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ABSTRACT

This paper describes an adaptive approach for the solution of 3D steady and incompressible flows with the
RBF-FD (Radial Basis Function-Finite Difference) meshless method. This method relies on a set of scattered
nodes in the domain instead of a traditional mesh data structure. The lack of connectivity information and the
absence of the mesh generation make the RBF-FD method particularly advantageous for the accurate numerical
solution of many problems of engineering interest. Furthermore, automatic node generation is possible thanks
to many algorithms that recently have been proposed. However, as it happens for mesh-based methods, the
accurate solution of partial differential equations usually require proper node distributions with higher node
density in specific areas. The approach described in this paper allows the re-generation of the entire node
distribution in order to minimize some error indicator by automatically adjusting local node density depending
on the domain and physical problem. The main contribution of this work is the introduction of some original
error indicators which are used for the aforementioned adaptive node generation and the assessment of their
effect on accuracy. Results show good convergence properties and highlight some differences in the behavior

of the different adaptive approaches in the spatial error distribution.

1. Introduction

Thanks to the rapid growth of computational resources and the
capability to easily manipulate huge amount of data, the use of CAE
(Computer Aided Engineering) software is becoming pervasive in al-
most all areas of engineering. CAE software often makes use of numer-
ical methods to simulate a very wide range of phenomena of practical
industrial relevance. With particular reference to CFD (Computational
Fluid Dynamics), where the goal is to numerically solve PDEs (Partial
Differential Equations) that are used to model fluid flow and heat
transfer problems, up to now most commercial and open source solvers
rely on mesh-based methods such as FEM (Finite Element Method) of
FVM (Finite Volume Method). The mesh generation phase required
by mesh-based methods can be very expensive and time consuming,
as a high quality mesh is needed to obtain accurate result, which in
turn often requires a specialized human operator. In order to avoid
the need of a mesh altogether, different meshless methods have been
developed [1,2]. Such methods typically require only a set of scattered
nodes in the domain, while connectivity information between the nodes
is no longer needed, allowing greater geometrical flexibility.

In the last years several node generation techniques for meshless
methods have been proposed: advancing-front methods [3,4], refine-
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ment-based algorithms [3,5], Poisson disk sampling [6,7]. However,
like in mesh-based methods, using a uniform node distribution leads
to unnecessary high node density where it is not needed and, at the
same time, low node density where the solution exhibits large spatial
variations, e.g., boundary layers or interfaces. In order to optimally
solve this problem, adaptive strategies that iteratively update the dis-
cretization based on the solution itself can be employed, where the
ultimate goal is to obtain a uniform error over the whole domain.
Adaptive approaches for CFD problems have been widely studied over
the years and are well established in mesh-based solvers [8-12]. How-
ever, adaptive techniques for newly proposed meshless methods are
investigated in a very limited way to date. In 2009, Angulo et al. [13]
proposed one of the first adaptive approaches in the context of meshless
methods, followed by other approaches [14-19]. This paper aims to fill
this gap in the bibliography by proposing different adaptive strategies
that are suitable to be used in the context of fluid flow and heat
transfer problems solved by the RBF-FD (Radial Basis Function-Finite
Difference) method [20-22].

Adaptive approaches are mainly of three types: h-refinement, where
cells or nodes are added in the mesh or node distribution, p-refinement,
where the order of accuracy of the adopted numerical scheme is

E-mail addresses: luca.bacer@phd.units.it (L. Bacer), rzamolo@units.it (R. Zamolo), nobile@units.it (E. Nobile).

https://doi.org/10.1016/j.enganabound.2025.106367

Received 28 January 2025; Received in revised form 20 June 2025; Accepted 22 June 2025

Available online 8 July 2025

0955-7997/© 2025 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-

nc-nd/4.0/).


https://www.elsevier.com/locate/enganabound
https://www.elsevier.com/locate/enganabound
https://orcid.org/0009-0000-6796-1875
https://orcid.org/0000-0002-6068-0920
https://orcid.org/0000-0001-9623-0668
https://orcid.org/0000-0002-8714-196X
mailto:luca.bacer@phd.units.it
mailto:rzamolo@units.it
mailto:nobile@units.it
https://doi.org/10.1016/j.enganabound.2025.106367
https://doi.org/10.1016/j.enganabound.2025.106367
http://crossmark.crossref.org/dialog/?doi=10.1016/j.enganabound.2025.106367&domain=pdf
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/

L. Bacer et al.

Nomenclature

N Total number of nodes

Npg Number of boundary nodes

N, Number of internal nodes

m Number of nodes in the stencil

my Number of internal nodes in the
stencil

q Size of polynomial basis

P Polynomial degree

S Stencil

Nu Nusselt number

Nu, Relative error of local Nusselt
number

C, Drag coefficient

Pr Prandtl number (v/a)

Ra Rayleigh number

Re Reynolds number (uydy /v)

é Error indicator

é Smoothed error indicator

X, ),z Coordinates

s Spacing function

p Pressure

T Temperature

t Time

At Timestep

g Gravitational acceleration

u Velocity vector (u,, Uy, ;)

uh Approximated velocity

u* Tentative velocity

U Reference velocity

z Unit vector along vertical axis

Greek symbols

Thermal diffusivity
Volumetric thermal expansion
Nodal growth rate

Shape factor

Thermal conductivity
Kinematic viscosity

Domain

Density

Reference density

Value for the adaptive approach
Polar angle

¢ Auxiliary correction variable

T H <A ™R

4
(=]

S

Superscripts and Symbols

k Quantity relative to the kth
adaptive iteration

Time level

increased, and r-refinement, where the mesh [12] or node distribution
is moved maintaining its topology. In this paper we focused on the A-
refinement by generating a completely new node distribution for each
adaptive iteration. Different error indicators can be used to drive both
mesh-based and meshless adaptivity [23]. Most error indicators can
be divided into two categories: recovery-based error indicators, which
rely on the reconstruction of solution gradients or solution curvature,
and residual-based error indicators, which aim to estimate truncation
errors. Even if the majority of meshless and mesh-based adaptive
approaches are based on the first category, error indicators based
on the second category have a stronger theoretical foundation [23].
The main novelty introduced in this work is the use of two original
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residual-based error indicators that are suitable for the RBF-FD mesh-
less solution of 3D fluid flow problems, with particular reference to
steady-state, laminar and incompressible flows, both isothermal and
non-isothermal, i.e., with heat transfer. The first error indicator is based
on the estimation of the residual arising from the spatial discretization
of the momentum or energy equation; the second one is based on the
estimation of the residual of the continuity equation. To the best of
the authors’ knowledge, this is the first time that such error indicators
are applied and compared in this context. We also compare the results
with a recovery-based error indicator developed for the same RBF-FD
meshless approach [7,19].

The resulting adaptive approaches have been applied to four differ-
ent 3D fluid flow problems: a natural convection problem in a spherical
shell, a forced convection problem in a pipe with a spherical obstacle,
an isothermal fluid flow problem within the same pipe and a fully
developed isothermal fluid flow problem in a triply periodic minimal
surface (TPMS) structure employed in compact heat exchangers [24].
Comparisons are carried out quantitatively in terms of nondimensional
integral quantities, i.e., Nusselt number for non-isothermal cases and
drag coefficient and Fanning friction factor for the isothermal cases,
and also qualitatively in terms of error uniformity over the domain.

The paper is organized as follows: in Section 2 the governing
equations for the considered problems are described. In Section 3 the
RBF-FD meshless method is briefly described and the proposed adaptive
approach is presented together with the employed error indicators. In
Section 4 the considered fluid flow problems are thoroughly described
and in Section 5 the results for the considered problems are presented
and discussed.

2. Problem definition

Laminar, incompressible and steady-state 3D problems are consid-
ered. In addition, three of four problems are axisymmetric, which allow
for very accurate reference results. However, in order to assess the
applicability and performance of the adaptive meshless approaches, a
3D formulation is considered also for the axisymmetric problems, which
is more relevant for industrial applications.

2.1. Governing equations
The considered fluid flow problems with possible heat transfer are

described by the following dimensionless conservation equations of
mass, momentum and energy:

Vou=0, a
M w-Vu=-Vp+ LV + Bz @
ot PrY ’

or 1o,

I u.vr=Lvor, 3
a C &)

where u = (u, v, w) is the velocity, ¢ the time, T the temperature, p the
pressure, z the unit vector along the vertical axis and A, B, C are
coefficients that depend on each problem (see Section 4). Although all
the considered problems are steady-state, the time dependent formula-
tion is here considered because of the solution procedure presented in
Section 3.1.3. For the periodic flow in the TPMS structure, the pressure
is decomposed into periodic j and linear components as follows:

p=p—px 4

where f is a fixed pressure gradient along the streamwise direction x.
More details on the mathematical formulation for this case can be found
in [24].

3. Numerical method

In this section a brief description of the employed numerical method
is given. This section is divided into two main subsections: one regard-
ing the RBF-FD method and the solution procedure, and one concerning
the adaptive approach.
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3.1. RBF-FD method and solution procedure

3.1.1. Meshless node generation

The node distributions required by the RBF-FD meshless method are
obtained by using the node repel refinement algorithm developed by
Zamolo and Nobile [5] and is briefly presented as follows.

Given the domain £ and its boundary 0<2, the node generation
process can be divided in two phases:

+ generation of an initial node distribution in € that satisfies a
certain spacing function s(x) on average. The spacing function
defines the average (variable) distance between a point and its
neighboring nodes. This initial node distribution does not con-
form to the boundaries.

iterative refinement on the initial node distribution with a node-
repel approach [3]. The nodes are iteratively moved according
to mutual repulsion forces defined as a function of spacing s(x)
and distance between any two nodes. The process is iterated
until a sought node distribution is reached. During this phase,
when a node is pushed outside the domain £2, it is projected
on the nearest point on the boundary, resulting in a boundary
conforming node distribution.

3.1.2. RBF-FD method
The employed RBF-FD method is based on the Hermite interpolation
with a polynomial augmentation [25-27]. The goal is to find a suitable
function u" that interpolates nodal values using a RBF expansion. The
considered Hermite RBF expansion is the following:
my m q
W) = Y ap )+ Y, aBe(x)+ Y Bp;(x) (5)
i=1 i=my+1 j=1
where ¢;(x) = ¢(||x — x;||) are the RBFs centered at the m stencil
nodes x;, m; is the number of internal nodes of the stencil. The second
term refers to the boundary conditions and {p; };?zl is a polynomial
basis of the multivariate polynomial space Hg of total degree P in
d dimensions. B is the linear operator associated to the boundary
conditions, expressed by Bu = g. For this paper we have employed the
MultiQuadric RBF (MQ) [22,28-30]:

@(r)=V1+(er? ©

where r = ||x—x; ||, with {x;}" | the interpolation stencil of size m. In this
paper the number of nodes m considered in each stencil is fixed such
that m = 2q, with ¢ the size of the polynomial basis. Such a strategy
is common and is known to be a good choice in terms of accuracy
and stability [31-33] (the reader is referred to [34] for more recent
observations regarding the dependence of RBF-FD accuracy on stencil
size). The shape parameter is chosen such that £ = 0.4/s(x).

In order to find the weights values {ay,...,a,} and {f,....5,},
interpolation conditions are imposed:

u"(x) =u(x;), i=1,...,m 7)

If the stencil includes some boundary nodes, the boundary conditions
are imposed:

Bul'(x;) = g(x;), x; € 02 (8)

Additional orthogonality conditions are then enforced in order to en-
sure a unique solution [35].

By writing the above equations in a more compact shape, the
following symmetric linear system is obtained:

¢sc P <a> “
= (C)]
[PT o] 2
[ ——
M
where (a ) = {a,....@,,p,....8,) is the vector of the expansion

coefficients and matrices @pc, P, u and g are derived from Egs. (7)
and (8).
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Given a linear PDE Lu = f, with £ linear differential operator, u
unknown function and f the known term, the operator L is applied to
(5) in order to obtain

m; m q
L) =Y qLox)+ Y aLBp(x)+ Y BLp;(x)
i=1 =1

i=my+1 j (10
~@ ) (5e)
where ¥ (x) = {Lp;(x) ... Lo, (x)} and IT(x) = {Lp|(x) ... Lp,(x)}.
By solving Eq. (9) for the expansion coefficients we obtain:
a u
(5) = s an

which can be used in Eq. (10) to obtain the finite difference formula
g 0 12)

c is the vector of finite difference coefficients that can be computed by
solving the following linear system:

(P
MTe= (H(x)> 3)

[iuh(x) =cT (u

The FD formula (12) is made valid for each internal node x; and,
by using the corresponding finite difference coefficients, the following
sparse linear system is obtained:

Cu'=q-7f a4

where u" = {(u"(x)),...,u"(xy )} is the vector of the unknown scalar

values u"(x;) evaluated at the N, internal nodes, q derives from the
known terms of the FD formula (12), C is the sparse matrix built from
the local finite difference coefficients and f is the vector obtained from
the known term of the PDE, i.e., f; = f(x;). The vector u” represents
the approximated solution of the considered PDE. We remark that the
employed approach differs from the Hermitian method described by
Stevens et al. [36] where PDE governing and boundary operators are
directly applied to the RBFs within the solution construction [36]. In
the approach used here, only the boundary operators are applied to
the RBFs, while the collocation of PDEs is performed later by assem-
bling the resulting discrete operators for the fundamental operators,
i.e., gradient and Laplacian.

The reader is referred to [33,37,38] for more details on the stability
of the RBF-FD method.

3.1.3. Solution procedure

The spatial derivatives composing PDEs (1), (2) and (3), are dis-
cretized in space by using the RBF-FD method. A projection scheme [39,
40] with a three-level backward Euler (or Gear) scheme is used for the
time discretization.

A tentative velocity u* is obtained from the linearized and dis-
cretized momentum equation (2):

3u* —4u' +u'~!

2At
where / is the time level and 4r is the timestep. Then u* is forced
to satisfy the continuity equation (1) by means of an irrotational
correction u'*! = u* — V¢, leading to the following Poisson equation
in the auxiliary variable

+u'vut =-vp + %Vzu* + B'z (15)

V=V u* (16)

with homogeneous Neumann boundary conditions (d¢/on = 0) where
the velocity is prescribed, i.e., inlet and walls, and homogeneous Dirich-
let boundary conditions (¢ = 0) at the outlet, if present. Then the
pressure is updated as p'+! = p/ + % and the temperature is computed
from the discretized energy equation (3):

3T 41! 4 T

[+1 gl+1 21
VTt = CverT 1
AT +u C a7
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3.2. Adaptive approach

The goal of the considered adaptive approach is to optimally in-
crease the node density in such a way to reduce uniformly the trun-
cation error over the whole domain. In other words, the higher the
truncation error, the higher the node density at the next adaptive
iteration. However, the estimation of the truncation error is difficult
and expensive to compute and other error indicators are commonly
used [23]. Up to now most adaptive approaches are based on some
meaningful quantity related to the available solution, e.g., the gradient
magnitude or curvature, and are not based on the actual truncation
error. In this section we present two novel error indicators that can be
used with the RBF-FD meshless method and which are based on the
proper estimation of the truncation error obtained from the residual of
the governing equations. More precisely, the residual can be chosen to
be computed from either the momentum equation (2) or the energy
equation (3), giving rise to what we have called the convection—
diffusion (residual-based) error indicator. Otherwise, the residual can
be chosen to be computed from the continuity equation (1), giving rise
to what we have called the divergence (residual-based) error indicator.
We also compare the proposed residual-based error indicators with a
classical recovery-based error indicator which relies on the solution
gradient. Error indicators are computed for each internal node and this
information is used to locally update the spacing function according to
the procedure presented in Section 3.2.4.

3.2.1. Convection—diffusion error indicator (“Mid1”’)

In the case of non-isothermal flows, the energy equation (3) can
be considered to define the residual associated to the corresponding
steady-state convection—diffusion operator L,, as follows:

£,T=u-VT - évzr 18)

At the steady-state, we have that £,,T" = 0 at the internal nodes
because of the collocation approach of the RBF-FD method, while
L,,T" # 0 elsewhere. The error indicator ¢,,,, based on such differen-
tial operator, is evaluated at the midpoints between each stencil center
x; and its k nearest neighbors by using the same RBF scheme employed
for the discretization of the governing equations:

N 1
ecn,k(xi) =7

> L, T 19)
X; €Sy (x;) 2
where x; = (x; + x;)/2 is the midpoint between nodes x; and x;, and
S (x;) is the set of the k nearest nodes to the stencil center x;.

The same approach can be extended to isothermal flows by consid-
ering the momentum equation (2) to define the residual associated to
the corresponding steady-state operator EE,f(),m for each component u, of
the velocity u = (g iy, uz):

1 dap
A dc
In this case the error indicator is defined as follows:

2
> X <£5§3mu?<xé)> @21

XjES)(x;) c=X.y.2

E(ngm”c =u- Vuc - Vzuc + - Bzc, c=X,),2 (20)

X 1
emom,k(xi) = i

We remark that this error indicator can also be used in the case
of non-isothermal flows. We also remark that for the considered non-
isothermal problems, the energy error indicator, Eq. (19), and the mo-
mentum error indicator, Eq. (21), should provide qualitatively similar
results because the chosen Prandtl numbers are close to 1, and therefore
the momentum and the energy equations share similar transport prop-
erties. For non-isothermal problems, we used the error indicator based
on the energy equation, i.e., ¢,,,, while in the isothermal case we used
the error indicator based on the momentum equation, i.e., é,,,, -

Investigations on the effect of the number k of nearest neighbors
employed to compute these error indicators have shown a limited
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effect on the results. For this reason we have reported only the results
obtained with k¥ = 1 and we will refer to this residual-based error
indicator as “Mid1”. Finally, we observe that the computational cost
for this error indicator is not negligible, requiring at least the same cost
as the RBF-FD discretization of the corresponding convection-diffusion
equation.

3.2.2. Divergence error indicator (“Div”’)

By considering the solution procedure presented in Section 3.1.3,
we can define another error indicator based on the residual of the
continuity equation (1):

84(x)) =1V - ul(x)] (22)

In this case, it is not necessary to evaluate the residual of the
continuity equation at points other than those of the node distribution
since the employed solution procedure does not enforce the velocity
field to be exactly divergence-free at the nodes. Therefore, the value
of the divergence of the velocity at the nodes can be directly used as
a suitable estimation of the continuity residual, and thus employed as
error indicator. For this reason, this type of error indicator can be used
only when the particular solution scheme presented in Section 3.1.3,
based on a projection approach, is employed. It has to be noticed that
the additional computation required for this error indicator is negligible
since the RBF-FD divergence operator is already computed for the
solution procedure. In what follows we will refer to this residual-based
error indicator as “Div”.

3.2.3. Gradient error indicator (“Grad”)

The gradient error indicator, which is of recovery-based type, is
based on the gradient of some flow variable F. In the case of a scalar
variable F, the error indicator is defined as follows [7,19]:

2
Y (RIVFI(x)) - VFh(xj)> (23)

ijS'(x[)

é\gr,s (x i) =

where F" is the known approximation of F, S(x;) is the set of nodes of
the stencil centered in x; without the center x; itself. The term R[V F"]
is defined as follows:
RIVF"|(x;) = % Y VFx 24
X ES(x j)
In the case of a vector F with components (F,, F,, F;), the gradient
error indicator is defined as follows:

é\gr,u(‘xi) =

2
> oy <R[VFCh](xj)—Vng(x,)> (25)

x;E€8(x;) C=X:)>2

With the previous definitions, steep variations in the solution gradi-
ents lead to large values of the gradient error indicator. Similarly to the
convection—diffusion error indicator, for the non-isothermal problems
we used the scalar error indicator based on the temperature, i.e., F =T,
while in the isothermal case we used the vector error indicator based
on the velocity, i.e., F = u. The computational effort required by this
error indicator is fairly low because it requires only the evaluation of
gradients at the meshless nodes, for which RBF-FD operators are al-
ready available. In the next sections we will refer to this gradient-based
error indicator as “Grad”.

3.2.4. Spacing function update
The proposed adaptive approach proceeds in an iterative fashion
starting from a constant spacing function s(x) over the whole domain.
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Then, at each adaptive iteration, s(x) is updated according to the chosen
error indicator and a completely new node distribution is generated
according to the procedure presented in Section 3.1.1. This strategy
is different from the adaptive meshless approaches proposed in [13,
15-17] where new nodes are added to the existing ones. Despite not
being an optimal technique, the chosen strategy remains highly fast
and effective, as the employed node generation process is both fast and
effective. The increase (or decrease) in the number of nodes between
successive adaptive iterations is controlled by the nodal growth rate y,
defined by N¥*' = yN* where N¥ is the number of internal nodes at
iteration k. Two values for y are considered, namely y = 1, i.e., constant
number of nodes, and y = 1.5, i.e., the number of nodes increases
by 50% with each iteration. We observe that the actual increase in
the number of nodes may differ from the target increase, therefore
when the number of nodes is shown on a logarithmic scale, successive
adaptive iterations are not exactly equidistant from each other.

Given a target number of internal nodes N ;‘“, the spacing function
is updated for each internal node x; as follows:

750 (x)

A7 (26)
(e®(xp) /P

sk () =

where 5% is the spacing function at iteration k, &% is the smoothed
error indicator at iteration k, P is the chosen polynomial degree for
the RBF expansion and the constant 7 is defined as follows in order to
provide approximately the target number of internal nodes N }‘“ at the
next iteration:

5 @
xex®
= N @7)
I

where X Sk) is the set of all internal nodes at iteration k. Before being
used in the spacing function update, equation (26), the error é* needs to
be smoothed because it can be very noisy. This noise mainly depends on
the fact that the specific node arrangement within local stencils changes
from node to node, and also on the fact that some error indicator
is computed on a finite number of neighboring nodes, which again
change from node to node. However, once the smoothing parameters
are chosen appropriately, this noise is reduced without introducing
numerical issues. The proper values for these free parameters can
be problem dependent, e.g., they can depend upon the geometry,
boundary conditions and flow regime. Therefore, some calibration
is required, which can be a limitation in the general case. For the
considered problems, the smoothing of the error é is done by means
of 20 Laplacian smoothing iterations with under-relaxation parameter
o = 0.5, producing the smoothed error éX). Since at each adaptive
iteration the spacing function is defined and updated only on internal
nodes, the inverse distance weighting method with 8 nearest neighbors
and power parameter p = 4 [41] is employed to interpolate the
updated spacing function at each point required by the node generation
procedure presented in Section 3.1.1.

A new adaptive iteration is started when the steady-state is reached,
declared when:
W =a s (28)
q
where ¢ is the reference integral quantity: Nusselt number Nu for the
non-isothermal cases, drag coefficient C, for the isothermal flow in a
pipe, or Fanning friction factor f for the isothermal flow in the TPMS
structure, at time level /.

4. Geometries and boundary conditions
4.1. Natural convection in a spherical shell
The domain is enclosed between two concentric spheres with radii

r; and r, such that r,/r; = 5 as shown in Fig. 1(a). The following
boundary conditions are considered:
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» no-slip condition on both spheres;
* T =T, on the internal sphere;
* T =T, on the external sphere.

By considering the gravitational acceleration g and a fluid with
density p, kinematic viscosity v, thermal diffusivity « and volumetric
thermal expansion coefficient g, the governing equations are made
nondimensional by considering the following reference scales: the inner
sphere diameter D = 2r; for the length, u, = +/gfDAT for the
velocity, D/u, for the time, AT = T, — T, for the temperature and
poug for the pressure. The Boussinesq approximation is employed to
model buoyancy effects, i.e., the density in the buoyancy term has a
linearized dependence on the temperature where T,) = (T}, +7,)/2 is the
reference temperature at which the reference density p, is considered.
The resulting dimensionless Egs. (1)-(3) with A = y/Ra/Pr, B = T
and C = y/Ra- Pr are then expressed in terms of the Prandtl number
Pr = v/a and the Rayleigh number Ra = gBAT D*/(va) = ulD*/(va).
We considered a Prandtl number Pr = 0.71, representative of air, and
two Rayleigh numbers, Ra = 500 and Ra = 1000, both corresponding to
steady-state solutions. The temperature field in the case Ra = 1000 is
shown in Fig. 1(b) for half of a vertical section of the domain.

4.2. Forced convection in a pipe with a spherical obstacle

The domain is a circular pipe of radius r, and length L = 5r,
containing a spherical obstacle of radius r; with r,/r; = 4. The center
of the sphere lies on the pipe axis at axial distance Ax; = L/4 from
the inlet, as shown in Fig. 2(a). The following boundary conditions are
considered:

inlet: parabolic velocity profile u = uy(1 - (r/r.)*) with maximum
velocity u, at the center and 7 =T;

circular pipe wall: no-slip condition and adiabaticity;

spherical obstacle: no-slip condition and T = T;

outlet: homogeneous Neumann boundary conditions for both ve-
locity and temperature.

By considering a fluid with density p, kinematic viscosity v and ther-
mal diffusivity «, the governing equations are made nondimensional by
considering the following reference scales: D = 2r, for the length, u for
the velocity, D/u, for time, AT = T, — T, for temperature and pué for
pressure. Buoyancy effects are neglected. The resulting dimensionless
Egs. (1)-(3) with A = Re, B = 0 and C = Re - Pr are then expressed
in terms of the Prandtl number Pr = v/« and the Reynolds number
Re = (uy - D)/v. We considered a Prandtl number Pr = 1 and two
Reynolds numbers Re = 100 and Re = 150, both corresponding to
steady-state solutions. Figs. 2(b) and 2(c) show the temperature and
the axial velocity fields for half of a section of the domain in the case
Re = 150.

4.3. Isothermal flow in a pipe with a spherical obstacle

The domain and the boundary conditions for the velocity are the
same as in the forced convection problem, Section 4.2, but the flow is
isothermal. The dimensionless Eqs. (1)-(2) are now considered, with
A = Re and B = 0. The considered Reynolds numbers are again
Re = 100 and Re = 150.

4.4. Fully developed, isothermal flow in Schwarz-D TPMS structure

The domain is implicitly defined by the following level set equation
which defines the solid walls:
S8y, +seepe; +syee + 5,000, =0 (29)

where ¢, = cos(xt/L), s, = sin(zt/L) and L is the side length of the
periodic cubic cell representing the smallest repeating module of the
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Fig. 2. Domain (a), temperature T (b) and axial velocity u (c) for the forced convection problem, Re = 150.

TPMS structure. A graphical representation of the Schwarz-D TPMS is proposed adaptive approaches. The hydraulic diameter is defined by

shown in Fig. 3 together with an example of node distribution covering dy =4V /Ag where V = 0.5L3 is the fluid domain volume and Ay =
the computational domain. The geometric complexity of this domain 3.85L7 is the wetted surface area. No-slip boundary conditions for the
provides additional insights into the features and advantages of the velocity are imposed at the walls, zero wall-normal derivative condition
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Fig. 3. Geometry (left) and an example of node distribution with N =2 x 10° nodes (right) for the Schwarz-D TPMS structure. Internal nodes are shown in blue, boundary nodes

in black.

is enforced for the pressure and periodic conditions are then considered
for both velocity and periodic pressure j at the fluid boundaries of the
periodic cell. By considering a fluid with density p and kinematic viscos-
ity v, the governing equations are made nondimensional by considering
the following reference scales: hydraulic diameter dy for the length,
uy = Qy L/V for the velocity, taken as the volumetric average of the
velocity u in the x direction with Q;, the volumetric flow rate, 7, =
dg /ug for time and pu% for the pressure. The resulting dimensionless
Egs. (1)-(3) with A = Re and B = 0 are then expressed in terms
of the Reynolds number Re = uyd/v. A detailed description of the
problem can be found in [24]. We point out that in the considered case
the streamwise pressure gradient § is fixed and the Reynolds number
is obtained as a result. The chosen dimensionless pressure gradient is
f = 4.35, corresponding to a Reynolds number Re % 210.

5. Results

The effects of different error indicators and different parameters
for the presented adaptive approach have been thoroughly investi-
gated by performing several simulations for each of the considered
fluid flow problems. For the considered axisymmetric problems, the
accuracy and the convergence properties of the presented numerical
approach are assessed by comparing the results with highly accurate
2D axisymmetric reference solutions obtained with two widely used
mesh-based finite volume solvers, namely the industry-grade solver AN-
SYS Fluent (2024R1) and the open source solver OpenFOAM (v2012).
Furthermore, infinite grid extrapolation with highly refined grids is
performed on Fluent solutions in order to provide the most accurate
reference solutions possible. In order to highlight the dependence also
upon the employed RBF-FD discretization scheme, especially in the
case of the residual-based error indicators, simulations are carried out
for two polynomial degrees P = 2 and P = 3 for the first problem,
i.e., natural convection in a spherical shell, while P = 3 is employed
for the remaining problems.

5.1. Natural convection in a spherical shell

Fig. 4 shows, for each error indicator, the evolution of the Nusselt
number for five adaptive iterations with y = 1, i.e., the total number
of nodes N ~ 2 x 10° is kept almost constant. As previously stated,
for this non-isothermal problem the energy equation is considered for
the residual-based error indicator Mid1l, while the temperature field
is considered for the gradient error indicator. Results are reported for
Rayleigh numbers Ra = 500 and Ra = 1000 and polynomial degree
P =2 and P = 3. We recall that the adaptive process starts from a
uniform node distribution with constant spacing function, correspond-
ing to adaptive iteration k = 0. Slight variations in these initial Nusselt

numbers are due to the employed node generation algorithm, which
has some random component.

From Fig. 4 it can be seen that the Nusselt number changes signifi-
cantly in the first two adaptive iterations, after which it remains almost
constant. This means that in this case, given a fixed number of nodes,
two adaptive iterations are sufficient to obtain near-optimal node dis-
tributions and successive iterations do not lead to any improvement.
Residual-based error indicators (Mid1 and Div) lead to similar results,
while the gradient error indicator (Grad) leads to slightly larger differ-
ences from the reference Nu value in each case. The difference between
residual-based error indicator and recovery-based error indicator is due
to the fact that the first ones have a stronger numerical foundation, as
already pointed out in [23]. Moreover, as expected, the results obtained
with polynomial degree P = 3 are more accurate than those obtained
with P = 2, especially when the residual-based error indicators are
employed. We remark that the lack of convergence to the reference
Nusselt number is only apparent since the nodal spacing does not
decrease uniformly over the whole domain when y = 1, i.e., when the
number of nodes is kept almost constant with each adaptive iteration,
but instead it decreases in some areas and increases in others.

Fig. 5 shows, for each error indicator, the convergence of the Nusselt
number for five adaptive iterations with nodal growth rate y = 1.5,
i.e., the number of nodes increases by 50% with each iteration, again
for Rayleigh numbers Ra = 500 and Ra = 1000 and polynomial degrees
P = 2 and P = 3. The adaptive process is started from a uniform
node distribution with N ~ 10° nodes. Convergence results for a non-
adaptive strategy with uniform node distributions, i.e., s(x) = const,
are also shown for comparison (“Unif” in the figures). In all cases, as
expected, already after the first adaptive iteration, the Nusselt numbers
obtained with the adaptive approach are much closer to the reference
values than the ones obtained with uniform node distributions. From
the same figure it can also be seen that the adaptive approach provides
very similar results in each case, regardless of the chosen error indi-
cator. As expected, the convergence to the reference Nusselt number
with P = 2 is slower than with P = 3, and the Nu values computed
with the adaptive approach with P = 2 after one adaptive iteration are
closer to the reference values than that obtained by using uniform node
distributions with the largest number of nodes and P = 3.

Comparisons of Nusselt number with ANSYS Fluent and OpenFOAM
are shown in Table 1, where 2D axisymmetric models with high qual-
ity structured grids have been considered. The wedge angle for the
OpenFOAM grids is set to 5° and the buoyantBoussinesqSimpleFoam
solver has been used. In order to provide a fair comparison of the
performance of the different approaches, the number of 2D grid cells
N,p actually used for the computations is such that the equivalent
number of axisymmetric 3D cells N5, is approximately equal to the em-
ployed number of meshless nodes N. Convective fluxes are discretized
with central differencing schemes in both Fluent and OpenFOAM to
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Fig. 4. Evolution of the Nusselt number in the natural convection problem, nodal growth rate y = 1 (constant number of nodes N ~ 2 x 10%).

minimize numerical diffusion. In order to provide further insights on
the convergence of the considered methods, two types of grids have
been used: the first type of grid with uniform cell size along the radial
direction (bias = 1), while in the second type of grid the cells are refined
radially near the internal sphere (bias = 5) in order to accurately
resolve boundary layers.

As it can be seen from Table 1, the trends are qualitatively similar
for each approach, with all meshless results highlighting a slightly
faster convergence to the reference values with respect to mesh-based
results. We remark that the meshless results for N ~ 10° nodes are
obtained on uniform node distributions, while we point out again
that mesh-based results are obtained with high quality 2D structured
grids. Despite the fact that the exact same meshes are employed for
both OpenFOAM and Fluent, OpenFOAM results highlight monotonous
increasing trends, while Fluent results highlight monotonous decreasing
trends.

Fig. 6 shows the evolution of the node distribution with each
adaptive iteration for both strategies y = 1 and y = 1.5 in the case
Ra = 1000, P = 2 and the energy equation residual-based error indicator
is used. For clarity only a small section of half of the domain is shown.
As in the previous results, the initial node distribution at iteration k = 0
has N ~ 2 x 10° nodes for y = 1 and N ~ 10° nodes for y = 1.5.

Table 1
Nusselt number comparison for the natural convection problem. P =3 and y = 1.5 for
the meshless results. OF = OpenFOAM, Nu,, = Fluent infinite grid extrapolation.

Nx10° Grad Div Midl bias = 1 bias =5
OF Fluent OF Fluent
Ra =500, Nu_, = 3.5549
1.0 3.4537 3.4472  3.4508 3.5112 3.5802 3.5311 3.5728
1.6 3.5398 3.5451 3.5474 3.5388 3.5774 3.5414 3.5642
2.5 3.5517 3.5546 3.5544 3.5500 3.5695 3.5465 3.5599
3.4 3.5543 3.5550 3.5550 3.5531 3.5642 3.5497 3.5576
4.4 3.5547 3.5552  3.5552 3.5540 3.5604 3.5515 3.5564
5.5 3.5550 3.5551 3.5552 3.5542 3.5581 3.5529  3.5557
Ra = 1000, Nu,, = 4.0415
1.0 3.9495 3.9554 3.9463 4.0063 4.1105 4.0204 4.0743
1.6 4.0247 4.0301 4.0306 4.0403  4.0994 4.0297 4.0584
2.4 4.0375 4.0414 4.0413 4.0493 4.0781 4.0341 4.0508
3.3 4.0408 4.0429 4.0419 4.0485 4.0643 4.0365 4.0466
4.4 4.0414 4.0425 4.0420 4.0458 4.0547 4.0377 4.0444
5.5 4.0417 4.0422 4.0421 4.0437  4.0492 4.0384 4.0431




L. Bacer et al.

3.58

3.54

Number of nodes

(a) Ra =500, P =2

4.06
4.02 1
= 3.98 -
1 /, —F— Midl
3.94 -| % — givd
+ ras
,_,@ =€)~ Unif
& - == Ref.
3.9 ‘ ‘ I
10° 6 x10°

Number of nodes

(c) Ra=1000, P =2

Engineering Analysis with Boundary Elements 179 (2025) 106367

—=— Mid1
—/— Div
—¥— Grad
=€)~ Unif
- = = Ref.

6x10°
Number of nodes

(b) Ra = 500, P = 3

&4 —H— Mid1
~ Div

1 —¥— Grad

B =)=+ Unif

1 - == Ref.

3.9 ; | |

10° 6x10°

Number of nodes

(d) Ra = 1000, P = 3

Fig. 5. Convergence curves for the Nusselt number in the natural convection problem, nodal growth rate y = 1.5 (number of nodes increases by 50% with each iteration).

As expected, high node density is obtained around the inner sphere
and in the upper part of the outer sphere where steep variations in the
temperature field occur, i.e., thinner boundary layers. For this problem
we also noticed that the evolution of the node distribution does not
qualitatively change with the usage of different error indicators.

Since the results obtained with polynomial degree P = 2 are
qualitatively similar to those with P = 3, in the next sections we
decided to report only the results obtained with P = 3, which is also, to
the best of the authors’ experience, a good trade-off between accuracy
and computational effort for these type of problems.

5.2. Forced convection in a pipe with a spherical obstacle

Fig. 7 shows, for each error indicator, the evolution of the Nusselt
number for five adaptive iterations with y = 1 (N = 2.5x10° nodes) and
y = 1.5. The energy equation is considered for the residual-based error
indicator Mid1, while the temperature field is again considered for the
gradient error indicator. Results are reported for Reynolds numbers
Re = 100 and Re = 150 and polynomial degree P = 3. The results
for the initial (uniform) node distributions, as well as the convergence
curves for the non-adaptive strategy with uniform node distributions,
are not shown for clarity. Similarly to the natural convection problem,

in the cases with y = 1 in Figs. 7(a) and 7(c), the Nusselt number does
not change significantly after the first two adaptive iterations. Residual-
based error indicators (Midl and Div) lead again to similar results
which are slightly different from those obtained with the gradient error
indicator (Grad).

In the cases with y = 1.5 in Figs. 7(b) and 7(d), it can be seen that
the Nusselt numbers exhibit a rapid convergence to the reference value,
although some lack of convergence appears for successive iterations in
the case with Div error indicator. This behavior is probably due to some
discontinuity in the smoothing or interpolation phases for the error
indicator when the local nodal spacing becomes too small as a result of
successive adaptive iterations.

The comparison of Nusselt numbers with ANSYS Fluent are sum-
marized in Table 2, where again, similar to the previous problem,
two types of grids with a different radial distribution of cell sizes,
i.e., uniform (bias = 1) and refined near the internal sphere (bias =
5), are employed to better highlight the effects of cell size distribution
on the convergence of a classical finite volume approach. Contrary to
the previous natural convection problem, for this forced convection
problem the Fluent results obtained with refined grids (bias = 5)
highlight a faster convergence to the reference values than all meshless
results. This difference could be due to the thin thermal and dynamic
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Fig. 6. Adaptive evolution (left to right) of the node distribution in a vertical section of the domain in the natural convection problem. Ra = 1000, P = 2, energy equation
residual-based error indicator. Top row: nodal growth rate y = 1 (constant number of nodes); bottom row: y = 1.5 (number of nodes increases by 50% with each iteration).

Boundary nodes are depicted in red, internal nodes in blue.

Table 2

Nusselt number comparison for the forced convection problem. P =3 and y = 1.5 for
the meshless results. Nu,, = Fluent infinite grid extrapolation, b1l and b5 stand for grid
bias = 1 and grid bias = 5.

Nx10° Grad Div  Midl Fluent Grad Div  Midl Fluent
bl b5 bl b5
Re = 100, Nu_, =7.617 Re = 150, Nu_, = 8.929

1.5 8.029 7.982 7.929 7.662 7.614 9.390 9.602 9.229 8.915 8.934
2.1 7.729 7.599 7.586 7.688 7.615 9.323 9.139 8.907 8.991 8.934
3.0 7.600 7.585 7.596 7.697 7.616 8.935 8.908 8.911 9.030 8.934
3.8 7.602 7.593 7.596 7.696 7.617 8.909 8.920 8.915 9.046 8.934
4.7 7.602 7.570 7.600 7.690 7.617 8.914 8.906 8.916 9.048 8.933
5.4 7.600 7.513 7.602 7.681 7.617 8.913 8.751 8.918 9.044 8.933

boundary layers appearing at the front of the internal sphere (see Fig.
2(b)) which would require even more refined and/or anisotropic node
distributions to be accurately resolved. This fact is also confirmed by
the fact that Fluent results obtained with radially uniform grids (bias
= 1) show very slow convergence to reference values.

Fig. 8 shows the evolution of node distributions with each adaptive
iteration for different error indicators. The node distributions obtained
by using residual-based error indicators Mid1l and Div are very similar,
with an increase in the node density around the sphere which is
more pronounced in the frontal part, as expected. The gradient error
indicator, instead, leads to increased node density even along the wake
behind the sphere: this means that, for the same number of nodes,
node density around the sphere is lower with Grad error indicator than
with Mid1l and Div error indicators. This in turn explains the slower
convergence observed with the gradient error indicator, since most of
the truncation error is limited to the thin boundary layer around the
sphere. This finding is in perfect agreement with those of Roy [23],
which highlighted that gradient-based adaptivity is not optimal for
reducing the overall truncation error.

Fig. 9 shows the distributions of the relative error of local Nusselt
number Nu, with respect to the reference values obtained with ANSYS
Fluent as functions of the polar angle 6 at the surface of the sphere
(6 = 0 at the front of the sphere, § = r at the back) for different
adaptive iterations k with y = 1.5. Since the problem is solved in its
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3D formulation, Nu values shown in Fig. 9 are averaged along the az-
imuthal direction, i.e., along circumferences perpendicular to the pipe
axis. From these figures it is possible to appreciate the effectiveness of
the adaptive approach in the uniform reduction of the error, especially
during the first iterations. As already observed, Midl and Div error
indicators lead to similar trends in error reduction, in the first adaptive
iteration, while the gradient error indicator leads to slightly different
trends. From the iteration k = 3 the error is very similar among all
the error indicators with a good reduction of the error. At the adaptive
iteration k = 5 with the Div error indicator some irregularities appear
when 0 < z/4. This fact is in perfect agreement with the divergence
present in figure Fig. 7, where the Nusselt number computed using
the Div error indicator is diverging from the exact at the last adaptive
iteration. From the Nu, distribution of Fig. 9(b) it can be observed that,
as previously pointed out, such instabilities arise at the front of the
sphere where the local spacing after 5 adaptive iterations becomes very
small. As noted in Fig. 7, the other error indicators seem to avoid the
onset of such instabilities.

5.3. Isothermal flow in a pipe with a spherical obstacle

Fig. 10 shows, for each error indicator, the evolution of the drag
coefficient of the sphere C, for five adaptive iterations with y = 1
(N = 2.5 x 10° nodes) and y = 1.5. Results are reported for Reynolds
numbers Re = 100 and Re = 150, and polynomial degree P = 3.
For this isothermal problem the momentum equation is considered
for the residual-based error indicator Mid1, while the velocity field is
considered for the gradient error indicator.

In the case with y = 1, Figs. 10(a) and 10(c), higher variations
of C,; occur during the first two adaptive iterations, especially for the
error indicators Mid1l and Div, similarly to what was observed for the
Nu number in the previous problems. However, in this case the curves
show some sort of apparent convergence towards the reference value
even if the adaptive process with y = 1, i.e., constant number of nodes,
cannot be considered a convergent discretization process since the
nodal spacing does not decrease uniformly, as already pointed out. Also
in this case, we note that Mid1 and Div residual-based error indicators
lead to very similar results, while the gradient error indicator highlights
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Fig. 7. Evolution of the Nusselt number in the forced convection problem. Left column, (a) and (c): nodal growth rate y = | (constant number of nodes); right column, (b) and
(d): y = 1.5 (number of nodes increases by 50% with each iteration).
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Fig. 8. Adaptive evolution (top to bottom) of the node distribution in an axial slice of the domain in the forced convection problem. Re = 150, nodal growth rate y = 1.5 (number
of nodes increases by 50% with each iteration). Each column refers to a different error indicator which drives the adaptivity. Boundary nodes are depicted in red, internal nodes

in blue.
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Fig. 10. Evolution of the drag coefficient in the isothermal flow problem. Left column, (a) and (c): nodal growth rate y = 1 (constant number of nodes); right column, (b) and

(d): y = 1.5 (number of nodes increases by 50% with each iteration).

a slower convergence with larger differences from the reference C,
value. Moreover it can be noted that for both the Reynolds numbers the
Grad error indicator does not lead to significant improvement in the C,
value at the first adaptive iteration, Figs. 10(a) and 10(c). This fact may

12

be due to a significant difference in the node distributions generated
by using such error indicator, Fig. 11. Similar trends are obtained with
y = 1.5, in Figs. 10(b) and 10(d), where Midl and Div error indicators
lead to similar behaviors with a rapid convergence to the reference C,
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Fig. 11. Adaptive evolution (top to bottom) of the node distribution in an axial slice of the domain in the isothermal flow problem. Re = 150, nodal growth rate y = 1.5 (number
of nodes increases by 50% with each iteration). Each column refers to a different error indicator which drives the adaptivity. Nodes are colored by using the normalized value of

the respective smoothed error indicator.

Table 3

Drag coefficient comparison for the isothermal flow problem. P =3 and y = 1.5 for the
meshless results. C,, = Fluent infinite grid extrapolation, bl and b5 stand for grid
bias = 1 and grid bias = 5.

Nx10° Grad Div  Midl Fluent Grad Div  Midl Fluent
bl b5 bl b5
Re =100, C; , = 1.053 Re =150, C;,, = 0.850

1.5 1.090 1.068 1.100 1.052 1.054 0.910 0.919 0.911 0.860 0.856
1.9 1.088 1.067 1.072 1.053 1.052 0.895 0.874 0.872 0.862 0.854
2.6 1.068 1.057 1.059 1.052 1.052 0.872 0.854 0.855 0.861 0.855
3.4 1.061 1.052 1.055 1.053 1.052 0.860 0.853 0.853 0.860 0.852
4.4 1.058 1.050 1.051 1.056 1.052 0.856 0.850 0.851 0.857 0.851
5.5 1.056 1.048 1.049 1.058 1.052 0.854 0.849 0.849 0.858 0.851

value, while the gradient error indicator shows a slower convergence,
confirming once more that gradient-based adaptivity is not optimal.

Comparisons of drag coefficients with ANSYS Fluent are reported
in Table 3 by using the same grids employed for the forced convection
problem. Similar to the previous problem, Fluent results with refined
grids (bias = 5) show a faster convergence to the reference values than
meshless results, while Fluent results with uniform grids (bias = 1)
exhibit again a slow convergence. These behaviors are again due to the
thin dynamic boundary layer occurring at the surface of the internal
sphere which requires anisotropic node distributions to be solved more
accurately and efficiently. Once again, we emphasize that Fluent results
are obtained with high quality 2D structured grids, which lead to very
accurate results.

It has to be noticed that the error indicators used for this problem
can be applied also to the non-isothermal problem in Section 4.2, with
Grad and Mid error indicators that are referred to the velocity field
instead of the temperature field. The Div error indicator is the same
for both the problems and it can be seen that the lack of convergence
highlighted in Figs. 7(b) and 7(d) in the evaluation of the Nusselt
number does not seem to occur in the evaluation of the drag coefficient
C,. This mismatch may be due to the fact that the evaluation of the
Nusselt number depends only on temperature gradients at the surface of
the sphere, while the drag coefficient depends both on the shear stress,
which in turn depends on the velocity gradients, and on the pressure.
In the latter case, the numerical issues involved in evaluating boundary
gradients at very small nodal spacings could be partially hidden by the
pressure component.

Fig. 11 shows the evolution of the node distributions for each error
indicator in the case y = 1.5 and Re = 150. Nodes are colored by
using the corresponding smoothed error indicators, normalized with
respect to the maximum value over the whole domain. Similarly to
the non-isothermal case, the residual-based error indicators lead to an
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increased node density around the sphere only, while the gradient error
indicator leads to an increase in node density along the wake as well.
Moreover, in the case of Midl error indicator, it can be noticed that
the error field decreases noticeably around the sphere, highlighting the
effectiveness of the convection—diffusion error indicator in the optimal
reduction of the overall error, while it does not decrease equally clearly
with Div and Grad indicators. In the latter case, already after the first
adaptive iteration, a clearly visible spot with large errors appears, and
successive iterations are unable to reduce this error. Therefore, the
adaptive process driven by the velocity gradient alone does not seem
the best choice for the optimal reduction of the overall error.

5.4. Isothermal, fully developed flow in Schwarz-D TPMS structure

Fig. 12(a) shows, for each error indicator, the evolution of the
Fanning friction factor f (see [24] for further details) for five adaptive
iterations with y = 1.5 and polynomial degree P = 3. Similarly to the
previous isothermal problem, the momentum equation is considered
for the residual-based error indicator Mid1, while the velocity field is
considered for the gradient error indicator. Contrary to the previous
cases, Midl and Grad error indicators show similar convergence be-
havior, which is slightly slower than that of the Div error indicator.
This difference is probably due to the different nature of the considered
problems: in the previous cases the largest variations in the flow fields
were limited to small regions (thin boundary layers) as opposed to
the present case where the flow is fully developed, although confined
by intricate geometry. Fig. 12(b) shows the evolution of the different
normalized volume-averaged error indicators throughout the adaptive
process for y = 1.5. The normalized volume-averaged error indicator
is computed by averaging the error indicator over the whole domain,
normalized with respect to the corresponding maximum value along
the adaptive process. Midl and Div error indicators highlight similar
monotonous decrease, although the Div indicator starts with an almost
zero error for k = 0 due to the uniform initial distribution. On the
other hand, the Grad error indicator remains almost constant for the
first three adaptive iterations, and then decreases.

Fig. 13 shows, for each error indicator, the adaptive evolution of
the smoothed error indicator at the walls. The Midl indicator is able
to uniformly and effectively reduce the error already from the first
iteration, leading to an almost constant error for adaptive iteration k =
3, confirming the trend reported in Fig. 12(b). The wall distribution of
the initial (k = 0) Mid1 error is very similar to that of the Div indicator
at the next (k = 1) adaptive iteration, as are the corresponding errors
for the subsequent iterations. On the other hand, the Grad indicator
leads to error stagnation for the first three adaptive iterations, as
already noted, although the error distribution for k = 3 is significantly
smoother than the initial one.
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Fig. 12. Evolution of (a) Fanning friction factor f and (b) normalized volume-averaged error indicator for the fully developed flow in Schwarz-D TPMS structure, nodal growth

rate y = 1.5.
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Fig. 13. Adaptive evolution (left to right) of the normalized smoothed error indicators at the walls for the fully developed flow in Schwarz-D TPMS structure, nodal growth rate
y = 1.5 (number of nodes increases by 50% with each adaptive iteration k). Each row refers to a different error indicator which drives the adaptivity.

The adaptive evolution of the wall spacing function is shown in
Fig. 14 for each error indicator, starting from k = 1 since the initial
(k = 0) spacing is constant. The larger differences in the distributions
are encountered after the first adaptive iteration, i.e., k = 1, while the
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differences gradually decrease in the subsequent adaptive iterations.
At the last (k = 5) adaptive iteration, the spacing distributions are
surprisingly similar, as confirmed by the corresponding similar values
of the Fanning friction factor in Fig. 12(a).
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initial distribution k = 0.
6. Conclusions

In this paper we propose and compare different techniques for
the adaptive solution of 3D fluid flow and heat transfer problems
by using the RBF-FD meshless method. The goal of the considered
adaptive process is to appropriately increase the node density so as to
reduce the overall discretization error as uniformly as possible over the
computational domain (h-adaptivity). Three different error indicators
have been considered as error metrics to drive the adaptivity. Two
error indicators are based on the residual of the governing equations,
i.e., mass, momentum and energy conservation balances, while the
third one is a traditional recovery-based error indicator that relies on
solution gradients.

To the best of the authors’ knowledge, this is the first time that
such adaptive approaches are applied to the RBF-FD meshless solu-
tion of 3D fluid flow and heat transfer problems. Four steady-state
laminar problems have been considered: a natural convection problem
in a spherical shell, a forced convection problem in a circular pipe
with a spherical obstacle, an isothermal fluid flow problem on the
same domain and a fully developed flow problem in Schwarz-D triply
periodic minimal surface (TPMS) structure. Numerical investigations
highlighted that residual-based error indicators usually perform better
than the gradient-based one in uniformly reducing the overall error,
as predicted by the theory. Residual-based indicators, indeed, aim to
approximate the truncation error which is the most appropriate metric
to drive adaptivity. Nonetheless, modest differences are found in the
considered cases, and this justifies the fact that the gradient-based error
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indicator is the most common choice in many commercial (mesh-based)
CFD solvers, due also to its generality, low computational effort and
ease of implementation. However, residual-based error indicators can
be expected to be the most appropriate choice in the case of high-
order meshless methods where the proper estimation of the truncation
error is essential in order to ensure an optimal adaptive process. It
has to be noticed that the Div error indicator does not require any
additional computation as it directly utilizes results from the solution
process. The gradient error indicator requires some limited additional
computation, but it does not depend on the governing equations. In
contrast, the Mid error indicator requires the evaluation of all the
differential operators involved in the PDEs at the midpoints, thereby
increasing the computational effort. Moreover, this adaptive approach
and its use in conjunction with residual-based error indicators have
general applicability and can be easily extended to a wide range of
fluid flow and heat transfer problems of practical interest. An indirect
limitation of the present meshless approach is connected to the fact
that isotropic node distributions are employed. Indeed, such node
distributions are not optimal for the efficient solution of fluid flow
problems with practical interest where thin boundary layers must be
accurately solved. Nonetheless, the proposed adaptive strategy can be
appropriately extended to the case with anisotropic node distributions,
with the resulting additional advantages, as well as to a wider range
of fluid flow problems. Further research can also be conducted by
investigating suitable combinations of the basic error indicators in
order to combine their advantages and strengths.
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