, we find that

γ(s) · I2(s)

= 1
4π

∫
[1+ h(s)− (1+ h(s −α)) cosα] [(1+ h(s)) cosα− (1+ h(s −α))]
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cosα

× (h′′(s −α)− 1− h(s −α))dα

+ 1
2π

(1+ h(s))

×
∫ [

1+ h(s)− (1+ h(s −α)) cosα
]

sinα
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cosα

× h′(s −α)dα.
Collecting the previous expressions and changing variables, we conclude the

following scalar equation for h:

(2.5) ∂th(s)+ γ(s) · d

dt
M

= − 1
8π

∫ {
log

(
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cosα

)

× ∂2
α

[
cosα(1+ h(s −α))]

}
dα

+ 1
4π

∫
[1+ h(s)− (1+ h(s −α)) cosα] [(1+ h(s)) cosα− (1+ h(s −α))]
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cosα

× (h′′(s −α)− 1− h(s −α))dα

+ 1
2π

(1+ h(s))

×
∫

[1+ h(s)− (1+h(s −α)) cosα] sinα
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cosα

× h′(s −α)dα.
Then, we define the following notion of weak solution.
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Definition 2.1. We say that h ∈ L1(S1 × [0, T )) is a weak solution of the
N-Peskin problem (2.5) if the following identities hold true:

−
∫
ϕ(s,0)h0(s)ds

=
∫ T

0

∫ (
∂tϕ(s, t)h(s, t)+ 1

4
Λϕ(s, t)h(s, t)−N (h(s, t))ϕ(s, t)

)
ds dt,

for all ϕ ∈ C∞c (S1 × [0, T )), where N is the nonlinearity

N (h(s, t))− 1
4
Λh(s, t)+ γ(s) ·

(
1
4

1
2π

∫
h(s, t)(cos(s), sin(s))ds

)

= r.h.s. of (2.5).

2.2. The linear h-M formulation of the Peskin problem. In order to better
understand the role of M(t) and the reason behind its definition through the
aforementioned ODE, we are going to compute the linearized Peskin problem in
the h − M formulation. The linear Peskin problem for arbitrary curves can be
expressed as (1.4). In the radial configuration we have that

Y1(s, t) = r(s, t) cos s +M1(t), Y2(s, t) = r(s, t) sin s +M2(t),

where r(s, t) = 1+ h(s, t). Thus, multiplying (1.4) by γ, we obtain that

∂tr(s, t)+ d

dt
M(t) · γ(s)

= −1
4
[cos(s)Λ(r(s, t) cos(s))+ sin(s)Λ(r(s, t) sin(s))]

+ 1
4
[− cos(s)H (r(s, t) sin(s))+ sin(s)H (r(s, t) cos(s))]

= L1 + L2.

Dropping the t from the notation, we compute that

− 1
4

cos(s)Λ(r cos)(s)

= − 1
8π

cos(s)
∫

cot(α/2)(r(s − α) cos(s −α))′ dα,

= 1
8π

cos(s)
∫

cot(α/2) ∂α(r(s −α) cos(s − α)− r(s) cos s)dα,

= 1
8π

cos2(s)

∫
1

2 sin2(α/2)
(r(s −α) cosα− r(s))dα,

+ 1
8π

sin(s) cos(s)
∫

1

2 sin2(α/2)
r(s − α) sin(α)dα,

10
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and

− 1
4

sin(s)Λ(r sin)(s)

= − 1
8π

sin(s)
∫

cot(α/2)(r(s −α) sin(s −α))′ dα,

= 1
8π

sin(s)
∫

cot(α/2) ∂α(r(s − α) sin(s − α)− r(s) sin s)dα,

= 1
8π

sin2(s)

∫
1

2 sin2(α/2)
(r(s −α) cosα− r(s))dα,

− 1
8π

sin(s) cos(s)
∫

1

2 sin2(α/2)
r(s − α) sin(α)dα.

As a consequence, we obtain

L1 =
1
4

1
2π

∫
1

2 sin2(α/2)
(r(s −α) cosα− r(s))dα.

In a similar fashion, we compute

L2 = 1
2

1
2π

∫
cos2(α/2)r(s −α)dα.

Summing up these two expressions and substituting r = 1+ h, we conclude that

∂th(s)+ d

dt
M(t) · γ(s) = −1

4
1

2π

∫
h(s)− h(s − α)

2 sin2(α/2)
dα(2.6)

+ 1
4

1
2π

∫
h(s −α) cosα dα.

We see now that in the h-M formulation the Peskin problem is parabolic at the
linear level with a nonlocal zeroth-order forcing term. Moreover, we can compute

d

dt
M(t) · γ(s) = 1

4
1

2π

∫
h(α, t)(cos(α), sin(α)) · (cos(s), sin(s))dα

= 1
4

1
2π

∫
h(α, t) cos(s −α)dα.

As a consequence, we also realize that the ODE for M(t) is designed to absorb
some of the linear contributions.

2.3. Main result. It is known [24, Section 5] that the set of stationary so-
lutions of (P) comprises uniformly parametrized circles. As a consequence, the
equilibrium configurations are determined by the center and radius of the sta-
tionary, uniformly parametrized, circle. Without loss of generality, we assume in
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what follows that the radius of the equilibrium circle equals one (different values
can be handled similarly). The purpose of this paper is to establish the global
existence and decay to equilibrium for (2.5) in the case of Lipschitz initial data
X0(s) ∈ W 1,∞(S1) sufficiently close to an equilibrium configuration.

In particular, the following theorem is the main result of the present manu-
script.

Theorem 2.2. Let h0(s) ∈ W 1,∞(S1) be the initial data for (2.5). There exists
a universal constant 0 < c0 ≪ 1 such that if h0 satisfies |h0|W 1,∞(S1) ≤ c0, then there
exists a global-in-time weak solution of (2.5) in the sense of Definition 2.1 which
belongs to the energy space

h ∈ L∞([0, T );W 1,∞(S1))

∩C([0, T );H1(S1))∩ L2([0, T );H3/2(S1)), ∀T ∈ (0,∞).

Furthermore, for any 0 < 1 ≪ t < T we have that

|h(t)|W 1,∞(S1) ≤ |h0|W 1,∞(S1) and |h′(t)|L∞(S1) ≤ |h′0|L∞(S1)e
−δt,

for a small enough δ(h0) > 0.
We comment that (P) is invariant with respect to the transformation

Xλ(s, t) = 1
λ
X(λs, λt), λ ∈ N \ {0}.

Thus, L∞(0, T ; Ẇ 1,∞(S1)) is critical with respect to the previous scaling.

2.4. Methodology. Let us explain the main ideas behind Theorem 2.2 using
a simpler equation. We consider the following equation:

∂tf + f ′Λf +Λf = 0.

Using pointwise methods as in [9, 11], we can obtain the bounds

d

dt
|f |W 1,∞ ≤ 0

for initial data such that

|f0|W 1,∞ < 1.

Then, we conclude the a priori estimates in the Lipschitz class. For equations
in divergence form, such estimates would lead to the global existence of weak
solution via a vanishing viscosity-type argument [8, 17]. However, for equations
in non-divergence form, it is not obvious how to translate the previous bound
into the global existence of weak solutions. When comparing the Peskin and the
Muskat problem we see that this is an additional challenge that is inherent to the

12
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Peskin problem. To overcome this difficulty, we perform an additional H1 energy
estimate. A careful study of the nonlinearity will give us the appropriate bounds.
Indeed, we have that

−
∫
f ′′f ′Λf ds = 1

2

∫
(f ′)2Λf ′ ds

= 1
2

∫∫
(f ′(s))2 (f

′(s)− f ′(σ))
|s − σ |2 dσ ds

= 1
2

∫∫
(f ′(σ))2 (f

′(σ)− f ′(s))
|s − σ |2 dσ ds

= 1
4

∫∫
((f ′(s))2 − (f ′(σ))2)

(f ′(s)− f ′(σ))
|s − σ |2 dσ ds

= 1
4

∫∫
(f ′(s)+ f ′(σ))(f

′(s)− f ′(σ))2

|s − σ |2 dσ ds

≤ |f ′|L∞
2

∣∣f ′
∣∣2
Ḣ1/2 .

Thus, both estimates combined lead to a bound in f ∈ L2([0, T ];H3/2). With
this parabolic effect we have the strong convergence of f ′,Λf , and this allows us
to pass to the limit in the weak formulation.

Then, the proof of Theorem 2.2 of this work can be summarized as follows:

(1) Using pointwise methods we conclude that, for initial data close enough
to the equilibrium, the solution decays in the Lipschitz norm. The pur-
pose of Proposition 4.1 is to prove the previous claim. The decay in W 1,∞

is a crucial point in the argument as it will allow us to obtain the parabolic
gain of regularity. Furthermore, the exponential decay of this norm en-
sures that the pointM(t) remains uniformly in a ball for every 0 < t < ∞.

(2) The decay in the Lipschitz norm is then used to find a global estimate in

L2([0, T ];H3/2).

(3) We invoke the parabolic gain of regularity obtained before to conclude
the strong convergence of the derivative.

3. POINTWISE ESTIMATES FOR THE Λ OPERATOR

In this section we collect some pointwise estimates for the fractional Laplacian
that will be used in the sequel and that may be of independent interest. We start
with a lemma that compares the Lambda and the Hilbert transform.

Lemma 3.1. Let f be a smooth function and define s̄, s ∈ S1, such that

f ′(s̄) = max
s∈S1

f ′(s), f ′(s) = min
s∈S1

f ′(s).

Then,

Λf ′(s̄)−Λf (s̄) ≥ 0, Λf ′(s)−Λf (s) ≤ 0.

13
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Proof. We know that

Λf ′(s) = 1
2π

∫
f ′(s)− f ′(s −α)

2 sin2(α/2)
,

Λf (s) = − 1
2π

∫
cot(α/2)(f ′(s)− f ′(s −α)),

so that

Λf ′(s)−Λf (s) = 1
2π

∫
1+ sin(α)

2 sin2(α/2)
(f ′(s)− f ′(s −α)),

and the claim follows since the integration kernel is non-negative and

f ′(s̄)− f ′(s̄ −α) ≥ 0, f ′(s)− f ′(s −α) ≤ 0. ❐

Furthermore, we observe that for zero-mean functions we have the following
Poincaré-type pointwise inequalities (see [3] e.g.):

(3.1) f (s̄) ≤ CΛf (s̄), −f (s) ≤ −CΛf (s).

We will apply the relations in (3.1) to h′; in fact, it is a straightforward computa-
tion to show that, by the incompressibility of the flow, h has zero average if and
only if h ≡ 0. Hence, the relations in (3.1) cannot be applied to h.

Much as in the proof of Lemma 3.1, we can prove the following result.

Lemma 3.2. Let f be a smooth function and define s̄, s ∈ S1, such that

f ′(s̄) = max
s∈S1

f ′(s), f ′(s) = min
s∈S1

f ′(s).

Let b = b(α) ≥ 0 for every α ∈ S1, and let us define the operators

Λbf (s) = 1
2π

∫
b(α)

2 sin2(α/2)
(f ′(s)− f ′(s −α))dα,

Hbf (s) = −
1

2π

∫
b(α)

tan(α/2)
(f ′(s)− f ′(s − α)).

Then, we have Λbf (s̄)−Hbf (s̄) ≥ 0 and Λbf (s)−Hbf (s) ≤ 0.
Finally, let us provide an alternative expression for Λf ′ when f is C2(S1).

This expression will be very useful when performing the pointwise estimates. We
know that

Λf ′(s) = 1
2π

∫
f ′(s)− f ′(s −α)

2 sin2(α/2)
dα

= 1
2π

∫
∂α[f ′(s)α− (f (s)− f (s −α))]

2 sin2(α/2)
dα.

14
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Integrating by parts and exploiting the regularity f ∈ C2(S1), we obtain that

(3.2) Λf ′(s) = 1
2π

∫
f ′(s)α− (f (s)− f (s −α))

2 sin3(α/2)
cos(α/2)dα.

4. A Priori ESTIMATES IN W 1,∞

Let us introduce some notation that will simplify the exposition. For a smooth
function h and any n ∈ N let us denote the applications t ֏ snt and t ֏ snt such
that

h(n)(snt , t) =max
s
{h(n)(s, t)} =max

s
{∂ns h}(s, t),

h(n)(snt , t) =min
s
{h(n)(s, t)} =min

s
{∂ns h}(s, t).

Let us define the auxiliary functions

(4.1)




r(s) = 1+ h(s),
θ(s, s −α) = h(s)− h(s −α),
η(s, s −α,α) = h(s)− h(s −α) cosα.

Thus, we have that

1+ h(s −α) = r − θ, h′(s − α) = −∂αh(s −α) = ∂αθ.

Finally, we denote

(4.2)
θ̄ = θ(s0

t , s
0
t −α), η̄ = η(s0

t , s
0
t −α), r̄ = r(s0

t ),

θ = θ(s0
t , s

0
t −α), η = η(s0

t , s
0
t −α), r = r(s0

t ).

In the present section we prove that the unitary circumference γ is globally
stable under smallW 1,∞ perturbations which are graphs on the unitary circle. The
detailed statement is formulated in the following proposition.

Proposition 4.1. Let T⋆ ∈ (0,∞] and h = h(s, t) be a C([0, T⋆];C2) so-
lution of (2.5) such that h|t=0 = h0. Then, there exists a c0 > 0 such that if
|h0|W 1,∞ < c0 the following inequality holds:

|h(t)|W 1,∞ ≤ |h0|W 1,∞ ∀0 ≤ t < T⋆.

Furthermore, there is a δ > 0 such that |h′(t)|L∞ ≤ |h′0|L∞e−δt.
The proof of this proposition is based on pointwise methods as in [11,12]. In

particular, we will obtain the inequality

d

dt
|h(t)|W 1,∞ < 0 almost everywhere in t,

15
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for small enough initial data. Integrating in time will lead to the maximum prin-
ciple for this norm. Once the maximum principle is obtained, we can even obtain
the exponential decay of the norm.

4.1. Estimates in L∞. We consider now (2.5). With the notation intro-
duced in (4.1) combined with the elementary identity 1 − cosα = 2 sin2(α/2),
we can deduce that

∂th(s)+ γ(s) · d

dt
M = J1(s)+ J2(s)+ J3(s),

where

J1 = − 1
8π

∫
log(4r(r − θ) sin2(α/2) + θ2) ∂2

α[(r − θ) cosα]dα,(4.3a)

J2 = 1
4π

∫
[2r sin2(α/2) + θ cosα] [2r sin2(α/2) − θ]

4r(r − θ) sin2(α/2)+ θ2
(4.3b)

× (∂2
αθ + (r − θ))dα,

J3 = r

2π

∫
[2r sin2(α/2) + θ cosα] sin(α)

4r(r − θ) sin2(α/2)+ θ2
∂αθ dα.(4.3c)

Bound of J1 Let us decompose

J1 = J1,γ + J1,1 + J1,2 + J1,3,

where

J1,γ = 1
8π

∫
log(4r(r − θ) sin2(α/2)+ θ2) cosα dα,

J1,1 = 1
8π

∫
4r ∂αθ sin2(α/2)

4r(r − θ) sin2(α/2) + θ2
∂αηdα,

J1,2 = −
1

8π

∫
2r(r − θ) sin(α)

4r(r − θ) sin2(α/2)+ θ2
∂αηdα,

J1,3 = − 1
8π

∫
2θ ∂αθ

4r(r − θ) sin2(α/2)+ θ2
∂αηdα.

We analyze now the term J1,γ . We use the Taylor expansion of the logarithm
to find that

log(4r(r − θ) sin2(α/2)+ θ2) = log

(
1− θ

r
+ θ2

4r 2 sin2(α/2)

)

+ log(4r 2 sin2(α/2))

≤ log(4r 2 sin2(α/2))− θ
r
+P(

∣∣h′
∣∣2
L∞
)
.
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As a consequence of the previous estimate, we find for J1,γ(s
0
t ) the bound

J1,γ(s
0
t ) ≤

1
4

1
2π

∫
log(4r̄ 2 sin2(α/2)) cosα dα(4.4)

− 1
4

1
2π

∫
θ̄ cosα dα+P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ ,

so that in (4.4) we isolate static, linear-end nonlinear contributions to the evolu-
tion of |h|L∞ .

Since the term J1,1(s
0
t ) is not a singular integral it can be bounded straight-

forwardly, and we conclude that

(4.5) J1,1(s
0
t ) ≤ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

We start studying the term J1,2. We comment that

J1,2 =−
1
4

1
2π

∫ (
1− θ2

4r(r − θ) sin2(α/2)+ θ2

)
cot(α/2) ∂αηdα,

= J1,2,I + J1,2,II.

The smallness of h and the positivity of θ̄ allow us to deduce that

J1,2,II(s
0
t ) =

1
8π

∫
θ̄

4r̄ (r̄ − θ̄) sin2(α/2) + θ2

θ̄

tan(α/2)
∂αη̄dα

≤ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα.

Thus, considering that

η = θ + 2h(s −α) sin2(α/2),

we obtain

J1,2(s
0
t ) ≤ −

1
4

1
2π

∫
θ̄

2 sin2(α/2)
dα− 1

4
1

2π

∫
h(s0

t −α)dα(4.6)

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα.

We rearrange the term J1,3(s
0
t ) as follows:

J1,3 = −1
4

1
2π

∫
θ

2 sin2(α/2)

4 sin2(α/2) ∂αθ

4r(r − θ) sin2(α/2)+ θ2
∂αηdα.
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The last term J1,3(s
0
t ) can easily be controlled as follows:

(4.7) |J1,3(s
0
t )| ≤ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
.

We combine the estimates (4.4), (4.5), (4.6), and (4.7) and obtain the bound

J1(s
0
t ) ≤ −

1
4

1
2π

∫
θ̄

2 sin2(α/2)
dα(4.8)

− 1
4

1
2π

∫
(s0
t −α)dα−

1
4

1
2π

∫
θ̄ cosαdα

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞

+ 1
4

1
2π

∫
log(4r̄ 2 sin2(α/2)) cosαdα.

Bound of J2. We study now the term J2. To do this, we decompose it as
J2 = J2,γ + J2,1 + J2,2, where

J2,γ =
1

4π

∫
[2r sin2(α/2)+ θ cosα] [2r sin2(α/2)− θ]

4r(r − θ) sin2(α/2) + θ2
r dα,

J2,1 = − 1
4π

∫
[2r sin2(α/2)+ θ cosα] [2r sin2(α/2)− θ]

4r(r − θ) sin2(α/2) + θ2
θ dα,

J2,2 = − 1
4π

∫
∂α

(
[2r sin2(α/2) + θ cosα] [2r sin2(α/2) − θ]

4r(r − θ) sin2(α/2)+ θ2

)
∂αθ dα.

We start analyzing the term J2,γ . We write

J2,γ = 1
4π

∫
4r 2 sin2(α/2)

4r(r − θ) sin2(α/2) + θ2

×
[
(r − θ) sin2(α/2) − θ2 cos(α)

4r sin2(α/2)

]
dα,

4r 2 sin2(α/2)

4r 2 sin2(α/2)− 4rθ sin2(α/2) + θ2

= 1

1− θ
r
+ θ2

4r 2 sin2(α/2)

= 1+
θ

r
− θ2

4r 2 sin2(α/2)

1− θ
r
+ θ2

4r 2 sin2(α/2)

= 1+
∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ
,
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where the convergence of the series is ensured by the smallness of h in W 1,∞.
Then, noticing that (

1+ θ
r

)
(r − θ) = r 2 − θ2

r
,

we deduce that

(4.9) J2,γ(s
0
t ) ≤

r̄

2
1

2π

∫
sin2(α/2)dα +P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Next, we study the term J2,1. Using similar computations as the ones per-
formed for the term J2,γ , we can reformulate it as

J2,1 = − 1
4π

∫
4r 2 sin2(α/2)

4r(r − θ) sin2(α/2)+ θ2

×
[(

1− θ
r

)
θ sin2(α/2)− θ3 cos(α/2)

4r 2 sin2(α/2)

]
dα.

From the previous expression we can deduce the estimate

(4.10) J2,1(s
0
t ) ≤ −

1
4π

∫
θ̄ sin2(α/2)dα +P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ ,

At last we study the term J2,2. We decompose it as

J2,2 = J2,2,I + J2,2,II + J2,2,III,

where

J2,2,I = 1
4π

∫ −4r ∂αθ sin2(α/2)+ 2r(r − θ) sin(α)+ 2θ ∂αθ

(4r(r − θ) sin2(α/2)+ θ2)2

× (2r sin2(α/2)+ θ cosα)(2r sin2(α/2)− θ)∂αθ dα,

J2,2,II = −
1

4π

∫
(r sin(α)+ ∂αθ cosα− θ sinα)(2r sin2(α/2)− θ)

4r(r − θ) sin2(α/2)+ θ2
∂αθ dα,

J2,2,III = − 1
4π

∫
(2r sin2(α/2)+ θ cosα)(r sin(α)− ∂αθ)

4r(r − θ) sin2(α/2)+ θ2
∂αθ dα.

Let us consider at first J2,2,I(s
0
t ). Recalling

[2r sin2(α/2)+ θ cosα] [2r sin2(α/2)− θ]
4r(r − θ) sin2(α/2) + θ2

= 4r 2 sin2(α/2)

4r(r − θ) sin2(α/2)+ θ2

[(
1− θ

r

)
sin2(α/2) − θ2 cos(α)

4r 2 sin2(α/2)

]
,
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using similar computations as before, we can compute

(2r sin2(α/2)+ θ cosα)(2r sin2(α/2)− θ)
(4r(r − θ) sin2(α/2) + θ2)2

=
[

1+
∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ][(
1− θ

r

)
− θ2 cos(α)

4r 2 sin4(α/2)

]

× 1

4r(r − θ)+ θ2

sin2(α/2)

.

Then, using the positivity of θ̄, we have that

J2,2,I(s
0
t ) ≤ −

1
2

1
4π

∫
θ̄ cosαdα+ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Very similar bounds hold for J2,2,II(s
0
t ) and J2,2,III(s

0
t ): namely,

J2,2,II(s
0
t ) ≤

1
2

1
4π

∫
θ̄ cosαdα+ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ ,

J2,2,III(s
0
t ) ≤

1
2

1
4π

∫
θ̄ cosαdα+ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
Thus, we obtain

J2,2(s
0
t ) ≤

1
2

1
4π

∫
θ̄ cosαdα+ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα(4.11)

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

We combine the estimates (4.9), (4.10), and (4.11), and deduce that

J2(s
0
t ) ≤

r̄

2
1

2π

∫
sin2(α/2)dα(4.12)

− 1
4π

∫
θ̄ sin2(α/2)dα + 1

4
1

2π

∫
θ̄ cosα dα

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
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Bound of J3. We decompose J3 as J3 = J3,1 + J3,2, with

J3,1 = r

2π

∫
2r sin2(α/2) sin(α)

4r(r − θ) sin2(α/2) + θ2
∂αθ dα,

J3,2 =
r

2π

∫
θ cos(α) sin(α)

4r(r − θ) sin2(α/2) + θ2
∂αθ dα.

Using a Taylor expansion we know that

J3,1(s
0
t ) =

1
2π

∫ [
1+

∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ] sin(α) ∂αθ
2

dα,

from which we easily deduce the bound

J3,1(s
0
t ) ≤ −

1
2

1
2π

∫
θ̄ cos(α)dα+ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα.

The term J3,2 can be handled similarly and, in fact,

J3,2(s
0
t ) ≤ |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα.

Collecting the previous estimates we deduce the desired bound for J3:

(4.13) J3(s
0
t ) ≤ −

1
2

1
2π

∫
θ̄ cos(α)dα + |h|W 1,∞P(|h|W 1,∞)

∫
θ̄

2 sin2(α/2)
dα.

The equation for the evolution of |h|L∞ . We sum the inequalities (4.8),
(4.12), and (4.13), and obtain the bound

J1(s
0
t )+ J2(s

0
t )+ J3(s

0
t )

≤ 1
4π

∫
log(2r̄ sin(α/2)) cos(α)dα+ r̄

4π

∫
sin2(α/2)dα

− 1
4

1
2π

[1− |h|W 1,∞P(|h|W 1,∞)]

∫
θ̄

2 sin2(α/2)
dα

− 1
4

1
2π

∫
θ̄(1+ cos(α))dα − 1

4
1

2π

∫
h(s0

t − α)dα
+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Using pointwise methods as in [11, 12], we have that

d

dt
max
s∈S1

{h(s, t)} = ∂th(s0
t ) amost everywhere.
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Recalling equation (2.5), we obtain that

d

dt
max
s∈S1

{h(s, t)} + γ(s0
t ) ·

d

dt
M

≤ 1
4π

∫
log(2r̄ sin(α/2)) cos(α)dα+ r̄

4π

∫
sin2(α/2)dα

− 1
4

1
2π

[1− |h|W 1,∞P(|h|W 1,∞)]

∫
θ̄

2 sin2(α/2)
dα

− 1
4

1
2π

∫
θ̄(1+ cos(α))dα − 1

4
1

2π

∫
h(s0

t − α)dα
+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Since

γ(s) · d

dt
M = 1

4
1

2π

∫
h(s −α) cos(α)dα, ∀ s ∈ S1,

1
4π

∫
log(2r̄ sin(α/2)) cos(α)dα+ r̄

4π

∫
sin2(α/2)dα = h(s0

t )

4
,

− 1
4

1
2π

∫
θ̄ dα− 1

4
1

2π

∫
h(s0

t −α)dα = −
h(s0

t )

4
,

− 1
4

1
2π

∫
θ̄ cos(α)dα = 1

4
1

2π

∫
h(s0

t −α) cos(α)dα,

we obtain that the evolution equation for maxs∈S1{h(s, t)} can be estimated as

d

dt
h(s0

t ) ≤ −
1
4

1
2π
[1− |h|W 1,∞P(|h|W 1,∞)]

∫
θ̄

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

We can perform the same computations for the quantity

−min
s∈S1

{h(s, t)} = −h(s0
t ),

and obtain the bound

− d

dt
min
s∈S1

{h(s, t)} ≤ −1
4

1
2π

[1− |h|W 1,∞P(|h|W 1,∞)]

∫ −θ
2 sin2(α/2)

dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

As a consequence, using that the Λ operator has a sign together with the definition
of the L∞ norm, we have that

(4.14)
d

dt
|h|L∞ ≤ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
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4.2. Estimates in W 1,∞. We have to find the evolution equation for h′. To
do this, we differentiate now J1, integrate by parts in α, and use

∂2
α[cosα(1+ h(s −α))] = −∂α[sinα(1+ h(s −α))]− ∂α[cos(α)h′(s −α)]

to obtain

(4.15) J′1(s) =
1
2

1
2π

×
∫ {

(1+ h(s))h′(s)+ (1+ h(s −α))h′(s −α)
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

− (h′(s)(1+ h(s −α))+ (1+ h(s))h′(s −α)) cosα
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

× ∂α[sin(α)(1+h(s −α))]
}
dα

− 1
2

1
2π

∫ { −(1+ h(s))h′(s)+h′(s)(1+ h(s −α) cosα)
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

− (1+ h(s))(1+ h(s −α)) sinα
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

× ∂α[cosαh′(s −α)]
}
dα.

Using the trigonometric identity 1 − cos(α) = sin2(α/2), taking a derivative of
the term J2, and using

∂s(h
′′(s −α)− 1− h(s − α)) = −∂α(h′′(s −α)− 1− h(s − α)),

we find that

J′2(s)

= 1
4π

∫ {
[h′(s)− h′(s −α) cosα] [(1+ h(s)) cosα− (1+ h(s −α))]

(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

+ [1+ h(s)− (1+ h(s −α)) cosα] [h′(s) cosα− h′(s −α)]
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

}

× (h′′(s −α)− 1− h(s −α))dα

− 1
2π

∫ {
[1+ h(s)− (1+ h(s −α)) cosα] [(1+ h(s)) cosα− (1+ h(s −α))](
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

)2

×
[
(1+ h(s))h′(s)+ (1+ h(s −α))h′(s −α)

− ((1+ h(s))h′(s −α)+ (1+ h(s −α))h′(s)) cosα
]}

× (h′′(s −α)− 1− h(s −α))dα

− 1
4π

∫
[1+ h(s)− (1+ h(s −α)) cosα] [(1+ h(s)) cosα− (1+ h(s −α))]
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

× ∂α(h′′(s −α)− 1− h(s −α))dα.
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We can now integrate by parts in α and obtain that

(4.16) J′2(s)

= 1
4π

∫ {
[h′(s)+ (1+h(s −α)) sin(α)] [(1+ h(s)) cosα− (1+ h(s −α))]
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

+ [1+ h(s)− (1+ h(s −α)) cosα] [h′(s) cosα− (1+ h(s)) sin(α)]
(1+h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

× (h′′(s −α)− 1− h(s −α))
}
dα

− 1
2π

∫ {
[1+ h(s)− (1+ h(s −α)) cosα] [(1+ h(s)) cosα− (1+ h(s −α))](
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

)2

×
[
(1+ h(s))h′(s)− (1− h(s −α))h′(s) cosα

+ (1+ h(s))(1+ h(s −α)) sin(α)
]

× (h′′(s −α)− 1− h(s −α))
}
dα.

A similar procedure can be used in order to compute J′3. By doing this we obtain

(4.17) J′3(s)

= 1
2π

∫
h′(s)[1+ h(s)− (1+ h(s −α)) cosα] sinα+ (1+ h(s))h′(s) sinα
(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)

× h′(s −α)dα

+ 1
2π

∫
(1+ h(s))2 cos(α) − (1+ h(s))(1+ h(s −α))(cos2α− sin2α)

(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)
× h′(s −α)dα

− 1
2π

∫
(1+ h(s))[1+ h(s)− (1+ h(s −α)) cosα] sinα(

(1+ h(s))2 + (1+ h(s −α))2 − 2(1+ h(s))(1+ h(s −α)) cos(α)
)2

× (2(1+h(s))h′(s)+ 2(1+ h(s −α))((1+ h(s)) sin(α) − h′(s) cos(α))
)

× h′(s −α)dα.
We combine equations (4.15), (4.16), and (4.17) with (2.5) in order to obtain the evolution
equation for h′:

∂th
′(s)+ γ′(s) · d

dt
M =

7∑

j=1

Jj(s),

where

J1 = 1
2

1
2π

∫
rr ′ + (r − θ)(r − θ)′ − (r ′(r − θ)+ r(r − θ)′) cosα

4r(r − θ) sin2(α/2) + θ2
(4.18a)

× ∂α[sin(α)(r − θ)]dα,

J2 = −
1
2

1
2π

∫ −rr ′ + r ′(r − θ) cosα− r(r − θ) sinα

4r(r − θ) sin2(α/2)+ θ2
(4.18b)

× ∂α[cosα(r − θ)′]dα,

J3 = 1
4π

∫ {
[r ′ + (r − θ) sin(α)] [r cosα− (r − θ)]

4r(r − θ) sin2(α/2)+ θ2
(4.18c)
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+ [r − (r − θ) cosα] [r ′ cosα− r sin(α)]

4r(r − θ) sin2(α/2)+ θ2

}

× [(r − θ)′′ − (r − θ)]dα,

and

J4 = − 1
2π

∫ {
[r − (r − θ) cosα] [r cosα− (r − θ)]

(4r(r − θ) sin2(α/2)+ θ2)2
(4.19a)

× [rr ′ − (r − θ)r ′ cosα+ r(r − θ) sin(α)]
}

× [(r − θ)′′ − (r − θ)]dα,

J5 = 1
2π

∫
r ′[r − (r − θ) cosα] sinα+ rr ′ sinα

4r(r − θ) sin2(α/2) + θ2
(r − θ)′ dα,(4.19b)

J6 = 1
2π

∫
r 2 cos(α)− r(r − θ) cos(2α)

4r(r − θ) sin2(α/2)+ θ2
(r − θ)′ dα,(4.19c)

J7 = −
1

2π

∫
r[r − (r − θ) cosα] sinα

(4r(r − θ) sin2(α/2) + θ2)2
(4.19d)

× (2rr ′ + 2(r − θ)(r sin(α) − r ′ cos(α)))(r − θ)′ dα.

We comment that in (4.18) and (4.19) the second-order terms are (r−θ)′′ and ∂α(r−θ)′.
Using

(r − θ)′′ = h′′(s −α) = −∂αh′(s −α) = −∂α(r − θ)′,
we will be able to integrate by parts. After this, only first derivatives of h appear in the
evolution equation for h′. This will allow us to close the pointwise estimates in W 1,∞.

Besides the notation introduced in (4.2), we denote

θ′ = θ′(α) = θ′(s1
t , s

1
t −α), η′ = η′(α) = η′(s1

t , s
1
t −α,α), r ′ = r ′(s1

t ),

θ′ = θ′(α) = θ′(s1
t , s

1
t −α), η′ = η′(α) = η′(s1

t , s
1
t −α,α), r ′ = r ′(s1

t ).

Bound of J1. Let us comment at first that

J1 = 1
2

1
2π

∫
2(rr ′ + (r − θ)(r − θ)′) sin2(α/2)

4r(r − θ) sin2(α/2) + θ2
∂α[sin(α)(r − θ)]dα(4.20)

− 1
2

1
2π

∫
θθ′ cosα

4r(r − θ) sin2(α/2)+ θ2
∂α[sin(α)(r − θ)]dα

= J1,1 + J1,2.

The term J1,1 is not singular and, using that
∫
h′(s) cos(α)dα = 0,

we obtain

J1,1(s
1
t ) ≤ −

1
4

1
2π

∫
θ′ cos(α) dα+P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
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Using the Taylor expansion, we can write

J1,2 = − 1
2π

∫
θ

4r 2 sin2(α/2)

4r 2 sin2(α/2)

4r(r − θ)+ θ2/(sin2(α/2))
× θ′ cos(α) ∂α[sin(α)(r − θ)]dα

= −1
2

1
r 2

1
2π

∫
θ

2 sin2(α/2)

[
1+

∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]

× θ′ cos(α) ∂α[sin(α)(r − θ)]dα.

Hence, evaluating this identity in s1
t , we find the estimate

J1,2(s
1
t ) ≤ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα.

Collecting both expressions, we conclude that

J1(s
1
t ) ≤ −

1
4

1
2π

∫
θ′ cos(α)dα(4.21)

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Bound of J2. Let us integrate J2 by parts in the variable α; we obtain

J2 = −
1
2

1
2π

∫ {−r ′ ∂αθ cos(α) − (r − θ)r ′ sin(α)
4r(r − θ) sin2(α/2)+ θ2

(4.22)

+ r ∂αθ sinα− r(r − θ) cos(α)

4r(r − θ) sin2(α/2) + θ2

}
η′ dα

+ 1
2

1
2π

∫ −rr ′ + r ′(r − θ) cosα− r(r − θ) sinα

(4r(r − θ) sin2(α/2)+ θ2)2

× (−4r ∂αθ sin2(α/2)+ 2r(r − θ) sin(α)+ 2θ ∂αθ)η
′
dα

= J2,1 + J2,2.

We now evaluate J2,1 at s1
t and isolate its linear part while bounding from above the

nonlinear part to find that

J2,1(s
1
t ) ≤

1
2

1
2π

∫
cosα

4 sin2(α/2)
η′ dα(4.23)

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
The same can be done for J2,2, and this gives

J2,2(s
1
t ) ≤ −

1
2

1
2π

∫
cos2(α/2)

2 sin2(α/2)
η′ dα(4.24)

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ ,
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so that (4.23) and (4.24) together with

cos(x)
2

− cos2(x/2) = −1
2

lead to

J2(s
1
t ) ≤ −

1
4

1
2π

∫
η′

2 sin2(α/2)
dα

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
We now use the following identity which holds for any s ∈ S1:

∫
η′

2 sin2(α/2)
dα =

∫
h′(s)− h′(s −α) cos(α)

2 sin2(α/2)
dα

=
∫
h′(s)− h′(s −α)

2 sin2(α/2)
dα+

∫
h′(s −α)dα

=
∫

θ′

2 sin2(α/2)
dα.

As a consequence,

J2(s
1
t ) ≤ −

1
4

1
2π

[1− |h|W 1,∞P(|h|W 1,∞)]

∫
θ′

2 sin2(α/2)
dα(4.25)

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Bound of J3. The terms J3 and J4 are more challenging to bound. Let us write

J3 = J3,1 + J3,2,

where

J3,1 = 1
4π

∫ {
[r ′ + (r − θ) sin(α)] [r cosα− (r − θ)]

4r(r − θ) sin2(α/2)+ θ2

+ [r − (r − θ) cosα] [r ′ cosα− r sin(α)]

4r(r − θ) sin2(α/2) + θ2

}
(r − θ)′′ dα,

J3,2 = − 1
4π

∫ {
[r ′ + (r − θ) sin(α)] [r cosα− (r − θ)]

4r(r − θ) sin2(α/2) + θ2

+ [r − (r − θ) cosα] [r ′ cosα− r sin(α)]

4r(r − θ) sin2(α/2) + θ2

}
(r − θ)dα,

and integrate by parts J3,1 in α. This gives

J3,1 = J3,1,I + J3,1,II,

where, using the identity (r − θ)′′ = −∂α(r − θ)′ = ∂αθ′, we obtain that

J3,1,I = −
1

4π

∫
∂α

{
[r ′ + (r − θ) sin(α)] [θ − 2r sin2(α/2)]

4r(r − θ) sin2(α/2) + θ2

}
θ′ dα,

J3,1,II = −
1

4π

∫
∂α

{
[2r sin2(α/2)+ θ cos(α)] [r ′ cosα− r sin(α)]

4r(r − θ) sin2(α/2)+ θ2

}
θ′ dα.
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As before, we use a Taylor expansion for the term J3,1,I and we obtain that

J3,1,I(s
1
t ) ≤

1
4

1
2π

∫
θ′ cos(α)dα(4.26)

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
We can now start studying the term J3,1,II. We expand the derivative and obtain that

J3,1,II =
1

4π

∫ −4r ∂αθ sin2(α/2)+ 2r(r − θ) sin(α)+ 2θ ∂αθ(
4r(r − θ) sin2(α/2)+ θ2

)2

× [2r sin2(α/2) + θ cos(α)] [r ′ cosα− r sin(α)]θ′ dα

− 1
4π

∫ {
[r sin(α)+ ∂αθ cos(α)− θ sin(α)] [r ′ cosα− r sin(α)]

4r(r − θ) sin2(α/2)+ θ2

+ [2r sin2(α/2) + θ cos(α)] [−r ′ sinα− r cos(α)]

4r(r − θ) sin2(α/2)+ θ2

}
θ′ dα.

Computations similar to the ones performed for the terms J1 and J2 allow us to deduce
the estimate

J3,1,II(s
1
t ) ≤

1
4

1
2π

∫
θ′ cos(α)dα(4.27)

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
We combine now the estimates (4.26) and (4.27) and obtain that

J3,1(s
1
t ) ≤

1
2

1
2π

∫
θ′ cos(α)dα(4.28)

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
We can now focus on the term J3,2. Let us use the identity

[r ′ + (r − θ) sin(α)] [r cosα− (r − θ)]+ [r − (r − θ) cosα] [r ′ cosα− r sin(α)]

= [r ′(1+ cos2α)θ]− [(4r(r − θ) sin2(α/2)+ θ2) sin(α)]− [4rr ′ sin4(α/2)]

in order to reformulate J3,2 as

J3,2 = J3,2,I + J3,2,II + J3,2,III,

where

J3,2,I = −
1

4π

∫
r ′(r − θ)(1+ cos2α)

2r(r − θ)+ θ2/(2 sin2(α/2))

θ

2 sin2(α/2)
dα,

J3,2,II =
1

4π

∫
(r − θ) sin(α)dα,

J3,2,III =
1

4π

∫
2 sin2(α/2)

2r(r − θ)+ θ2/(2 sin2(α/2))
rr ′(r − θ)dα.
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We can further compute

J3,2,I = −
1

4π

∫
r ′(r − θ)(1+ cos2α)

2r(r − θ)+ θ2/(2 sin2(α/2))

θ

2 sin2(α/2)
dα,

= 1
4π

∫
r ′(r − θ)(1+ cos2α)

2r(r − θ)+ θ2/(2 sin2(α/2))

h′(s)α− θ
2 sin2(α/2)

dα

− 1
4π

∫
r ′(r − θ)(1+ cos2α)

2r(r − θ)+ θ2/(2 sin2(α/2))

h′(s)α
2 sin2(α/2)

dα

= L1 + L2.

We use now the identity

1 = 2 sin2(α/4)+ cos(α/2)

in order to deduce that

L1 = 1
4π

∫
r ′(r − θ)(1+ cos2α)

2r(r − θ)+ θ2/(2 sin2(α/2))

sin2(α/4)

sin2(α/2)
(h′(s)α− θ)dα

+ 1
4π

∫ (
r ′(r − θ)(1+ cos2α)

2r(r − θ)+ θ2/(2 sin2(α/2))
sin(α/2)

)

× h′(s)α− θ
2 sin3(α/2)

cos(α/2)dα

= L1,1 + L1,2.

The term L1,1 is not a singular integral, so we can easily obtain the bound

L1,1(s
1
t ) ≤ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Since
h′(s)α− θ
2 sin3(α/2)

cos(α/2)
∣∣∣
s=s1

t

≥ 0,

we deduce the bound

L1(s
1
t ) ≤ |h|W 1,∞P(|h|W 1,∞)

∫
h′(s1

t )α− θ
2 sin3(α/2)

cos(α/2)dα(4.29)

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
We use now a Taylor expansion together with the symmetry of the integrand in order to
write L2 as

L2 = −1
4

1
2π

1
r 2

∫ [
1+

∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]

× (1+ cos2α)r ′(r − θ) h′(s)α
2 sin2(α/2)

dα

= −1
4

1
2π

(r ′)2

r

∫ [
1+

∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]
(1+ cos2α)

α

2 sin2(α/2)
dα

+ 1
4

1
2π

(r ′)2

r 2

∫ [
1+

∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]

× (1+ cos2α)
αθ

2 sin2(α/2)
dα
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= −1
4

1
2π

(r ′)2

r

∫ [ ∞∑

ℓ=1

v

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]
(1+ cos2α)

α

2 sin2(α/2)
dα

+ 1
4

1
2π

(r ′)2

r 2

∫ [
1+

∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]

× (1+ cos2α)
αθ

2 sin2(α/2)
dα.

We find that

1
4

1
2π

(r ′)2

r 2

∫ [
1+

∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]
(1+ cos2α)

αθ

2 sin2(α/2)
dα

≤ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
Similarly, we can expand and obtain that

∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ
=

∞∑

ℓ=1

ℓ∑

k=0

cℓ,k

(
θ

r

)ℓ−k (
− θ2

4r 2 sin2(α/2)

)k
.

Using this identity, we have that

− 1
4

1
2π

(r ′)2

r

∫ [ ∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]
(1+ cos2α)

α

2 sin2(α/2)
dα

≤ −1
4

1
2π

(r ′)2

r

∫ [ ∞∑

ℓ=1

(
− θ2

4r 2 sin2(α/2)

)ℓ]
(1+ cos2α)

α

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
Furthermore, we compute

− 1
4

1
2π

(r ′)2

r

∫ [ ∞∑

ℓ=1

(
− θ2

4r 2 sin2(α/2)

)ℓ]

+ (1+ cos2α)
α

2 sin2(α/2)
(1± cos(α/2))dα

≤ |h|W 1,∞P(|h|W 1,∞)

∫
h′(s1

t )α− θ̄
2 sin3(α/2)

cos(α/2)dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
As a consequence, we find that

L2(s
1
t ) ≤ |h|W 1,∞P(|h|W 1,∞)

∫
h′(s1

t )α− θ̄
2 sin3(α/2)

cos(α/2)dα(4.30)

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
The inequalities (4.29) and (4.30) allow us to deduce the estimate

J3,2,I(s
1
t ) ≤ |h|W 1,∞P(|h|W 1,∞)

∫
h′(s1

t )α− θ̄
2 sin3(α/2)

cos(α/2)dα(4.31)

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
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The term J3,2,II provides a linear contribution, which is

(4.32) J3,2,II = −
1

4π

∫
θ sinαdα = 1

4π

∫
θ′ cos(α)dα.

Let us now study the term J3,2,III. We use the identity

2 sin2(α/2)

2r(r − θ)+ θ2/(2 sin2(α/2))
rr ′(r − θ) = r ′ sin2(α/2) +P(

∣∣h′
∣∣2
L∞
)
,

which leads to the bound

(4.33) J3,2,III(s
1
t ) =

1
4
h′(s1

t )+P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

We combine (4.31), (4.32), and (4.33) in order to obtain a bound on J3,2 which is

J3,2(s
1
t ) ≤

h′(s1
t )

4
+ 1

2
1

2π

∫
θ′ cos(α)dα(4.34)

+ |h|W 1,∞P(|h|W 1,∞)

∫
h′(s1

t )α− θ̄
2 sin3(α/2)

cos(α/2)dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
The estimates (4.28) and (4.34) close, finally the estimate of J3, which is

J3(s
1
t ) ≤

h′(s1
t )

4
+ 1

2π

∫
θ′ cos(α)dα(4.35)

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ |h|W 1,∞P(|h|W 1,∞)

∫
h′(s1

t )α− θ̄
2 sin3(α/2)

cos(α/2)dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Bound of J4. As was done for J3, we decompose J4 = J4,1 + J4,2 where

J4,1 = 1
2π

∫
∂α

{
[r − (r − θ) cosα] [r cosα− (r − θ)]

(4r(r − θ) sin2(α/2)+ θ2)2

× [rr ′ − (r − θ)r ′ cosα+ r(r − θ) sin(α)]
}
θ′ dα,

J4,2 = 1
2π

∫ {
[r − (r − θ) cosα] [r cosα− (r − θ)]

(4r(r − θ) sin2(α/2)+ θ2)2

× [rr ′ − (r − θ)r ′ cosα+ r(r − θ) sin(α)]
}
(r − θ)dα.

We also expand J4,1, thus obtaining

J4,1 = J4,1,I + J4,1,II + J4,1,III + J4,1,IV,

where

J4,1,I =
1

2π

∫ −2(−4r ∂αθ sin2(α/2)+ 2r(r − θ) sin(α)+ 2θ ∂αθ)(
4r(r − θ) sin2(α/2)+ θ2

)3

× [r − (r − θ) cosα] [r cosα− (r − θ)]
× [rr ′ − (r − θ)r ′ cosα+ r(r − θ) sin(α)]θ′ dα,
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J4,1,II =
1

2π

∫
[∂αθ cosα+ (r − θ) sin(α)] [r cosα− (r − θ)](

4r(r − θ) sin2(α/2)+ θ2
)2

× [rr ′ − (r − θ)r ′ cosα+ r(r − θ) sin(α)]θ′ dα,

J4,1,III =
1

2π

∫
[r − (r − θ) cosα] [−r sin(α)+ ∂αθ](

4r(r − θ) sin2(α/2)+ θ2
)2

× [rr − (r − θ)r ′ cosα+ r(r − θ) sin(α)]θ′ dα,

J4,1,IV =
1

2π

∫
[r − (r − θ) cosα] [r cosα− (r − θ)](

4r(r − θ) sin2(α/2) + θ2
)2

× [((r − θ)r ′ − r ∂αθ) sin(α) + (∂αθr ′ + r(r − θ)) cos(α)]θ′ dα.

Let us start analyzing the term J4,1,I; we reformulate it as

J4,1,I =
1

2π
p.v.

∫
sin6(α/2)(

4r(r − θ) sin2(α/2)+ θ2
)3

× −2(−4r ∂αθ sin2(α/2)+ 2r(r − θ) sin(α) + 2θ ∂αθ)
sin(α/2)

×
[
r − (r − θ) cosα

sin(α/2)

] [
r cosα− (r − θ)

sin(α/2)

]

×
[
rr ′ − (r − θ)r ′ cosα+ r(r − θ) sin(α)

sin(α/2)

]
θ′

sin2(α/2)
dα.

We use the following identities:

sin6(α/2)(
4r(r − θ) sin2(α/2) + θ2

)3 =
1

(2r)6
+P(|h′|L∞),

−2(−4r ∂αθ sin2(α/2)+ 2r(r − θ) sin(α)+ 2θ ∂αθ)
sin(α/2)

=

= −8r 2 cos(α/2)+P(|h′|L∞),
r − (r − θ) cosα

sin(α/2)
= 2r sin(α/2)+P(|h′|L∞),

r cosα− (r − θ)
sin(α/2)

= −2r sin(α/2)+P(|h′|L∞),
rr ′ − (r − θ)r ′ cosα+ r(r − θ) sin(α)

sin(α/2)
= 2r 2 cos(α/2)+P(|h′|L∞),

so we have proved that

J4,1,I(s
1
t ) =

1
2

1
2π

∫
θ′(1+ cos(α))dα+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα.

In a similar fashion, we can deduce that

J4,1,II(s
1
t ) = −

1
4

1
2π

∫
θ′(1+ cos(α))dα+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα,

J4,1,III(s
1
t ) = −

1
4

1
2π

∫
θ′(1+ cos(α))dα+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα,
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J4,1,IV(s
1
t ) = −

1
4

1
2π

∫
θ′ cos(α)dα+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα.

As a consequence, we have that

J4,1(s
1
t ) ≤ −

1
4

1
2π

∫
θ′ cos(α)dα+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα.

We now use the identity

[r − (r − θ) cosα] [r cosα− (r − θ)] = −4r(r − θ) sin4(α/2) +O(|h′|L∞)
in order to obtain the required bound for J4,2:

J4,2(s
1
t ) ≤ −

h′(s1
t )

4
− 1

4
1

2π

∫
θ′ cos(α)dα+P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Collecting both estimates, we conclude that

J4(s
1
t ) ≤ −

h′(s1
t )

4
− 1

2
1

2π

∫
θ′ cos(α)dα(4.36)

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Bound of J5. Let us rewrite J5 as

J5 =
1

2π

∫
(η+ r)r ′ sinα

4r(r − θ) sin2(α/2) + θ2
(r − θ)′ dα,

= 1
2π

∫
ηr ′ sinα

4r(r − θ) sin2(α/2) + θ2
(r − θ)′ dα

+ 1
2π

∫
rr ′ sinα

4r(r − θ) sin2(α/2) + θ2
(r − θ)′ dα,

= J5,1 + J5,2.

Thus, we compute

J5,1(s
1
t ) ≤ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

We study now the term J5,2. We decompose it as

J5,2 =
1

2π

∫
r(r ′)2 sinα

4r(r − θ) sin2(α/2)+ θ2
dα− 1

2π

∫
rr ′ sinα

4r(r − θ) sin2(α/2)+ θ2
θ′ dα

= J5,2,I + J5,2,II.

We start studying the term J5,2,II, and we rewrite it as

J5,2,II = −
1

2π

∫
rr ′

2r(r − θ)+ θ2/(2 sin2(α/2))
cot(α/2)θ′ dα.

Using Lemma 3.2, we conclude that

J5,2,II(s
1
t ) ≤ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα.
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We can now consider the term J5,2,I. To estimate this term we proceed in a way similar to
what we did for L2, and find that

J5(s
1
t ) ≤ |h|W 1,∞P(|h|W 1,∞)

∫
h′(s1

t )α− θ̄
2 sin3(α/2)

cos(α/2)dα(4.37)

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Bound of J6. Let us rewrite J6 as

J6 = 1
2π

∫
r cosα(2r sin2(α/2)+ θ cos(α))+ r(r − θ) sin2α

4r(r − θ) sin2(α/2) + θ2
(r − θ)′ dα,

and let us notice that

J6 = 1
2π

∫ [
1+ θ

r
+P(

∣∣θ
∣∣2
L∞
)]

×
[

cos(α)
2

+ θ cos2α

4r sin2(α/2)
+
(

1− θ
r

)
cos2(α/2)

]
(r − θ)′ dα.

Hence, computations similar to the ones performed for the term J5 lead us to the estimate

J6(s
1
t ) ≤

1
2π

∫ (
cos(α)

2
+ cos2(α/2)

)
(r ′ − θ′)dα(4.38)

+ |h|W 1,∞P(|h|W 1,∞)

∫
h′(s1

t )α− θ̄
2 sin3(α/2)

cos(α/2)dα

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

Bound of J7. Let us rewrite J7 as

J7 = − 1
2π

∫
r(2r sin2(α/2)+ θ cosα) sinα(

4r(r − θ) sin2(α/2)+ θ2
)2

× (2rr ′ + 2(r − θ)(r sin(α)− r ′ cos(α)))(r − θ)′ dα.
We observe that

2rr ′ + 2(r − θ)(r sin(α) − r ′ cos(α))
2r sin(α/2)

= 2r cos(α/2)+P(|h′|L∞),
(

4r 2 sin2(α/2)

4r(r − θ) sin2(α/2)+ θ2

)2

= 1+ 2θ
r
+P(

∣∣h′
∣∣2
L∞
)
,

r sin(α)
(2r sin(α/2))2

= cot(α/2)
4r

,

2r sin2(α/2)+ θ cos(α)
2r sin(α/2)

= sin(α/2)+ θ cos(α)
2r sin(α/2)

.

These in turn allow us to deduce that

(4.39) J7(s
1
t ) ≤ −

1
2π

∫
(r ′ − θ′) cos2(α/2)dα+P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
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We now sum (4.38) and (4.39) and obtain the estimate

(4.40) J6(s
1
t )+ J7(s

1
t )

≤ −1
2

1
2π

∫
θ′ cos(α)dα+ |h|W 1,∞P(|h|W 1,∞)

∫
h′(s1

t )α− θ̄
2 sin3(α/2)

cos(α/2)dα

+ |h|W 1,∞P(|h|W 1,∞)

∫
θ′

2 sin2(α/2)
dα+P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .

The equation for the evolution of |h′|L∞ . We combine the estimates (4.21),
(4.25), (4.35), (4.36), (4.37), and (4.40), and use

h′(s1
t ) = max

s
{h′(s, t)}

to obtain the estimate
d

dt
max
s
{h′(s, t)} + γ′(s1

t ) ·
d

dt
M(t)

≤ −1
4

1
2π

[
1− |h|W 1,∞P(|h|W 1,∞)

]
p.v.

∫
θ′

2 sin2(α/2)
dα

− 1
4

1
2π

∫
θ′(1+ cos(α))dα+ h

′(s1
t )

4

+ |h|W 1,∞P(|h|W 1,∞)p.v.
∫
h′(s1

t )α− θ(s1
t , s

1
t −α)

2 sin3(α/2)
cos(α/2)dα

+ P(|h|W 1,∞) |h|W 1,∞ |h′|L∞ .
We comment that

−1
4

1
2π

∫
θ′ dα+ h

′(s1
t )

4
= 0,

γ′(s) · d

dt
M(t) = 1

4
1

2π

∫
h′(s −α) cos(α)dα, ∀ s ∈ S1,

which we use combined with (3.2) to derive that

d

dt
max
s
{h′(s, t)} ≤ −1

4
1

2π

[
1− |h|W 1,∞P(|h|W 1,∞)

] ∫ θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
We want to estimate

|h′|L∞ = max
{

max
s
{h′(s, t)},−min

s
{h′(s, t)}.

Let us first assume that
max
s
{h′(s, t)} = |h′|L∞ .

In this case, using Lemma 3.1 we find that

d

dt
|h′|L∞ ≤ −1

4
1

2π

[
1− |h|W 1,∞P(|h|W 1,∞)

] ∫ θ′

2 sin2(α/2)
dα(4.41)

+ P(|h|W 1,∞)|h|W 1,∞

∫
θ′

2 sin2(α/2)
dα.
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We combine the estimates (4.14) and the previous inequality to obtain that

d

dt
|h|W 1,∞ ≤ −1

4
1

2π

[
1− |h|W 1,∞P(|h|W 1,∞)

] ∫ θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞

∫
θ′

2 sin2(α/2)
dα.

Similar computations allow us to control the positive quantity

−min
s
{h′(s, t)} = −h′(s1

t )

as

− d

dt
min
s
{h′(s, t)} ≤ −1

4
1

2π

[
1− |h|W 1,∞P(|h|W 1,∞)

] ∫ −θ′
2 sin2(α/2)

dα

+ P(|h|W 1,∞)|h|W 1,∞ |h′|L∞ .
Assume now that

−min
s
{h′(s, t)} = |h′|L∞ .

Then, following the same argument as before, we conclude

d

dt
|h|W 1,∞ ≤ −1

4
1

2π

[
1− |h|W 1,∞P(|h|W 1,∞)

] ∫ θ′

2 sin2(α/2)
dα

+ P(|h|W 1,∞)|h|W 1,∞

∫
θ′

2 sin2(α/2)
dα,

which in turn implies there exists a positive constant 0 < c0 ≪ 1 such that if |h0|W 1,∞ ≤ c0,
then for each t > 0

|h(t)|W 1,∞ ≤ |h0|W 1,∞ .

We prove now the exponential rate of decay in time of |h′(t)|L∞ . From (4.41) we
deduce, using the Poincaré-type inequality (3.1), that there exists a δ > 0 such that

|h′(t)|L∞ ≤ |h′0|L∞e−δt .
This concludes the proof of Proposition 4.1. �

5. A Priori ESTIMATES IN H1

The purpose of this section is to obtain the parabolic gain of regularity

L2(0, T ;H3/2)

for the solution. Although these estimates are lower order compared to the pointwise esti-
mates, this regularity is necessary so we can pass to the limit in the weak formulation of the
N-Peskin problem.

Proposition 5.1. Let T⋆ ∈ (0,∞] and h = h(s, t) be a C([0, T⋆];C2) solution of
(2.5) such that h|t=0 = h0. Assume that

|h0|W 1,∞ < c0

with c0 the constant in Proposition 4.1. Then, for all T ≤ T∗, there exists a C(T) ∈ (0,∞)
depending on T only such that

h ∈ L2([0, T];H3/2(S1)),
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and the following bound holds true:

‖h‖L2([0,T];H3/2(S1)) ≤ C(T).

Proof. All along the proof we denote with 0 < ν ≪ 1 a positive constant whose explicit
value may vary from line to line.

Let us recall that the evolution equation for h′ can be written as

∂th
′ + γ′ · d

dt
M =

7∑

j=1

Jj ,

where the explicit formulations of the terms Jj , j = 1, . . . ,7, are given in (4.18) and (4.19).
Using computations similar to the ones performed in (4.21), (4.25), (4.35), (4.36), (4.37),
and (4.40), which isolate the linear (in h) contribution of every Jj , we reformulate the
evolution equation for h′ as

∂th
′ + 1

4
Λh′ =

(
J2 + 1

4
Λh′

)
+
(
J1 + 1

4
1

2π

∫
θ′ cos(α)dα

)

+
(
J3 − h

′(s)
4

− 1
2π

∫
θ′ cos(α)dα

)

+
(
J4 + h

′(s)
4

+ 1
2

1
2π

∫
θ′ cos(α)dα

)

+ J5 +
(
J6 + J7 + 1

2
1

2π

∫
θ′ cos(α)dα

)
,

so that defining

I1 = J1 + 1
4

1
2π

∫
θ′ cosαdα,

I2 = J2 + 1
4
Λh′,

I3 = J3 − h
′(s)
4

− 1
2π

∫
θ′ cos(α)dα,

I4 = J4 + h
′(s)
4

+ 1
2

1
2π

∫
θ′ cos(α)dα,

I5 = J5,

I6 = J6 + J7 + 1
2

1
2π

∫
θ′ cos(α)dα,

the evolution equation for h′ becomes

(5.1) ∂th
′ + 1

4
Λh′ =

6∑

j=1

Ij .

The advantage in the formulation (5.1) is that the terms Ij on the righthand side are all
nonlinear in h. Furthermore, we observe there are three families of contributions. When
testing with h′ and integrating, the terms Ij can be written in one of the following three
ways:

∫
N (h,h′)h′h′ ds,

∫
N (h,h′)Λhh′ ds and

∫
N (h,h′)Λh′h′ ds,

whereN denotes a nonlinear term.
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Once we are equipped with the estimates in W 1,∞, this part is rather straightforward,
and as such we only sketch the proof. We start with the term I2; we define

Ĩ2 =
∫
I2(s)h

′(s)ds.

Thus, using the splitting defined in (4.22) for the term J2, we find that

Ĩ2 =
∫
I2(s)h

′(s)ds = Ĩ2,1 + Ĩ2,2 + Ĩ2,3,

where Ĩ2,3 contains the lower-order terms because of the cancellation of the linear part of
the equation.

Using the Taylor expansion together with Hölder and Poincaré inequalities, we find
that

Ĩ2,1 = −
1
2

1
2π

∫∫ −r ′ ∂αθ cos(α)− (r − θ)r ′ sin(α)+ r ∂αθ sinα

4r 2 sin2(α/2)
(5.2)

× 4r 2 sin2(α/2)

4r(r − θ) sin2(α/2)+ θ2
η′h′(s)dαds

≤ −1
2

1
2π

∫∫ −r ′ ∂αθ cos(α)− (r − θ)r ′ sin(α)+ r ∂αθ sinα

4r 2 sin2(α/2)

×
[

1+
∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]
θ′h′(s)dαds

+ P(|h|W 1,∞)|h|W 1,∞
∣∣h′

∣∣2
L2 .

Let us define

WI =
1
2

1
2π

∫∫
r ′ ∂αθ

4r 2 sin2(α/2)

(
1+ θ

r

)
θ′h′(s)dαds,

WII =
1
2

1
2π

∫∫
rr ′ cot(α/2)

2r 2
θ′h′(s)dαds,

WIII = −
1
2

1
2π

∫∫
r ∂αθ cot(α/2)

2r 2
θ′h′(s)dαds.

With the above decomposition, we find that

− 1
2

1
2π

∫∫ −r ′ ∂αθ cos(α)− (r − θ)r ′ sin(α) + r ∂αθ sinα

4r 2 sin2(α/2)

×
[

1+
∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]
θ′h′(s)dαds −WI −WII −WIII = J,

where J is a operator with a regularizing kernel satisfying

J ≤ P(|h|W 1,∞)|h|W 1,∞
∣∣h′

∣∣2
L2 .

Then, it suffices to control the singular part of the integral Ĩ2,1 composed by the simplified
terms Wj , j = I, II, III.

We prove now the estimates for the termsWII andWIII. We perform the computations
for the term WII, the other ones being identical. We use the boundedness of |h|W 1,∞ to
argue that

WII = −C
∫∫
rr ′ cot(α/2)

2r 2
h′(s −α)h′(s)dαds
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= C

∫
rr ′h′(s)Λh(s)ds ≤ P(|h|W 1,∞)|h|W 1,∞ ,

WIII ≤ P(|h|W 1,∞)|h|W 1,∞

∫∫
| cot(α/2)| |θ′|dαds.

Thus, we use the embedding L2(S2)֓ L1(S2) and the fact that

| cot(α/2)|2 ≲ (sin(α/2))−2,

and we deduce the control

WIII ≤ P(|h|W 1,∞)|h|W 1,∞ |Λ1/2h′|L2 .

We conclude that

WII +WIII ≤ ν
∣∣Λ1/2h

∣∣2
L2 + P(|h|W 1,∞)

ν

∣∣h
∣∣2
W 1,∞ .

We study now the termWI, which is the more singular of the three. Let us reformulate it as

WI = WI,I +WI,II,

where

WI,I =
1
2

1
2π

∫∫
r ′ ∂αθ

4r 2 sin2(α/2)
θ′h′(s)dαds,

WI,II =
1
2

1
2π

∫∫
r ′θ ∂αθ

4r 3 sin2(α/2)
θ′h′(s)dαds.

The termWI,II can be controlled using computations close to the ones performed to control
the terms WII and WIII; we obtain

WI,II ≤ ν
∣∣Λ1/2h

∣∣2
L2 + P(|h|W 1,∞)

ν

∣∣h
∣∣2
W 1,∞ .

The term WI,I is indeed the more singular one. Substituting the explicit values of the
functions r = 1+ h(s) and θ = h(s)− h(s −α) and changing variables, we obtain that

WI,I =
1
2

1
2π

∫∫
(h′(s))2h′(s −α)

4(1+ h(s))2 sin2(α/2)
(h′(s)− h′(s −α))dαds

= 1
2

1
2π

∫∫
(h′(s))2h′(σ)

4(1+ h(s))2 sin2((s − σ)/2) (h
′(s)− h′(σ))dσ ds

= −1
2

1
2π

∫∫
(h′(σ))2h′(s)

4(1+ h(σ))2 sin2((s − σ)/2) (h
′(s)− h′(σ))dσ ds.

Then, we find that

WI,I =
1
2

1
2π

∫∫
h′(s)h′(σ)θ′

2 sin2((s − σ)/2)

[
h′(s)

(1+ h(s))2
− h′(σ)
(1+ h(σ))2

]
dσ ds

≤ C|h|2W 1,∞

(∫∫ (
θ′

2 sin((s − σ)/2)
)2

ds dσ

)1/2

×
(∫∫ [

h′(s)/(1+ h(s))2 − h′(σ)/(1+ h(σ))2

2 sin((s − σ)/2)
]2

dσ ds

)1/2

≤ P(|h|W 1,∞)|h|W 1,∞|Λ1/2h′|L2

∣∣∣∣Λ1/2
(

h′

(1+ h)2

)∣∣∣∣
L2

≤ P(|h|W 1,∞)|h|W 1,∞
∣∣Λ1/2h′

∣∣2
L2 +P(|h|W 1,∞)

∣∣h
∣∣2
W 1,∞ .
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By using the smallness of h in W 1,∞, the rest of terms can be handled similarly, and we
find that

Ĩ2 ≤ ν
∣∣Λ1/2h′

∣∣2
L2 + P(|h|W 1,∞)

ν

∣∣h
∣∣2
W 1,∞ .

We define

Ĩ1 =
∫
I1(s)h

′(s)ds

and decompose J1 as in (4.20) to find that

Ĩ1 ≤ −
1
2

1
r 2

1
2π

∫∫
θθ′ cos(α)

2 sin2(α/2)

[
1+

∞∑

ℓ=1

(
θ

r
− θ2

4r 2 sin2(α/2)

)ℓ]
∂α

× [sin(α)(r − θ)]h′(s)dαds +P(|h|W 1,∞)|h|W 1,∞
∣∣h′

∣∣2
L2 .

To deduce the above estimate, we used the fact that the integral defining the term J1,1 is
not singular. The term Ĩ1 is now in a form which resembles the one deduced for the term
Ĩ2,1 in equation (5.2). Very similar computations allow us to produce the bound

Ĩ1 ≤ ν
∣∣Λ1/2h′

∣∣2
L2 + P(|h|W 1,∞)

ν

∣∣h
∣∣2
W 1,∞ .

We decompose I3 following our splitting of J3 (see Section 4.2), and find that

Ĩ3 =
∫
I3(s)h

′(s)ds,

= Ĩ3,1 + Ĩ3,2 + Ĩ3,3,

= Ĩ3,1,I + Ĩ3,1,II + Ĩ3,2,I + Ĩ3,2,II + Ĩ3,2,III + Ĩ3,3,

where, as before, Ĩ3,3 contains lower-order terms because of the cancellation of the linear
part of the equation. The terms I3,1,j, j = I, II, can be estimated by using computations
similar to the ones performed in order to control Ĩ2,1, and we find

Ĩ3,1 ≤ ν
∣∣Λ1/2h

∣∣2
L2 + P(|h|W 1,∞)

ν

∣∣h
∣∣2
W 1,∞ .

We now estimate the term I3,2,I, the other terms being easier. We find that

Ĩ3,2,I = −
1

4π

∫∫
r ′(r − θ)(1+ cos2α)

2r(r − θ)+ θ2/(2 sin2(α/2))

θ

2 sin2(α/2)
h′(s)dαds.

We study now the more singular contribution of Ĩ3,2,I, that is, the integral

− 1
4π

∫∫
r ′

r

θ

2 sin2(α/2)
h′(s)dαds = − 1

4π

∫ Λh(s)h′(s)
1+ h(s) ds

≤ ν
∣∣Λ1/2h

∣∣2
L2 + P(|h|W 1,∞)

ν

∣∣h
∣∣2
W 1,∞ .

The rest of the terms can be handled in a similar way, and we conclude that

Ĩ3 ≤ ν
∣∣Λ1/2h

∣∣2
L2 + P(|h|W 1,∞)

ν

∣∣h
∣∣2
W 1,∞ .

The term Ĩ4 resembles the term I3, and as a consequence it can be handled by using the
same ideas. Then, we obtain that

Ĩ4 ≤ ν
∣∣Λ1/2h

∣∣2
L2 + P(|h|W 1,∞)

ν

∣∣h
∣∣2
W 1,∞ .
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The term Ĩ5 is similar to I3,2,I, and we find that

Ĩ5 ≤ ν
∣∣Λ1/2h

∣∣2
L2 + P(|h|W 1,∞)

ν

∣∣h
∣∣2
W 1,∞ .

The term Ĩ6 can be estimated using the previous Taylor expansion together with the same
ideas used to bound Ĩ1. Then, choosing ν small enough and using the maximum principle
for |h|W 1,∞ , we conclude

d

dt

∣∣h′
∣∣2
L2 + 1

4

∣∣Λ1/2h′
∣∣2
L2 ≤ P(|h|W 1,∞)

∣∣h
∣∣2
W 1,∞ ≤ C.

Invoking now Gronwall’s inequality, we find that
∫ T

0

∣∣h(t)
∣∣2
H3/2 dt ≤ CT. ❐

6. ESTIMATES FOR ∂th

The result we prove in the present section is the following one.

Proposition 6.1. Let T⋆ ∈ (0,∞] and h = h(s, t) be a C([0, T⋆];C2) solution of
(2.5) such that h|t=0 = h0. Assume |h0|W 1,∞ < c0, with c0 the constant in Proposition 4.1.
Then, for all T ≤ T∗, there exists a C(T) ∈ (0,∞) depending on T only such that

∂th ∈ L2([0, T];H−1(S1)),

and the following bound holds true:

‖∂th‖L2([0,T];H−1(S1)) ≤ C(T).

Proof. Thanks to the regularity results proved in the previous sections, it suffices to
prove a suitable bound for the nonlinear terms in the evolution equation for h. The bounds
of Proposition 6.1 are necessary in the application of an Aubin-Lions compactness theorem
(cf. [30]), and are somewhat standard; for this reason we will sketch the computations only
for the more singular terms and leave the rest of the computations for the interested reader.

The term J2 is the more singular term in (4.3a), (4.3b), (4.3c) because of the presence
of the term ∂2

αθ. By using the notation of Section 4.1, the term

J2,2 = − 1
4π

p.v.
∫
∂α

(
[2r sin2(α/2)+ θ cos(α)] [2r sin2(α/2) − θ]

4r(r − θ) sin2(α/2)+ θ2

)
∂αθ dα,

is the more singular of the subterms making J2. The term J2,2 can be decomposed as in the
previous section:

J2,2 = J2,2,I + J2,2,II + J2,2,III.

Let us denote by J2,2,j, j = I, II, III the more singular contributions of the terms J2,2,j,
j = I, II, III, whose explicit expressions are

J2,2,I = −
1

4π
p.v.

∫
2r 2 sin(α)+ 2θ ∂αθ
(2r sin(α/2))4

θ2 ∂αθ dα,

J2,2,II =
1

4π
p.v.

∫
θ(∂αθ)2

(2r sin(α/2))2
dα,

J2,2,III =
1

4π
p.v.

∫
θ(∂αθ)2

(2r sin(α/2))2
dα.
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Note that the terms J2,2,j − J2,2,j, j = I, II can be written as an integral operator whose
integration kernel is homogeneous of order zero. In particular, the following bound holds
true for any t ∈ [0, T] and s ∈ S1:

|J2,2,j(s, t)− J2,2,j(s, t)| ≤ P(|h(t)|W 1,∞).

As a consequence, they are more regular contributions, and therefore we can consider any
φ ∈ L2([0, T];H1), T ∈ (0, T⋆) with unitary norm, and deduce the estimate

∫ T
0

∫
(J2,2,j(s, t)− J2,2,j(s, t))φ(s, t)ds dt ≤ P(‖h‖L∞([0,T];W 1,∞)).

Let φ be as above. We will indeed bound the remaining more singular terms by duality.
Let us first focus on the term J2,2,II. We compute

∫ (∫
θ(∂αθ)2

(2r sin(α/2))2
dα

)
φ(s)ds

=
∫∫
h(s)− h(s −α)

4 sin2(α/2)
(h′(s −α))2 φ(s)

(1+ h(s))2
dαds

= −
∫∫
h(z)− h(z − β)

4 sin2(β/2)
(h′(z))2 φ(z − β)

(1+ h(z − β))2
dβdz,

where in the last identity we used the change of variables s − α = z, β = −α. We hence
symmetrized the term J2,2,II as

∫ (∫
θ(∂αθ)2

(2r sin(α/2))2
dα

)
φ(s)ds

= 1
2

∫∫
h(s)− h(s −α)

4 sin2(α/2)

×
[
(h′(s −α))2 φ(s)

(1+ h(s))2
− (h′(s))2 φ(s −α)

(1+ h(s −α))2

]
dαds,

= 1
2

∫∫
h(s)− h(σ)

4 sin2((s − σ)/2)
×
[
(h′(σ))2 φ(s)

(1+ h(s))2
− (h′(s))2 φ(σ)

(1+ h(σ))2

]
dσ ds.

We compute

(h′(σ))2 φ(s)

(1+ h(s))2
− (h′(s))2 φ(σ)

(1+ h(σ))2

= (h′(σ))2
(

φ(s)

(1+ h(s))2
− φ(σ)

(1+ h(σ))2

)

− φ(σ)

(1+ h(σ))2
(h′(σ)+ h′(s))(h′(s)− h′(σ)),

so that∫ (∫
θ(∂αθ)2

(2r sin(α/2))2
dα

)
φ(s)ds

= 1
2

∫∫
h(s)− h(σ)

4 sin2((s − σ)/2)(h
′(σ))2

(
φ(s)

(1+ h(s))2
− φ(σ)

(1+ h(σ))2

)
dσ ds

− 1
2

∫∫
h(s)− h(σ)

4 sin2((s − σ)/2)
φ(σ)

(1+ h(σ))2
(h′(σ)+ h′(s))(h′(s)− h′(σ))dσ ds

= M1 +M2.
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We start analyzing M2. A Hölder inequality provides the bound

M2 ≤ C
|φ|L∞ |h′|L∞

1− |h|L∞
(∫∫ (

h(s)− h(σ)
2 sin((s − σ)/2)

)2

dσ ds

)1/2

×
(∫∫ (

h′(s)− h′(σ)
2 sin((s − σ)/2)

)2

dσ ds

)1/2

,

= C
|φ|L∞ |h′|L∞

1− |h|L∞
|Λ1/2h|L2 |Λ1/2h′|L2 ,

≤ P(|h|W 1,∞)|φ|H1 |Λ1/2h′|L2 .

We control now the term M1 as

M1 ≤ C
∣∣h′

∣∣2
L∞

(∫∫ (
h(s)− h(σ)

2 sin((s − σ)/2)
)2

dσ ds

)1/2

×
(∫∫ (

φ(s)/(1+h(s))2 −φ(σ)/(1+ h(σ))2

2 sin((s − σ)/2)
)2

dσ ds

)1/2

,

= C
∣∣h′

∣∣2
L∞ |Λ1/2h|L2

∣∣∣∣Λ1/2

(
φ

(1+ h)2

)∣∣∣∣
L2
,

≤ P(|h|W 1,∞)|φ|H1 .

The bounds provided for M1 and M2 allow us to argue that
∫ T

0
J2,2,II(s, t)φ(s, t)ds dt ≤ P(‖h‖L∞([0,T];W 1,∞))‖φ‖L2([0,T];H1)

× (‖Λ1/2h′‖L2([0,T];L2) +
√
T).

Similar bounds hold true for J2,2,I. Hence, we have proved that

‖J2‖L2([0,T];H−1) ≤ CTP(‖h‖L∞([0,T];W 1,∞))(1+ ‖Λ1/2h′‖L2([0,T];L2)).

Following the same ideas, we can obtain appropriate bounds for the terms J1 and J3. These
estimates combined with the result of Proposition 5.1 allow us to conclude the proof of
Proposition 6.1. ❐

7. PROOF OF THEOREM 2.2

In the present section we prove the main result of the manuscript via an approximation and
compactness argument. Let us consider the regularized problem

(7.1)



∂thε +Λhε − εh′′ε =N (hε),

hε
∣∣
t=0 = ηε ⋆h0,

where for ε > 0, s ∈ S1, the function ηε is the periodic heat kernel at time ε, the nonlin-
earity N is defined as

N (hε) = J(hε)+ J2(hε)+ J3(hε)+Λhε − 1
4
hε ⋆ cos,

and the terms Jk = Jk(h), k = 1,2,3 are defined in (2.5).
Using Picard’s theorem together with the standard mollifier approach and energy es-

timates (see [21]) we can prove that, with ε > 0 fixed, there exist a Tε ∈ (0,∞] and a
maximal solution hε of (7.1) which belongs to the space

hε ∈ C1([0, Tε);H
3).
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At this point these approximate solutions may be defined only locally in time. Further-
more, using that our approximation scheme is merely a vanishing viscosity approach, this
solution satisfies the same a priori bounds in L∞(0, T ;W 1,∞) and L2(0, T ;H3/2) stated in
Propositions 4.1, 5.1, and 6.1. Furthermore, we can prove the following L2 estimate for
(7.1). We have indeed that, for t ∈ [0, Tε],

1
2

d

dt

∣∣hε(t)
∣∣2
L2 +

∣∣Λ1/2hε(t)
∣∣2
L2 + ε

∣∣h′ε(t)
∣∣2
L2

≤ |N (hε)|H−1 |hε|H1 ≤ C

ε

∣∣N (hε(t))
∣∣2
H−1 + ε

2

(∣∣hε(t)
∣∣2
L2 +

∣∣h′ε(t)
∣∣2
L2

)
.

As a consequence, an integration-in-time gives that

∣∣hε(t)
∣∣2
L2 +

∫ t
0

(∣∣Λ1/2hε(τ)
∣∣2
L2 + ε

∣∣h′ε(τ)
∣∣2
L2

)
dτ

≤
∣∣h0

∣∣2
L2eCt/ε + CeCt/ε

ε

∣∣N (hε)
∣∣2
L2([0,t];H−1).

The computations that were performed in the proof of Proposition 6.1 assure us that
N (hε) ∈ L2([0, Tε];H−1), so that

∣∣hε(t)
∣∣2
L2 +

∫ t
0

(∣∣Λ1/2hε(τ)
∣∣2
L2 + ε

∣∣h′ε(τ)
∣∣2
L2

)
dτ

≤
∣∣h0

∣∣2
L2 + C(Tε, ε)

ε

(
1+

∣∣hε
∣∣N
L∞([0,Tε];W 1,∞)

)
, N ≫ 1.

We recall now the result of Proposition 4.1, which ensures that

‖hε‖L∞([0,Tε];W 1,∞) ≤ c0.

This allows us to bound the righthand side of the above inequality with a quantity which is
independent of hε. A continuation argument for ODEs allows us to bootstrap the result,
thus proving the following bound:

∣∣hε(t)
∣∣2
L2 +

∫ t
0

(∣∣Λ1/2hε(τ)
∣∣2
L2 + ε

∣∣h′ε(τ)
∣∣2
L2

)
dτ

≤ c2
0 +

C(T , ε)

ε
(1+ cN0 ).

Similarly, using standard energy estimates together with the ideas in the previous sections
and Propositions 4.1, 5.1 and 6.1 it is possible to prove that if

∣∣h(n−1)
ε (t)

∣∣2
L2 +

∫ t
0

(∣∣Λ1/2h(n−1)
ε (τ)

∣∣2
L2 + ε

2

∣∣h(n)ε (τ)
∣∣2
L2

)
dτ

≤ Cn−1(ε, T , c0),

then
∣∣h(n)ε (t)

∣∣2
L2 +

∫ t
0

(∣∣Λ1/2h(n)ε (τ)
∣∣2
L2 + ε

2

∣∣h(n+1)
ε (τ)

∣∣2
L2

)
dτ

≤ Cn(ε, T , c0),

for any n ≥ 2, where the constants Cj(ε, T), j ≥ 2, are not uniformly bounded in ε.
We can thus find that

(7.2)
∣∣hε(t)

∣∣2
H3 +

∫ t
0

(∣∣Λ1/2hε(τ)
∣∣2
H3 + ε

2

∣∣h′ε(τ)
∣∣2
H3

)
dτ ≤ C(ε, T , c0).
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In particular, we find that the approximate solutions are smooth and global in time.
The global bounds of (7.2) allow us to apply the regularity results stated in Proposi-

tions 4.1, 5.1 and 6.1. Using a standard Aubin-Lions compactness theorem (cf. [30, Corol-
lary 4]), we find that

(7.3)




hε → h in L2(0, T ;H3/2−ϑ), ϑ > 0,

hε ⇀ h in L2(0, T ;H3/2),

hε
∗
----------------------------------------⇀ h in L∞(0, T ;L∞),

h′ε
∗
----------------------------------------⇀ h′ in L∞(0, T ;L∞).

We now take ϕ ∈ C∞
c ([0, T)×S1) and consider the weak formulation of the approx-

imate problems

−
∫
ϕ(s,0)ηε ⋆h0(s)ds

+
∫ T

0

∫ (
− ∂tϕ(s, t)hε(s, t)+Λϕ(s, t)hε(s, t)

− εϕ′′(s, t)hε(s, t)−N (hε(s, t))ϕ(s, t)
)
ds dt = 0.

The previous regularity and convergence results are enough in order to pass to the
limit in the nonlinear terms. Let us sketch why it is so. Let us use the notation θε =
hε(s) − hε(s − α) and rε = 1 + hε(s). We use an argument similar to the one stated in
Section 6 to argue that the term

Zε(s, t) =
∫

θε(∂αθε)2

(2rε sin(α/2))2
dα

is the more singular contribution of the many composing N (hε(s)), hence, defining

Z(s, t) =
∫

θ(∂αθ)2

(2r sin(α/2))2
dα,

we aim to prove that

Zε =
∫ T

0

∫
(Zε(s, t)− Z(s, t))ϕ(s, t)ds dt ε→0

-----------------------------------------------------------------------------------------→ 0,

for each ϕ ∈ C∞
c ([0, T) × S1). This will establish the weak convergence for the more

singular nonlinear term in N . We write Zε = Zε,1 +Zε,2, where

Zε,1 =
∫ T

0

∫ (∫
(θε − θ)(∂αθε)2

(2rε sin(α/2))2
dα

)
ϕ(s, t)ds dt,

Zε,2 =
∫ T

0

∫ (∫
θ(∂αθε + ∂αθ)(∂αθε − ∂αθ)

(2rε sin(α/2))2
dα

)
ϕ(s, t)ds dt.

Let us symmetrize the term Zε,1. This gives that

Zε,1 =
∫ T

0

∫∫
(θε − θ)h′(σ)ϕ(s)

4(1+ hε(s))2 sin2((s − σ)/2) ds dσ dt

−
∫ T

0

∫∫
(θε − θ)h′(s)ϕ(σ)

4(1+ hε(σ))2 sin2((s − σ)/2) ds dσ dt,

=
∫ T

0

∫∫
θε − θ

4 sin2((s − σ)/2)

{
h′(σ)ϕ(s)

2(1+ hε(s))2
− h′(s)ϕ(σ)

2(1+ hε(σ))2

}
ds dσ dt,
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=
∫ T

0

∫∫
θε − θ

2 sin((s − σ)/2)
1

2 sin((s − σ)/2))
×
{
h′(σ)

[
ϕ(s)

2(1+ hε(s))2
− ϕ(σ)

2(1+hε(σ))2

]

− ϕ(σ)

2(1+ hε(σ))2
[h′(σ)− h′(s)]

}
ds dσ dt.

From the above integral equality, using Hölder’s inequality, we obtain that

|Zε,1| ≤ C

∫ T
0
|Λ1/2(hε − h)|L2

{
|Λ1/2h′|L2

∣∣∣∣
ϕ

(1+ hε)2

∣∣∣∣
L∞
+ |h′|L∞

×
∣∣∣∣Λ1/2

(
ϕ

(1+ hε)2

)∣∣∣∣
L2

}
dt.

Hence, standard computations show that the convergence proved in (7.3) is sufficient to
establish that

Zε,1 ε→0
-----------------------------------------------------------------------------------------→ 0.

We compute

Zε,2 = Zε,2,I +Zε,2,II,
where

Zε,2,I =
∫ T

0

∫ (∫
θ(∂αθε + ∂αθ)(∂αθε − ∂αθ)

(2rε sin(α/2))2

− θ(∂αθε + ∂αθ)(∂αθε − ∂αθ)
(2r sin(α/2))2

dα

)
ϕ(s, t)ds dt,

Zε,2,II =
∫ T

0

∫ (∫
θ((∂αθε)2 − (∂αθ)2)

(2r sin(α/2))2
dα

)
ϕ(s, t)ds dt.

The term Zε,2,I can be handled as Zε,1. For the term Zε,2,II we have to use a weak-strong
convergence-type argument. We decompose it as

Zε,2,II =Aε,1 +Aε,2,

with

Aε,1 =
∫ T

0

∫ (∫
θ(∂αθε − ∂αθ) ∂αθε
(2r sin(α/2))2

dα

)
ϕ(s, t)ds dt

Aε,2 =
∫ T

0

∫ (∫
θ ∂αθ(∂αθε − ∂αθ)
(2r sin(α/2))2

dα

)
ϕ(s, t)ds dt.

Let us focus first on the second term. Using

∂αθ = −∂αh(s −α) = h′(s −α),
we find that

−∂αθ = −h′(s −α) + h′(s)− h′(s) = θ′ − h′(s).
Using this, we can equivalently write

Aε,2 =
∫ T

0

∫ (∫
θ ∂αθ(∂αθε − ∂αθ)
(2r sin(α/2))2

dα

)
ϕ(s, t)ds dt

=
∫ T

0

∫ (∫
θ(θ′ − h′(s))(θ′ε − h′ε(s)− θ′ +h′(s))

(2r sin(α/2)2
dα

)
ϕ(s, t)ds dt.
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We can decompose this as

Bε,1 =
∫ T

0

∫∫
θθ′(θ′ε − θ′)
(2r sin(α/2))2

dαϕ(s, t)ds dt

Bε,2 =
∫ T

0

∫∫
θθ′(h′(s)− h′ε(s))
(2r sin(α/2))2

dαϕ(s, t)ds dt

Bε,3 = −
∫ T

0

∫∫
θh′(s)(θ′ε − θ′)
(2r sin(α/2))2

dαϕ(s, t)ds dt

Bε,4 = −
∫ T

0

∫∫
θh′(s)(h′(s)− h′ε(s))

(2r sin(α/2))2
dαϕ(s, t)ds dt.

The term Bε,4 can be handled easily. We observe that it can be rewritten as

Bε,4 = C

∫ T
0

∫ Λh(s)h′(s)
r

(h′(s)− h′ε(s))ϕ(s, t)ds dt

≤ C‖h− hε‖L2
TH

1
x
‖h‖L2

TH
1
x
‖h‖L∞T W 1,∞

x

ε→0
-----------------------------------------------------------------------------------------→ 0.

For the term Bε,2, we proceed as follows:

Bε,2 =
∫ T

0

∫∫
θθ′(h′(s)− h′ε(s))
(2r sin(α/2))2

dαϕ(s, t)ds dt

≤ C‖h′‖L∞T L∞x ‖Λ1/2h′‖L2
T L

2
x
‖h′ − h′ε‖L2

T L
2
x

ε→0
-----------------------------------------------------------------------------------------→ 0.

Taking 0 < δ≪ 1, we also compute

Bε,3 ≤ C
∥∥h′

∥∥2
L∞T L

∞
x

∫ T
0

∫∫ |θ′ε − θ′|
| sin(α/2)|1−δ/2+δ/2 dαds dt

≤ C
∥∥h′

∥∥2
L∞T L

∞
x

(∫
1

| sin(α/2)|δ dα

)1/2

×
∫ T

0

(∫∫ |θ′ε − θ′|2
| sin(α/2)|2−δ dαds

)1/2

dt

≤ C
√
T
∥∥h′

∥∥2
L∞T L

∞
x
‖h′ε − h′‖L2

T Ḣ
(1−δ)/2
x

ε→0
-----------------------------------------------------------------------------------------→ 0.

Finally, the last term Bε,1 can be handled as Bε,3. As a consequence, h is a weak solution of
(2.5).

In addition, the maximum principle

|h(t)|W 1,∞ ≤ |h0|W 1,∞ ∀ 0 ≤ t ≤ T

and the exponential decay

|h′(t)|L∞ ≤ |h′0|L∞e−δt ∀ 0 ≤ t ≤ T
follow from the application of Proposition 4.1 to the regularized problem and the weak-∗
lower semicontinuity of the norm. We argue as in [8, Lemma 4.3] in order to state that,
since h is a uniform limit of continuous functions, we obtain as well that

h ∈ C([0, T]× S1).

47



600 F. GANCEDO, R. GRANERO-BELINCHÓN & S. SCROBOGNA
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ILLERA, The confined Muskat problem: Differences with the deep water regime, Commun.

48

https://dx.doi.org/10.1007/s42286-020-00031-z
https://www.ams.org/mathscinet-getitem?mr=4246386
https://doi.org/10.48550/arXiv.2010.06915
https://dx.doi.org/10.1016/j.physd.2013.07.010
https://www.ams.org/mathscinet-getitem?mr=3144020
https://dx.doi.org/10.2140/apde.2019.12.997
https://dx.doi.org/10.2140/apde.2019.12.997
https://www.ams.org/mathscinet-getitem?mr=3869383
https://dx.doi.org/10.4007/annals.2012.175.2.9
https://dx.doi.org/10.4007/annals.2012.175.2.9
https://www.ams.org/mathscinet-getitem?mr=2993754
https://dx.doi.org/10.1016/j.aim.2015.08.026
https://www.ams.org/mathscinet-getitem?mr=3415681
https://dx.doi.org/10.1002/cpa.3160380605
https://www.ams.org/mathscinet-getitem?mr=812343
https://dx.doi.org/10.4171/JEMS/360
https://www.ams.org/mathscinet-getitem?mr=2998834
https://dx.doi.org/10.1007/s00220-004-1055-1
https://dx.doi.org/10.1007/s00220-004-1055-1
https://www.ams.org/mathscinet-getitem?mr=2084005
https://dx.doi.org/10.4007/annals.2011.173.1.10
https://dx.doi.org/10.4007/annals.2011.173.1.10
https://www.ams.org/mathscinet-getitem?mr=2753607
https://dx.doi.org/10.1007/s00220-008-0587-1
https://dx.doi.org/10.1007/s00220-008-0587-1
https://www.ams.org/mathscinet-getitem?mr=2472040


Global Existence in the Lipschitz Class for the N-Peskin Problem 601

Math. Sci. 12 (2014), no. 3, 423–455. https://dx.doi.org/10.4310/CMS.2014.v12.n3.

a2. MR3144991
[13] FRANCISCO GANCEDO, A survey for the Muskat problem and a new estimate, SeMA J. 74

(2017), no. 1, 21–35. https://dx.doi.org/10.1007/s40324-016-0078-9. MR3608884
[14] FRANCISCO GANCEDO, RAFAEL GRANERO-BELINCHÓN, and STEFANO SCROBOGNA,

Surface tension stabilization of the Rayleigh-Taylor instability for a fluid layer in a porous medium,
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