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We present constraints on the fðRÞ gravity model using a sample of 1005 galaxy clusters in the redshift
range 0.25–1.78 that have been selected through the thermal Sunyaev-Zel’dovich effect from South Pole
Telescope data and subjected to optical and near-infrared confirmation with the multicomponent matched
filter algorithm. We employ weak gravitational lensing mass calibration from the Dark Energy Survey Year
3 data for 688 clusters at z < 0.95 and from the Hubble Space Telescope for 39 clusters with 0.6 < z < 1.7.
Our cluster sample is a powerful probe of fðRÞ gravity, because this model predicts a scale-dependent
enhancement in the growth of structure, which impacts the halo mass function (HMF) at cluster mass
scales. To account for these modified gravity effects on the HMF, our analysis employs a semianalytical
approach calibrated with numerical simulations. Combining calibrated cluster counts with primary cosmic
microwave background temperature and polarization anisotropy measurements from the Planck 2018
release, we derive robust constraints on the fðRÞ parameter fR0. Our results, log10 jfR0j < −5.32 at the 95%
credible level, are the tightest current constraints on fðRÞ gravity from cosmological scales. This upper
limit rules out fðRÞ-like deviations from general relativity that result in more than a ∼20% enhancement of
the cluster population on mass scales M200c > 3 × 1014M⊙.

DOI: 10.1103/PhysRevD.111.043519

I. INTRODUCTION

One of the most challenging questions in modern
cosmology is understanding the nature of the accelerating
expansion of the Universe [1,2]. Various cosmological
theories have been proposed to explain this phenomenon.
Within the framework of general relativity (GR), this
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acceleration can be explained by introducing a cosmologi-
cal constant Λ to the Einstein-Hilbert action, leading to the
well-known Λ cold dark matter (ΛCDM) model. However,
adding a cosmological constant to the Einstein-Hilbert
action offers little physical insight into the nature of dark
energy. Therefore, there is strong motivation to consider
modifications to the Einstein-Hilbert action that give rise to
modified gravity models (see e.g., reviews [3–5]).
These modifications impact the growth of cosmic struc-

tures. Consequently, the abundance of massive galaxy
clusters, as the end products of the hierarchical growth
of cosmic structures, is sensitive to the different matter
clustering and therefore, serves as an excellent probe for
constraining modified gravity models and offering an
independent test of GR.
In this work, we focus on a specific modified gravity

model that introduces a nonlinear function fðRÞ of the
scalar curvature R into the Einstein-Hilbert action [6]. We
employ the widely studied Hu and Sawicki model for the
function fðRÞ [7]. Physically, this model introduces an
additional gravitational-strength fifth force, altering struc-
ture formation in a scale-dependent manner and enhancing
structure formation on galaxy cluster scales. The extent to
which the fðRÞ model deviates from GR is encoded in the
single parameter fR0, which has been constrained using
various observations on cosmological scales.
Because the effects of fðRÞ gravity persist to very small

scales, constraints on galactic and solar-system scales are
very stringent for this model. Studies using galaxy rotation
curves and morphology report log10 jfR0j < −6.1 and
log10 jfR0j < −7.55 at 95% credible level, respectively
[8,9]. However, because these studies probe small scales,
systematics such as uncertainties in galaxy formation play a
key role. This makes constraints from larger scales that are
less sensitive to galaxy formation a complementary test.
The current tightest constraint from clusters comes from

a combination of ROSAT clusters, primary cosmic micro-
wave background (CMB) anisotropy data, Supernovae
(SNe), and baryonic acoustic oscillations (BAO), with an
upper bound of log10 jfR0j < −4.79 at the 95% credible
level [10]. The recent analysis of eROSITA clusters reports
log10 jfR0j < −4.12 at the 95% credible level using clusters
alone and marginalizing over the neutrino mass [11].
Stronger constraints from large scales probes are

obtained from a weak-lensing peak analysis, which used
data from the Canada-France-Hawaii-Telescope Lensing
Survey (CFHTLenS), and are given by log10 jfR0j < −5.16
[12]. Similar constraints come from the cross-correlation of
galaxies with CMB lensing and galaxy weak-lensing,
CMB, SNe, and BAO, reporting log10 jfR0j < −4.61
and log10 jfR0j < −4.5 at the 95% credible level respec-
tively [13,14].
In the analysis presented here, we focus on the weak

lensing informed galaxy cluster abundance to constrain
fðRÞ gravity. We are motivated to pursue this study partly

because it has long been recognized that galaxy cluster
surveys would be powerful probes of cosmic growth and
therefore the action of gravity [15,16] and also because in
recent years cluster surveys have been successfully
employed to study the standard ΛCDM model [17–26]
as well as modified gravity models [11,27–31].
One of the most promising cluster samples currently

available has been constructed using South Pole Telescope
(SPT) [32] survey data and the thermal Sunyaev-Zel’dovich
effect (tSZE) [33]. The tSZE is caused by high-energy
electrons in the intracluster medium (ICM) scattering off
CMBphotons, resulting in a spectral distortionof theCMBat
the cluster position. Because the tSZE is a direct tracer of the
hot ICM, it enables the detection of massive galaxy clusters.
Moreover, the cluster tSZE signature is strongly mass
dependent and approximately redshift-independent and thus
can be employed to identify galaxy clusters up to the highest
redshifts where clusters of sufficient mass exist. To constrain
cosmological parameters with galaxy clusters, one has to
relate observables such as the tSZE detection significance
to the underlying halo mass at all relevant redshifts. These
observable-mass relations can be empirically calibrated
using weak gravitational lensing data and are typically
modeled as power laws in cluster mass and redshift.
In this study, we employ the sample of 1,005 galaxy

clusters detected using SPT data and confirmed using the
MCMF algorithm [34–36] with optical and near-infrared
data from the Dark Energy Survey (DES) [37–39] and
the Wide-field Infrared Survey Explorer (WISE) [40]. To
obtain mass estimates for the cluster sample, we use weak-
lensing measurements from DES and targeted observations
from the Hubble Space Telescope (HST). The fðRÞ
analysis framework employed for the SPT clusters with
mass calibration from DES and HST is based on the state-
of-the-art method developed for the recent ΛCDM analyses
of this same sample [24,25] (hereafter SB24a and SB24b).
In a recent paper, this same framework was modified and
employed to carry out validation tests and forecasts for
fðRÞ gravity constraints from upcoming stage-III and
stage-IV surveys [41] (hereafter SV24a).
Following SV24a, we incorporate fðRÞ gravity into our

analysis by modifying the halo mass function (HMF),
which is enhanced relative to GR, in a mass- and redshift-
dependent way. We implement this modification by intro-
ducing a multiplicative factor to the GR HMF [29,42],
dependent on the spherical collapse threshold for halo
collapse in fðRÞ gravity for which we use a semianalytical
model [43,44]. In the present analysis we calibrate this
semianalytical HMF model against the fðRÞ FORGE
numerical simulations to obtain a more accurate halo mass
function [45]. The simulations are not used directly to
predict the HMF, because the available mass range from the
simulations is limited, whereas the HMF from the semi-
analytical model can be calculated for the wide mass range
needed in this analysis.
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This paper is organized as follows. Section II presents a
summary of the SPT cluster dataset and the DES and HST
weak-lensing data. We review in Sec. III fðRÞ gravity and
the fðRÞ HMF model used in this work as well as the
calibration to the FORGE simulations. In Sec. IV, we
discuss our analysis method, including the observable-mass
relations, weak-lensing model, likelihood approach, and
priors. The results are presented in Sec. V, and we conclude
with a summary in Sec. VI.
Throughout this paper, Uða; bÞ denotes a uniform dis-

tribution between limits a and b, and N ðμ; σ2Þ is a
Gaussian distribution with mean μ and variance σ2. We
adopt the halo mass definition M200c, which is the mass
within a radius where the mean density is 200 times the
critical density.

II. DATA

This section gives a brief summary of the cluster and
weak-lensing data we use in this work. A detailed descrip-
tion of the data products is presented in SB24a.

A. SPT cluster catalog

The tSZE selected cluster catalogs from the SPT-SZ,
SPTpol ECS and SPTpol 500d surveys employed here
cover a total solid angle of 5; 270 deg2 of the southern sky
[35,36,46,47]. Note that the whole SPTpol 500d survey lies
within the SPT-SZ footprint, and we use only the data from
the deeper SPTpol 500d survey in the overlapping region.
Cluster candidates of these surveys are selected in tSZE
detection significance ζ̂ and confirmed using optical and
infrared data, which also add redshift information.
Over the whole SPT survey region, only clusters with

z > 0.25 are included in the sample, because at low redshift
the selection function becomes harder to model due to the
impact of the filtering of atmospheric and primary CMB
signals. The angular size of clusters becomes larger at low
redshift, and therefore a larger fraction of the cluster signal
to lost due to this filtering.
In the SPT survey region that is not covered by DES

(1327 deg2, ca. 27% of the total solid angle), the cluster
candidates are confirmed by targeted observations that also
provide redshift measurements. Candidates in this region
are selected by

ζ̂ > 5

z > 0.25; ð1Þ

which results in a sample with 110 clusters and a purity
≳95% [46,47].
For the region covered by DES (3567 deg2, 75% of

the SPT area) cluster candidates are optically confirmed
using the multicomponent matched filter cluster confirma-
tion tool [MCMF; [34,35]], and we follow the work of

Refs. [35,36]. Moreover, measurements for cluster redshift
z, optical richness λ̂ and optical center position are obtained
using MCMF. Because DES data are only reliable for
redshifts z ≤ 1.1, WISE data are used to compute rich-
nesses and redshifts for clusters with z > 1.1. There is the
chance that an overdensity of galaxies is a random super-
position along the line of sight of a tSZE noise fluctuation.
To exclude chance associations, we use a redshift depen-
dent richness cut, λ̂minðzÞ, provided by the MCMF tool, to
ensure a constant purity > 98% over the entire redshift
range. A cluster candidate is then confirmed if the mea-
sured richness is larger than this threshold.
Using MCMF for cluster confirmation allows us to

validate clusters with lower tSZE detection significance
while achieving a high sample purity, and results in a
cluster sample, which is at least 30% larger than a solely
tSZE selected sample with the same purity.
Due to the different depths of the individual tSZE

surveys, different selection thresholds in ζ̂ are applied to
obtain an approximately constant purity for the combined
SPT sample. The selection criteria are

ζ̂ > 4.25=4.5=5ð500d=SZ=ECSÞ;
λ̂ > λ̂minðzÞ;
z > 0.25: ð2Þ

These selections result in a sample of 895 confirmed
clusters over this region.
To summarize, the total cluster sample consists of 1005

clusters, each characterized by the observables tSZE
detection significance ζ̂ and redshift z. In the SPT area
covered by DES, these clusters also have additional
measurements of richness λ̂ and cluster center position
from either DES (z ≤ 1.1) or WISE (z > 1.1).
Figure 1 shows the 1005 confirmed cluster sample in the

space of tSZE detection significance ζ̂ and redshift (left) as
well as in optical richness λ̂ and redshift (middle). The
clusters are color coded according to which of the three
SPT surveys they originate from. In addition, the corre-
sponding selection thresholds are shown as lines in each
observable. One can see in the ζ̂-z distribution that while
the sample extends to z ∼ 1.8 the bulk of the clusters lie at
z < 1. In addition, this distribution makes clear that the
majority of the cluster lies close to the tSZE detection
thresholds of the surveys. The λ̂-z distribution displayed in
the middle panel shows that the bulk of the clusters have
relatively high richnesses λ̂ > 30, and that the optical
selection thresholds are not significantly impacting the
completeness of the confirmed cluster sample. Indeed, the
MCMF selection thresholds largely impact the high purity
of the sample, because the noise fluctuations present in the
tSZE selected candidate clusters are efficiently removed
due to their low optical richnesses (λ̂ < 10).
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B. DES Y3 weak-lensing data

The DES was conducted in the grizY bands and covers a
sky area of 5000 deg2. The DES Y3 weak lensing shape
catalog [48] utilized data from the first three years of
observations and covers approximately 4143 deg2 of the
sky after masking. 3567 deg2 of the DES region overlaps
with the SPT surveys, corresponding to 75% of the whole
SPT survey area. The weak-lensing shape catalog of DES
Y3 is built with the Metacalibration pipeline from the r, i and z
bands [49,50]. Lensing source galaxies are selected in four
tomographic redshift bins as employed in the 3 × 2 pt
analysis of DES [51].
For each cluster in the overlapping region of SPT

and DES, we use the weak-lensing shear profiles within
the radial range 0.5 < r=ðh−1 MpcÞ < 3.2ð1þ zclusterÞ−11
around the optical cluster center. The lower limit on the
radial range excludes the inner region of the cluster, which
is largely affected by feedback from active galactic nuclei,
miscentering, blending, cluster member contamination and
nonlinear shear. The upper limit on the radial range
guarantees that only the one-halo term region is used for
mass calibration [52]. We only use weak-lensing data from
DES for clusters with z < 0.95, corresponding to the
median redshift of the highest redshift tomographic bin
[SB24a, SB24b].

In our analysis, we account for systematic and statistical
uncertainties such as cluster member contamination, mis-
centering of the shear profile, shear and photo-z calibration,
halo mass modeling and the impact of large-scale structure.
A detailed description of the modeling of these uncertain-
ties can be found in detail in SB24a, Sec. V. Note that the
calibration of these uncertainties was performed within the
ΛCDM paradigm, but we expect these to not change
significantly in fðRÞ gravity [53]. In total, our analysis
includes 688 cluster shear profiles from 555,912 source
galaxies with an average of 808 shear source galaxies per
cluster [SB24a]. We show for illustration the averaged
matter density profile of the DES Y3 data in the right
panel of Fig. 1. The profiles are broken into four redshift
ranges of comparable signal-to-noise. The combined
dataset corresponds to a 31.2σ detection of the matter
profiles of these clusters.

C. HST weak-lensing data

DES lensing data are only reliable for z≲ 0.95 and
therefore, we complement the weak-lensing dataset
with HST data to obtain weak-lensing information for
the mass calibration at high redshift. We use the HST-39
dataset [54–56] to obtain weak-lensing shear profiles. This
dataset contains 39 clusters of our tSZE selected sample in
the redshift range 0.6–1.7. More details about the dataset
and the analysis can be found in Refs. [54–59]. The
averaged matter density profile from the 39 clusters from
HST is shown in Fig. 1 in the right panel in blue. These data

FIG. 1. Left: tSZE detection significance ζ̂ and redshift distribution for the three SPT surveys. Dashed-colored lines show the detection
threshold for the corresponding survey in the region that overlaps with DES. The black dashed line shows the ζ̂ threshold for the clusters
outside of the DES region (same as the cut for the SPTpol ECS survey). Middle: optical richness λ̂ and redshift distribution of the cluster
sample, color coded by survey. Colored lines correspond to the λ̂minðzÞ detection threshold of the given survey. The SPTpol 500d is
significantly deeper than the other two surveys (yellow-green dashed line), and thus a lower λ̂ðzÞ threshold is applied (solid purple line).
Right: averaged weak-lensing inferred projected matter profiles from DES Y3 data shown for four redshift bins in purple to yellow. The
redshift bins are chosen such that the signal-to-noise is approximately equal in each bin. A similar profile derived from HST data are
shown in blue. Over the radial range used for weak-lensing mass calibration, the DES Y3 data have a signal-to-noise of 31.2 compared to
the HST data with 9.7.

1These regions are calculated in a fiducial cosmology with
Ωm ¼ 0.3 and h ¼ 0.7.
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correspond to a 9.7σ detection of the matter profiles of
these halos.

III. f ðRÞ MODIFIED GRAVITY

fðRÞ gravity modifies GR by introducing an arbitrary
function fðRÞ of the Ricci scalar R into the Einstein-Hilbert
action [6],

S ¼
Z

d4x
ffiffiffiffiffiffi
−g

p �
Rþ fðRÞ
16πG

þ Lm

�
; ð3Þ

where g denotes the determinant of the metric tensor, G is
the gravitational constant and Lm is the matter Lagrangian
density. Note that we use natural units where c ¼ ℏ ¼ 1
and if fðRÞ ¼ −2Λ we recover GR plus a cosmological
constant, hence a ΛCDM cosmology. The field equation
obtained from this modified action takes the form,

GμνþfRRμν−
�
f
2
−□fR

�
gμν−∇μ∇νfR ¼ 8πGTμν: ð4Þ

Here Gμν is the Einstein tensor, Rμν is the Ricci tensor,
Tμν represents the energy-momentum tensor and fR ¼
dfðRÞ=dR is an additional scalar degree of freedom, which
indicates the strength of the modifications to GR.
The equation of motion for fR is derived from the trace

of the field equation in the quasistatic and weak-field limit,

∇2δfR ¼ 1

3
ðδR − 8πGδρÞ; ð5Þ

where δx ¼ x − x̄ is the perturbation of the quantity x with
respect to the cosmic mean. Additionally, from the time-
time component of the field equation, Eq. (4), we derive the
modified Poisson equation in fðRÞ gravity,

∇2Φ ¼ 16πG
3

δρ −
1

6
δR; ð6Þ

with Φ the Newtonian potential which is defined via
2Φ ¼ δg00=g00. Combining Eqs. (5) and (6) shows how
the Poisson equation and thus the structure growth depends
on the strength of the fðRÞ gravity model,

∇2Φ ¼ 4πGδρ −
1

2
∇2δfR: ð7Þ

Compared to GR the Poisson equation includes a term
proportional to the Laplacian of δfR and thus depends
directly on the strength of the model.
The modified Poisson equation, Eq. (6), shows that the

strength of the gravitational force depends on the environ-
ment. In unscreened (“low curvature”) regions when
jfRj ≫ jΦj it follows that δR ≪ 8πGδρ and consequently
the fðRÞ Poisson equation corresponds to a modified

Poisson equation with gravitational forces enhanced by a
factor of 4=3 compared to GR. In screened (“high curva-
ture”) environments, i.e. jfRj ≪ jΦj, the Ricci scalar R is
approximately 8πGδρ and thus Eq. (6) reduces to the
unmodified GR Poisson equation: in other words, in high-
density regions fðRÞ gravity falls back to GR [see [7,10]
for a detailed discussion]. This property of driving fR → 0
in high-density regions is the so-called chameleon screen-
ing mechanism [60], which makes fðRÞ gravity consistent
with solar systems tests [7,61,62]. The two limits show that
structure growth in fðRÞ gravity is environment-dependent
in contrast to GR.
In this paper, we adopt the widely used and studied

Hu and Sawicki model [7],

fðRÞ ¼ −m2
c1
�

R
m2

�
n

c2
�

R
m2

�
n þ 1

; ð8Þ

with m2 ¼ ΩmH2
0, H0 the Hubble constant and the free

parameters n, c1, c2. In the high curvature regime we have
c1=n2 R=m2 ≫ 1 and Eq. (8) is approximately given by

fðRÞ ≈ −m2
c1
c2

−
fR0R

nþ1
0

nRn : ð9Þ

Here R0 is the present background Ricci scalar and fR0 ≔
fRðR0Þ is the parameter that quantifies the strength of this
fðRÞ gravity model.
To have a modified gravity scenario that is active at late

times and large scales, when the acceleration of the
Universe happens, and that does not spoil the successful
description of early Universe observables such as BBN
and CMB the function fðRÞ has to satisfy fR < 0, i.e., it
is a decreasing function of R. Therefore, the approxima-
tion above is correct up to order ∼ðfR0Þ2, and since the
constraints from our cluster sample are better than
jfR0j ∼ 10−4, the approximation in Eq. (9) is entirely
sufficient. We work with log10 jfR0j for numerical conven-
ience, and, given that the theory gives no strong prior on the
scale of fR0, we impose a uniform prior on log10 jfR0j.
To obtain an expansion history consistent with ΛCDM in

the limit jfR0j → 0, the parameters c1 and c2 are given by

c1
c2

¼ 6
ΩΛ

Ωm
: ð10Þ

We further adopt n ¼ 1 for the Hu and Sawicki model;
see Ref. [63] for an approach to approximately rescale
constraints from n ¼ 1 to other values of n.

A. The halo mass function in f ðRÞ gravity
As we constrain fðRÞ gravity with the help of cluster

abundance datasets we need a model for the distribution of
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halo mass and redshift within this theory, in other words the
(differential) halo mass function. In this work we adopt a
two-component model [29,42] for which the first compo-
nent is the HMF in GR, and the second factor models the
enhancement of the fðRÞ gravity, which accounts for the
scale-dependent clustering due to the scale-dependent
structure growth described in Sec. III,

dn
d lnM

¼ dn
d lnM

				
GR

×R: ð11Þ

For the GR HMF, we use the halo mass function from
Ref. [64],

dn
d lnM

				
GR

¼ −
ρ̄m
2M

fðσÞT
d ln σ2

d lnM
; ð12Þ

with the multiplicity function of the form,

fðσÞT ¼ Ã

��
σ

b̃

�
−ã

þ 1

�
e−

c̃
σ2 ; ð13Þ

where Ã; ã; b̃, and c̃ are parameters calibrated using
N-body simulations [see [64] Table 2] and σ ¼ σðMÞ is
the variance of the overdensity field on a mass scale M in
the corresponding GR cosmology.
The enhancement factorR is calculated from the ratio of

the Sheth-Tormen HMF [65] in fðRÞ gravity to GR, i.e.,

R ¼
dn

d lnM

			
ST;fðRÞ

dn
d lnM

			
ST;GR

: ð14Þ

This HMF can account for the scale-dependent clustering
through the spherical collapse threshold δcrit. In this work,
we calculate the spherical collapse threshold δcrit from the
spherical collapse model of Refs. [43,44]. With this, the
Sheth-Tormen HMF is given by

dn
d lnM

				
ST

¼ ρ̄m
M

fðνÞST
�
d ln δcrit
d lnM

−
1

2

d ln σ2

d lnM

�
: ð15Þ

Here ν ¼ δcrit=σ is the peak height and fðνÞST refers to the
Sheth-Tormen multiplicity function [65],

fðνÞST ¼ A

ffiffiffiffiffiffiffi
aν2

2π

r
½1þ ðaν2Þ−p�e−aν2

2 ; ð16Þ

with A, a, p are free parameters for which we adopt the
parameters of Ref. [66].
The change in the clustering and thus in the HMF is

completely captured by the scale-dependent spherical
collapse threshold δcrit, and therefore, we use an
effective variance σ derived from the corresponding GR
cosmology [44,67]. Moreover, when including massive
neutrinos in a GR cosmology, it has been shown that the

semianalytical HMF shape is closer to universal if the halo
mass and variance are calculated neglecting the neutrino
component [68,69], i.e., using the baryon and cold dark
matter power spectrum instead of the total matter power
spectrum for the variance. Because there is a degeneracy
between massive neutrinos and log10 jfR0j (at least for high
values of Σmν and log10 jfR0j) [see e.g., [70–72]] we have to
account for massive neutrinos in our analysis and as we
expect the effects of massive neutrinos to be approximately
the same in GR and fðRÞ gravity we use the approach of
Refs. [68,69] to account for the nonzero total neutrino mass.
The derivation of δcrit with the spherical collapse model

requires solving a computationally expensive system of
coupled differential equations for each value of mass,
redshift and cosmology [43,44]. To speed up the calcu-
lations we use emulators to predict the values of δcrit and
dδcrit=d lnM. The emulators adopted in this analysis are
presented in SV24a.
Figure 2 shows the fðRÞ HMF on top and the ratioR on

the bottom for different values of log10 jfR0j and redshift.
In fðRÞ gravity, the HMF is larger compared to GR as
expected from the enhanced structure growth. The shape

FIG. 2. The fðRÞ HMF, Eq. (11), (top) and the ratio R of the
fðRÞ and the GR Sheth-Tormen HMF, Eq. (15), (bottom) for
different values of log10 jfR0j (different colors) and three redshifts
(different line styles) corresponding to the minimum, mean and
maximum redshift of the SPT cluster sample. The deviation from
GR depends on the strength of the fðRÞ gravity and redshift,
whereby weaker fðRÞ models and higher redshifts show less
enhancement in the HMF relative to GR.
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and strength of the enhancement depend on the value of
log10 jfR0j with a larger enhancement for stronger fðRÞ
models. Furthermore, the enhancement becomes smaller at
higher redshifts, because modified gravity falls back to GR
in the early Universe. A large enhancement of the most
massive halos is only seen for the strongest model with
log10 jfR0j ¼ −4.5 and at lower redshifts, because even the
most massive halos are only partially screened in this
scenario. In the other cases, the potentialΦ of the high mass
halos becomes compatible with fR and the fifth force is
screened in these massive halos, reducing the modified
gravity effect on the halo abundance.

B. HMF calibration using FORGE simulations

The model for the HMF presented above follows a
semianalytical approach where the fðRÞ gravity is incor-
porated via the spherical collapse threshold δcrit calculated
from spherical collapse theory in fðRÞ gravity. Besides
semianalytical models, the HMF can also be derived from
simulations. Therefore, we make a comparison with fðRÞ
simulations to validate the semianalytical model and to
check for any kind of discrepancy.
In this work, we use the state-of-the-art FORGE

N-body simulations which encompass 49 fðRÞ gravity
cosmologies (nodes) [45]. The simulations sample the
cosmological parameters Ωm, h, SGR8 ¼ σGR8

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ωm=0.3

p
,

and log10 jfR0j (hereafter FORGE parameters) with a latin
hypercube, while the other cosmological parameters are
fixed to ns ¼ 0.9652 Ωb ¼ 0.049199, Ων ¼ 0 and ΩΛ ¼
1 − Ωm [45]. Each FORGE fðRÞ gravity node has aΛCDM
counterpart. The parameter ranges explored in the FORGE
simulations are

0.11 < Ωm < 0.54;

0.61 < h < 0.81;

0.6 < SGR8 < 0.9;

−6.17 < log10jfR0j < −4.51: ð17Þ

The ranges in Ωm and SGR8 translate to a range in σGR8
of 0.49 < σGR8 < 1.31.
Reference [53] presents an emulator for the fðRÞ HMF

that is based upon the FORGE simulations. In this work,
the authors trained a neural network to directly predict the
enhancement factor of the HMF due to fðRÞ gravity for
each mass, redshift and set of FORGE parameters.
However, by design, the resulting halo mass function is
only valid within the mass, redshift and cosmological
parameter range used in the neural network training set.
To make predictions outside the mass range available
within the FORGE simulations, we calibrate the semi-
analytical HMF model, which is valid up to halo masses of
1016h−1M⊙, with the HMF retrieved from the FORGE
simulations.

To calibrate the semianalytical HMF model with
the FORGE simulations we use the high-resolution
simulations with 10243 dark matter particles in a box
with length L ¼ 500h−1 Mpc and a mass resolution of
9.5 × 109ðΩm=0.3Þh−1M⊙. We extract halo catalogs from
all fðRÞ simulations as well as from their corresponding
ΛCDM nodes at redshifts z ¼ 0.00; 0.25; 0.5; 0.75; 1.00;
1.25; 1.50; 1.75, and 2.00, using a bin width of 0.1 in
log10M within the mass range 1013h−1M⊙ ≤ M200c ≤
5 × 1015h−1M⊙. To ensure no empty bins at the high-
mass end, we combine the last high-mass bins into one
(large) bin such that it contains at least 20 halos.2 We
compute covariance matrices for each halo catalog using
53 jackknife samples to account for noise due to sample
variance and shot noise.
We characterize the difference between the semiana-

lytical model and the simulation by comparing the
enhancement in the HMF, R, from the simulations and
the semianalytical HMF model. This has the advantage
that the cosmic variance in the simulations partially
cancels in this ratio. With the halo catalogs from fðRÞ
gravity and ΛCDM FORGE simulations, we can calculate
the enhancement in the cluster counts, RFORGE, for each
node and redshift. The enhancement from the semian-
alytical model, RSAM, is also calculated for each FORGE
cosmology and redshift.
The top panels of Fig. 3 show the ratios between the

enhancements in eachmass bin, i.e.,RFORGE=RSAM, for four
of the nine different redshifts with error bars derived from the
jackknife covariance of the simulations. There is a bias
between the semianalytical HMF and the FORGE simula-
tions, which varies with mass, redshift and the FORGE
parameters. In Fig. 3 the ratio is color-coded based on the
value of log10 jfR0j and the discrepancy is larger with higher
values of log10 jfR0j. Note that also the other cosmological
parameters can drive the difference between the semiana-
lytical HMF and the simulations. Therefore, we assume that
the bias depends on all FORGE parameters. Overall the
semianalytical HMF model predicts more clusters than the
FORGE simulations, and the agreement is better for weaker
fðRÞ models, i.e., smaller values of log10 jfR0j.
Based on the top panels of Fig. 3 we model the ratio and

thus the correction to the semianalytical HMFwith a broken
linear function in log10M with a pivot scale log10Mpiv and
smooth transition with strength k between the two linear
functions at given logarithmic mass log10M1. To be precise,
for log10M smaller than log10M1, the ratio ismodeledwith a
linear function in log10M with slope a and intercept b. For
log10M larger than log10M1, the same ratio is modeled by a
different linear function with slope a2 ¼ aþ Δa and
intercept fixed by continuity at the transition mass M1.
We then smooth the transition between the two linear

2With this approach the size of the last bin can vary because the
only requirement is that the last bin contains at least 20 halos.
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relations by a power-law interpolation controlled by a
parameter k. For fixed pivot mass, transition mass and
smoothing strength, the fitting function for the correction
has three free parameters and is given by

cðM; p; zÞ ¼ aðp; zÞðlog10M − log10MpivÞ þ bðp; zÞ

þ Δaðp; zÞ lnð1þ e−kðlog10M−log10M1ÞÞ
k

þ Δaðp; zÞðlog10M − log10M1Þ: ð18Þ
Here p represents the vector containing the FORGE

parameters, aðp; zÞ, Δaðp; zÞ; bðp; zÞ are the fitting param-
eters of the correction for which we assume a dependence
on the FORGE parameters and redshift. We decided to fit
for the parameter Δaðp; zÞ instead of a2ðp; zÞ ¼ aðp; zÞ þ
Δaðp; zÞ because it showed a better behavior during fitting.
The parameters of the broken linear function are

obtained by fitting the correction function, Eq. (18), to
the ratio between the enhancements,RFORGE=RSAM, where
we fix the parameters k ¼ 2, log10M1 ¼ 14.5 and
log10Mpiv ¼ 13. With this correction, we achieve good
agreement with the simulations within the error bars as
shown in the bottom panels of Fig. 3.
Because we assume that the fitting parameters depend on

cosmology and redshift we have to predict these parameters
for an arbitrary cosmology and redshift to use the calibrated
HMF in our analysis. To do so we build emulators based on
Gaussian process regression to predict the three fitting
parameters as a function of the FORGE parameters and
redshift.

With the emulators, we can calculate the correction to the
HMF for an arbitrary cosmology [within the parameter
ranges Eq. (17)], and our calibrated semianalytical HMF is
given by

dn
d lnM

¼ dn
d lnM

				
GR

× c ×R; ð19Þ

where R is the enhancement factor in the semianalytical
halo mass function from Eq. (14) and c is the correction
function, Eq. (18), calibrated with the FORGE simulations.
The semianalytical HMF model always predicts an

enhancement and also the FORGE simulations show no
sign of suppression apart from noise at the high mass end.
Due to the presence of this noise, and because we model the
correction function cðM; p; zÞ with a broken linear func-
tion, the calibrated enhancement of the HMF, c ×R, may
be reduced to values below unity at high halo masses. In
this case, we set c ×R ¼ 1 for all masses above the mass
where the corrected HMF factor drops below unity to be
consistent with the theory and the simulations.
Using the 49 FORGE simulations at nine different

redshifts we calibrate the semianalytical HMF model
presented in Sec. III A; however, there are limitations to
this approach that we have to address. First, due to the
relatively small box size of 500h−1 Mpc the halo catalogs
contain only halos withM ≲ 4 × 1015h−1M⊙ depending on
cosmology and redshift. Thus the correction function is
only calibrated in the mass range that is available from the
simulations. However, the semianalytical prediction gives
an overall shape of the fðRÞHMF. Moreover, the halo mass

FIG. 3. Comparison of the enhancement in the HMF from the FORGE simulations, RFORGE, and the semianalytical HMF model,
RSAM for different redshifts, color-coded by the log10 jfR0j values. Gray dashed lines are plotted at 10% deviation to guide the eye. The
upper four plots show the comparison of the FORGE simulations to the semianalytical model, Eq. (11), without a correction. The four
plots at the bottom show the comparison to the corrected semianalytical HMF, Eq. (19), leading to a better agreement between the two
HMF enhancements. Error bars are derived from the jackknife covariance of the FORGE simulations.
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function is exponentially suppressed at high masses and
therefore a correction in this regime has negligible impact on
our cosmological analysis. The second limitation is the
available range for log10 jfR0j values. FORGE samples
log10 jfR0j in the range −6.17 < log10 fR0 < −4.51, so
we can only predict the parameters of the correction function
in this range. Therefore, we adopt a hard upper limit prior of
log10 jfR0j ¼ −4.51 in our analysis. We extend our analysis
to log10 jfR0j ¼ −7 based on the fact that the fðRÞ HMF
approaches the GR HMF for log10 jfR0j → −∞, and thus
a;Δa → 0 and b → 1. Thus, we interpolate the parameters
between log10 fR0 ¼ −6.17 and log10 fR0 ¼ −7 under the
assumption that a model with log10 fR0 ¼ −7 is indistin-
guishable from GR with the SPT dataset. Moreover, the
correction from the simulation is smaller as we approach
GR. We will show in our analysis that the upper bound has
no impact on the fR0 posterior, as the data strongly disfavor
values of log10 fR0 > −4.51. Given these limitations on the
calibration, we present both the results derived when using
the semianalytical HMFmodel andwhen using the FORGE-
informed calibrated semianalytical HMF model.
In the analysis presented below, we account for the

impact of remaining uncertainties in the HMF by following
the approach of Ref. [73] and introducing uncertainties in
the amplitude and the logarithmic mass trend of the HMF,
i.e., the HMF with uncertainties given by

dn
d lnM

				
final

¼ dn
d lnM

�
qþ s ln

�
M200c

1014h−1M⊙

��
; ð20Þ

where q is the uncertainty in the amplitude and s is the
uncertainty in the trend with logarithmic mass and we
marginalize over the q and s in our analysis (see Sec. IV D).

IV. ANALYSIS METHOD

The method we employ in this work is based on the state-
of-the-art weak lensing informed cluster cosmological
analysis of the SPT sample [SB24a]. The method was
also used and validated in the recent fðRÞ gravity forecast
[SV24a] for SPT-3G [74] and CMB-S4 [75] cluster
samples with next-generation weak-lensing data like those
expected to come from the Euclid mission [76,77] or the
Vera C. Rubin Observatory [78,79].

A. Observable-mass relations

In tSZE cluster surveys, galaxy clusters are identified
and selected by observables such as the tSZE detection
significance and richness and observable–mass relations
link these observables to the halo mass [e.g., [80,81]].
Through gravitational weak lensing calibration of these
relations, we can relate the observed cluster sample to the
HMF, which describes the abundance of halos depending
on cosmology, mass, and redshift. In this analysis, we
employ observable-mass relations that are empirically

calibrated with weak-lensing data [e.g., [25,82–87]].
This section outlines the observable-mass relation for
tSZE detection significance and optical/NIR richness.

1. tSZE ζ-mass relation

As in previous SPT studies, we first relate the observed
tSZE detection significance ζ̂ to the intrinsic detection
significance ζ to account for noise in the data. The relation
between ζ̂ and ζ is given by [88]

Pðζ̂jζÞ ¼ N ð
ffiffiffiffiffiffiffiffiffiffiffiffiffi
ζ2 þ 3

p
; 1Þ: ð21Þ

The distribution accounts for the Gaussian noise present in
the survey maps, with a correction factor of 3 due to the
noise resulting from the matched-filter search for peaks in
three dimensions. The mean intrinsic tSZE detection
significance ζ is then modeled by

hln ζi ¼ ln ζ0 þ ζM ln

�
M200c

3 × 1014h−1M⊙

�

þ ζz ln

�
EðzÞ
Eð0.6Þ

�
; ð22Þ

where ζ0, ζM, and ζz are the parameters corresponding to
the normalization, mass and redshift trend of the scaling
relation and EðzÞ ¼ HðzÞ=H0. Additionally, we assume a
log-normal intrinsic scatter in ζ with width σln ζ.
Because the SPT surveys vary in depth, and we

want to employ one ζ-mass relation for all surveys, the
normalization ζ0 and the redshift trend ζz are rescaled
for each field [36,46,47], i.e., ζ0;field ¼ γfieldζ0 and
ζz;field ¼ ζz þ constant. In the case of the SPTpol ECS
survey fields the normalization is difficult to calibrate, and
thus the parameter γECS is allowed to vary in the analysis
[SB24a]. For the redshift trend ζz the variation of the
rescaling parameter c across fields is negligible in the SPT-
SZ and SPTpol surveys. Therefore, we rescale ζz for each
survey where the SPT-SZ survey is taken as the Ref. [36],

ζz; SPT-SZ ¼ ζz;

ζz;SPTpol ECS ¼ ζz − 0.09;

ζz;SPTpol 500d ¼ ζz þ 0.26: ð23Þ

2. Cluster richness λ-mass relation

As for the tSZE detection significance, the observed
richness λ̂ is related to the intrinsic richness λ by a Gaussian
distribution of the form,

Pðλ̂jλÞ ¼ N ðλ;
ffiffiffi
λ

p
Þ: ð24Þ

This relationship accounts for Poisson sampling noise.
Note that the Gaussian approximation of a Poisson dis-
tribution approximately holds for λ≳ 10, which is below
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the richness cut we apply to our sample. Similar to the
ζ-mass scaling relation we assume for the mean intrinsic
richness a power law, in mass and (1þ redshift),

hln λi ¼ ln λ0 þ λM ln

�
M200c

3 × 1014h−1M⊙

�

þ λz ln

�
1þ z
1.6

�
: ð25Þ

The parameters λ0, λM and λz govern the normalization,
mass and redshift trend, respectively. The cluster intrinsic
richness varies around this relation by a log-normal dis-
tribution with a width σln λ.
As mentioned in Sec. II Awe use richness measurements

from DES for clusters with z ≤ 1.1 and data from WISE
for high-redshift clusters. As matching two distinct types
of richnessmeasurements is challenging,we use two separate
λ-mass relations for the DES and WISE data [SB24b],
hereafter denoted by subscripts DES andWISE respectively.

B. Weak-lensing model in f ðRÞ gravity
With the above described observable-mass relations, we

can model the cluster sample in the ζ-λ-z space by trans-
forming the halo mass function into the halo observable
function and using it to predict cosmological parameters.
However, there are no informative priors on the parameters
of the ζ and λ scaling relations and their scatters. To
empirically calibrate these relations and the corresponding
scatters we rely on weak-lensing data. It has been shown
that weak-lensing measurements are a robust way to
measure halo masses with well-characterized and control-
lable biases [SB24a, SB24b].
In this analysis, we assume that any fðRÞ-gravity

modification of the mapping from cluster potential to
lensing signal can be neglected, as in previous works
[11,41]. First, the fðRÞ effect on the lensing signal for a
given fixed mass distribution is given by a rescaling of the
GR signal by a factor of ð1þ jfR0jÞ−1 [89,90], which is
negligible for the values of jfR0j we consider in this work.
Second, while the cluster observables and halo profiles do
undergo modifications in fðRÞ gravity, these effects are
small [53,91,92]. Any changes to the cluster observables ζ̂
and λ̂ will be accounted by the empirical calibration of the
observable mass relations. Changes to the halo profiles are
more concerning, because they could impact the weak
lensing inferred cluster masses. Accounting for these
effects self-consistently within the weak lensing model
described below would require a study of the halo shapes
using fðRÞ numerical simulations and measurement of any
changes in the inferred weak-lensing masses. Because we
know these effects are smaller than the current uncertainties
on the weak lensing model, which are dominated by
uncertainties in the hydrodynamical effects and on photo-
metric redshift systematics, we adopt the GR-based

calibration of the weak lensing model presented in
SB24a and described below.

1. DES weak-lensing model

The model we adopt for DES weak-lensing data was
studied and described in detail in SB24a and works
referenced therein. Here we provide a summary of the
method. The weak-lensing observable is the reduced
tangential shear profile, which is related to the underlying
projected halo mass distribution Σ by

gtðr;MWLÞ ¼
ΔΣðr;MWLÞΣ−1

crit

1 − Σðr;MWLÞΣ−1
crit

: ð26Þ

Here ΔΣðrÞ≡ hΣð< rÞi − ΣðrÞ is the surface density con-
trast and Σ−1

crit is the lensing efficiency or inverse critical
surface mass density, given by

Σ−1
crit ¼

4πG
c2

Dl

Ds
× max ½0; Dls�; ð27Þ

where c is the speed of light andDs,Dl, Dls are the angular
diameter distances between the observer and the source,
the observer and the lens, and the source and the lens,
respectively. We model Σ by the line of sight integral of a
Navarro-Frenk-White profile (NFW) [93,94], and we refer
to the associated mass as the weak-lensing mass, MWL.
We account for possible miscentering of the selected
cluster center by assuming a constant density within the
cluster miscentering radius Rmin, i.e. ΣðRÞ ¼ ΣðRminÞ for
R ≤ Rmin (see SB24a Sec. IV C for more details). Cluster
member contamination fclðrÞ is corrected by a factor
ð1 − fclðrÞÞ to the reduced tangential shear profile [SB24a].
Given that the cluster profiles are not perfectly described

by an NFW profile, the computed weak-lensing massMWL
is a biased and noisy estimator of the true cluster massM200c
[95,96]. To account for the bias we use a scaling relation
between MWL and M200c with a mean relation of [52]



ln

�
MWL

M0

��
¼ lnMWL0

ðzÞ þMWLM
ln

�
M200c

M0

�
: ð28Þ

Here lnMWL0
is the logarithmic mass bias normalization

and MWLM
is the mass trend in this bias at a pivot mass

M0 ¼ 2 × 1014h−1M⊙. We assume a log-normal scatter of
the true relations with a width described by

ln σlnWL
2 ¼ ln σ2lnWL0

ðzÞ þ σ2lnWLM
ln

�
M200c

M0

�
; ð29Þ

where ln σ2lnWL0
is the normalization and σ2lnWLM

is the mass
trend of the scatter.
The parameters of the above mean scaling relation and

scatter are calibrated from simulations by extracting
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the weak-lensing inferred mass from hydrodynamical sim-
ulations and calculating the corresponding clustermass from
the matched N-body simulation at different redshifts [52].
The calibration results in a mean value and uncertainty
obtained from the posterior for each of the above parameters.
In this model, the logarithmic mass bias normalization,

lnMWL0
, and the normalization of the scatter, ln σ2lnWL0

, are
functions of redshift and calibrated from the simulations
at four redshift values: z∈ f0.252; 0.470; 0.783; 0.963g.
Therefore, we model the two parameters in the analysis as

p ¼ N ðp̄; ðΔpÞ2Þ ¼ p̄ðzÞ þ ΔpðzÞN ð0; 1Þ; ð30Þ
where p̄ðzÞ is the mean value and ΔpðzÞ is the uncertainty
of the corresponding parameter pðzÞ at redshift z. We
interpolate linearly to obtain the values for these parameters
at any intermediate redshift. To accurately describe the
uncertainty of the logarithmic mass bias lnMWL0

ðzÞ, the
uncertainty in this parameter,Δ lnMWL0

ðzÞ, is modeled as a
linear combination of two redshift-dependent components,
which are both interpolated in the considered redshift range
based on the values in Table I [SB24a],

Δ lnMWL0
ðzÞ ¼ Δ1 lnMWL0

ðzÞ þ Δ2 lnMWL0
ðzÞ: ð31Þ

The values of the bias and scatter normalization parameters,
Eqs. (28) and (29), as well as their uncertainties at the
simulation redshifts used in this work are summarized in
Table I. The uncertainties of these parameters include
various elements such as uncertainties from baryonic
effects, photo-z calibration, miscentering and shear cali-
bration [52]. The total uncertainty is primarily influenced
by uncertainties in baryonic effects at low redshifts, while
at high redshifts, the uncertainty in photo-z calibration
becomes dominant. Overall uncertainty from the weak-
lensing model remains small across the calibrated redshift
range, contributing to approximately 1% of the total
uncertainty (see Fig. 10 in SB24a).

2. HST weak-lensing model

A similar model is applied to the HST-39 dataset. The
shear profiles from HST are modeled by the line of sight

integral of an NFW profile with a concentration from
Ref. [97]. From the NFW a weak-lensing mass MWL is
calculated and related to the true halo mass with a mean
relation [54],

hlnMWLi ¼ lnMWL0
þ lnM200c: ð32Þ

The true relation scatters around the mean by a Gaussian
distribution with width σlnWL. The scatter σlnWL accounts
for all sources of uncertainties in the MWL–M200c relation.
Here each cluster has its own bias and scatter and
associated uncertainties by calibrating Eq. (32) for each
cluster individually. We refer the reader to the original
works for a more detailed explanation of the cluster lensing
model employed in the HST dataset [54–56,59].

C. Multivariate observable-mass relation

To account for possible correlation among the three
observables, unbiased tSZE detection significance ζ, intrin-
sic richness λ and weak-lensing mass MWL we employ the
multivariant observable-mass relation from the work of
SB24a. For this, the log-normal scatters of the observables,
σln ζ, σln λ and σlnWL are combined into a covariance matrix
of the form,

Σ¼

0
BB@

σ2lnζ ρSZ;WLσlnζσlnWL ρSZ;λσlnζσlnλ

ρSZ;WLσlnζσlnWL σlnWL
2 ρWL;λσlnWLσlnλ

ρSZ;λσlnζσlnλ ρWL;λσlnWLσlnλ σ2lnλ

1
CCA;

ð33Þ

where ρSZ;λ; ρSZ;WL and ρWL;λ are the correlation coeffi-
cients between ζ and MWL, ζ and λ, and λ and MWL
respectively. The joint multi-observable-mass relation is
then given by a multivariate Gaussian with correlation
matrix Σ,

P

0
B@
2
64

ln ζ

lnMWL

ln λ

3
75jM; z; p

1
CA

¼ N

0
B@
2
64

hln ζiðM; z; pÞ
hlnMWLiðM; z; pÞ
hln λiðM; z; pÞ

3
75;Σ

1
CA: ð34Þ

D. Likelihood and priors

The analysis relies on Bayesian statistics, and we obtain
cosmological and scaling relation parameters p using a
cluster population model. The likelihood model employed
in this analysis is based on the recent ΛCDM SPT ×
DESþ HST analysis of SB24a, SB24b and was verified for
an fðRÞ cosmology in our forecast work [SV24a].

TABLE I. Normalization and uncertainties (Δ) of the amplitude
and scatter of the weak-lensing-mass-to-halo-mass relation de-
rived from the simulations at redshifts z∈ f0.252; 0.470; 0.783;
0.963g.
Parameter z0 z1 z2 z3

lnMWL0
ðzÞ −0.042 −0.040 −0.033 −0.082

Δ1 lnMWL0
ðzÞ −0.006 −0.014 −0.052 −0.112

Δ2 lnMWL0
ðzÞ 0.008 0.015 0.017 −0.010

ln σ2lnWL0
ðzÞ −3.115 −3.074 −2.846 −1.945

Δ ln σ2lnWL0
ðzÞ 0.044 0.048 0.060 0.101
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Following SB24a and SB24b, we approximate the multi-
observable cluster abundance likelihood with a Poissonian
distribution,

lnLðpÞ ¼
X
i

ln
Z

∞

λ̂min

dλ̂
d3NðpÞ
dζ̂dλ̂dz

				
ζ̂i;zi

−
Z

zmax

zmin

dz
Z

∞

ζ̂min

dζ̂
Z

∞

λ̂min

dλ̂
d3NðpÞ
dζ̂dλ̂dz

þ
X
i

ln

d4NðpÞ
dζ̂dλ̂dgtdz

			
ζ̂i;λ̂i;gt;i;ziR

∞
λ̂min

dλ̂ d3NðpÞ
dζ̂dλ̂dz

			
ζ̂i;zi

þ const; ð35Þ

where both sums run over all clusters i. The differential
cluster numbers d3N

d obs in the above likelihood are the
differential halo observable function (HOF) and is given
in the ζ̂-λ̂-z space by

d3NðpÞ
dζ̂dλ̂dz

¼
Z

dΩs

ZZZ
dM dλ dζPðζ̂jζÞPðλ̂jλÞ

× Pðζ; λjM; z; pÞ d
2NðM; z; pÞ
dM dV

d2Vðz; pÞ
dz dΩs

; ð36Þ

and in the ζ̂-λ̂-gt-z space by

d4NðpÞ
dζ̂dλ̂dgtdz

¼
Z

dΩs

ZZZZ
dM dζ dλ dMWL

× PðgtjMWL; pÞPðζ̂jζÞPðλ̂jλÞ
× Pðζ; λ;MWLjM; z; pÞ

×
d2NðM; z; pÞ

dMdV
d2Vðz; pÞ
dzdΩs

: ð37Þ

Here Ωs is the survey solid angle, the factors d2NðM;z;pÞ
dMdz and

d2Vðz;pÞ
dzdΩs

are the HMF and the differential volume element for

the corresponding cosmology whereas Pðζ̂jζÞ and Pðλ̂jλÞ
relate the observed quantity to the intrinsic one given by
Eqs. (21) and (24) respectively. Moreover, Pðζ; λjM; z; p
and Pðζ; λ;MWLjM; z; pÞ are obtained from the multivar-
iant observable-mass relation Eq. (34), and PðgtjMWL; pÞ is
given by the product of Gaussian probabilities in each
radial bin i of the tangential shear profiles gt with the shape
noise Δgt;i,

PðgtjMWL;pÞ¼
Y
i

ð
ffiffiffiffiffiffi
2π

p
Δgt;iÞ−1

×exp

�
−
1

2

�
gt;i−gt;iðMWL;pÞ

Δgt;i

�
2
�
: ð38Þ

Note that the first two terms of the total Poisson likelihood,
Eq. (35), are independent of the weak-lensing data and thus

are associated with the Poisson likelihood of the cluster
sample in the ζ̂-z space with the condition λ̂ > λ̂minðzÞ. The
last term in Eq. (35) includes the information of the mass
calibration from the weak-lensing data and is therefore
often called the mass-calibration likelihood. The likelihood
is implemented in the CosmoSIS framework as a Python
module [98], and we use the nested sampling algorithm
NAUTILUS to run the MCMC chains [99].
Given the large number of cosmological and nuisance

parameters considered in the analysis, we combine the SPT
cluster dataset with the primary CMB data from Planck
(Planck 2018 TT;TE;EEþ lowE) [100] to break param-
eter degeneracies and recover meaningful constraints on
fðRÞ gravity. This combination of data is sound, because
the standard cosmological analysis from SB24b showed no
statistically significant tension between the SPT-clusters ×
WL dataset and the Planck data.
We emphasize that primary CMB data like those from

Planck 2018 place only weak constraints on fðRÞ gravity of
the order of log10 jfR0j≲ −3 [13,101], and thus the con-
straints in log10 jfR0j are primarily coming from the SPT
cluster sample. However, CMB data are essential to
constrain the remaining cosmological parameters such as
Ωmh2. The Planck 2018 likelihood is implemented in
CosmoSIS, and because one can assume that the cluster
likelihood and the Planck 2018 likelihood are independent,
we multiply the two likelihoods in a joint analysis. We
account for the effect of fðRÞ gravity in the Planck 2018
likelihood by using the fðRÞ power spectrum computed
with MGCAMB [102–105].
In this analysis, we vary 23 nuisance parameters and

eight cosmological parameters. All parameters with their
priors are listed in Table II. For the standard cosmological
parameters, we adopt uniform priors with ranges that are
based on the Planck 2018 posteriors, since these parameters
will be best constrained by the Planck 2018 dataset. For the
fðRÞ gravity parameter log10 jfR0jwe apply a uniform prior
Uð−7;−3Þ. Note that the GR limit at jfR0j ¼ 0 cannot be
reached when using a logarithmic prior and thus would
introduce an infinitely large parameter volume below our
lower bound when we calculate the upper limit of the fðRÞ
parameter. To avoid the sensitivity of the upper limit of the
fðRÞ parameter on the choice of the lower prior boundary,
we transform the parameter space of the final output chain
from logarithmic to linear. In linear space, the parameter
volume between 0 and 10−7 is negligible. We account for
the uncertainty in the weak-lensing model as described in
Sec. IV B 1 by Gaussian priors on these parameters. To
ensure a positive-definite covariance matrix of the multi-
variate observable–mass relation we assume priors on the
correlation coefficients of Uð−0.5; 0.5Þ. No informative
priors are applied for the tSZE and richness observable-
mass relation parameters, and we adopt sufficiently wide
uniform priors for these parameters. To account for
systematic uncertainties in the HMF, we use Gaussian
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priors on the amplitude and slope of the HMF as defined
in Eq. (20).

V. RESULTS

In this section, we present our constraints on the fðRÞ
gravity model derived from the analysis of DES and HST
weak lensing calibrated SPT clusters combined with Planck
2018 data. For our baseline analysis, we employ the
FORGE-calibrated HMF model, because it is considered
to be more accurate due to its empirical calibration with the
FORGE numerical simulations. For comparison, we also
include results obtained using the uncorrected semianalyt-
ical HMF model. Note that all reported upper limits are
provided at the 95% credible level and uncertainties at 68%
credibility.

A. Comparison to ΛCDM results

We first compare our results to those from the ΛCDM
analysis of SB24b. Because we report a tight upper limit on
log10 jfR0j (see next section) and thus the deviation from a
ΛCDM cosmology is relatively small, we expect consistent
results between the two analyses for all standard cosmo-
logical parameters. Figure 4 shows the posterior distribu-
tion of the cosmological parameters from both analyses.
Overall, the standard cosmological parameters are in good
agreement with the ΛCDM results. The only discernible
parameter shifts are observed in Ωbh2 and ns, which are
both primarily constrained by the Planck 2018 data.
However, the shift of the two parameters is within the
68% credible contours and within the statistical uncertain-
ties. An explanation for the shift can be given by the fact
that Ωbh2 and ns as well as log10 jfR0j change the power
spectrum on small scales, and in opposite directions.
A complete comparison of all parameters from the fðRÞ

and ΛCDM analysis can be found in the Appendix, Fig. 6.
We summarize in Table III the constraints on the ζ-mass and
λ-mass relation parameters, as well as on the correlation
coefficients for thefðRÞ andΛCDManalyses. The results are
in good agreement with ΛCDM, indicating no significant
deviations in the observable–mass relations under the fðRÞ
gravity model. Compared to the ΛCDM constraints, we
obtain slightlyweaker constraints formost of the observable-
mass relation parameters (see the third column of Table III).
The largest increase in the uncertainties is observed in the
ζ-mass relation parameters, the amplitude mass trend of
the λ-mass relation for the DES richness, and the scatter of
the λ-mass relation for the WISE richness. An overall
increase in the uncertainties is expected due to the additional
degrees of freedom introduced by the fðRÞ gravity model.
We observe a 1.5σ shift in the correlation parameter

between the tSZE detection significance and richness, ρSZ;λ,
compared to the ΛCDM results, which is attributed to
different models for the scatter in richness assumed in the

TABLE II. Parameters and priors of our fðRÞ gravity analysis
of the DES and HST weak-lensing informed SPT cluster sample
and Planck 2018. The prior on Ωνh2 corresponds to a prior on the
sum of neutrino masses Σmν ∼ Uð0; 0.6Þ eV.
Parameter Description Prior

DES Y3 cluster lensing
Δ1 lnMWL0

Scaling of bias See Table I

Δ2 lnMWL0
Scaling of bias See Table I

MWLM
Mass slope of bias N ð1.029; 0.0062Þ

Δ ln σ2lnWL0
Scaling of scatter See Table I

σ2lnWLM
Mass slope of scatter N ð−0.226; 0.0402Þ

HST cluster lensing
Δ lnMWL0

Amplitude of bias Varied by cluster
ΔσlnWL Amplitude of scatter Varied by cluster

tSZE–mass parameters
ln ζ0 Amplitude Uð0.39; 0.93Þ
ζM Mass slope Uð1.56; 1.9Þ
ζz Redshift evolution Uð0.1; 1.25Þ
σln ζ Intrinsic scatter Uð0.003; 0.4Þ
γECS Depth of SPTpol ECS Uð0.9; 1.2Þ

DES richness–mass parameters (used for z < 1.1)
ln λ0;DES Amplitude Uð3.5; 3.9Þ
λM;DES Mass slope Uð1.08; 1.42Þ
λz;DES Redshift evolution Uð−0.34; 0.8Þ
σln λ;DES Intrinsic scatter Uð0.01; 0.33Þ

WISE richness–mass parameters (used for z > 1.1)
ln λ0;WISE Amplitude Uð3.48; 5.12Þ
λM;WISE Mass slope Uð0.6; 1.33Þ
λz;WISE Redshift evolution Uð−4.27Þ
σln λ;WISE intrinsic scatter Uð0.005; 0.34Þ

Correlation coefficients
ρSZ;WL tSZE–weak-lensing Uð−0.5; 0.5Þ
ρSZ;λ tSZE–richness Uð−0.5; 0.5Þ
ρWL;λ Weak-lensing–richness Uð−0.5; 0.5Þ

HMF uncertainty
q Bias uncertainty N ð1; 0.22Þ
s Slope uncertainty N ð0; 0.12Þ

Cosmology
Ωm Matter density Uð0.27; 0.36Þ
Ωνh2 Neutrino density Uð0; 0.00644Þ
Ωbh2 Baryon density Uð0.02191; 0.02281Þ
h Hubble parameter Uð0.643; 0.702Þ
ln 1010As Amplitude of PðkÞ Uð2.89; 3.1Þ
ns Scalar spectral index Uð0.9517; 0.9781Þ
τ Depth of reionization Uð0.02; 0.08Þ
log10 jfR0j fðRÞ gravity parameter Uð−7;−3Þ
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two analyses: in the ΛCDM analysis, a log-normal richness
scatter with width λ−1=2 was used, which resulted in a
negative correlation between the tSZE detection signifi-
cance and richness. In this fðRÞ analysis, we use a
Gaussian approximation of Poisson noise [see Eq. (24)]
and report a vanishing correlation between the two

quantities. To check if this is due to the different scatter
models, we also run the analysis with the richness scatter
model as in the ΛCDM analysis, and we obtained the same
result as the ΛCDM analysis for the correlation parameter
ρSZ;λ. The same is true for the scatter parameter of the
WISE richness σln λ;WISE.

FIG. 4. Posterior distribution of the cosmological parameters for our fðRÞ analysis (gray and red) and theΛCDM analysis from SB24b
(blue) of the DES and HST weak-lensing mass calibrated SPT clusters combined with Planck 2018 CMB data. Because the two fðRÞ
HMF models give similar results, the gray contours from the semianalytical HMF (see Sec. III A) are hidden by the red ones from the
FORGE calibrated HMF (see Sec. III B). As expected, the results from the analysis show consistent results in the non-fðRÞ
cosmological parameters.
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B. f ðRÞ gravity constraints

Our fðRÞ analysis of the combination of weak-lensing
mass calibrated SPT clusters and the Planck 2018 dataset
results in the current tightest constraints available from
clusters and CMB data and other probes of the large-scale
structure. With our baseline analysis using the FORGE-
calibrated HMF, we obtain an upper bound on the fðRÞ
parameter,

log10jfR0j < −5.32 ð95% credible levelÞ: ð39Þ

This result is consistent with a ΛCDM cosmology and
excludes all fðRÞ parameter space that does not lead to
substantial screening of halos. When applying the semi-
analytical HMF model, we achieve a 3% tighter upper
bound on log10 jfR0j,

log10jfR0j < −5.46 ð95% credible valueÞ: ð40Þ

The slightly stronger constraint from the semianalytical
HMF model can be explained by the larger enhancement in
the halo mass function compared to the FORGE simula-
tions, see Sec. III B. Therefore, one expects a greater
sensitivity to log10 jfR0j, which leads to tighter constraints
on the fðRÞ parameter. The remaining cosmological
parameter posteriors are found to be consistent with those
in the ΛCDM analysis. This is because we use Planck 2018
data in our analysis, which tightly constrains the ΛCDM
cosmological parameters and thus eliminates potential
degeneracies. Moreover, degeneracies between log10 jfR0j
and other cosmological parameters that have previously
been found are more pronounced for higher values of
log10 jfR0j, which are excluded by our dataset [31,71,106].
For comparison, the best previous constraints on fðRÞ

gravity from clusters are presented in Ref. [29]. The authors
obtained log10 jfR0j < −4.79 using clusters from ROSAT
and the Massive Cluster Survey, combined with primary
CMB, SN, and BAO data. Our analysis improves upon
this result by a factor of 3.4 in fR0 without using any
information from SNe or BAO. The improved constraints
are due to the large cluster sample and the weak lensing
mass calibration dataset that we use in this analysis, with
1005 clusters compared to 224 clusters in the analysis of
Ref. [29]. Recent results from the eROSITA cluster analysis
reported an upper limit of log10 jfR0j < −4.12, considering
the neutrino mass as a free parameter [11]. Although this
constraint is significantly weaker than ours, it is important
to note that their analysis was based on clusters alone.
eROSITA can place meaningful constraints from the
clusters alone, because of the larger weak-lensing cali-
brated cluster sample of 5259 clusters and lower redshift
range for which the effect of fðRÞ gravity is larger. On the
other hand, they employed a different HMF based on the
model of Ref. [31], which predicts a slightly smaller
enhancement of the fðRÞ HMF. For a fairer comparison
with the eROSITA results, we also perform our analysis
using the HMF of Ref. [31] but still including Planck 2018
data. We obtain log10jfR0j < −5.11 (95% credible level),
which is an order of magnitude better than the results from
Ref. [11] and 62% weaker in fR0 than our baseline result.
These different results show that a reliable fðRÞ HMF
model is needed to obtain accurate constraints on this
modified gravity model. Note that different works apply
different priors on log10 jfR0j which affects this parameter’s

TABLE III. Constraints on the observable–mass relation
parameters, the scatter correlation coefficients and cosmological
parameters for the fðRÞ and ΛCDM analyses in the second and
third column respectively. The last column shows the relative
increase of the parameter uncertainties in the fðRÞ analysis with
respect toΛCDM. Note that all reported upper limits are provided
at the 95% credible level and uncertainties at 68% credibility. A
missing entry (…) for the increase in the uncertainty indicates no
change in the error of this parameter.

Parameter fðRÞ ΛCDM
Increase in the
uncertainties (%)

tSZE-mass parameters
ln ζ0 0.69� 0.09 0.69� 0.06 50
ζM 1.73� 0.05 1.73� 0.04 25
ζz 0.73� 0.13 0.74� 0.11 18
σln ζ 0.22� 0.06 0.21� 0.05 20
γECS 1.05� 0.03 1.05� 0.03 � � �

DES richness-mass parameters (used for z < 1.1)
ln λ0;DES 3.73� 0.06 3.73� 0.05 20
λM;DES 1.23� 0.05 1.25� 0.04 25
λz;DES 0.13� 0.13 0.15� 0.12 9
σln λ;DES 0.21� 0.04 0.18� 0.04 � � �

WISE richness-mass parameters (used for z > 1.1)
ln λ0;WISE 4.30� 0.21 4.33� 0.21 � � �
λM;WISE 1.0� 0.1 0.96� 0.09 10
λz;WISE −2.0� 0.6 −2.0� 0.6 � � �
σln λ;WISE 0.14� 0.07 0.12� 0.05 40

Correlation coefficients
ρSZ;WL < 0.22 < 0.17 30
ρSZ;λ 0.03� 0.35 < 0.08 � � �
ρWL;λ −0.05� 0.31 −0.10� 0.24 30

Cosmology
Ωm 0.318� 0.011 0.315� 0.011 � � �
Ωνh2 < 0.2 < 0.18 10
Ωbh2 0.0223� 0.0002 0.0224� 0.0002 � � �
h 0.671� 0.009 0.674� 0.008 13
ln 1010As 3.042� 0.015 3.043� 0.015 � � �
ns 0.962� 0.004 0.966� 0.004 � � �
log10 jfR0j < −5.32 � � � � � �
σGR8 0.809� 0.015 0.807� 0.013 16
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upper limit due to the infinite volume below the lower prior.
Therefore, a comparison is always affected by the prior
choice when using a uniform prior in log10 jfR0j.
The strongest constraints from large-scale probes of fðRÞ

gravity are derived from weak-lensing peak abundance
using weak-lensing data from CFHTLenS [12]. In this
study, the authors found an upper bound of log10jfR0j <
−5.16 (95% credible level) with priors from the Planck 15
analysis on Ωm and As. This result is comparable, but
slightly weaker than the constraints presented here.
Other recent cosmological constraints on fðRÞ gravity

have been derived from the cross-correlation of galaxies
from BOSS combined with primary CMB and lensing data,
yielding log10 jfR0j ≤ −4.61 [13] and a combination of
galaxy weak-lensing shear from the Canada-France-Hawaii
Telescope Lensing Survey, CMB, SN and BAO was used to
obtain log10 jfR0j ≤ −4.50 [12]. Figure 5 shows the com-
parison of the constraints from the different cosmological
probes discussed in this section.
Modified gravity models such as fðRÞ gravity generally

enhance structure formation and thus lead to larger values
of σ8. Therefore, they do not provide a solution to the S8
tension. Additionally, galaxy clusters are not sensitive toH0,
so our analysis does not offer any insights into theH0 tension.

VI. SUMMARY

This work presents constraints on fðRÞ gravity derived
from the DES and HSTweak lensing informed SPT cluster
abundance combined with primary CMB data from Planck
2018. We use a sample of 1,005 galaxy clusters selected
from the SPT-SZ, SPTpolECS, and SPT500d [35,36,46,47]
surveys with redshifts z > 0.25. 688 of these clusters have
weak-lensing information from DES [SB24a, SB24b] and
39 from HST [54,55,59]. Our analysis framework is based
on the methodology established by SB24a and in the recent
fðRÞ gravity forecast for upcomingsStage-III and -IV
surveys [SV24a].
fðRÞ gravity alters gravity and leads, compared to GR, to

a scale-dependent enhancement of structure formation and

thus modifies the HMF. This enhancement in the abun-
dance of massive galaxy clusters makes cluster samples,
such as those from the SPT surveys, powerful probes for
testing modified gravitational models like fðRÞ gravity.
To capture the effects of fðRÞ gravity on the HMF, we

employ a semianalytical approach for calculating the mass-
dependent spherical collapse threshold δcrit [44]. The fðRÞ
HMF is then given by the GR HMF scaled by an enhance-
ment factor, which includes the mass-dependent spherical
collapse threshold.We emphasize that this model is designed
to also capture the nontrivial screening effects in this
modified gravity model, which play a major role at small
modified gravity amplitudes that our cluster sample is able to
probe. We compare the predictions of the HMF from this
semianalytical approach with those from the FORGE sim-
ulations [45], andwe find a discrepancy between the two that
depends on cosmology, redshift and cluster mass.We use the
simulations to calibrate the semianalytical model to obtain a
more robust HMF, while still allowing for an analysis within
a broader parameter range than the simulations allow.
In this analysis, we neglect the fðRÞ gravity effects on the

gravitational lensing potential, which are subdominant
compared to theweak-lensingmass calibration uncertainties
derived from GR simulations [52]. Furthermore, modifica-
tions to the observable-mass relations and the halo profiles
areminimal, keeping theweak-lensing parameters similar to
those in GR within their uncertainties [53,91,92].
We achieve consistent results in all parameters compared

to the ΛCDM analysis presented in SB24b. This is reassur-
ing and expected, since our constraints on log10 jfR0j do not
indicate a preference for a deviation from the ΛCDM
cosmology.
We report an upper bound of log10 jfR0j < −5.32 at the

95% credible level with the HMF calibrated by the FORGE
simulations. A slightly tighter constraint of log10 jfR0j <
−5.46 is obtained when using the semianalytical HMF. The
difference in the constraints shows the necessity for a
reliable fðRÞ HMF to place accurate constraints on fðRÞ
gravity. The constraints reported here are the tightest
constraints on fðRÞ gravity from clusters and on cosmo-
logical scales published to date.
Upcoming stage-III and stage-IV surveys, such as SPT-

3G [74] and CMB-S4 [75] or the Simons Observatory
[107], will provide significantly larger cluster samples,
which cover a broader redshift range [108]. In combination
with next-gravitational lensing data like from the Euclid
[76,77] satellite or the Vera C. Rubin observatory [78,79],
these cluster datasets will lead to improved constraints on
fðRÞ gravity [SV24a].
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APPENDIX: FULL TRIANGLE PLOT

Figure 6 shows the posterior distribution for all param-
eters varied in the analysis, both for the fðRÞ and ΛCDM
cases of the same data SB24b.

FIG. 6. Posterior distribution for all parameters in the fðRÞ and ΛCDM analyses.
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Cai, Mon. Not. R. Astron. Soc. 515, 4161 (2022).

[46] L. E. Bleem, B. Stalder, T. de Haan, K. A. Aird, S. W.
Allen, D. E. Applegate, M. L. N. Ashby, M. Bautz, M.
Bayliss, B. A. Benson et al., Astrophys. J. Suppl. Ser. 216,
27 (2015).

[47] L. E. Bleem, S. Bocquet, B. Stalder, M. D. Gladders,
P. A. R. Ade, S. W. Allen, A. J. Anderson, J. Annis,

S. M. L. VOGT et al. PHYS. REV. D 111, 043519 (2025)

043519-20

https://doi.org/10.1086/307221
https://doi.org/10.1086/300499
https://doi.org/10.1146/annurev-nucl-102115-044553
https://doi.org/10.1146/annurev-nucl-102115-044553
https://doi.org/10.1142/S0218271818480012
https://doi.org/10.1103/RevModPhys.93.015003
https://doi.org/10.1093/mnras/150.1.1
https://doi.org/10.1103/PhysRevD.76.064004
https://doi.org/10.1093/mnras/stz2131
https://doi.org/10.1103/PhysRevD.102.104060
https://doi.org/10.1103/PhysRevD.102.104060
https://doi.org/10.1088/1475-7516/2016/12/024
https://doi.org/10.1088/1475-7516/2016/12/024
https://doi.org/10.1051/0004-6361/202449587
https://doi.org/10.1103/PhysRevLett.117.051101
https://doi.org/10.1103/PhysRevLett.117.051101
https://doi.org/10.1051/0004-6361/202348639
https://doi.org/10.1051/0004-6361/202348639
https://doi.org/10.1093/mnras/stw775
https://doi.org/10.1093/mnras/stw775
https://doi.org/10.1086/306436
https://doi.org/10.1086/306436
https://doi.org/10.1086/320939
https://doi.org/10.1086/320939
https://doi.org/10.1088/0004-637X/692/2/1060
https://doi.org/10.1088/0004-637X/763/2/147
https://doi.org/10.1088/0004-637X/799/2/214
https://doi.org/10.3847/0004-637X/832/1/95
https://doi.org/10.3847/1538-4357/ab1f10
https://doi.org/10.1103/PhysRevD.102.023509
https://doi.org/10.1093/mnras/stad957
https://doi.org/10.1093/mnras/stad957
https://doi.org/10.1103/PhysRevD.110.083509
https://doi.org/10.1103/PhysRevD.110.083510
https://doi.org/10.1051/0004-6361/202348852
https://doi.org/10.1103/PhysRevD.80.083505
https://doi.org/10.1103/PhysRevD.80.083505
https://doi.org/10.1103/PhysRevD.85.124038
https://doi.org/10.1103/PhysRevD.85.124038
https://doi.org/10.1103/PhysRevD.92.044009
https://doi.org/10.1103/PhysRevD.95.023521
https://doi.org/10.1093/mnras/stz1051
https://doi.org/10.1093/mnras/stz1051
https://doi.org/10.1086/659879
https://doi.org/10.1086/659879
https://doi.org/10.1093/mnras/stx2929
https://doi.org/10.1093/mnras/stx2929
https://doi.org/10.1093/mnras/stae1359
https://doi.org/10.21105/astro.2311.07512
https://doi.org/10.21105/astro.2311.07512
https://doi.org/10.1088/0004-6256/150/5/150
https://doi.org/10.1093/mnras/stw641
https://doi.org/10.1093/mnras/stw641
https://doi.org/10.3847/1538-4365/aae9f0
https://doi.org/10.3847/1538-4365/aae9f0
https://doi.org/10.1088/0004-6256/140/6/1868
https://doi.org/10.1088/0004-6256/140/6/1868
https://doi.org/10.1103/PhysRevD.109.123503
https://doi.org/10.1088/1475-7516/2013/08/004
https://doi.org/10.1088/1475-7516/2013/08/004
https://doi.org/10.1111/j.1365-2966.2011.20404.x
https://doi.org/10.1111/j.1365-2966.2011.20404.x
https://doi.org/10.1103/PhysRevD.87.123511
https://doi.org/10.1103/PhysRevD.87.123511
https://doi.org/10.1093/mnras/stac1091
https://doi.org/10.1088/0067-0049/216/2/27
https://doi.org/10.1088/0067-0049/216/2/27


M. L. N. Ashby, J. E. Austermann et al., Astrophys. J.
Suppl. Ser. 247, 25 (2020).

[48] M. Gatti, G. Giannini, G. M. Bernstein, A. Alarcon, J.
Myles, A. Amon, R. Cawthon, M. Troxel, J. DeRose, S.
Everett et al., Mon. Not. R. Astron. Soc. 510, 1223 (2022).

[49] E. Huff and R. Mandelbaum, arXiv:1702.02600.
[50] E. S. Sheldon and E. M. Huff, Astrophys. J. 841, 24

(2017).
[51] T. M. C. Abbott, M. Aguena, A. Alarcon, S. Allam, O.

Alves, A. Amon, F. Andrade-Oliveira, J. Annis, S. Avila
et al. (DES Collaboration), Phys. Rev. D 105, 023520
(2022).

[52] S. Grandis, S. Bocquet, J. J. Mohr, M. Klein, and K. Dolag,
Mon. Not. R. Astron. Soc. 507, 5671 (2021).

[53] C.-Z. Ruan, C. Cuesta-Lazaro, A. Eggemeier, B. Li, C. M.
Baugh, C. Arnold, S. Bose, C. Hernández-Aguayo, P.
Zarrouk, and C. T. Davies, Mon. Not. R. Astron. Soc. 527,
2490 (2024).

[54] T. Schrabback, D. Applegate, J. P. Dietrich, H. Hoekstra, S.
Bocquet, A. H. Gonzalez, A. von der Linden, M.
McDonald, C. B. Morrison, S. F. Raihan et al., Mon.
Not. R. Astron. Soc. 474, 2635 (2018).

[55] T. Schrabback, S. Bocquet, M. Sommer, H. Zohren, J. L.
van den Busch, B. Hernández-Martín, H. Hoekstra, S. F.
Raihan, M. Schirmer, D. Applegate et al., Mon. Not. R.
Astron. Soc. 505, 3923 (2021).

[56] H. Zohren, T. Schrabback, S. Bocquet, M. Sommer, F.
Raihan, B.Hernández-Martín, O.Marggraf, B. Ansarinejad,
M. B. Bayliss, L. E. Bleem et al., Astron. Astrophys. 668,
A18 (2022).

[57] S. F. Raihan, T. Schrabback, H. Hildebrandt, D. Applegate,
and G. Mahler, Mon. Not. R. Astron. Soc. 497, 1404
(2020).

[58] B. Hernández-Martín, T. Schrabback, H. Hoekstra, N.
Martinet, J. Hlavacek-Larrondo, L. E. Bleem, M. D.
Gladders, B. Stalder, A. A. Stark, and M. Bayliss, Astron.
Astrophys. 640, A117 (2020).

[59] M.W. Sommer, T. Schrabback, D. E. Applegate, S.
Hilbert, B. Ansarinejad, B. Floyd, and S. Grandis, Mon.
Not. R. Astron. Soc. 509, 1127 (2022).

[60] J. Khoury and A. Weltman, Phys. Rev. D 69, 044026
(2004).

[61] C. Burrage and J. Sakstein, Living Rev. Relativity 21, 1
(2018).

[62] H. Fischer, C. Käding, and M. Pitschmann, Universe 10,
297 (2024).

[63] S. Ferraro, F. Schmidt, and W. Hu, Phys. Rev. D 83,
063503 (2011).

[64] J. Tinker, A. V. Kravtsov, A. Klypin, K. Abazajian, M.
Warren, G. Yepes, S. Gottlöber, and D. E. Holz, Astrophys.
J. 688, 709 (2008).

[65] R. K. Sheth and G. Tormen, Mon. Not. R. Astron. Soc.
308, 119 (1999).

[66] G. Despali, C. Giocoli, R. E. Angulo, G. Tormen, R. K.
Sheth, G. Baso, and L. Moscardini, Mon. Not. R. Astron.
Soc. 456, 2486 (2016).

[67] L. Lombriser, K. Koyama, and B. Li, J. Cosmol. Astropart.
Phys. 03 (2014) 021.

[68] K. Ichiki and M. Takada, Phys. Rev. D 85, 063521
(2012).

[69] M. Costanzi, F. Villaescusa-Navarro, M. Viel, J.-Q. Xia, S.
Borgani, E. Castorina, and E. Sefusatti, J. Cosmol.
Astropart. Phys. 12 (2013) 012.

[70] H. Motohashi, A. A. Starobinsky, and J. Yokoyama, Phys.
Rev. Lett. 110, 121302 (2013).

[71] M. Baldi, F. Villaescusa-Navarro, M. Viel, E. Puchwein, V.
Springel, and L. Moscardini, Mon. Not. R. Astron. Soc.
440, 75 (2014).

[72] B. S. Wright, K. Koyama, H. A. Winther, and G.-B. Zhao,
J. Cosmol. Astropart. Phys. 06 (2019) 040.

[73] M. Costanzi, E. Rozo, M. Simet, Y. Zhang, A. E. Evrard,
A. Mantz, E. S. Rykoff, T. Jeltema, D. Gruen, S. Allen
et al., Mon. Not. R. Astron. Soc. 488, 4779 (2019).

[74] B. A. Benson, P. A. R. Ade, Z. Ahmed, S. W. Allen, K.
Arnold, J. E. Austermann, A. N. Bender, L. E. Bleem, J. E.
Carlstrom, C. L. Chang et al., Proc. SPIE Int. Soc. Opt.
Eng. 9153, 91531P (2014).

[75] K. Abazajian, G. Addison, P. Adshead, Z. Ahmed, S. W.
Allen, D. Alonso, M. Alvarez, A. Anderson, K. S. Arnold,
C. Baccigalupi et al., arXiv:1907.04473.

[76] R. Laureijs, J. Amiaux, S. Arduini, J. L. Auguères, J.
Brinchmann, R. Cole, M. Cropper, C. Dabin, L. Duvet, A.
Ealet et al., arXiv:1110.3193.

[77] R. Scaramella, J. Amiaux, Y. Mellier, C. Burigana, C. S.
Carvalho, J. C. Cuillandre, A. Da Silva, A. Derosa, J. Dinis
et al. (Euclid Collaboration), Astron. Astrophys. 662,
A112 (2022).

[78] Z. Ivezic, T. Axelrod, W. N. Brandt, D. L. Burke, C. F.
Claver, A. Connolly, K. H. Cook, P. Gee, D. K. Gilmore,
S. H. Jacoby et al., Serb. Astron. J. 176, 1 (2008).

[79] R. Mandelbaum, T. Eifler, R. Hložek, T. Collett, E.
Gawiser, D. Scolnic, D. Alonso, H. Awan, R. Biswas
et al. (The LSST Dark Energy Science Collaboration),
arXiv:1809.01669.

[80] N. Kaiser, Mon. Not. R. Astron. Soc. 222, 323 (1986).
[81] R. E. Angulo, V. Springel, S. D. M. White, A. Jenkins,

C. M. Baugh, and C. S. Frenk, Mon. Not. R. Astron. Soc.
426, 2046 (2012).

[82] H. Hoekstra, R. Herbonnet, A. Muzzin, A. Babul, A.
Mahdavi, M. Viola, and M. Cacciato, Mon. Not. R. Astron.
Soc. 449, 685 (2015).

[83] A. B. Mantz, S. W. Allen, R. G. Morris, A. von der Linden,
D. E. Applegate, P. L. Kelly, D. L. Burke, D. Donovan, and
H. Ebeling, Mon. Not. R. Astron. Soc. 463, 3582 (2016).

[84] H. Miyatake, N. Battaglia, M. Hilton, E. Medezinski, A. J.
Nishizawa, S. More, S. Aiola, N. Bahcall, J. R. Bond, E.
Calabrese et al., Astrophys. J. 875, 63 (2019).

[85] F. Bellagamba, M. Sereno, M. Roncarelli, M. Maturi, M.
Radovich, S. Bardelli, E. Puddu, L. Moscardini, F.
Getman, H. Hildebrandt et al., Mon. Not. R. Astron.
Soc. 484, 1598 (2019).

[86] I. N. Chiu, V. Ghirardini, A. Liu, S. Grandis, E. Bulbul,
Y. E. Bahar, J. Comparat, S. Bocquet, N. Clerc, M. Klein
et al., Astron. Astrophys. 661, A11 (2022).

[87] S. Grandis, V. Ghirardini, S. Bocquet, C. Garrel, J. J. Mohr,
A. Liu, M. Kluge, L. Kimmig, T. H. Reiprich, A. Alarcon
et al., Astron. Astrophys. 687, A178 (2024).

[88] K. Vanderlinde, T. M. Crawford, T. de Haan, J. P. Dudley,
L. Shaw, P. A. R. Ade, K. A. Aird, B. A. Benson, L. E.
Bleem, M. Brodwin et al., Astrophys. J. 722, 1180 (2010).

CONSTRAINTS ON fðRÞ GRAVITY FROM THERMAL- … PHYS. REV. D 111, 043519 (2025)

043519-21

https://doi.org/10.3847/1538-4365/ab6993
https://doi.org/10.3847/1538-4365/ab6993
https://doi.org/10.1093/mnras/stab3311
https://arXiv.org/abs/1702.02600
https://doi.org/10.3847/1538-4357/aa704b
https://doi.org/10.3847/1538-4357/aa704b
https://doi.org/10.1103/PhysRevD.105.023520
https://doi.org/10.1103/PhysRevD.105.023520
https://doi.org/10.1093/mnras/stab2414
https://doi.org/10.1093/mnras/stad3021
https://doi.org/10.1093/mnras/stad3021
https://doi.org/10.1093/mnras/stx2666
https://doi.org/10.1093/mnras/stx2666
https://doi.org/10.1093/mnras/stab1386
https://doi.org/10.1093/mnras/stab1386
https://doi.org/10.1051/0004-6361/202142991
https://doi.org/10.1051/0004-6361/202142991
https://doi.org/10.1093/mnras/staa1949
https://doi.org/10.1093/mnras/staa1949
https://doi.org/10.1051/0004-6361/202037844
https://doi.org/10.1051/0004-6361/202037844
https://doi.org/10.1093/mnras/stab3052
https://doi.org/10.1093/mnras/stab3052
https://doi.org/10.1103/PhysRevD.69.044026
https://doi.org/10.1103/PhysRevD.69.044026
https://doi.org/10.1007/s41114-018-0011-x
https://doi.org/10.1007/s41114-018-0011-x
https://doi.org/10.3390/universe10070297
https://doi.org/10.3390/universe10070297
https://doi.org/10.1103/PhysRevD.83.063503
https://doi.org/10.1103/PhysRevD.83.063503
https://doi.org/10.1086/591439
https://doi.org/10.1086/591439
https://doi.org/10.1046/j.1365-8711.1999.02692.x
https://doi.org/10.1046/j.1365-8711.1999.02692.x
https://doi.org/10.1093/mnras/stv2842
https://doi.org/10.1093/mnras/stv2842
https://doi.org/10.1088/1475-7516/2014/03/021
https://doi.org/10.1088/1475-7516/2014/03/021
https://doi.org/10.1103/PhysRevD.85.063521
https://doi.org/10.1103/PhysRevD.85.063521
https://doi.org/10.1088/1475-7516/2013/12/012
https://doi.org/10.1088/1475-7516/2013/12/012
https://doi.org/10.1103/PhysRevLett.110.121302
https://doi.org/10.1103/PhysRevLett.110.121302
https://doi.org/10.1093/mnras/stu259
https://doi.org/10.1093/mnras/stu259
https://doi.org/10.1088/1475-7516/2019/06/040
https://doi.org/10.1093/mnras/stz1949
https://doi.org/10.1117/12.2057305
https://doi.org/10.1117/12.2057305
https://arXiv.org/abs/1907.04473
https://arXiv.org/abs/1110.3193
https://doi.org/10.1051/0004-6361/202141938
https://doi.org/10.1051/0004-6361/202141938
https://doi.org/10.2298/SAJ0876001I
https://arXiv.org/abs/1809.01669
https://doi.org/10.1093/mnras/222.2.323
https://doi.org/10.1111/j.1365-2966.2012.21830.x
https://doi.org/10.1111/j.1365-2966.2012.21830.x
https://doi.org/10.1093/mnras/stv275
https://doi.org/10.1093/mnras/stv275
https://doi.org/10.1093/mnras/stw2250
https://doi.org/10.3847/1538-4357/ab0af0
https://doi.org/10.1093/mnras/stz090
https://doi.org/10.1093/mnras/stz090
https://doi.org/10.1051/0004-6361/202141755
https://doi.org/10.1051/0004-6361/202348615
https://doi.org/10.1088/0004-637X/722/2/1180


[89] T. P. Sotiriou and V. Faraoni, Rev. Mod. Phys. 82, 451
(2010).

[90] P. Zhang, Phys. Rev. D 76, 024007 (2007).
[91] F. Schmidt, Phys. Rev. D 81, 103002 (2010).
[92] M. A. Mitchell, J.-h. He, C. Arnold, and B. Li, Mon. Not.

R. Astron. Soc. 477, 1133 (2018).
[93] J. F. Navarro, C. S. Frenk, and S. D. M. White, Astrophys.

J. 490, 493 (1997).
[94] M. Bartelmann and M. Maturi, Scholarpedia 12, 32440

(2017).
[95] M. R. Becker and A. V. Kravtsov, Astrophys. J. 740, 25

(2011).
[96] M. Oguri and T. Hamana, Mon. Not. R. Astron. Soc. 414,

1851 (2011).
[97] B. Diemer and M. Joyce, Astrophys. J. 871, 168 (2019).
[98] J. Zuntz, M. Paterno, E. Jennings, D. Rudd, A. Manzotti, S.

Dodelson, S. Bridle, S. Sehrish, and J. Kowalkowski,
Astron. Comput. 12, 45 (2015).

[99] J. U. Lange, Mon. Not. R. Astron. Soc. 525, 3181 (2023).
[100] N. Aghanim, Y. Akrami, M. Ashdown, J. Aumont, C.

Baccigalupi, M. Ballardini, A. J. Banday, R. B. Barreiro,
N. Bartolo et al. (Planck Collaboration), Astron. As-
trophys. 641, A6 (2020).

[101] P. A. R. Ade, N. Aghanim, M. Arnaud, M. Ashdown, J.
Aumont, C. Baccigalupi, A. J. Banday, R. B. Barreiro, N.
Bartolo et al. (Planck Collaboration), Astron. Astrophys.
594, A14 (2016).

[102] G.-B. Zhao, L. Pogosian, A. Silvestri, and J. Zylberberg,
Phys. Rev. D 79, 083513 (2009).

[103] A. Hojjati, L. Pogosian, and G.-B. Zhao, J. Cosmol.
Astropart. Phys. 08 (2011) 005.

[104] A. Zucca, L. Pogosian, A. Silvestri, and G. B. Zhao, J.
Cosmol. Astropart. Phys. 05 (2019) 001.

[105] Z. Wang, S. H. Mirpoorian, L. Pogosian, A. Silvestri,
and G.-B. Zhao, J. Cosmol. Astropart. Phys. 08 (2023)
038.
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