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To my parents






It is not knowledge, but the act of learning, not possession but the act of getting there,

which grants the greatest enjoyment. When I have clarified and exhausted a subject,

then I turn away from it, in order to go into darkness again; the never-satisfied man is

so strange if he has completed a structure, then it is not in order to dwell in it peacefully,

but in order to begin another. I imagine the world conqueror must feel thus, who, after
one kingdom is scarcely conquered, stretches out his arms for others.

Carl Friedrich Gauss - Letter to Bolyai, 1808.

Most people, if you describe a train of events to them, will tell you what the result would
be. They can put those events together in their minds, and argue from them that
something will come to pass. There are few people, however, who, if you told them a
result, would be able to evolve from their own inner consciousness what the steps were
which led up to that result. This power is what I mean when I talk of reasoning
backwards, or analytically.

- Arthur Conan Doyle, A study in Scarlet
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Introduction

An inverse problem deals with the reconstruction of unknown physical parameters
from indirect observations. As noted by Sabatier [116], an inverse problem is not a
particular type of mathematical problem, but rather a class of problems related to
the identification of physical properties or quantities that cannot be directly observed.
The term inverse problem derives from the fact that one starts from a set of observed
effects to derive information about the causal factors, including parameters that
are not directly observable. In contrast, a direct problem typically starts from a
differential equation, the physical model, with a known structure and coefficients
and tries to determine the effects, the solution ([86]).

It is difficult to say exactly when research on inverse problems began. While
some discoveries may have been made earlier, the roots can be traced back to the
20th century. A 1911 article by Herman Weyl ([137]) is one of the first to consider
an inverse problem. Weyl analysed the behaviour of the eigenvalues of the Laplace-
Beltrami operator and established a correlation between the asymptotic behaviour
of the eigenvalues and the volume of the domain on which the operator acts ("Is
it possible to hear the shape of a drum?" Kac [79]). In 1929, the Soviet physicist
A. V. A. Ambartsumian [22] formulated the inverse Sturm-Liouville problem, which
investigates how the eigenvalues of an ordinary differential operator determine the
eigenfunctions and parameters of the operator ([96]). He discovered that in the
particular case of a homogeneous string, the eigenvalues determine the operator.
Although Ambartsumian’s article was initially ignored, it was rediscovered by a team
of Swedish mathematicians at the end of World War II. As a result, it became the
basis for a whole area of research on inverse problems.

Mathematically, inverse problems are (severely) ill-posed, which is the antonym of
well-posed. The notion of well-posedness was first introduced by Jacques Hadamard
in his 1902 article [70]. We recall his formulation (see Riviére in [110, Section 3.1]
for a recent review). A problem is said to be well-posed if it satisfies the following
properties:

* The problem has a solution;
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* The solution is unique;
* The behaviour of the solution depends continuously on the initial data.

Many direct problems arising from mathematical models of physical phenomena
are well-posed. On the other hand, the majority of inverse problems are ill-posed (see
Isakov [77, Chapter 1]). We will focus on the analysis of the stability, which quantifies
how small perturbations in the measured data affect the solution of the problem
at hand. In inverse problems we speak of conditional stability rather than stability.
Tikhonov [133] was one of the first mathematicians to notice that the introduction of
constraints, the so-called a-priori information, on the unknowns could lead to a gain
in stability for this problem. In applications, the study of (conditional) stability plays
a crucial role as it guarantees the reliability of numerical reconstructions. Indeed,
measurement data are typically obtained from a finite number of samples, which
may be subject to noise or error.

This dissertation focuses on the study of the (conditional) stability of two main
classes of inverse problems: the identification of coefficients and the determination
of inclusions. On the one hand, the coefficient identification problem consists in the
reconstruction of one or more physical parameters associated with a boundary value
problem. On the other hand, the inclusion determination problem refers to the ability
to identify the shape, size and location of an inclusion (an object or material) within
a given medium based on measurements taken at the surface. This medium can be
anything from solid material to biological tissue, and the inclusions might represent
defects, anomalies, or substances of interest.

This thesis contributes to the existing literature by providing stability estimates
for the anisotropic Calderén problem and two inverse problems for the anisotropic
Schrodinger equation. In particular, we have provided a Lipschitz stability estimate for
a special class of anisotropic conductivities using a novel quantity, the misfit functional
for the classical Calderén problem. We have considered an anisotropic conductivity
with a piecewise affine scalar function. There are few stability results in the literature
for the anisotropic problem that do not consider the "up to diffeomorphism" approach,
as we will discuss later. Moreover, piecewise affine coefficients are well studied
in numerical reconstructions. For the inverse boundary value problem described
by the generalised Schrodinger equation, we have provided a log-type stability
estimate for the inclusion determination problem. We have considered a very general
anisotropic inclusion with inhomogeneous coefficients, and the presence of the
zeroth order term has required to overcome technical difficulties such as the lack
of the Dirichlet to Neumann map, and hence the use of Cauchy data. We have also
provided a Lipschitz estimate for the simultaneous determination of coefficients
for the generalised Schrodinger equation when the coefficients are known to be
piecewise affine. Lipschitz stability is a valuable property as it ensures the robustness
and accuracy of the numerical reconstruction of the solution. In the literature, there
are many results on the lack of uniqueness for this type of inverse problem, see for
example Arridge and Lionheart [24] and Harrach [72], but only a few results on the
uniqueness of both the coefficients and the stability. Moreover, our result has been
proved in terms of local Cauchy data and without the assumption of monotonicity
required in Harrach’s work [72]. Another valuable result of this research work has
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been the extension of existing techniques, such as the singular solutions method, the
construction of Green functions and some quantitative estimates of propagation of
smallness.

Dissertation Plan

Chapter 1 is devoted to an introduction to the classical Calderén problem, also known
as the inverse conductivity problem. We will recall some relevant uniqueness and
stability results. In the last part of the chapter, we will focus on the stability issue
in the finite-dimensional case. Chapter 2 is devoted to a brief review of the unique
continuation tools. We derive a stability estimate for the Cauchy problem ([134]).
Then, we focus on the three sphere inequalities in the case of Lipschitz and piecewise
Lipschitz coefficients in the leading order term.

In Chapter 3, the inverse conductivity problem is considered. Before discussing
the inverse problem, we introduce the direct problem. Let 2 C R™ be a conductor
with a sufficiently smooth boundary. Let f € Héé 2(E) be the prescribed voltage on
a non-empty portion ¥ of the boundary of €2, 9 Q2. If there are no sources or sinks
in the medium, the induced electric potential u € H!(f2) is a weak solution of the
boundary value problem

{dlv(oVu) —0 inQ, W
u=f on 0f2.

Here, o represents the anisotropic conductivity, which is a real n x n symmetric matrix
function that is bounded, measurable and positive definite. Moreover, o satisfies the
uniform ellipticity condition, i.e., there exists a constant A > 1 such that

AEP < o(x)E-€ < NP, forae. z€Q, forall £ € R".

Under these assumptions, the Dirichlet problem (1) is well-posed. As a result, we can
introduce a map known as the Dirichlet to Neumann map (DtoN), represented by

AZ Ho) (5) = Hyg (%),

which assigns to each electric potential f at 3 the corresponding current density
oVu - v|y. Knowing the DtoN map is equivalent to making an infinite number of
boundary measurements.

The inverse problem is to recover the unknown conductivity o from the knowledge
of the given DtoN map.

This problem serves as a mathematical model in several research areas. In
geophysics, we have the direct current (DC) resistivity methods, which aim to
reconstruct the resistivity of a conductor from measurement data [138]. Conductivity
is the inverse of resistivity. In DC resistivity methods, a current is introduced into
the ground through two electrodes (C,C2) and the induced voltage is measured
through the other two electrodes (P, P») [119]. The source can be direct current
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or low frequency (0.1-30 Hz) alternating current. Among the different modes of
operation, we mention the profiling methods, the vertical electrical sounding (VES)
and the electrical resistivity tomography (ERT). DC resistivity methods are used to
investigate lithological underground structures, to estimate the depth, thickness and
properties of aquifers and aquicludes, to detect underground cavities, to monitor
temporal changes in subsurface electrical properties, to name but a few. The method
was introduced by Schlumberger in 1920 and involves the acquisition of voltage
and current measurements at the surface of the medium (see [118]). As a matter
of example, let us describe how the Schlumberger array works. It consists of four
electrodes, the outer ones injecting electric current (sources) and the inner ones
measuring the electric potential (receivers). The inner electrodes are situated at a
fixed distance and remain stationary. The outer electrodes are moved in opposite
directions to take the measurements. The process is repeated until a voltage of
zero is reached. Other types of array used in DC resistivity methods are the Wenner
array, the dipole-dipole array, the pole-pole electrode configuration, and the (crossed)
square array acquisition, which is more sensitive to anisotropy. We also mention
the electromagnetic inductive methods, which are used to obtain information about
the electrical conductivity of the soil. They can be classified into natural field
methods and controlled source methods. The latter are based on the measurement
of the electromagnetic fields induced by controlled sources and can be divided into
frequency domain electromagnetic methods (FEM) and time domain or transient
electromagnetic methods (TEM). We refer to [119] for a survey on geophysical field
methods.

The Calderén problem also serves as a mathematical model for electrical impedance
tomography (EIT), which is a medical imaging technique developed in the 1980s.
EIT produces images that show the distribution of electrical conductivity in human
tissue [98, 48, 41, 40, 94]. Electrodes are placed on the surface of the skin and an
alternating electric current is injected through a limited number of electrodes, while
the remaining electrodes measure the resulting voltage. This process is repeated
several times for different electrode configurations. There has been a growing interest
in EIT for its potential application in medical diagnostics, such as lung protective
ventilation, as it is an ideal tool for monitoring ventilation due to its non-invasive and
radiation-free nature, and rapid response. Furthermore, it has potential applications
in the early detection of breast cancer and stroke [76]. The ill-posed nature of the
inverse problem, however, is evident from the fact that this technique is insensitive
to small changes in the conductivity. Moreover, image reconstruction is affected by
modelling and measurement errors [75]. However, the ill-posedness can be mitigated
by imposing suitable a-priori information on the conductivity distribution [76]. For a
complete survey on the Calderén problem and its relation to EIT, we refer to Uhlmann
[135].

A. Calderdn first presented the mathematical formulation of the inverse problem
in "On an inverse boundary value problem" [45], which we discuss in Chapter 1. The
motivation behind his work was oil exploration. The uniqueness issue was addressed
after Calderdén’s 1980 publication, for measurements that can be made over the
entire boundary (see Kohn and Vogelius [82, 83], Sylvester and Uhlmann [128],
Alessandrini [8] and Nachmann [101]). For dimension n > 2, Astala and Paivairinta
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[27] proved that L° isotropic conductivities are uniquely determined.

On the issue of stability, Alessandrini proved in [8] that assuming a-priori bounds
on ¢ of the form ||o|| sy < E in the isotropic case and for dimension n > 3, where
s > 4 + 2, leads to a continuous dependence of ¢ in 2 on A, of logarithmic type. It
has also been proved the Lipschitz continuous dependence of the restriction of the
conductivity at the boundary of the domain and the DtoN map [130, 7]. Mandache
[97] proved that in the interior of €2, the logarithmic stability is sharp for n > 2, even
if Lipschitz stability holds at the boundary (see [12, 13]). To obtain more accurate
stability estimates, it is reasonable to replace the a-priori assumptions described in
terms of regularity bounds by a-priori information of a distinct nature, suitable for the
physical problem under consideration. Alessandrini and Vessella proved in [21] that
when the conductivity o is isotropic and piecewise constant on a given partition of €2,
there is a Lipschitz continuous dependence between the conductivity and the DtoN
map. Additionally, Rondi [111] proved that the Lipschitz constant has an exponential
behaviour with respect to the number of subdomains in the partition.

In Chapter 3 of this dissertation, we investigate the issue of stability for anisotropic
conductivities belonging to a special class. Anisotropy is a property of solids for which
the values of vector attributes are direction dependent. This property is observed
in crystalline materials, but not in amorphous materials, which lack a crystalline
structure. Although minerals are in general anisotropic, rocks composed of them
may appear isotropic. Many tissues in the human body also display anisotropy. In
the theory of homogenisation, anisotropy appears as a limit in layered or fibrous
structures, such as rock formations or muscles, due to the crystalline structure or the
deformation of an isotropic material.

From a mathematical perspective, the inverse problem for anisotropic conductiv-
ities is an open problem. Since Tartar’s observation [84] that any diffeomorphism
of Q which keeps the boundary points fixed also leaves the DtoN map unchanged,
while ¢ is modified, different lines of research have been pursued. One approach has
been to determine the conductivity up to diffeomorphisms that keep the boundary
fixed (see [91, 127, 89, 87, 28]). Another approach involves formulating suitable
a-priori assumptions on the structure of the unknown anisotropic conductivity. For
example, one can formulate the hypothesis that the directions of the anisotropy are
known, while a scalar space-dependent parameter is not. We refer to the results in
[8, 93,12, 4, 13, 61, 62]. We also refer to [68, 67, 15] for non-uniqueness results in
the anisotropic case.

We provide a stability estimate for the anisotropic conductivity in the form of

N
(@)= | Y (@) xp,.(2)| Alz),  foranyz € Q, 2)
m=1

where ~,,(z) is an unknown affine scalar function on D,,, A is a known Lipschitz
continuous matrix-valued function on  and {D,,}"_, is a given partition of (.
Possible partitions include layered media models in the geophysical setting and
bodies with multiple inclusions in the medical setting. The inversion problem of EIT
is inherently ill-posed, and imaging deeper into the body (2 results in poor image
resolution (see [63]).
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The novelty of our approach lies in the use of a new method for modelling
boundary data. Rather than utilising the DtoN map, which can be proved to be
too expensive for numerical simulations, we introduce a misfit functional. This
formulation was influenced by the work of [14] in the context of the Full Waveform
Inversion (FWI). The FWI method is used in seismic exploration to recover the
properties of the Earth’s subsurface. The authors have considered data that can
be acquired by modern dual sensors that measure pressure and vertical velocity
modelled by the Cauchy data. They have conducted their study in the frequency
domain and proved that by minimising the misfit functional it is possible to construct
the wave speed within the medium. We consider two anisotropic conductivities, (1)
and ¢, of the form (2). We assume that the measurements are taken on an open
portion ¥ of the boundary of €2, which is reasonable in view of real-life applications.
We find it convenient to enlarge the physical domain €2 to an augmented domain 2
and consider Green functions G; associated with the elliptic operator div(c(? V) in
Qo for i = 1,2. We express the quadratic error in the measurements corresponding
to two different conductivities o(*) and o(?) using the misfit functional

¢707“>¢7@>>::j/ 1So(y, 2)P? dyd=, 3)
DyxD,

where D,, D, are suitably chosen sets that are compactly contained in £ \ Q, and
So(y, z) is given by the integral

S’o(y,z):/z[Gg(-,z)a(l)(-)VGl(-,y)-V—Gl(-,y)a(Q)(-)VGg(-,z)-1/] ds. (4

In Theorem 4.5.1, we derive the following stability estimate of Holder type:

1/2
o) = 0 =(0) < O (7(00.0)) ©

where C' > 0 is a constant that depends on the a-priori information only. The
augmented domain () is chosen in such a way that Gi(-,y)|,,, Ga(-,2)|,, are
supported in ¥ in the trace sense, hence belonging to the domain of the local
DtoN maps Afm, i = 1,2. Therefore, both (5) and the well-known Alessandrini’s
identity [7] imply the following global Lipschitz stability estimate in terms of the
local Dirichlet to Neumann map:

lo® = 0P| o0y < C AT — AYee) ey ©

(2),Hyo' (%))

Moreover, we notice that the set of measurements {G(-,y){aﬂ,aVG(-,y) : 1/|89},

where y, € Qq \ Q is sufficient to determine o in a stable manner. The use of the
misfit functional may result in a simpler numerical implementation when compared
to computing the norm of bounded linear operators between a trace space and
its dual. Another advantage is the ability to separate computational and observed
measurements by introducing sets D, and D, respectively, which can be chosen
almost arbitrarily outside of the domain 2. For example, D, could be chosen to
collect numerical data for the simulations, while D, could represent the set for the
actual measurement acquisition.
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In Chapter 4, the inclusion determination problem is studied. Let {2 be a bounded
domain in R", where n > 3, and let D be an open set contained in 2. We assume
that 2 and D consist of different inhomogeneous and anisotropic materials. Let
u € H'(Q) be a weak solution of

div(eVu) +qu =0 in Q, 7)

with
o(x) = (ap(z) + (ap(z) — ap(x))xp(z)) A(z), (8)

and
q(x) = gv(z) + (gp(x) — () xD (), 9

where ay, ¢, and ap, qp are the scalar parameters of the background body §2 and the
inclusion D, respectively, yp is the characteristic function of D and A(z) denotes
a matrix-valued function. The pair of Cauchy data {u|2, oVu - I/|2} represents the

boundary measurements. The set of all pairs of Cauchy data restricted to the portion
¥ is denoted by C3.

The inverse problem consists in the determination of the shape or the location of
the inclusion D given the local boundary measurement C5.

The prototype for this class of inverse problems is the inclusion determination
problem in an isotropic conductor by means of the DtoN map. This problem is known
to be ill-posed. Uniqueness has been established by Isakov [78] by combining the
Runge approximation theorem with the solutions of the equation (7) with Green
function type singularities. Alessandrini and Di Cristo [5] have addressed the stability
issue for inclusions with boundary of class C** and piecewise constant conductivity.
The authors have proved a logarithmic stability estimate using Isakov’s arguments in a
quantitative form. Their proof relies on the singular solution method, while the Runge
approximation argument has been replaced by quantitative unique continuation
estimates. The optimality has been proved by Di Cristo and Rondi [53]. This
approach has stimulated a line of research, in which certain techniques and results
have been extended to more general equations and systems (see [51, 52, 11, 100]).
Recently, Lipschitz stability estimates for polygonal or polyhedral inclusions have
been provided for the conductivity equation and the Helmholtz equation. The first
theoretical result in this direction is due to Bacchelli and Vessella [29]. The authors
consider the problem of determining an unknown polyhedral portion of the boundary
of a two-dimensional region. They derived a Lipschitz stability estimate by proving
that the map associated with the measurements is injective and uniformly continuous
on a certain subset of admissible polyhedral profiles, is Frechét differentiable, the
Frechét differential is uniformly continuous and the Frechét derivative is locally
bounded from below. Lipschitz stability estimates have been provided in Beretta,
Francini, Vessella [36] for polygonal inclusions and in Aspri, Beretta, Francini,
Vessella [26] for polyhedral inclusions. Both these results are based on a two-step
procedure. First, the authors prove a log-type, rough logarithmic estimate for the
Hausdorff distance in terms of the boundary measurements. Then, they provide
a Lipschitz stability estimate using the distributed representation of the Gateaux
derivative of the Dirichlet to Neumann map.
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Another class of problems that falls under the umbrella of this problem is optical
tomography, a field predominantly studied in medical imaging (see [24]). We would
like to underline the fact that the ill-posed nature of the inclusion determination
problem in the conductivity equation case is evident in the numerical reconstruction.

In Theorem 4.0.1, we present an optimal stability estimate for the Hausdorff
distance between the two inclusions, in terms of the local Cauchy data. Our approach
was inspired by the works of Alessandrini and Di Cristo [5] and Alessandrini, De
Hoop, Gaburro and Sincich [17].

Let us summarise the new tools and arguments required for the proof, together
with the corresponding issues.

The pairs of boundary data {u\g, oVu - u\g} are modelled by the local Cauchy
data set

CH(%) = {(f, g) € Héf(il) x H"Y2(8Q)|y : Ju € H'(Q2) weak solution of

div(ec Vu) +qu =0 inQ,
iv(c Vu) + qu (10)
ulpo = f,

(0Vu-vloa,0) = (g,¢)  forallp € Hp (D) }.

The local Cauchy data set is a closed subspace of the Hilbert space Hééz(E) X
H~Y2(0Q)|x. Note that when ¢ = 0, the Dirichlet problem (7) is well-posed, so that
the local Dirichlet to Neumann map is well defined and the Cauchy data set is its
graph. Given two inclusions D; and D,, we denote the corresponding local Cauchy
data sets by C;,Cs. Following the ideas of [81, 17], the discrepancy between two
local Cauchy data sets is measured by a quantity called distance or aperture, denoted
by d(C5,,CE,)-

Our main result is that if two local Cauchy data Cj ,Cj, are at a distance less
than 1, then there is a log-type dependence between the Hausdorff distance of the
boundary of the two inclusions and the boundary data. Formally, there exists a
positive constant C' > 0 and 0 < 1 < 1 such that the following logarithmic estimate
holds

d3 (9 D1,0 Do) < C|Ind(Cp,.Ch,)| " (11)

The proof of this result relies on the method of singular solutions and the study
of their blow-up behaviour near the boundary of the inclusions, which has been
successful in proving stability since the work of Alessandrini [8]. However, the
application of this method is not straightforward.

The first obstacle in this work comes from the fact that the direct problem is not
well-posed. Since no sign or spectral condition is assumed on ¢, the boundary value
problem associated with (7) may be in the eigenvalue regime. To overcome this
issue, we introduce a slightly different boundary value problem. This idea was first
applied in [17] for the Schrodinger equation. Bamberger and Ha Duong in [31] lay
the ground of the well-posedness of the mixed boundary value problem of this form.
Here, one additional issue to consider is that the principal part has a matrix-valued
coefficient which may be discontinuous at the boundary of the inclusion D.

Before presenting the formulation of the boundary value problem, let us introduce
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some notation. We consider an enlarged domain ) given by the union of 2 and a
set Dy C R™\ Q with the condition that 9 Dy N 92 C ¥. We choose a non-empty
portion Xy from 0 Q) \ 9. The boundary value problem we consider involves the
generalised Schrodinger equation (7) and a prescribed complex Robin boundary
condition at ¥y, with homogeneous Dirichlet boundary condition in the remaining
portion. This mixed boundary value problem is well-posed: existence and uniqueness
can be derived using the Fredholm alternative. The stability is derived by applying a
propagation of smallness estimate for a second order elliptic equation in divergence
form with Lipschitz continuous leading coefficients on both sides of a C? hyperplane.
This result was proved by Carstea and Wang [47].

Now, let y € Qo, and let G(-,y) € H'(Qp) be the Green function solution to

div(cVG(-,y)) +qu=0 in Qo,
G(,y) =0 on 890 \ 20, (12)
oVG(,y) - v+iG(,y) =0 on Xo.

Let G; and G be the Green functions satisfying (12). The singular solution can be
expressed as
f(ya ’LU) = Sl(y’ w) - SQ(yv ’U)), (13)

where, for k =1, 2,
Sk(y,2) = /D (ap,(x) —ap(z))VGi(x,y) - VGa(z, 2) do
+/ (gp, (x) — @p(x))G1(z, y) Ga(z, 2z) dx,
Dy,

for y, z € Dy, by applying the first Green identity, we derive the following inequality

[f(y, 2)] <

< d(Cp,,Cp,) (G1,01V Gy - v)| ) 1(G2,02V G - v

)"Hgo/"’(z)ngOl/Q(z)'
(14)

1/2 —-1/2
HYP(2)x Hy,

Before proceeding, it is important to mention a geometrical aspect. In a general
context, the Hausdorff distance may be achieved at a point that can only be reached
from the boundary portion ¥ by passing through the boundary of two inclusions.
This is an obstruction when applying the propagation of smallness argument. To
overcome this issue, Alessandrini and Di Cristo [21] have introduced the so-called
modified distance, which is a quantity that allows to bound the Hausdorff distance
in terms of a modified one which involves only points that can be reached from
the exterior. It is important to note that we can only perform unique continuation
estimates on points that are close to the boundary of the two inclusions and that
are contained in a subset, denoted as V/, that can be reached from the connected
component of R" \ (D; U D) in a quantitative form. This involves using a chain of a
finite number of balls whose numbers are suitably bounded and whose radii must
be bounded from below (see [20, 11, 113]). In this context, a fundamental step is
the proof of the existence of a point P € 9D \ D, such that the Hausdorff distance
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between 0D, and 9D, is dominated by the distance dist(P, Ds).

Now, if y and w are located outside (2, we can control f(y,w) in (13) in terms
of the distance d(C3 ,C5,) by applying (14). As y,w are moved inside © within a
connected set contained in R™ \ (D; U D5), we propagate the smallness of f near the
boundary of the two inclusions.

We show that as y = w approaches the point P of D1 \ D, f(y,y) blows up.
This, combined with the upper bound of f(y,y) in terms of d(Cj ,C5,) discussed
above, leads to (11).

We wish to remark that the presence of an anisotropic and inhomogeneous leading
coefficient, along with an additional zero-order term, requires a careful analysis of
the asymptotic behaviour of the Green functions G;(-,y) as the pole y approaches
the inclusion D;, j =1,2.

In the concluding part of the chapter, we derive the following stability estimate
dH(aDl, aDQ) S C ]10g j(Dl, D2)|7n s (15)

in terms of a misfit functional

J(Dy, Dy) :/DyXDZ ‘/2[01($)VG1(x,y)~y(x) Go(z, z)— 6

—02(t)VGa(w, 2) - v(e) Ga ()] dS ()| dy d,

where the D,, D, are appropriately selected sets that are compactly contained in
R™\ Q. As proved in [14] (see also [59]), the Holder estimate (15) can be applied
in numerical reconstructions. The stability estimate derived in terms of this misfit
functional suggests that it is not necessary to know the full local Cauchy data set. It
is sufficient to sample it on Green’s type functions with sources placed outside the
physical domain.

In Chapter 5, we consider the coefficient identification problem associated with
the generalised Schréodinger equation. We begin with the formulation of the inverse
problem. Let €2 be a bounded domain of R™ and ¥ be a non-empty portion of the
boundary 9 Q2. Let u € H'(Q2) denote a weak solution of the equation

div(eVu) + qu =0, in . a7

The inverse problem consists in the simultaneous determination of the pair of co-
efficients ¢ and ¢ from the knowledge of all the possible pairs of Cauchy data

{ulpa,oVu-v|ga}-

We address the stability issue, and we prove a Lipschitz stability estimate that
holds simultaneously for both the coefficients o and ¢ under suitable a-priori assump-
tions. Let us introduce the main a-priori assumptions. There is a given partition
{D; }j-vzl, N € N consisting of a finite number of bounded domains with boundary
of class C? such that Q = Uj-vzlﬁj. Notice that in previous works the boundary
regularity was at most Lipschitz. However, this regularity assumption is necessary in
order to have singular solutions with Green’s type singularities.
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The coefficients o and ¢ are finite-dimensional and have the form

N N
o(z) :==y(z)A(x) = (Z v;(Z)xD; (96)> A(x),  q(z):=>) qj(z)xp,(z), (18)
j=1 j=1

where v}, ¢; are affine functions for j = 1,..., N, and A(x) is a known C*1(Q, Sym,,)
matrix function, where Sym.,, is the space of real n x n symmetric matrices. Let C;, for
1 = 1,2, represent the local Cauchy data sets associated with the pairs of coefficients
{U(i), q(i)}izl’g, as defined in (18). We denote the distance between these sets as
d(Cy,Cs). In Chapter 5 we aim to prove that

o™ = 0@ poe(oy + lgV — ¢ () < C d(Cr,Co), (19)

with C' > 0 a constant that depends only on the a-priori data. To derive the stability
estimate, we adopt a constructive approach based on the singular solutions method
and the quantitative estimates of unique continuation (see [21, 33, 17] and [136] for
a recent survey). It is important to mention that the Green functions considered here
are the ones constructed in Chapter 4 for a boundary value problem on an enlarged
domain €2y. On the boundary of €2y, a complex-valued Robin condition on a portion
Yo of 99 \ 0 and a homogeneous Dirichlet condition on the remaining part are
prescribed.

The boundary value problem associated with the equation (17) encompasses
a wide range of inverse problems that are characterised by their ill-posed nature.
The first problem that has motivated our study is the Calderén problem, namely the
inverse conductivity problem, for which the boundary data are modelled by the DtoN
map. As already discussed earlier on in this thesis, Alessandrini investigated the
stability issue in [8] for isotropic conductivities belonging to H*(€2) for s > § + 2
providing a log-type stability estimate. This result is optimal, as proved by Mandache
[97]. The ill-posed character of the inverse conductivity problem is a common de-
nominator in this field and it constitutes an obstruction in numerical reconstructions.
To overcome this issue, it is convenient to restrict the space of admissible conduc-
tivities by imposing appropriate a-priori assumptions on the conductivity. This line
of research was pursued by Alessandrini and Vessella [21], who proved a Lipschitz
stability estimate for piecewise constant conductivities defined on a finite partition
of the domain § that satisfy certain a-priori bounds. Rondi [112] has proved that
the Lipschitz constant appearing in the stability estimate [21, Theorem 2.7] behaves
exponentially with respect to the number N of subdomains of the partition. This
result was subsequently extended by Di Cristo and Rondi [53] for the inverse scatter-
ing problem and the inclusion determination problem, and by Sincich [120] for the
corrosion detection problem. Recently, in [3], Alberti, Arroyo and Santacesaria have
extended these ideas by proving that for coefficients belonging to finite dimensional
manifolds, uniqueness and stability are guaranteed. Lipschitz stability estimates
have been proved for real and complex finite dimensional isotropic coefficients ([21,
18, 35]), for a special type of anisotropic conductivities ([62, 59]), for polyhedral
inclusions in a conductive medium ([36, 26, 34]), for the nonlocal operator ([114]),
and for the elasticity case ([55]). This list is far from being complete! However,
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it includes results that are all based on the singular solutions method and unique
continuation techniques.

When o is the identity matrix, equation (17) is the Schrodinger equation. Lipschitz
stability has been proved both when the DtoN map is defined (hence under suitable
spectral conditions) and when only Cauchy data are available, in the case of a finite
dimensional potential ¢ (see [39, 17, 115]). When ¢ has a positive sign, (17) is the
reduced wave equation or the Helmholtz equation. In [37], the authors succeeded
in proving the conditional Lipschitz stability at selected frequencies, using the DtoN
map. See also [14] for the related numerical experiments.

When ¢ is a non-positive scalar function, the boundary value problem associated
with (17) models the propagation of light in a body and corresponds to the diffusion
approximation of the radiative transfer equation in the frequency domain. In this
framework, the coefficients ¢ and ¢ model the diffusion and absorption coefficients,
respectively. The corresponding application is the diffuse optical tomography (DOT),
a novel, non-invasive technique that allows one to map the optical properties of a
tissue (see [23, 25]). In [24], Arridge and Lionheart proved that, under general
assumptions, it is not possible to recover the diffusion and the absorption coefficients
simultaneously. However, later results showed that if the coefficients belong to a finite
dimensional space of bounded functions, it is possible to determine the coefficients
simultaneously. In [72], Harrach proved uniqueness under the assumption that the
diffusion coefficient is piecewise constant and the absorption coefficient is piecewise
analytic. The author used the technique of localised potentials, developed by the same
author in [65], and the monotonicity method also used in [73]. Recently, the method
of localised potentials has been successfully employed by Harrach and Lin ([74])
to recover piecewise analytic coefficients in a semilinear elliptic equation, under
proper hypotheses that ensure the existence of the DtoN map. Results of Lipschitz
and Holder stability at the boundary of the absorption coefficient and its derivatives,
respectively, have been proved in [54] and [49] in the anisotropic time-harmonic case.
Finally, we would like to mention another application, photoacoustic tomography, an
imaging technique that combines the high contrast of optical tomography with the
high resolution of acoustic waves ([30]). In a recent paper (see [10]), Alessadrini, Di
Cristo, Francini and Vessella simultaneously determine the absorption and diffusion
coefficients from the measurements of the energy distribution.

The proof of our main result can be summarised as follows. We define

E = max{[[y" — 7@ @), 14 — ¢P| 10 }-

Then, there is an index K € {1,..., N} such that F is reached in Dg. Let D; be
a domain of the given partition such that 9 D; N X # (. Then we fix a chain of
contiguous subdomains Dy, D1, ..., Dk.

We use an iterative procedure to determine a bound for the coefficients in terms
of the boundary data. It is based on the strategy introduced in Alessandrini and
Vessella [21] for the determination of a coefficient and generalised in our case. We
determine Holder type boundary estimates on the portion ¥; in terms of the Cauchy
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data, from which we obtain the following estimate:

RPN C) M) _ @ e\

IV =Pl + 10V = P o) < C(E+e) (52) - @O)
where 0 < 7; < 1 depends only on the a-priori data and € = d(C;,C3). The estimate
(20) is derived by applying an Alessandrini’s type argument, and the study of the
blowup rate of the Green function near the discontinuity interface. We then apply
the following two-step procedure, which we describe for the domain Ds.

1. We determine an upper bound for ||7§1) - 752) | o= (D,) by exploiting the blow-up
rate of the singular solutions near the discontinuity interface for the coefficient
and quantitative estimates of unique continuation, which are based on the
propagation of smallness estimates proved by Carstea and Wang in [47] that
hold for piecewise Lipschitz coefficients.

2. We estimate Hqél) — q§2) | (D, by taking advantage of the stability estimate
in 1, the asymptotic estimates for the Green functions and the quantitative
estimates of unique continuation.

We continue this iterative process until we reach the domain Dy, where we
derive the following inequality:

1 2 1 2 BE-1)(__¢
I =1l + 10D = 4P lzmpy) < C (B +2) il (7). @D
where 0 < 7jx < 1is a constant that depends only on the a-priori data, and wy,. is a
modulus of continuity of logarithmic type of the form

Wiy (1) < C|Int™171%  fort € (0,1).

Inequality (21), along with the invertibility of the modulus of continuity, leads to the
desired Lipschitz stability estimate (19).

As a corollary, we derive a stability estimate on the portion X of Holder type for
both the coefficients o and ¢ of the form

o™ — @ ooy + g = ¢ e (s) < C (d(C1,Co) + E)' 7 d(C1,C)",  (22)

for 0 < n < 1, and C > 0 is a positive constant depending on the a-priori data
only. Notice that this estimate is consistent with previous results. Indeed, for the
Calderén problem, the estimate at the boundary is Lipschitz [7, 130], whereas for
the Schrodinger equation with Cauchy data it is Holder [17].






Abbreviations and Notation

a.e.: almost everywhere.
e.g.: exempli gratia.
i.e.: id est.
No = NU{0}.
x= (2 xn): v e R, 2’ = (21,...,Tn_1).
"={xeR": z, 20}
B(z,r): the n-dimensional open ball centred at x with radius » > 0.
B'(2',r): the (n — 1)-dimensional open ball centred at 2’ with radius » > 0
Q(x,r) = B'(«',r) X (x, — v,y + r): the cylinder centred at = with height 2r.
B, = B(0,r), B. = B'(0,r).
Qr =Q(0,7), Q. = Q'(0,7).

Bf = B, NR1%.

Wy = %: the volume of the unit ball in R™.
A CC Bor A& B: Ahas compact closure in B.
0 Q: the boundary of a bounded set (.

|2|: the n-dimensional Lebesgue measure of a measurable set €.

suppf: the support of the function f.

Vu = (M, ol 8u): the gradient of w.
0x1 0 xy,
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Abbreviations and Notation

Au = : the Laplacian operator.

Z 52 2 p P
C*(€): the space of continuous scalar functions with continuous derivatives up
to order k € Ny in an open set 2 of R".

C*¥(9): the space of continuous scalar functions with continuous derivatives up
to order k € Ny with compact support in an open set 2 of R™.

C%(Q): the space of scalar Holder continuous functions with exponent o €
(0, 1] (Lipschitz continuous functions if o = 1).

C*<(Q): the space of C* continuous functions whose derivatives of order k € N
belong to C%(1).

LP(Q): the space of measurable functions that are p-integrable for p > 1.

WP (Q): the Sobolev space of functions in L?(2) whose derivatives of order
< m belong to LP(Q2) form € N,p > 1.
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In this chapter, we discuss the inverse conductivity problem, a widely studied
reference model in the field of inverse problems known as the Calderén problem.
This problem is the basis for many other inverse problems, including travel-time
tomography ([124]) and boundary rigidity problems ([123]).

In Section 1.1, we analyse Alberto Calderén’s formulation of the inverse conduc-
tivity problem, as presented in his 1980 paper. Calderén aimed to determine the
conductivity of a medium by measuring the voltage and current at its boundary. We
examine the well-posedness of the direct problem.

Section 1.2 gives an overview of certain uniqueness results. In Section 1.3,
we will outline the most recent stability results. Subsection 1.3.1 will cover the
known stability results for the Calderén problem, including the stability estimates
of Alessandrini [7] and the Lipschitz stability estimates of Alessandrini and Vessella
[21] for piecewise constant conductivities, and the results of Gaburro and Sincich
[62] for special anisotropic conductivities and Beretta and Francini [35] for complex
conductivities.

Finally, Subsection 1.3.2 is devoted to the stable determination of an inclusion

17
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in the case of a piecewise constant conductivity established by Alessandrini and Di
Cristo [21], and to a Lipschitz stability estimate due to Aspri, Beretta, Francini and
Vessella [26] for polyhedral inclusions.

First, we establish the notation. We denote a multi-index as any n-uple of elements
of Nj of the form

a=(a,...,0n), o €Ny, j=1,2...,n.

For any o € N, let |o| = |ou |+ |a2|+ -+ || and a! = a1l aa! . .. oy,! be the length
(modulus) and the factorial, respectively. For any 2 € R", set

¢ =ax{tag? . oadn.

Next, we introduce quantitative notions of smoothness for the boundary of a
domain, which will be referred to throughout this monograph.

Definition 1.0.1 (C* regularity). Let Q2 be a bounded domain in R™. Let k > 0 be a
positive integer and o € (0,1]. The boundary 95 is considered to be of class C* with
constants ro and My > 0 if, for each point P € 02, there exists a rigid transformation
under which P coincides with the origin O and the following condition is satisfied:

QNQr, ={x€Qry : n > p(2')}.

The function ¢ is a C** function on the ball B! which satisfies the following conditions:

To
p(0") = [DPp(0')| = 0 and lellckas, ) < Moo,

where (3 is a multi-index with 0 < |f| < k.
When k = 0 and o = 1, the boundary is said to be of Lipschitz class with constants
To, M().

Remark 1.0.1. If 9 is of class C', then Radamacher’s theorem proves that the unit
exterior normal v(z) to O exists for H"~! for almost every x € 9 (see [57, Section
3.1.2]).

Definition 1.0.2 (C* regularity). Let Q C R" be a bounded domain. Let k > 1 be a
positive integer. We say that the boundary 02 is of class C* with constants ry, My > 0
if for every point P € 0% there is a rigid transformation under which P coincides with
the origin O, and

QN Qry = {2 € Qry : 20 > (')},
where ¢ is a C* function on the ball By, that satisfies the following condition:
p(0") = [DPp(0')[ =0 and lellex(s;,) < Moo,
where (3 is a multi-index with 0 < |f| < k.

Definition 1.0.3. Let Q2 be a bounded domain of R"™. We define a portion ¥ of the
boundary 0 € to be a flat portion of size r( if for every point P € X. there exists a rigid
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transformation under which P coincides with the origin 0 and

XNQr, ={r€Qy : z, =0},
QNQr, ={z€Qpy : >0},
(R"\Q)NQr, ={z€Qp, : zp <0}.

Remark 1.0.2. In this monograph, we will follow the convention of normalising norms
to be dimensionally equivalent to their argument. Therefore, the norm C*® in the
definition 1.0.1 is normalised as follows:

k
; |DPp(x) — DPp(y)
lelleracny,) = >y HDﬁ‘P”LOO(B;O) +rgte > sup P ~
i=0  |8l=j |8l=k ®YEBr, 4

TFY

In particular, for any ¢ € C%*(B},), the norm can be expressed as

lp(@) — ¢(y)|
lellcorsy,) = lelle(s,) +ro sup —“———>2=—.
x,yEB;O ‘x - y‘
TFy

1.1 Background and Literature Review

The inverse conductivity problem was introduced by Alberto P. Calderdén, an Argen-
tinian mathematician known for his work on singular integral operators. Calderon
first worked as an engineer at Yacimientos Petroliferos Fiscales (YPF), a state-owned
Argentine energy company involved in the exploration, production, and transporta-
tion of oil and gas, before becoming one of the most important analysts of the 20th
century. While working in the company’s geophysics department in the late 1940s,
Calderén developed an interest in oil exploration and worked on the problem of
determining the electrical conductivity of a body using boundary measurements.
These measurements take the form of voltage and current measurements on the
conductor’s surface.

Calderdn initially ignored these results, but later published them in a note to the
Brazilian Mathematical Society (SBM) in ATAS pp. 65-73 in the 1980’s. This was
subsequently republished in [45]. In this paper, Calderén proposed a mathematical
formulation of the inverse conductivity problem, which we will briefly consider here.
Assume that D is a bounded domain in R™, with a Lipschitz boundary as in Definition
1.0.1, where n > 2. Let v be a measurable function, bounded on D, and with a
positive lower bound of the form ~(x) > 6 > 0. Consider the second-order elliptic
operator

Ly (u) = div(yVu) for u € H'(). (1.1)

Let Q, be the quadratic form associated with the operator L., given by

Qw(qs)—/Dqu dz,
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where u € H'(Q) is a weak solution of

Ly(u) =0 in D,
u|8D =¢€ H1/2(8D).

Calderon introduced the map
Q:v—=Q,

which associates each conductivity on 2 with the corresponding induced electric
power. The problem is to determine whether it is possible to invert the map Q.

This problem arises in electrical prospecting, where the aim is to find the un-
known conductivity of a conductive medium by making steady-state DC electrical
measurements at the surface of the body. In this framework, D represents a pos-
sibly inhomogeneous conductor, the trace function ¢ represents the voltage at the
conductor’s surface, and the quadratic form Q. (¢) represents the energy necessary
to maintain the conductor’s electric potential ¢ at the surface. Calderén proved
that the map Q is bounded and analytic on a subset of conductivities which has a
positive lower bound; it is thus Fréchet differentiable. As noted by Uhlmann [135],
the Fréchet derivative of Q at v = =, where -, represents a constant conductivity,
takes the following form

aQ| _ w(f.9)= [ 19w,

where u,v € H'(Q) are weak solutions of the following Dirichlet problems:

div(yoVu) = div(yVo) = 0, in Q,
{vm)> v(70V) 12

_ 1/2 _ 1/2
u\m_feH 09), u]m_geH 09).

Calderdn proved the unique solvability of the linearized problem by showing that
the Fréchet derivative d Q |,—,, evaluated at a constant conductivity - is injective.
When 7o = 1, this is equivalent to proving that the L? inner product between the
gradients of two harmonic functions is dense in L?.

Since Caldero6n’s initial contribution, there has been a growing interest in the
international community of mathematicians to study the well-posedness of this prob-
lem and to develop efficient algorithms for reconstructing the unknown parameters.
Rather than considering the induced electric power and attempting to invert the map
Q, mathematicians have found it more convenient to formulate the inverse problem
in terms of the measurements. We present the current formulation of the inverse
conductivity problem. Let 2 be a bounded domain with Lipschitz boundary in R".
Consider the elliptic operator defined in (1.1) with coefficient o. We assume that o is
a real n x n symmetric matrix function in L>(2, Sym,,) which satisfies the condition
of uniform ellipticity, i.e., there exists a constant A > 1 such that for any ¢ € R™ and
almost any z € €2,

AP <o) € < AP (1.3)

The lower index for the operator defined in (1.1) will be dropped from now on. The
dual space of H}(Q2) is denoted by H~1(£2). The duality between H~1(2) and H{ ()
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is denoted by the standard bracket notation (-, -). Let H'/2(9Q) represent the space
of traces of H! functions with traces on 9 .

For f € H'/2(9Q) and F € H~1(Q), we say that a scalar function u € H'(Q) is a
weak solution of:

{L(u) —F inQ,
(1.4)

u=f on 02,

if u satisfies the following identity

/ o(x)Vu(z) - Ve(z) de = / F(x)p(z) dz, for any ¢ € Hi(Q), (1.5)
Q Q

with u|gq = f in the trace sense. The hypothesis on ¢ allows us to define a bilinear
form B corresponding to the elliptic operator L, as follows

Blu,v] := / oVu- Vv dz, for any u,v € H'(Q). (1.6)
Q

Therefore, u € H'() is a weak solution of (1.4) if and only if
Blu,¢] = (F,¢),  forany ¢ € Hj(Q),

and u|pq = f in the trace sense (see [56, Chapter 6]). For a bounded domain
Q C R™, the trace space H~1/2(9Q) is defined as the dual space of H'/2(92). The
duality between these trace spaces is expressed by the brackets (-, -), as usual. If the
boundary 92 is of class C* with k > 1, the duality reduces to the L? inner product
on 9€2. We denote the Banach space of bounded linear operators over the trace space
H'Y2(9Q) and its dual with L(H'/2(0Q), H~'/2(9Q)). In the following theorem we
introduce a classical result of well-posedness for boundary value problem (1.4) ([58,
Theorem 2.52]).

Theorem 1.1.1 (Well-posedness of the Direct Problem). Let 2 C R" be a bounded
domain with Lipschitz boundary. Let L be the second-order elliptic operator as in
(1.1) with the coefficient o € L*(Q2, Sym,,) which satisfies (1.3). Then, for any
f € HY?0Q) and F € H'(Q), there exists a unique solution v € H'(Q) of the
boundary value problem (1.4).

Moreover, there exists a constant C' > 0 independent of f and F' such that

lullzi) < CUflmrzea) + I1F I m-1@)- (1.7)

Proof. We divide the proof into two parts.
Homogeneous Dirichlet problem. Let F € H—'(Q) and consider the boundary
value problem

(1.8)

L(u)=F inQ,
u =0 on 0%

Notice that, thanks to (1.3) and the Poincare inequality A.2.1, the bilinear form B
defined in (1.6) is an inner product on H&(Q) and induces a norm that is equivalent
to the original one. It follows that the inner product space (H¢(92), B[, ]) has the
same Cauchy sequences as the original H} (), so it is a Hilbert space. Moreover,
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since B is coercive, it turns out that
(E, ) < Pl -1y Ioll gy < CIF || g-1) Blv, v] /2

for any v € H{(€2). By the Riesz representation theorem it follows that there exists a
unique u € H} () such that

Blu,v] = (F,v)  foranywv e H}(f).

Since ulpq = 0, it follows that u is the unique solution of (1.8). Moreovetr, |[ul| g1 (o) <
Cl|F || gr-1()-

Inhomogeneous Dirichlet problem. Now, let f € HY?(9Q) and assume that
ulpo = f in (1.4). Consider a function uy € H'(Q) such that the following inequality
is satisfied:

lurllar ) < Clflar@a)
(see for instance the right-inverse of the trace operator [58, Theorem 2.44]). Let
@ = u — uy, where w is the unique solution of (1.8). Then the Dirichlet problem (1.4)
is equivalent to the following weak formulation:

Blii,v] = (F,v) — Bluy,v]  foranyv € Hj(Q), ilaq = 0.

Consider the map F : w — (F,w) — Bluy,w]. For every w € HE(R), it follows from
the triangle inequality and the Schwarz inequality, it follows that

| Bluy, w]| < C/Q(\VUI [Vl + ful - Jw]) < Clluglla @) 1wl g,

for C > 0 a suitable constant independent of u; and w. Thus, I is a bounded linear
operator and its norm is bounded as

IE N -1 < CUIF g-1(0) + [f 2 00))-

Hence, thanks to the results of the previous step, @ € H{ () is the unique solution of

L(@)=F inQ,
=0 on 0,
and
all ) < CUIF -1 @) + 1 fllm200))-
Due to the choice of uy, (1.7) follows straightforwardly. O

Thanks to Theorem 1.1.1, there exists a unique solution u to the boundary value
problem (1.4) for every f € H'/2(9Q). In the case F' = 0, i.e. there are no sinks or
sources in the conductor, it is possible to define an operator of the form

f—oVu-vipq,

which assigns to each trace function defined on 0 (2 the corresponding trace of the
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conormal derivative of v on 9 ). Let us check this result for F' = 0 (see [58, Theorem
2.63] and [117, Lemma 3.4])

Theorem 1.1.2. Suppose that the hypotheses of Theorem 1.1.1 are satisfied. Then there
exists a unique bounded linear map

Ay : HY2(0Q) — H 20 Q)

which satisfies
(Asf,g) = / oVu - Vv dz, (1.9)
Q

where u € H'(Q) is the unique solution of (1.4) and v is any function in H'(Q) such
that v|sq = g. Moreover, the following identity holds:

(Aof,g) = (f,Avg),  forany f,g € H'*(9Q). (1.10)

Proof. Existence. Using the Divergence Theorem, (1.6) can be expressed as follows:
for any v € HY(Q),

Blu, v] :/JVU-VU dz:/ (cVu - v)v dS. (1.11)
Q o0

By Theorem A.1.2, we derive that the right-hand side of the equation (1.11) depends
only on the trace of v on 9 Q. As a result, if v; and vy are two functions in H'() with
the same trace on 9, then their difference, v; — v2, belongs to H} (). Therefore,
we derive the following identity:

Blu, v1] = Blu, va].

Then, for any f € H'/?(9Q), the map T; : H'/2(9Q) — R defined by
T¢(g) :/ oVu -V, for any g € H/?(9Q),
Q

where v, € H(Q) is such that vy|lsq = ¢ and lvgllzr) < Clgllmrepa) (see
Theorem A.1.3), is well-defined.

The linearity of T is trivial to prove, so we only need to prove its boundedness.
By applying the Cauchy-Schwarz inequality, we derive

| Tr(9)] < Cllullgr ) llvgll o )-
By Theorem 1.1.1, it follows that:
lullzi) < Cllf 200
which implies that:

| Tr(@)] < Cllf iz o0 19l 172 0.0)-
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Hence, the mapping T'; is bounded, and its norm satisfies the inequality:
[Tt lg-12000) < Cllflm200), forany f € H'/?(0Q). (1.12)
The inequality (1.12) implies that the map
HY20Q)> f - Ty e HY25Q)
is bounded. Let Ty := oVu - v. We define the map

Ay : HY2(0Q) - H2(0Q)
f — Tf :ZUV’U,'V’aQ.

The map A, satisfies (1.9) and it is unique.

Simmetry. Let f,g € HY/2(0Q) and let uy, u, be the weak solutions to (1.4) with
F = 0 and Dirichlet data u¢|po = f,uglon = g. Since B[] is a real symmetric
bilinear form, it follows that

<Acrfag> - B[uf’ug] = B[umuf} = <f>Aog>'

O]

Definition 1.1.1. The operator A, defined in (1.9) is called the Dirichlet to Neumann
(DtoN) map.

The DtoN map A, maps the trace of the solution u|yq at the boundary 02 (the
Dirichlet condition) to the trace of the corresponding conormal derivative oVu - v|5q
(the Neumann condition). The DtoN map is a bounded linear operator belonging to
the Banach space £L(H/2(0Q), H~'/2(0Q)). Its norm is defined as follows:

1Al 22 @0),m-12000) = sup [(Asg, f)- (1.13)
f.geHY?(00Q)

||9HH1/2(8Q):||f||H1/2(6 m:l

In this monograph, the norm on the Banach space of bounded linear operators
L(HY2(0Q), H~/?2(9Q)) is denoted with || - ||...
The inverse conductivity problem can be expressed as follows:

Given the DtoN map A,, determine the conductivity o.

From Theorem 1.1.2, the following well-known identity, known as the Alessan-
drini’s identity, can be derived:

Theorem 1.1.3 (The Alessandrini’s identity). Let 1,00 € L*(Q2, Sym,,) be two
matrix-valued functions that satisfy the uniform ellipticity condition (1.3). Let f1, fo €
HY2(0Q) and let uy,us € H'(Q) be the weak solutions to

div(e1Vuy) =0, inQ, q div(o2Vuz) =0, in €,
an
u1:f1, on 89, U2:f2, on 0.
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Then, the following identity holds:

(Aoy — Aoy f1, fo) = /Q(O'l —02)Vuy - Vug dz. (1.14)

Proof.

<(A01 - AOQ)f17f2> = <A01f1’f2> - <A02f17f2>‘

Let w € H'(Q2) be a weak solution of

{diV(JZVw) —0 inQ, w1s)
w=fi on 0.
Then, because of the symmetry of oo,
Aoy f1, f2) = /Qo’sz -Vug = /fosz Vw = (Ao, f2, 1),
which gives the thesis. O

1.2 Uniqueness for the Calderdén problem

After Calderén’s work, a first uniqueness result was proved by Robert V. Kohn and
Michael Vogelius in their 1984 paper ([83]). They considered a bounded domain with
a smooth boundary and studied isotropic conductivities modelled by real, bounded,
integrable functions, with a positive lower bound. They assumed the existence
of a point zp € 92 and a neighbourhood B of zy, where the conductivities are
smooth. They showed that if the values of the electric power corresponding to the
two conductivities coincide on the trace functions supported in B N 92, then the two
isotropic conductivities and their partial derivatives evaluated at xy coincide.

Theorem 1.2.1 (Kohn-Vogelius 1984). Let 2 C R"™ be a bounded domain with bound-
ary of class C*. Let 01,09 € L>(Q2) be two real isotropic conductivities with positive
lower bound. Let zy € 0 and let B be a neighbourhood of xq in . Suppose that
o; € C*°(B) fori=1,2and

Qo (f) = Qu,(f)  forany f € HY?(0Q) with supp(f) € BN Q.

Then
DPoy(z9) = D’0y(z0)  forany 8= (Bi,...,By), Bi > 0.

In their 1985 paper [82, Theorem 1], Kohn and Vogelius extended the uniqueness
result to piecewise analytic conductivities. They considered two piecewise analytic
functions o and o on Q with a positive lower bound. If the electric powers corre-
sponding to the two conductivities are equal for any trace function f € H'/2(0Q),
then o1 and o9 coincide. The proofs of these results rely on the application of the
Runge approximation theorem that we state here (see [82, Lemma 2] for a proof).



26 Chapter 1. The inverse conductivity problem

Lemma 1.2.2 (The Runge Approximation Property). Let w be a bounded domain with
boundary of class C* contained in the analytic curvilinear polygon €2, and such that
every connected component of Q2 \ w has a boundary curve in common with 0. Let
be a piecewise analytic function on Q with a positive lower bound. Suppose u € H'(w)
satisfies

Ly(u) =0 inw,

where L., is defined in (1.1). Given any compact subset K C w and any € > 0 there
exists U € H'(2) such that
Ly(U)=0 1in,

and
/ V(U —u)|* dz < e.
K

Sylvester and Uhlmann ([128, 129]) established a uniqueness result based on
the knowledge of the Dirichlet to Neumann map in dimension n > 2. Motivated
by Calderdn’s use of exponential solutions in the study of the linearised problem,
they constructed the complex geometric optics (CGO) solutions of the conductivity
equation for isotropic conductivities of class C2. This can be reduced to construct-
ing solutions in R"™ by extending v = 1 outside (2 for the Schrodinger equation.
For an isotropic conductivity ¢ € C?(R") with positive lower bound, they trans-
formed the conductivity operator L(u) into the Schrédinger operator by a Liouville
transformation

) A(y/o
o2 L0 ?u) = (A — @)u, with g = E\FF)
o
Hence, the construction of solutions to the conductivity equation boils down to
constructing solutions to the Schrodinger equation.

Theorem 1.2.3 (Silvester-Uhlmann 1987). For o; € C?(Q2) with j = 1,2 and o;
strictly positive, if Ay, = Ay, then o1 = oa.

These results from the 1980s greatly influenced the development of the field
of inverse problems, with many uniqueness and stability results being obtained for
isotropic conductivities (uniqueness at the boundary [82], nonlinear conductivities
[126], conductivities with derivatives of higher order [102, 43], uniqueness for
conormal conductivities in C''*+¢ [88], Lipschitz conductivities [46]).

In the case of anisotropic conductivity, the problem of identifiability becomes more
challenging. A natural obstruction to uniqueness arises from the fact that anisotropic
conductivities can only be determined up to diffeomorphisms that leave the boundary
of the domain fixed. This was first observed by Tartar and later confirmed by
Kohn and Vogelius ([84]). They introduced a diffeomorphism ¢ : Q — Q which
satisfies ¢(z) = x and D¢ (x) = Id, for any = € 0 Q. For an anisotropic conductivity
o(z) = {0i;(x)}} -, satisfying the uniform ellipticity condition (1.3), a transformed
conductivity can be defined as:

[(D¢)"a(D)|(¢~" (x))
| det(Do) (¢~ (2))]

o (z) =
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where D¢ is the Jacobian matrix of ¢. It can be shown that the Dirichlet to Neumann
maps associated with o and ¢ are the same, i.e., A, = A_s.

Kohn and Vogelius were able to establish a uniqueness result at the boundary by
mitigating the ill-posedness of the problem. They proved that if n — 1 eigenvalues
of the anisotropic conductivity o are known, then the remaining eigenvalue and its
partial derivatives can be determined by boundary measurements.

Theorem 1.2.4 (Kohn-Vogelius 1983). Let o, be two symmetric, positive definite
matrices with entries in L>°(Q), and let {\;},{\;} and {e;}, {&;} be the corresponding
eigenvalues and eigenvectors. For xy € 0, let B be a neighbourhood of x( in €.
Moreover;, assume that 0,5 € C*°(B) and 9 QN B is of class C*,

ej:éj, )\jZS\j inB,for 1§j§n—1,

=Q5(9) for any ¢ € HY2(9Q) with supp(¢) € BN .

Then
DP X\, (o) = DP X, (o)

forallﬁ = (617"'76n)) 62 Z 0.

Since the discovery of the obstruction identified by Luc Tartar, which states that
conductivities can only be determined up to diffeomorphisms that leave the boundary
points fixed, researchers have pursued different approaches. On the one hand, one
approach is to prove uniqueness up to diffeomorphisms that leave the boundary
points fixed. Lassas and Uhlmann, in their work [89], were able to reconstruct the
conformal class of a smooth, compact Riemannian surface (), g) with boundary
by utilising the Cauchy data of harmonic functions given on an open subset of the
boundary of M. They employed the Laplace-Beltrami operator A, associated with
the metric g, defined as

1 &9 0
A= ety 2, 5 (V4097 ).

where (¢g%) is the inverse matrix of (g;;). This formulation is equivalent to the
conductivity equation through the transformation

(o) = \/det(g)(gi;)~" or (gij) = (det(o)) 72 (o)1 (1.16)

The operator analogous to the DtoN map is denoted as

n i 0u
M) = (et 35 v

For examples of non-uniqueness in the anisotropic case, see [84, 68, 13]. From
the point of view of applications, the lack of uniqueness in EIT corresponds to
the existence of anisotropic structures that can act as barriers, making them unde-
tectable by measurements taken at the boundary and leading to the appearance of a
homogeneous conductor.
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The other approach consists in assuming the a-priori structure of the anisotropic
conductivity on a finite number of spatially independent parameters (see for example
[8, 12]). We would like to highlight two results of uniqueness. In [15], G. Alessan-
drini, R. Gaburro and M. de Hoop have considered the problem of recovering an
anisotropic conductivity o known to be given by a piecewise constant matrix function
on a given partition of 2. The authors considered the Neumann to Dirichlet map,
which is the inverse of the Dirichlet to Neumann map, and is defined as:

Ny oHV2(09Q) = oHY?(0Q), N, := (AU

—1
0H1/2(6Q)) ’

where

oHY2(0Q) = {f e H'/?(00Q) /mf = o},

oH2(00) = {y € HT2(00): (1) = 0}.

This is due to the fact that the Dirichlet to Neumann map A, restricted to o H'/2(9Q)
is injective with bounded inverse. From the self-adjointness of \,,, it follows that the
Neumann to Dirichlet map satisfies the following Alessandrini’s identity:

Ny = Neo)1,2) = [ (02(2) = 02(2) Vi - Vs d,
9)
where g; € (H~/2(99Q) and u; € H*(Q) are the weak solution of the Neumann
problem
div(o;Vu;) =0 in
o;Vu;-v=g; on 0§,
Joqui=0.

The authors have considered a finite partition {D;}}_; of a bounded domain Q
consisting of connected, non-overlapping domains of Lipschitz class. Each of these
domains contains a non-empty portion of class C** as in Definition 1.0.1. The
anisotropic conductivities are of the form

N
o(x) = ZU]‘XDJ. (x) x €,
j=1

where o; for j = 1,..., N are constant real symmetric, positive definite matrices
satisfying the uniform ellipticity condition. For a non-empty flat portion ¥ C 92
as in Definition 1.0.3, the authors considered the local Neumann-to-Dirichlet map
(NtoD)

NZ G H V(D) = (0H V2(2)* c oHY? (D), (1.17)

(e

where (oH~'/2(%))* is the dual space to o H~/2(%). The local NtoD map also satisfies
Alessandrini’s identity.

Theorem 1.2.5 (Alessandrini-De Hoop-Gaburro, 2017). Let €2 be a bounded domain of
R", let {D; }é\le be a fixed partition of ) as introduced above, and let 3. be a non-empty
portion of the boundary 0f). Let oy, k = 1,2 be two anisotropic conductivities of the
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form

N
= (ok);jxD, z€Q, (of); € Symy.
7j=1
Let N2, k = 1,2 be the corresponding local NtoD map. If N3 = N2 then o1 = os.

The proof of Theorem 1.2.5 relies on several key ideas. First, it is important to
note that the solutions of the conductivity equation are harmonic functions on the
Riemannian manifold {2, g}, where ¢ is the metric associated with o by the equation
(1.16). In [15, Lemma 3.5], it is shown that the tangential part of the metric g(P)
can be uniquely determined from the knowledge of the local Neumann to Dirichlet
map near a point P € 9). The tangential part of g(P) refers to the (n — 1) x (n — 1)
minor of g(P) with respect to the tangential (hyper)plane to 02 at P. Furthermore,
if the local NtoD map is known on a non-flat portion of 92, and o is constant nearby,
then we will have enough tangent planes to fully recover g and hence o. The proof
relies on the unique continuation property.

The authors introduced an example of non-uniqueness to show that knowing the
Neumann to Dirichlet map on the half space is not sufficient to uniquely determine a
constant anisotropic conductivity. This highlights that flat boundaries and interfaces
can be an obstacle to uniquely recovering the coefficients, thereby justifying the
assumption of curved interfaces and boundaries.

A second uniqueness result can be found in [16], where Alessandrini, Gaburro, De
Hoop and Sincich provide a global uniqueness result for finite-dimensional anisotropic
conductivities defined on nested domains. The authors consider a family of nested
domains {Q;}£ | such that Q1 CC Qp CC Q. Let Qo = Q and Qi1 = 0, the
anisotropic conductivities have the form

K+1

z) = > ojXa, 1\, (@),

j=1
where o; € Sym,, are real symmetric, positive definite matrices and o satisfies the

uniform ellipticity condition.

The authors proved the following uniqueness theorem.

Theorem 1.2.6 (Alessandrini-De Hoop-Gaburro-Sincich, 2018). Let , {Q;}¥ je1, 2 be
as stated in [16, Theorem 2.6], and let oy, k = 1,2 be two anisotropic conductivities of
the form

Kp+1
or(z) = Y (on)jxa, o, (x), z€EQ,
j=1
satisfying
(O'k)j 75 (Uk)j—i-l fOT‘j = 1, .. .,Kk.
If N, 02, then K1 = Ky = K, and

le) = QE,Q) and (01)j+1 = (02)j+1,

forj=0,..., K.
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1.3 Stability for the inverse conductivity problem

In this section, we discuss the stability issue for the inverse conductivity problem and
describe some relevant results.

Before we consider the stability issue, let us define the modulus of continuity. Let
Q2 be a subset of R".

Definition 1.3.1. Let f € C°(Q). The modulus of continuity of f in  is defined as

w(8) = sup{|f(&) — fW)| - my € Q Jx—y| <5} ford>0.

Here, w is an increasing function with w(0) = 0. Furthermore, if f is uniformly
continuous, we have
lim w(t) = 0.

t—0t

For bounded functions, it may be useful to consider the concave modulus of continuity,
which is defined as follows:

@(8) = inf{f(d) : f concave, f > w in [0,+0c0)}, ford > 0. (1.18)

It can be shown that lim @(d) = 0.
d—0+

Now, let us consider two isotropic conductivities v;, j = 1,2 and their corre-
sponding Dirichlet to Neumann maps A,,. The aim is to obtain an estimate of the
form

I = 2llLe (@) < WAy — Aql)-

This estimate quantifies the distance between two conductivities based on the distance
between the corresponding Dirichlet to Neumann maps.

A first stability result at the boundary for the Calderén problem was established
by Sylvester and Uhlmann in [130] by constructing CGO solutions.

Theorem 1.3.1 (Sylvester-Uhlmann, 1988). Let 1, v2 be two smooth conductivities
defined on Q C R™ which satisfy the following conditions:

. 1
W villez @y < E.

For some positive number o, 0 < ?, there exists C' = C(Q, E, n, o) such that

71 =22l @a) < CllAy — Ayl

and

|58 -2 CllAny — A 2.

Nimom <

A stronger result, a consequence of Theorem 1.3.1, is the stability estimate proved
by Alessandrini [8]. In his 1988 paper, Alessandrini showed that in dimension n > 3,
under minimal assumptions, the isotropic conductivity v depends continuously on
A, with a modulus of continuity of logarithmic type ([8, Theorem 1]).
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Theorem 1.3.2 (Alessandrini, 1988). Let Q C R"™ be a bounded domain with smooth
boundary, n > 3. Let m, E be two positive numbers such that m > n/2 + 2, and let ~;,
j = 1,2 be two positive functions in H™(2) which satisfy the following conditions:

E7' <ni(z), j=1,2% (1.19)
<

i llzm o) < E. (1.20)

For any ¢ € HY/2(9Q), let u; € H*(2) be a weak solution of
diV(’)/jV’U,j) =0 in Q, (1'21)
uj = ¢ on 0.

Define A; : HY2(0Q) — H™Y?(0Q) with Aj¢ = 7]-%, where v is the exterior

unit normal of ) as in Theorem 1.1.2. Then there exists a positive constant C =

C(Q, E,n,m) such that

71 = Y2llpeo ) < Cw([[ Ay, — Asy[l4), (1.22)

where w is a modulus of continuity satisfying

w(t) < |Int|™  foranytsuchthat 0 <t <e ',

with 0 < ¢ < 1 depending on m, FE and n.

The proof of Theorem 1.3.2 relies on the construction of special solutions to the
conductivity equation, inspired by the work of Sylvester and Uhlmann [128] and of
Kohn and Vogelius [83], and the Alessandrini’s identity. In two subsequent papers
by Alessandrini [7, 6], the author derived that the logarithmic estimate (1.22) holds
also in the case where the a-priori bound (1.20) is replaced by the following bound:

7wz ) < E.

In the two-dimensional case, a logarithmic stability estimate was proved by Barcel,
Faraco, and Ruiz in [32], assuming that ~ satisfies a bound of the form

Mea@ <E forsomea, 0 <a<1.

When little is known about the problem, the best stability rate is logarithmic, as was
pointed out by Mandache in [97].

1.3.1 Stability for finite-dimensional conductivities

Alessandrini’s work has provided important insights into the stability of the Calderén
problem. However, Mandache proved that the optimality for the stability is loga-
rithmic under mild regularity assumptions on the conductivity. In order to obtain
better stability estimates, such as Holder or Lipschitz type, Alessandrini and Vessella
introduced an innovative approach in their 2005 paper [21]. They incorporated
suitable a-priori information about the unknown conductivity and the geometry of
the problem.
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The authors considered piecewise constant conductivities of the form:
N
v(x) =Y vixp,(2). (1.23)
j=1

Here, Dy,..., Dy is a given partition of €2, and 4, . .., yy are unknown real numbers.
This choice is motivated by applications where the disjoint domains D; represent
different tissue regions of known geometry.

We give the result established by Alessandrini and Vessella [21]. Let v, k = 1,2
be two isotropic conductivities satisfying (1.23) and (1.3). Define the local Dirichlet
to Neumann map A?,k as the linear operator:

ou _
HS) 39— Mo =17~ € H'*(®),

where u € H'(Q) is the weak solution of the Dirichlet problem
{div(wu) —0 in®, (12

U= on 9.

Let N, ro, L, M, «, 7, be given positive numbers with N € N and « € (0, 1]. We refer
to this set of numbers, along with the space dimension n, as to the a-priori data.

Theorem 1.3.3 (Alessandrini - Vessella, 2005). Let 2, be a domain and an open
portion of 92 respectively, satisfying the a-priori assumptions listed above. Let g,
k = 1,2 be two scalar piecewise constant functions of the form (1.23), satisfying (1.3).
Then we have

I =2l ooy < CIIAT, = A ||, (1.25)

where C is a positive constant depending on the a-priori data only.

In their papers [21, 4], Alessandrini and Vessella, Alessandrini pointed out that
the Lipschitz constant C' in Theorem 1.3.3 depends on the number of domains N. As
was proved by Rondi [111], the following lower bound holds:

C > Aexp(BN'/(r=1), (1.26)

where A and B are positive constants that depend on the a-priori data. The inequality
(1.26) provides evidence for the exponential relationship between C' and the number
of domains N. This observation highlights the inherently ill-posed nature of the
inverse conductivity problem. Further Lipschitz stability estimates have been provided
in [18] for piecewise linear conductivities for the Calderén problem and [17] for
piecewise linear potentials for the Schrodinger equation.

The stability issue in the case of anisotropic conductivities is particularly challeng-
ing. Indeed, the obstacle highlighted by Tartar provides evidence that the knowledge
of the Dirichlet to Neumann map alone is not sufficient to recover anisotropic conduc-
tivities. Alessandrini [12] established uniqueness and stability results for anisotropic
conductivities with the following structure:
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where ¢ — A(t) is a given matrix function and a = a(z) is an unknown scalar
function. The matrix function A satisfies a monotonicity condition of the form:

D;A(t) > Const.I > 0.

Alessandrini’s identity and the method of singular solutions played a crucial role in
proving the stability estimate. Alessandrini and Gaburro [12], and [13] for local
data, extended this result to anisotropic conductivities with the following structure:

A(z) = A(z, a(x)),

where a(x) is an unknown scalar function and A(z,t) is a given matrix function that
satisfies the following monotonicity assumption:

D A(z,t) > Const.I > 0.

The authors proved Lipschitz stability estimates at the boundary [12, Theorem
2.17 and [13] and Hoélder estimates for higher order derivatives of A(x,a(zx)) [12,
Theorem 2.2] and [13].

In a related study, Lionheart [93] proved a uniqueness result for anisotropic
conductivities with the structure:

o(x) = ap(z)A(x),

where A = A(z) is a given matrix function and ayp = ag(z) is an unknown scalar
function. In this case, the anisotropic nature of the body is known, but it may be
subject to scalar perturbations.

Inspired by the 2005 paper [21], Gaburro and Sincich [62] were able to prove a
Lipschitz stability estimate for a certain class of anisotropic conductivities, which we
describe in the following definition.

Definition 1.3.2. We shall say that o4 € C if o 4 is of the type

N
oalx) = nyj A(x)xp, (), x € Q, (1.27)
j=1
where ; are unknown real numbers, D, j = 1,..., N are the given subdomains of
the partition and
v < <51 foranyj=1,...n. (1.28)

A(z) is a known Lipschitz matrix function satisfying

1Al o) < A, (1.29)

where A > 0 is a constant and, for some A > 1,

ALEP < A(z)€ - € < NE?, for almost every x € €, (1.30)
for every £ € R™.
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We refer to the set {N,ro, L, M, a, \, 7, A}, with N € Nand « € (0, 1], along with
the space dimension n, as the a-priori data.
Gaburro and Sincich proved the following Lipschitz stability estimate.

Theorem 1.3.4 (Gaburro - Sincich, 2015). Let , Dj, j = 1,..., N and ¥ be a domain,
N subdomains and a portion of 02 as in the hypothesis of Theorem 1.3.3. If aj(f) eC,
k = 1,2 are two conductivities of type

N
01(4’6) (x) = Z’y§k) A(x)xp,(z) re, k=12, (1.31)
j=1
then we have

I = o lm@) < CIAZw = A%l (1.32)
where C'is a positive constant that depends on the a-priori data only.

A Lipschitz stability estimate for the Calderén problem for a special type of
complex conductivity, also known as admittivity, has been established by Beretta and
Francini [35]. The authors consider a bounded domain 2 ¢ R" for n > 2 with a
given partition of disjoint Lipschitz domains {D; }évzl such that the boundaries of
contiguous subdomains share a non-empty flat portion. They consider conductivities
of the form

N
B (@) =3 7" xp, (@), k=12, (1.33)
j=1

with R(y*)) > \=1 > 0. Here, 7j(-k) € C are constants.

Theorem 1.3.5 (Beretta - Francini, 2011). Let &, D;, j = 1,...,N and X be a
domain, N subdomains and a portion of 0 as in the hypothesis of Theorem 1.3.3. If
k) € L>°(Q), k = 1,2 are two admittivities of the form (1.33), then we have

7D = 1 ooy < CIAT = AT L, (1.34)

where C is a positive constant that depends on 2|, A, N.

1.3.2 Stable determination of an inclusion

Another class of inverse problems related to the inverse conductivity problem is the
determination of an inclusion within a body. This problem involves the determination
of the shape, size, and location of an object or material within a given body based on
measurements taken from the surface of the body. We consider an optimal stability
estimate established by Alessandrini and Di Cristo [21]. The authors consider a
conductor modelled by a bounded and measurable domain  c R", n > 3. Within
this domain, there is a subdomain D compactly contained in €2 with boundary of
class C1® as in Definition 1.0.1. The domain D is made of a different material than
the background body, and we call it an inclusion. The isotropic conductivity op has a
jump at the interface 9 D. For a fixed electric potential f € H/2(9Q), let u € H'(Q)
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be the weak solution of the Dirichlet problem

{div(JDVu) —0, inQ, 1.35)

ulga = f.
We define the DtoN map Ap as follows:
HY2(0Q) > f > opVu-v|po € HY?0Q),

where v is the exterior unit normal of 9 (2.

The inverse problem aims to determine the inclusion D from the knowledge of
the complete map Ap.

In [78, Theorem 1.1], Viktor Isakov derived a uniqueness result for open sets
Dy, Dy C Q with Lipschitz boundary, showing that if Ap, = Ap,, then D; = D, and
by = b, for isotropic conductivities of the form:

oi(z) = a(x) + bi(x)XDi(x)a b; € CQ(Di)v i1 =1,2,

where a(x) is the background conductivity of 2. The proof of uniqueness is based on
the Runge approximation theorem and the unique continuation property for elliptic
equations.

Subsequently, Alessandrini and Di Cristo in [21] introduced a first stability esti-
mate for a piecewise constant conductivity of the form:

v(x) =14+ (k—1)xp(x), withzeQ, k#1, k>0.
They used the Hausdorff distance between the boundaries of the two inclusions.

Definition 1.3.3. Let X,Y be two non-empty subsets of a metric space M. Their
Hausdorff distance is defined by

dyu(X,Y) = max < sup dist(z, V), sup dist (X, y) ¢,
reX yey

with dist(x,Y) = inf dist(z, y).
yeyY

The authors proved the following optimal stability estimate.

Theorem 1.3.6 (Alessandrini - Di Cristo, 2005). Let Q2 C R™, n > 2 and let D1, Dy C
Q be two inclusions with boundary of class C1'®. Let k # 1,k > 0 be given. If, given
e > 0, we have that |Ap, — Ap, ||« < e, then

dH(6D1,8D2) §w(5), (136)
where w is a modulus of continuity satisfying
w(t) < Cllnt|™, forany 0 <t <1,

with C > 0, 0 < n < 1 depending on the a-priori data only.
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The proof of Theorem 1.3.6 is based on the method of singular solutions and the
application of propagation of smallness. As was first pointed out in [20] and [11],
propagation of smallness is a technique that allows one to propagate the estimate
of a weak solution of an elliptic equation in an open set along a chain of spheres
centred on points lying on a Jordan curve contained in a connected portion of
the complementary set of the union of the two inclusions. To apply these unique
continuation tools, the authors introduced a quantity called modified distance, which
we will discuss and use in Chapter 4. This result was extended by Di Cristo and Ren
in [52] for special anisotropic conductivities of the form

op(z) =1+ (k—1)xp(x))A(z), withzeQ, k#1, k>0,

where A(x) is a known n x n real symmetric positive definite Lipschitz continuous
matrix function. The authors obtained an optimal stability estimate similar to (1.36).

These results are optimal because of the mild a-priori assumptions made about
the unknown inclusion D. As pointed out by Bacchelli and Vessella [29], the stability
rate can be improved if the unknowns depend on a finite number of parameters.
This observation has led to the development of a line of research that has been able
to prove Lipschitz stability estimates for polygonal (in two dimensions [38, 36]) or
polyhedral (in three dimensions [26]) inclusions. We recall here the result regarding
the polyhedral inclusions.

Fix the parameters Ry > 9 > 0, 6y € (0,7/2) and M, > 0.

The electrical conductor is modelled by a bounded domain €2 of R? with Lipschitz
boundary of constants M, and ry. We assume that diam({2) < Ry. We consider
as the flat non-empty portion of 9 of size ry. We assume that there exists a point
Ps, € ¥ such that dist(Ps, 0 Q \ X) > ro.

We recall the formal definition of a polyhedron and the notation for faces and
vertices as introduced in [26, Definition 2.1].

Definition 1.3.4. A polyhedron is a closed subset D of R? that is homeomorphic to a
ball.

The boundary of the polyhedron, denoted as 0 D, is composed of multiple faces,
which are closed simply connected plane polygons. The boundary 0 D can be expressed
as the union of these faces:

H
oD =JFP,
j=1

where FjD represents the j-th face of D. Two distinct faces, F” and FjD, do not intersect
in their interior regions:

IntRQ (FZD) N IntRZ (F}D) = (D

The edges of the polyhedron are the non-empty intersections of two contiguous faces
FP and FjD, denoted as 05 :
05- = FZ-D N FjD.

The non-empty intersection of two edges is called the vertex V' of D.

Now, we introduce the class of non-degenerate polyhedra with parameters
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T0, Ro, 9(] and Mo.
We define a polyhedron D C (2 to be in the class of non-degenerate polyhedra
D = D(ro, Ro, 00, My), if it satisfies the following conditions:

1. Strict Inclusion: The distance between the polyhedral inclusion D and the
boundary 02 is greater than or equal to ry.

2. Dihedral Angle Non-degeneracy: At each edge 05 of D, the angle between the
intersecting faces F;” and F” has width o, where o € (6, 7 —0o) U (7 +6p, 27 —
6o).

3. Face Non-degeneracy: For any polygonal face F', there exists a point o € F'”
such that a ball B}, (zo) is contained in F'*.

4. Edge Non-degeneracy: For each edge o of D, the length of the edge is greater
than or equal to rg.

5. Face Angle Non-degeneracy: Each interior angle 3 of each face F” satisfies
RS (90,7T — 90) U (7T + 0p, 21 — 90)

6. Lipschitz Regularity: The complement 2 \ D is connected and has a Lipschitz
boundary with constants ry and M.

The conductivity is modelled by a piecewise constant function of the form
p(x) = 14 (k= 1)xp(z), (1.37)
where D € © and k is a positive constant such that
min(k, |k — 1]) > ko, for some ko > 0. (1.38)

We refer to constants belonging to the set { Ry, My, 7o, 6o, 7m0, ko } as the a-priori data.

Let A,%D . HY 2(E) — HR 2(E) be the Dirichlet to Neumann map associated with

TD-

Theorem 1.3.7 (Aspri - Beretta - Francini - Vessella, 2022). Let ) be a bounded domain
in R3 with Lipschitz boundary satisfying the previous assumptions. Let Dy, D1 € © be
two admissible polyhedral inclusions, let k satisfy (1.38), and let X be an open portion
of OS2 Then, there exists a positive constant C' depending only on the a-priori data such
that

dy (0 Dy,d Dy) < C||A§DO — A5, s (1.39)

where
vp;, =1+ (k—=1)xp,, fori=0,1.
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This chapter is devoted to a topical review of the unique continuation property. We
begin by recalling the main definitions and ideas connected with unique continuation.
For a deeper understanding, we refer to the notes of Daniel Tataru [132] and Sergio
Vessella [136]. In Section 2.1, we introduce a stability estimate for the Cauchy
problem related to the conductivity equation (Lemma 2.1.1). In Section 2.2, we
examine the three sphere inequality in two cases: when the leading term coefficient
is Lipschitz continuous and when it is piecewise constant continuous. This section is
based on the results proved in [19] and [60].

To begin, we state the unique continuation property for linear partial differential
operators (PDOs), which have the following form:

olel

dxt...0xym’

P(z,D)= > aq(z)D*,  D°

la|<m

z € R™.

39
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The number m represents the order of the PDOs.
We define the principal symbol P(z, &) of P(x, D) as

P(z,6) = ) aa(x)E™.

|a|l=m

Definition 2.0.1. Let 2 be an open, connected set of R"™. We say that the linear
differential operator P(x, D) satisfies the weak unique continuation property if, for
any open subset w of (),

P(z,D)u =0 in Q, 2.1

and v = 0 in w, then u = 0.

Definition 2.0.2. We say that the differential operator P(x, D) satisfies the strong
unique continuation property if, for any xy € €2 and for any solution u that satisfies

lim rk/ u?=0  foranyk €N,
By (z0)

r—0+
it follows that u = 0 in .

Notice that the strong unique continuation property implies the weak unique
continuation. It can be proved that the unique continuation property is equivalent
to uniqueness in the Cauchy problem. If the Cauchy problem is well-posed, then
the unique continuation property holds. Conversely, if the problem is ill-posed, one
needs to verify if the unique continuation property holds.

These definitions can be reformulated in the case of elliptic operators as follows.
An elliptic operator £ is said to have the weak unique continuation property if every
solution u to L]u] = 0 in 2 that vanishes on an open domain strictly contained in Q2
must vanish in €. The weak unique continuation property guarantees the uniqueness
of solutions to the Cauchy problem. In particular, Plis proved that the optimal
threshold is the Lipschitz continuity of the leading term coefficient (see [107]), since
the unique continuation property fails if the coefficients are Holder continuous.

On the other hand, an elliptic operator £ is said to have the strong unique
continuation property if every solution u to L[u] = 0 in Q that vanishes of infinite
order at a point z( € {2 must be identically zero in ).

As pointed out in [19], we mention the connection between the unique continua-
tion property and the stability of the Cauchy problem. We define a stability estimate
as an inequality of the form

lull 2y < wlllullmiy), i llullmio < 1. (2.2

We will see that w has different behaviours such as logarithmic, Holder continuous,
or Lipschitz continuous.

The proofs of the unique continuation properties are based on inequalities which
are also used to derive stability estimates. These inequalities can be divided into two
classes: the Carleman estimates and the three sphere inequality. We will discuss the
three sphere inequalities in the last section of this chapter.
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2.1 A stability estimate for the Cauchy problem

In this section, we present a stability estimate for a function that satisfies the Cauchy
problem for an elliptic equation in divergence form with Lipschitz coefficients. This
estimate can be traced back to Trytten [134] and will be used in Chapter 3 to prove a
quantitative estimate of propagation of smallness (Proposition 3.2.8).

It is known that the Cauchy problem for the n-dimensional Laplace equation is
not well-posed according to Hadamard definition of well-posedness (see [71, 106]).
However, Lavrent’ev [90] showed that if an additional condition is imposed on the
solution along with the Cauchy data, namely that the harmonic solution can be
uniformly bounded by a positive constant on its domain (2, then the Cauchy problem
for the Laplacian has a stable solution, and the problem is well-posed. Payne [103]
considered the Cauchy problem taking into account the error in the Cauchy data,
since they represents physical measurements. Payne showed that by knowing the
error in the measurement data and an upper bound on the absolute value of the
harmonic function in (2, one can obtain a-priori bounds on the value of the harmonic
function at any point in 2. He used a Rayleigh-Ritz technique to obtain upper
and lower bounds for the harmonic function evaluated at a point in 2. Payne and
Weinberg [105] extended this result to the second-order uniformly elliptic operator

L(u) = div(A(z)Vu).

Trytten [134] extended these results further by considering an approximating function
¢ which is piecewise C? in € and allows for non-linear problems, in particular
operators of the form

L(w) = h(z,w, Vw),

where h is Lipschitz continuous with respect to the last two arguments.

Before giving the Trytten estimate, we introduce some notation. We consider a
bounded domain ©2 C R™ with the Lipschitz boundary as per Definition 1.0.1. Let
¥ C 09 be a portion of the boundary of class C'* as per Definition 1.0.1 with

constants ro, M for a € (0,1]. Let r; = ro/(1/1 4+ Mg). For p € (0,71), let:

QE ={z € Q : dist(x,00Q\ X) > p},

(2.3)
=N

Hence, for any P € Y there exists a rigid transformation under which P = 0 and
QE N B, ={x € By, : z, > (')},

where ¢ is a C* function on B;, C R"~'. We define

!
4
28 = {(xlvxn) : |$,‘ <P, Tp = QO(.T/)},
Yo = {(2',2,) : 2| <ro, 2n = o(2)}.

Consider a bounded, measurable, symmetric matrix function A(z) = {a;;(z)}} ;-
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that satisfies the following uniform ellipticity condition: for A > 1,

ATHEP < > ag(e)&g < AEPP, forae. z€Q, forall € R, 2.4
ij=1
and the following Lipschitz condition for some A > 0:

A .
laij(x) — ai(y)| < T—O|x —vy| foreveryi,j=1,...,n, x,y €. (2.5)

Let u € H'(Q) be a weak solution of the Cauchy problem:

div(AVu) =0 inQ,
u=1 on Y, (2.6)
AVu-v=gyg on X,

with ¢ € HY*(2) and g € L(%).
Given F > 0, we assume that u satisfies the following energy bound:

/ u? dz + rg/ |Vu|? dz < E. 2.7)
Q Q

Lemma 2.1.1 (Trytten, 1963). Let u € H'(Q) be a weak solution of (2.6) that
satisfies (2.7). Let Py € ¥f and set Py = Py + (r1/4)v(Py), where v(Py) is the exterior
unit normal of X at Py. Then there exist C > 0, n € (0,1) constant depending on
A, A, My, rq only such that

/ |Vul? < C( 2|2 —i—r%/ |Vu|? +r0/

B o o Q

([ e 9y
o o

Proof. The proof is based on the stability estimate for the Cauchy problem in Trytten
[134] (see also a later work of Payne [104], [9, p.778] and Sincich [121]). By Trytten
[134], for suitably chosen p > 1 and K > 0 that depend on p and on A, A, My, only,
the following estimate holds:

C
]-"(Tl><p / u? 4 rg |Vu2+r0/
2 TO Yo Yo Q
n
(/ u2+rg/ ]Vu|2> ,
P =6
where

0
o K 2, .2 2
F(r) = s7P AVu-Vu+ — u” + 1 |Vul® ],
irl S(PO)QQ',Z*;[) TO 261/4 281/4

with 0 < < 1 and C > 0 constants that depend on p and on A, A, M, only. On the
other hand, by (2.4), we can determine a lower bound for the function F in terms of

AVu- Vu) o

Py)NQ= b))
(Po)NS2) o (2.8)

3
871

1-nm
AVu - Vu) .
"0

(2.9)
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the L? norm of Vu as follows:

1
f(“) > /2 sp/ AV - Vu > clré‘p/ Vul?. (2.10)
2 3y <(Po)Na, Byry (P0)NO,
8

By combining (2.9) and (2.10), we derive (2.8). O

2.2 The three sphere inequality

In this subsection, we introduce two versions of the three sphere inequality. The first
one holds for second-order elliptic equations in divergence form when the leading
term coefficient is Lipschitz continuous on the domain. The second version holds for
the same kind of equations with a piecewise Lipschitz leading coefficient.

2.2.1 Three sphere inequality for Lipschitz continuous coefficients

Consider the ball By centred at the origin with radius R > 0. Consider the elliptic
operator in pure divergence form:

L(u) = div(A Vu),

where A = A(z) = {A;j(2)}}';_, is a real symmetric n x n matrix function such that
its entries are bounded, measurable functions and it satisfies the uniform ellipticity
condition (2.4) with constant A\ > 1. Moreover, we assume that o is Lipschitz
continuous as in (2.5) with constants A, ry > 0.

Theorem 2.2.1 (Alessandrini-Rondi-Rosset-Vessella, 2009). Let u € H'(Bg) be a
weak solution of L(u) = 0 in Bg with the coefficient A as described above. Then, for
any ri,re,r3 such that 0 < r; <1y < 52 <r3 < R, the following inequality holds:

lull s,y < Qo) Il s, (2.11)

where @ > 1, C = C(\, A, max{R/ro,1}) and

We introduce a preliminary result needed for the proof of Theorem 2.2.1. For
r € (0, R), set

_ Az ") = () da
p= S0 )= [ i) de

Theorem 2.2.2 (Alessandrini-Rondi-Rosset-Vessella, 2009). Let u € H'(Bg) be a
weak solution of L(u) = 0 in Bg with the coefficient A as described above, and assume
that A(0) = Id. Then, for any ri,r9,r3 with 0 < 11 < ry < r3 < R, the following
inequality holds:

H(ry) < QH(ry)“H (r3)' 72, (2.12)
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where Q > 1 and Q = Q(\, A, max{R/rg,1}),

L C = C(\ A, max{R/rp,1}).

ln:—g—l—C’ln%

Proof. The proof is based on estimates for the frequency function introduced by
Garofalo and Lin in [64] and a well-known Rellich identity [109]. See [19, Theorem
2.3] for more details. O

Proof of Theorem 2.2.1. The proof is based on [19, Theorem 2.1]. Assume that
A(0) # Id. The idea is to introduce a change of variable that allows one to reduce
the operator I, = div(A(z) V) to an elliptic operator L. = div(A(y) V-) for which

A(0) = Id.
Set
y=¢(z) = Jz, with J =/ A~1(0).

For r > 0, since A(0) is symmetric and positive definite, we can consider the open
ellipsoid
& ={zeR": o)l <r}=¢"}(B,).

By (2.4), the following inclusions hold:
B% C & C B, (2.13)
Set 1) = ¢! and define

u(y) == u(¥(y)), and A(y):= (Dy(y))  A@y)(Dy(y) T,

where D1 is the Jacobian matrix of ¢. It turns out that v € H'(Bg) is a weak
solution of

divy(AV,v) =0 inBx. (2.14)
vx

The matrix function A satisfies the following properties:
1. The uniform ellipticity condition:

A2|E2 < A(y)E - € < N2¢f? fora.e. y € B,, forevery £ € R". (2.15)

2. The Lipschitz continuity condition:

3
- . A2 A
|A(y1) — Aye)| < TLI/I — o] for every y1 # yo,y1,52 € R".  (2.16)

3. A(0) = Id.

Hence the operator div(A V-) and the solution v verify the conditions of Theorem
2.2.2. Fix rq, 79,73 as in the assumptions of the Theorem. Set

T
y P2 = \/XT?) pP3 = 7}

P1 =

S
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By Theorem 2.2.2, it follows that

H(pa) < QH(p1)*H(p3)'~*, (2.17)

with _
A )
H(p) = / w?,  ply) = LZy
9B, lyl
and
In 22
Q> 1, o P2

= 1, 23 P2
lnpi —I—C’lnpf

Since A\t < pu < )\,

/8392 v = Q(/BBpl UQ)Q ‘ (/83p3 U2>1ia' (2.18)

Integrating the first term on the left-hand side of (2.18), by (2.17), we have
1 1
/ v? < pg/ H(pot) dt < pg/ H(pit)® H(pst)~« dt.
B, 0 0
Then, by the Holder inequality, we derive

_ P1 « P3 11—« ~ «@ 11—«
/Bp;ﬂgQ(O ey a) - ([Tawa) <o [ @) (f )

P1 P3

Back to the old variables,

/ v2dy:/
B B

P2 P2

Hence, (2.19) can be written as

Loe=a(f ) @) (2.19)

P2 P1 p3

Due to (2.13), it turns out that

/Bu2§62(/3 u2)“.(/B a2) "

P2 P1 P3
d
Consider the elliptic operator
L(u) = div(AVu) + cu, (2.20)
with A that satisfies (2.4) and (2.5). We assume that ¢ € L*>°(£2) and
K
lel (@) < 5 (2.21)
0

We prove a three sphere inequality for the elliptic operator (2.20) following the lines
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of [19, Theorem 4.1].

Theorem 2.2.3 (Alessandrini-Rondi-Rosset-Vessella, 2009). Let u € H'(Bg) be a
weak solution of
E(u) =0 in BR.

Then, there exists a constant Cy with 0 < Cy < 1 only depending on \, A, k such that if
we set Ry = min{R, Coro}, for every r1,72,73 such that 0 < r; <rs < 73 <13 < Ry,

RV A

with Q > 1 and o, 0 < o < 1 depending on \, A, rg, k, max {E 1} 2 and :—g

T0 ) ) 1
The proof of Theorem 2.2.3 is based on the following two Lemmas.
Lemma 2.2.4 (Alessandrini-Rondi-Rosset-Vessella, 2009). For every § > 0 there

exists a constant Cy € (0, 1] that only depends on \, A, k, and § such that, for Ry :=
min{ R, Coro}, there exists a positive solution w € C'(Bg,) to

div(AVw) + cw =0 in Br,, (2.23)
such that
<w< 2 )
14_62_w_1+6, (2.24)
and 5
IVw| < —. (2.25)
To

Proof of Lemma 2.2.4. The proof is based on [19, Lemma 4.2]. Notice that by (2.4),
forr < R,

L(w,w) = / (AVw - Vw — cww) dz > )\1/ Vw|? — 2/ w?,
T ™ 7“0 T
where L(-,-) is the bilinear form associated with (2.23). Hence, for a suitable C; > 0
depending on A and k, there is a radius Ry := min{ R, Cyro} such that for any r < Ry,
the bilinear form £ is coercive on H{ (B,). Therefore, let w be the unique solution of
the Dirichlet problem

div(AVw) + cw =0 in B,, (2.26)
w=1 on 0 B,.
Set z = w — 1, then z is the weak solution of
div(AVz) = in B,,
iv(AVz)=f i 2.27)
z=0 on 0B,,

where f = —c(1+z). By a-priori estimates in L> (see [66, Theorem 8.16]), it follows

that
2

,
2|l e (B,) < Cﬂﬁ(l + 112l e (B,))s
0
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where C'is a positive constant that depends only on A. Hence,

7'2 7,.2
(1= Crg)lzllz=(B,) < Ck 5.
0 0

There is a constant Cs < C; only depending on A, x such that for any » < R,, with
Ry := min{ R, Cyry}, the following inequality holds:

r
2]l Lo (B,) < Ch—. (2.28)
o
By a global estimate of Schauder type (see [66, Theorem 8.33]), for any » < Ry we
derive
r
IVZllpoe(m,) < Crog (1 ||zl oo (5,)), (2.29)
0

where C depends on A, M, only. Finally, there is a constant Cy < C5 for which, for
Ry := min{R, Cyro}, by (2.28), (2.29),

52
2l oo (B,) < 15+ 52 2.30)

IVz][Le(B,) < o
Hence, by the definition of z, the thesis follows. O

Lemma 2.2.5 (Alessandrini-Rondi-Rosset-Vessella, 2009). Let R, be the quantity
defined in Lemma 2.2.4 and choose § = min {%, 1}. Then u can be factored on Bp, as
u = wv, where w is the positive function of Lemma 2.2.4 and v solves

div(AVv) =0  in Bg,,
with A = w?A.

proof of Lemma 2.2.5. By direct computation, the thesis follows. O

proof of Theorem 2.2.3. Since w € C'(Bg,), we have that A € C%'(Bg,, Sym,,).
Due to (2.4) and (2.24), we can show that

515\2 < A(x)¢-€ <4X¢)*?  forae. x € Bp,, for every & € R". (2.31)
Due to (2.5) and (2.24), it turns out that for every = # y,
A) — A < o — ).
7o
Hence, for the solution v € H!(Bg,) to
div(AVv) =0  in Bg,,

the three sphere inequality (2.11) holds. Let r1,r9,73, Ry be as in the Theorem
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(2.2.3). Then, by (2.24) and (2.11),
[oesaf e (], ) =alf, @) (f, )

O

We can extend this result to the L> norms by applying the L> — L? estimate due
to Moser and Stampacchia (see [122, Corollaire 5.2] and [44, Theorem 6.1]).

Theorem 2.2.6. Assume that u is a weak solution of
div(AVu) +cu=0 in Bp,,

with A, c satisfying (2.4), (2.5) and (2.21). Then there exists a constant C only
depending on n, A\, A, and « such that if B, C Bpg,, we have

C
sup |u(z)| < T/QHUHLQ(BT)' (2.32)
CIJEBT/Q r

The proof of this result can be found in [44, Theorem 6.1] and Stampacchia [122,
Corollaire 5.2]. One can derive an upper bound for the *° norm over a ball in terms
of the L? norm of the solution u over a ball slightly bigger than the first one.

Corollary 2.2.7. Let u be as in Theorem 2.2.6. Let 0 < r < p, such that B, C Q. Then

C
< : 2.33
sup ju(@)] < TEE [ullz2(s,) (2.33)

Proof. Choose = € B,, then B,_,(x) C B,. Hence, by Theorem 2.2.6, it follows that

fua)] < —C ¢

= oo, e < o mamlllee,)

r

O]

By Corollary 2.2.7, we derive the following three sphere inequality for L>° norms.

Theorem 2.2.8. Assume that the hypotheses of Theorem 2.2.3 hold. For ry,ry,r3 such
that 0 <71 <712 < 3 <13 < Rgand p € (r,73), there exists a constant C > 1 that
depends only on A and n such that

c a -«
HUHLOO(BTQ) < W HUHLOO(Brl) HUH}/OO(BQ) (234)

p—T2
Proof. By Corollary 2.2.7, there exists a constant C' > 1 such that

C

”uHLOC(BQ) < WHUHLQ(BP)' (235)
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By Theorem 2.2.3, we have

c C
Wllullms,,) < WHUHLQ B lullzz(s,
C a
< WIBTII |B,,| 2" “lullfe Byl (5.,)"
This completes the proof. =

2.2.2 Three sphere inequality for piecewise Lipschitz coefficients

Before stating the three sphere inequality, which applies to the case of piecewise
Lipschitz coefficients, we introduce some notation. Let 2 C R™ be an open Lipschitz
domain. Suppose that ¥ is a hypersurface contained in 2 of class C? with constants
r0, K. Assume that 2\ 3 has two connected components 2. Let A € L>(Q2, Sym,,)
be a real symmetric n x n matrix function of the form

A(e) = A () xr (2) + A7 () xo- (x), AT € C¥H(QF), v e

Assume that A satisfies the uniform ellipticity condition, i.e. there exists a constant
A > 1 such that

M LHEP < A(z)e-€ < MN¢?,  forace. x € Q, for every £ € R™.

Let ¢ € L>(12). Furthermore, we assume that there are positive constants ¢, A, such
that
A%l cory <A and gy <@

Proposition 2.2.9 (Carstea-Wang, 2020). Let u € H'(Q) be a weak solution of
div(AVu) +qu=f+V-F inQ,
where f € L?(Q) and F € (L?(2))" satisfy
[fllz2) + IFllz2@pyy <€ fore =0.

There exists a constant 7, which depends on Ky and r¢, such that if 0 < r; < ro < rg <T.
with Q € Q such that dist(Q,0$2) > rs, then

lull 228, @) < Cllullr2(s,, @) + ) (lull 2B,y @) + )7 (2.36)

where C > 1 and 0 < § < 1 are constants that depend on \, 7o, Ky, A, g, :1, :2, and
diam(Q).

From this result, we can deduce a three-sphere inequality in terms of L°° norms.

Corollary 2.2.10. Let u € H'(B;) be a weak solution of

div(eVu) +qu =0 in By.
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Then, for any 0 < r1 < r9 < r3 < 7, the following inequality holds:

HUHL‘” (Bry) < COOHUHLOO (Br, )H HLoo (Brg)’ (2.37)
In —2rs _
where f = —2" ¢ (0,1) and Cs > 1 depends on g, A, 2L, 2 rq, Ko, A and n.
In % P T2’ T3

1
Proof. The proof of Corollary 2.2.10 is based on [39, Corollary 3.8]. By [66, Theorem
8.17], there exists a constant C' > 1 that depends only on \, ¢, A, and n such that

C

lull Lo (B,,) < W||UHL2(BT3)' (2.38)

2

By Proposition 2.2.9 and (2.38), we have

C
[ull o s,,) < WHUHLQ(BQ_A_W))
2
c 1) 1-6
S e )n/2”“”B(Bm”“”L%Brg)
T
C
S EeE— )n/2|Bm| 0 1 S 1
o

from which (2.37) follows. O
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This chapter is devoted to the study of the stability issue in the inverse conduc-
tivity problem for a specific class of anisotropic conductivities. Recall that stability
estimates help to quantify the relation between the unknown coefficient and the
known boundary data. In this chapter, we prove a stability estimate in terms of an
ad hoc misfit functional that measures the discrepancy between the boundary data
produced by two different conductivities.

This chapter is divided into three sections. First, we introduce the a priori
assumptions about the conductor €2 and the anisotropic conductivity ¢. In Section
3.1, we define the misfit functional and state the stability estimate (Theorem 3.1.1)
and the Lipschitz stability estimate in terms of the local Dirichlet to Neumann map
(Corollary 3.1.2). In Section 3.2, we introduce the main tools needed to prove
Theorem 3.1.1: the asymptotic estimates for the Green function (Proposition 3.2.2)
and the quantitative estimates of unique continuation (Proposition 3.2.7) along with
the corresponding proofs. Finally, Section 3.3 is devoted to the proof of Theorem
3.1.1 and Corollary 3.1.2.
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Assumptions on the domain

Let 2 C R™ be a bounded domain with boundary 9 €2 of Lipschitz class with constants
ro and L. Let D > 0 be a constant such that

€] < Dry,

where |Q2] denotes the Lebesgue measure of (2. Moreover, let X be an open non-empty
flat portion of 0 (2 of size ry.

For N € N, we assume that there exists a finite collection of bounded domains
{D,}N_, such that the following conditions hold:

1. The domains D,, C €2 for m = 1,..., N are connected and pairwise non-
overlapping. The boundaries 0 D,, are of Lipschitz class with constants ry and
L.

2. The closure of () is equal to the union of the closure of the domains of the
collection:

Q= | ) Dn.

1

P C=

3. There exists one region that we call D; for simplicity, such that the intersection
dD; N'Y contains a flat portion ¢(!) of size (/3.

4. For everyindex i € {2,..., N}, there exists a collection of indices m;, ..., mxg €
{1,..., N} such that

Dm1 :D1 and DmK:Di~

The domains D,,,, ..., Dy, are contiguous and pairwise disjoint, and for every
index k = 1,..., K — 1, the intersection 0D,,, N 0D contains a flat portion
Ym,, of size ro/3 so that ¥ c .

mp4+1

Mp4+1

Moreover, we assume that for each of these flat subportions ¥, ,, k =
1,...,K — 1, there exist a point P41 € ¥, , and a rigid transformation
under which P, coincides with the origin O, and
Snger O Brojs = {2 € By - =0},
Dy N Bry s = {x € Byyss ¢ Tn < 0},
Dingy N Byyjs = {2 € Bryys + o >0},

Later, we will add a domain Dy C R"™ \ Q so that, when indexing the chain of
subdomains, we agree that D,,, = Dj.
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Assumptions on the conductivity

The anisotropic conductivity o(z) = {0;;(x)}}';_; is a real symmetric n x n matrix
function, o € L*°(Q2, Sym,,), of the form

o(x) =y(z)A(x), 3.1
N
v(x) = Z Ym (X)X D,, (), Ym(z) = $m + Sm -, foreveryzx € Q, (3.2)
m=1
with s, € R, S, € R” form = 1,...,N. A(z) is a n x n matrix function and

{D,,}N_, is the collection of subsets of 2 described above.
The scalar functions ~,,, are bounded, namely there is a constant 4 > 1 such that

77 < () <7, for everym =1,... N, forallz € Q.

The matrix function A(z) belongs to the space W1>°(Q). We recall that a function
belonging to the Sobolev space W1>°(Q) for 2 bounded domain is a Lipschitz
continuous function (see [56, Theorem 4, Section 5]). We assume that there exists a
constant A > 0 such that

[All w00y < A. (3.3)

Furthermore, we assume that o satisfies the uniform ellipticity condition, namely
there exists a constant A > 1 such that

ALEP <o(x)€-€ < NEP, for a.e. z € Q, for every & € R™. (3.4)

In the sequel, we shall refer to the set of positive constants {D, N,rq, L, \, 7, A,n}
with N € N and the space dimension n > 3 as the a priori data.

Remark 3.0.1. The class of functions ~(x) of the form (3.2) is a finite dimensional
linear subspace. The L norm ||| (q) is equivalent to the following norm:

Il = | max {lsnl +[Sal} (3.5)

modulo constants that depend on the a priori data only.

The local Dirichlet to Neumann map

We recall the definition of the local Dirichlet to Neumann map.

Definition 3.0.1. Let Q) C R™ and X be a bounded domain with Lipschitz boundary
and a non-empty flat portion, respectively. Let o € L (2, Sym,,) be a matrix function
satisfying (3.4). The local Dirichlet to Neumann map associated to o and X is the
operator

A2 HPA(R) = HyA(%)

defined by
(AZg, ) = /ﬂ o(z) Vu(z) - Vo(z) dz, (3.6)



54 Chapter 3. Stability estimates for the Calderén problem

forany g,n € H&?(E). Here, u € H'(Q) is the weak solution of the boundary value
problem
div(eVu) =0 in{,
{ iv (oVu) in 3.7)

u=yg on 04,
and ¢ € H'(Q) is any function such that |y, = n in the trace sense. In (3.6), the
bracket (-, -) denotes the L?(0))-pairing between HééZ(E) and its dual H&]l/z(Z).

Let o; for j = 1,2 be two conductivities that satisfy the a priori assumptions and
let A]Z be the corresponding local Dirichlet to Neumann maps. Let u; € H'() be
the weak solutions to the Dirichlet problem

div(o;Vu;) =0 in 2,
(j j)l/g (3.8)
ujlon € Hy)™(2).
The Alessandrini’s identity is given by
(AT = AY)ur, ug) = /(0(1) — 0(2))(:1:)Vu1 - Vuy dz. (3.9
Q

3.1 The misfit functional and the stability estimate

In this section, we introduce the Green function for an enlarged domain €y and
we define the misfit functional. We assume that the point P, € ¥ of the a priori
assumptions coincides with the origin up to a rigid transformation. For simplicity,
assume that the flat portion ¥; coincides with the entire portion X.

Next, we define

2
DOZ{SUG(R”\Q)HBTO : \x¢]<§r0, fori=1,...,n—1, mn_?‘<2r0}_

We assume that the intersection 9 Dy N 0 €2 is compactly contained in ¥. We define
the augmented domain Q) as

Qy = IntRn(Q UDO). (3.10)

Notice that 0 )y is of Lipschitz class with constants /3 and L, where L depends on
L only. For r € (0,79/6), we further define the set (Dy), as

(Do) ={x € Dy : dist(x,0 Do) >r }.

Let o; for j = 1,2 be two anisotropic conductivities of the form (3.1). We extend
them on the augmented domain € as o;|p, = Id,, and fy(j)\ p, = L.

Next, we introduce the Green function G; associated with the elliptic operator
div(o;V-) in Q. For every y € o, let G;(-,y) be the weak solution of the Dirichlet
problem

{div(ojvc:j(-,y)) =—0(-—y) inQo, (3.11)

G](vy) =0 on 8907

where (- — y) represents the Dirac distribution centred at y.
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We would like to make a remark on the notation. When we consider a function
G(z,y) with (z,y) € R” x R™, we use either the symbols V,G(z,y), VG or VG(-,y)
to denote the gradient of G with respect to the variable x.

Before introducing the misfit functional, we consider two bounded subsets of
Dyq called D, and D.. It is important to notice that these subsets are compactly
contained within Dy. The misfit functional is defined as an integral over the product
D, x D, of a quadratic expression. This expression evaluates the difference between
the mixed product of the trace of the Green function G; on ¥ and the trace of the
conormal derivative of the Green function G; for i # j, and vice versa, integrated
over the boundary portion X. The subscripts y and z emphasize that the variable
y is integrated over D, and the variable z is integrated over D,. This notation is
intended for future numerical implementation, where the variable y represents the
sources and the variable z represents the receivers.

Definition 3.1.1. For (y,z) € D, x D, the misfit functional is given by

j(o(l),o(2)) = / ’/ {Gl(:p,y) 0'(2)(56)VIG2(JJ,Z) Cv—
DyxD, JX , (312)
— Go(z,2) oW (2)V,Gi(x,y) - 1/] dS(:v)‘ dy dz,

where dS is the (n — 1)—surface element.

Notice that there is a connection between the formula of the misfit functional
(3.12) and the local Dirichlet to Neumann map (Definition 3.0.1). Indeed, if we
define the following integral

So(y, z) == /Q(a(l) — o (@)V,G1(z,y) - VaGal(z, 2) da, (3.13)

then, by the Alessandrini’s identity (3.9), for u; = Gi(-,y) and uy = Ga(+, 2), it
follows that

(AT — AF)G1(-,y)o0, G2(- 2)|aq) = So(y,z) for every (y,z) € Dy x D,. (3.14)

By Green’s identity (A.4), it follows that

So(y.z) = / (Gi(2,9) 0D (@)V.Gs (3, 2) - v = Ga(w, 2) V(@) VaGr (2,y) - v dS(a).
by

Hence, we can write

(oW, 5@ / 1So(y, 2)[2 dy dz. (3.15)
DyxD.

Now, we state the stability estimate in terms of the misfit functional.
Theorem 3.1.1. Let 2 be a bounded domain, 3 be a non-empty portion of 02 and

{D}N_, be N subdomains that satisfy the a priori assumptions. Let o; for j = 1,2
be two anisotropic conductivities of the form (3.1) satisfying (3.4). Then there exists a
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positive constant C that depends only on the a priori data such that

o) = 0@y < € (T(0D,0)) (3.16)

From this result, we derive the following Lipschitz stability estimate in terms of
the local Dirichlet to Neumann map.

Corollary 3.1.2. Assume that the hypotheses of Theorem 3.1.1 hold. Let A? be the
local Dirichlet to Neumann map associated with the conductivity o; for j = 1,2. Then
there exists a constant C' > 0 that depends only on the a priori data such that

lo® — 6| (@ < C IAT — AT

The constant C' appearing in Theorem 3.1.1 depends on the number of domains
of the partition of 2 (see [111]).

3.2 Auxiliary Propositions

Fix an index K € {1,...,N}. We consider a chain {D,,}%_, of contiguous subdo-
mains that joins Dy to Dk (up to a reordering of indices). We also consider the
corresponding sequence of flat portions X1, ..., X with points Py, ..., Pk as in the
a priori assumptions. We denote with v(P,, 1) the exterior unit normal to 0 D,,, at
the point Pp,11. Set v~ = Vo (Pmt1)>, v = Ym+1(Pms1), J = VA(Ppi1)~1, and
|J| = det J. We define x = xg» and let H be the fundamental solution defined in
(A.15) associated with the elliptic operator div((y~ + (v© —v7)x+)J 2V-).

Let G be the Green function associated to the elliptic operator div(cV-) in €.
For every y € Qo, let G(-,y) be the weak solution of the Dirichlet problem (3.11).
It is well-known (see [95, 69]) that the Green function G satisfies the following
properties: for every x,y € Qq, x # v,

G(z,y) = G(y, z),

and
0 < G(z,y) < Clz—y/>™, Ve £y, x,y € Qo, (3.17)

where C > 0 is a constant that depends on A and n.

Proposition 3.2.1. For every y € )y and every r > 0, the following inequalities hold:
/ IVG(,,y)|* < Or*", (3.18)
Q0\Br(y)

where C is a positive constant depending on A and n.

Proof of Proposition 3.2.1. Fix y € Qq, let G(-,y) be a weak solution of the Dirichlet
problem (3.11). By the Caccioppoli inequality (Theorem A.2.2),

VG (z,y) dz < —

2 / |G($‘,y)’2 dl‘,
" J[Bsr (y)\ B, 2()]N0

/[Bm(y)\Br(y)]ﬂQo
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where C is a positive constant depending only on A. Then, by (3.17),

GyPdr<e [ 2 — 922~ da.

/[Bsr(y)\Br/z(y)}ﬂQO [Bsr (y)\Br/2(y)1N20

By a change of variables, it follows that

3r
/ |z — y‘2(27n) dz < C/ PP dp < et
[B3r(1)\Br/2 ()N /2
which leads to
VG (z,)|? de < er®™™. (3.19)

[Ba2r (y)\Br(y)]No

Consider the sequence of annuli { Box+1,.(y)\ Bok, (V) }ren, then
Qo\B(y U [Borr1,(y)\ Bog,. ()] N Q. (3.20)

By (3.19) and (3.20), we can conclude that

| et |2<Z / VG ()P
Q0\Br(y) Bykt1,.(¥)\Byk,.(¥)]NQ0

<C Z(2kr)2_" <er? .
k=0

The following Proposition describes the asymptotic behaviour of the Green func-
tion near the discontinuity interface.

Proposition 3.2.2. Fix an index m € {0,..., K — 1}. There exist constants «, 01, 6
with 0 < a, 01,02 < 1 and C1, Cs, C3 > 0 depending on the a priori data only such that
for any x € B, j4(Prn+1) N Dy and y = Ppyy — 1v(Pryy1), where r € (0,79/4) and
V(Pp+1) is the exterior unit normal of 0 D,,, at P,,+1, the following inequalities hold
true:

G(z,y) — H(z,y)| < Cilz—y|* ", (3.21)
IVoG(x,y) — VeH(z,y)| < Colo—y|" "0, (3.22)
IV, VeG(2,y) — V,VoH (z,y)| < Cslz—y| "%, (3.23)

with the Green function G solution of (3.11).

To prove Proposition 3.2.2, we need some preliminary results. We introduce first
some related notation. Let 0 < u < 1 and At € CH(Q;"), A~ € C*(Q, ) be real
symmetric n x n positive definite matrix functions and define

A(z) = A+(x)XQ:r (z) + A™ (z)xq- (). (3.24)
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We assume that A satisfies the uniform ellipticity condition: for some constant \y > 1,
MNHEP < A(x)E-€ < Nl¢f* forae. z € Q,, for every € € R™.
Let U € H'(Q,) be a solution of
div(AVU) =0 inQ,. (3.25)

Proposition 3.2.3. Let r > 0 be a fixed number. Let A be of the form (3.24), and
suppose that o is such that o’ € (0,1), and let € > 0. There exists a constant C' such
that for any p < r/2, and for any x € Q,_2,, the following estimate holds:

) / C
VU oo (@, (@) + P VUl w g, not + P IVUlw g, @nor < piE 1U 2@ (2))-

(3.26)

Proof. For the proof, we refer to [85, Chapter 3, Theorem 16.2], where the authors
obtained piecewise C'»®’ estimates for solutions to linear second-order elliptic equa-
tions with piecewise Holder coefficients and C'+! discontinuity interfaces (see also
[92, Theorem 1.1] for more recent regularity results). O

Proof of Proposition 3.2.2. Fix an index m € {0,..., K — 1}. Up to a rigid transfor-
mation, we assume that P, coincides with the origin 0 and v(P,,1) is the n-th
standard unit vector e,,. Let y = y,e,, with y,, € (—rg/4,0). For any x = (', x,,), we
define the reflected point z* := (2/, —z,,) with respect to the hyperplane {x,, = 0}.
Set og(x) = (v~ + (vF — 77 )x+(2))A(0). Let H be the fundamental solution associ-
ated with the elliptic operator div(coV-) in R™ (see equation (A.15) for the explicit
formula). For y € Q, let G(-,y) € H'(£)) be the weak solution of (3.11). Define the
distribution
R(z,y) = Glw,y) — H(,y).

For any y € Qq, R(-,y) is a weak solution of the boundary value problem

{div(UVR(-, y)) = —div((c —00)VH(,,y)) inQy, (3.27)

R(?y) = _H(7y) on OQO

The above system can be derived as follows. Consider ¢ € C2°(£), by the weak
formulation applied to (3.11), it follows that

/Q oVG(y) - Vi = oly). (3.28)

Moreover,
[ oVHCw Vo= [ aVH(w) Vo= el). (3.29)
n QO

By (3.28) and (3.29), it follows that

/ oVR(,,y) Vo =o(y) - / oVH(.,y) Vedz = / (00 —0)VH(,y) - Vep.
Qo Qo Qo
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Regarding the trace at the boundary 0 (2,

R(‘vy)bﬂ = (G(ay) - H(??J))’@Q = —H(',y)’(j—)g,

from which (3.27) follows. By the Green’s identity, one can derive the following
representation formula:

Rr.y) = /Q (00(6) — o(€))VH(,y) - VG(€, ) dé+

(3.30)
+ [ a6 vy e
8 Q0
Indeed, using G(-,y) as test function in (3.27), we derive
/ oVR(-y) - VG-, ) +/ (0 — 00)VH(- 1) - VG(-,2) = 0. (3.31)
Qo QO
Using R(-,y) as test function in (3.11), we have
/ oVG(-,z) - VR(-,y) +/ oVG(-,z)-vH(-,y) = R(z,y). (3.32)
Qo 900

By summing (3.31) and (3.32), equation (3.30) follows.
To estimate the right-hand side of the representation formula (3.30), we write
the integral as the sum of the following terms:

/Q (00(5) - U(f))VH({,y) : VG(f,.%') df = Rl(x7y) + Rg(l',y),

where
Ri(e,y) = /Q o O —o@)VHEY) VGE A (339
Ra(z,y) = /Q (00(€) — o (€))VH(E,y) - VG(E, ) de. (3.34)

To estimate (3.33), we can apply the Holder inequality and Proposition 3.2.1 to
obtain

Ry ()] < llo0 — ollp= () / VH(E )| [VG(E,x)| de

QO Qro

< CIVHC, 9 200\r) IVGC ) 22000\@,) < C-
To estimate (3.34), notice that for every y, ¢ € @y, by (A.15), we have
\VH(E y)| < ClE—yt T,

where C is a positive constant that depends on v*, v, and the a priori data.
Let &,z € @, be such that | — x| < r9/2, and set p = | — z|. By Proposition

323, ;
VG D) < e G D@y < ClE =
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Set (&) = v x4+ (&) + v x—(&). In a neighbourhood of the origin, we have the
following estimate:

|0(§) = 00(§)] < [V(§)A() —0(A(0)] < ClE], (3.35)

where C' > 0 depends on 7, A only. Therefore,
Ra(w) < C [ ell6 =l €~ '
Qrg
Let h = |x — y| and define
= [ lelle-al g - ol de,
Buap
b= [ lelle-al -yl de
R™\Byp,

This allows to write
|Rao(7,y)| < C (11 + I2).

To begin with, we estimate ;. We introduce the following change of variables:

&= hw t=

S =

i
h h’

which leads to (see Miranda [99])

L = hg_”/ lw| |w =t |Jw — s dw < C A3
By

Next, we estimate the integral /5. Since y = y,e, for y, € (—r¢/4,0) and x € B;E /a5

we have

3 1
Jel<l-yl  and  Zlg<l¢-al

8\1—" —om Ch3"™ n>3,
I < () / €772 de < B
3 R"\ By, Ch™@ n =3,

for some positive value of «, since In(1/h) < Ch~*. In conclusion,

Hence,

|R(z,y)| < C |z —y>~" . (3.36)

Now, let us estimate |VR(z,y)|. Let x € B*, /4 and y = y,e, with y, €
(—70/4,0). We define the cylinder Q := B;z/4(33,) X (Zp,xn + h/4), where h = |z — y|.
Notice that

QCQ+T0/27 QCQh/Q(J;)v r€0Q, y§éQ
By [7, Lemma 3.2], for o/ € (0, 1], we have

!

ol 1 1
IVaRC, )l (@) < C [IRC T L) IVeRE 9 T g + 1 IRC,9) ()
(3.37)
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By (3.36), we find
Rl ze@) < Clz — g3,

To estimate |V, R(-,y)|w g, notice that
IVaR( )o@ < [VaG (9l + IV H (5 y)|o 0

By Theorem 3.2.3, (3.17) and using cylindrical coordinates, we obtain

c  _y n—a!
VaG (Yl < Wh HG('ay)HL2(Qh(aj)) <Ch' . (3.38)

Moreover, we have
VaH(,y)larg < C VT (,y)larg < O R

Therefore, we have
IVaR (- y)larg < C R (3.39)

By (3.37), (3.36), (3.38), and (3.39), we conclude that

o (1—a)

IVoR( )l < Clo =yl with ) = ———

(3.40)

Next, we estimate |V,V,R(x,y)|. Define the cylinder Q = B;L/S X (Yn — h/8,yn),
then

QCQ 1, Q@CQuuly) and z ¢ Quu(y).

Let k € {1,...,n}, 0,,I'(x,-) is a weak solution of the Laplace equation
A9, D(2,)) =0 in Quyuly),
and 0., G(z, -) is a weak solution of the equation
div, (Y, 0y, Gla,)) = ~8(z —)  in Quyaly).
By Theorem 3.2.3, it follows that
V02, G, ) s o < C 21100, G, ) 2200 () (3.41)
Fix j € Qp,/4(y), then i & Qj,/16(). By Theorem 3.2.3, it follows that
IV2GC 2 (@ jpa(@) < C B 2IGC D)l (@ oty < C A (342)
From (3.41) and (3.42) it follows that
Vy0r, G, ) o < CH™ . (3.43)
Moreover,

Vg0, D, )| o < C R0, (3.44)
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and by (3.43) and (3.44),
IV R(@, )|y g < C ™ (3.45)
By (3.40), it turns out that

10z, R(, -) < C ptntor (3.46)

<0

By the following interpolation inequality

!/

_a _1
IV 0a, R, | oy < C 110 Rz, )T o )|V Rz, )T

and by (3.46) and (3.45), we conclude that

910/

IR

VyOu R(w,y)| < Cla =y with 6y =

+ o

3.2.1 Quantitative estimates of unique continuation

For a given positive number b, let w, denote a non-decreasing, concave function
defined on the interval (0, +o00) that has the following form:

2be=2|Int|~® t € (0,e72),
@) =3 .
e tele™?, +00).

The function wj, satisfies the following properties:
1 . . . .
(0,+00) 2t — twy (t) is an increasing function, (3.47)

and for every € (0,1) we have that

b
wh (;) <|In 65_1/2\%%(15), wp(t7) < (;) wp(t). (3.48)

Furthermore, we shall denote the iterative compositions of w with itself as

ngl) = wp, wéj) :wbowéjfl) forj=2,3,...

and we set wlgo) (t)=tlfor0<b< 1.
We introduce the following parameters:

1 .
£ = arctan <Z)’ [1 = arcsin (Slzﬁ>,

3 0 Ay sin 3 1 —sin 5
YT T 4singy pren b 1 +sinf;’ (3.49)
Am = aAm—1, Pm = APm—1, for every m > 2,

dm = A — Pm, for every m > 1.
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Fix a point y € ¥,,41, let [ € N and define
wi(y) =y— A v(y)  foreveryl>1,

so that w;(y) is a point into the domain D,,, near the interface ¥,,,;. For a given
r € (0,d;], denote

h:=min{l e N : d; <r}. (3.50)

The following inequality holds:

n(r/d)| 5 /d)] 351
|Inal |Inal
We further define the sets
k PR—
Wi = |J Dm, U, =\ W, fork=0,... K. (3.52)

m=0

Definition 3.2.1. For every y,z € Wy, we define the singular solution S (y, z) for
k=0,...,Kas

Sk(y,z) = /u (e — o) (2)VGi(z,y) - VGa(z, 2) da.

The set {Sk(y, z) }X_, represents a family of real-valued singular integrals, and
Proposition 3.2.1 guarantees that the following inequality is satisfied:

[Sk(y, 2)| < Cllo® = 0| e o) (d(y)d(2)'™?  foranyy,z € Wy, (3.53)

where d(y) = dist(y, U) and C is a positive constant depending on A and n only.

Proposition 3.2.4. Let k € {0, ..., K}. For every y, z € W, the functions S(-, z), Sk(y, )
belong to H} .(Wj) and are weak solutions, respectively, to

divy(eWV, Sk (- 2) =0,  div.(6PV.Sk(y,) =0 inW.

To prove Proposition 3.2.4, we need a preliminary result. Let {p;}nen be a
sequence of mollifiers (see [42, p. 108]). We define 7, (x) := (pn * v)(x) for any
x € Qy. Set op(x) = vu(z)A(x), we obtain a sequence of measurable functions
{01 }hen that satisfies the uniform ellipticity condition: A71[¢]? < oy, (2)€ - € < A|¢J?
for a.e. z € Qg and every ¢ € R", for every h € N. Let GG;, be the Green function
associated to the elliptic operator div(o;,V-) in Q. For y € Qo, let G,(-,y) be a weak
solution of

(3.54)

div(ep,VoGh(-,y)) = —6(- —y) inQy,
Gn(-,y) =0 on 9 Q.

Proposition 3.2.5. Assume that {o},},en converges to the function o in L*(§) for
every s € [1,00). Let U, K be two open subsets of Qq such that Qo \ U # () and
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K € Qo \ U. Then,

h—>+ooy€K

To prove Proposition 3.2.5, we introduce the following Proposition (see [21,
Proposition 5.1]).

Proposition 3.2.6. Let {7, }ren be a sequence of Lebesgue measurable functions that
converges almost everywhere to v € L>(Qg) in . Set o, = v, A and o = vy A, where
A is a Lipschitz symmetric positive definite real-valued matrix function and assume
that o}, and o satisfies the uniform ellipticity condition (3.4) for a constant \ > 1. Let
f € LY2(Qp) for ¢ > n, and let uy,,u € H} () be weak solutions to

div(epVuy) = —f, in Qq, (3.56)

and
div(eVu) = —f, in . (3.57)

Then
up — u strongly in H}(Q), (3.58)

and
up, — u strongly in L°°(Q). (3.59)

Proof of Proposition 3.2.6. Let uy;,, u be weak solutions of (3.56) and (3.57), respec-
tively. Then wuy,, u satisfy the following equation:

div(opV(up —u)) = div((o — op)Vu) in Q. (3.60)

By the weak formulation associated to (3.60), if we choose (u; — u) as test function,
the following integral equation holds:

/ opV(up —u) - V(up —u) do = / (0 —op)Vu - V(up —u) daz. (3.61)
QO Q0

The left-hand side of (3.61) can be bounded from below by applying (3.4):

/ opV(up —u) - V(up —u) dz > A1 |V (up, — u)]2 dz. (3.62)
Q() Q0

The right-hand side can be bounded from above by the Holder inequality:
/Q (0—0n) V-V (un—u) do < [lo—0n]l 1o ) | Vel 2220 |V (=) 20 (3-63)
0
Hence, we obtain

[V (un — w)llL20) < C [VullL2(qy) (3.64)

where C is a positive constant that depends only on ), A. By the dominated conver-
gence theorem, it follows that Vu;, — Vu strongly in L?(£)), hence by the Poincaré
inequality, (3.58) is proved.
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Consider the weak formulation of (3.56), using u;, as test function, we have

/ opVup - Vup, = / f up.
QU QO

Hence, by (3.4), the Holder inequality, and the Poincare inequality, we derive

IVunllr290) < Cllfllarzg)-

An analogous bound holds for Vu. Hence,

[Vunl oo (o) VUl L) < Cllfll Larz()- (3.65)

By [66, Theorem 8.24], u and uy, satisfy the following interior Holder estimate: for
a € (0,1),
[unla,0s [ulag < Clfllpaz@) foreveryh € N. (3.66)

Recall the following interpolation inequality (see [9, Equation (5.30) pag. 7771),
[0l ey < Cllolagy Il forn=n(n.a) € (0,1),  (3.67)
By (3.65), (3.66) and (3.67), (3.59) holds. O

Proof of Proposition 3.2.5. Let U, K be two bounded subsets of {2y such that K &
Qo \ U. Notice that, since v, — v in L¥() for s € [1, +00), then by [42, Theorem
4.9], v, converges a.e. to 7 in €y up to subsequences. Let G and G} be the
Green functions associated with the elliptic operator div(cV-) and div(c;, V-) in Qo,
respectively. For ¢ > n, let f € L9/2(y), and for y € K define

up(y) = | Gil(z,y) f(2) dz,  u(y) = [ G(z,9) f(2) da.
Qo Qo

Then uy, and u belong to the Sobolev space H{ () and are weak solutions, respec-
tively, of
div(epVup) =—f and div(ocVu)=—f in Q.

By Proposition 3.2.6, we have that u;, — w strongly in L>°()y), then, for a.e. y € Qy,

Gn(zy) [(2) dz = [ G(z,9) f(z) dz,  forany f € LY?(Qy).
QQ QO
Hence,
Gu(-y) = G(-,y) in LW/ (Qg) foranyy € K. (3.68)

Here, (¢/2)" denotes the conjugate exponent of ¢/2.
Let @ be a smooth domain such that Y € @ C Qg such that dist(Q, K) > 0. For
any z € @, by the symmetry of G, and G,

div(op,VGh(z,-)) =0, div(cVG(z,-)) =0, inK.

By [92, Theorem 1.1], G(z,-) and Gy, (z,-) satisfy a C1Y(K) uniform bound for
6 € (0,1), for any x € Q and h € N. Hence, the functions ©,(y) = ||Gr(-,y) —
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G(-y) HLoo(Q) satisfy a 01’9(1_() uniform bound with respect to & € N, so that {©, },en
is a sequence of uniformly bounded functions on K. Thus, there exists a sequence
{yn}nen in K such that

Sup [|G(y) = GOl = 1Gh(s o) = Gl VR ER,
Y

and y, — 7 in K (up to subsequences). Therefore,

lim HGh(-,yh) - Gh(-,g)HLoo(Q) =0. (369)

h——+o00

By (3.68), (3.69) and the triangle inequality,
Gi(yn) = G(-,y), weakly in L?'(Q).

As a solution of div(c, VG (-, yn)) = 01in Qo \ K, the sequence {G},(-,y)} is equicon-
tinuous in ). Hence, up to subsequences,

Gh('ayh) — G(vg)a strongly in LOO(Q) (370)

Up to subsequences, taking into account the definition of y;, (3.70) and the triangle
inequality, we can conclude that

sup [|Gr(-,y) — G(, y)|le(q) — 0. (3.71)
yeK

By Caccioppoli inequality (Theorem A.2.2),

sup [|Gr(,y) = GG )@y < Csup [|[Gr(sy) — Gyl Lo (@) (3.72)
yeK yeK

hence, sup,cf [|Gr(-,y) — G(-,Y) | g1 @) is uniformly bounded and (3.55) follows
straightforwardly. O

Proof of Proposition 3.2.4. For this proof, we follow the lines of [21, Proposition 3.3].
Let {(¢c™); }4en be a sequence of anisotropic conductivities of the form (o(M),(z) =
(Y n(2)A(z), and (vV);, = vM) % p,. Let G14(-,y) be a weak solution of the
problem (3.54) with conductivity (¢(1)),. Let K € W, be an open set, by Proposition
3.2.5,

lim sup [G1a () — Gr (- 9)l gy = 0- (3.73)
h—)ooyeK

Set

Sl}cL(yaz) = / ((0(1))h(x) - 0(2)(m))va1,h(a¢,y) : VZ’G2<$72> dr for Y,z € Wk
Uy,

Fix z € W,, by differentiating under the integral sign, we obtain that S,’;‘(-, z)isa
weak solution of

div,((6M), vV, S8(-,2)) =0 in W, forevery h € N. (3.74)
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Notice that
Sy, 2) = Sk(y,2)| = | /u ()= )VE1a(ey) = () = D) VG (,9)]- VGala, 2) da
< CGin(y) = Gl D @) 1G2(5 2) 1 @) -
By (3.73) and the Theorem of dominated convergence, it follows that
SE(-,2) = Si(-, 2), in L™(K). (3.75)

Consider K such that K € K € W. By Caccioppoli inequality (Theorem A.2.2), it
follows that

152 2) ey < CIISQ(‘,Z')IILQ(R), for every h € N,
where C depends on ) and dist(K,R" \ K) only. By (3.53),
ISEC, 2)ll o iy < C(dist(K,U)d(2) /2, for every h € N,

where C depends on ) and n only. Therefore, the norm || S} (-, 2)|| (k) is uniformly
bounded. Hence, there exists a subsequence of {S}(, 2) }ren that weakly converges
in H'(K) to a function f. By (3.75), the function f is equal to Si(-,z) and by
(3.74), it follows that Sy(-, z) satisfies div(c(J) VS (-, 2)). A similar proof holds for

At this point, since we have proved that Si for £k = 1,..., K are locally weak
solutions to an elliptic equation, we can provide a quantitative result of unique
continuation for the singular solutions. Let E = [|c®) — ¢¥)|| 10 (q).

Proposition 3.2.7. (Quantitative estimates of unique continuation) For k € {1,..., K},
assume that for positive constants € and r we have

|Sk(y, 2)| < r%’"so, for every (y,z) € (Do)r % (Do)r, (3.76)

then the following inequalities hold true for every r € (0, d4]:

. VoK
1Sk (Wi, (Qrs1), i, (Qrs1))| < CHE + o) <w§2/g <Ei)eo>> , (3.77)

; o) (o )\
0,050 (wr(Qus) @) < B+ 20 (0 (572)) T @7®)

foranyi,j =1,...,n, where Qry1 € Tpi1 N Brgs(Brr1)y Wiy (Qrs1) = Qi1 —
)\;L(T)V(Qkﬂ), with )\,3(7,) as in (3.49), v(Q+1) is the exterior unit normal to 0Dy, at
the point Q41 and C1,C > 0 depend only on the a priori data.

To prove Proposition 3.2.7, we state and prove the preliminary Proposition 3.2.8
that provides a pointwise bound for the weak solution of the conductivity equation
near one of the discontinuity interfaces for the conductivity contained in €.
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Proposition 3.2.8. Let v € H'(W)},) be a weak solution of
div(e Vo) =0 in Wg. (3.79)

We assume that, for given positive numbers Ey and ¢, the function v satisfies the
following inequalities:

lu(z)] < 12" "eo, for any x € (Dy),, (3.80)
and
lv(x)] < r(lfn/Q Ey, for any x € Wk)r, (3.81)

for certain r > 0, where d(x) = dist(z,Uy). Then, for every r € (0, d1],

£0 ))(1/@*’7

~ 2—n ~h (k)
[v(wy,(Pet1))] < g "C" (Eo + 50)(w1/0(€0 + Ep

(3.82)
where C' > 1 is a constant that depends only on the a priori data, Pyy1 € Y11,
Wy (Pet1) = Pyt — AV (Prt1), with Ay, as in (3.49), v(Pgy1) is the exterior
unit normal to O Dy, at the point Py 1.

Proof of Proposition 3.2.8. Let us first introduce the following parameters. For m €
{1,...,N},

_ To _ r
7'277 = T T/ (% = m
1 P T sV m =l (3.83)
r . r )
ym:Pm_?)*QV(Pm)a ym:Pm+372V(Pm)>

where P, € ¥,,,, v(P,,) is the exterior unit normal of 0 D,,,_;. Fix K € {1,...,N}.
We claim that for every m € {0,..., K},

2—n ~ym+1 (m+1) €0
1]l oo (B )y < 78 "C™ (B + £0) Wl (60 i EO), (3.84)
and prove (3.84) by induction. The case m = 0 is straightforward, so we focus our
attention on the inductive step. We assume that (3.84) holds for m € {0,..., K — 1}
and prove it for m + 1.

Up to a rigid transformation, we can assume that the point P,,; € ¥,,4+1 coin-
cides with the origin and §,,, = 45¢n. Set

. mA+l (m~+1) €0
em i=C (E0—|—60) wl/c <€0+E0)'

By the inductive hypothesis, we know that v satisfies
0] o< (B(5m)) < 70 "Em- (3.85)
By (3.81), it follows that

]| oo (Do) < Eo(ro sup d(x)) ="/, (3.86)
xe m
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Choose an arbitrary point y € ¥,,4+1. Let ¢ : [0,1] — R” be a Jordan curve joining
im to w1 (y) such that ¢([0,1]) C (D,)g where d = 47, and (D,,); is connected.
Notice that wi(y) € (Dy,);. Define a set of points {¢;}, i = 1,..., s via the following
process:

* le = ¢(0) = fgm;
e forq > 1, set

{gf)(tz) if |¢p; — w1 (y)| > 2r1 where t; = max{t; : |o(t) — ¢i| = 2r1},
i1 = 3 . ~ .
w1 (Y) if |¢p; — w1 (y)| < 2rp and set s =i + 1.

Apply Theorem 2.2.8 to spheres centred at ¢ = §,, with suitable radii r, 3r, 4 with
estimates (3.86) and (3.80),

[0l oo (Bap(y1)) < @ HUH%oo(BT(yl))””H;oa(BM(yI)) <Qry e, By, (3.87)

where § = % and @ > 1is a constant which depends on A, L, max {ﬁ—g, 1}.

Fix r € (0, d;], recall (3.49), the following inclusions hold:

By (w51(5)) € Bay, (wn(5)) © Bag, (wel@)) € C(5:(0), B, 0/3))

for any k = 1,2,.... Notice that p; < 7/l for a suitable [ > 1, then B, (w1(y)) C
Byr(w1(y)). We proceed by moving from one centre to the successive one along the
axis of the cone C (g, v(y), 1,70/ 3> allowing us to approach the vertex y. We stop
this process when we reach the sphere with a radius p;. Then, from (3.87), we have

ol (8, ua@) < Cetn - EY (3.88)
By the triangle inequality, we have
@) < (@) — oy —rv@)] + vy —rv(y))] (3.89)

We proceed to estimate the second term on the right-hand side of (3.89). Since
y—rv(y) € By, (wy,(y)),

— — _ s+h—1 _ss+h—1 . e 1—g§s+th—1
o —rv@)] < O e BT < O e+ Bo) ()
m

Secondly, we estimate the first term on the right-hand side of (3.89). Since y € W,
by (3.81),

[o(@)| < C 73" Eo.
Hence, by Theorem 3.2.3, we have

_ _ _ c —n r
[0@) oG] < (V020,07 < 75 1011 22(@ar 7 < Ci (Bo+em) ().
0



70 Chapter 3. Stability estimates for the Calderén problem

Therefore,
r c §st+h—1
Nl < Cr2 " (E Z _wm
0(@)] < Cri (Bo+em) (- + (5o
We define the following quantities:

1 1 -
B:2||i)0gga7"|’ u:exp(—T—> and r:dl‘log(ﬁy—

S —-B

If ¢/ (em + Eo) < p, then 7 € (0,d;]. We can minimise the right-hand side with
respect to r by choosing » = 7 and obtain

o) < C 7" (B + e tog (-2 ) [

for a suitable constant C' > 0. On the other hand, if ¢,,, /(¢,,, + Ep) > p, then

€
(@) < Cri " Ey(—2 ).
v < i B )
Given a differentiable function f on the domain €2, let V7 f(z) denote the (n — 1)
dimensional tangential derivative of the function f on ¥,,; and let 9, f(z) denote
the normal derivative of f on ¥,,,11 form € {0,..., K — 1}.
Set im+1 = Yme1 NQy, /4(Pm+1). By the arbitrariness of i, we obtain

n Em
Fomll e 5,y < O (Bo + embryo () (3.90)

By standard interior estimates [2] and the estimate (3.88), we derive

B 1 . sS4+h—1 _1_sS+h—1
[Vum (wy, ()] < ECT% eh, By ° :
Hence,
€
- < 2—n m .
190l 5,0y < O (B + emdeonso (5 ) (3.91)

From [92], as v is continuous across the interface ¥,, 1, it follows that v, = vy, 41
on X,,+1. Therefore, Vv, = Vru,,11, and by (3.91), it follows that

) < “vvm“Loo('jm+l)

_ 15
< CT% "(EO +5m)w1/0<7€ —TE())
m

(3.92)

||VTUm+1HL°°(§m+1) - HVTUm”LOO(ierl

Now, apply Lemma 2.1.1:

01
2 ¢ 2 2 2
/ |V7}m+1| < </~ Uyl + TO/N |V7Jm+1| > X
D410 B3iy8(Pm1) 7o\ /S Zmt1

1-61
2 3 v 2 AV v
X ~ Um+1 T70 [ [Vom41|” + 10 Ym+144V VUm+1 © VUn4l .
Em+1 Em+l Dm+1 mBF/4(P.m+1)

(3.93)
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In order to bound the left-hand side of (3.93), we have to estimate the following
quantities:

: 2 .
1) fim+1 'Um+1,
i[5, [Vomal%
111) fDm+1ﬁB;/4(Pm+1) ")/m_|_1AV’Um+1 . VUm+1 .

For i), we can just use (3.90). For ii), since Vu,,4+1 = Vrums1 + (Vg - v)v,
%{ |V’Um+1|2 S ﬁ ‘VT'Um—i-l’Q +/; ’(va+1 . I/)V‘Q. (394)
Em+1 Ym41 Ym41

The first integral on the right-hand side of (3.94) can be estimated using (3.92). For
the other term, we take into account the transmission condition

Y () A(2) VU - v = Vg1 (2) A(2) Vot - v, on ¥, 41. (3.95)
Then,
1-n E€m
||vvm+1HLoo(§m+1) < CTO (EU +€m)w1/C<M)' (396)

Finally, iii) follows from standard energy estimates.
From the following trace estimate

/ v? < C(TO/N v? + 7’8/ ]Vv1]2>, (3.97)
D1MBs;/16(P1) 51 D1NBs;/s(P1)

the inequalities (3.90), (3.93), (3.96) and (3.97) it follows that

o Em
[om1 o By < Cro " (B + wnso (2 +Eo>' (3.98)

If m < K —1, (3.84) follows by applying the inequality (3.88) with y = P,,11.
If m = K, by condition (3.81), arguing similarly to the inequality (3.88), and
applying the claim, it follows that

B §s+h—1 7 _§s+h—1
|v(wy, (Pr11))| < C(rg " ex41) (ro di a1 Eg)'—0""
- EK+1
< Cr2 E _
< Cry e+ 0)w1/0<5k+1 + Eo)

€0 ))u/cﬁ_

< Mg (20 + Eo) (wg(c)‘(ao + Eo

O]

Proof of Proposition 3.2.7. To begin with, by (3.53), for any (y, z) € (Dy)r x (Do),
where 7 > 0 so that (D) is connected, the following bound holds:

|Sk(y,2)| < C E.

By (3.76), for any y,z € By, (w;b(r)(QkH)), we first apply Proposition 3.2.8 to
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v = Sk(+, z) and then to v = Si(y, -) to obtain

. (1/C)P)
T €
1Sy, 2)| < 12 "CHO(E + 2) (wﬁg (E +050)) . (3.99)

Hence, (3.77) can be derived from (3.99).
Since Sk(y1,---,Yn,21,---,2n) is (locally) a weak solution in Wy x W of the
elliptic equation

divy (e (y)Vy Sk (y, 2)) + div. (0P (2)V.Sk(y, 2)) = 0. (3.100)

For any ¢,j = 1,...,n, classical Schauder interior estimates [2] allows us to conclude
that

HaaHaIJ Sk($17 sy Tpy T4l - - 7*7:277,) HLOO(BP;L(T) (wﬁ(r)(Qk+1))XBP;L(T) (wﬁ(r)(Qk+1)))
) .

C
< e [Sk(z1, .., Ty Tyt - - - >$2n)||L°°(Bpﬁ(r) (whry Q1) X By ) (Wi @19
h(r)—1

where z; = y;, x40, = z; fori=1,... n.
. B . do . .
Moreover, since dh(r)_l > r, it follows that r < a—p‘)o Ph(r> which in turn leads to

H@xlax] Sk(xl, c. ,iL‘Qn)HLoo(Q Phr) (wﬁ(T)(Qk+1)))
2

c

. _9 a 2 1 B(T) ..
By (3.51), it follows that r—= < (—) (a—g) , and by combining (3.102) and

T0
the above inequality we get the desired estimate. O

3.3 Proof of the stability estimate

Let K € {1,..., N} be the index such that

V™ =3Pl = I = 7 (i) (3.103)

By (3.3) and (3.103), it is is enough to prove that

1/2
IV = 12 Nz(pry < C(T (6™, ), (3.104)
where C > 1 is a constant depending on the a priori data.
We begin by choosing a chain of contiguous domains Dy, D1,...,Dg. Let
31,..., 2K be the corresponding flat portions. For the sake of simplicity, we in-

troduce the following notation:

1/2 1 9
e=(T(eM,0®)) ", E = 7Q = 12l 0r)»

5k = 7Y =P oy, fork=1,..., K.
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Note that the norm ny,(:) - 7,232) | < (p,) can be evaluated in terms of the following

quantities

I — ’Yl(gz)HLoo(zkmBmM(Pk)) and

o = w2 (P

for any k € {1,..., K}. Indeed, let {ef}jzlj,,.m_l be the orthonormal basis which
generates the hyperplane that contains the flat region X;. Let v be the exterior unit
normal of ;. Set

o+ B, x = (7,&1) — 'y,(f))(:v), x € Dy, ap, €R, B € R".

If we evaluate ('y,g,l) — 7,22) at the points P, and P + %Ue?, forj=1,...,n—1,it
follows that

n—1
7o o 1 2
o+ B (Pt g ef)| < lowtBuPel+55 - 18wefl < Cl =4 s,y (i

j=1

Moreover,
1Be - vl = [0 = 4P|

Hence, for k =1, ..., K, it turns out that for C' > 0 depending on r,

ol + 186l < € (I = W e @By ar) + [0 01 = 22N (Pe)])

Boundary estimates

Assume that & = (1), For k = 1, we show that the following estimate holds:

1 2 1 2 0 €
I =12,y ey + (8001 = 1) (P < Cle + By ( ) '

e+ FE
(3.105)
Proof of (3.105).
For every y, z € Dy, from Green’s identity and (3.13), it follows that
/ (Gi(2,y) 0P (@)VGa(x, 2) - v = Gal,2) V(@) VGi(w,y) - v] dS(z) =
= (3.106)

= /Q (00 = o) (@)VGi(z,y) - VGal(x,2) dz = So(y, 2),
and
/E {8% Gi(x,y) 0P (2)V 8., Golx,2) - v — ., Ga(x,2) oV (2)V 8y, Gi(z,y) - 1/} dS(z) =

= /Q (V) — o@)(2) VD, G (x,y) - V., Ca(x, 2) dz =, 8., So(y, 2).
(3.107)

By Proposition 3.2.4, it is known that Sy(y, z) is locally a weak solution of an
elliptic equation in (Dg)# % (Do), for some 7 € (0,ry/4) such that (Dy) is connected.
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From [66, Theorem 8.17], we derive that the weak solutions are locally bounded. As
a result, the supremum of Sy(y, z) can be bounded by its L?-norm as follows:

c /2 C 1/2
sup 1S0(y, 2)| < n(/ 1S0(y, 2)|?dy dz) - Tn(j((,m,g@))) ,
(y7Z)E(DO)F/2X(DO)T—‘/2 T DyxD, T

(3.108)

where C depends on n, A, || and 7 € (0,ry/4).

Let po = r9/C4, where Cy is the constant introduced in Proposition 3.2.2. Let
r € (0, po), where pg = (1 — sin 31). We define the parameter 7 = A;,y = ah =1\,
where h = h(r) is defined in (3.50). We define the point w = w(P;) = P; + 7v(P})
where v(P;) is the exterior unit normal of 0 D; at the point P;.

Set y = z = w, then split the right hand side of (3.106) into the sum of two
integrals I (w) and Iz(w):

So(w,w) = I (w) + Iz (w),

where
L(w) = / (W = ) (@) A(2) VG (2, w) - VG (2, w) d,
Byo (P1)NDy

L(w) = (e — @) (2)VG (2, w) - VGo(z, w) dz.

/Q\(B,,O (P1)ND1)

The integral I5(w) can be estimated by applying Proposition 3.2.1:
I (w)] < BVG1(w) 2 | VGal, )2y < CERZ™ (3.109)

Let us estimate I;(w) from below in terms of ny%l) — ’}/EQ)HLOO(ElmBTO/AL(Pl)). Let
T € ¥1 N By, /4(P1) be such that

1 =1 @ = 1" = W o108,y 4P

Hence, we can split /;(w) as the sum of the following integrals:

hw) = [ (1Y — 4P @) A@) VG (2, w) - VGale, w) da
BPO (Pl)ﬁDl

(3.110)
—I-/ p1-(x —7)A(z)VGi(z,w) - VGa(z,w) dz,
By (P1)NDy
which leads to
|11 (w)] > / (1Y = 1)(@) Alx) VG (2, w) - VG (,w) da
Boo (PND (3.111)
—A 161 (z — 2)| [VG1(z,w)| |[VGa(z,w)| dz.
BpO(Pl)ﬂDl

By applying the asymptotic estimate (3.23) at the right-hand side of (3.111), one



3.3. Proof of the stability estimate 75

derives

[h(w)| > (1" = 1)@ cd A(z) VoI (Jz, Jw) - VoI (Jz, Jw) dz—
BPO (Pl)ﬂDl

- / 2 — w0 VLD (e, Jw)| de—
BpO(P1)ﬁD1

_/ VI (Jz, Jw))] |x_w’17n+91 de—
BPQ(PI)QDl

_/ ’x_w‘Q(l—TH‘el) d.Z}—
Bpo(Pl)ﬂDl

—CE ((z — 2)| |& — w)?T™ da,
BPO(Pl)le

for J = /A~1(P;). Notice that, up to a rigid transformation, it can be assumed
that P, coincides with the origin 0 of the coordinate system. From equation (3.4), it
follows that

1) = {0 — 52 of e—wly,
w — o0 T Nn
RO =T S By )™ [ 1T (@ — w)]
2y —
—-CFE M |z —w| T de
BynD; |J(z —w) (3.112)
-CFE |z — w?1 2" dy

BpOﬂDl

—CE/ |z —Z| |z — w*7?" da.
BpOﬂDl

By evaluating the integrals of the right-hand side of (3.112) in terms of the parameter
T, one derives:

H’YF) — ’y?)HLoo(EmBTOM)CTQ*" <|L(w)|+CE 2t op2 Tt L o g 3,

(3.113)
By (3.108) and (3.109), it follows that
|11 (w)] < [So(w,w)| + |I(w)] < Cer™™ 4+ CE pZ™. (3.114)
By (3.113) and (3.114), it turns out that
1 _ @ (2-n) < C 2—n
oo T ET +
H’h T Iz (2NBy/4(P1)) > (3.115)

+CEp ™+ CE> 0 Lot L o g i,

If we multiply (3.115) by 7"~2 and optimise with respect to 7, we can deduce that

0

1
(1) _ (2 e\t
Im” =7 e (snB,, 4Py < Cle+ E) (6 m E) : (3.116)

with C' > 0 is a constant that depends on the a priori data only. Let us evaluate
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| 81,(79) - 7%2))(P1)\. Let the parameters pg, r and the point w be defined as above.
For y = z = w, we can write

Oy, 0z, So(w,w) = 0y, 0, 11 (w) + 0y, 0, I2(w). (3.117)
From (3.109), we derive the following bound
| Oy, 0, I2(w)| < C Epy", (3.118)

where C' depends on the a priori data. For any point = € B,, (1) N D1, we can write

(W =) (@) = (WY =) P) + (VY =) () - (@ - P+
+ (0, (1Y =) (@) (@ — Py

It turns out that

| 0y, 0=, Li(w)] =

I 0,1 = )P = PnAC) VDY, G (- w) - VO, Gl w)
BPO (Pl)ﬂDl
-, (Vr(1” = 12)(P) - (@ = P AC) VO, G w) - Vs, Gl w)
BP() (Pl)ﬂDl
-, (01" = )P AV, Gr (- w) - V., Gl w)]
B/’O (Pl)ﬂDl

Up to a rigid transformation, we can assume that P; coincides with the origin 0 of
the coordinate system. By (3.23) and (3.116), one derives

10y, 0, Iy (w)] > 18,(1{Y — /) (0)| C IV 00y, (J, Jw) ||| dar—
BPO NDq

- CE V20y, T(Jz, Jw)| |z — w|?2 7" |2, dz—
BpoﬂDl

—CE/ |z — w|?27 2|2, | dz—
BpoﬂDl

€
e+ FE

01
- C(e+E) ( )01+2 /B . |2'[ |V, G1(x,w)| |V, Ga(z, w)| du—
PO 1

€
e+ FE

01
_C(5+E)< )“’I“/B 90,,G (e 0)] [V, Galaw)] da
) 1

It turns out that

By 0z Ti(w)] > C 10,(11Y =) (0)| 7177 — C E 717702

[4

_Y1
_ E 202—2n+1_ E ( € )01+2 —
CE0 Ce+B)(~g) T
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Hence, we have

01

0,68 )OI <19y, 0., B +C [+ E) ()" e Bt ],

e+ E
(3.119)
By Schauder interior estimates (see [2]), we derive
C
IVyV250(y. 2)ll o0 (@, 2wy x @, o) = 510U 2)ll 20 Q- () x @ ()
hence, by the triangle inequality, we have
|0y, 0z, T1(w)] < Cer™™ 24+ C Epy™. (3.120)

Thus, by combining together (3.119) and (3.120), it turns out that

01
|ay(7§1)_7§2))(0)|71—n < C[€T_n_2+Epan—{—(e—|—E) (g_iE> 01+2 7-_”—{—E7'1_n+62 .
(3.121)

If we multiply both sides of (3.121) by 7”1, we derive
0,01 =)0 £ Ce 77" + Br™),

Finally, optimizing the right-hand side with respect to 7, it turns out that

)

W _ @0 < e \=b
0.6 =20 < e+ B) ()"

so that (3.105) is proved.

Interior estimates

We show that for the case k£ = 2 one can derive the following estimates:

o _ @ <Cle+ B [® < Ve (3.122)
2 T2 ”Loo(a@)ﬂBTl(Pg))— e+ E) Ve e+ E ) :

e,
(8 = 4PV (P)| < Cle + B) <w§‘j)c (E j E)) . (3.123)

Proof of (3.122)

For y, z € Dy, we have

/ (Gi(2,9) P (@)VGia(w, 2) - v = Gal, 2) oD (@) VG (2, ) - v] dS(z) =
> (3.124)
= Si(y,2) + / (o) = o) (2)V.Ci(,y) - VaGalz, ) da.

Wi
Let po,r be the same quantities appearing in the boundary estimates. Set w =
w(Py) = Py + 7v(P»2). By Schwarz inequality, by (3.124) and trace estimates, it
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follows that for any y, z € (Do), /3,
1S1(y, 2)| < Ceo + d1), (3.125)
Set y = z = w, we can write
S1(w,w) = I (w) + Iz (w),

where

hw) = [ () = 42)(@)A@) VG (2, w) - VGala, w) da,
BPO(Pl)ﬁDQ

L(w) = (e — 6@ (2)VGy (2, w) - VGa(z,w) da.

/ul\(BpO (Pl)mDQ)
Using Proposition 3.2.1, we derive the following bound:
|Io(w)| < CEpa™™. (3.126)

Let us estimate [;(w) from below in terms of Hyél) — ’}/52)‘|Loo(22037‘0/4(p2)). Let
T € ¥ N B, /4(P2) be the point such that

(05" = W)@ = 104" = 17 (08, 40P

Hence, we can split /; (w) as the sum of the following integrals:
Ii(w) = / (15" = %) @) A@) VG (@, w) - VGa(a,w) da+t
Bf’O (PQ)ODQ
+ / By - (2 — F)A(@)VGCh (2, w) - VGa(z,w) da.
BPO (PQ)ﬂDQ
By (3.23), one derives

()| > (48" = %) @) cf Az) VoI (Jz, Jw) - VoI (Jz, Jw) dz—
B/’O (PQ)ODQ

_ / ‘-ﬁ — w‘l—n+91|va(Jx’ Jw)| dr—
Bpy (P2)ND2

_ / ‘VxP(JCC, Jw))‘ ’.%‘ _ w’17n+91 do—
By (P2)ND2

_/ |z — w\Q(l_"H’l) d:c}—
By (P2)NDs

—CE (z — )| |z — w]?P™™ du,
BpO(PQ)ﬂDQ

for J = \/A~1(P,). Notice that up to a transformation of coordinates, we can assume
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that P, coincides with the origin 0 of the coordinate system. By (3.4) it follows that

7%z —w)|?

dx
5, 0y 1T (@ — )"

11(0)] 2 114" =25l i) C

/2 (z — w)]

—-CFE
BPOQDQ ’J(ZE _w)‘n

|z —w|f T de
(3.127)
-CEFE |z — w?1 2" dg
BpoﬁDQ

-CFE 2 —Z| |z — w*?" d.
BpoﬂDz

By evaluating the integrals of the right-hand side of (3.127) in terms of the parameter
T, one derives:

19" = 42Nz (an,, O™ < ITi(w)| + C E 721 4 Or? 42 4 ¢ B 5,

(3.128)
By the quantitative estimate (3.77) for the singular solution S; and (3.126), it follows
that

_ /e
€ —n
1 (w)] < |81 (w, w)] + | Ia(w)] < CHE + &) (wi% (EH» OB

so that (3.128) reads:

_ (/o)
(1) (2) 2-n h (2) e+ 01

+C FE ,0(2)7" +C E2 0 L op2nt2h 4 o p A
(3.129)

Since h is a function of r, we can estimate C”* and (1/ C’)E in terms of r. By (3.51), it
turns out that

Cﬁg(J?(Cil)C and (é)hg(é)2<;>c.

Hence, we obtain

C
n r\—¢ e+0 T
||7§1) - ’752)HLoo(22r113m/4(1>1))7(2 ) < (*) (E+61+¢) <w$)0 (1)>< 1) +

d1 E+e+ 51
+CEpy "+ CEr> "0 L ops 2 L o g i,
(3.130)

Moreover, notice that 7 < A; - 7. Hence, if we multiply (3.129) by 7"=2 and

optimising with respect to 7, it follows that

(1/C)
m @ (3) e+
72— HLOO(EQOBTOM(Pl)) <C(E+61+e) (Wl/c <E+s+61>) , (3.131)

with C' > 0 is a constant that depends on the a priori data only. By the properties of
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wf/’)c, we have

(1/0) 1/C
(3) €+01 (3) € /
E+a+e (ol (F25)) <c@+a (@ (5))"

and this will prove (3.122). Indeed, notice that

(3)( e+ 01 )< @) (2(6+E)w(0) (+E))

“UC\Etet0o,) = Ve E+c+d
By applying (3.47), (3.48) and (3.105), we have

(3) €+ 01
(o +e) (wl/c <E +s+61>) :

(0) 5
< (ermrerma (o))t () )
e+ E / E—|—5+5+E+(5+E)w(0)<6jE)

w0 (<
< 2(e + B)w (2(6 +22 n E()+E) )

< (E+e) (wf%(EiE))

Proof of (3.123)

For y, z € Dy, one derives
/ {8% Gi(z,y) cP(2)V ., Go(x,2) v — 0., Ga(z,2) oW (2)V Oy, G1(z,y) - l/] dsS(x) =
b

= 8,,0.,51(y,2) + / (e — ) (2)d,, VG (z,y) - 8., VGa(x, 2) dx.

Wi
(3.132)
We split the integral solution into two parts:
0y, 0, S1(w, w) = 0y, 0, I (w) + 0y, 0z, I2(w). (3.133)
As in the boundary estimates, we can bound 0,,, 0., I>(w) as follows:
|0y,, 0z, L2 (w)| < CEpy™. (3.134)

Now, let us estimate from below the integral I;(w). First, notice that for any = €

B,,(P>) N Dy we can rewrite 73) fori=1,2as

W (@) =W (P2) + Vel (o) - (= o) + 0, (38" (P2)) (& — Py
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Therefore, we obtain

|0y, 0z, T (w)] =

/ B (1Y = AN () (@ — Pa)w A(2) 8y, VG (-, w) - B, Vo, w)
BpO(Pl)mDQ
N / (Vr(r) =) () - (2 — Po)'| |A(2) 8y, VG (-, w) - D, VGal-, w)]
BPO(PQ)HDQ
-, (04" =) (P2 |A@) 0,V G (- 0) - 02, VGl w)]
BPO(PQ)ﬂDz

Up to a rigid transformation of coordinates, we can assume that P, coincides with
the origin 0 of the coordinate system. By Proposition 3.2.2, (A.15) and (3.4),

|0y 0z T (w)] > 18, (15" = 282)(0)|C 10y, Vo (Ja, Jw)[? ||
BPOHDQ

— CE/ |8y, VoL (Jx, Jw)| |z — w|%2 " |2,
BpoﬂDz

~CE |z — w|?272" g, (3.135)
BpOﬂDQ

‘/ V(1 = 82)0)] |2/] |A(x) 8y, VG (-, w) - 8., VGia(-,w))|
BPOHDQ

- /B (57 =AY (O)] |A(2) By, VG (-, w) - 2, VG-, ).

00 NDoy

Applying (3.122), we obtain

1 2 _
10y, 0=, 11 (w)] > 18, (24" — 7 (0)[C [ —w]' 2"
BPOQDQ
—CE ’J} - w’02+172n
BPOQDQ
—CE ’SL‘ . w’292+1—2n
BPOQDQ

3) € 1/ 1-2n
—Cle+B) eve e+ FE ByoND2 2 =l
PO

@ (< \\° .
~CletE) (“’1/0 (e +E)> /B T
0

where the constant C' > 0 depends on the a priori data and on J. This leads to

_ € 1/c . F1-n+62
2,5 =)0 n§|l1(w)|+0{(s+E) (wgi’;g (5+E>> ry BT }

Then, by (3.133) and (3.134),

10,0, 11 ()| < |8y,0-, S1(w, w)| + CEpg™. (3.137)
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Combining (3.136) with (3.137), it follows that

0,08 — 2| 71" < 103,051 (w,w) + C{ B+

€ l/C Y Tl—n+02
+(c+E) (wf;)c <5+E>> T+ E e }
0

By Proposition 3.2.7, it follows that

e+ ))wwh

—nh (2)
00,0510 0)| < 15" Che 01+ ) (o (5550

so that

1 _ @) 3 @ £+ 0y /o
W2’ =72 )(0)’ <C (€+51+E)<w1/c ()) sl
(3.138)

E+6,+¢
1/C 02

By the definition of h, it turns out that

c{ (;)H_C (e+01+E) <w§2/>c (Ei——;fl—i—a) ) (#) N
+ (;)_1 e+ B) (wle (ng)>l/C + ((;)02 JRERERY

Then, it turns out that

oo ol scermf () (0 () 4 ()"

Finally, optimizing with respect to r, (3.123) follows.

10,(18" =252 (0)]

IN

Conclusion.

For y,z € Dy,
/2 [Gg(:ﬂ, 2) oM (@)\VG(2,y) - v — Gi(z,y)o P (2)VGa(z, 2) - I/] dS(x) =

= Sp_1(y,2) + / (e — @) (2)VG1(z,y) - VGal(x, 2) dz, (3.140)
Wi -1

and
/ {(’Ln Gao(z,2) oW (2)V Oy, Gi(z,y) - v — 0y, G1(z, )P (2)V 8., Ga(x, 2) - 1/] dS(x)
b

= 8,02, Sk_1(y, 2) + / (0 — o) (2)Vdy, G1(x,y) - VI,,Ga(x, 2) dz.
W1

(3.141)
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For (y, z) € Wi X W,
|Sk-1(y, 2)| < Crg™"(e + Gp—1).

Proceeding as above, for k = 3,..., K, one can show that the following inequalities
hold:

1/C
(1) 2) (2k—1) €
||Vk — Yk ||L°°(EkmBTO/4(Pk)) < Cle+£E) <W1/o (5+E>) ,(3.142)

1/c
0.0 R < CerB)(WF2(p)) L @14

Notice that
O < 0p—1+ H’Y](gl) - ’Yl(cz)HL”(Dk)’

hence

1/C
iz ceen (42 (o57))

By (3.142) and (3.143) it follows that

Op+e< C’(s—l—E)(wg’?(ng))l/C.

Now, consider k = K, for E = {, it turns out that

k) . 1/C
+psceen (W (55))

If ¢ < e 2E (otherwise the statement is proven), then it follows that

E @K) [ € 1/C
p<c(gee) (0 (5)

1
Eﬁuzm(l)f’

wi/c c

therefore

(—=(2K)) (

. 2K)
where w; e denotes the inverse of w, e

. This completes the proof.

O
Proof of Corollary 3.1.2. By (3.14),
So(y, z) = (AT — AF)G1(-,v)|oq, G2(- 2)|aq),  fory,z € Dy. (3.144)
By (3.144), it follows that
[So(y, ) < CIAT = AZl a2y =172y (3.145)

Since
T(oW, @) = / Soy. 2)|? dy dz,

DyxD,
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by (3.145), it follows that

1/

2
(7(0D,6®)) " < ClIAT - A7 (3.146)

LHY(8),Hog ()

with C' > 0 depends on the a priori data only. Then the thesis follows by (3.16) and
(3.146). O
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In this chapter, we address the problem of determining an inclusion D of a body
Q for the generalised Schrodinger equation from the knowledge of the Cauchy data
set. Our main result is a log-type stability estimate, which bounds the Hausdorff
distance between the boundaries of two inclusions in terms of the distance between
their corresponding Cauchy data sets (Theorem 4.0.1). This result is in line with
the instability results of Mandache [97] and Di Cristo and Rondi [53]. This is one
of the first results proved in the case of anisotropy in the leading order term of the
equation.

This chapter is structured into five sections. First, we introduce the a priori
assumptions, the formal definition of the local Cauchy data set and the main result,
Theorem 4.0.1. In Section 4.1, we introduce relevant geometric observations. Section
4.2 is dedicated to the construction of the Green function for a mixed boundary
value problem defined on an augmented domain with complex Robin data on a
portion of its boundary and homogeneous Dirichlet data on the remaining part. This
fictitious construction ensures the well-posedness of the direct problem, which will
be explained in Lemma 4.2.1.

85
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In Section 4.3, we derive upper and lower bounds for the singular solution,
provided in Propositions 4.3.1 and 4.3.4.

In Section 4.4, we prove the log-type stability estimate, Theorem 4.0.1.

Finally, in Section 4.5, we provide a stability estimate based on an ad hoc misfit
functional. This provides an alternative perspective on the stability of the problem.

We begin by setting out the initial assumptions for the domain, the coefficients,
and the boundary conditions.

Assumptions about the domain

Let  C R™", n > 3, be a bounded domain with 92 of the Lipschitz class with
constants rg and L. For a real number N > 0, we assume that the Lebesgue measure
of Q) is bounded by N - (.

Let D C Q) be an open set. We say that D is an inclusion of  if the following
conditions hold:

DeQ and dist(D,09) >y >0, 4.1)
d D is of class C? with constants r(, L, 4.2)
Q) \ D is connected. (4.3)

Assumptions about the coefficients
Consider the generalised Schrodinger equation
div(e Vu) +qu =0 in Q. 4.4)

The coefficient o € L>(£2, Sym,,) is a real n x n symmetric matrix function with the
following structure:

o(x) := (ap(x) + (ap(z) — ap(z))xp(z)) A(z). (4.5)

Here, a;, and ap are scalar functions in C%1(Q). Additionally, there exist constants
~ > 1 and ny > 0 such that

7! < ap(x),ap(x) <7, forzeq, (4.6)

(ap(x) —ap(2))? > n >0, forxcQ. 4.7)

The real n x n matrix-valued function A(x) is a symmetric Lipschitz continuous
function satisfying || Allco.1 (o) < A for some A > 0. The matrix-valued function o
also satisfies the uniform ellipticity condition, i.e., there exists a constant A > 1 such
that

MEP < o(x)é-€ < M€, foraee. x € Q, for every £ € R™. (4.8)

The scalar function ¢ is defined by the formula

q(z) := gp() + (g () — (=) xD(2), (4.9)
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where ¢, and ¢p are functions in L>°(2). Furthermore, there exists a constant g > 0
such that [|g[| (o) < ¢

The set {n, N, rq, L, A, 7, \, 8, ¢} is called the a-priori data.

The local Cauchy data

To formally define the local Cauchy data set on the boundary ¥, we first introduce
the definition of Cauchy data. Cauchy data refers to a set of boundary conditions
associated with an inclusion, namely a collection of pairs {u|yq,oVu - v]ga}-

Let D C Q be an inclusion. First, we give the general definition of Cauchy data.

Definition 4.0.1. The Cauchy data on X associated with the inclusion D whose first
component vanishes on 9 Q \ ¥ is defined as the set

CH(Q) = {(f,g) € H(%Q(Z) x H7Y2(9Q) : Ju e H'(Q) weak solution of
div(eVu) +qu =0 inQ, (4.10)
ulpa = f, UVU'V|aQ=9}-

For a characterisation of the trace spaces Héf(i]) and H~/2(99), see the Ap-
pendix.

We will now introduce some trace spaces that will be useful in defining local
Cauchy data. Consider the trace space of functions with compact support in 9 \ 3:

Hyy 00\ %) = {$ € HT2(09Q) : (,90) =0, Ve Hy (D)},

where (-, -) represents the dual pairing between the complex-valued trace spaces
H~12(9Q) and H'/?(9 Q) based on the L?(9 Q) inner product

(1, ) = /BQW-

We define H'/2(9Q)|x and H~'/2(9Q)|x, as the restrictions to ¥ of the trace spaces
H'2(9Q) and H-Y/2(9Q), respectively. These trace spaces can be defined equiva-
lently as quotient spaces. Indeed, consider the equivalence relation:

©1 ~ P2 < ©1 — P2 GHééz(aQ\i)

Then
HY2(00)|s = HY2(09Q)/ ~ = HYX(00)/Hg)*(99\ ).

and, similarly,
H200)|s = HY2(09Q)/Hyy*(00\ 3).

Definition 4.0.2. The local Cauchy data on ¥ associated with the inclusion D, with
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the first component vanishing at 9\ S, is defined as

C5(®) = {(f,9) € Hp* (%) x H/*(0Q)|s, : Tu € H' () weak solution of
div(e Vu) +qu =0 in 2,
ulpo = f,

(0Vu-vlga. @) = (9.9)  forall g € Hyf*(%)}.
It is important to note that C3(X) is a subspace of the product space
= HYLA(S) x H2(09)s, (4.11)

which is a Hilbert space with norm

1/2
1(f59)lln = (||f”?{352(2) + HQH§1—1/2(6Q)|E) foreach (f,g) e H.  (4.12)

We denote by C; the local Cauchy data associated with the inclusion D;, for i =1, 2.
To compare two local Cauchy data, we use the definition of the distance between
closed subspaces of a Hilbert space. Given F and G, two subspaces of a Hilbert space,
the distance or aperture between them is given by the following formula:

d(F,G) = max{ sup inf [l k”, inf 17— Fl } (4.13)
neghzokeF IRl T reFkzohed |k
For more properties and applications, see Kato’s book [80]. To simplify the calculation
of the aperture, in [81, Corollary 2.13] we can find the following property: if
d(F,G) < 1, then the two quantities in (4.13) coincide. In our context, the distance
between two local Cauchy data C; and Cs is considered smaller than 1, then we can
assume that it has the form

d(C1,C) = sup I(f1,91) = (F2:92) 2.

4.14)
(f2,92)€C2\{(0,0)} (f1,91)€C1 1(f2, 92) |l

Now we will state the main theorem of this chapter.

Theorem 4.0.1. Let 2 C R", ¥ and Dy, Dy be a bounded domain, a non-empty
portion of 02 and two inclusions of ) satisfying the a-priori assumptions. Let o1, 09
be the anisotropic coefficients of the form (4.5) and let q1, qo be the coefficients of the
zero-order term of the form (4.9). Let Cy, Co be the local Cauchy data corresponding
to the inclusions D, Do, respectively. If d(Cy,Cs) is less than a given positive constant
e € (0,1), then

dH<8D1,aD2) S Cw(e), (4.15)

where C' is a positive constant that depends only on the a-priori data, and where
w : [0,+00) — [0, +00) is a non-decreasing, positive function such that

w(t) <|Int|™"  forte (0,1), and w()—0 as t—0F, (4.16)

where n is a positive constant.
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4.1 Geometrical lemmas

We begin with some geometrical remarks. The proof of Theorem 4.0.1 relies on a
propagation of smallness argument, based on the three sphere inequality applied
along a chain of spheres contained in a connected domain. A potential problem arises
when the point at which the Hausdorff distance is reached is contained in the portion
of the boundary of the two inclusions that cannot be reached from the portion X
without crossing those boundaries. Let us be more precise.

We denote by G the connected component of Q2 \ (D; U Ds). We set

Qp ::Q\?.

The obstruction highlighted above reads as follows: the value dy (0 D1, 9 D2) could
be reached at a point that does not belong to G and is therefore inaccessible from the
outside. To deal with this problem, Alessandrini and Di Cristo [21] have introduced
a quantity called the modified distance.

Definition 4.1.1. The modified distance between two subsets D1 and Ds of R" is
defined as

d,(D1,D9) = max{ max  dist(z, D max  dist(z, D } 4.17
w(D1; D2) reo By, stz D2, max,  dist(z, D) (4.17)

In general, the modified distance is not a true metric, and it does not bound from
above the Hausdorff distance. However, Alessandrini and Di Cristo provide a lemma
that guarantees that under our a-priori information d,, dominates dy.

Lemma 4.1.1 (Alessandrini and Di Cristo 2005). Let €2, D1, D> be, respectively, a
bounded domain and two inclusions satisfying the a-priori assumptions. There is a
positive constant ¢y, which depends only on the a-priori data, such that

dH(aDl,ﬁDQ) S Co d#(Dl,Dg). (418)

Proof. For a proof, we refer to [21, Proposition 3.3]. O

On the other hand, it is easy to prove that d, (D1, D2) < dy(0D1,0 D2) (see
[11]), so that these two quantities are comparable.

Now, let us assume that there is a point on 0 D; N J 2 p that realises the modified
distance. In order to apply the quantitative estimates for unique continuation, based
on an iterated application of the three-sphere inequality, we need to control the radii
of the spheres involved. To avoid the cases where points of 02 are not reachable
by such a chain of balls, we find convenient to apply the ideas first presented in the
paper by Alessandrini and Sincich [20] in the context of crack detection, and then
applied by Alessandrini, Di Cristo, Morassi and Rosset [11] in the elasticity case.
Before presenting the procedure, we introduce some notation.

Let O denote the origin in R”, v be a unit vector, h a positive constant and
6 € (0,%). The closed truncated cone with vertex at O, axis along the direction v,
height h and aperture 26 is denoted by C'(O, v, h, ) and is given by

CO,v,h,0)={z €R" : |z —(z-v)v|<|z| sinf, 0 <z-v<h}. (4.19)
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Given d, R such that 0 < R < d and e,, = (0, ..., 0, 1) the n-th vector of the standard
basis on R", consider the closed truncated cone

2 p2
C (O, —en, %,arcsin 5) , (4.20)

whose oblique sides are tangent to the sphere 0Br(O).

Let P € D1 N ONp and let v be the exterior unit normal to 9D, at P. For a
suitable d > 0, let [P + d v, P] be the segment contained in R" \ Qp, for some d > 0.
For Py € R"\ Q, let v : [0,1] — R™\ Qp be the path such that v(0) = P, and
v(1) = P + d v. We define the tubular neighbourhood of 7 attached to the truncated
cone (4.20) with vertex at P and axis along v as

V(v = | U Br(S)

Sey

2 _ p2
uc (P, v, %, arcsin ];) . (4.21)

Note that the tubular neighbourhood V() depends on the parameters d and R, which
will be specified later, as well as on the curve . The following lemma guarantees the
application of the three-sphere inequality along the tubular neighbourhood contained
in R"\ Qp. As in [11], we would like to remark that we will use a reference frame
where P = O and v(P) = v(O) = v = —e,. The following geometrical Lemma
corresponds to [50, Lemma 2.7]

Lemma 4.1.2 (Alessandrini-Di Cristo-Morassi-Rosset, 2014). There exist positive
constants d and ¢, depending on L and rq, and there exists a point P € 9Dy satisfying

éld# S diSt(P, DQ), (422)

and such that, for any P € B, 14(P), where B, /16(Py) € R™ \ Qp, there exists a
path v C R™\ Qp joining P to P + d v where v is the exterior unit normal to d Dy at
P such that, if we are in a coordinate system where P = O and v = —e,, it holds that

V() CR"\ Qp,

where V (v) is the tubular neighbourhood introduced in (4.21) with parameters R =

\/I‘JIFT and Lo > 0, which depends only on L.
0

The proof of Lemma 4.1.2 can be found in [50, Lemma 2.7] and relies on the
applications of two related results. The first result, stated as Lemma 5.5 in [19],
establishes the connectedness of a set obtained by shrinking a bounded domain
U C R™ with the Lipschitz boundary. The second result, stated as Theorem 3.6 in
[9], establishes the existence of positive constants dy, pg, Lo, with Ly < L, with f—g, ’T’—g
only depending on L and L, only depending on L, such that if

dy (0 D1,0 Ds) < dy,

then 0 Qp is Lipschitz with constants ¢ and L.
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4.2 Singular solutions

In this section, we address the construction of the Green function associated with
equation (4.4) under mixed boundary conditions and we define the notion of a
singular solution. It is important to note that without specifying any spectral condition
or imposing additional assumptions, equation (4.4) with homogeneous boundary
conditions does not have a unique solution. As a result, the Green functions associated
with this boundary value problem, which are essential for defining singular solutions,
are not defined. To overcome this issue, we introduce suitable mixed boundary
conditions, building on the ideas presented in [17].

Fix a point P5;, € 3. Up to a rigid transformation, we can assume that P, coincides
with the origin. Let D denote the bounded domain

Dy = {xe (R*"\ Q)N By : |zl <10, i=1,...,n—1, —rg < xp, <O}
such that 9 Dy N9 € X. We define Q) as the augmented domain given by
Qo := Intgn (Q U Do).

It can be shown that the boundary 0 Q is of Lipschitz class with constants r and L,
where L depends only on L. Let ¥y C 0 Dy be the non-empty flat portion of the form

EO:{xEQO : ’(L‘Z“ST(),’L':L...,H—L l‘n:—ro}

that is contained in 0 \ 9.

We consider two inclusions contained in the domain €2, denoted by Dy and D-,
which satisfy the given assumptions. The coefficients oy and o9, ¢; and ¢ associated
with Dy and D, are extended to the augmented domain €2y by setting their value
equal to the identity matrix and the identity function on Dy, respectively. We use the
same symbols to denote the extended coefficients.

In the following lemma, we provide the existence of the Green function associated
with a Cauchy problem with mixed boundary data.

Lemma 4.2.1. For any o € L*°(Qg, Sym,,) that satisfies the uniform ellipticity condi-
tion and any q € L*° (), there exists a unique distributional solution G(-,y) of the
boundary value problem

div(e VG(-,y)) +q¢G(,y) = —=0(- —y) in €,
G(,y) =0 on 8\ o, (4.23)
oVG(,y) - v+iG(,y) =0 on .

Here, §(- — y) is the Dirac distribution centred at y and v is the exterior unit normal at
Y. Moreover, for any x,y € Qo with x # y,

G(z,y) = G(y, z), (4.24)
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and there exists a positive constant C' depending on the a-priori data such that

0 < |G(x,y)| < Clz —y|> ™ (4.25)

Proof. Our proof is based on the reasoning introduced in [17, Proposition 3.1]. We
find it more convenient to divide the proof into three steps: in the first step, we prove
the well-posedness of the problem (4.23); in the second step, we construct the Green
function; and in the final step, we prove the symmetry of the Green function.

First step (Well-posedness). We consider the mixed boundary value problem for
f € L?() given by

div(eVv)+quv=f in Qy,
v=>0 on 0O Qo \ 20, (426)

oVv-v+iv=20 on Y.

Our goal is to prove the existence and uniqueness for (4.26). We consider the adjoint
mixed boundary value problem

div(eVw) +qw = f in Q,
w=20 on 890 \ EQ, (427)

ocVw-v—itw=>0 on .

By applying the Fredholm alternative, it can be concluded that there exists a solution
of (4.26) if and only if uniqueness holds for (4.27), and vice versa (see Evans [56,
Theorem 4, §6.2]). Therefore, we find it convenient to prove uniqueness for both
boundary value problems. Consider the homogeneous problems

div(cVu)+qu=0 in £y,
u=0 on 890 \ E(), (428)

ocVu-vxiu=0 on .

By the weak formulation of (4.28), using @ as test function, it follows that

/ o(z)Vu(z) - Vu(z) de — / q(z)|u(x)|? do £ lu(x)|* dz =0.  (4.29)
Qo Qo 2o

From (4.29), we can conclude that u = 0 on X, therefore 0, u = 0 on Y. From the
uniqueness of the Cauchy problem, it follows that that u = 0 in €2y. Therefore, there
exists a unique solution of (4.26). The next step is to prove stability. Let v € H* ()
be the weak solution of (4.26). By the weak formulation of (4.26), the following
identities hold:

. Jof? = —3(/90 fv), (4.30)

£) +/Q (@@ de. (431
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Define the following quantities:
e? = lv|* + z/ o(z) Vu(z) - v(x) v(z) dz,
%o %o
and

1= fllz2@0) 0 = [vll2(00) E = [[Vvll 22 ()-

From the Schwarz inequality and (4.30), it follows that

v <nd,
3o

and combined with the impedance condition, we derive
g2 < 2mé. (4.32)
From (4.31) and the uniform ellipticity condition, we derive
E? <o+ [lall7 e n)6” (4.33)

Now, we prove that there exists a positive constant, denoted by C, which depends on
the a-priori data, such that the following inequality holds:

E? < Cn? (4.34)
We can divide the proof of this claim into two cases:

* If §* < 7%, then from (4.33) we can see that E* < (1 + [|¢]|7(q,)) #°, which
implies the claim.

 If 52 > 7%, we can rely on a quantitative estimate of unique continuation
provided by Carstea and Wang [47, Theorem 5.3], which gives us the following
inequality:

52+772 )

Here, w(t) is a non-decreasing function satisfying w(¢) < C|Int|* fort € (0,1),
lim; .o+ w(t) =0, and C and p € (0, 1) are positive constants. By using (4.32)
and (4.33), we can obtain the following inequalities:

6% < (16 + llall o (0)8% + 208 + %) W(E;i:;iWﬂ)
< (452 + HQHLOO(QO)(Sz) w(E;j—;njn?)

By multiplying both sides by 42, we obtain the inequality

52+772 )’

].S(4-+HQHLw@m))W<E§i;g7;;§
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and inverting with respect to w leads to

1 1 < 52“"’72
(4 ) - E2 2 27
+ 1lqll £oo (20) +ec+n
which implies
1
-1 2 .2, .2 2, .2
wH————— J(E? + 2 4+ %) < %+
(4+ |‘I||L°°(Qo))
: _ -1 1
Setting C = w (meo)),we have

CE?> <C(E?+2+n?) <e®+n> <2m6 +n> <30,

which proves the claim.

To summarise, by using (4.32) and (4.34), we can conclude that
[l (o) < CllFllz2(00)-

Second step (Construction of the Green function). Consider y € . We define
G(-,y) as a Green function solution for the boundary value problem

div(eVG(-,y)) = —6(-—y) in Q,
G(,y)=0 on 9\ 2o, (4.35)
oVG(,y) - v+iG(,y)=0 on Y.

We note that G(-,y) satisfies the symmetry property G(z,y) = G(y,z) and the
boundedness property |G(z,y)| < C|z — y|>~" for any x # y, x,y € Qo, as shown in
[95].

We then define the distribution Ry(z,v) as Ro(z,y) = G(z,y). For j =1,...,.J,
with J = Vl _ 1J, we define

Riw) = | al2)G(@2)Rpmi(29) dz.
0
The distribution R;(-,y) is a weak solution of the boundary value problem

diV(O’ VR](,:U)) = —q ijl(Wy) in 907
Rj(,y) =0 on 9 \ X,
UVRJ(ay)V+ZRj(7y):O 0]’120,

and it satisfies the estimate |R;(z,y)| < C |z — y|¥ 2 " forevery j = 0,...,J — 1
(see [99, Chapter 2]).

When j = J, the estimate for |R;(x,y)| depends on the parity of n: for n even,
|Rj(z,y)] < C (|ln|x —y|| + 1), for n odd, |R;(x,y)] < C. In both cases, C is a
positive constant that depends only on the a-priori data. Furthermore, in either case,
1R (- y) () < €, for 1 <p < oo.
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Finally, we define R;,1(-,y) as the weak solution of the boundary value problem

div(c VRj11(y)) + ¢ Ryv1(,y) = —q¢ Ry(-,y) in Qo,
Ryy1(,y) =0 on 9 \ ¥,
UVRJ+1(‘,y)'V+iRJ+1(',y) =0 on Y.

It can be shown that ||[Rj1(-,9)| 1o, < C for some positive constant C, and
|Ryt1(z,y)| < C forx #y, x,y € Qp, based on interior regularity estimates.

Finally, we define the Green function G(z,y) as the sum of the modified Green
function G(z,y) and the sum of the terms R;(z,y) from j = 1,...,J + 1:

J+1

=1

It can be easily verified that for y € Qg, G(-,y) is a distributional solution of the
boundary value problem (4.23), thus confirming that G is the desired Green function.

Third step (Symmetry of the Green function). Let f, g € C2°(£)y) and define
the functions

u(z) :== ; Gz, y) f(y) dy,  v(x):= ; G(x,y)g(y) dy. (4.37)

Then u,v € HJ () and they satisfy the following equations:

div(cVu) + qu = f in Qo,

' (4.38)
div(eVv) +qu=g in Q.

Here, G(-,y) is the Green function solution of (4.23). By the Green’s identity, it
follows that

/ u(z) g(x) doe = f(x)v(x) de.
Qo

Qo

Hence,

/ [ Glay) () dy] gla) do = | [ Gy, )g() dx] fy) dy,  (4.39)
Qo |/ Qo |/

Now, by applying Fubini’s theorem, we can interchange the order of integration of f
and g, and we conclude that G(x,y) = G(y, z) for any x,y € Q. O

Consider two Green functions G; and G4 associated with the inclusions D; and
Dy, respectively. Let G (-, y) be the solution of the boundary value problem (4.23)
with £ = 1 or 2. By multiplying the equation in (4.23) by G,(-,y) for j # k and
integrating by parts on 2, for y, z € Dy, we obtain the following identity:

/E [Ul(x)VGl(x,y)-V(:c) Ga(z, 2) — 09(2)VGa(z, 2) - v() Gl(x,y)} dS(z)

— / (01(x) — 02(2)) VG () - VGa(z, 2) da + / (@2(2) — qu(x)) G () G, =) dr.
Q Q
(4.40)
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For y, z € G, define
S1(y, z) == /D (ap,(x) — ap(x))A(x)VG1(z,y) - VGa(z, z) dx

- /D (ap, () — a4(2)) Gi () Gl 2) d,

Sa(y,z) == /D (ap,(z) — ap(x))A(z)VG1(2,y) - VGa(z, 2) dz
- | anu(@) ~ (@) Ga(e.9) Gala.2) do.
and

f(y7 Z) = Sl(ya Z) - S2(y7 Z)' (441)
For y, 2 € Qp \ £, by (4.40) and (4.41), it turns out that

fly,z) = /Eab(x) [A(x)VGl(x,y)'l/(:c)Gg(x,z)—A(x)VGQ(x,z)'u(x)Gl(:v,y)} dS(z).

Moreover, for y, z € Qo \ Qp, f(y,-), f(-,2) € H. .(Q \ Qp) and are weak solutions,
respectively, to

divz(ab A()vZf(yu )) + q f(ya ) =0 in Q0 \%7
divy(ap A()Vyf(2) +a f(,2) =0 inQy\ Qp.

4.3 Upper and lower bounds of the Singular solutions

In this Section, we prove an upper bound (Proposition 4.3.1) and a lower bound
(Proposition 4.3.4) of the singular solution f in terms of the local Cauchy data
d(C1,Cy) and the geometrical quantities related with the problem.

Upper bound

In the following Proposition, we provide a quantitative estimate of propagation of
smallness for the singular integral f. We begin by considering the upper bound of
fin Dy in terms of the local Cauchy data, and then proceed to propagate the error
estimate along a curve within the connected domain G up to a point close to the
boundary 0 Q2p. This allows us to give an estimate of the blowing up behaviour of
the function at that location.

Proposition 4.3.1. Let D; and D, be two inclusions of ) satisfying the a-priori
assumptions. Let Cq,Cs be the local Cauchy data associated with the inclusions D1, Do,
respectively. Under the notation of Lemma 4.1.2, define

yp = P+ hv(P),
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where

7 sin90 . 1
0<h<hy:=d (1 - ) and = arctan <LT>) (4.42)

and v(P) is the exterior unit normal of 0 D1 at P. For e € (0,1), if d(C1,C2) < ¢, it

follows that
B hF
\f(yn,yn)| < a1 THA (4.43)

where A, B, F,c; > 0 are constants that depend on the a-priori data only.

In the first step of the proof of Proposition 4.3.1, we make use of Alessandrini’s
type of identity, which we derive in the following Lemma.

Lemma 4.3.2. Let u; € H*(Q) with j = 1,2 be weak solutions to the Dirichlet problem

div(o;Vuj) +qju; =0 inQ,
iv(o; uj)l/2 q; uj in (4.44)
ujloa € Hyy™(%).
The following inequality holds:
o9 — 0O Vu-Vu—l—/q—q UL U
[ o2 =00 ur Vs + [ (01— ) wr e i

< d(C1,Ca) |[(u1,01Vur - V)3 [[(u2,02Vug - v) |3,

where H is the trace space defined in (4.11).

Proof. By the weak formulation of (4.44), it follows that:

/(02Ul)VU1‘VU2+/(Q1Q2)U1U2 = (02Vua-v|gq,ur1)—(01Vui -v|spq, U2),
Q Q
(4.46)

where (-, ) denotes the pairing between H%Z(E) and HY/?(0Q)|x based on the
L?(99) inner product.

Let v; for j = 1,2 with v; € H'(Q2) be weak solutions to div(o;V vj) + ¢; v; = 0
in Q.

The following identity holds:

<avaj . I/|3Q,’LTJ'> — <O‘jV7Uj . I/|3Q,Uj> = 0, forj = 1,2. (447)

By adding (4.46) to (4.47) in the case j = 2, the following identity holds:

/(0’2 —o01)Vuy - Vug + / (@1 — @2)urus
Q Q

= (02Vug - v|pq, (u1 —v2)) — (1Vuy - v|ga — 02Vus - V|gq, Uz). (4.48)
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By using (4.48) and the Schwarz inequality, we obtain

‘/(02—01)VU1'VU2+/(C]1—CI2) Uy Uz’
Q Q

< lo2Vug - VHH—l/Q(aQ)\E lur = ’U2HH352(2)

+ ||01VU1 -V —09Vy - VHH—l/Q(BQ)\E : ”@HH%Q(E)

By simple calculations, we obtain

‘/(0’2 —01)Vuy - Vug +/(Q1 —q2) uy Uz‘
Q Q
< (HTQHH&{Q(Z) + HO'QV’LLQ . V||H—1/2(8Q)|2)'

1/2

= ||(U1 —v9,01Vui -V — 09V - V)H’H . ”(@, ooVuy - V)HH

Hence,

‘/(02—01)VU1'Vu2+/(Q1—Q2)U1 uz‘
Q Q

1/2
) + H01Vu1 VUV — O'QVUQ . VH?—I*UQ((?Q)\E) H(UQ,O'QVUQ . V)H’H

(4.49)

< (o = vallfyapn

By multiplying and dividing the right-hand side of (4.49) by ||(u1,01Vu; - v)|| and
taking the infimum over the pairs (vy, 02Vvs - ) € Co and the supremum over the
pairs (u1,01Vuy - v) € C1\{(0,0)}, we obtain the desired inequality. O

We will now introduce the asymptotic estimates for the gradient of the Green
function, denoted as GG, which will play a crucial role in proving Theorem 4.0.1. To
begin, we state the following upper bound for the gradient of the Green function.

Proposition 4.3.3. Let Q2 and D be a bounded domain and an inclusion, respectively,
satisfying the a priori assumptions. There exists a positive constant C; that depends only
on the a-priori data such that the gradient of the Green function satisfies the following
inequality:

IV.G(z,y)| < Ci]z —y|/' ™™ for every z,y € R". (4.50)

Proof of Proposition 4.3.3. For a proof of (4.50), we refer to [21, Proposition 3.4].
O

Proof of Proposition 4.3.1. The proof of this result is based on the arguments used
in [21, Proposition 3.3] and [11, Theorem 6.4]. To begin, we establish an upper
bound for f in the fictitious domain Dy in terms of the local Cauchy data by means of
(4.45). We then propagate this estimate within the domain G near the point where
the Hausdorff distance is attained. This process is carried out first for the second
argument of f and then for the first argument of f.
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Let y € Dy be such that dist(y, 9) > ¢rp, where 0 < ¢ < 1 is a suitable constant.
It turns out that f(y, -) is a weak solution of

div,, (ay(0) A(D) Voo /(5. 0)) + ay(@) f(F. @) =0 forw € R"\Qp  (4.51)

Let w € Dy be such that dist(w,dQ) > érg, for 0 < ¢ < 1. By equation (4.41), we
have that

f(y,w) = /Q(Ul —02)VGi(,y) - VG, w) + /Q(Q2 —q1) G1(,y) Ga(-, w).
We can apply (4.45) with u;(x) = G1(z,y) and ua(x) = Ga(z,w), and we have

[f (g, w)] < d(Cr,C2) [(G1(-,9), 01V G1(9) - V)|l [(Ga(, ), 02V Ga (-, ) - v) ||,
where H is defined in (4.11). By definition of H norm, by the Schwarz inequality,
and by Proposition 4.3.3, it follows that

N _ B B 1/2
(G1(,w), 1 VG w) - vy = (HGl(-,w) 25y T lo1VGL( ) V)H%fm(agnz) =G

2
12

where C is a positive constant depending on ||, n, 7, A, My, and 7. A similar bound
holds for ||(G2(-,7), 02V Ga(-, §) - v)||%. Hence, we conclude that

|f(y,w)| < Ce. (4.52)

Now, let w € [(2)70 U Qo] \ Qp, where (Q) = {x € R" : dist(x,Q) < ro}, and let
y € Dy be as above. By Proposition 4.3.3 and since |z — y| > 7o,

2 2
(g w)] < C Z/ jz—g|' " |z —w|'" " dz < C Z/ |z — | da.
j=17D;j j=1/D;j

Set R = diam/(Q) + ro < C 1y, where C is a constant depending only on L and N.
Then, ) C By(w) and for j = 1,2, there is some positive constant C' such that

J,

J

lz — w7 dz < / |z —w|'™" dz < CR.
By(w)

Hence,
|f(y, w)] < C,

where C' depends on the a-priori data only.

Now, we consider the case when w € G. For h > 0, define
(9)" = {z e R"\ Qp : dist(z,09p) > h}.
Later, we will specify the value of h. For w € (G)", by Proposition 4.3.3,

151(3, w)| < C/ 2 — ' e —w/' " dz < C AT
Dy
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Similarly, |S2(ij, w)| < C h'~", so that there is a positive constant C' depending on
the a-priori data only such that

|f(y,w)| < Ch™, (4.53)

The next step is to propagate the smallness for the function f within (G)" with
respect to the second variable near the boundary 0 Q2p. Let P be the point of Lemma
4.1.2 and assume that we are in a coordinate system where P coincides with the
origin O, and set y, = O + hv(O) and v(O) = —e,,. Our goal is to propagate (4.52)
inside G up to yj.

To accomplish this, we consider y and w € Dy such that dist(y,0Q) >
and dist(w,0Q) = ?Q%. By Lemma 4.1.2, we know that there exists a curve
v C [()rou Q] \ Qp that connects w to the point @ = O + dv(0). Moreover,

n : _ d _ R
we have V' (vy) C R"\ Qp with parameters R = NiESE and 6 = arcsin ;.

Observe that since f(y,-) is a weak solution of (4.51), we can apply the three
sphere inequality in the ball B, (w), which we can assume, without loss of generality,
contained in Dy. Choose r = 72, and by applying Corollary 2.2.10 for radii r, 3r, 4r,
we have the following estimate:

1@ M 2o (B () < C NF @ Moo 8,0y 1T N1 )

where 0 < 7 < 1 and C > 0 depends on ), L, ro. We construct a sequence of points
on ~ that will represent the centres of the spheres. First, let ¢; = w. Then, we iterate
the following steps:

1. If ’¢j_1 — Q‘ > r, then set o; = ’y(tj) where t; = max{t Syt — (Zsj—l‘ = 7“}.
2. Otherwise, set s = j, ¢s = @, and stop the process.

By iterating the three sphere inequality along the chain of balls centred at ¢; for
j=1,...,s, and assuming that s < S where S only depends on n, we derive the
following inequality for every r; with 0 < r; < r:

1 @5 Lo (B, n@) < C I (@, ')Hfoo(g,,l/g(m)) 1£ @) )

Using this inequality and (4.52) and (4.53), we can conclude that

S

~ 5 —n\1—7
1, M ze(B,, a@) < Ce™ (BT (4.54)

The goal is to propagate the smallness from () to y;,. We consider a truncated cone

C(0,v(0),d,by), where d = dQZI-RQ. We define the following parameters:

A —min{ d d }
L 1+sinfy’ 3sinfy )’
. <sin90)
01 = arcsin 1 ,

w1 :O+)\1V(O), p1 = Arsinfy.
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It follows that B, (wi) C C(O,v(0),d,01) and By,, (w1) C C(O,v(0),d,b). Set

1 —sin 91

= = _ )\:)\_
a 1+sinf,’ Pk = APk—1, k= AAk—1

Since p; < 19/2, we can apply the inequality (4.54) in the cone C(O,v(0),d,0;)
over a chain of balls of shrinking radius centred at points wy = O + \;v(O). Denote
dy, := |wx, — O| — pr. We consider h < d; and define a natural number k;, = min{k €
N : dy < h}. Hence, we have the following inequalities:

In(h/dy)]

|Inal

[In(h/dy)|

<k,—1<
|Inal

+ 1.

By iterating the three-sphere inequality over the chain of balls B, (wi),...,
By, (wy, ), we obtain

— -n " Tk —1
1£ @ Mo 5y, G, < e(h =70 (4.55)

where f =7%and A" =1 — 5.
Let us now proceed to propagate the smallness with respect to the first argument
of f. It turns out that f(-,w) is a weak solution of

divy (as(y) A(y)Vyf(y,w)) + @(y) fly,w) =0  fory e R"\ Qp.

For every y, w € (G)", by Proposition 4.3.3, we have:

|1S1(y, w)| < C/ |z — 3/|1_n |z — z\l_n dz < ¢ h21-m),

Dy

Similarly, |Sa(y, w)| < ¢ h2(1=™), so we can conclude that
(g w) < ch?3 foranyy,w e ().
Now, for y € Dy such that dist(y, Q) > érg, for w € (G)" and by (4.55), we have
[Flyw)| < e AP

where A”, 3 are defined as above.

Choosing w € G such that dist(w,dQp) = h, and y € Dy such that dist(y, 9 Q) >
3rp/2, then for r = ry/2, 3r, 47 and y; = w; as defined earlier, by an iterated
application of the three sphere inequality, we can conclude that

£ Co )| oo (e < € LFC )| Toe oy 1 0) |5
< C(h2—2n)A”652 rkp—1
where A’ =1 -3+ A" 7%, =15,
By applying the three sphere inequality inside the cone of vertex O defined earlier
over a chain of balls with shrinking radii, we obtain the inequality

kp—1

I 1—kn—1, g2 kp—1,_
Hf(ww)||L<>o(B,,kh(y,%))SC(hA)1 ETTT
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Choosing y = w = yp, we can conclude that

kp—1

- rhn=1\r
[Fmom)| < eh™ AT
where A = —(2 —2n) A’ (1 — 7%»~1) > 0. Since kj, < c|Inh| = —cln h, we have

kn _ e ¢ Inh InT _ hc InT _ hF,

T where F' = ¢|In h|.

In conclusion,

_ 2 _2(kj,—1) _ 2_2(kj, —1) _ F
|f(yn,yn)| < c1h AgBZ TR o g ABTTT T T Ine o AR

)

where B = 2. O

Lower bound

The proof of Theorem 4.0.1 requires finding a lower bound for the integral solution
f in terms of certain geometric quantities. Proposition 4.3.4 provides such a lower
bound under certain assumptions.

Proposition 4.3.4. Under the same assumptions as in Proposition 4.3.1 and Lemma
4.1.2, there exist positive constants c, c3, h € (0,1/2) that depend only on the a-priori
data such that

|f(y,y)| > 2 K™ — e3(dist(P, Do) — h)*>™2"  for 0 < h < hio, (4.56)

where y = P+hv(P), where v(P) is the outward unit normal of 0 Dy at P, 75 € (0, ha),
and hs := min {C’ro, dist (P, Dg)}, for C depending only on Ly.

The proof of Proposition 4.3.4 relies on the application of asymptotic estimates for
the Green functions that are solutions of (4.23), in relation to two auxiliary families
of Green functions. These auxiliary families will now be described.

First, we find it convenient to flatten the boundary 0 {2 near the point at which
the Hausdorff distance is attained. Let P € 9 D1 N 9 Qp be the point from Lemma
4.1.2. Up to a certain rigid transformation, P can be assumed to coincide with the
origin O and Dy N Q,, is the set {z € Qy, : x, > @(a')}, where ¢ € C?*(B},). Let
7 € C*°(R) be a smooth function such that 0 < 7(s) <1, 7(s) = 1 for s € (—1,1)
and 7(s) =0 for s € R\ (—2,2) and |7/(s)| < 2 for every s € R. Set

a1

ry = T;mm{(SL) ,2} .
The change of coordinates given by

é’/::p/

o= {én ==l () 7 (%)

is a C1! diffeomorphism of R" to itself. This change of coordinates allows us to
locally flatten the boundary of the inclusion. Throughout the rest of the discussion,
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we will stick to using the notation with z, as the exponent in the asymptotic estimates
does not depend on the change of coordinates.

For the proof of the asymptotic estimates of the Green function defined in Lemma
4.2.1, we consider a generic inclusion D and coefficients o and ¢ that satisfy the a
priori assumptions with a jump at 9 D. For simplicity, we assume that the portion
near point O is flat. We denote a~ = a;(0), a™ = ap(0), and A = A(0), and define
oo(x) and go(z) as follows:

oo(z) = (@™ + (a™ — a_)x+) A,

0
q0(z) = @(0) + (gp(0) — g,(0)) X (z),

where x* = Xre is the characteristic function of the upper half space. Let Gy(-,y) be
the weak solution of the following boundary value problem for y € Qq:

(4.57)

diV(UOVGO('a y)) +qo GO(‘a y) = _5( - y) in QO?
Go(,y) =0 on 99 \ o, (4.58)
UOVGU(',Q)'V+iG0(',y) =0 on X,

where § denotes the Dirac delta function.

Let I denote the fundamental solution associated with the Laplacian operator
defined on R". Similarly, let H be the fundamental solution of div(coVH(-,y)) =
—46(- — y) in R™, which has the expression (A.15).

We now introduce the asymptotic estimates for the Green functions G with respect
to H.

Proposition 4.3.5. Under the same assumptions as in Proposition 4.3.3, there exist
positive constants Co, C3, Cy4, and 01,6, € (0, 1) that depend on the a-priori data such
that for every x € DN B, and y = hv(O), where r and h € (0,¢ry), the following
inequalities hold:

|G (,y) — H(z,y)| < Ca o —y*™, (4.59)
VoG(z,y) = VoH(z,y)| < Ca |z —y|' "+, (4.60)
|V, VaG(z,y) — V, Ve H(z,y)| < Cy |z —y| "0, (4.61)

where ¢ € (0,1/2).
Since for any z and y as in the assumptions, the following estimate holds:
We find it convenient to split the proof of Proposition 4.3.5 into two claims.

Claim 4.3.6. There exist positive constants Cs5, Cs, and 6, € (0, 1) that depend on the
a-priori data such that for every x € D N B, and y = h v(O) where h,r € (0,r;) the
following inequalities hold:

|G(z,y) — Go(z,y)| < Cs |z —y> ", (4.62)
IV.G(2,y) — ViGo(z,y)| < Cg [z — y[' 700, (4.63)
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Proof of Claim 4.3.6. Let GG denote the Green function associated with the elliptic
operator div(cV-) 4 ¢ - such that for every y € Qo, G(-, y) is a distributional solution
of (4.23). For O € 9 D, let 0y and qq be as defined in (4.57). For y € Qq, let Go(-,y)
be the Green function that is a distributional solution of (4.58). We define

R(‘T7y) = G(J:)y) - GO(mvy)'

Subtracting the first equation of (4.58) to (4.23), it follows that R(z,y) is a weak
solution in 2y to the equation

le(UVR(ay)) +4q R(7 y) - = diV((O’ - UO)VGO(V y)) - (q - QO) GO('??J)? in QO:

with boundary conditions

R(ay) =0 in 890\20,
o V.R(,y) - v+iR(-,y) = (00 —0)V:Go(-,y) - v in Xp.

Then the following representation formula holds
R = | (01) = 00(2) V=G, 9) - V-G, v) d
+ [ @l - a2) 6 m)Gotz ) s
+ /Eo [00(2)V.Go(z,y) - vG(z,2) — 0(2)V.G(z,x) - vGo(z,y)] dS(y).
(4.64)

The boundary integral on the right-hand side is bounded, for instance, by the Schwarz
inequality and standard trace estimates. The second volume integral in (4.64) is less
singular than the first volume integral, so it is convenient to study the first volume
integral only. Let us split the domain of integration into the union of the subdomains
QN Qr, and O\ Qy, for 7o = 2 min{(8L)!,1}. For z € 2N Qr,, we have

0(2) —o0(2)] < Cl|.
Hence, we can apply the same argument of [51, Proposition 4.1] and conclude that
|[R(z,y)| < Csla =y, (4.65)

where () is a positive constant which depends only on the a-priori data.

Regarding the estimate for the gradient of R, recalling that the boundary of D
is of class C? and hence C'!, for € D N B,, we consider a cube Q C B;r/4 of side

length %, where ¢ € (0,1) so that y ¢ @ and = € Q. By [7, Lemma 3.2], the
following interpolation formula holds

IVR(C,9) | z(q) < CIRC WIS )| VaR( )IVes (4.66)

where C depends only on L. For y = h v(O), from the piecewise Holder continuity
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of V,G(z,y) and V,Go(z,y) (see [85, Theorem 16.2]),we have
’VJCG(v y)|17Q7 ‘vaO(, y)‘LQ <Ch™.

Therefore,
IVaR(y)he <Ch™T, (4.67)

and combining (4.65), (4.66), and (4.67), it follows that
VeR(a,y)| < Colr —y[", where 6y = .

O]

Claim 4.3.7. There exist positive constants Cg, C7 that depend only on the a-priori data
such that for every x € DN B, and y = hv(O) where r € (0,71) and h € (0,71/2), the
following inequalities hold:

|G0(l’,y) _H(xay” S 07’x_y|4—n7 (468)
IVoGo(z,y) — Vo H(z,y)| < Cslz —y[> . (4.69)

Proof of Claim 4.3.7. We will follow the argument presented in [51, Proposition 4.2].
Let y and z be elements of €2y, and let G(+, y) be the weak solution of (4.58), and
let H(-,y) be the fundamental solution of the elliptic equation div,(coV.H(-,y)) =
—0(- —y) in R™

We can define the distribution Ry(z,y) as follows:

RO(‘T’ y) = GO(xu y) - H('T’ y)
It turns out that Ry is a weak solution of the following boundary value problem:

div(eoVRo(+,y)) = —q0 Go(-, y) in Qo,
Ro(-y) = —H(-y) on 9 \ o,
a0 VR0(~,y) V41 Ro(',y) = —0y VH(-,y) v —1 H(',y) on 20.

Its representation formula is
~Fofa,n) == [ w(=)Go(e,a)H(zy) do+
0

n /8 o0 [VaH(200) - vGo(2.2) = -Golz,) - v (z.3)] AS(:).
(4.70)

The surface integral can be easily bounded from above using Schwarz inequality by a
constant that depends on the a-priori data. Regarding the volume integral, by (4.25)
it follows that

[ o)l 0) ) da] < laollieiany | [Goleo)] [H(z )] dz
Qo Qo

< C’/ |z — x> |z — y|* " dz.
Qo
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Let 7 = |z — y|, and let N € N be such that B;/y(z) N Br/y(y) = (. Define
O = Qo \ (Br/n(z) U Bj/n(y)). It turns out that

/ o2z -y dz = / 2= 2Pz =y d
Qo Qo\(Bs/n (2)UBs /N (V)

+/ |z — x> |z —yP dz—l—/ |z — x> |z — y|* " dz.
Bi/n(z) Bi/n(y)

For z € B;/n(y), we can use the triangle inequality to obtain
L=y
o=l 2 eyl -~y - o 2 22

for a suitable constant ¢. Hence,
[ lemaP gz s oy [ oy de < elo gt
#/N (Y B/~ (y)

Similarly,

o — 2P — P de < elo -yt
Bi/n(x

|z

For 2z € O, we have |z — z| > ;,y‘. Therefore,

/ |z—z > |z—y[> " dz < c/ |z—y|* 72" dz < c/ |z—y|*72" dz < clz—y|*".
@ o Q\BF/N(y)

The constants c appearing in the inequalities depend only on the a-priori data. Thus,
we can conclude that
|R(z,y)| < Crlz —y|* ™", (4.71)

where C; depends only on the a-priori data.

The next quantity that we want to estimate is the gradient of Ry. Let y = h v(O).

By a similar argument as in Claim 4.3.6, for z € DN B,., we consider a cube ) C B:/ A

with side length <2, where ¢ € (0,1) is such that y ¢ @ and z € § Q. By [7, Lemma
3.2], the following interpolation formula holds
IVRo(-,9)l| (@) < ClIRo( )12 )| VaRo (- 0)V o (4.72)

where C only depends on L. Since Gy and H are Holder continuous, the following
estimates hold

VaGo( )l <clz—y[™ and  |[VoH(,y)lho <clz—y|™",
where ¢ depends on L. By (4.66) and(4.71), we have
IVaRo(9) (@) < Cs |z =y,

where C7 depends on the a-priori data. For the proof of (4.61), we can follow the
lines of the proof of Proposition 3.2.2. O
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The next step is to prove Proposition 4.3.4, which is based on the argument used
in [5, Proposition 3.5] and [11, Theorem 6.5].

Proof of Proposition 4.3.4. Let P € 0 D; be the point from Lemma 4.1.2, and assume
that P = O. Let y = h v(O), where v(O) is the exterior unit normal of 0 D; at O.
Recall the definition of S;:

510.9) = [ (00,(0) ~ 0fe) AIVaCala,0) - VoGl ) o
) (4.73)
_ /D (qp, () — qo(x)) G1(z,y) Go(z,y) d.

Define 75 := min{dist(O, Dy), Cry}, where C' depends on Ly, and fix r € (0, 7).
Since for y = h v(O), with h € (0, hiz), where h will be defined later, the first term
on the right-hand side of (4.73) is the dominant term as h — 0, let us represent the
domain of integration as Dy = (D1 N B,) U (D1 \ By).

Then (4.73) can be written as follows:

Si(y,y) =11 + R1 + Ra+ R3 + Q1, 4.74)

where
I, = / (a, (z) — an(2)) A(2) Vs Hy (2, y) - Vo Ho(x, y) da,

D1NB,(0)
R = / (ap, (@) — ap(2)) A2) Vo Hy (2, ) - Vo (Ga(,y) — Ho(,y)) dat

D1NB,(0)

+ / (apy (2) — a(2) A@) Vo (G1 (2 9) — Hy(2,9)) - Vo (Gale, ) — Halz,y) da,
D1NB,.(0)

R, = / (apy (2) — ap(@))A(@) Vo (Ga (2, 9) — Hi(2,9)) - VaHa(2,y) do,

D1NB,.(0)
Ry = / (ap, (x) — ap(2)) A(2) VoG (2, y) - VoCialz,y) da,

D;1\B,(O)
Qi = /D (40, () — 04(2))G1 (2, y) Gl ) d.

Hence, applying the triangle inequality to (4.74), we obtain

1S1(y,9)| = [I1] — [Ra| — |Ra| — [R3| — |Q1]-

The term (), exhibits less singular behaviour as h — 0" compared to the other terms
on the right-hand side of (4.73). Therefore, our focus is on finding a bound for the
other terms.

For the term I;, we can observe that

Hl(:an) :éF(JIE,Jy) and HQ(IL‘,y)Zér(JI',Jy),

where J = \/A(O)~! and ¢ is a constant depending only on ™ and a~. Hence, by
the uniform ellipticity condition,

|| > ¢ / |lx — y\Q_Q” dz > cr®™™ > ch? .
DlﬂBT»(O)
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Regarding the term R, Proposition 4.3.5 implies that
V.G (2, y) — Vo Hi(z,y)| < C |z — y|" "0,
Thus,

|R2| <é / ’l‘ _ y’2—2n+€2 dz < Ch2_n+91.
Di1NB-(0)

We can bound the term R3 using a similar argument as we did for I; and Rs.

Next, we estimate the term R;. The problem here is that, due to our choice of the
radius r, we do not have any asymptotic estimate for the term V(G2 (x, y)— Ha(z,y)).
However, we can solve this problem by using the following trick. Recall Lemma 4.2.1,
which states that G has the form

_ J+1
G2(x7y) = GQ(Z',Z/) + Z Rj(xay)'

j=1
Here, G, is a weak solution of the following system

div(02VGa(,y)) = =6(- —y)  in Q,
Go(-y) =0 on 90\ Xo, (4.75)
02 VGZ(vy)V+Zé2(7y) =0 on .

Hence,
~ J+1
Va(Ga(z,y) — Ha(z,y))| < [Va(Ga(z,y) — Ha(z,9))| + Y [VaR;j(2,y)].
j=1
From the proof of Lemma 4.2.1, we can establish that for every j = 1,...,J — 1,
VoRj(z,y)| < cle —y[Hm.
Thus, it follows that
J+1 J+1 '
D IVaR;(2,y)| < (dist(O, Dg) — h)*H17" < ¢ (dist(O, Dy) — h)* ™"
j=1 j=1

Next, let us consider G2 (-, ) as the Green function that is a weak solution of the
following system

div(o9,0VG20(,y)) = —6(- — y) in o,
Gao(,y) =0 on 90\, (4.76)
02,0 VGapo(-,y) - v+iGag(,y) =0 on I,

where
a20(x) = (a7 + (a™ — a7)x(x)) A(0).
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Hence, we have

Vo (Ga(x,y) — Ha(z,y))| < [Va(Ga(w,y) = Gao(@, )| + [Va(Gaolz,y) — Ha(z,y))l.
(4.77)

For the second term on the right-hand side of (4.77), notice that (?270(-, y) — Ha(-,y)
is a weak solution of

diV(O’QVOV(Ggp(-, y) — HQ(-, y))) =0 in BT(O),
- . (4.78)
(G20(,) = Ha(9)) o, (0) < er?™
We can apply the Maximum Principle [66, Theorem 8.1] to obtain
|Ga0(2,y) — Ha(z,y)] < er® "
Using interior gradient estimates, it follows that
Va(Goo(2,y) — Ha(z,y))] < er'™™ (4.79)
Now, let us focus on the first term on the right-hand side of (4.77). Define
RQ(‘rvy) = GQ(Z‘,?/) - 6270(1‘, y)
We notice that Ry (-, y) is a weak solution of
diV(UQVRQ(', y)) = —div ((02 — UQ’O)VGQ,O(', y)) in Qo,
Ro(,y) =0 on 9 \ 2o,

0oV Ry (-, y) - v+ iRa(,y) = (020 — 02)VGap(-,y) - v on .

By the representation formula, the remainder has the form

—Ry(z,y) = /Q (02(2) — 09,0(2))V.Gal(z,2) - V.Gap(z,y) dz
+ /890 02,0(Z)Vzé2,0(2, y) v [GQ(Z,SL') — GQ’O(Z’$):| dS(z)

+ /ém o2(2)V {Gg(z,x) - GQ’()(Z,.CL')} v Gao(z,y) dS(2).  (4.80)

The integral over 9 () is bounded from above by a positive constant that depends
on the a-priori data only. In order to estimate the volume integral, first notice that
|oa(z) — 02,0(2)] < C|z|, where C is a positive constant depending only on a-priori
data. Therefore, by Proposition 4.3.3, we have

’/Q (02(2) = 02,0(2))V.Ga(z,2) - V.Ga0(2,y) dz‘

< c/ 2] |z — 2|17 |z — y|' T dz, (4.81)
Qo
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where c is a suitable positive constant. We define h = |z — y| and set

L = / 2] |z — 2|17 |z — y|' T dz, (4.82)
B

4h

P :/ lz| |z — 2| |z — y|™ da. (4.83)
R

4h
We can rewrite the expression for the remainder as

|Ra(z,y)| < e(l + I2). (4.84)

Next, we can estimate ;. Set z = hw, t = £ and s = % Then

W
I = / Rl 1w — )2 h(w — )|~ duw
By
_ 4;13“/ lw — £ | — s|'" duw
By
<ch* ™,

since [ |w —t['" |w — 5" dw < ¢ (see [99, Chapter 2, section 111). Hence,

I < ¢(dist(O, Dy) — h)3™™. (4.85)
Similarly, for I», we notice that since y = h v(O) = —h e, in a suitable coordinate
system
and

2| < | —y| +ly| < 2.
For any z € R" \ B,;, since |z| > 4h, we have
3 1
A slz—yl and Sl <[e—af.

Therefore, we can estimate I as follows:

1-n
I < <8> / 122727 dz < ¢ B3 < ¢ (dist(O, Dy) — h)37™. (4.86)
3 Rn B -
\ 4h

By using (4.85) and (4.86), we can conclude that
|Ro(,y)| < clz -y (4.87)

Now, let us determine an upper bound for V,R;. Consider a cube Q c D; N B,.(O).
Since Ga(-,y) and G (-, y) are Holder continuous, it follows that

IVRy(2,y)l1,0 < clo—y|™"
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By using the following inequality:

IV R, 9) () < IR2(,9)lI 5 )|V R )1
and by (4.87), it follows that
IVRy(x,y)| < |z —y|' "% where 65 = % (4.88)
By collecting (4.77), (4.79) and (4.88), we obtain
Va(Ga(a,y) — Ha(w,y))| < ch' "0 (4.89)
In conclusion, we have that the lower bound of S; is given by
|S1(y, )| > k™.

As for the estimate for Ss, from Proposition 4.3.3, it follows that

1S2(y, y)| < C/ o —y|' "z —y['7" dz < O(dist(O, D2) — h)* 7.

Do

In conclusion, by the triangle inequality, we obtain

Lf ()| = [S1(y,y) — S2(y, v)| = |51(y, »)| — [S2(y,y)|

(4.90)
> o B — 3 (dist(O, Dg) — h)2(1*n)7

for suitable ¢y, c3 > 0 constants depending on the a-priori data. O

4.4 The stability estimate

In this Section, we provide the proof of Theorem 4.0.1 by applying the results proved
in Sections 4.1 and 4.3.

Proof of Theorem 4.0.1. Let P € 0 D1 N 08 p be the point of Lemma 4.1.2 such that
d'H(a Dl, 6D2) S 50 diSt(P, DQ),

where ¢& is a positive constant depending only on the a-priori data. Assume we are in
a coordinate system in which the point P coincides with the origin O and v(0) = —e,,
where e,, = (0,...,0,1). Define y;, :== O + hv(O) for 0 < h < min{hy, ha}, where h;
and hg are the constants of Proposition 4.3.1 and Proposition 4.3.4. Combining the
upper bound of Proposition 4.3.1 and the lower bound of Proposition 4.3.4 for the
singular solution f evaluated at y;, we obtain

F
5Bh

Co h2m — c3 (diSt(O, Dz) — h)272n <c BA

(4.91)

Here, c1,co,c3, A, B, and F are constants that depend on the a-priori data. From
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(4.91), we derive
ca(dist(0, Dy) — )27 > ¢5 (1 — eBM pAY 27, (4.92)

where A = n — 2 — A. Now, let h = h(e) = min{|Ine|~1/?F dist(O, Dy)}. Let
e1 € (0,1) be such that exp(—B|Ine;|*/?) = 1/2. We can divide the proof into two
cases.

a) Assume that ¢ € (0,¢1). If dist(O, Dy) < |Ine|~/?F then by applying Lemma
4.1.1 and Lemma 4.1.2, the thesis follows straightforwardly. If dist(O, Dy) >
|Ine|~1/2F then h = |Ine|~/2F. Since eB " hA < exp(—B|Ine|'/2), by (4.92)
we obtain

(dist(O, Dy) — h)2=™) > ¢gh2",

Therefore, we have

n—2

i Ds) < ¢7|Ing|™ forn = ————.
dist(O, D3) < ¢7|In¢| orn =1
b) Assume that ¢ € [g1,1). In this case, since dist(O, D3) < diam(2), it follows

that

|lnz—:\_1/2F

e i < Clel

dist(O, D2) < diam(2)

This completes the proof.

4.5 The misfit functional

We conclude this chapter by establishing a stability result using a novel functional
called misfit functional. In the previous chapter, we have introduced the misfit func-
tional as a tool to measure discrepancies in boundary data for the Calderén problem
(equation (3.15)). Minimising this functional allows for conductivity reconstruction.
In our case, the coefficients ¢ and ¢ are known, and the unknown quantity is the
shape and location for the inclusion. We provide an optimal stability estimate in
terms of the misfit functional. Before stating this estimate, we make a small variation
in the definition of the coefficients.

Consider two inclusions Dy and Ds contained in 2. Let o; € L*°(£2, Sym,,) for
1 = 1,2 be positive definite matrix functions defined as

oi(x) := (ap() + (ap(z) — ap(2))xD, (x)) A(2), (4.93)

where ay, ap € C%1(Q), and A € C%1(Q) are known. Assume that o; satisfies (4.8).
Let ¢; € L°°(Q) be defined as

gi(z) == () + (gp(*) — @(x))xD;(2), (4.94)

where ¢y, gp € L>(Q2) are known. Let G; be the Green functions associated with the
operator div(o;V-) + ¢;- for j = 1,2, such that G, (-, y) is a distributional solution of
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the boundary value problem (4.23). Choose suitable Lipschitz domains D, and D,
that are compactly contained in Dy. For (y, z) € D, x D, we have

fly,z) = /E [al(x)vczl(x,y)-y(x) Go(z, 2) — 09(2)VGa(z, 2) - v(2) Gl(x,y)] ds(z).
(4.95)

Here, f plays a role similar to Sy as defined in (3.13). The misfit functional J (D, D3)
is defined as

J (D1, Ds) —/ 1f(y, 2)|* dy dz. (4.96)

DyxD,
As the misfit functional already introduced in Chapter 3, (4.96) encodes the error
that occurs when the boundary data induced by the inclusion D; is approximated by
the boundary data induced by the inclusion Ds.
Now, we state the main result of this section, Theorem 4.5.1.

Theorem 4.5.1. Let Q C R", Dy, and D5 be a bounded domain and be two inclusions
of class C? contained in ) satisfying the a-priori assumptions. Let oy and oo be the
anisotropic coefficients as defined in (4.93), and let ¢; and g2 be the coefficients of the
gero-order term as defined in (4.94). If the misfit functional J (D1, D) is less than a
given small positive value € € (0, 1), then the following inequality holds:

dH(aDhaDg) < w(f—f), (497)

where C > 0 is a constant that depends only on the a-priori data, and w satisfies (4.16).

The proof of Theorem 4.5.1 follows the same lines as the proof of Theorem 4.0.1,
but instead of Proposition 4.3.1, a modified version, Proposition 4.5.2, is required.
We note that using the Green’s identity (4.40), for y, z € Qg \ €2, the integral function
f(y, z) can be expressed as

f(y,2) = / (01(x) — 02()) VG (2, y) - VGalx, )
Q (4.98)

+ / (@2(x) — q1(x)) Gi(x,y) Ga(x, z) dx.
Q

Proposition 4.5.2. Under the same assumptions of Theorem 4.5.1, if the misfit func-
tional J (D1, D2) is smaller than a given constant ¢ € (0,1), then for y = P + h v(P)
there exists a positive constant C' that depends on the a-priori data such that

EBhF
where " .
7 _ sin vg B L
O<h<h:=d (1 ; ) and 6 = arctan (LO), (4.99)

P is the point of the Lemma 4.1.2, and v(P) is the exterior unit normal of 0 D; at P.

Proof of Proposition 4.5.2. Let jj € Dy be fixed. Then for every w € R" \ Qp, the
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integral function f(y,w) is a weak solution of
divy (ap(w)A(w) Vo f (5, ) + g (w) f(y,w) = 0.
By using the same argument presented as in the derivation of (3.108), it follows that

max , W gch’D 1/2’
(y,w)e(DO)TX(DO)Tf(Z/ ) (J (D1, D2))

where (Dy), = {x € Dy : dist(x,0Dy) > r} for some r > 0, and the constant ¢
depends on the a-priori data. Then, for any (y, w) € D, x D, we have

f(y,w) <ce.

The remaining part of the proof is simply a straightforward adaptation of Proposition
4.5.2. 0
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In this chapter, we consider the inverse problem of the simultaneous determi-
nation of the coefficients for the generalised Schrodinger equation on a bounded
domain 2 from the given boundary data. In particular, we focus on the study of
stability and derive a Lipschitz stability estimate. The main result, presented in The-
orem 5.1.2, establishes the Lipschitz dependence of the coefficients o and ¢ on the
distance between two sets of local Cauchy data. Corollary 5.1.3 provides a boundary
stability result of Holder type. This result is based on the application of the method
of singular solution, which has proved to be effective since the pioneering work of
Alessandrini and Vessella [21].

To obtain better stability estimates, we introduce additional assumptions. We
assume that €2 can be divided into subdomains with regular boundaries of class C2.
Across these subdomains, the coefficients o and ¢ vary. Moreover, the coefficient o
exhibits an anisotropic behaviour, modelled by a C'*! matrix function A. To account
for the boundary condition, we consider the local Cauchy data, which was defined in
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Chapter 4.

This Chapter is divided into three sections. In Section 5.1, we introduce the a
priori assumptions on the domain and the coefficients. We state the stability estimate,
Theorem 5.1.2, and the boundary estimate, Corollary 5.1.3.

In Section 5.2, we define the Green function and describe its asymptotic behaviour
near the discontinuity interfaces. The Green function is a weak solution of a boundary
value problem defined on an enlarged domain {2y with complex Robin boundary
data prescribed on a small portion of 0 that is not contained in 02 and with
homogeneous Dirichlet condition on the remaining portion. In Section 5.3, we
introduce the singular integrals and the quantitative estimates of propagation of
smallness.

Finally, Section 5.4 is devoted to the proof of Theorem 5.1.2. First, we derive
a Holder type estimate in the first subdomain labelled Dy, the one that shares a
boundary portion with the portion ¥ at which the measurements are taken. Then, we
fix a chain of contiguous subdomains of the partition of ) that joins D; to the domain
Dy where the maximum between the L* norm of ¢ and ¢ is reached. On each
domain D, in the chain, an iterative procedure is applied to derive first a stability
estimate for the scalar part of the coefficient o and then an estimate for the coefficient
q.

5.1 Notation and main result

A priori information about the domain

Consider Q@ C R" a bounded, measurable domain with a C? boundary 9 Q with
positive constants ry and L. Assume that

Q| < Crg, (5.1)

where 2] denotes the Lebesgue measure of 2 and C'is a positive constant. Let 3 be
a flat portion of size ¢ on the boundary 0 {2. We assume that there exists a partition
of bounded domains {D,,,}V_,, where N is a positive integer greater than 1, such
that the following conditions are satisfied:

a) Each D,, for m = 1,..., N is a connected domain with C? boundary with
constants 7y and L. These domains are pairwise non-overlapping.

b) The closure of (2 is the union of the closures of D,,, form =1,..., N,

Q= | Dn.

1

T C=

¢) There exists a domain, denoted by D, such that the intersection 9D; N X
contains a flat portion ¥; of size ry/3. For any index m € {2,..., N}, the
intersection 0D,, N 0D,,+1 contains a flat portion ¥,,.1 C  of size ry/3.
Furthermore, we assume that there exists a point P,, 11 € 3,11 and a rigid
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transformation under which P, ; coincides with the origin O and

i1 0 Byos = {2 € Byyjs + wn =0},
D 1 Byyys = {2 € Byyjz 2 < 0},

D10 Byy s = {x € Byyjs : T > 0}.

Note that since the boundary is of class C?, for each pair of contiguous subdo-
mains, it is always possible to apply a local diffeomorphism that flattens the
boundary. However, in order to prove the stability estimate, it is convenient to
assume this condition.

A priori information on the coefficients

Consider the elliptic equation
div(e Vu) +qu =0 in Q. (5.2)

The coefficient ¢ is a bounded, measurable real n x n matrix function of the form

o(x) =v(x) A(z), x €, (5.3)
N
Y(x) =Y ;@) xp,(2), vi(x) = aj +b; - x, xr e, (5.9
j=1
for a; € R, b; € R", and D; for j = 1,..., N are given subdomains of the given

partition. Moreover, there exists a constant 4 > 1 such that for almost every = € €,
77 < y(z) <7, foranyj=1,...,N. (5.5)

The matrix function A belongs to the space C11(€, Sym,,) and there is a constant
A > 0 such that
HainCqJ(Q) < f_l, for i,j =1,...,n, (56)

where

|Vaij(x) — Vai;(y)|
laijllcri) = llaijllcr@) + 7m0 sup .
‘ z]‘ (Q) ij () ety ’x — y’

The matrix function o satisfies the uniform ellipticity condition, namely there exists a
constant A > 1 such that

AP <o(x)é-€ < NP,  forany ¢ € R™, fora.e. z € Q. (5.7)

The coefficient ¢ € L>°((2) is a piecewise affine function of the form

N
q(z) =Y _ qj(z)xp, (@), qj(x) = c; +dj -, r e,
j=1
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for ¢; € R, d; € R", and D; for j = 1,..., N are the given subdomains of the
partition. Moreover, we assume that there are &, ¢ > 0 such that

o]l Lo (o) < 0, lgll o) < ¢ (5.8)

The collection of constants {ry, L, N, \, A,7, &, ¢} along with the dimension n > 3
are called the a-priori data. We will follow the so-called constant variable convention,
where positive constants that depend only on the a-priori data and may vary from
line to line in the inequalities will be denoted as the letter C.

Remark 5.1.1. The class of functions v(z) and q(x) form a finite dimensional linear
subspace. The L™ norms of vy and ¢ can be expressed in terms of the following norms:

Il = max, {lagl+ 1y, Illalll = max, {les|+ 14,1}

modulo some constants that depend on the a-priori data.

Local Cauchy data set

For f € HééQ(Z), consider the boundary value problem

{div(aVu) +qu=0 inQ, 5.9)

u=f on 9.

The boundary value problem (5.9) may not have a unique solution. In this general
framework, the Dirichlet-to-Neumann map may not be defined. To address this issue,
we can introduce a set to model the pairs (u|sq, o Vu - v|sq), which we call the local
Cauchy data.

Definition 5.1.1. The local Cauchy data (u|spq,cVu - v|gq) associated to o, q having
zero first component on 9 Q \ X is the set

Coy(X) = {( £.9) € HYP(D) x HV2(0Q)|y, « there exists u € H' () such that
div(eVu) + qu=10 1in,
ulpo = f,

(V- viga, @) = (9.¢) forany ¢ € Hy (%)},

The local Cauchy data is a subset of the Hilbert space HSéQ(E) x H12(0Q)|x
with norm as in (4.12).

The distance between two closed subsets F and G of a given Hilbert space is
defined as

d(-/r, g) = maX{ sup inf M’ su inf Hh_k|H} )
heg\{0} k€S [IEm keF\{o} h€g % |l3¢

Let {0y, q(k)}kzl,g be two set of coefficients, we denote by Cx, k = 1,2, the corre-
sponding local Cauchy data. Since we deal with sets that are quite close to each other,
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we can assume that the distance between two local Cauchy data is simply given by

d(Cl,Cz) _ sup inf ||(f21.g2) - (fl’gl)H'H7 (5.10)

(f2,92)€C2\{(0,0)} (f1,91)€C1 1(f2 g2)l1%

with # as in (4.11). It is important to notice that the Cauchy data C;,Cs are closed
sets. Furthermore, if the direct problem is well-posed, then the local Cauchy data
represents the graph of the local Dirichlet to Neumann map.

We state the stability estimate that will be proven in Section 5.4.

Theorem 5.1.2. Let ) C R™ and ¥ C 9f2 be a bounded domain and a non-empty
portion as stated above. Let {o},, ¢¥)} for k = 1,2 be two sets of parameters that satisfy
the assumptions stated above. Let C; and Cs be the corresponding local Cauchy data
and assume that d(C1,Cy) < 1. Then, there exists a constant C' > 0 depending on the
a-priori data only such that

”0(1) _ 0'(2)HL°°(Q) + ||q(1) _ q(2)”L00(Q) < Cd(Cy,C). (5.11)

The following corollary is a direct consequence of the proof of Theorem 5.1.2,
hence we omit its proof.

Corollary 5.1.3. Under the assumptions of Theorem 5.1.2, there exist constants C > 0,
0 < n < 1 depending on the a-priori data only such that

o™ — 0@ oo sy + g = 4P| oo (s) < C(d(C1,C2) + E)7d(C1,Ca)",  (5.12)

with E = max{[|0®) — 0® | e (s, [lg® = ¢[00 (5 }-

5.2 Green functions and asymptotic estimates

We recall that by the a priori assumptions on the domain, there exists a point P; € 3
such that, up to a rigid transformation, we have that P; coincides with the origin.
Without loss of generality, we can assume that > = ¥;. We define

2 5)
Dy = {xe (R"\ Q)N By, : |zi| < 370, fori=1,...,n—1, :Un—%o‘ < 67“0}.
The enlarged domain is defined as

Qg = Intgn (Q U DQ).

The set )y is a bounded domain with boundary of Lipschitz class of constants (/3
and L, where L depends on L. Moreover, we introduce the following sets

2 2
Egz{meﬁﬁo\aQ sl <§7“0, fori=1,...,n—1, wn:—gro},
(Qo)r = {z € Qp : dist(x,0Q0) >}, for some r € (0,70/6).

Let 0, q be a pair of coefficients of (5.2) as described above. We extend them
on Dy by setting o|p, = Id,, v|p, = 1 and q|p, = 1, where Id,, denotes the n x n
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identity matrix. With an abuse of notation, we denote with the same letters the two
extended coefficients when we deal with the enlarged domain .

Let G be the Green function of Lemma 4.2.1 such that, for every y € Qg, G(-,y)
is the unique distributional solution of the mixed boundary value problem

div(eVG(-,y)) + ¢ G(-,y) = —=6(- —y) in Qy,
G(,y) =0 on 9 \ X, (5.13)
oVG(,y) - v+iG(,y) =0 on X,

where §(- — y) is a Dirac distribution centred at y. Moreover, there exists a positive
constant C' that depends only on \ and n such that

0 <|G(z,y)| < C |z —y[*™, for any x,y € Qqp, = # v. (5.14)

Proposition 5.2.1. For all y € Qg and every r > 0, the following inequality holds:
[ WGtwR o (515
Q0\Br(y)

where C' is a positive constant depending on the a-priori data.

Proof. The proof can be derived by combining the Caccioppoli inequality with equa-
tion (5.14). ]

Fix an index m € {0,...,N — 1}, let P,,,4+1 € ¥,,41 and assume that, up to a rigid
transformation, P, coincides with the origin O and X.,,,; is a flat hyperplane of
size 19/3. Define the following quantities: v+ = 7,,41(0), v~ = v (0), 4 = A(0),
J = +/A(0)1, and |J| = det J. We define

oo(z) == (v x4 () +77 x—(2))A,

where x4 = xgrr.
The fundamental solution H associated to the elliptic operator div(oy(-))AV-) in
R™ is given by the formula (A.15).

Proposition 5.2.2. Fix m € {0,..., N —1}. Let Qi1 € By ja(Pmy1) N X g1, where
Ym+1 is the flat portion as described in the a priori assumptions. For r € (0,7rq/8),
set Ym+1 = Qm+1 — rv(Qm+1), where v(Q,+1) is the outward unit normal of 0 Dy,
at Qm+1 and let © € B, 4(Qm+1) N Diy1. Then there exist C1, Ca, C3, Cy positive
constants, 0 < 01, 65,03 < 1 that depend on the a-priori data only such that

VoG (2, Ymt1) — Vo H (2, Y1)
|VaVyG (2, Ymi1) — VaVyH (2, Yms1)
IVyG (2, Yym+1) — VyH (2, Ym+1)

V26 yer) — VEH (2, 1)

Ci |z — ymar |10, (5.16)
Cy |z — ym+1|_”+92, (5.17)
Cs |z — ymar |11, (5.18)
Cylz — ym+1]1_". (5.19)

(VAN VAN VANRN VAN

|
|
|
fL', ym+1 ’
Proof of Proposition 5.2.2. For a proof of (5.16) and (5.17), see Proposition 4.3.5.

We prove (5.18) and (5.19). Fix m € {0,...,N — 1}, and let Q,,+1 € 41 N
B,y /4(Pm+1). Up to arigid transformation, we can assume that @, 1 coincides with
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the origin, so that y,,,+1 = O — rv(O).
For simplicity, we write y in place of y,,+1. We define the residual R(z,y) as

R(z,y) := G(x,y) — H(z,y).
It follows that for y € Q, R(-,y) is a weak solution of
diV(UVR('> y)) +4q R(v y) = - le((O’ - UO)VH('a y)) —4q H(a y) in QOa

R(ay) = _H(ay) on 08 \ >0,
UVR(ay) V1 R(ay) = _UVH('ay) V= ZH(ay) on Y.

By Green’s identity, one derives

R(z,y) = /Q (00(2) — (=) V. H(z,y) - V.G(z,2) dz + /Q 4(z) H(zy) G(z,2) d2

—l—/ (0(2) —00(2))V:H(z,y) - v G(z,2) dS(z).
9Qo
Let us define B = B, /4 and introduce the term R(z,y) as follows:
R(e.9) = [ (00(2) ~ o(:)V-H(9) - V.6(2) de+ [ 4(a) H(zp) Gl
B B

We can observe that since |V, (R(x,y) — R(z,y))| < C and IV2(R(z,y) — R(z,y))| <
C, our analysis only needs to focus on the asymptotic behaviour of V,R(z,y) and
V;R(x, y). Let us establish an upper bound for V, R(z, ).

Define B’ = B/ J45 and let us introduce the following quantities:

Bt={xeB:1,>0} B ={z€B:z,<0}

¢ =dlp+, a =dps-, ld=G" —q)l,
v =9lg+, 7 =Alg-,  lol=(" =0 )p=0"—77)|pAlp.
For i =1,...,n, we have the expression
9y, R(z,y /8 (0 —00)(2)V.H(z,y)) - V.G(z,x) dz+/8yley) (2)G(z,z) dz

/8 z) —00(2))V.H(z,y)) - V.G(z,2) dz—/azszy) (2)G(z,x) dz =
— [ (@) -z
0B
- [ lo) - aul
B
- / (0(2) —00(2))V:H(z,y) - 0, V.G(z,x) dz +/ H(z,y)0,,(q(2)G(z,x)) dz.
B B
(5.20)

)V.H(z,y) V.,G(z,x)e; - v dz — - H(z,y)q(2)G(z,x)e; - v dz—
)

NV H(Z  y) - V.G x)e; - e, d2' + H(Z,9)[q(z))G(, z)e; - en d2'—
B/

Notice that 0,,(c — 0¢)(z) and 9., ¢(z) are well-defined on B \ B’. The first and
second integrals on the right-hand side of (5.20) can be easily bounded by a positive
constant that depends only on the a-priori data. The fifth and sixth integrals are
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dominated by

/B (0= 00)(2)| [V2H(2,)| [0z, V.G (2,2)| dz

sc/WAV—yP"v—xr"écm—yP“”a
B

with 03 € (0,1). We can further simplify this expression by using |z — y|> = |z, +
r|? 4 |2'|? > r2, which gives us

/ (o= 00)(2)| IV2H (2,9)| |02, V-G (2,2)| dz < Or' 7 H05,

B

When i # n, the third and fourth integrals are equal to zero, hence we have
|9y, R(z,y)| < C 'l —y|' "

For the case i = j = n, we have

‘/ o —00)(Z)|V.H(,y) - V.G, x) dz' + | 0y, H(',y)[q(2)]G(<,x) d=’
/ B/

sc/rzww—y7KVMn%”dzscm—m2”%
Bl
with 0 < a < 1. Therefore, we conclude that

| Dy, R(z,y)| < Cla — y|t 710, with 65 € (0,1).

To find the upper bound for ViR(x, y), we perform similar calculations. Further
differentiation gives us

0y, Oy, R(z,y) = / (0 —00)(2) 0y, V-H(2,y)) - V.G(2,x)e; - v dz
/ Oy, H(2,9)q(2)G(z,z)e; - v dz
//[(U —00)(2)] 0y, V-H(,y) - V.G(', x)e; - e, A2’
(5.21)
+ / Ay, H(Z',y)[a(z"]G(Z', x)e; - e, d2’
/ By, (0 — 00) () V. H(z,) - 0, VG2 ) dz

+ / Oy, H(2,y) 0-,(q(2)G(z, 7)) dz.
B

The first and second integrals on the right-hand side of (5.21) can be easily bounded.
As for the fifth and sixth integrals, they are dominated by

’/ 8yj(0—00)(z) V.H(z,y) 0., V.G(z,x) dz’ < C/ |z—y|1_"\z—x]_” < C\x—y|1_”.
B B
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Since |z — y|? = |z, + 7|? + |2'|* > r2, we can derive
’/ Oy, (0 —00)(2) V. H(2,y) 0., V.G(z, ) dz‘ < Crimm,
B

Notice that when (i,j) # (n,n), the third and fourth integrals are equal to zero.
Therefore, we have
| Oy, Dy; R(z,y)| < Cla —y|' ™.

When i = j = n, we have
’/ [(0 —00)(2)] 0y, V-H(Z,y) - V.G(z,x)e; - e d2’
B

+ /B Oy H(Z y)a(NG( w)ei - en d|

1

: dz < Clz —y[* ™™
oy [ oapt Ol

<C |/ |-
B/
Thus, we conclude that

|0y, R(z,y)| < Cla —y'™.

5.3 Quantitative estimates of unique continuation

In this subsection, we define the singular solutions, and we establish suitable quanti-
tative estimates of unique continuation. Define the following sets:

k
Wk: U Dma

m=0

UQ:Q, Z/{k:Qo\Wk fOI'kZl,...,N.
For y, z € W, define the singular solution
Sk(y, z) = / (oM — @ (2)V,G1(z,y) - VoGa(z, 2) dx
Uy,

(5.22)
+/(¢”—qmX@Gﬂ%wGﬂ%dd%
Uy,

where G are the weak solutions to (5.13). Moreover, for i, j = 1,.. ., n, the following
partial derivatives are well defined:

Oy, 0=, Suly, 2) = /u (0D — 6®)(2) 0y, VaCr(2,y) - 05, VaCia(z, 2) da

+ / (q(z) — q(l))(x) Oy, G1(7,y) 0z, Ga(z,2) dzv,  (5.23)
Uy,
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and

YiYj

02 ﬁzizj Sk(y,2) = /u (e — )Y (z) 832%% V.Gi(x,y) -ﬁizj V.Go(x, z) dz
k

+/ (q(2) — q(l))(a:) 822.%, Gi(z,y) 8izj Ga(z, z) dz.
U,

(5.24)
For any y, z € W}, by adapting the argument of Proposition 3.2.4, it can be shown

that Sy (-, z) and Sk (y, -) belong to H]. .(Wj,) and are weak solutions, respectively, to
the following equations:

divy(eWV, k(- 2)) + ¢ Sp(-,2) =0 in W,
diva(ePV.Sk(y, ) + ¢ Si(y,) =0 in Wi

Recall the definition of E as
E = max{|y"" - 7(2)||L°°(Q)7 R Y (5.25)

Notice that by Proposition 5.2.1, for any y, 2 € W, the inequality
1Sk(y, 2)| < C E (dist(y, Uy) dist(z,Uy,)) /2 (5.26)

holds, where C is a positive constant that depends on A and the a-priori data.
The following Proposition then introduces the quantitative estimates of unique
continuation for the singular integrals.

Proposition 5.3.1. Suppose that for some positive ¢y we have
|Sk(y,2)| < ey  forevery (y,z) € Dy x Dy. (5.27)

Then there exist constants © > 0 and C' > 0 that depend only on the a-priori data such
that the following inequalities hold true for every r € (0,7/8):

252N
_ 9% E T
ISk (Yk+1, Y1) < Csr 27< - 0 ) (0 +E), (5.28)

. 7232N1
292 0 "
‘ayjazz'sk (?Jk+17yk+1)‘ < Cer ™ (50+E) (e0o+ E), (5.29)
292N
82 9.8 < o 7T E), (5.30)
| Yiy; 2z kst k)| < Crr o+ E (g0 + E), .
foranyi,j =1,...,n, yp41 = Prr1 — rv(Piy1), where v(Py41) is the exterior unit
normal to Dy, at the point Py, ¥ =45 —1,0< 3 <1, N1 € Nand, for ry =7/8,
12r; — 2r 6r; — r)
=In{———/1 . 5.31
™ n<12r1—3r)/n( 2 (5-31)
Remark 5.3.2. Notice that since
Tr 1

_> — 5.32
r — 12r;1In3’ ( )
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we can replace 7, with r in Proposition 5.3.1.

To prove Proposition 5.3.1, we apply a result of propagation of smallness for
elliptic PDEs with piecewise Lipschitz coefficients.

First, we recall the three sphere inequality in terms of L°° norms derived in
Chapter 2.

Lemma 5.3.3. Let u € H'(By) be a weak solution of
div(cVu) +qu=0  in By,

with By C (Q),,/3, T > 0. We assume that o, q satisfy the a priori assumptions. Then,
forany 0 < ry < ry < r3 <, the following inequality holds:

il By < Coollullges, Il 5505, (5.33)

2
where 3 = In (7’2 fr?’)/ln (:—j),ﬁ € (0,1) and Cy, > 1 depends on ry,r9,73,70, L, A

and the bounds on o and q.

In the following Proposition we derive a result of propagation of smallness valid
in our setting (see also [17, Lemma 4.1] and [39, Proposition 3.9]).

Proposition 5.3.4. For k = 0,..., N — 1 assume that there is a weak solution v €
H! (Wk) to
div(e Vv) +quv =0 in W. (5.34)

Suppose that for any given positive number Ey and ¢, the function v satisfies
lv(x)] <ey  forany x € Dy, (5.35)

and
lv(z)] < C(Ey+ o) dist(z)™7  for any x € W, (5.36)

with 4 = n/2 — 1. Let  be the constant of Lemma 5.3.3. Then, for any r € (0,7/4),
there exist constants C > 1 and N7 € N such that

€0 TrﬁNl —5
, 5.37
€0+ Eo) " ( )

[(ye1)| < C(Bo + 20)
where C, Ny depend on ro, L, \, 7,G only, yx+1 = Px+1 — 7v(Pgy1) with v(Pyyq) the
exterior unit normal of 0 Dy, at Py11, 0 < 8 <1, Ny € Nand 7, as in (5.31).

Proof of Proposition 5.3.4. We begin the proof by following the lines of [60, Theorem
4.1] and [39, Proposition 3.9]. Let By € (Do),,/3 and let 799 > 0 be such that
By (Po) C (Do), /3- By (5.35), we have

lv(x)| < eo for any x € B,,(P).

Next, let P;+1 € Y41, and consider i1 = Pri1 — 371 v(Piy1), where v(Pyyq) is
the exterior unit normal of 0 Dy, at Py and r; will be chosen later. For any point
Yo € By, (Fo), we can find a Jordan curve contained in W, that connects yo to yx1.
Let us call this curve ¢(t) € C([0, 1], Wy), with ¢(0) = yo and ¢(1) = yx41.
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Next, we define the radii r3 = 7/2, 7o = 3r3/4, and r; = r3/4. This allows us to
have B, (yo) C Brs(y0) C (Do)y,/3- Now, let us consider a partition 0 = tg < 1 <
.-+ <ty =1 of the interval [0, 1] and let us define a sequence of points ¢(¢;) on the
Jordan curve as follows:

tpr1 = max{t : |c(t) — c(tx)| = 2r1} aslongas |yp4+1 — c(te)| > 2r1,
otherwise N = k+ 1, t5 = 1.

Notice that B, (c(tx)) N By, (c(tit1)) = 0 and By, (c(tit1)) C By, (c(ty)) for k =
1,...,N — 1. Using Lemma 5.3.3, we can propagate the estimate |v(yo)| along the
Jordan curve up to a ball centered at y;,; of radius r, passing through the flat
interfaces ¥, for m € {1, ..., k}. This propagation leads to the following inequality:

N _ AN
l(yri1)| < Ceb (o + Eo) 7,

where 0 < § < 1, N; € N, and C > 0 depend only on the a-priori data.

Now, consider < r; and let yx11 = Pyy1 — 7 v(Pg+1). We can apply Lemma
5.3.3 to spheres centred at g1 with radii 71,37, — r, and 3r; — /2. This gives us
the inequality

€0
o+ Eoy

_ <12r1—2r)/1 (67“1—7’)
Tr =08 1211 — 3r 08 2r '

Finally, we observe that

_ TT‘ﬁNl
ol B, sy < Cr70T7 ( ) (20 + Eo),

where

Cir~ 7 < p~0=m)7 < Cyr 7.

This completes the proof. O

We are ready to prove the quantitative estimates of unique continuation for the
singular solutions.

Proof of Proposition 5.3.1. First, fix z € (Dy),,/3 and define v(y) = Si(y, 2). It can
be observed that v is a weak solution of the equation

div(eWVo) +¢M o =0 inW.
Furthermore, for y € Wy, by (5.26) we have the estimate:
lv(y)| < C E [dist(y, Uy)] "2,

By applying Proposition 5.3.4, with r € (0,7/4), z € (Do),/3, and yx11 = Pri1 —
r v(Pg41), we obtain

€0
o+ F

i o1
\sk@m,z)\scﬂ( ) (co + E),
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where ¥ = n/2 — 1. We define 0(z) = Sk(yg+1,2) for z € Wy. Then v is a weak
solution of the equation

div(e®Vo)+¢@ =0  in W
Since for any z € W, we have
[5(2)] < C B (r dist(z, Tx41)) 2,

we obtain the bound

292N
N
o )" i)

S , <Cr (
|Sk(Uk41: Y1) S Cr o+ E

Next, we derive the estimates for the partial derivatives of the integral solution. The
function Si(y1,..-,Yn, 21,--.,2,) is @ weak solution of the equation

div, (eWV, Sk (y, 2))+div. (6P V.S, (y, 2))+¢ Y Sk (y, 2)+¢ P Sk(y, 2) =0 in Dyx Dy,

By applying the Schauder interior estimates (see [2] or [125]), we obtain the
following inequalities at yx+1 = P11 — 27 v(Pry1):

C

19y, 0=, Sk(ys 2l Loe (B, o4 1) % By jawns ) = 2 156 (Y5 2) | Low (B 1) % B (w10

and

C
” a22/j agi Sk(y’ Z)||LOO(B7"/4(yk+1)XB'P/4(yk+1)) < ﬁ” ayj azz‘ Sk(?/» Z)||L°°(Br/2(yk+1)><Br»/2(yk+1))‘

Hence, the desired estimates for the partial derivatives of the integral solution can be
obtained from the previous steps. O

5.4 The Lipschitz stability estimate

In this section we will provide the proof of the Lipschitz stability estimate. Before
proving it, we will first introduce some notation and some additional observations.

Let > 0. We define a non-decreasing function wy,(¢) on the interval (0, +o00) as
follows:

27e 2 |Int|™" forte (0,2
wn(t):{ e |Int| orte (0,e77), (5.38)

e 2 fort € [e72, +00).

We recall that the function tw, (% is non-decreasing on [0,+00), and for every

B € (0,1), we have the following inequalities:

t 1\"
wy (ﬁ)éllneﬁmlnwn(t) and wn<t5>3(ﬁ) wi(t)-

We also introduce wg") = t" for 0 < n < 1, and define the iterated composition of w

with itself as wf,l) = wy, and ng) =wpo w%jfl) forj=2,3,....
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Let u; € HY(Q) for i = 1,2 be two weak solutions to

div(o;Vu;) + giu; =0 in £,

with uilgq € Hééz(E). By using the weak formulation for i = 1,2, we obtain the

following equation:

/Q[(U(l) —0®)(@)Vur - Vuz + (g% — ¢ (@)ur (2)uz(2)] do

= (6PVay - v,u) — (6WVuy - v, us). (5.39)

By (4.49), we obtain the following inequality:

| [0 = o) @)V ) - Fuata) + (6 = V) ) (w)ua(o)] ]

< d(C1,C) ||(u1, e OVuy - v) ||y (G2, oD Vg - )| . (5.40)
Set

g = d(Cl,Cg),
5 =17 = PNy, 0k =11d" = ¢@ ||y
65 = max{dy, 0y} for k =1,...,max{K, K}.

Proof of Theorem 5.1.2. Let {0;,q;} for i = 1,2 be two sets of coefficients and let
C1,Cs be the corresponding local Cauchy data. By (5.6), the following inequality

o™ — 6@ ooy < Cd(C1,Ca)

is equivalent to
7Y = @ e () < Cd(Cr, Ca),

where C' > 1 is a constant that depends on the a-priori data.

For K € {1,..., N}, let Dk be the subdomain of the known partition of 2 such
that

IV =Pl = ke’ =78 = (s

Similarly, for K € {1,...,N}, let D be such that

1 2
la® = @@y =l = 2 (0,0

Our goal is to prove that

g% — ¢ N o) + 7% =752 (D) < Cd(Cr, Co).

Let 2y be the augmented domain and let o; and ¢; for i = 1,2 be the extended
coefficient on Dy, with o;|p, = Id, and ¢; = 1. Let Dy, D1, ..., Dk be the chain of
contiguous domains such that ¥,,, = 9 D,, N9 D41 and X1 = 0 Dy N 9 Ds.

Let {x1,...,x,} be a coordinate system with origin at Pj. Let ¥ be the flat
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interface contained in the tangential hyperplane of 9 D1 N B, /4 at P. For any scalar
function f, we denote with Dy f(x) the (n — 1) dimensional vector of the tangential
partial derivatives of f at x on X, and with 9, f(z) the normal partial derivative of
f at z. The function (fy,(cl) — 7,5:2)) can be bounded from above in Dy, in terms of the
quantities

I = 92Nl sens,, umy) and (0,00 =22 (P, (5.41)
Indeed, set
Ap+Bp-z =" =4 (@)  for A4y €R, By €R", and z € Dy.

Fix an orthonormal basis {e; ;‘;11 of ¥, and let v = e, be the direction of the normal

of 0 D;. One can evaluate (fy,(gl) — fy,(f)) at the points P, and P, + ejforj=1,...,n
and derive

n—1
To 1 2
A+ Bi- Pl + 5 30 1BW;1 < ClgY = 42 e sins, ar:
j=1

and
1 2
By, en] = | 01" = 1) (P

Hence, it turns out that

1 2 1 2 1 2
Y = 4Pl p) < € (0 = W2 e en,y am) + 18008 = 1) (B
for C' > 0 constant that depends on the a-priori data. A similar consideration holds
forql(;), i=1,2and k€ {1,...,N}.
Our goal is to estimate ¢ for any k = 1,... , max{K, K}.
When k = 1, we obtain the following Holder estimates at the boundary:

5y < C(E+s)(€jE>m, (5.42)
51 < C’(E+5)(€iE)ﬁl, (5.43)

with 0 < 11,71 < 1 that depend on 61, 65, 03 and C' are positive constants that depend
on the a-priori data only.

Our approach involves estimating the L? norm of (y() — ~(?) on Q, denoted as
61, using 7. We then proceed to estimate the L? norm of (¢® — ¢V)) on , denoted
as 41, in terms of §;.

Stability at the boundary for o.

Consider the coordinate system with origin at P, and let {z1,...,x,} be the
coordinates. For any y, z € Dy, we have the following identities:

/E [0 (2)V,Ga(z, 2) - v Gi(z,y) — oD (2)VoGi(z,y) - v Ga(z, 2)] dS(z) =

= / [0V — 6@)(2)V,Gi(2,y) - VaGa(z, 2)+ (5.44)
Q

+(@® = ¢ (@) G (,y)Ga(x, 2)] dz,
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and

/ﬁamkw)vzaalczmzz>»/a%x?mxdn——a“Mm)vxawlcluay)»/a%xﬁxx,@]dS(>:=
>

—/W”ﬁ%@%%&@ﬂ%@ﬁmw+
9]
+ (® — ¢ () 8y, Gi(x,y) 0., Ga(x, 2)] du,

(5.45)
Using (5.40) and (5.44), we can derive the following inequality:

‘ /2[0(2)VIG2(m, 2) - vGi(z,y) — U(l)val(l‘,y) v Go(z, 2)] dS(ZE)’

< Ce (dist(y)dist(z))lfnm’
(5.46)

where dist(y) denotes the distance between y and 2. We can also express the norm
|]7§1) - 752) | Lo(p,) in terms of the quantities

MY = 1P (i, uey and (84 —42) ().

Let p =ro/4, and let r € (0,7/8). Set w = P, + r v(P;), where v(P;) is the exterior
unit normal of 0 D; at P;. Consider

So(w,w) = I (w) + I(w), (5.47)
mmz/ (W = /) (@) A(e) V.G (2, w) - Vo Ga(w, w) da
Bp(Pl)ﬁDl
@ _ (1) )
+ (ql a1 )(.’13) Gl(xaw) GQ(xa w) dz,
Bp(Pl)ﬁDl
and
IQ(w) = / (U(l) - 0(2))(‘T) val(xa w) : vaQ(x7 w) dx
Q\(Bp(P1)ND1)
+ [ (4~ 4V)(x) G (2, w) - o, w) dr
Q\(B,(P1)ND1)
The volume integrals of I5(w) can be bounded from above via Caccioppoli inequality

A.2.2:

|Is(w)] < CEp*™™. (5.48)

Regarding I; (w), it is important to note that there exists a point z* in the closure
of ¥1 N B, /4(P1) such that

(1 = 1@ = 111 = 12N, e (5.49)
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Using (5.49), we have
I(w) = / (WY =4 (@) Al2) Vo Gi (2, w) - Vo Gala, w) da+
Bp(Pl)ﬂDl
+ / By - (z — 2%) A(z) VoG1(z,w) - Vi Ga(x,w) da+
BP(P1)ﬂD1
2 _ @ )
+ (@ q ) (x) Gi(z,w) - Go(z,w) du.
Bp(Pl)ﬂDl
By the asymptotic estimate (5.16), we obtain

h(w) 2 =2 lemen,of [ A@TaHw) - Vet w) do-
Bp(Pl)ﬂD1

_ / |IL‘ o w|2(1—n)+01 dr — / |1, _ w|2(1—n+91) dl‘}—
Bp(Pl)ﬂDl Bp(Pl)ﬂDl

- CE z|jz — w*™ dz — CE |z — w|?®™™ da.
Bp(Pl)ﬁDl Bp(Pl)ﬂDl

This implies that

|1 (w)] > Ol - 7%2)”L°°(E1OBLO(P1))T2_” — CEr*™" —CEP™". (5.50)

4

By rearranging the inequalities (5.50) and (5.48) together with (5.46), we obtain

1 2 _ _ _ _ _
||7§ ) - ’Y£ )‘|L°°(ZlﬁBTO/4(P1))7"2 "< CEPTY 4 CEr?0 4 Cer? ™" 4 CEp* ™.
(5.51)

Multiplying (5.51) by 7"~2 and taking the limit as » — 0", we obtain

||7£1) - VEQ)HLOO(Z‘WBTOM(H)) < Ce. (5.52)

Now, we proceed to derive an estimate for the normal partial derivative of 751) - 752)

at P;. Applying Taylor’s formula in a neighbourhood of the point P;, we derive
(1" = 1)@) = (1 =) P + (D =) (P)) - (o~ P+
+ @1 =) (P) - (@ — P

Hence,
| Oy, 0, So(w,w)| > I11 — g — I3 — Ta — L5 — Iis,
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)

3, (1Y = NP - (= P)pA(2) V4 0y, Gi(2,0) - Vi 0, Go(z, w) da

g
=
I
\

Bp(Pl)ﬂDl

Dr(\V =AY\ (Py) - (x = PY A(2)V, 8y, Gi(z, ) - V0., Ga(x, w) da

g
[\
Il
—

)

Bp(Pl)ﬂDl

I = / (Y = W)P)A@) Y, 0y, Gi(w,w) - Ve 0z, Golw, w) da,
Bp(Pl)ﬂDl

Iy = / (a1 = i) (@) By, Gi(w,w) - 0, Gal, w) da,
B,(P1)ND;

Iy = / (0 = 6@)(2) 8y, Vo1 (2, w) - D, VoG, w) da,
Q\(B,(P1)ND1)

Lig = / (q(l) - q(2))(x) Oy, Gi(z,w) - 0,, Ga(x,w) dx’.
(B, (P1)ND1)

To estimate I;; from below, we add and subtract the fundamental solution. Using
(5.17), we derive

Iy > C |0, =Pt — ¢ B plntoe, (5.53)
To estimate the terms I;» and I3, we notice that
(Y =) P+ C Dr(Y = 42) ()] < C Y = 1Pl (ming, ) < Ce

This implies that
Ly, 13 < Cer.

To estimate the integral I14, we have

Nt < 16 = ¢tV oo (o) / |0y, Gi (2, w)] | D, Gaw, w)| dav

DlﬂBp

<C |z — w07 < o r2
DlﬂBp

Using [21, Proposition 3.1], we can bound the integrals I15 and I as follows:
Iis, 1s <CEp™™.
To summarise, we have
10, (Y = /D) (PP < 18y, 0., So(w, w)| + C{Er' =" L ep~m}. (5.54)

Since
| y,, 0z, So(w,w)| < Cer™",

we can derive

10, (1) =AY (P)|r " < C{ER 0 4, (5.55)
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Multiplying (5.55) by 7"~!, we obtain
10, (1) — ()] < CLE 4 er71).

By optimising with respect to r, we find that

2

1 _ (2 < £ ) P2+
0,68 - <+ B) ()" (5.56)
)
We can set 17 = 1 Hence, we conclude that
2
1Y =2l zoo(py) < Cle + E) ( - )m . (5.57)
! ! (D1) = e+ FE

Stability at the boundary for ¢

Our goal is to derive a bound for Hq%l) - q§2) | o< (p,) in terms of (5.57). A suitable
bound for the norm ||¢{¥ — ¢V)|| Le(p,) €an be obtained by the following quantities:

2 1 2 1
10 = ¢tV om0, ury and (g — ) (P (5.58)
Let us consider p = r¢/4 and r € (0,7/8), and set w = P, + rv(P;). Consider
ayn azn SO(’LU, w) = ayn azn ‘[1 (w) + ayn a7~'n IQ('LU),

with w = P; + rv(P;), as above. The term 0,, 0., I2(w) can be bounded from above
as
Oy, 0z, Ia(w) < CEp™".

To determine a lower bound for d,, 0., I1(w), first notice that there exists a point
T € X1 N B, 4(P1) such that

@” ~at)@) = l0” ~ 0t =z, e

Using (5.16) and (5.57), it follows that

-n —n € " -n
Cllgs” = 41" =108,y urr” " < 10y, 0, Li(w)| + CEP* " 4 Cle + E) <5+E> "

From (5.45), we have
| Oy, 0z, So(w,w)] < Cer ™.

Hence, by combining the upper bound for I5(w) and the lower bound for I; (w), we
obtain

2 _ (1) 2-n _n 2 nt0 e \" .,
o™ — @ HLoo(sz%o(Pl))T SC{ET + Er¥ 0 4 (e 4+ E) <5+E> r +E}.

Multiplying by "2 leads to

2 1
1g? — &Vl oo (5B oy (1)) < Cle +E){ (

4

m
-2 01
5+E) r “+ Er }
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By optimising with respect to r, we conclude that

n191

(2 (1) € 01+2
la™ — @ HLOO(ElﬁB%O(Pl)) <C(E+e¢) (8 - E) . (5.59)

To estimate ]8V(q§2) — q%l))(Pl)], consider the singular solution 8 83 ., So(w, w)
and split it as the sum of the terms

19 (w) = / (o) — o) (@)V, 2, Gi(w,w) - %, Ga(x,w) dat
D1NB,(Py) ! i
2 @) 2 a2
+ (QI a1 )(CC) 8yiyj G (:Ca w) 8,21-2]- GQ(ZEa U)) de,
DlﬂBp(Pl)

and

19 (w) = (W — o) (@)V, 0y, Gi(z,w) - V402, Ga(w,w) do+

/Q\(DIQB/J(Pl))
+ / (q(2) — q(l))(ﬂs) 831,%_ Gi(z,w) - Eﬁizj Ga(z,w) dz.
Q\(D1NB,(P1))

Set Ip(w) = {I¥(w)}; j=1...n. Denote by |I,,(w)| the Euclidean norm of the matrix
I,,,(w). The upper bound for |I»(w)| is given by

| Ia(w)| < CEp~ ("2,

where C' is a positive constant that depends on the a-priori data only. For the lower
bound for I (w),

1 n
[ (w)] =~ > {’/D . (P)(ay(q@) — ¢ (P)) - (x = P 02, Gi(z,w) - 02, Gow,w) dx’_
1,j=1 1NB(F1
- /D NB,(Pr1) (DT( 3 B q§1))(P1)) . (x o Pl)laziyj Gl(gc,w) '831'2]' G2(x,w) dﬂ?’_

_ / 2 _ qgl))(Pl) aiyj Gi(z,w) - 832_31_ Go(z,w) dx‘}_
D1NB, P1

- /D NB,(P (1 = ") (@) 9. VaGi(z,w) - 92, VoGa(z, w) dx’.
1 pL1

Since
(@1 = i) (POl + ClDr(at” = i) (PO < Cllar” = a1V ey 1))

by (5.59) and (5.19), one derives

1191

Bw)| = Ol - )P - CE+e) (=5 )" o

m
—CEr* Qe+ E ( - ) 2,
r (e+ E) " r

(5.60)
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Since for y, z € (Do)yy /3,
/ (0@ (2)V, 0% Ga(z,2) v 02 Gi(z,y) — e (z)V, 02 Gi(z,y) v 02 Ga(z,2)] dS(z) =
>
_ /Q (0D = 0@ @)V, 2 Gi(2,y) - Vs 02, Galw, 2) da
4 / (@@ — W) (@) 2, Gy (2,y) &2, Galx, 2)] da.
Q

it turns out that
|02 92 Sp(w,w)| < Cer 2™ (5.61)

By (5.60) and (5.61), one derives

101
2 1 —-n £ rE n
(i = a") (P! §C(E+€)<5+E)l nr
m
+C(€+E)( c ) P2 4 OBt O,
e+ FE

Multiply by 7"~! the last equation and optimise with respect to r leads to the estimate

2 1 IS 72
0,67 - Pl B +e) ()
with n € (0,1).

We proceed by estimating 5. Our approach is to proceed similarly as for the first
domain. We summarise the main steps. We claim that the following inequalities hold:

5y < Ce + B)w? (EJ%E) (5.62)
b2 < C(e + E)wl) (EJ%E) (5.63)

with 0 < 72,72 < 1.

For any y, z € Dy, the following identities hold:
/ [0P(2)V,Ga(z, 2) - v Gi(z,y) — oW (2) Vo Gi(z,y) - v Ga(x, 2)] dS(z) =
b

=51(y,2) + /W [(0(1) - 0(2))(x)VxG1(x,y) -Va.Ga(z, z) + (q(z) — q(l))(x)GH(:v, y)Ga(z, 2)] dz,
(5.64)

and
/ (0@ (2)V, 8., Ga(z,2) - v Dy, Gi(z,y) — 0D (2)V, Dy, Gi(z,y) - v s, Ga(,2)] dS(z) =
>

=0y, 0., S1(y, 2) + / (e — eI (2)V, 8y, Gi(z,y) - V. 8., Ga(z, 2) du+
Wi

4 / (@® — ¢ (x) 8y, Gi(z,y) 0., Ga(z, 2) dz.
Wi
(5.65)
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Let p = r9/4 and r € (0,7/8), and set w = P» + rv(P,), where v(P,) is the exterior
unit normal of 0 Dy at P,. Consider

S1(w, w) = Il(w) + IQ(’LU), (5.66)
with
L(w) = / (Y = ) (@) A(2) Vo Gz, w) - VoGa(z, w) du+
B, (Py)NDa
2 @D )
—i—/ (g5 ¢ ) (z) Gi(z,w) - Go(x,w) dz,
BP(PQ)QDQ
and

L(w) = /u - )(0(1) — 0)(2) V,G1(z,w) - VoG (z, w) dz+
1 p\172 2
+/ (¢® — ¢W)(z) Gy (2, w) - Gz, w) dz.
Ui \(Bp(P2)ND2)

The volume integrals of I5(w) can be bounded from above via Caccioppoli inequality
(see also [21, Proposition 3.1]):

|Ix(w)] < CEp*™™. (5.67)

Regarding I;(w), by proceeding as for the boundary, we derive the following lower
bound:

()] > Ol = Wl (mans, o (payr® ™ — CEr ™0 — CE ™" (5.68)
Since for every y, z € (Do), /3,
[S1(y, 2)| < Crg " (e + 67),
by (5.28), we have

g + 5T )BQNlTETQ_n

|S1(y, 2)| < Cle + 67 +E)(m

(5.69)

Rearranging the inequalities (5.68) and (5.67) together with (5.69) and (5.32), we
derive

£+ 0% AENL(12r In3) =202 o
et o+ E) Pt

(5.70)

2 —n *
H’Yél) - ’Yé )\\Lw(zgmBT0/4(P2))7’2 <C(e+67 + E){(

To minimise the right-hand side of (5.70), we follow the lines of the procedure
introduced in [19, Theorem 5.3]. The function that we want to minimise is

f(r):{’"2 P27 0<r<mr,
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where O* B2N1 (1271 1In3)~2
- ()
e+oi+E ’
Set 5 g
n— 1
z=1r2 o= 7 DZE’ zo—r%,

and consider the function
d(2) = 2P + 277 7.

We want to determine an upper bound to info<,<,, ¢(z). We introduce the parameter

1 \!
= (1)

We assume by now that 0 < [ < 1 and by the inequality e™* < 1/s, we derive

[ as

1 \ID 1 \1-l(o+1)
I e B

< [ -
#(z) < (logé log%

Let us choose [ such that! D =1 — (0 + 1), namely [ = 2/(0; + n). Set

6
p=min{lD,1—-1l(c +1)} = o —|1—n’
then ,
1 M . 1 glJlrn
90 =2(joe) =)™
et * 2N1(12r1 In3)72 | —
T:‘n(4€+51 )5 (1271 In3) _m’
e+ +FE
then it turns out that
* 01
o _ @2 * £+0] oty
72" — ||Loo(22mBr0/4(P2)) <COe+61 + E)’ In (m) oo (57D
By the properties of w,, one derives
(1) (2) €
1787 =957 e (520, ) < Cle+ Blion (= 5): (5.72)

with 0 < 7 < 1 depending on 6;.

A similar estimate can be derived for 8,,(79 - 752)). From Taylor’s formula, one

derives

(15 = 257)w) = (5" = BN (Bo) + (Dr (23" = %) (o)) - (= P+
+ 005" =) (P2) - (2 = Pa)n

Hence, it follows that

| 0y, 0z, S1(w,w)| > Ia1 — Iog — Iog — Ioq — Io5 — Iog



138 Chapter 5. Lipschitz stabiliy for coefficient identification

Iy = / 3, (1) — ANV (Po) - (& — P2)u A(2)V . 8y, Gi(a,w) - V. 8., Ga(a,w) dal,
B,(P2)ND>

Iy = / Dr() = AN(Py) - (z — Py) A(2) V4 0y, G (2, w) - Vy 0, Gz, w) dal,
BP(PQ)ODQ

Ing = / (" =W (P)A(@)V, 8y, Gi(z,w) -V, 0., Golw,w) da|,
BP(PQ)ODQ

Iy = / (@8 — a§)(x) 8y, Gi(z,w) - B, Ga(z,w) dz|,
BP(PQ)ODQ

Ixs = / (0(1) - ‘7(2))(55) 9y, VaGi(z,w) - 0., Vo Ga(z, w) da:’,
UI\(B,(P2)ND2)

L = / 4V = 4®)(&) By, G (2, w) - Dz, Gl w) .
UL\ (B, (P2)ND2)

by (5.17), with minor calculations, we derive

19,0757 ) (P2) | < |9y, 0z, 1w, w) +C{B 24 Clet By (=5 )"}

(5.73)
Since for y, 2 € (Do), /35
|0y, 0z, S1(y, 2)] < Cle +01)r ",
then by (5.29) and (5.32),
5* B2N1 (1271 In 3) ~292
0,051 (w,w)| < C(e + 67 + B) ((Sj;iE) L (5.74)
1

Hence, one derives

€+ 07 )52N1 (12r11n3)~2r?
E+07+E

e+ By (=)}

10,68~ APl < C{Br (e 45+ B)

(5.75)
Multiplying (5.75) by »"~! and optimising with respect to r leads to
(1 €
10,68 = AP0l < O+ B (). (5.76)
with 0 < 72 < 1. Hence, we conclude that
2 9

Now, let us derive a bound for d;. Notice that the norm Hq§2) - qgl) || o< (Do) can be
evaluated in terms of the following quantities:

165 = 5Vl san, a(reyy @0 [ 80(gs” — a5)(P)]- (5.78)

r "
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Let p, r, w be as above. Consider
ay'n azn Sl ('LU, 'LU) = 8yn 8Zn Il (w) + 8:’!71 azn IQ('UJ)

We determine a lower bound for 9y, 0., I1(w) in terms of \|q§2> —qgl) ||Loo(22mBm/4(P2)).
By the asymptotic estimate (5.17) and (5.77), one derives

10y, 0., T (w)]| > [|¢5 — qél)\\Lw(EQnB,,o/4(P2)){/ Oy, Hi(z,w) 9., Ha(x,w) do—

B,(P2)NDy

o / |£E _ w|2(17n)+03 do — / |1’ . ,w|2(17n+03) dx}—
B, (P2)ND> B,(P2)ND>
fCE/ |x||:cfw\2(1*”) dxfC’(ewLE)w(z)(L) / |z —w|™™ da.
B,(P2)NDs e+ E/ Jp,(p)nps

It turns out that

-n -n € -n
Cllas” = 65 (s aryr™ ™ <10, 02, T + CERT % 1 Ole + B (22 ).

By (5.74), due to the fact that
’ ayn azn Il(w)’ S | 8yn 8Zn Sl(w7 w)| + | 8yn 8Zn IQ('LU)|,
by the upper bound for I»(w), (5.29) and (5.32) we derive

e+ 5T >52N1(12r1 In3)~2r2 -

@ () 2-n x
oy — @ ||L°°(2203r0/4(P2))T < C{(S +07+E) <5 + 6+ E

2—n+61 (2) € —-n
+ Er + (e + E)wy, <5+E)r }
Multiply by "2 to obtain

e+ 5T )521\’1 (12r1 1113)*27”2 r_2+

@ _ () , -
2™ = @ Ml (sanrg (P2)) < C{(ff +01 + E) (8 T+ E

0 @ (_& \,-2
+Er1+(E+E)wn2 (a—i—E)T }

By optimising with respect to r, one concludes that

(2) (1) (3) €
gz — a5 HLOO(ZQHB%O(PQ)) < C(e+ E)wy, (5+E> ; (5.79)

with 0 < 7, < 1 that depends on 61, 62, 5.

{2 — ¢{V)(Py)|, consider the singular solution ;.. 02,2, S1(w, w)

To estimate | 9, (g
and split it as the sum of the terms

19 (w) = / (08 — o) @)V, 82, Gi(,w) - Vo 02, G, w) dart
DQOBP(PQ)

+ / (q§2) - qél))(x) ajiyj Gi(z,w) - 8Zizj Go(z,w) dz,
DQﬂBp(PQ)



140 Chapter 5. Lipschitz stabiliy for coefficient identification

and
19 () = /u . ))(0(1) 0D @)V, B, Gi(w,y) - Va 0P, Galw, yr) dat
1\(D2NB, (P,
+ /Z/{ \(D AB (P ))(q(Z) - q(l))(x) 8§(¢yj Gl (.’E, UJ) ’ 837;27' GQ(:’U7 w) dl'
1\(D2NB, (P2

Set I, (w) = {I¥(w)}; j=1...n for m = 1,2. Denote by |I,,(w)| the Euclidean norm
of the matrix I,,,(w). The upper bound for |I»(w)| is given by

[Ia(w)| < CEp~("+2),

where C' is a positive constant that depends on the a-priori data only. For the lower
bound for I (w),

1 n
)|z 5 Z {| / 0u(a5” = ") (P)) - (@ = P)u 8}, Cr(w,w) - 82, Gl w) dla| -
_ / (2) _ qé ))(P ) - (x — P2)Ia§¢yj G1(z,w) .822], Go(z,w) dx’_
QﬂBP P2

_ / 2 _ qél))(PZ) 812”%_ Gi(z,w) - 835@- Ga(z,w) dx‘}_
DQﬁB

_ / o (gm_g(z))(;,;) 02, VaGi(,w) - 02, VGl w) dal.
p\12

Since

(6 — a§)(Po)] + C1(Dr(a? — a”)(Po))] < Cllgs” = &5 e (25, 2 (o))

by (5.79) and (5.19), one derives

Bw)| = Ol - )Pl = e + Byl

Q)
o+
§
N———
\3\
3
|

o)
92
(0]
(=]
p—

~CEr — C(E + e)w (—— )r 2",

™
+
&

Since for y, 2 € (Do), /35
/Z [0 (2)V, 02, Ga(z,2) - v 82 Gi(z,y) — o W(@)V, 82 Gi(z,y) v 82, Ga(z,2)] dS(z) =
=0, 02, Si(y.2) + /m (0 — 6)(2)V, 82, Gi(z,y) -V, 02, Go(w,2) da+
[ 6 =) @)%, Gala.) 2, ot ) d,
;
by (5.30) and (5.32), it turns out that

5* BN (1271 In3) 292
€t ol ) (e 465+ Ep 2" (5.81)

2 2 <

Yn ~2Zn
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Collecting together (5.80) and (5.81), one derives

(2) (1) 1-n 2 € —2—-n 14+02—n
@u(a” ~ )P < e+ Byld) (5 ) 2" 4 CBAT

5* B2N1 (1271 In3) =272
4 C( e+ 1 )

P (e 07+ B
1

Multiply by 7" ~! the last equation and optimise with respect to r leads to the estimate

0,67 — )P < OB+ ll) (—25). (5.82)

with 0 < 77 < 1 that depends on 61, 6.

For the general case, consider the following identities:

[0(2)($)VIG2($72) : VGl(xvy) - 0(1)($)VIG1(CE,y) : VGQ(l‘,Z)] dS(IE) =

o

- / (0™ — @) (@) Vo1 (2, y) - VaCala, =) da (5.83)
W1

_l’_

/W (¢ — ¢ (2)Gy (2, y)Ga(x, 2) dz + Sy_1(y, 2),

0P (2)V, 8., Ga(x,2) -v Dy, Gi(z,y) — oW (2)V, 8y, Gi(x,y) - v 8., Ga(z, 2)] dS(x) =

o

by

- / (00 — ™) @)V, 8y, Cr(2,y) - Vi 0, Gala, 2) da
Wi—1

+ / (0 = ¢W) (@) 9y, Gi(2,y) 0, Ga(x, 2) da + By, 0z, Se—1(y, 2),
Wi—1
(5.84)
and
/E (0@ (2)V, 02, Go(,2) v 82, Gil(z,y) — oD (2)V, 02 Gi(z,y) v 92 Ga(z,z)] dS(z) =

= / (e — ) (2)V, 8§n Gi(z,y) - Vg 8§n Ga(z,z) dx
Wr—1

+/ (@ = ¢M)(2) 02 Gi(x,y) 92, Go(z,2) du + 82 02 Sp_1(y, 2).
Wr—1

Yn ~2Zn
(5.85)

To estimate the norms

IV =1 Pllsep,y and g =g ey

one can follow the procedure in Step k = 2. Consider p = ry/4, r € (0,7/8) and set
w = Py, + rv(Py), then we split the integral solutions Sy, (w,w), Oy, 02, Sk—1(w, w)
and 0, 92 Si_1(w,w) into the sum of two integrals over the domains B,(P;) N Dy
and Uy_1 \ (B,(Py) N Dy). We can determine a lower bound for the integral on the
smallest domain and an upper bound for the integral on the largest domain using
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the estimates of Proposition 5.3.1. This leads to the inequality

) , 3k—4)(_E
I = 4@ o) < Cle+ B)ff (),

and then, by applying (5.86), we have

) , (Bk-1)(_ €
4 = 4D llepyy < Cle+ B ().

where 0 < 7,7, < 1 are constants that depend only on the a-priori data.

Let K = max{K, K}. Since F = 6%, we can derive the inequality

FE < C(E + E)UJ%?),(I_(_l)) (5—|-€_E') .

K

If E > e%c (otherwise, the statement holds), it follows that

B(E-1) (£
1< Cwﬁk (E) .

3(K-1))

Taking the inverse of w% .
K

ESC&E,

(5.86)

(5.87)

(5.88)

and applying it to (5.88), we can conclude that

where (] is a positive constant that depends only on the a-priori data. This completes

the proof of Theorem 5.1.2.

O
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APPENDIX

Miscellanea

A.1 Spaces of functions

A.1.1 Holder spaces

Let  C R™ be a bounded domain. We say that a function u : Q — R is a-Holder
continuous with « € (0,1] on Q if

[ulz) = uly)|

PE :1:,y€Q,:c7éy}<+oo.

[ula,0 = sup{

We say that w is a Lipschitz continuous function if « = 1. The space of a-Holder
functions is defined as the set

OO ={u: Q=R : |ulaq < +ool}.

The number « is called the Hélder exponent of the space C%®. Equipped with the
norm

[ulla.e = [[ullpe (@) + [1]a,0
the space C%%(Q) is a Banach space. For k € N, a € (0, 1], define the (k, o) Holder
space as the set
ChQ) ={ueChQ) : Y |Dul,q < +oo}.

|ae|l=k

145
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It is a Banach space with norm

[tullgae =D DUl + Y [DTulag-
lvI<k Iv|=k

Theorem A.1.1. i) The immersion C*7(Q) C C*(Q) is continuous and compact
for ~ € (0,1].

ii) The immersion C*7(Q) ¢ C*8(Q) is continuous and compact for any 0 < <
7< 1L

A.1.2 Sobolev spaces

Let Q C R"™ be a bounded domain.

Definition A.1.1. For 1 < p < oo, m a positive integer, we define the space W™P(Q})
as follows:

WmP(Q) ={u e LP(Q) : D € LP(Q) for all multi-indices || < m}.

The space W™P(Q) is equipped with the norm:

o 1/p
lullwmooy = | 3 ID%ullfyq)] 5 for1<p<os,

laf<m

lullwmeo@) = D D%z (0.

laj<m

The Sobolev space WP () is a Banach space for all 1 < p < o0, it is separable
for < p < oo and reflexive for 1 < p < co. See [1, 42] for other properties.

In the case p = 2, the fractional Sobolev space W*2(Q) turns out to be a Hilbert
space and it is denoted by H*(12).

Let 2 C R™ be a bounded domain. We define

HY Q) ={uc L*(Q) : Vue L*(Q)}.

where Vu is in the sense of distributions. The Sobolev space H'((2) is a Hilbert space

with scalar product
(u, ) g1 (q) —/uv—i—/ Vu - Vo,
Q Q

and with norm

1/2
fulln oy = /Gy = ([ o+ [ (9up)

The Sobolev space H} () is the closure of C2°(Q) under the H'(£2) norm.

Theorem A.1.2 (Trace Theorem). Let 2 in R™ be a bounded domain with Lipschitz
boundary with constants ro and L. Let p € [1,+0), dy be the diameter of 2. Then
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there exists a unique bounded linear operator
T: Wh(Q) — LP(0Q)
which satisfies the following conditions:
1. T(u) = ulgq for every u € CO(Q) NWP(Q).
2. There exists a positive constant C' depending only on ry, L, dy and p such that

I T(W)le@0) < Cllullwie), — for any u € WHP(Q).

3. Forevery u € W'P(Q), ¢ € C1(Q,R"),

/ udiv(¢) dz = —/ Vu- ¢ dx—i—/ (¢-v)T(u)dS.
Q Q a0

The function T(u) is called the trace of u on 0.
We give the following characterisation of trace spaces when p = 2.

Theorem A.1.3. Let 2 in R™ be a bounded domain with Lipschitz boundary with
constants rog and L. Let

T: HY(Q) = L*(09)

be the trace operator defined in Theorem A.1.2. Then
T(HY(Q)) = HY?(6Q).
Moreover,
1. There exists a positive constant C which depends only on ry, L and n such that
I T 1200y < Clulli), — foralu e HY(R).
2. There exists a bounded, linear map
R:HY*0Q) — H'(Q)

such that
T(R(h)) =h,  forallh e HY/?@Q).

In particular, by uw = R(h), it turns out that

lull gy < Clhllgzpe — forall he HY?(0Q).,

The trace space H'/2(9Q) is the space of traces of H'(f2) functions on 9. It can
be canonically endowed with a scalar product induced by that of H!(f2). The trace
space H'/2(9Q) can be defined equivalently as the following quotient space

HY2(0Q) = H'(Q)/HL(Q).
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The dual space of H'/2(0Q) is denoted as H~'/2(92) and it is the space of trace dis-
tributions acting on H'/2(9 ). The following chain of inclusions holds: H/2(0Q) c
L2(0Q) ¢ H-Y2(9Q). For any non-empty portion ¥ C 9 of 9, we define the
trace space HY 2(E) as the subset of H'/2(9Q) of trace functions whose support is
compactly contained in X:

HJX(8) = {f € H'(09) : supp(f) C £}
Denote with HoléQ(Z) its closure under the norm | - [| y1/2(y ) Similarly, let

H2(00\%) = {f € HY2(09Q) : supp(f) COQ\T |,

and denote with HSéQ((?Q \ ¥) its closure under the norm || - 120 0)-

The trace space of the form H&éz(E) was introduced by Jacques-Louis Lions
and Enrico Magenes. We recall their definition as presented in the Lectures by
Tataru [131]. We start with the definition of the interpolation spaces. Let Ey and
E; be two normed spaces that are continuously embedded in a topological vector
space £. We assume that Ey + F; is a normed space equipped with the norm
lall Bg+1 = infa=agtai {llaollo + [laxf|1}.

For any a € Ey + F7 and t > 0, we define

K(t;a) = _inf {[laollo + tllarfl1}-
=ao+ai

a
For 0 < # < 1and p € [1, +o0], we define the interpolation space

dt
(E(),El)gm = {CL cby+E: t_eK(t; a) € LP <R+; t) }, (A.1)

equipped with the norm

||a||(E0,E1)0,p = ||t_9K(t§a)||LP(o,oo; dt/t)-

These spaces satisfy nice embedding properties similar to Holder spaces and interpo-
lation properties [131, Lemma 22.2, Lemma 22.3].

When Ey = H}(Q) and F; = L*(Q), the interpolation spaces (H}(€2), L?(£2))p.2
for ) a bounded domain with a Lipschitz boundary, Lions and Magenes discovered

that for 6 # 1/2 we get the space H} ?(Q), whereas for § = 1/2 we get a new space,
denoted by Ha/*(Q).

Lemma A.1.4. If u € Hy)*(Ry) = (HE(Ry), LA(Ry)); 2 then % € L3(R,).

Thanks to Lemma A.1.4, we can characterise the space H%Q(Q) as the space of

functions of H'/2(Q2) such that Z;( S € L?(2), where d(z) = dist(z,09).
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A.2 Linear Elliptic Equations

Let Q be a bounded domain of R™ with C! boundary and let v be the normal
derivative of 9 ). Let F be a C'! vector field on ), then the following relation holds:

/div(F)d:U:/ F-vdS, (A.2)
Q

1229

where dS denotes the (n — 1)-dimensional surface element of 0 Q2. Equation (A.2) is
known as the divergence theorem.

As a consequence of the divergence theorem, we are able to derive important
identities known as Green Identities. Let u,v € C2(f), set F = vVu, then we obtain
the first Green identity

/UAU+/VU'VUd$:/ v%dS. (A.3)
Q Q aq Ov

If we interchange the role of v with u in (A.3) and then subtract, we obtain the
second Green identity,

ou ov
/Q(vAu — ulAv)dr = /ém (vay — u(‘)u) . (A4

Theorem A.2.1 (Poincaré inequality). Let 2 C R"™ be a bounded domain. There exists
a constant C = C(|Q2]) > 0 such that for any u € H}(S2),

[ullz2 (@) < ClIVullL2(0)-

Theorem A.2.2 (The Caccioppoli inequality). Let ) be a bounded domain of R™. Let
A € L*>®(8, Sym,,) be a real symmetric n x n matrix function. Suppose that there are
constants A\, A € R* such that

MEP? < A(x)E - € < NEJ?, fora.e. x €, forany £ € R™. (A.5)
Let u € H' () be a weak solution of the elliptic equation
div(A(x)Vu(x)) =0 forx e Q.

Let r € (0, R) and z be such that B,(z) CC Bgr(z) CC €. Then, there exists a positive
constant C' = C()) such that

/) |vudeg(72/“ lul? da. (A.6)
B,() (R —=7)? JBr@)\B.@)

Proof. Let ¢ € C}(9) be a cut-off function such that

p=1 in B,.(z),
0<p<1 inBg(z)\ B (2),
p=0 inQ\ Bp@), (A7)

V| < in Bg(z) \ Br(Z).

R—r
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We choose u? as a test function, then
/ A(x)Vu - V(up?) dz = 0.
Br(2)
By the product rule,

/ A(z)Vu(z) - Vu(z)p?(z) dz + 2/ A(x)u(z)Vu(z) - Vo(z)p(z) de = 0.
BR(i) BR(:TS)

(A.8)
Let us estimate the two integrals in (A.8). By (A.5),

/  A(z)Vu(z) - Vu(z)p?(z) de > )\/ i |Vu(z)>¢?(z) dz.
Br(z) Br(z)

By Holder inequality,

/ A(z)u(@)Vu(z) - Vo()p(x) dz < A / u(@)Vu(z) - Vo(z)p(z) da
Br(z) Ba(2)

(Z)

Hence,

A o (@) Vau(2)[? dz < z&(/

Br(Z) Br(z)

e@Tu@l i) ([ v ar)
o (A.9)

1/2
Dividing by A( / lo(z)Vu(z)|? dx) / and then take the square in (A.9):

Br(%)

/ (@) V@) dr < (2 / (@) V@) de.  (A10)
Br(®) A7 JBr()

From (A.7) and (A.10), it follows that

12
/ |Vul|? dz < 216)\2/ lul? dz.
B.(2) AN (R =7)* ) Bp@)\B.(2)

A.3 Fundamental Solutions

In this section, we will derive explicit formulas for the fundamental solutions of
certain types of elliptic equations.

The fundamental solution for the Laplace operator, denoted as I', can be expressed

as follows:
1
—s=1In|z — n =2,
Py =4 =0v

The solution is defined for x # y, where x,y € R™. The following estimates for I" can
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be established:

VoL (2, 9)| < Clo—y' ™",
‘vay]:‘(l‘,y” S C|l’ - y|—n,
VeVl (z,y)| < Clz —y| 77,

where C is a positive constant depending on n (see [56, Section 2.2] or [66, Section
2.4]).

Consider a point z = (2, z,,) € R™ and define the reflected point z* = (2/, —x,,)
with respect to the hyperplane {z,, = 0}. We will now consider the elliptic equation
given by

L(u) == div((v- + (7+ = 7-)x+(@))Vu(z)) = —6(z — y), (A.11)

where y; = XR? is the characteristic function of the upper half plane. The existence
and uniqueness of a solution to (A.11) was proved in [95] under the assumption that
~+ and «_ are positive numbers in R, and for any ¢ € R", the following inequalities
hold: for some 71,72 > 0,

NEP < (- + (s =7 )x (@))€ - € <alé?,  forany z,§ € R™
By [108, Theorem 1.1], for y € R”, the unique solution I'(-, y) of
L(f(z.) =~z —y)  inR"

is:

1 1 b
f‘(m y) _ { (n72)wn'y+ |:7,‘n72 + Rn72i| y’l’L > 07 (A12)
’ 1 1 b <0
(n,2)wn,\/_ |:,,,n—2 Rn72:| yTL 9
for
b:Lr_W*, r=|z—yl,
Y+ + -

R= /(w1 —y1)? + -+ (@1 — 1) + (] + yal)2.

If we distinguish the cases where x,, = 0, the expression for I'(z, y) becomes:

1 1 Y+ —7- 1
(n—2)wn7+ {|I—y‘n72 + ’Yi-ﬁ-’yf \x—y*|"*2} Ty Yn > 0,
I'(z,y) = (n72)wn2(7++7_) Iz_yl‘n—Z Tn - Yn <0, (A.13)
1 1 0 it 1
(n—2)wny- [\ﬂc—yl"‘2 N Viﬂ— Ix—y*I”—Q} Tns Yn < 0.

Next, we introduce the explicit formulation of the fundamental solution for the case
where the conductivity coefficient is anisotropic. Consider the conductivity given by

o(z) = (v- + (v+ —7-)x+(2))4,  forz € R",

where A € Sym,, is any real symmetric n x n positive definite matrix. We denote H
as the fundamental solution associated with the elliptic operator div(cV-). The weak
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formulation of H is defined as follows:
/n o(x)V.H(x,y)  Vo(z) de = ¢(y) for any ¢ € C(R"™). (A.14)
Let L be a non-singular n x n matrix, and we introduce the change of coordinates
v=9¢¢)=Ls, y=Ln, - =D¢x)=L
By changing the variables in (A.14), we derive
[ Lo (LOL T det LIVH(LE, L) - V(L) dé = (L),

Thus, the linear map ¢ gives v— + (v4+ — 7-)x+(§) = L7 'o(LELT. If we set
(&) = (L&), we further derive

6+ O = 1@ det LIVH(LE, L) - T66) d = (o).

Now, we define ~(z,,) as follows:

vy ifzy, >0,
Y(xn) = .
~_ ifx, <O.

To satisfy the given conditions, the linear map ¢ or the corresponding matrix L must
have the following properties:

) A=L"1.LT
i) (L) - e, = AE - en, Where A > 0.
We can select the linear map ¢ as follows:

¢ R" — R"
§ = ¢(§) = RJE.

Here, J = vVA—1 and R is an orthogonal matrix representing the planar rotation in
R"™, which rotates the unit vector ||UT||’ where v = /Ae,, to the nth standard unit
vector e,,. Moreover,

Rl(myr = Id|(z)1,

where 7 is the plane generated by e,, and v, and (7)* is the orthogonal complement
of m. Moreover, (L¢) - e, = ﬁg - en.

As a result, the explicit form of the fundamental solution for dive((y— + (74 —
7-)x+ () AVe-) is given by:

% (L&, Ln) + W D(LE, (Ln)*)  if &y > 0,
H(&n) = J|{ 5+5=T(LE, Ln) if & -mn <0, (A15)
Vl—F(L& Ln) + 7(%7” (L&, (Ln)*)  if &y < 0.
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In this thesis, when dealing with the asymptotic estimates, we have considered the
case 211
H(&n) = WF(LE,LW, for &, - m, <0, §,n € R™.
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